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1. Introduction

After an introduction of fuzzy sets by L.A. Zadeh [8] sev-
eral researchers explored on the generalization of the notion
of fuzzy set. The concept of intuitionistic fuzzy set was intro-
duced by K.T. Atanassov [1] as a generalization of the notion
of a fuzzy set. In this paper, we discuss algebraic nature of in-
tuitionistic anti fuzzy normal subrings and prove some results
on these.

2. Preliminaries

Definition 2.1. An intuitionistic fuzzy subset (IFS) A in ¥ is
defined as an object of the form A = { (x, ua (x), va(x)) /x € x },
where Uy : X — [0,1] and 4 : x — [0, 1] define the degree of
membership and the degree of non-membership of the element
X € x respectively and for every x € ) satisfying 0 < s (x) +
nalx) <L

Definition 2.2. Let (R,+,-) be a ring. An intuitionistic fuzzy
A of R issued to be an intuitionistic anti fuzzy subring of R
(IAFSR) if it satisfies the following axioms:

L pa(x—y) < max{pa(x), pa(y)}

2. pa(xy) < max{pa(x), ta(y)}

3 ya(x—y) = min{ya(x),7a(»)}

4. 1a(xy) = min{ys(x),7(y)}, for all x,y € R.

Definition 2.3. Let R be a ring. An intuitionistic anti fuzzy
subring A of R is said to be an intuitionistic anti fuzzy normal
subring (IAFNSR) of R if it satisfies the following axioms:

1. pa(xy) = pa(yx)
2. Ya(xy) = ya(yx), for all x,y € R.

Definition 2.4. Let A and B be intuitionistic fuzzy sets of the
rings with identity Ry and R, respectively and A X B is an
intuitionistic anti fuzzy subring of Ry X Ry. Then the following
are true.

L If ua(x) > pp(e’) and ya(x) < yp(e') then A is an intu-
itionistic anti fuzzy subring of Ry .

2. If ug(x) > pa(e) and yg(x) < ya(e), then B is an intu-
itionistic anti fuzzy subring of R;.

3. Either A is an intuitionistic anti fuzzy subring of Ry or
B is an intuitionistic anti fuzzy subring of R;.
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Definition 2.5. Let A and B be two intuitionistic anti fuzzy
subrings Ry and Ry respectively. The product of A and B,
denoted by A X B, is defined as

A X B ={{(x,y),UaxB(x,Y), Vaxp(x,y))/ for all x € R| and
y € Ra}, where piasp(x,y) = max{pia (x), up(y)} and
7A><B(x7y) = min{}/A(x)7yB(Y>}'

3. Properties of intuitionistic anti fuzzy
normal subrings

Theorem 3.1. If A and B are two intuitionistic anti fuzzy nor-
mal subrings of a ring R, then their intersection ANB is an
intuitionistic anti fuzzy normal subring of R.

Proof. Letx,y € R.

Let A = {(x,ta(x),ya(x))/x € R} and

B = {{(x,up(x),vs(x))/x € R} be intuitionistic anti fuzzy nor-

mal subrings of a ring R.

Let C=ANBand C = {{x,uc(x), vc(x))/x € R}

where max{ 4 (x), ug(x)} = te(x) and

min{ys (x), %(x)} = ¥ (x).

Clearly, C is an intuitionistic anti fuzzy subring of a ring R.
Since A and B are two intuitionistic anti fuzzy subring of a

ring R. Now

e (xy) = max{ua (xy), up(xy)}

= max{ s (yx), ug(yx)} by definition
= pc(yx)
Therefore i (xy) = te(yx), for all x,y € R.
Also
Yo (xy) min{ ya (xy), va(xy) }
= min{ys (yx), y5(yx)} by definition

= Yc(yx)

Therefore yc(xy) = Y (yx), for all x,y € R. Hence intersection
of two intuitionistic anti fuzzy normal subring is an intuitionis-
tic anti fuzzy normal subring of a ring R. O

Theorem 3.2. [f A is an intuitionistic anti fuzzy normal sub-
ring of a ring R, then UA is an intuitionistic anti fuzzy normal
subring of a ring R.

Proof. Let A = {(x, ua(x), u§ (x))/x € R}.
Since A is an intuitionistic anti fuzzy subring

pa(x —y) < max{pa(x), a(y)}
pa(xy) < max{ua(x),1a(y)}

Now

HE(—y) = 1 - pal—y)
> 1 —max{ua(x),ua(y)}
=min{l —pa(x),1 —pa(y)}

= min{ﬂg(x)auf()’)}
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s (xy) = 1 — pa(xy)
> 1—max{ua(x),us(y)}
=min{l —pa(x),1 —pa(y)}
= min{u§ (x), u$ (y)}

Therefore LA is intuitionistic anti fuzzy subring of R.
Now

L) = 1—plxy)
=1—p(y)
= 1 ()

Therefore [JA is intuitionistic anti fuzzy normal subring of R.
O

Theorem 3.3. If A is an intuitionistic anti fuzzy normal sub-
ring of a ring R, then ©A is an intuitionistic anti fuzzy normal
subring of a ring R.

Proof. Let oA = {{x,7“(x),y(x))/x € R}.
Since A is an intuitionistic anti fuzzy subring of R,

Ya(x—y) = min{y(x),y(y)}

y(xy) > min{y(x),y(y)}, forall x,y €R.

Now

Yx—y) =1—rmx—y)
< 1—min{y(x),y(y)}
= max{1 —(x),1-7y(y)}
= max{y“(x),7° ()}

Y () = 1—pa(xy)
< 1—min{y(x),y(y)}
=max{1 —y(x),1 —y(»)}
= max{¥“(x),7°(»)}

Therefore ©A is intuitionistic anti fuzzy subring of R.
Now

Y () = 1 - ¥(xy)
=1—7(w)

=¥ ()

Therefore ©A is intuitionistic anti fuzzy normal subring of R.
O

Theorem 3.4. An intuitionistic fuzzy set A = (Ua,Va) is an
intuitionistic anti fuzzy normal subring of a ring R if and only
if the fuzzy subsets lis and )/f are anti fuzzy normal subring of
R.

Proof. Let A = (s, ¥4) be an intuitionistic anti fuzzy normal
subring of R. Then clearly L4 is an anti fuzzy normal subring
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of R.
Now

Yilx—y)=1—-1a(x—y)
<1—min{y(x),1()}
=max{l —y(x),l — ()}

= max{¥{ (), 75 ()}

Y () =1—1a(x)
<1—min{y(x),72 ()}
=max{l -y (x),1 — ()}

= max{% (x), % ()}

Y () = 1—7a(xy)
=1-10x)

= 7% ()

Thus yg is an anti fuzzy normal subring of R.

Conversely, uy and yf are anti fuzzy normal subring of R.
Y (x—) < max{75 (x), %5 ()}

L=n(x—y) <max{l—y(x),1 -%0)}
=1—min{y(x), 7a(»)}

= ya(x—y) = min{y(x), 7 (y)}

% (xy) < max{7§ (x),7% ()}

1=y (xy) <max{l—ya(x), 1 =)}

=1 —min{y(x), 74(»)}

= Ya(xy) = min{ya(x),72 ()}

T (xy) = 75 ()

I=m(xy) =1=1(yx)

= Ya(xy) = 1a ()

Thus A = (U4, ¥4 ) is an intuitionistic anti fuzzy normal subring
of aring R. O

Theorem 3.5. An intuitionistic fuzzy set A = (U, V4) is an
intuitionistic anti fuzzy normal subring of a ring R if and only
if the fuzzy subsets ‘u.f and ys are fuzzy normal subrings of R.

Proof. Suppose A = (U4, 7¥4) is an intuitionistic anti fuzzy
normal subring of R. Clearly 7y is a fuzzy normal subring of
R. Now we have to show that ,u/f is also a fuzzy normal subring
of R.
Now

x—y)=1-n(x—y)
> 1 —max{us(x),ua(y)}
=min{l —pa(x),1 —pua(y)}
= min{ﬂg(x%”g(y)}

1 (xy) = 1— pia(xy)
> 1 —max{ua(x),ua(y)}
=min{l — pa(x),1 —pa(y)}
= min{ﬂg(x)vﬂg(ﬂ}

306

1 (xy) = 1 — pa(xy)
=1-pa(yx)
= ug (yx)

. u§ is fuzzy normal subring.

Conversely, u$, 14 are fuzzy normal subring of R.
ug (x—y) > min{ g (x), u§ (v)}

1= pa(x—y) = min{1 = ps(x), 1= pa(y)}

= 1 —max{pa (x), a(y)}

" Ha(x—y) < max{pa(x), ua(y)}

1g (xy) = min{ug (x), ug (v)}

1= (xy) 2 min{1— s (x), 1 = pa (y) }
=1 —max{pa (x), a(y)}

< Ma(xy) < max{pia(x), ta(y) }

ug (xy) = g ()

L= pa(y) = 1= pa(yx)

Ha (xy) = ta(yx)

Thus A = (Ua,¥4) is an intuitionistic anti fuzzy normal subring
of aring R. O

4. Direct product of intuitionistic anti
fuzzy normal subrings

In this section we discuss direct product of intuitionistic anti
fuzzy normal subrings. If Ry, R, are rings, then direct product
Ri X R of Ry and R; is a ring with point wise addition ‘+’and
multiplication ‘o’defined as (a,b) + (¢,d) = (a+¢,b+d) and
(a,b)o(c,d) = (ac,bd) respectively for every (a,b),(c,d) in
R X R;.

Theorem 4.1. If A and B are two intuitionistic anti fuzzy nor-
mal subrings of rings Ry and R; respectively, then A X B is an
intuitionistic anti fuzzy normal subring of R X R;.

Proof. LetA—{(x, s (), 7 (x)) /x € Ry} and B = {(y, ts(),
¥8(y))/y € Ry} be intuitionistic anti fuzzy normal subrings of
R and R, respectively.

Now A x B = {((x,y), axs(x,¥), Yaxp(x,y))/ for all x € R;
and y € Ry}, where Uaxp(x,y) = max{ua(x),us(y)} and
Yaxs(x,y) = min{ys (x),7a(y)}. We have to show that A x B
is an intuitionistic anti fuzzy normal subrings of R; X R;. Let
(a,b), (C7d) € R XR,.

Now,

paxz((a,b) —(c,d)) = paxpla—c,b—d)
=max{fa(a—c),up(b—d)}
= ta(a—c)yus(b—d)
<A{ua(a)yuale) }r{us(b)yus(d)}
= wa(a)y{ua(c)yus(b)}yus(d
= pa(a)y{up(b)ypalc) byms(d
= {mayus(b) y{ua(c)yus(d)}
= paxp(a,b)yUaxp(c,d)

\/\/
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and

paxp((a,b)o(c,d)) = paxg(ac,bd)
= max{ 4 (ac), up(bd)}
= ta(ac)yup(bd)
<A{mal(a)ypale)v{us(b)yus(d)}
= pala)y{pa(c)yup(b)}yus(d)
= ta(a)y{us(b)yua(c)}yus(d)
= {uayus(®)}y{uac) yus(d)}
= Haxp(a,b)Yuaxg(c,d)

taxs((a,b)o (c,d)) = Uaxp(ac, bd)

— max(pa (ac). tp(bd))

= max{ia(ca), us(db)},

since A and B are IJAFNSRs

= Uaxp(ca,db)

= Haxg((c;d)o (a,b))
Similarly, Y4 5((a,b) = (¢,d)) = Yaxp(a,b) N Yaxs(c,d),
Yaxs((a,b)o(c,d)) > yaxp(a,b) A Yaxs(c,d) and
Yaxs((a,b) o (¢,d)) = yaxp((c,d) o (a,b)).
Hence A X B is an intuitionistic anti fuzzy normal subring of
R XRy. O

Theorem 4.2. Let A and B be intuitionistic fuzzy sets of the
rings Ry and R, respectively. Suppose that e; and ep are
identity element of Ry and Ry respectively. If A X B is an
intuitionistic anti fuzzy normal subring of Ry X Ry, then at
least one of the following two statements must holds.

1. pp(er) < pa(x) and yg(ez) > ya(x), for all x € Ry.

2. pialer) < pp(y) and ya(er) = v(y), for all y € Ry.

Proof. Let A x Bis an IAFNSR of R| X R;. If possible, let the
statements (i) and (ii) does not holds.
Then we can find x € R; and y in R, such that

Ha(x) < pp(ea), va(x) > 75(e2) and
us(y) < taler),v(y) > ya(er). Thus we have

Maxp(x,y) = max{ua(x), us(y)}
< max{ia(e1), ug(e2)}
= Uaxp{er,er}

and

Yaxp(x,y) = min{ya(x),¥s(y)}
> min{ys(e1), va(e2) }
= Yaxpler, ez}

which implies that A x B is not an intuitionistic anti fuzzy
normal subring of R; X R;. A contradiction. Hence either
ug(ez) < ua(x) and yg(ez) > y4(x) holds for all x in Ry or
pa(er) < up(y) and ya(er) > ¥g(y), holds forall y in R.  [J
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Theorem 4.3. Let A and B be intuitionistic fuzzy set of the
subring Ry and Ry respectively such that 4 (x) > ug(e2) and
Ya(x) < yg(e2) holds for all x € Ry, ey being the identity el-
ement of Ry. If A X B is an intuitionistic anti fuzzy normal
subring of Ry X Ry, then A is intuitionistic anti fuzzy normal
subring of subring R;.

Proof. Let pa(x) > upg(ez) and 74 (x) < yg(ez), for all x € R;.
We have to show that A is intuitionistic anti fuzzy normal
subring of R;.

Now

= max{ (x+ (—y)), up(e2 + (—e2))}

= axp((x+ (=), e2+ (—e2))

= axp((x,€2) + (=¥, —e2))

= axp((x,e2) — (v, €2))

< Haxp(x,e2) V taxp(y,e2),

since A x B is IAFNSR

= max{ia(x), up(e2)} vV max{ia(y), up(e2)}
= Ha(x) V pa(y)

palx—y) = palx+(-y))
(

and

ta(xy) = max{a (xy), u(eze2) }
= Uaxp(xy,exe2)
= paxp(x,e2)- (y,e2)
< Uaxp(x,e2) V Uaxp(y,e2), since A x Bis IAFNSR
= max{pta (x), up(e2)} vV max{pa(y), s(e2)}
= pa(x) V pa(y)

Now

pa(xy) = max{pa (xy), s (eze2) }
= paxs((xy,e2e2))
= Uaxp((x,e2) - (y,e2))
= Uaxs((y,€2) - (x,e2)), since A x B is IAFNSR
= Uaxp(yx,eze)
= max{a (yx), Up(eze)}
= pa(yx)

Similarly, we can prove that ¥4 (x —y) > min{ys(x), % (y)},
Y(xy) > min{ya(x),7a(y)} and 4 (xy) = ya(yx) for all x,y €
R;. Thus A is an intuitionistic anti fuzzy normal subring of
R;. O

Theorem 4.4. Let A and B be intuitionistic fuzzy set of the
subring Ry and R respectively such that ug(y) < ug(e;) and
Y8(y) < vg(er) holds for all y € Ry, e, being the identity el-
ement of R1. If A X B is an intuitionistic anti fuzzy normal
subring of R X Ry, then B is intuitionistic anti fuzzy normal
subring of subring R;.

Proof. The proof is similar to the above theorem. O
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