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Abstract

In this paper, we construct some new digital surfaces from the topological sum of two digital surfaces. Also, we
compute the digital simplicial homology groups of these digital surfaces. We calculate the Euler characteristics of
certain digital connected surfaces. Moreover, we obtain some results of Euler characteristics of certain minimal

simple closed surfaces.
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1. Introduction

Digital topology [24, 26] has been examined in image
processing and medical research for several decades. The
properties of digital objects are characterized with tools from
topology by many researchers [4, 13, 14, 17].

Homology is a useful topological invariant that character-
izes an object by its p-dimensional holes. It is a powerful tool
for image processing since a general algorithm to determine
whether two distinct objects having isomorphic homology
groups can be presented. The first study in this area is given
by Rosenfeld [25]. He introduces the concept of continuity
of functions from a digital image to another digital image.
Boxer [4, 5] establishes digital versions of a retraction and a
homotopy by using the digital continuity of functions.

Arslan et al.[1] introduce the digital simplicial homology
groups of n-dimensional digital images. In addition, they
deal with a general algorithm for calculating digital homology
groups of finite dimensional digital images. See [9, 11, 15,

16, 18, 19, 23] for more details.

Boxer et al.[8] investigate the simplicial homology groups
of some minimal simple closed surfaces and show how to
compute the Euler characteristics of several digital surfaces.
Then Demir and Karaca [10] calculate the simplicial ho-
mology groups of digital surfaces MSSg, MSSeMSSs and
MSS13tMSS13. They also present some basic properties of the
squaring operations on digital images such as the Bockstein
homomorphism, the Cartan formula and the Adem relations.

Karaca and Burak [22] define the simplicial cup product
for digital images and use it to establish ring structure of
digital cohomology. They introduce the relative cohomology
groups of digital images.

This paper is organized as follows: Some basic notions
are stated in Section 2. In the next section, we compute
the simplicial homology groups of certain minimal simple
closed surfaces. Finally, we get some results related to Euler
characteristics for some digital connected surfaces.

2. Preliminaries

Let Z" be the set of lattice points in the n-dimensional
Euclidean space, where Z is the set of integers. A (binary)
digital image is a pair (X, k), where X C Z" for some positive
integer n and K represents certain adjacency relations in the
study of digital images.

Let u be a positive integer, | <u <n. Let p,g € Z", p #q.
We say that p and q are c¢,-adjacent [6] if
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e there are at most / indices i for which |p; — ¢;| = 1, and

o for all indices j such that |p; —g;| # 1, we have p; = q;.

The notation ¢, is sometimes also understood as the num-
ber of points ¢ € Z" that are c,-adjacent to given point p € Z".
E.g.,

e in Z!, ¢;-adjacency is 2-adjacency;

e in Z2, c1-adjacency is 4-adjacency and c;-adjacency is
8-adjacency;

e in Z3, c-adjacency is 6-adjacency, c;-adjacency is
18-adjacency, and c3-adjacency is 26-adjacency.
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Figure 1. Examples of adjacency relations

Let k € {2,4,6,8,18,26}. A k-neighbor [5] of p € 2"
is a point of Z" which is k-adjacent to p. A digital image
X is said to be k-connected [21] if and only if for every
pair of different points p and ¢ in X, there is a sequence
{po,p1,-..,pr} of points of X such that p = py, ¢ = p, and
p; and p;; are k-adjacent where i € {0,1,....r—1}. A k-
component of a digital image X is a maximal k-connected
subset of X. Let a,b € Z with a < b. A set of the form

[a,blz ={z€ Zla<z<b}

is called a digital interval [4].

LetX C Z" and Y C Z™ be digital images with kp and k-
adjacency, respectively. Then a function f : X — Y is called
(Ko, K1 )-continuous [4, 26] if for every kp-connected subset U
of X, f(U) is a kj-connected subset of Y. We say that such a
function is a digitally continuous. Similar notions are defined
on discrete manifolds in [12]: Let D; and D, be two discrete
manifolds and f : D; — D, be a mapping. f is said to be an
immersion from D; to D, or a gradually varied operator if x
and y are adjacent in D implies either f(x) = f(y) or f(x),
f(y) are adjacent in D,.

A (2, x)-continuous function f : [0,m]z — X such that
f(0) =xand f(m) =y is called a digital k-path from x to y
in a digital image X [5]. If £(0) = f(m), then the x-path is

319

said to be closed and the function is called a k-loop. If there
exists a k-path in X from x to y for every x,y € X, then X is
called a digital k-path connected [5].

A simple closed x-curve of m > 4 points in a digital image
X is a sequence

{£0),f(1),... f(m—1)}

of images of the x-path f : [0,m — 1]z — X such that f(i) and
f(J) x-adjacent if and only if j = £(i+ 1) mod m [6].

A point x € X is called a k-corner if x is xK-adjacent to two
and only two points y,z € X such that y and z are k-adjacent
to each other [3]. In addition, the x-corner x is called simple
if y,z are not k-corner and if x is the only point k-adjacent
to both y and z [2]. X is called a generalized simple closed
K-curve if what is obtained by removing all simple K-corners
of X is a simple closed x-curve [21].

Let (X, k) be a k-connected digital image in Z", n > 3,
where K is an adjacent relation for the members of X. We can
write following:

‘X|x = Nék/171(.x) mX

where N3,_,(x) = {x €Z": xand x are 3" — 1 adjacent}
[20].

LetX C Z" and Y C Z'™ be digital images with xp and k-
adjacency, respectively. Then a function f: X — Y is called
(Ko, k1) isomorphism [T]if f is (kp, k] )-continuous, bijective
and the inverse of f is (K, Kp)-continuous.

Definition 2.1. [20] Let ¢* := {x0,x1,...,X,} be a closed k-
curve in 72, where {x,k} = {4,8}. A point x of the comple-
ment ¢* of a closed K-curve ¢* in 72 is said to be in the interior
of ¢* if it belongs to the bounded K-connected component of
c*. The set of all interior points of c* is denoted by Int(c*).

Definition 2.2. [20] Let (X, k) be a digital image inZ", n >3
and X = 7" —X. Then X is called a closed x-surface if it
satisfies the following.

(1) In case that (x, k) € {(x,2n),(2n,3" — 1)}, where the k-
adjacency is taken from Definition 2.1 with k # 3" —2" — 1
and K is the adjacency on X, then

(a) for each point x € X, |X|* has exactly one K-component
K-adjacent to x;

(b) |X|* has exactly two K-components K-adjacent to x; we
denote by C** and D™ these two components; and

(¢) for any point y € N¢(x) NX, Ng(y) NC™ # 0 and

Ni(y) ND™ # 0, where N (x) means the K-neighbors of x.
Furthermore, if a closed kx-surface X does not have a simple
K-point, then X is called simple.

(2) In that case (x,k) = (3" — 2" —1,2n),

(a) X is K-connected,
(b) for each point x € X,
K-curve.

Further, if the image |X|* is a simple closed K-curve, then the
closed x-surface X is called simple.

X|* is a generalized simple closed
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Hereafter, we denote by MSSk the minimal simple closed
K-surface in Z" for n > 3. In addition we recall the following
notations introduced in [20]:
® MSS6 ~(6,6) (MSCy % [0,2]7) U (Int(MSCy x {0,2}), where

MSCy 1s4lsom0rphlct0the set {(1,0),(1,1),(0,1),(—1,1),
(=1,0), (=1,=1),(0,=1), (1, =1)}.

oMSS6 ~(6,6) X % [0,1]z, where X = {(0,0), (1,1),(0, 1),
(1,0)}.

o MSSig ~(18,18) (MSCg X {1 }) U (Im‘(MSCg; X {0,2}), where
MSCs is 8-isomorphic to the set {(0,0),(—1,1),(-2,0),
(—2,—1),(71,72),(O,Ifl)}. /

o MSS| ~(15.18) (MSCg x {1}) U (Int (MSCg x {0,2}), where
MSC,8 is 8-isomorphic to the set {(0,0), (—1,1),(—2,0),
(—1,—-1)}. /

The digital images MSC;, MSCy" and MSCg which come
from the minimal simple closed curves MSCy, MSC/8 and
MSCg in Z?, respectively, play important roles in establishing
a connected sum of closed k-surfaces [20]:
® MSC; = MSC4UInt(MSCs),

o MSCy* = MSCq UInt(MSCy),

® MSC; = MSCg UInt(MSCs).

The digital images MSCjg and MSC; are in 7Z3. They are
obtained from the minimal simple closed curves MSCg and
MSC, in Z?, respectively, and essentially used in generating
the notion of connected sum [20],

o MSS; = MSSe UInt(MSSs) where

MSS6 ~(,6) (MSCy % [0,2]7) U (Int(MSCy) x {0,2})

and MSC; is 4-isomorphic to the set

({1(1,01)),}Fl,1),(0,1),(—1,1),(—1,0),(—17—1),(0,—1),
. 17\4S51‘8.= MSS 3 UInt(MSSg) where
MSS1s ~(18,18) (MSCs x {1}) U (Int(MSCs) x {0,2})

and MSCg is 8-isomorphic to the set
{(0’0)7 (_17 1)’ (_2>O)> (_27 _1>7 (—1, _2)7 (O» _1)}-

Definition 2.3. [20] Let Sy, be a closed y-surface in 7"
and Sy, be a closed -surface in Z™" for ng,ny > 3. Consider
A:KO C Ay, C S, such that AKO N, 8) 111 (MSCY),
A, Rp4) Int(MSCy) or Ay = (i, 8) Int (MSCy").
Let f: Agy — f(Ax,)) C Sk, be a (Ko, K1 )-isomorphism and let

Sy, =Sk —f(AKO) cmdSK0 =S8k — Ak,

Then the connected sum, denoted by Sy, 1Sk, is the quotient
— Ay — Sk,
_A

Ko*

space S, USx, | ~, where i : Ay,
f(x) forx € Ay,

Example 2.4. Let MSS¢ and MSS/6 be the minimal simple
closed 6-surfaces. Then the connected sums of MSS;j:iMSS/6
and MSS;liMSSg are as follows:

is the including

map and i(x) ~
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Figure 2. MSStMSS

ds

Figure 3. MSS tMSSq

Let Sy,, Sk, and Sy, be disjoint digital minimal simple
surfaces. Then we have the following properties:
1) The digital topological sum is commutative:

Sklﬁsk‘z ~ SK‘szSK‘I'

For example, let MSS;g and MS.SJ18 be a minimal simple
closed surfaces.
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Figure 4. MSS5, MSS s and MSS#MSS, g

From the above figures, MSS]gﬁMS.SJIS ~ MSS,ISﬁMSSm.
2) The digital topological sum is associative:

(Slq ﬂSKz)ﬁSM ~ SKl ﬂ(SKzﬁSKz)'
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Figure 5. MSSg, MSS|g and (MSS1gtMSS o) tMSS)

Asa resul/t, ) ) )
(MSS188MSS|¢)iMSS ¢ =~ MSS138(MSS gtMSS ).

Corollary 2.5. 1) MSS13tMSS|q ~ MSS)s.

2) MSS,#MSSe ~ MSSetMSSy.
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Proof. 1) By the commutativity of a connected sum, we have
MSS g tMSS|g ~ MSS|3tMSS|g. Since

MSS’ISﬁMSSlg ~ MSSg, the result holds.

2) Since a connected sum of two digital surfaces is commuta-
tive, it can be seen that MSS;ﬁMSSG ~ MSSéﬁMSS;. O

Let S be a set of nonempty subset of a digital image (X, k).
Then the members of S are called the simplex the simplexes
of (X, k) if the following two statements hold:

(i) If p and q are two distinct points of S, then p and g are
k-adjacent,

(ii)Ifse€Sand @ #¢ C s, thent € S [27].

If the cardinality of s is equal to n+ 1, then s is called a
n-simplex. If s isa nonempty proper subset of s, then s isa
face of s.

Let (X, k) be a finite collection of digital m-simplices, 0 <
m < d for some non-negative integer d. Then (X, ) is called
a finite digital simplicial complex if the following hold:

(i)If P belongs to X, then every face of P also belongs to
X, and

(ii) If P and Q in X, then PN Q is either empty or a com-
mon face of P and Q [1].

Cy (X) is a free abelian group with basis all digital (x,q)-
simplicies in X [8].

Let (X, k) C Z" be a digital simplicial complex of dimension
m. The homomorphism d; : Cg(X) — C;__ (X) defined by

—1) < POy ey Piy ey Da >, <m
aq(<p0’“.7pq >)—{ OZ( ) y4 Di Pq Z>m

is called a boundary homomorphism where p; means deleting
the point p;. Then for all 1 < ¢ < m, we have d;,_j0d, =0
[1].

Let (X, x) C Z" be a digital simplicial complex of dimension
m. Then

9,

m- m aﬂ‘l—
Cx(x): 0% ek (x) O ok (x) ] %

U SN 15§ JRANY)

is a chain complex [1].
Let (X, k) be a digital simplicial complex of dimension m.

® Z(X) = Kerd, is called the group of digital simplicial
g-cycles.

® B (X) =Imdj, is called the group of digital simplicial
g-boundaries.

Note that By (X) C ZJ(X) C C;j(X) for each g > 0 and
hence we can consider the quotients

« Zy(X)
Hq (X):= BZ‘(X)

called the g-th simplicial homology group of a digital simpli-
cial complex (X, k) [1].

If f:X — Y is a digital (kp, k])-isomorphism, then for all
g<mll]

HI(X) = HF (V).
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Theorem 2.6. [8] Let (X, k) be a directed digital simplicial
complex of dimension m.

(1) H}(X) is a finitely generated abelian group for every
q>0.

(2) Hj (X) is a trivial group for every q > m.

(3) Hy (X) is a free abelian group, possibly zero.

Theorem 2.7. [20] MSS\giMSS\5 ~ MSS)g via Ars ~(18,8).h
MSC;%, where A1g is a subset OfMSSIIS' MSC/IE _ MSC18 U

Int(MSCllg), where MSC/18 is any set which is 8-homeomorphic
to the set {(0,0),(—1,1),(=2,0),(=1,—-1)}.

Let (X, k) be a digital image of dimension m, and for
each ¢ > 0, let &, be the number of digital (k,q)-simplexes
in X. The Euler characteristics of X [8], denoted by x (X, ),
is defined by

m

x(X.x) =} (—1)%0y.

qg=0
If (X, k) is a digital image of dimension m, then [8]

m

x(X,x) = Z(—l)qrankH;(X).
q=0

Boxer et al.[8] show that the Euler characteristics of the digital
surface MSS g is equal to 2.

Theorem 2.8. [8] If (X,ko) C Z" and (Y,x1) C Z™ are
(Ko, K1 )-isomorphic, then

X(X, ko) = x (Y, x1).

Theorem 2.9. [8] The digital simplicial homology groups of
MSS,g are

Z, n=0,2

3. Main Results
Theorem 3.1. Let MSS;jiMSS,6 be a connected sum of the
digital minimal simple surface M. SS/6 with itself. Then we have

HS(MSSg#MSS,) = 7, HO(MSS tMSSy) = 79, and for
n#0,1, HO(MSSgtMSS;) = {0}.

Figure 6. MSS tMSS),
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Proof. Let
MSStMSS, = {co = (0,0,0),¢1 = (1,0,0),c2 = (1,1,0),
Cc3 = (1,2,0),6‘4: (0,071),05 = (1,0,1),
ce=(1,1,1),c7=(0,1,1),c5 = (0,2, 1),
C9g = (1,2,1),610 = (0,2,0)

MS.S%ﬁMSS/6 can be directed by the following ordering:
c1<ce<cg<e3<cp<ces<ep<cer<cip<cyg <.

We get the simplicial chain complexes listed below:

Cg(MSS;ﬁMSS6) has for a basis {< ¢y >,< ¢ >,< ¢z >

y ey <C10 >},

CO(MSSMSS)) has for a basis

{< ci1co >, < Cpcq >,<C1Cp >, <105 >,< CeCp >,< C3Cp >

, < €309 >,<C3C10 >, < C5C4 >,< 407 >,< CeC5 >, < C8CT7 >

,< cgly >, < cgelp >, < €67 >, < CeCy >}

Hence we obtain the following short sequence:

0 25 CO(MSSEMSS,) 25 C(MSS,tMSS,) 25 0.

From Theorem 2.6, H® (MSS;ﬁMSS/ﬁ) is a trivial group for all
n>2.
By the short sequence, we get

Im =0 and KerdyxZ'".

Now we can find the image of d;. Let

(91(061 <creg > 0 <cocq > 03 < ci1cp > +0y < ci1c5 >
+05 < cecy > +0g < c3cy > +07 < c3c9 > +0g < c3c10 >
+0y < 504 > +00 < 407 > +001 < CeC5 > +0p < 87 >
+03 < cgcg > + 014 < cgC1o > +0h5 < Cc6C7 > + 016 < C6CY >
)

= <cp>—<c1>+0<cyp>—0)<cy>—+
B<cp>—0m<cp>+tou<cs>—0<c >+

05 <> —05<cCg>+0g<Cp>—0g<c3>+07 <cyg>
- <c3>4ag<ci>—0g<cy>+0g<cqg>—

Oy <c5> 4010 <c7>—010<cq4>+011 <C5>—

) <ce>+0p <c7>—0p <cg>+0a;3<cg>—

o3 <cg > +04 <cjo> —014 <cg > +0s <c7 > —

015 < Cg > 016 < C9 > —0g < Cg >
Z(Otl—Otz)<C0>+(—OC1—OC3—064)<01 >+
(+as+as) <cr>+(—0g—07—0g) <c3 >+

(r+ 09— o) <cs>+(0u—ag+ o) <cs >+

(—as — o1 — o5 — Q) < c6 > (a0 + a2 +0ys) < c7 >
+(—opp—oyz—ags) < cg > +(og+ a3+ ag) <cog >+
((Xg+0614) <c1o >.

If

a; — 0 = ay,
—0) — 03— 04 =ay,
03+ 05 + O = as,
—0 — 07 — 08 = ay4,
O + 09 — O = as,

0y — O + 011 = ag,

322

—0s5 — 01 — 05 — 06 = ar,
Qi+ Q2 + Q5 = ag,
—012 — 013 — 014 = Ay,
a7 + Qi3 + Qe = ajo,
og + 014 = ayy,

then a; +ar +az+as+as+ag+ag+ag+ajpg+ay =—ay.
Thus, we obtain Im d; = Z1°.

In the next step, we shall find the kernel of d;. Let

81(061 <ciepg > +0p <cocq > +03 < ciep >0y <cies >

+05 < ceCy > +0g < c302 > +07 < c3¢9 > +0g < €3C10 >

+0g < c504 > F0010 < cqg07 > F001 < CeC5 > +00p < cgc7 >

+0o3 <cgeg > +0g4 < cgcro > +015 < ceC7 > +06 < C6C7 >
)=0.

From the above equation, we have the following equations:

o—0op=0

—061—063—064:0,
03+ a5+ 06 =0,
—ag— 0 — 0y = 0,
o+ 0y — 09 =0,

o4 —0g+oy =0,
—05 — 01 — 05 — Qe =0,
oo+ o +oys =0,
—0y2 — 03— 04 =0,
o7 + 03+ e =0,
og+ a4 =0.

By arranging these equations we obtain

Z?(MSS;ﬁMSS;) = {OC] <cieo>+0n <copeqg >+03 <ciep >
+(—oy—au) <cies >4as <cger >+H(—az3—0s) < c3cp >
+og < c3c9 > +H(03 4+ as — o7) < ¢3¢0 > +H0g < c5¢4 >
+(a1+ag) < cacy > +(0g+ 0oy +03) < cees >+0oy < cgey >
+(og+os— o7 — ) < cgeo > +(—03 — s+ 07) < cgeip >
+(—(X1 — 0y — 05]2) < cgC7 > —|—(—OC3 — 05+ 0612) < cgC7 >
loy € Z,i=1,3,5,7,9,12} == 7.

As a result, we have HO(MSStMSS;) = 7 and
HO(MSS,tMSS,) = 7°. O

Proposition 3.2. The Euler characteristics of MSS;ﬂMSSé is
equal to —22.

Figure 7. MSStMSSg
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Proof. We can direct MSS;]iMSS6 by the ordering dyg < d7 <
do<dy<dr<diz<ds<ds<drg<di <dys <drs<dy <
diz <dp <dig<dig <dig <dy <dg<dg <dy<dip<
dip <dig <dys <dp <dy <dy.

It is clear from the Figure 7 that MSS M SSs has 29 zero-
simplex:

{<dy> <dy > <dy>,...<dyg >}

Moreover, this surface has 51 one-simplex:
{< d7dy >, < dod13 >, < dody >,< dodg >,< didy >,
<ddy >,<didy; >, < drds >,< dodpe >,< drdp3z >,
< dszdy >, < dzdys >, < dzdyy >, < dyds >, < dydy; >,
< dydig >,< dsdy5 >,< dsdpyg >,< dedg >, < ded14 >,
< dydg >,< dydy7 >, < dood7 >, < dgdy >, < dgdy, >,
<dgdig >,< dody4 >,< dody3 >,< diodrg >, < dpgdig >,
<dndpp >,<dpndys >,<dndy >,<dizdpn >,
< djedia >, < dyed12 >,< drgdis >, < dyed15 >,
<dirdis >, < died1g >,< d17d19 >, < d13d19 >,
<dgdy1 >, < drdig >,< dypdy >,< dydy >,
< dpsdys >, < dredrr >, < di3di7 >, < dydiz >,
< dpodp >}.
By the definition of Euler characteristics, o, is a number of
digital (6 q)-simplexes in MSS, M SS.
(MSSﬁﬁMSSé, )= — mo(—1)oy
= (=129 + (-1)L.51+ (-

Theorem 3.3. Let MSS;IjMSSﬁ be a connected sum of the
digital minimal simple surface MSS/6 with MSSg. Then the
digital simplicial homology groups of MSS;ijSSG are as
follows:

2.0+..=-22. O

HG(MSSgtMSSs) = 7, HO(MSStMSSe) = 723, and for
n#0,1, HO(MSSgtMSSs) = {0}.

Proof. Let MSSgtMSSs = {do = (1,2,0),d) = (1,3,0),
dy = (0, 3 ,0),d3=(—1,3,0),dy = (—1,2,0),ds = (—1,1,0),
d6:( )d7 ( ’ ,0)7d8:(1v27_1)vd9:(072’_1)7
dloz(—l,z,—l),d“ =(=1,2,1),di = (0,2,1),
diz=(1,2,1),d14 = (0,1,—1),dy5 = (—1,1,1),

dig = (0,1,1),d17 = (1,1,1),d15 = (0,0,1),d19 = (1,0,1),
dyo = (1,0,0),d2; = (0,0,0),d2 = (1,3 —1)

doy = (0,3,—1),dag = (1,3,—1),drs = (—1,3,1),

d26=(0,3,1),(127:(1,3,1),(123 (1 1 —1)}

We can direct MSS/6 fMSS¢ by the ordering
dy<dy<dy<dy<dy<d;<ds<ds<dyg<di <dyy <
dys < dr7 <diz<dig <dig<dig <dig<dy <dg<dg<
dy <dyg<dpp<diy<dis <dy <ds<dy.

CH(MSS,MSSs) and CO(MSStMSSs) are free abelian
groups with basis
{<dy>,<d| >,<dy>,...,<drg>}and
{< drdy >, < dody3 >,< dody >,< dodg >,< d1dp >,
<didy >, < didy; >, < dprds >, < drdps >, < drdpz >,
< dzdy >, < dydys >, < dzdys >, < duds >, < dsdy) >,
<dudig >,< dsdy5 >,< dsdpyg >, < dedg >, < ded14 >,
< dydg >,< dydy7 >, < drod7 >, < dgdy >, < dgdy; >,
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<dgdyg >,< dod4 >,< dody; >,< diodry >, < dpgdyp >,
<dndip >,<dpdys >,<dndys >, < dizdpn >,
<ded12 >, < dred12 >, < dpgdis >, < djsd5 >,
<d7dis >, < died1g >, < d17d19 >, < d1gd1y >,
<dgda1 >, < drdi9 >,< dypdy >,< dydy >,
< dasdrs >, < dredry >, < dizdi7 >, < dpdiz >,
< daoda) >}, respectively.
Therefore we get the following short sequence
0 -2 COMSSEMSS) 2 CE(MSS,EMSSs) 25 0
By Theorem 2.6, H® (MSS;ﬁMSS6) is a trivial group for
alln > 2.
From the short sequence, we obtain

Imo, =0 and Kerdy =2 Z%.

We shall calculate the image of d;:

o ((l] < dydy > +ar < dodiz > +a3z < dod) > +ag < dpdg >
+as < didy > +ag < didyy > +a7 < didr7 > +ag < drd; >
+ag < dadrs > +aio < dadrz > +ay < dzds >+

arp < dzdys > +ay3 < dsdys > +as < dads > +

a5 < dgdy) > Ha1g < dadyg > +ay; < dsdys >+

a1g < dsdrg > +ajg < dgdg > +arg < dedi4 > +

az) < dyde > +ax < drdy7 > +axz < daodr > +aga < dsdy >
dars < dgdry > +are < dodyg > +ar; < dodyg > +

asxg < dodrz > +asg < diodrsa > +azp < dogdio > +

az1 <dndiz > +azxn < dpdis > +azz <djdys > +

az4 < dizdin > +azs < diedin > +aze < dysdin > +

az7 < dygdis > +azg < diedis > +azg < di7die > +

as < digdig > +aq1 < di7dig > +as < digdig > +

as3 < digdy1 > +ass < dydig > +ass < dypdy; >+

ase < dyzdrs > +asy < dysdre > +asg < dredyr > +

ase < dizdy7 > +aso < dyrd1z > +as) < daoda >)

= {(al—az—ag—cm) <dy> +(a3—a5—a6—a7) <d; >
+(a5 —ag—ag—alo) <dp > +(Clg —ar —a12—a13) <dz>
+(a11 —ais —a1s —ag) < dsy > +(ayy —ai; —ag) <ds >
+(—aj9—ax +az) <de>—+(—a; —ax —axn+ax) <d; >
+(a4 +apg —a24—a25) <dg >+

(@24 — azs — az7 —axg) < do > +

(a16 + aze — azg +azp) < dio > +

(a15 —a31 —azp —azz) <dp >+

(a31 —azs +aszs +aze) <dip >+

(a2 — azs — asg + asp) < diz > +(ax + ax7 +azy) < dig >
+(ar7+azn+asg) <dis > +(—azs —aszg+azg —as) <dig >
+(ax —azg —asy +asy) < di7 > +(aso — as —as3) < dig >
+(aa1 + asx +asq) < dyg > —l—(—6123 —ag —asy) <dy >+
(aaz +asy) < doy > +(ag+axs —ags) < dyp >+
(@10 + azg +ass — ass) < daz > +(ai3 + a9 +ass) < dog >
+(an +asz —asg7) < das > +(ag — aze + as7 — asg) < dag >
“1‘(617 +asg —a50) <dy7 > +(6118 —a30—a37) < dpg > }

If we use the MATLAB program for 29 x 51 size matrix,
then we will calculate the rank of the matrix. Its rank is 28.
Namely,
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(a1 —ag—a3—a4) <dy> +(a3—a5—a6—a7) <d >+
(as —ag —ag —ayo) < dy > +(ag —ajy —app —az) <ds >
+(an —as —ais —aig) < ds > +(a1s —ar7 —aig) < ds >
+(—ai9—ax +az) <de>—+(—a1 —az —an +ax) <d; >
+(as+aro—axn —axs) <dg >+

(@24 —ane —an7 —azg) < dy >+

(a16+ax —ax +azy) <dip > +

(a15 —a31 —az —asz3) <dp >+

(a31 — a3 +azs +azg) <dip >+

(a2 —azs4 —ago +asp) < diz > +(ax + a7 +azy) < dig >
+(a17+axn+asg) <dis > +(—azs —azg+azo —as) < die >
+(axn —azg — as +asg) < di7 > +(as0 — asr —as3) < dig >
—|—((l41 +aq —|—a44) <djg > —|—(—a23 — Q44 —a51) < dyy >+
(asz +asy) < dyy > +(ag+axs —ags) < dypp >+

(a10 +aos +ass — ase) < daz > +(a13 + axo + ase) < dog >
+(an +as3 —asgy) < das > +(a9 — aze + as7 — asg) < dag >
+(a7 +asg —aso) < dy7 >= —(a13 —azp —azy) < dog >.
Consequently, we have Im 9; = 7.3,

To determine the H? (MSS'()ﬁMSSG) we can use Proposition
3.2. We know that

% (MSSgiMSSs,6) = —22.

From the definition of the Euler characteristics, the following
holds: ) /
X(MSSctMSSe,6) = Yy _o(—1)7rank HS(MSS611MSS6)

—22=(—1)%1+(—1)'rank HS(MSS,tMSSg)

+(—=1)2.0+...
Hence we obtain rank(H?(MSS%ﬁMSS@) = 23 which gives
us
HO(MSSgtMSSs) = 77,

O

Corollary 3.4. The Euler characteristics of a digital surface
MSXSllgj:iMSSJ18 is equal to 2.

Proof. From Theorem 2.7 and Theorem 2.8, we have
X(MSSgiMSS ) = x(MSSg).
By [9,Example 4.4], the result holds. O

Corollary 3.5. Let MSSIISﬁMSSIIS be a connected sum of the

digital minimal simple surface MSSl18 with itself. Then its
homology groups are

H(MSS tMSS\g) =7, HS(MSS\gtMSS\3) = Z, and for
n# 0,2, HS(MSSgtMSS g) = {0}.

Proof. By Theorem 2.7, we have MSS/lgjiMSS/18 ~ MSSI]S.
From Theorem 2.8 and Theorem 2.9, we have the result. [

Theorem 3.6. The digital simplicial homology groups of
MSSeMSS, are

) Z, n=20
HO(MSSetMSSe) =4 7%, n=1
0, n#0,1.
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Proof. We have MSStMSSe ~ MSSstMSS,; by Corollary 2.5.
If two digital images are isomorphic to each other, then they
have the same digital homology groups. Consequently the
result holds from the isomorphism. O

Corollary 3.7. x(MSSgtMSS;) = —5.

Proof. By Theorem 3.1 and the definition of Euler character-
istics, we obtain

X (MSSgtMSSg) = Y (—1)rank HS(MSSgtMSS)
q=0
= (=D 1+ (=D)L6+(=1)2.0+...
=-5.

4. Conclusion

In this paper, we investigate some topological properties of
certain digital surfaces such as the digital simplicial homology
groups and the Euler characteristics. We give the digital
homology groups of these surfaces. Finally, we calculate their
Euler characteristics.
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