MALAYA JOURNAL OF MATEMATIK
Malaya J. Mat. 9(04)(2021), 168-180.
http://doi.org/10.26637/mjm904/001

Existence and monotonicity of positive solutions for hybrid
Caputo-Hadamard fractional integro-differential equations

ABDELOUAHEB ARDJOUNI*! AND MOUSSA HAOUES?

1 Department of Mathematics and Informatics, University of Souk Ahras, P.O. Box 1553, Souk Ahras, 41000, Algeria.
2 Laboratory of Informatics and Mathematics, Department of Mathematics and Informatics, University of Souk-Ahras, P.O. Box 1553,
Souk-Ahras, 41000, Algeria.

Received 08 August 2021; Accepted 27 September 2021

Abstract. The purpose of this paper is to present new results on the existence, uniqueness and monotonicity of positive
solutions for hybrid Caputo-Hadamard fractional integro-differential equations. Our results are based on the method of upper
and lower solutions, and the Dhage and Banach fixed point theorems. Two examples are given to illustrate our obtained
results.
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1. Introduction

Fractional differential equations with and without delay arise from a variety of applications including in
various fields of science and engineering such as applied sciences, physics, chemistry, biology, medicine, etc. In
particular, problems concerning qualitative analysis of fractional differential equations with and without delay
have received the attention of many authors, see [1]-[14], [16]-[22] and the references therein.

Hybrid Fractional differential equations arise from a variety of different areas of applied mathematics and
physics, e.g., in the deflection of a curved beam having a constant or varying cross section, a three-layer beam,
electromagnetic waves or gravity driven flows and so on [2, 3, 13, 14, 21, 22].

*Corresponding author. Email address: abd_ardjouni@yahoo.fr (Abdelouaheb Ardjouni), moussakoussa84 @yahoo.fr (Moussa
Haoues)

https://www.malayajournal.org/index.php/mjm/index (©2021 by the authors.



Hybrid Caputo-Hadamard fractional integro-differential equations

Let J = [to,T]. Haoues et al. [18] investigated the existence, uniqueness and monotonicity of positive
solutions for the following hybrid fractional integro-differential equation

x (t)
CDtoE) - — = t,x(t)), ted,
<p<t>+rgﬁ)fto<t—s>5 g(s,x<s>>ds> Jlte ), re

x (to) = p(to) 0 >0,

where CD?O is the Caputo fractional derivative of order 0 < a < 1,0 < < 1,0<ty < T, f,g: J xR >R
and p : J — R are given continuous functions. By using the method of the upper and lower solutions and the
Dhage and Banach fixed point theorems, the authors obtained the existence, uniqueness and monotonicity of a
positive solution.

In this paper, we extend the results in [18] by proving the existence, uniqueness and monotonicity of positive
solutions for the following hybrid nonlinear Caputo-Hadamard fractional integro-differential equation

t
e py x (t) - =f(tx(t), tel (L

where ¢ Dtog is the Caputo-Hadamard fractional derivative of order 0 < o < 1,0 < 8 < 1,1 < tg < T,
frg:J xR — Randp : J — R are given continuous functions. To prove the existence, uniqueness and
monotonicity of positive solutions, we transform (1.1) into an integral equation and then by the method of upper
and lower solutions and use Dhage and Banach fixed point theorems.

2. Preliminaries

Let X = C (J) be the Banach space of all real-valued continuous functions defined on the compact interval
J, endowed with the maximum norm. Define the subset Cp = {x € X : x (t) > p(t9) 0, t € J} of X.

Definition 2.1 ([19]). The Hadamard fractional integral of order o > 0 for a continuous function x : [ty, +00) —

R is defined as
1 ¢ £\t ds
Hra _ _
Ifx(t) = (@) /tU (log s) x(s) -

Definition 2.2 ([19]). The Caputo-Hadamard fractional derivative of order o > 0 for a continuous function
x : [tg, +00) — R is defined as

o) = s [ (s t) 7 (x) () %

where 0" = (t%)n andn = [a] + 1.

Lemma 2.3 ([19]). Let o > 0 and x € C"~ ! [ty, +o0) and 6™ () exists almost everywhere on any bounded
interval of [to, +00). Then

n—1 (k)
T t,
(HI;;CHD?Oit) (t) =z (t) — E 715 0>
k=0

(logt)" .

In particular, when 0 < o < 1, (P IR D 2) (t) = o (t) — @ (to).
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A. Ardjouni and M. Haoues

Definition 2.4. For any x € [a,b] C R™, we define the upper-control function by
Ut,x) =sup{f(t,s):a<s <z},

and the lower-control function by
L(t,z)=inf{f(t,s) :x < s<b}.

It is obvious that these functions are non-decreasing on [a, b, i.e.
L(t,x) < f(t,x) <U(t,x), teJ

Definition 2.5. A function x € X is positive bounded below if x € Cy. In particular, we call x as nonnegative
Sunction if p (tg) @ = 0 and positive function if p (tp) 6 > 0.

The following fixed point theorem due to Dhage [15] is essential tool for the proof of the first result.

Theorem 2.6 ([15]). Let S be a nonempty bounded closed convex subset of a Banach algebra X. Let B : S — X
and A : S — X be two operators such that
i) A is Lipschiz with a Lipschitz constant o,
ii) B is completely continuous,
iii) AxBy € S forall x,y € S.
Then the product operator equation
AzBx = x,

has a solution, whenever cM < 1, where M = sup {||Bz|| : © € S}.

3. Existence of positive solutions

In this section, we will discuss the existence of positive solutions for (1.1). We introduce the following
conditions
(H1) Fort € J and z € X, we have

and

6+ F(la)/tt <logt)a_1f(s,x(s)) % > 0.

(H2) Let 2*, . € Cp, such that z, (to) = =* (to) = p(to)f and p(tp) 0 < z. (t) < z*(t) < bt € J.
Moreover,

ot pa 2 (®) > U (t,2" (1)),
U \p )+ g Jry (10 5)" g (5,07 () & )
CHD% Lx <t) <L (t,.’L'* (t)) )

=1 5
p() + w57 Jr, (log £)° g (5,2, (s)) 2

foranyt € J.
(H3) Let g be monotonic non-decreasing with respect to = and there exists L, > 0 such that

lg(t,z) —g(t,y)| < Lglez—y|, teJ, z,y R,
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Hybrid Caputo-Hadamard fractional integro-differential equations

where

logz0 ’
0<Lg§(ﬁl>l)

6] +
(H4) There exists Ly > 0 such that

The functions x* and z, are respectively called the pair of upper and lower solutions for (1.1).
From Lemma 2.3, we deduce the following lemma.

Lemma 3.1. Suppose that % is differentiable on J. Then the equation

o (TWMY _ 4,
CH pDg (h(t)) =f(tz(t), tel, (3.2)
z (to) = p(to) 0,

is equivalent to

2 (t) = h(t) <0+F(104)/t <logz) ) f(s,x(s))is>,tej. 3.3)

By the previous lemma, (1.1) is equivalent to

2 (t) = <p<t> T / (1og§)ﬁlg<s,x<s>> d)

y <9+F(1a)[ <1ogi)a1f(s,x(s))f> ey

Hence, according to the Dhage fixed point theorem 2.6, we define the operators A, B : Cy — Cy by

t B-1 s
A0 =pO+ 1z [ (082) a2 64
and
t a—1 P
(Bx) (t) =0+ ﬁ /t (log i) f(s,z(s)) %, (3.5)
fort € J.

Theorem 3.2. Suppose that (H1) — (H3) are satisfied, then the problem (1.1) has at last one positive bounded
below solution x € Cy satisfying x. (t) <z (t) < z*(t), t € J.

Proof. Let S ={x € Cyp: . (t) <x(t) <z*(t), t € J}, endowed with the norm ||| = max,c s |z (¢)], then
for any x € S, we have ||z|| < b. Hence, S is a convex, bounded and closed subset of Cy. Moreover, the
continuity of g and f implies the continuity of the operators A and B on S. Now, if € S there exists a positive
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constant ¢y such that max {|f (¢,z (¢))| : (¢t,z) € J x S} < ¢y. Then

@01 =0+ 1 [ (10g2>”‘1f<37x(8)) i
< |9|+F1a)/t: logi)a1|f(s,x(s))|cis

So,

cr log L
1Bz < 16| + u

Hence, B (S) is uniformly bounded. Next, we show the equicontinuity of B. Let = € S, then for any ¢1,t5 € J,
ty > t1, we get

|(Bx) (t2) — (Bz) (t1)|

s
t1 ¢ a—1 ¢ ozfld to " afld
([ () )
(@) \ J4 s s s . s s
Cf tl @ tg * t2 @
<—"—((log—=) —(log—= 2| log =
<rrrm () ~ () #2(s2) )

As t; — to the right-hand side of the previous inequality is independent of x and tends to zero. Therefore, 53 (.S)
is equicontinuous. The Arzela-Ascoli theorem implies that B is compact. Hence B is completely continuous.
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Hybrid Caputo-Hadamard fractional integro-differential equations

By hypothesis (H3), for any =,y € S, we get

|(Az) (t) — (Ay) (1))

_ r(lg)/tt <1Og2)ﬁ_lg(s,x(s))‘f—r(lﬁ)/t: <logz>5_lg(s,y(s))cf‘
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=

log L g
Then A is Lipschiz mapping with Lipschitz constant o = L, (Féfl)) , that satisfying o sup {||Bz| : € S} <
1.
We need to show that AzBy € S for all z,y € S. Indeed, by Definition 2.4 and the hypothesis (H3), we
obtain

(Az) (t) (By) ()

<(r0+ 115 / (1og 5)61 9 (5,2 (5)) d) (e e / (1og t) U (5,2 (5)) d)
<o (1),

and
(A2) (1) (By) (1)

> <p 0+ o [ (10s2) " gtz d) (e A L) d)
> <p O+ 05 / (logZ)Blg (5,22 (5)) d) (e s / (100 t) L (5,4 (5)) d)

> (t).

Hence, z, (t) < Ax (t) By (t) < z* (t), t € J, thatis (AzBy) (S) C S. According to the Dhage fixed point
theorem, the operator equation AxBx = x has at last one fixed point = € S. Therefore, the problem (1.1) has at
last one positive bounded below solution = € Cy. |

Next, we consider many particular cases of the previous theorem.

Corollary 3.3. Suppose that (H3) holds and there exist k1, ko, ks, ks € X, such that

k1 (t) <g (t7 €z (t)) < ko (t) ) (36)
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and
ks (t) < f(t,x(t) <ka(t). 3.7
If
1t £\ ds
p@%+FMﬂK;O%S) ki (s)— >0, (3.8)
and .
1 ¢ t\“" ds
0+ ) /to (log s) k3 (s) 5 >0, (3.9)

then the problem (1.1) has at least one positive bounded below solution. Moreover

A COREE [ G TN CORETE)

<z (t)

< (ot iy [ (oet) %) (04 50 [ (et w0 %),

Proof. By the assumption (3.7) and the definition of control functions, we have
ks (t) < L(ta(t) U (t) <ka(t),

for any ¢ € J. Now, we consider the fractional differential equations

o pa z{t) ks (), 2 (to) = p(t0) 0. (3.10)
0 (p<t>+r6m:; oz 2)” "k <s>d:> B
and
“"Dg - z (1) 1 =ka (1), 2 (to) = p(to) 0. (3.11)
p(t) + %ﬁ) Sy, (log £)7 ks (5) &

In accordance of Lemma 3.1, the solutions of (3.10) and (3.11) are given respectively by

x(t) = (p(t)—l—r(lﬂ)/t: (logz)ﬁlkl (s) ?) <9+F(10‘)/t: <logz>a1k‘3( B

N
| &
~

and
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Hybrid Caputo-Hadamard fractional integro-differential equations

and

v (1) = <p(t)+r(15)/t: (10gi>ﬁ1k2 <s>‘f> (“mla)/ (lgt>k (5 d)
ot () w0 i () verer?)

One can define the upper and lower solutions as

v (1) = <p 0+ 15 CH d) <e+ ol ) d) ,

and
1 t £\ ds 1 ¢ £\t ds
T, (t) = pt—&——/ <log> ki(s) — 9—1—7/ (log) L(s,z.(s))— | .
() ( () F(B) " s 1()8 F(Oé) " s ( ())S
Hence by Theorem 3.2, the problem (1.1) has a positive bounded below solution = € Cy. |

Corollary 3.4. Let k € X and p € Ry such that ¢ < k(t) = limy_0o f ((,2) < 0o fort € J. If (H3), (3.6)
and (3.8) hold and 0 € R, then the problem (1.1) has at least one positive bounded below solution. Moreover

Jor0 <w < ¢,

(et [ (et) ) o+ b

1t e\t ds 1t e\ ds @ (10% i)
< — log — — _— log — —_—t
_<p(t)+F(ﬁ)/tO<Ogs> kz(S)s) 9+F(a)/t0<0gs> k(s)s+ Ma+1)

Corollary 3.5. Suppose that (H3), (3.6) and (3.8) hold, and

lim ftz) =(1),

z—0 T

where v € X, t € J. Then there exists a positive bounded below solution of the problem (1.1).

Corollary 3.6. Let p, v and £ are real positive numbers such that n < f (t,z (t)) < vz (t) +§ fort € J. If
(3.6), (3.8) and (H3) hold and 6 € R_, then the problem (1.1) has at least one positive bounded below solution.
Moreover

o st (i) ") oo 08

< (p(tH_F(lﬂ)/t: (mi)ﬁ_lkz (5) d) (9%(1@/ (1gt) (v (5) +€) d)
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4. Uniqueness of positive solutions

In this portion, we will prove the uniqueness of the bounded below positive solution of (1.1) using the Banach
contraction mapping principle.

Theorem 4.1. Suppose that (H1) — (H4) hold. If
B a
T T
, (s ) (105 %)

T+ YT T D

<1, A.1)

then the problem (1.1) has a unique positive bounded below solution.

Proof. Let ¢y and ¢, are positive real numbers such that,

[f Gz @) < e, gtz @)] < e,

forany ¢t € J and z,y € Cy. According to Theorem 3.2, the problem (1.1) has at least one positive bounded
below solution in S. Now, we need only to prove that the product operator Az« is a contraction mapping on
X, where A and B are defined as in (3.4) and (3.5). Indeed, for any z,y € Cyp and t € J, we get

|(AzBz) () — (AyBy)

- (®)
1 ¢ t\? 1 ds 1 ¢ ! ds
< (rw) / 1ogs) 9(s,2()) — g (5. (5))] ) (“r(a) / (1ogs) |f<s,a:<s>>|s>

(1os )

log - ’
Logto>m_y| 9—}-07
IT(B+1) "T(a+1)

IA

(log %)ﬁ . (log %)a

+ Ip(t)l+cgr(6+1) ST o+ 1) = yll

B « B «
() (ot ()Y, ()Y
“ | T+ "T(a+1) Pm T+ | I T(a+1) vl

where p,, = max;c; |p (¢)|. Hence, by (4.1) the product operator AxBx is a contraction mapping. Therefore,
the problem (1.1) has a unique positive bounded below solution = € Cy. |

5. Monotonicity of positive solutions

Theorem 5.1. Let p, g and f be non-decreasing functions with respect to both variables, f (to,x (to)) > 0 and
g (to,x (to)) > 0. Moreover, let (H1) — (H4) hold, then there is a monotonic non-decreasing positive bounded
below solution of the problem (1.1).
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Hybrid Caputo-Hadamard fractional integro-differential equations

Proof. Define a subset R = {x € S : x is nondecreasing on J}, then R is a closed and convex subset of S. The
operator B3 is uniformly bounded and completely continuous and the operator .4 is Lipschitzian with Lipschitz
constant o, and satisfying o sup {||Bz|| : « € R} < 1. It remains for applying the Dhage theorem that AzBx €
R whenever x,y € R. To this end, it suffices to consider z,y € R, t1,t5 € J with 1 < to. It follows that

Az (t2) By (t2) — Az (t1) By (t1)
= Az (t2) (By (t2) — By (t1)) + (Az (t2) — Az (t1)) By (t1)

i (e s [ (02) a0 )
) </ ((lgt) - (lgt)> P [0 (1gt> (o) d>
(piea=pie s rh / (( ) () Yot
ol ( > )( r(1a>/h< tl)mf(s’y(s»?j).

Since (log 2)* ™" — (log 2)* ™" < 0 and (log 2)”™" — (log )"~ < 0, then

Az (t2) By (t2) — Az (t1) By (t1)

N W <p )+ 15 / (mgtj)ﬁlg(w(s)) d)
L (s L)) S [ ) %)
(ot -pt 28200 ([ () (1)) 2
+ [ (1gt>d)) o [ (lgt)f(y())d>
> Ly () <p R () d) ((0s2) - (s2)")
e ()20
. <9+ s [ (e ) e d)
0.

Therefore, with the Dhage fixed point theorem the product operator AB : R — R has a fixed point with the
positivity and monotonicity nondecreasing properties which is a solution of the problem (1.1). |

Remark 5.2. The results of Theorem 5.1 are valid in Corollaries 3.3-3.6 if the assumptions of Theorem 5.1 are
added to Corollaries 3.3-3.6.
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6. Examples

Example 6.1. Consider the Caputo-Hadamard fractional integro-differential equation

cp2 z (t) :L(“‘(” +5)7t€(1,e},

54t \ z(t)+4

t —1 ()42 ds
Sy i es )T (50E) &
z (1) =0,

where = 2/3, 8 = 1/4,0 = 0, p(t) = 32, f(t,2) = = (#4"‘5) and g (t,x) = %

5+t
nondecreasing on x,

2 5
g§g(t,a:)§1and57+e§f(t,x)§1fort€[l,e],xe[O,—l-oo),
and 5
Lg%) 0] + Lg%) 0.136 < 1
cy ~ 0. :
IT(B+1) "T(a+1)

Then, by Corollary 3.3, (6.1) has a positive solution which verifies x, (t) < x (t) < z* (t) where

x*(t><5+3t 2(logt)4> 5 (logt)?

8 3r(3) )5+eT(3)
and ) ,
5+3t  (log t)4> (logt)?
¥ (t) = + .
( 8 () ) I
This positive solution is unique due to the condition (4.1) is satisfied since
B « B «
. <log %) ; (log %) <log %) . (log %)
‘T(B+1) 9] TT(a+1) b ITB+1) | 'T(@+1)
~ (0.404 < 1.

The property of non-decreasing of this solution is not valid in spite of f.

Example 6.2. Consider the Caputo-Hadamard fractional integro-differential equation

D3 x(tz = Lsin(z (), te (1,¢,

et gy S g ) T s )

o), (%)

6.1)

Since g is

6.2)

where o = 1/3, 8 =2/5,0 =1/3, p(t) = L + 1, f(t,x) = Lsinz and g (t,x) = 2 — cosx for t € [1,¢],

T € [O, g] Hence, g is nondecreasing on x and

0< f(ta) <o, 1<g(ta) <2

™
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Hybrid Caputo-Hadamard fractional integro-differential equations

Since

“ (log %> 0.947 < 1
I'(a+1) o '

Then, by Corollary 3.3, (6.2) has a positive solution which verifies x, (t) < x (t) < x* (t) where

2
5

~t 1 (logt)
RO

N 2(logt)% 1 e(logt)%
¥ (t) = <3+1+F<g)> <3+6F®>

We could not guarantee this positive solution is unique due to the condition (4.1) is not satisfied. The property

of non-decreasing of this positive solution is valid since f and g are increasing on [O, g] and p is increasing on
[1,e].

w

and

7. Conclusion

The hybrid nonlinear Caputo-Hadamard fractional integro-differential equation is considered. So, we have
studied the existence, uniqueness and monotonicity of positive solutions. The main tool of this work is the method
of upper and lower solutions and the Dhage and Banach fixed point theorems. However, by introducing a new
fixed mapping, we obtain new positivity conditions.
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