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1. Introduction

Several researchers [2,3,4,9,10,11] generalized metric spaces

in different ways. Among all these the G-metric space given
by Zead Mustafa and Brailey Sims [10,11]is interesting.

G.Jungck [5,6] first introduced compatible mappings and
later Jungck and Rhoades [7] introduced the notion of weakly
compatible mappings as a generalization of weakly com-
muting mappings given by Sessa [8]. Recently, Aamri and
Moutawakil [1] introduced the concept of (E.A) property.

In present paper we prove a common fixed point theorem
for four weakly compatible self maps with (E.A) property in
a G-metric space.

2. Preliminaries

Definition 2.1. [/1] Let X be a non empty set and
G : X3 — [0,0) be a function satisfying

(G1) G(x,y,z2) =0ifx=y=z

(G2) 0 < G(x,x,y) for all x,y € X withx #y

(G3) G(x,x,y) < G(x,y,2) for all x,y,z € X withz #y

(G4) G(x,y,2) = G(0(x,y,2)) for all x,y,z € X where o (x,y,7)
is a permutation of the set {x,y,z} and

(G5) G(x,y,2) < G(x,w,w) 4+ G(w,y,z) for all x,y,z,w € X
Then G is called a G-metric on X and the pair (X, G) is called
a G- metric space.

Lemma 2.2. [11] Let (X,G) be a G-metric space then
Gx,3,y) < 2G(y,x,) for all x,y € X

Definition 2.3. [11] Let (X,G) be a G-metric Space. A se-
quence {x,} in X is said to be G-convergent if there is a xo € X
such that to each € > 0 there is a natural number N for which
G(xp,x,%0) < € foralln > N.

Definition 2.4. [11] Let (X,G) be a G-metric Space. A se-
quence {x,} in X is said to be G-Cauchy if for each € > 0
there exists is a natural number N such that G(xp, X, x;) < €
foralln,m,l > N.

Note that every G-convergent sequence in a G-metric
space (X, G) is G-Cauchy.

Definition 2.5. [11] A G-metric space (X,G) is said to be G-
complete if every G-Cauchy sequence in (X, G) is G-convergent
in (X,G)

Definition 2.6. Let f, g be two self maps mappings of a metric
space (X , G). The pair (f,g) is said to be weakly compatible,

if G(fgx,gfx,gfx) = 0 whenever G(fx,gx,gx) = 0.
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That is the mappings f and g are said to be weakly compatible
if they commute at their coincident points.

Definition 2.7. Let f and g be two self maps of a G-metric
space (X,G). We say that f and g satisfy the property (E.A) if
there exists a sequence {x,} in X such that

Jijgogxn = ,}ij&fx’l =t for somet € X.

Example 2.8. [1] Let X = [0,00). Define f,g:X — X by
fx=7and gx = %xforalleX
Consider the sequence x, = 1.

n
Clearly lim fx,= lim gx, =0
n—infty

n—infty

Then f and g satisfy (E.A) property

Example 2.9. Let X = [2,). Define f,g:X — X by
fx=x+1land gx=2x+1forallxeX
Suppose that property (E.A) holds; then there exists a se-

quence {x,} in X satisfying lim fx, = lim gx, =t for
n—infty n—infty
somet € Xx. {
. . t—
Therefore lim x,=t—1and lim x,=——
n—infty n—infty 2

Thent = 1, which is a contradiction since 1 ¢ X.
Hence f and g do not satisfy (E.A) property

Clearly weakly compatible and property (E.A) are
independent of each other

Example 2.10. Let X = [0,c0). Define f,g:X — X by
fx=3x—2and gx=x*forallx € X

Then f,g satisfy the property (E.A) for the sequence

Xp = % +1,n > 1. But f and g are not weakly compatible since
they coincide at the points 1 and 2 but they do not commute at

2

Definition 2.11. A function ¢ : (RT)> — R* which is contin-
uous and increasing in each co-ordinate with ¢ (t,1,t,t,t) <t
for everyt € RT is called an Implicit relation

The set of all implicit relations is denoted by ®

3. Main Results

Theorem 3.1. Let f,g,h, and p be selfmaps of a G-metric
space(X,G) satisfying the following conditions

(i) f(X) C h(X) and g(X) C p(X)

(ii) one of f(X),g(X),h(X) and p(X) is closed subset of
X.

(iit) G(fx,gy,8y)
<¢ (G(Px, hy, hy), G(fx, px, px), G(hy, 8y, gy),
G(px,8y,8y), G(fx,hy, hy))
foreveryx,y € X and ¢ € P
(iv) The pairs (f,p)and (g,h) are weakly compatible
(v) The pairs (f,p) or (g,h) satisfies the property (E.A)
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Then f,g,h and p have a unique common fixed point in X

Proof. We first prove the existence of a common fixed point
in one of the two cases of the condition (v) and the other case
follows similarly with appropriate changes. Here we prove
in case (g, h) satisfies the property (E.A). Then there exists a
sequence {x,} in X such that

lim gx,, = lim hx,, = z for some z € X
n—soo n—soo

Since g(X) C p(X), there exists {y,} in X such that
lim gx, = lim py, =z

We now prove nlgrolo Syn=z

Let lim fy, = [ and if [ # z then G(l,z,7) # 0
FrOI;ll_gii)Of the Theorem 3.1,we have

G(fynvgxmgxn)
<¢ (G(pyn, hxy, hxn), G(fyn,pyn,pyn),G(hxn,gxn,gxn),

G(pynagxmgxn)v G(fym hxnvhxn)>

on letting n — oo we get

G(l,z,2)
S¢<G@JJ%GUJJ%G@JJ%G@JJ%GUJJO

=0 <0, G(lvz,Z),O,O,G(l,z,Z))

S¢(GUJJLGU&@%GUJJLGUJJLGU&ﬂg

< G(l,z,2)
which is a contradiction since [ = z
Hence we have lim fy, =z.
n—yoo

Suppose p(X) is closed subset of X then there exists u in X
such that pu =z
Therefore we have
lim fy, = lim gx, = lim hx, = lim py, =z = pu
Now from (iii)of the Theorem 3.1,we have
G(fu>gxnagxn)
S (P (G(pu, hxna hxn)? G(f“? puvpu) ) G(hxna gxna gx'1)7

G(pu,gxn,gxn),G(fu, hxy, hxn))

on letting n — oo we get

G(fu,az))
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which is a contradiction hence fu =z We now prove that gz =z

Therefore fu = pu=z If gz # z then G(z,8z,8z) > 0

Since f(X) C h(X), then there exists a point v in X From(iii) of the Theorem 3.1, we  have
such that fu =hv =z. G(fz,82,82)

Now we claim that gv=z.
If gv # z then G(z,gv,gv) >0
From (iii)of the Theorem 3.1,we have

< ¢ G(pz,hz,hz),G(fz, pz, pz),G(hz, 82, 82),

G(pz,gz,gZ),G(fzvhz,hZ)>

G(fu,gv,gv) G(z,8z2,87)
<¢ (G(P%hva hv), G(fu, pu, pu), G(hv,gv,gv), <¢ <G(z,gz,g2)7 G(z,2,2),G(gz,87,82),G(2, 87, 82),
G(pu,gv,gv),G(fu,hv,hv)). G(Z7gZ7gZ))
G(z,8v,8v) =9 <G(z,gz,gZ),0,0, G(z,82.82), G(z,gz,gZ)>
<¢ (G(z,z,Z% G(z,2,2),G(z,8v,8v),
<o <G(z,gz,g1)7G(z,gz,gZ),G(z,gz,gZ>, G(z,82,872),
G(z,8v,8v), G(z,z,z))
G(zygz7g1)>
= ¢ (07 07 G(Zv 8V, gV) 1) G(Z7 8V, gV) ) 0)) < G(Z, 87, gZ)
which is a contradiction,hence gz = z,
< (P (G(Z,gV,gV), G(Z,gV,gV), G(Z,gV,gV), thus 87 = hz =z.
Proving that z is common fixed point of g and 4.
G(z,gv,gv),G(z, 8V, gv)) Showing that z is a common fixed point of f, g,k and p.

The proof is similar in the other cases of the condition (ii)
with appropriate changes.
Uniqueness:Let w be the another common fixed point of

< G(z,8v.8v)
which is a contradiction,hence gv = z,thus hv = gv = z.
Since the pair (f, p) is weakly compatible then

. Lo - f,g,hand p.
Jpu = pfuimplies fz = pz. If z # w then G(z,w,w) >0
We now show thatfz = z.

From (iii)of the Theorem 3.1,we have
If fz # z then G(fz,z,2) > 0.
From(iii) of the Theorem 3.1, we have Gz, w,w)
o = G(fz,gw,gw)

G(fz,gv.8v) <o <G(pz,hw, hw),G(fz, pz, pz), G(hw,gw, gw),

< 0(G(pzuhn ). 672,922, Gl ) Gl ). )

) G(pzugvagV)vG(fZathhV)) S(P(G(Z,W,W)7G(Z,Z,Z)7G(W,W,W),G(Z7W,W),G(Z7W,W)>

G(fz.2,2)
<9 (G(fz,z,Z), G(fz. f2.f2), G(z,2:2),G(f2,2,2) =9 (G(Z’W’ #),0,0,G(z,ww), Gz, w, W))
, G(fz,2,2) < ¢ Gz 82,82),G(z, 87, 82),G(2, 82, 82), G(2, 82, 82),
=0 (G(fz,z,z%O,O, G(fz,2,2), G(fz,z,z)) G(Z’gz’gz)>
< G(z,8z,82)
<¢ (G(fz,z,z), G(fz,2,2),G(fz,2,2), which is a contradiction,hence w = z.
Therefore z is the the unique common fixed point of f,g.h
G(fz,z,z),G(fz,z,z)) and p. n
<G(fz,2,2) Corollary 3.2. Let f,g and p be self maps of a G-metric
which is a contradiction,hence fz =z, space(X,G)
thus fz=pz=z. satisfying the following conditions
Proving that z is common fixed point of f and p. .
Since the pair (g, /) is weakly compatible then (i) f(X) C p(X)and g(X) C p(X)

ghv = hgv implies gz = hz. (ii) one of f(X),g(X) and p(X) is closed subset of X.
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(iii) G(fx,8y,8y)

<¢ (G(px, Py, py),G(fx, px, px),G(py,gy,8y),

G(px,8y,8y),G(fx, py, py))

foreveryx,yc X and ¢ €

(iv) The pairs (f, p)and (g, p) are weakly compatible

(v) The pairs (f,p) or (g, p) satisfies the property (E.A)

Then f,g and p have a unique common fixed point in X

Proof. On taking h = p in the Theorem 3.1, the corollary
follows. [

Corollary 3.3. Let f and p be self maps of a G-metric space
(X, G) satisfying the following conditions

(i) f(X) € p(X)
(ii) one of f(X) and p(X) is closed subset of X.

(iii) G(fx,fy,f)

<¢ (G(px,p% Py), G(fx, px, px),G(py, fy, fy),

G(px, f,1y),G(fx, py, py))
foreveryx,yc X and ¢ €

(iv) The pair (f,p) is weakly compatible

(v) The pair (f,p) satisfies the property (E.A)

Then f and p have a unique common fixed point in X

Proof. On taking h = p and f = g in the Theorem 3.1, the
corollary follows O
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