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Abstract

In this article, a fuzzy inventory model with allowable shortage is formulated and solved. Fuzziness is introduced
by allowing the cost components (holding cost, ordering cost, shortages cost and demand). In fuzzy environment,
all related inventory parameters are represented to be octagonal fuzzy numbers .These fuzzy numbers have
been used in order to determine the optimal order quantity and optimal total cost for the inventory model. The
calculation of EOQ is carried out through defuzzification by using ranking function method. The model is solved
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using Kuhn- tucker conditions method. The results of the models are illustrated with numerical example.
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octagonal intuitionistic fuzzy numbers. Kuhn- tucker condi-
tions was first developed by W.Karush in 1939. The same
conditions were developed independent in 1951 by W. Kuhn
and A.Tuker. A new fuzzy arithmetic operations and on fuzzy
inventory model with allowable shortage are discussed by
Stephen Dinagar and Rajesh kannan [7] Kasthuri and Sesha-
iah [4] solved multi-item EOQ model with demand dependent
on unit price.

In our present study, in section 2, introduces basic defini-
tions and fuzzy arithmetic operations. In section 3, presents
fuzzy notations, assumptions, mathematics for the crisp case
of an EOQ model and mathematics of the full-fuzzy version
of the EOQ model. Section 4 is for numerical examples and
Section 5 is for conclusion.

2. Definitions and Preliminaries

2.1 Fuzzy Set

A fuzzy set A on the given universal set X is a set of
ordered pairs A = {(x, z(x)) : x € X} where pz : x — [0,1]
is called membership function or grade membership. The
membership function is also a degree of compatibility or a
degree of truth of x in A.

2.2 Fuzzy Number [FN]

A fuzzy number is a generalization of a regular real num-
ber and which does not refer to a single value but rather to a
connected a set of possible values, where each possible value
has its weight between 0 and 1. This weight is called the
member-ship function.

A fuzzy number is a convex normalized fuzzy set on the
real line R such that:

(1) There exist at least one with x € R with pz(x) = 1

(2) wj;(x) is piecewise continuous

2.3 Generalized Octagonal Fuzzy number

A fuzzy number is said to be a generalized octagonal
fuzzy number denoted by A = (a1,a2,a3,a4,as,ae,a7,as;k,w)
where a,a;,as,aq,as,aq,a7,ag are real numbers and its mem-
bership function pi4 is given by

0 for x<a
k(;i‘”) for a<x<a
2—aj

k for a)<x<ay

k+(1—k)(a’;j“;3> for a3;<x<ay
wi(x)=<1 for as<x<as

k—i—(l—k)(a‘?:;;) for as <x<ag

k for ag<x<ay

k(%) for a7 <x<ag

0 for x>ag
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2.4 Ranking function method

We define a ranking function R : f(R) — R which maps
each fuzzy numbers to the real line : f(R) represents the set
of all trapezoidal fuzzy number. If R be any linear ranking
function, then

a)+ap+az+ag+as +a6+a7+ag)

R(A) = ( 2

2.5 The Kuhn-Tucker conditions
Table 1: The objective function and the solution space

Solution space
Convex set
Convex set

Objective function
Concave
Convex

Sense of optimization
Maximization
Minimization

Table 2: The sufficiency of the Kuhn-Tucker condi-
tions

Problem Kuhn-Tucker conditions
m | Ef) = £ A () = 02k (x) = 0, K (1) < 0,1 = 1,2,.om A > 0, i= 1,2
; Lhias

1) maxz = £(x) subject to 4'(x) < 0.x > 0,i = 1,2

2) minz = (x) subject to K (x) > 0.x > 0,i=1.2,....m

2 f(x)— 3 A x) = 052 (1) = 0, H(x) > 0,0 = 1,2,ccom A > 0, i = 1.2,..om
. i=1

2.6 New Arithmetic Operations

The new arithmetic operationsbetween hexagonal fuzzy
numbers proposed are given below. Let us consider A| =
(al ,ag,a3,a4,a5,a6,a7,ag) andffz = (b] ,b27b3,b4,b5,b6,b7,b8)
be two octagonal fuzzy numbers. Then,

(1) The addition of A} and A, is

A~1(+)A~2 = (ay+b1,a2+br,a3+bs,as+ by,
as +bs,ag +bg, a7 +by,as + bg)

(2) The subtraction of A and A, is

A1 (—)Ay = (a1 — by,az — by, a3 — b3, as — ba,
as — bs,ag — bg,a7 — by, ag — bg)

(3) The multiplication of A and A, is

i - ai a as ay as ag ay as
Ay ><Az:<—c, — O}, — Op, —= Op, — Op, — O} —6,‘—6;,.)
(02 = (G000 Zon, T 00 T 04 F0n, T 00 T,

where
Oy = (by + by + b3 + by +bs + bg + by + bg)

(4) The division of A} and A, is

o, o, 0y o 0, 0 0 O
G;,#0,0‘;,:(b1+bz+b3+b4+b5+b(,+b7+bg)
(5) Ifk #0is ascalar k is defined as

if k>0
if k<0

~ (ka1,kaz,kag,ka4,ka5,ka(,,ka7,kag)
(kay,kay, kas, kas, kas, kag, ka7 kag)

(6)

\/XZ Vai,az,ds,a4,ds,de,a7,dg
= a1, /@y, @5\, /@5, 6, /a7, s

where ay,a;,a3,a4,as,a¢,a7,ag are non zero positive
real numbers.
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3. Fuzzy Inventory Model

3.1 Notations

We define the following symbols:

Cp,: Fuzzy holding cost per unit quantity per unit time

C,:Fuzzy Setup cost (or) ordering cost per order

T: Length of the plan

C,:Fuzzy Shortage cost per unit quantity

D,: Fuzzy Total demand over the planning time period
0,7]

O*: Fuzzy Order quantity per cycle

T,: Fuzzy total cost for the period [0, T

F(Q*): Minimum Fuzzy total cost for [0, 7]

0O : Fuzzy Optimal order quantity

3.2 Assumptions
In the present paper, the assumptions considered are as
follows:

(i) Shortage cost is fuzzy in nature
(i) Total demand is fuzzy in nature
(iii) Time plan is constant

(iv) Holding cost, Ordering cost are fuzzy in nature

3.3 Inventory model in crisp sense:
The total cost for the period [0, 7] is

HTS* S(Q-S)*> AD
TC = + Q-5 +—
20 20 Q
Where § = HT ~; 18 the maximum order level. Substituting

S in T'C and simplifying we get,

2
re_ HTOs  sO(1-g7y)”  AD
2(HT +s5)? 2 0
Optimal order quantity
0= 2AD(HT +5)
B HTs

8“ = (Csl +C52 +Cs3 +Cs4 +C55 +Cs6 +Cs7 +Cs8)
db = (Cp1 +Ch2 4 Cp3 + Cpa + Cps + Cig +Ci7 +Cg)

TC C
Jo— 1Cm +Cs1

TCis+C
+C6+TChiy +Ci7 +TCy8+Cyg) -+ — 2 T8
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3.4 Inventory model in fuzzy sense:

The ordering cost, holding cost, shortage cost are fuzzy in
nature. The total demand and time of plan are considered as
constants. Now we fuzzifying total cost is given by

- . 2
aros S0 (1_7HTS+§) L AD

TC=— =
2(HT +3)? 2 0

Our goal is to obtain fuzzy total cost and the optimal order

quantity in terms of octagonal fuzzy numbers by using simple
calculus techniques.Suppose

Ch = (Ch1,Ch2,Ci3:Cha Chs, i Cii7, Crg)
D~ = (Dtl D2, Dz3,Dt47Dt5,Dr67Dt77D18)
Ca = (Ca1,Ca2,Ca3,Cat,Cas,Cas> Cat,Cas)
Cs = (C1,C2,C3,Co4,Cis5,Ci6,Cy7,Cig)

are octagonal fuzzy numbers.

¢,roc G Q( c,,uc) +c1,

D
2(CG,T +5)? 2 0

By applying arithmetic function principles and simplifying
we get,

TQOC, TCpy +C1 —C,
Q8 1aaab+ 0 /1+adsl 8 aaae_,'_i[)tlaﬂ

dade + iD,zaf,
dade + iD,_ng,
dade + iDM&f,
dade+ iDﬁaf,
dade + iDtéaf,
dade + iDﬂt?f,
dade + iD,gaf,
(al,a2,a3,a4,as,ab,a’,a8) = F(Q),

TQOCy» 9119/) + Q TCp+Cp—Cyq
8 16 ad

+7
T0C; 8917 [¢]
Bl ra T

TOCs3 aaab TCp+C3—Cse
8 ad

TChu+Cu—Css
ad

~
aQ
Il

TOCss Baab +2 TCps+Css—Cy
N 16 ad

TQCs 9a9b + 2 (TGustCo—Cs
8 dc 16 ad

TQCs7 dadb +2 TCy+Cy—Cp
8 dc 6 ad

TQOCsg dadb +2 TCs+C—Csi
8 dc ad

where

(TCh1 +Cs1 +TCpa +Cs2 +TCh3 + C3 +TChy + Cs4 +TCs + Cy5 + TChs

(TCM +Cs1 +TCpp+C2+TCyz +Cg3

+TChy+Cs4+TChs +Css +TCho+ Cs6 + TCp7 +Cs7 +TC8 +C58)
ad = (TC/,] +Cs1 +TChp+Csp+TCj3+Cs3+TChy +Csa +TCps + Cys + TCpg +Cye

+TCh7 +Cs7 +TC,8 +Cyg)

8(Tchl +CY1 7CSS)

S(TC;,S +Cys —

= +
(TChi +C51 +TCha +C2+TCh3 +Cs3 + TCpa + Csa + TCpys + Cys5 + TChg + Cs6 + TCpy + Cs7 + TCL8 + Cyg)
)

(TChl +Cs1 +TCho 4 Cyo +TC3 4 C3 4+ TCpg + Cs4 +TCps + Cys + T Cps + Cy +TCpy + Cy7 +TC 8+ Cig)

af = (Cul + CaZ + Ca3 + Cu4 + CS + Ca6 + Ca7 + CaS)
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Fuzzy order quantity model using ranking method:

Using ranking function method for defuzzifying the fuzzy

total cost, then we get,

505/507

TQ (9a)%9b Qo 87db Tda
1) 5 Gapraar T 1699\ Toatas ) TIatan
(T3 307

R(TCr) = <
+@‘9J(<D11 +Ds2 + D3+ Dys+Dys + Dig +Diz + Dig)

To find the fuzzy order quantity O* which can be obtained

TQC, 4 TCpy +Cy1 —Cyg . . . .
1o 900 4 0 (TMZ0=C8 ) Jade+ & Dndf+ by the solution of the first order fuzzy differential equation
TQCz aaab 4 Q % dade + é%Qsz&fjL i ( (TCI)) = 0. Then the result is,
’%f 3 ‘3“‘” + 1% Ta3t03766 ) dade + g Dpd f+ J
o 1 er aaah + % % dade + in“)f* i (R(TCy))=0
3 TQ(J5 aaab +2 TC/;5+555*(;4 dade+ 3 LDsdf+ 0 (3013 - 5
TQC(’ M* Q T ) duade g Disdf + a0 { [£ }r‘aﬁaa)z +1%aa<m +ab> T3a 135
- uovrod)” a a
TQCJ aaab + % TC/n*aCj 2 9ade + S—QD,78f+ 4
TQC}g aaah 0 (TCg+Cg—Csy 1
8 T 16 ad 8a9€+ D,ngJr +@af(Dtl + Dy + D3+ D +Dis+Dig+Dpp +D18):| =0
RTC, = F(Q)* 1| T (9a)*db 1, 8Tdb Tda
g8ls (T9b4+<9a)2 Tda+db ) Tda+ db
To aaa,’(C\HrCserCs +Cy4+Css +Cy6 +C7+Cyg) 1
REFCY) - 1]+e 31:3b<TChl £ TCp + TChs + TChs + TCys +@3f(Dr1 + Dz +Ds3 +Dra+Dys +Dig + D7 +Dyg) | =0
V=8 ) $TCh TG + TChs)
+50 9 (Dt + D2+ Dy + Dua + Dys + Dy + Dy + Dys)
O — d f(Ds1 + D2+ D3 + D1y 4 Dys + Dig 4 Dy7 + Dig) 9f(Dz1 + Dy + D3+ D4+ Dis + Dy + D7 + Dig)

4da

4T db

Fuzzy optimal order quantity using Kuhn-tucker method. Suppose the fuzzy order quantity O be a octagonal fuzzy number

0 =(01,02,03,04,05,06,07,0s) with 0 < 01 < 02 < 03 < 04 < Q5 < Q6 < Q7 < Qs. The fuzzy total cost is,

TQ]CAl dadb
TQ2C_2 dadb | Q»
8o TT6
TQ3C3 dadb | Q3
g +
TQuCu 9adb | Qs
8 dc 16
TQ5Css dadb
TQ6C dadb | Qo
TQ;Cy dadb
8

TQ3Csg Baab
8 +

“dc + 16
dc 16

dc 16

dc +16

dc 16

dc 16

01 (TCn+C—Csg
dd

TCp+Cp—Cyy
ad

TCp+C3—Co
dd

TCpy+Csu—Cys
dd

Qs (TCy5+C5—Csa
ad

TChe+Cs6—Cs3
ad

+ & Tch7 +Cx7 7Cx2
ad

TCpg+Css—Cyi
ad

dade + ;@D,laf,
dade+ g-Dipdf,
dade + ﬁDﬁ&f,
dade + gi5-Dyudf,
dade+ g5-Disdf,
dade + ﬁD[ﬁaf,
dade+ gi-Di7df,
dade+ g5-Digdf,

We defuzzify the fuzzy total cost using ranking function method. The result is,

- 1
RTC2 = g

With

TQ4Cs4 dadb | Qu
8 dc +
TQ5Css dadb | Qs
=8 o T16
TQcCs6 dadb + [

TQ7Csq dadb | Q7
—8 gc T6

TQ1C1 dadb | Q1
“dc + 16

TQZC.Q dadb + (%)
8 dc 16

TQO3C3 dadb | O3
8 . +

dc 16

16

16

8 dc 16

dc 16
TQ3Csg auﬁh [
8 * + 16

TCy+C—Cgs
dd
TCp+Cyp—Cyy
ad
TCp+C3—Cs6
ad
TChu+Cu—Css
dd
TCys5+Cs5—Csa
ad
TChe+Cs6—Cs3
ad
TCpy+C—Cyp
ad

TCyg+Css—Csi
ad

dade+ g5-Dndf+
dade + gD d f+
dade + gi-Dy30 f+
dade+ gh-Did f+
dade + g5-Disdf+
dade + gi5-Dys0 f+
dade+ gl-Dy1d f+
dade + g5-Disdf.

(1.1

0<01 <0 <03<04<05<06<07<08
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It will not change the meaning of formula (1.1), if we replace inequality constrains

0<01<02<03<04<05<06<07<08

Into the following inequality constrains.

0—0120,03—02>0,04—032>0,05—04>0,0—05>0,07,—06>0,03—07>0,0; >0

Next, the Kuhn-tucker condition is used to find the solution of Q1,Q5,03,04,0Qs,06,Q7 and Qg. To minimize R(TC)in
formula (1.1), subject to

0:—0120,03-0,>0,04-03>0,05—042>0, 06— 05 >0,07—06 >0, s — 07 >0, 01 >0.
The Kuhn-tucker conditions are,
A <0
VF(R(TC2)) —AiVg(Q) =0
AV (Q) =0
gi(Q)>0

These conditions simplify to the following,

M, A2, A3, Mg, As, g, A, Ag < 0

% _Tgsl 3g?b + T16 (TC’”SC“*C“) dade — ﬁD,gaf_ +A =23 =0

é 'T?Z agczh + 4 (TCh2+aCjz—Cs7) dade — @Dﬁaf- —AL+2=0

L -T§s3 ‘93‘3” + (%jrcé) dade — @Dmaf- —L+A3=0

! -T§s4 2adb | L (W) dade — @Dﬁaf- A3+ A4 =0 12
1] X dadb 4 L (Tch5+acd“5 CA“) dade — ﬁDmaf —A+2A5=0 |

% -7%6 agfb + 1% (TC/miff*Cﬁ) dade — ﬁptsaf- —As+A=0

1 -Tgﬂ 9adb 4 L (Tcmtfﬂfcvz) dade — ﬁbtz&f- —26+A7 =0

ety () e = a1 =0

IfQ; >0and AgQ; =0thenAg =0.If Ay =4 = A3 = A4 = A5 = A4 = A7 = 0. Then
03 <07 <Q06<05<04<03<02<0.

It does not satisfy the constrains
0<01 <O <03<04<05<06<07<0s.
Therefore
02 =01, 03=02, Q4 =03, 05 =04, Qs =05, 07 =0, O3 = Q7.
i.e,
01=0=03=04=05=0s=07= 03 =0

Hence from (1.2), we find the optimal order quantity QZ by the above equation as,

2
lT (da)?ab 1 ( 8T b ) Tda

1
8 w167\ 7da+ b Tdarab 802

f(Dzl +Dy2 + D3+ Dy + Di5s + Dy + Dy7 +Dt8) =0

s \/af(Dtl +Di2 + Di3 + Dygy + Dys + Dy + D7 + D) . df(Dy1 +Di2+ D3+ Dig+ Dis+ Dy + Dy + Dyg)
d —
40a 4T db

506



Economic order quantity in fuzzy sense with allowable shortage: A Karush Kuhn-tucker conditions approach —

4. Conclusion

This paper is dedicated to solve a economic order quantity

in fuzzy sense problem for determining the fuzzy total cost
using Kuhn-tucker condition method. To find various fuzzy
optimal quantities, the demand, holding cost, ordering cost
and shortage cost using octagonal fuzzy numbers have been
used and solved by ranking function method. New arithmetic
operations of a particular octagonal fuzzy number are also
addressed. We conclude that fuzzy values are all closer to
crisp values of the real system.
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