
Malaya Journal of Matematik, Vol. 7, No. 3, 532-540, 2019

https://doi.org/10.26637/MJM0703/0027

A proposed rational numerical one-step integrator of
order eight for initial value problems
K. Ponnammal1* and V. Prabu2

Abstract
In this paper, we derive a one-step rational numerical integrator of order eight for solving stiff and non-stiff initial
value problems (IVP). It is proved that the proposed method is consistent and convergent. It is also found that
the method is L-stable. Numerical result shows that the proposed method is efficient and accurate.
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1. Introduction
The development of numerical solvers for ordinary differ-

ential equations (ODE) is a wide and mature area of research.
In particular for non-stiff ODE, many successful approaches
have been studied and used, which provide excellent efficiency.
But for stiff ODE a more careful treatment is required.

Stiff equations arise in a system of ODE y1 = f (y(t))
when Eigen values of its Jacobian matrix ∂ f/∂ t differ in
orders of magnitude. Stiff problem has got a wide variety
of applications including the study of spring and damping
system, the analysis of control system and problems in the
chemical kinetics, biochemistry, weather prediction, mathe-
matical biology and electronics.

When the familiar classical sixth order Runge-Kutta (RK6)
method [2] and the implicit Adam-Bash forth Moulton (ABM)
predictor-corrector method are used for solving stiff equations,
they become very inefficient since the step size is controlled

by stability requirement rather than accuracy requirement [1].
They are based on the approximation of the solution by a
polynomial, an approach that is too expensive when high
accuracy is required.

Although most of the numerical analysts were confident
that the implicit methods work better in producing results for
stiff problems, some of the explicit methods which recently
was proven.

The aim of this paper is to present a new L-stable explicit
one step eighth order method for numerically solving the stiff
ODE. The method done for seventh order is found in [15].

We consider the initial value problem (IVP)

y
′
= f (x,y), y(x0) = y0; (1.1)

y, f ∈ RM and x ∈ [a,b], a,b ∈ R

whose solution may contain singularities. The points of sin-
gularities of the solution of the IVP (1.1) are the poles of
the rational interpolant. It is assumed that f (x,y) satisfy the
Lipschitz condition.

The rational nonlinear schemes for the numerical solution
of (1.1) are given in Lambert and Shaw [9], Lambert [10],
Luke et al [11] and Fatunla [3–6], Fatunla and Aashikpelokai
[7], Ikhile [8], Otunta and Ikhile [14] and Otunta and
Nwachukwu [15]. These schemes are based on rational func-
tion interpolation since rational functions are more accurate
than polynomials in representing a function in the neighbour-
hood of singularities.
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Otunta and Ikhile [12, 13], Fatunla and Aashikpelokai
[7], Otunta and Nwachukwu [14, 15] constructed schemes of
order three, four, five, and six, seven respectively.

In this paper, we develop a one-step rational integrator of
order eight with a better accuracy of solution.

Definition 1.1. (Stiff IVP)
A system of IVP of the form (1.1) is said to be stiff if the

eigen value λi of the Jacobian matrix
[

∂ f
∂y

]
at every integra-

tion point x have negative real parts and differ greatly in
magnitude.

Also, the eigen values λt satisfy the following conditions .

(i) Re(λt)< 0, t = 1,2, ....,m and

(ii) maxt |λt |
mint |λt | = S > 1; S is the stiffness ratio.

Definition 1.2. (Stability Function)
The stability function R(z) of a numerical method is the

rational function that satisfies yn+1 = R(hλ )yn, where yn+1 is
the approximation generated when the numerical formula is
applied to the Dahlquist’s simple test problem y

′
= λy,λ ∈C,

the complex plane.

Definition 1.3. (Stability Domain)
The stability domain, S of a Runge-Kutta method is given

by, S = {z ∈C : R(z)≤ 1} where R(z) is the stability function
of the method.

Definition 1.4. (A-Stability)
A numerical method is A-stable if the numerical solution

of test problem y
′
= λy,λ ∈ C is bounded in the entire left

half-plane, C. This is equivalent to C ⊆ S or in terms of the
stability function that ∀y ∈ R : R(iy)≤ 1 and R(z) is analytic
for Re(z)< 0.

Definition 1.5. (L-Stability)
A given one-step method is said to be L-Stable if it is A-stable
and in addition,

lim
Re(h̄)→∞

|S(h̄)|= 0

where S(h̄) is the stability function.

2. Derivation of the Rational Numerical
Integrator

Recently, Otunta and Ikhile [15] considered the following
rational function approximation for the IVP (1.1).

y(x) = A+
xPk−1(x)

1+∑
k
j=1 b jx j

, k > 0, (2.1)

where

Pk(x) =
k

∑
j=0

a jx j, k ≥ 1 (2.2)

We therefore consider the one-step scheme

yn+1 = A+
xn+1Pk−1(xn+1)

1+∑
k
j=1 b jx

j
n+1

, k ≥ 1, (2.3)

Thus, we interpolate the theoretical solution of (1.1) by

y(x) =
a0 +a1x+a2x2 +a3x3 +a4x4

1+b1x+b2x2 +b3x3 +b4x4 (2.4)

The resultant one step scheme is given by

yn+1 =
a0 +a1xn+1 +a2x2

n+1 +a3x3
n+1 +a4x4

n+1

1+b1xn+1 +b2x2
n+1 +b3x3

n+1 +b4x4
n+1

(2.5)

We write (2.5) as,

yn+1 =
(
a0 +a1xn+1 +a2x2

n+1 +a3x3
n+1 +a4x4

n+1
)

[
1+

∞

∑
r=1

(−1)r
( 4

∑
j=1

b jx
j
n+1

)r]
(2.6)

and superimposing it on

y(xn+1) =
∞

∑
j=1

h jy( j)
n

j!
; y(a)n = ya (2.7)

we get,(
a0 +a1xn+1 +a2x2

n+1 +a3x3
n+1 +a4x4

n+1
)

=
(
1+b1xn+1 +b2x2

n+1 +b3x3
n+1 +b4x4

n+1
)

(
yn +hyI

n +
h2yII

n

2!
+

h3yIII
n

3!
+

h4yIV
n

4!

+
h5yV

n

5!
+

h6yV I
n

6!
+

h7yV II
n

7!
+

h8yV III
n

8!

)
+0(h9)

(2.8)

We obtain the method parameters from (2.8) as :

a0 = yn (2.9)

a1 = ynb1 +
hyI

n

xn+1
(2.10)

a2 = ynb2 +
hyI

n

xn+1
b1 +

h2yII
n

2!x2
n+1

(2.11)

a3 = ynb3 +
hyI

n

xn+1
b2 +

h2yII
n

2!x2
n+1

b1 +
h3yIII

n

3!x3
n+1

(2.12)

a4 = ynb4 +
hyI

n

xn+1
b3 +

h2yII
n

2!x2
n+1

b2 +
h3yIII

n

3!x3
n+1

b1 +
h4yIV

n

4!x4
n+1

(2.13)

By Writing (2.13) as a combination of (2.9) – (2.12), we arrive
at a system of simultaneous equations where for each positive
integer m, the term hmym

n
m!xm

n+1
is a real number.
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The system, in matrix form, is as shown below:

h4yIV
n

4!x3
n+1

h3yIII
n

3!x2
n+1

h2yII
n

2!xn+1
hyI

n

h5yV
n

5!x3
n+1

h4yIV
n

4!x2
n+1

h3yIII
n

3!xn+1

h2yII
n

2!

h6yV I
n

6!x3
n+1

h5yV
n

5!x2
n+1

h4yIV
n

4!xn+1

h3yIII
n

3!

h7yV II
n

7!x3
n+1

h6yV I
n

6!x2
n+1

h5yV
n

5!xn+1

h4yIV
n

4!




b1
b2
b3
b4

=



−h5yV
n

5!x4
n+1

−h6yV I
n

6!x4
n+1

−h7yV II
n

7!x4
n+1

−h8yV III
n

8!x4
n+1


This is of the form AX = B, we may use cramer’s rule to

obtain b1,b2,b3,b4 so that,

b1 =
T1

T
(2.14)

b2 =
T2

T
(2.15)

b3 =
T3

T
(2.16)

b4 =
T4

T
(2.17)

where

T =

∣∣∣∣∣∣∣∣∣∣∣∣∣

h4yIV
n

4!x3
n+1

h3yIII
n

3!x2
n+1

h2yII
n

2!xn+1
hyI

n

h5yV
n

5!x3
n+1

h4yIV
n

4!x2
n+1

h3yIII
n

3!xn+1

h2yII
n

2!

h6yV I
n

6!x3
n+1

h5yV
n

5!x2
n+1

h4yIV
n

4!xn+1

h3yIII
n

3!

h7yV II
n

7!x3
n+1

h6yV I
n

6!x2
n+1

h5yV
n

5!xn+1

h4yIV
n

4!

∣∣∣∣∣∣∣∣∣∣∣∣∣

T1 =

∣∣∣∣∣∣∣∣∣∣∣∣∣

−h5yV
n

5!x4
n+1

h3yIII
n

3!x2
n+1

h2yII
n

2!xn+1
hyI

n

−h6yV I
n

6!x4
n+1

h4yIV
n

4!x2
n+1

h3yIII
n

3!xn+1

h2yII
n

2!
−h7yV II

n
7!x4

n+1

h5yV
n

5!x2
n+1

h4yIV
n

4!xn+1

h3yIII
n

3!
−h8yV III

n
8!x4

n+1

h6yV I
n

6!x2
n+1

h5yV
n

5!xn+1

h4yIV
n

4!

∣∣∣∣∣∣∣∣∣∣∣∣∣

T2 =

∣∣∣∣∣∣∣∣∣∣∣∣∣

h4yIV
n

4!x3
n+1

−h5yV
n

5!x4
n+1

h2yII
n

2!xn+1
hyI

n

h5yV
n

5!x3
n+1

−h6yV I
n

6!x4
n+1

h3yIII
n

3!xn+1

h2yII
n

2!

h6yV I
n

6!x3
n+1

−h7yV II
n

7!x4
n+1

h4yIV
n

4!xn+1

h3yIII
n

3!

h7yV II
n

7!x3
n+1

−h8yV III
n

8!x4
n+1

h5yV
n

5!xn+1

h4yIV
n

4!

∣∣∣∣∣∣∣∣∣∣∣∣∣

T3 =

∣∣∣∣∣∣∣∣∣∣∣∣∣

h4yIV
n

4!x3
n+1

h3yIII
n

3!x2
n+1

−h5yV
n

5!x4
n+1

hyI
n

h5yV
n

5!x3
n+1

h4yIV
n

4!x2
n+1

−h6yV I
n

6!x4
n+1

h2yII
n

2!

h6yV I
n

6!x3
n+1

h5yV
n

5!x2
n+1

−h7yV II
n

7!x4
n+1

h3yIII
n

3!

h7yV II
n

7!x3
n+1

h6yV I
n

6!x2
n+1

−h8yV III
n

8!x4
n+1

h4yIV
n

4!

∣∣∣∣∣∣∣∣∣∣∣∣∣

T4 =

∣∣∣∣∣∣∣∣∣∣∣∣∣

h4yIV
n

4!x3
n+1

h3yIII
n

3!x2
n+1

h2yII
n

2!xn+1

−h5yV
n

5!x4
n+1

h5yV
n

5!x3
n+1

h4yIV
n

4!x2
n+1

h3yIII
n

3!xn+1

−h6yV I
n

6!x4
n+1

h6yV I
n

6!x3
n+1

h5yV
n

5!x2
n+1

h4yIV
n

4!xn+1

−h7yV II
n

7!x4
n+1

h7yV II
n

7!x3
n+1

h6yV I
n

6!x2
n+1

h5yV
n

5!xn+1

−h8yV III
n

8!x4
n+1

∣∣∣∣∣∣∣∣∣∣∣∣∣
T =

h16

3456x6
n+1

[yIV
n

4

[yIV
n

6

(yIV
n yIV

n

4
− yV

n yIII
n

5

)
− yIII

n

15

(yV
n yIV

n

2
− yV I

n yIII
n

3

)
+

yII
n

10

(yV
n yV

n

5
− yV I

n yIV
n

6

)]
− yIII

n

15

[yV
n

2

(yIV
n yIV

n

4
− yV

n yIII
n

5

)
− yIII

n

3

(yV I
n yIV

n

4
− yV II

n yIII
n

7

)
+

yII
n

4

(yV I
n yV

n

5
− yV II

n yIV
n

7

)]
+

yII
n

20

[yV
n

5

(yV
n yIV

n

2
− yV I

n yIII
n

3

)
− yIV

n

3

(yV I
n yIV

n

4
− yV II

n yIII
n

7

)
+

yII
n

5

(yV I
n yV I

n

6
− yV II

n yV
n

7

)]
− yI

n

10

[yV
n

10

(yV
n yV

n

5
− yV I

n yIV
n

6

)
− yIV

n

12

(yV I
n yV

n

5
− yV II

n yIV
n

7

)
+

yIII
n

15

(yV I
n yV I

n

6
− yV II

n yV
n

7

)]]
and therefore

T =
h16U

3456x6
n+1

(2.18)

where

U =U1 +U2 +U3 +U4

U1 =
yIV

n

4

[yIV
n

6

(yIV
n yIV

n

4
− yV

n yIII
n

5

)
− yIII

n

15

(yV
n yIV

n

2
− yV I

n yIII
n

3

)
+

yII
n

10

(yV
n yV

n

5
− yV I

n yIV
n

6

)]
U2 =

yIII
n

15

[yV
n

2

(yIV
n yIV

n

4
− yV

n yIII
n

5

)
− yIII

n

3

(yV I
n yIV

n

4
− yV II

n yIII
n

7

)
+

yII
n

4

(yV I
n yV

n

5
− yV II

n yIV
n

7

)]
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U3 =
yII

n

20

[yV
n

5

(yV
n yIV

n

2
− yV I

n yIII
n

3

)
− yIV

n

3

(yV I
n yIV

n

4
− yV II

n yIII
n

7

)
+

yII
n

5

(yV I
n yV I

n

6
− yV II

n yV
n

7

)]
U4 =−

yI
n

10

[yV
n

10

(yV
n yV

n

5
− yV I

n yIV
n

6

)
− yIV

n

12

(yV I
n yV

n

5
− yV II

n yIV
n

7

)
+

yIII
n

15

(yV I
n yV I

n

6
− yV II

n yV
n

7

)]
we have,

T1 =
h17

69120x7
n+1

[−yV
n

1

[yIV
n

6

(yIV
n yIV

n

4
− yV

n yIII
n

5

)
− yIII

n

15

(yV
n yIV

n

2
− yV I

n yIII
n

3

)
+

yII
n

10

(yV
n yV

n

5
− yV I

n yIV
n

30

)]
− yIII

n

3

[−yV I
n

3

(yIV
n yIV

n

4
− yV

n yIII
n

5

)
− yIII

n

21

(yIV
n yV II

n

1
− yV II

n yIII
n

2

)
+

yII
n

7

(−yV II
n yV

n

5
− yV III

n yIV
n

8

)]
+

yII
n

2

[yV I
n

45

(yV
n yIV

n

20
− yV I

n yIII
n

1

)
− yIV

n

42

(−yV II
n yIV

n

1
− yV III

n yIII
n

2

)
+

yII
n

35

(−yV II
n yV I

n

3
− yV III

n yV
n

4

)]
− yI

n

3

[−yV I
n

10

(yV
n yV

n

5
− yV I

n yIV
n

6

)
− yIV

n

24

(−yV II
n yV

n

5
− yV III

n yIV
n

8

)
+

yIII
n

35

(−yV II
n yV I

n

3
+

yV III
n yV

n

4

)]]
and therefore

T =
h17V

69120x7
n+1

(2.19)

where

V =V1 +V2 +V3 +V4

V1 =
−yV

n

1

[yIV
n

6

(yIV
n yIV

n

4
− yV

n yIII
n

5

)
− yIII

n

15

(yV
n yIV

n

2
− yV I

n yIII
n

3

)
+

yII
n

10

(yV
n yV

n

5
− yV I

n yIV
n

30

)]

V2 =−
yIII

n

3

[−yV I
n

3

(yIV
n yIV

n

4
− yV

n yIII
n

5

)
− yIII

n

21

(yIV
n yV II

n

1
− yV II

n yIII
n

2

)
+

yII
n

7

(−yV II
n yV

n

5
− yV III

n yIV
n

8

)]
V3 =

yII
n

2

[yV I
n

45

(yV
n yIV

n

20
− yV I

n yIII
n

1

)
− yIV

n

42

(−yV II
n yIV

n

1
− yV III

n yIII
n

2

)
+

yII
n

35

(−yV II
n yV I

n

3
− yV III

n yV
n

4

)]
V4 =−

yI
n

3

[−yV I
n

10

(yV
n yV

n

5
− yV I

n yIV
n

6

)
− yIV

n

24

(−yV II
n yV

n

5
− yV III

n yIV
n

8

)
+

yIII
n

35

(−yV II
n yV I

n

3
+

yV III
n yV

n

4

)]
we have,

T2 =
h18

207360x8
n+1

[yIV
n

4

[−yIV
n

3

(yIV
n yIV

n

4
− yV

n yIII
n

5

)
− yIII

n

21

(−yV II
n yIV

n

1
+

yV III
n yIII

n

2

)
+

yII
n

7

(−yV II
n yV

n

5
+

yV III
n yIV

n

8

)]
+

yV
n

5

[yV
n

2

(yIV
n yIV

n

4
− yV

n yIII
n

5

)
− yIII

n

3

(yV I
n yIV

n

4
− yV II

n yIII
n

7

)
+

yII
n

4

(yV I
n yV

n

5
− yV II

n yIV
n

7

)]
+

yII
n

1

[yV
n

14

(−yV II
n yIV

n

1
+

yV III
n yIII

n

2

)
+

yV I
n

3

(yV I
n yIV

n

4
− yV II

n yIII
n

7

)
+

yII
n

7

(−yV I
n yV III

n

8
+

yV II
n yV II

n

7

)]
− hyI

n

5

[yV
n

14

(−yV II
n yV

n

5
+

yV III
n yIV

n

8

)
+

yV I
n

12

(yV I
n yV

n

5
− yV II

n yIV
n

7

)
+

yIII
n

21

(−yV III
n yV I

n

8
+

yV II
n yV II

n

7

)]]
and therefore

T2 =
h18S

207360x8
n+1

(2.20)

where

S = S1 +S2 +S3 +S4
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S1 =
yIV

n

4

[−yIV
n

3

(yIV
n yIV

n

4
− yV

n yIII
n

5

)
− yIII

n

21

(−yV II
n yIV

n

1
+

yV III
n yIII

n

2

)
+

yII
n

7

(−yV II
n yV

n

5
+

yV III
n yIV

n

8

)]

S2 =
yV

n

5

[yV
n

2

(yIV
n yIV

n

4
− yV

n yIII
n

5

)
− yIII

n

3

(yV I
n yIV

n

4
− yV II

n yIII
n

7

)
+

yII
n

4

(yV I
n yV

n

5
− yV II

n yIV
n

7

)]

S3 =
yII

n

1

[yV
n

14

(−yV II
n yIV

n

1
+

yV III
n yIII

n

2

)
+

yV I
n

3

(yV I
n yIV

n

4
− yV II

n yIII
n

7

)
+

yII
n

7

(−yV I
n yV III

n

8
+

yV II
n yV II

n

7

)]

S4 =−
hyI

n

5

[yV
n

14

(−yV II
n yV

n

5
+

yV III
n yIV

n

8

)
+

yV I
n

12

(yV I
n yV

n

5
− yV II

n yIV
n

7

)
+

yIII
n

21

(−yV III
n yV I

n

8
+

yV II
n yV II

n

7

)]
we have,

T3 =
h19

414720x9
n+1

[yIV
n

48

[yIV
n

42

(−yV II
n yIV

n

1
+

yV III
n yIII

n

2

)
+

yV I
n

15

(yV
n yIV

n

2
− yV I

n yIII
n

3

)
+

yII
n

35

(−yV
n yV III

n

4
+

yV I
n yV II

n

3

)]
− yIII

n

15

[yV
n

14

(−yV II
n yIV

n

1
+

yV III
n yIII

n

2

)
+

yV I
n

3

(yV I
n yIV

n

4
− yV II

n yIII
n

7

)
+

yII
n

7

(−yV I
n yV III

n

8
+

yV II
n yIV

n

7

)]
− yV

n

10

[yV
n

5

(yV
n yIV

n

2
− yV I

n yIII
n

3

)
− yIV

n

3

(yV I
n yIV

n

4
− yV II

n yIII
n

7

)
+

yII
n

5

(yV I
n yV I

n

8
− yV II

n yV
n

7

)]

− yI
n

10

[yV
n

35

(−yV
n yV III

n

4
+

yV I
n yV II

n

3

)
− yIV

n

21

(−yV I
n yV III

n

8
+

yV II
n yV II

n

7

)
− yV I

n

15

(yV I
n yV I

n

6
− yV II

n yV
n

7

)]]
.

Hence we obtain

T3 =
h19W

414720x9
n+1

, (2.21)

where

W =W1 +W2 +W3 +W4

W1 =
yIV

n

48

[yIV
n

42

(−yV II
n yIV

n

1
+

yV III
n yIII

n

2

)
+

yV I
n

15

(yV
n yIV

n

2
− yV I

n yIII
n

3

)
+

yII
n

35

(−yV
n yV III

n

4
+

yV I
n yV II

n

3

)]

W2 =−
yIII

n

15

[yV
n

14

(−yV II
n yIV

n

1
+

yV III
n yIII

n

2

)
+

yV I
n

3

(yV I
n yIV

n

4
− yV II

n yIII
n

7

)
+

yII
n

7

(−yV I
n yV III

n

8
+

yV II
n yIV

n

7

)]

W3 =−
yV

n

10

[yV
n

5

(yV
n yIV

n

2
− yV I

n yIII
n

3

)
− yIV

n

3

(yV I
n yIV

n

4
− yV II

n yIII
n

7

)
+

yII
n

5

(yV I
n yV I

n

8
− yV II

n yV
n

7

)]

W4 =−
yI

n

10

[yV
n

35

(−yV
n yV III

n

4
+

yV I
n yV II

n

3

)
− yIV

n

21

(−yV I
n yV III

n

8
+

yV II
n yV II

n

7

)
− yV I

n

15

(yV I
n yV I

n

6
− yV II

n yV
n

7

)]
.
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We now find,

T4 =
h20

414720x10
n+1

[yIV
n

12

[yIV
n

14

(yIV
n yV III

n

8
+

yV
n yV II

n

5

)
− yIII

n

35

(−yV
n yV II

n

4
+

yV I
n yV II

n

3

)
− yV I

n

10

(yV
n yV

n

5
− yV I

n yIV
n

6

)]
− yIII

n

15

[yV
n

14

(yIV
n yV III

n

8
+

yV
n yV II

n

5

)
− yIII

n

21

(−yV I
n yV III

n

8
+

yV II
n yV II

n

7

)
− yV I

n

12

(yV I
n yV

n

5
− yV II

n yIV
n

7

)]
+

yII
n

10

[yV
n

7

(−yV
n yV III

n

4
+

yV I
n yV II

n

3

)
− yIV

n

42

(−yV I
n yV III

n

8
+

yV II
n yV II

n

7

)
− yV I

n

30

(yV I
n yV I

n

6
− yV II

n yV
n

7

)]
+

yV
n

10

[yV
n

10

(yV
n yV

n

5
− yV I

n yIV
n

6

)
− yIV

n

12

(yV I
n yV

n

5
− yV II

n yIV
n

7

)
+

yIII
n

15

(yV I
n yV I

n

6
− yV II

n yV
n

7

)]]
and therefore

T4 =
h20R

414720x10
n+1

, (2.22)

where

R = R1 +R2 +R3 +R4

R1 =
yIV

n

12

[yIV
n

14

(yIV
n yV III

n

8
+

yV
n yV II

n

5

)
− yIII

n

35

(−yV
n yV II

n

4
+

yV I
n yV II

n

3

)
− yV I

n

10

(yV
n yV

n

5
− yV I

n yIV
n

6

)]

R2 =−
yIII

n

15

[yV
n

14

(yIV
n yV III

n

8
+

yV
n yV II

n

5

)
− yIII

n

21

(−yV I
n yV III

n

8
+

yV II
n yV II

n

7

)
− yV I

n

12

(yV I
n yV

n

5
− yV II

n yIV
n

7

)]

R3 =
yII

n

10

[yV
n

7

(−yV
n yV III

n

4
+

yV I
n yV II

n

3

)
− yIV

n

42

(−yV I
n yV III

n

8
+

yV II
n yV II

n

7

)
− yV I

n

30

(yV I
n yV I

n

6
− yV II

n yV
n

7

)]

R4 =
yV

n

10

[yV
n

10

(yV
n yV

n

5
− yV I

n yIV
n

6

)
− yIV

n

12

(yV I
n yV

n

5
− yV II

n yIV
n

7

)
+

yIII
n

15

(yV I
n yV I

n

6
− yV II

n yV
n

7

)]
.

Substituting (2.18) and (2.19) in (2.14), (2.18) and (2.20)
in (2.15), (2.18) and (2.21) in (2.16) and (2.18) and (2.22) in
(2.17) respectively, we get

b1 =
hV

20Uxn+1
(2.23)

b2 =
h2S

30Ux2
n+1

(2.24)

b3 =
h3W

120Ux3
n+1

(2.25)

b4 =
h4R

60Ux4
n+1

. (2.26)

Substituting b1,b2,b3,b4 from (2.23) - (2.26) in (2.9) - (2.13),
we obtain equations.

(2.27) - (2.30) as follows:

a1 =
h
[
V yn +20UyI

n

]
20Uxn

(2.27)

a2 =
h2
[
2Syn +3V yI

n +30UyII
n

]
60Ux2

n+1
(2.28)

a3 =
h3
[
Wyn +4SyI

n +3V yII
n +20yIII

n

]
120Ux3

n+1
(2.29)

a4 =
h4
[
2Ryn +WyI

n +2SyII
n +5UyIV

n

]
120Ux4

n+1
, (2.30)

where

A =V yn +20UyI
n

B = 2Syn +3V yI
n +30UyII

n

C =Wyn +4SyI
n +3V yII

n +20yIII
n

D = 2Ryn +WyI
n +2SyII

n +5UyIV
n .

Substituting the values of a0,a1,a2,a3,a4,b1,b2,b3 and b4 in
(2.4), we obtain

yn+1 =
120Uyn +6hA+2h2B+h3C+Dh4

120U +6hV +4h2S+h3W +2h4R
, (2.31)
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where U,V,W,S,R are taken as in (2.18) – (2.22) respectively
and equation (2.31) gives the desired rational numerical inte-
grator.

3. Convergence and Consistency of the
method

We prove here the convergence of the method by showing
that the method is consistent and stable.

Theorem 3.1. The one-step, eighth-order method (2.31) is
consistent and convergent.

Proof. A one-step numerical method of the form yn+1− yn =
hφ(xn,yn;h) is convergent if and only if it is consistent as
given in [2].

If we subtract yn from both sides of (2.31), we obtain

yn+1− yn =
[
6h(A−V yn)+2h2(B−2Syn)

+h3(C−Wyn)+h4(D−2Ryn)
]

÷
[
120U +6hV +4h2S+h3W +2h4R

]
and

yn+1− yn =
[
hλ

17y2
n

(
840+6720hλ

+3290(λh)2−4831(λh)3
)]

÷
[
λ

16yn

(
840−26460λyn

+16380(λh)2−10(λh)3 +4831(λh)4
)]

.

Then,

lim
h→0

yn+1− yn

h
= y

′
n.

This implies that

lim
h→0

yn+1− yn

h
= y1

n
∼= f (xn,yn),

and therefore the method is consistent with the initial value
problem (1.1). Hence the method is convergent.

Theorem 3.2. The method (2.31) is L-stable.

Proof. If we apply to the method (2.31), the well-known
Dahquist stability test equation

y
′
= λy, y(x0) = y0

and Re(λ )< 0 We get the following values:

U1 =
1

7200
λ

16yn; U2 =
−1

4200
λ

16yn;

U3 =
1

8400
λ

16yn; U4 =
−1

63000
λ

16yn;

and

U =
1

252000
λ

16yn,

V1 =
−1
72

λ
17yn; V2 =

43
2520

λ
17yn;

V3 =
−73

12600
λ

17yn; V4 =
1

8400
λ

17yn;

and

V =
−63

25200
λ

17yn,

S1 =
−1

1120
λ

18yn; S2 =
1

1400
λ

18yn;

S3 =
1

392
λ

18yn; S4 =
−1

19600
λ

18yn;

and

S =
13

5600
λ

18yn,

W1 =
1

2520
λ

19yn; W2 =
−1

5880
λ

19yn;

W3 =
−1

4200
λ

19yn; W4 =
1

176400
λ

19yn;

and

W =
−1

176400
λ

19yn,

R1 =
7

4800
λ

20yn; R2 =
−23

19600
λ

20yn;

R3 =
377

352800
λ

20yn; R4 =
1

63000
λ

20yn;

and

R =
4831

3528000
λ

20yn,

By making use of all the values U,V,W,S,R in the following
expression, we obtain,

yn+1− yn = hλyn

(
840−6720λh

+3290(λh)2−4831(λh)3
)

÷
(

840−26460λh−16380(λh)2

−10(λh)3 +4831(λh)4
)

Setting h̄ = λh and

S(h̄) =
840−6720h̄+3290(h̄)2−4831(h̄)3

840−26460h̄−16380(h̄)2−10(h̄)3 +4831(h̄)4

we find that,
lim

Re(h̄)→∞

S(h̄) = 0.

Therefore the method is L-stable.
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4. Numerical Experiment
We consider the following IVP:

y
′
1 =−1002y1 +1000y2

2,

y
′
2 = y1− y2(1+ y2), (4.1)

y
′
1(0) = 1, y

′
2(0) = 1,

The exact solution is

y1 = e−2x,y2 = e−x.

For the stiff system (4.1), the Euler’s method is stable only
if h≤ 1.6791×10−3 and RK method for (4.1) is stable only if
h≤ 2.6234×10−3. The problem has been integrated on the
interval [0,1] and the results using MATLAB are presented in
Table 4.1 for adaptive step size h.

The errors have been defined as the maximum of the abso-
lute errors on the nodal points in the integration interval.

EMAX = ||y(t j)− y j||
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Table 4.1 Numerical results of (4.1) using Rational Nu-
merical Integrator

5. Conclusion
The numerical results obtained through our proposed one-

step rational numerical integrator exhibits efficiency and accu-
racy in the test problem. In addition, the proposed method is
L-stable. The consistency and convergency is also achieved.
Further examination of stiff problems in application areas
using this method can be carried out.
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