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1. Introduction

The development of numerical solvers for ordinary differ-
ential equations (ODE) is a wide and mature area of research.
In particular for non-stiff ODE, many successful approaches
have been studied and used, which provide excellent efficiency.
But for stiff ODE a more careful treatment is required.

Stiff equations arise in a system of ODE y! = f(y(t))
when Eigen values of its Jacobian matrix df/dr differ in
orders of magnitude. Stiff problem has got a wide variety
of applications including the study of spring and damping
system, the analysis of control system and problems in the
chemical kinetics, biochemistry, weather prediction, mathe-
matical biology and electronics.

When the familiar classical sixth order Runge-Kutta (RK6)
method [2] and the implicit Adam-Bash forth Moulton (ABM)
predictor-corrector method are used for solving stiff equations,
they become very inefficient since the step size is controlled

by stability requirement rather than accuracy requirement [1].
They are based on the approximation of the solution by a
polynomial, an approach that is too expensive when high
accuracy is required.

Although most of the numerical analysts were confident
that the implicit methods work better in producing results for
stiff problems, some of the explicit methods which recently
was proven.

The aim of this paper is to present a new L-stable explicit
one step eighth order method for numerically solving the stiff
ODE. The method done for seventh order is found in [15].

We consider the initial value problem (IVP)

Y =f(xy), y(xo)=yo: (1.1)
y,f € RM and x € [a,b], a,b €R

whose solution may contain singularities. The points of sin-
gularities of the solution of the IVP (1.1) are the poles of
the rational interpolant. It is assumed that f(x,y) satisfy the
Lipschitz condition.

The rational nonlinear schemes for the numerical solution
of (1.1) are given in Lambert and Shaw [9], Lambert [10],
Luke et al [11] and Fatunla [3—-6], Fatunla and Aashikpelokai
[7], Ikhile [8], Otunta and Ikhile [14] and Otunta and
Nwachukwu [15]. These schemes are based on rational func-
tion interpolation since rational functions are more accurate
than polynomials in representing a function in the neighbour-
hood of singularities.
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Otunta and Ikhile [12, 13], Fatunla and Aashikpelokai
[7], Otunta and Nwachukwu [14, 15] constructed schemes of
order three, four, five, and six, seven respectively.

In this paper, we develop a one-step rational integrator of
order eight with a better accuracy of solution.

Definition 1.1. (Stiff IVP)

A system of IVP of the form (1.1) is said to be stiff if the
eigen value A; of the Jacobian matrix [g—ﬂ at every integra-
tion point x have negative real parts and differ greatly in
magnitude.

Also, the eigen values 2, satisfy the following conditions .
(i) Re(X)<0,t=1,2,.....mand

max; | A
() T =

=S8 > 1; S is the stiffness ratio.

Definition 1.2. (Stability Function)

The stability function R(z) of a numerical method is the
rational function that satisfies y,+1 = R(hA)y,, where y, 11 is
the approximation generated when the numerical formula is
applied to the Dahlquist’s simple test problem yl =Ay,A €C,
the complex plane.

Definition 1.3. (Stability Domain)

The stability domain, S of a Runge-Kutta method is given
by, S={z€ C:R(z) < 1} where R(z) is the stability function
of the method.

Definition 1.4. (A-Stability)

A numerical method is A-stable if the numerical solution
of test problem y = Ay,A € C is bounded in the entire left
half-plane, C. This is equivalent to C C S or in terms of the
stability function that Vy € R : R(iy) < 1 and R(z) is analytic
Jor Re(z) < 0.

Definition 1.5. (L-Stability)
A given one-step method is said to be L-Stable if it is A-stable
and in addition,

lim |S(h)
Re(h)—se0

=0

where S(h) is the stability function.

2. Derivation of the Rational Numerical
Integrator

Recently, Otunta and Ikhile [15] considered the following
rational function approximation for the IVP (1.1).

P
)= A4 — kkl(x) k>0, @.1)
1+Zj:lbj.xj
where
k .
=Y aix k>1 (2.2)
=0
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We therefore consider the one-step scheme

P
yn+1:A+w,k21,

ol o (2.3)
T+Y5o1bj%

Thus, we interpolate the theoretical solution of (1.1) by

( ) ao—|—a1x—|—a2x2—|—a3x3+a4x4 2.4)
x) = .
Y 1+ b1x+ box? + b3x3 + byx*
The resultant one step scheme is given by
aop+ a1 xp+1 +a2xﬁ+1 +a3x2+1 +a4xﬁ+1
Yntl = 2.5

1+ b1xpp1 +box2, | +b3x | +baxt |
We write (2.5) as,

2 3 4
= (angalan +aox, | +azx;, +a4xn+1)

Yn+1
o 4 . r
Y (L bt ) ] 2.6)
r=1 j=1
and superimposing it on
oo hf
Y(Eat1) Z ' W =y @7
we get,
2 3 4
(a0 +@1xus1 +axxy g +asx,, +aax, )
= (1+b1x011 + b2, +bix +b4X3+1)
h2y11 h3y111 h4yIV
1 n n
(i S+ 5+
KSyY ROYVI TV S\ Vi 0
Fo g ) 00
2.8)
We obtain the method parameters from (2.8) as :
ao =Yn (2.9)
h
=vy.b1 + n (2.10)
Xn+1
h /’12 1
=yuby+ y,11 by + ‘ 2” (2.11)
Xnt1 2.xn+1
h /’12 I h'i 11
byt g by 2.12)
Xn+1 2xn+1 3lx n+l
]’l hZ 1 h3 111 h4— 1V
a4 = yabs+—21by+ b+ b+ ‘y
Xn+1 2 3»anrl 4xn+]
(2.13)

By Writing (2.13) as a combination of (2.9) — (2.12), we arrive
at a system of simultaneous equations where for each positive

. Iy
integer m, the term — X,,, is a real number.
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The system, in matrix form, is as shown below:

r h@{/y h3y2’11n 2yl hy h [ 5y ]
3 | 1
Ve R R
h Yn h Yn h Yn h y{l 1 —h Yn
3 2 | 1 4
S!g ) 4!)56";51 3:6 n;‘—/l 32A11 b2 = 6!);" I
"y yn hyn h )’{1 b3 h )’n
6!xz 1 5!)(}%rl A1 b4 7‘x i
RISy 1Sy h4 v —iBy VIII
3 2 T
| 7., 6l Sy ar ] L ssz

This is of the form AX = B, we may use cramer’s rule to
obtain by, b;, b3, b4 so that,

T
by = — (2.14)
T
Ip)
by = — (2.15)
T
13
by = — (2.16)
T
1y
by = — 2.17)
T
where
h4}n l’l3 ,111 hzyfll hy
4! Xn+l 3! xn+l 2l n
w5yY niylV w3yl w2yl
T— 5!x3+l 4'xn+l 341 2!
h"’yZ’ w >n nhyy o wyl
b,y 5! X;H»I A1 3!
h7 VII hG‘n hSyx h4y£,v
7'X»31+1 6!x3+1 St 4
oy iyl iy
5!xﬁ+| 3!x3+1 21X 41 n
7h6),xl h4y’11V h3)lll h2y£ll
!
T = o );"T/ln 4U56"\+/l » : Hvl 32 11
) A VA
7')(4“ 502 Al 3!
SV ey 5y 1V
8lx 3+1 62, Sl 41
nylV —15yY 2yl il
gy Shgy o 2N n
Wy, =y eyl Ry
T St ol 3oy 2!
2 h6},xl h7yZ” Iz nv h3y£,”
!xiH 7!x3+l A xp11 3!
N 1yY s
T, 8hh o Sha Y
Y 1wy —15yY hy 7
3 2
4!xn+l 3!er»l 5'er»l "
BV v NG 2yl
T — St 4l 6”‘”+1 2!
3 nbyV! nSyY —pTyVI 3yl
3 o) ]
6!7)("\;?} 5!: K 7? viil 43 W
h'y, "y, —h% Iy,
TN, 62 ssz 4
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1y

where

VA%
w=2%|

4.1V 301 2,01 5
hyy ey heyy —ryy
3 | ] 14
4!xn+] 3xn+l 2141 5'xn+l
hSyx h4y’71V h3) 117 —h"y}f’

13 12 | W4
5'xn+l 4.xnJrl 341 6.xn+1
hﬁyxl hSyr\l/ h4y£"/ 7]17),’\1/11

3 12 | 14
6!xn‘;rl Shey Alxp T,
h7yn 1 hGyVI hSVY hSyr\I/III
n el
3 2 1 )
Thx, 6lx, RIE 8l

4 L6
I[]< xyflV
v (y "y
0\ 5

v _ 1V

_ﬁ[yl(yn Ya

1502\ ¢4

7)7,11” (yr\l/lyil\/
3 4
VI,V

yi! (yn i

4\ 5
+y7n[ﬁ (yxyiv
20l5\ 2
_ﬁ(yX’yiv
3\ 4
VI, VI

+ﬁ(yn Y

5 6

o { (yZyZ B
1olio\"s
7%(%’%
12 5

(yZ’yX !

6

3456x

_|_

+

In_
s

and therefore

oy

T 34560,

U=U+U,+Us+ Uy

e Lr Lo

y;Y’)fY)

v . IV V.11

(yn Yn_ _ YnYn )
4 5
A

3

VIV

)
VI
i)

A

7
)

7

S0

3

S

7
VIV

Y 7}’n )}

6

)

7
VIV

)’n7)’n )H

(2.18)

L( A ynyf’)
6\ 4
o (yvyf,v yZ’yi” )
15\ 2
+L¥<y5yx yZ’yﬁV)}
o\ s
' [ 4 (y,’,VyQV ! )
1502\ 4 5
! (yX’ysz B yx”ﬂn”)
3\ 4
+yi<y,‘f’y¥ y,‘{”yivﬂ
4\ 5 7
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VIV VI 1T

Uy = ﬁ[ﬁ(ynyn  Yn' Y )
20l5\ 2 3
_yﬁ(y,‘{’yf,v _yX”yQ”)
3\ 4 7
+y,£(y5’y5’ _yX”yX)}
5\ 6 7
Us = A [yl (yXyZ B yZ’y2V>
10l10\ 5 6
_ﬁ(y,‘f’yx _y,‘f”y,’)/)
12\ 5 7
+y£(y,Y’y,‘{’ _y,‘f”yX)]
15\ 6 7
we have,
n—_ " [—yX {ﬂ (yivyf," o
691207 L1 L6 \" 4 5

o (yxyiv B yZ’yi”)

15\ 2 3
+L¥(y¥y5 B yX’yﬁv)}
10\ 5 30
o [—yZ’ (yiv " _yWn”)
3173 4 5

A R

1 2
VIILV VIV

yl(_yn yn _yn yn >:|
T 5 8
+ny [yi"’ (yxyiv _y,‘{’y2”>
2 La5\ 720 1
B ﬂ(—yﬁ”yiv B yZ”’y,’f’)
42 1 2
+y7f1’(fyX”yZ’ _y,‘{’”y,‘{)}
35 3 4
A {—y,‘{’ (yXy,‘{ B yX’yfqv)
3l10 U5 6
_ﬂ(—yﬁ”xf _y¥”’yiv>
24\ 5 8
+£(—y5”y5’+y5’"y¥m
35 3 4
and therefore
h'v
6912017,
where
V=Vi+V+Vz3+V,
I {ﬂ (yf,vyiv o )
1 Le\ 4 5
B ﬁ(yxyﬁv B y,Y’ﬂn”)
15\ 2 3
+ﬁ(yxyrvl _yX’ysz)}
0\ 5 30

Vo =—

V3

Vo=

we have,

L)

11
n

[—y,Y ! (yf,vyév e yﬁ”)

3173 4 5
B )ﬁ (yflVyl‘,l/ll B yVInylII)
21\ 1 2
N ' ( R e )]
7 5 8

i [ynﬁ (y,Yy,’qV B y,‘{’yf,”)

2 145\ 20 1

B yﬁ(—yx”yﬁv B y,Y”’yi”)
1 2

42
N e ( =ty )}
3 4

35
Y {—yX’ (yXyX B yZ’x’Y)
3010 U5 6
B y,’l(—yZ”yZ B yZ’”yZV)
24\ 5 8
+ﬁ(—yr‘{”y5’+y¥”’y¥)}
350 3 4
h'® [ﬂ [fyfqv (YQVyflV ! )
8
2073605, L4 173 \ 4 5
yll[ VII IV VI I

21 ( T T2
+ﬁ<fy,‘{”y,‘{ +yX”’y£V>}
7 5 8
+ﬁ[y7,‘{ (yév y 7y,‘{y£”>
512\ 4 5
B ﬁ (yxlyllq\/ B yVInylII)
4 7
1/ VI,V VI, IV

+yl(yn Yn Yn ¥ )}

45 7
+Lﬁ[ﬂ(—y,¥”yiy +yZ”’yf,”>
114 1 2

w! (yX’yZV B yZ"%’;”)

3\ 4 7
N Lﬁ(—yZ’yX”’ N y,Y”yX”)}
7 8 7

A A
5 L14 5 8
A k)

5 7
_JVHIVI VII VI

(
+L( YnVn' . Yn Y )”

8 7

and therefore

fp)

where

hiss

—_— 2.20
207360x3_ (220

S=81+S8+S53+354
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5 ﬂ{—yif (yivyf,v yXy,’f’) o [yn ( = +yX’yZ”)
41 3 4 5 10 35 4 3
)’f,” ( e . yXHIYf,”) - yL ( —yVIyvii . yr‘f”)’r‘l/”>
21 1 2 21 8 7
+yi< "y +y,‘{’”yiv>} _yLV’(yX’yX’ _yX”yZ)H
7 5 8 15 6 7 '
Hence we obtain
5= {yx (yi" " ybﬁ”)
5102 4 5 hlow
- ﬁ (yr‘l/lyfzv - yxllyle) Tz = WOXZH, (2.21)
3 4 7

VI,V VI IV

yi(yn Yn Yn Vn )}
I 7

where

W=W+W,+W3+W,
VII, IV VI, I

ngyi’[[ﬁ( ' In yn)
R SVAN 2

+yL(yZ’y2V y,‘{”yf,”)
3 4 7 Wi ﬁ {ﬁ ( —yViy v . yxmy{ln>
+y7n( yZ’y,Y”’+yX”yX”)] 48 L 42 1 2
8 7 +yL(M y,Vz’)”n”)
15\ 2 3
+yi( yXy,‘{”’+yZ’yr‘f”>}
54:_%[&?( yX”y,Y+yX”’yﬂV) 35\ 4 3
5 lia\" 5 8

Lo (yZ’y,Y yX”yZV)

12 5 7
! yflll yr‘z””yr‘z” . y:l/nyxn W, = 111 |:yn ( yr‘{ Hylllv + yX”’yff’)
+7 ( Yiylv yl\1/11y£l11)
we have, 3 4 7
N i R g
K19 v 1V 11y1v vm 111 + 7 3 + 7
L [yL [h( 47 )
414720x),, L 48 L 42 1 2
(yx w yZ’yfl” )
V. IV \UNi
_ In [Yn (Yndn yn n
( I y,‘{’yX”)} Ws=- 10[5( 2 3 )
3 VI IV \INIi
111 v11 1v V111 111 _yL(M_y" Yn )
[f( = o) 3\ 4 7
14 2 VI VI VIV
Yn (Yn Vn Yn Y
L(yx’yiv e (R )
3
&( —yn oyt yX”yivﬂ
7 7
{ X(yMV y,Y’yi”) WF_&{&Y( —ymn +yX’yX”)
3 10 L35 4 3
oy IR
4 7 21 8 7
+yi( wn! y,‘f”yﬁ)} _ynﬁ(yX’y,‘{’ _y,‘f”yﬁ)}
5 8 7 15 6 7 '

536
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We now find,

h20

414720x10
[II

[yn [yn (yi‘/yX”’

12114 8

I, = +

V Vll VI, VII

yn Yn )

3
VI IV

(4
_7(i_yn Vi )}
(B

yiI vV VIT V. VI
|: n yn yi’l y’l >

111 VI VIII v11 VII
“Yn n Y~ Yn )

Yn (
21 8 + 7
VIV yxu)/nv)}

(yn Yn

5

yh [yX( yXyZ”’+yX’yZ”)

10L7 4 3
_yL( yX'yX”'+yX"yX”)
42 8 7
_yL(yZ’y,Y’_yX"yZ)}

30\ 6 7

yi(yﬁyn y,‘{’yiv)
10\ 5 6
_ﬂ(ﬂ_ﬂ)
5 7
+£(y,¥’y¥’ yZ”y,‘{)”
15\ 6 7

+ﬂﬂ

and therefore

h*R

414720x)0 |

4=

where

R=R|+Ry+R3+Ry

_w [y,’)’ (yf,VyZ’”
12114\ 3 5

yf,”( —yy +yX’yX” )

35 4 3

B yLV’(yXyX B yX’yiv)}

5 6

L2

1

! {yX (yﬁva’"

15

V., VII

11 VI VI (VILVII
yn yﬂ yl‘l yﬂ )

yn(

21 s 7

Sl (B % )]
5 7

Ry =—

)

(2.22)
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V. VI VI, VIl

o [y< i )
10 4 3
_yL( yX’y,Y”’+y,Y”yX”)
42 8 7
_yLV’(yX’yX’ _yZ”yX)}
30\ 6 7
1 {yn (ynyn y,Y’ﬂnV)
\ = Yn Y
10l1o\ "5 6
_yL(yX’yZ _y,Y”yiv)
12\ 5 7
+ﬁ(yZ’y,Y’ yX”yZ)}
15\ 6 7 )

Substituting (2.18) and (2.19) in (2.14), (2.18) and (2.20)
in (2.15), (2.18) and (2.21) in (2.16) and (2.18) and (2.22) in
(2.17) respectively, we get

hV
b= ——— 2.23
L 20U X (2.23)
h2
by = S (2.24)
?sOanJrl
h'%
by = 7W (2.25)
120anJrl
h*R
by = — (2.26)
60an+1

Substituting by, by, b3, b4 from (2.23) - (2.26) in (2.9) - (2.13),
we obtain equations.
(2.27) - (2.30) as follows:

h [Vy,, + 20ny,}

a) = W (2.27)
12 28y, + 3Vl + 30ny,’]

= — e (2.28)
e Wy,, 4S8yl 4+ 3yl + ZOyHI}

= 12002, (2:29)
h* [2Ry, + Wyl + 28yl + 5UygV]

w“= 1200, ’ (2.30)

where

A =Vy,+20Uy!

B =28y, +3Vyl +30Uy!!

C =Wy, +4Sy. +3vy!l 420y
D = 2Ry, + Wyl + 28yl + 505" .

Substituting the values of ag,a1,a2,a3,a4,b1,b>,b3 and by in
(2.4), we obtain

120Uy, + 6hA + 2h*>B + h3C + Dh*
120U + 6hV +4h2S + h3W +2h*R’

Yn+1 =
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where U,V,W,S, R are taken as in (2.18) — (2.22) respectively
and equation (2.31) gives the desired rational numerical inte-
grator.

3. Convergence and Consistency of the
method

We prove here the convergence of the method by showing
that the method is consistent and stable.

Theorem 3.1. The one-step, eighth-order method (2.31) is
consistent and convergent.

Proof. A one-step numerical method of the form y, 1 —y, =
ho (x,,yn;h) is convergent if and only if it is consistent as
given in [2].

If we subtract yn from both sides of (2.31), we obtain

St = Yn = [6h(A = Vya) +202(B—2Sy)
F13(C—Wy,) +h* (D — 2Ryn)}

- [120U RV + 43S + W + 2h4R}

and
ye1 = = (11752 (840 + 672081
+3290(Ah)? — 4831 (Ah)3)}
- [A 16y, (840 — 264601y,
+16380(Ah)% — 10(Ah)3 +4831(Ah)4)} .
Then,
}lliir(l) )’n+1h— In _ Y.

This implies that

lim Yn+1—Yn

m h —)’n = f(%n,Vn),

and therefore the method is consistent with the initial value
problem (1.1). Hence the method is convergent. O

Theorem 3.2. The method (2.31) is L-stable.

Proof. If we apply to the method (2.31), the well-known
Dahquist stability test equation

y =Ay, y(x)=>y0

and Re(A) < 0 We get the following values:

1 -1
Upy==—A"% U= ——21"%,;

7200 4200
_1

16 _ 16, .

Us = 8400’1 i Us=gzageh s

538

and
1
— )‘16
2520007 "
771 17, . _ 43 17, .
Vl* 72}L Vns ‘/2*2520l Yns
—73 1
Vi=— Ay, V= ——Ay,;
37126007 Y 4T ga00”™
and
_ =63 .47
V= 353007
_ -1 18, . _ 1 18, .
Sl - 1120l Yns SZ* ]4001 Yns
I 1
S3=—AB8y . Sy=—— A8 -
37300 Y 4T o0
and
o 13 18
= 3600 v
19 19
Wl 25201 Yns WZ 58801 Yns
-1 9 . 1 9. .
Ws= 25007 M WA= a0
and
W= | A%
176400 "
Ri— 320 R 20
! 4800;L Ins B2 = 196007L In>
R; = ns Ry = A’ ns
3= 352800~ " R4 = Ga0007 Y
and
4831
— 2,20
35280007 "

By making use of all the values U,V,W,S, R in the following
expression, we obtain,

St = Yn = hAya (340 - 672044
+3290(Ah)? 4831 (Ah)*)
- (840 — 26460Ah — 16380(Ah)>
~ 10(Ah)* +4831(2h)*)
Setting 4 = Ah and

840 — 67207 +3290(h)? — 4831(h)?
840 — 26460k — 16380(h)2 — 10(h)3 + 4831 (h)*
we find that,

S(h) =

lim S(h) =
Re(h)—eo

Therefore the method is L-stable. O
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4. Numerical Experiment
We consider the following IVP:

y; = —1002y; + 1000y3,

y2 =y1 —y2(1+y2), 4.1

yl(o) =1, yZ(O) =1,
The exact solution is
V1 =e—2x,y) = e—X.

For the stiff system (4.1), the Euler’s method is stable only
if 1 < 1.6791 x 1073 and RK method for (4.1) is stable only if
h <2.6234 x 10—3. The problem has been integrated on the
interval [0, 1] and the results using MATLAB are presented in
Table 4.1 for adaptive step size h.

The errors have been defined as the maximum of the abso-
lute errors on the nodal points in the integration interval.

Eyax = ||y(t;) —yjl|

=
|
2l ale=(E @R @@ e v
X%omﬂ-movvomﬂ-\o
~
IN
Q=22 S e
iAo | [on < | O[O [<F [ [on | <
= AN AN A = N N
= SIS vn|F|alS = [oa T |
S SIA | |A | O | [= (O[O |
= S| I | |D[O O [on [ [\O |5
= S o0 DD |—=|n|x ]|
eh| QS |en (A = |Q [n |[— o0 [N D [
O ™S |0 | |0 [¢n v [0 [\ [en v [0
= S| |0 |D|D [ |% [ | [ =
= Slol=IF IS IS DTS
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Table 4.1 Numerical results of (4.1) using Rational Nu-
merical Integrator

5. Conclusion

The numerical results obtained through our proposed one-
step rational numerical integrator exhibits efficiency and accu-
racy in the test problem. In addition, the proposed method is
L-stable. The consistency and convergency is also achieved.
Further examination of stiff problems in application areas
using this method can be carried out.
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