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In this article, we establish the existence of a positive continuous solution of the functional integral inclusion of

x(t) € p(t) +I%F1 (t,1P fo (1, x(9(2))), 1€[0,1], a,B € (0,1).

The study holds in the case when the set-valued function has Lipschitz selections.
As an application, we study the initial-value problem of the arbitrary fractional order differential inclusion

€ Fi(t,D"x(t)), a.e, t€][0,1],
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1. Introduction

The topic of differential and integral inclusions is of much
interest in the subject of set-valued analysis. Differential
Equations and Control Processes, the existence theorems for
the inclusions problems are generally obtained under the as-
sumptions that the set-valued function is either lower or upper
semicontinuous in the domain of its definitions (see [1] and
[12]) and for the discontinuity of the set-valued function (see
[6]). The integral inclusions have been studied by B.C. Dhage
and D. O‘Regan (see [5] and [12]) for the existence results
under Caratheodory Condition of F.

Consider the functional integral inclusion of fractional order

x(t) € p(t)+Fi (¢, 1% f2(2,x((2))), t €]0,1], a € (0,1).
(1.1)

In [8], the authors proved the existence of global integrable
solutions for the nonlinear functional integral inclusion (1.1),
where the set-valued map Fy : (0,1) x Rt — 2R" has nonempty
closed values which are satisfying Caratheodory and growth
conditions.

Recently, the existence of positive monotonic continuous and
integrable solutions of the mixed type integral inclusion

1

x(t) € plt) +/ k(t,$)Fi (s,1° fa (s, x(s))ds, 1 € [0,1], B >0
JO

(1.2)

has been studied in [9, 10] by using Schauder’s and Nonlinear

Alternative of Leray-Shauder type fixed-point Theorem. As a
generalization of previous results the authors (see [2]) proved
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the existence of positive integrable solution for the nonlinear
functional integral inclusion

x(t) € p(t) +1°Fy (t,1P f> (1, x(9(1))) 1 €[0,1], &, B € (0, 1).
(1.3)

Here, we are going to study the existence of positive con-
tinuous solutions for the integral inclusion (1.3), where the
set-valued map Fy : (0,1) xRt — 2R" satisfies Lipschitiz con-
dition.
As an application, the initial-value problem of the arbitrary
(fractional) Order differential inclusion

dx(t)

Tep(t)—i—laFl(tnDyx(t))’ IE[O,]], y>0a (1.4)

x(0) = x, (1.5)

will be also studied.

2. Preliminaries

In this section, we recall some definitions and basic re-
sults of fractional calculus, which will be used throughout the
paper.

Let L' () be the class of Lebesgue integrable function on
the Interval I = [a,b],
0< a< b < e andLetI(.) be the gamma function.

Definition 2.1. The Riemann-Liouville of fractional integral
of the function f € L'(I) of order o € R is defined by (cf.[14],
[15],[16], and [17])

t _s a—1
0= [ e as

and when a =0, we have I* f(t) = I f(t).

Definition 2.2. The (Caputo) fractional order derivative D%,
o € (0,1] of the absolutely continuous function g is defined
as (see [4], [15], [16], and [17] )

d

DE g0 =11 £ 8(0) |

For further properties of fractional calculus operator (see
(4], [15], [16], and [17] )

t € [a,b].

Definition 2.3. Let X and Y be two non-empty sets, a set-
valued (multivalued) map F : X — Y is a function that as-
sociate to any element x € X a subset F(x) of Y, called the
(image) valued of F at x.

Let F be a set-valued map defined on a Banach space E, f
is called a Selection of F if f(x) € F(x) for every x € E and
we denote by

Sp={f:f(x) eF(x),x€E}

the set of all selections of F (For the properties of the selection
of Fsee [3, 11, 18]).
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Definition 2.4. A set-valued map F from I X E to family of
all nonempty closed subsets of E is called Lipschitzian if there
exists L > 0, such that for allt € I and all x1,x; € E, we have

h(F(t,x1),F(t,x2)) < L||x; — x2]| 2.1

where, h(A, B) is the Hausdor{f distance between the two sub-
sets A,B € I X E (For the properties of the Hausdorff distance
see ([1]) ).

The following Theorem [[1], Sect.9, Chap. 1, Th. 1]
assume the existence of Lipschitzian selection.

Theorem 2.5. Let M be a metric space and F be Lipschitzian
set-valued function from M into the nonempty compact convex
subsets of R". Assume, moreover, that for some A > 0, F(x) C
AB for all x € M where B is the unit ball on R". Then there
exists a constant ¢ and a single-valued function f : M —
R", f(x) € F(x) for x € M, this function is Lipschitzian with
constant L.

3. Main results

In this section, we deal with the existence of positive
continuous solutions for the fractional integral inclusion (1.3).
Now, we consider the following assumptions to establish the
existence results:

(i) The function p(¢) : [0,1] — R* is continuous.

(ii) The function f> : [0,1] x Rt — R™ is continuous in its
two arguments and there exists a constants ¢, such that

[f2(t,21(1)) = f2(t,22(1))| < ¢ [ (1) —x2(7)]
for every x1,x, € Rt andt € [0,1].
(iii) Let F(¢,x(t)) : [0,1] x R — 28" be a Lipschitzian set-
\2/21+ued map with nonempty compact convex subset of
(iv) The function ¢ : (0,1) — (0, 1) is continuous.
V) Le<T(a+1I(B+1).

It is clear that from Theorem 2.5 and assumption (iif), the set
of Lipschitiz selection of F; is non empty. So, the solution of
the single valued integral equation

x(t) = p(x) +1“F (t,1P f>(1,x((1))), 1 €[0,1] (3.1)

where f| € Sr,, is a solution of (1.3).
It must be noted that f; satisfied the Lipschitiz selection

|f1(t7x)_f1(sv)’)| < L(|t—s|,\x—y|).

Now, for the existence of a unique continuous solution of
the functional integral inclusion (1.3) we have the following
theorem.
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Theorem 3.1. Let assumptions (i)-(v) be satisfied, then the
inclusion (1.3) has a unique positive solution x € C[0, 1].

Proof. Let A : C[0,1] — CJ0, 1] be the operator defined by

p()+1%fi (1, 1P fo(1,x(9(1))))-

Letx,x; € C[0, 1]. Then, in view of our assumptions, we have

Ax(t) = (3.2)

|Ax (£) — Axa (2)|
<A1 S (0())
—I%f1(t,1P fo (1,2 (0(1))))]

t(t—s a—1
<If um (.28 fa(5.1 (9(5)))
sl fz(s xz( (5)))]lds

< [l s o))
— A1t1P (s, x2(9(5)))) Ids
using Lipschitz condition for f;, we obtain:

|A)C1(l) —AXQ(Z‘)|

t (501
<if “F(;)zﬁﬁ(s,xl(qo(s»)

— 1P po(s,x2(@ ( )))Ids
oS (S— T)ﬁ,
= L/ F( /o r(B)
— fa(Tx2(0(7)))|dT ds
using Lipschitz condition for f>, we obtain:

|A)C1 (t) —A)CQ(I)|

1 Safl s (g— B-1
sie UL [ o)
—x2(@(7))|dt ds
(5"

()%
<t C(a) T(B+1)
Lc ' (t—5)%"1(s)P
Sl e O

< Lc
“Ta+DI(B+1)

1
[f2(7,x1(9(1)))

1 (e(7)) —x2(@(7))lds

[l = xa].

Then, from assumption (v) we get

HA)C] —A)CZH < HX1 —X2H.

Hence the map A : C[0,1] — CJ0, 1], defined by (3.2), is a
contraction, then it has a fixed point x(r) = Ax(t).

Therefore, there exists a unique solution x € C[0, 1] of the
integral equation (3.1), from which we deduce that solution
satisfy the integer inclusion (1.3), so there exists a solution
x € CJ0, 1] for inclusion (1.3). O
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Corollary 3.2. The solution of inclusion (1.3) is continuously
depends on the Sg, of all Lipschitzian selections of Fi.

Proof. Let hy(t,x(t)) and hy(f,x(¢)) be two different Lips-
chitzian selections of Fj (z,x()), such that

|1 (2,x(1)) t€10,1]

then for the two corresponding solutions xp, (f) and xp, (1) of
(1.3) we have.

Xny (t) — Xp, (Z)
= Iahl (talﬁfZ(tvxm ((p(t))) _IahZ(t’IﬁfZ(taxhz(q)(t)))

—h(t,x(t)| <€, €>0,

i, (1) = ()]
< %R (1,1 ot (9(0))) — [ha(t, 1P fo (1.1, (1))

— 1%y (1, 1P fo (1,30, (0(1)))]
—Iahz(hlﬁfz(l,xhz(‘P(f)))\

< |Iah1 (talﬁfZ(tvxhl ((p(t)))
IRy (8,1 fo(t, 30, (9(2)))

< [l 6 s (0060
(5,18 5,0, (0(5)) s
[ L 8 s (0()
(5,18 5,9, (9(5))))Ids

(it —s)%)
<t [ ey 1P (s (9(6))
t(t—s a—1
)|ds+/0 %8 ds

t _Soc—l s (g — B—1
<o [ [ S A e)

—1P f5(s5,3, (9 (s))

e (p(e)ldvds + s
t(t—s)%1 (s)P
= LC/o @) T(B+1) 00D~ (Wlds
€
+m
)
(B+l Hxh] xhz”/ ds+r(a—|—1)
Lc €
l|lXn, —xn, || < o+ DT(B+1) (xR, — X, || + Ta+1)
Lc _ £
o =)l < (- o or D) Fas T
=0(¢).

From the above estimate, we drive the following inequality:

[, —xn, || < 6(€)



Existence of continuous solutions for nonlinear functional differential and integral inclusions — 544/544

which proves the continuous dependence of the solutions on
the set Sp, of all Lipschitzian selections of F. This completes
the proof. O

4. Differential inclusion

Consider now the initial value problem of the differential
inclusion (1.4) with the initial data (1.5).

Theorem 4.1. Let assumptions of Theorem 3.1 be satisfied,
then the initial value problem (1.4)-(1.5) has a unique positive
solution x € C(]0,1]).

Proof. Let y(t) = “ then the inclusion (1.4), will be

() € p(t) +1%Fi (6,1 7y(1)).

Letting ¢(¢) =¢, fo(t,x) = xand B = 1 — v and applying
Theorem 3.1 on the functional inclusion (4.1) we deduce
that there exists a positive continuous solution y € C[0, 1]
of the functional inclusion (4.1) and this solution depends
continuously on the set S, .

This implies that the existence of a solution x € C'[0, 1],

“.1

x(t) = xo + /Oty(s)ds

of the initial-value problem (1.4)-(1.5).

Acknowledgment

The authors wish to express their gratitude to the anony-
mous referees for their valuable comments and suggestions,
which allowed to improve an early version of this work.

References

(1 j P Aubin, A. Cellina, Differential Inclusion, Springer-
Verlag, 264 (1984).

[2]' Sh.M. Al-Issa, A.M.A. El-Sayed, Positive integrable solu-
tions for nonlinear integral and differential inclusions of
fractional-orders, Commentationes Math., 49(2) (2009),
171-177.

31 A Cellina, S. Solimini, Continuous extension of selection
Bull. Polish Acad. Sci. Math., 35(9) (1978), 12—18.

[41 M. Caputo,linear model of dissipation whose Q is almost
frequency independent I, Geophys. J. R. Astr. Soc. 13(5)
(1967), 529-539.

[5] B.C. Dhage , A functional integral inclusion involving
Carathodories, Electron. J. Qual. Theory Differ. Equ.,
14(2003), 1-18.

[6] B.C. Dhage, A functional integral inclusion involving
discontinuities. Fixed Point Theory, 5(1)(2003), 53-64.

71" AM.A. El-Sayed A.G. Ibrahim, Set-valued integral equa-
tions of fractional-orders, Appl. Math. Comput., 118(1)
(2001), 113-121.

544

81 A.M.A. El-Sayed, Sh.M. Al-Issa, Global Integrable Solu-
tion for a Nonlinear Functional Integral Inclusion, SRX
Mathematics , 2010(2010), 1-12.

Ol AM.A El-Sayed, Sh.M. Al-Issa, Monotonic continu-
ous solution for a mixed type integral inclusion of frac-
tional order, Journal of Mathematics and Applications,
33(2010), 27-34.

(101 A_.M.A El-Sayed, Sh. M. Al-Issa, Monotonic integrable

solution for a mixed type integral and differential inclu-

sion of fractional orders, International Journal of Differ-

ential Equations and Applications, 18 (2019), 120-129.

A. Fyszkowski, Continuous selection for a class of non-

convex multivalued maps, Studia Math., 76(2)(1983),

163-174.

D. O‘Regan, Integral inclusions of upper semi-continuous

or lower semicontinuous type, Proc. Amer. Math. Soc.

124.,(1996), 2391-2399.

M.Z. Nashed, Integrable solutions of Hammerstein inte-

gral equations, Applicable Analysis, 50 (1990), 277-284.

(4] K S. Miller, B. Ross, An Introduction to the Fractional
Calculus and Fractional Differential Equations, John
Wiely and Sons Inc., (1993).

(151 1. Podlubny, A.M.A. EL-Sayed, On two definitions of
fractional calculus, Solvak Academy of science-Institute
of Experimental phys., (1996), 03-96.

(161 1. Podlubny, Differential Equation, Acad. Press, San
Diego-New York-London, (1999).

171 §.G. Samko, A.A. Kilbas and O.Marichev, Integrals and

Derivatives of Fractional Orders and Some of their Appli-

cations, Nauka i Teknika, Minsk., (1987), 1-19.

K., Kuratowski, C. Ryll-Nardzewski, Ageneral theorem

on selectors, Bull. de I‘academic polonaise des sciences,

Se ‘r. Sci-math. Astron-Phys., 13 (1995), 397-403.

(11]

[12]

[13]

(18]

ok ok ok ok ok ok ok k
ISSN(P):2319 — 3786
Malaya Journal of Matematik
ISSN(0):2321 — 5666
kK ok Kk kK kK


http://www.malayajournal.org

	Introduction
	Preliminaries
	Main results
	Differential inclusion
	References

