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Some products on interval-valued Pythagorean
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Abstract

In this paper, the complete interval-valued Pythagorean fuzzy graphs are introduced. Direct product, strong
product and semi-strong product of two interval-valued Pythagorean fuzzy graphs are defined. Also we reveal
that the strong product of two complete interval-valued Pythagorean fuzzy graphs is complete. Consequently,
if the direct product is strong then any one of two interval-valued Pythagorean fuzzy graphs is strong. Finally,
we investigated many interesting properties on strong product and semi-strong product of two interval-valued

Pythagorean fuzzy graphs.
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1. Introduction

The fuzzy set theory is a rapidly processing field of math-
ematics. It was first proposed by Zadeh [19] in 1965 as a
general mathematical tool for dealing with uncertainty. In
1975, Rosenfeld [11] introduced the concept of fuzzy graphs.
In 1986, Atanassov proposed the concept of intuitionistic
fuzzy set (IFS) [4, 5] which looks more accurately to un-
certainty quantification. In 1989, Atanassov and Gargov [3]
defined interval-valued intuitionistic fuzzy set (IVIFS) which
is generalization of intuitionistic fuzzy sets. Interval-valued
fuzzy graphs were introduced by Akram and Dudec [1] in
2011. Atanassov [5] introduced the concept of intuitionistic
fuzzy relations and intuitionistic fuzzy graph. S.N.Mishra
and A.Pal [8] introduced the product of interval valued intu-

itionistic fuzzy graph. H. Rashmanlou and Y.B. Jun [10]
introduced the concept of complete interval-valued fuzzy
graph. Ismayil and Ali [6, 7] studied some operations on
interval-valued intuitionistic fuzzy graphs. Some works in
intuitionistic fuzzy graph theory can be found in [12, 16, 17].
In 2013, Yager [18] introduced the notion of Pythagorean
fuzzy set as an effective tool for handling uncertainty in real-
world problems. Peng [9] defined interval-valued Pythagorean
fuzzy set which is a generalization of Pythagorean fuzzy sets.
Yahya Mohamed and Mohamed Ali [13—15] introduced the
concept of interval-valued Pythagorean fuzzy graph(IVPFG)
and they studied some operations on strong interval-valued
Pythagorean fuzzy graph(SIVPFG), edge regular interval-
valued Pythagorean fuzzy graphs. In this paper, the complete
interval-valued Pythagorean fuzzy graphs are introduced. Di-
rect product, Strong product and Semi-strong product of two
interval-valued Pythagorean fuzzy graphs are defined. Some
properties on strong product and semi-strong product of two
interval-valued Pythagorean fuzzy graphs are studied.

2. Preliminaries

In this section, we recall some definitions and basic results
of interval-valued Pythagorean fuzzy graphs.
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Definition 2.1 ([18]). Let X be a universe of discourse.
An Pythagorean fuzzy set P in X is given by P = {<
x,1up(x),yp(x) > /x € X}, where up : X — [0, 1] denotes the
degree of membership and yp : X — [0, 1] denotes the degree
of non-membership of the element x € X to the set P, respec-
tively, with the condition that 0 < u3(x) + ya(x) < 1. The

degree of indeterminacy mp(x) = /1 — u(x) — ya(x).

Definition 2.2 ([9]). An interval-valued Pythagorean
fuzzy set A defined in a finite universe of discourse
X = {x1,X2,%3,...,X,} is given by A = {< x,M(x) =
[Mar,May),N(x) = [Nar,Nay] > /x € X} where
MAL(X),MAU()C) X = [0, 1] and NAL(X),NAU(X) X = [0, 1]
and 0 < M3, + N3, < 1. The numbers M(x) and N(x)
denotes the degree of membership and degree of non-
membership of x € X in A. Here D0, 1] denotes the set of all
closed sub-intervals of the unit interval [0,1]. M = [My, My,
where My, and My are the sup and inf of M.

Definition 2.3 ([13]). An interval valued Pythagorean fuzzy
graph with underlying set V is defined to be a pair G = (P, Q)
where

e the functions Mp : V — D[0,1] and Np : V — DI0,1]
denote the degree of membership and non member-
ship of the element x € V, respectively, such that 0 <
M3, (x) + N3y (x) < 1 forallx € V.

e the functions MQ :E CV xV —D[0,1] and IVQ 1EC
V xV — D|0,1] are defined by

Mor((x,y)) < (Mpr(x) AMpL(y)),
Nor((x,y)) = (Npr(x) V Npr(y)) and
Moy ((x,y)) < (Mpy (x) AMpy (y)),
Nou ((x,y)) = (Npu (x) V Npy (y))
such that 0 < MéU((x,y)) —I—NéU((x,y)) < 1,Y(x,y) €

E.

Definition 2.4. [/4] An interval-valued Pythagorean fuzzy
graph(IVPFG) G = (P, Q) is called strong if

Mor((x,y)) = (Mpr(x) AMpr(y))

Nor((x,y)) = (NpL(x) V NpL(y)) and
Mou((x,y)) = (Mpy (x) AMpy(y))

Nou ((x,)) = (Npu (x) V Npy (v)),V(x,y) €E.

3. Main Results

Definition 3.1. An interval-valued Pythagorean fuzzy graph
(IVPFG) G = (P,Q) is called complete if

Mor((x,y)) = (Mpr(x) AMpL(y))
Nor((x,y)) = (Npr(x) VNp(y)), and
Moy ((x,y)) = (Mpy (x) AMpy (y))

Nou ((x,y)) = (Npy (x) V Npy (v)), Vx,y € V.
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Example 3.2. Consider the graph G = (V,E) such that
V = {x,y,z},E = {xy,yz,zx} given in Fig.1. Let P be an
IVPFES of V and let Q be an IVPFS of E CV XV defined by
P ={<x,[0.5,0.7],[0.1,0.6] >, < ,{0.6,0.7],[0.1,0.5] >, <
2,10.4,0.8],[0.2,0.5] >},0 = {< x1,[0.5,0.7],[0.1,0.6] >, <
v2,[0.4,0.6],[0.2,0.5] >, < xz,[0.4,0.6],[0.2,0.6] >}

<x,[0.5,0.71,[0.1,0.6]>

<xz,[0.4,0.6],[0.2,0.6]>

<2,[0.4,0.6],[0.2,0.4]>

<xy,[0.5,0.7,[0.1,0.6]> <y2,[0.4,0.61.[0.2,0.5]>

<,[0.6.0.71.[0.1,0.5]>

Figure 1. CIVPFG

Definition 3.3. Let P, and P> be interval-valued Pythagorean
fuzzy subsets of Vi and Vo and let Q1 and Q; be interval-
valued Pythagorean fuzzy subsets of E| and E; respec-
tively and we assume that Vi NV, = ¢. The direct prod-
uct of two interval-valued Pythagorean fuzzy graphs G
and Gy of the graphs G and G} is denoted by G1 MG :
(PL M P, Q1 M Qy) with crisp graph G* : (Vi x Vo, E), where
E = {((x1,51); (x2,y2)) : (x1,%2) € Ey,(y1,y2) € Eo} and is
defined as follows:

y) = (Np,L(x) V NpyL(¥))
(Npu MNpyL) (x,y) = (Npw (x) V NpyL(Y)),

2. (Mg, MMo,1)((x1,y1)(x2,y2)) =
(Mo, L(x1%2) AMg,L(y1y2))
(Mg,u MMo,u)((x1,y1)(x2,y2)) =
(Mo, v (x1x2) AMo,u (y1Y2))

(No, T No, 1) ((x1,31) (x2,¥2)) =
(No,L(x1%2) V No,L(y1y2))

(No,u MNg,u ) ((x1,y1)(x2,¥2)) =
(Ng,u (x1x2) V No,u (y1y2))

V(Xl ,xz) cEp, (yl ,yz) e k.

Example 3.4. Consider the two IVPFGs G| = (P, Q) and
Gy = (P2,02) on Vi = {a,b} and Vo = {c,d} given in Fig.2.
The direct product of G| and G, given in Fig.4 is also IVPFG.

Proposition 3.5. If G| and G, are SIVPFGs then G111 G is
SIVPFG.

Proof. If ((x1,y1), (x2,y2)) € E, then since G and G,
are strong we have,

(MQIL H‘]MQZL)(()CI V1 )7 (x27y2))

= (Mg, 1(x1x2) AMg,1(y12))

= ((Mp,(x1) AMp,(x2)) N (Mp,.(y1) AMp,1(y2)))

= AN(Mp,(x1), Mp,(x2),Mp,.(y1), Mp,L(y2))

= ((Mp,L(x1) AMp,.(y1)) N (Mpy(x2) AMp,1(2)))
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([0.2,0.5],[0.4,0.7])

(ab,[0.1,0.3],[0.5,0.9])

([0.1,0.4],[0.2,0.8])

([0.4,0.6],[0.5,0.7])

(cd, [0.3,0.4],[0.6,0.7])

([0.5,0.7],[0.2,0.3])
e Gy

Figure 2. Interval-valued Pythagorean fuzzy graphs

(10.2,0.5],[0.5,0.7]) (10.2,0.5],[0.4,0.7])

((ac, bd), [0.1,0.5],[0.4,0.8])

((ad, bc),[0.1,0.4],[0.4,0.6])

G.NG,

(10.1,0.4],[0.5,0.8]) (10.1,0.4],[0.2,0.8])

Figure 3. Direct Product

= ((Mp,. MMp,)(x1,y1) A (Mp,1. MMp,1.)(x2,¥2))
(Mo,u MMo,u ) ((x1,y1), (x2,y2))

= (Mg,u(x1x2) AMo,u (y1y2))

= ((Mp,u (x1) AMpyy (x2)) A (Mpyu (v1) AMpyu (v2)))
= AN(Mpu (x1),Mp v (x2), Mpu (y1),Mpu (y2)),

= ((Mpyuy (x1) AMp,y (y1)) AN (Mpyu (x2) AMpyu (y2)))
= ((Mpy MMpyu ) (x1,51) A (Mpy TTMpyu ) (%2, 52))
Similarly, we can easily show that,
(NoyMNo, 1) ((x1,31), (x2,¥2)) =

((NpLTINp,L) (x1,51) V (Np L MNPy L) (X2,)2))

(Ng,u MNo,u ) ((x1,31), (x2,y2)) =

((Npw MNPy ) (x1,31) V (Npw NNy ) (X2, 32))-
Hence, G| MG, is SIVPFG. O

Proposition 3.6. If G| MG, is SIVPFG, then at least G| or
G, must be SIVPFG.

Proof. Suppose that G| and G, are not SIVPFGs, there exist
xi,vi € Ej,i = 1,2 such that

Mo, ((xi,y:)) < (Mpr(xi) AMPL(y;))
Mo,u((xi,i)) < (Mpu (xi) AMpu (3i))
No,((xi,y:)) > (Npo(xi) V NpL(yi)
Nou ((xi,i)) > (Npu (xi) V Npu (vi)

Consider ((x1,y1)(x2,y2)) € E, we have
(Mo, MMg,)((x1,y1), (x2,2))

= (Mp,L(x1x2) AMg,L(y1y2))

< A(Mpy1(x1),Mp,1.(x2), Mp,.(y1), Mp,1.(y2))
Similarly,
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(Mo,u MM, ) ((x1,y1), (x2,2))

= (Mpy (x1%2) AMo,u (y1y2))

< AMpyy (x1),Mpyu (x2), Mpyu (1), Mpu (32))

Since, (Mp,y MMp,i7)(x1,¥1) = (Mp,y(x1) AMp,y(x2)) and
(Mpy MMpyu) (x1,31) A (Mpu MMpyy ) (x2,¥2))

= ((Mpu(x1) AMpyw (y1)) A (Mpu (x2) AMpyu (y2)))

= ANMp,u(x1),Mp,u(x2),Mp,u(y1), Mp,u (y2))

Hence,

(Mo, MMo,.)((x1,y1), (x2,y2))

< ((Mp,L MMp,1)(x1,1) A (Mp L. TTMpy1) (x2,y2))

(Mo,u MMo,u)((x1,y1), (x2,y2))

< ((Mpu TIMpyu ) (x1,31) A (Mpiy TTMpyu ) (%2, Y2))
Similarly, we can show that

(Ng,LMNg,)((x1,y1), (x2,2))

> ((NpLTINpyL) (x1,1) V (Np L MNP, L) (X2,2))

(No,u M Ng,u ) ((x1,y1), (x2,¥2))

> ((Np,u MINpyw ) (x1,1) V (Npu MNPy ) (x2,)2))

Hence, G| M G, is not SIVPFG, which is a contradiction.
Hence the proof. O

Definition 3.7. Let Py and P, be interval-valued Pythagorean
fuzzy subsets of Vi and V, and let Q1 and Q» interval val-
ued Pythagorean fuzzy subsets of E| and E, respectively
and we assume that Vi NV, = ¢. The semi strong product
of two IVPFGs Gi and G of the graphs G| and G} is de-
noted by G1 oGy : (P o Py,Q1 ¢ Q) with crisp graph G* :
(Vi X Vo, E), where E = {((x,y1), (x,32)) : x € V1,(y1,)2) €
Er}U{((x1,51), (x2,¥2)) : (x1,x2) € Ey, (y1,)2) € Ex} and is
defined as follows:

1. (MpLoMpy1)(x,y) = (Mp,(x) AMpyL(Y),
(Mpy oMpyy )(x,y) = (Mpy (x) AMp,u (),
(Np,LoNp,L)(x,y) = (Np,L(x) V Np,L(y)),
(Npw ©Npyw ) (x,y) = (Npw (x) V Npu (3)),
Y(x,y) € Vi xV,

2. (Mg,LoMg,1)((x,y1), (x,y2))
= (Mp,.(x) AMg,L(y12)),
(Mo,u o Mo,u ((x,y1), (x,y2))
= (Mpu(x) NMo,u (y1y2)),
(Ng,LoNg,)((x,y1); (x,¥2))
= (NpL(x) VNg,L(y1,2)),
(No,u ©No,u ) ((x,31), (x,2))
= (Npu(x) VNg,u (y1y2))

3. (Mg,LoMg,1)((x1,1), (x2,)2))
= (Mg, L(x1x2) AMg,L(y1y2)),
(Mg,u ©Mo,u)((x1,1), (x2,¥2))
= (Mo,u(x1x2) AMo,u (y1y2)),
(No,.oNo,)((x1,¥1), (x2,32))
= (Ng,L(x1x2) V No,(y1)2)),
(NQIU ONQZU)((XI » Y1 )7 (x27y2))
= (No,u (x1x2) V No,u (y1)2)),
V(xl,XQ) S El, (yhyz) S Ez.

Example 3.8. Consider the two IVPFGs G| = (P;,0;) and
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([0.2,0.5],[0.4,0.7])

(ab,[0.1,0.3],[0.5,0.9])

([0.1,0.4],[0.2,0.8])

([0.4,0.61,[0.5,0.7])

(cd,[0.3,0.4],[0.6,0.7])

([0.5,0.7],[0.2,0.3])
Gy Gz
Figure 4. IVPFGs

([0.2,0.5],[0.5,0.7]) [0.2,0.5],[0.4,0.7])

((ac, ad), (10.2,04], [0.6,0.7]) ©

((ac, bd),[0.1,0.5], [0

((ad, bc), [0.1,0.4], [0.4,0.6])

((be, bd),[0.1,0.4],[0.6,0.8])

([0.1,0.4],[0.5,0.8]) ([0.1,0.4],[0.2,0.8])

Figure 5. G| G,

Proposition 3.9. If G| and G, are SIVPFGs then G| ¢ G is
SIVPFG.

Proof. This proof is similar to the proposition 3.5. O

Proposition 3.10. If G| ¢ G, is SIVPFG then at least G| or
Gy must be SIVPFG.

Proof. This proof is similar to the proposition 3.6 0

Definition 3.11. Let P, and P, be interval — valued Pythagorean

fuzzy subsets of Vi and V, and let Q1 and Q> interval val-
ued Pythagorean fuzzy subsets of E\ and E, respectively
and we assume that Vi NV, = ¢. The strong product of
two IVPFGs G and G, of the graphs G and G} is denoted
by G1 @Gy : (P ® P, 01 ®Q7) with crisp graph G* : (V] X
Vo, E),where E = {((x,y1),(x,32)) : x € Vi, (y1,y2) € E2} U
{((xlvz)v (XZ’Z)) tzeVa, (x17x2) € El} U {((xlayl)’ ()Q,yz)) :
(x1,x2) € E1,(y1,y2) € Ex} and is defined as follows:

1L (MP1L®MP2L)(x7y) = (MPlL(x) /\MPzL(y))
(Mpy @ Mp,u)(x,y) = (Mpy (x) AMpyu ()
(NPIL ®NP2L)(X,}7) = (NPIL(X) VNPZL(y))
(Npw @ Npyw ) (x,y) = (Npw (x) V Npyw (v)),
Y(x,y) € Vi x Va.

2. (Mg, @ Mg,1)((x,y1), (x,32))
= (Mp,L(x) AMg,L(y1y2))
(Mo,u @ Mg,u)((x,y1), (x,y2))
= (Mp,u(x) AMg,u (y1y2))
(No,L ® No,1)((x,31), (x,2))
= (Np,L(x) V No,.(y1y2))
(NQIU ®NQ2U)((X,y1), (xayz))
= (Np,u(x) V Ng,u (y1y2))
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. (Mo, ®Mg,1)((x1,2), (¥1,2))

= (Mg, L(x1y1) AMp,1(2))
(Mo,u ®Mo,u)((x1,2), (y1,2))
= (Mo,u(x1y1) AMpy (z))
(NQ1L®NQ2L)((X1,Z)7(y17Z))
= (No,(x1y1) V Np,1(2)))
(NQIU ®NQ2U)((x1 7Z)v (yl ,Z))
= (Ng,u (x1y1) VNpu (2)),

Vz € Va,x1y1 € Ej.

- (Mo, ®Mg,1)((x1,51), (x2,2))

= (Mg, L(x1%2) AMg,L(y1y2))
(Mg,u ®Mg,u)((x1,51), (x2,y2))
= (Mg, v (x1x2) ANMo,u (y1y2))
(NoyL @ No,1) ((x1,31), (x2,y2))
= (Ng,L(x1x2) V Ng,L(y1y2))
(No,u @ No,u ) ((x1,51), (x2,2))
= (No,u (x1x2) V No,u (y132))
V(xl,XQ) S El,(yhyz) S Ez.

Example 3.12. Consider the two IVPFGs G| = (Py,Q) and
Gy = (P2,02) on'Vy ={a,b} and Vo = {c,d} respectively.

([0.2,0.5],[0.4,0.7])

(ab,[0.1,0.3],[0.5,0.9])

([0.1,0.4],[0.2,0.8])

([0.4,0.6],[0.5,0.7])

(cd, [0.3,0.4],[0.6,0.7])

([0.5,0.7],[0.2,0.3])
G G,
Figure 6. IVPFGs

(10.2,0.51,[0.5,0.7] 0.4,0.71)

) ((ac, ad), (02,041, 10.6,0.77) (020511

(a.c)

((ac, bd),[0.1,0.5],[8-%,0.
(Cac, be),[0.1,0.31,[0.5,0.9])

((ad, Bc), [0.1,0.4], [0.4,0.6

(b.c)

((be, bd),[0.1,0.4],[0.6,0.8])

([0.1,0.4],[0.5,0.81) ([0.1,0.4],[0.2,0.8])

Figure 7. G| ® G,

Proposition 3.13. If G| and G, are CIVPFGs then G1 ® G,
is CIVPFG.

Proof. If ((x,y1),(x,y2)) € E, then
(Mg, ®Mg,)((x,y1), (x,y2))

= (Mp,L(x) AMg,L(y1Y2))

= (Mp,(x) A (Mp,r(y1) AMp,L(y2
= (Mp,.(x) AMp,r(y1) AMp,.(y2)
(Mp,L(x) AMp,.(y1)) A (Mp,.(x) AMp,1.(y2)))
= ((Mp,L @ Mp,1)(x,y1) A (Mp, 1. @ Mp,1) (x,Y2))
(Mg,u ®Mg,u)((x1,y1), (x2,y2))

)
),
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= (Mg,u (x1x2) AMg,u (y1y2))
= ((Mpy (x1) AMpy (x2)) A (Mp,u (1) AMpyu (32)))
ANMpu (x1),Mpu (x2), Mp,u (1), Mpyu (v2)),
((Mpy (x1) AMpyu (1)) A (Mpu (x2) AMpyo (2)))
((Mpy @ Mpyy (x1,31) N (Mpw @ Mpyu ) (x2,2))-
Similarly,
NQ1L®NQ2L)<(x7y1)’ (x,yz))
= ((Np,L®Np,1)(x,y1) V (Np,L @ Np,1) (x,y2))
No,u @ No,u ) ((x,y1), (x,y2)

= ((Npu @Npw ) (x,31) V (Npu @ Npyu ) (%,2))
If ((x1,2), (x2,2)) € E, since G and G, are complete, then
(Mo, ®Mo,1)((x1,2), (x2,2))
= (Mp,(z) AMg,1(x1x2))
= (Mp,.(2), N(Mp,.(x1) AMp,1(x2)))
= NMp,(2), Mp,L(x1),Mp,1.(x2)),
= ((Mp,(2) AMp,1.(x1)) A (Mp,1.(z) AMp,1(x2)))
= ((Mp, @ Mp,1)(z,x1) A (Mp, 1. ©® Mp,1.)(2,%2))
(MQIU ®MQ2U)(('X1 72)’ ()Q,Z))
= (Mpu(z) ANMg,u (x1x2))
= (Mp,y(z) N (Mpyu (x1) AMp,y(x2)))
= ANMp,u(2),Mp,u (x1),Mp,u (x2))
= ((Mpu(2) ANMpy (x1)) A (Mpu(2) AMpyu (x2)))
= (Mpu @ Mp,y)(z,%1) N (Mpu @ Mpyu ) (2,%2)).-
Similarly,

:2), (x2,2)

—~

—~

(Noyz @M, )((x1

= ((NpL®Np,1)(z,x1) V (Np,L @ Np, 1) (2,%2))

(No,u @ No,u)((x1,2), (x2,2))

= ((Npu @ Npyw ) (2,%1) V (Npy @ Npyw ) (2,%2))

If ((x1,y1), (x2,y2)) € E, since G and G, are complete,
(Mg, ®Mo,1)((x1,y1), (x2,¥2))

= (Mg, (x1x2) AMg,1(y1y2))

= ((Mp,L(x1) AMp,L(x2)) N (Mp,1.(y1) AMp,1(y2)))

= AN Mp,(x1),Mp,(x2),Mp,. (1), Mp,1.(y2)),

= ((Mp,L(x1) AMp,L(y1)) A (Mp,1.(x2) AMp,1(y2)))

= ((Mp,L @ Mp,)(x1,51) A (MpL @ Mp,1)(x2,y2) (Mg,u ®
Mo,u)((x1,31), (x2,32)) = (Mo, v (x1x2) AMg,u (y1Y2))
= ((Mpu(x1) AMp,u(x2)) A (Mpyw (1) AMpyu (v2)))

= A(Mp,u (x1),Mpy (x2),Mpyu (y1), Mp,u (y2)),

= ((Mpy(x1) AMp,u (y1)) A (Mpu (x2) AMpyu (y2)))

= ((Mpy @ Mp,y) (x1,51) A (Mpy @ Mpyy ) (x2,2)-
Similarly,

(No,L @ Mg,1)((x1,51), (x2,2))

= ((NpiL @ Np,r) (x1,31) V (NP L @ Npy1) (X2, 32))

(No,u @ Ng,v)((x1,y1), (x2,y2))

= ((Npu @Np)(x1,51) V (Npiuw @ Npyur ) (x2,¥2))
Hence, G| ® G, is CIVPFG. O

Proposition 3.14. If G| and G, are SIVPFGs then G ® G,
is SIVPFG.

Proof. This proof is similar to the proposition 3.5. O

Proposition 3.15. If G| ® G, is SIVPFG then at least Gy or
G, must be SIVPFG.

Proof. This proof is similar to the proposition 3.6 O
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4. Conclusion

In this paper, we proved that the direct product, semi-
strong product and strong product of two IVPFGs is also an
IVPFG, Consequently, if the direct product is strong, then
any one of two IVPFGs is strong and also if the semi-strong
product is strong, then any one of two IVPFG is strong. Also
we proved that the strong product of two complete IVPFGs is
complete.
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