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Abstract
In this paper the notion of the zero-divisor Cayley graph G (Z,,Dy), where (Z,,®,®) is the ring of residue classes

modulo r, n > 1, an integer and Dy is the set of nonzero zero-divisors, is introduced and it is shown that G (Z,, Do)
can be decomposed into components, if n is a power of a single prime and it is connected, if n is a product of

more than one prime power.
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1. Introduction

The Cayley graph G(X,S) associated with the group (X, .)
and its symmetric subset S (a subset S of the group (X,.) is
called a symmetric subset, if s~! € S for every s € §) is intro-
duced to study whether given a group (X, .), there is a graph T’
whose automorphism group is isomorphic to the group (X, .)
[14], and Frucht established this in [12]. For details see [18].
Later independent studies on Cayley graphs have been carried
out by many researches [9, 10]. Madhavi [15] introduced Cay-
ley graphs associated with the arithmetical functions, namely,
the Euler totient function ¢(n), the quadratic residues modulo
a prime p and the divisor function d(n),n > 1, an integer and
obtained various properties of these graphs. Later Madhavi et
al. [16, 17] studied various aspects of these graphs.

The Cayley graph G(X, S) associated with the group (X, .)
and its symmetric subset S is the graph, whose vertex set is X
and the edge set E = {(x,y) : either xy~' €8, or, yx~! € §}.
If e ¢ S, where e is the identity element of X, then G(X,S) is
an undirected simple graph. Further G(X,S) is |S|— regular

and contains % edges [15].

Beck [8], Akbari and Mohammadian [1, 2], Anderson
and Naseer [6], Anderson and Livingston [5], Livingston
[19] Smith [20], Tongsuo [21], and others studied the zero-
divisor graphs of commutative rings. Given a commutative
ring R with identity, they defined the zero-divisor graph I'(R)
as the graph, whose vertex set is the set Z(R)*, the set of
nonzero zero-divisors of R and the edge set is the set of all
ordered pairs (x,y) of elements x,y € Z(R)*, such that xy =0
and studied the connectedness, the diameter, the girth , the

automorphisms of I'(R) and other prperties under conditions
on the ring R. Our attempt is to associate a Cayley graph with
the set of nonzero zero-divisors of a ring (R,+,.) and study
these graphs, with particular reference to the ring (Z,,®,®)
of residue classes modulo n > 1, an integer. The terminology
and notions that are used in this paper can be found in [11]
for graph theory, [13] for algebra and [7] for number theory.

2. Zero-divisor Cayley graph and its
properties

In this paper we study the Cayley graph associated with
the set of zero-divisors in the ring (Z,, ©, ®) of residue clasess
modulo a positive integer n. We start with some properties of
the zero-divisors of a ring that are needed in our study.

Definition 2.1. Let (R,+,.) be a commutative ring. An ele-
ment x € R,x # 0, is called a zero-divisor in (R,+,:), if there
exists y € R,y # 0, such that xy = 0. The set of all zero-divisors
of the ring (R, +,.) is denoted by Dy.

Lemma 2.2. Let (R,+,.) be a commutative ring. The set Dy
of the zero-divisors in (R,+,.) is a symmetric subset of the
group (R, +).
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Proof. Let x € R be a zero-divisor in the ring (R,+,.). Then
x # 0 and there exists y € R,y # 0, such that xy = 0 = yx.
Consider the inverse —x of x in the group (R,+). Then —x £ 0
and from xy = 0, one gets (—x)y = —(xy) = 0. So —x is also
a zero-divisor (R, +,.). Hence Dy is a symmetric subset of the
group (R, +). O

Lemma 2.3. Letn > 1, be an integer. A positive integer r is
not relatively prime to n if, and only if, r is a zero-divisor in
the ring (Z,,®,0).

Proof. Let n > 1, be an integer and let » > 1, be a positive
integer less than are equal to n such that (n,r) # 1. Then there
exists an integer s > 1, such that (r,n) = s, so that s/r and s/n.
So, n = st and r = sl, for some integers / > 1, > 1. That
is, r = sl = (n/t)l, or, rt = nl. This shows that 77 = nl, or,
FOI=n®1=001=0. That is, there is 7 € Z,, f # 0 such
that 7®7 = 0, so that 7 is a zero-divisor in the ring (Z,,®,®).

Conversely, let 7 be a zero-divisor in the ring (Z,,®,®).
Then there exists 5 # 0 such that 705 =0=507.

Suppose (r,n) = 1. Then there exists integers x and y such
that rx +ny = 1. This gives srx+sny = s, or, srx+sny =5,
or, 5OF) OX® (5en)©y=s5. SincesOF=0and 7 = 0, we
get 5 # 0 and this leads to a contradiction to fact that 5 # 0.
So (r,n) # 1. O

Theorem 2.4. For n > 1, an integer, the number of zero-
divisors of the ring (Z,,,®,®) isn— ¢@(n) — 1.

Proof. By the Lemma 2.3, for any positive integer n > 1, the
integer r, 1 < r < n, is not a relatively prime to n if, and only
if, r is a zero-divisor in the ring (Z,,$,®).

For any positive integer n > 1, there are ¢ (n) number of
integers less than n and relatively prime to n. So, the number
of numbers which are less than n and not relatively prime
to n is equal to n — @(n). Also by the definition of the zero-
divisor, 0 is not a zero-divisor in the ring (Z,,®,®), so that the
number of zero-divisors in the ring (Z,,®,®) isn—¢(n) — 1.

By the Lemma 2.2, the set Dy of zero-divisors of the ring
(Zy,®,®) is a symmetric subset of the group (Z,, ). So one
can think of Cayley graph associated with the group (Z,,®)
and its symmetric subset Dy and this is defined as follows.

Definition 2.5. Consider the group (Z,,®) and its symmetric
subset Dy of zero-divisors in the ring (Z,,®,®). The graph G
whose vertex setV = Z, = {0,1,2,...,n — 1} and whose edge
set E = {(x,y) : either x—y € Dy, or,y —x € Do} is defined as
the zero-divisor Cayley graph and it is denoted by G(Z,,Dy).

Lemma 2.6. The graph G(Z,,Dy) is (n— @ (n) — 1)—regular.
Moreover the number of edges in G(Z,,Dy) is given by 5 (n—

¢(n)—1).

Proof. By the Theorem 1.4.5, [15]. The graph G(Z,,Dy) is
(n— @(n) — 1)— regular and the total number of edges in
G(Zy, D) is L=20=Y) ‘Thatis, G(Z,,Dy) is (n — @(n) —
1)— regular and its size is w ) O
Example 2.7. In the ring (Z7,®,®), the set Dy of zero-divisors

is the empty set and the graph contains only vertices . The
graph of G(Z7,Dy) is given in Figure 1.
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Figure 1: G(Z7,Dy)

Example 2.8. In the ring (Z3,®, ®), the set Dy of zero-divisors
is the {2,4,6}. Since] =3 =4 € Dy, there is an edge between
3and7. Also, 5—1 =4 € Dy and there is an edge between 1

and 5. Similarly other edges can be found and the graph of
G(Zg,Dy) is given in Figure 2.
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Figure 2: G(Zs,Dy)
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Example 2.9. In the ring (Z10,D,0®), the set Dy of zero-

divisors is the {2,4,5,6,8} and the graph of G(Z0,Dy) is

given in Figure 3.

Figure 3: G(Z10,Dp)

Lemma 2.10. For a prime p, the graph G(Z,,Dy) contains
only isolated vertices.

Proof. Let p be a prime. Then for every r,1 <r < p—1,
(r,p) =1 and the ring (Z,,®,®) has no zero-divisors, so
that the edge set is empty and the graph has only isolated
vertices. ]
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3. The disconnected property of the
zero-divisor Cayley graph G(Z,,D),
where n is a power of a single
prime

When 7 is a power of a single prime say, n = p”, p be a prime
and r > 1, the zero-divisor Cayley graph G(Z,,Dy) has an
interesting property, that, it is decomposed into disjoint union
of p components.

Remark 3.1. In the study of disconnected property of
G(Z,,Dy), where p is a prime and r > 1, is an integer, the
following decomposition of the vertex set Z,y of G(Zy,Dy),
as Cy,C1,Cy,...,Cp_1 play a key role.
Co={0,p,-,ip, -, jp, - (P ' = 1)P}, B

Cl = {17ﬁ+ 1; "'7iﬁ+ 17 ,]ﬁ+ 17 eeey (pr—l - 1)ﬁ+ 1};
C=1{2,p+2,.yip+2,.,jp+2,..., (P = 1)p+2},

Cpfl = {p_ 17 7iﬁ+p_ 1a7jﬁ+§a ) (pril - 1)ﬁ+p_ 1}

Lemma 3.2. For a prime p and an integer r > 1, the set
Dy of zero-divisors in the ring (Z,,&,0) is given by
Do ={P,2P,....iP, ... jP ..., ("' — 1)P} and the number of
zero-divisors of the ring (Zy,®,®) is Pl

Proof. For each integer i, 0 < i < p'~! — 1, ip is a zero-

divisor of the ring (Z,-,®,®), since (ip)(p"~') = ip” =0.
So, every element in the set

DO = {ﬁazﬁv’“viﬁa“‘v]’ﬁv“'? (pr—l - 1)?}7

is a zero-divisors of ring (Z,,®,®) and it contains p"~! — 1

elements. By the Theorem 2.4, the number of elements in the

set Dy of zero-divisor of (Z,r,®,®) isequal to p" — @(p") — 1,
r

or,p"—(p"—p~ ) —1=p ' —1,since @(p") = p"—p~ .
This shows that the set

DO = {ﬁ?zﬁw"aiﬁw“»]’ﬁa SE) (pr—l - l)ﬁ}

is the set of zero-divisors of (Zpr7 @®,®), and the number of
zero-divisors of (Z,r,®,®), is p~ ! — 1.
O

Lemma 3.3. For 0 <k < p—1,, each Cy contains p”1

distinct vertices of G(Zr,Dy).

Proof. For 0 <k < p— 1, consider the subset C; of vertices
of G(Z,,Dy) is given by

Co={k,p+k,2p+k,....ip+k, ..., jp+k,...,(p" "' = 1)p+k}.

If possible, let k+ip = k+ jp. Fori# j,0<i< j<p"~ ' —1.
Then (j—i)p =0. Since, i # j,0<i< j < p"~' —1, we have
0<j—i<p~!'—1.Buto(p)in (Zy,®)is p"'. So, for any
positive integer ¢ < p"~!,#p # 0 and thus, (j —i)p = 0 with
j—i< p"!leads to a contradiction. Hence our assumption
that k+ip = k+ jp, fori # j,0<i < j< p"~! — 1, is wrong

and Cy, contains p’~! distinct elements.
O
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Lemma 3.4. For 0 <k < p—1, each Cy is a complete sub-
graph of G(Z,r,Dy).
Proof. For this one has to show that there is an edge between

every pair of distinct vertices in Cy. To see this,
let ip+k, jp+keCyfor0<i< j<p~!—1.Then,

(jP+k) = (p+k) = (i —i)p.
Since (j—i)pp’~! =0, this shows (j —i)p is a zero divisor
of (Z,,®,®) and (jp+k) — (ip+k) € Dy, so that there is

an edge between any pair of distinct vertices in Cy, proving
that Cy, is a complete subgraph of G(Z,r,Dy).

Lemma 3.5. For0<k<I<p—-1,G:NC;=9.
Proof. For0 <k << p—1, we have

Co={k,p+k,2p+k,...,ip+k, ..., jp+k,...,(p" ' = 1)p+k},

and
Cr={L,p+1,2p+1,.ip+1 ., jP+1,....(p = )P +1}.
If possible, assume that C; NC; # ¢. Then, there exists
u € CyNC;. Now u € C;, implies that u = k+ ip for some
i,0<i<p'~'—1. Similarly, u € C;, implies that u = [ + jp
for some j,0 < j < p"~! — 1. For definiteness we may assume
that i < j. Then we have, k+ip = u = k+ip, or, [ —k+ (j —
i)p = 0. From this one gets (I —k)p"—1 + (j —i)p" =0, or,
(I—k)p—1 =0, since p" = 0. That is, (I —k)p"~! =0, since
f=1t1,foranyt,1 <t <p . Now0<k<I<p—1,so that
0<I—k<p—1<p.Thatis, (I—k)p'~! =0withl —k < p.
Since, o(p™') = p, in (Z,r,®) , this leads to a contradiction.

So, our assumption that C; NC; # ¢ is wrong and hence Cj,
and Cj are disjoint. OJ

Lemma 3.6. For 0 <k <l < p—1, there is no edge between
any vertex of Cy and any vertex of C;.

Proof. For0<k<I[<p—1,letip+k € Cyand jp+1€C.
Then (jp+1)— (ip+k) = (j—i)p+ (I —k). Since 0 < k <
p—1,and0<I<p—1,wehavel —k < p—1 < p, it follows
that / — k is not a multiple of p. Hence (j—i)p+ (I —k) isnota
multiple of p so that it is not a be a zero-divisor of (Z,,®,®).
This shows that there is no edge between ip +k € C; and
]ﬁ"‘j €. O

Theorem 3.7. For a prime p and an integer r > 1, the graph
G(Z,r,Dy) contains p disjoint components of G(Zy,Dy),
each of which is a complete subgraph of G(Z,r,Dy).

Proof. Letn= p",r > 1, be an integer. Consider the decom-
position of the vertex set of G(Z,r, Do) as given in Remark 3.1.
By the Lemma 3.4, there is no edge between any vertex of Cy
and any vertex of C;, for some k,[,0 <k <! < p—1. Hence,
the graph G(Z,, Do) contains p number of components, and
each of which is a complete subgraph of G(Z,,Dy). O

Example 3.8. The graph G(Zy, Do) and its disjoint compo-
nents are given in Figure 4 and and Figure 5 respectively.

Example 3.9. The graph G(Z6,D0) and its disjoint compo-
nents are given in Figure 6 and Figure 7 respectively.
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Figure 4: G(Zy,Dy)
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Figure 5: The disjoint components of G(Zy,Dy)

4. The connected property of the
zero-divisor Cayley graph G(Z,,D,),
where n is not a power of a single prime

In this section, it is shown that the graph G(Z,,Dy), where n
is not a power of a single prime, is a connected graph. For
this, a decomposition of vertex set V of G(Z,,Dy), similar to
that given in Remark 3.1, is considered. Let n =[], p{*,

where p; < py < ... < p, are primes, o; > 1, 1 <i <rare
integers.

Remark 4.1. Consider the following subsets of vertices
Vo,Vi,Va, ...,V 1 of the vertex set V of G(Z,,Dy).

VO = {67m72m1 "'71.1717"'7(”;{71 )m}u
Vl = {571714‘@, 2171—1_%7 7i171+ﬁ7 ceey (n;{ll )ﬁ"_ﬁ}a
Va2 ={2p2,2p1 +2p2, ..., iP1 + 22, .., (21 ) T + 22},

n

Vo1 ={(p1—1)p2,....ip1 +(p1 —1)p2,..., (n;fjl

Dp2}-

Lemma 4.2. For 0 <k < p; — 1, each V. contains distinct
vertices and the number of vertices in each Vj, is ﬁ

)1+ (p1—

Proof. For0 <k <p;—1,let
g g n—piy_—— , ,—
Vi = {kp2,P1 + kpz, ..., ip1 —|—kp2,...,(T)p1 +kp3}.
If possible, let ipi + kpz = jp1 + kpz, for some i, j where

0<i<j< % < 4. Then (j —i)p1 =0. Since j—i < -,
this implies that (j —i)p; < n, which leads to a contradiction.
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Figure 6: G(Z16,Dy)
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Figure 7: The components of G(Z6,Dy)

So, our assumption that ipy + kp> = jp| + kp> is wrong and
ip1 +kp3 and jpy + kp3 are distinct. That is, each Vj contains

B +1 = [ distinct vertices of G(Z,,Dp).

O
Lemma 4.3. For 0 <k < p;—1, each Vi is a complete sub-
graph of G(Z,,Dy).

Proof. Letu,v € Vi. Then u = ipy +kp> and v = jp1 +kp;
for some i, j,0 <i< j< %. Then,

. _n—p
u—v=(jpi+kpz) —(ip1 +kpz2) = (j—i)p1,0<i< j< plp.

Since py is a zero-divisor in the ring (Z,,®,®), rpy is also a

zero-divisor of the ring (Z,,®,®) and this shows that u and v

are adjacent, so that Vj is complete subgraph of G(Z,,Dy).
O

The following theorem establishes that, if n is not a power
of a single prime then G(Z,,Dy) is connected.

Theorem 4.4. Let n > 1, be an integer, which is not a power
of a single prime. Then the graph G(Z,,Dy) is a connected
graph.

Proof. Let n > 1, be an integer, which is not a power of a
single prime and let n = []_, pf”, where p1 < pr < ... < p»
are primes ¢; > 1,1 < i < r are integers.

Case i: Let u,v € V;, for some [,0 <[ < p;—1. Then u =

020
Q000
S502.7

(N

’ :*o
P
)
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ip1 +1p3 and v = jpi +1p3 for some i, j,0 <i < j < =P
By the Lemma 3.2,
u=[ipy +1p3) — [(i+ D)p1 +1p2) — ... — [jPr +1p2] = v

is a path joining u and v and thus the graph G(Z,,Dy) is a
connected graph.

Caseii: Letu € Vyandv eV, forsome k,[,0 <k <l < p;—1.
Then u = ip1 +kp; and v = jp1+Ip; for some i, j, 0 <i <
Jj< %. Consider ipy + Ip; € V;. (This is possible since
i<j< %) Since V; is a complete subgraph of G(Z,,Dy),
there is an edge between jpi + [p; and ipy + [p;. Further
(ip1 +1p2) — (ip1 + kp2) = (I — k) p7 is also a zero-divisor of
the ring (Z,,®,®). So, there is an edge between ipj + [P,
and ipy + kp;. That is,

u=[ipt +kp2] — [jp1 +1p2) — [ipi1 +1p2] = v

is a path joining u and v and thus the graph G(Z,,Dy) is a
connected graph.
O

Example 4.5. In the graph G(Z0,Dy), the set Dy of zero-

divisors is {2,4,5,6,8}. Here 10=5.2, py =2 and p, = 5.
Now tfzg vertex set is the union of Vy and Vi, where Vy =
{0,2,4,6,8} and V| = {3,5,7,9,1}. Consider the two ver-
tices 4 and 7, The path 4—-9—7 connects 4 and j Similarly
the vertices 1,5 € V| are connected by the edge (1,5). These
paths are shown in Figure 8, by bold face edges.
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