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Abstract. In the present article, we define a new subclasses of pseudo-type meromorphic bi-univalent functions defined on
A={z]:2z€Cand 1< |z| < oo}, and investigate the initial coefficient estimates |bo| and |b1|. Further, several earlier
results are also indicated.
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1. Introduction

Let A denote the class of functions f(z) of the form:

f(z):erZanz" (1.1)

n=2

which are analytic in the open unit open disk U = {z : z € C,|z| < 1}. Also, we detote .S be class of all
functions in A which are univalent and normalized by the conditions

fO)=0=f(0)-1

in U. Let X/ denote the class of meromorphic univalent functions g of the form
oo b
_ n 1.2
g(z) =z + 7;:0 n (1.2)

defined on the domain A = {z : z € U,1 < |z] < oo}. Since the function g € 3’ is univalent, then it has an
inverse g~ ! = h , defined by

—1
9 (9(2)) =z (z€ ),
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and
g Y g(w)) =w (M < |Jw| < co, M >0),
where
— b bibo+by b2+ byb2 + 2bgbo + b
-t n 1 170 2 1 104 002 3
g (w)=hw)=w+Y —=w-by— — — —— — . + (1.3)
n=0 w w w
By a simple calculations, we have:
by+B1 By—bBy+by Bs—b B+ b B2—2byB+b:
w=g(h(w))=(bo+Bo)+w+1w L= ;20 2 28 Pl 11030 20T L (14)

Comparing the initial coefficients in (1.4), we find that
bo+ By =0 = By = —bg
bi+B; =0 = B =-b
By —b1By+by=0 = By = —(bz2 + b1by)
B3 —b1By + b1 B2 —2byBy +b3 =0 = Bz = —(b3 + 2bgb1 + by b3 + b?).

A function g € ¥/ is said to be meromorphic bi-univalent if g~' € X', and the family of all meromorphic
bi-univalent functions is denoted by 3,. The coefficient problem was widely investigated for various interesting
subclasses of the meromorphic univalent functions; for example, Schiffer [19] obtained the estimate |bo| < % for
meromorphic univalent functions f € S with by = 0. In 1983, Duren [20] obtained the inequality |bo| < n%_l
for f € Swithb, =0,1 <k < 3.

For the coefficients of inverses of meromorphic univalent functions, Springer [16] showed that

1 1
|Bg| < 1and |B3 + iBf‘ < 5,
and conjectured that
(2n —2)!
By 1| < ———(n=1,2,--).
|52 1|_n!(n71)! (n )

In 1977, Kubota [22] has proved that the Springer conjecture is true for n = 3; 4; 5. Furthermore, for h € ¥,
Schober [15] obtained sharp bounds for |Ba,—1|if 1 <n < 7.

Recently, Some several researcher such as ( for example [1], [2], [3], [4] [5], [6], [7], [8], [9], [10], [11],
[12],[13], [14], [17], [21]) introduced new subclasses of bi-univalent functions and meromorphically
bi-univalent functions and obtained estimates on the initial coefficients for functions in each of these subclasses.

In 2013, Babalola [18] introduced a new subclass A-pseudo starlike function of order 0 < 8 < 1 satisfying
the analytic condition
2(f(2)) }
8%{ >pB(A>1, zeU). (1.5)
) ( :
In particular, Babalola [18] proved that all A-pseudo-starlike functions are Bazilevic of type 1 — % and order ﬂ§
and are univalent in open unit disk U.

In the present paper, we introduce two new subclasses of pseudo-type of meromorphically bi-univalent
functions and obtained the estimates for the initial coefficients |bg| and |b;| of functions in these subclasses.
Several some consequences of the new results are also pointed out.
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2. Coefficient Bounds for the Function Class X/ (h, p, \)

We begin by introducing the function class ¥’ (h, p, A) by means of the following definition.
Definition 2.1. Let the functions h;p : /A — C' be analytic functions and

_ _ pP1r P2, D3
h(Z)—].*F?‘F*Q‘FZ*SﬁL"', p(z)—1+;+;+g+,

such that
min{R(h(z)),R(p(2))} > 0,z € A.

A function g(z) € X' given by (1.2) is said to be in the class X, (h,p, \) if the following conditions are satisfied:

geE’andWeh(A),(AZl, z € N), 2.1
and )
w(hEZj;) ep(A),(A>1, weD), (2.2)

where the function h is given by (1.3).

Theorem 2.2. Let g(z) be given by (1.2) be in the class X, (h, p, \). Then

2 2
|bo|§mm{\/|h1| o 7\/|h2|—2%p2} 23)

) |he| +lp2| 1 \/|h22+|p2|2 (Jh1]? + |p1[?)?
< . 2.4
|b1|—mm{ oN+1] " A+1 2 + 1 24

Proof. Let g € X/ (h,p, A). Then, by Definition 2.1 of meromorphically bi-univalent function class 3, (h, p, A),
the conditions (2.1) and (2.2) can be rewritten as follows:

and

= h(z 2.5)
9(2) &
" (h(w))*
w(h(w
= 2.6
h(w) p(w), (2.6)
respectively. Here, and in what follows,the functions h(z) € P and p(w) € P have the following forms:
P1 P2 | D3
=1l+—=+=+=+.. A 2.
p(2) +z+22—|—z3+ (z e ) 2.7
and q q q
1 2 3
=14+=4+ =+ =+ .. AN). 2.
q(w) +w+w2+w3+ (weh) (2.8)
Clearly, we have
NA 2 1 3 _ 2 1 2
z(9(2)") :1_bj+bo ( +)‘)b1+b0 (2A\)boby + (1 + /\)52+
g(2) z 22 23
(2.9
S
(V=)
MJM
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and
h(w)")* bo B2+ (L+ )by b3+ (3(1+ Nboby + (1 +2X))b
wh(w))* | bo B (L4 A)b B+ (3014 Nboby + (1422
h(w) w w? w3
(2.10)
Now, equating the Coefficients in (2.5) and (2.6), we get
—by =My (2.11)
b — (1+A)by = hy (2.12)
bo = p1 (2.13)
b2 4 (14 \)by = pa. (2.14)
From (2.11) and (2.13), we find that
P1=—q1 (2.15)
and
202 = hi +p? (2.16)
that is, ) )
h
of? < Il 2.17)
Adding (2.12) and (2.14), we get
202 = ho + po (2.18)
that is,
h
jbp? < 12l T l2] ; p2], (2.19)

From (2.18) and (2.19) we get the desired estimate on the coefficient |by| as asserted in (2.3).
Next, in order to find the bound on |bg|, by subtracting the equation (2.12) from the equation (2.14), we get

2(1 + /\)bl = po — ho, (2.20)
that is,
|ha| + |p2
bh| < ————=. 2.21
By squaring and adding (2.12) and (2.14), using (2.18) in the computation leads to
1 2 2 2 212
(14 X)2 2 4
that is,
1 lha|® + [p2* | ([hal® + [pa[?)?
bi| < \/ . 2.23
b1] < T < 5 + 1 (2.23)
From (2.21) and (2.23) we get the desired estimate on the coefficient |b; | as asserted in (2.4). |
Remark 2.3. If we take
1421\ 20 | 202
h(z) =p(z) = (1 :12) :1+7a+%+--- ,(0<a<l, ze ),
z
and 125
1+ === 2(1 — 2(1 —
M) =p() = g =14 A 2B (g pcn s en),

respectively, in the Theorem 2.2, we obtain the following results which is an improvement of estimates obtained
by Srivastava el. at [17].
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Corollary 2.4. Let g(2) be given by (1.2) be in the class X! (), ). Then

bo| < 2a (2.24)
and Vo2
25

bi| < ) 2.25

b1] < Nl (2.25)

Corollary 2.5. Let g(z) be given by (1.2) be in the class X!, (X, i1, o). Then

|bo| < 2(1— p) (2.26)
and
2(1 — p)/4p? — 8u + a2
b < . 2.27
|b1] < ] (2.27)

3. Coefficient Bounds for the Function Class Y/ (h, p, A, 5)

We first introduce the function class 3/, (h, p, A, ) as follows.
Definition 3.1. Let the functions h;p : /A — C be analytic functions and
_ h _ b1 P2 | D3
h(z)—l—l—?—F?—F;‘F"',p(Z)—1+Z+Z2+23+ s
such that
min{R(h(z)),R(p(2))} > 0,z € A.

A function g(z) € ¥/ given by (1.2) is said to be in the class ¥/, (h,p, A, B) if the following conditions are
satisfied:

A ’
g€ X and (1) (g(j)) +ﬁ<z(i]((i)))k> ERN), (0<B<1, A>1,2z€U"), (3.1)
and

A /
(1-75) (h(ww)> + 4 (W) ep(A)0< <1, A>1, weU"), 3.2)

where the function h is given by (1.3).

Next, we now derive the estimates on the Coefficients |bg| and |b;| for the meromorphically bi univalent
function class 3 5(x).

Theorem 3.2. Let g(z) be given by (1.2) be in the class ¥/, (h,p, A, 3). Then

. |h1]? + [p1]? ha| + |pa
ol < mm{\/ 2023 - 57\ RO - DI ) +2BI} G
and
|b1| < min
[p2| + |72 1 [haf? + Ipaf? | [AA = 1) = B) + 28)2(1ha | + [ps )

2(8 = A+ 2AB)]" | — B — 278 2 16(A — A8 — B)* .
(3.4)

S
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Proof. Let g € X/ (h,p,\,8). Then, by Definition 3.1 of meromorphically bi-univalent function class
X! (h,p, A, B), the conditions (3.1) and (3.2) can be rewritten as follows:

1) (£0) 4 (P 65)
and
-y (M) (MO e, 66)

respectively. Here, just as in our proof of Theorem 2.1, with the functions p(z) € P and g(w) € P have the
forms in (2.7) and (2.7), and comparing the corresponding coefficients in (3.5) and (3.6), we have

(A=AB = B)by = I (3.7)
1
5AA=1)(1=B) +28)b5 + (A = 8 = 2A8)b1 = ho (3.8)
—(A=AB=B)bo = m (3.9)
1
A=D1 = B8) +28)55 + (B = A+ 2A8)b1 = pa. (3.10)
From (3.7) and (3.9), we obtain
hy = —p1 (3.11)
and
200 = A8 — B)°b5 = hi + (3.12)
that is, ) )
2 |ha|* + |p1]
‘b0| < m (3.13)
From (3.8) and (3.10), we get
AN =1)(1 = B) +28)b3 = hy + p1, (3.14)
that is,
lbo|? < il & Ip| (3.15)

AA =11 = B)+28]
From (3.13) and (3.15) we get the desired estimate on the coefficient |by| as asserted in (3.3).
Next, in order to find the bound on |b; |, by subtracting the equation (3.8) from the equation (3.10), we get

2(8 = A+ 2AB)b1 = p2 — ha, (3.16)
that is,
|p2| + | A2l
| < ———— = 3.17
DS B3+ 2] G17
By squaring and adding (3.8) and (3.10), using (3.14) in the computation leads to
oo 1 Rpd (A=) - B) + 28)P[h3 + p3)? a8
T =g =228)2 2 16(A — A3 — B)* ’ '
that is,
1 ho|? 2 AAN=1)(1 — 28)]2(|h1]? 2)2
bl < I, (OO -DO=8)+ 2RI+ PR
A= B —2)f] 2 16(A — A5 — B)
From (3.17) and (3.19) we get the desired estimate on the coefficient |b; | as asserted in (3.4). |

Future Work: For function g € ¥/, (X, 3, ¢) given by (1.2) by taking ¢ = h(z) = p(z) as in Remark 2.3 or

(¢ = % —1 < B < A <1), we can obtain the initial coefficient estimates |by| and |b; | by routine procedure

(as in Theorem 2.2) and so we omit the details.
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