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equation
fx+ky)+ f(x—ky) =2 f(x+y) + K2 f(x—)

2012
D oy +20(—3) — 6709)

+2(1—K2) f(x) + g
(1.1)

where k # 0,41 in Non-Archimedean normed space.

In this paper, authors proved the generalized Ulam - Hy-
ers stability of mixed type general quartic - cubic - quartic
functional equation

flemy) + f(x—my) = m* f(x+y) +m* f(x~y)

m?(m*—1)

+2(1—m?)f(x)+
1.2)

where m # 0,+1 in Quasi beta Banach space via two dissimi-
lar techniques.

2. Definitions and Notations On Quasi
Beta Banach space
In this section, we present some basic facts concerning quasi-
B-Normed spaces and some preliminary results.

We fix a real number 8 with 0 < 8 < 1 and let K denote
either R or C.

Definition 2.1. Let X be a linear space over K . A quasi-

B-norm || - || is a real-valued function on X satisfying the
following:

(Q1) ||x||>0forallx€ X and | x||=0ifand only ifx=0.
(Q2) || Ax|| =|A B .|| x| forall A € K and all x € X.
(Q3) There is a constant K > 1 such that

[x+yl[< Kl x|+ [yl forallx,yeX.

The pair (X,|| - ||) is called quasi-B-normed space if || - ||
is a quasi-B-norm on X. The smallest possible K is called the
modulus of concavity of || - ||

Definition 2.2. A quasi--Banach space is a complete quasi-
B-normed space.

Definition 2.3. A qusi-B-norm || - || is called a (B, p)-norm
O<p<)if

Fx+y 1P<l[x (1" + [l ¥ [I7

forall x,y € X. In this case, a quasi-f-Banach space is called
a (B, p)-Banach space.

More details, one can refer [18, 54, 57] for the concepts of
quasi-normed spaces and p-Banach space. Given a p—norm,
the formula d(x,y) := ||x —y||? gives us a translation invariant
metric on X.

By the Aoki-Rolewicz theorem [54], each quasi-norm is
equivalent to some p—norm. Since it is much easier to work
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with p—norms than quasi-norms, henceforth we restrict our
attention mainly to p—norms.

In [57], J. Tabor has investigated a version of the Hyers-
Rassias-Gajda theorem in quasi-Banach spaces.

In order to prove the stability results let us consider % be
a Linear Space over R and ¥ be a quasi - beta Banach space
with || - ||». Also, throughout this paper we define a function
v —v

Foco(x,y) = f(x+my) + f(x—my) —m* f(x+y)
0 f(x—y) =21 —m?) £ (x)
m?(m? —1)

- (£ (29) + 2 () 6 ()

T(f(z)’) +2f(-y) _6f(y))where m#0,+1forall x,y € %.

3. Stability Results: Direct Method

3.1 Case 1: fis Even
Theorem 3.1. Assume p : %* — (0, be a function satis-
fying the condition

p(2%x, 2%y)

lim 1z

q—e

-0 (3.1)
forallx,y € U. Also, let f : % — V be an even mapping
satisfying the functional inequality

1Foco(x,y)lly < p(x,y) (3.2)

forall x,y € % . Then there exists a unique quadratic function
Dy (x) : U — Y satisfying the functional equation (1.2) and

12(x) = 22(x) [l = [1f(2x) = 16f(x) = 22(x) |

- K9~ A(2°Px,25Px)
— _ ﬁ 4Sp
[4m2m? =) s
(3.3)

and

A(2Px,2Px) = K> [12m2p(o, 2Px) + 12(m* — 1)p (2°Px,2°Px)

+6p(0,2-2%x) + 12p (m - 2°Px, 2%)}

(3.4)
Sorall x € % . The mapping 2> (x) is defined by
L pEx)  f(20Dx) — 16£(2%x)
25(x) *‘}I_T)EOT *t}l_{{}o 1% (3.5

forall x € %, where s = +1.

Proof. Interchanging x and y in (3.1) and using evenness of
f, one can see that

| Fmry) + flmr—y) = fx-+3) = f (r=)

m*(m* —1)

=2(1=m?)f(y) — ¢ f(2x)—4f(x))
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for all x,y € 7% . Substituting y by 0 in (3.6), we find that we have
o) [ = )P || (4) — 20£(2x) + 647 ()|
Jastoms) 2 0) - "= 20 400 | < 01202 [25(m0) - 202105
< p(0,x) (3.7) m?(m? —1)

S (1 (20) - 41 ()

for all x € 7/. Again substituting y by x in (3.6), we observe v

i 120 1)+ 1)+ (1) 72
H F((m+1)x) + £((m—1)x) —m’ £ (2x) = 2(1 —m®) £ (x) —2(1—m?)f(x) - W(ﬂm —4))
D e -ar)| <ot 0 veanm - 2nsen - -asizn)
+121|am) —n2 n+ )0) 2 (n 1))

for all x € 7. Replacing (x,y) by (2x,0) in (3.6), we notice
that 72(1 _ mZ)f(mx) _

m?(m? — 1)

m*(m* —1)

(720 —4f (1)

B
Hz F(2mx) — 2m f(2x) (742) ~4729) |

< p(0,2x) (3.9) +6p(0,2x) + 12p (mx,x)} = A(x,x) (3.15)

<K {nmzp(o,x) F12(m? — 1)p(x,%)

for all x € % . Again replacing (x,y) by (x,mx) in (3.6) and  forall x € % . It follows from (3.15), we reach
using evenness of f, we witness that

< A(x,x) (3.16)
for all x € % . Define a function
m*(m? —1)
e (20 —41(x) fiU—V by  folx)=f(2x)—16f(x)
4 (3.17)

< p(mx,x) (3.10) . . .
for all x € 7. Using (3.17) in (3.16), we achieve

[m2(m? = 1)) | f2(26) =45 (0|l <A(xx) or

| #@mx) = m f(m+ 1)) = (m— 1))

—2(1 —m?) f(mx) —

for all x € % . Multiplying the inequalities (3.7), (3.8), (3.9)
and (3.10) by 12m?, 12(m* — 1), 6 and 12 respectively, we

arrive the following inequalities I£2(2%) —4f)||y < A(x, x) (3.18)
_ m2(m? = 1))°
12m? |[2f (mx) — 2m>f (x) — @ (f(2x) —4f(x))| for all x € % . Now, from the above inequality, we have
v 2 Alx,
< 12m*p(0,x) (3.11) f2(4x) — (%) , < [41112(5;162)21)][3 (3.19)
12(m* ~1) H F(m+1)x) + f((m — 1)x) — i’ £ (2x) for all x € % . Letting x by 2x and dividing by 4 in (3.19), we
5 m2 (mz —1) observe
=2(1=m") f(x) — ?(f(bc) —4f(x)) » £(2%x)  fH(2x) A(2x,2x) (3.20)
< 12(m® — 1)p(x,x) (3.12) 4 4T ammm -
6 H2f(2mx) . 2m2f(2x) ;f}(:;tall x € % . Combining (3.19) and (3.20), one can notice
B m*(m? —1) B 2
¢ (0 —4f(20)| <6p(0,2) £(2x) 7
v 42 Z(X)
(3.13) v . ,
2 2
12][ f(2m) (1)) — (1)) <k {| B -no] +|EE2 -2
2,2
21— )™ D (2) () cx|_Aww) . ARu
v dm2m =D 4.4 m2(m2—1)]P
< 12p(mx,x) (3.14)

= % {A(x,x) + A(Z’ZZX)} (3.21)
for all x € %. Combining (3.11), (3.12), (3.13) and (3.14), [4 m?(m? —1)]

"
N
S5272

115 N

[m? (m® — 1)) || (4x) — 167(20)] — 41f (2x) — 167 ()]l

’ v
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for all x € % . Generalizing for a positive integer ¢, one can
verify that

£(2%) - K4~ 9= A(27x,2Px)
‘ 44 ) v [4m2(m?— l)]ﬁ p=0 4r
(3.22)

24
for all x € 7 . It is easy to prove that the sequence { ik (4 7 ») }

is a Cauchy sequence and it converges to a point 2, (x) in ¥
So, we define a mapping 2, (x) : % — ¥ by

f(2%x)

. (291 x) — 16 f(2%x)

Z5(x) = lim 7

q—ro 4q g—ro

(3.23)

for all x € % . Approaching ¢ tends to infinity in (3.22), we
arrive (3.3) holds for s = 1. It is easy to show that 2, (x)
satisfies the functional equation (1.2). Indeed, replacing (x,y)
by (29x,29y) in (3.2) and using (3.1), (3.23), one can see
that 2, (x) satisfies the functional equation (1.2) for all x,y €
% . To prove the existence of 2,(x) is unique, let %> (x) be
another quadratic mapping satisfying (3.3), (3.23). Now, for
any positive integer g

2200~ o9l
4,“ 122202 — 21 9)|

L l2:299 - a9,
+ 17227 x) = 227 ) }

9 A2ty 2Pt x)
+
1)]ﬁ = 4p+q1

—

_4q

2K1
<
[4 m2(m? —

—0 as qi

oo,

for all x € % . Thus, 2> (x) is unique. So, the theorem holds
fors=1.

Replacing x by % in (3.19), we arrive

—4h (izc)H//

for all x € % . Again replacing x by %
ing by 4, we find that

|20 (3.24)

in (3.24) and multiply-

42 (2%%)

4. () -4, < Gomr P

[’}

(3.25)
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for all x € %/. Combining (3.24) and (3.25), we reach
_2e (X
[ee-22(3)],
< K{Hfz(x)

(3.26)

for all x € % . Generalizing, for a positive integer q, we have

0415 (35), <

[4 m? (m2 -
(3.27)
for all x € % . The rest of the proof is parallel clues that of

s = 1. Thus the theorem holds for s = —1. This completes the
proof of the theorem. O

Corollary 3.2. Let r and t be positive integers and f : U —
¥V be an even mapping satisfying the functional inequality

r;
Al + 1) 42

Focox )|, <
1Zocotdl <4 il ™l
AP+ P+ 1) 262
(3.28)

forall x,y € % . Then there exists a unique quadratic function
D (x): U — V satisfying the functional equation (1.2) and

1f2(x) = 22(x) [l = [ (2x) — 16/ (x) = 22(x) |
K3+q71r2
3 b
K3+q71r2 Hth
4 2Bt
< K%‘rq lr2 |||x||2r 3.29)
|4 — 2281 ’
K3+q*lr25p||x||2’.
|4—22B1)
where
(24m*+6)|r|
(4 m2 (2 — 1))
4(36m> +6-2' + 12m' — 12)r
rs = ;
[4 2 1)]P (3.30)
4(12m* + 12m")r ’
T YRE S A
[4 m2(m? — 1)]z
. 4(48m? +6-2% +12(m* +m') —12)r
2sp = )
v 4m2(m? 1))
forallxe % .

X
1)] Z4P (2P’2ﬂ

—4f, @) H7/+ H4f2 (%) —4f (%) Hv}

X

)
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Theorem 3.3. Assume p : %* — (0,0 be a function satis-
fying the condition

p(29x,2%%)

oo 0

lim (3.31)
g—>oo

forall x,y € %. Also, let f : %4 —> V¥ be an even mapping
satisfying the functional inequality

for all x,y € % . Then there exists a unique quartic function
Du(x) : U — V satisfying the functional equation (1.2) and

[1fa(x) = La(x) |l
= [/ (2x) =41 (x) = 24(x) [l

K91 = A(2°Px,2°Px)
= [16 m2(m? — 1)}13 p}l‘;s 1657

(3.33)

where A(2°Px,2°Px) is defined in (3.4) for all x € % . The
mapping 24(x) is defined by

f(@4x) —4f(2%x)
169¢

f1(2%x)
1695

g—reo

24(x) = lim

g—ree

(3.34)

Sforall x € U, where s = £1.

Proof. 1t follows from (3.15), we reach

[ (m? — 1)]P || (4x) — 4£(2x)] — 16[£(2x) — 4 (x)]]
< A(x,x) (3.35)

for all x € % . Define a function

JaxU — 7 fax) = f(2x) — 41 (x)

(3.36)

by

for all x € 7. Using (3.36) in (3.35), we achieve

[ = )P |1 fa(20) = 16£s(0) | < Alx.x) or

1£2(2x) = 16f4(x) ] < A(x, x)

e -p

for all x € % . Now, from the above inequality, we have

‘ fa(2x)

16
for all x € % . Letting x by 2x and dividing by 16 in (3.38),
we observe

fo(2%)  fa(22)
162 16

A(x,x)

= [16 m2(m? — 1)]ﬁ

v

(3.38)

— fa(x)

A(2x,2x)

¥~ 16-[16 m2(m2 —1)]P
(3.39)

onal equation in quasi beta Banach space via two dissimilar
methods — 117/128

for all x € %. Combining (3.38) and (3.39) one can notice
that

22x
29 o,

fa(2x) f1(2%x)  fa(2x)
<K{’ 16 _f4(x),+’ 162 16 y}
<K A(x,x) A(2x,2x)
Tl nemm2 1) 16-[16 m2(m2 —1)]P
B K A(2x,2x)
T {A(x,x)+16 } (3.40)

for all x € % . Generalizing for a positive integer ¢, one can
verify that

fi29) H _ ke ae
‘ 167 S v [6mm2—1)P = 167
(3.41)

for all x € % . The rest of the proof is similar ideas to that of
Theorem 3.1. O

Corollary 3.4. Let r andt be positive integers and f : % —

VY be an even mapping satisfying the functional inequality
r;
([l +y[I") 1#4
Foco(x, <
e I T
r(I DI+ [+ 1) 20 # 4
(3.42)

ly
for all x,y € % . Then there exists a unique quartic function
u(x): U — V satisfying the functional equation (1.2) and

1fa(x) = 2a(x) 1y = [1f(2x) =41 (x) = La(x)[|

K3+q—1r4c
15
K3+q—1r4SHth-
|16 — 2B’
< K3+q71r4p||x||2t. (3.43)
|16 —22Br| ~
K3+q71r45p||x||2t-
|16 —22Br| ~
where
16(24m* +6)|r|
V4C = ﬁ’
[16 m2(m? —1)]
. 16(36m?> +6-2' +12m' — 12)r
45 = ;
[16 m2(m? — 1)]P (3.44)
16(12m? + 12m')r
[16 m2(m? —1)]
16(48m* +6-2% +12(m* +m') — 12)r
Fasp = N
g (16 m2(m? —1)]P
forallxe % .

117
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Theorem 3.5. Assume p : %* — (0,] be a function satis-
fying the conditions (3.1) and (3.31) for all x,y € % . Also,
let f: % — V¥ be an even mapping satisfying the functional
inequality

- Zo0(x:y)lly < p(x,y) (3.45)
for all x,y € 7. Then there exists a unique quadratic func-
tion 25(x) : % — ¥ and a unique quartic function 24(x) :
U — V satisfying the functional equation (1.2) and

[1f(x) = 2a(x) — 2a(x) 4
K3t4 s i A(2°Px,2%Px)
- [12 mZ(mZ 1)}13 4 pi% 4sp

o A(2%Px,25Px)
168 Zl 16

(3.46)

where A(2°Px,2°7x) is defined in (3.4) for all x € % . The
mappings 2,(x) and 24(x) are defined in (3.5) and (3.34)
Sforall x € U, where s = £1.

Proof. Given, f: % — ¥ be an even mapping satisfying
the functional inequality (3.45) for all x,y € %/. Hence By
Theorem 3.1 there exists a unique quadratic mapping such
that

[|£(2x) —16f(x) — 25(x HV

2s"x 25”x)

(3.47)

for all x € % . Also, by Theorem 3.3 there exists a unique
quartic mapping such that

1£(20) =4 () — 20|,
K7!

< ﬁ Z

[16 m2(m? s

A(2Px,2°Px)
1657

(3.48)

for all x € % . Now,

[12f(x) + 25(x) = 24(x) |,
= || £(2x0) —4f(x)
<K {[|f(2x) —4f(x) - 24(x) ||,

+|f(2x) = 16f(x) = 25(x)]| , }
A(25Px,25Px)

A(2%7x,2x)

+16F Zﬂ o7 (3.49)
s

118 X

methods — 118/128

for all x € 7. Thus, it follows from the above inequality that

1 / 1 /
Hf(x) + Egz(x) - E,%(x) .
q o sp sp
< K 1 Z 2 A(2°Px,2°Px)
(12 m2(m2 —1)] 45 =,
A(2°Px,2°Px)
16/3 Z 16%» (3-50)
for all x € % . Hence, we obtain (3.46) by defining
Do) =~ L2 240 = 5 2
forallx e % . O

Corollary 3.6. Let r and t be positive integers and f : % —
¥V be an even mapping satisfying the functional inequality

r;
Pl -+ 1) (£24
Foo(x,y)., <
e - 2
Ul I+ 2 ) 20 2,4
(3.51)

for all x,y € % . Then there exists a unique quadratic func-
tion 25(x) : % — ¥ and a unique quartic function 24(x) :
U — ¥V satisfying the functional equation (1.2) and

[£(x) = 22(x) = 2a(x) |l
K3t4 [VZC r4c}
1 15
%ﬂl X[ [ 7o ras |
126 ||4—2F|
< .
> K3+q”x‘|2t r2p N rap . (3 52)
126 ||a—22B1| " 16— 2261 |’
K> [ rayp rasp |,
128 |j4—22B1| " [16—22F |’

Where rac,¥ac, 725, T4s,T2p, Tap, T2sp, Tasp are respectively defined
in (3.30) and (3.44) for all x € U .

70@2@) 7f(2x) + l6f(x) Jro@é(x)H% 3.2 Case 2: fis Odd

Theorem 3.7. Assume p : %% — (0,
fying the condition

oo| be a function satis-

2%x,29°

lim = (3.53)

forall x,y € U. Also, let f : % — V be an odd mapping
satisfying the functional inequality

[ Faco(x.y)lly < p(x.y) (3.54)
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for all x,y € % . Then there exists a unique cubic function
€ (x): U — ¥ satisfying the functional equation (1.2) and

b w
1£0) =€)l < qu[M} 5 p0.27)

1—s 8Sp
=7
(3.55)
Sorall x € % . The mapping € (x) is defined by
298
¢(x) = lim ! (qux) (3.56)

Sforall x € U, where s = £1.

Proof. Changing (x,y) by (0,x) in (3.54) and using oddness
of f, we arrive

|-

_T(f(Zx)—Zf(x)_@f(x)) | < p(0,x)
v

m2(m®—1)1P

[(61)] 17 (2x) = 8f (%)l < p(0,%)  (3.57)

for all x € 7 . It follows from above inequality that

f(2x) 3 B
H 8 Ami(m2—1) p(0,x) (3.58)
for all x € % . Letting x by 2x and dividing by 8 in (3.58), we
observe

fE| <
¥

3 P p(0,2x)
4m2(m2—1) 8
(3.59)

82 8 ||, =

for all x € . Combining (3.58) and (3.59) one can notice
that

5 )
{222 o] + |1 s }
_K Lmz(:’ﬂ—l)r {p(O,x)+ p(0é2x)} (3.60)

for all x € % . Generalizing for a positive integer ¢, one can
verify that

H f(2%x)

—f(x)

v
Pl p(0,27x)
134

< K9! [ (3.61)

=
4m2(m?—1) )
for all x € % . The rest of the proof is similar to that of
Theorem 3.1. O

119
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Corollary 3.8. Let r and t be positive integers and f : U —
¥V be an even mapping satisfying the functional inequality

r;

[Zocolen)lly <§ r(Wl+lbll) i
I+ el 1) 21 # 3
(3.62)

for all x,y € % . Then there exists a unique cubic function
€ (x): U — V¥ satisfying the functional equation (1.2) and

K‘Flr3
7 b
g, <4 Kol 3.63
[f(x) =€)y < |8_2ﬁt‘ ’ (3.63)
inlrkatzt.
|8 —22B1|
where
3 B
= |——- ~8 ;
Te [4m2(m2—1)} I
3 ’ (3.64)
s= | ——5—~| -8r; .
3 {4m2(m2—1)} g

3 B
Psp = [4 mz(m21)} 8
forallxe .

3.3 Case 3: f is Odd-Even

Theorem 3.9. Assume p : %% — (0,0| be a function satis-
fying the conditions (3.1), (3.31) and (3.53) for all x,y € % .
Also, let f : % — V be a mapping satisfying the functional
inequality

forall x,y € % . Then there exists a unique quadratic function
D(x): U — V¥, a unique quartic function 24(x) : U —
¥ and a unique cubic function € (x) : % — V satisfying
the functional equation (1.2) and

1 () = 22(x) = 2a(x) =€ ()|

K K3+q
S - - 0
26\ 12 m2(m2 —1))P
1 & A(2%x,25Px) + A(—2%Px, —2Px)
¥ & I
poTos

2 A(2Px, —25Px) + A(25Px, —2°Px)
> o7

1=s
2

_ 3 B2 p(0,2:Px) + p(0,—2°Px)
-1 _____ -
o [4m2<2 1>} 2 8

Y

p=
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where A(2°Px,2°Px) is defined in (3.4) for all x € % . The
mappings 25 (x), 24(x) and € (x) are defined in (3.5), (3.34)
and (3.56) for all x € U, where s = +1.

the functional equation (1.2) and

1 (x) = 22(x) = 2a(x) =€ ()|

K K“”Fz zﬁ}+K“Wa.
Proof. Let f,(x) = W for all x € % . Then it is easy 26 126 L3 15 7 ’
to verify that f,(0) = 0 and f,(—x) = f,(x) forall x € %. By K [ KH|x]|f s L T
the definition of f,(x) and Theorem 3.5, we have 28 128 |4—2B1 |16 — 2P|
KT g ||
< sﬁ };
[1fe(x) = 22(x) = 2a(x)[l - 827
K K3+q 5 K3+C[| |x||2t T2sp T T4sp
< {ﬁ 2B\ 128 |j4_22P1 " |16 2B
2 [12 m2(m? — 1)) inl@SpHXHZZ .
1 & A(2Px,2Px) + A(—2Px,—2'Px) g2 J
a X;«fr e 3.71)
pe Lo
’ forallxe .
1 & AQ2%Px,2%
g L e 68 - o Poi
p=13 4. Stability Results: Fixed Point Method

Now, we will recall the fundamental results in fixed point
forallx € % . Also, let f,(x) = M forallx e % . Then theory.
it is easy to verify that f,(0) = 0 and f,(—x) = —f,(x) for all

X € % . By the definition of f,(x) and Theorem 3.7, we have ~ Theorem 4.1. (Banach’s contraction principle) Let (X,d) be

a complete metric space and consider a mapping T : X — X
which is strictly contractive mapping, that is

(Al) d(TX, Ty) SLd(X,y)

for some (Lipschitz constant) L < 1. Then,

(i) The mapping T has one and only fixed point x* = T (x*);
(ii)The fixed point for each given element x* is globally attrac-
tive, that is

(A2)

for any starting point x € X;
(iii) One has the following estimation inequalities:

1fo(x) =€ ()l
3 B
=

< LS K1
28 4 m?(m

P(0,27x) + p(0,~2x)
gor

lim, o T"x = x*,

(3.68)

(A3) d(T"x,x*) < 17 d(T"x,T"'x),V n>
for all x € % . Suppose, if we define a function f(x) by 0,V xeX;

(44) dxx') < 1y d(va)Y xe

X.

F(x) = fe(x) + folx) (3.69)

for all x € . 1t follows from (3.67), (3.68) and (3.69), we
arrive our desired result. ]

Corollary 3.10. Let r andt be positive integers and f: % —
¥V be a mapping satisfying the functional inequality

r

[ Foco(x:y)lly < (" + [I¥[)

Theorem 4.2. [41] (The alternative of fixed point) Suppose
that for a complete generalized metric space (X,d) and a
strictly contractive mapping T : X — X with Lipschitz con-
stant L. Then, for each given element x € X, either

(F1) d(T'x,T"'x) =0 ¥ n>0,
or

(F,) there exists a natural number ny such that:

(FPC1) d(T"x,T""'x) < o for all n > ny ;

(FPC2)The sequence (T"x) is convergent to a fixed point y*
of T

1#2,3,4 (FPC3) y* is the unique fixed point of T in the set Y = {y €

POl T+ TP+ TP 20 #2,3,40% 2 d(T7ox,y) < oo}

(3.70)

forall x,y € % . Then there exists a unique quadratic function
Dr(x): % — ¥, a unique quartic function 24(x) : U —
¥ and a unique cubic function € (x) : % — ¥V satisfying

120

1

(FPC4) d(y*,y) < 1=

d(y,Ty) forally €Y.

4.1 Case 1: fis Even
Theorem 4.3. Let f : % — V' be an even mapping for which
there exists a function p,A: %? — [0,00) with the condition

0020
XYW

0,7 42
50827
“,

)
AW
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1
lim ——rho(ajx,oly) =0

S aqu “.1n
where
2 if b=0,
ch{ % if b=1 4.2)
such that the functional inequality
Hﬂ\QCQ(xa)’)Hy/SP(xa)’) (43)

holds for all x,y € % . Assume that there exists L = L(i) such
that the function

4 X x
Ax,x) = —— A=, = (4.4)
[4m2(m2—1)]ﬁ (2 2)
where A(x,x) is defined in (3.15) with the property
1
?A(abx’ opx) = L A(x,x) 4.5)

b

forall x € % . Then there exists a unique quadratic mapping
Dy - U — V satisfying the functional equation (1.2) and

126) = 22l = 20) = 1670~ 220
1-i
< (1= ) aten

Proof. In order to prove the stability result, let us consider
the set

(4.6)

forallx e .

B={glg: % — 7, g(0)=0}

and introduce the generalized metric on %,

d(f1,f2) =inf{n € (0,%0) : |fi(x) = (%)l <M Alx,x),x € % }.

A7)

Hence, (4.7) is complete with respect to the defined metric.
Now, define J : Z — % by

Jf(x)= %f(abx), for all xe % . (4.8)

b

It is easy to prove that J is a strictly contractive mapping on %
with Lipschitz constant L. Indeed, from (4.7) and f1, f» € 4,
we arrive

d(fi,f2) <n
= fi(x) = ()|, <NA(x,x), x€X;

= Ho:gfl(abx) - %fZ(abx)

b v b

1 1
= Hzfl(abx) — — fa(opx)
o, &, ¥

= VAK) =I2(0)lly < LnA(x,x), x€U;
=d(Jf1,Jf2) <Ln.

121

< %A(Osz, ox), XEU;
o

<LnA(x,x), x€¥;

methods — 121/128
It follows from (3.19) that

‘ f2(2x)

4 fa(x)
for all x € % . From (4.7), (4.8) (4.2) for the case b = 0, we
reach

< A(x,x)
v [dm2(m2—1)P

(4.9)

d(Jfo, o) <LA(x,x) =L'"°A(x,x), xe%.
(4.10)
It follows from (3.24) that
x 44(3:3)
Hfz(x)—4f2 (E)HVS [4 m2(m2—1)]ﬁ @10

for all x € % . From (4.7), (4.8) (4.2) for the case b = 1, we
reach

d(f2,Jf>) < Alx,x) = L' 'A(x,x), xXe¥.
4.12)
Thus, from (4.10) and (4.12), we have
d(Jf2, f2) <LA(x,x) = L' A(x,x), xe%.
(4.13)

Hence property (FPC1) holds. It follows from property (FPC2)
that there exists a fixed point 2, of J in £ such that

Qz(x) = lim qufz((xgx)

—yo0
q ah

(4.14)

for all x € % . In order to show that .2, satisfies (1.2), re-
placing (x,y) by (et/x, ely) and dividing by Och in (4.3), we
have

1
. q q
| 22(x, )]l = lim o |-Foco(olx, afy)| .,

1
< 1 —_— 4q q =
< ;2130 agqp (efx, ely) =0

for all x,y € % . That is 2, satisfies the functional equation
(1.2). By property (FPC3), 2, is the unique fixed point of J
in the set

9 = {Qz €A d(f,gz) < 00},
such that

inf{n € (0,00) : [[f(x) = 22(x) [l < NAQx,x),x €%}

Finally, by property (FPC4), we arrive

1)~ 220l < IF@) ~If @)y, xew:
Ll—i
||f(x)*°@2(x)”"/§mv xEU;
Ll*i
170~ 220l < (1= ) A, xe .
This finishes the proof of the theorem. O
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The following corollary is an immediate consequence of ~ for all x,y € % . Now

Theorem 4.3 concerning the stability of (1.2).

Corollary 4.4. Let f: % — V be an even mapping. If there

exist real numbers r and t such that

7,

r A Il

Foco(x,y)| <
H 0 Q( y)H r||x||t||y||t

P I+ LIl Il )20 #20

forall x,y € U, then there exists a unique quadratic mapping

D5 Y — V such that

r
2q°
aq

F
ﬁ{llaﬁxll”rl\agy\l’},

1 t t
@p(a,‘,’xﬂ;’y): 7a2q||0‘1’3x\| oyl
r
anxt an t
o abzq{| [ llapl
2% #2; +{ el P+ lagyl P} }

(4.15) —0as g — oo,
—0as g— oo,

—0as g—> oo,

—0as g— oo.

e
31’
a2 ||x|| Thus, (4.1) holds. But from (4.4), (4.18) and (3.15), we have
|4 —2B1|°
1F() =22 < ryp 2% x| > (4.16) ,
|4 222&‘2, A(x,x) = —ﬁA ({, f)
rasr 27 | |X[ | [4 m*(m* —1)] 22
__ 72t 4
|4 —22P1| =———— K’ [IZmZp(O,x) +12(m* —1)p(x,x)
[4 m2(m? —1)]
where +6p(0,24) + 12p (v, )|
- 4K3
- 202 _ 1)18
4K3 (24m2 + 6)r [4m?(m? —1)]
T2e= (4 m?(m? 1)]13; (24m* +6)r;
m?(m? — 2 ' _ 1.
4K3(36m2+6~2’—|—12m’— 12),_ (361’)1 +6-2'+12m 122t)r||x||
ras = 5 : (12m? +12m' — 12) | |x||*;
[4 m?(m* = 1)] 4.17) (48m% +6- 2% + 12(m? +m'") — 12)r||x]|*;
4K3(12m> 4+ 12m' — 12)r '
r2p = 9 5 B 5 VZCa
A S 4K sl
4K3(48m* +6- 2% +-12(m* +m') — 12)r =5 X 2 (4.19)
rsp = B [4m2(m2—1)] VszxH )
[4 mZ(mZ_ 1)] rZSPHXHZI
forallxe ¥ . for all x € % . Now, similarly by (4.5) and (4.18), we prove
a[:Z T2¢,
Proof. If we take 1 o2y
—5 A(ogx, agx) = a%,_zis’ =L A(x,x)
b b 2177
o' sy
r’
’ rlix||' |y . 2 1 2
cL=q, - = ifb=0 de—:—:2 f
PRI+ LIl + D) Case@: L=0," =27 ifb=0and L =25 = 75 =2

122 X
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b = 1. It follows from (4.6) that

[lf2(x) -

forall x e % .
Case (ii): L= a;~ 2

22~ for ¢ > 2 if b = 1. It follows from (4.6) that

2.0l < (£ ) sl

2[ 21 0
12~ 2) (e,x)

(
e
e
<
yed

=2"2fort <2if b= OandL—, =

)

Ilf2(x) =

[lf2(x) -

| /\

22
T 22[) (x,x)

2t
g ) e

forall x € 7.

Case (ili): L=oa ?=2%2for2t>2ifb=0and L=
2, > =222 for 2t > 2 if b = 1. It follows from (4.6) that
%,

Ll*i
20l < (=7 ) Atx

(22t 2\1— O> (x7x)

A;—A

[lf2(x) -

< 1 =222
22[
(= 22,) %
Ll i
— <
e < (£7) At
(22-21)1-1
- (=5 ) A
22t
= <221_4) A(x,x)
for all x € % . Hence the proof is complete. O

123 X
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Theorem 4.5. Let f : % — V be an even mapping for which
there exists a function p,A: %? — [0,00) with the condition

1
lim ——rho(oylx,aly) =0

s Oth (4.20)
where
{2 if b=0,
Oﬂb—{é if b=1 4.21)
such that the functional inequality
[ Foco(x,y)|ly < plx,y) (4.22)

holds for all x,y € % . Assume that there exists L = L(i) such
that the function

16 X x
Arx)=— > A(E 2 (4.23)
16 m2(m2_1)}ﬁ (2 2)
where A(x,x) is defined in (3.15) with the property
—Alapx, apx) = L A(x, x) (4.24)

b

for all x € % . Then there exists a unique quartic mapping
Dy U — V satisfying the functional equation (1.2) and

20l < (£ ) a

(4.25)

1£4(x) = La @)l = [1£(2%) = 4f (x) —

forallx e % .

Proof. In order to prove the stability result, let us consider
the set

B={glg: % — 7V, g0)=0}

and introduce the generalized metric on 4,
d(f1, fa) =inf{n € (0,00) : [| 1 (x)
(4.26)

Hence, (4.26) is complete with respect to the defined metric.
Now, define J : Z — % by

1
Jf(x)zy

b

Sflapx), for all xe ¥ . 4.27)

It is easy to prove that J is a strictly contractive mapping on
2 with Lipschitz constant .Z. The rest of the proof is similar
to that of Theorem 4.3. O

The following corollary is an immediate consequence of
Theorem 4.5 concerning the stability of (1.2).

= fa@)lly <1 Alxx),x €% }.
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Corollary 4.6. Let f: % — V be an even mapping. If there
exist real numbers r and t such that

r7
r eI+ Iyl
x|l

r{ Il Iy LIP3
(4.28)

| Foco(x,y)|l <

for all x,y € %, then there exists a unique quartic mapping
9y U — V such that

T'4¢

15’
ras2'||x]|
|16 — 2P|’

1) = 24 < § 722 |Ix]|* (4.29)
|16 — 22|’
rasp2?||x]|*
|16 — 2261 |

where
. 16K3(24m> + 6)r
de= - __g-
[16 m2(m2 — 1)]P
16K3(36m> +6-2' + 12m' — 12)r
F4s = ;
[16 m2(m? — 1)]P
16K3(12m? 4+ 12m' —12)r (4.30)
F4p = ;
g [16 m>(m? - 1P
. 16K (48m* +6-2% + 12(m* +m') — 12)r
4. =
7’ [16 m2(m2 — 1))
forallxe .

Theorem 4.7. Let f : % — V¥ be an even mapping for which
there exists a function p,A: % * — [0,00) with the conditions
(4.1), (4.20) and the satisfying the functional inequality

Hﬂ\QCQ(xa)’)Hy/SP(xa)’) (4.31)

Sorall x,y € % . Assume that there exists L = L(i) such that
the function (4.4), (4.23) with properties (4.5), (4.24) for all
X € U . Then there exists a unique quadratic function 2(x) :
U — ¥V and a unique quartic function 24(x) : U — V
satisfying the functional equation (1.2) and

2K L

1£6) = 22 = 24l < 5 T A

where A(x,x) is defined in (3.15) for all x € U .

x) (4.32)

Proof. By Theorem 4.3 there exists a unique quadratic map-

ping such that
Ll*i
H"I/ < <l —L) Alx,x) (4.33)

for all x € % . Also, by Theorem 4.5 there exists a unique

quartic mapping such that
, L]*i

1£(2x) = 16f(x) — 25(x)

1£(2x) —4f(x) -

124 X
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for all x € % . Now,

112 (x) + 25(x) — 24(x)]|

(24 =120 47— 24— (20 + 16£(x) + 2|,
274 <K 4700 = 240, + /20 - 16500
L

. 24l .
< K{ (ILI_L) Ax,x) + <1L1_L> A(x,x)} (4.35)

for all x € % . Thus, it follows from the above inequality that

1 2K L'
Efzg(x) <

L
Hf(x)Jrlzgz(x) LS TP1-L

for all x € % . Hence, we obtain (4.32) by defining

Dy (x) = Qz( )i Zalx) =

12 122“( x);

forallxe % . O

Corollary 4.8. Let r and t be positive integers and f - U —
¥V be an even mapping satisfying the functional inequality

r
(Il + bl 2
Foco(x, <
e T 72
AT+ Il 4 D11) 26 2,4
(4.37)

for all x,y € % . Then there exists a unique quadratic func-
tion 25(x) : % — ¥ and a unique quartic function 24(x) :
U — V satisfying the functional equation (1.2) and

[[f(x) = 22(x) = La(x)[
2K ([ re r4L
128 E3 |15
2K r232‘\|x|\’ Fa52"| x| |f
128 2Bt |16 — 2P
< 2K er,ZZIHJCHz’ | r4[,22"||x”2t (4~38)
123{ 22[5’ | 6722ﬁt| ’
2K rzsp22’ ||| \2’ r4sp22’| e[|
12[3 { |4 22[3’\ |16722ﬁt| }

wWhere rac,¥ac, 725, T4s,72p, Tap, T2sp, Tasp are respectively defined
in (4.17), (4.30) for all x € % .

4.2 Case: 2 f is Odd
Theorem 4.9. Let f : % — ¥ be an odd mapping for which
there exists a function p : %* — [0,0) with the condition

1
lim ——rho(oix,oly) =0

Jim Ocsq (4.39)
where
|2 if b=0,
ocb—{ % if b1 (4.40)

/ x)||1/}
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such that the functional inequality

- Foco(x, )y < p(x,y) (4.41)

holds for all x,y € % . Assume that there exists L = L(i) such
that the function

3 B X
p(0,x) =38 ng(mz_l)} p (Oa 5) (4.42)
with the property
1
?p(07 (th) =L p(O,X) (4.43)

b

for all x € . Then there exists a unique cubic mapping
C U — V satisfying the functional equation (1.2) and

1—i

—L

1Fx) —C@ly < ( (4.44)

forallx e .

)Pl

Proof. In order to prove the stability result, let us consider
the set
#={glg: % — 7, 3(0)=0}

and introduce the generalized metric on %,

d(f1,f3) =inf{n € (0,0) : [|/1(x) = ()|l <M px,x), x €% }.

(4.45)

Hence, (4.45) is complete with respect to the defined metric.
Now, define J : Z — % by

for all xe % . (4.46)

1
?f(abx)a

b

Jf(x) =

It is easy to prove that J is a strictly contractive mapping on
2 with Lipschitz constant .Z. The rest of the proof is similar
to that of Theorem 4.3. O

The following corollary is an immediate consequence of
Theorem 4.9 concerning the stability of (1.2).

Corollary 4.10. Let f : % — ¥V be an oddmapping. If there
exist real numbers r and t such that

r7

e A

A PINF+ {1+ 1Py 20
(4.47)

| Foco(x,y)|l <

Sfor all x,y € %, then there exists a unique cubic mapping
€ : U — V such that

r3c

7
r3s2'||x]|"

|8 — 2P|
r3sp2” | |x[|*

|8 — 2261

If(x) =F ()] < (4.48)

125
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where
r3. = 8r 3 ’
e = 4m2(m2—1)] °
3 ’ (4.49)
o= | ) |
B = A2 (2 — 1)
forallx e % .

4.3 Case 3: f is Odd-Even

Theorem 4.11. Let f : %4 — V be an even mapping for
which there exists a function p,A: %? — [0,00) with the
conditions (4.1), (4.20), (4.39) and the satisfying the func-
tional inequality

forall x,y € % . Assume that there exists L = L(i) such that
the function (4.4), (4.23), (4.42) with properties (4.5), (4.24),
(4.43) for all x € % . Then there exists a unique quadratic
function 25(x) : % — ¥, a unique quartic function 24(x) :
U — ¥ and a unique cubic function € (x) : %4 — V sat-
isfying the functional equation (1.2) and

176~ 22() — 2400~ 6 ()l
1—i
35 (1= ) { 400+ 85 -2)
+(p(0,—x) +p(0,~x)) } (451)

=28 \1-L) | 128
where A(x,x) is defined in (3.15) for all x € % .
Proof. By definition of f,(x) and Theorem 4.7, we have
[[fe(x) = 22(x) = La(x)l
2K2 Ll—i
(1=2 ) 4+ a5 -2)

< =2

— 248 \1-L
for all x € % . Also, by the definition of f,(x) and Theorem
4.9, we have

(4.52)

K Ll—i
10960l < 55 (1= ) (PO +p(0.~2)
(4.53)
zi)lgé:lll X € % . Suppose, if we define a function f(x) by
@)= L)+ fol) (4.54)

for all x € % . 1t follows from (4.52), (4.53) and (4.54), we
arrive our desired result. O

Corollary 4.12. Let r and t be positive integers and [ : U —
VY be a mapping satisfying the functional inequality

s
L
AU+ P+ )

t42,3,4;
2t #£2,3,4;

nn
0%,
508272

24 o8

- Z0co(x,¥)|l, <
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(4.55)

forallx,y € % . Then there exists a unique quadratic function
Dr(x): % — ¥, a unique quartic function 24(x) : U —
¥ and a unique cubic function € (x) : % — ¥V satisfying
the functional equation (1.2) and

1) = 22(x) = a(x) =€ ()4

5 271{ _@Jr F4e +@
28 L 128 [13] " |15|] (7] )’
K[ 2K [ras2|IH[" ras2'flx][f
28 | 128 | [4—2B1 T 16— 2P|
3 ra2 |l
= 8261 |’
K [ 2K [ragp2|[x|P*" | ragp2®[|x]*
26 128 | |4—22P " |16—22P1|
4 P2
|8 —22B1|
(4.56)

where ¢y 3¢y T4cy 125,135, Vdsy F2spy F3spy Tasp Are respectively
defined in (4.17), (4.30), (4.49) for all x € % .
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