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1. Introduction

The concept of (€)—Sasakian manifolds were introduced
by A. Bejancu and K. L. Duggal [1] and X. Xufeng and C. Xi-
aoli [23] proved that these manifolds are real hypersurfaces of
indefinite Kahlerian manifolds. After, curvature conditions of
these manifolds were obtained in [18] and (&)—almost para-
contact manifolds were defined in [17]. Also U. C. De and A.
Sarkar [22] established (&) —Kenmotsu manifolds and studied
curvature conditions on such manifolds. H. G. Nagaraja et.
al. [12] have studied (&, 0) trans-Sasakian structures which
generalize both (€)—Sasakian and (&) —Kenmotsu manifolds.

Harmonic maps ¥ : (M,g) — (N, h) between Riemannian
manifolds are the critical points of the energy

1 n
E(): 3 /M a2 o,

and therefore the solutions of the corresponding Euler-Lagrange
equation. Harmonic equation is given by the vanishing of the
tension field given by

T(¥) = traceVd¥.

As suggested by J. Eells and J. H. Sampson [14], one can
define the bienergy of a map ¥ : (M,g) — (N, h) by

E(¥) = 5 [ 1(9) P oy,

and say that W is biharmonic if it is critical point of the bi-
energy.

In [10], G. Y. Jiang derived the first and second variation
formula for the bienergy, showing that the Euler-Lagrange
equation associated to E; is

»(¥) = —AT(¥)—traceR" (d¥,t(¥))d¥
0.

The equation 7, (¥) = 0 is called biharmonic equation. Since
any harmonic maps is biharmonic, we are interested in proper
biharmonic maps, that is non-harmonic biharmonic maps.
Biharmonic maps have been studied intensively in the last
decade (see [7], [8], [9], [24], [25], [26], [2], [19], [20], [21]).

In the study of almost contact manifolds, Legendre curves
play an important role, e. g., a diffeomorphism of a contact
manifold is a contact transformation if and only if it maps
Legendre curve to Legendre curve. In [4], the notion of Legen-
dre curves in almost contact metric manifolds was introduced.
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J. Inoguchi [13] classified the proper biharmonic Legendre
curves and Hopf cylinders in 3-dimensional Sasakian space
form and in [6] the explicit formulas were obtained. C. Ozgiir
and M. M. Tripathi [3] proved that a Legendre curve in an
a—Sasakian manifold is biharmonic if and only if its curva-
ture is zero.

Moreover J. Welyczko have studied Legendre curve on
quasi Sasakian manifolds [15] and almost paracontact metric
manifolds [16]. Motivated by these works, in this paper we
study Legendre curves on 3-dimensional (&, §) trans-Sasakian
manifolds.

Our paper is structured as follows. The first section is
a very brief review of (g, ) trans-Sasakian manifolds and
Frenet curves in Riemannian manifolds. The next section is
devoted to the examine of curvature and torsion of Legendre
curves in 3-dimensional (€, d) trans-Sasakian manifolds. Fi-
nally we give necessary and sufficient conditions for Legendre
curve of 3-dimensional (g, ) trans-Sasakian manifolds being
biharmonic.

2. Preliminaries

2.1 (&,0) trans-Sasakian manifolds

Let (M, g) be a n—dimensional almost contact metric mani-
fold equipped with an almost contact metric structure (¢,&,7,g)
consisting of a (1,1) tensor field ¢, a vector field &, a 1—form
N and a Riemannian metric g satisfying the following condi-
tions

PP =1-n®E, @2.1)
neé)=1, (2.2)
9E =0, Mo =0. 23)

An almost contact metric manifold M is called an (&) —almost
contact metric manifold if

g(8,8) =¢, (2.4)
n(X)=eg(X,8), (2.5)
g(9X,0Y) =g(X,Y) —en(X)n(Y), (2.6)

where € = g(§,8) = £1.
An (g)—almost contact metric manifold is called an (g, )
trans-Sasakian if

(Vx9)Y = a(g(X,Y)E—en(¥Y)X)

+B(8(9X,Y)¢ — 6n(Y)9X),

Q2.7
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holds for some smooth functions @ and B on M and € = £1 =
6.For =0, a=1 (resp.,a=0, B =1) an (g,9) trans-
Sasakian reduces to an (€)—Sasakian (resp., a (0) —Kenmotsu)
manifold.

From (2.7), it can be easily seen that

Vxé = —aepX — BS9°X. (2.8)
For a 3-dimensional (&, §) trans-Sasakian manifold, the cur-
vature tensor is given by [11]

RX.Y)Z = (5-2(a”—BY)(e(Y,2)X —g(X,2)Y)(2.9)

2
(et p) (SO0 )

~ (e -3(a> - B)) ( n(¥)n(z)x ) |

-nX)nz)y
where r is the scalar curvature.

2.2 Frenet Curve

Let (M,g) be a 3—dimensional semi-Riemannian manifold.
Let y: I — M be a curve in M such that g(7,7) = & = %1,
and let Vy denotes the covariant differentiation. We say that y
is a Frenet curve if one of the following three cases hold

a) v is osculating order 1, i.e., Vy7=0,

b) vy is osculating order 2, i.e., there exist two ortonormal vec-
tor fields {E; = 7,E»}, (g(E2,E>) = & = %1 and a positive
function k) along 7 such that

V)‘/El
VyEz =

K1&E,,
—K 1€ Eq,

¢) yis osculating order 3, i.e., there exist three ortonormal vec-
tor fields {E] =v,E,E3, }, g(Ez,Ez) =& =1, (g(E3,E3) =
& = %1 and two positive functions k] and x, along ¥ such

that

VyE| Ki&Ey,
VyEz = —K&E+K8E;3, (2.10)
V7E3 = —K&E,.

3. Curvature and Torsion of Legendre
Curves

Let y:1 — M be a curve parametrized by arclength in a
3-dimensional (&, §) trans-Sasakian manifold M with Frenet
frame (E| = 7,E»,E3).

Definition 3.1. A Frenet curve y in 3-dimensional (€,0)
trans-Sasakian manifold M is called to be Legendre if it is an
integral curve of the contact distribution D = kern, equiva-
lently

n(y) =0.
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Assume that y is Legendre curve on a 3-dimensional (g, 8)
trans-Sasakian manifold M. Then 1(y) = 0. Hence 7, ¢ and
& are orthonormal vector fields along .

It is well-known that the Levi-Civita connection V is a
metric connection. So differentiating (3.1) and using (2.8),
we have

0

g(Vy7,6) +2(1,V4E)
8(Vi1, &) +g(7,—aep7—BS9*7)
g(Vy1,€) +Bog(1,7),

which yields
8(Vy1,8) =

From the last equation one can see that V;7 is not orthogonal

to €.
Since 7y is a curve parametrized by arclenght, then we
write

—ﬁ681. 3.2)

which implies that V47 orthogonal to ¥ Therefore, V¥ lies in
a plane spanned by £ and ¢7.
By use of (2.4) and (3.2) we arrive at
Bée
€

Vi =— (3.4)

where f is a scalar valued function.
In view of (3.4), we have

8(Vy1.Viy) = BPe+ f*.
Equation (3.5) gives
K =+/pB%e+ 12

Thus we have the following.

(3.5)

(3.6)

Theorem 3.2. The curvature of a Legendre curve Y in a 3-
dimensional (€,0) trans-Sasakian manifold is given by (3.6).

Now using (2.10) with (3.4), we can write

1 . 681ﬁ€

K Tem kT
Differentiating the equation above and using (2.7), (2.8) and
(3.4), we have

E,=-V,y=

Ve Ey = (Z;(M ﬁKﬁJrﬁvyg)
Rk,
+L(i)7+ 0V
B B*er  f?
= Clee xe
Se1 Bx—Bk. afe
+(—872( " )+ e & 37
o) f — fK
+(a£82£1 +fK82K2fK£2)¢7"
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By use of (2.10), (3.6) and (3.7), we obtain

Se Pr—Pic, | ofe
E — _ -
TL3 ( 882( K2 )+ K€ )5

afde  fxe — fke

+( w5 T o )oY
So, we get
5e; /Br—BKk

o[y .

5 .

+(a€€2£1 +fl<'82 fKé’z)

Theorem 3.3. The torsion of a Legendre curve Y in a 3-
dimensional (€,0) trans-Sasakian manifold is given by (3.8).

4. Biharmonic Curves

In this section we investigate biharmonic curves on 3-
dimensional (&, ) trans-Sasakian manifolds.

Suppose that y: I — M be a Frenet Legendre curve in
a 3-dimensional (g, ) trans-Sasakian manifold. Then from
(3.4), (2.7) and (2.8), we get
3581

ViVyy V(-

581

£+ £07
%8 (e + Ve + foy
AT+ 071

2
Py
HB2D yae:
+Hapser + o

Differentiating (4.1) along y and again using (2.7) and (2.8),
we have

.1)

Vi = Vi (2 e
+(aBder+ f)o7)
2
— BB - B vy

+(—B’7 +afe +afe)é

HB28 ape)vie

+(aBde +afde + foy
+(afder+ f)Vyo7
<B Ber | riyy

+< ﬁ35+ﬁf25£1 -B
+ofe +20f€ +a2/36
a

~Be 54 2apSe,
—a2f£1s+oc[3681+f
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Hence, we get biharmonic equation for a Frenet Legendre
curve in a 3-dimensional (&,0) trans-Sasakian manifold M as
follows:

0o = 3PP gy
ﬁ35+[>‘f258‘—/35£1 )
+(+af+2af£1+a2ﬁ6 ¢ 4.3)
fﬂel P +20B8¢ .
+< —a2f£1e+a/35el+f' 7
6
+B T R(7.6) 7~ [R(1,07)7.
where R is the curvature tensor of M.
By use of (2.9), we get
R(71E)7 = (5(e—1)— (o = B))S, (44)
and
R(,97)7 = —(5 —2(0> = B*))97. (4.5)

2

Then replacing (4.4) with (4.5) in (4.3), bitension field of ¥ is
in the following:

n(y) = <5ﬁ ‘ +ff> (4.6)
B3+ BB
+ +ofe +20f¢ +a2ﬁ6 &
+5(e— D — (o7 — BB
—Bra 54 0apse,

+| —a’fee+aBde+f |97
+5f=2f(0* = B?)

So we can state the following.

Theorem 4.1. Let y:1 — M be a Frenet Legendre curve in a 3-

dimensional (g, 8) trans-Sasakian manifold with o, B =constant.

Then v is biharmonic if and only if

I
o

ff
( B35+ B2 120 fe + o2 )
+5E— B — (@~ BB

%+f3+a2f818*f. = 0.
—Lf—2f(a2—B?)

We know that, an (g, ) trans-Sasakian manifold reduces
i) an (8)—Kenmotsu manifold for ¢ =0, f =1,

ii) an (€)—Sasakian manifold for § =0, a = 1.

Hence, we can give the followings:

Proposition 4.2. Let y: 1 — M be a Frenet Legendre curve in
a 3-dimensional (8)—Kenmotsu manifold. Then Yy is proper
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biharmonic if and only if

f = constant #0
<ﬁ35+ﬁf”§]+ <e—1>ﬁ;> o
B B
(ﬁ Prra f+2fﬁ2> - 0.

Proposition 4.3. Let y: 1 — M be a Frenet Legendre curve
in a 3-dimensional (€)—Sasakian manifold. Then vy is proper
biharmonic if and only if

f J—
(f3+a2f81£—%f—2fa2) _—

constant # 0

Acknowledgments

The authors would like to express sincere gratitude to the
reviewers for his/her valuable suggestions.

References

11" A. Bejancu, K. L. Duggal, Real hypersurfaces of indefi-
nite Kahler manifolds, Int. J. Math. Math. Sci., 16(1993),
545-556.

(21 A. A. Balmus, S. Montaldo, C. Onicuic, Biharmonic hy-
persurfaces in 4-dimensional space forms, Math. Nachr.,
283(2010), 1696-1705.

31 C. Ozgiir, M. M. Tripathi, On Legendre curves in
a—Sasakian manifolds, Bull. Malays. Math. Sci. Soc.,
31(2008), 91-96.

41 D, E. Blair, C. Baikoussis, On Legendre curves in contact
3-manifolds, Geom. Dedicata, 49(1994), 135-142.

5] D. E. Blair, Riemannian Geometry of Contact and
Sympletic Manifolds, Progress in Mathematics 203,
Birkhauser Boston, Inc, 2002.

[61 D. Fetcu, C. Onicuic, Explicit formulas for biharmonic
submanifolds in non-Euclidean 3-spheres, Abh. Math.
Sem. Univ. Hamburg, 77(2007), 179-190.

[7I' D. Fetcu, Biharmonic Legendre curves in Sasakian space
form, J. Korean Math. Soc., 45(2008), 393-404.

B D. Fetcu, C. Onicuic, Biharmonic hypersurfaces in
Sasakian space form, Diff. Geo. Appl., 27(2009), 713—
722.

91 D, Fetcu, C. Onicuic, Explicit formulas for biharmonic

submanifolds in Sasakian space form, Pacific J. Math.,

240(2009), 85-107.

G. Y. Jiang, 2- harmonic maps and their first and second

variation formulas, Chinese Ann. Math. Ser. A., 7(1986),

389-402.

1l H. G. Nagaraja, G. Somashekara, Special trans-Sasakian
manifolds and curvature conditions, Int. J. Pure and Appl.
Math., 81(2012), 411-420.

[121 H. G. Nagaraja, R. C. Premalatha, G. Somashekara, On
(g, 8)-trans-Sasakian structure, Proceedings of the Esto-
nian Academy of Sciences, 61(2012), 20-28.

[10]



[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

Curvature and torsion of a legendre curve in (¢,8) Trans-Sasakian manifolds — 144/144

I. Inoguchi, Submanifolds with harmonic mean curvature
in contact 3-manifolds, Colleq. Math., 100(2004), 163—
179.

J. Eells, J. H. Sampson, Harmonic mapping of the Rie-
mannian manifold, American J. Math., 86(1964), 109—
160.

J. Welyczko, On Legendre curves in 3-dimensional nor-
mal almost contact metric manifolds, Soochow J. Math.,
33(2007), 929-937.

J. Welyczko, On Legendre curves in 3-dimensional nor-
mal almost paracontact metric manifolds, Result. Math.,
54(2009), 377-387.

M. M. Tripathi, E. Kili¢, S. Yiiksel Perktas, S. Keles, In-
definite almost paracontact metric manifods, Int. J. Math.
Math. Sci., (2010), Article ID 848195.

R. Kumar, R. Rani, R. K. Nagaich, On sectional curva-
ture of (&)-Sasakian manifolds, Int. J. Math. Math. Sci.,
(2007), Article ID 93562.

S. Keles, S. Yiiksel Perktas, E. Kili¢, Biharmonic curves
in LP-Sasakian manifolds, Bull. Malays. Math. Sci. Soc.,
33(2010), 325-344.

S. Yiiksel Perktas, E. Kili¢, Biharmonic maps between
doubly warped product manifolds, Balkan J. Geom. and
Its Appl., 15(2010), 159-170.

S. Yiiksel Perktas, E. Kili¢, S. Keles, Biharmonic hy-
persurfaces of Lorentzian para-Sasakian manifolds, An.
Stiint. Univ. Al. 1. Cuza lIasi., Tomul LVII, f.2 DOI:
10.2478/v10157-011-0034-z, 2011.

U. C. De, A. Sarkar, On (€)-Kenmotsu manifolds,
Hadronic Journal, 32(2009), 231-242.

X. Xufeng, C. Xiaoli, Two theorems on (€)-Sasakian
manifolds, Int. J. Math. Math. Sci., 21(1998), 249-254.
Y. L. Ou, p-Harmonic morphisms, biharmonic morphisms
and non-harmonic biharmonic maps, J. Geom. Phys.,
56(2006), 358-374.

Y. L. Ou, Biharmonic hypersurfaces in Riemannian man-
ifolds,, Pacific J. Math., 240(2010), 217-232.

Y. L. Ou, Some constructions of biharmonic maps
and Chen’s conjectures on biharmonic hypersurfaces, J.
Geom. Phys., 62(2012), 751-762.

ok ke ke k ok ke k k
ISSN(P):2319 — 3786
Malaya Journal of Matematik
ISSN(0):2321 — 5666
ok ke ke ko k x

144


http://www.malayajournal.org

	Introduction
	Preliminaries
	(,) trans-Sasakian manifolds
	Frenet Curve

	Curvature and Torsion of Legendre Curves
	Biharmonic Curves
	Acknowledgments
	References

