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General solution and generalized Ulam - Hyers
stability of »,— type n dimensional quadratic-cubic
functional equation in random normed spaces:
Direct and fixed point methods
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Abstract
In this paper, the authors introduce and establish the general solution and generalized Ulam- Hyers stability of a
r; type n— dimensional Quadratic-Cubic functional equation
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where ry;, i1 € R—{0}, (i=0,1,2---n) and n is a positive integer in Random normed spaces.

Keywords
Quadratic functional equation, Cubic functional equation, Mixed functional equation, Generalized Ulam - Hyers
stability,fixed point, Random normed spaces.

AMS Subject Classification
39B52, 32B72, 32B82.

' Department of Statistical Science, University College London, 1-19 Torrington Place, 140, London, WC1E 7HB, UK.
2 Department of Mathematics, Government Arts College, Tiruvannamalai - 606 603, TamilNadu, India.
3 Department of Mathematics, Jeppiaar Institute of Technology, Sriperumbudur, Chennai - 631 604, Tamil Nadu, India.

*Corresponding author: ' matina@stats.ucl.ac.uk;? annarun2002@gmail.co.in; 3agilram@gmail.com
Article History: Received 12 November 2017; December 30 December 2017 ©2017 MJM.

Contents REfEIENCES et v seeeeaneeseerenaesseennnnareees 174

-

Introduction.........covviiiiiieiieiiii e 162 .
1. Introduction

In 1940, Ulam [30] at the University of Wiscosin proposed
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A basic question in the theory of functional equations is
as follows: when is it true that a function, which approxi-
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exact solution of the equation?

In 1941, D. H. Hyers [12] gave an affirmative answer to
the question of S.M. Ulam for Banach spaces. In 1950, T.
Aoki [2] was the second author to treat this problem for ad-
ditive mappings. In 1978, Th.M. Rassias [24] succeeded in
extending Hyers” Theorem by weakening the condition for the
Cauchy difference controlled by (||x||” +|[y[|"), p € [0,1), to
be unbounded. In 1982, J.M. Rassias [23] replaced the factor
[[x[|? + |[y]|” by ||x]|”||y|| for p,q € R. A generalization of
all the above stability results was obtained by P. Gavruta [8]
in 1994 by replacing the unbounded Cauchy difference by
a general control function ¢(x,y). In 2008, a special case
of Gavruta’s theorem for the unbounded Cauchy difference
was obtained by K.Ravi etal., [26] by considering the sum-
mation of both the sum and the product of two p— norms.
These terminologies are also applied to the folder of other
functional equations and it has been extensively investigated
by a number of authors and there are countless remarkable
results pertaining to this problem together with mixed type
functional equations (see[1, 13, 17, 19, 25]) and references
cited there in.

The functional equation

fx+y)+flx—y) =2f(x) +2f(y) (1.1)

is related to a symmetric bi-additive mapping (see[1, 19]). It
is natural that this equation is called a quadratic functional
equation. In particular, every solution of the quadratic equa-

tion (1.1) is said to be a quadratic mapping. K.W.Jun and
H.M.Kim [15] considered the following functional equation

F2x+y)+f(2x—y) =2f(x+y) +2f(x—y) +12f(x) (1.2)

which is called a cubic functional equation and every solution
of the cubic functional equation is said to be a cubic map-
ping. G.H.Kim, H.Y.Shin [20] introduced and investigated
the generalized Ulam-Hyers Stability of the following more
generalized cubic functional equation

flrx+sy)+ f(rx—sy) = rs f(x+y) +rs* f(x—)
+2r(r* = 5%) f(x) (1.3)

where r # +1,0, s are real numbers. In 2003, I.S.Chang and
Y.S.Jung [5], investigated the solution and stability of the
functional equation

6f(x+y)+6f(x—y)+4f(3y) =3f(x+2y)

—=3f(x—2y)+9f(2x) (1.4)

deriving from cubic and quadratic functions. Recently the

tional equations

flx+ky)+ flx—ky) =k f(x+y)
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(1.5)

where f(y) = f(y) — f(—y) for fixed integers k with k #
0,%1,2 in Random Normed Spaces.

Recently M. Arunkumar and P. Agilan [3] introduced and
investigated the solution and stability of generalized Ulam-
Hyers Stability of a r; type n-dimensional Additive Quadratic
functional equation
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1<i<j<n
(1.6)

where r; and n are positive integers with n > 2 in quasi beta
normed spaces.

In this paper, the authors establish the general solution and
generalized Ulam- Hyers stability of a r; type n— dimensional
Quadratic-Cubic functional equation
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where ry;, 1241 € R—{0},(i=0,1,2---n) and n is a positive
integer in Random normed spaces .
In Section 2, the general solution of the functional equa-
tion (1.7) is given, In Section 3, basic definition and prelimi-

fuzzy stability of (1.3) was discussed by Z.H.Wang and W.X.Zhangnaries of Random normed space is present, In Section 4, the

[31]. Yeol Je Cho et.al., [7] established the general solution
and stability of generalized mixed type quadratic-cubic func-
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generalized Ulam - Hyers stability of the functional equation
(1.7) is proved via Hyers method.
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2. General Solution

In this section, we present the general solution of the func-
tional equation (1.7). Through out this section let X and Y be
real vector spaces.

Lemma 2.1. An even function f : X — Y satisfies the quadratic
functional equation (1.1) if and only if f : X — Y satisfies the
functional equation (1.7) for all xy,x1, ..., X, Xon+1 € X.

Proof. Assume f : X — Y satisfies the functional equation
(1.7). Using evenness of f in (1.7), we arrive

n

Y [f (raixai 4 raig1xig1)]
=0

[r%if(x%) + r%i+1f(x2i+l)+

-

0
12il2it1
2

4

(f (x2i +2x2i41) — f (225 + 2241 ))] (2.1

for all xg,x1, . .., Xon, X2n+1 € X. Substituting (xo, X1, - - - , X2, X20+1)

by (0,0...,0,0) in (2.1), we get f(0) =0.
Replacing (xp,X1, ..., %20, X2n+1)
by (x,,0,...,0,0) in (2.1), we have

flrox+ry) =g f(x) +r1£(y)

+ ) = =) 22)
for all x,y € X. If we put y by 0 in (2.2), we obtain
f(rox) =g f(x) (2.3)

for all x € X. Again, if we put x by 0 in (2.2) and using
evenness of f, we get

flry)=rif) (2.4)

forall y € X. Setting y by —y and using evenness of f in (2.2),
we reach

Flrox—riy) =5 f(x) +rif ()

rori

+7[f(x—y) —flx+y)] (2.5
for all x,y € X. Adding (2.2) and (2.5), we arrive
Flrox+riy) + f(rox —riy) = 215 £ (x)
+2r1f(y) (2.6)
for all x,y € X. Using (2.3) and (2.4) in (2.6), we have
f(rox—+r1y) + f(rox —riy) = 2f(rox)
+2£(r1y) 2.7

for all x,y € X. Finally, replacing (x,y) by ( x Y ) in (2.7),

W

we arrive (1.1). Conversely, Let f: X — Y satisfies (1.1).
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Letting x =y = 01in (1.1), we get £(0) = 0. Replacing y by x
in (1.1), we get

f(2x) =4f(x) (2.8)

for all x € X. In general for any positive integer a, we have

flax) =a*f(x) 2.9)

for all x € X. By [[1, 19]], there exists a unique symmetric
bi-additive mapping B : X x X — Y such that f(x) = B(x,x)
for all x € X and

B(xy) = 31/ +3) ~ fx ) 2.10)

for all x,y € X. Hence, for (i=0,1,2---n) , we have

F(raixoi + rip1x2i41)
= B(r2iXoi + i 1X0i41,12i%2i + 12i4-1X2i41)
= B(raixai, r2ixai + rip1%2i41)
+ B(r2i41X2i41, 12iX2i + 12i1X2i41)

= B(raixi, r2ix2;) + B(raixi, 12i41X2i41)

+ B(rait1X2i41,72i%2i) + B(r2i0 100041, 2i- 1X2i41)

= rir2iB(x2,%2i) + rir2it 1 B(x2i, X2i41)

+ r2ip172iB(X2i4-1,X2i) + P2ip 17241 B(X2i41, X204 1)

= r3;B(x2i, X2i) 4 rairai 1 B(x2i, X2+ 1)

+ 1o 172iB(x2i1,%2) + 131 B(X2i41,X2i41)
= r3;B(x2i, %) + rairi 1 B(x2i, X241

+ roir2i1B(Xai,%2i41) + 131 B(X2i41, %2011
= 3B (x2i,X2:) + 2riri 1 B(x2i, X2i41)

+ 1511 B(x2is1,X2i41)

rir;
= r5f (x2) + % (f (x2i +x2i41)

— [l = x0i01)) + iy f(int) (21D
for all x;,x7;+1 € X. Thus, from (2.11) that

n

Y [f (raixai+ raig1xi11)]

i=0

) 2
= Z [rZif(xZi) + 1y f(%2011)
i=0
i1
+— (f (x2i +x2i11) — f(x2i +x2i11))

(2.12)
for all xp,x1,...,%5,X2,+1 € X. Since f is an even function,
it can be written as

1
Fx) =5 (f(x)+ f(=x)) (2.13)

2
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for all x € X. With the help of (2.13), (2.12) can be written as

n

Y [f (raixai 4 raig1%i41)]
i=0

nor,2
=Y % [f (x2) + f (—x2)]
i=0

2
1it1

=

[f (x2i41) + f(—x2i41)]
’Qi}?% [f(xz,' +x2i+1) _f(x2i —X2i+l)

+f (=i +x2i11)) = f (= (2 = x2i41))]]
(2.14)

for all xg,x1,...,%2,,X20+1 € X. Adding the following terms

n
Zf(rZir%iH - r%i)f(xﬁ)ﬂ
i=0

n

Y (i =3 0) f(x2ig1),

i=0
",
Z%[f(X2i+x2,»+1)+f(xzi*X2i+1)]»
i=0
n I’2~1’2' 1
)3 % [f (e2i +x2i1) = f (¥2i = X2i41)]

i=0
(2.15)

on both sides of (2.14), and using evenness of f, we reach (1.7)

for all xg,x1,...,%2,,X2,+1 € X. Hence the proof is complete.

O

Lemma 2.2. An odd function f : X — Y satisfies the cubic
functional equation (1.3) where r # £1,0, s are real numbers
ifand only if f : X — Y satisfies the functional equation (1.7)
forall xo,x1,...,Xm,Xn+1 € X.

Proof. Assume f : X — Y satisfies the functional equation
(1.7). Using oddness of f in (1.7), we arrive

n

Y [f (r2iai + raig1x2i41))
i=0

N -
=) 2 (f (e2i +2x2141) + f(x2i — X2i11))
i=0

2
512i+1

> (f (x2i +x2i41) — f (20 — X2i11))

—(rairgiy — 1) f(x2i) = (FBiraiet — 1300 f (2is1)]

(2.16)

for all xg,x1,...,%2,,X20+1 € X. Substituting
(%0,X1,- -+, X20,X2n+1) by (0,...,0,0) in (2.16), we get f(0) =
0. Replacing
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(X0,X15 -+« yX20, X2n+1) bY (x0,%1,0,...,0,0) in (2.16),we have
2

I’()rl

froxo+rixy) = - [f (xo +2x1) + f (x0 — x1)]
@[

+ fxo+x1) = fxo —x1)]

= (rort = 1) f(x0) = (rgr1 =) f(x1) (217

for all xg,x; € X. If we put x; by 0 in (2.17), we obtain

F(roxo) = r3 f (x0) (2.18)

for all xp € X. Again, if we put xo by 0 in (2.17) and using
oddness of f, we get

flrix)) = ri f(x1) (2.19)

for all x; € X. Setting x; by —x; and using oddness of f in
(2.17), we reach

ro r%

froxo—rix) = [f (x0 —x1) + f (x0 +2x1)]

) — f(x0 +x1)]
= (rort —15) f(x0) = (rgri +17) f(x1)

for all xp,x; € X. Adding (2.17) and (2.20), we arrive (1.3) in
the form of

(2.20)

f(roxo + rlxl) —I—f(r()XO — rlxl) = ror%f(xo —|—x1)

+rortf(xo —x1) +2r0(r§ — 1) £ (x0)
2.21)

for all xp,x; € X. where ry # +1,0, r; are real numbers.

Hence f Satisfies (1.3).

Again, replacing (x,X1,%2,X3 .. ., Xon,X204+1) by (0,0,x2,x3,...

in (2.16), we have

2

> [f (2 +x3) + f (%2 — x3)]

flraxy+rx3) =

2
22 S +x3) = floz =)
—(rar3 =) f(x) = (r3rs = 13) f (x3)
(2.22)

for all x,x3 € X. It follows from the steps (2.18) to (2.21),
we have (1.3) in the form of

F(raxa +r3x3) + f(raxa — r3x3) = rar3 f(x2 +x3)

+ rzrgf(xz —x3)+ 2r2(r% - r%)f(xz)
(2.23)

for all xp,x3 € X. where ry # £1,0 and r3 are real numbers.
By continuing this manner, finally replacing

(XO,XI, .. 7x2nax2n+1) by

0,0)
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(0,...,0, 21, X2041)
~——

2n—ltimes
in (2.16), we have

F(ronxon + rans1Xon41)

>
Fant:
= % [f (x2n +22041) + f (X2n — X2011)]
r%annJrl
+ = [f (220 + X2n41) — f (X210 — X2041)]

2
- <r2nr§n+1 - r%n)f(x2n)
— (Brans1 — Pap ) f (¥2051)

for all xp,,,x2,4+1 € X. Again, It follows from the steps (2.18)
to (2.21), we have (1.3) in the mold of

(2.24)

f(anx+ r2n+ly) +f(r2nx_ r2n+l)’)
= rznr%nf(x+y) + r2’lr%n+1f(x_y)
—|—2}’2n(}’%n - r%n+1)f(x)
for all xp,,, X241 € X.
where r, # +1,0 and rp,.| are real numbers.
Conversely, assume f : X — Y satisfies the functional
equation (1.3). Substituting (xo,x;) by (0,0) in (2.21), we get
f(0) = 0. Replacing (xo,x1) by (x0,0) in (2.21), we have
f(roxo) = ra f(x0) (2.26)
for all xg € X. Replacing xy by r1x; and x; by rpxp in (2.21),
and dividing the resultant by rgr%, we obtain
S (rix) +roxo) + f(r1x1 — roxo)
= rgr1 [f (x1 +x0) + £ (x1 = x0)]
+2r1(rg — i) f (1)
for all xg,x; € X. Again, replacing xo by x; and x; by xp and
using oddness of f in (2.27), we get
f(roxo+rix1) = f(roxo+rixi)
—rori [f(xo+x1) = f(x0 —x1)]
+2r1 (15 —r7) f (x1) (2.28)
for all xg,x; € X. Substituting (2.28) in (2.27), we arrive
2

T Lo xn) + £ (v — )]

(2.25)

(2.27)

flroxo+rix;) =

2
7‘0}”1

+ =5 [f(xo +x1) = f(x0 — x1)]

— (rorf =) f(x0) = (rgr1 = r) f (x1)
(2.29)

for all xg,x; € X. By applying the procedure from (2.26) to
(2.29), in (2.23) and (2.25), we have the following equations

2
rr
flrx +rxs) = =2

5 [l +o3) + f o —x3)]

2
r3

+ [f (2 +2x3) = f(x2 —x3)]

)
(k) (2.30)

—(r2r3) flx2) = (r3rs —
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for all xp,x3 € X, Finally

F(ranxon + rans1Xon41)
_ rznr%nJrl

2
rgnr2n+l

2

2
- (r2'1r2n+1 - r%n)f(XZn)

— (Pt — Py ) f(ng1)  (231)

for all x2,,,x2,+1 € X. Adding (2.29), (2.30) and (2.31), we
reach

n

Y [f(rairai+ raig1x2is1))
i=0

[f(x2n +x2n+l) + f(x2n — X2n41 )]

[f (20 +X2041) — f (X2n — X2041)]

n 2
niry;
=Y %(f(xﬁ‘f‘xb'—}—l)+f(x2i_x2i+1)>
i=0
r%i’%iﬂ
2
_(r2ir%i+1 - r%i)f(xZi) - r%ir2i+1 - r%i+1)f(x2i+l)]
(2.32)

+ (f (e +x2i41) — f(x2i — X2i11))

for all xg,...,X,X2n+1 € X. Since f is an odd function, it

can be written as
709 = 5 (70~ F(=)

for all x € X. With the help of (2.33), (2.32) can be remodify
as,

(2.33)

n

Y [f (raixai + raiv1x2i41))]

i=0

n . 2
=) %[[(f(X2i+X2i+1)+f(x2i_x2i+1))]
=0

= [f(=(x2i +x2i+1)) + f (= (x2i = x2i+1)))]]

2 ..
rzii% [[(f (o2 +x241) — f (%2 — %2i41))]

= [(F(=0xai +22041)) = f (= (02 = 2201)))]]

g2 3
_% [f(xai) = f(=x21)]

(r%ir2i+1 _r%i-&-l)
2

+

[f (x2i1) — f(—=x2i41)] (2.34)

for all xq, ..., x2,, %241 € X. Adding the followings terms

2
>/ (x21),

1=

l n
)3
i=1

n

)}

i=0

2
i1
2

f(x2i+1 )7

Pilit1
4

(f (i +x2i41) — f(x2i — X2i11))
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on both sides of (2.34), and using oddness of f, we reach (1.7)
for all xo,...,x2,,X2,+1 € X. Hence the proof is completed.
O

3. Preliminaries of Random Normed
Spaces

In the sequel, we adopt the usual terminology, notations and
conventions of the theory of random normed spaces as in
[6, 28, 29].

Throughout this paper, A™ is the space of distribution func-
tions, that is, the space of all mappings F : RU {—oc0,00} —
[0,1], such that F is leftcontinuous and nondecreasing on
R,F(0) =0 and F(+o0) = 1. D is a subset of A" consist-
ing of all functions F € A" for which [~ F(+e) = 1, where
I~ f(x) denotes the left limit of the function f at the point x,
that is, I~ f(x) = lim f(¢). The space A™ is partially ordered

t—x—

by the usual pointwise ordering of functions, that is, F < G if
and only if F(t) < G(¢) for all ¢ € R. The maximal element
for AT in this order is the distribution function & given by

[0, ift<0,
80(”_{ 1 ift>0. G.1)
Definition 3.1. [28] A mapping T :[0,1] x [0,1] — [0,1] is

called a continuous triangular norm (briefly, a continuous
t—norm) if T satisfies the following conditions:

(a) T is commutative and associative;
(b) T is continuous;
(c) t(a,1) =aforallac0,1];

(d) t(a,b) < 1(c,d) whenever a < ¢ and b < d for all
a,b,c,d €10,1].

Typical examples of continuous t—norms are Tp(a,b) =
ab, Ty (a,b) = min(a,b) and 1, (a,b) = max(a+b—1,0) (the
Lukasiewicz r—norm). Recall (see [10, 11]) that if T is a
f—norm and x, is a given sequence of numbers in [0, 1], then
TL | Xn+; is defined recurrently by

’L‘ilzlx,-:xl and T ]x,f‘r(r llx,,xn) n>?2.

for

T~ % is defined as 77 x,4;. It is known [11] that, for the
Luka51ew1cz t—norm, the following implication holds:

lim (’CL) D i = 1 <= Z (1—x,) <o

n—

(3.2)

n=1

Definition 3.2. [29] A random normed space (briefly, RN-
space) is a triple (X, L, T), where X is a vector space, T is
a continuous t—norm and | is a mapping from X into D"
satisfying the following conditions:

(RNI) W, (t) = ¢&o(t) for allt > 0 if and only if x = 0;

(RN2) g (1) =
0;

W(t/|et]) for all x € X, and o € R with o #
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T (L (1), 1y

(RN3) pyyy(t+5) > (5)) forall x,y € X and t,s >
0.

Example 3.3. Every normed spaces (X,||-||) defines a ran-
dom normed space (X, L, Ty ), where

t

We(t) = ——
O =

and Ty is the minimum t—norm. This space is called the
induced random normed space.

Definition 3.4. Let (X, 1, 7) be a RN-space.

(1) A sequence {x,} in X is said to be convergent to a point
x € X if, for any € > 0 and A > 0, there exists a positive
integer N such that Uy, _,(€) > 1— A foralln > N.

(2) A sequence {x,} in X is called a Cauchy sequence if,
for any € > 0 and A > 0, there exists a positive integer
N such that fy, —y, (€) > 1—A foralln >m > N.

(3) A RN-space (X,l,7) is said to be complete if every
Cauchy sequence in X is convergent to a point in X.

Theorem 3.5. If (X,u,7) is a RN-space and {xn} is a se-
quence in X such that x, — x, then lim i, () = Uy (¢) almost
n—soo
everywhere.
Hereafter, throughout this paper, let us consider U be a

linear space and (V, i, 7) is a complete RN-space. Define a
mapping f: U — V by

f(x())xl y " ax2n7x2n+1)
n
=Y [f(raixai + raig1%2i11)]
i=0
n 1 rairip1(—1)""

—|—r2ir%i+1 (—1)*
+r3iris1(—1)Y
(F (=0 (=1 x11))|
Py 15— V21V21+1>f(x2i)

( r21+r21r21+1 ) Fl—x21)

2
sz+1+rzz+1 r21r21+1>f(x2.+1)
1

151 — r2 —|—r2r2+1
( i+ HI i’ 4l )f(x2i+l)>

for all xp,x1,...,Xn,X2,+1 € U.

4. Stability Results : Direct Method

In this section, the generalized Ulam —Hyers stability of the
functional equation (1.7) using direct method is provided.
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Theorem 4.1. Let j==+1. Let f : U — V be an even mapping
for which there exist a function ¥ : U™t — D with the
condition

2(i+1)j —
r}l_{l;lor O‘P(07. .. ,O,Q”jx,Q"-/x) (Q (1) t) =1
2n—1 times
oni
= r}l_I}Il \PanxO Qixy - anXZanjXZnJrl (Q " [) (41)
such that the functional inequality such that
Af(xo1 onstans) (1) 2 Wagxy - varzgr (1) 4.2)

for all xo,x1,...,%m,Xn+1 € U and all t > 0. Then there
exists a unique quadratic mapping Q : U — V satisfying the
functional equation (1.7) and

0 Qinaiy (Qz(z+l J t) 4.3)

2n—1 times

Nop)—5 (1) 2 T20¥ 0, -

Sforall x e U and all t > 0. The mapping Q(x) is defined by

AQ(x)( )= hm Af(Q”/x)( )

o2nj

forallx e U and allt > 0.

(4.4)

Proof. Assume j = 1. Setting (xq,x1, ...
by ( Oa B
——

7x2n7x2n+1)
0 ,x,x) and using evenness

2n—1 times
of fin (4.2), we get
A st W72 F )~ 1 £0) - 203051 2 ()
> \P(07 ce 70-,)6-,)5) (t)
2n—1 times

for allx € U and all # > 0. Using (2.8) in (4.5), we have

(4.5)

At ran W f6) 72 )23 £) ()

Z lP((L . 70~X7x) (t)

2n—1 times

(4.6)

for all x € U and all # > 0. The above inequality can be written
as

>W(,... 0.0 @47

2n—1 times

Aot rans )3~ (rantrang )2 ) (1)

for all x € U and all t > 0. Define Q = rp, + 12,41 in (4.7), it
can be written as

0,00 (1) (4.8)

2n—1 times

for all x € U and all > 0. It follows from (4.8) and (RN2),

we have
t
Ansa_ (*>>‘P 4.
%9 _r\Q2) = 0,0 () (4.9)
2n—1 times
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for all x € U and all t > 0. Replacing x by Q¥x in (4.9), we
arrive

t
Q2

)2 %0.... 0gtak(f) 410
~——

2n—1 times

A it f(gkx)(

for all x € U and all ¢ > 0. It follows from (4.10) that

t
A/‘(QHU)J(M (W) >¥o,... 707@%%)(:) 4.11)
02(k+1) 02k ZH’_/
n—1 times

for all x € U and all 7 > 0. Substitute # by Q2*+1) in (4.11),
we arrive

>v¥

0, -+, 0.0.0k) (QZ“‘“H) (4.12)

2n—1 times

A f@k1y)  p(@kx) (t )
Q2(k+1) a2k

forall x € U and all # > 0. It is easy to see that

Z

QH—I )
QZ (i+1)

f(Q')
Q2

_ f(Qx)
02

—flx (4.13)

for all x € U. From equations (4.12) and (4.13), we have

A kA t
25 f()()
_A):k | fQiItLy)  f(@iy) (t)
i=0 o2(i11) ol
1t
ZT‘;()A Qitly th < )
O e QD
k-1 2(i+1)j
2 Tio %0, 0.04x.06) (Q (1)) t) (4.14)
2n—1ltimes

for all x € U and all # > 0. In order to prove the convergence

k
of the sequence {f(QQZA x) } we replace x by Q"x in (4.14), we
arrive
A k+m (t)
Sy )
2 Tik:_()lly(oa e 7079i+mx39i+’nx) (QZ(H_WH_I)] t)

2n—1 times

_ pmtk—1 o 2(i+1)j
= Ti=m lII(O, -+, 0,Qx,Qix) ('Q t)
2n—1 times

— lasm — oo 4.15)

f(Q)

for all x € U and all ¢+ > 0. Thus O

} is a Cauchy

sequence. Since V is complete there exists a mapping Q :
U — V, we define

ky (1)

QZk

AQ(x)( ) = lim A

n—oo

forallx € U and all > 0. Letting m = 0 and n — oo in (4.14),
we arrive (4.3) for all x € U and all t > 0. Now, we have to

009 nn,,
5:

; ‘a’uv
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show that Q satisfies (1.7), replacing (xo,x1,. .., X, X2,+1) by ~ Theorem 4.3. Let j = +1. Let f : U — V be an odd mapping
(Qxo, QFxy,..., Q%2,, Qkx2,4 1), we have for which there exist a function ¥ : U™t — D with the
condition

Af(Qkxoﬂkn-,"'7Qkx2m9kx2n+1)(t) lim 7 OlP(() 0.0 » <Q3(i+1)j t) =1
,0,Q1ix,Qni =
X X

2 Wk Qhxy e Qxg, Qs (t) (4.16) n—ree —-
n—1 times
for all x € U and all # > 0. Taking k — oo both sides, we find = im Wi, oy o @iy, @iy Q1) (4.19)
that Q satisfies (1.7) for all xg,x1,...,x2,,%,+1 € U. There-
fore the mapping QO : X — Y is Quadratic. such that the functional inequality such that
Finally, to prove the uniqueness of the quadratic function
Q subject to (4.4), let us assume that there exist a quadratic Af (e ’in-xznﬂ)(t ) 2 Wagoxt o gz (1) (4.20)

function Q' which satisfies (4.3) and (4.4). Since Q(QFx) =
Q% Q(x) and Q' (Qkx) = Q%*(Q'(x) forall x € U and all n € N,
it follows from (4.4) that

forall xg,x1,...,xXm,%n+1 €U and all t > 0. Then there exists
a unique cubic mapping C : U — V satisfying the functional
equation (1.7) and

AQ(x)*Q/(x)(ZI) Ac(x)-f(x) (1) > T{ioq’(()’ e, 0,00k Q) <Q3(1+1 i t) 4.21)

= AQ(QkX)fgl(Qk“w <292kt) 2n—1 times
= Ap(ako)— r(ok k) — O (O (2Q2kt) . .
0(Qkx) = f(Qx) +f(Qx) - Q' (@) forall x € U and all t > 0. The mapping Q(x) is defined by
> (A Q%) A , Q% )
= T (Moot - riars) (Q71): Ak - o/(arn (277) Acty (1) = Jim A e 1) (4.22)
Qanj
=7|7 0‘1‘(0 0,071 Qit1y) (Qz(i+1)j t) , forallx € U and allt > 0.
2n—1 times Proof. Assume j = 1. Setting (x,X1,...,X2,X2n+1) by
(0,---,0,x,x) and using oddness of f in (4.20), we get
. , SN——
T;;O\P(O7 o, 0,0 1x,Qit ) (QZ(H_I)/ t) 2n—1 times
2n—1 times A , 2 (423)
— lasn — oo Flrartrans ol 2385 (- B2 0

— (9,72 3 x)— (72 r —r2 X (t)
for all x € U and all ¢ > 0. Hence Q is unique. (203011 =730~ (31 =7301 )1 0)

For j = —1, we can prove a similar stability result. = lP(O, <o, 00) (1) (4.24)
This completes the proof of the theorem. O 201 times

Corollary 4.2. Let @ and s be nonnegative real numbers. forallx € U and all 7 > 0. Using (2.18) in (4.23), we have

Let an even function f : U — V satisfies the inequality A AUt rane =7 =P £ =37, o f) 37 ) (1)

Af(x0=xl E -,x2nvx2n+1) (t) 2 lP(Oa e ,O,x,x) (t) (425)
\Pcp (t), 2n—1 times
> ‘P‘PZZ”“ (][} ®), SF# 2 5 forall x € U and all t > 0. The above inequality can be written
"IJ(I)( 2n+1|‘leA+22n+l‘|xH(2n+1) )( )7 S?é m; as
“4.17)
Aflratrana ot 270 ) Z H(0, - 0,5 () (426)
forall xo,x1,- -+ ,Xon, X041 €U and all t > 0. 2n—1 times
Then there exists a unique quadratic function Q : U — 'V such forall x € U and all £ > 0. Define Q = ry, + Fan+1 in (4.26)
that we get
Y s (1),
o ( )( ) Apan-@prw ) 2 ¥, 0. (1) (4.27)
s (F)s T
Ao <] am (4.18)
¥ o s (1), for all x € U and all > 0. O
‘927Q(Zn+|)s‘

The rest of the proof is similar to that of Theorem 4.1 .
forallx € Uandallt>0. Hence the details of the proof are omitted.
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Corollary 4.4. Let @ and s be nonnegative real numbers. Let
an odd function f : U — V satisfies the inequality

A (o1, oy 1) (1) (4.28)
Yo (1),
>0 Popzmtpe ) s#3;

3.
Fo (g iuli+zeg! o) ;87 Gy

(4.29)
for all xp,x1,--+ ,Xon,Xon+1 € U and all t > 0. Then there

exists a unique cubic function C : U — V such that
Y _o (1),

@3]
¥ oo (1),

‘Q3_Qns‘ (430)
v

Ap)—c(t) <
(1),

2¢“x“(2n+l)s
|3 ,Q(2n+1)x|

forallx € Uandallt > 0.

Theorem 4.5. Let j = +1. Let f : U — V be a mapping for
which there exist a function ¥ : U**' — D% satisfying the
conditions (4.1) and (4.19) and the functional inequality such
that

(4.31)

for all xo,x1,--+ ,Xon,X0n+1 € U and all t > 0. Then there
exists a unique quadratic function Q : U — V and a unique
cubic function C : U — 'V satisfying the functional equation
(1.7) such that

Af(x0=x17"'-,x2nvx2n+l)(t) 2 Wi s (t)

Ho(x)—c(x)—f(x) (1) 4.32)

>t 7% | 7| ¥, 0.miramin (szmt)?

2n—1 times

2(i4+1)j
, q"(o’ e aOvQ"/‘x_,Q’ll'x) (Q (i+1)j t)
\W-/

2n—1 times

~ (i)
yTico | T ‘P(O7 ,0.Q1ix,Q1ix) (_Q (i+1)j l),

2n—1 times

3(i+1)j
’ IP(O’ ,O,Q"jx,Q"jX) (Q (i+1)j f)

2n—1 times
(4.33)
Jorall x € U and all t > 0. The mapping Ay, and Ac(y) are
defined in (4.4) and (4.22) respectively for all x € U and all
t>0.

Proof. Let f,(x) = 3 {f(x)+ f(—x)} for all x € X. Then

fe(0) =0, f. (—x) = —f. (x) for all x € U. Hence
Afﬂ(X07xlA“‘sx2nax2n+l (21)
Z T I:\I’XO#XI:""XvaXZn+l (t)7

’ lP_XOa_Xls‘“:_x2n~,_x2n+l (t)] (434)

170

all xg,xp,---
we have

,Xon,X2n+1 € U and all t > 0. By Theorem 4.1,

2(i4+-1)j
0|7 \P(()’_” 70’9,,}'%9,”-)() (_Q (i4+1)j t),
——

2n—1 times

, ‘P(O,--- ,0,—Qnix,— Qi) <Q2(1+1)J t)
2n—1 times
(4.35)
forallx e U.
Also, Let f,(x) = £ {f(x)— f(—x)} for all x € U. Then
fo(0) =0, f, (—x) = f, (x) for all x € U. Hence

A, (x0.%1 7 XomXams1) (21)

57 X2 X2n+ 1 (t)7
? l}‘7)(:0*,7’“ T2, T X241 (t)]

for all xg,xq,---
4.3, we have

,X2n,Xon+1 € U and all > 0. By Theorem

Ac()—fo(x)(F)

0o 3(i+1)j
i=0 | T lP((),... ,0,Qmix,Qnix) (Q (1) l‘),

2n—1 times

3(i+1)j
) lI"(O7 ,0,—Qnix,—Qnix) <Q (i+1)j t)
2n—1 times
(4.36)
for all x € U and all ¢+ > 0.Define
Fx) = fe(x) + fo(x) 4.37)
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for all x € U. From 4.35,4.36 and 4.37, we arrive

Ag()—c()—f(x) (1)
= No(x)—Cx)— fo ) fol) ()
> T (Ag()— £ (1) At —f, (0 (1))

>t T | T lP(O,--- 0.0, Qi) (92(z’+1)/ t) 7

2n—1 times

2(i+1)j
y “P(O, e ’O,Qn_ix_’anx) (Q (i+1)j t)
\w—/

2n—1 times

»Tizo | T W0, 0.00x 00 (93(i+l)j l) ,

2n—1 times

3(i+1)j
’ lP(O’ .. ,O,Q”jx,Q"jx) (Q (i+1)j t)
N——

2n—1 times

for all x € U and all t > 0. Hence the theorem is proved. [

Corollary 4.6. Let ® and s be nonnegative real numbers. Let
a function f : U — V satisfies the inequality

Ag(

X0X15 -,x2n7x2n+1)(t)

lPd)(t)a
> ¥ s#£2,3;

(7
o2 s (0): '

o (rens |52 i) (0 S gty Garn)y ADf(xgr1 o amianin) ) = Prg ey o ooy ()

(4.38)

for all xp,x1,--+ ,Xon,Xon+1 € U and all t > 0. Then there
exists a unique quadratic function Q : U — 'V and a unique
cubic function C : U — 'V such that

Y o e (1),
[ETRATENT
Yoo |, 2opp (7),
Asg-om-co(®) < | e et (

2¢HXH<2’I+I)S (t) 5
‘Q3_Q(2Il+1)5‘

(4.39)

¥ zq)HXH(Z}H»l)s
‘QZ_Q(ZH-F])S‘

forallx € Uandallt > 0.

5. Stability Results: Fixed point Method

In this section, the authors present the generalized Ulam -
Hyers stability of the functional equation (1.7) in Random
normed space using fixed point method.

Through out this section, Let us consider U be a vector
space and (V,A,T) is a complete RN-space.

Now we will recall the fundamental results in fixed point
theory.
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Theorem 5.1. [2]](The alternative of fixed point) Suppose
that for a complete generalized metric space (X,d) and a
strictly contractive mapping T : X — X with Lipschitz con-
stant L. Then, for each given element x € X, either

(B1) d(T"x,T" " x) =00 V¥V n>0,
or

(B2) there exists a natural number ny such that:

(i) d(T"x,T"*'x) < oo for all n > ny ;

(ii)The sequence (T"x) is convergent to a fixed point y* of T
(iii) y* is the unique fixed point of T in the setY ={y € X :
d(T™x,y) < eo};

(iv) d(y*,y) < 11 d(y,Ty) forally €Y.

For to prove the stability result we define the following:
§; is a constant such that

5 — Q if i=0,
Tl if i=1

and I is the set such that

I'={g|g:X—Y,(0)=0}.

Theorem 5.2. Let f : U — V be an even mapping for which
there exist a function W : U?"*! — D with the condition

: 2k, \ _
lim \P5,-"Xo-,5,~kxl-,"'75,-"in,5ikx2n+1 <6i t) =1 G-

k—>o0

for all xy,x1,--+ ,Xon,X0n+1 € U and all t > 0 and satisfying
the functional inequality

3
5.2)
for all xo,x1, -+ ,Xon,Xon+1 € U and all t > 0. If there exists
L = L(i) such that the function
Wp(e, ) =¥, ... 05 () (5.3)
2n—1times
has the property
1
Yp(x,t) =L§‘PD(5ix,t)7 VxeX,t>0. (5.4)

1

Then there exists a unique quadratic function Q : U — 'V
satisfying the functional equation (1.7) and

Ll—i
AQ(x)—f(x) <1 LI) > lPD()C,Z‘), VxeX,t>0. (5.5)

Proof. Let d be a general metric on I, such that

d(g,h) =inf {K € (0,00)|Ag(x)_n(x) (K1) > Wp(x,1),x € X,t > 0}.

It is easy to see that (I',d) is complete. Define 7 : I' — I by
1
Tg(x) = gg(&x), for all x € X. Now for g,h € T, we have

1
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d(g,h) <K
= Ag(x)—n(x) (K1) = ¥p(x,1)
Kt
= A5 hism) < 2) > Wp(&ix,1)
2 82 5,'
Kt
= ATg(x)-Th(x) (5-2) > Wp(x,t)
= d(Tg(x),Th(x)) <KL
= d(Tg,Th) < Ld(g,h) (5.6)

for all g,h € I'. There fore T is strictly contractive mapping
on I' with Lipschitz constant L.
From (4.8) that

Asian-@rrw @) Z ¥, .. 050 (1) 5.7

2n—1times

for all x € U and all ¢t > 0. It follows from (5.7), we have

A >Wo0 . 0 (5.8)
1@ _ ()(92) 0, 0. (®)
2n—1times

for all x € U,t > 0, Using (5.4) for the case i = 0 it reduces to

>
= Ay (g2> Folx1)
=  d(Tf,f)<L=L""< (5.9)
Again replacing x by & in (5.7), we obtain
As—arr(3) 0 =0, 05,50 (5.10)
2n—1times

for all x € U, > 0 with the help of (5.4) when i = 1, it follows
from (5.10), we get

= Areary(y) (1) = Folor)

=  d(f, Tf)<1=L=L'"" (5.11)
Then from (5.9) and (5.11), we can conclude,
d(f7Tf) SLO < oo

Now from the fixed point alternative in both cases, it follows
that there exists a fixed point Q of T in I such that

Ajsty)

2k
61'

), VxeU,t >0. (5.12)

Ag(y (1) = lim

k—>oo

Replacing (xo, X1, ,Xon,X20+1) by (8fx0, 8Fxy -+
in (5.2) and dividing by 5i2k , it follows from (5.1) and (5.12),
Q satisfies (1.7) for all xg,xq, -

T in the set
A={felld(f,Q) <o},

s Xom,Xon+1 € U and all £ > 0.
By fixed point alternative, since Q is unique fixed point of
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therefore Q is a unige function such that

Afx)-o() (Kt) = Wp(x,1) (5.13)

for all x € U,r > 0 and K > 0. Again using the fixed point
alternative, we obtain

(ny)_ﬁd(fva)
1—i
= df0 <t

(5.14)

for all x € U and t > 0. This completes the proof of the
theorem. O

From Theorem 5.2, we obtain the following corollary
concerning the stability for the functional equation (1.7).

Corollary 5.3. Let ® and s be nonnegative real numbers. Let
an even function f : U — V satisfies the inequality

ADf(xgx1. oo 1) (1)
Yo (1),
>0 Faymst s (1) $72
P! lirming ) (s 87 gy
(5.15)

for all xo,x1,-- ,Xon,Xo0n+1 € U and all t > 0. Then there
exists a unique quadratic function Q : U — V such that

Y o (1),

21
¥ e (1),

‘QZ,Qns‘
lII zq)HXH(bH»l)s (t)’

‘9279(2n+1)s‘

Af)—o) (1) < (5.16)

forallx € Uandallt>O.

Proof. Setting

. 761 x2n76 x2n+l)

Yol(r),
<I>zn+1 . 1
lPXan--szmJCan (t) - igl [l

Y o 2nt1 (f)
@ (T lall+ 8 O+
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for all xp,x1,- - ,X2n,%2n4+1 € U and all ¢ > 0. Then,

Tﬁ (85x0,88x1,++ 8 x00m, 8552041 (1)
1

(1)

‘P n+1 2n+1
& (et ko0
i i=1 i=1

lP(bslfz" (t) 9

= @8 Lkl

(1),

¥ ) 2n+1 2n+1 (1)
(Psik((ZnJrl)Afz)( .ri__ll [ 15+ %} Hx[_u(bﬁl)s) ’

— las k— oo,
=¢ —las k— oo,
— las k— oo,

Thus, (5.1) is holds. From (5.3), we have V x € U,t > 0.
Also From (5.4), we arrive

1
?ﬁ(&'-xat)

‘Pcpslfz" (t) 9
_ ) Yy
‘P(b6ﬂ2n+l).v—2 (

Biizkﬁ (X,l),
= & 2B (),

5.(2n+1)s—2ﬁ (x,t).

1

)HXHS‘ (t) i
-l emens ()

2
Q2@+ 1)s

Now from (5.5), we prove the following cases for condi-
tions (i) and (if).
Case:l L=Q 2fors=0ifi=0,

¥ () < Mg | T gzt

Case:2 L=Q2fors=0ifi=1,
‘P(xt)<AQ() (1_92>

(a):

QsZ
¥p (xr)<AQ() ()<I_Qs 2)

QS
= Ao)- <><Qz Q)

=Ao()-f

Case:3 L=Q  Zfors>2ifi=0,
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Case:d L=0Q> S fors<2ifi=1,
1
Fp(x,1) < Ao s (1 o f)

QX
= Ao, ()(Qs Qz>

Case:5 L= Q)52 for 5 > ifi=

(2n+1)

Q@n+1)s—2
o (,1) < Ao | T gz’

Q(2n+1)s
=Aow-1w | gz —gams! |-

Case:6 L = Q> (2n+1s for 5 < ifi=1,

(2n +l)

1
Wp(x,1) < Ag(x)— ) (1 - 92(2n+1)st)

Qnt1)s
= Ao | g — g2 |-

Hence the proof is complete. O

Theorem 5.4. Let f: U — V be an odd mapping for which
there exist a function ¥ : U™ — D™ with the condition

3k _
m W st sk sh (6,- t) - (5.17)

k—yoo

for all xy,x1,- -+ ,Xon, %2041 € U and all t > 0 and satisfying
the functional inequality

ADf(xom X2 X041 ) (t) 2 lI”)fo-,xl S X Xont 1 (t) (5.18)

for all xo,x1, -+ ,Xon,Xon+1 € U and all t > 0. If there exists
L = L(i) such that the function

Wp(x,1) =%q,..

05,4 )
2n—1times

has the property

1
‘PD(X,[)SLglPD(Six,I), VxeU,t>0. (5.19)

i
Then there exists a unique cubic function C : X — Y satisfying
the functional equation (1.7) and

Ll*i
Ac(o)—r(x) (1 Lt> >Wp(x,1), VxeU,t >0. (5.20)

Corollary 5.5. Let ® and s be nonnegative real numbers. Let
an odd function f : U — V satisfies the inequality

ADf(.X(),.X],' o 7-x2n7x2n+1)(t)
Yo (1),
> ¢ Fopamt s (1), E3
(g etz o) (O S #
(s. 1)

nn
& 9,
E (\hﬂ

200

K



General solution and generalized Ulam - Hyers stability of »,— type » dimensional quadratic-cubic functional equation
in random normed spaces: Direct and fixed point methods — 174/176

for all xp,x1,--+ ,Xon,Xon+1 € U and all t > 0. Then there
exists a unique cubic function C : U — V such that
¥ o

t
|Q3-1] ( )7
¥ oo (1),
‘93_911.?‘
¥ 20| |x|(2n+1D)s (1),
‘Q3,Q(2n+1)x|

Af—cw(t) < (5:22)

forallx € Uandallt > 0.

Theorem 5.6. Let f: U — V be a mapping for which there
exist a function ¥ : U\ — DT with the condition (5.1) and
(5.17) satisfying the functional inequality with

ADf(xOv"]7"‘~,X2n7x2n+|)(t) = ‘PXO«Xh“'»sznH (t ) (523)

for all xo,x1,--- ,Xon,Xon+1 € U and all t > 0. If there exists
L = L(i) such that the function

2n—1times

has the property (5.4) and (5.19) for all x € U. Then there
exists a unique quadratic function Q : U — 'V and a unique
cubic function C : U — V satisfying the functional equation
(1.7) and

Ll—i
Afx)-0m-c) (1 = Lf)
> ofs [ (s) 90 (1)

“[on(es) o (x2)]] o20

forallx € U and all t > 0.

Proof. Let fo(x) = 5 {f(x)+ f(—x)} for all x € X. Then
f.(0)=0,f, (—x) = fe (x) for all x € U. Hence

ADf, (x0,51, an Xont1) (2t)
2 T [‘PXO»X17"'~X2n7X2n+| (t)7‘P7x077x] > T X2, X241 (t)]

(5.25)
forall xg,x1,- -+ ,X2,X2,+1 € U and all # > 0. By Theorem 5.2,
we have
Ll*i
Ag() £l (1 . Lf>
> 1[¥p(x,t), ¥p(—x,1)], VxeX,t > 0. (5.26)

Also,Let f,(x) = % {f (x) — f (—x)} forall x € X. Then f, (0) =
0, fo (—x) = —f, (x) for all x € U. Hence

ADf, (x0,%1 7 Xamtans 1) (20)

Z T [\I’XQ,X1,~'~,X2n,X2n+1 (t)7lP_X07_xlﬂ"'7_x2n~,_x2n+l (t)]
5.27)
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for all xp,x1,- -+ ,X2n,%2n+1 € U and all t > 0. By Theorem
5.4, we have

Ll—i
Act)—folw) < - Lf>
> T[Wp(x,1), ¥p(—x,1)], VX € X, > 0.

(5.28)
Define

J(x) = fe(x) + folx)
for all x € U. From (5.26),(5.28) and (5.29), we arrive

(5.29)

Ll*i
AQ(XFC(X)*f(X) ( 1 LZI)

for all x € U and all r > 0. Hence the theorem is proved. [

Corollary 5.7. Let ® and s be nonnegative real numbers. If
a function f : U — V satisfies the inequality

Af(XOJCl 3 X Xon 1) (z)

"Pq>(t),

Fopanst s (); s#2,3
¥
20 e i
2 3 .
2n+1)’ @n+1)’

),
2 bl 1) 0, s#
(5.30)

for all xo,x1,-- ,Xon,Xon+1 € U and all t > 0. Then there
exists a unique quadratic function Q : U — V and a unique
cubic function C : U — V such that

v 1),
)

W ooeps e (1),

Ag)-o(w)-c () = o] i

¥ zq,HXH(2n+l)s 2<I>HxH(2”+I)S (t)7

‘9279(2n+1):| ‘9379(2n+l)s‘
(5.3D
forallx € Uandallt > 0.
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