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1. Introduction

The stability problem of functional equations originated from
the question of Ulam [53] in 1940, relating to the stability
of group homomorphisms. In 1941, D. H. Hyers [28] gave
the first positive answer to the question of Ulam for Banach
spaces. It was further generalized and interesting results ob-
tained by number of mathematicians [2, 23, 41, 45, 48].

During the last seven decades, a number of papers and
research monographs have been published on various gen-
eralizations and applications of the generalized Hyers-Ulam
stability to a number of functional equations and mappings via
various spaces and mixed type equations (see [1, 5-14, 14, 15,
17, 22, 24-27, 29-33, 36, 38, 39, 42, 46, 47, 49, 54-56, 58]).

M.Arunkumar et. al., [13] introduced and established the
general solution and generalized Ulam - Hyers stability of the
simple additive-quadratic and simple cubic-quartic functional
equations

f(2x) =3f(x) + f(=x), (1.1)

and

g(2x) = 12g(x) +4g(—x), (1.2

having solutions
f(x) = ax+bx*

and glx) =X’ +dx*, (1.3)



respectively in via Banach spaces using direct and fixed point
methods.

Now, first we will recall the fundamental results in fixed
point theory.

Theorem 1.1. (Banach’s contraction principle) Let (X,d) be
a complete metric space and consider a mapping T : X — X
which is strictly contractive mapping, that is

(Al) d(Tx,Ty) < Ld(x,y) for some (Lipschitz constant) L <
1. Then,
(i) The mapping T has one and only fixed point x* =
T (x*);
(ii)The fixed point for each given element x* is globally
attractive, that is

(A2) lim,_T"x = x*, for any starting point x € X;
(iii) One has the following estimation inequalities:

(A3) d(T"x,x*) < ﬁ d(T"x, T""'x),¥ n>0,¥Y x€X;

(A4) d(x,x*) < ﬁ d(x,x*),V xeX.

Theorem 1.2. [34] Suppose that for a complete generalized
metric space (Q,0) and a strictly contractive mapping T :
Q — Q with Lipschitz constant L. Then, for each given x € Q
, either

d(T"x,T""'x) =0 ¥ 1n>0,

or there exists a natural number ng such that
(FP1)d(T"x,T" 'x) < oo for all n > ng ;

(FP2) The sequence (T"x) is convergent to a fixed to a fixed
point y* of T;

(FP3) y* is the unique fixed point of T in the set A={y € Q:
d(T™x,y) < eo};

(FP4) d(y*,y) < 15:d(y,Ty) for all y € A.

In Section 2 the generalized Ulam - Hyers stability of
(1.1) and (1.2) are respectively proved via Quasi- beta Banach
space using direct and fixed point methods.

In Section 3 the generalized Ulam - Hyers stability of
(1.1) and (1.2) are respectively given via Intuitionistic fuzzy
Banach space using direct and fixed point methods.

Throughout this paper, let us take the following: Define a
constant J; such that

[2
{17

i=0;

-1 (1.4)

2. Stability Results In Quasi Beta Banach
Space

2.1 Definitions and Notations On Quasi Beta Banach
space
In this section, we present some basic facts concerning quasi-
B-Normed spaces and some preliminary results.
We fix a real number 8 with 0 < 8 <1 and let K denote
either R or C.

183

AQ and CQ functional equations — 183/205

Definition 2.1. Let X be a linear space over K . A quasi-
B-norm || - || is a real-valued function on X satisfying the
following:

Q1)
(02)
(03)

| x [|> 0 forall x € X and || x ||= 0 if and only if x = 0.

| Ax|| =|A B .|| x| forall A € K and all x € X.

forall x,y € X.

The pair (X,|| - ||) is called quasi-B-normed space if || - ||
is a quasi-B-norm on X. The smallest possible K is called the
modulus of concavity of || - ||

Definition 2.2. A quasi--Banach space is a complete quasi-
B-normed space.

Definition 2.3. A gusi-f-norm || - || is called a (B, p)-norm
O<p<1)if

[x+y IP<lx 1"+ 1y (17

forall x,y € X. In this case, a quasi-f-Banach space is called
a (B, p)-Banach space.

In this section, the generalized Ulam - Hyers stability
of the functional equations (1.1) and (1.2) are respectively
provided using direct and fixed point methods.. Also through-
out this section, let us consider .7 and % to be a Linear
Space over R and quasi - beta Banach space with || - || 5.
respectively.

2.2 Stability Results of (1.1): Direct Method

Theorem 2.4. Let j € {—1,1} and Ayg : T1 — [0,%) be a

function such that
AAQ (Z”jx)

lim ————~ =
n—soo nj

2.1)

forallx e 7. Let f, : T1 — T3 be an odd function satisfying
the inequality

1fa(2%) = 3fa(x) = fa(—=X)]| 7, < Aag (x) 2.2)

for all x € J1. Then there exists a unique additive mapping
A N — S which satisfying (1.1) such that

K" & Axp(28x)
[ fax) =A@l < 55 Yy szj 2.3)
Lo
Sorall x € F\. The mapping A(x) is defined by
e Ja(2Vx)
Ax) = lim = (2.4)

forall x € 7.

There is a constant K > 1 such that || x+y ||< K (|| x ||+ || ¥ )



Proof. Assume j = 1. Using oddness of f, in (2.2), it follows
that

1fa(2%) = 2fa(x)]| 7, < Aag (x)
— ‘ fa(zx) 7fa( ) AAQ(X)

2B
for all x € .7;. Now replacing x by 2x and dividing by 2 in
(2.5), we get

< 2.5

=2

fa(22x) fa(zx) AAQ (2x)
| _ae9) _sge »
for all x € .Z7. From (2.5) and (2.6), we obtain
(2%x
M _fa( )
)
Ja(2x) fa(22x) Ja(2x)
> ’ ) fa( ) 7 + 22 - 2 7
s { AAQ (2x )] 2.7

for all x € .77. In general for any positive integer n, we have

‘fa( x)

for all x € .Z7. In order to prove the convergence of the se-
quence
fa(2"x)
n ’

replace x by 2"'x and dividing by 2" in (2.8), for any m,n >0
, we deduce

f 2n+m fa(sz)
|

- Kn—l n—1 AAQ(Zk.X)
= 2B 2k

— fa(x) (2.8)

8 k=0

Kn 1 n— lAAQ(2k+m )

om 92 = 2B = 2k+mf
—0 asm— oo
2n
for all x € 7. Hence the sequence {fa (2n *) } is a Cauchy

sequence. Since 73 is complete, there exists a mapping A :
T — F such that

A(x) = lim

n—oo

fa(22nx)’ Vxe g.

Letting n — oo in (2.8), we see that (2.3) holds for all x € ..

To prove that A satisfies (1.1), replacing x by 2"x and dividing
by 2" in (2.2), we obtain

1
zin Fa(27-22) — 3£ (2"x) — fa(—Z”x)H < 55 Aa0(2")

for all x € J]. Letting n — oo in the above inequality and
using the definition of A(x) and (2.1), we see that

A(2x) =3A(x) +A(—x).
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Hence A satisfies (1.1) for all x € .97. To prove that A is
unique, let B(x) be another additive mapping satisfying (1.1)
and (2.3), then

1A(x) = B(x)]| 7,

1 n n
= 5 [14(2"x) = B(2'x)| 5,

< 5 (1A ~ 2], + 1£ul2"0) — B, }

for all x € 7. Hence A is unique. Thus the theorem holds for
j=1
Replacing x by 3 in (2.5), we arrive

_ Mo(3)

2 ST oB 2.9
2

fa)=2£(3)|

for all x € 77. The rest of the proof is similar to that of case
Jj = 1. Thus, for j = —1 also the theorem is true. Hence the
proof is complete. O

The following corollary is an immediate consequence of
Theorem 2.4 concerning the stability of (1.1).

Corollary 2.5. Let A and r be nonnegative real numbers. Let
an odd function f, : 71 — F; satisfies the inequality

A,

I1£a(26) = 3fa) = ful =)l 7, < { AT

r#1;
(2.10)

for all x € F. Then there exists a unique additive function
A: A — D such that

K" 12|24
2
Hfa(x)fA(x)”,% < anlzumxHr (2.11)
o2
forallx € 7.
Theorem 2.6. Let j € {—1,1} and Ayp : T1 — [0,%0) be a
function such that
. AAQ (Z”jx)
Jim = T 2.12)

forallx € J. Let f,: 1 — F be an even function satisfying
the inequality

1£0(20) = 3£5(x) = fo (=) 5, < Ano (%)

for all x € J1. Then there exists a unique quadratic mapping
Q> : 7| — T which satisfying (1.1) such that

(2.13)

anl < A (Zk]x)
qu(x)_QZ(x)Hyjz < 4B ;i AQ4kj

-2



for all x € F. The mapping Q»(x) is defined by

0>(x) = lim fo(2"7)

n—yo0 4”]

(2.15)

forall x € 9.

Proof. Assume j = 1.
follows that

qu(Zx)

Using evenness of f; in (2.13), it

~440)] 5 < Ao ()

Ja(2x) Asg (x)
= [|fy(x) — 4 LS 4B (2.16)
%)
for all x € 7. The rest of the proof is similar to that of
Theorem 2.4. O

The following corollary is an immediate consequence of
Theorem 2.6 concerning the stability of (1.1).

Corollary 2.7. Let A and r be nonnegative real numbers. Let
an even function f, : 71 — J satisfies the inequality

,
%S{MMK

for all x € 7. Then there exists a unique quadratic function
Q> : T — D such that

||fq(2x) = 3fq(x) — fg(—x)

r#72;
2.17)

1) =02l 5, <3 a1l 2.18)
=T
forallx € 7.
Theorem 2.8. Let j € {—1,1} and Ayp : T1 — [0,%0) be a

function with conditions (2.1) and (2.12) for all x € 9. Let
f: A — S be afunction satisfying the inequality

[1f(2x) =3f(x) = f(=x) || 7, < Aag (%)

for all x € J1. Then there exists a unique additive mapping
A 9 — S and a unique quadratic mapping Q : 91 — P
which satisfying (1.1) such that

£ (x) —A(x) = Q2 ()| 5
KU1 & [ Aap(2Mx)
< 2B 27 Z < =

_1-j
k==~

1 & [Aw(2Mx)  Asp(—2Mx)
ta Z;j( FTTRTY,

2

(2.19)

Apg(—2K
) 10(~ x))
2kj 2kj

(2.20)

Sor all x € 9. The mapping A(x) and Q>(x) are defined in
(2.4) and (2.15) respectively for all x € 9.
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Jal) —Jal=) o allx e 1. Then £,(0) =
»(x) for all x € 7. Hence

Proof. Let f,(x) =
0and f,(—x) = —

1£o(2x) =3 fo(x) = fo(—=x)[| 7 < 25[,, {Aao(x) +Aso(—x)}
221

for all x € .77. By Theorem 2.4, we have

> AAQ 2 Jx) AAQ(—ijx)
100~ Al 5, < oy ;( 07 | el
2
(2.22)
forall x € 7. Also, let f,(x) = M forall x € 9.

Then f,(0) =0 and f,(—x) = f,(x) for all x € Z}. Hence

1fe(2x) =3 fe(x) = fe(—X) || 5, < 2% {Aa0(x) +Aag(—x)}

(2.23)

for all x € .77. By Theorem 2.6, we have

K" & [ App(28 Apo(—2K1
1) = 02l 5 < g5 X (“ﬁ,”+‘”&;”)
-

(2.24)

for all x € 7). Define

F) = £ol) + folx)
for all x € .Z7. From (2.22),(2.24) and (2.25), we arrive
1 £() —AG) — Q2 5,
= (£l + £olx) —A®) — 0 ()],
< K{I1£60) = AW, + 1£e(6) = 023 7
K | K" & [Aao(29x)  Aso(—2Nx)
<ysﬁk¥f Wt )

=7

(2.25)

> AAQ 2 ])C) AAQ(kajx)
4B Z ( VITRTY,

for all x € 97. Hence the theorem is proved. O

Using Corollaries 2.5 and 2.7, we have the following
corollary concerning the stability of (1.1).

Corollary 2.9. Let A and r be nonnegative real numbers. Let
a function f : 7} — F satisfies the inequality

A’a
1£(2x) =3f(x) = f(=x) |l 55 < { x|, r#1,2

(2.26)



for all x € F1. Then there exists a unique additive function
A 9 — 9 and a unique quadratic function Qp : 1 — S
such that

1/ (x) =A(x) = Q2(x)] 4,
K" (2|14 4|7
26 | 28 " 3.48
=\ K2R A 227
|2—2B| " |4—2B| |’
forallx € 7.
2.3 Stability Results of (1.2): Direct Method
Theorem 2.10. Let j € {—1,1} and Acg : T1 — [0,0) be a
function such that
_Aco (2Vx) _
,}EEOT = (2.28)

forallx € 9. Let g. : 51 — 5 be an odd function satisfying
the inequality

[18¢(2x) — 12g.(x)

for all x € Z1. Then there exists a unique cubic mapping
C: A — T, which satisfying (1.2) such that

—4g.(—x (2.29)

Nz < Aco (%)

K1 & Acp(2x)
lge(x) = C@l. < =55 Zl‘, s (2.30)
=T
Sorall x € 9. The mapping C(x) is defined by
. (2 x
C(x) = lim % 2.31)

Sforall x € 7.

Proof. Assume j = 1. Using oddness of g, in (2.29), it fol-
lows that

le(29) = 8g:(9)] 5, < Aco (¥
— e Aol

3 —gc()C)‘ =" gB
for all x € Z7. The rest of the proof is similar to that of
Theorem 2.4. O

(2.32)

T

The following corollary is an immediate consequence of
Theorem 2.10 concerning the stability of (1.2).

Corollary 2.11. Let 1 and r be nonnegative real numbers.
Let an odd function g. : 91 — J satisfies the inequality

My
Jec(22) = 12600~ gl < { e,
(2.33)

186

AQ and CQ functional equations — 186/205

for all x € F1. Then there exists a unique cubic function
C: A — S such that

7-88 7
ch(x) - C(x) ”92 < w (2.34)
8B|18 —27B|
forallx € 7.
Theorem 2.12. Let j € {—1,1} and Acg : T1 — [0,0) be a
function such that
. ACQ (Z”jx)
fin 26 = @39

forallxe 7. Let g, : T1 — F be an even function satisfying
the inequality

184(2x) = 1284(x) — 484 ()| , < Aco (v)

for all x € J1. Then there exists a unique quartic mapping

Q4 : 7| — T which satisfying (1.2) such that

(2.36)

o Acg(2Vx)
84(x) = Qa()]| 5, < 16,3 Z L (2.37)
Sorall x € F1. The mapping Q4(x) is defined by
_ 1 gq(znjx)
0s(x) = lim F (238)

forall x € 7.

Proof. Assume j = 1.
follows that

Using evenness of g, in (2.36), it

184(2x) — 1684(x)[| , < Aco (v)
8¢(2x) Aco (x)
T gq(X)H < 6B (2.39)

for all x € 77. The rest of the proof similar to the Theorem
2.4. O

The following corollary is an immediate consequence of
Theorem 2.12 concerning the stability of (1.2).

Corollary 2.13. Let 1 and r be nonnegative real numbers.
Let an even function g, : 91 — J satisfies the inequality

H,
ng(Zx)—Iqu() 48(1 Hyz {u||x||r’ o d;
(2.40)

for all x € J1. Then there exists a unique quartic function
Q4 : 9 — D such that

K" 16]u|

04(x)| 5, < 2.41)

15.168
lgg(x) = K16 x|

16816 —27B|’
forallx € 9.



Theorem 2.14. Let j € {—1,1} and Acg : T1 — [0,%0) be a
function with conditions (2.28) and (2.35) for all x € 9. Let
g 7N — S be a function satisfying the inequality

ll8(2x) —12g(x) —4g(=x)ll 5, < Acg (x)
for all x € 1. Then there exists a unique cubic mapping

C: 7 — % and a unique quartic mapping Q4 : N — 5
which satisfying (1.2) such that

18(x) = C(x) = Qa(x)[| 5
1 & [ Aco(@¥x)  Aco(— 2’<Jx)
5 5 (S sl

Aco(~2Yx)
167

(2.42)

> ACQ 2k1x)
16ﬁ Z( T

(2.43)

Sor all x € 9. The mapping C(x) and Q4(x) are defined in
(2.31) and (2.38) respectively for all x € .

Proof. The proof of the Theorem is similar to the Theorem
2.8. U

Using Corollaries 2.11 and 2.13, we have the following
corollary concerning the stability of (1.2).

Corollary 2.15. Let 1 and r be nonnegative real numbers.
Let a function g : 91 — 9 satisfies the inequality

(20~ 12600~ 4¢(-)1 5 < { 4

ullxll”, r#3,4;

(2.44)

for all x € F]. Then there exists a unique cubic function

C: 9 — P and a unique quartic function Qs : 51 —
such that
18(x) = C(x) = Qa(x)[| 5
K1 { 8| n 16|A| }
28 | 7-88  15-168 |’
<
=\ K[ SANE 16l (24
|8 —2B| |16 —27B]

forallx € 9.

2.4 Stability Results of (1.1): Fixed Point Method
Theorem 2.16. Let f, : 1 — 95 be an odd mapping for
which there exist a function Aag : T1 — [0,0) with the condi-
tion

1
lim —Apo(J5x) =0 2.46
i 10 (Ji %) (2.46)

where J; is defined in (1.4) such that the functional inequality

[1fa(2%) =3 fa(x) = fa(—=X)]| 5, < Aag(x) (2.47)
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for all x € 9. If there exists L = L(i) < 1 such that the

function
X
X — Aé%(x) = AAQ (5) s
has the property
A A
7 08 (Jix) = LA (). (2.48)

for all x € J1. Then there exists a unique additive mapping
A T — D satisfying the functional equation (1.1) and

1fa(x) =

forall x € 7.

oL
AWl 5, < 7786w (2.49)

Proof. Consider the set
S ={p/p: 51— 7, p(0) =0}.
Introduce the generalized metric on .# as

o) || p(x)—

It is easy to see that (.#,d) is complete. Define I': & — &
by

d(p.q) =inf{M € (0, 4() |5 < MAS (x).x € T3}

1
7p(Jl'x)7

i

Ip(x) =
for all x € 97. Now p,q € .#,

d(p.q) <K= | p(x) —q(x) | < MO (x),x € T4,

1
pUix) — —q(J)|| < jMAég(Jix),x e,
i 7% i
pUx) = sl < LMAZ(x),x € T,
i 7
= || Tp(x) = Tg(x) || 5 < LMAZG (x),x € i,
=d(p,q) <LM.

This implies d(I'p,T'q) < Ld(p,q), forall p,q € .#.ie.,Tis
a strictly contractive mapping on .# with Lipschitz constant
L.

Using oddness of f, in (2.47), we arrive

[1/a(2x) =2 (x)]| 7 < Aap(x) (2.50)
for all x € ;. It follows from (2.50) that
fi“( )| < A’fﬁ(x) @.51)
%

for all x € .77. Using (2.48) for the case i = 0 it reduces to

Ja (Zx)

—fa®)|| < L A )

D

for all x € 7],

ie, d(Tfs,fu) <L=d(fs,f) <L=L"<eco.



Again replacing x = 5 in (2.50), we get
< Aspo (E

w21 (3], <o (3)

for all x € .77. Using (2.48) for the case i = 1 it reduces to

w2 ()], =
for all x € .77,

d(fo,Tfa) <1=d(fo,Tfa) <1
From (2.52) and (2.54), we arrive

d(fa,Tfa) <L

Therefore (FP1) holds. By (FP2), it follows that there exists a
fixed point A of I' in .# such that

fa(JEx)

Jk

(2.53)

P

ie., =L <. (2.54)

Y x€g. (2.55)

A(x) = lim

k—roo

)

To order to prove A : 77 — % is additive. Replacing x by
J¥x in (2.47) and dividing by J¥, it follows from (2.46) that

1 1
|20 37050 — (I < o)
i 72 i

for all x € 77. Letting k — o in the above inequality and
using the definition of A(x), we see that

A(2x) =3A(x) +A(—x)

i.e., A satisfies the functional equation (1.1) for all x € ..
By (FP3), A is the unique fixed point of I" in the set

A={Ac .7 :d(f,,A) <o},

such that
1fa@) ~A@)] 5, < KA (x)
for all x € 9] and K > 0. Finally by (FP4), we obtain
L 0
1fa(x) =AWl 7 < =7 Bco )

this completes the proof of the theorem. O

The following corollary is an immediate consequence of

AQ and CQ functional equations — 188/205

Proof. Setting

A,
AAQ(X) = { M|x”r’
for all x € 7. Now,

A Oas k

1 ﬁ7 — 0 as —> 00,

ﬁAAQ(fo) =91 =

i —k|\foi||’, —0as k— oo,
Ji

Thus, (2.46) is holds.
But, we have Aég( ) = Aag (%) has the property LA, ( )

1
7 ’ég (Jix) for all x € .77. Hence
A
A X
AC%(X) =M (5) = ||x]|”
Tﬁ x|| .
2
Now,
A
I \io 5’
—A5(Jix) = !
J; CQ( i ) { &HJXHV
Ji
A
= ‘ﬁf ’
yal
14
JA,
Al
—1 A
‘]i IAC%(X)7
JP AL ().
Hence the inequality (2.48) holds either, L =2"ifi =0
and L = =7 if i = 1. Now from (2.49), we prove the following

cases for condmon (@).

Theorem 2.16 concerning the stability of (1.1). Case:1 L=2"1ifi=0
Corollary 2.17. Let f, : 51 — 5 be an odd mapping and (271) 10
i A
there exists real numbers A and r such that( - I £ () —A(x)||% < o Acg( y=A.
i
2x) = 3fa(x) — fu(—x < . T
P i
(2.56)

for all x € F1. Then there exists a unique additive function (%}) -
A T — F such that 1fux) —A®)[| 5 < %Aég(x) -2

2],
Allxll”
2—27B)’

(i)

[l fu(x) (i) (2.57)

—AW)| 4 <

forallx € 7.

Also the inequality (2.48) holds either, L=2"B~1forr < 1
ifi=0and L = zrﬁ r forr > 1ifi=1. Now from (2.49), we
prove the following cases for condition (ii).
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Case:3 L=2PF"lforr<1ifi=0

<2<rﬁ—1>)1’°
AQ
1fa(0) =AWl 7 < =551 Aco™)

2B A
:szBHXH
Al
228"

Case:d L= 55— forr>1ifi=1

(#)1’1
1)~ A@)] 5, < ~220 A (x)

1 CO
1- 2(rB-1)
L .
R
Ay
2B 2’
Hence the proof is complete. O

Theorem 2.18. Let f, : T — 95 be an even mapping for
which there exist a function Ay : 1 — [0,00) with the condi-
tion

.1
lim jAAQ(fo) =0 (2.58)
1

k—o0 J
where J; is defined in (1.4) such that the functional inequality
qu(Zx) - 3fq<x) - fq(_x)

Sor all x € F. If there exists L = L(i) < 1 such that the
function

(2.59)

7 < Bag(x)

x— A‘ég(x) = Ao (%) )

has the property

1
LA (x) = 7 (2.60)

i

A
AC% (Jix).
Sor all x € J1. Then there exists a unique quadratic mapping

Q> : 7 — D satisfying the functional equation (1.1) and

1—i

L
1£2(6) = Q2(0)]] 5, < T 8cp () 2.61)

Sorall x € 7.

Proof. The proof of the theorem is similar ideas given in
Theorem 2.16 by defining a mapping I': . — .7 by

1
Ip(x) = ﬁp(JiX),
1

forall x € J. O

The following corollary is an immediate consequence of
Theorem 2.16 concerning the stability of (1.1).
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Corollary 2.19. Let f, : 1 — J5 be an even mapping and
there exists real numbers A and r such that

r@0-3r0-f-0ln<{ ) Aar s

(2.62)

for all x € 9. Then there exists a unique quadratic function
0> : 9 — D such that

A
qu(x) - QZ(X) 7 < |371||x||’ (2.63)
[4—2B|’

forallx € 7.

Proof. The proof of the corollary is similar lines to the of
Corollary 2.17. O

Theorem 2.20. Let [ : T — 95 be a mapping for which there
exist a function Ayg : E — [0,00) with the conditions (2.46)
and (2.58) where J; is defined (1.4) such that the functional
inequality

1F(2%) =3f(x) = f(=x)]| 5, < Aao(x) (2.64)

for all x € . If there exists L = L(i) < 1 such that the
function

X
X — Aég(x) = AAQ (E) s

with the properties (2.48) and (2.60) for all x € 7). Then
there exists a unique additive mapping A : 91 — J satisfying
the functional equation and a unique quadratic mapping Q> :
N — D satisfying the functional equation (1.1) and

Ll—i
[£2) =A@ = Q@) 5, < T (AcG(x) + A5 ()
(2.65)
forall x € 7.

Proof. Using definition of f, and Theorem 2.16, we have

K Ll—i
o) =AW 5 < 35 7 (8G() +8E5(—) 2.66)

for all x € 9]. Also, using definition of f, and Theorem 2.18,
we have

K L'
1ex) = QW < 35 7= (800 +aEG(—)) @267

for all x € 7). Define

f(x) = fe(x)+ fo(x) (2.68)



for all x € .7]. From (2.66),(2.67) and (2.68), we arrive

1£(6) = A) - 0l

= 1£ex) + £olx) = AG) — 09

< K{11£60) = AL + [1£e6) = ()] 5}
K2 Ll*i

< (e 4 25000)

+ (A5 + a8 ()|

2K2 Ll*i

< T (AW ) |

for all x € X. Hence the theorem is proved. O

The following corollary is an immediate consequence of
Theorem 2.20, using Corollaries 2.17 and 2.19 concerning the
stability of (1.1).

Corollary 2.21. Let f: 71 — J5 be a mapping and there
exists real numbers A and r such that

() A
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for all x € 7). Then there exists a unique cubic mapping
C: A — D satisfying the functional equation (1.2) and

L

18c(x) =C(¥)[| 5 < ﬁAég(x) (2.74)
forall x € 7.

Proof. The proof of the theorem is similar ideas given in
Theorem 2.16 by defining a mapping I': .¢ — .# by

1
Ip(x) = ﬁp(Jix%

forallx € ;. O

The following corollary is an immediate consequence of
Theorem 2.22 concerning the stability of (1.2).

Corollary 2.23. Let g. : 51 — F5 be an odd mapping and
there exists real numbers [l and r such that

l8e(2%) = 128 (x) = 4ge( =) 5, < { 83)

(2.75)

[£(2x) =3f(x) = f(=x)[ 55 < { (if) li|x||’ r£1 o for all x € J1. Then there exists a unique cubic function

(2.69)

for all x € J1. Then there exists a unique additive function
A 9 — P and a unique quadratic function Qp : 51 — P
such that
1/ (x) —A(x) = Q2 (x) 7,
1
3

2K%|A| |
B\

=Y 22l /1 Lo
28 2—2B| " |[4—2B| )’

forallx € 7.

b

(2.70)

2.5 Stability Results of (1.2): Fixed Point Method
Theorem 2.22. Let g. : 1 — 5 be an odd mapping for
which there exist a function Acg : 1 — [0,0) with the condi-
tion

1
lim —-Aco(JEx) =0

2.71
fim @.71)

where J; is defined in (1.4) such that the functional inequality

[18¢(2x) — 12g¢(x) —4ge(—x)l 5, < Acg(x)

Sor all x € 9. If there exists L = L(i) < 1 such that the
function

(2.72)

X
x = A (x) = Aco (5) ;

has the property

1
AQ N
LAcg (x) = 7

1

A (Jix). (2.73)
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C: 9 — D5 such that

0
18e(x) =C(¥)[| 5 < . PG (2.76)
8 — 2B’

forallx € 7.

Proof. The proof of the corollary is similar lines to the of
Corollary 2.17. O

Theorem 2.24. Let g, : T — 5 be an even mapping for
which there exist a function Acg : 71 — [0,0) with the condi-
tion

1
lim —zAco (Jkx) =0 (2.77)

—o0 Ji
where J; is defined in (1.4) such that the functional inequality
l24(22) — 1284(x) — 48, ()|, < Aco ()

for all x € . If there exists L = L(i) < 1 such that the
function

(2.78)

X
X — Aég(x) = ACQ (§> s

has the property

1
LAg‘g (x) = 74 (2.79)

i

A (Jix).

for all x € J). Then there exists a unique quartic mapping
Q4 1 T — S satisfying the functional equation (1.2) and

1—

la() — Qs ()] 5, < ~— A28 (x)

7 (2.80)

forall x € 7.

u,
il r# 3



Proof. The proof of the theorem is similar ideas given in
Theorem 2.16 by defining a mapping I' : . — .# by

1
Lp(x) = (i)

for all x € 7. O

The following corollary is an immediate consequence of
Theorem 2.24 concerning the stability of (1.2).

Corollary 2.25. Let g, : 91 — 9 be an even mapping and
there exists real numbers (L and r such that

(i)

Jeu(20 - 126,00) ~des (-0l < { ) 4

w1,
2.81)

for all x € 9. Then there exists a unique quartic function
Q4 : T — D such that

0 15
||gq(x)—Q2(x)||% < B 1] |x||" (2.82)
(if) m,

forallx € .

Proof. The proof of the corollary is similar lines to the of
Corollary 2.17. O

Theorem 2.26. Let g : 77 — F5 be a mapping for which there
exist a function Acg : 71 — [0,00) with the conditions (2.71)
and (2.77) where J; is defined (1.4) such that the functional
inequality

[l8(2x) —12g(x) —4g(—x)l 7, < Aco(x)

Sor all x € 9. If there exists L = L(i) < 1 such that the

function
A
X — Acg(x) = ACQ (2> s

with the properties (2.73) and (2.79) for all x € 9. Then
there exists a unique cubic mapping C : 71 — 5 satisfying
the functional equation and a unique quartic mapping Qg :
N — D satisfying the functional equation (1.2) and

(2.83)

X

2K2 Ll*i
ZTE(A/ég(X)‘FAég(_X))

(2.84)

lg() — Cx) — Q4(x) | 5, <

Sorall x € 7.

Proof. The proof of the Theorem is similar to the Theorem
2.20. O

The following Corollary is an immediate consequence of
Theorem 2.26, using Corollaries 2.23 and 2.25 concerning the
stability of (1.2).

r
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Corollary 2.27. Let g : 91 — F be a mapping and there
exists real numbers L and r such that

(i)

llg(2x) — 12g(x) —4g(—x)||92 < { i u,

H{ el
(2.85)

for all x € 9. Then there exists a unique cubic function
C: A — P and a unique quartic function Q4 : 71 — S
such that

18(x) = C(x) = Qa(x)| 5,

2K?|u| /1 1
B \7715)
- X
Ly T 2wl ! (250
26 18—2B| " [16—27B| )

forallx € 7.

3. Stability Results In Intuitionistic Fuzzy
Banach Space

3.1 Definitions and Notations of Intuitionistic Fuzzy
Banach Space

Now, we recall the basic definitions and notations in the setting

of intuitionistic fuzzy normed space.

Definition 3.1. A binary operation = : [0,1] x [0, 1] — [0,1]
is said to be continuous t-norm if x satisfies the following
conditions:
(1) = is commutative and associative;
(2) * is continuous,
(3) ax1=aforallac|0,1];
(4) axb < cxdwhenevera<candb <d foralla,b,c,d €
[0,1].
Definition 3.2. A binary operation < : [0,1] x [0,1] — [0,1]
is said to be continuous t-conorm if ¢ satisfies the following
conditions:
(1’) ¢ is commutative and associative;
(2°) ©is continuous;
(3’) ac0=aforallac|0,1];
(4’) aob < codwhenevera<candb <dforalla,b,c,d €
[0,1].

Using the notions of continuous 7-norm and #-conorm,
Saadati and Park [50] introduced the concept of intuitionistic
fuzzy normed space as follows:

Definition 3.3. The five-tuple (X, 1L, V,*,) is said to be an
intuitionistic fuzzy normed space (for short, IFNS) if X is a
vector space, x1 is a continuous t-norm, < is a COntinuous t—
conorm, and L,V are fuzzy sets on X x (0,00) satisfying the
following conditions. For every x,y € X and s,t >0

r#2,4;



(IFN12) v(x,-): (0,00) —

(IFNI) p(x,t)+v(x,1) <1,

(IFN2) p(x,t) > 0,
(IFN3) w(x,t) =1, if and only if x = 0.

(IFN4) p(ox,t) = p (x, L) for each oo # 0,

(IFN5) p(x,t)*u(y,s) < p(x+y,t+s),
x,+) 1 (0,00) —
(IFN7) }Lrgu(x,t) =1and }g%u(x,t) =0,
1) <

t) =0, if and only if x = 0.

o~ o~ o~ o~ o~ o~

(IFN6) U

[0,1] is continuous,

(IFN8) v

(IFN9) v

(IFN11) v(x,t)ov(y,s) > V(x+y,t+s),

(x,
(x,
(IFN10) v(ax,t) =V (x, L) for each o0 # 0,
(
(

[0,1] is continuous,

(IFN13) lim v(x,t) =0 and lim v(x,t) = 1.
t—eo t—0

In this case, (UL, V) is called an intuitionistic fuzzy norm.

Example 3.4. Ler (X,]|-||) be a normed space. Let axb = ab
and aob =min{a+b,1} for all a,b € [0,1]. Forall x € X
and every t > 0, consider

—t— if >0
n{ @ 7 ’
and
31— )
v(xt) =< if 1>0;
0 if t<0.
Then (X, 1, V,*,0) is an IFN-space.

The concepts of convergence and Cauchy sequences in an
intuitionistic fuzzy normed space are investigated in [50].

Definition 3.5. Let (X,u,V,*,0) be an IFNS. Then, a se-
quence x = {x; } is said to be intuitionistic fuzzy convergent
toapoint L€ X if

lim p(x—Lit)=1 and lm v(x,—L,t)=0

forallt > 0. In this case, we write

IF
xp — L as k— oo

Definition 3.6. Let (X,u,V,*,0) be an IFN-space. Then,
x = {xi} is said to be intuitionistic fuzzy Cauchy sequence if

/,l(xkﬂ,—xk,t) =1 and v(xkﬂ,—xk,t) =0

forallt >0, andp=1,2---.
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Definition 3.7. Let (X,u,V,*,0) be an IFN-space. Then
(X, 1, v, *,0) is said to be complete if every intuitionistic fuzzy
Cauchy sequence in (X, L, V,*,0) is intuitionistic fuzzy con-
vergent (X, [L,V,*,0).

In this section, the generalized Ulam - Hyers stability
of the functional equations (1.1) and (1.2) are respectively pro-
vided with the help of direct and fixed point methods. Here
and subsequently, assume that X is a linear space, (Z,u’, v')
is an intuitionistic fuzzy normed space and (Y, i, v) an intu-
itionistic fuzzy Banach space.

3.2 Stability Results of (1.1): Direct Method
Theorem 3.8. Let j € {1,—1}. Let Aug : X — Z be a func-

tion such that for some 0 < (g)] <1,

u’ (AAQ (2"jx) ,l‘) >u (p"jAAQ (%) ,t)

3.1
V' (Aag (27x) 1) < V' (p"Asg (x) 1)
forallx € X and allt > 0 and
r}i_r}g/.t’ (AAQ (2]"x) ,Zj"t) =1
(3.2)

lim V' (A (2x) ,27"t) =0

forallx e X and allt > 0. Let f, : X — Y be an odd function
satisfying the inequality

u (fa(zx) _3fa(x) _fa(_
v(fa(zx) _3fa(x) _fa(

x),1) = W (Aag (x) 1)

_x)?t) < v/ (AAQ (X) at)
3.3)

forall x € X and allt > 0. Then there exists a unique additive
mapping o7 : X — Y satisfying (1.1) and

1 (fa(x) =/ (x),t) > 1 (Aag (), 22— plt)

V (falx) — o (x),1) < V' (Asg (x),2]2 = plt)
(3.4)

forallx € X and allt > 0.

Proof. Case (i): Let j = 1. Using oddness of f in in (3.3),
we obtain

1 (fa(26) =2 (x) 1) = 1 (Aag (x) 1)

V(fa(20) =21 (x),1) < V'(Aag (%) ,1)

forall x € X and all # > 0. Using (IFN4) and (IFN10) in (3.5),
we arrive

#(@ _fa(x)’ %)

(3.5)

>y (Axg(x),1)

(Aag(x),1)



for all x € X and all # > 0. Substituting x by 2"x in (3.6), we
have

fa(2n+1x)
“( 2

v(f(%“x) ~ ful@%),5)

20,5 ) = 1 (Bao(2").1)

<V (Ax0(2"x),1)
(3.7)

for all x € X and all # > 0. It is easy to verify from (3.7) and
using (3.1), (IFN4), (IFN10) that

u(fa@"“x) S CLI (AA Q(x)’f>

2(n+1) on

Ja(2x)  fu(2)
V( 2(n+1) o on

for all x € X and all # > 0. Interchanging ¢ into p”t in (3.8),
we have

- 2n+1 a on v )
(f2(<n+1>X) -4 (an) ’ ;.;) > [ (Aag(x),1)

f“(2n+1x) Ja(2"x) t-p" /
V( 2011 on ’2.211) sV (AAQ(x)at)
3.9

for all x € X and all # > 0. It is easy to see that

Ja(2"x)
2}’[

ni:l fa(2i+1x) fa(zix)

20+1) o (3.10)

— fa(x) =

i=

for all x € X. It follows from (3.9) and (3.10), we get
fa(2"x) = Pt )
,LL 7fu( ) i
(2590 T 25
B n— fa(21+1x) fa(zix) n—1 pil‘
_"‘(;} 2 2 ’;)2‘21'
Ja(2"x) -
v < on _fa Z 2.2 )
N 27 fa(2) Pl
_v<;) 20+1) 2 g)z-zi

(3.11)

for all x € X and all ¢+ > 0. Using (IFNS5) and (IFNA11) in
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(3.11), we have

Ja(2"x) = p't
o x

> H:Z:_()l (fa<2i+lx) . fa(%ix) pi tr)

(3.12)
f (znx) n—1 pil
02,1 _fa(x)7

. fa(zt-‘rl) fa ix) pi[
SHi—Ov( 2(i+1) i i

where
n—1
HC]' =C1*Cp % - %(C
i=0

and
n—1
[Idj=diodro---od,
i=0

for all x € X and all # > 0. Hence

fa(

_f“ Z 2- 2t>

ZH?:O "(Asg(x),1 )—H (Aag(x),1)
(3.13)

&2
<II% v (AAQ(X)J) =V (Aag(x),1)

for all x € X and all > 0. Replacing x by 2"'x in (3.13) and
using (3.2), IFN4), (IFN10), we obtain

fa(er»mx) fa(sz) n—1 pit
H ( 2 (n+m) o om ’Z 2.2 (i+m)

> 1 (Ba(27x),1) = (AAQU )

(f“(2 %) (o, Zl pit)

(3.14)

<

2 (+-m) om0 plidm)
(AAQ(X)a ,%m)

for all x € X and all 7 > 0 and all m,n > 0. Replacing 7 by p™'t
in (3.14), we get

< \d (AAQ(me),t) =V

Ja(2""x)  fa(27x) o P /

K < 2(n+m) T om ’i;() 2.2 (i+m) >l (AAQ(X)vt)
L2 £@) e

V( 2/(n-+m) T om0 &~ 9. 9(i+m) <v (AAQ(x)at)

(3.15)

for all x € X and all # > 0 and all m,n > 0. The relation (3 14)
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implies that for all x € X and all # > 0. Now,
U (fa((2n+n;x) _ fa(2mx) f) u ({Q{(Zx) — 3%()() — ﬂ(—x)ﬂ‘)
2 (n+m om0
>ule(2 2
>y (AAQ(X)7Z{1fﬂ> —“( (2%) - 2"f( %), 4)
i=m p.i 1 t
(3.16) *u(*&%(x) 35 falx), Z)
(£ fam) L
T T (= (=) + g ful =), 7)
1 1 1 t
4 <AAQ(X)7 Z?if;) *M(ﬁfa(h) *3ﬁfa(x) - ﬁfa(*x)a Z) (3.20)
holds for all x € X and all # > 0 and all m,n > 0. Since and
n :
0<p<2and } (g)' < oo, The Cauchy criterion for conver- v (;27(2)5) — 3.4 (x) — o (—x) t)
i=0 ’
ence in IFNS shows that the sequence fa(2') is Cauch ! !
g q o y > v(sz{(Zx) S5 fal20), 4)
in (Y,u,v). Since (Y,u,v) is a complete IFN-space this se- 1 t
quence converges to some point 27 (x) €Y. So, one can define ov ( =34/ (x) + 3ﬁfa (%), Z)
the mapping .7 : X — Y by 1 t
ov( —(—x +— —Xx), =
lim[.L(fa(znx)—M(x)t)—l (1 - " )41> t
P o ’ ’ v(Efa(Zx) 3 fu( )= g fa(—x), Z> (3.21)
lgnv<fa(22:x)—,d(x)7t> =0 for all x € X and all # > 0. Also,
Nn—yo0
for all x € X and all > 0. Hence r}ggou(zn [fa(2-2%%) — 3£ (27x) — ,g) -
n n n )y
fa(22”X)i>d(x)7 as n— oo, r}l_r}r;V( [fal2-2%%) = 3/a(2"%) = ’4)7

Letting m = 0 in (3.15), we arrive
for all x € X and all ¢ > 0. Letting n — o0 in (3.20), (3.21)

Jfa(2"x) p t and using (3.22), we find that o7 fulfills (1.1). Therefore, ./
H ( — fa(x), ) = (x) ):7 is a additive mapping. In order to prove .27 (x) is unique, let
&' (x) be another additive functional equation satisfying (1.1)

) and (3.4). Hence,

v <f“(2")fa< ), ) <V (AAQ@),I.‘

u () -0, )

for all x € X and all > 0. Letting n — oo in (3.17), we arrive

2272 — p 26272 — p|
> Ago(2"x), —/———— | > A _
W ()~ ful),1) > 1! (Bagl(x),2 112 — p) > 1| Ao(2), = )“(w“% 7
V(e (x) — o' (x),t
V@)~ ful)) SV (Bag) 212 s o
(3.18) <v (%(Z”x) — f2(2"x), '2 ) oV (fa(2"x) — o' (2"x), '2 )
for all x € X and all ¢ > 0. To prove .« satisfies (1.1), replacing 2t 22— p| 2t 22— p|
x by 2"x in (3.3) respectively, we obtain <V <AAQ(2nx) 2) <v (AAQ(x), 2[?”)
(2,1 [fa(2-2"x) = 3fa(2"x) = fa(=2"x)] 1) 2t 272 — p|
> 1 (Aag(2"x),2") for all x € X and all £ > 0. Since lim === = o0, we
n—ree p
obtain
V(3 [fa(22"2) = 3£a(2"5) = fu(—2"%)] 1)
> V' (Ao (2"x),2"t 2 2"|2—p|
> V' (Axp(2"x),2") }1_{90#( o(x), 252 ) 1
2% 22—
(3.19) r}l_r}rolov (AAQ()C)7 fz\p P‘) 0
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for all x € X and all # > 0. Thus

e =00 =1 )
V(e (x)— o' (x),1) =0

for all x € X and all r > 0. Hence, &7 (x) = &' (x). Therefore,
&/ (x) is unique.
Case 2: For j = —1. Putting x by 7 in (3.5), we get

1 (fa(x)=2£(3).1) =2 1" (Ao (5) 1)
V(fa() =2£(5).1) <V (Mg (3) 1)

for all x € X and all # > 0. The rest of the proof is similar to
that of Case 1. This completes the proof. O

(3.23)

The following corollary is an immediate consequence of
Theorem 3.8, regarding the stability of (1.1)

Corollary 3.9. Suppose that an odd function f, : X — Y
satisfies the double inequality

u (fa(zx) 73fa(x) 7fa(*x)7[)
W),

— L A7)0,

V (fa(2x) = 3fa(x) — fa(—x),1)

V' (A,1),
f{ v A (1) 0),

for all x € X and all t > 0, where A,r are constants with
A > 0and r # 2. Then there exists a unique additive mapping
o X — Y such that

(3.24)

w (A, 1200,
1 (fa(x) = o (x),1) = { o (A|x]]", 212 =2"r),
vi(4,12]t),
V(fa(x) _%OC)’I) < { ‘u' (7L|‘x||r,2|2—2r|t)a

(3.25)
forallx € X and all t > 0.
Theorem 3.10. Let j € {1,—1}. Let Ayp: X — Z be a

J
Sfunction such that for some 0 < (%) <1,

W (Aag (2V7x) ) = ' (p" Ao (x) 1)

(3.26)
v/ (AAQ (2”-7x) ,t) <V (pnjAAQ (x) ,l‘)
forallx € X and all t > 0 and
Tim 1 (Ang (277) 471) = 1
(3.27)

lim v/ (Asg (27"x) ,47") =0

n—oo
forallx € X and allt > 0. Let f, : X — Y be an even function
satisfying the inequality

1 (f4(22) = 3f4(x) = fo(=x),1) = 1 (Aag (%) ,1)

V(fq(2x> _3fq(x) _fq(_x)at) <V (AAQ (x) ,t)
(3.28)
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for all x € X and all t > 0. Then there exists a unique
quadratic mapping 2, : X — Y satisfying (1.1) and

1 (fq(x) = 22(x),1) = W' (Ao (x) , 4[4 — plr)

V(fy(x) = 22(x),1) < V' (Asg (x),4]4 = plr)
(3.29)

forallx € X and all t > 0.

Proof. Case (i): Let j = 1. Using evenness of f in in (3.28),
we obtain

1 (fg(2x) =41 (x) 1) = W' (Ao (x) 1)

v (fg(2x) =41 (x),1) < V' (Aag (x) 1)

(3.30)

for all x € X and all # > 0. The rest of the proof is similar to
that of Theorem 3.8. 0

The following corollary is an immediate consequence of
Theorem 3.10, regarding the stability of (1.1)

Corollary 3.11. Suppose that an even function f : X — Y
satisfies the double inequality

L3 () — fo(—x w(A,0),
MO TROTAEDIZY w0,
Vv (4,1),
v(f‘](zx)_3f4(x)_fq(_x)7t)S V/(A'(Hx‘|r)7t)7
(3.31)

forallxe X and allt >0, where A, r are constants with A > 0
and r # 2. Then there exists a unique quadratic mapping
2, : X — Y such that

u'(A.403]1)
[.L(fq(x)—a@z(x),t) > { ul(l||x||r’4|4_2r|t)’
V'(ﬂ.,4|3\t),
V(fq(x)fo@z(x)ﬁ) < { [.L/(l‘|x||r,4|4—2r|t),

(3.32)
forallx € X and all t > 0.

Theorem 3.12. Let j € {1,—1}. Let Apg: X — Z be a

J J
Sfunction such that for some 0 < (B) ,0< B) < 1, with

conditions (3.1), (3.26), (3.2) and (3.27) for all x € X and all
t>0. Let f: X — Y be a function satisfying the inequality

1 (f(2x) =31 (x) = f(=x),1) = p (Aag (x) 1)

V(f(2x) =3f(x) = f(=x),1) < V' (Asg (x),1)
(3.33)

forall x € X and allt > 0. Then there exists a unique additive
mapping < : X — Y and a unique quadratic mapping 2, :

0020
XYW

0,7 42
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X — Y satisfying (1.1) and

B (f(x) = o (x) — 22(x),1)
> p' (Ang (x) 22— plt)
*' (Aag (—x),2/2 = plt)
*U' (Aag (x), 4|4 —plt)
' (Mg (—x) 44 — plt)

V(f(x) = (x) = 2a(x),1)
<V (Aag (x),2[2—plt)
oV’ (Ang (—x),2[2 = plt)
oV (Aag (x),4]4 — plt)
oV (Mg (—x), 4[4 — plt)

forallx € X and allt > 0.

(3.34)

Proof. Let f,(x) = M forall x € ;. Then f,(0)
0 and f,(—x) = —f,(x) for all x € X. Hence by Theorem 3.8,

we have

1 (fo(x) =/ (x),1) = 1 (Ao (x), 22— plt)

1" (Aag (—x),2[2 = plt)

v (folx) =/ (x),1) < V' (Aap (x) 22 - plit)

ov/ (AAQ (—x) 72|2 —p|lt)

forall x € X and all 7 > 0. Also, let f,(x)

for all x € X. Then f,(0) =0 and f,(—x)
x € 7). Hence by Theorem 3.10, we have

1 (fe(x) = 22(x),1) > p (Aag (x) 4[4 — plt)

(3.35)

Ja(x) + fo(=x)
Se(x) for all

1 (Bag (=), 4|4 —plr)

v(fe(x) - 22(x)7t) < 4 (AAQ (x) ,4|4—p|l‘)

% (AAQ (—x) 74|4— —pll)

for all x € X and all r > 0. Define

f(x) :fo(x) Jrfe(x)

for all x € X. From (3.35),(3.36) and (3.37), we arrive

1 (f(x) = (x) = 2a(x),21)

(3.36)

(3.37)
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and

<
—

f(x) = (x) = 2a(x),21)

"(Aag (x),2[2 = plr)

oV (Mg (—x),2[2 - plt)
oV (Aag (x),4[4 - plr)
oV (Asg (—x) 4[4 —plr)

forallx € X and all ¢t > 0.

(folx) + felx) — o (x) — 22(x),2t)
(folx) =& (x),1) ¥ v (fe(x) — 22(x),1)

O

The following corollary is an immediate consequence of
Theorem 3.12, regarding the stability of (1.1)

the double inequality

p(f(2x) =3f(x) = f(=x),1) =
V(f(2x) =3f(x) = f(=x),1) <

_ Corollary 3.13. Suppose that a function f : X — Y satisfies

1)

(1xl") 1),

1),

([1x]) 1),
(3.38)

/(A/
/(A
(A
(A

=T

<\ <\

forallx € X and allt >0, where A, r are constants with A > 0
and r # 1,2. Then there exists a unique additive mapping
o : X — Y and a unique quadratic mapping 2, : X —Y

such that

1 (f(x) = (x) = 2(x),1)

- { 1 (42, [2[) + ' (42, 4[3]r)

(A", 202 = 2") +

V(f(x) = (x) = 2a(x),1)

(4A][x[[", 414 =2"1),

VI (41, [2]r) o V' (42, 43]r),
=L VAR 212 = 2) o VI (A1, 414 = 27]1),

forallx € X and allt > 0.

(3.39)

3.3 Stability Results of (1.2): Direct Method
Theorem 3.14. Let j € {1,—1}. Let Acg: X — Z be a

J
Sfunction such that for some 0 < (%) <1,

1 (Acg (2%x) 1) = 1 (P Acg (x) 1)

‘ A } (3.40)
v/ (ACQ (Z"Jx) ,l) <v' (anACQ (x) ,t)

forallx € X and allt > 0 and
: / jn jng) —
lim u' (Aco (27x) ,87"t) = 1

lim v/ (Acg (27x) ,8/1) = 0

n—soo
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forallx e X andallt > 0. Let g. : X — Y be an odd function
satisfying the inequality

H (gc(zx) - 12gc(x)

v (ge(2x) — 12g.(x)

—4gc(=x),1) = p' (Acg (%) 1)

—x),1) < V' (Acg (x),1)
(3.42)

_4gc(

forall x € X and all t > 0. Then there exists a unique cubic
mapping € : X — Y satisfying (1.2) and

©(x),1) > ' (Aco (x),8]8 — plr)

C(x),1) <V'(Aco (x) 8|8 — plt)

1 (8e(x) —
vV (ge(x) —
(3.43)
forall x € X and all t > 0.

Proof. Case (i): Let j = 1. Using oddness of g, in in (3.42),
we obtain

u (gc(2x) - 8f(x) >t) > (ACQ (x) 7t)
V(ge(2x) =8f(x),1) < V'(Aco (x),1)

forall x € X and all # > 0. The rest of the proof is similar to
that of Theorem 3.8. O

(3.44)

The following corollary is an immediate consequence of
Theorem 3.14, regarding the stability of (1.2)

Corollary 3.15. Suppose that an odd function g, : X —Y
satisfies the double inequality

u (gc(2x) —12g.(x) —4g.(—x),1)
>{ a0
X 7t )

v(g (X)—IZgC(x)—4gc(_x)’t) (3.45)

(A1),
<{'<mﬂmm

for all x € X and all t > 0, where A,r are constants with
A > 0 and r # 3. Then there exists a unique cubic mapping
€ : X — Y such that

1 o(4.8[7[t),
1 (ge(x) =€ (x),1) = { ' (A||x||, 88 = 27[¢),
v/ (4,8[7]t),
V(ge(x) =€ (x),1) < { T (Alx||",8]8 = 27¢)

(3.46)
forallx € X and allt > 0.

Theorem 3.16. Ler j € {1,—1}. Let Acg:X — Z be a
Sfunction such that for some 0 < (16) <1,

1 (Acg (2x) 1) = W' (p" Aco (x) 1)

v/ (ACQ (Z”fx) ,t) <v/ (pnjACQ (x) ,t)

(3.47)

197
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forallx € X and allt > 0 and

lim u' (Aco (27x) ,1671) = 1
' _ (3.48)
lim v’ (Acg (2x) ,167") =0

forallx € X and allt > 0. Let g, : X — Y be an even function
satisfying the inequality

1 (g4(2x) — 12g4(x)

v (gq(Zx) - 123q(x)

—4gy(—x),1) > ' (Acg (x) ,1)

74gq(7x)7t) <V (ACQ (x) 7t)
(3.49)

forall x € X and allt > 0. Then there exists a unique quartic
mapping 24 : X — Y satisfying (1.2) and

1 (84(x) = 2a(x),1) = 1’ (Aco (x) , 1616 — plt)
v (84(x) = 24(x),1) < V'(Aco (x),16[16 — plt)
(3.50)

forallx € X and all t > 0.

Proof. Case (i): Let j = 1. Using evenness of g, in in (3.49),
we obtain

1 (84(2%) =161 (x) 1) = 1 (Aco (x) ,1)

V(84(2x) =16 (x) ,1) < V' (Aco (x) 1)

for all x € X and all # > 0. The rest of the proof is similar to
that of Theorem 3.8. O

(3.51)

The following corollary is an immediate consequence of
Theorem 3.16, regarding the stability of (1.2)

Corollary 3.17. Suppose that an even function f : X — Y
satisfies the double inequality

e (8q(2x) — 12g4(x) —4g4(—x),1) > { Zi Eiﬁ)‘;ur) 1),
Va2~ 128, 400 < { DG,
(3.52)

forall x € X and all t > 0, where A,r are constants with
A > 0and r # 4. Then there exists a unique quartic mapping
94 : X — Y such that

_ 1 (4,16[15[t),

],L(gq(X) Dy(x),1) 2{ /,L’(),Hx||’,l6|l6—2’|t),

v/ (4,16]15]t),

W (Aflx]]", 16]16 —2"|¢),
(3.53)

V®®—&Mﬁ§{

forallx € X and allt > 0.



Theorem 3.18. Ler j € {1,—1}. Let Acg:X — Z be a

. Py’ P/ .
Sfunction such that for some 0 < (=) ,0<(— ) <1, with

conditions (3.40), (3.47), (3.41) and (3.48) for all x € X and
allt > 0. Let g : X — Y be a function satisfying the inequality

1(8(2x) —12(x) —4(—x),1) > p' (Aag (x) 1)

v (8(2x) — 12(x) —4(—x),1) < V' (Asg (%) ,)
(3.54)

forall x € X and allt > 0. Then there exists a unique cubic
mapping € : X — Y and a unique quartic mapping 24 :
X — Y satisfying (1.2) and

p(g(x) — € (x) — 2a(x),1)

> 1 (Aco (x),8/8—plr)
*' (Aco (—x), 8|8 — plt)
*1' (Aco (x), 1616 — p|t)
' (Aco (—x),16[16 — plt)

v (8(x) =€ (x) — 24(x),1)

< V'(Acg (x),8]8 = plt)
oV’ (Acg (—x),8[8 — plt)
oV’ (Acg (x),16]16 — pr)
oV (Acg (—x),16[16 — pt)

forallx € X and allt > 0.

(3.55)

Proof. The proof of the Theorem is similar to the Theorem
3.12 O

The following corollary is an immediate consequence of
Theorem 3.18, regarding the stability of (1.2)

Corollary 3.19. Suppose that a function g : X — Y satisfies
the double inequality

u@@ﬂ;§w—@vmo
B (A1),
2{wmammm

v (g(2x) — 12g(x) — 4g(—x),1)

V' (A,1),
<{wumumm

forall x € X and all t > 0, where A,r are constants with
A > 0and r # 3,2. Then there exists a unique cubic mapping
€ : X — Y and a unique quartic mapping 24 : X — Y such
that

(3.56)

1 (8(x) =€ (x) — La(x),1)
1 (40, 8]7]1) + 1 (42, 16]15]7),
> W4 8|8 2"r)
" (4A][x]|", 16[16 —2"|1)
V(8(x) =€ (x) — La(x),1)
V! (4,8]7]1) o V' (44, 16]15]r) ,
<q V@A 8\8 2"r)
oV (4A||x||7, 16]16 — 27t) ,

(3.57)
forallx € X and allt > 0.
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3.4 Stability Results of (1.1): Fixed Point Method
Theorem 3.20. Let f, : X — Y be an odd mapping for which
there exists a function Ayg : X — Z with the double condition

lim p' (Mg (/1) J}') = 1
n—o0

(3.58)
lim V' (A (J7x),J71) = 0

n—soo

for all x,y € X and all t > 0 where J; is defined in (1.4) and
satisfying the double functional inequality

1 (fa(2%) = 3fa(x) = fa(=x),1) = W' (Aag(x),1)

v (fa(zx) - 3fa(x) _fa(_x)7t) < v/ (AAQ(X)J)
(3.59)

forall x € X and all t > 0. If there exists L = L(i) such that
the function

Bagl¥) =g (3 ) (3.60)
has the property
1 (Jidao(Jix),1) = p' (Ang (%), Lt) }
V! (Jidso(Jix),t) = V' (Aap(x),Lt)
forall x € X and all t > 0, then there exists a unique additive

function & : X — Y satisfying the functional equation (1.1)
and

(3.61)

1 (falx) =/ (0),0) = 1 (Bag), K1)

VU - )0 <V (Mgl b))
forallx € X and all t > 0.
Proof. Consider the set
A={hlh:X —Y, h(0) =0}
and introduce the generalized metric on A, as
p(h(x) = f(x),1)
d(h,f) =inf{ L€ (0,00): 3(2‘(()“9( ()’) t’))’
<V'(Aap(x),Lt),
(3.63)

for all x € X and all ¢+ > 0. It is easy to see that (3.63) is
complete with respect to the defined metric. Define I': A —
A by

1
:*th )
AU

for all x € 2. Now, from (3.63) and i, f € A

Th(x)

,u(h(x) — f(x),1) > 1 (Ao (x),1),x € X,t >0
(7h(Jix) = 3 f(Uix),1) > ' (Ao (Jix), Jit),x € X1 >0
u(%h( x) — }f(J,»x),t) > w'(Aag(x),Lt),x €X,t >0
w(Th(x) — ( ).1) > 1 (Asp(x),Lt),x € X,t >0
v(h(x) - f() 1) < V'(Aag(x),1),x €X,1>0
V(3h(Jix) - 7 L f(Jix),1) < V/(Aag(Jix), Jit),x € X,t >0
v(}th(J,x) 7.FUx),1) <V (Aag(x),L1),x € X,1 >0
Vv(Ch(x) — ( ),1) < v’(AAQ(x),Lt),xeX t>0

nn,,

‘v

‘u
40
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This implies d(Th,T'g) < Ld(h,g). i.e., T is a strictly contrac- By (FP3), o/ is the unique fixed point of I" in the set
tive mapping on A with Lipschitz constant L. A={o € A:d(f,A) < =}, is the unique function such
Using oddness of f in (3.59), we reach that
_ / “(f(x)_%(x)at) Znu/(AAQ(x)lei_itheX
M0 =2 2i W) | (0 < Vgl 1) x e
/!
v (f (2x) = 2f(x) ’t> < Vi{Aag(x).1 for all x € X and and all r > 0. Finally by (FP4), we obtain
for all x ej( and all r > 0. Now, from (3.64) and (3.61) for 1 (f(x) — o (x),6) > 1 (AAQ( )7 ] Lt
the case i = 0, we reach i
/ V() = (),1) <V (Ano), Kopt)
w(£20) =27(0,1) = 0 (Ao (x).1) |
£(2) for all x € X and all # > 0. So, the proof is complete. O
w(£82 = F@)r) = 1 (Bag(x).20) o
, The next corollary is a direct consequence of Theorem
u(Lf() —f(x),t) W (Aag(x),L1) 3.20 which shows that (1.1) can be stable.
u(Tf(x) = f(x),1) = p' (Bag(x), Lt) Corollary 3.21. Suppose that an odd function f, : X — Y
p(T f(x) = f(x),1) > 1 (Aag(x),Lt) satisfies the double inequality
(3.65) /
_ / Aﬂt ’
v(f(2x) 2f(x),t) < V' (Mag(x),1) (fa(25) = 3fu(x) = fu(—x), )_{ Z/Elllg\l’) )
V(L2 f(x),) <V (Aag(x),20) / T
: (120 =30 - ful-0.0 < 1500
V(T f(x) = F(x),) < V' (Aap(x), Lt) VIALIx]"1),
3.68
V(T )~ £(0.1) <V (Aao ), L) oy
forall x,y € X and all t >0, where A,r # 1 are constants
!/
VTS0 = f(0),t) < V! (Bag(x), L1) with A > 0. Then there exists a unique additive mapping

X & : X — Y such that the double inequality
for all x € X and all # > 0. Again by interchanging x into 3 in

; uw (4,1
(3.64) and (3.61) for the case i = 1, we get 1 (Fal) — 7 (), 1) > { " ((;L|||x72 ‘2 ’zr
u f(2x)—2f(x),t) > 1 (Aag(3):1)
i () T £().0) = ' (Aao().1) V(fa(x)—ﬂi(x)yt)f{ y ((%”2’ v )
X"y 33 ) >
u( £ =T f@).1) = 1 (Asg(x).0) Y 60
-r >u' (A
) f@)r) 2 ,u/( AQ())C()J) (3.66)  holds for all x € X and all t > 0.
v f(2x)—2f(x),t) <V (Ax0(3),1) Proof. Now,
V(f(x) =T f(x),t) < V' (Asp(x),1) a e u (l Jk)
Vv f()C)*Ff(X),t SV,(AAQ(X)J) u ( AQ( i % iy)a it) u (A||x||r ]k ut)’
v(f(x)=T f(x),t) <V'(Asp(x),1) _f = las k—e
Tl —las k>
for all x € X and all ¢+ > 0. Thus, from (3.64) and (3.66), we
arrive k
! . Jy). J "(A, ),
LS9~ 1102 Wl L xc X ) ¥ (wotnan ) =4 i) ey
V(T Fx) — F00)1) < V(s (), L11) x € X [ S 0as ke
(3.67) {—>0as k— oo
Hence property (FP1) holds. for all x € X and all # > 0. Thus, the relation (3.58) holds. It

By (FP2), it follows that there exists a fixed point 7 of J/  follows from (3.60), (3.61) and (3.68), we arrive
in A such that

/ / X (4,1)
lim (f(J"nx) d(x),t) =1, lim v <f(”) d(x),t) _o  HBen=n (810 (3) 1) = { Z’ (A4E)

n—oo Jl" n—oo Jln

: , ) x vi(4,1)
for all x € X and all # > 0. To order to prove A : X — Y is V' (Asp,t) =V (AAQ (E) ,t) =\ v M|x\|’ t)
additive, the proof is similar to that of Theorem 3.8 L
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for all x,y € X and all # > 0. Also from (3.61), we have

L aen ) g) — | (AT
w o)) = 4 ik e
\ (A,Ji_lt)

l(7. X —
v (JlAAQ(Jlx)7t) = { v/ (leHr,J,'FII)

forallx € X and all¢ > 0.
Forthe case L=J;, ' =2 'fori=0and L=J,"! =
(%) ! —2fori=1from the inequality (3.62), we arrive

1@~ (0,0 2 1 (Asgle), T45)
:.U'I(AJ) o

V() = (),1) <V (Angl), B
=V (A1)

B = (0,0) 2 ' (Maolv), o)
:ul(;{'a_[) -

V() = (x).) V' (Bagl), G
=V (A, ~1)

forallx € X and all # > 0.
Forthecase L=J/ ! =2""lfori=0and L=J""! =
(I)P1 =2'""for i = 1 from the inequality (3.62), we arrive

2
uuw—www>w@@w%%$g
W (Al 5¥1)
v(F(x) = (x),1) <V (Aao(x), %r)
=" (Allall", 551 )
B () = (0),0) > ' (Bagl), gt
= (Al 5¥51)
V() = (0),0) < V' (Bagl), Zp)
=" (Allall", 5551 )

for all x € X and all ¢ > 0. This finishes the proof. U

Theorem 3.22. Let f, : X — Y be an even mapping for
which there exists a function Ayg : X — Z with the double
condition

B b (a0 072 J71) =

(3.70)
lim v/ (Aag (J1x) . J?'t) =0

n—oo

forall x,y € X and all t > 0 where J; is defined in (1.4) and
satisfying the double functional inequality

1 (fq(20) =3f4(x) = fo(=x),1) = ' (Aag(x),1)

v (f4(2%) =34 (x) = fo(=%),1) < V' (Aso(x), 1)
(3.71)

200
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forall x € X and all t > 0. If there exists L = L(i) such that
the function

Ao(x) = Aug (%) , (3.72)

has the property
K (Jidag(Jix),t) = p' (Aso(x), Lt)
v/ (J,'AAQ(J,'X),I) =/ (AAQ(X),LI)

forallx € X and all t > 0, then there exists a unique quadratic
function 2, : X — Y satisfying the functional equation (1.1)
and

(3.73)

120 = 22000 = 1 (Anol), £51)
Y (fo(0) = 22(2),0) < V' (Ang ), )
forallx € X and allt > 0.

(3.74)

~

Proof. The proof of the theorem is similar ideas given in
Theorem 3.20 by defining a mapping I" : A — A by
1

ﬁh(.’ix),

l

forall x € X. O

Th(x) =

The next corollary is a direct consequence of which shows
that (1.1) can be stable.

Corollary 3.23. Suppose that an even function f, : X — Y
satisfies the double inequality

() W (kot),

1 (fq(2x) =3 f4(x) — fo(—=x),1) = I~U<(£~||))5Hr)vt)7
Vi(A1),

v(fq(2x)—3fq(x)—fq(—x),t)g v'(l||x||’,t),

forall x,y € X and all t > 0, where A,r # 2 are constants
with A > 0. Then there exists a unique quadratic mapping
9, : X — Y such that the double inequality

() - Do) 5 4 PRI
H{Jq 2\, u <l|\x||’ = ’2’
v/ (A, 3]t
wﬁm_gﬂmgg{v(nva;)

(3.76)
holds for all x € X and all t > 0.

Theorem 3.24. Let f : X — Y be a mapping for which there
exists a function Apyg : X — Z with the double conditions
(3.58), (3.70) for all x,y € X and all t > 0 and satisfying the
double functional inequality

1 (f(2x) =3f(x) = £(
v (f(2x) =3f(x) = f(

—x),1) > ' (Mg (x),1)

—x),1) < V' (Aag(x),1)



for all x € X and all t > 0. If there exists L = L(i) such
that the functions (3.60) and (3.72) has the properties (3.61)
and (3.73) for all x € X and all t > 0, then there exists a
unique additive function o/ : X — Y and a unique quadratic
function 2, : X — Y satisfying the functional equation (1.1)
and

forallx € X and all t > 0.

The next corollary is a direct consequence of Theorem
3.24 which shows that (1.1) can be stable.

Corollary 3.25. Suppose that a function f : X — Y satisfies
the double inequality

B0 =370 - - = { Gk
Vo=t - < { L

(3.79)

forallx,y € X and allt > 0, where A,r # 1,2 are constants
with A > 0. Then there exists a unique additive mapping
o : X — Y and a unique quadratic function 2y : X —Y
such that the double inequality

1 (f(x) = (x) = 2a(x),1)
{ (A (1) + ' (42, [3]0)

W (4RI ) i (4201 )

V(f(x) = (x) = 22(x)),1)
v/ (40, 1) oV (41, 13]1),
{ v (4211 gy ) o' (41111 )

(3.80)

holds for all x € X and all t > 0.

3.5 Stability Results of (1.2): Fixed Point Method
Theorem 3.26. Let g.: X — Y be an odd mapping for which
there exists a function Acg : X — Z with the double condition

lim u' (Aco (J7'x) ,Ji'1) =1

(3.81)
lim V' (Acg (J7x) . J71) =0
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forall x,y € X and all t > 0 where J; is defined in (1.4) and
satisfying the double functional inequality

14(8e(2x) = 128(x) —4ge(—x),1) = p' (Aco(x),1)

Vv (ge(2x) — 12g.(x) x),1) < V' (Aco(x),1)
(3.82)

— 4gc(_

Sforall x € X and all t > 0. If there exists L = L(i) such that
the function

Aco(x) = Acg (%) ; (3.83)
has the property
1 (Jidco(Jix),1) = W' (Aco(x), Lt) } (3.84)
v/ (],'ACQ (Jl-x),t) =V (ACQ()C),LI) ’

forall x € X and all t > O, then there exists a unique cubic
function € : X — Y satisfying the functional equation (1.2)
and

(3.85)

forallx € X and allt > 0.

Proof. The proof of the theorem is similar ideas given in
Theorem 3.20 by defining a mapping I': A — A by

1
ﬁh(.]ix),

1

Th(x) =

forall x € X. O

The next corollary is a direct consequence of Theorem
3.26 which shows that (1.1) can be stable.

Corollary 3.27. Suppose that an odd function g, : X —Y
satisfies the double inequality

- N Ao f w (A1),
1 (8e(28) — 1280 (x) — 4ge(—x).1) > el
vi(A,1),
v (8e(20) —128¢(x) —4ge (=), ) <\ s (Giir gy
(3.86)

forallx,y € X and allt >0, where A, r # 3 are constants with
A > 0. Then there exists a unique cubic mapping € : X — Y
such that the double inequality

w (A, (7)),
AT

4

B2

1 (ge(x) = (x),1) > {

V(ge(x) —F(x),1) < ViR ITI,
s D=V (M)

holds for all x € X and all t > 0.



Theorem 3.28. Let g, : X — Y be an even mapping for
which there exists a function Acg : X — Z with the double
condition

Jim 1’ (Aco (%), J7"t) = 1
(3.88)
lim v/ (Aco (J'x) ,J?"t) = 0

n—oo

forall x,y € X and all t > 0 where J; is defined in (1.4) and
satisfying the double functional inequality

—4g4(=x),1) = ' (Aco(x),1)

- 4gq(—x),t) <V (ACQ(X)’I)
(3.89)

1 (84(2x) — 12g4(x)

V (g4(2x) — 12g4(x)

Sforall x € X and all t > 0. If there exists L = L(i) such that
the function

Aco(x) = Acg (%) , (3.90)

has the property

v/ (JiACQ(J,-x),t) =V (ACQ(X),LI) 3.91)

1 (Jidco(Jix),1) = 1 (Aco(x), Lt) }
forall x € X and all t > O, then there exists a unique quartic
function 24 : X — Y satisfying the functional equation (1.2)
and

forallx € X and all t > 0.

Proof. The proof of the theorem is similar ideas given in
Theorem 3.20 by defining a mapping I': A — A by

Th(x) = %h(],-x),

i

for all x € X. O

The next corollary is a direct consequence of which shows
that (1.1) can be stable.

Corollary 3.29. Suppose that an even function g, : X —Y
satisfies the double inequality

(3.93)
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forall x,y € X and allt > 0, where A,r # 4 are constants
with A > 0. Then there exists a unique quartic mapping
Q4 : X — Y such that the double inequality

u (A, [15]r),

U(gti(x) — Dy(x),t) > { ' (leHr

16 rzr )

v/ (A, [15]1),

v (AR )
(3.94)

V(gq(x) — 2a(x),1) < {

holds for all x € X and all t > 0.

Theorem 3.30. Let g: X — Y be a mapping for which there
exists a function Acg : X — Z with the double conditions
(3.81), (3.88) for all x,y € X and all t > 0 and satisfying the
double functional inequality

p(g(2x) —12g(x)

v (g(2x) — 12g(x)

—4g(—x),1) > ' (Aco(x),1)

—4g(—x),1) < V' (Aco(x),1)
(3.95)

forall x € X and all t > 0. If there exists L = L(i) such that
the functions (3.60) and (3.72) has the properties (3.84) and
(3.91) for all x € X and all t > 0, then there exists a unique
cubic function € : X — Y and a unique quartic function
94 : X — Y satisfying the functional equation (1.2) and

1 (2(x) =% (x) — 2a(x),1) |
> ' (Aco(x), 1) i’ (Aco(—x), K1)
*u (ACQ(x), %t) *u (ACQ(—x
v (g(x) =€ (x) — 24(x),1)
<V (Acgoc), L) oV (Aco(—x), K1)
oV’ (Aco(®), k1) ov' (Aco(—), k571)

(3.96)
forallx € X and allt > 0.

The next corollary is a direct consequence of Theorem
3.24 which shows that (1.2) can be stable.

Corollary 3.31. Suppose that a function g : X — Y satisfies
the double inequality

p(g(2x) —12g(x)

v (g(2x) — 12g(x)

el '
48020 20w (Al 7)),

g9 < | Lo

forall x,y € X and allt > 0, where A,r # 3,4 are constants
with A > 0. Then there exists a unique cubic mapping € -
X — Y and a unique quartic function 24 : X — Y such
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that the double inequality

(g X) Da(x),1)
w( 4/1 \7|t *u’(4/17\15\t),7
(4201 ) < (4201 )
(g(x) =€ (x) — 24(x)),1)
V (44, |7|t) o V' (44,]15]t),
< 4"
S v (a1 ) oV (4211 )
(3.98)
holds for all x € X and all t > 0.
References

(1]

[2]

31

(4]

[51

[6]

[71

[8]

91

[10]

J. Aczel and J. Dhombres, Functional Equations in Sev-
eral Variables, Cambridge Univ, Press, 1989.

T. Aoki, On the stability of the linear transformation in
Banach spaces, J. Math. Soc. Japan, 2 (1950), 64-66.

M. Arunkumar, S. Hema Latha, Orthogonal Stability Of
2 Dimensional Mixed Type Additive And Quartic Func-
tional Equation, International Journal of pure and Ap-
plied Mathematics, 63 No.4, (2010), 461-470.

M. Arunkumar, John M. Rassias, On the generalized
Ulam-Hyers stability of an AQ-mixed type functional
equation with counter examples, Far East Journal of Ap-
plied Mathematics, Volume 71, No. 2, (2012), 279-305.
M. Arunkumar, Matina J. Rassias, Yanhui Zhang, Ulam
- Hyers stability of a 2- variable AC - mixed type func-
tional equation: direct and fixed point methods, Journal
of Modern Mathematics Frontier (JIMMF), 1 (3), 2012,
10-26.

M. Arunkumar, Solution and stability of modified ad-
ditive and quadratic functional equation in generalized
2-normed spaces, International Journal Mathematical Sci-
ences and Engineering Applications, Vol. 7 No. I (January,
2013), 383-391.

M. Arunkumar, Generalized Ulam - Hyers stability of
derivations of a AQ - functional equation, Cubo A
Mathematical Journal dedicated to Professor Gaston M.
N’Guerekata on the occasion of his 60th Birthday Vol.15,
No 01, (159-169), March 2013.

M. Arunkumar, P. Agilan, Additive Quadratic functional
equation are Stable in Banach space: A Fixed Point Ap-
proach, International Journal of pure and Applied Mathe-
matics, 86 No.6, (2013), 951-963, .

M. Arunkumar, P. Agilan, Additive Quadratic functional
equation are Stable in Banach space: A Direct Method,
Far East Journal of Applied Mathematics, Volume 80, No.
1, (2013), 105 - 121.

M. Arunkumar, P. Agilan, S. Ramamoorthi, Perturbation
of AC-mixed type functional equation, Proceedings of
National conference on Recent Trends in Mathematics
and Computing (NCRTMC-2013), 7-14, ISBN 978-93-
82338-68-0.

203

(11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

AQ and CQ functional equations — 203/205

M. Arunkumar, Perturbation of n Dimensional AQ -
mixed type Functional Equation via Banach Spaces and
Banach Algebra: Hyers Direct and Alternative Fixed
Point Methods, International Journal of Advanced Mathe-
matical Sciences (IJAMS), Vol. 2 (1), 2014, 34-56.

M. Arunkumar, P. Agilan, C. Devi Shyamala Mary, Per-
manence of A Generalized AQ Functional Equation In
Quasi-Beta Normed Spaces, A Fixed Point Approach,
Proceedings of the International Conference on Math-
ematical Methods and Computation, Jamal Academic
Research Journal an Interdisciplinary, (February 2014),
315-324.

M. Arunkumar, C. Devi Shyamala Mary, G. Shobana,
Simple AQ And Simple CQ Functional Equations, Journal
Of Concrete And Applicable Mathematics (JCAAM), Vol
13, Issue 1/2, Jan - Apr 2015, 120 - 151.

M. Arunkumar, P. Agilan, C. Devi Shyamala Mary, Per-
manence of A Generalized AQ Functional Equation In
Quasi-Beta Normed Spaces, International Journal of Pure
and Applied Mathematics, Vol. 101, No. 6 (2015), 1013-
1025.

M. Arunkumar, G.Shobana, S. Hemalatha, Ulam - Hyers,
Ulam - Trassias, Ulam-Grassias, Ulam - Jrassias Stabil-
ities of A Additive - Quadratic Mixed Type Functional
Equation In Banach Spaces, International Journal of pure
and Applied Mathematics, Vol. 101, No. 6 (2015), 1027-
1040.

M. Arunkumar, T. Namachivayam, Intuitionistic fuzzy
stability of a n-dimensional cubic functional equation:
Direct and fixed point methods, Intern. J. Fuzzy Mathe-
matical Archive, Vol. 7(1)(2015), 1-11 .

M. Arunkumar, E. Sathya, P. Narasimman, N. Mahesh
kumar, 3 Dimensional Additive Quadratic Functional
Equations, Malaya Journal of Matematik, 5(1) (2017),
72-103.

K. Atanassov, Intuitionistic fuzzy sets, Fuzzy sets and
Systems. 20 (1986), No. 1, 87-96.

C.Borelli, G.L.Forti, On a general Hyers-Ulam stability,
Internat J.Math.Math.Sci, 18 (1995), 229-236.
P.W.Cholewa, Remarks on the stability of functional equa-
tions , Aequationes Math., 27 (1984), 76-86.

S.Czerwik, On the stability of the quadratic mappings
in normed spaces, Abh.Math.Sem.Univ Hamburg., 62
(1992), 59-64.

S. Czerwik, Functional Equations and Inequalities in Sev-
eral Variables, World Scientific, River Edge, NJ, 2002.
P. Gavruta, A generalization of the Hyers-Ulam-Rassias
stability of approximately additive mappings , J. Math.
Anal. Appl., 184 (1994), 431-436.

M. Eshaghi Gordji, H. Khodaie, Solution and stability
of generalized mixed type cubic, quadratic and additive
functional equation in quasi-Banach spaces, arxiv: 0812.
2939v1 Math FA, 15 Dec 2008.

M. Eshaghi Gordji, N.Ghobadipour, J. M. Rassias,
Fuzzy stability of additive-quadratic functional Equations,



[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

arXiv:0903.0842v1 [math.FA] 4 Mar 2009.

M. Eshaghi Gordji, M. Bavand Savadkouhi, and
Choonkil Park, Quadratic-Quartic Functional Equa-
tions in RN-Spaces, Journal of Inequalities and Ap-
plications, Vol. 2009, Article ID 868423, 14 pages,
doi:10.1155/2009/868423

M. Eshaghi Gordji, H. Khodaei, J.M. Rassias, Fixed point
methods for the stability of general quadratic functional
equation, Fixed Point Theory 12 (2011), no. 1, 71-82.
D.H. Hyers, On the stability of the linear functional equa-
tion, Proc.Nat. Acad.Sci.,U.S.A.,27 (1941) 222-224.
D.H. Hyers, G. Isac, Th.M. Rassias, Stability of func-
tional equations in several variables,Birkhauser, Basel,
1998.

Sun Sook Jin, Yang-Hi Lee, A Fixed Point Approach to
the Stability of the Cauchy Additive and Quadratic Type
Functional Equation, Journal of Applied Mathematics,
doi:10.1155/2011/817079, 16 pages.

K.W. Jun, H.M. Kim, On the Hyers-Ulam-Rassias stabil-
ity of a generalized quadratic and additive type functional
equation, Bull. Korean Math. Soc. 42(1) (2005), 133-148.
S.M. Jung, Hyers-Ulam-Rassias Stability of Functional
Equations in Mathematical Analysis, Hadronic Press,
Palm Harbor, 2001.

Pl. Kannappan, Functional Equations and Inequalities
with Applications, Springer Monographs in Mathematics,
2009.

B.Margoils, J.B.Diaz, A fixed point theorem of the alter-
native for contractions on a generalized complete metric
space, Bull. Amer. Math. Soc. 126 74 (1968), 305-309.
S. A. Mohiuddine, Q. M. Danish Lohani, On general-
ized statistical convergence in intuitionistic fuzzy normed
space, Chaos, Solitons Fract., 42 (1), (2009), 731-1737.
S. Murthy, M. Arunkumar, G. Ganapathy, P. Rajarethi-
nam, Stability of mixed type additive quadratic functional
equation in Random Normed space, International Journal
of Applied Mathematics (IJAM), Vol. 26. No. 2 (2013),
123-136.

S. Murthy, M. Arunkumar, G. Ganapathy, Perturbation
of n- dimensional quadratic functional equation: A fixed
point approach, International Journal of Advanced Com-
puter Research (IJACR), Volume-3, Number-3, Issue-11
September-2013, 271-276.

A. Najati, M.B. Moghimi, On the stability of a quadratic
and additive functional equation, J. Math. Anal. Appl.
337 (2008), 399-415.

Choonkil Park, Orthogonal Stability of an Additive-
Quadratic Functional Equation, Fixed Point Theory and
Applications 2011 2011:66.

J. H. Park, Intuitionistic fuzzy metric spaces, Chaos, Soli-
tons and Fractals, 22 (2004), 1039-1046.

J.M. Rassias, On approximately of approximately linear
mappings by linear mappings, J. Funct. Anal. USA, 46,
(1982) 126-130.

J.M. Rassias, K.Ravi, M.Arunkumar and B.V.Senthil Ku-

204

[43]

[44]

[45]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

AQ and CQ functional equations — 204/205

mar, Ulam Stability of Mixed type Cubic and Additive
functional equation, Functional Ulam Notions (F.U.N)
Nova Science Publishers, 2010, Chapter 13, 149 - 175.
M.J. Rassias, M. Arunkumar, S. Ramamoorthi, Stability
of the Leibniz additive-quadratic functional equation in
Quasi-Beta normed space: Direct and fixed point meth-
ods, Journal Of Concrete And Applicable Mathematics,
Vol. 14 No. 1-2, (2014), 22 - 46.

J. M. Rassias, M. Arunkumar, E.sathya, N. Mahesh Ku-
mar, Generalized Ulam - Hyers Stability Of A (AQQ): Ad-
ditive - Quadratic - Quartic Functional Equation, Malaya
Journal of Matematik, 5(1) (2017), 122-142.

Th.M. Rassias, On the stability of the linear mapping in
Banach spaces, Proc.Amer.Math. Soc., 72 (1978), 297-
300.

Th.M. Rassias, Functional Equations, Inequalities and
Applications, Kluwer Acedamic Publishers, Dordrecht,
Bostan London, 2003.

K.Ravi and M.Arunkumar, On a n- dimensional additive
Functional Equation with fixed point Alternative, Pro-
ceedings of International Conference on Mathematical
Sciences 2007, Malaysia.

K. Ravi, M. Arunkumar and J.M. Rassias, On the Ulam
stability for the orthogonally general Euler-Lagrange
type functional equation, International Journal of Mathe-
matical Sciences, Autumn 2008 Vol.3, No. 08, 36-47.

K. Ravi, J.M. Rassias, M. Arunkumar, R. Kodandan,
Stability of a generalized mixed type additive, quadratic,
cubic and quartic functional equation, J. Inequal. Pure
Appl. Math. 10 (2009), no. 4, Article 114, 29 pp.

R. Saadati, J. H. Park, On the intuitionistic fuzzy topo-
logical spaces, Chaos, Solitons and Fractals. 27 (2006),
331-344.

R. Saadati, J. H. Park, Intuitionstic fuzzy Euclidean
normed spaces, Commun. Math. Anal., 1 (2006), 85—
90.

R. Saadati, S. Sedghi and N. Shobe, Modified intuition-
istic fuzzy metric spaces and some fixed point theorems,
Chaos, Solitons and Fractals, 38 (2008), 36-47.

S.M. Ulam, Problems in Modern Mathematics, Science
Editions, Wiley, New York, 1964.

T.Z. Xu, J.M. Rassias, W.X Xu, Generalized Ulam-Hyers
stability of a general mixed AQCQ-functional equation
in multi-Banach spaces: a fixed point approach, Eur. J.
Pure Appl. Math. 3 (2010), no. 6, 1032-1047.

T.Z. Xu, J.M. Rassias, M.J. Rassias, W.X. Xu, A fixed
point approach to the stability of quintic and sextic func-
tional equations in quasi-B-normed spaces, J. Inequal.
Appl. 2010, Art. ID 423231, 23 pp.

T.Z. Xu, J.M Rassias, W.X. Xu, A fixed point approach to
the stability of a general mixed AQCQ-functional equa-
tion in non-Archimedean normed spaces, Discrete Dyn.
Nat. Soc. 2010, Art. ID 812545, 24 pp.

L. A. Zadeh, Fuzzy sets, Inform. Control, 8 (1965), 338—
353.



AQ and CQ functional equations — 205/205

(581 G. Zamani Eskandani, Hamid Vaezi, Y. N. Dehghan, Sta-
bility Of A Mixed Additive And Quadratic Functional
Equation In Non-Archimedean Banach Modules, Tai-
wanese Journal Of Mathematics, Vol. 14, No. 4, (2010),
1309-1324.

ko Kk kK kK
ISSN(P):2319 — 3786
Malaya Journal of Matematik
ISSN(0):2321 — 5666
* Kk kK Kk Kk

205


http://www.malayajournal.org

	Introduction
	Stability Results In Quasi Beta Banach Space
	Definitions and Notations On Quasi Beta Banach space
	Stability Results of (1.1): Direct Method
	Stability Results of (1.2): Direct Method
	Stability Results of (1.1): Fixed Point Method
	Stability Results of (1.2): Fixed Point Method

	Stability Results In Intuitionistic Fuzzy Banach Space
	Definitions and Notations of Intuitionistic Fuzzy Banach Space
	Stability Results of (1.1): Direct Method
	Stability Results of (1.2): Direct Method
	Stability Results of (1.1): Fixed Point Method
	Stability Results of (1.2): Fixed Point Method

	References

