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1. Introduction

The theory of fuzzy sets and their related properties was
introduced by Zadeh.L.A [15] in 1965. In 1991, Abou Zaid. S
[1] defined a Fuzzy subnear-rings and ideals. In 1996, Seung
dong kim and hee sikkim was defined as the homomorphic im-
age of fuzzy ideals and some related properties. The notation
of I'-near ring was introduced by Bhavanari Satyanarayana
and Syam Prasad. K [11]. In 2007, Akram. M was introduced
the T- fuzzy ideals in near rings. In 2012, Srinivas.T and
Nagaiah.T [13] was presented T-fuzzy ideal of I'-near ring
has several properties of I'-near rings. In this paper, by using
T- fuzzy ideal and T L-ideal of I'-near ring all the above are
use them. Further, additionally we introduce homomorphic
images and direct product of T- fuzzy T L-ideal of I'-near
ring. We may expand to this paper as the I'- near ring from a
theoretical portion.

2. Preliminaries

In this section, we review the some definitions that will be
required in this paper.

Definition 2.1. A non empty set N with two binary operations

“+ “(addition) and “-” (Multiplication) is called a near ring
if it satisfies the following axioms:

(i) (N,+) is a group.
(ii) (N,-) is a semi group.
(iii) x-(y+z) =x-y+x-zforall x,y,z € N.

precisely speaking it is a left near ring because it satisfies the
left distributive law. We will use the word near ring instead
of “Left near-ring”. We denote xy instead of x -y. Note that
x0 =0 and x(—y) = —xy, but 0x # 0 for x,y € N.

Definition 2.2. Ler (R,+) be a group and T be a nonempty
set. Then R is said to be a I'-near ring if their exist a mapping
R X T" x R — R satisfies the following conditions:

(i) (x+y)oz=xoz+yaz.
(ii) (xoty)Bz=xa(yBz)
forall x,y,z€ Rand a,3 €T

Definition 2.3. Let R be a I'- near ring. A normal subgroup
(I,4) of (R, +) is called

(i) a left ideal if xa(y+i)—xay € I for all x,y € R,a €
Liel

(ii) arightidealifiax €l forallxc R, el'iel
(iii) an ideal if it is both a left ideal and a right ideal of R.

A T'- near ring R is said to be a zero — symmetric if a0 =0
forall a € R and o € T, where 0 is additive identity in R.



Definition 2.4. A subset M of a I'- near ring R is said to be
a sub I'- near ring if there exist a mapping M xI'xM — M
such that

(i) (M,+) be a subgroup of (R,+).
(ii) (x+y)az=xoz+yazforeveryx,y,z € M and a €T.
(iii) (xay)Bz=xa(yBz) for every x,y,z € M and o, € T.

Definition 2.5. A fuzzy sub near ring A of R is called a fuzzy
ideal if it satisfies the following conditions:

(i) A(y+x—y) > A(x) for all x,y,z € R.
(ii) A(xy) > A(y) forall x,y € R, ot € T.
(iii) A((x+i)y-xy) = A(i) for all x,y,i € R.

ifu(0) > p

Definition 2.6. A binary operation T on a lattice L is called
a t-norm if it satisfies the following conditions:

(i) T(T(a,b),c) =
(i) T(a,b) =T (b,a),

(x) for all x € R.

T(a,T(b,c)),

(iii) b <c=T(a,b) <T(a,c),
(iv) T(a,1)=a, forall a,b,c € L.

Definition 2.7. A function i : R — L is called an L-subset of
R. The set of all L-subsets of R is called the L-power set of R
and is denoted by L.

Definition 2.8. A fuzzy set A of a I'- near ring R is called a
T-fuzzy sub I'- near ring with respect to a t-norm of R if,

(i) A(x-y) > A(x)TA(y)
(ii) A(xay) > A(x)TA()
forallx,y e Rand a €T.

Definition 2.9. A fuzzy set A of a I'- near ring R is called a
T-fuzzy sub I'- near ring A of R is called a T— fuzzy ideal of
R it satisfies the following conditions,

(i) Ay+x—y) > A(x) for all x,y,z € R.
(ii) A(xay) > A(y) forallx,y e R, €T.
(iii) A(xa(z+y)-xay) > A(z) for all x,y,z € R, € T.

Definition 2.10. An L- subset A € LR of a I'- near ring R is
called a T L~ ideal of R if

(i) A(0) =

(=x) > A(x)
(iii) A(x+y) > A(x)T.
(iv) Aly+x—y) =
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(v) Alxy) = A(y)
(vi) A((x+i)y-xy) > A(i)
forall x,y,i € R.

Definition 2.11. An L- subset A € LR of a I'- near ring R is
called a T-fuzzy TL-ideal of R if

(i) A(0) =

(
(ii) A(—x) > A(x)
(iii) A(x+y) > A(x)TA(y)
( y)=A
(
(

(iv) A(y+x— (x)

(v) Alxay) > A(y)
(vi) A(xa(z+y)-xay)) > A(z)
forallx,y,z€e Rt €T.

Definition 2.12. Let A and B be the T-fuzzy subsets of the I'-
near ring R has defined as (ANB)(x) = A(x)TB(x).

Definition 2.13. (/6]) Let L- subset A and B € LR be T- fuzzy
TL- ideal of T'- near ring R. Then the direct product of T-
fuzzy ideals is defined by, (A x B)(x,y) = A(x)TB(y) for all
X,y €R.

Definition 2.14. A L- subset T-fuzzy TL-ideal A € LR of a
I'-near ring R is said to be normal if their exist an element
a € R such that A(a) = 1.

If A is normal of a T'-near ring R if and only if A(1) = 1.

Definition 2.15. Let R be a I — near ring. Let p be a fuzzy

set of a T-fuzzy ideal of R and f be a function defined on R,

then the fuzzy set p/(y) = sup p(x) forally € f(R) and
x€f~1(y)

is called as the image of p under f. Similarly, if A is a fuzzy

setin f(R), then p = Ao f in R is defined as p(x) = A(f(x))

for all x € R and is called the pre image of A under f.

3. T-fuzzy TL-ideal of [-near ring

Let R be a near-ring and L be a complete lattice.

Theorem 3.1. If L- subset of A € LR is a T-fuzzy T L-ideal of
R then, A(x—y) > A(0) = A(x) = A(y) for all x,y € R.

Proof. Let L— subset of A is a T-fuzzy T L-ideal of R then
we have, A(x—y) > A(0). But, A(0) <A(x—y). Thus , A(x—
y) =A(0). Now consider,

(AVARAVARLV]

Similarly we can prove that A(y) > A(x). Hence A(x) =
for all x,y € R. O
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Theorem 3.2. If L— subset of A and B € LR are T-fuzzy TL-  Proof. Let L- subset of A € LR be a T-fuzzy T L-ideal of a I'-
ideal of aI'- near ring R then ANB is a T-fuzzy TL-ideal of  near ring R. For any x,y,z € R and o0 € I".'We have,

R. (1)
Proof. (i) A*(0) = 2((1); > 1.
(ANB)(0) >A(0)TB(0) =1 (i)
(i1) . A(—x)
A= 5m
(4NB)(—x) A0y
> A(—x)TB(—x) = A(D)
>A(0—x)TB(0—x) A(0)TA(x)
> A(0)TA(x)TB(0)TB(x) ZTA0)
> A(x)TB(x) L A0) A()
> (ANB)(x) T A1) AL
> A(0)TA" (x)
(iii) > A% ().
(ANB)(x—y) (i)
> A(x—y)TB(x—y) 4
> A(RTAG)TBWTB() A=) = 24
> (A()TB(x)) (AO)TB) ATAD)
> (ANB)(X)T(ANB)(y) > =D
iv A(y)
(iv) 2A(x)A(1)Tm
(ANB)(y+x—y) > A*(x)TA*(y).
> A(y+x—y)TB(y+x—y) .
> A(x)TB(x) W)
> (AQB)()C) A*(y+x y)_A(y;r()lC)Y)
v) < A(x)
~A(1)
(A1) (xaty) o
> A(xay)TB(xary) -
> A(y)TB(y) v)
>(ANB X
 zenaw Ay — A2
™ . AD)
(ANB)[(ra(z+y)=xay)] A
> Al(xa(z+y)-xay) | TB[(xat(z 4 y)-xary)] 2 A ()-
> A(z)TB(z) > (ANB)(2). (iv)
Hence AN B is a T-fuzzy TL-ideal of R. Thi letes th ) Alxa(z+y)-xay]
pre(:)lz)cff: sa y TL-ideal o s completes t [5: A*[ra(z+y)—xay] = i\ o
. | AR
Theorem 3.3. Let L- subset of A € L" be a T-fuzzy T L-ideal = A1)
of a I'- near ring R and L- subset of A* € LX be a fuzzy set in > A% (2)
R then A* defined by, A* = %Vx € R. Then A" is a normal =4
T-fuzzy T L-ideal of R contains A. Hence A* is a normal T-fuzzy T L-ideal of R contains A. [

o
L0,
Ssa2ez
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Theorem 3.4. Let L- subset of A € LR be a T-fuzzy T L-ideal
of a T- near ring R and let L— subset of AT € LR be a fuzzy
set in R then AT is defined by, A*(x) = A(x) + 1 +A(1) for
all x € R. Then A" is a T-fuzzy TL-ideal of T'-near ring R
containing A.

Proof. Let L— subset of A € LR be a T— fuzzy TL— ideal of
aI'-near ring R. For any x,y,z€ Rand o € T".

®

AT(0) =A(0)+1+A(1) =1

(i)

AT (—x)

A(0—x)+1+A(1)
(AO)+1+A)T(A(x)+1+A(1))
A

AT

() +1+A(1)
(x)

VvV IV IV

(iii)

AT (x=y)
Alx—y)+1+A(1)
(AX)TA(y)) +1+A(1)
(A

A

)T
(x) + 1+ A(1))T(A(Y) + 1 +A(1))
TOTAT (),

vV IV IV

@iv)

AT (y+x—y)
=A(y+x—y)+1+A(1)
Ax)+1+A(1)

AT ().

>
2

)

AT (xay)

=A(xay) +1+A(1)
A(y)+1+A(1)
AT (y).

2
>

(vi)

AT [xoe(z 4 y)-xory]
=Alxo(z+y)-xoy] + 1+A(1)
>A(z) +14+A(1)
> A(z).

Hence A" is a T-fuzzy T L-ideal of I'- near ring R con-
taining A.

N

209

T-fuzzy TL -ideal of I'-near ring — 209/212

O

Theorem 3.5. An onto homomorphic image of a T-fuzzy TL-
ideal with sup property is a T-fuzzy T L-ideal.

Proof. Let M and N are I'- near rings. Let f: M — N be
epimorphism and L- subset of A € LR A be a T-fuzzy TL-
ideal of R with sub property. Let x,y € N,xo € f'(x),y0 €
f(y) and zo € f(z) be such that A(xg) = sup A(n),A(yo) =

nef'(x)
sup A(n)andA(zg) = sup A(n) respectively. Then for any
nef'(y) nef'(z)
a € A, we have,
(1)
AT(0) = sup A(z) >A(0) = 1.
z€£(0)
(ii)
A (—x)
= sup A(z)
z€f'(0)
> A(xo)
> [ sup A(n)]
nef!(x)
= A/ (x).
(iii)
Al (x =)
= sup Az)
zEf"(x—y)
> A(xo —Yo)
> A(xo)TA(yo)
> [ sup A(n)|T[ sup A(n)]
nef!(x) nef'(y)
= AT (0)TA (y).
(iv)
Al (y+x—)
= sup Alz)
€S (y+x—y)
> A(xo)
> [ sup A(n)]
nef'(x)
= A/ (x).
(v)
A (xary)
= sup A(z)
z€f(xay)
> A(yo)
> [ sup A(n)]
nef'(y)
=AT(y).



(vi)
Al [xa(z+y)-xoy)]

=  sup A2)

[xot(z+y)—xory]
> A(zo)

> [ sup A(n)]
nef'(z)

=A(2).
This completes the proof. O

Theorem 3.6. An epimorphic pre image of a T -fuzzy T L-ideal
of a I'-near ring is a T-fuzzy T L-ideal of R.

Proof. Let M and N be I near rings. Let f : M — N is an
epimorphism. Let L— subset of A € L be the T-fuzzy TL-
ideal of N and p be the pre image of A under f. Then for any
x,y,z € M and o0 € T'. We have,

®

(ii)

(iii)

(iv)

)
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(vi)

[roe(z+y) —xary]

(A\VARAVARLY

Hence p is a T —fuzzy T L-ideal of I'- near ring.

Theorem 3.7. Let M and N be I'- near rings. If L—subset of
Ay and A, € LR be T-fuzzy TL-ideal of T-near rings of M and
N respectively, then A = A1XAj is a T-fuzzy TL-ideal of the
direct product of MXN.

Proof. Let L— subsetof A and A, € LR be T —fuzzy T L—ideal
of I-near rings of M and N respectively. Let (x1,x2), (y1,y2),
(z1,22) € MXN and o € T. Then,

®

A(0) =A1XA2(0) = 1.

(i)

A(=(x1,%2))
=A1XAr(—(x1,x2))

= A1 (—(x1,%2))TA2 (= (x1,x2))
> A (x1,x)TAz(x1,x2)

> A1 XAz (x1,x2)

> A(x1,x2).

(iii)

A((x1,%2) = (v1,32))

= A1 XAz (x1 —y1,%2—2)

=A1(x1 —y1)TA2(x2 — y2)

> A (x1)TA1(y1)TA2(x2) TA2(y2)
> A1 (x1)TA2(x2)TA1 (y1)TA2(y2)

> (A1XA2)(x1,%2)T (A1 XA2) (y1,y2)
> A(x1,x2)TA(y1,y2)-

o
L0,
Ssa2ez



(iv)

A((x1,x2)a(y1,y2))

= A1 XAz ((x1,x2)t(y1,y2))

= A1 ((x1,x2) 0t (y1,y2)) TA2 ((x1,%2) 0t (y1,2))
> A1 (y1,y2)TA2(y1,y2)

> (A1XA2)(y1,y2)

> A((y1,y2) + (x1,%2) — (y1,52))
=A1XA2((y1,y2) + (x1,%2) — (¥1,¥2))
=A1((y1,y2) + (x1,x2) — (v1,32))

(X)TA2((y1,y2) + (x1,%2) — (¥1,¥2))

> A1 (x1,x2)TAz(x1,x2)

> A1 XAz (x1,x2)

> A(xy,x2).

(vi)

Al(x1,x2)a((z1,22) + (v1,32))

— ((x1,x2)(y1,¥2))

=A1 XAz [(x1,x2) t((z1,22) + (¥1,)2))

— ((x1,22) 0t (y1,32))]

=Aq[(x1,x2)0((z1,22) + (1,32))
— ((x1,x2) 0 (y1,y2)) ] TA2[(x1,x2) (21, 22)
+(1,y2)) = ((x1,x2) a(y1,32))]

> Ai(21,22)TA2(21,22)

> A1XAs(z1,22)

> A(z1,22)-

Hence A = A1 XA, is a T-fuzzy T L-ideal of R. O

Notation ([11]) Let L-subset u € LR be a T-fuzzy TL-
ideal of a I'- near ring R. We define ¢, = % —[0,1] by @ (x+
1) =p(x) forallx € R.

Theorem 3.8. If L-subset i € LRy is a T-fuzzy T L-ideal of
al'- near ring R, then @y is a T-fuzzy T L-ideal of a I'- near
ring.

Proof. Let L— subset u € LX be a T-fuzzy TL-ideal of a I'-
near ring R and x,y € R. Suppose that, (x+ 1) = (y+ ). Then
p(x—y) = 0. This implies that, p(x) = u(y).Qu(x+pu) =
@u(y+H). Letx+p,y+p,z+p € § and o € T. Then,

®

Gu(0+p) =p(0)=1.
(ii)
Pu((—x)+p) = p(—x)
> u(x)
> Qu(x+H)
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(iii)

Pu((x+p)~(r+p))

= Qu((x—y) +p)
=pu(x—y)

> u(x)Tu(y)

> Qux+ )T Qu(y+p).

(iv)

)

(vi)

ul(x+p)aly+a)l
= @u(xay+o)

= u(xay+p)

> u(y)

> Qu(y+u).

Gu((y+p)+ (x+p) = (y+n))
= Qu[(y+x—y)+pu
=puy+x—y) > pux)

> Qu(x+pu).

Oul((x+p)o(z4+p) +(+u) — ((x+u)a(y+u))]

= Qu[(xa(z+y) —xay)]
= pf(xa(z+y) —xoy)]
> 1(z)

> Qu(z+u).

Hence @, is a T-fuzzy T L-ideal of a I'-near ring ﬁ. O
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