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1. Introduction

Stability problem of a functional equation was first posed by
S.M. Ulam [46] which was answered by D.H. Hyers [24] and

then generalized by T. Aoki [2], Th.M. Rassias [38], J.M. Ras-
sias [36] for additive mappings and linear mappings, respec-
tively. Further generalizations on the above stability results
was given in [16, 21, 22, 40]. Since then several stability prob-
lems for various functional equations have been investigated
in [1, 3—-13, 17, 25, 34, 37, 39, 47]; various fuzzy stability
results concerning Cauchy, Jensen, quadratic and cubic func-
tional equations were discussed in [19, 20, 29-32, 43-45].

Jun and Kim [26] considered the following functional
equation

J@2x+y)+f(2x—y) =2f(x+y)+2f (x—y) +12f(x) (1.1)

which is called a cubic functional equation and every solution
of the cubic functional equation is said to be a cubic mapping.



Solution and two types of Ulam-Hyers stability of »— dimensional cubic-quartic functional equation in intuitionistic

W.G Park and J.H Bae considered the following functional
equation

Sx4+2y)+f(x—2y) =4 [f(x+y) + f(x—y)] = 6f(x) +24(y)
(1.2)

It is easy to show that the function f(x) = x* satisfies the
functional equation (1.2), which is called a quartic functional
equation and every solution of the quartic functional equation
is said to be a quartic function.

In this paper, the authors investigate the generalized Ulam-
Hyers stability of a n dimensional cubic-quartic functional
equation

n—1 n—1
f<z vb—l—rvn) +f (Z vb—rvn>
b=1 b=1

n n—1
=2 [f(z Vb> +f<z Vb_vn>‘|
b=1 b=1
n—1 r
2P -1)f <Z vb) + 2 + Y (#v) =P 00)]
(1.3)

where r is a positive integer with » =0, 1 in the setting of
intuitionistic fuzzy normed spaces using direct and fixed point
methods.

In Section 2, the general solution of the functional equa-
tion (1.3) is given, In Section 3, basic definition and pre-
liminaries of intuitionistic fuzzy normed space is present, In
Section 4 and 5, the generalized Ulam - Hyers stability of
the functional equation (1.3) is proved via Hyers method and
fixed point Method.

2. The General solution of the Functional
Equation
In this section, we present the general solution of the func-

tional equation (1.3). Throughout this section let X and Y be
real vector spaces.

Lemma 2.1. An odd function f : X — Y satisfies the cubic
functional equation (1.3) if f : X — Y satisfies the functional
equation (1.1) for all vi,vy ..., vy_1,v, € X.

Proof. Assume f : X — Y satisfies the functional equation
(1.3). Substituting (vi,v3...,Vy—1,vs) by (0,...,0,0) in (1.2),
we get f(0) = 0. Replacing (va2,v3,...,v,—1) by (0,0...,0)
in (1.2),we have

FO1Frva) £ (01 = rv) = P14 va) (01 =)

22 = 1)+ 2 D ) - P
2.1

for all vq,v, € X. Setting v = 0 and using oddness of f in
(2.1), we obtain

flrvy) = r3f(v,,) 2.2)
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for all v, € X. Using (2.2) in (2.1), we get

FOr+rvn) + fvr =) = PIf(1+vn) + F(v1 — )]
=2( = 1)f(n) (2.3)
for all vi,v, € X. Replacing v by rv; in (2.3), we have

Frvi+va)) + f(r(vi —va))
= rz[f(rvl +vu)+ f(rvi — )] —Z(r2 —1)f(rv1)

2.4)
for all vi,v, € X. Using (2.2) in (2.4), we obtain
F(rvi+va) + f(rvi —va)
= r[f(Vl +Vn) +f(vl _Vn)] +2r(r2 - l)f(vl)
2.5)

for all vi,v, € X. Replacing v; by (v; +v,) in (2.3), we get

SO+ +0v) +f (v = (r=1v)

= P[f (v +2va) + f(v1)] = 207 = 1) f(v1 +2vy)
(2.6)

forall vi,v, € X. Replacing v; by (vi —v,) in (2.3), we obtain

FO1r=(+Dva) +f i+ (r=Tv)
= P[f(vi = 2v) + f(v1)] =207 = 1) f (vi —2va)

2.7
for all vi,v, € X. Adding (2.6) and (2.7), we arrive
JOr4(r+Dva) + f(vi = (r=1va)
+f1 = (r+Dva) + fi+ (r=1va)
= P2[f(vi+2) + f(r1 = 2va) + f(11)]
+2r2f(x) —2(r2 = D[f14va) + f(vi —va)]
2.8)

for all vy,v, € X. Further replacing v, by (vi +v,) in (2.3),
we have

F((r+Dvi+rv,)+f((L=r)vy —rv,)
= P2[f@vi+vn) + ()] =207 = 1) f (1)

for all vi,v, € X. Replacing v, by (—v| +v,) in (2.3), we get

(2.9)

F((1=r)vi—rvy) + F((147)v +rvy)
= Plf(2vi —va) = f(vn)] =2 = 1) f(v1)

for all vi,v, € X. Adding (2.9) and (2.10), we arrive

(2.10)

FUr+Dvi+rva) + f((L=r)vi —rva)
+ S (L =r)vi = rvn) + £ (L4 r)vi 4 1vn)

= 2121 4 Vi) + F(2v1 — )] =42 = 1) f(v1)
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for all vi,v, € X. Interchanging v; and v, in (2.11), we get
Frvi+(r+Dvy) + f(=rvi = (r+1)vy)
+f(rvi—=(1=rvy)+ f(=rvi+(1+7r)v,)

= rz[f(Vl +2vn) = f(vi = 2v,)] _4(”2 —1)f(va)
(2.12)

for all vi,v, € X. Using oddness of f in (2.12), we have
Jrvi4(r+1)vn) = f(rvi = (r+1)va)
+frvi—(r=1vy) = frvi+(r—1)v,)

= P[f (1 +2v) = f(vi = 20a)] = 4(r* = 1) f(va)
2.13)

for all vi,v, € X. Subtracting (2.6) and (2.7), we obtain
fOr+(r+1)v) = fvi—(r— I)Vn)
+f(vl - (ri l)vn) 7f(vl + (ri 1)VI1)
= P[f (1 +2va) = f(r1 = 2v)]
=2(P = D)[f(vi +va) = f(vi = va)]

for all vi,v, € X. Replacing v by rv; in (2.14), we get
F(rvi+(r41)vy) = f(rvi = (r—1)vn)
+ f(rvi — (r—=1Dvy) = f(rvi+ (r—1)wv,)
= rz[f(rvl +2v,) — f(rvi —2wv,)]
72(r2 —D[f(rvi +vn) — f(rvi — )]

for all vi,v, € X. By Comparing (2.13) and (2.15), we have

rz[f(vl +2v,) = f(vi —2vn)] *4(”2 —1)f(va)
= rz[f(rvl +2v,) — f(rvi —2vy)]
—2(r = D[f (rvi +va) = f(rv1 = va)]

for all v, v, € X. Interchanging vy and v, in (2.16), we arrive
PLFQ@viv) + f(2vi —v)] =47 = 1) f(v1)
= rz[f(2v1 +rvg)+ f(2vi —rvy)]
—2( = D[f (v +rva) + f(vi = rv)]
for all vi,v, € X. Substituting (2.3) in (2.17), we obtain
f(zvl +Vn) +f(2vl *Vn)
= [f2vi+rvn) + f(2v1 —rva)]
—2(rP = D) [f(v1 +va) + f(v1 —va)]
+4(rP = 1)f(n)

for all vi,v, € X. Remodify in (2.18), we get

(2.14)

(2.15)

(2.16)

2.17)

(2.18)

Svi+rvy)+ f(2vi —rvy)
= rz[f(2v1 +vn) + f(2v1 — )]
+2(r2 = D[ (v +va) + f (v —va)]

—4(rF =1)f(v1) (2.19)

215 X
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for all vi,v, € X. Replacing v by 2v; in (2.3), we have

Fvi+rvg)+ f(2v1 —rvy)
= rz[f(Zvl +vn) +f(2V1 - Vn)]

—16(r* —1)f(v1) (2.20)

for all vi,v, € X. By comparing (2.19) and (2.20), we arrive

rz[f(Zvl "’Vn) +f(2v1 - Vn)]
—16(r = 1) f(v1) = P[f(2v1 +va) + £ (2v1 = )]
+2(r = D[ (1 +va) + f(v1 =va)] = 4(F = 1) f(v1)
(2.21)

for all vi,v, € X. Replacing (vi,v,) by (x,y) in (2.21) and
Simplify the equation, we desired our result. Hence the lemma
is proved. O

Lemma 2.2. An even function f : X — Y satisfies the quartic
functional equation (1.3) if f : X — Y satisfies the functional
equation (1.2) for all vi,vo...,vy,_1,v, € X.

Proof. Assume f : X — Y satisfies the functional equation
(1.3). Substituting (vi,va...,Vvy—1,Vs) by (0,...,0,0) in (1.2),
we get f(0) = 0. Replacing (v2,vs,...,v,—1) by (0,0...,0)
in (1.2),we have
FOr+rve) + f(vi —rvy)
= [f(v1+va) + F(v1 —va)] =207 = 1) f(v1)

+ 2(”:— 1> [f(rvn) - r3f(vn)]

(2.22)

for all vi,v, € X. Setting vi = 0 and using evenness of f in
(2.22), we obtain

F(rva) =r*f(vy) (2.23)
for all v, € X. Using (2.23) in (2.22), we get
f(vl +an)+f(vl _’”Vn)
= P[f 1+ va) + (v = va)]
—2(7 = 1) f () +27(r* = 1) f(va) (2.24)

for all vi,v, € X. Replacing v by 2v; in (2.24),we have

Fvi4rvy) + f(2v1 —rvy)
= rz[f(2vl +v,,) +f(2V1 _Vn)]

=322 = 1) f(v1)+ 272 (P = 1) f(vn) (2.25)

for all vi,v, € X. Replacing v; by (v; +v,) in (2.24), we
reach
FOr+(r+ D) + f(1 + (1 =r)vy)
= P[f(v1+2v) + £ ()]
- 2(1’2 - l)f(vl +2Vn) +2r2(r2 - l)f(vn)
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for all vi,v, € X. Replacing v; by (vi —v,) in (2.3), we get

1= (r+1)va) + fvi — (1= r)vy)
= rz[f(vl —Zv”) +f(Vl)]
—2(r% = 1) f(vi = 2v,) + 277 (r* = 1) f(va)

for all vi,v, € X. Adding (2.26) and (2.27), we arrive

(2.27)

FOr+r+Dv) + £+ (1= r)va)
+ f 1= (r4 Dvn) + f(r1 — (1= 7)vy)
= P2 [f (v +2v) + f(v1 — 2va)] + 27 f (x)
=2( = D[f (v +va) + f(v1 — V)]
+4r2(r* — 1) f(va)

for all v, v, € X. Replacing v by sv; in (2.28), we get

(2.28)

Frvi+(r+ 1))+ f(rvi+ (1 =r)vy)
+ f(rvi—=(r+1)va) + f(rvi = (1 =r)va)
= P2[f(rvi +2v) + f(rvr = 2v0)] + 2 (x)
=2(r = D[ (rvi +va) + f(rvi = )]

+4r2(r* = 1) f(va) (2.29)

for all v, v, € X. Further replacing v, by (vi +v,) in (2.24),

we have

FOr+rvi+ve)) + fvi —r(vi+vy))
=P [f(2vi + ) + f(vn)]

—2(P =) f(v)+27 (P = 1) f(vi+va)  (230)

for all vi,v, € X. Replacing v, by (vi —v,) in (2.24), we get

F((X+rvr=r(va) + f(L=r)vi +r(va))
= Pf(2v1 —va) + £ ()]
=20 = 1) f(n1) + 272 (7 = 1) f(vi —va)
for all vi,v, € X. Adding (2.30) and (2.31), we obtain

2.31)

F(r+Dvi4rv,)+f((L=r)vy —rvy,)
+ f((L+r)vi+rvn) + fF((L=r)vi+71vy)
= rz[f(2v1 +vn) + f(2v1 —vn)]
+277 f(va) —4(7 = 1) f(n1)

+22 (P = D) [f (v +vi) + (01 =) (2.32)

for all vi,v, € X. Interchanging v; and v, in (2.11), we arrive

n) + f(rvi = (1=r)vy)

+f(rvi—(1+rve)+ frvi+ (1 —r)v,)
= P[f(v1+2vn) + £ (v1 —2)]

+277 f(v1) =407 = 1) f (va)

+2r2(r2_1)[f(V1+Vn)+f(Vl_Vn)]

flrvit(r+1y

(2.33)

216
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for all vi,v, € X. Comparing (2.29) and (2.33), we have

PL(rvi+2va) + £ (rvr = 2va)] + 25 £ (x)
=27 = D[ (rvi +va) + f(rvi = )]
+4r2 (7 = 1)f(va) = P[f (1 +2v) + f (11
+27 (1) —4(r* = 1) f(va)

+2P7 (P = D[f(v1 +va) + f(v1 —vn)]

for all v, v, € X. Simplifying (2.34), we obtain

—2vy)]

(2.34)

Frvi+2vy) + f(rvi —2v,)
_4(’"2 = D[fv1+va) +f(vi —va)]
= [fv1+2vn) + f(v1 = 2v)]

=201 =) +4(7 = 1)’ (v1) = 8(r* = 1) f (va)

(2.35)
for all vi,v, € X. Interchanging v; and v, in (2.25), we get

F(rvi+2vn) + f(rvi —2v,)
— rz[f(vl +2v,,) —|—f(V1 _2"11)]
—32(2 = 1) f(va) + 272 (P = 1) f(v1)

for all vi,v, € X. Substituting (2.36) and (2.35), we have

(2.36)

Pl (v +2v,) + f(v1 —2v,)]
—32(P = 1) f(va) + 27 (> = 1) f(n1)
=4 = D[f 1 +va) + (V1 = )]
—[f(vi+2vn) + f(v1 — 2vp)]

=201 =) +4(7 = 1)’ (v1) = 8(r* — 1) f (va)

(2.37)
for all vi,v, € X. Simplifying (2.37), we arrive
(P = D[ (1 +2va) + f(v1 = 2v,)]
— 4P = DIf 1+ rva) + f(v1 = rv)]
= —6(r* = 1)f(v1) +24(r* = 1) f(vn) (2.38)

for all vi,v, € X. Dividing the equation (2.38) by (> — 1),
we have

F1+2v) + f(vi —2v,)
= 4[f(v1 +va) + F(v1 — )]

—6f(v1)+24(vn) (2.39)

for all vi,v, € X. Replacing (vi,v,) by (x,y) in (2.39), we
desired our result. Hence the lemma is proved. O

3. Preliminaries Of Intuitionistic Fuzzy
Normed Spaces

In this section, some preliminaries about intuitionistic fuzzy
normed space is given.

0ol
<S80,
S5272

‘n: :v ®
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Lemma 3.1. [18] Consider the set L* and the order relation
<y defined by:

L' = {(xl,xz) : (x1,x2) €0, 1}2 and x1+x, < 1},

(x1,%2) <px (y1,52) & x1 <y1,x2 > y2, V(x1,%2), (y1,y2) EL”

Then (L*, <p+) is a complete lattice.

Definition 3.2. [15] An intuitionistic fuzzy set A¢ y in a uni-
versal set U is an object

A ={(Ca(u),na(u)lucU}

Jorallue U, Ca(u) €10,1] and na(u) € [0,1] are called
the membership degree and the non-membership degree, re-
spectively, of u in Ay , and, furthermore, they satisfy Ca (u) +
n, () < L

We denote its units by 0y« = (0, 1) and 1, = (1,0). Clas-
sically, a triangular norm x =T on [0,1] is defined as an in-
creasing, commutative, associative mapping T : [0,1]* — [0, 1]
satisfying 7 (1,x) = l xx =x for all x € [0, 1]. A triangular
conorm S = <) is defined as an increasing, commutative, asso-
ciative mapping S : [0, 11> — [0, 1] satisfying S (0,x) = 0)x =
x for all x € [0,1].

Using the lattice (L*, <« ), these definitions can be straight-
forwardly extended.

Definition 3.3. [15] A triangular norm (t—norm) on L* is a

normed spaces — 217/229

and
M(a,b) = (min {al,bl} , max {a27b2})

foralla=(aj,az), b= (by,by) € L* are continuous f —representable.
Now, we define a sequence T" recursively by T! = T and

T (x(l),...,x(”+1)) = T(T"_l (x(l), ... ,x(")) ,x("+1)) ,

Vn>2, X0 e Lx,

Definition 3.5. [43] A negator on L* is any decreasing map-
ping N: L* — L* satisfying N: (0+) = 1+ and N (1) = Opx.
If N(N(x)) = x for all x € L*, then N is called an involu-
tive negator. A negator on [0,1] is a decreasing mapping
N :[0,1] — [0, 1] satisfying Py v (0) =1 and P, (1) =0. N
denotes the standard negator on [0,1] defined by

Ny(x) =1—x, ¥Vxe€][0,1].

Definition 3.6. [43] Let i and v be membership and non-
membership degree of an intuitionistic fuzzy set from X X
(0,+20) to [0, 1] such that i (t) + vy (t) < 1 forall x € X and
allt > 0. The triple (X, Py v, T) is said to be an intuitionistic
fuzzy normed space (briefly IFN-space) if X is a vector space,
T is a continuous t—representable and P, \ is a mapping
X x (0,400) — L* satisfying the following conditions: for all
x,yeEXandt,s >0,

(IFNI) P,y (x,0) =0p+;

mapping T (L*)* — L* satisfying the following conditions: ~(IFN2) Py y (x,1) = 1.+ if and onlyif x = 0;

(i) (VeL")(T(x,11) =x)
(boundary condition);

(i) (V) € (L)) (T(.y) = T(.2)
(commutativity);

(i) (7(5,3,2) € (7)) (T(x T(32)) = T(T(x,3),2))
(associativity);

(iv) (V.20 € (1))
(X SL* xlandy SL* y, = T(-an) SL* T(xlay,))
(monotonicity).

If (L*,<gx,T) is an Abelian topological monoid with unit
11+, then L* is said to be a continuous t—norm.

Definition 3.4. [15] A continuous t—norms T on L* is said
to be continuous t—representable if there exist a continuous
t—norm * and a continuous t—conorm <) on [0, 1] such that,

forall x = (x1,x2),y = (y1,y2) € L,
T(x,y) = (x1 *y1,020¥2) .
For example,

T(a,b) = (a1b1, min{ay + by, 1})

217

(IFN3) Py, (ax,t) =Py, (x, ﬁ) for all & #0;

(IFN4) Py y (x+y,t+5) >1- T(Puy (x,1),Puy (v,5)) -

In this case, Py y is called an intuitionistic fuzzy norm. Here,
Pyy (x,0) = (b (1), Vi (1)) -

Example 3.7. [43] Let (X,||-||) be a normed space. Let
T(a,b) = (a,b, min (ap + by, 1)) foralla= (ay,az) ,b= (by,b3) €
L* and 1,v be membership and non-membership degree of

an intuitionistic fuzzy set defined by

[l

t
( , ), vVt eRT.
£+ [|xl| "2+ [|x]

Then (X,P”,v, T) is an IFN-sapce.

Py, (x>t) = (.ux (t)vvx(t)) =

Definition 3.8. [43] A sequence {x,} in an IFN-space (X Puyv, T)
is called a Cauchy sequence if, for any € > 0 and t > 0, there
exists ny € N such that

Pyv (xy —Xm,t) > L* (Ns(g),€), Vn, m>n,
where N; is the standard negator.

Definition 3.9. [43] The sequence {x,} is said to be conver-

P
gent to a point x € X (denoted by x;, Lv>x) if Py y (xp —x,1) =
17+ as n — oo for every t > Q.
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Definition 3.10. [43] An IFN-space (X,PNWV7 T) is saidto be  exists for all v € X and the mapping C : X — Y is a unique
complete if every Cauchy sequence in X is convergent to a  cubic mapping satisfying (1.3) and
point x € X.

Py (fo(x)=C(x),r)

Here after, throughout this paper, assume that X be a 2rt 1)

linear space,(Z,P'ﬂ v»T) be an IFN-space and (Y,P’” v.T) be >+ P alo,-0v], 221 —dls
’ ) = u,v ’ r
a complete IFN-space. —_
4.5)
4. Stability Results: Direct Method forallveX andall s> 0.

In this section, the authors present the generalized Ulam-  Proof. Let T = 1. Since f, is an odd function, replacing
Hyers stability of the cubic-quartic functional equation (1.3) in
intuitionistic fuzzy normed spaces. Now we use the following (Vi,v2,- - Vp_1,va) by [ 0,---,0,v
notation for a given mapping Df : X — Y such that i

in (4.3), we get

n—1
Df(vi,va, - Vp1,vn) = f <l72:] Vb +rvn> Puy <2(r+ 1) [F () — r3fo(v)],s)

r

n—1 /! el
2
+f<b§lvh_rvn>—r lf(%w) —f(l);"h—vnﬂ > Py [0 |0,--,0,v],s (4.6)
7 n—1times

for all v € X and all s > 0. Using (IFN3) in (4.6), we obtain

b=1
fo(rv) s
for all vi,vo,---v,_1,v; € X. Py ( . — L), T
Theorem 4.1. Let T € {1,—1}. Let 0 : X" — Z be a function
T

such that for some 0 < (%) <1, > P,/,L,V 610,---,0,v],s 4.7

r —

n—1times

for all v € X and all s > 0. Replacing v by v in (4.7), we

P c|0,---,0,F"v ] ,s
[TRY% . have
n—\1times
f,(rkﬂv) 5
e
> Py [a® o {0,---,0,v],s 4.1)
—1ti
e > Py (o[ 0,,0,M ] s (4.8)
——
forallv e X and all s > 0 and n—1times
) o o o o o for all x € X and all r > 0. Using (4.1), (IFN3) in (4.8), we
Jgr;P’u)v(G(r v, P o, P T ) TS) = 1 arrive
4.2) £ (1) B} s
Pyy T_fO(r V)»m
forallvi,va, - vy_1,vp € X and all s > 0. Let f, : X — Y be
an odd function satisfies the inequality
ZL* P/yv (o 07"'707V 7ik (4’9)
’ H/—/ a
P;L.,V (Df()(vl s V2,0 ’Vn,],Vn),S) zL* P,u,v (G (V17V27 c o Vn—1 ;Vn) ,S) n—ltimes

(4.3) forall x € X and all » > 0. It is easy to verify from (4.9), that

k+1 k
Sforallvi,vy,---v,_1,v, € X and all s > 0. Then the limit P,y Jo(ry) _ Jo(r'v) s
H Pkt Pk 722 (1) - 3k
f()(rnv) *
P,y (C(v) i) — 17, as n — o, s>0 > p’ﬂv olo,---,0,v 7% (4.10)
’ ~—— a
(44’) n—1times
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holds for all v € X and all s > 0. Replacing s by aXs in (4.10),

we get

Pu.v(

rkv

k

ClkS

"2r2(r+1)-r3k

fo(rkﬂv)

pram

A

73

)

)

> P,y o|0,,0v (4.11)
’ ——

)8
n—1times
for all v € X and all s > 0. It is easy to see that
fo(F*v) fo(ritly) G

13k F3(+1) 3

n—1

for all v € X. From equations (4.11) and (4.12), we have

Puy (fo(r v) )

>L* rTn fO (3iv)

i

—fov) = (4.12)

o

-t 2r2(r41)-13n
£l 1)

Al

—folv )
n—1

o5

1
=0

)»

n—1

)

2r2(r+1)- 73

)

2L i= u,v 9 O’ ,O,V »S
’ ———
n—1ltimes
> P’l“, |0,---,0,v|,s 4.13)
’ N——
n—Itimes

for all v € X and all s > 0. Replacing v by v in (4.13) and
using (4.1), (IFN3), we obtain

p fo(rk+mv) B fo(rmv) n—1 ai s
u,v r3(k+m) r3m ’ ~ 27‘ (r+ 1) 3(i+m)
> Py o|00v] = | @14
1".
n—1times

for all v € X and all s > 0 and all m,k > 0. Replacing s by
a™sin (4.14), we get

Pyy <f(,(rk+mv) _

for all v € X and all s > 0 and all m,k > 0. It follows from
(4.15), that

f(,(i’mv) m+k—1 ai r

p3(ktm) pImo 722 (r 1) ¥
> P,u,v cl0,---,0,v],s 4.15)
——
n—1times

p fo(FFHmy) ~ Jo(rv)
w7 3(km) am 08
r
ZL* Pllu'rv o \07 o 70/7v Zm+}’l 1 al
n—1ltimes i=m 22(r+1)-r3

(4.16)
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holds for all v € X and all s > 0 and all m,n > 0. Since
3 L a i fﬂ(rkv) :
0O<a<r’and ) (7) < oo, Thus is a Cauchy
i=0

3k

sequence in (Y, Py, T). Since (Y, Py, T) is a complete IFN-
space this sequence convergent to some point C(v) € Y. So,
one can define the mapping C : X — Y by

fo(F*v)

13k

Pyy (Q(v) - ,s> =17, as n — o, s>0
(4.17)

for all v € X. Letting m = 0 in (4.16), we get

So(r*v)
P (252~ s
r
r
>+ P g|0,---,0,v -
= [TRY ) y Yy — P
n—ltimes Zi:O 2r2(r4-1)-r3

(4.18)

for all x € X and all r > 0. Now for every 6 > 0 and from
(4.18), we have

Puy (C(v) = fo(v),s+8)

> T(

P,

uv

o (r*
o)
ZL* T<P,Iv‘7V <C(V) - f0£§ZV)a8) )
P,p,v c|0,---,0,v ], — r .
n—1ltimes Zi:O 22(r41)-r3%

(4.19)

for all v € X and all » > 0. Taking the limit as n — oo in (4.19),
we get

Puyv (C(v) = fo(v),s+86)
2 1

>+ T 1L*7Puv c|0,---,0,v ], (r+ )(r3fa)s

’ N—— r

n—1times
2 1
EL*P,[JV o 07"'70)‘) B (r+ )(r3—a)s
? N—— r
n—ltimes
(4.20)

for all v € X and all s > 0 and 6 > 0. Since § is arbitrary, by
taking 6 — 0 in (4.20), we obtain

Pu,v(C(V)_fo(V)as)
2 1
> Py (o] 0,-,0v ], (rt )(r3—a)s
’ N—— r
n—1times
4.21)
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for all v € X and all » > 0. To prove C satisfies (1.3), replacing

(V],VZ, o 'anlavn)
by (r'vi,r"va, - F'vy,_1,F"v,) in (4.3) respectively, we obtain

1
P[J,,V (rsanO(rnvl)r”vzf"rnv}’l—larnvﬂ)as)
> P,/,ly

1,7y, r3"s)

4.22)

(G(r"vl P,

for all vi,vy,---v,_1,v, € X and all s > 0. Now,

(C(va—i—rvn) +C<Zv,—rvn>
2[C<i >+C(Z’1vb—rvn>]
+2(r = 1)C ,)Zlvb)

—%(r—i— 1) [C(rv,,) — r3C(v,,)] ,s)

n—1
> T {P/MV (C (Z r"(errrvn))
b=1

1 nl r
——=fo Zr”(vb—krvn) el
r b=1
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1 n—1
v(mf(rnzvb‘i‘rvn)
b=1
1 nnfl
+r3nf<r ;Vb_rvn>
l (5l ze)
r—l ( g )

(r 1) [£ (=) — P (" v,,)],g)}
(4.23)

r.r3"

for all vi,vo,---v,—1,v, € X and all s > 0. Letting n — oo in
(4.23) and using (4.22),(4.2), we arrive

n—1
12(2 - 1)C (bz Vb> 2 D)€l — P em) ’S>
=1

ZL* T5(1L*71L*71L*71L*71L*
’PI“L7V (G(rnvl’rnV27"'rnvnflvrn\/n)vriins))
P 424

ZL* P,u,v (G(rthrnVQ,"

for all vi,vo,---v,—1,v, € X and all s > 0. Letting n — o0 in
(4.24) and using (4.2), (IFN2), we arrive

n—1 n—1
C (Z vb—|—svn> +C <Z vb—svn>
b=1 b=1
n—1
C v | +C Z Vp— Vi
b=1 b=1
1

2(s*—1) C(rtvh> S+1) [C(sv. )—S3C(Vn)]

b=1

:r2

(ngE

for all vi,va,---v,—1,v, € X. Hence C satisfies the functional
equation (2.1). In order to prove C(x) is unique, let C’'(x) be
another cubic functional equation satisfying (2.1) and (4 5).

220



Solution and two types of Ulam-Hyers stability of »— dimensional cubic-quartic functional equation in intuitionistic

[T 50
——

n—1times

for all x € X and all » > 0. Since lim =y P
n—yoo

we obtain

P (r+1)
r.a’

lim P,

n—eo MV

o,v|, (P —a)s

o 0’ s
——
n—Itimes

Thus

P,u,v(c(x) - C,(x)’s) =

for all v € X and all r > 0, hence C(x)
C(x) is unique.

For 7 = —1, we can prove the similar stability result. This
completes the proof of the theorem. O

1
= C'(x). Therefore

The following corollary is an immediate consequence of

Theorem 4.1, regarding the stability of(1.3)
Corollary 4.2. Suppose that an odd function f, : X — Y
satisfies the inequality
P/.L,V (Df()(vl s V2, ,vn,l,vn),s)
P"“, (A,s),
>pq Puy(AXL 1”":”
Py (A (T2 Hvtll“rZ S lpill™)s),
4.25)

for all vi,va,...,vy_1,v, € X and all s > 0, where A,s are
constants with A > 0. Then there exists a unique cubic map-
ping C: X —Y such that

Py (fo(v) — (V)7S)
PW \ ~1s),
214 Py e —Pls), s#3
Py M|v||"~x—2 S| - s), s
(4.26)

forallv e X and all s > 0.
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Proof. Replacing

S(V1,V2y- s Vn—1,Vn)

A,
_ ) AP 2l [ vaaa |+ val ),
) AL 2l vt | [ val

AU el - a1+ [ val )}

we arrive (5.22) by defining

in Theorem 4.1 O

The proof of the following Theorem and Corollary is
similar tracing to that of Theorem 4.1 and Corollary 4.2, when
fe 1s even. Hence the details of the proof is omitted.

Theorem 4.3. Let T € {1,—1}. Let 6 : X" — Z be a function
T
such that for some 0 < (%) <1,

P,

wv [0 [0,-,0,7 v | s
n—1times
EL*P'H’V a ocl0,---,0,v],s 4.27)
n—ltimes

forallve X andall s > 0 and

lim P’

n ™ n _
V1, ) rTs) = 1
n—yo0

(4.28)

( (rTnvl , r‘L’nv2’ rTnv?)’ V.

forallvi,vy,---vy_1,vy € X andall s > 0. Let f, : X — Y be
an even function satisfies the inequality

Pu,v (Dfe(vlaVZa”

> P,,Ll,V

'Vn—17Vn)7s)

(G(V17V27"'vn717vn)7s) (429)

forallvy,vy,---vy_1,vy, € X and all s > 0. Then the limit

Se(r"v)
,.4n

Py (Q(v) - ,s) — 17, asn — o, s>0 (4.30)

exists for all v € X and the mapping Q : X — Y is a unique
quartic mapping satisfying (2.1) and

Puy (fe(x)—Q(x),r)
2 4
ZL*P’I“, c|0,---,0,v|,=|r=d|s| (431)
' N—— r
n—Iltimes

forallve X andall s > 0.
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Corollary 4.4. Suppose that an even function f, : X —Y
satisfies the inequality

P[l.V (ng(V17V27. ~~aVn—17Vn)7s)
P/.L,V (;Las)a
21 Pp,v (4 Y HV,-HS,VS),
Py (AT il + X8 [[vil ™) 5 )
(4.32)

Sfor all vi,vy,...,vy_1,vy € X and all r > 0, where A,s are
constants with A > 0. Then there exists a unique quartic
mapping Q : X — Y such that

P[.L7V (fe(V) - Q(V),S)
P,y (2, %|r4 —1Js),
> Puy (l||v|\s7%\r4—rf\s), s#4;

o I 21— L) 524

(4.33)

forallv e X and all s > 0.

Theorem 4.5. Let T = +1 be fixed and let 6 : X" — Z be
T
a mapping such that for some d with 0 < (%) <1,0<
r
T
(%) < 1 and satisfying (4.1), (4.2), (4.27) and (4.28). Sup-

pose that a function f : X — Y satisfies the inequality

P,Ll,v (D f(V17V27' : 'vnflvvn)vs)

ZL* Ij/.l,V (G(VlaVZa"'anlavn)vr) (434)

forallvy,vy, - vy_1,vy, € X and all s > 0. Then there exists a
unique cubic mapping C : X — Y and unique quartic mapping

Q: X — Y satisfying (1.3) and

Pu.v (f(x) _C(x) - Q(x)>r)

> Py o000 ] ,s (4.35)
——
n—1times
where
I),ELV 9 07"'707‘} )
——
n—Itimes
2 1
=T{P,,|c|0,,0 7M|,3,d‘s :
’ N—— r
n—1times
P 214
2 Lo fo 00| 21 —dls (4.36)
—— r

n—1times

forallve X and all s > 0.

Proof. Clearly
I < <a
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Let f.(v) = M forall v € X. Then £,(0) = 0 and
fe(—=v) = —fc(v) for all v € X. Hence

Puy (D fe(vi,v2,--Vn—1,Vn),s)
>rx T{Pu,v (D fo(vi,v2, - Va—1,Vn),$),
Pyy (D f,,(—vl,—vz,---—vnfl,—v,,),s)}
>pe T{Puyv (0(vi,v2, - Vn1,Vn), ),

P,Ll,V (G(_vlv_v27"'_anlv_vn)as)} (437)

for all vi,vp,---v,—1,v, € X and all s > 0. By Theorem 4.1
there exists a unique cubic mapping C : X — Y such that

Py (fo(v) =C(v),7)

2 1
> PL v1o10,---,0v ,MW —d|s
’ N—— r
n—Iltimes
(4.38)
for all v € X and all s > 0, where
P,IIL,V 9 O,"',O,V »S
———
n—1times
=T P’l“, g|0,---,0,v],s],
’ N—_——
n—Itimes
P (4.39)

uv O 0:-,0,—v ] s

n—1times

for all vi,vp,---v,_1,v, € X and all s > 0.

Also, let f,(v) = W for all v € X. Then
f4(0) =0and f,(—v) = f,(v) for all v € X. Hence

Puy (D fy(vi,va, - Va_1,Vn),5)
> T{Puy (D fo(vi,v2,"* Vn—1,Vn),5),
Py (D fe(—vl,—vz,---—v,,_l,—v,l),s)}
> T{Puy (G(vi,v2, - Va_1,Vn),5),

PH,V (G(*VM*VZV"*anlafvn)as)} (440)

for all vi,vy,---v,—_1,v, € X and all s > 0. By Theorem 4.3,
there exists a unique quartic mapping Q : X — Y such that

P[.L,v (fe(v) - Q(V)’S)

2
ZL*PE”, c|0,---,0,v|,=|*—d|s
’ N—— r

n—1times



Solution and two types of Ulam-Hyers stability of »— dimensional cubic-quartic functional equation in intuitionistic

for all v € X and all s > 0, where

P |l0,---,0,v|,s
——

i%
n—1times
= P’W c|0,---,0,v],s
n—1times
Py 00,0, |,s (4.42)
N——
n—1times
for all vi,vyp,---v,_1,v, € X and all s > 0. Define
FO) = fe)+ f4(v) (4.43)

for all v € X. From (4.35),(4.38) and (4.39), we arrive

Puy (f(v)=C(v) = Q(x),s)
= Pu v (fc( )"’fq(") _C(V) - Q(V),S)

S S
21 T{Puy (£:0) =€) 5 ) Pus (F) - 00). 5
1
>« T 0,---,0,v ,(r+7)|r3—d\s
—— r
n—1times
1
, L0 | =t —dls
r
n— ltzmes
=P, |o[0.0v],s
’ N——
n—ltimes
where
Pylof0-,0v].s
——
n—ltimes
2 1
=T p}w c|0,---,0,v )M\ﬁ_db
’ N—— r
n—1times
P 214
Puyv|o|0,-,0v ], =" —d|s 4.44)
—— r
n—1times

for all v € X and all s > 0. Hence the theorem is proved. [

The following corollary is the immediate consequence of
corollaries 4.2, 4.4 and Theorem 4.5 concerning the stability
for the functional equation (2.1).

Corollary 4.6. Suppose that a function f : X — Y satisfies
the inequality

P,Ll,v(Df(v17v27'"7Vn717vn)7s)
P’”_’v(/'L,s),
> pv(lz? IHVIHS )
Py ATy il + Xy il ™) )
(4.45)
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for all vi,vy,...,vy_1,v, € X and all s > 0, where A,s are
constants with A > 0. Then there exists a unique cubic map-
ping C : X — Y and a unique quartic mapping Q : X —Y
such that

>p*

P ((x) = C(x) = 0(2),1)
Py (A7)t
o (xnvnﬂ—z S|P - )
s #3,4;
(P (A, 222013 — p)s),

T{puv(x,”“ P m),
I 1|S)}
{p
Py (AIVIF 214 = rls) |,
P
P, (l||v|\"3,2(r7r+l)|r_r‘|s) } s34
(4.46)

T
T

forallv e X and all r > 0.

>)} 5. Stability Results: Fixed Point Method

In this section, the authors discuss the generalized Ulam -
Hyers stability of the functional equation (2.1) in intuitionistic
fuzzy normed space using fixed point method.

Now we will recall the fundamental results in fixed point
theory.

Theorem 5.1. (Banach’s contraction principle) Let (X,d) be
a complete metric space and consider a mapping T : X — X
which is strictly contractive mapping, that is

(Al) d(Tx,Ty) < Ld(x,y) for some (Lipschitz constant) L <
1. Then,
(i) The mapping T has one and only fixed point x* =
T(x*);
(ii)The fixed point for each given element x* is globally
attractive, that is

(A2) lim,_oT"x = x*, for any starting point x € X;
(iii) One has the following estimation inequalities:

(A3) d(T"x,x*) < 1% d(T"x, T""'x),¥ n>0,¥ x€X;

~

(A4) d(x,x*) < 1 d(x,x*),V x€X.

Theorem 5.2. [28](The alternative of fixed point) Suppose
that for a complete generalized metric space (X,d) and a
strictly contractive mapping T : X — X with Lipschitz con-
stant L. Then, for each given element x € X, either

(B1) d(T"x,T" x) =00 ¥V n>0,
or

(B2) there exists a natural number ny such that:

(i) d(T"x,T"+'x) < oo for all n > ny ;

(ii)The sequence (T"x) is convergent to a fixed point y* of T
(iii) y* is the unique fixed point of T in the setY ={y € X :
d(T™x,y) < 00}

(iv) d(y*,y) < i d(»,Ty) forally €Y.
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For to prove the fixed point stability result, we define a
constant y; such that:

3 . .
r’if i=0,
Xi= 1 . .
3 lf 1= 17
and Q is the set such that
Q={g|g:X—Y,g(0)=0}.
Theorem 5.3. Let f,: X — Y be an odd mapping for which
there exist a function ¢ : X" — Z with the condition
r}grolopﬁ-,v (G (Xinvl 7%?"% - '%invnfl 7%{1"7!) 7Xi3ns) = I
(5.1

forallvy,va,...,vy_1,v, € X and all s > 0 and satisfying the
functional inequality

PMV (D fo(vl,v2,...,v,,,1,vn),r)

> P'IJ’V (o(vi,v2yee oy Vnet,vn),r)  (5.2)

forall vi,va,....vy_1,vy € X and all s > 0. If there exists
L = L(i) > 0 such that the function

r v
x—>p(v)_2(r+l)6 O,"',O,; )
n—1times
has the property
P,/,t,v (LP(XX;V)”) :pp,v (p(v),s), VveX,s>0. (53)
1

Then there exists a unique cubic function C : X — Y satisfying
the functional equation (1.3) and

Ll—i

Pu,v (fo (V) - C(V);S) > Plu_y <p (V), 1

—_— VveX,s>0.
—LS)’ veX,s

5.4

Proof. Let d be a general metric on €, such that

d(g,h) =inf {K € (0,%)|Puy (g(v) =h(v),5) 1+ Py, (p(v),Ks),v €X}.

It is easy to see that (Q,d) is complete. Define T : Q — Q by
1
Tg(v) = —g(xiv), forallv € X. For g,h € Q, we have
Xi

d(g,h) <K
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for all g, h € Q. Therefore T is strictly contractive mapping on
Q with Lipschitz constant L. Replacing (vi,va,...,Vp—1,Vn)

by [ 0,---,0,v | in (5.2) and using oddness, we get
——
n—Itimes
2(r+1
Pus (200 - o))
> P’u‘v c|0,---,0,v|,s 6.7
’ ——
n—ltimes
for all v € X,s > 0. Using (IFN2) in (5.7), we arrive
PﬂN ([r3f0(v) —f(,(rv)},s)
> PIy,v |0,---,0,v],s (5.8)
——

n—1times

for all v € X,s > 0. With the help of (5.3), when i =0, it
follows from (5.8), we get

Puy (fo(f"V) _ ,,(v),s>

3

> P'%v (p(v),Ls), VveX,s>0

= d(Tf,.f,) <L=L"". (5.9)
Replacing v by ; in (5.8), we obtain
pus (1 2(1).)
>1 P, | o u; s (5.10)

n—1times

for all v € X,s > 0. With the help of (5.3), when i =1, it
follows from (5.10), we get

pun (1005 (2) )
> P’#’v (p(v),s), VveX,s>0
d(f,,Tf,) <1=L"=L"". (5.11)
One can conclude from (5.9) and (5.11) that
d(fo,Tf,) <L <o

Now, using fixed point alternative in both cases, it follows that
there exists a fixed point C of T in Q such that

= PIJ,V (g(v)—h(v),s) > pp,v (p(V),KS) £ (X(LV)
. Wy limPMV( . —C(v)7s) — I YweX,s>0.
- Puy (g(XlV) . (%lv> 7S) > Plp,v (P (liV)aKlis) n—yeo ?
Xi Xi (5.12)

= P,y (Tg(v)—Th(v),s) >+ P, KL

wov (T8(v) (v):5) 21 v (p(v)KLs) By proceeding the same procedure as in the Theorem 4.1, we
= d(Tg(v),Th(v)) <KL (3-5)  see that the function C: X — Y is cubic and it satisfies the
= d(Tg,Th) <Ld(g,h) (5.6) functional equation (2.1).
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By fixed point alternative, since C is unique fixed point of
T in the set

A={fo € Qld(f,,C) < oo},
therefore C is a uniqge function such that

(5.13)

Puy (fo(v) =C(v),s) =1+ P,u,v (p(v),Ks)

forall ve X, s > 0 and K > 0. Again, using the fixed point
alternative, we reach

1
A(f0nC) < 2 d(fo,TF,)
Ll—i

1—

= d(f,C) <

h

1—i
= Py (o) = C0)s) 21 Py (” v 1L—L)
(5.14)

for all v € X and all s > 0. This completes the proof of the
theorem. O

From Theorem 5.3, we obtain the following corollary
concerning the stability for the functional equation (2.1).

Corollary 5.4. Suppose that an odd function f, : X — Y
satisfies the inequality
Puy (Dfo(vi,va, ..., Vue1,Vn),S)
P’#.V (A,s),
> pu,v ()‘ZELI HviHS,s),
Py (A (TTy il 4+ Xy [vill™) 5)
(5.15)

for all vi,va,...,vy_1,v, € X and all s > 0, where A,s are
constants with A > 0. Then there exists a unique cubic map-
ping C: X — Y such that

P[.LV fo V)
2r2 r+l
Pﬂ ’I’ CE
21e\ Puy (A, (,3’?3‘ s), s£3 (516
22 (r+1
Pl (AP, 2580y), 522

forallve X and all s > 0.
Proof. Setting
A,

n
A Y |Ivill,
i=1
n n )
A{TTHill+ X Mvil™ ).
i=1 i=1

O(V1,V25 s Vne1,Vn) =
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forall vi,vy,...,v,—1,v, € X. Then,

Plp,v (O'(X?Vhlinvz, T 7xl'nvn) x:m )

P,[J,V (AJC:’BnS)

F[J,V A Z |Vi|s7%,-(3s>"8>
(an,uwzwm) 3)

— 17+ as n—> oo,
= —1ixas n— oo,
— 1+ as n — oo.

Thus, (5.1) is holds. But, we have p(v) =0o | 0,---,0,7

n—1times

has the property

1
oo (Lpli)r) 20 Py (p(0)5) ¥y €X,50,

Hence
pu,v(p(v)»s
v
:Fﬂ,v ;
n— ltlmes
2(r+1)
P )
r+1
=< B (2 W =),
l 2(r+1)
P (Aol 255 ).
Now,

11 L 2(r+1
2 Ll H)
xi T r

A 20r+1)
P,/,L,v <xl37 , S),

Al ; 2(r+1)
oo (25l 25 ),

Hence the inequality (5.3) holds for the following cases.
Now from (5.4), we prove the following cases.
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Case:1 L=7 ifi=0
Pyy (fo(v)
LI—O
2L P/u,v (P(V)v l—LS)
- 2r2(r+1)
~re (55 50)

Case:2 L=r3jifi=1
Pyy (fo(v) =C(v),s)
L171
L P/u,v (p(v)’ 1Ls)

— P, (% 2{3’1}”) '

—C(v),s)

Case:3 L=r"3fors<3ifi=0
Pyy (fo(v) —C(V),s)
Ll*O
21 pp,v (p(v)v I—LS)
s 272 (r+1
~ o (22,

B
Case:d L=rfors>3ifi=1
Pyy (fo(v)=C(v),s)
2 o (PO T )
_7,, (Mvns,z’z(’*” ).

=T
Case:5 L=r"3forns <3ifi=0
Pyy (fo(v) =C(v),s)
L170
2L P/u,v (p(v) S)

"1-L
2r2(r+1)
:P’%V (7L|v||s,r3_rm| s).

Case:6 L=r " forns >3ifi=1
Pyy (fo(v) =C(v),s)

L171
21 pu,v <p(v)7 I—LS)

2
(i 220D,

‘ s — l”3| S
Hence the proof is complete. O

The proof of the following Theorem and Corollary is
similar tracing to that of Theorem 5.3 and corollary 5.4, when
f is even. Hence we omit the proof.
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Theorem 5.5. Let f, : X — Y be an even mapping for which
there exist a function & : X" — Z with the condition

Tim P,y (0 Qv aiva o i vamt, 2ivn)  26's) = 1
(5.17)

forallvi,vy,...,vy_1,v, € X and all s > 0 and satisfying the
functional inequality

P;L,V (D fe(V17V27' .. 7Vn717vn)as)

> P’MV (G(V],Vz,...,vn,],vn),r) (518)

for all vi,va,...,vy—1,vy € X and all s > 0. If there exists
L = L(i) such that the function

2 v
V—>p(v):;0 O,"',O,; 5
n—Iltimes

has the property

P,y (Lxl‘tp(x,-v),s) :P’%v (p(v),s), VveX,s>0. (5.19)

1

Then there exists a unique quartic function Q : X — Y satisfy-
ing the functional equation (1.3) and

1—i

Puy (fo(v) = Q(v),5) 21 P, (p(V), 1LL) YvEX,s>0.

(5.20)

Corollary 5.6. Suppose that an even function f, : X —Y
satisfies the inequality

Puy (Dfe(vi,vas. s Va1,Vn),S)
P’Mv (4,s), '
> PI,uy (AZ?:1||V1'||A,S),
Puy ATy il + X [ il ™) )
(5.21)

for all vi,vy,...,vy_1,vy € X and all s > 0, where A,s are
constants with A > 0. Then there exists a unique quartic
mapping Q : X — Y such that

Pyy (fe(v) =0Q(v),s)

u,
. 3
20 Puy (MM piEgs), o s#4 62
3
Puy MM\"&%S , s#£ L

forallve X andall s > 0.

Theorem 5.7. Let f : X — Y be a mapping for which there
exist a function ¢ : X" — Z with the condition (5.1) and (5.17)
satisfying the functional inequality
Py,v (D f(V17V27' "avnfl;vn)ﬂ’)
>1* P,[J,V (G(V] V2, V1, vn),s)
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for all vi,va,...,vy—1,vy € X and all s > 0. If there exists
L = L(i) such that the function

1%
077 ’
r

X—)p(V):G 07"'7
——

n—Itimes
has the properties (5.3) and (5.19) for all v € X. Then there
exists a unique cubic function C : X — Y and a unique quartic

function Q : X — Y satisfying the functional equation (1.3)
and

Puy (f(v) = C(v) = Q(v),5) >1+ P, (p(v),5), VVEX,s>0.

(5.24)

Proof. By Theorem 5.3 in (4.37), there exists a unique Cubic
mapping C : X — Y such that

1—i
Puy (fe(v) = C(v),5) =1+ Py, <p(v), lL—Ls> (5.25)

for all v € X and all s > 0. Using Theorem 5.5, in (4.37) there
exists a unique quartic mapping Q : X — Y such that

Ll—i
P (0) = 00).9) 21 By (P {5 ) (520
for all v € X and all s > 0. Define
F)=fe(v)+ f4(v) (5.27)

for all v € x. From (5.24),(5.25) and (5.26), we arrive

Puv(f(v) —A(v) = Q(v),5)
= Puy (f4(0) + fe(v) = C(v) = Q(v),5)

Puv (o) =C0).3) Py () =005

07
1—i 1—i
T 0 (o 5)

Piy(p(v),s),

where

: ! Ll—i Ll—i
P (009 = 1{ By (P00 =) B (00 £
(5.28)
for all v € X and all r > 0. Hence the theorem is proved. [

The following corollary is the immediate consequence of
Corollaries 5.4, 5.6 and Theorem 5.7 concerning the stability
for the functional equation (1.3) using fixed point method.

Corollary 5.8. Suppose that a function f : X — Y satisfies
the inequality

P,Ll,v(Df(v17v27'"7Vn717vn)7s)

P[.L,V(A‘as)a

pv(lz:llHVlHS 5)

Py (AT il + X0 [[vil ) 5)
(5.29)

>
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for all vi,vy,...,vy_1,v, € X and all s > 0, where A,s are
constants with A > 0. Then there exists a unique cubic map-
ping C : X — Y and a unique quartic mapping Q : X —Y
such that

Py v (f(x) —C(x) = Q(x),r)
T{P’”’V (/I, 2r2(:+1) 1 - l\s) ’
P

o (1 7}

T{P (Al 2220 — ).
- Puw (I 5s) s34
T{P (MI e, 223 — ).
B (A, |,4f,s|s) b sALY
(5.30)

forallve X andall s > 0.
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