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Solution and two types of Ulam-Hyers stability of n−
dimensional cubic-quartic functional equation in
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Abstract
In this paper, the authors investigate the generalized Ulam-Hyers stability of n− dimensional cubic-quartic
functional equation
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where r is a positive integer with r 6=±0,1 in the setting of intuitionistic fuzzy normed spaces using direct and
fixed point methods.
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1. Introduction
Stability problem of a functional equation was first posed by
S.M. Ulam [46] which was answered by D.H. Hyers [24] and

then generalized by T. Aoki [2], Th.M. Rassias [38], J.M. Ras-
sias [36] for additive mappings and linear mappings, respec-
tively. Further generalizations on the above stability results
was given in [16, 21, 22, 40]. Since then several stability prob-
lems for various functional equations have been investigated
in [1, 3–13, 17, 25, 34, 37, 39, 47]; various fuzzy stability
results concerning Cauchy, Jensen, quadratic and cubic func-
tional equations were discussed in [19, 20, 29–32, 43–45].

Jun and Kim [26] considered the following functional
equation

f (2x+y)+ f (2x−y)= 2 f (x+y)+2 f (x−y)+12 f (x) (1.1)

which is called a cubic functional equation and every solution
of the cubic functional equation is said to be a cubic mapping.
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W.G Park and J.H Bae considered the following functional
equation

f (x+2y)+ f (x−2y)= 4 [ f (x+ y)+ f (x− y)]−6 f (x)+24(y)
(1.2)

It is easy to show that the function f (x) = x4 satisfies the
functional equation (1.2), which is called a quartic functional
equation and every solution of the quartic functional equation
is said to be a quartic function.

In this paper, the authors investigate the generalized Ulam-
Hyers stability of a n dimensional cubic-quartic functional
equation
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where r is a positive integer with r± 0,1 in the setting of
intuitionistic fuzzy normed spaces using direct and fixed point
methods.

In Section 2, the general solution of the functional equa-
tion (1.3) is given, In Section 3, basic definition and pre-
liminaries of intuitionistic fuzzy normed space is present, In
Section 4 and 5, the generalized Ulam - Hyers stability of
the functional equation (1.3) is proved via Hyers method and
fixed point Method.

2. The General solution of the Functional
Equation

In this section, we present the general solution of the func-
tional equation (1.3). Throughout this section let X and Y be
real vector spaces.

Lemma 2.1. An odd function f : X → Y satisfies the cubic
functional equation (1.3) if f : X → Y satisfies the functional
equation (1.1) for all v1,v2 . . . ,vn−1,vn ∈ X.

Proof. Assume f : X → Y satisfies the functional equation
(1.3). Substituting (v1,v2 . . . ,vn−1,vn) by (0, . . . ,0,0) in (1.2),
we get f (0) = 0. Replacing (v2,v3, . . . ,vn−1) by (0,0 . . . ,0)
in (1.2),we have

f (v1 + rvn)+ f (v1− rvn) = r2[ f (v1 + vn)+ f (v1− vn)]

−2(r2−1) f (v1)+
2(r+1)

r
[ f (rvn)− r3 f (vn)]

(2.1)

for all v1,vn ∈ X . Setting v1 = 0 and using oddness of f in
(2.1), we obtain

f (rvn) = r3 f (vn) (2.2)

for all vn ∈ X . Using (2.2) in (2.1), we get

f (v1 + rvn)+ f (v1− rvn) = r2[ f (v1 + vn)+ f (v1− vn)]

−2(r2−1) f (v1) (2.3)

for all v1,vn ∈ X . Replacing v1 by rv1 in (2.3), we have

f (r(v1 + vn))+ f (r(v1− vn))

= r2[ f (rv1 + vn)+ f (rv1− vn)]−2(r2−1) f (rv1)
(2.4)

for all v1,vn ∈ X . Using (2.2) in (2.4), we obtain

f (rv1 + vn)+ f (rv1− vn)

= r[ f (v1 + vn)+ f (v1− vn)]+2r(r2−1) f (v1)
(2.5)

for all v1,vn ∈ X . Replacing v1 by (v1 + vn) in (2.3), we get

f (v1 +(r+1)vn)+ f (v1− (r−1)vn)

= r2[ f (v1 +2vn)+ f (v1)]−2(r2−1) f (v1 +2vn)
(2.6)

for all v1,vn ∈ X . Replacing v1 by (v1−vn) in (2.3), we obtain

f (v1− (r+1)vn)+ f (v1 +(r−1)vn)

= r2[ f (v1−2vn)+ f (v1)]−2(r2−1) f (v1−2vn)
(2.7)

for all v1,vn ∈ X . Adding (2.6) and (2.7), we arrive

f (v1 +(r+1)vn)+ f (v1− (r−1)vn)

+ f (v1− (r+1)vn)+ f (v1 +(r−1)vn)

= r2[ f (v1 +2vn)+ f (v1−2vn)+ f (v1)]

+2r2 f (x)−2(r2−1)[ f (v1 + vn)+ f (v1− vn)]
(2.8)

for all v1,vn ∈ X . Further replacing vn by (v1 + vn) in (2.3),
we have

f ((r+1)v1 + rvn)+ f ((1− r)v1− rvn)

= r2[ f (2v1 + vn)+ f (vn)]−2(r2−1) f (v1) (2.9)

for all v1,vn ∈ X . Replacing vn by (−v1 + vn) in (2.3), we get

f ((1− r)v1− rvn)+ f ((1+ r)v1 + rvn)

= r2[ f (2v1− vn)− f (vn)]−2(r2−1) f (v1) (2.10)

for all v1,vn ∈ X . Adding (2.9) and (2.10), we arrive

f ((r+1)v1 + rvn)+ f ((1− r)v1− rvn)

+ f ((1− r)v1− rvn)+ f ((1+ r)v1 + rvn)

= r2[ f (2v1 + vn)+ f (2v1− vn)]−4(r2−1) f (v1)
(2.11)
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for all v1,vn ∈ X . Interchanging v1 and vn in (2.11), we get

f (rv1 +(r+1)vn)+ f (−rv1− (r+1)vn)

+ f (rv1− (1− r)vn)+ f (−rv1 +(1+ r)vn)

= r2[ f (v1 +2vn)− f (v1−2vn)]−4(r2−1) f (vn)
(2.12)

for all v1,vn ∈ X . Using oddness of f in (2.12), we have

f (rv1 +(r+1)vn)− f (rv1− (r+1)vn)

+ f (rv1− (r−1)vn)− f (rv1 +(r−1)vn)

= r2[ f (v1 +2vn)− f (v1−2vn)]−4(r2−1) f (vn)
(2.13)

for all v1,vn ∈ X . Subtracting (2.6) and (2.7), we obtain

f (v1 +(r+1)vn)− f (v1− (r−1)vn)

+ f (v1− (r−1)vn)− f (v1 +(r−1)vn)

= r2[ f (v1 +2vn)− f (v1−2vn)]

−2(r2−1)[ f (v1 + vn)− f (v1− vn)] (2.14)

for all v1,vn ∈ X . Replacing v1 by rv1 in (2.14), we get

f (rv1 +(r+1)vn)− f (rv1− (r−1)vn)

+ f (rv1− (r−1)vn)− f (rv1 +(r−1)vn)

= r2[ f (rv1 +2vn)− f (rv1−2vn)]

−2(r2−1)[ f (rv1 + vn)− f (rv1− vn)] (2.15)

for all v1,vn ∈ X . By Comparing (2.13) and (2.15), we have

r2[ f (v1 +2vn)− f (v1−2vn)]−4(r2−1) f (vn)

= r2[ f (rv1 +2vn)− f (rv1−2vn)]

−2(r2−1)[ f (rv1 + vn)− f (rv1− vn)] (2.16)

for all v1,vn ∈ X . Interchanging v1 and vn in (2.16), we arrive

r2[ f (2v1 + vn)+ f (2v1− vn)]−4(r2−1) f (v1)

= r2[ f (2v1 + rvn)+ f (2v1− rvn)]

−2(r2−1)[ f (v1 + rvn)+ f (v1− rvn)] (2.17)

for all v1,vn ∈ X . Substituting (2.3) in (2.17), we obtain

f (2v1 + vn)+ f (2v1− vn)

= [ f (2v1 + rvn)+ f (2v1− rvn)]

−2(r2−1)[ f (v1 + vn)+ f (v1− vn)]

+4(r2−1) f (v1) (2.18)

for all v1,vn ∈ X . Remodify in (2.18), we get

f (2v1 + rvn)+ f (2v1− rvn)

= r2[ f (2v1 + vn)+ f (2v1− vn)]

+2(r2−1)[ f (v1 + vn)+ f (v1− vn)]

−4(r2−1) f (v1) (2.19)

for all v1,vn ∈ X . Replacing v1 by 2v1 in (2.3), we have

f (2v1 + rvn)+ f (2v1− rvn)

= r2[ f (2v1 + vn)+ f (2v1− vn)]

−16(r2−1) f (v1) (2.20)

for all v1,vn ∈ X . By comparing (2.19) and (2.20), we arrive

r2[ f (2v1 + vn)+ f (2v1− vn)]

−16(r2−1) f (v1) = r2[ f (2v1 + vn)+ f (2v1− vn)]

+2(r2−1)[ f (v1 + vn)+ f (v1− vn)]−4(r2−1) f (v1)
(2.21)

for all v1,vn ∈ X . Replacing (v1,vn) by (x,y) in (2.21) and
Simplify the equation, we desired our result. Hence the lemma
is proved.

Lemma 2.2. An even function f : X →Y satisfies the quartic
functional equation (1.3) if f : X → Y satisfies the functional
equation (1.2) for all v1,v2 . . . ,vn−1,vn ∈ X.

Proof. Assume f : X → Y satisfies the functional equation
(1.3). Substituting (v1,v2 . . . ,vn−1,vn) by (0, . . . ,0,0) in (1.2),
we get f (0) = 0. Replacing (v2,v3, . . . ,vn−1) by (0,0 . . . ,0)
in (1.2),we have

f (v1 + rvn)+ f (v1− rvn)

= r2[ f (v1 + vn)+ f (v1− vn)]−2(r2−1) f (v1)

+
2(r+1)

r
[ f (rvn)− r3 f (vn)] (2.22)

for all v1,vn ∈ X . Setting v1 = 0 and using evenness of f in
(2.22), we obtain

f (rvn) = r4 f (vn) (2.23)

for all vn ∈ X . Using (2.23) in (2.22), we get

f (v1 + rvn)+ f (v1− rvn)

= r2[ f (v1 + vn)+ f (v1− vn)]

−2(r2−1) f (v1)+2r2(r2−1) f (vn) (2.24)

for all v1,vn ∈ X . Replacing v1 by 2v1 in (2.24),we have

f (2v1 + rvn)+ f (2v1− rvn)

= r2[ f (2v1 + vn)+ f (2v1− vn)]

−32(r2−1) f (v1)+2r2(r2−1) f (vn) (2.25)

for all v1,vn ∈ X . Replacing v1 by (v1 + vn) in (2.24), we
reach

f (v1 +(r+1)vn)+ f (v1 +(1− r)vn)

= r2[ f (v1 +2vn)+ f (v1)]

−2(r2−1) f (v1 +2vn)+2r2(r2−1) f (vn) (2.26)
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for all v1,vn ∈ X . Replacing v1 by (v1− vn) in (2.3), we get

f (v1− (r+1)vn)+ f (v1− (1− r)vn)

= r2[ f (v1−2vn)+ f (v1)]

−2(r2−1) f (v1−2vn)+2r2(r2−1) f (vn) (2.27)

for all v1,vn ∈ X . Adding (2.26) and (2.27), we arrive

f (v1 +(r+1)vn)+ f (v1 +(1− r)vn)

+ f (v1− (r+1)vn)+ f (v1− (1− r)vn)

= r2[ f (v1 +2vn)+ f (v1−2vn)]+2r2 f (x)

−2(r2−1)[ f (v1 + vn)+ f (v1− vn)]

+4r2(r2−1) f (vn) (2.28)

for all v1,vn ∈ X . Replacing v1 by sv1 in (2.28), we get

f (rv1 +(r+1)vn)+ f (rv1 +(1− r)vn)

+ f (rv1− (r+1)vn)+ f (rv1− (1− r)vn)

= r2[ f (rv1 +2vn)+ f (rv1−2vn)]+2r6 f (x)

−2(r2−1)[ f (rv1 + vn)+ f (rv1− vn)]

+4r2(r2−1) f (vn) (2.29)

for all v1,vn ∈ X . Further replacing vn by (v1 + vn) in (2.24),
we have

f (v1 + r(v1 + vn))+ f (v1− r(v1 + vn))

= r2[ f (2v1 + vn)+ f (vn)]

−2(r2−1) f (v1)+2r2(r2−1) f (v1 + vn) (2.30)

for all v1,vn ∈ X . Replacing vn by (v1− vn) in (2.24), we get

f ((1+ r)v1− r(vn))+ f ((1− r)v1 + r(vn))

= r2[ f (2v1− vn)+ f (vn)]

−2(r2−1) f (v1)+2r2(r2−1) f (v1− vn) (2.31)

for all v1,vn ∈ X . Adding (2.30) and (2.31), we obtain

f ((r+1)v1 + rvn)+ f ((1− r)v1− rvn)

+ f ((1+ r)v1 + rvn)+ f ((1− r)v1 + rvn)

= r2[ f (2v1 + vn)+ f (2v1− vn)]

+2r2 f (vn)−4(r2−1) f (v1)

+2r2(r2−1)[ f (v1 + vn)+ f (v1− vn)] (2.32)

for all v1,vn ∈ X . Interchanging v1 and vn in (2.11), we arrive

f (rv1 +(r+1)vn)+ f (rv1− (1− r)vn)

+ f (rv1− (1+ r)vn)+ f (rv1 +(1− r)vn)

= r2[ f (v1 +2vn)+ f (v1−2vn)]

+2r2 f (v1)−4(r2−1) f (vn)

+2r2(r2−1)[ f (v1 + vn)+ f (v1− vn)] (2.33)

for all v1,vn ∈ X . Comparing (2.29) and (2.33), we have

r2[ f (rv1 +2vn)+ f (rv1−2vn)]+2r6 f (x)

−2(r2−1)[ f (rv1 + vn)+ f (rv1− vn)]

+4r2(r2−1) f (vn) = r2[ f (v1 +2vn)+ f (v1−2vn)]

+2r2 f (v1)−4(r2−1) f (vn)

+2r2(r2−1)[ f (v1 + vn)+ f (v1− vn)] (2.34)

for all v1,vn ∈ X . Simplifying (2.34), we obtain

f (rv1 +2vn)+ f (rv1−2vn)

−4(r2−1)[ f (v1 + vn)+ f (v1− vn)]

− [ f (v1 +2vn)+ f (v1−2vn)]

= [2(1− r4)+4(r2−1)2] f (v1)−8(r2−1) f (vn)
(2.35)

for all v1,vn ∈ X . Interchanging v1 and vn in (2.25), we get

f (rv1 +2vn)+ f (rv1−2vn)

= r2[ f (v1 +2vn)+ f (v1−2vn)]

−32(r2−1) f (vn)+2r2(r2−1) f (v1) (2.36)

for all v1,vn ∈ X . Substituting (2.36) and (2.35), we have

r2[ f (v1 +2vn)+ f (v1−2vn)]

−32(r2−1) f (vn)+2r2(r2−1) f (v1)

−4(r2−1)[ f (v1 + vn)+ f (v1− vn)]

− [ f (v1 +2vn)+ f (v1−2vn)]

= [2(1− r4)+4(r2−1)2] f (v1)−8(r2−1) f (vn)
(2.37)

for all v1,vn ∈ X . Simplifying (2.37), we arrive

(r2−1)[ f (v1 +2vn)+ f (v1−2vn)]

−4(r2−1)[ f (v1 + rvn)+ f (v1− rvn)]

=−6(r2−1) f (v1)+24(r2−1) f (vn) (2.38)

for all v1,vn ∈ X . Dividing the equation (2.38) by (r2− 1),
we have

f (v1 +2vn)+ f (v1−2vn)

= 4 [ f (v1 + vn)+ f (v1− vn)]

−6 f (v1)+24(vn) (2.39)

for all v1,vn ∈ X . Replacing (v1,vn) by (x,y) in (2.39), we
desired our result. Hence the lemma is proved.

3. Preliminaries Of Intuitionistic Fuzzy
Normed Spaces

In this section, some preliminaries about intuitionistic fuzzy
normed space is given.
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Lemma 3.1. [18] Consider the set L∗ and the order relation
≤L∗ defined by:

L∗ =
{
(x1,x2) : (x1,x2) ∈ [0,1]2 and x1 + x2 ≤ 1

}
,

(x1,x2)≤L∗ (y1,y2)⇔ x1≤ y1,x2≥ y2, ∀(x1,x2) , (y1,y2)∈L∗

Then (L∗,≤L∗) is a complete lattice.

Definition 3.2. [15] An intuitionistic fuzzy set Aζ ,η in a uni-
versal set U is an object

Aζ ,η = {(ζA (u) ,ηA (u)) |u ∈U }

for all u ∈ U, ζA (u) ∈ [0,1] and ηA (u) ∈ [0,1] are called
the membership degree and the non-membership degree, re-
spectively, of u in Aζ ,η and, furthermore, they satisfy ζA (u)+
ηA (u)≤ 1.

We denote its units by 0L∗ = (0,1) and 1L∗ = (1,0). Clas-
sically, a triangular norm ∗= T on [0,1] is defined as an in-
creasing, commutative, associative mapping T : [0,1]2→ [0,1]
satisfying T (1,x) = 1∗ x = x for all x ∈ [0,1]. A triangular
conorm S =♦ is defined as an increasing, commutative, asso-
ciative mapping S : [0,1]2→ [0,1] satisfying S (0,x) = 0♦x =
x for all x ∈ [0,1].

Using the lattice (L∗,≤L∗), these definitions can be straight-
forwardly extended.

Definition 3.3. [15] A triangular norm (t−norm) on L∗ is a
mapping T : (L∗)2→ L∗ satisfying the following conditions:

(i) (∀ ∈ L∗)(T(x,1L∗) = x)
(boundary condition);

(ii)
(
∀(x,y) ∈ (L∗)2

)
(T(x,y) = T(y,x))

(commutativity);

(iii)
(
∀(x,y,z) ∈ (L∗)3

)
(T(x,T(y,z)) = T(T(x,y) ,z))

(associativity);

(iv)
(
∀(x,x′,y,y′) ∈ (L∗)4

)
(x≤L∗ x′ and y≤L∗ y′⇒ T(x,y)≤L∗ T(x′,y′))
(monotonicity).

If (L∗,≤L∗ ,T) is an Abelian topological monoid with unit
1L∗ , then L∗ is said to be a continuous t−norm.

Definition 3.4. [15] A continuous t−norms T on L∗ is said
to be continuous t−representable if there exist a continuous
t−norm ∗ and a continuous t−conorm ♦ on [0,1] such that,
for all x = (x1,x2) ,y = (y1,y2) ∈ L∗,

T(x,y) = (x1 ∗ y1,x2♦y2) .

For example,

T(a,b) = (a1b1, min{a2 +b2,1})

and

M (a,b) = (min{a1,b1} , max{a2,b2})

for all a=(a1,a2) , b=(b1,b2)∈L∗ are continuous t−representable.
Now, we define a sequence Tn recursively by T1 = T and

Tn
(

x(1), . . . ,x(n+1)
)
= T

(
Tn−1

(
x(1), . . . ,x(n)

)
,x(n+1)

)
,

∀ n≥ 2, x(i) ∈ L∗.

Definition 3.5. [43] A negator on L∗ is any decreasing map-
ping N : L∗→ L∗ satisfying N : (0L∗) = 1L∗ and N(1L∗) = 0L∗ .
If N(N(x)) = x for all x ∈ L∗, then N is called an involu-
tive negator. A negator on [0,1] is a decreasing mapping
N : [0,1]→ [0,1] satisfying Pµ,ν (0) = 1 and Pµ,ν (1) = 0. Ns
denotes the standard negator on [0,1] defined by

Ns (x) = 1− x, ∀x ∈ [0,1] .

Definition 3.6. [43] Let µ and ν be membership and non-
membership degree of an intuitionistic fuzzy set from X ×
(0,+∞) to [0,1] such that µx (t)+νx (t)≤ 1 for all x ∈ X and
all t > 0 . The triple

(
X ,Pµ,ν ,T

)
is said to be an intuitionistic

fuzzy normed space (briefly IFN-space) if X is a vector space,
T is a continuous t−representable and Pµ,ν is a mapping
X× (0,+∞)→ L∗ satisfying the following conditions: for all
x,y ∈ X and t,s > 0,

(IFN1) Pµ,ν (x,0) = 0L∗ ;

(IFN2) Pµ,ν (x, t) = 1L∗ if and only if x = 0;

(IFN3) Pµ,ν (αx, t) = Pµ,ν

(
x, t
|α|

)
for all α 6= 0;

(IFN4) Pµ,ν (x+ y, t + s)≥L∗ T
(
Pµ,ν (x, t) ,Pµ,ν (y,s)

)
.

In this case, Pµ,ν is called an intuitionistic fuzzy norm. Here,
Pµ,ν (x, t) = (µx (t) ,νx (t)) .

Example 3.7. [43] Let (X ,‖·‖) be a normed space. Let
T(a,b)= (a,b, min (a2 +b2,1)) for all a=(a1,a2) ,b=(b1,b2)∈
L∗ and µ,ν be membership and non-membership degree of
an intuitionistic fuzzy set defined by

Pµ,v (x, t) = (µx (t) ,vx (t)) =
(

t
t +‖x‖

,
‖x‖

t +‖x‖

)
, ∀t ∈R+.

Then
(
X ,Pµ,ν ,T

)
is an IFN-sapce.

Definition 3.8. [43] A sequence {xn} in an IFN-space
(
X ,Pµ,ν ,T

)
is called a Cauchy sequence if, for any ε > 0 and t > 0, there
exists n0 ∈ N such that

Pµ,ν (xn− xm, t)> L∗ (Ns (ε) ,ε) , ∀n, m≥ n0,

where Ns is the standard negator.

Definition 3.9. [43] The sequence {xn} is said to be conver-

gent to a point x∈X (denoted by xn
Pµ,ν−→ x) if Pµ,ν (xn− x, t)→

1L∗ as n→ ∞ for every t > 0.
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Definition 3.10. [43] An IFN-space
(
X ,Pµ,ν ,T

)
is said to be

complete if every Cauchy sequence in X is convergent to a
point x ∈ X.

Here after, throughout this paper, assume that X be a
linear space,

(
Z,P′µ,ν ,T

)
be an IFN-space and

(
Y,P′µ,ν ,T

)
be

a complete IFN-space.

4. Stability Results: Direct Method

In this section, the authors present the generalized Ulam-
Hyers stability of the cubic-quartic functional equation (1.3) in
intuitionistic fuzzy normed spaces. Now we use the following
notation for a given mapping D f : X → Y such that

D f (v1,v2, · · ·vn−1,vn) = f

(
n−1

∑
b=1

vb + rvn

)

+ f

(
n−1

∑
b=1

vb− rvn

)
− r2

[
f

(
n

∑
b=1

vb

)
− f

(
n−1

∑
b=1

vb− vn

)]

+2(r2−1) f

(
n−1

∑
b=1

vb

)
− 2(r+1)

r

[
f (rvn)− r3 f (vn)

]
for all v1,v2, · · ·vn−1,vn ∈ X .

Theorem 4.1. Let τ ∈ {1,−1}. Let σ : Xn→ Z be a function

such that for some 0 <
( a

r3

)τ

< 1,

P′µ,ν

σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,rτ v

 ,s


≥L∗ P′µ,ν

aτ
σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,v

 ,s

 (4.1)

for all v ∈ X and all s > 0 and

lim
n→∞

P′µ,ν (σ (rτnv1,rτnv2,rτnv3, · · · ,rτnvn−1,rτnvn) ,rτns)= 1L∗

(4.2)

for all v1,v2, · · ·vn−1,vn ∈ X and all s > 0. Let fo : X → Y be
an odd function satisfies the inequality

Pµ,ν (D fo(v1,v2, · · ·vn−1,vn),s)≥L∗ P′µ,ν (σ (v1,v2, · · ·vn−1,vn) ,s)

(4.3)

for all v1,v2, · · ·vn−1,vn ∈ X and all s > 0. Then the limit

Pµ,ν

(
C(v)− fo(rnv)

r3n ,s
)
→ 1∗L, as n → ∞, s > 0

(4.4)

exists for all v ∈ X and the mapping C : X → Y is a unique
cubic mapping satisfying (1.3) and

Pµ,ν ( fo (x)−C (x) ,r)

≥L∗ P′µ,ν

σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,v

 ,
2(r+1)

r
|r3−d|s


(4.5)

for all v ∈ X and all s > 0.

Proof. Let τ = 1. Since fo is an odd function, replacing

(v1,v2, · · ·vn−1,vn) by

0, · · · ,0︸ ︷︷ ︸
n−1times

,v


in (4.3), we get

Pµ,ν

(
2(r+1)

r
[ fo(rv)− r3 fo(v)],s

)

≥L∗ P′µ,ν

σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,v

 ,s

 (4.6)

for all v ∈ X and all s > 0. Using (IFN3) in (4.6), we obtain

Pµ,ν

(
fo(rv)

r3 − fo(v),
s

2r2(r+1)

)

≥L∗ P′µ,ν

σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,v

 ,s

 (4.7)

for all v ∈ X and all s > 0. Replacing v by rkv in (4.7), we
have

Pµ,ν

(
fo(rk+1v)

r3 − fo(rkv),
s

2r2(r+1)

)

≥L∗ P′µ,ν

σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,rnv

 ,s

 (4.8)

for all x ∈ X and all r > 0. Using (4.1), (IFN3) in (4.8), we
arrive

Pµ,ν

(
fo(rk+1v)

r3 − fo(rkv),
s

2r2(r+1)

)

≥L∗ P′µ,ν

σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,v

 ,
s

ak

 (4.9)

for all x ∈ X and all r > 0. It is easy to verify from (4.9), that

Pµ,ν

(
fo(rk+1v)
r3(k+1) −

fo(rkv)
r3k ,

s
2r2(r+1) · r3k

)

≥L∗ P′µ,ν

σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,v

 ,
s

ak

 (4.10)
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holds for all v ∈ X and all s > 0. Replacing s by aks in (4.10),
we get

Pµ,ν

(
fo(rk+1v)

rk+1 − fo(rkv)
r3k ,

ak s
2r2(r+1) · r3k

)

≥L∗ P′µ,ν

σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,v

 ,s

 (4.11)

for all v ∈ X and all s > 0. It is easy to see that

fo(rkv)
r3k − fo(v) =

n−1

∑
i=0

fo(ri+1v)
r3(i+1) −

fo(riv)
r3i (4.12)

for all v ∈ X . From equations (4.11) and (4.12), we have

Pµ,ν

(
fo(rkv)

r3k − fo(v),
n−1

∑
i=0

ai s
2r2(r+1) · r3n

)

≥L∗ Tn−1
i=0

(
Pµ,ν

(
n−1

∑
i=0

fo(ri+1x)
r3(i+1) −

fo(3iv)
r3i

,
n−1

∑
i=0

ai s
2r2(r+1) · r3i

))

≥L∗ Tn−1
i=0

P′µ,ν

σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,v

 ,s


≥L∗ P′µ,ν

σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,v

 ,s

 (4.13)

for all v ∈ X and all s > 0. Replacing v by rmv in (4.13) and
using (4.1), (IFN3), we obtain

Pµ,ν

(
fo(rk+mv)
r3(k+m)

− fo(rmv)
r3m ,

n−1

∑
i=0

ai s
2r2(r+1) · r3(i+m)

)

≥L∗ P′µ,ν

σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,v

 ,
s

am

 (4.14)

for all v ∈ X and all s > 0 and all m,k ≥ 0. Replacing s by
ams in (4.14), we get

Pµ,ν

(
fo(rk+mv)
r3(k+m)

− fo(rmv)
r3m ,

m+k−1

∑
i=m

ai r
2r2(r+1) · r3i

)

≥L∗ P′µ,ν

σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,v

 ,s

 (4.15)

for all v ∈ X and all s > 0 and all m,k ≥ 0. It follows from
(4.15), that

Pµ,ν

(
fo(rk+mv)
r3(k+m)

− fo(rmv)
r3m ,s

)

≥L∗ P′µ,ν

σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,v

 ,
r

∑
m+n−1
i=m

ai

2r2(r+1)·r3i


(4.16)

holds for all v ∈ X and all s > 0 and all m,n ≥ 0. Since

0 < a < r3 and
n
∑

i=0

(
a
r3

)i
< ∞. Thus

{
fo(rkv)

r3k

}
is a Cauchy

sequence in
(
Y,Pµ,ν ,T

)
. Since

(
Y,Pµ,ν ,T

)
is a complete IFN-

space this sequence convergent to some point C (v) ∈ Y . So,
one can define the mapping C : X → Y by

Pµ,ν

(
Q(v)− fo(rkv)

r3k ,s
)
→ 1∗L, as n → ∞, s > 0

(4.17)

for all v ∈ X . Letting m = 0 in (4.16), we get

Pµ,ν

(
fo(rkv)

r3k − fo(v),s
)

≥L∗ P′µ,ν

σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,v

 ,
r

∑
n−1
i=0

ai

2r2(r+1)·r3i


(4.18)

for all x ∈ X and all r > 0. Now for every δ > 0 and from
(4.18), we have

Pµ,ν (C(v)− fo(v),s+δ )

≥L∗ T

(
P′µ,ν

(
C(v)−

fo
(
rkv
)

r3k ,δ

)
,

P′µ,ν

(
fo (v)−

fo
(
rkv
)

r3k ,s

))

≥L∗ T
(

P′µ,ν

(
C (v)− fo (rnv)

r3k ,δ

)
,

P′µ,ν

σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,v

 ,
r

∑
n−1
i=0

ai

2r2(r+1)·r3i


(4.19)

for all v∈ X and all r > 0. Taking the limit as n→∞ in (4.19),
we get

Pµ,ν (C(v)− fo(v),s+δ )

≥L∗ T

1L∗ ,P′µ,ν

σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,v

 ,
2(r+1)

r
(r3−a)s


≥L∗ P′µ,ν

σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,v

 ,
2(r+1)

r
(r3−a)s


(4.20)

for all v ∈ X and all s > 0 and δ > 0. Since δ is arbitrary, by
taking δ → 0 in (4.20), we obtain

Pµ,ν (C (v)− fo (v) ,s)

≥L∗ P′µ,ν

σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,v

 ,
2(r+1)

r
(r3−a)s


(4.21)
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for all v∈ X and all r > 0. To prove C satisfies (1.3), replacing
(v1,v2, · · ·vn−1,vn)
by (rnv1,rnv2, · · ·rnvn−1,rnvn) in (4.3) respectively, we obtain

Pµ,ν

(
1

r3n D fo(rnv1,rnv2, · · ·rnvn−1,rnvn),s
)

≥L∗ P′µ,ν
(
σ(rnv1,rnv2, · · ·rnvn−1,rnvn),r3ns

)
(4.22)

for all v1,v2, · · ·vn−1,vn ∈ X and all s > 0. Now,

Pµ,ν

(
C

(
n−1

∑
b=1

vb + rvn

)
+C

(
n−1

∑
b=1

vr− rvn

)

−r2

[
C

(
n

∑
b=1

vb

)
+C

(
n−1

∑
b=1

vb− rvn

)]

+2(r2−1)C

(
n−1

∑
b=1

vb

)

−2
r
(r+1)

[
C(rvn)− r3C(vn)

]
,s
)

≥L∗ T 5

{
P′µ,ν

(
C

(
n−1

∑
b=1

rn(vr + rvn)

)

− 1
r3n fo

(
n−1

∑
b=1

rn(vb + rvn)

)
,

r
6

)
,

P′µ,ν

(
C

(
n−1

∑
b=1

rn(vb− rvn)

)

− 1
r3n fo

(
n−1

∑
b=1

rn(vb− rvn)

)
,

r
6

)
,

P′µ,ν

(
−r2

[
C

(
n

∑
b=1

vb

)
+C

(
n−1

∑
b=1

vb− vn

)]

+
r2

r3n

[
f

(
rn

n

∑
b=1

vb

)
+ f

(
rn

n−1

∑
b=1

vb− vn

)]
,

r
6

)

P′µ,ν

(
2(r2−1)C

(
n−1

∑
b=1

vb

)

+
2(r2−1)

r3n f

(
r3

n−1

∑
b=1

vb

)
,

r
6

)
,

P′µ,ν

(
−2

r
(r+1)

[
C(rvn)− r3C(vn)

]
+

2
r.r3n (r+1)

[
f (rnrvn)− r3 f (rnvn)

]
,

r
6

)
,

P′µ,ν

(
1

r3n f

(
rn

n−1

∑
b=1

vb + rvn

)

+
1

r3n f

(
rn

n−1

∑
b=1

vb− rvn

)

− r2

r3n

[
f

(
rn

n

∑
b=1

vb

)
+ f

(
rn

n−1

∑
b=1

vb− vn

)]

+
2(r2−1)

r3n f

(
rn

n−1

∑
b=1

vb

)

− 2
r.r3n (r+1)

[
f (r.rnvn)− r3 f (rnvn)

]
,

r
6

)}
(4.23)

for all v1,v2, · · ·vn−1,vn ∈ X and all s > 0. Letting n→ ∞ in
(4.23) and using (4.22),(4.2), we arrive

Pµ,ν

(
C

(
n−1

∑
b=1

vb + rvn

)
+C

(
n−1

∑
b=1

vb− rvn

)

−r2

[
C

(
n

∑
b=1

vb

)
+C

(
n−1

∑
b=1

vb− vn

)]

+2(r2−1)C

(
n−1

∑
b=1

vb

)
− 2

r
(r+1)

[
C(rvn)− r3C(vn)

]
,s

)
≥L∗ T 5 (1L∗ ,1L∗ ,1L∗ ,1L∗ ,1L∗

,P′µ,ν
(
σ(rnv1,rnv2, · · ·rnvn−1,rnvn),r3ns

))
≥L∗ P′µ,ν

(
σ(rnv1,rnv2, · · ·rnvn−1,rnvn),r3ns

)
(4.24)

for all v1,v2, · · ·vn−1,vn ∈ X and all s > 0. Letting n→ ∞ in
(4.24) and using (4.2), (IFN2), we arrive

C

(
n−1

∑
b=1

vb + svn

)
+C

(
n−1

∑
b=1

vb− svn

)

= r2

[
C

(
n

∑
b=1

vb

)
+C

(
n−1

∑
b=1

vb− vn

)]

−2(s2−1)C

(
n−1

∑
b=1

vb

)
+

2(s+1)
s

[
C(svn)− s3C(vn)

]

for all v1,v2, · · ·vn−1,vn ∈ X . Hence C satisfies the functional
equation (2.1). In order to prove C(x) is unique, let C′(x) be
another cubic functional equation satisfying (2.1) and (4.5).
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Hence,

P′µ,ν(C(v)−C′(v),r)

= P′µ,ν

(
C(rnv)

r3n − C′(rnv)
r3n ,s

)
≥L∗ T

(
P′µ,ν

(
C(rnv)− fo(rnv)

r3n ,
r3ns

2

)
,P′µ,ν

(
fo(rnv)

r3n −C′(rnv),
r3ns

2

))

≥L∗ P′µ,ν

σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,rnv

 ,
r3n(r+1)

r
(r3−a)s


≥L∗ P′µ,ν

σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,v

 ,
r3n(r+1)

r.an (r3−a)s


for all x ∈ X and all r > 0. Since lim

n→∞

r3n(r+1)
r.an (r3−a) = ∞,

we obtain

lim
n→∞

P′µ,ν

σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,v

 ,
r3n(r+1)

r.an (r3−a)s

= 1L∗ .

Thus
P′µ,ν(C(x)−C′(x),s) = 1L∗

for all v ∈ X and all r > 0, hence C(x) = C′(x). Therefore
C(x) is unique.

For τ =−1, we can prove the similar stability result. This
completes the proof of the theorem.

The following corollary is an immediate consequence of
Theorem 4.1, regarding the stability of(1.3)

Corollary 4.2. Suppose that an odd function fo : X → Y
satisfies the inequality

Pµ,ν (D fo(v1,v2, . . . ,vn−1,vn),s)

≥L∗


P′µ,ν (λ ,s) ,
P′µ,ν (λ ∑

n
i=1 ||vi||s,s) ,

P′µ,ν (λ (∏n
i=1 ||vi||s +∑

n
i=1 ||vi||ns) ,s) ,

(4.25)

for all v1,v2, . . . ,vn−1,vn ∈ X and all s > 0 , where λ ,s are
constants with λ > 0. Then there exists a unique cubic map-
ping C : X → Y such that

Pµ,ν ( fo(v)−C(v),s)

≥L∗


P′µ,ν

(
λ , 2(r+1)

r |r3−1|s
)
,

P′µ,ν
(

λ ||v||s, 2(r+1)
r |r3− rs|s

)
, s 6= 3;

P′µ,ν
(

λ ||v||ns, 2(r+1)
r |r3− rns|s

)
, s 6= 3

n ;

(4.26)

for all v ∈ X and all s > 0.

Proof. Replacing

σ(v1,v2, . . . ,vn−1,vn)

=


λ ,
λ (||v1||s + ||v2||s + · · ·+ ||vn−1||s + ||vn||s) ,
λ {||v1||s ||v2||s · · · ||vn−1||s ||vn||s

+(||v1||ns + ||v1||ns + · · ·+ ||vn−1||ns + ||vn||ns)} ,

we arrive (5.22) by defining

a =

 r0,
rs,
rns.

in Theorem 4.1

The proof of the following Theorem and Corollary is
similar tracing to that of Theorem 4.1 and Corollary 4.2, when
fe is even. Hence the details of the proof is omitted.

Theorem 4.3. Let τ ∈ {1,−1}. Let σ : Xn→ Z be a function

such that for some 0 <
( a

r4

)τ

< 1,

P′µ,ν

σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,rτ v

 ,s


≥L∗ P′µ,ν

aτ
σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,v

 ,s

 (4.27)

for all v ∈ X and all s > 0 and

lim
n→∞

P′µ,ν (σ (rτnv1,rτnv2,rτnv3, · · · ,rτnvn−1,rτnvn) ,rτns)= 1L∗

(4.28)

for all v1,v2, · · ·vn−1,vn ∈ X and all s > 0. Let fe : X → Y be
an even function satisfies the inequality

Pµ,ν (D fe(v1,v2, · · ·vn−1,vn),s)

≥L∗ P′µ,ν (σ (v1,v2, · · ·vn−1,vn) ,s) (4.29)

for all v1,v2, · · ·vn−1,vn ∈ X and all s > 0. Then the limit

Pµ,ν

(
Q(v)− fe(rnv)

r4n ,s
)
→ 1∗L, as n → ∞, s> 0 (4.30)

exists for all v ∈ X and the mapping Q : X → Y is a unique
quartic mapping satisfying (2.1) and

Pµ,ν ( fe (x)−Q(x) ,r)

≥L∗ P′µ,ν

σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,v

 ,
2
r
|r4−d|s

 (4.31)

for all v ∈ X and all s > 0.
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Corollary 4.4. Suppose that an even function fe : X → Y
satisfies the inequality

Pµ,ν (D fe(v1,v2, . . . ,vn−1,vn),s)

≥L∗


P′µ,ν (λ ,s) ,
P′µ,ν (λ ∑

n
i=1 ||vi||s,s) ,

P′µ,ν (λ (∏n
i=1 ||vi||s +∑

n
i=1 ||vi||ns) ,s) ,

(4.32)

for all v1,v2, . . . ,vn−1,vn ∈ X and all r > 0, where λ ,s are
constants with λ > 0. Then there exists a unique quartic
mapping Q : X → Y such that

Pµ,ν ( fe(v)−Q(v),s)

≥L∗


P′µ,ν

(
λ , 2

r |r
4−1|s

)
,

P′µ,ν
(
λ ||v||s, 2

r |r
4− rs|s

)
, s 6= 4;

P′µ,ν
(
λ ||v||ns, 2

r |r
4− rns|s

)
, s 6= 4

n ;
(4.33)

for all v ∈ X and all s > 0.

Theorem 4.5. Let τ = ±1 be fixed and let σ : Xn → Z be

a mapping such that for some d with 0 <
( a

r3

)τ

< 1,0 <( a
r4

)τ

< 1 and satisfying (4.1), (4.2), (4.27) and (4.28). Sup-
pose that a function f : X → Y satisfies the inequality

Pµ,ν (D f (v1,v2, · · ·vn−1,vn),s)

≥L∗ P′µ,ν (σ(v1,v2, · · ·vn−1,vn),r) (4.34)

for all v1,v2, · · ·vn−1,vn ∈ X and all s > 0. Then there exists a
unique cubic mapping C : X→Y and unique quartic mapping
Q : X → Y satisfying (1.3) and

Pµ,ν ( f (x)−C(x)−Q(x),r)

≥L∗ P3
µ,ν

σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,v

 ,s

 (4.35)

where

P3
µ,ν

σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,v

 ,s


= T

P1
µ,ν

σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,v

 ,
2(r+1)

r
|r3−d|s

 ,

P2
µ,ν

σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,v

 ,
2
r
|r4−d|s

 (4.36)

for all v ∈ X and all s > 0.

Proof. Clearly
|r4| ≤ |r3| ≤ a.

Let fc(v) =
fo(v)− fo(−v)

2
for all v∈ X . Then fc(0) = 0 and

fc(−v) =− fc(v) for all v ∈ X . Hence

Pµ,ν (D fc(v1,v2, · · ·vn−1,vn),s)

≥L∗ T
{

Pµ,ν (D fo(v1,v2, · · ·vn−1,vn),s) ,

Pµ,ν (D fo(−v1,−v2, · · ·− vn−1,−vn),s)
}

≥L∗ T
{

Pµ,ν (σ(v1,v2, · · ·vn−1,vn),s) ,

Pµ,ν (σ(−v1,−v2, · · ·− vn−1,−vn),s)
}

(4.37)

for all v1,v2, · · ·vn−1,vn ∈ X and all s > 0. By Theorem 4.1
there exists a unique cubic mapping C : X → Y such that

Pµ,ν ( fo(v)−C(v),r)

≥L∗ P1
µ,ν

σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,v

 ,
2(r+1)

r
|r3−d|s


(4.38)

for all v ∈ X and all s > 0, where

P1
µ,ν

σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,v

 ,s


= T

P′µ,ν

σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,v

 ,s

 ,

P′µ,ν

σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,−v

 ,s

 (4.39)

for all v1,v2, · · ·vn−1,vn ∈ X and all s > 0.

Also, let fq(v) =
fe(v)+ fe(−v)

2
for all v ∈ X . Then

fq(0) = 0 and fq(−v) = fq(v) for all v ∈ X . Hence

Pµ,ν (D fq(v1,v2, · · ·vn−1,vn),s)

≥L∗ T
{

Pµ,ν (D fe(v1,v2, · · ·vn−1,vn),s) ,

Pµ,ν (D fe(−v1,−v2, · · ·− vn−1,−vn),s)
}

≥L∗ T
{

Pµ,ν (σ(v1,v2, · · ·vn−1,vn),s) ,

Pµ,ν (σ(−v1,−v2, · · ·− vn−1,−vn),s)
}

(4.40)

for all v1,v2, · · ·vn−1,vn ∈ X and all s > 0. By Theorem 4.3,
there exists a unique quartic mapping Q : X → Y such that

Pµ,ν ( fe(v)−Q(v),s)

≥L∗ P2
µ,ν

σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,v

 ,
2
r
|r4−d|s


(4.41)
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for all v ∈ X and all s > 0, where

P2
µ,ν

σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,v

 ,s


= T

P′µ,ν

σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,v

 ,s


,P′µ,ν

σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,−v

 ,s

 (4.42)

for all v1,v2, · · ·vn−1,vn ∈ X and all s > 0. Define

f (v) = fc(v)+ fq(v) (4.43)

for all v ∈ X . From (4.35),(4.38) and (4.39), we arrive

Pµ,ν ( f (v)−C(v)−Q(x),s)

= Pµ,ν ( fc(v)+ fq(v)−C(v)−Q(v),s)

≥L∗ T
{

Pµ,ν

(
fc(v)−C(v),

s
2

)
,Pµ,ν

(
fq(v)−Q(v),

s
2

)}
≥L∗ T

P1
µ,ν

σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,v

 ,
(r+1)

r
|r3−d|s


, P2

µ,ν

σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,v

 ,
1
r
|r4−d|s


= P3

µ,ν

σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,v

 ,s


where

P3
µ,ν

σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,v

 ,s


= T

P1
µ,ν

σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,v

 ,
2(r+1)

r
|r3−d|s


,P2

µ,ν

σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,v

 ,
2
r
|r4−d|s

 (4.44)

for all v ∈ X and all s > 0. Hence the theorem is proved.

The following corollary is the immediate consequence of
corollaries 4.2, 4.4 and Theorem 4.5 concerning the stability
for the functional equation (2.1).

Corollary 4.6. Suppose that a function f : X → Y satisfies
the inequality

Pµ,ν (D f (v1,v2, . . . ,vn−1,vn),s)

≥L∗


P′µ,ν (λ ,s) ,
P′µ,ν (λ ∑

n
i=1 ||vi||s,s) ,

P′µ,ν (λ (∏n
i=1 ||vi||s +∑

n
i=1 ||vi||ns) ,s) ,

(4.45)

for all v1,v2, . . . ,vn−1,vn ∈ X and all s > 0, where λ ,s are
constants with λ > 0. Then there exists a unique cubic map-
ping C : X → Y and a unique quartic mapping Q : X → Y
such that

Pµ,ν ( f (x)−C(x)−Q(x),r)

≥L∗



T
{

P′µ,ν
(

λ , 2(r+1)
r |r3−1|s

)
,

P′µ,ν
(
λ , 2

r |r
4−1|s

)}
T
{

P′µ,ν
(

λ ||v||s, 2(r+1)
r |r3− rs|s

)
,

P′µ,ν
(
λ ||v||s, 2

r |r
4− rs|s

)}
, s 6= 3,4;

T
{

P′µ,ν
(

λ ||v||ns, 2(r+1)
r |r3− rs|s

)
,

P′µ,ν
(

λ ||v||ns, 2(r+1)
r |r−rs|s

)}
, s 6= 3

n ,
4
n ;

(4.46)

for all v ∈ X and all r > 0.

5. Stability Results: Fixed Point Method
In this section, the authors discuss the generalized Ulam -
Hyers stability of the functional equation (2.1) in intuitionistic
fuzzy normed space using fixed point method.

Now we will recall the fundamental results in fixed point
theory.

Theorem 5.1. (Banach’s contraction principle) Let (X ,d) be
a complete metric space and consider a mapping T : X → X
which is strictly contractive mapping, that is

(A1) d(T x,Ty)≤ Ld(x,y) for some (Lipschitz constant) L <
1. Then,
(i) The mapping T has one and only fixed point x∗ =
T (x∗);
(ii)The fixed point for each given element x∗ is globally
attractive, that is

(A2) limn→∞T nx = x∗, for any starting point x ∈ X;
(iii) One has the following estimation inequalities:

(A3) d(T nx,x∗)≤ 1
1−L d(T nx,T n+1x),∀ n≥ 0,∀ x ∈ X ;

(A4) d(x,x∗)≤ 1
1−L d(x,x∗),∀ x ∈ X .

Theorem 5.2. [28](The alternative of fixed point) Suppose
that for a complete generalized metric space (X ,d) and a
strictly contractive mapping T : X → X with Lipschitz con-
stant L. Then, for each given element x ∈ X , either
(B1) d(T nx,T n+1x) = ∞ ∀ n≥ 0,
or
(B2) there exists a natural number n0 such that:
(i) d(T nx,T n+1x)< ∞ for all n≥ n0 ;
(ii)The sequence (T nx) is convergent to a fixed point y∗ of T
(iii) y∗ is the unique fixed point of T in the set Y = {y ∈ X :
d(T n0x,y)< ∞};
(iv) d(y∗,y)≤ 1

1−L d(y,Ty) for all y ∈ Y.
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For to prove the fixed point stability result, we define a
constant χi such that:

χi =

{
r3 i f i = 0,
1
r3 i f i = 1,

and Ω is the set such that

Ω = {g | g : X → Y,g(0) = 0} .

Theorem 5.3. Let fo : X → Y be an odd mapping for which
there exist a function σ : Xn→ Z with the condition

lim
n→∞

P′µ,ν
(
σ (χn

i v1,χ
n
i v2, · · ·χn

i vn−1,χ
n
i vn) ,χ

3n
i s
)
= 1L∗

(5.1)

for all v1,v2, . . . ,vn−1,vn ∈ X and all s > 0 and satisfying the
functional inequality

Pµ,ν (D fo(v1,v2, . . . ,vn−1,vn),r)

≥L∗ P′µ,ν (σ(v1,v2, . . . ,vn−1,vn),r) (5.2)

for all v1,v2, . . . ,vn−1,vn ∈ X and all s > 0. If there exists
L = L(i)> 0 such that the function

x→ ρ(v) =
r

2(r+1)
σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,
v
r

 ,

has the property

P′µ,ν

(
L

ρ(χiv)
χ3

i
,r
)
= P′µ,ν (ρ(v),s) , ∀ v∈ X ,s > 0. (5.3)

Then there exists a unique cubic function C : X →Y satisfying
the functional equation (1.3) and

Pµ,ν ( fo(v)−C(v),s)≥L∗ P′µ,ν

(
ρ(v),

L1−i

1−L
s
)
, ∀ v∈X ,s> 0.

(5.4)

Proof. Let d be a general metric on Ω, such that

d(g,h)= in f
{

K ∈ (0,∞)|Pµ,ν (g(v)−h(v),s) ≥L∗ P′µ,ν (ρ(v),Ks) ,v ∈ X
}
.

It is easy to see that (Ω,d) is complete. Define T : Ω→Ω by

T g(v) =
1

χ3
i

g(χiv), for all v ∈ X . For g,h ∈Ω, we have

d(g,h)≤ K

⇒ Pµ,ν (g(v)−h(v),s)≥L∗ P′µ,ν (ρ(v),Ks)

⇒ Pµ,ν

(
g(χiv)

χi
− h(χiv)

χi
,s
)
≥L∗ P′µ,ν (ρ(χiv),Kχis)

⇒ Pµ,ν (T g(v)−T h(v),s)≥L∗ P′µ,ν (ρ(v),KLs)

⇒ d (T g(v),T h(v))≤ KL (5.5)
⇒ d (T g,T h)≤ Ld(g,h) (5.6)

for all g,h∈Ω. Therefore T is strictly contractive mapping on
Ω with Lipschitz constant L. Replacing (v1,v2, . . . ,vn−1,vn)

by

0, · · · ,0︸ ︷︷ ︸
n−1times

,v

 in (5.2) and using oddness, we get

Pµ,ν

(
2(r+1)

r
[r3 fo(v)− fo(rv)],s

)

≥L∗ P′µ,ν

σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,v

 ,s

 . (5.7)

for all v ∈ X ,s > 0. Using (IFN2) in (5.7), we arrive

Pµ,ν

(
[r3 fo(v)− fo(rv)],s

)
≥L∗ P′µ,ν

σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,v

 ,s

 . (5.8)

for all v ∈ X ,s > 0. With the help of (5.3), when i = 0, it
follows from (5.8), we get

Pµ,ν

(
fo(rv)

r3 − fo(v),s
)

≥L∗ P′µ,ν (ρ(v),Ls) , ∀ v ∈ X ,s > 0

⇒ d(T fo, fo)≤ L = L1−0. (5.9)

Replacing v by
v
r

in (5.8), we obtain

Pµ,ν

(
fo(v)− r3 fo

(v
r

)
,s
)

≥L∗ P′µ,ν

σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,
v
r

 ,s

 . (5.10)

for all v ∈ X ,s > 0. With the help of (5.3), when i = 1, it
follows from (5.10), we get

Pµ,ν

(
fo(v)− r3 fo

(v
r

)
,s
)

≥L∗ P′µ,ν (ρ(v),s) , ∀ v ∈ X ,s > 0

⇒ d( fo,T fo)≤ 1 = L0 = L1−i. (5.11)

One can conclude from (5.9) and (5.11) that

d( fo,T fo)≤ L1−i < ∞

Now, using fixed point alternative in both cases, it follows that
there exists a fixed point C of T in Ω such that

lim
n→∞

Pµ,ν

(
fo (χ

n
i v)

χn
i
−C(v),s

)
→ 1L∗ ∀v ∈ X ,s > 0.

(5.12)

By proceeding the same procedure as in the Theorem 4.1, we
see that the function C : X → Y is cubic and it satisfies the
functional equation (2.1).
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By fixed point alternative, since C is unique fixed point of
T in the set

∆ = { fo ∈Ω|d( fo,C)< ∞} ,

therefore C is a uniqe function such that

Pµ,ν ( fo(v)−C(v),s)≥L∗ P′µ,ν (ρ(v),Ks) (5.13)

for all v ∈ X , s > 0 and K > 0. Again, using the fixed point
alternative, we reach

d( fo,C)≤ 1
1−L

d( fo,T fo)

⇒ d( fo,C)≤ L1−i

1−L

⇒ Pµ,ν ( fo(v)−C(v),s)≥L∗ P′µ,ν

(
ρ(v),

L1−i

1−L
s
)

(5.14)

for all v ∈ X and all s > 0. This completes the proof of the
theorem.

From Theorem 5.3, we obtain the following corollary
concerning the stability for the functional equation (2.1).

Corollary 5.4. Suppose that an odd function fo : X → Y
satisfies the inequality

Pµ,ν (D fo(v1,v2, . . . ,vn−1,vn),s)

≥L∗


P′µ,ν (λ ,s) ,
P′µ,ν (λ ∑

n
i=1 ||vi||s,s) ,

P′µ,ν (λ (∏n
i=1 ||vi||s +∑

n
i=1 ||vi||ns) ,s) ,

(5.15)

for all v1,v2, . . . ,vn−1,vn ∈ X and all s > 0 , where λ ,s are
constants with λ > 0. Then there exists a unique cubic map-
ping C : X → Y such that

Pµ,ν ( fo(v)−C(v),s)

≥L∗


P′µ,ν

(
λ , 2r2(r+1)

|r3−1| s
)
,

P′µ,ν
(

λ ||v||s, 2r2(r+1)
|r3−rs| s

)
, s 6= 3;

P′µ,ν
(

λ ||v||ns, 2r2(r+1)
|r3−rns| s

)
, s 6= 3

n ;

(5.16)

for all v ∈ X and all s > 0.

Proof. Setting

σ(v1,v2, . . . ,vn−1,vn) =



λ ,

λ

n

∑
i=1
||vi||s,

λ

(
n

∏
i=1
||vi||s +

n

∑
i=1
||vi||ns

)
.

for all v1,v2, . . . ,vn−1,vn ∈ X . Then,

P′µ,ν
(
σ(χn

i v1,χ
n
i v2, · · · ,χn

i vn),χ
3n
i s
)

=



P′µ,ν
(
λ ,χ3n

i s
)

P′µ,ν

(
λ

n

∑
i=1
||vi||s,χ(3−s)n

i s

)

P′µ,ν

(
λ

(
n

∏
i=1
||vi||s +

n

∑
i=1
||vi||ns

)
,χ

(3−ns)n
i s

)

=

 → 1L∗ as n→ ∞,
→ 1L∗ as n→ ∞,
→ 1L∗ as n→ ∞.

Thus, (5.1) is holds. But, we have ρ(v) = σ

0, · · · ,0︸ ︷︷ ︸
n−1times

, v
r


has the property

P′µ,ν

(
L

1
χ3

i
ρ(χiv),r

)
≥L∗ P′µ,ν (ρ(v),s) , ∀ v ∈ X ,s > 0.

Hence

P′µ,ν (ρ(v),s)

= P′µ,ν

σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,
v
r

 ,
2(r+1)

r
s

 ,

=



P′µ,ν

(
λ ,

2(r+1)
r

s
)
,

P′µ,ν

(
λ

1
rs ||v||

s,
2(r+1)

r
s
)
,

P′µ,ν

(
λ

1
rns ||v||

ns,
2(r+1)

r
s
)
.

Now,

P′µ,ν

(
1

χ3
i

ρ(χiv),s
)

=



P′µ,ν

(
λ

χ3
i
,

2(r+1)
r

s
)
,

P′µ,ν

(
λ

χ3
i

1
rs ||χiv||s,

2(r+1)
r

s
)
,

P′µ,ν

(
λ

χ3
i

1
rns ||χiv||ns,

2(r+1)
r

s
)
.

=


P′µ,ν

(
λ ,χ3

i s
)
,

P′µ,ν
(
ρ(v),χ3−s

i s
)
,

P′µ,ν
(
ρ(v),χ3−ns

i s
)
.

Hence the inequality (5.3) holds for the following cases.
Now from (5.4), we prove the following cases.
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Case:1 L = r3 ,if i = 0

Pµ,ν ( fo(v)−C(v),s)

≥L∗ P′µ,ν

(
ρ(v),

L1−0

1−L
s
)

= P′µ,ν

(
λ ,

2r2(r+1)
[1− r3]

s
)
.

Case:2 L = r−3,if i = 1

Pµ,ν ( fo(v)−C(v),s)

≥L∗ P′µ,ν

(
ρ(v),

L1−1

1−L
s
)

= P′µ,ν

(
λ ,

2r2(r+1)
[r3−1]

s
)
.

Case:3 L = rs−3 for s < 3 if i = 0

Pµ,ν ( fo(v)−C(v),s)

≥L∗ P′µ,ν

(
ρ(v),

L1−0

1−L
s
)

= P′µ,ν

(
λ |v||s, 2r2(r+1)

|r3− rs|
s
)
.

Case:4 L = r3−s for s > 3 if i = 1

Pµ,ν ( fo(v)−C(v),s)

≥L∗ P′µ,ν

(
ρ(v),

L1−1

1−L
s
)

= P′µ,ν

(
λ |v||s, 2r2(r+1)

|rs− r3|
s
)
.

Case:5 L = rns−3 for ns < 3 if i = 0

Pµ,ν ( fo(v)−C(v),s)

≥L∗ P′µ,ν

(
ρ(v),

L1−0

1−L
s
)

= P′µ,ν

(
λ |v||s, 2r2(r+1)

|r3− rns|
s
)
.

Case:6 L = r3−ns for ns > 3 if i = 1

Pµ,ν ( fo(v)−C(v),s)

≥L∗ P′µ,ν

(
ρ(v),

L1−1

1−L
s
)

= P′µ,ν

(
λ |v||s, 2r2(r+1)

|rns− r3|
s
)
.

Hence the proof is complete.

The proof of the following Theorem and Corollary is
similar tracing to that of Theorem 5.3 and corollary 5.4, when
f is even. Hence we omit the proof.

Theorem 5.5. Let fe : X → Y be an even mapping for which
there exist a function σ : Xn→ Z with the condition

lim
n→∞

P′µ,ν
(
σ (χn

i v1,χ
n
i v2, · · · ,χn

i vn−1,χ
n
i vn) ,χ

4n
i s
)
= 1L∗

(5.17)

for all v1,v2, . . . ,vn−1,vn ∈ X and all s > 0 and satisfying the
functional inequality

Pµ,ν (D fe(v1,v2, . . . ,vn−1,vn),s)

≥L∗ P′µ,ν (σ(v1,v2, . . . ,vn−1,vn),r) (5.18)

for all v1,v2, . . . ,vn−1,vn ∈ X and all s > 0. If there exists
L = L(i) such that the function

v→ ρ(v) =
2
r

σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,
v
r

 ,

has the property

P′µ,ν

(
L

1
χ4

i
ρ(χiv),s

)
=P′µ,ν (ρ(v),s) , ∀ v∈X ,s> 0. (5.19)

Then there exists a unique quartic function Q : X → Y satisfy-
ing the functional equation (1.3) and

Pµ,ν ( fe(v)−Q(v),s)≥L∗ P′µ,ν

(
ρ(v),

L1−i

1−L
s
)
∀ v∈X ,s> 0.

(5.20)

Corollary 5.6. Suppose that an even function fe : X → Y
satisfies the inequality

Pµ,ν (D fe(v1,v2, . . . ,vn−1,vn),s)

≥L∗


P′µ,ν (λ ,s) ,
P′µ,ν (λ ∑

n
i=1 ||vi||s,s) ,

P′µ,ν (λ (∏n
i=1 ||vi||s +∑

n
i=1 ||vi||ns) ,s) ,

(5.21)

for all v1,v2, . . . ,vn−1,vn ∈ X and all s > 0, where λ ,s are
constants with λ > 0. Then there exists a unique quartic
mapping Q : X → Y such that

Pµ,ν ( fe(v)−Q(v),s)

≥L∗


P′µ,ν

(
λ , 2r3

|r4−1| s
)
,

P′µ,ν
(

λ ||v||s, 2r3

|r4−rs| s
)
, s 6= 4;

P′µ,ν
(

λ ||v||ns, 2r3

|r4−rns| s
)
, s 6= 4

n ;

(5.22)

for all v ∈ X and all s > 0.

Theorem 5.7. Let f : X → Y be a mapping for which there
exist a function σ : Xn→ Z with the condition (5.1) and (5.17)
satisfying the functional inequality

Pµ,ν (D f (v1,v2, . . . ,vn−1,vn),r)

≥L∗ P′µ,ν (σ(v1,v2, . . . ,vn−1,vn),s) (5.23)
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for all v1,v2, . . . ,vn−1,vn ∈ X and all s > 0. If there exists
L = L(i) such that the function

x→ ρ(v) = σ

0, · · · ,0︸ ︷︷ ︸
n−1times

,
v
r

 ,

has the properties (5.3) and (5.19) for all v ∈ X . Then there
exists a unique cubic function C : X→Y and a unique quartic
function Q : X → Y satisfying the functional equation (1.3)
and

Pµ,ν ( f (v)−C(v)−Q(v),s)≥L∗ P3
µ,ν (ρ(v),s) , ∀ v∈X ,s> 0.

(5.24)

Proof. By Theorem 5.3 in (4.37), there exists a unique Cubic
mapping C : X → Y such that

Pµ,ν ( fc(v)−C(v),s)≥L∗ P1
µ,ν

(
ρ(v),

L1−i

1−L
s
)

(5.25)

for all v ∈ X and all s > 0. Using Theorem 5.5, in (4.37) there
exists a unique quartic mapping Q : X → Y such that

Pµ,ν ( fq(v)−Q(v),s)≥L∗ P2
µ,ν

(
ρ(v),

L1−i

1−L
s
)

(5.26)

for all v ∈ X and all s > 0. Define

f (v) = fc(v)+ fq(v) (5.27)

for all v ∈ x. From (5.24),(5.25) and (5.26), we arrive

Pµ,ν ( f (v)−A(v)−Q(v),s)

= Pµ,ν ( fq(v)+ fc(v)−C(v)−Q(v),s)

≥L∗ T
{

P′µ,ν
(

fc(v)−C(v),
s
2

)
,P′µ,ν

(
fq(v)−Q(v),

s
2

)}
≥L∗ T

{
P1

µ,ν

(
ρ(v),

L1−i

1−L
r
)
,P2

µ,ν

(
ρ(v),

L1−i

1−L
r
)}

= P3
µ,ν (ρ(v),s) ,

where

P3
µ,ν (ρ(v),s)=T

{
P1

µ,ν

(
ρ(v),

L1−i

1−L
r
)
,P2

µ,ν

(
ρ(v),

L1−i

1−L
s
)}

(5.28)

for all v ∈ X and all r > 0. Hence the theorem is proved.

The following corollary is the immediate consequence of
Corollaries 5.4, 5.6 and Theorem 5.7 concerning the stability
for the functional equation (1.3) using fixed point method.

Corollary 5.8. Suppose that a function f : X → Y satisfies
the inequality

Pµ,ν (D f (v1,v2, . . . ,vn−1,vn),s)

≥L∗


P′µ,ν (λ ,s) ,
P′µ,ν (λ ∑

n
i=1 ||vi||s,s) ,

P′µ,ν (λ (∏n
i=1 ||vi||s +∑

n
i=1 ||vi||ns) ,s) ,

(5.29)

for all v1,v2, . . . ,vn−1,vn ∈ X and all s > 0, where λ ,s are
constants with λ > 0. Then there exists a unique cubic map-
ping C : X → Y and a unique quartic mapping Q : X → Y
such that

Pµ,ν ( f (x)−C(x)−Q(x),r)

≥L∗



T
{

P′µ,ν
(

λ , 2r2(r+1)
r |r3−1|s

)
,

P′µ,ν
(

λ , 2r3

|r4−1| s
)}

T
{

P′µ,ν
(

λ ||v||s, 2r2(r+1)
r |r3− rs|s

)
,

P′µ,ν
(

λ ||v||s, 2r3

|r4−rs| s
)}

, s 6= 3,4;

T
{

P′µ,ν
(

λ ||v||ns, 2r2(r+1)
r |r3− rs|s

)
,

P′µ,ν
(

λ ||v||ns, 2r3

|r4−rs| s
)}

, s 6= 3
n ,

4
n ;

(5.30)

for all v ∈ X and all s > 0.
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M. N’Guérékata on the occasion of his 60th Birthday
Vol.15, No 1, (March 2013), 159-169.

[9] M. Arunkumar, P. Agilan, Additive Quadratic functional
equation are Stable in Banach space: A Fixed Point Ap-

227



Solution and two types of Ulam-Hyers stability of n− dimensional cubic-quartic functional equation in intuitionistic
normed spaces — 228/229

proach, International Journal of pure and Applied Mathe-
matics, Vol. 86, No.6, (2013), 951 - 963 .

[10] M. Arunkumar, P. Agilan, Additive Quadratic Func-
tional Equation are Stable in Banach space: A Direct
Method, Far East Journal of Applied Mathematics, Vol.
80, No. 1, (2013), 105 - 121.

[11] M. Arunkumar, G.Shobana, S. Hemalatha, Ulam - Hy-
ers, Ulam - TRassias, Ulam-GRassias, Ulam - JRassias
Stabilities of A Additive - Quadratic Mixed Type Func-
tional Equation In Banach Spaces, International Journal
of Pure and Applied Mathematics, Vol. 101, No. 6 (2015),
1027- 1040.

[12] M. Arunkumar, P. Agilan, C. Devi Shyamala Mary, Per-
manence of A Generalized AQ Functional Equation In
Quasi-Beta Normed Spaces, International Journal of Pure
and Applied Mathematics, Vol. 101, No. 6 (2015), 1013-
1025.

[13] M. Arunkumar, Perturbation of n Dimensional AQ -
mixed type Functional Equation via Banach Spaces and
Banach Algebra : Hyers Direct and Alternative Fixed
Point Methods, International Journal of Advanced Mathe-
matical Sciences, 2 (1) (2014), 34-56.

[14] M. Arunkumar, S. Karthikeyan, S. Ramamoorthi, Im-
movability of n− dimensional quartic functional equation
in Felbins type spaces, Malaya Journal of Matematik,
5(1) (2017) 58-71.

[15] K.T. Atanassov, Intuitionistic fuzzy sets, Fuzzy Sets and
Systems, 20 (1986), 87-96.

[16] D.G. Bourgin, Classes of transformations and bordering
transformations, Bull. Amer. Math. Soc. 57 (1951)
223 - 237.

[17] S. Czerwik, Functional Equations and Inequalities in
Several Variables, World Scientific, River Edge, NJ,
2002.

[18] G. Deschrijver, E.E. Kerre On the relationship between
some extensions of fuzzy set theory, Fuzzy Sets and Sys-
tems 23 (2003), 227-235.

[19] M. Eshaghi Gordji, Stability of an Additive-Quadratic
Functional Equation of Two Variables in F-Spaces, J.
Nonlinear Sci. Appl. 2 (2009), no. 4, 251-259

[20] M. Eshaghi Gordji, N.Ghobadipour, J. M. Rassias,
Fuzzy Stability of Additive-Quadratic Functional
Equations, arxiv:0903.0842v1 [math.fa]. 2009

[21] Z. Gajda and R.Ger, Subadditive multifunctions and
Hyers-Ulam stability , in General Inequalites 5 , Internat
Schrifenreiche Number. Math.Vol. 80, Birkhauser\Basel,
1987.

[22] P. Gavruta, A generalization of the Hyers-Ulam-Rassias
stability of approximately additive mappings , J. Math.
Anal. Appl., 184 (1994), 431-436.

[23] S.B. Hosseini, D. O’Regan, R. Saadati, Some results on
intuitionistic fuzzy spaces, Iranian J. Fuzzy Syst, 4 (2007)
53- 64.

[24] D.H. Hyers, On the stability of the linear functional equa-
tion, Proc.Nat. Acad.Sci.,U.S.A.,27 (1941) 222-224.

[25] D.H. Hyers, G. Isac, Th.M. Rassias,Stability of func-
tional equations in several variables, Birkhauser, Basel,
1998.

[26] K.W. Jun and H.M.Kim, The generalized Hyers-Ulam-
Rassias stability of a cubic functional equation, Math. J.,
Anal. Appl. 274, (2002), 867-878.

[27] M.Maria Susai Manuel, M. Arunkumar, S. Murthy, G.
Ganapathy, Quartic Functional Equation Involving Sum
Of Functions Of Consecutive Variables Is Stable In Fel-
bin’s Type Cone Normed Spaces, Malaya Journal of
Matematik, 5(1) (2017), 29-40.

[28] B. Margoils, J.B. Diaz, A fixed point theorem of the alter-
native for contractions on a generalized complete metric
space, Bull.Amer. Math. Soc. 126 74 (1968), 305-309.

[29] A.K. Mirmostafaee, M.S. Moslehian, Fuzzy versions of
Hyers-Ulam-Rassias theorem, Fuzzy Sets and Systems
159 (2008), no. 6, 720-729.

[30] A.K. Mirmostafaee, M. Mirzavaziri, M.S. Moslehian,
Fuzzy stability of the Jensen functional equation, Fuzzy
Sets and Systems 159 (2008), no. 6, 730-738.

[31] A.K. Mirmostafaee, M.S. Moslehian, Fuzzy almost
quadratic functions, Results Math. doi:10.1007/s00025-
007-0278-9.

[32] M. Mursaleen, S.A. Mohiuddine, On stability of a cubic
functional equation in intuitionistic fuzzy normed spaces,
Chaos Solitons Fractals 42 (2009), no. 5, 2997-3005.

[33] J.H. Park, Intuitionistic fuzzy metric spaces, Chaos, Soli-
tons and Fractals, 22 (2004), 1039-1046.

[34] C. Park, Orthogonal Stability of an Additive-Quadratic
Functional Equation, Fixed Point Theory and Applica-
tions, doi:10.1186/1687-1812-2011-66

[35] Matina J. Rassias, M. Arunkumar, S. Ramamoorthi, Sta-
bility of the Leibniz additive-quadratic functional equa-
tion in Quasi-Beta normed space: Direct and fixed point
methods, Journal Of Concrete And Applicable Mathemat-
ics (JCAAM), Vol. 14 No. 1-2, (2014), 22 - 46.

[36] J.M. Rassias, On approximately of approximately linear
mappings by linear mappings, J. Funct. Anal. USA, 46,
(1982) 126-130.

[37] J.M. Rassias, M.J. Rassias, On the Ulam stability of
Jensen and Jensen type mappings on the restricted do-
mains, J. Math. Anal. Appl., 281 (2003), 516-524.

[38] Th.M. Rassias, On the stability of the linear mapping in
Banach spaces, Proc.Amer.Math. Soc., 72 (1978), 297-
300.

[39] Th.M. Rassias, Functional Equations, Inequalities and
Applications, Kluwer Acedamic Publishers, Dordrecht,
Bostan London, 2003.

[40] K. Ravi, M. Arunkumar, J.M. Rassias, On the Ulam sta-
bility for the orthogonally general Euler-Lagrange type
functional equation, International Journal of Mathemati-
cal Sciences, Autumn 2008 Vol.3, No. 08, 36-47.

[41] R. Saadati, J.H. Park, On the intuitionistic fuzzy topolog-
ical spaces, Chaos, Solitons and Fractals 27 (2006), 331-
344.

228



Solution and two types of Ulam-Hyers stability of n− dimensional cubic-quartic functional equation in intuitionistic
normed spaces — 229/229

[42] R. Saadati, J.H. Park, Intuitionstic fuzzy Euclidean
normed spaces, Commun. Math. Anal., 1 (2006), 85-90.

[43] S. Shakeri, Intuitionstic fuzzy stability of Jensen type map-
ping, J. Nonlinear Sci. Appli. Vol.2 No. 2 (2009), 105-
112.

[44] Sun Sook Jin, Yang Hi Lee, A Fixed Point Approach to
The Stability of the Cauchy Additive and Quadratic Type
Functional Equation, Journal of Applied Mathematics 16
pages, doi:10.1155/2011/817079

[45] Sun Sook Jin, Yang Hi Lee, Fuzzy Stability of a
Quadratic-Additive Functional Equation, International
Journal of Mathematics and Mathematical Sciences 6
pages, doi:10.1155/2011/504802

[46] S.M. Ulam, Problems in Modern Mathematics, Science
Editions, Wiley, NewYork, 1964.

[47] G. Zamani Eskandani, Hamid Vaezi, Y. N. Dehghan,
Stability of a Mixed Additive and Quadratic Functional
Equation in Non-Archimedean Banach Modules, Tai-
wanese Journal of Mathematics, vol. 14, no. 4, (2010),
1309-1324.

[48] Ding Xuan Zhou, On a conjecture of Z. Ditzian, J. Ap-
prox. Theory 69 (1992), 167-172.

?????????
ISSN(P):2319−3786

Malaya Journal of Matematik
ISSN(O):2321−5666

?????????

229

http://www.malayajournal.org

	Introduction
	The General solution of the Functional Equation
	Preliminaries Of Intuitionistic Fuzzy Normed Spaces
	Stability Results: Direct Method
	Stability Results: Fixed Point Method
	References

