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1. Introduction

The stability problem of functional equations originated
from a famous stability question of Ulam [22] in 1940 concern-
ing the stability of group homomorphisms. In fact, let (G, .)
be a group and let (G,,*) be a metric group with a metric
d(.,.). Given € > 0, does there exists & > 0, such that if a map-
ping i : G; — G, satisfies the inequality d(h(xy), h(x)h(y)) <
g, for all x,y € Gy, then there exists a homomorphism H :
G — G, exists with d(h(x),H(x)) < eforallx,y € G ?

The case of approximtely additive functions was solved by
Hyers [7] in 1941 under the assumption that both G| and G,
are Banach spaces. Gruber claimed that this kind of stability

problems is of particular interest in Probability theory and in
the case of functional equations of different types.

In 1978, Rassias [16] proved a generalization of the Hyers
Theorem for approximate linear mappings by allowing the
Cauchy difference operator

CDf(x,y) = f(x+y) — f(x) = f(»)

to be controlled by the sum € (||x||” + ||y||”) . This new con-
cept is known as the Hyers-Ulam-Rassias stability of func-
tional equations, In 1994, a generalization of Rassias theorem
was obtained by Gavruta [5] who replaced € (||x||” + [|y]|”)
by a general control function ¢ (x,y) in the spirit of the Ras-
sias approach. However, Rassias [] (in 1989) replaced the
said sum by the weaker product £ (||x||” [|y||”). In recent
years, many authors have investigated the stability of vari-
ous functional equations in various spaces (see, for instance
[1,3,4,9,10, 13-15, 17, 20, 21, 23]).

In 1996, Isac and Rassias [8] were first to provide applica-
tions of stability theory of functional equations for the proof
of new fixed point theorems with applications. In 2003, Radu
[19] proposed the fixed point alternative method for obtaining
the existence of exact solutions and error estimations. The
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fixed point alternative method can be considered as an ad-
vantage of this method over the standard direct method. The
stability problems of several various functional equations have
been extensively investigated by a number of authors using
fixed point methods (see, [2, 11, 12, 18, 24]).

In this paper, we introduce the following icosic functional
equation. This pioneering icosic functional equation

f(x+10y) —20f(x+9y) + 1901 (x+ 8y)
—1140f (x +7y) + 4845 (x + 6y)
— 15504 f(x+5y) + 38760 f (x4 4y)
— 77520 (x + 3y) + 125970 (x + 2y)
— 167960 (x+y) + 184756 £ (x)
— 167960 £ (x — ) + 125970 (x — 2y)
— 77520 (x— 3y) + 38760 £ (x — 4y)
— 15504 f(x — 5y) + 4845 f (x — 6y)
—1140f(x —7y) + 190 f (x — 8y)

—20f(x—9y) +f(x—10y) = 20! f(y) (1.1)

where 20! = 2.432902008 x 108, is said to be icosic
functional equation. Since the functional equation f(x) = x*°
is the solution. In this paper, we present the general solutions
of the said icosic functional equation. We also prove the

stability of the icosic functional equation in a quasi-f3-normed
space.

2. Preliminaries

We recall some basic concepts concerning quasi-f3-normed
spaces introduced by Rassias and Kim [13] in 2009.

Definition 2.1. Let 3 be a fix real number with 0 < 8 < 1,
and let K denote either R or C. Let X be a linear space
over K. A quasi-B-norm ||.|| is a real valued function on X
satisfying the following three conditions:

(i). ||x|| >0, for all x € X; and ||x|| = 0 if and only if
x=0,

(ii). || = |A] ||x|| for all A € K and for all x € X,

(iii). there is a constant K > 1 such that

x4yl < K ([lxl[ +|Iyll) for allx,y € X.

A quasi-B-normed space is a pair of (X, ||.]]), where ||.||
is a quasi-B-norm on X. The smallest possible K is called the
modules of Concavity of ||.||. A quasi-f-Banach space is a
complete quasi-f-normed space.

Definition 2.2. A quasi-f-norm ||| is called a (B, p)-norm
O<p<1)if

e 2117 = llell” + Lyl

forallx,y € X.
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In this case, a quasi-f-Banach space is called a (83, p)-
Banach space. We can refer to [13] for the concept of quasi-
normed spaces and p-Banach spaces. Given a p-norm, the

formula
d(x,y) = [lx =yl

gives us a translation invariant metric n X. By the Aoki-
Rolewicz theorem, each quasi-norm is equivalent to some p-
norm. Since it is much easier to work with p-norms than quasi-
norms, we restrict our attension mainly to p-norms. Using
fixed point theorem, Xu, et.al., [24] proved the following
important lemma.

Lemma 2.3. Leti € {—1,1} be a fixed a,s € N with a > 2,
and ¢ : X — [0,00) be a function such that there exists an
L < 1with ¢(a'x) <a*B L ¢(x)forallxeX. Let f: X =Y
be a function satisfying

1/ (ax) =@’ f(x)[ly < ¢(x)

for all x,y € X. Then there exists a uniquely determined
mapping F : X — Y such that

1
£ (x) _F(X)HY < W o (x)

2.1

VxeXx. (22)

3. General solution of icosic functional
equation
In this section, let X and Y be vector spaces. In the fol-
lowing theorem, we investigate the general solution of icosic

functional equation (1.1). Some basic facts on n-additive
symmetric mappings can be found in [6].

Theorem 3.1. A function f: X — Y is a solution of the icosic
functional equation (1.1) if and only if f is of the form f(x) =
A®(x) for all x € X, where A*°(x) is the diagonal of the 20-
additive symmetric mapping Ay : X?° — Y.

Proof.  Assume that f satisfies functional equation (1.1).
Replacing x =0,y =01in (1.1), one finds f(0) = 0. Replacing
x=0,y=xand x =x,y = —x in (1.1) and adding the two
resulting equations, we get f(—x) = f(x). Replacing (x,y)
with (0,2x), one obtains
£(20x) —20£(18x) + 190£(16x)
— 1140 (14x) + 4845 £ (12x) — 15504 £(10x)
+ 38760 f(8x) — 77520 (6x) 4+ 125970 f (4x)

—1.216451004 x 10" £(2x) =0 (3.1)

Replacing (x,y) with (10x,x), one gets
£(20x) —20£(19x) + 190£(18x) — 1140£(17x)
+4845f(16x) — 15504 f(15x) 4+ 38760 f (14x)
— 775201 (13x) + 125970/ (12x) — 167960 (11x)
+ 184756 f(10x) — 1679601 (9x) + 1259701 (8x)
—77520£(7x) + 38760 (6x) — 15504 f(5x)
+4845f(4x) — 1140£(3x) + 190 (2x)
—2.432902008 x 10" f(x) = 0. (3.2)
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Subtracting equations (3.1) and (3.2), we find

20/ (19x) — 210£(18x) + 1140£(17x)

— 4655 f(16x) 4 15504 £ (15x) — 39900 f(14x)
4775207 (13x) — 121125 f(12x) + 167960 £ (11x)
—200260£(10x) + 1679601 (9x) — 872101 (8x)
477520 (7x) — 116280 (6x) + 15504 f(5x)

+ 121125 f(4x) + 1140 (3x)

—1.216451004 x 10'8 £(2x)

+2.432902008 x 10" f(x) = 0. (3.3)

Subtracting equations (3.5) and (3.6), we find

1140£(17x) — 17955 £ (16x) 4 135204 f(15x)
— 650370 (14x) 42248080 f(13x)
—20775360f(12x) + 12377360 f(11x)
—20761406f(10x) + 283852401 (9x)

— 31831650 f(8x) +29470520f(7x)

— 22500180 f(6x) 4 13969104 (5x)

— 6933195 f(4x) 428500001 (3x)
—1.216451004 x 108 f(2x)

+5.133423238 x 102 f(x) = 0. (3.7)

Replacing (x,y) with (9x,x), and multiplying the resulting

equation by 20, one obtains Replacing (x,y) with (7x,x), and multiplying the resulting

equation by 1140, we get
201 (19x) — 400 (18x) + 3800 (17x)

— 22800 (16x) -+ 96900 (15x) — 310080 £ (14x)
+ 775200 (13x) — 1550400 (12x)

42519400 (11x) — 3359200 (10x)
+3695120£(9x) — 3359200 (8x)
+25194001(7x) — 1550400 (6x)

+ 775200 (5x) — 310080 f (4x)

196900 (3x) — 22800 (2x)

—4.865804016 x 10" f(x) = 0. (3.4)

Subtracting equations (3.3) and (3.4) , we get

190 (18x) — 2660 (17x) + 18145 f(16x)

— 81396 (15x) + 270180 (14x) — 697680 (13x)
+ 1429275 £(12x) — 2351440 £(11x)

43158940 £ (10x) — 3527160 (9x)

43271990 (8x) — 2441880 (7x)

+ 1434120 £(6x) — 759696 f (5x)

4431205 f (4x) — 95760 (3x)

—1.216451004 x 10'8 f(2x)

+5.109094217 x 10" f(x) = 0. (3.5)

Replacing (x,y) with (8x,x), and multiplying the resulting
equation by 190, one obtains

190(18x) — 3800 (17x) + 36100 (16x)

— 216600 (15x) -+ 920550 £ (14x) — 2945760 £ (13x)
17364400 (12x) — 14728800 (11x)

423934300 (10x) — 31912400 £(9x)

+ 35103640 (8x) — 31912400 (7x)

+ 23934300 (6x) — 14728800 (5x)

+ 7364400 f (4x) — 2945760 f (3x)

4920740 f(2x) +4.622513816 x 102 f(x) = 0. (3.6)
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1140 £(17x) — 22800 £(16x) + 216600 £ (15x)
— 1299600 (14x) + 5523300 (13x)

— 17674560 (12x) + 44186400 (1 1x)

— 88372800 (10x) + 143605800 (9x)

— 191474400 (8x) +210621840f(7x)

— 191474400 (6x) + 143605800 (5x)

— 88372800 (4x) + 44187540 (3x)

— 17697360 f (2x) — 2.773508289 x 10*! f(x) = 0.
(3.8)

Subtracting equations (3.7) and (3.8), we get

4845 f(16x) — 81396 f(15x) 4 649230 £ (14x)

— 32752201 (13x) 4 11739435 f(12x)

— 31809040 f(11x) 4+ 67597440 f (10x)

— 115220560 £ (9x) + 159642750 1 (8x)

— 181151320 (7x) + 168974220 f (6x)

— 129636696 f (5x) + 81439605 f (4x)

— 41337540 f (3x) — 1.216451004 x 10'8 £ (2x)
+3.286850613 x 10%! f(x) = 0. (3.9)

Replacing (x,y) with (6x,x), and multiplying the resulting
equation by 4845, we get

4845 f(16x) — 96900 £ (15x) + 920550 £ (14x)
— 5523300 (13x) + 23474025 f (12x)

— 75116880 (11x) + 187792200 (10x)

— 375584400 f(9x) + 610324650 (8x)

— 813766200 (7x) + 895142820/ (6x)

— 813766200 (5x) + 610329495 f (4x)
— 375681300 (3x) + 188712750 £ (2x)

— 1.178741023 x 10?2 f (x) = 0. (3.10)
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Subtracting equations (3.9) and (3.10), we find Subtracting equations (3.13) and (3.14) , we get

38760f(13x) — 712215 f(12x) + 6188680 f(11x)

— 33806472 (10x) + 130181920 £(9x)

— 375574710 (8x) + 842125600 f (7x)

— 1502376360 (6x) + 2165280888 f(5x)

— 2546517465 f (4x) + 2466337560 f (3x)
—6.082255039 x 107 £ (2x)

+7.354662771 x 1022 f(x) = 0. (3.15)

7752 (15x) — 135660 f (14x) + 1124040 (13x)
—5867295f(12x) +21653920(11x)

— 60097380 £(10x) + 130181920 (9x)

— 225340950 (8x) + 316307440 (7x)

— 363084300 (6x) + 342064752 f(5x)

— 264444945 f(4x) + 167171880 (3x)
—6.08225502 x 10'7 f(2x)

+7.53713042 x 102! £(x) = 0. 3.11) Repla.cing (x,y) with (3x,x), and multiplying the resulting
equation by 38760, we get

Replacing (x,y) with (5x,x), and multiplying the resulting 38760/ (13x) — 775200 (12x) + 7364400/ (11x)
equation by 7752, we get — 441864001 (10x) + 187792200 (9x)
— 600935040 £ (8x) + 1502376360 (7x)
7752.f(15x) — 155040 £ (14x) + 1472880 (13x) — 30054504001 (6x) + 4889961600 (5x)
— 120187008 £(10x) 4 300467520 £ (9x) — 7111064640 f (2x) — 9.429928184 x 10?2 f(x) = 0.
— 600935040 (8x) + 976519440 (7x) (3.16)

— 1302025920 (6x) + 1432236264 f (5x)
— 1302180960 (4x) -+ 977992320 (3x)

(2%) 2 £ (x) 62985 f(12x) — 1175720 (11x) 4 10379928 f(10x)
— 609772320 (2x) — 1.885985637 x 107 f(x) = 0. B
(3.12) 57610280 (9x) + 225360330 (8x)

— 660250760 f(7x) + 1503074040 £ (6x)
—2724680712f (5x) +4007798535 f (4x)
— 4882597200 (3x) — 6.082254968 x 10'7 f(2x)

Subtracting equations (3.15) and (3.16), we get

Subtracting equations (3.11) and (3.12) , we get

+1.678459096 x 103 f(x) = 0. (3.17)
19380 (14x) — 348840 f(13x) 42969985 f(12x)
— 15904520 f(11x) + 60089628 f(10x) Replacing (x,y) with (2x,x), and multiplying the resulting
— 170285600 (9x) + 375594090 (8x) equation by 62985, we get

— 6602120001 (7x) 4938941620 (6x)

62985 f(12x) — 1259700 (11x) + 11967150 £(10x)
— 1090171512 (5x) + 1037736015 f (4x)

— 71802900 (9x) + 305225310 (8x)

— 810820440 (3x) — 6.082255014 x 10'7 £ (2x) — 977779140 (7x) + 2453265750 £ (6x)
+2.639698679 x 102 f(x) = 0. (3.13) — 49544001001 (5x) + 8239382775 f (4x)
— 1.55548004 x 10'° £(3x)
Replacing (x,y) with (4x,x), and multiplying the resulting +1.407815526 x 10" f(2x)
equation by 19380, we get —1.53235333 x 102 f(x) = 0. (3.18)
Subtracting equations (3.17) and (3.18), we get
19380 f(14x) — 387600 f(13x) + 3682200 f(12x)
— 22093200/ (11x) + 93896100 f(10x) 83980/ (11x) — 1587222 f(10x) + 14192620 f(9x)
— 300467520 f(9x) 4751168800 (8x) — 79864980 (8x) + 317528380 (7x)
— 1502337600 (7x) + 2441317980 (6x) —950191710f/(6x) + 2229719388 1 (5x)
— 3255452400 (5x) + 3584253480 f (4x) — 4231584240 (4x) + 6672882840 f(3x)
— 327715800 (3x) 4 2535194700 f (2x) —6.082255109 x 10'7 £(2x)
— 4714964092 x 10?2 f(x) = 0. (3.14) +3.210822426 x 10% f(x) = 0. (3.19)
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Replacing (x,y) with (x,x), and multiplying the resulting
equation by 83980, we get

83980£(11x) — 1679600 (10x) + 16040180 £(9x)
— 97416800, (8x) + 422839300 (7x)
— 1397763120 (6x) + 3661947900 £ (5x)

— 7812155520 f (4x) + 1.38340254 x 10'° £(3x)
—2.06154104 x 10'° £ (2x)
—2.043151106 x 10 f(x) = 0. (3.20)

Subtracting equations (3.19) and (3.20), we get

92378 £(10x) — 1847560£(9x) + 17551820 £ (8x)
— 105310920 (7x) + 447571410 (6x)
— 1432228512 (5x) + 3580571280 (4x)

— 7161142560 f (3x) — 6.082254903 x 10'7 f(2x)
+5.253973532 x 103 f(x) = 0. (3.21)

Replacing (x,y) with (0,x), and multiplying the resulting
equation by 92378, we get

92378 £(10x) — 1847560 (9x) + 17551820 (8x)
— 105310920 (7x) -+ 447571410 (6x)
— 1432228512 (5x) + 3580571280 (4x)

— 7161142560 f(3x) +1.163685666 x 10 f(2x)
+1.123733108 x 10%* f(x) = 0. (3.22)

Subtracting equations (3.21) and (3.22), we get

—6.082255019 x 10'7 £ (2x)
+6.37770664 x 107 f(x) = 0.
f(2x) =220 f(x). (3.23)

forall x € X. By [17, Theorems 3.5 and 3.6], f is a generalized
polynomial function of degree atmost 20, that is of the form

Fx) = APx + AV £ A8y L AT 1 AL6x f AL 1 ALy
AP A £ A A1
+ A%+ A8+ ATx 4+ ASx 4+ Adx
+ A+ A+ AP+ A X+ A% (3.24)
Here, A%x = A” is an arbitrary element of ¥ and A'x is the diag-
onal of i-additive symmetric map A; : X' = Y, (i=1,2,...,20).

By f(0) =0 and f(—x) = —f(x) forall x € X, we get A%x =
AY = 0 and the function f is even. Thus, we have

APx=A"x=APx=ABx=A""x =A%
=ATx=Ax=Ax=A"x=0.
It follows that
fx) =A%+ ABx L A0y 4 ANy
+AZx+ A%+ A8x + A% + A% + A%
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Utilizing (3.23) and A" (rx) = r"A"(x) whenever x € X and
r € Q, we obtain
220(A%0x + ABx 4 A+ Ay
+AZx + A0 + A3 +A6x+A4x+A2x)
20420, | HI8 418, | 516416,
LAl 4 12412, 4 510410,
+28A8x 4+ 2045 + 2%A%x +224%x
for all x € X and r € Q. It follows that

ABx A+ AMx + AP x4+ A1
+ A8+ ACx + A%+ A% = 0.
for all x € X. Hence f(x) = A?x. Conversely, assume that
f(x) = A%x for all x € X. where A%x is the diagonal of the
20-additive symmetric mapA2° : X?° — ¥ form
AP (x+y) =A%+ A%y + 2041 (x,y) + 1904182 (x, y)
+ 11404173 (x,y) + 4845404 (x, y)
+ 15504415 (x,y) + 38760445 (x, y)
+77520A137 (x,y) + 1259704123 (x, y)
+ 1679604 (x,y) + 1847564010 (x, y)
+167960A% 1 (x,y) 4+ 125970A% 12 (x,y)
+77520A713 (x,y) 4 387604514 (x, y)
+ 155044513 (x,y) 4+ 4845A%10 (x, y)
+ 11404317 (x,y) + 1904718 (x,y)2041 19 (x, y),

and

A2O(rx) — r20A20x7A19‘1(x7 ry) — rA19'1(x,y),

A2 ( ry) = PA2 (1 ),

A]7‘3(x, ry) _ r3A]7'3(x7y),Al6‘4(x ry) _ 4A]6'4(x,y)7
A5 (x ry) = PA1S (x, y),

A6 (x ry) = P40 (x,y), A1 (x,ry) = FTA1 (x, ),
A8 (¢ py) = SAI28(x ),

A0 (x,ry) = PAM (x,y), 41010 (x, py) = F1OA1010 (5 1)
A9 (x, ry) = 1A% (x, ),

AS2 () = 124812 (5 3} AT, py) = P47 B (1, ),
A6']4(X, ry) _ }’]4A6']4()C,y)7

A5 ry) = P15 A5 (x, ), A% 16 (x, ry) = F10A% 16 (1, ),
A (x ry) = FTA (x,y),

A28 (¢ py) = P184208(x )

AV (x ry) = 94119 (x, ).



Fixed points and stability of Icosic functional equation in quasi-3-normed spaces — 266/275

4. Stability of icosic functional equation

Throughout this section, we will assume that X is a linear
space and Y is a (3, p)- Banach space with (8, p)- norm
I|.]ly - Let K be the modulus of concavity of ||.|y .

We will establish the following stability for the icosic
functional equation in quasi-f-normed spaces. For a given
mapping f : X — Y, we define the difference operator

Df(x,y) = f(x+10y) —20f(x+9y) + 190 f (x + 8y)

— 1140 (x + 7y) + 4845 f (x + 6y) — 15504 f (x + 5y)
38760 (x +4y) — 77520 (x + 3y) + 125970 £(x+2y)
— 167960 f(x+) + 184756 f(x) — 167960 f(x —y)
125970 (x — 2y) — 77520 f(x— 3y) + 38760 f(x —4y)
— 15504 f(x—5y)+4845 f(x—6y) — 1140 f(x—7y)

+190f(x —8y) = 20 (x — 9y) + f(x — 10y) — 201 ().
(@.1)

Theorem 4.1. Leti € —1,1 be fixed and ¢ : X x X — [Q,oo)
be a function such that there exists an L < 1 with ®(2'x,2'y) <
1048576'P L& (x,y) for all x,y € X. Let f : X — Y be the map-

ping satisfying

HDf<x>y)||Y S ¢(xvy) any X (42)

Then there exists a unique icosic mapping N : X — Y such
that

1
< -
Iy < 10485768 |1 — Li|

Hf(x>_N(x) (PN(X,)’) Vx,yeX,

4.3)
where

o (x) = 92378[K? ¢(0,x) + K> 6.90368948 x 1014
¢(0,0) +K*5.17776711 x 10~ 4(¢ (x, x)
x,—x)) + K> 3.186318222 x 10~ (¢ (2x, 2x)
2x, —2x)) 4+ K® 1.593159111 x 10~ (¢ (3x, 3x)
3x,—3x)) + K7 6.372636443 x 1071 (¢ (4x, 4x)
4x, —4x)) + KB 1.991448888 x 10~ 15(¢(5x, 5x)
5x,—5x)) +K° 4.68576109 x 10~ '°(¢ (6x, 6x)
+ ¢ (6x,—6x)) + K0 7.809603484 x 10~ 7 (¢ (7x, 7x)

—~

(
(
+o(
+¢(
+6(
(

—~
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+ 0 (7x,—7x)) + K"'! 8.22063524 x 1013 (¢ (8x, 8x)
+ 0 (8x,—8x)) +K'? 4.110317623 x 10~ '°(¢9 (9x, 9x)
+ ¢(9x, —9x))] + 83980 [K> ¢ (x,x) + K* 5.17776711
x 10749 (0,0) + K3 3.186318222 x 10~ (¢ (x, x) + ¢ (x, —x))
+K®1.593159111 x 1074 (¢(2x,2x) 4 ¢ (2x, —2x))
+ K7 6.372636443 x 10~ (¢ (3x, 3x)
+ ¢ (3x,—3x)) + K3 1.991448888 x 101 (¢ (4x, 4x)

+ ¢ (4x, —4x)) + K° 4.68576109 x 10~ '°(¢(5x, 5x)

+ ¢ (5x,—5x)) + K0 7.809603484 x 10~ 17 (¢ (6, 6x)

+ ¢ (6x, —6x)) + K1 8.22063524 x 107 8(¢(7x,7x)
+0(7x,—7x)) +K'? 4.110317623 x 10~'°(¢9(8x, 8x)
+ ¢ (8x,—8x))] + 62985 [K* ¢ (2x,x)
+ K5 3.186318222 x 10~ 4¢(0,0)
+K®1.593159111 x 10~ (¢ (x,x) + ¢ (x, —x))
+ K7 6.372636443 x 1073 (¢(2x,2x) 4 ¢ (2x, —2x))
+ K8 1.991448888 x 10~ 3 (¢(3x,3x) + ¢ (3x, —3x))
+K° 4.68576109 x 1071%(¢ (4x,4x) + ¢ (4x, —4x))
+ K107.809603484 x 1077 (¢(5x,5x) + ¢ (5x, —5x))
+ K" 8.22063524 x 107 '8(¢ (6, 6x) + ¢ (6x, —6x))
+K'2 4110317623 x 10~ (¢(7x,7x) + ¢ (7x, —7x))]
438760 [K° ¢ (3x,x) + K® 1.593159111 x 10749 (0,0)
+ K7 6.372636443 x 10~ (¢ (x,x) + ¢ (x, —x))
+ K8 1.991448888 x 10~ 13 (¢ (2x, 2x) + ¢ (2x, —2x))
+K° 4.68576109 x 107 16(¢ (3x,3x) 4 ¢ (3x, —3x))
+K'07.809603484 x 1077 (¢ (4x,4x) + ¢ (4x, —4x))
+ K" 8.22063524 x 1078 (¢ (5x, 5x) + ¢ (5x, —5x))
+ K" 4110317623 x 10~1(¢(6x, 6x) + ¢ (6x, —6x))]
+19380[K® ¢ (4x,x) + K7 6.372636443 x 10~ 5¢(0,0)
+ K% 1.991448888 x 10 13(¢ (x,x) + ¢ (x, —x))
+K° 4.68576109 x 107 16(¢ (2x,2x) 4 ¢ (2x, —2x))
+ K10 7.809603484 x 1077 (¢(3x,3x) 4 ¢ (3x, —3x))
+ K1 8.22063524 x 10713 (¢ (4, 4x) + ¢ (4x, —4x))
+K'%4.110317623 x 10~ (¢(5x, 5x) + ¢ (5x, —5x))]
+7752 [K” ¢ (5x,x) + KB 1.991448888 x 10~19¢(0,0)
+K° 4.68576109 x 1071%(¢ (x,x) + ¢ (x, —x))
+ K'97.809603484 x 10717 (¢ (2x, 2x) + ¢ (2x, —2x))
+ K1 8.22063524 x 1078 (¢ (3x,3x) + ¢ (3x, —3x))
+K'24.110317623 x 10~ 1(¢(4x, 4x) + ¢ (4x, —4x)))

1
5 4845 [K® ¢ (6x,x) + K° 4.68576109 x 10~'°¢(0,0)
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+K'97.809603484 x 10717 (¢ (x,x) + ¢ (x, —x)) Replacing (x,y) in (x,—x) in (4.2), we obtain that

+ K" 8.22063524 x 10718 (¢(2x,2x) + ¢ (2x, —2x)) 1/(—9x) — 20(—8x) + 190£(—7x) — 1140£(6x)

+K'24.110317623 x 107" (9 (3x,3x) + ¢ (3x,—3x))] + 4845 F(—5x) — 15504 f(—4x) + 38760 £ (—3x)
+1140 [K® ¢(7x,x) +K'© 7.809603484 x 10717 ¢(0,0) — 77520 (—2x) + 125970 f(—x)
+ K" 8.22063524 x 107 8(¢ (x,x) + ¢ (x,—x)) — 167960 £(0) + 184756 f (x)
+K'2 4110317623 x 10 °(9 (2x,2x) + ¢ (2x, —2x))] — 167960 (2x) + 125970 (3x)
1190 [K'3 ¢(8x,x) + K'* 8.22063524 x 10~ '86(0,0) — 775201 (4x) + 387601 (5x)
K 4110317623 x 1071 (x,x) + ¢ (x, —))] - Sig“fé@ +1‘9‘§45§(7x)
420 [K'0 ¢(9x,x) + K17 4.110317623 x 10~ ¢ (0,0)]] — 1140£(8x) +190£ (9%)
. —20£(10x) + f(11x) = 20! f(x)|| < @ (x, —x) (4.7)

+K!' q;(lo;c,x)JrK7 ¢(0,2x)

+ K13 7.594058428 x 10~ 4¢(0,0)
K 6.90368948 x 107 14(¢ (2x, 2x) + ¢ (2x, —2x)) £+ £ =lly ,

L KI5 517776711 x 107 14( (4x, 4x) + ¢ (4x, —4x)) < (4110317623 x 1077)7 (9(x,2) + ¢ (x,—x))

From equation (4.6) and (4.7), we get

(4.8)
+ K'03.186318222 x 10~ 4(¢(6x, 6x) + ¢ (6x, —6x))

£ K17 1.593159111 x 10714 (¢(8x, 8x) + ¢ (8x, —8x)) Replacing (x,y) with (0,2x) in (4.2), one obtains

+K'8 6.372636443 x 10715 (¢ (10x, 10x) [| £(20x) —20£(18x) + 190 (16x) — 1140 £ (14x)

+ ¢ (10x, —10x)) + K 1.991448888 14845 £(12x) — 15504 (10x)

x 10715 (9 (12x,12x) + ¢ (12x, —12x)) + 387601 (8x) — 77520 (6x) + 125970 (4x)

+ K 4.68576109 x 10~'6(9 (14x, 14x) — 167960 (2x) — 167960 (~2x)

+ 125970 f(—4x) — 77520 £ (—6x) + 38760 f (—8x)
— 15504 £ (—10x) + 4845 f(—12x)
— 1140 £(—14x) + 190f(—16x) —20f(—18x)

+ ¢ (14x, —14x)) + K>' 7.809603484
x 10717 (¢ (16x,16x) + ¢ (16x, —16x))

+ K*% 8.22063524 x 10~ '8(¢(18x, 18x)
+ ¢(18x,—18x)) + K2 4.110317623 +f(=200) = 20! f(20)[| < 5 6(0,2%) 4.9)

x 107"%(9(20x,20x) + ¢ (20x, —20x)) (44)  Therefore, from (4.7), (4.8) and (4.9), we have

I1£(20x) — 20 (18x) + 190 £(16x) — 1140 £ (14x)
14845 £(12x) — 15504.£(10x) + 38760 (8x)

— 77520 (6x) + 125970 f (4x) — 1216451004 x 10'8 f£(2x)]|
£y

< (4110317623 x 10)? $(0,0). (4.5) < % $(0,2x) + K 7.594058428 x 10~ '49(0,0)
+ K3 6.90368948 x 104 (¢ (2x,2x)
+0(2x,—2x)) + K* 5.17776711 x 10714 (¢ (4x, 4x)
+ ¢ (4x, —4x)) + K> 3.186318222 x 10~ (¢ (6x, 6x)
+ ¢ (6x,—6x)) +K® 1.593159111 x 10~ (¢ (8x, 8x)
+ 0 (8x,—8x)) + K’ 6.372636443 x 1073 (¢(10x, 10x)
— 167960 (2x) + 184756 f(x) +¢(10x,—10x)) + K® 1.991448888 x 1015 (¢ (12x, 12x)
—167960£(0) + 125970 (—x) +¢(12x, —12x)) + K° 4.68576109 x 10~ (¢ (14x, 14x)
— 77520 (—2x) 4 38760 f(—3x) + ¢ (14x,—14x)) + K'° 7.809603484 x 10~'7 (¢ (16x, 16x)
+9(
+¢(

)
)+
— 15504 f(—4x) +4845f(—5x) 16x, —16x)) + K" 8.22063524 x 10~'3(¢(18x, 18x)
— 1140 (—6x) + 190 (—7x) 18x,—18x)) + K'2 4.110317623 x 10"

—20f(=8x) + f(—9x) = 20! f(x)[| < ¢(x,x)  (4.6) (6(20x,20x) + ¢ (20x, —20x)) (4.10)
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Proof. Replacing x =0, y=01in (4.2), we get

Replacing (x,y) with (x,x) in (4.2), we get
|| £ (11x) — 20 (10x) + 190£(9x) — 1140 f(8x)

14845 f(7x) — 15504 £(6x)
+38760£(5x) — 77520 f (4x) + 125970 £ (3x)

)
)
)
)
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Replacing (x,y) with (10x,x) in (4.2), we obtains

[|£(20x) —20£(19x) + 190 £(18x) — 1140 (17x)
44845 f(16x) — 15504 £ (15x) + 38760 f (14x)
—77520£(13x) + 125970 (12x) — 167960 £ (11x)
+ 184756 £(10x) — 167960 (9x) + 125970 f (8x)
— 77520 (7x) 438760 f(6x) — 15504 (5x)
+ 4845 f (4x) — 1140 £(3x) + 190 £ (2x)
—2.432902008 x 10'8 f(x)|| < ¢(10x,x)

From (4.10) and (4.11), we arrive at

@11

1120£(19x) — 210£(18x) + 1140£(17x) — 4655 f(16x)
+15504£(15x) — 39900 £ (14x) + 77520 £ (13x)

— 121125 £(12x) + 167960 £ (1 1x) — 200260 £(10x)
+ 167960 (9x) — 87210 (8x) + 77520 £ (7x)

— 116280 (6x) + 15504 £(5x) — 121125 f (4x)

+ 1140£(3x) — 1.216451004 x 10" £ (2x)
+2.432902008 x 10'8 £(x)|| < K ¢(10x,x)

K2
+5 0(0,2%) + K3 7.594058428 x 10~ 4¢(0,0)

+ K* 6.90368948 x 101 (¢ (2x,2x) + ¢ (2x, —2x))
+ K3 5.17776711 x 10~ (¢ (4x,4x) + ¢ (4x, —4x))
+ K® 3.186318222 x 10714 (¢ (6x, 6x) + ¢ (6x, —6x
+K71.593159111 x 10~ (¢ (8x,8x) + ¢ (8x, —8x
+ K® 6.372636443 x 107 15(¢(10x, 10x)
+¢(10x,—10x)) + K° 1.991448888

x 10715 (¢ (12x,12x) + ¢ (12x, —12x))
+ K10 4.68576109 x 1071°(¢(14x, 14x)
+ ¢ (14x, —14x)) + K'! 7.809603484

x 10717 (¢ (16x,16x) + ¢ (16x, —16x))
+ K2 8.22063524 x 10~ '8(¢(18x, 18x)
+ ¢ (18x,—18x)) + K 4.110317623

x 10712 (¢ (20x,20x) + ¢ (20x, —20x))

)

)
)

4.12)
Replacing (x,y) with (9x,x) in (4.2), we obtains

[20£(19x) — 400 (18x) + 3800 (17x) — 22800 (16x)
496900 (15x) — 310080 (14x) +775200£(13x)

— 1550400 (12x) 42519400 (11x) — 3359200/ (10x)
+3695120(9x) — 3359200 (8x) + 2519400 (7x)

— 1550400 (6x) + 775200 (5x) — 310080 f (4x)
496900 (3x) — 22800 (2x)
+4.865804016 x 10Y £ (x)|

< 20 [K ¢(9x,x) + K> 4.110317623
x1071%¢(0,0)] (4.13)
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From (4.12) and (4.13), we assumed that

1190 £(18x) — 2660 (17x) + 18145 f(16x)

— 81396 f(15x) +270180f(14x) — 697680 (13x)

+ 1429275 (12x) — 2351440 £ (11x) 43158940 (10x)
— 3527160 (9x) + 32711990 (8x) — 2441880 (7x)

+ 1434120 (6x) — 759696 f (5x) + 431205 f (4x)
—95160f(3x) — 1.216451004 x 10'® f(2x)
+5.109094217 x 10" £ (x) |

<20 [K? ¢(9x,x) + K> 4.110317623

x 107¢/(0,0)] + K? ¢(10x,x)

K3
+=59(0,2%) + K* 7.594058428

x 107149 (0,0) + K> 6.90368948 x 10~ (¢ (2x,2x)

+ 0(2x,—2x)) + K® 5.17776711 x 1014 (¢ (4x, 4x)

4x, —4x)) + K7 3.186318222 x 10~ (¢ (6x, 6x)
6x,—6x)) + K® 1.593159111 x 10~ '*(¢ (8x, 8x)
8x,—8x)) + K’ 6.372636443 x 1073 (¢(10x, 10x)
10x, —10x)) 4+ K'© 1.991448888 x 10713 (¢(12x, 12x)
¢ (12x, —12x)) + K'! 4.68576109 x 10~'°(¢(14x, 14x)
14x, —14x)) 4+ K'2 7.809603484 x 107 (¢ (16x, 16x)
+ ¢ (16x,—16x)) + K'? 8.22063524

x 1078 (¢ (18x,18x) + ¢ (18x, —18x))
+K'4.110317623 x 10~'2(¢(20x, 20x)

+9(
+9(
+9(
+9(
+9(
+9(

+ ¢(20x, —20x)) (4.14)
Replacing (x,y) with (8x,x) in (4.2), one obtains

1190 (18x) — 3800 (17x) + 36100 £(16x)

—216600£(15x) + 920550 £ (14x) — 2945760 f(13x)

+7364400£(12x) — 1472880 £(11x) + 23934300 £(10x)
— 31912400 (9x) + 35103640 (8x) — 31912400 (7x)
123934300 (6x) — 1472880 f(5x) + 7364400 (4x)

— 2945760 (3x) + 920740 (2x) — 4.622513816 x 10%° f(x)||

< 190 [K ¢(8x,x) 4+ K? 8.22063524 x 10~ '3¢(0,0)

+K34.110317623 x 10~ 2(¢ (x,x) + ¢ (x, —x))
(4.15)

From (4.14) and (4.15), we get

1140 £(17x) — 17955 £(16x) + 135204 £(15x)

— 650370 (14x) +2248080£(13x) — 207753360 £ (12x)
+ 12377360 £(11x) — 20761406 f(10x) + 28385240 £ (9x)
— 31831650 (8x) + 2947520 £ (7x) — 22500180 £ (6x)

+ 13969104 f(5x) — 6933195 f(4x) + 2850000 f(3x)
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—1.216451004 x 10" £(2x) +5.133423238 x 102 f(x)||
< 190 [K? ¢(8x,x) + K> 8.22063524 x 10~ 8¢ (0,0)
+K*4.110317623 x 1072 (¢ (x,x) + ¢ (x, —x))]

+20 [K? ¢(9x,x) +K* 4.110317623 x 10~2¢(0,0)]

K4
K 9(105,5) + = 6(0,26) +K° 7.594058428

x 107149 (0,0) + K% 6.90368948 x 10~ (¢ (2x,2x)
+¢(2x, —2x)) + K7 5.17776711 x 10~ (¢ (4x, 4x)

+ ¢ (4x,—4x)) + K® 3.186318222 x 10~ (¢ (6x, 6x)
+¢(6x,—6x)) +K° 1.593159111 x 10~ 4(¢(8x, 8x)

+ ¢ (8x,—8x)) + K0 6.372636443 x 1073 (9 (10x, 10x)

— 41337540 f (3x) — 1.216451004 x 10'8 £ (2x)
+3.286850613 x 10%' f(x)||

< 1140 [K? ¢(7x,x) + K> 7.809603484
x1077¢(0,0) + K* 8.22063524 x 10~ 18(¢(x, x)
+(x,—x)) + K> 4.110317623 x 10~ (¢ (2x, 2x)
+ ¢ (2x,—2x))] +190 [K> ¢ (8x,x)

+ K* 8.22063524 x 107 18¢(0,0)

+ K5 4.110317623 x 107" (¢ (x, x)

+¢(x,—x))] +20 [K* ¢(9x,x)

+ K5 4.110317623 x 10~ 2¢(0,0)] + '(x).

+¢(10x,—10x)) + K'! 1.991448888 Where,

x 1075 (¢ (12x,12x) + ¢ (12x, —12x)) + K'? 4.68576109
x 10715(¢ (14x, 14x) 4 ¢ (14x, —14x))

+ K" 7.809603484 x 10717 (¢ (16x, 16x)

+ ¢ (16x,—16x)) + K'* 8.22063524 x 10~'®
(¢(18x,18x) + ¢ (18x, —18x)) + K> 4.110317623

x 10712 (¢ (20x,20x) + ¢ (20x, —20x)) (4.16)

Replcing (x,y) with (7x,x) in (4.2), we get

[[1140£(17x) — 22800 (16x) + 216600 f(15x)

— 1299600 (14x) 4 5523300£(13x)

— 17674560 f (12x) + 44186400 £ (11x)

— 883728001 (10x) + 143605800 (9x)

— 191474400 (8x) + 2201621840 f(7x)

— 191474400 (6x) + 143605800 (5x)

— 883728001 (4x) 4 441875401 (3x)

— 17697360 f (2x) — 2.773508289 x 10%' f(x)||
< 1140 [K ¢(7x,x) + K* 7.809603484

x 10717¢/(0,0) + K> 8.22063524

x 10718 (9 (x,x) + ¢ (x, —x))

+K* 4.110317623 x 107" (¢ (2x,2x) + ¢ (2x, —2x))]
(4.17)

From (4.16) and (4.17), we get

4845 £(16x) — 81396 (15x) + 649230 £ (14x)
— 3275220 (13x) + 11739435 £(12x)

— 31809040 £(11x) — 67597440 £ (10x)

— 115220560 (9x) + 159642750 £ (8x)

— 181151320 £(7x) + 168974220 (6x)

— 129636696 f(5x) + 81439605 f (4x)
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I(x)=kK*

5
% ¢(0,2x)
+ K% 7.594058428 x 10~ 49 (0,0)
+K76.90368948 x 1074 (¢ (2x,2x)
+0(2x,—2x)) + K 5.17776711 x 10~ 14(¢ (4x, 4x)
+ ¢ (4x, —4x)) + K° 3.186318222 x 10~ (¢ (6x, 6x)
+ ¢ (6x,—6x)) +K'° 1.593159111 x 10~ #(¢(8x, 8x)
+ ¢ (8x, —8x)) + K 6.372636443 x 107" (¢(10x, 10x)
+¢(10x,—10x)) +K'2 1.991448888 x 1013 (¢ (12x, 12x)
+ 0 (12x, —12x)) + K2 4.68576109 x 10~ 10(¢ (14x, 14x)
+ ¢ (14x, —14x)) + K'* 7.809603484 x 10~ 17 (¢ (16, 16x)
+9( )
+9( )

¢ (10x,x) +

¢(16x, —16x)) + K" 8.22063524 x 10713 (¢ (18x, 18x)
18x,—18x)) + K'© 4.110317623 x 10~
(¢(20x,20x) + ¢ (20x, —20x)) (4.18)

Replcing (x,y) with (6x,x) in (4.2), we get

4845 £ (16x) — 96900 £ (15x) + 920550 £ (14x)
— 5523300 (13x) + 23474025 f(12x)
— 75116880 (11x) + 187792200 (10x)
— 375584400 (9x) + 610324650 £ (8x)
— 813766200 (7x) + 895142820 (6x)
— 813766200 (5x) + 610329495 f (4x)
— 375681300 (3x) + 188712750 (2x)
—1.178741023 x 10%* f(x)||

< 4845 [K ¢(6x,x) + K2 4.68576109
x 10719 (0,0) + K> 7.809603484

x 10717 (¢ (x,x) + ¢ (x, —x))
+ K* 8.22063524 x 10~ 8(¢ (2x,2x)

+ ¢ (3x, —3x)) (4.19)
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From (4.18) and (4.19), we get

17752.(15x) — 135660 £ (14x) + 1124040 £(13x)
— 5867295 £(12x) + 21653920 £(11x)

— 60097380, (10x) -+ 130181920 £(9x)

— 225340950 (8x) -+ 316307440 (7x)

— 363084300 (6x) + 342064752.f(5x)

— 264444945 f(4x) + 167171880 (3x)

—6.08225502 x 10'7 f(2x)

—7.53713042 x 10! £ (x)]|

< % {4845[K? ¢ (6x,x)

+ K3 4.68576109 x 107 19¢(0,0)

+K* 7.809603484 x 10~17 (¢ (x, x)

+ ¢ (x, —x)) + K> 8.22063524 x 1013 (¢ (2x,2x)

+ ¢(2x,—2x)) + K® 4.110317623 x 10~ (¢(3x, 3x)

+ 0 (3x,—3x))] 4+ 1140 [K* ¢ (7x,x)

+K* 7.809603484 x 10~17¢(0,0)

+ K° 8.22063524 x 107 18(¢ (x,x)

+ ¢ (x,—x)) + K® 4.110317623 x 10~ (¢ (2x, 2x)

+¢(2x,—2x))] + 190 [K” ¢ (8x,x)

+ K8 8.22063524 x 10 18¢(0,0)

+K° 4.110317623 x 10 (¢ (x,x)

+6(x,—x))] +20 [K'° ¢ (9x,x)

+ K" 4110317623 x 107 ¢(0,0)] + KT'(x)}
Replcing (x,y) with (5x,x) in (4.2), we get

17752.£(15x) — 155040 (14x) + 1472880 f(13x)
— 8837280 £(12x) + 37558440 £(11x)

— 120187008 f(10x) -+ 300467520 £ (9x)

— 600935040 £ (8x) + 976519440 £ (7x)

— 1302025920 (6x) + 1432236264 £ (5x)

— 1302180960 (4x) + 977992320 (3x)

— 609772320 f(2x) + 1.885985637 x 107 (x)||

< 7752 [K ¢(5x,x) + K* 1.99148888

x 107 15¢.(0,0) + K> 4.68576109 x 10~ '°(¢(x,x)

+ 0 (x, —x)) + K* 7.809603484 x 10717 (¢ (2x, 2x)

+ ¢ (2x, —2x)) + K> 8.22063524 x 10~ '8(¢(3x, 3x)

+ ¢ (3x,—3x)) + K% 4.110317623 x 10~

(¢ (4x,4x) + ¢ (4x, —4x))] (4.20)
From (4.19) and (4.20), one obtains

1119380 £ (14x) — 348840 f(13x) + 2969985 f(12x)
— 15904520 £(11x) + 60089628 f(10x)
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— 170285600 £ (9x) + 375594090 f (8x)
— 660212000 (7x) + 938941620 f(6x)
— 1090171512 f(5x) + 10377360 f(4x)

— 810820440 f(3x) +6.08225014 x 10'7 f(2x)
—2.639698679 x 102 f(x)|| < 8(x) (4.21)

where,

8(x) = 7752 [K? ¢ (5x,x)
+ K> 1.99148888 x 10~13¢(0,0)
+K* 4.68576109 x 107 '6(¢(x, x)
+ ¢ (x, —x)) + K> 7.809603484
x 10717 (¢ (2x,2x) + ¢ (2x, —2x))
+ K© 8.22063524 x 10~ '8(¢(3x,3x)
+¢(3x,—3x)) + K’ 4.110317623
x 1071 (¢ (4x,4x) + ¢ (4x, —4x))]
+% {4845[K> ¢ (6x,x)
+K* 4.68576109 x 10~ 9¢(0,0)
+ K° 7.809603484 x 10717 (¢ (x, x)
+ 0 (x,—x)) +K® 8.22063524 x 10~ '8(¢ (2x, 2x)
+¢(2x,—2x)) + K’ 4.110317623
x 107" (¢ (3x,3x) + ¢ (3x, —3x))]
+ 1140 [K* ¢ (7x,x) + K> 7.809603484
x 10717¢(0,0) + K° 8.22063524 x 10~ 8(¢ (x,x)
+¢(x,—x))+ K’ 4.110317623
x 107" (¢ (2x,2x) + ¢ (2x, —2x))]
+ 190 [K® ¢(8x,x) + K’ 8.22063524
x 107"8¢(0,0) + K'° 4.110317623
x 107" (9 (x, ) + ¢ (x, —x))]
+20 [K' ¢(9x,x) + K2 4.110317623
x 1079¢(0,0)] + K*T'(x)}

Replacing (x,y) by (4x,x) in (4.2), we get

119380£(14x) — 387600 (13x) 4 3682200 (12x)
— 22093200 (11x) 493896100 (10x)
— 300467520 (9x) + 75116880 (8x)
— 1502337600 f (7x) + 2441317980 f (6x)
— 3255452400 £ (5x) + 35842534 f(4x)
— 3277158000 f(3x) +2535194700 f(2x)
—4.714964092 x 10%* f(x)||
< 19380 [K ¢ (4x,x) + K2 6.376236443
x 10712¢(0,0) + K> 1.99148888

x 1075 (¢ (x,x) + ¢ (x, —x))
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+K* 4.68576109 x 10 '%(¢ (2x, 2x)

+ ¢ (2x,—2x)) + K> 7.809603484 x 10~ (¢ (3x,3x)
+ ¢ (3x,—3x)) + K® 8.22063524 x 10718

(¢ (4x,4x) + ¢ (4x, —4x)) + K7 4.110317623

x 10712 (¢ (5x,5x) + ¢ (5x, —5x))] (4.22)

From (4.21) and (4.22), we obtains that

1138760 £(13x) — 712215 £(12x) + 6188680 £(11x)
— 338064 (10x) + 130181920 (9x)

— 375574710 (8x) + 842125600 (7x)

— 1502376360 (6x) + 2165280888 f (5x)

— 2546517465 f (4x) + 2466337560 (3x)

—6.08225502 x 10'7 f(2x)
—17.53713042 x 10*! f(x) ||
< p(x).

p(x) = 19380[K? ¢ (4x,x)
+ K3 6.376236443 x 10729 (0,0)
+K*1.99148888 x 10~ 15(¢ (x,x)
+ 0 (x,—x)) + K> 4.68576109
x 10710 (¢ (2x,2x) + ¢ (2x, —2x))
+ K 7.809603484 x 10~ 17 (¢ (3x, 3x)
+ ¢ (3x,—3x)) + K’ 8.22063524 x 10718
(0 (4x,4x) + ¢ (4x, —4x)) + K® 4.110317623
x 10719 (5x, 5x) + ¢ (5x, —5x))] (4.23)

Replcing (x,y) with (3x,x) in (4.2), we gets

1138760 (13x) — 775200£(12x) + 7364400 £ (11x)
— 44186400 £(10x) + 187792200 (9x)

— 600935040 (8x) -+ 1502376360 (7x)

— 3005450400 (6x) + 4889961600 (5x)

— 655316000 (4x) -+ 7348934760 f (3x)

— 7111064640 f (2x) — 9.429928184 x 10** £ (x)|
< 38760 [K ¢ (3x,x) + K> 1.593159111

x 10749 (0,0) + K> 6.376236443

x 1073(9 (x,0) + ¢ (x, —x))

+K* 1.99148888 x 10~ 15(¢(2x,2x)

+ 0 (2x,—2x)) + K> 4.68576109 x 10~ 16(¢(3x, 3x)
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+ 0(3x,—3x)) + K® 7.809603484 x 1017 (¢ (4x, 4x)
+ ¢ (4x,—4x)) + K’ 8.22063524

x 10718 (¢ (5x, 5x) + ¢ (5x, —5x))

+ K% 4.110317623 x 10~1(¢(6x, 6x)

+ ¢ (6x,—6x))] (4.24)

From (4.23) and (4.24), one can get

1162985 f(12x) — 1175720£(11x) + 10379928 £(10x)
— 57610280 (9x) + 225360330/ (8x)

— 660250760 (7x) + 1503074040 (6x)

— 2724680 (5x) + 4007798535 f (4x)

— 882597200 f(3x) —6.08225502 x 107 f(2x)
— 1.678459096 x 10% f(x)||

< 38760 [K?* ¢ (3x,x)
+ K3 1.593159111 x 10749 (0,0)
+K* 6.376236443 x 1075 (¢(x,x)
+0(x,—x)) + K> 1.99148888 x 10~ '%(¢(2x, 2x)
+ ¢ (2x,—2x)) + K® 4.68576109 x 1071%(¢ (3x,3x)
+0(3x,—3x)) + K’ 7.809603484

x 10717 (¢ (4x,4x) + ¢ (4x, —4x))
+ K8 8.22063524 x 10~ 8(¢ (5x, 5x)
+¢(5x,—5x)) + K° 4.110317623

x 10712 (¢ (6x, 6x)

+ 0 (6x,—6x))] + K> p(x). (4.25)

Replcing (x,y) with (2x,x) in (4.2), we gets

162985 £(12x) — 1259700£(11x) + 11967150 £(10x)
— 71802900 (9x) + 305225310 (8x)

— 9777779140 (7x) + 2453265750 f (6x)

— 4954400100 (5x) + 8239382775 f (4x)

—1.155548004 x 10'° £(3x)
+1.407815526 x 10'° £(2x) — 1.53236333 x 10%* f(x)]|
< 62985 [K ¢(2x,x)

+ K% 3.186318222 x 10~ 4¢(0,0)

+ K3 1.593159111 x 10714 (¢ (x, x)

+0(x,—x)) +K* 6.376236443 x 10~ (¢ (2x, 2x)
+ ¢ (2x, —2x)) + K> 1.99148888
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x 10715(¢(3x,3x) + ¢ (3x, —3x))

+ K® 4.68576109 x 10710 (¢ (4x, 4x)

+ ¢ (4x, —4x)) + K7 7.809603484 x 1017 (¢ (5x, 5x)
+ ¢ (5x, —5x)) + K® 8.22063524

x 1078 (¢ (6x, 6x) + ¢ (6x, —6x))
+K°4.110317623 x 10"

(¢(7x,7x) + ¢ (7x,—7x))] (4.26)

From (4.25) and (4.26), we get

(183980f(11x) — 1587222,(10x) + 14192620 (9x)
— 79864980 f(8x) + 317528380 (7x)
—950191710(6x) + 2229719388 f(5x)

— 4231584240 f (4x) + 6672882840 f (3x)
—6.082255109 x 10'7 f(2x)

+3.210822426 x 107 £ (x)|

< o(x)

where,

o(x) = 62985 [K? ¢ (2x,x)
+K33.18631822 x 107 1¢/(0,0)
+K*1.593159111(¢ (x,x) + ¢ (x, —x))
+ K5 6.376236443 x 10712 (¢(2x, 2x)
+¢(2x, —2x)) + K° 1.99148888
x 1073 (¢(3x,3x) + ¢ (3x, —3x))

+ K7 4.68576109 x 10~ 16(¢ (4x,4x)
+ ¢ (4x, —4x)) + K® 7.809603484

x 10717 (5x,5x) 4 ¢ (5x, —5x))
+K° 8.22063524 x 1073 (¢ (6x, 6x)
+ ¢ (6x,—6x)) +K'° 4.110317623

x 10712(¢ (7x,7x) + ¢ (7x, —7x))]
438760 [K> ¢ (3x,x) + K* 1.593159111
x 10714¢(0,0) + K° 6.376236443

X 107 (9 (x,x) + ¢ (x, —x))
+K%1.99148888 x 1015 (¢ (2x,2x)
+¢(2x,—2x)) + K’ 4.68576109

x 10718(¢ (3x,3x) + ¢ (3x, —3x))

+ K3 7.809603484 x 10717 (¢ (4x, 4x)
+ ¢ (4x, —4x)) + K° 8.22063524

x 10718 (¢ (5x,5x) + ¢ (5x, —5x))
+K'94.110317623 x 10~ (¢ (6x, 6x)

+ ¢ (6x,—6x))] +K* p(x) 4.27)
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Replacing (x,y) with (x,x) in (4.2), we get

1183980,£(11x) — 1679600£(10x) + 16040180 £ (9x)
— 97416800 (8x) + 422839300 (7x)
— 1397763120 (6x) + 3661947900 f (5x)

— 781215520 £ (4x) + 1.38340254 x 10'°£(3x)
—2.06154104 x 10'°(2x) —2.043151106 x 107 £ (x) ||
< 83980[K ¢ (x,x)+ K> 5.17776711

x 107%¢(0,0) + K> 3.186318222

X 10714(9 (x,x) + ¢ (x, —x))
+K*1.593159111 x 10714 (¢(2x, 2x)

+¢(2x, —2x)) + K° 6.376236443

x 1073 (¢(3x,3x) + ¢ (3x, —3x))
+K®1.99148888 x 1071 (¢ (4x, 4x)

+ ¢ (4x, —4x)) + K 4.68576109

x 1071°(¢ (5x, 5x) + ¢ (5x, —5x))

+ K8 7.809603484 x 10~ 17 (¢ (6x, 6x)

+ ¢ (6x,—6x)) + K° 8.22063524

(6(7x,7x) + ¢ (7x, —7x)) + K'* 4.110317623

x 1071(¢(8x,8x) + ¢ (8x, —8x))] (4.28)

From (4.27) and (4.28), we get

192378 £(10x) — 1847560 £ (9x) + 17551820 £ (8x)
— 105310920 (7x) + 44751410 (6x)
— 1432228512 (5x) + 3580571280 f (4x)

— 716114256 f(3x) — 6.082254903 x 10'7 f(2x)
+5.253973532 x 103 f(x)||

< 83980 [K? ¢ (x,x) + K> 5.17776711
x 107149.(0,0) + K* 3.186318222

x 1074(9 (x,x) + ¢ (x, —x))
+K51.593159111 x 10~ (¢ (2x, 2x)
+¢(2x,—2x)) + K® 6.376236443

x 10713 (¢ (3x,3x) + ¢ (3x, —3x))
+K71.99148888 x 101 (¢ (4x, 4x)

+ ¢ (4x,—4x)) + K3 4.68576109

x 10710 (¢ (5x, 5x) + ¢ (5x, —5x))

+K° 7.809603484 x 10~ 17 (¢ (6x, 6x)
+¢(6x,—6x)) + K'* 8.22063524

x 10718 (¢ (7x,7x) + ¢ (7x, —7x))
+K'1'4.110317623 x 10~ (¢ (8x, 8x)
+¢(8x,—8x))]+ K o(x)
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Replacing (x,y) with (0,x) in (4.2), we get

192378 £(10x) — 1847560 £(9x) + 17551820 £(8x)
— 1053109f(7x) + 447571410 £ (6x)
— 1432228512f(5x) + 3580571280 (4x)

— 71161142560 (3x) — 1.163685666 x 10'°£(2x)
41123733108 x 10% f(x)||

< 92378 [K ¢(0,x) + K* 6.90368948
x 107%¢(0,0) + K> 5.17776711

x 10714( (x,x) + ¢ (x, —x))
+K*3.186318222 x 10~ 4(¢(2x, 2x)
+¢(2x,—2x)) + K> 1.593159111

x 10714 (¢ (3x,3x) + ¢ (3x, —3x))

+ K® 6.376236443 x 10715 (¢ (4x, 4x)
+ ¢ (4x,—4x)) + K’ 1.99148888

x 10715(¢(5x, 5x) + ¢ (5x, —5x))

+ K8 4.68576109 x 10~ 6(¢ (6x, 6x)
+ ¢ (6x,—6x)) + K° 7.809603484

x 10717 (¢ (7x,7x) + ¢ (7x, —7x))
+K108.22063524 x 10713 (¢ (8x, 8x)
+0(8x,—8x)) + K 4.110317623

x 1071(¢(9x,9x) + ¢ (9x, —9x))] (4.30)

From (4.29) and (4.30), we get

|| —6.082255019 x 10'7 f(2x)
+6.37770664 x 107 f(x) ||

< 92378 [K? ¢(0,x) + K36.90368948
x 107149(0,0) + K* 5.17776711

x 10714( (x,x) + ¢ (x, —x))

+ K5 3.186318222 x 10~ 4 (¢ (2x, 2x)
+ ¢ (2x,—2x)) + K® 1.593159111

x 10714 (¢ (3x,3x) + ¢ (3x, —3x))

+ K7 6.372636443 x 1012 (¢ (4x, 4x)
+ ¢ (4x,—4x)) + K® 1.991448888

x 10713 (¢ (5x,5x) + ¢ (5x, —5x))
+K° 4.68576109 x 10~ '%(phi(6x, 6x)
+ ¢ (6x,—6x)) + K0 7.809603484

x 10717 (¢ (7x,7x) + ¢ (7x, —7x))

+ K 8.22063524 x 10713 (¢ (8x, 8x)
+ ¢ (8x, —8x)) + K'? 4.110317623
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x 1071 (¢ (9x,9x) + ¢ (9x, —9x))]
+83980(K> ¢ (x,x) +K*5.17776711
x 107149(0,0) + K° 3.186318222

X 1074(¢ (x,) + 9 (x, —x))

= K®1.593159111 x 10~ (¢ (2x,2x)
+¢(2x,—2x)) + K7 6.372636443

x 10715 (¢ (3x,3x) + ¢ (3x, —3x))

+ K8 1.991448888 x 1012 (¢ (4x, 4x)
+ ¢ (4x, —4x)) + K° 4.68576109

x 10716(¢(5x, 5x) + ¢ (5x, —5x))

= K'97.809603484 x 10~ (¢ (6x, 6x)
+ ¢ (6x,—6x)) + K'! 8.22063524

x 107189 (7x,7x) + ¢ (7x, —7x))
+K'2 4110317623 x 1071 (¢ (8x, 8x)

+ ¢(8x,—8x))] + K? 6 (x) (4.31)

Therefore, || f(2x) — 220 £ (x)||y < ¢n(x) for all x inX. By
Lemma. 2.1, there exists a unique mapping N : X — Y such
that N(2x) = 22°N(X) and

1

< VxeX.
V< 04857681 =17 *

|1/ (x) = N(x) ¢on(x)

(4.32)

If remains to show that N is a icosic mapping. Form (4.2), we
have

Df(2"x,2™y)
1048576 |,
< 1048576 ¢ (2™, 2™y)

< 1048576 (1047576fﬁL)m¢(x, )

=L"9(x,y) (4.33)

for all x,y € X and m € N. Hence ||[DN(x,y)||y = 0 for all
x,y € X. Therefore, the mapping N : X — Y is a icosic map-
ping. O

The following corollary is an immediate consequence of
Theorem 4.1 concerning the stability of icosic functional (1.1).

Corollary 4.2. Let X be a quasi-o-normal space with quasi-
a-normal || - ||x, and let Y be a (B,p) Banach sapce with
(B, p)-norm||.||ly. Let 8, A be positive numbers with A #+ %
and let f : X — Y be a mapping satisfying

DGy <8 (IE+IDIE)  ¥ryex.
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Then there exist a unique icosic mapping N : X — Y such that

|1£(x) =N@)|ly
5. 1 208
104857861312’11’ A€ (O’ 7)
- 24% 8y, A 208 oo
1048576!3(2”17104857613)HXHX’ Ae ( o )
(4.35)

The following example shows that the assumption A #

% cannot be omitted in corollary 4.2. The example is a
modification of the well-known example of Gajda [6] for the

additive functional inequality (see also [6]).

Example 4.3. Let ¢ : R — R defined by

x207 or |x| <1
o(x) = for I (436)
1, forlx| >1
consider the function f : R — R to be defined by
fx)=Y 4p(4"x),  VxeR.
n=0
Then f satisfies the following functional inequality
IDf(x,y)]
_ (2:432902008 x 10'8)(616666)°
- 616665
<) (P +1y*)  YryeR. 4.37)
61666
Proof. 1f is easy to see that f is bounded by 61665 on R
If 20 20 0 20 20 > .
20+ 20 = 0 or 20+ Y20 >
IDf(x,y)]
_ (2432902008 x 10'3)(616666)
- 616665
_ (2432902008 x 10'%)(616666)*
- 616665
GO (W + 1) vxyeR.
N(?w, Suppose tha.lt 0 < x|+ [y < R Then there
exists a non-negative k. Such that
e <P < (4.38)
616666k+2 — 616666++1" '
1
Hence, 61666 |x|* d 61666%|y|*
?Ce M < 16666 " < 1666
an

4" (x+10y), 4"(x+9y), 4"(x+8y), 4"(x+7y), 4" (x+6y),

4" (x+5y), 4" (x+4y), 4" (x+3y), 4" (x+2y), 4" (x+y), 4" (x),
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4"(x—y), 4"(x—2y), 4"(x—3y), 4" (x—4y), 4" (x—5y),
4"(x—6y), 4" (x—"Ty), 4" (x—8y), 4" (x—9y),
4"(x—10y), 4*(y) € (—1,1)

foralln=0,1,2,....k— 1. Hence D¢ (4"(x),4"(y)) = 0 for
alln=0,1,2,...,k— 1. From the definition of f and inequality
(1.67), we obtain that

IDf(x,y)| < Y 472(2.432902008 x 10'®)

n=k
~2.432902008 x 10'8.420(1 — k)
B 616665
~ 2:432902008 x 10'8(616666°)
- 61665

() (I 4 1y%°).

Therefore, f satisfies (4.37) for all x,y € R. Now, we
claim that functional equation (2.1) is not stable for A = 20
in corollary (¢ = 8 = p=1). Suppose on the contrary that
there exists a icosic mapping N : R — R and constant ¢ € R
such that N (x) = cx?° for all rational numbers x (see [6]). So
we obtain the following inequality.

@< @+ x®  vreQ (439)
let m € N withm+1 > d + |c|. If x is a rational numbers in
(0,47™), then 4"x € (0,1) for alln =0, 1,2,...,m and for this

case we get

which contradicts inequality (4.39).
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