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1. Introduction

Fuzzy theory was initiated by Zadeh [37] in 1965. Nowa-
days, this theory is a powerful tool for modeling uncertainty
and vagueness in miscellaneous problems arising in the field
of science and engineering. The concept of intuitionistic fuzzy
normed spaces, initially has been introduced by Saadati and
Park in [32]. Then, Saadati et al. have obtained a modified
case of intuitionistic fuzzy normed spaces by improving the
separation condition and strengthening some conditions in the
definition of [34]. Intuitionistic fuzzy sets and Intuitionistic
fuzzy metric spaces are studied in [8] and [28], respectively.

The lessons of stability problems for functional equations
is connected to a question of Ulam [36] regarding the stability
of group homomorphisms and positively answered for a addi-
tive functional equation on Banach spaces by Hyers [19] and
Aoki [2]. It was advance generalized and admirable outcome
obtained by number of authors; for instance, see [17, 29, 30].
On the other hand, Cddariu and Radu noticed that a fixed
point alternative method is very important for the solution of
the Ulam problem. In other words, they employed this fixed
point method to the investigation of the Cauchy functional
equation [13] and for the quadratic functional equation [12]
(for more applications of this method, see [7] and [10]). The
generalized Hyers-Ulam stability of different functional equa-
tions in intuitionistic fuzzy normed spaces has been studied
by a number of the authors (see [3-6, 9, 11, 25-27, 35]). Over
the last seven decades, the above problem was tackled by
numerous authors and its solutions via various forms of func-
tional equations were discussed. We refer the attracted readers
for more information on such problems to the monographs
[1, 14, 20, 21, 31].

In this paper, authors verify the generalized Ulam - Hyers
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stability of the following Euler - Lagrange additive functional
equation

rf (s(x—=y)) +sf (r(y=x)) + (r+s) f (rx+sy)
= (r+s) (rf () +sf ()

where r,s € R with r # 0 in Intuitionistic Fuzzy Banach
Spaces using direct and fixed point methods.

(1.1

2. Definitions on Intuitionistic Fuzzy
Banach Space

Now, we recall the basic definitions and notations in the setting
of intuitionistic fuzzy normed space.

Definition 2.1. A binary operation x : [0,1] x [0,1] — [0,1]
is said to be continuous t-norm if x satisfies the following
conditions:

(1) = is commutative and associative;
(2) = is continuous;
(3) ax1=ajforallac|0,1];

(4) axb < cxdwhenevera<candb <dforalla,b,c,d €
[0,1].

Definition 2.2. A binary operation ¢ : [0,1] x [0,1] — [0,1]
is said to be continuous t-conorm if ¢ satisfies the following
conditions:

(1’) ¢ is commutative and associative;
(2°) © is continuous,
(3’) ac0=aforallac|0,1];

(4°) aob < codwhenevera<candb <dforalla,b,c,d €
[0,1].

Using the notions of continuous #-norm and #-conorm,
Saadati and Park [32] introduced the concept of intuitionistic
fuzzy normed space as follows:

Definition 2.3. The five-tuple (X, 11, V,*,¢) is said to be an
intuitionistic fuzzy normed space (for short, IFNS) if X is a
vector space, * is a continuous t-norm, ¢ is a COntinuous t—
conorm, and L,V are fuzzy sets on X x (0,0) satisfying the
following conditions. For every x,y € X and s,t > 0,

(IFN1) u(x,t) +v(x,1) <1,

(IFN2) u(x,t) > 0,

(IFN3) p(x,t) = 1, if and only if x = 0.

(IFN4) p(ox,t) = u (x, ‘%‘) for each a # 0,

(IFNS) p(x,1) % 11(y,5) < p(x+y,1 +5),

(IFN6) W (x,-) : (0,00) — [0,1] is continuous,

(IFN7) }Lrgou(x,t) =1and tli_r)%u(x,t) =0,

(IFN8) v(x,t) < 1,
(IFN9) v(x,t) = 0, if and only if x = 0.

NN N NS
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(IFN10) v(ax,t) =V (x, ﬁ) for each o # 0,
(IFN11 )v(x,t)ov(y,s) > V(x+y,t+5),
(IFN12) v(x,-) : (0,00) — [0, 1] is continuous,
(IFN13) lim v(x,t) = 0 and lim v(x,7) = 1.
t—ro0 t—0
In this case, (1L, V) is called an intuitionistic fuzzy norm.

Example 2.4. Ler (X,||-||) be a normed space. Let a*xb = ab
and aob=min{a+b,1} for all a,b € [0,1]. Forall x € X
and every t > 0, consider

t . .

_{ mm >0
p(x,1) { 0 if <o and

[1x[l . .

vy =4 o >0

0 if 1<0.

Then (X, 1L, V,*,0) is an IFN-space.

The concepts of convergence and Cauchy sequences in an
intuitionistic fuzzy normed space are investigated in [32].

Definition 2.5. Let (X,u,V,*,0) be an IFNS. Then, a se-
quence x = {x;} is said to be intuitionistic fuzzy convergent
toapoint L€ X if

lim v (x; — L,1) =0

lim pu(xy—L,t)=1 and
k—yo0 k—yo0

forallt > 0. In this case, we write

IF
xp — L as k— o0

Definition 2.6. Let (X,u,V,*,0) be an IFN-space. Then,
x = {x¢} is said to be intuitionistic fuzzy Cauchy sequence if

u (xk_i_pka,t) =1 and \% (xk+p ka,t) =0

forallt >0, andp=1,2---.

Definition 2.7. Let (X,1,V,*,¢) be an IFN-space. Then
(X, 1, v, *,0) is said to be complete if every intuitionistic fuzzy
Cauchy sequence in (X, L, V,*,0) is intuitionistic fuzzy con-
vergent (X, L, V,*,0).

Hereafter and subsequently, assume that X is a linear
space, (Z, ', v') is an intuitionistic fuzzy normed space and
(Y,u, V) an intuitionistic fuzzy Banach space. Now, we use
the following notation for a given mapping f : X — Y such
that

Dfy =rf(s(x=y))+sf(r(y—x))
+(r+8) frxtsy) = (r+9) (nf () +5£ (7))

where 7,5 € R with r # £s for all x,y € X.

3. IFNS Stability Results: Direct Method

In this section, we investigate the generalized Ulam-Hyers
stability of the functional equation (1.1) in INFS using direct
method.
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Theorem 3.1. Letn € {1,—1}. Let 9,9 : X xX — Z be a
n
p

Sfunction such that for some 0 < <1,

+s

My, (r+s)”n y) ,t)
> W (P (x.y),1)
r+s )"y) 1)

V(P (x,y),1)

W (e ((r+s)"
v/ (‘P ((H—s) (3.1)
forallx e X and allt > 0 and

: l nn nn ng\ —
r}g}au (@ ((r+s)"x,(r+5)™y),a") =1

lim v/ (@ ((r+s) =0

n—oo

Mx,(r+s)"y),a"t)

(3.2)

forall x,ye X and allt > 0. Let f : X — Y be a function
¥),t)

satisfying the inequality
¥),t) <V (9 (x,y),1) }

u (DfE (x,),1)
v (DfR (x,

forall x,y € X and all t > 0. Then there exists a unique

additive mapping <f : X — Y satisfying (1.1) and

p(f(x) = o (x),1)

> (o (x,
(3.3)

>0 00x) (r+9) [+ =) |
v(f(x) = (x),1)
<V(@ (x,x), (r+5) | (r+s) = pl)
forallx € X and all t > 0.
Proof. Case (i): Letn = 1.
Setting (x,y) by (x,x) in (3.3), we have
w((r5) £ ((r+5)2) - <r+s> f )t
Bl | s,
v(<r+s>f<<r+s>> <r+s> F@).r
V(9 (x,x) 1)

for all x,y € X and all ¢ > 0. It follows from (3.5) and (IFN4),

(IFN10), we arrive

f((r+s)x)
‘u( (r+s) B

)
000 | 6
)

2
(@(x,x),1)

for all x € X and all £ > 0. Substituting x by (r+ )" x in (3.6),

we have

k(
Y

F((r+s)"""x)
(r+s)

fllr+s)""x
(r+s)
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for all x € X and all 7 > 0. It is easy to verify from (3.7) and
using (3.1), (IFN4), (IFN10) that

)
T(r4s)"

u(f((rﬂ)"“x) _Sf(r+9)"x)
> ' (¢(x,X),;7)

(r+s)"* (r+s)"

’ (r—|—ts)"+2 )

<V (p(x.).

(3.8)

for all x € X and all # > 0. Interchanging ¢ into p"t in (3.8),
we have

f(r+9)""x) f(r+9)"%) 1"
,LL( (rJrS)(n—H) - (r+s) (r+s)r1+2>
> 1 (p(x,x),1)
f(r+9)"" %) f(r+9)"x) 1"
V( (r+s)(n+1) - (r+s)n v(r+s)n+2>
<V'(9(x,x),1)
(3.9)
for all x € X and all ¢ > 0. It is easy to see that
fr+s)'x) SN (D I (i)
(}’-l-S)n f( )_ ;) (r+s)<i+1) (I"+S)i
(3.10)

for all x € X. From equations (3.9) and (3.10), we get

H(j:f fx), XiZ W)
n(a )
V(M = £ 2
= v( gy L) A puct )

(3.11)

for all x € X and all + > 0. From equations (3.10) and (3.11),
we have

f((r+s)"x
] R b v =0 )

n fUr+s)""x)  f((r+s)'x)  pler
f<<Z r}’:)o ( (rr) DT () ’<r+s>‘”>
f(res)x) _ ol _pt

V( (r+s)" ]:<(x)7)_+f)0 (’*&)Hz)).) ,

n—1 o (fr+9)" %) f((r+8)'x) _ p't

Sico v( (r+s) D) (rts)’ (’H)Hz)
(3.12)
where
n—1
HCj:c1>k62*~~*Cn and 701d =diodyo-0dy

i=0
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for all x € X and all # > 0. Hence

u@%%i .55 )
1 (@(x,x ))_uwwﬂﬁ
v(f((r+s X) f(x) Pt

(r+s)" (r+s5)"2

<’”V(w(x)) V%Mnﬂﬁ

+

(3.13)

for all x € X and all 1 > 0. Replacing x by (r+ )" x in (3.13)
and using (3.2), (IFN4), (IFN10), we obtain

S(r+)"™")  f((r49)"%) yn—1 1
:u( (r+s)(n+m) (r+s) Pi—f—m-ﬂ))

(r+s)("+m) (r+s
<V(o((r+s)"

=v/ ((p(xgc), me)

r sn+mx r Smx n— i
v(f(( +9)"") S +>) )72:1 plmﬂ))

(3.14)

for all x € X and all # > 0 and all m,n > 0. Replacing t by p"'t
in (3.14), we get

[(r+9)"™"x) f P
w(f — >’Z : (+)<)>)
Z W (Q(x.x),t
v(f((”“’"*’"x) _ SUrts)") =l pte )
(r+s)(n+m) (r+s) i=0 (r+s)('+m+2)
<V'(@(x.x),1)
(3.15)
S(r+)"™x)  f((r+s)"x)
IJ“ ( (r+‘)(n+m) (F+S)m ,t)
Z IJ/ (p(x7x)’ anl : 17i )
- L (3.16)
p(flsr e )
()0 )T
<w<¢@ﬁxnlfﬂ>
Ei:m (r+x)i+2

holds for all x € X and all ¢t > 0 and all m,n > 0. Since
n .

O<p<land ) (%)l < oo, The Cauchy criterion for conver-
i=0

f(r+9)"2) .
— s

(r+s)
Cauchy in (Y, u, V). Since (Y, i, V) is a complete IFN-space
this sequence converges to some point .2 (x) € Y. So, one can
define the mapping & : X — Y by

gence in IFNS shows that the sequence {

Mim (W @%(x),t) =1,
Jim v (W —ﬂ(x),t) =0
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for all x € X and all # > 0. Hence

Fr+') oy e

— oo,
sy as n

Letting m = 0 in (3.16), we arrive

F((r+s)"x)
.LL(W _f(x)vt) > ‘Ll/ <(p(x,x), Z‘.:ll(tﬂ)

0 () P2

v(%ﬁ&”—ﬂn¢)<w<wwﬁxnlfﬂ>

i=0 (1) T2

(3.17)

for all x € X and all # > 0. Letting » tend to infinity in (3.17),
we have

(3.18)

for all x € X and all > 0. To prove 7 satisfies (1.1), replacing
(x,y) by ((r+s)"x,(r+s)"y) in (3.3) respectively, we obtain

u(@ﬁnyW« +5)"x, (r+5)"9).1)
H(@((r+5)"x, (r+5)"y), (r+5)"1)
vbﬂmﬂ« +5)"x o+n>J
VI (Q((r+5)"x, (r+5)"3), (r+5)"1)
(3.19)

for all x € X and all # > 0. Now,
(7 (s (x =) 5 (r(y = X)) + (r-+8) o (rx-+ 53)
— (r8) (r () + 57 ()

u@ﬂ«( M= G 6= )

b (397 (r(r=) = g (O %))
wp((r+5) o (rrtsy) + ((:_:_SS)),lf(rx-i-sy),s)
et (= (9 (rsd () 597 (7)) ((::ss))"
(rf () +5£ (). )*NQ_;yf@@fW)
s =)+ k)
S (7 )45 0).5) 320)
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and

v (e (s (x =) 597 (r(y=2))

(1) (rxk-5y) = (r+5) (rd () + 57 () )

r t
> v(r;zf(s(x—y)) — mf(s(x_y))vg)
Ky t
*v(s%(r(y—x))— mf(”()’_x))ag
( r+s)e (rx+sy) + ((rriss))nf(rx—l—sy),;)
v (= (r9) (e (x) 597 (3)
( 5) !
gy (@ HsF0)5)

v Wf(s(x—y))-i-mf(r()’_x))
( s) (r+s !
g ) - (rf () 3£ () 5)

(3.21)
for all x € X and all r > 0. Also

tim 1 (L DAY+ (50, 4) = 1

lim v (L DA (r+)"x. (r5)9). §) =0

(3.22)

for all x € X and all # > 0. Letting n — o0 in (3.20), (3.21) and
using (3.22), we observe that .« fulfills (1.1). Therefore, <
is a additive mapping. In order to prove 27 (x) is unique, let
/'(x) be another additive functional equation satisfying (1.1)
and (3.4). Hence,

(e (x) = o' (x),1)

u nos L(rts)"
z,u(,;af((r—i—s) x)—f((r+s) x),2>
n / noy t(rts)”
*u(f((r—i—s) x)—' ((r+s) x),2>
> (o((r+s)"x,(r+s)"x),
r Sn+1
SONES |(r+s>—p|>
s (r ) —
- <<p<x,x),f< +5) 2,',fn+ ) p|>
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)
)

\%

(
<v (ﬂ(<r+s>"x> ey

o (x) — ' (x),1)
t.(r+s)"
2
t.(r+s)"
2

)
)

ov (f<<r+s>”x> ("),
<V (@((r+ )%, (r )" ),

t(r+s)"t!

| r+5)—pl

t (r+5)""(r+5) —pl
2. pt

<y ((p(x,x),

for all x € X and allt]> 0.
t (r+8)" [ (r+s) = p

Since lim = oo, We obtain
n—oo 2 p"
. r8)" | (rs) —
Tim p (p(x), HERE el ) —
. r+5)" | (rs)—
nlgg"/ ((P(X),[( )211)(1 ) P‘) =0
for all x € X and all ¢ > 0. Thus
W (x) — ' (x),1) = 1
V(e (x)— o' (x),t) =0

for all x € X and all # > 0. Hence, <7 (x) =
&/ (x) is unique.
Case 2: For n = —1. Putting x by (o]

/" (x). Therefore,

r+s in (3.5), we get

u ((r+9) ) -

(3.23)

for all x,y € X and all # > 0. The rest of the proof is similar
to that of Case 1. This completes the proof. O

The following corollary is an immediate consequence of
Theorem 3.1, regarding the stability of (1.1).

Corollary 3.2. Suppose that a function f : X — Y satisfies
the double inequality

w(Df (). 1)
/lt)
( (Il +[[y][) 2) ,a,b # 1
> W (AxIylP,e) ,a+b# 1
(AN TP (2 vl ?) o)
a+b#1
v(D ff(xy) )
Vi(A.1),
VA (I [y [1P) o7) sa,b # 1
<8 V(AL E) sa+b # 1
v IR P+ (Il + Iyl le®) b oe)
a+b#1
(3.24)
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for all x,y € X and all t > 0, where A,a,b are constants
with A > 0. Then there exists a unique additive mapping
o . X — Y such that

M)~ (5),1)
WAL (rts) o] (r+5) 1)),
W ([Tl 1+ 2 el P} +-517]
(r+5) 1[|(+5) = (r-+5)°]
H(r+s) = (r+9)"]]),
WA+ s
(r+9) 1] (r+5) = (r+5)"*"1)
W (A2 -1
o+ [Alfl st + AP} 517]
(r+5) 1] (r+5) = (r+5)""1)

%

v(f(x) -

1%
\%

o (x),1)
YA, (r+s) 1| (r+5)=pl),
P([A el 9] s+ A 1] [° |r+S\ 1,

(r+s) t[[(r+s) = (r+s)|

+|(r+s) = (r+s5)]),
V’ ()H|x|‘c1-~-b|’,_*_s|a—¢—b7
(r+5) 1](r+5) = (r+5)*™]),

V/ (l‘|x|‘a+b|r+s|a+b
+ [l + 5]+ Allx] Plr + 1]
(r+s) 1] (r+s5) = (r+95)"""]

IN

(3.25)
forallx € X and allt > 0.
Proof. By setting
A,
A ([l + 1117

lI\X\I“I\yIIb,b , ,
ALl V1P =+ (el 1l [) }

(P(xvy) =

and

in Theorem 3.1, we arrive our desired result. O

4. IFNS Stability Results : Fixed Point
Method

In this section, we apply a fixed point method for achieving
stability of the additive functional equation (1.1). Here, we
present the upcoming result due to Margolis and Diaz [24] for
fixed point theory.

Theorem 4.1. [24] Suppose that for a complete generalized
metric space (Q,0) and a strictly contractive mapping T :
Q — Q with Lipschitz constant L. Then, for each given
x € Q, either

d(T"x,T"'x) =0 ¥V 1n>0,
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or there exists a natural number ngy such that

(FPI) d(T"x,T"x) < oo foralln > ng ;

(FP2) The sequence (T"x) is convergent to a fixed to a fixed
point y* of T

(FP3) y* is the unique fixed point of T in the set A={y € Q:
d(T™x,y) < eo};

(FP4) d(y*,y) < ﬁd(y, Ty) forally € A.

Using the above theorem, we now obtain the generalized
Ulam - Hyers stability of the functional equation (1.1).

Theorem 4.2. Let f: X — Y be a mapping for which there
exists a function K : X X X — Z with the double condition

lim ' (K (7%, 275) 1) = 1

“4.n
liﬁm V(K (x'x, x'y), x"t) =0
n—ro0
forall x,y € X and all t > O where
_for+s if i=0
and satisfying the double functional inequality
1 (DR (xy),t) = W (K (x,5) 1)
4.3)

(D rx(xy) )<V/(K()C,y),l)

forallx,y € X and all t > 0. If there exists L = L(i) such that

the function
1 X X
= K 44
() r+s (r+s’r+s)’ (44)
has the property
(xix) — !
WLEEE ) = ((x),
(L5220) = ' (x().1) ws)

v (L%r) =V (t(x),1)

forall x € X and all t > 0, then there exists a unique additive
function & : X — Y satisfying the functional equation (1.1)
and

(4.6)

forallx € X and all t > 0.
Proof. Consider the set
A={hlh:X —Y, h(0) =0}
and introduce the generalized metric on A,
d(h, f)=inf{L € (0,00

{u(h() ())§u(f(x) 1),x €X,1>0

):
V/(t(x),Lt),x€X,t >0

v(h(x) = f(x),1)
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It is easy to see that (4.7) is complete with respect to the
defined metric. Define J : A — A by

Jh(x)

for all x € 2. Now, from (4.7) and h, f € A

inf

V() = 5 f () 1)
<V'(t(x),L1)}

V(Jh(x) = f(x),1)
<V'(z(x),L1)}

for all x € X and all # > 0. This implies J is a strictly contrac-

tive mapping on A with Lipschitz constant L.

It follows from (4.7),(3.5), we reach

(4.8)

for all x € X and all ¢+ > 0. Now, from (4.8) and (4.5) for the

282
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case i = 0, we reach

inf {L'0 € (0,c0) :

4.9)

for all x € X and all + > 0. Again by interchanging x into
al in (4.8) and (4.5) for the case i = 1, we get
(r+s

(4.10)

for all x € X and all # > 0. Thus, from (4.
arrive

9) and (4.10), we

() — I F(),1)
> ! (2(x), L),
V(f(x) = I F(x).1)

<V'(t(x),L'7),

inf{ L™ € (0,00) :

.11

Hence property (FP1) holds.
By (FP2), it follows that there exists a fixed point <7 of J

in A such that
(f (%i'x)

lim
H x"

—of (x),t> =1,
n—yo0
il
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lim v <f("l *) @/(x),t) —0

n—roo xl

forallx € X and all r > 0.

To order to prove A : X — Y is additive, replacing (x,y)
by (x/x, x!'y) and dividing by x/ in (4.3) and using the defini-
tion of .27 (x) , and then letting t — oo, we see that .o/ satisfies
(1.1) forall x,y € X and all # > 0.

By (FP3), < is the unique fixed point of J in the set
A={o € A:d(f,A) < oo}, is the unique function such
that

@ (t(x), L), x e X
V/(t(x), L), x € X }

for all x € X and all ¢ > 0. So, the proof is complete. O

The next corollary is a direct consequence of Theorem 4.2
which shows that (1.1) can be stable.

Corollary 4.3. Suppose that a function f : X — Y satisfies
the double inequality

1 (DfR (x,y),1)

wi(A,),
1A (x| +[1119) 1) ,a # 1
>q HA %), 2a#1
" (AL 1+ (P 1IP) o)
2a # 1

v (ng(%y),l‘)

v (4,1),

VA (x| +1yl19) 1) ,a # 1

V(AL [“ly[1,1) . 2a # 1

VA 1+ (PP o)
2a # 1

IN

(4.12)

forall x,y € X and all t >0, where A,a are constants with
A > 0. Then there exists a unique additive mapping <7 : X —
Y such that the double inequality
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1 (f(x) = o (x),1)
A (r+s)
W\ wr Tt
M\XH“ 2 (rts)
> 'u/ (r+s) Jr+s]? (r+s)@ (r+s)t)
- 2a
' 731 | (r+s) t)
(r+‘s2) [r+s]24 7 (r4s)20—(r+s) .
r{ A2 1 r+s
ANES (\rﬂ\“*\r+s|2a’<r+s>2ﬂ—(r+s>’>)
E r+s) ’1
Al 2 (’+S)
(r+s) [r+s]9? (r+s) (+s)t>
v (Al )
M&“JrHSz |r+5]2¢7 (r+5)20—(r+s) )
/ x||<¢ 1 r+s
v (5 (Rt e rte))

holds for all x € X and all t > 0.

Proof. Set

u (K x,-"y>,xft)
(A, x 1),
/( el -+ Il |), 2 ~1)
(P 2t ).
Al

([l P o),
—las k— o

—las k— oo
= —1las k— o

u
= n
u

—las k— o

v (Kt i) k)

V(A 2f1),
’( (I + [1[19) , of )
P (Al |yl ot 2“)
" [yl
+ (Il [yl } ok 24)

—0as k— o
—0as k— o
= —0as k— o

\%
= \%
1%

—0as k— oo

for all x € X and all ¢ > 0. Thus, the relation (4.1) holds. It

“M,,
2; Y

‘u
40
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follows from (4.4), (4.5) and (4.12)

X
r+s))’t)
A
r+s t)
Allxl® 2 )

u
w (r+s) [r+sla?
W /1(\r|ﬂ\s2a \r+ls\2“’t>
u

AP (2 1
(rts) \ [r+s]@ + |r4-s%a !t

t\
/N
o
i» —

>

—
Z

s (AP (2 1
v ( (r+s) \r+s]@ + s[4 i

for all x,y € X and all > 0. Also from (4.5), we have

1 [ T(xix) —
o (220) -
W (A, xit)
Allx|* 2 l-a
=) \r+s\‘“%l t)
r( AP 1 1-2a
H (r+s) ‘r+y‘2aaXl t)

r (AP 2 1 1-2a
u ( (r+s) |V+S|“ |r+S|2‘l 7%1 t

v/ T(Z‘X),t) —
Vi (A, xit)
V()
V! Mr‘ﬂz)a \r+ls\2a’xll >
V(ST (o + s ) )

for all x € X and all ¢+ > 0. Hence, the inequality (4.6) is true
for

L a,i=0 L ai=1
L. (r+s) 0 (r+s)71 0
2. (r+s)te a<l (r4s) a>1
3. (r+s)t 2a< 1 (r49)%" 2a>1
4, 2% 2a<1  (r+s)*' 2a>1.

Now, for condition 1. and i = 0, we have

for all x € X and all ¢+ > 0. Also, for condition 1. and i =1,
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(((r4s))~Ht
L) = (),0) = 1 (v(0), SRl
1t

for all x € X and all # > 0. Again, for condition 2. and i =0,
we obtain

1—a\1-0
) = (0),0) = ! (), 0l
—u (M\X\I“ 2 (r+s) [)
(r43) TSI (r4)—(r+5)F
((rts) %)~
V(f(x) = (x),0) <V (T(x)vmf)
=V (’WXH“ 2

(r+5)
(rts) [r+s?? (r+s)%—(r+s)

)

for all x € X and all + > 0. Also, for condition 2. and i = 1,
we arrive

, (( )a l 1-1
w(f(x) = (x),1) = 1 (T(x)a Wt)
=/ (M\XH“ 2 (r+s) t)
(rts) Jrts@? (r+s)lk)7(rl+s)“
. / ((r+s)* '~
V() = (x),0) < V' (20, ()

— oy (A2 (rts)
=V ( (r+s) [r+s]4? (r4s)—(r+s)? t)

for all x € X and all ¢ > 0. The rest of the proof is similar to
that of previous cases. This finishes the proof. 0

References

(1 y. Aczel and J. Dhombres, Functional Equations in Sev-
eral Variables, Cambridge Univ, Press, 1989.

(21 T. Aoki, On the stability of the linear transformation in
Banach spaces, J. Math. Soc. Japan 2 (1950), 64-66.

(31 M. Arunkumar, G. Ganapathy, S. Murthy, S. Karthikeyan,
Stability of the Generalized Arun-additive functional
equation in Intuitionistic fuzzy normed spaces, Interna-
tional Journal Mathematical Sciences and Engineering
Applications, 4 No. V (2010), 135-146.

41 M. Arunkumar and S. Karthikeyan, Solution and Intu-
itionistic Fuzzy Stability of n-Dimensional Quadratic
Functional Equation: Direct and Fixed Point Methods,
Int. J. of Advanced Mathematical Sciences, 2 (1) (2014),
21-33.

51 M. Arunkumar, T. Namachivayam, Intuitionistic fuzzy
stability of a n-dimensional cubic functional equation:
Direct and fixed point methods, Intern. J. Fuzzy Mathe-
matical Archive, 7 (1) (2015), 1-11 .

(6] M. Arunkumar, John M. Rassias and S. Karthikeyan, Sta-
bility of a Leibniz type additive and quadratic functional
equation in intuitionistic fuzzy normed spaces, Advances
in theoretical and applied mathematics, 11 (2016), No.2,
145-169.



Ulam-Hyers stability of Euler-Lagrange additive functional equation in intuitionistic fuzzy Banach spaces: Direct and

[71

[8]

91

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

M. Arunkumar, A. Bodaghi, J. M. Rassias and E. Sathya,
The general solution and approximations of a decic type
functional equation in various normed spaces, J. Chung.
Math. Soc. 29, No. 2, 287-328.

K. Atanassov, Intuitionistic fuzzy sets, Fuzzy sets and
Systems. 20 No. 1 (1986), 87-96.

A. Bodaghi, Intuitionistic fuzzy stability of the general-
ized forms of cubic and quartic functional equations, J.
Intel. Fuzzy Syst. 30 (2016), 2309-2317.

A. Bodaghi, Cubic derivations on Banach algebras, Acta
Math. Vietnam. 38, No. 4 (2013), 517-528.

A. Bodaghi, C. Park and J. M. Rassias Fundamental
stabilities of the nonic functional equation in intuitionistic
fuzzy normed spaces, Commun. Korean Math. Soc. 31,
No. 4 (2016).

L. Cadariu and V. Radu, Fixed points and the stability of
quadratic functional equations, An. Univ. Timisoara, Ser.
Mat. Inform. 41 (2003), 25-48.

L. Cédariu and V. Radu, On the stability of the Cauchy
functional equation: A fixed point approach, Grazer Math.
Ber. 346 (2004), 43-52.

S. Czerwik, Functional Equations and Inequalities in Sev-
eral Variables, World Scientific, River Edge, NJ, 2002.
G. Deschrijver, E.E. Kerre, On the relationship between
some extensions of fuzzy set theory, Fuzzy Sets and Sys-
tems, 23 (2003), 227-235.

M. Eshaghi Gordji, Stability of an Additive-Quadratic
Functional Equation of Two Variables in F-Spaces, J.
Nonlinear Sci. Appl. 2 No.4 (2009), 251-259

P. Gavruta, A generalization of the Hyers-Ulam-Rassias
stability of approximately additive mappings , J. Math.
Anal. Appl. 184 (1994), 431-436.

S.B. Hosseini, D. O’Regan, R. Saadati, Some results on
intuitionistic fuzzy spaces, Iranian J. Fuzzy Syst, 4 (2007),
53-64.

D. H. Hyers, On the stability of the linear functional
equation, Proc. Natl. Acad. Sci. U.S.A. 27 (1941) 222—
224,

D. H. Hyers, G. Isac, Th.M. Rassias, Stability of func-
tional equations in several variables,Birkhiduser, Basel,
1998.

Pl. Kannappan, Functional Equations and Inequalities
with Applications, Springer Monographs in Mathematics,
2009.

A K. Katsaras, Fuzzy topological vector spaces II, Fuzzy
Sets and Systems, 12 (1984), 143-154.

I. Kramosil, J. Michalek, Fuzzy metric and statistical
metric spaces, Kybernetica, 11 (1975), 326-334.
B.Margolis, J.B.Diaz, A fixed point theorem of the alter-
native for contractions on a generalized complete metric
space, Bull. Amer. Math. Soc. 126 (1968), 305-309.
A.K. Mirmostafaee, M.S. Moslehian, Fuzzy versions of
Hyers-Ulam-Rassias theorem, Fuzzy Sets and Systems,
159 (2008), no. 6, 720-729.

S. A. Mohiuddine and Q. M. Danish Lohani, On general-

285

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

fixed point methods — 285/285

ized statistical convergence in intuitionistic fuzzy normed
space, Chaos, Solitons Fract., 42 (1), (2009), 731-1737.
M. Mursaleen and S. A. Mohiuddine, On stability of a
cubic functional equation in intuitionistic fuzzy normed
spaces, Chaos, Solitons and Fractals, 42 (2009), 2997—
3005.

J. H. Park, Intuitionistic fuzzy metric spaces, Chaos, Soli-
tons and Fractals, 22 (2004), 1039-1046.

J. M. Rassias, On approximately of approximately linear
mappings by linear mappings, J. Funct. Anal. 46 (1982),
126-130.

Th. M. Rassias, On the stability of the linear mapping in
Banach spaces, Proc.Amer.Math. Soc. 72 (1978), 297—
300.

Th. M. Rassias, Functional Equations, Inequalities and
Applications, Kluwer Acedamic Publishers, Dordrecht,
Bostan London, 2003.

R. Saadati, J. H. Park, On the intuitionistic fuzzy topo-
logical spaces, Chaos, Solitons and Fractals. 27 (2006),
331-344.

R. Saadati, J. H. Park, Intuitionstic fuzzy Euclidean
normed spaces, Commun. Math. Anal., 1 (2006), 85-90.
R. Saadati, S. Sedghi and N. Shobe, Modified intuition-
istic fuzzy metric spaces and some fixed point theorems,
Chaos, Solitons and Fractals, 38 (2008), 36-47.
S.Shakeri, Intuitionstic fuzzy stability of Jensen type map-
ping, J. Nonlinear Sci. Appli. 2 2 (2009), 105-112.

S. M. Ulam, Problems in Modern Mathematics, Science
Editions, Wiley, New York, 1964.

L. A. Zadeh, Fuzzy sets, Inform. Control, 8 (1965), 338—
353.

D. X. Zhou, On a conjecture of Z. Ditzian, J. Approx.
Theory, 69 (1992), 167-172.

ok ok ok ok ok ok ok k
ISSN(P):2319 — 3786
Malaya Journal of Matematik
ISSN(0):2321 — 5666
kK ok Kk kK kK


http://www.malayajournal.org

	Introduction
	Definitions on Intuitionistic Fuzzy Banach Space
	IFNS Stability Results: Direct Method
	IFNS Stability Results : Fixed Point Method
	References

