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Abstract
We study the global dynamics of following (1,2)— type systems of difference equations:
o = Nyn—1 Ynp1 = HXp—1
n+ 1 + “xfhz’ n+ 1 + nyﬁfz )
Nyn—1 HXp—1
X, = — 3 = — 3
n+1 1_‘_“){:72 Yn+1 1+Tlxﬁ,2

where n, u, p and initial conditions x;, y;, I = —2,—1,0 are non-negative real numbers. Several numerical
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1. Introduction

Difference equations and systems of rational difference
equations play a vital role in the development of different
sciences ranging from life to decision sciences. This made the
study of qualitative behavior of difference equations an active

area of research (see [1-17] and references cited therein).

For instance, Touafek and Elsayed [18, 19] investigated the
behavior of following systems of difference equations:

Yn Xn

Xl = ——F <, Yntl = — 1,
" xn71(i1iyn) It ynfl(:tlixn)

El-Owaidy et. al. [22] studied the behavior of following dif-
ference equations:

OXp—1
p )
ﬁ + wn—Z
with positive parameters as well as initial conditions.

Recently, Giimiis and Soykan [23] investigated the behav-
ior of following system of difference equations:

Xn+1 =

" (0777 v X1 Vp—1
ntl= o p o Vntl = g p
B+vv,_s Bi+nu,_,
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where a, ﬁ7 Y, &1, ﬁl? ",p and U-_p, U—1, Up, v-2, V-1, Vo
are positive real numbers. Motivated from above said work,
this paper deals with the study of global dynamics of following
(1,2)—type systems of difference equations:

" _ (0277 . _ Ol Up—1 (1.1)
n+1 ﬁ T YM572 s Vn+l1 ﬁ] + Y1V£72 B .
Ovy—1 o Up—1
= = 1.2
T Bl T By 42

where o, B, v, o1, Bi, Vi, pandu_n, u_y, up, v—o, v—_1, vo
are positive real numbers. It is noted that using following
transformations:

systems (1.1) and (1.2) then becomes

. Nyn—1 Yol = HXp—1 (13)
T ey '
NYyn—1 HXn—1
Xptl] = ——5—, Vptl = ——5—, 1.4
n+1 1‘*‘“)’572 Yn+1 1"’7?)554 (1.4)
where o o
_ Y -4
n - ﬁ? N ﬁ]

2. Main Finding

This section deals with the study of main results. Before
giving the following Theorems regarding the local stability
about 0(0,0), we construct corresponding linearized form of
systems (1.3) and (1.4). The corresponding Jacobian matrix
of system (1.3) about (%,7) is

sep—1
00 MEEL 0 gy 0
10 0o 0 0 0
Jag—| 0] o 0 0 0
X, TP
0 wmw 0 0 0 —fy
0 0 0 10 0
0 0 0o 0 1 0

Similarly, the Jacobian matrix of system (1.4) about (%,7) is

n __nupy’

0 0 0 0 57 )2
1 0 0 0 0 0

J 0 1 0 0 0 0

(*5) = 2 nups’

0 +nx?  — (14nxP)? 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0

409

2.1 Existence of equilibrium and local stability

Theorem 2.1. For all parameter values M and [, systems
(1.3) and (1.4) have a unique equilibrium point 0(0,0).

Both the above Jacobian matrices have the same eigenval-

ues at O: A ». Consequently we have the following result:
Theorem 2.2. (i) For system (1.3) following hold:

(i.1) O is locally asymptotically stable if N < 1 and
u<t;

(i.2) O is unstable if n > 1oru > 1.
(ii) For system (1.4) following hold:

(ii.1) O is locally asymptotically stable if N1 < 1 and
u<l;

(ii.2) O is unstable ifn > 1orpu > 1.

Proof. (i.1). The linearized system of (1.3) about O is

By1 = J(0,0)Dn;

where
Xn 0 000N O
Xn—1 1 000 0O
Xp—2 01 00 0O
D=1 3" 1"7e0=f 0o 4 00 0 o
Yn—1 0 001 00O
Yn—-2 0O 0 0 0 1 O
The roots of characteristic equation of J(g o) about O are

Kip =0, K34 =E£YNU, K56 =F1/NU.

If n < 1 and pu < 1 then all eigenvalues of J(g o) lie in [x] < 1.
Hence the proof.

(i.2). Tt is easy to see that if n > 1 or y > 1 then O of
system (1.3) is unstable.

(if). Similarly one can prove (ii). O

Now, we will study the global dynamics of systems (1.3)
and (1.4) about the equilibrium point O(0,0).

2.2 Global stability about equilibrium 0(0,0)

Theorem 2.3. (i) O of system (1.3) is globally asymptoti-
cally stable if n < 1 and u < 1.

(ii) O of system (1.4) is globally asymptotically stable if
n<andpu <1.

Proof. (i) In view of Theorem 2.2, it suffices to prove that

lim (x,,y,) = (0,0).

n—roo

It is evident from (1.3) that

NYn—1

0< =—
= Xpt1 1+IJVX572

< n)’nfla
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and
UXn—1
1+nyl,

Induction then implies that

Ogyn+1 = < UXp—1.

Xan—1 < (Mp)"x—1 and xg < (MW)"xo,

and
Yan—1 < (MW)"y-1 and ysn < (MK)"yo.
Thus forn < land pu <1,

,}E?o(x”’y”) (0,0).

Similarly part (ii) can be proved.

2.3 Prime period two-solutions

Theorem 2.4. System (1.3) and (1.4) has no prime period-two
solutions.

Proof. Assuming
Tty (aab)a (C7d)v (Cl,b), (C,d), )

prime period two solutions of the system (1.3) such that
a,b,c,d#0anda#c, b#d. Then

nb ua
— — 2.1
1+ucﬂ’b 1+ndr’ @D
and
nd pe 2.2)

= d= .
T ltpar 1+nbr
A calculation then leads to:
(a+c)* —dac =0,

and
(b+d)*—4bd =0,

But it is contrary to our assumption and therefore system (1.3)

has no prime period-two solutions. O
2.4 Rate of convergence
Consider

D41 =[G+ D(n)] @y, (2.3)

where G € C¥*¥ is a constant matrix, and D : ZT — C*** is a
matrix function satisfying

[D(n)[ =0 (2.4)
asn — oo,

Proposition 2.5. [24] If @, is a solution of (2.3) such that
(2.4) holds. Then following holds:

410

(i) Either @, =0, ¥ n > N or lim (||@,|))"/" exists and is
n—soo

equal to the modulus of one of the eigenvalues of matrix

C.
(ii) Either @, =0, ¥ n > N or lim % exists and is
n—soo n
equal to the modulus of one of the eigenvalues of matrix

C.

The following Theorem give the rate of convergence of
systems (1.3) and (1.4).

Theorem 2.6. (i) If conditions

—~

—~

) of Theorem 2.3 hold

™

N

300.— =f\?_
[T

then error vector &, of every solution

m
Sl

™

S oS o

™
XN =

of system (1.3) about O sati
relations:

>

s the both asymptotic

. 1
Tim (& )7 = %1 270,

hm HS"H’I ||

noee &

= |k1.2J0],

where | K1 2J0| is equal to one of the eigenvalues of Jo
evaluated at O.

(ii) If conditions (ii) of Theorem 2.3 hold then error vector
g
1
gnfl
€12
&2

n

&= of every solution of system (1.4) about

2

c";‘},é 1
. €2 . .

O satisfies the both asymptotic relations:

. 1
lim ([l )# = k1 270,
lim H n+1|| |K'72]0|,
n—eo||&,||

where |K12J0| is equal to one of the eigenvalues of Jo
evaluated at O.

Proof. (i) Let {(x,,yn)} be any solution of system (1.3) such
that lim,, X, = X, and lim, .y, = 3. Then
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Xpy) —F= Mn-1 ny
" 1+uxl 1+ pxr
nuy(x, , —i) = n _
=— Xp—o—X)+ ———— Vn—1—Y),
(1+/.1x5_2)(1+[,li/’)(xn,2—i)(n 2=%) 1+ uxt Oa-1=7)
Ynr1 =Y = S —
" T+nyy, 1+nyw
- p _ _p
— Lp (xn71 7.%) . pn:ux(yn—Z _ y ) _ (yn72 7)_}) ,
L1y, (1+nyy_s) (14+n57) (u—2—3)
that is
_ nuy(x, o —x) i} n _
Xptl —X = — — -~ Xn—2—X —5  WUn-1—"Y),
' (1) (14 1) (o =) 2D g, Ot =) os)
Vbl = = e (51 — ) M2 —37) (yn—2—7) |
+ - —_— - - - - _ - — - .
" L+nyp, ™ (117 _o) (14037) n2 —3) "
Setting Now we have system of the form (2.3)
8,1 =Xn — X, er% =Yn—),
system (2.5) can also be expressed as €11 =[G+ D(n) &,
Eni1 = GnEna +hngy 1,
where
Enp1 = inEp_1 T Jnr_2;
P 1
where 0 0 —T('f‘f;’;p)z 0 1w 0
— nuy(x?_, —x”) _ n 1 0 0 0 0 0
n (1 —HUCﬁ,z) (1 —l—‘LL)?p) (-xn—2 _2)7 n 1 +4‘ux572a G— 0 1 0 0 0 Oﬁpil ,
0 = 0 0 o IR
P op I+nyP (1+n57)?
P U . 0 0 0 10 0
L4y, (1+my5) (1+157) (yn—2 —3) 0 0 o 0 1 0
Taking the limits of g,, A, i, and j,, we obtain
: nupye— n
N (A 0o e 8 B 0
. ) nupxy? ! _1 0 1 0O 0 O 0
lim lp=—"", lim Jn = R rE— ) D(}’l) 0 Cni1 0 0 0 Dn,1 ’
n—oo 1 + NP n—eo (1 —‘,—T]yP) 0 0 0 { 0 0
that is 0 0 0 0 1 0
nupyxP~! A i n and
= P A o by = ——— 4B, 1,
n (1+uf”)2+ n—2, In l-i—[.pr_'_ n—1
o D(n)|| = 0,n — oo.
e D)
n 1+n)_)p n—1Is Jn (l+n)_7p)2 n—1I»

where A,_2, B,_1, Cy—1, D1 — 0 as n — oo,

411

The limiting system of error terms about (%, 7) is
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sep—1
€ri1 0 0 77 fﬁ;;)z 0w 0 £
g 1 0 0 0 0 0 g,
e, 1 _ |10 1 0 0 0 0 g,
2 - P~ 1 2
s,gz,l 0 0 0 0 WS 8§n
S 0 0 0 10 0 -1
En-1 0 0 0 0 1 0 En2

This is similar to linearized system of (1.3) about (%,y). In
particular, the limiting system of error term about O of system

This is similar to the linearized system of (1.3) about O.
(ii). Let {(xn,yn)} be any solution of system (1.4) such

(1.3) is given by

g 000 0mn o0
& 1 000 0O
g, 1 _ |01 0oo0 00
ejﬁz_l "o wmwo0oO0O0O
& 0001 00
e, 000010
_ NYn—-1 ny
Xpyl —X = —
SR T N RN
n _
=5 On-1-Y)—
1+/Jyf,’_2(" )
5 HXp—1 . ux
S R N W
__ K -
4, (%1 = %)
that is
Xnp1 =X = ———5— (Va1 —F) —
I+uy, »
T S P
Ynt+1 —Y = 1+nx£:_2 (xn—l x)
Setting

1 = o2 =
& =Xn—X, & =Yn—Y,

system (2.6) can also be expressed as

1 g 2 2
€1 = kn&_1 +1nE o,

that lim,, . x,, = X, and lim,, .y, = 3. Then

nuy(yh _, —y")

)_]) n—2-7),

(

L+ uy? ) (14 3P (yn—2 —

NUE(x, 5 — )

(1+nxP_,) (1+nxP) (x,—2 — X) (Xn—2—X),

nuy(yh_, — ") 3
(F i) (L5 e —3) 227
nuE(x, , —x) _ 20
(14+nx_,) (14+1%P) (xp2 — %) (n-2=3)-
N NUX(x, , — %) '
T4+ T]xflfz o (1 + nxf:_z) (1+nxP) (xp—2 — X)

Taking the limits of &, I,, m, and n,, we obtain

V4
limk, = —1— lim, = — 4P
2 1 1 nyoe L+ puyP - nveo (14 uyr)?
Erpl =M€y + 1€y s,
P
where limm, = —"— limn, = — —HPY
s n—es L+nxP noe (1+nxr)?
__n nuy(y, ,—3")
Tl () () ez — ) that is

412
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0 0 0 0 A Bus
1 0 0 0 0 0
o 1 0 0 0 0
bm=19 ¢, Do o o |
o 0 0 1 0 0
o 0 0 0 1 0
and

ID(n)|| — 0,n — co.

The limiting system of error terms about (%,y) can then
be written as

nupy?

n nupy?
= A _ l = = B —
n 1+‘U)_117 +An—1, ln (1 —|—,U.)_1p)2 +Bn—2,
I nupx?
n=— 37 . - Cn, s Mp — — 77— <5 Dl’l* ’
= e O = T gy T2
where A,,_1, B,—2, Cy—1, D7 — 0 as n — oo,
Now we have system of the form (2.3)
Ent1 = [G+D(n)} &n,
where
n nupy’
0 0 0 0 157 3
1 0 0 0 0 0
G— 0 1 0 0 0 0
- U nupi’ ’
0 EE R TR 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
n
Eri1 0 0 0 0 T
g 1 0 0 0 0
g, |1 1o 1 0 0 0
2 = U
En 0 0 0 10
€
n—1 0 0 0 0 1

This is similar to linearized system of (1.4) about (%,y). In
particular, the limiting system of error term about O of system
(1.4) is given by

€11 0 000mn O £,
g 1 000 0O g,
&1 |_| 0 1 00 00 g,
s%] 0O u 00 00 g2
&’ 000100 e,
g2, 000010 e,

This is similar to the linearized system of (1.4) about

0. O

3. Discussion and numerical simulations

In the present work global dynamics of (1,2)— type sys-
tems of difference equations has been studied. Our investiga-
tions reveal that for all parameter values both the systems un-
der discussion have a unique equilibrium at the origin. Linear
stability analysis shows that for both systems, if n <1, g <1
then 0(0,0) is locally asymptotically stable but unstable if
N > 1 or u > 1. The global asymptotic stability about O(0,0)
has also been proved. Finally prime period two solution and

413

1
(1+uyP)? fn
0 81{—1
0 8}152
0 gn
0 &1
82
0 n—2

rate of convergence of a solution that converges to O(0,0) of
systems (1.3) and (1.4) are also demonstrated.

The following numerical data confirm the above theo-
retical results: 1 =0.899, u =0.898, p =79 with x_; =
0.77 X1 = 0.9, X0 = 0.77 Y2 = 0.9, y-1 = 1.1, Yo = 0.9.
System (1.3) can then be written as:

_ 0899y 0898x;
T 14+0.898:79, " T 150.899y79,

0,1, -

Xn+1
3.1

The results of numerical simulations are expressed in Fig.
1. Fig. la and Fig. 1b shows the plots of x,, and y, respectively.
More precisely these figures simulate the stable points for sys-
tem (3.1) whereas its attractor is shown in Fig. 1c. The graphs
clearly show that if n = 0.899 < 1 and u = 0.898 < 1 then
all orbits are attracted to O(0,0). This confirms the statement
of Theorem 2.3.

An another example consider the following data: n =
u=09, p=10withx_ =13, x_1=1.1,x=0.7,y_, =
0.7, y_1 =0.9, yg =0.1. System (1.3) can then be written as:

0.9y,—1 0.9x,_1

L o S TR ¥
1409210, T o910 0" 62

Xn+1

The plot of numerical simulation are presented in Fig. 2.

o
O
Senas

W
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Figs. 2a and 2b are plots of x,, and y, respectively. These plots
clearly show that for n = u = 0.9 < 1 the origin is a stable
point for the system (3.2). And Fig. 2c shows that O(0,0)
is attractor, i.e. all the orbits are eventually attracted towards
the origin, O(0,0). This again proves the correctness of the
results obtained in Theorems 2.2 and 2.3.

Now we conclude an example with data where parameters
have values grater than one. Consider the following data:
n=22,u=19, p=10withx_» =03, x_; =0.1, xo =
0.7, y_»=3.7, y-1 = 0.9, yp =0.1. System (1.3) can then
be written as:

2.2}%71 1.9x,4

s Yni1 = g5 n=0,1,---. (3.3)

Xpp]= ————
T 10k, 14+22y10,

Fig. 3a and 3b show plots of x, and y, respectively of
system (3.3). The plot shows that if the values of parameters
n=22>1, u=1.9>1then O(0,0) is unstable providing
our theoretical discussion about system (1.3).

Following two examples are about system (1.4). By con-
sidering values of the parameters: if n =0.97, u =0.96, p =
1112 with x_, = 0.00003, x_; = 0.88, x9 = 0.777, y_, =
0.88887, y_1 = 0.9, yo = 0.31. System (1.4) can then be
written as:

0.97y,1 0.96x,_1 ol
X = — = _n= o
n+1 1+096yr1l£1227yn+l 1+097X}l£1227 s Ly
34

Fig. 4 show results of numerical simulations of system
(3.4). Figs. 4a and 4b are plots x, and y, respectively. The
plot show that for a parameter values 1 = 0.97 < 1 and =
0.96 < 1 the 0(0,0) is stable. Whereas Fig. 4c shows that
0(0,0) is attractor, i.e. all the orbits are eventually attracted
towards the origin. Similarly, if 1 =0.9784, u =0.9777, p =
11212, x_» =0.0009, x_1 =0.8, x0=0.7, y_2=0.7, y_; =
0.8, yo = 0.1. Then system (1.4) can be written as:

0.9784y,_1 0.9777x,—1

Xpi] = ———— =—— " n
T 0.9777y132 Y T 110.9784x 11212

(3.5)

The results of numerical simulation of system (3.5) are
presented in Fig. 5. Plots of x,, and y, are shown in Figs. 5a
and 5b, respectively. The plots show that the choose values of
parameter 11 = 0.9784 < 1 and u = 0.9777 < 1, the 0(0,0)
is stable point of system (3.5). Fig. 5c, on the other hand,
shows that O(0,0) is attractor, i.e. all the orbits are eventually
attracted to the origin.

414

=0,1,--
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Figure 1. Stability of system (3.1)
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Figure 2. Stability of system (3.2)
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Figure 3. Stability of system (3.3)
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100 200 300 400 500 100 200 300 400 500

(a) (b) Plot of y, for system (3.4)

(c)
Figure 5. Stability of system (3.5)
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