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The Qi-matrix completion problem

Kalyan Sinha

Abstract

A matrix is a Q;-matrix if it is a Q-matrix with positive diagonal entries. A digraph D is said to have Q;-completion
if every partial Q;-matrix specifying D can be completed to a Q;-matrix. In this paper, necessary and sufficient
conditions for a digraph to have Q;-completion are obtained. Later on the relationship among the completion
problem of Q;-matrix and some other class of matrices are discussed. Finally, the digraphs of order at most

four that include all loops and have Q;-completion are characterized.
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1. Introduction

A real n x n matrix B = [bj;] is a Q-matrixif for everyk €
{1,2,...,n}, &(B) > 0, whereS(B) is the sum of alk x k
principal minors ofB. The matrixB is Q;-matrix if all di-
agonal entries are positive and for evérye {1,2,...,n},
S(B) > 0. Clearly aQ;-matrix is aQ-matrix but not con-
versely.

pattern.

For a given clasf of matrices (e.gFy, P or Q-matrices)
apartial '-matrix is a partial matrix for which the specified
entries satisfy the properties offamatrix. Thus, gpartial
Q-matrixis a partial matrixM in which §((M) > 0 for every
ke {1,2,...,n} for which allk x k principal submatrices are
fully specified. Similarly gpartial Q;-matrix is a partialQ-
matrix with all specified positive diagonal entries.

A completiorof a partial matrix is a specific choice of val-
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ues for the unspecified entries.ndatrix completion problem apermutation digraphClearly, each component of a permu-
asks which partial matrices have completions with a givetation digraph is a loop or a cycle.

property. Al -completionof a partiall -matrix M is a com- A permutation subdigraph Hof orderk) of a digraphD
pletion of M which is al'-matrix. Thel-matrix completion is a permutation digraph that is a subdigrapbdbf orderk).
problemstudies the properties and classifications of pattern& digraphD is stratifiedif D has a permutation subdigraph of

havingl'-completions. orderk for everyk=2,3,...,|D|. A digraphD is said to be
_ pseudo-stratified if there exist a vertein D such thaD —v
1.1 Digraphs is stratified.

It is observed from the history of matrix completion prob- |etB= [bij] be ann x n matrix. We have

lems that Graph theory and Matrix completion problems are

correlated with each other. Graph theoretic techniques are  detB) = Z(sgnrr)bln(l) *+ B(n) (1.2)
seen to be very fruitful to solve the matrix completion prob-

lems. Any standard reference, for exampld,dnd [4] can  Where the sum is taken over all permutationf (n) =

be use for graph theoretic terminologies.diected graph {1,2,...,n}.

or digraph D= (Vp,Ap) of ordern > 0 is a finite nonempty A signing of a digraph is an assignment of a sigior —
setVp, with |Vp| = n of objects callederticestogether with  to each arc of the digraph. The result of signing of a digraph
a (possibly empty) sefip of ordered pairs of vertices, called is called asigned digraphFor an are € D, by s(e) we mean
arcsor directed edgesWe writev € D (resp. (u,v) e D) to ~ €has sigrs(e).

imply v & Vp (resp.(u,v) € Ap). If x= (u,u), thenxis called For ak-cycle inCy in D, the signs(Cy) is defined to be,
aloopat the vertex. _ ki1
A symmetric edgef D is a pair of arcq(u,v), (v,u)} C S(G) = (1) eg«s(e)
Ap, usually written as{u,v}. A (directed u-v path P of
lengthk > 0 in D is an alternating sequenge= v, X1, V1, ..., For a permutation subdigraphof D, the signs(K) of K

Xk, Vk = V) of vertices and arcs, wheng, 1 <i <k, are is
distinct vertices andG = (vi—1,vi). Then, the vertices;
and the arcx; are said to be of?. Further, ifk > 2 and s(K) :J_LS(C)
u =, then au-v path is acycleof lengthk. We then write ©
Ci = (v1,V2,...,V) and callCy ak-cycle inD. . . ]
A cycle C is even(resp. odd) if its length is even (resp. 2. Partial Qu-matrix and the Qq-matrix
odd). A digraphH = (V4,Ay) is asubdigraph of order lof completion problem
the digraplD if [Vi4| = kandVi Vb, Ay C Ap. A digraph A partial Q;-matrix is a partialQ-matrix in which all spec-
D is said to be connected (resp. strongly connected) if f b : : N . L
) . ; ified diagonal entries are positive i.e.partial Q;-matrix is
every pairu, Vv of vertices,D contains au-v path (resp. both . . . I, " . .
) a partial matrixM with all specified positive diagonal entries
a u-v path and av-u path). The maximal connected (resp

strongly connected) subdigraphsfare calleccomponents an_dS_K(M) > 0 for _everyk €{12,..., n} wheneveralk x k
principal submatrices are fully specified. Now, a par@at
(resp.strong componensf D.

A subdigraphtH of D is aninduced subdigrapif Ay = matrix is characterized as follows.

(Vi x Vi) NAp (induced by M) and is aspanning subdigraph - proposition 2.1. Suppose M- [a;j] is a partial matrix. Then

if Vi = Vp. Again forv € Vip, D — v denotes the subdigraph \ is a partial Q;-matrix if and only if exactly one of the fol-
of D induced byp \ {v}. Thecomplement of a digraph 8  |owing holds:

the digraptD, whereVg = Vp and(v,w) € Az if and only if (i) At least one diagonal entry of M is unspecified, all speci-
(v,w) ¢ Ap. A digraphD is said to besymmetridf (u,v) €D fied diagonal entries are positive.

implies (v,u) € D. On the other handD is asymmetricf  (jj) All diagonal entries are specified and positive; at leas
(u,v) € D implies(v,u) ¢ D. A complete symmetric digraph gne off-diagonal entry is unspecified.

onn vertices, denoted biy, is the digraph having all possi- (jii) All entries of M are specified and M is a@matrix.

ble arcs (including all loops).

Two digraphsD; = (Vi,A1) and D, = (V,,A;) areiso- A completionB of a partialQ;-matrix M is called aQ;-
morphig if there is a bijectionp : Vi — V» such thatd, =  completiorof M, if Bis aQ;-matrix. Since any matrix which
{(@(u),@(V)) : (u,v) € A;}. An unlabelleddigraph is an is permutation similar to &;-matrix is aQ;-matrix, it is
equivalent class of isomorphic digraphs. Choosing a particevident that if a partiaQ;-matrixM has aQ;-completion, so
lar member of an unlabelled digraph is referred &belling  does any partial matrix which is permutation similaiMo

of the unlabelled digraph. It can be easily seen that any partial matvbvith all un-
specified diagonal entries h@s-completion. A completion
1.2 Digraphs with matrices can be obtained by choosing sufficiently large values for the

Let T be a permutation of a nonempty finite 8&t The di- unspecified diagonal entries. Ldtbe a partialQ;-matrix in
graphDy = (V,An), whereAr = {(v,7t(v)) :ve V}is called  which the diagonal entries &t i) positions(i = k+1,...,n)
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are unspecified. In cadd[1,..., K is fully specifiedM may Corollary 2.4. Suppose M be a partial matrix in which
not have &;-completion. For example, the partial matrix, the diagonal entries afi,i) positions(i =r+1,...,n) are
unspecified. If the principal submatrix [{4...,r] of M is

111 not fully specified and has {@&ompletion, then M has R
M= i i ,1) ’ completion.

B ~ The converse of Corollar2.4 is not true which can be
where ? denotes an unspecified entry, does notQam@mpletiagen from the following example.
Indeed, for any completioB of M, S3(B) = 0. On the other _ _ _
hand, ifM[1,...,k] has an unspecified entry and haQa Example2.5. Consider the partial matrix,

completion, therM has aQ;-completion. A completion of

. . .. dl a2 a3 ?
M can be obtained by choosing sufficiently large values for
the unspecified diagonal entries. These above observations M — a1 ? ?
are listed in the following results. ay agp d3 ? |’
Theorem 2.2. If a matrix M omits all diagonal entries, then az, ? ? ?

M has Q-completion. -~ .
where?denotes the unspecified entries. We show that for any

Proof. SupposeM = [g;] be a partialQ;-matrix. For any choice of values of the specified entries M haso@mpletions,
t > 1, consider a completioB = [bj;] of M by setting all  though there are occasions whend V2, 3] need not have Q
diagonal entries equal toand rest of the off diagonal entries completion. For t> 0, consider the completion(B of M
to be equal to zero. Then, aky k principal minor will be  defined as follows:

of the formtK + p(t), wherep(t) is a polynomial of degree

<k—1. Now by choosing large enough, we hay&(B) > 0 i a2 a3 O
for all k x k principal minors ofB. Since only finitely many a1 oy t 0
principal minors are to be considered, thus for sufficiently B(t) = d ¢
larget, M hasQ;-completion. O G1 A2 O

au1 t —t t

Theorem 2.3. Suppose M be a partial matrix in which

the diagonal entry atr + 1,r + 1) position is unspecified. If Then,
the principal submatrix N, ..., r] of M is not fully specified

and has Q-completion, then M has Qcompletion.

SBN) = t+Yad,

Proof. SupposéM = [a;j] be a partiaQ;-matrix in which the S(B() = P+ i),
diagonal entry afr + 1,r + 1) position is unspecified. Then,
g Y 2 P P SBO) = b,
(B(t

M is of the form,
_ 3
M — [ Mi; My } S(B(t)) = dit®+ fa(t),
M1 Mzz |’ where f(t) is a polynomial in t of degree at mostii=1,2.
Consequently, B) is a Q,-matrix for sufficiently large t, and
therefore M has @completion. On the other hand, the par-

tial Q1-matrix

where,M1; =MI1,... r] andMgo = M[r + 1,r + 1.
Let A; be theQ;-matrix completion oM[1,...,r]. Then,

M/_{I\ﬁ\l MQ]’ 111

2l ez M[1,2,3]:[1 1 ?],
is a partialQ,-matrix, sinceMy, has an unspecified diagonal 111
entry. Now fort > 0, consider a completioB = [bj;] of M’
obtained by choosinlgi =t, i =r+1 andb;j; = 0 against all
other unspecified entries M’. ThenB is of the form,

with unspecified entrie8, is the principal submatrix of M
induced by its diagona{1,2,3}. Now one can verify that
M[1,2,3] does not have Qcompletion, becaustet{M([1,2,3]) =
B [ A; B ] 0 for any completion of N1, 2, 3].

By t ’

SinceA; is aQi-matrix, §(A1) >0 for 1<i <r. For 2< 3. Digraphs and  Qi-completions

j<r+1, It can be easily seen that anx n partial matrixM specifies
. o« _ . a digraphD = ((n),Ap) if for 1 <i,j <n, (i, j) € Ap if and
Si(B) = Si(A)+1S-1(A)+s;, only if the (i, j)-th entry ofM is specified. For example, the
wheres; is a constant. Nov;(B) > 0 for sufficiently large  partial Q;-matrix M in Example2.5 specifies the digrapb
values oft and clearlyB is Qi-matrix. O inFigurel.
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Theorem 3.1. Suppose M is a partial @matrix specifying M[1,2,3] does not have Qcompletion, consider the partial
the digraph D. If the partial submatrix of M induced by Qi-matrix
every strongly connected induced subdigraph of D has Q 111
completion, then M has Qcompletion. M[1,2,3 = 1 1 x |,
111

Proof. We prove the result for the case wHeihas two strong
component®; andD,. The general result will then follow
by induction. By a relabeling of the verticesDf if required,
we have

with unspecified entry x. Then for any-Qompletion B of
M[1,2,3], we have §B) = 0 and hence NL, 2, 3] does not
have Q-completion.

M = [ M1 Mz } , The property of havin@;-completion is not inherited by
X Mz induced subdigraphs. This can be also seen from the Exam-

whereMi is a partialQ;-matrix specifyingD;, i = 1,2, and  P1€2.5
all entries inX are unspecified. By the hypothedi4; has a

Q:-completionB;i. Consider the completion 4. The Q;-matrix completion problem
Bi, Bio We say that a digrap® has Q;-completion if every par-
B= [ By, B ] ) tial Q1-matrix specifyingD can be completed to@;-matrix.

TheQq-matrix completion probleraims at studying and clas-
by choosing all entries i as well as all unspecified entries Sifying all digraph<D which haveQ;-completion.

in My, as 0. Then, for  k < |D| we have, The property of being @1-matrix is preserved under sim-
ilarity and transposition, but it is not inherited by pripal
k—1 submatrices, as it can easily be verified. Also it is cleat tha
&(B) = &(B11) + &(B22) + ZLS'(Bll)S&fr(BZZ) >0, if a digraphD hasQ;-completion, then any digraph which is
r=

isomorphic toD hasQ;-completion.

Here, we mearg(Bii) = 0 whenevek exceeds the size of

Bi.. ThusM can be completed to@;-matrix. O 4.1 Sufficient conditions for  Q;-matrix completion

Theorem 4.1. If adigraph D+ K, of order n has @-completion,

then any spanning subdigraph of D hag-@ompletion.
The proof of the following result is similar. ysp g grap $Cmp

. ) ) o Proof. SupposeH be a spanning subdigraph Bf and My
Theorem 3.2. Suppose M is a partial Qmatrix specifying  pe a partialQ;-matrix specifying the digraphl. Consider a
the digraph D. If the partial submatrix of M induced by partial matrixMp obtained fromMy by specifying the entries
each component of D has a;@ompletion, then M has a corresponding tdi, j) € Ap \ Ay as 0. SinceD # Ky, by

Qi-completion. Propositior2.1, Mp is a partialQi-matrix specifyingD. Let
. B be aQi-completion ofMp. Clearly,B is a Q;-completion
The converse of Theore®lis not true. For example, ev- of My Q P b y Q P 0

ery partialQ:-matrix specifying the digrapb in Figurel has

Q1-completion, although the strong compon@itinduced Theorem 4.2. Suppose D K, be a digraph such thdD is
by vertices{1,2,3} does not hav@;-completion (see Exam- stratified. If it is possible to sign the arcsBfso that the sign
ple3.3). of every cycle is of positive sign, then D has€@mpletion.

Example 3.3. Consider the digraph D in the Figure. We  Proof. SupposeM be a partialQ;-matrix specifying the di-

show that D has @completion, but the strong componerit D graphD. For anyt > 0, consider a completioB of M by

induced by vertice$1, 2,3} does not have Qcompletion. choosing the unspecified entty = sgn(i, j)t (using the sign
of the arc inD). Then for eactk = 2,3,....n, we have,

S(B) = ad*+ri(t)

wherecy is the number of permutation subdigraphs of order
k in D andry(t) is a polynomial of degree less th&n If
D contains all loops, then the trace of any par@atmatrix
specifyingD is positive; ifD omits a loop, thei%; (B) = cit +
ro, wherec; is the number of loops iB andrg € R. Now by

) ) o choosing sufficiently large B becomes &1-matrix. O
Let M= [&;] be a partial Q-matrix specifying D. Then

fort > 0, M can be completed to a;@matrix B(t) but the Example 4.3. Consider the digraph Pand its complement
principal submatrix induced by the digrapH De. M[1,2,3] Dy in Figure 2. It can be easily seen that the digraph is
does not have Qcompletion (see Examp5). To see that stratified. Also it is possible to sign the arcs§ so that

2

4 3

Figure 1. The DigraphD
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satisfies the statement of the Theo® henceD has Q-
completion. To see this consider a partial-@atrix

1 2 1 2
4 3 4 3
Figure 2. The DigraphD andDg
4 3 4 3

every cycle irDg is of positive sign. Thus by Theoreh®,

the digraph B has Q-completion. Figure 3. The Digraph® andD

However the converse of the TheordtRis not true which 5
can be seen from the Examplés. Although the complement d,)l a2 Q13 ;
of the digraphD is not stratified, but it ha®;-completion M= | ° d a3 -

? azp d3 ?
[See Exampld.q]. 2 0?2 2 d

)

Corollary 4.4. Suppose B K, be a digraph such thd has R
a stratified spanning subdigraph;DIf D; has a signing in  specifying the digrap® with unspecified entries @& For
which the sign of every cycleiis, then D has @-completion. t > 0, consider a completion B of M as follows:

Theorem 4.5. Suppose DB£ K, be a digraph with all loops di a;p aiz t
such thatD is pseudo-stratified. If it is possible to sign the 0 d» a3 O
arcs ofD so that the sign of every cycle is of positive sign, B= t agp d3 -t
then D has @-completion. 0O O t  dg

Proof. Let M = [ajj] be a partialQ;-matrix specifying the = Since M is a partial @-matrix, hence all > 0 Vi=1,2,3,4.
digraphD. SinceD is pseudo-stratified, there exists a subdiNow, we have,
graphD; of D of ordern — 1 such thaD; is stratified. Sup-

poseD; is obtained fronD by deleting a vertex say; in D S(B) = ditdo+ds+ds
i.e. D1 =D—vy. Fort > 0, consider a completidB(t) = [bjj] S(B) = t24+fi(t)
of M by choosing the unspecified entries as following: S(B) = t3+f,(B)

Si(B) = dot3+ f2(B)

b sgn(i, j)t, forall(i,j)eD;
""lo otherwise where f(t) denotes a polynomial of t of total degree i. Now
sufficiently large values oft 0, B becomes a @matrix.

3

wheresgn(i, j) denotes the sign of the arcs bf SinceM
is a partialQ;-matrix with all specified diagonal entries, thus
di>0,Vi=1,2,...,n. Now we have,

S(B) = otk + fi(t), ke {2,3,...,n—1} Theorem 4.7. Every asymmetric digraph D hagompletion.

However the converse of the Theordrbis not true which
can be seen from the Examples.

Si(B) = diCrat" 4 faa(t) Proof. SupposeM = [a;j] be a partialQ;-matrix specifying
wherecy is the number of permutation subdigraphs of ordePhe d|grapm. S|ngeM 'S a part|aI.Q.1-matr|x, thus the spec-
kin D and f(t) is a polynomial of degree less th&n Now njed diagonal entries ax are positive. Cor_@der a comple-
choosing a sufficiently large value of we haveSc(B) > tion B of M obtained by setting all unspecified diagonal en-

0, Vke {1,2,...,n} and hence(t) is Q;-matrix 0 Mesd as 1 and all unspectfied pakg.x;i to 0. We set all
, 3Ly ' otherx;j to —a;;i and we have,

Example 4.6. Consider the digrapﬁ # K4 in Figure3. The

complemenD of the digraphD is not stratified althougtD _0;1 ‘312 213 :1“
has Q-completion. Sinc® is pseudo-stratified digraph of B_ _aiz _a223 d233 az:
order 4, thus it has a stratified subdigraph @f order 3
which is obtained by deleting the vertgxrom D. Now D —a;n —am —ag ... On
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Let D = diag[d1,dy,...,dn]. ThenD > 0. We can writeB=  we haveS(B) > 0 for alli = 2,3,4. Hence the result follows.
Bo + D, whereBy is a skew-symmetric real matrix. Since a O
skew symmetric real matrix isRy-matrix [7], henceS(Bp) >

0 for everyk € {1,2,...,n}. On the other hand, being a posi-Example 4.12. Consider the digraph Rin Figure 5. The
tive matrixD, we havevk € {1,2,...,n}, §(D) >0andas a complemeri; of D; contains a&2-cycle(1, 3) which does not
resultS(B) > 0. Hence the result follows. U form a permutation subdigraph of orddrwith any2-cycle

Example4.8. Consider the digraph Pin Figure4. The com- " Ds+(1,3). Thus by Theorem. 11 D3 has Q-completion.

plementD, of D, is neither stratified nor pseudo-stratified,
but it has Q-completion by Theorerh.7.

1 2 1 2
) 3
1 2 1 2 Figure 5. The Digraph®s andDs

However the converse of the Theorehillis not true
which can be seen from the Exampgle8. Although the di-
4 3 4 @ graphD; in Figure4 does not have 2-cycle bit, hasQ;-
Figure 4. The Digraph®, andD» completion.

Example 4.9. The converse of the TheorehV is not true 42 Necesgary conqnlc_)ns for  Qi-matrix compIer_n
In this section we will discuss some necessary conditions fo

which can be seen from the Exam@&. Although the di- di hioh leti
graph D is not asymmetric, but the digraph D haﬁcpmpletion"." igraph to have,-completion.
From Example2.5, it is seen that any partial @matrix M

specifying D can be completed to a-gatrix. Theorem 4.13. If a digraph D+ K, of order n> 2 contains

two vertices y and v with indegree or outdegree n, then D

Corollary 4.10. A digraph D has @-completion if it does does not have Qcompletion.

not contain a cycle of even length. ) _
Proof. Suppose a digraph of ordern > 2 contains two ver-

Theorem 4.11. Suppose B~ K4 be a digraph with all loops. ticesv; andv, with indegree or outdegree Consider a par-
Suppos® contains a2-cycle(vi,V2) such that(vi,v) does tial Q;-matrix M specifyingD with all specified entries are
not form a permutation subdigraph of orddrwith any2-  exactly 1. Then two columns or rows bf are equal and for
cycle in D+ (vq,Vv2). Then D has @completion. any completiorB of M, we have daB = 0. Hence the result

follows. O
Proof. SupposeM = [a;j] be a partialQ;-matrix specifying oS

the digraphD. For anyt > 0, consider a completioB of M

by choosing the unspecified entries as following: Theorem 4.14. Suppose B¢ Kn be a digraph with all loops

such thatD is asymmetric. If D contains a-cycle (v, V,),

t, if (i,j) = (v1,v2) €D then D does not have;@ompletion.
bij=1{ —t, if (i,j)=(v2,v1) €D Proof. Suppose thab has a 2-cyclglvy,v). Consider a
0, otherwise partial Qi-matrix M = [a;;] specifyingD such thatd; = 1
Then we have, (1<i<n)andayv,avy, > 2 and rest of all specified

S(B) = ditdptdgtda entries are zero. L& = [b;;] be any completion of1. Then

2 y

S(B) = t°4+fi(t,a)) S$(B) = ;didj—;bnbji < - Y bjbi <0,
S(B) = (da+da)t®+ fu(t,a) 7l 7 higtvve)

Su(B) = dsdat®+ fa(t &), and, thereforeB is not aQ;-matrix. O

wherefy(t,a;j) is a polynomial irt of degree at most 1. Since
M is a partialQ;-matrix with all specified diagonal entries, Example 4.15. Consider the digraph Pin Figure 6. The
thus we haves; (B) > 0. Now choosing sufficiently large, complemenb, of D, is asymmetric and phas2-cycle(1,3).
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Thus by Theorem.14, D4 does not have Qcompletion. To Proof. Suppos® be a asymmetric digraph that Hadsompletion
see this consider a partial 2matrix andM be a partialQ:-matrix specifyingD. SinceD is asym-
metric, hence all principal submatricesMfof order greater

1 ? 10 O than 1 are unspecified. Also being a par@atmatrix as well
M — 0 1 ? O asP-matrix, all specified diagonal entries M are positive.
10 0 1 0O} SinceM hasP-completion, thus considerRrmatrix comple-
? 0?2 2?2 1 tion B of M. Now B is also aQ;-completion ofM and hence

the result follows. O
specifying the digraph i Then for any completion B of M,

we have §B) < 0. Hence, M cannot be completed to a-Q Theorem 5.4. Any asymmetric digraph has,@ompletion.

matrix. Proof. Since any asymmetric digraph hBiscompletion ],

thus by Theoren®.3 any asymmetric digraph also h&s-
completion. O

6. Classification of digraphs of small
order having Qi-completion

4 8 4 ° Based on the obtained results in the previous sections, we
Figure 6. The Digraph, andD4 will classify the digraphs of order at most four that include
all loops as toQ;-completion in this section. Again per-
mutation similarity ofQ;-matrix implies that if a digrap®
. . hasQi-completion, then any digraph which is isomorphic to
5. Relationship theorems D hasQ;-completion. Thus any digraph which is obtained
5.1 Q-completion and Qy-completion (t:)g)lrlnapt;z:?r? the unlabelled digraph associatedtdiasQ;-

Itis easily seen that @ matrix is aQ-matrix but not vice The nomenclature of the digraphs considered in the se-
versa. Thus the completion problem of these two classes a(ﬁﬁel are indicated as per their order in the lisdn4ppendix,
partially related. pp. 233]. HerePy(q,n) is the one obtained by attaching a
loop at each of the vertices to tineth member in the list of
digraphs withp vertices andj (non-loop) arcs in the list.

We will classify the digraphs into a series of following
lemmas.

Theorem 5.1. If a digraph D has Q-completion, then it must
also have @-completion.

Proof. SupposeD be a digraph that ha®-completion and

M be a partialQi-matrix specifying the digrap®. Thus | emma6.1. For 1< p < 4, the digraphs B(g,n) which are

M is a partialQ-matrix specifying the digrap®. SinceD |isted below do not have completion.
hasQ-completion, thusM can be completed to@-matrix B.

Now if D includes all loops, then we are done iRis aQs- p=3; q=4; n=34

matrix. If D omits at least one loop, thévl has atleast one q=5 n=1
unspecified diagonal entry. Now we choose positive number®?=4; q=6; n=40,43
to those unspecified diagonal entries\bf In that caseM is q=7; n=16,222936
also a partiaQ-matrix and it can be completed taQamatrix q=28; n=57,10,1214,151821 22 26,27
B which is also &Qq-matrix. O g=9, n=1251113
g=10; n=15

However the converse of the Theor&riis not true which q=11; n=1

can be seen from the following example. Proof. Each of the digraph listed above satisfies the Theo-
rem4.13and hence the result follows. O

Example5.2. The digraph 3 in Figure5has Q-completion
(See Exampld.12). But the digraph R does not have Q- Lemma6.2. For 1 < p <4, the digraphs [3(g,n) which are
completion (By Theorem 2.&)]). listed below do not have completion.
5.2 P-completion and Q;-completion p= 3 9= 4 n=2
Since &P L i thus th leti bl p=4; q=7; n=31333437

ince aP-matrix is aQp-matrix, thus the completion problem q=8; n=16,17-19 20,23-25
between these two classes are also partially related.

g=9; n=412
Theorem 5.3. Any asymmetric digraph that has P-completiorProof. Each of the digraph satisfies the theordm4 and
also has Q-completion. hence the result follows. O
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Lemma6.3. For 1 < p <4, the digraphs [3(qg,n) which are
listed below do not have completion.

The Qq-matrix completion problem — 450/ 450

8,9 ;0= 9,n = 3 satisfies the statement of the Theorkrl,
hence they hav®;-completion.

O

p=4; g=6; n=2 Remark 6.5. In this paper, the @matrix completion is dis-
g=7; n=45. cussed. A few necessary necessary and sufficient conditions
g=8; n=111 for a digraph to have @completion are obtained. But a
strong necessary and sufficient condition is still needésb A
Proof. Suppose most of the digraphs among 218 digraphs of order 4 are clas-
11 1 2 sified according to @completion. The following digraphs
11 1 2 Dp(q,n),_ 1 < p < 4 are not classified according to the;Q
M = 111 2| completion.
? 0?2?21 p=4; g=6; n=230,
. . . . , g=7; n=1523
be a pgr_tlalQl m_atrlx specifying the digrapb4(6,2) with q=8; n==6.
unspecified entries as ?. BM cannot be completed to a
Q:-matrix since for any completioB of M, we have deB =
0. Again any digraph listed in the Lemna3 contains the References

digraphDy4(6,2) as an induced subdigraph, hence the resulrm
follows. O

Theorem 6.4. For 1 < p < 4, the digraphs (g,n) which %

are listed below have Qcompletion.
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the digraph ha®:-completion by Theorerh.4. [10]
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