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Abstract

In this paper, a new class of set called nano n generalized star semi-closed sets in nano topological spaces
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1. Introduction

Levine [4] Introduced the class of g-closed sets, a super
class of closed sets in 1970. This concept was introduced as
a generalization of closed sets in Topological spaces through
which new results in general topology. Recently Lellis Thiva-
gar introduced nano topological space with respect to a subset
X of a universe which is defined in terms of lower and up-
per approximation of X. The elements of nano topological
space are called nano open sets. He has also defined nano
closed sets, nano interior and nano closure of a set. He also
introduced the weak forms of nano open sets. Bhuvaneswari
[2] introduced nano g-closed sets and obtained some of the
basic interesting results. Sathishmohan [9] et.al., studied the
concept of Og*-closed sets in topological spaces and investi-
gate the composition of the functions between 6 g*-continuous
functions and continuous functions. In this paper, we define a

new class of sets called nano 7 generalized star semi-closed
and its open sets in nano topological spaces and study the
relationships with other nano sets.

2. Preliminaries

Definition 2.1. [5] Let U be a non-empty finite set of objects
called the universe and R be an equivalence relation on U
named as the indiscernibility relation. Then U is divided
into disjoint equivalence classes. Elements belonging to the
same equivalence class are said to be indiscernible with one
another. The pair (U, R) is said to be the approximation space.
Let XCU

o The lower approximation of X with respect to R is the
set of all objects, which can be for certain classified as
X with respect to R and it is denoted by Lg(X).

That is Lr(X) = Uxey{R(x) : R(x) C X}, where R(X)
denotes the equivalence class determined by X € U.

o The upper approximation of X with respect to R is the
set of all objects, which can be for certain classified as
X with respect to R and it is denoted by Ug(X).

That is Ur(X) = Uy {R(x) : R(x)NX # @}
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o The boundary of the region of X with respect to R is
the set of all objects, which can be classified neither as
X nor as not X with respect to R and it is denoted by
Bg(X)

That is Br(X) = Ur(X) — Lr(X).

Definition 2.2. /5] If (U,R) is an approximation space and
X, Y CU, then

o Lr(X) CX C Ur(X).

o Lg(9)=Ur(9)=9¢

o Lx(U)=Ug(U)=U.

o Up(XUY)=Ur(X)UUg(Y)

o Up(XNY) C Ur(X)NUR(Y)

o Up(XUY) D Ur(X)UUg(Y)

o Up(XNY)=Ur(X)NUg(Y)

o Lg(X) C Lg(Y) and Ur(X) C Ug(Y) whenever X C Y

o Ur(X‘) =[Lr(X)]* and Lr(X) = [Ur(X)]*

* Ur(Ur(X)) = Lg(Ur(X)) = Ur(X)

o Lg(Lg(X)) = Ur(Lg(X)) = Lg(X)
Definition 2.3. [5] Let U be the Universe and R be an equiv-
alence relation on U and tx(X) = {U,$,Lg(X),Ur(X),Br(X)}
where XCU. tx(X) satisfies the following axioms:

o Uand ¢ € r(X).

e The union of elements of any subcollection of tr(X) is
in Tg (X)

o The intersection of the elements of any finite subcollec-
tion of Tr(X) is in TRr(X).

We call (U, tr(X)) is a nano topological space. The elements
of Tr(X) are called a nano open sets and the complement of a
nano open set is called nano closed sets.

Throughout this paper (U, (X)) is a nano topological space
with respect to X where X C U, R is an equivalence relation
on U, U /R denotes the family of equivalence classes of U by
R.
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Remark 2.4. [5] If tr(X) is the nano topology on U with
respect to X. The set
B={U, Lg(X), Br(X)} is the basis for tr(X).

Definition 2.5. [5] If (U, 1r(X)) is a nano topological space
with respect to X. Where X C G and if A C G, then

o The nano interior of the set A is defined as the union of
all nano open subsets contained in A and is denoted by
Nint(A), Nint(A) is the largest nano open subset of A.

e The nano closure of the set A is defined as the intersec-
tion of all nano closed sets containing A and is denoted
by Ncl(A). Ncl(A) is the smallest nano closed set con-
taining A.

Definition 2.6. [/0] A nano-subset of a nano topological
spaces U is called nano-dense if Ncl(A)=U.

Definition 2.7. [12] A nano topological space (U, tg(X)) is
said to be nano extremally disconnected, if the nano-closure
of each nano-open set is nano-open.

Definition 2.8. [10] A space U is called nano-submaximal if
each nano-dense subset of U is nano-open.

Definition 2.9. Ler (U, 1r(X)) be a nano topological space
and A C G. Then A is said to be

Nr-closed [5] if A = Ncl(Nint(A).

e Na-closed [5] if Nint(Ncl(Nint(A))) C A.

e Np-closed [5] if Nint(Ncl(A)) C A.

e Ns-closed [2] if Ncl(Nint(A) C A.

e NB-closed [2] If Ncl(Nint(Ncl(A))) C A.

e Nr-closed [1] if intersection of nano r-closed.

e Ng-closed [2] if Ncl(A)CG whenever ACG and G is
nano-open in U.

e Ng*-closed [5] if Ncl(A)CG whenever ACG and G is
nano g-open in U.

o Ng*s-closed [4] if Nscl(A)C G whenever ACG and G is
nano g-open in U.
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o Nrg-closed [6] if Ncl(A)CG, whenever ACG and G is
Nr-open.

{b,d},{b,d},{c,d},{a,b,d},{a,c,d},{b,c,d}} and nano ng*s-
closed set = {¢,U,{a},{d},{a,d},{b,c},{b,d},{c,d},{a,b,d},

e Nog-closed [11] if Nacl(A)CG, whenever ACG and G
is nano-open.

e Nsg-closed [2] if Nscl(A)CG, whenever ACG and G is
Ns-open.

o Nmgf-closed [8] if NBcl(A)CG, whenever ACG and G
is Nm-open.

o Nrgs-closed [7] if Nscl(A)CG, whenever ACG and G
is N-open.

e Ngs-closed [3] if Nscl(A)CG, whenever ACG and G is
nano-open.

3. Nmg*s-closed sets

Definition 3.1. A subset A of a nano topological space (U,
TR(X)) is called nano m generalized star semi-closed (briefly
Nrng*s-closed) set if Nscl(A)CG whenever ACG and G is
Nrg-open in (U, tg(X)).

Theorem 3.2. Every Nr-closed set is Ntg*s-closed.

Proof: Let A be a Nr-closed set in U. Let G be a Nitg-open set
such that ACG. Since A is Nr-closed we have Nrcl(A)=ACG.
But, Nscl(A)C Nrcl(A) CG. Therefore Nscl(A)CG. Hence A
is a Nmg*s-closed set in X.

Remark 3.3. The converse of the above theorem need not be
true as seen in the following example.

Example 3.4. Let U={a,b,c,d} with U/R={{a},{b,c,d}}.
Let X={a,c}CU and tr(X) = {9, U{a},{b,c.d}}, nano r-
closed set = {¢,U,{b,c,d},{a}} and nano mg*s-closed set
={¢,U,{a},{b,c},{b,d},{c,d},{b,c,d}}. Let A= {b,d}.
Thus the subset A is Nng*s-closed but not Nr-closed set.

Theorem 3.5. Every Nrmg*s-closed set is Ntgs-closed.
Proof: Let A be any Nng*s-closed set in U. Let ACG and G be
Nmg-open in U. Every nano open is Nit-open and Nitg-open
and since A is Ng*s-closed, we have Nscl(A)CG. Therefore
A is Nmgs-closed.

Remark 3.6. The converse of the above theorem need not be
true as seen in the following example.

Example 3.7. Let U={a,b,c,d} withU /R={{a,c},{b},{d}}.
Let X={a,b}CU and t(X)={¢,U,{b},{a,b,c},{a,c}}, nano
mgs-closed set = {¢,U,{a},{b},{c},{d},{a,b},{a,c} {a,d},
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{a,c,d},{b,c,d}} . Let A= {b}. Thus the subset A is NTgs-
closed but not a Nwg*s-closed set.

Remark 3.8. The following diagram shows the relationship
of Nrg*s-closed set with other known exixting sets.

N7gs-closed

Ngs-closed
Nsg-closed
Ngsp-closed
Nmg-closed .

Nmg™s-closed

N7gr-closed
Nzmgp-closed

Nrga-closed
Neag-closed |
Nmgf-closed |
N closed

A— B represents A implies B but not conversely.

| Nrwg-closed set |

Example 3.9. Let U={a,b,c,d} withU /R = {{a,b},{c}.{d}}.
Let X = {a,d}CU and (X) = {¢,U{d},{abd},{ab}}.
Then Nrmg*s-closed={¢,U,{c},{d},{a,b},{a,c},{b,c} {cd},
{a,b,c},{a,c,d},{b,c,d}}, Nrwg-closed={9,U{a,d},{b,d},
{¢,d},{a,b,c},{abd},{acd},{bcd}}, Nr-closed={9,U,
{c}}, Nag-closed, Ng-closed and Nrga-closed set={¢,U,
{c}{ac}.{b.c}.{c.d}.{ab,c} {acd} {bcd}}. Let A={d}.
Then the subset A is Nrng*s-closed set but not Nrt-closed,
Nag-closed, Nng-closed, Nwga-closed set

Example 3.10. Ler U={a,b,c,d} withU /R={{c},{a,b,d}}.
Let X={c,d}CU and w%(X) = {¢,U,{c},{a,b,d}}. Nsg-
closed, Ngsp-closed, Ntgr-closed, Ntgp-closed, Nng-closed
and Ngs-closed sets = {¢, U, {a},{b},{c},{d},{a,b},{a,c},

{a’d}v {bvc}v {b,d}, {Cvd}v {a,b,c}, {avbvd}7 {aacvd}v {b;c,

d}} and Nano ng*s-closed set = {¢,U,{c},{a,b,d},}. Let

A= {b}. Thus the subset A is Nsg-closed, Ngp-closed, Ngsp-
closed, Nngr-closed, Nngp-closed, NngB-closed, Ngs-closed
sets but not a Nrg*s-closed set.

Example 3.11. Ler U={a,b,c,d} withU /R={{a},{b,c,d}}.
Let X={b,c}CU and tr(X)={9,U{b,c.d}}. Nmg*s-closed
set={9,U,{a},{b}} and Nrwg-closed set={¢,U,{b,c,d}}. Let
A={a} and B={b,c,d}. The subset A is Ntg*s-closed set but
not in Nrwg-closed set. The subset B is in Nrwg-closed set
but not in Nwg*s-closed set. Therefore Nrwg-closed sets and
Nrg*s-closed sets are independent of each other.

Theorem 3.12. Union of any two Nrmg*s-closed subset is
Nrg*s-closed.

Proof: Let A and B be any two Nrmg*s-closed sets in U,
such that ACG and BCG where G is Ng-open in U and so
AUB CG. Since A and B are Nng*s-closed, we have ACNscl(A)

et
& o 00,
RN

(N
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and BCNscl(A) and hence AUB C Nscl(A) UNscl(B) C
Nscl(AUB). Thus, AUB is Nrg*s-closed set in (U, (X))

Example 3.13. Let U={a,b,c,d} withU /R = {{a},{b},{c,d}}.

LetX ={a,c}CUand t%r(X) ={¢,U{a},{a,c.d},{c.d}}. Then
Nrng*s-closed={¢,U,{a},{b},{ab},{b,c,d}} Let A={a} is
ng*s-closed set and B={b} is mg*s-closed set, then AUB
={a}U{b}={a,b} is also a Nwg*s-closed set.

Theorem 3.14. Intersection of any two Nng*s-closed subset
is Nmg*s-closed.

Proof: Let A and B be any two Nmg*s-closed sets in U,
such that ACG and BCG where G is Nrg-open in U and so
ANB CG. Since A and B are Nng*s-closed, we have ACNscl(A)
and BCNscl(A) and hence ANB C Nscl(A) NNscl(B) C
Nscl(ANB). Thus, ANB is a Nitg*s-closed set in (U,Tg(X)).

Example 3.15. Let U={a,b,c,d} withU /R = {{a},{b},{c,d}}.

LetX={a,c}CUand tr(X) ={¢,U{a},{acd},{cd}}. Then
Nng*s-closed={¢,U,{a},{b}.{a,b},{bcd}}. Let A={a,b} is
a ng*s-closed set and B={b,c,d} is a ng*s-closed set, then
ANB ={a,b}N{b,c,d}

={b} is also a Nng*s-closed set.

Theorem 3.16. A subset A of U is Nng*s-closed iff Nscl(A)-A
contains no non-empty nano closed set.

Proof: Let A be a Nng*s-closed set. Suppose F is a non-empty
nano closed set such that FTNscl(A)-A. Then FCNscl(A)
N A €, since Nscl(A)-A=Nscl(A)NAC. Therefore FCscl(A)
and FC A°. Since F€ is nano open, it is Nwg-open. Now,
by the definition of Ng*s-closed set, Nscl(A)C F€, That is
FC [Nscl(A)]¢. Hence FC Nscl(A) N[Nscl(A)]° = ¢. That
is F=¢, which is a contradiction. Thus, Nscl(A)-A contains
no non-empty nano closed set in U. Conversely, assume that
Nscl(A)-A contains no non-empty nano closed set. Let ACU,
where G is mg-open. Suppose that Nscl(A) is not contained
in U, then Nscl(A)NU* is a non-empty nano closed subset of
Nscl(A)-A, which is a contradiction. Therefore Nscl(A)CU
and hence A is Ntg*s-closed.

Theorem 3.17. If A is a Nng*s-closed subset of U such that
AC B CNscl(A), then B is a Nrg*s-closed set in U.

Proof: Let A be a Nrng*s-closed set of U such that AC
B CNscl(A). Let G be a Nrg-open set of U such that BCG,
then ACG. Since A is Nrg*s-closed. We have Nscl(A)CG.
Now Nscl(B)C Nscl(Nscl(A)) = Nscl(A) CG. Therefore B is
a Nrg*s-closed set in U.

Theorem 3.18. For each {a} € U, either {a} is nano closed
set (or) {a}¢ is nano generalized closed in tg(X).

Proof: Suppose {a} is not nano closed in U. Then {a}* is not
nano open and the only nano open set containing {a}° is G C
U. That is {a}° C U. Therefore Nscl({a}°)CU which implies
{a} is nano mg*s-closed in tr(X).

Corollary 3.19. Let A be a Nng*s-closed set and suppose
that F is a nano closed set. Then AUF is a Nng*s-closed set
which is given in the following example.
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Example 3.20. Let U={a,b,c,d} withU /R = {{a,c},{b},{d}}.
Let X = {a,b}CU and 1x(X)° = {9,U{a,cd},{d},{bd}}.
Then Nmg*s-closed={¢,U,{b}.{d},{ab},{ac} {ad},
{b,d},{c,d},{a,bd},{a,cd},{bcd}}. Let A={a,c,d} and F=
{b,c,d}. Then ANF ={c,d} is a Nng*s-closed set.

Definition 3.21. A subset A of a nano topological space (U,
TR(X)) is called nano © generalized star semi-open (briefly
nano wg*s-open) if A€ is nano mwg*s-closed.

Theorem 3.22. A subset A C U is Nrg*s-open iff F C Nint(A)
whenever F is a Nrg-closed set and F C A.

Proof: Let A be nano ng*s-open suppose FCint(A) where F
is Nng-closed and FCA. Let A“CG where G=F° is Nrg-open.
Then G°CA and G°CNint(A). Then we have A€ is Nng*s-
closed. Hence A is Ntg*s-open.

Conversely, If A is Nng*s-open, FCA and F is Nrg-closed.
Then F ¢ is Nng-open and A°CF. Therefore Ncl(A°)C(F°).
But Ncl(A€)=(NInt(A))‘. Hence FCNInt(A).

Theorem 3.23. If NInt(A) C B C A and if A is nano ng*s-
open, then B is nano wg*s-open.

Proof: Let NInt(A) C B C A, then A€ is nano ng*s-closed and
hence B€ is also nano wg*s-closed by the above Theorem 3.22.
Therefore B is nano ng*s-open.

4. Nano rg*s-interior and 7wg*s-closure

Definition 4.1. Let (U, tr(X)) be a nano toplogical space and
A C U then nano ng*s-interior is defined as

Nng*s-int(A) = U {B:B is nano ng*s-open, B C A}

Clearly Nrg*s-int(A) is the largest nano ng*s-open set over
U which is contained in A.

Definition 4.2. Let (U, tr(X)) be a nano toplogical space and
A C U then nano ng*s-closure is defined as

Nng*s cl(A) = N {F:F is nano ng*s-closed, A C F}

Clearly Nitg*s-cl(A) is the smallest nano ng*s-closed set over
U which contains A.

Lemma 4.3. Let A and B be any two subsets of U in a nano
topological spaces (U, tr(X)) and the following are true

(i) Nmg*s-int(A)CA

(ii) ACB = Nmg*s-int(B) C Nng*s-int(B)

(iii) Nmwg*s-int(A) U Nng*s-int(B) C Nng*s-int(AUB)

(iv) Nng*s-int(A)NN7mg*s-int(B)CNmg*s-int(ANB)

Lemma 4.4. For a subset A of U.
(i)Nmg*s-cl(A)CNcl(A)
(ii)N-int(A)CNmg*s-cl(A)

Lemma 4.5. A subset A of U is nano n generalized star
semi-closed if and only if A = Nrg*s-cl(A).

Theorem 4.6. Let A and B be two subsets of nano topological
space (U, Tr(X)). Then

(i) Nng*s-int(U) = U and Nrg*s-int(¢) = ¢

(ii) Nmg*s-int(A) C A

(iii) If B is any Nmg*s-open set contained in A, then B C
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Nng*s-int(A)

(iv) IfA C B, then Nrg*s-int(A) C Nng*s-int(B)

(v) Nng*s-int(Nrg*s-int(A)) = Nrg*s-int(A).

Proof: (i) Let U and ¢ are Ng*s-open sets

Nng*s-int(U) = U {B:B is a Nng*s-open, BCU} = U U all
Nrg*s-open sets = U.

(ie) int(U) = U. Since ¢ is the only Ntg*s-open set contained
in ¢, Nug*s-int(¢) = ¢.

(ii) Let x € Nrg*s-int(A) = x is a interior point of A.

= A is a nbhd of x.

= x€A.

Thus, xeNTg*s-int(A)= x€A.

Hence Nmg*s-int(A) C A.

(iii) Let B be any Nng*s-open sets such that B C A. Let x €
B. Since B is a Nng*s-open set contained in A. x is a NTwg*s-
interior point of A.

(ie) x € Nrg*s-int(A). Hence B C Nrg*s-int(A).

(iv) Let A and B be subsets of (U, Tg(X)) such that A C B. Let
x € Nrg*s-int(A). Then x is a Ng*s-interior point of A and
50 A is a Nmg*s-nbhd of x. Since B D A, B is also Ntg*s-nbhd
of x.

= x € Nmg*s-int(B). thus we have shown that xeNmg*s-
int(B).

Theorem 4.7. If a subset A of space (U,1gr(X)) is Nng*s-
open, then Nitg*s-int(A)=A.

Proof: Let A be Ng*s-open subset of (U, Tr(X)). We know
that Nzg*s-int(A) C A. Also, A is Nng*s-open set contained
in A. From above Theorem 4.6(iii) ACNng*s-int(A) = A.

The converse of the above theorem need not be true, as seen
[from the following example.

Example 4.8. Ler U= {a,b,c,d} with U/R={{a,b},{c},{d}}.
Let X = {a,c} CU Then t(X)={U, ¢, {c}, {a.b.c}, {ab}}.
Then nano mg*s-open subsets are {9, U, {c},{a b},
{a,c},{b,c},{c.d},{abd},{acd} {bcd}} Nng*s-int({ab,c})
={c}U{a,b}U{b,c}U{¢} ={ab,c}. But {a,b,c} isnot Nmg*s-
open set in U.

Theorem 4.9. If A and B are subsets of (U, 1g(X)), then
Nrg*s-int(ANB) = Nng*s-int(A)NNmg*s-int(B).

Proof: We know that ANB C B. we have Nmg*s-int(ANB)
CNrg*s-int(A) and Nrg*s-intf(ANB) C Nng*s-int(B). This
implies that Nwg*s-int(ANB) C Nrg*s-int(A)N\Nmg*s-int(B).
Again let xeNmg*s-int(B). Then xeNmg*s-int(A) and xENg*s-
int(B). Hence x is a Nwg*s-int point of each of sets A and B.
It follows that A and B is Nng*s-nbhd of x, so that their in-
tersection ANB is also a Nng*s-nbhds of x. Hence xeNmg*s-
int(ANB). Thus xeNng*s-int(A). Nrng*s-int(B) implies that
XENRg*s-int(ANB). Therefore Nitg*s-int(A)NNng*s-int(B) C
Nrng*s-int(ANB). From the above, We get Ntg*s-int(ANB) =
Nrg*s-int(A)NNmg*s-int(B).

Theorem 4.10. If A is a subset of U, then Nint(A) C Nng*s-
int(A).

Proof: Let xeNint(A) = xU{B:B is nano open, BCA}.
=there exists an nano open set B such that x€ BCA.
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=> there exists a Ntg*s-open set B such that xe BCA, as every
nano open set is a Ng*s-open set in U.

=x€ U{B:B is Nng*s-open BCA}

=xENTg"s-int(A).

Thus x€Nint(A)=xeNng*s-int(A).

Hence Nint(A)CNng*s-int(A).

Example 4.11. Let U = {a,b,c,d} with UR = {¢, U, {a,d},{b},
{c}}. Let X = {a,b}CU. Then (X)) = {9, U, {b}, {ab,d},
{a,d}}. nano wg*s-open subsets are {¢,U,{b},{a,d},{b,c},
{a,b,d},{a,c,d}} nano m-open subsets are {¢,U,{a,d}}.
Let A = {a,c,d} Nng*s-open = {a,c,d} and Nz-open = {a,d}
It follows Nm-int(A)CNrg*s-int(A) and Nm-int(A)#Nng*s-
int(A).

Theorem 4.12. Let A be a subset of a nano topological space
(U, 1r(X)). Then

(i) (Nmg*s-cl(A))" = Nrg*s-int(A°)

(ii) (Nmtg*s-int(A))* = Nmg*s-cl(A€)

Proof: (i) (Nmg*s cl(A))° = (N {F:F is Nug*s closed, AC
F})

= U {F°:F is Nng*s open, F* CA“}

= Nrg*s int(A°)

(ii) (Nmg*s-int(A))° = (U {B:B is Nng*s-open, BCA})

=N {B“:B is Nng*s-closed, A“CB}

= Nmg*s-cl(A°).

Theorem 4.13. If A is a subset of a space (U, 1g(X)), then
Nrg*s-cl(A)CNrg-cl(A), where Nig-cl(A) is given by Nig-
cl(A)=n{F CU : ACF and F is a Nmg-closed set in U}.
Proof: Let A be a subset of U. By definition of Nrg-cl(A) =
N{FCU : ACF and F is a Nrg-closed set in U}. If ACF and
F is Nmg-closed subset of x, then ACFENTg-cl(A), because
every Nmg-closed subset in U. That is Nug*s-cl(A) CF. There-
fore Nng*s-cl(A)C N{FCU : ACF and F is a Nng-closed set
in U} = Nrg-cl(A).

Hence Nmg*s-cl(A)CNmg-cl(A).

Theorem 4.14. If A is a subset of a space (U, 1g(X)), then
Nrg*s-cl(A) CNcl(A).

Proof: Let A be a subset of a space (U, 1g(X)). By the defini-
tion of nano closure, Ncl(A) = N {F : UCFeC(U)}.
IfACFENC(A). Then ACFENTg*s(U), because every nano
closed set is Nrg*s-closed. That is Nug*s-cl(A)CF. There-
fore Nmtg*s-cl(A)C N{F C X:FENng*sC(U)}=Ncl(A). Hence
Nmg*s-cl(A)CNcl(A).

Remark 4.15. Containment relation in the above theorem
may be proper as seen from the following example.

Example 4.16. Let U = {a,b,c,d} with U/R = {{a,b},{c},{d}}.
Let X = {a,c}CU. Then 1(X) = {¢,U{c},{a,b,c},{ab}},
nano ng*s-closed subsets are {¢,U,{a},{b},{c}.{a,b} {ad},
{b,d},{c,d},{a,b,d}} and nano ng-closed subsets are {¢,U,{a},
(b} {eh dh {abh {ach {ad) (b} (b} {ed) {ab.ch
{a,¢,d},{b,c,d}}.

Let A = {a,d}, Nng-cl(A) = {a,b,d} and Ntg*s-cl(A) = {a,d}.
It follows Nrg*s-cl(A)CN wg-cl(A) and Nrg*s-cl(A) #Nng-
cl(A).
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5. Nano rg*s-neighbourhoods

Definition 5.1. A subset M CU is called a nano wg*s-
neighbourhood (Nmg*s-nghd) of a point xeU if and only if
there exists a AENmg*sO(U,X) such that x€ACM, and a point
x is called Nrg*s-nghd point of the set A.

Definition 5.2. The family of all Ntg*s-nghd of the point
x€U is called Nrg*s-nghd system of U and is denoted by
Nrg*s-nghd x.

Example 5.3. Letr U={a,b,c,d} with U/R={{a,c},{b}.{d}}.
Let X={a,b}CU and 1r(X)=

{90.U{b}{ab.c}{ac}t}, Nmg*sO(U,X)={¢,U{a}.{b}.{c},
{a,b},{a,c}.{b,c},{bd},{cd}.{ab,c},{acd}}. Then
Nng*s-nghds(a)={¢,U{a},{ab}{ac} {ab,c} {acd}},
Nrng*s-nghds(b)={9,U{b},{a,b},{b,c},{bd},{ab,}},
Nng*s-nghds(c)={9,U{c},{a,c},{bc}.{cd} {ab,c} {acd}},
Nng*s-nghds(d)={¢,U,{b,d},{cd},{acd}}.

Lemma 5.4. An arbitrary union of Nug*s-nghds of a point x
is again a Ng*s-nghd of x.

Proof: Let {A) },¢ be an arbitrary collection of Nmg*s-
nghds of a point x€U. We have to prove that UA; for A € I
(where I denote index set) also a Nng*s-nghd of x. For all
A € I there exists NTg*s-open set M such thatx € My CA; C
UAj i.e x UM, C UA; therefore UA, for A €I is a Ntg*s-
nghd of x. That is an arbitrary union of Nng*s-nghds of x is
again a Nng*s-nghds of x.

But intersection of Nng*s-nghds of a point is not a Nwg*s-
nghds of that point in general.

Example 5.5. Let U={a,b,c,d} with U/R={{a,b},{c},{d}}.
Let X={a,c}CU and tr(X)={9,U{c}.{ab,c}{ab}} be a
nano topology on U. Now Nrg*sO(UX) = {¢,U,{c},{a,b},
{a,c},{b,c},{c.d}.{abd},{acd},{bcd}}. Clearly {ab}
and {b,c} are Nng*s-nghd of be U but {a,b}N{b,c} = {b} is
not a Nng*s-nghd of b.

Theorem 5.6. The Nng*s-nghd system Nng*s-nghd(x) of a
point x€U satisfies the following properties

(a)if NeNmg*s-N(x) then xe N

(b)if NENmg*s-N(x) and NCM then MENwg*s-N(x)

(c)if NENTg*s-N(x) then there exists a GENmg*s-N(x) such
that GCN and GENng*s-N(y), for all yeG.

Proof: (a)Let NENTg*s-N(x) implies N is the Ntg*s-nghd of
X. therefore xeN

(b)Let NENTg*s-N(x) and NCM. Therefore there exists G €
Nmg*sO(U,X) such that x € G C N C M implies M is a Ntg*s-
nghd of x and hence MENTg*s-N(x)

(c)Let NENmg*s-N(x) implies GENmg*sO(X) such that xe GCN
G is Nng*s-nghd of each of its points implies for all yeG, G
is the Nug*s-nghd of y and hence GENmg*s-N(y) for all yeG.

Theorem 5.7. If A be a subset of (U,tr(X)). Then Nmg*s-
int(A) = U {B:Bis a Nng*s-open, B C A}.

Proof: let A be a subset of (U, Tr(X)).

x € Nmg*s-int(A)
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& x is a Nng*s-interior point of A.

<A is a Ng*s-nbhd of point x.

& there exists Nwg*s-open set B such that x € B C A
<x € U{B:BisaNng*s-open, BCA}

Hence Nrg*s-int(A) = U{B:B is a Nng*s-open, BCA}.
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