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Bounds on the covering radius of repetition code in Z,Z¢
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Abstract. In this paper, the covering radius of codes over R = Z2Zg¢ with different weight are discussed. The block repetition
codes over R is defined and the covering radius for block repetition codes R are obtained.
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1. Introduction and Background

Codes over finite commutative rings have been studied for almost 50 years. The main motivation of studying
codes over rings is that they can be associated with codes over finite fields through the Gray map. Recently, coding
theory over finite commutative non-chain rings is a hot research topic. Recently, there has been substantial interest
in the class of additive codes. In [11, 12], Delsarte contributes to the algebraic theory of association scheme where
the main idea is to characterize the subgroups of the underlying abelian group in a given association scheme.

The covering radius is an important geometric parameter of codes. It not only indicates the maximum error
correcting capability of codes, but also relates to some practical problems such as the data compression and
transmission. Studying of the covering radius of codes has attracted many coding scientists for almost 30 years.
The covering radius of linear codes over binary finite fields was studied in [9].

Additive codes over ZsZ,4 have been extensively studied in [2, 4-6]. In [7], the authors, in particular, gave
lower and upper bounds on the covering radius of codes over the ring Zg with respect to different distance. Using
above results motivate us to work in this Paper.
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2. Preliminaries

In Z and Zg be the rings of integers modulo 2 and 6. Let Z% and Zg denote the space of n-tuples over these
rings. A ring R = Z»Z¢ = {00,01, 02,03, 04,05, 10,11,12, 13,14, 15}, with integer modulo is 2 and 6. If C be
a non-empty subset of Z% is called a code and if that subcode is a linear space, then C' is said to be linear code.
Similarly, any non-empty subset C' of Zg is called a linear senary code.

In this section, some preliminary results are given [4, 6, 15]. A non-empty set C' is a R-additive code if it is a
subgroup of ZJ x Z° . In this case, C is also isomorphic to an abelian structure Z3 x Z¥ for some A and 4 and
type of C is a 2)6* as a group. It pursue that it has | C' |= 2**2# codewords and the number of order for two
codewords in C'is | C' |= 2K,

A linear code C' of length n over Zg is an additive subgroup of Zg. An element of C' is called a codeword
of C and a generator matrix of C' is a matrix whose rows generate C. The Hamming weight wg (2) of a vector

x € Zg is the number of non-zero components. The Lee weight wy () of a vector z = (21, %2, ,%y) is
0 ifz=0,
@) 1 ifz=1,5,
Wwr\T;) =
r 2 ifx =24,
3 ifz=3.

The Euclidean weight wg (x) of a vector x is

0 ifz=0,
@) 1 ifz=1,5,
We\T;) =
P 4 ifz =24,
9 ifzx=3.
The Chinese Euclidean weight wg () of a vector x is
0 ifx=0,
@) 1 ifz=1,5,
w xT;) =
or 3 ifxz =24,
4 ifx=3.

The Hamming, Lee, Euclidean, Chinese Euclidean distances dpy(x,y),dr(z,y), dg(z,y) and degp(z,y)

between two vectors z and y are wy(z — y),wr(x — y),wg(x — y) and wog(x — y) respectively. The

minimum Hamming, Lee, Euclidean and Chinese Euclidean weights, dg7, dr,,dg and dog of C' are the smallest

Hamming, Lee, Euclidean and Chinese Euclidean weights among all non-zero codewords of C respectively.
The Gray map: u : Z¢ — ZoZs is defined as £4(0) = (00), (1) = (11), u(2) = (02), u(3) = (10), u(4) =

(01), 1(5) = (12) and the extension of the Gray map

p: 73 x L — 7373, where n = vy + § is given by

plu,w) = (u, p(wy), -+, w(ws)), Yu € Z3 and (wy, - -+ ,ws) € Z3.

Then the binary image of a R-additive code under the extended Gray map is called a R-linear code of length
n=-y+34d.
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The Hamming weight of u denoted by wy(u) and wy(w), wg(w), wer(w) be the Lee, Euclidean and
Chinese Euclidean weights of w respectively, where u € ZJ and w € Z2.

In Lee, Euclidean and Chinese Euclidean weights are z is defined as wp(x) = wgy(u) + wp(w), where
D = {Lee(L), Euclidean(E), Chinese Euclidean(CE)}, and z = (u,w) € Z3 x Z, and u = (uq,- -+ ,u,) € Z3
and w = (wy,--- ,ws) € Z3. The Gray map defined above is an isometry which transforms the Lee distance
defined over Zj x ZJ to the Hamming distance defined over Z3, with n = v + 4.

3. The covering radius of code and the block repetition codes over 1

The covering radius of a code C' is the smallest number r such that the spheres of radius  around the codewords
cover Zj x Z3 = R and thus the covering radius of a code C over R with respect to the different distance, such
as(Lee, Euclidean, Chinese Euclidean) is given 4(C) = mal%({mi(rjl d(u,c)}.

ue ce

InF, = {0,1, 82, ,B,—1} is a finite field. Let C be a g-ary repetition code C over F,. Thatis C = {3 =
(BB ---B)|B € Fy} and the repetition code C'is an [n, 1, n] code. Therefore, the covering radius of the code C'is
(@] this true for binary repetition code. In [7], the authors studied for different classes of repetition codes
over Zg and their covering radius has been obtained. Now, generalize those results for codes over R.

Consider the repetition codes over R. For a fixed 1 < ¢ < 11. Forall 1 < j # ¢ < 11,n; = 0, then the code
C™ = C™ is denoted by C;. Therefore, the eleven basic repetition codes are the following table,

Generator Matrix Code | Parameters [n, k,d.], (n, M, d,)
G1 =1[01(05)---01(05)] =G5 | C1,C5 [n,1,n,n,n]
Gy = [M] =Gy | Cy,Cy (n,3,2n,4n,3n)
Gs = m Cs (n,2,3n,9n,4n)
Gg=1[10---10 Cs (n,2,n,n,n)
G7 =[11(15)---11(15)] = G11 | C7,C11 [n,1,n,n,n]
Gs = [M] =G1o | C,Cuo (n,6,n,n,n)
Gg = m Co (n,4,n,n,n)

here,x = L(E)(CE)

Cy = {co, c1,¢2,¢3,¢4,05} = Cs,

Co = {co, c2,ca} = Cy,

03 = {00703},

Ces = {co,c6}

C7 = {co, c1,¢2,¢3, ¢4, 5, Cg, C7, C8, Co, C10, €11} = Chy,

Cg = {co, c2, ¢4, 6, c8} = Cho,

Cg = {00703706,69} and{co ZOO'”OO,Cl :01~'~01,62 202-"02703 203'”03,64 :04"~04,
c5=05---05,c6 =10---10,c7 =11---11,cg =12---12,¢c9 = 13---13,c19o = 14---14,¢11 = 15--~15}.

Theorem 3.1. Let Cj,1<j<11, be a code in R. Then,
1. 3n S T‘L(Cl) = TL(C5) S %L,

2. 2 < ’I“L(CQ) = TL(C4) < 7?”,

3

s
2

338



Bounds on the covering radius of repetition code in ZyZg

4. % S TL(CG) S 37’L7
5. n<rp(C7)=rr(C11) < 2n,
6. % S TL(Cg) = ’I“L(Clo) S 2n and
7. n <rp(Cy) < 2n, where r1,(C;) is a covering radius of C;, 1< <11 with Lee distance.
Proof. For ¢ € Cj,1<;<11 be a codeword of code C; in R. Let t;(c),0<i<11 is the number of occurrences of

symbol 7 in the codeword c.

11
Letx € R™ by (to,tl,t2,tg,t4,t5,tﬁ,t7,t8,t8,t9,t10,t11)7 where Z tj =n, then

j=0

dr(z,00) = n — to + to + 2t3 + t4 + t7 + 2t + 3tg + 2t10 + t11,
dL(;v,OT) =n—1t; +t3+ 2ty +t5 + tg + ts + 2tg + 3t10 + 211,
dp(2,02) = n — tg + tg + tg + 2t5 + 2t + t7 + tg + 2t10 + 3t11,
dr(x,03) = n —ts +t1 + t5 + 3t + 2t7 + ts + tio + 2t11 + 2to,
dr(z,04) = n —tg + to + 2t; + to + 2tg + 3t7 + 2tg + to + t11,
dp(z,05) =n — ts + t1 + 2ta + t3 + te + 2t7 + 3tg + 2tg + t10,
dL(l‘,TO) =n —tg +t1 + 2ts 4 3t3 + 2t4 + t5 + tg + 2t9 + t10,
dr(z,11) = n — t7 + to + to + 2t3 + 3ta + 2t5 + to + 2t10 + t11,
dr(2,12) = n — tg + 2tg + t1 + t3 + 2t4 + 3t5 + tg + t10 + 2t11,
dp(z,13) = n — tg + 3tg + 2t + to + g + 2t5 + 2ts + t7 + 11,
dr(z,14) = n — t10 + 2tg + 3t1 + 2ta + t3 + t5 + te + 2t7 + ts,
dL($7T) n — t11 -I-t() + 2t1 + 3t2 + 2t3 +t4 +t7 + th +t9,

Q

In code C~ = 11 S R, then dL(l‘ 07) = dy, (Z‘,Cn) = min{dL(x,m),dL(x,m),
dL(LC,@),dL( 07) (.%' 04) dL(:L‘7O5),dL({,C710) dL( T)d ($,ﬁ),dL(.Z‘,T3),
dp(z,14),dr(x,15)} < 2n and hence

rr(C7) =r(Cn) < 2n.

n

If = (00---0001---0102---0203---0304---0405---0510---1011---11
13 12 13 %

/—/A/—/H i .
12---1213---13T4---1475---15) € R". Then dp(2,00) = dp(2,01) = dp(z,02) = dg(z,03) =
dL(I,M) == dL( 05) == dL(l’ 10) = dL(:E 11) =
21 1 2(35) + 3(35) + 2(37) + 55 + 57 + 2(zg) + 3(3
TL(C7) = T‘L(Cu) > n and hence n < T‘L(C7) = TL(Cl ) < 2n.

|3
|3

Ju
Sl
|
|
I\J‘S

n n
12 12

ol

In Code, C3 € R, dr(x,C3) = min{d(x,00),d (z,03)} < 22=0430 — 2p_Then r,(C3) < 2n.

2

w\a

on n 3n 3n
If 2 = (00---0003---03) € R", then dr,(x,00) = dp(x,03) = 3(%}) = =f. Thus r(C3) > < and so
3 < rp(C3) < 2n.

The remaining part of proof is follows from the above computation with respect to code. |
Theorem 3.2. In Euclidean weight for the code C;,1< <7, prove the following

1. 19” <rg(Cy) =rce(Cs) <4n,

2. B <rp(Cy) =rep(Cy) < B2,

3.9 < rp(Cs) < 5,

e

<
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4. 3 <rp(Cs) <Tn,
5. 82 <rp(Cr) =rep(Cn) < 12,
6. % <rg(Cs) =rce(Cio) < 4n and
7. 57” <rg(Cy) < 5n.
Proof. Use to theorem 3.1 and in Code C};, ;=1 {, 11 With Euclidean weight. |
Theorem 3.3. In Chinese Euclidean weight of code of C}j,1<j<11, to find
1. 32 <rep(Cr) =rep(Cs) < 12,
2. n<rop(C) =rep(Cy) < %,
3. n<rcp(Cs) <22,
T <rce(Cs) <4n
5. rep(Cr) =rep(Cr) < 3,
6. ‘%” <rcr(Cs) =rce(Ci) < %” and
7. 5 <rep(Cy) < 2.

Proof. In Code C;, ;—1 , 11 With Chinese Euclidean weight is apply to theorem 3.1. [ |

Block repetition code in R

The block repetition code C"™ over R is a R-additive code.

ny No ns (7 ns ne
LetG =[0101---010202---020303---030404---040505---051010---10
nr ns ng n1o nii
1111---111212---121313---131414---141515-- - 15| be a generator matrix with the parameters of C" :
11 11 7,8,10,11 11 7,8,10,11
n = Xn12dy = min{} n;, > 2nhdp = min{} n;, > dnjldep =
j=1 j=6 ~ j=1,2,4,5, j=6 = j=1,2,4,5,
11 7,8,10,11
min{ > n;, Y. 3n;}.
j=6  j=1,2,4,5,

Theorem 3.4. Let C™ be the block repetition code in R with length is n. Then the covering radius of block
repetition code is

I 9(”1+n3+no)+8(n2+n4)+3n6+12(n7+7’9+n11)+11(n8+n10) < T‘L(Cm’)

30(n1+n3+ns)+31lna+24ny +367’L5+26(n7 +ng)+24(ng+n11 )+20n10

2 (nl+n5+n8+n10)+16(n2+n4)+27n3+3n6+22(n7+n11)+30n9 <r (Cn) <

52n1+56(na+n4)+66n3+50(ns +n8+n10)+60(716+n9)+45n7+44n11 and
12

3 10(711+715)+12(n2+n3)+3n5+30(n7+n11)+15(n8+n9+n10) < ,},.CE(C’H,)

36(n1+n2+nz+ng +n%)+48n6 +32n7+51(n8 +n10)+3()(nq+n11)
12

Proof. Using [9], Theorem 3.1, 3.2 and 3.3, thus

o 9(n1+n3+n5)+8(n2+n4)+3n61—§12(n7+n9+n11)+11(n8+n10) STL(Cn)7

3
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19(”1+n5+ns+n10)+16(”2+n41)2+27n3+3n6+22(n7+n11)+30n9 < TE(C'") and

o 10(”1+TL5)+12(”2+”3)+3n6-1|‘230(n7+n11)+15(n8+n9+n10) < TC'E(CH)-

Let v = 21 20032425T6 27289210711 € R™ with x1, 9, x3, 24, Ts, Ts, T7, Ty, Tg,
w10, 211 18 (@), (bi), (i), (di), (€i), (fi), (i), (ha), (Ki), (L), (M), i= 0.1.2,3,4,5,6.7.8,9,10,11 reSPCCthely SUCh
11 11

that ni = Z aj, N9 = Z bj, ns = E Cj, (o = E dj,
§=0 J=0 J=0 7=0

11 11 11 11 11 11 11 11
ns = Y €j, Ng = Zfﬁ ny = Zgj, ny = Zgjynsz Zhj, ng = ija niwo = Y, lj, nu = Y my.
Jj=0 j=0 j=0

Thus, rr (Cn) 30(n1 “+ns3 +n5)+31n2 +24ny +36n6 +26(n7+n8)+24(n9 +n11 )+251’L10

T‘E(Cﬂ) < 52n1 +56(n2+n4)+66713+50(n0+;L§+n10)+60(n6+ng)+45n7+44n11 and
rCE‘(Cn) 36(711+7l2+n3+n4+n5)+487l64{32”7-1‘31(n8+n10)+30(n9+n11) n
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