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Several results for high dimensional singular
fractional systems involving »n> Caputo derivatives
Amele TAIEB

Abstract

In this paper, we introduce a high dimensional systems of singular fractional nonlinear differential equations
involving n> Caputo derivatives. Using Schauder fixed point theorem and the contraction mapping principle, we
investigate new existence and uniqueness results. Furthermore, we define and study the Ulam-Hyers stability
and the generalized Ulam-Hyers stability for such systems. The application of the main results is illustrated by

some examples.
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1. Introduction and Preliminaries

Due to its demonstrated applications in engineering sci-
ences and applied mathematics, the fractional calculs has
gained considerable popularity and importance. For instance
see, [12, 16, 19]. There are recently some results obtained for
the existence and uniqueness by dealing with fractional differ-
ential equations, see [1, 7-10, 13, 21]. Also other researchs
papers treated the existence and uniqueness of solutions for
singular fractional differential equation. For more details,
[2-6, 17, 20, 23, 24]. On the other hand, recent Ulam-Hyers
stabilities results have been obtained in [11, 14, 15, 18, 22—
25].

Now, we present some inspiring results for our work: In
[3], R.P. Agarwal, D. O’Regan and S. Stanék examined the
existence of solutions to the singular fractional boundary value

(0’ +°°) X (_mvo) X (_0070)7 q> o1 and f(tvxayvz) may
be singular at the value O of its space variables x,y, z.

In [5], Z. Bai and W. Sun studied the existence and multi-
plicity of solutions for the following singular fractional prob-
lem:

" "

{ D&u(t)/—i—f(t,u(t),Dngu(t)
u0)=u (0)=u (0)=u (1

where3<a<4,0<v<1,1<u<2DE, DY, andDj,
are the standard Riemann-Liouville fractional derivatives, f is
a Carathédory function on [0, 1] x D; (D C R?) and f(t,x,y,2)
is singular at the value O of its arguments x,y, z.

In [15], R.W. Ibrahim investigated the existence and unique-
ness of solutions and different types of Ulam-Hyers stability
for the following cauchy differential equation of fractional

order:
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where u : U — B is an analytic function for all z in the unitdisk  defined by:

U:={z:]z] <1} and f: U x B — B is an analytic function . 1 ' =1 (m)
in z € U. B is the space of all analytic and bounded functions D'x(t) = m /0 (t—s) x"™ (s)ds
in the unit disk.
= "M (r);
In [7], Z. Dahmani and A. Taieb discussed the existence
m—1 < y<m, meN"

and uniqueness of solutions to the following nonlinear coupled
system: The Riemann-Liouville fractional integral J % of order ® >0

for a continuous function f on [0, +o0) is defined by:

D%x (1) = 1t -1
= o (£ — ds, 9 >0,
000, ), 710 = { Mot o, T
YA DPix (1),DP2xy (1), , £, -
. . DPrx, (1) where t >0, and T'(9) := [57e“x?ldx.
D%x; (t) = We need to the following properties and the fundamental
m t,x1 () %2 (1) e X0 (1) 5 Lemma from the fractional calculus theory [16]:
)y f? DPix) (1),DPxy (1), , (i) : For o, > 0; n— 1 < a < n, we have DYP-1 =
= e DPrx, (1) FplLs P B >, and D% =0, j=0,1,..,n—1.
: (i) : DPJf(t) = J9 P f(t), where ¢ > p > 0 and f €
D%x, (t) = L' ([a,b]).
. t,x1 (), x2 (1) oo X (1), (iii) lLetnEN* n—l<oa<n, andDO‘ (t) = 0. Then,
n B B o
Elf' D lxlla(t)’D 2x2 (1), ) u(t)= ): cjt/,and J*D%u(t) = u(t)+ Z cjt! (c])] —01.m1 €
, . DPrx, (1) R
x(0) = k(O) = '
— x1(< -2) (()) _ x](("*') (1) =0, Lemma 1.1. (Shauder fixed point theorem) Let (E,d) be a
k=1,2,...n,t€[0,1 complete metric space, let X be a closed convex subset o
efo,1]. l ] let X b losed bset of

E, and let A : E — E be a mapping such that the set Y :=
{Ax:x € X } is relatively compact in E. Then, A has at last

Inspired by all the cited works, this paper is devoted to build one fixed point.

the existence, uniqueness and Ulam-Hyers stability and the
generalized Ulam-Hyers stability of solutions for the follow-
ing problem of singular fractional nonlinear equations:

Let us now impart the integral solution of system (1) by the
following auxiliary result:

Lemma 1.2. Forne N*\{1} n—1 <oy <n k=1,2,....n,

(1.1

where f : (0, 1] x R"™ — R are continuous functions, singular
at 1 =0, and lim f; (1) = eo. D% and D%, i=1,2,...n
t—0t

L k=1,2,..,

n, stand for the Caputo fractional derivative
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I gl n—1 .
(1) = g Uy (s)ds — goc;ﬂ,

touy (1) ooyt (1) and Uy € C([0,1],R). The following system
Dy (1) = f D% uy (t),...,D“Tﬁlul (1), D% (1) =Ui(t), 0 <t < 1,
u = n— R .
PO D% (0),..0% (1), u (0) = of, DYy (1) + T (1) =0, (1.2)
D% uy (), ... D%y (1) n—2<vg<n—1,m >0,
0<r=<1, has a unique solution (uy,uy,...,uy,) (t) :
_ ot (=)
o (1) et 1), (1) = Jo gy Uk (s)ds + E S
DYy (t) LD (1), "2 el
Da”un (t) o 1 y - Y Iy ])(nfll\!(l"(nka, )
D% u, (t),...,DO‘Z u2 (t)yeesy o TUF 1+ ) )+ (n 41k (13)
D% uy (), ... D%y (1)
0<t<l, _ Fl(nfrvk>F(n+nl&)t’l*1
n—l<o<n k=1.2,..n, (n=1)! 5 <;la,:’k2/k+ l(n+72k1)zs)ak+nk71
i—l<al<ii=12,..n—1, x Jo ( Mo —ve) (oo me) )Uk(s)ds-
u/((/) (0) = @, D%y (1) +J My (1) =0, Proof. Using the property (iii), we can write the problem
n—=2<vi<n—1,1n>0 ne N \{1}, (1.2) to an equivalent integral equations:
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where
cé ci 0%71
€o 51 Ch—1
. . e M, (R)
o cf e Cn
Then, we get
Mk]) (O)ifj!cja ]*Oala 27
1 txk V=1
D%u (1) = fo Yak ) i (s)ds
Ln) &
L(n—vy) “n—1
(1—s)% !
My (1) = fo Fsak+nk Ui (s)ds
_”iz M)k Tk
OF(JJFHTIk) L(n+my) “n—1

Using the conditions: u (0)

h :a)}‘,DVkuk(l)+J”kuk(1):
0, we obtain

k
~2, j=0.1,..n-2

T(n—v)T(n+1ny)

A= TOE T
o~V — 1—5)® -
Xfo ( Loy —vi) T(oy+1) >Uk (s)ds
n= AT (n—vy)T(n+1) .
+ Z T - D Ty =
(1.5)

Substituting (1.5) in (1.4), we receive (1.3). This completes
the proof. U

Let us introduce the Banach space

(ur,uz,...ouy) :ug € C([0,1],R),
Da;"uk € C([O7 1] 7R)7 ’
k=1,2,...n,i=1,2,...n—1

B .=

where n € N*\ {1}, endowed with the norm:

H(ulvu2"“7un)||3
= omax ([P )
1<k<n e
1<i<n-1
Huka:Sup\uk(t)\,HD“;;u = sup D“liuk(t)‘.
teJ o teJ

2. Existence and Uniqueness

In this section, we establish sufficient conditions for the exis-
tence and the uniqueness of solutions for the problem (1.1).
Then, some examples are presented to illustrate tlhe applica-
tion of the main results.
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Let define the nonlinear operator T : B — B by

T(u17u23"'7u”l) (t) =
(Ty (wy,unyeeestty) (2) oo, T (1,12, ..y up) (2)) 12 € 0, 1],
such that fork =1,2,...,n,
Tx (u17u2,...7un) (t) =
s,u1 (s),
- (s),
- D% uj (s)
t (1—s)% ! L)
fO T(og) 7k ‘..,Dalnill/tl (s), ds
...,D""lun(s),
...,D""rl'_lun (s)
n2 o T (n—v)D(n4n )"~
+j)::0 il 2 TG0 (= DTGV TG )
_ T(n—v)C(ntm) !
(n=DNT(n—ve)+T(n+1m1))
S, U1 (S)7
- ] ..,?n (s),
1—s)%Vk™
T D% uy (s)
-1 T — )
S T T RN B AT
r(ak+77k) D(X'EM (S)

D%y (s)

Lemma?2.l. Letn—1< oy <n,ne N*\{1},F:(0,1]] - R

are continuous and lim Fk( ) = oo. Assume that 0 < & < 1,
t—0t

and t%F (t) are continuous on [0,1]. Then,

ot (I‘—S)ak n— 2 ;C j

wlt) = Iy ST B ds+ S
2 el

L TG TR0 e DNV )

_ D(n—v)(n+n)e!
(n—1)! (F(" Vi) T (n+1))

oc V-1 (17s)txk+nk—l
Xfo ( T(og—vi)

Tog+1)
are continuous on [0,1].

)Fk (s)ds,

Proof. From the continuity of 1% F (r) and

)% 19
e (1) = J§ s B (s)ds + z /t/

n-2 AT (n—vi T (nt1 )" !
/2o FUHTEm) (=D (n=vi )+ (n104))

_ _ T(n=vT(ntmp)n!
(n=DNT(n—vg)+T (n+1m1))

(1—5)% V! (1—5) %+ M1
Xf0< T(og—vi) +

Tog+1e)
we can see that u;(0) = @f. The proof is given into three
cases.

) s~ % s%Fy (5)ds.
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Case 1: For fp = 0 and V7 € (0, 1], it follows the continuity
of t%F (¢), that there exist nonnegative constants Gy:

Case 2: For 1y € (0,1) and Vz € (19, 1],

1% F, (z)’ <G k=12,..n

Then,

| (1) — g (0)]

Gy ! o — "
F(ak)/o(t 5)o%! 5ds+2

n—2 ‘a)ﬂr(n—vk)l“(wrnk)z”*‘

‘ o

IN

+,ZO{ L(j+1+m)(n—1)! }

x(T(n—ve)+T(n+n))
le"(nka)l"(n+nk)t"_1

(n—=DNT (n—wvx) +T (n+mi))

(] S)ak—vk—ls—ﬁk
X/
0

T(oy—V,
(l—s()a;i”kk’)ls"sk ds
el i
Gkﬁ (ak, 1— 5k)tock75k +n72 ’a)j ’ t/
F(ak) j=1 j!

(o +my)

IN

n=2 ’wf’l“(nka)l“(n+nk)t”‘1

+,§{ L(j+1+m) (n—1)! }
x (F(n—vi) + T (n+n))
GkF(n—vk)F(n—s—nk)z”*'
(n—1)!Tn—v)+T(n+m))
Bloy—vi,1-8)
x ( +ﬁ<o§f‘imfﬁ) &) )

T(og+ny)

— ki
Gr(1- s | o2 ol
(o4 +1-8,)

il
=7

n=2 )wk‘l"n VO ()1

IN

+ Gkr<" Vi)l (n+m)e" !

(n—=D)UT (n—vi)+T(n+n))
T(1-&)

“\ Mla—vir1=8y

— 0, ast —0.

I'(1-6;)
T(og+n+1-6)

+ 2 TG e DTG PTG 7]

)
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|y (1) — g (20)|

Sa l -8
il ’;k “s%F (s)ds
<
o,—1 —§
e AL
ot
fLh ‘ d - (=)
+ni2 ’wf’r(”—vk)r(n—Fnk)(’n i)
G (n—vi)T(n+me) (1 —107)
(n— DT (n—ve) +T (n+m))
X (]7s)ak"’k’ls_5k
T (v O
. 0 (1—) %=1 5= s F(s)]ds
o Dgtm)
Gr(1-80) (1% %1+ %)  n2 ol (44
T(oy+1-8) +]-2'1 J!
n—2 ‘wﬂr(nka)r<n+nk)(t”"*1371)
S +]§0 r‘(j+]+rlk)(n7l)!(r(nka)+r(”+nk))

JrGkr(n—vk)r(nmk)(t””—fé’"l)
n—1)! (F(n vk)+l"(n+nk))

X

+ — %%
I'(oy— Vk+l o) F(O!k+7']k+l o)
— 0, ast —1y.

Case 3: For 7y (0, 1] and for all # € [0,7y], the proof is the same
as in case 2, we ometed it. This completes the proof. O

Lemma 2.2. For k=1,2,..,n,n € N*\ {1}, let n—1 <

o <n,i—1<oap<ii=12,...,n—1. Assume that fi :

(0,1] x R"™ — R are continuous, lim fi (t,...)=00,0< & <
t—0

1, and 1% f, (t,...) are continuous on [0, 1] x R". Then, for all

k=1,2,...nandi=12,..n—1, D%T; (uy,uz, ..., uy ) are
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. 2
continuous on [0,1] X R™".

DAT (uy, ooy up) (1) =
s,up (s),
..,114,1 (s),
k -1 Dalul( ) i3]
fo F(aA O‘k) fk Dal ’41( )7 ds
nu,, (s),
n—1
D‘x up ()
n—2 k ol
711_ 'k
+]): r(j+1-of)
n—2

QAT (v T ("~ ~%

= r(j+1+nk)r(nfa;;)(f(nka)+F(ﬂ+ﬂk)>
D(n—v) D)~ =%

T (n—0y ) (T(n—vi)+T(n+1))

s,u1 (s),
(1_S)D‘k_vk_| 7114’1 (S) ’
fl T'(oy—vi) p D% uy (s), ...,
X 0 k n—1
(1—5) %=1 b i (s
T(og+11e) ey D%y, (),
D%y (s)
wherei=1,2,...n—2,
and
Dal?ilTk (ul,...,un) (l) =
s,u1 (s),
..,tl,t,,(s),
oy D%iuy(s), . 4
fo F(ak - 1*) S, ()7 s
"un( )
oy, (s),
n—2 -

_ T (n—vi)T <n+nk>" e
=0 C(j+14m)T (n—af ") (T(n—vi))+T (1))
n—1
C(n—v)D(n+n )"~ %
F(n o 1)(F(n—vk)+l"(n+nk))

s,u1 (s),
(175)ak*"k*l ..,ll/tn (S),
. (o — Vi) D% uy (s), ...,
X fO fk DO!17
(1—5)% ! ’141 (s),
T(o+1x) D%y, (s),
D% (s),

Proof. Let (uy,uy, ...,

D%uy (1) € C([0,1]):k=1,2,...,n,

wherei=1,2,...

ds,

2.1

ds.

2.2)
up) € B, sou () € C([0,1]), and

,n—1,n€ N*\{1}. Then, there exist n*> non-

negative constants ¢, ci, such that |u ()] < cx, ‘Dal uy, (t)’ <
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ci, foreach ¢ € [0,1]. Similarly, since % f; (¢
ous on [0, 1] x R" | there exist A; > 0 :

where —c¢; < uy < ¢y, —ck

,...) are continu-

tou (1),...,
y (1), D% uy (1),

1% fi

D"‘kuk( ) < ci. Then,

) (1) <

‘Da’iTk (Ml,...,

A —ai—1 _—
Wfé(t_s)ak % N ade

[of
+ Z (/+1 ak)
‘m’?‘l" nka)F(nJrnk)t"*l*ali
C(j+14m)0(n—0f ) (D(n—vi)+T(n+1y))
Akl"(nka)l"(n+nk)t"717ali
F(n a,;)(r(n Vi) +(n+ny))

=%

+):

"‘k V1= (175)"‘k+77k*15—3k
Xfo( T(og—vi) T(og+my) ) 5
wherei=1,2,....n—2.
Therefore,

‘Da’iTk (I/tl,...,

where i =1,2,.

) (1) <

A (1= 8,)¢ % %%

.
T( 0 —of +1-5;)

-
. J tj ak
j=i F<j+1706k>

X (=) C(nm)" '~ %
C(j+14m)0 (n—af ) (C(n—vi)+T(n+7))

+Z

, (23)

N AT(n—v)T(n i)™~ %

F(nfa,i)(r(nka)ﬂ"(wnk))
r(1-6)

<F(akka+178k)

(1-8)
T(og+ng+1-0)
sy — 2.

Andfori=n—1,

o

.
AT (1=8,)t% %

n—1
k 7}((”17"'7

) (1) <

1
-8

+

C(o—cf = +1-8;)

" “"fk"r nevo Tl

120 TUHIHMOT (n—af 1) (D(n—vi)+T (n-+174))
AL (n—v )D(n+mp)t" 1o

T (n—og~ ") (D(n—vi)+T(n+1))

( C(1-6)
Lo —vg+1-6)

. (2.4)

(1=6) )
T(og+mg+1-6)
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From the inequalities (2.3) and (2.4), we see that to‘k’o‘l’ék,
t=%_ and "~1~% are continuous on [0,1]. Hence, by the
same method as in Lemma 2.1, we can show that for n € N*\
{1},k=1,2,...,n,andforall i=1,2,....n— 1, D%T (uy, ..., un)
are continuous on [0, 1] . O

Lemma 2.3. Letn—1 < og <n,ne N\ {1}, fi: (0,1] x
R” = R are continuous, lim+fk (t,...) =00,0< & < 1, and
t—0

1% fi (t,...) are continuous on [0,1] x R"™ . Then, T : B— B is
completely continuous.

Proof. Thanks to Lemma 2.1 and Lemma 2.2, we obtain
T : B— B. Let given the proof into three steps.

Step 1 : We will show that T : B — B is a continuous
operator.

Let

(s,

and (uy,...,un) € B;

0

ey Upy

0

) €B: H(ul,...

a1, ) = (1) | < 1.
Then,

(a1, ...;un)||p < 14+ao =a.

From the continuity of 7% f; (¢,...) on [0, 1] x R™ we can see
that 1% f; (,...) are uniformly continuous on [0, 1] x [—a,a]"2 :
Thus, V7 € [0,1], Ve > 0, there exist § >0 (§ < 1);

touy (2) .. un (),
D%uy (1),...,
D% uy (1), DB ur (1),
D%y (1))
s D%y (1)),
...,D“gflun (r)

1% fi

<&, (25)

tud (1), ud (1),

DU (1), ...,

pe u(l)l(t) D0 (1),
D% (1),

o D40 (1)
D% 0 (1)

—1% f

where (uy,...,u,) € B and H(ul,...,un) — (u?,
Using (2.5), yields

...,uB)HB< 6

HTk(ul,...,un) —T; (u(l), ,ug) HDo
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€
(o)

°t
sup | (1—s5)% s %ds
1€[0,1]/0
el (n—vi)T(n+mx)
(n=DN T (n—vie) + T (n+ 1))

)

(l_s)ak—vk—ls—ék

1
x sup " /o (lj;gg’,fin‘;’()lfsk ds
r€f0.1] T(oy+my)
8F(1 — 6k) sup tak,(;k
T(og+1-380) e
N eC(n—v)T(n+mn)
(n—DNI (n—ve) + T (n+ 1))
r(1-5,)
y ( a5 )
i .
_;’_7’(
T(oy+1+1-0)
Forall k =1,2,...,n, we pose:
L T(1-&) (n—v )T (n+m)
Tk T F(ak+l—k§k) + (n—l)!(l"(nivk)+l"(fz+nk))
2.6)
r(1-5,) r(1-5,)
X (F(akka+]i75k) + r(ak+nk+k175k)) :
Therefore,
T (uryooytn) = Tic (o) || < €Y 2.7)

By the same arguments, we get

HD%’é (T (1, oottn) = T (i, 12)) H <eYi, (2.8)

where k=1,2,...,n,i=1,2,....n—1,

and
Yio—_ F0-&) C(n=v)T(n+1)
k7 T(og—af+1-8) | T(n—af)C(—v)+T(n+ng))
2.9)
r(1-8) r(1-&)
X (F(ak—vk+li—6k) r(ak+nk+k1—5k)) :

The inequalities (2.7) and (2.8) implies that

0

HT(ul,...,u,,) -T (ul,...,ug) HB <eY,

Y= gﬁgmxﬂ% 1<i<n—1.
So,

T (ur,.cun) =T (u?,...,ug)HB -0
as

0
u17...,

H(ul,...,un)—(

Thatis T : B — B is continuous.
Step 2 : For A > 0, we consider

ug)HB—>O.

A= {(ul,...,un) €B: ||(u1,...,un)||3 < 2'}

and we show that T (A) is bounded.
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2,7,

Since 1% f; (z,...) are continuous on [0,
there exist V; > 0:

1] x

tou (1),...,

up (), D% uy (1),
)L
1% fi

< Vi, (2.10)

Vi €[0,1],V (u1,...,un) € A. Then, it follows (2.10) that

i

n—2
I 1.t | < VeXe L
J:

= | |r(—vor(ny

L TG G DTG )

HDa’iTk (1 ey tty) SV]{Y;;
\w"!
+ Z T(-a) @.11)
"2 | @ |T(n=v)L(ny)
+z"r('+1+ I'(n—al )(T(n— r ’
o TU+I+m) (n—a ) (T(n—vi)+T(n+m))
i=1,2,..n—2,
HDaZilTk(“lv Un) SVkT'Fl
n_2 ]wk\r TG +m)
* jZOF<J+1+nk )T (n—a ") (T(n—vi)+T(nt1y))
Therefore,
HT(”“"'WMH)HBS
2]
Vile + X 5
j=0

n=2 || rn—vor ey
+ Z o T ) (e DV TG )

Vi [
max Kl Z r(j+1-af)
1<k<n
n— ‘w"l‘ n—v)T(n4+mg)
+ Z —
Zo T JH1HM)E (n— 0] ) (T(n—ve) +T(n+1y)) °
Vle’lfl

||re-voreny
L(j+14+n0)0 (n—a =) (D(n—vi ) +T

(1))
2.12)

By (2.12), we state that T (A) is bounded.
Step 3 : We show that T (A) is equicontinuous.
So, for (uy,...,u,) €A, andt;,t, €[0,1]:¢; <tp, we obtain

HTk (ul, ...,u,,) (2‘2) — Tk(ul,...,u,,) (l‘])”oc
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V(-8 (15 O g% 5’<)
oy 11-8¢)

n—2 |k 1j_tj
Jj=0 )
n—2 ‘wﬂl"(nka)lﬂ n+17k)( Bl l)
P (j+1+nk><n DTG F T 7e)
C(n—vi)C(n+1y) (1~

)
(n= 1>< (V) + L)) )

(1-8,) r(1-5,)
X (r(ak—vk+k1—5k) + Naam1=5)
where k=1,2,...,n,

IN

, (2.13)

7tl

— D%y (uy, ..,

n) (2)

HD%’éTk (ur, ...,

) (1)

=

—al-§ —al-§,
Vkr(l—ﬁk)(“" Bk % ")

(g — ak+1 Bk)
n72‘wﬂ(t2 )
TE )
n— z‘wk‘l"n V)T ﬂ+ﬂk(
/=0 TUHI+MOT (n—04 ) (D(n—vi)+T(n-+101))
C(n—v)(n+1y) (lz 71;17170[")

+ F(nfali)(l"(nka)ﬂLr("*‘nk))

« T(1-&) L(1-6)
Clog—vi+1-8) " T(og+m+1-5)

where k=1,2,...,

o =0
-

nlock

IA

. (2.14)

lozk

)

n,andi=1,2,....n—2

)

n—1
—D% Ti(uy,...,un

) (12)

n—1
HDO‘k Ty (1, ..., up

) (1)

oo

Vkr(lﬂsk)
F(akf k7 +1— 5[\)
o'~ 1
-3, o

- I’f 1

Q. —
I

X tl

*)

‘w-’)l‘ n—vi)I(n+1y)

+]_ZO C(j+1+m)T( ) (T(n—vy)+T
n—1 n—1

n—1l—ao n—l—o
& &
) -4

n—2

o) (1)

IN

. (2.15)
X

n—1

—1 a n—1l-a
kot

)
<

where k=1,2,....n,andi=n—1.

The right-hand sides of (2.13), (2.14), and (2.15), are
independent of (uy,...,u,) and tend to zero as t; — . Indeed,
T (A) is equicontinuous. Using Arzela-Ascoli theorem, we
deduce that T is completely continuous.

+

n—1

C(n—vi)L(n+ni) | ¢
I(n—o )(r<n—vk>+r<n+m))
r(i-§)

T(1-8;)
o —V+1—0) T(oy+n+1—0)

Theorem 2.4. Assume that:
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(Hy) : There exist nonnegative constants (/.Lj‘) A

such that:

1% | fio (6,150 %2) = fi (£, 91, s V2|

)

}12
< Y ulxi—y;
=1

vt € [0,1} ,and ¥ (X],...,xnz), (y17"'7yn2) ER”Z.
2
n
H): Y := Y (Y, Y1) < 1 Y= k
(H2) [max k (Ye, i) < 1, where Ty JE,INJ
Then, the problem (1.1) has a unique solution on [0,1].

Proof. Our aim is to show that T is a contractive operator on
B. Then, ¥ (uy,...,u) , (v1,...,v;) € Band V¢ € [0,1], we get

HTk (ul, 7Ltn) — Tk (Vl,...,vn)Hw S

s,u; (s),
all'tn (S) 9
D% uy (s), ...,
Bl Dty (5),
D% uy (), ...,
n—1
(=) s % 5 D% "y, (S)
Sup fO ~ =~ oY% dS
1€[0,1] Ty 5, V1 (*Z))v
S (s),
ln
D%y, (S) yeens
—J DAy (s)
1 yeees
D% v, (s),...,
D% 'y, (s)
(n—vi)T(n+1) n—1
+ (n—)!(T(n—vg)+L(n+ny)) t:}z(l)pl]t
s,u (s),
’ll't”l (S) )
D%uy (s),
fi] DA (s),
3
Dan Un (S) )
()%t D%, (s)
X f()l lzi(iks)ia\;klnk—l siaksak S, V1 (S) s
S T(otm) e
Vn (ls)>
D%v(s),
_fk Daf’flvl (S),
Dayllvn (S)a
D“r"'flv,, (s)

Using the hypothesis (Hj), yields

Wi (v ttn) = T (V1o V) || <

ds.
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C(1-8) o3
) sup %%

T'(og+1-9
(o k t€(0,1]

+ L(n—v)T(n+m)
(n—D)I(T(n—v)+L(n+ny))

( [(1-58; + r(1-8) )
Clog—vi+1-0;) ' T(og+1e+1-6)
iy [|oer = vl + ..

+ 1y ([t = vl

iy ‘D“‘I (u1 —Vl)Her---

ik, D% )|+

1
|t D o)

n—1
otk ‘D"‘z (uz—vz)H
+...
1
+u'l;+<n71)2+1 Dan (un_Vn) -
n—1
—|—...+ur’:2 D% " (up —vy)
Then,
HTk(H],...,I/ln)—T}((V],.-.7Vn)||w
||Lt1 — V] Hoo,...,
|t = Vnlloo
o
|
n—1
Sj);l“ijmaX ey || (ul—Vl)H ;
ey Do‘rz(u,,fvn) ,
oD (tty — Vi)
So,

HTk (M],...,Mn) 7Tk (V],«N,Vn)”oo

SZkYkHul—vl,...,u,,—v,,HB. (216)
Similarly on the other hand, we get
HD%iY}((ul,...,un) —D“A{Tk (V1yeeey Vi)
< LY — Ve thy — il (2.17)

where k=1,2,...,n,and i =1,2,....n— 1.
Thanks to (2.16) and (2.17), we obtain

NT (ursesttn) =T (vi,.osvn)llp

< lr;l]flgnzk (Yk,Tf{) luy = vi,.cotty — vl -

By the hypothesis (H,), we state that T is a contractive oper-
ator. Using Banach fixed point theorem, we conclude that T
has a fixed point which is the unique solution of the problem
(1.1). This completes the proof. O
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Example 2.5. Consider the singular fractional coupled sys-
tem:

D5u1(
CO

S
+sin (

0<r <,

N

1
13573 | 1+

(2.18)

0<t<I1,

=
—~
~
~—
_|_

—~

~
~—

sin

Nl—= W LW
-~
~—

INEERNEEIEN
W
—~
~
~—

, 0=
, (1, -

2,te [0,1]

ay9) , we obtain:

Ji(t,x1,x2, X3, X4, X5, X6, X7,X8, X9)
fl( 7)’1ay27y37}’47)’57)’67)’77)’87)’9)

Per = 1]+ [x2 — a2
+ [z = y3| + |xa — ya|
+[xs —ys| + |x6 — ye|
+[x7 — y7| + |xg — ys]
+[xg — yol

)

2| fa(t,x1,%2,X3,%4,X5,X6,X7,X8,X9)

t
_f2 (t J’I7)’27)’%7)’47)’57)’67)’77)’87)’9)
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e =yl + 2 —ya
'3 + |3 —y3| + x4 — y4
< +lxs —ys|+x6 —ys| |,
1
BT 4l =yl +|xs — sl
+|xo — yo|
and
[% f3(taxlax27x37x47x57x67x77x87x9)
—f3(t,¥1,2,Y3,Y4,Y5:Y6,Y7,Y8,Y9)
ber =yl + 2 —ya
A | e ysl e =y
< —— | +lxs—ys|+|xe — el
0% | 4y — |+ s — s
+|xg — yo
Indeed,
1 1
1 _ 2 _
() join0 = 1267 (B5) o100 = 1357
1
3
('“j) j=12,...9 901’
1 1 1
" TP e 7T on
Y, = 6.0242, Y} =8.6780, Y2 =9.1917,
Y, = 2.6789, Y=4.5001, Y3 = 6.0000,
T3 1.7725, Y} = 2.6666, Y3 = 4.0001.
Y, = 0.1370,
YL = 0.1973, ;Y7 = 0.2090,
Y, = 0.0568, £,Y) =0.0955,
Y3 = 0.1273,
%3Y3 = 0.0564, T3Y5 = 0.0849,
Y3 = 0.1273.

Thus, (2.18) has a unique solution.

Theorem 2.6. Letn—1 < oy <n,neN*\ {1}, fi: (0,1] x

2 . .
R™ — R are continuous, hn}rfk (t,..) =00, 0< O < 1, k=
t—0

1,2,...,n, and t% fi (¢, ...) are continuous on [0, 1] x R" . Then,
problem (1.1) has at least one solution on [0,1].

Proof. Let
t,u} (2) gy (2),
Dalul(t)’...7
n—1 1
D% t),D%u; (1),
P, = sup tskfk I:—ll() uz (1) , (2.19)
t€[0,1] aDzl u2(t)>
D% u, (1),
D%, (1)
and
Q :{(uh ,un)EBI ||(ula 7un)||B§r}a
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such that
ro o= max
1<k<n
1<i<n-—1
2 Jaf| "\
PkYk+Z ¢

’w ‘Fn vi)T(n+1y)
+ Z J+]+nk)(n l) (F(H*Vk)+r(”+nk))]’
[of

RIHE it

+ni2 ‘a)ﬂl" n—v)L(n+1y)
o TG+ TN (n=af) Tin—v) +Tnm0)]
PkY"—l

+Z[

‘w’?‘r(n—vk)l"(nJrnk)
C(j+14m)T (n—o ") (T(n—vi)+T (1))
(2.20)

To show that T : Q — Q. let7 € [0,1], and (uy,...,u,) € Q.

Then, taking into account (2.12) and thanks to (2.19), we
obtain

1T (ury..oun)|lp < r- 2.21)

Furthermore, from Lemma 2.1 and Lemma 2.2, we get

T (1, ooy tty) , DTy (u,v,w) € C([0,1]).

So, we deduce that T : Q — Q.

On the other hand, Lemma 2.3 show that T is a completely
continuous operator. Using Lemma 1.1, we deduce that prob-
lem (1.1) has at least one solution on [0, 1]. This completes
the proof. O
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Example 2.7. Consider the singular fractional system

15

D% uy (1)

l (
melt 4 (

DS uy(1)=J7ur (1),
13 (0) = V2,15 (0) = —1, 13 (0) = V/3,
Diuz (1) =T 5 us (1),u4 (0) = v/2,u, (0) = —1,
1 (0) =3, D8 uy (1) = JTuy (1)
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9
4

al=foi =}l =% vi=fm=Yn=tvi-
%

m= 97712227713 ,% 4=%

We take 6, = 2, &= g, 0= %,and54:
Then, (2.22) has at least one solution.

[9,1[8]

3. Ulam-Hyers Stability

The present section is build to define and discuss the Ulam-
Hyers stability and the generalized Ulam-Hyers stability for
the singular fractional coupled system (1.1).

Definition 3.1. The system (1.1) is Ulam-Hyers stable, if
there exists ¢ > 0, such that for all (g1,...,&,) > 0, and for

all solution (uy,...,uy) € B of
D%y (1)
tur (), un (1),
n—1
Dallul(t),...,Dal ul(t), <e
—fi| D%uy(t),...D% 'uy (1), b
D% uy (), ... D%y (1)
0<r<1,
(3.1)
D%u, (1)
touy (1), oun (1),
n—1
D%u (1),....D% uy (1), e
~fu| D%Rur(t),...D% uy (1), "
D%y (), ... D%y (1)
0<t<,
there exists (wy,...,w,) € B of
D%w (1)
[,Wl([),...,Wn(t),
n—1
y D¥wy (t),...D4 wy (1),
"IN DBws (1), D% a1y |
D% w, (1), ..., D% wy (£)
0<r<1,
D%, (t)
[7W1(f)7...,Wn(t), (3.2)
n—1
y D% wy (£),...D4 i (1),
M D%ws (1), D% T W (1), |
D% w, (1), ...,Da” " (£)
0<r<1,
n—l<oq<n k=1,2,..n,
i—l<o<ii=12,..,n—1,
wi (0) = f, DYowy (1) + Mg (1) =0,
n—2<vi<n—1, N >0,
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such that

|1 —wisecsttn —wn) || g < @€, € >0.

Definition 3.2. The coupled system (1.1) is generalized Ulam-
Hyers stable if there exist Wy € C (R, RT) | such that for all
€ > 0, and for each solution (uy,...,u,) € B of (3.1), there
exists (Wi, ...,wn) € B of (3.2), where

(1 —wi,..cottn —wy) |l < W (€),€>0.

Theorem 3.3. Forn—1 < o <n,n € N*\ {1}, and 0 <
O < 1,k=1,2,...,n, let the following assumptions hold
(Ey): fi:(0,1] % R"™ — R are continuous, lim fj (t,...)=
t—0

oo, and t% fi (1, ...)are continuous on [0,1] x R™,
(Ey) : The following inequality holds:

D%y || >

oo

-
PXi+ }: s

n—2 || r—voreeng)
T L TG e DTG )

. ons 2 ‘w’f)
PkY + Z (/+1 ock)

)co";‘l" n—v)T(ntmg)
r(j+1+nk)r(n—a;)(r(n—vk)+r(n+nk)) ’

max
1<k<n

|@k|rn—v)re+mo)
T(j+1+n)C (n 061:'7 ! ) (T(n—vg)+T

(n+1i))

where 1 <i<n-—1.
(E) : All the hypotheses of Theorem 2.4 hold.
(E4): max X < 1.
1<k<n

Then, the ;ingular fractional system (1.1) is generalized
Ulam-Hyers stable in B.

Proof. Thanks to (E}), we receive (2.21) and we can write

[ (1, esttn) |l
2 |of] k\
PYr+ Z
J=
n=2 ‘w”l‘ n—vi)T(n+1g)
o L(j+14+m6) (n— DT (n—vi)+T (n+1)) *
k
i ‘ ‘
< max PkY+): (+1a)+
1<k<n
n—2 )wﬂl‘n vi)L(n+ny;)
jgo L(j+14n0)T (=04 ) (D(n—vi)+T(n+1) "
PkTZ_l-i-
n-2 || rn—voreeng)

0 DOm0 (n—ag 1) (D(n—vj) +T(n+1))

j=
(3.3)

807
% Qn"rfl 4o
o

DS
40
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where 1 <i<n-—1, and (uy,...,u,) € B solution of (3.1).

Then, it follows (E5) and (3.3), that

H(ulv'“aun)HB < llgl?gxn

lakDakukH .

By (E3), (wi,...,w,) € B is a solution of (3.2).

Therefore, (3.4) yields

< max
1<k<n
1%
41@
< max
1<k<n
+1%

—fk

D%y,

—Jfx

Sk

—fx

towy (2), ..y

wa (£), D% wy (1),
DYy (1),
D%w; (1), ...,

Da§71W2 1))y

34

(3.5)
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Then,

max ||(uy —wi, ...ty —wy)||p <

2]l
D%y,

—Jfx

D%,

—fk

Ji

—Jfx

Using (3.1), (3.2) and (E3), we get

|(ur —wiyeeosttn —wa) ||

Hence,
€
(1 = Wi, ooyt — wn) | g < 1— max X
1<k<n

< — Wi,
llgl?gn(ngrzk ([ (w1 —wr,

yUn *Wn)”B)-

= Q€, €= max &.
1<k<n

(3.6)

From (E4), we see that Q > 0. So, by (3.6) we deduce that
problem (1.1) is Ulam-Hyers stable. Putting Y (¢) = Qe¢, allow

™
o o, 00,
SN

00

S
<,

'
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us to state that problrm (1.1) is also generalized Ulam-Hyers
stable. This completes the proof. U
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