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1. Introduction

In this paper [2], we have introduced a concept of fuzzy
number fuzzy measures, defined the fuzzy integral of a func-
tion with respect to a fuzzy number fuzzy measure and shown
some properties and generalized convergence theorems. It
is well-known that a fuzzy—valued function [3, 4] is an ex-
tension of a function (point-valued), and the fuzzy integral
of fuzzy-valued functions with respect fuzzy measures(point-
valued) has been studied [3]; so it is natural to ask whether we
can establish a theory about fuzzy integrals of fuzzy valued
function with respect to fuzzy number fuzzy measures, the an-
swer is just the paper’s purpose. In fact, it is also a continued
work of [3]. Since what we will discuss in the following is a
generalization of works in [2, 3].

Throughout the paper, R will denote the interval [0, ],
X is an arbitrary fixed set, A is a fuzzy o-algebra [1] formed
by the fuzzy-subsets of X, (X,A) is a fuzzy measurable space,
p:A— R" is a fuzzy measure in Sugeno’s sense, [; fdul is
the resulting fuzzy integral [1]. Operation E{+,.,;A}, F(x)
is the set of all A-measurable functions from x to R", M (x)

denotes the set of all fuzzy measures, (R™) denotes the set
of interval-numbers, RT denote the set of fuzzy numbers [2,
3], F(x) denotes the set of all A-measurable interval-valued
functions [3]. F(x) denotes the set of all A-measurable fuzzy
valued functions [3]. M(x) denotes the set of interval number
fuzzy measures [2], M(x] denotes the set of fuzzy Number
fuzzy Measures [2], we will adopt the preliminaries in [2—4].
Here we omit them for brevity, for more details see [2—4].

2. Definitions and Properties

Definition 2.1. Let f € F(x), A€ o/, i € M(x). Then the
fuzzy integral of f and A with respect to [i is defined as
[y fdi = ([ f~du= [, f*du*] where J(x) = int f(x) and
F(x) = sup /™ (1)R(x) = inf i (x) and pp (x) = sup ™ (x).

Definition 2.2. Let f € F(x), A€ o/, i € M(x). Then the

fuzzy integral of f and A with respect to | is defined as

Jafdu(r) =sup{A € (0,1]: r € [, fdu}, where fx={re
(0,1]: f(x)(r) > A} and p, is similar.

Theorem 2.3. Let € € fF(x),AA,fieM(x). Thene [, f~du R*
and the following equation holds:

( / fda)A = [ K, for (0.1

Proof. The condition is sufficient. To prove that the condition
is necessary it is enough to verity equation (2.1).
Forafixed A € (0,1]let A, = (1—1/n+1)A then A, T 1.

2.1)
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It is easy to see that
f@) = N furx) =N fan(x) = limye f1,(x)
AT<A n=1

Then we have f3,” 1 27, fa. " T 2T
Similarly ua,~ THa™ H}nf Tt
We have [, f5,dfn T [y frdi*" L [y frdu™.

Hence
Fdi) = / A
( /A i u)x }Ql REL
= Jim | il
= [ fdi.
/Afx u
Hence the theorem. O

Theorem 2.4. Fuzzy integral of fuzzy valued functions with
respect to fuzzy number fuzzy measures have the following
property:

H<h St = [y fidi < [y fHrdpo.

Proof. A €(0,1]. Let A, = (1—1/n+1)A then A, 1 7.
It is easy to see that

(0= N Fir) = 0 gy = ime i

n=

Then we have (f1)2,~ T (fi)a " (f)aa™ T (A2 ™

By generalised monotone convergence theorem

Ja(F)7adBin 1 [y Fizdin [y (f)an " diin™ L [y fitdm ™.
Hence

(/A(f_l)dﬁl> Znﬁl/A(f_l);Lnd_ﬁln

= lim /A Fiandiin

n—soo

Z/Aflznd_(ﬁm)

Z/fldﬂl

A

< / 2
A

Hence the proof. O

Theorem 2.5. Fuzzy integral of fuzzy valued functions with
respect to fuzzy number fuzzy measure A C B = [, fdu <

Jpfdu.

Proof. Forafixed A € (0,1] let A, =(1-1/n+ 1)A then A, T A.
It is easy to see that

fulx) = )anﬁ/(X) = ﬁl Fan(x) = limye f3,(x).
< n=
Then we have A fi,,~ T 1=, fan T T ot
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By Generalised monotone convergence theorem

| Gndint [ fidn

= [ St auty [ it dut
)
_nél/Aflnd“n

lim / flnd”'ln
A

n—soo

:/Af/ldﬂz
:/A U Afadus

A€(0,1]

— [ Jau< [ jduacp).

Hence the theorem. O

3. Convergence theorems

In this section we canvass the convergence of sequences
of fuzzy integrals.

Theorem 3.1 (Generalised Monotone Convergence theorem).

Let {, (1> 1), 7} € F(x), {fn (n > 1),1} C M)
Then

(i) Jytf onA ART 1L

= [ fudust [ fan 3.
(ii) AfTLfronA puflu”
+ TR
= [ au [ fiw (32)

Proof. To prove (i) it is sufficient to verify equation (3.1). For
A= (1—=1/14k)A then A T A. By the proof of Theorem 2.3
we obtain

fo, = lim lim f,
fo = lim lim £,

iy, = lim lim fi,,,.
Uy, m k_mﬂnlk
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Then

I /nd \
(tim [ )

= m lim (/ f_ndl]n)lk
n=1n = A
= lim lim | (fn)akd (tin) 2k

= [ lim lim (/) .d (lim lim (@,) %

A k—yoon—roo k—yoon—roo
= / frdu,
A
- [ Gan).
A
This proves (i) and (ii) is similar. ]

Theorem 3.2 (Generalised Fatous lemma). Let {fu (n>
DL F} C F (o), o (03> 1), limp, liimg, © 5(2).

Then (i) [, limfdlimy, < lim [, fdjt,

i) T f; Fdjan < J, (i, d (Tmu,).

Proof. To prove(i), for A € (0,1] let 4 =
AT A

(1—=1/14k)A then

= lim lim f,
f?L k_won_)oofnlk

= lim lim {3 .
Hy, k_}ﬂ_)fﬁ#n/lk

Then

(nlgg /A fndun)l
= m r}g{}o(/ Jnd )k

/ lim lim (f;)d lim lim (1) 24
—Soo

k—soon—roo k—yocont

lim lim inf(f,) ,lkd hm hm 1nf(u,,)

A k—yoon—ro0

= [ lim lim (limf, );Lkd lim lim im(p,)a

A k—yoon—ro0 —y00 N—>00

<lim [ lim lim (f,,),lkd lim lim (U,) 2%

A k—yoon—roo k—ycon—roo

< lim /A (H](fn)d(un)l

— lim / Ffudity.
A
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(i) (}Lﬂ; / fndun)
lim / Jadln)

A lim lim ( / Sadin)a

k—yoon—ro0

= lim lim (Sup/fnd”n)t)lk
A

k—yoon—ro0

|
HDS

= A lim lim (lim fndﬂn)lk

k—yoon—roo

< lim hm lim (f,,)du,)

A k—socon—ro0

_ / Tim(f,))d(limp,).
A

Hence the theorem. ]
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