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1. Introduction

Stochastic orders have been proven to be very useful in
applied probability, statistics, reliability, operation research,
economics and other fields. Various types of stochastic or-
ders and associate properties have been developed rapidly
over the years. A lot of research works have done on, hazard
rate and reversed hazard rate orders due to their properties
and applications in the various sciences, for example hazard

rate order is a well known and useful tool in reliability the-
ory and reversed hazard rate order is defined via stochastic
comparison of inactivity time. We can refer reader to the
papers such as, Chandra and Roy [6], Gupta and Nanda [8],
Nanda and Shaked [11], Kayid and Ahmad [10] and Shaked
and Shanthikumar [13]. Ramos-Romero and Sordo-Diaz [12]
introduced a new stochastic order between two absolutely con-
tinuous random variables and called it proportional Hazard
Rate order (PHR) order, which is closely related to the usual
Hazard Rate order. The proportional Hazard Rate order can
be used to characterize random variables whose logarithms
have log-concave (log-convex) densities. Many income ran-
dom variables satisfy this property and they are said to have
the increasing proportional Hazard Rate order (/PHR) and
decreasing proportional Hazard Rate Order (DPHR) proper-
ties. As an application, they showed that the /PHR and DPHR
properties are sufficient conditions for the Lorenz ordering of
truncated distributions.

Jarrahiferiz et al. [9] studied some other properties of the
proportional Hazard Rate Order, then extended hazard rate
and reversed hazard rate orders to proportional state similar
to proportional Hazard Rate order called them proportional
(reversed) hazard rate orders, and studied their properties and
relations.

Shifted stochastic orders that are useful tools for estab-
lishing interesting inequalities that have been introduced and
studied. Also, they have been studied in detail four shifted
stochastic orders, namely the up likelihood ratio order, the
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down likelihood ratio order, the up hazard rate order and the
down hazard rate order. For more details about this concept,
we refer to the readers [2-5, 7, 14]. They have compared
them and obtained some basic and closure properties of them
and have shown how those can be used for stochastic compar-
isons of order statistics. Recently, Aboukalam and Kayid [1]
obtained some new results about shifted hazard and shifted
likelihood ratio orders. In this paper we recall the proportional
state of stochastic orders and the shifted version of them and
so obtained some applications of proportional Hazard Rate
order.

2. Preliminaries

2.1 Fuzzy Numbers

Let X be a universal set and Sy = {xeX : f(x;0) >0} be
the support of X A fuzzy subset (briefly, a fuzzy set) ¥ of Sy
is defined by its membership function ps : Sy — [0,1]. We
denote the or—cuts of X by ¥y = {x: Uz(x) > o, and Xy is the
closure of the set {x : uz(x) > 0}. then f(x;0) is a fuzzy set.

The fuzzy set ¥ is called a normal fuzzy set if there exists
x € Sx such that pz(x) = 1, and called convex fuzzy sets
us(Ax+ (1 — A)y) > min {1e(x), e(y)} for every xy € Sy
and A € [0,1]. The fuzzy set £ is called fuzzy number if it
is normal and convex fuzzy set and its a—cuts are bounded
for all ¢ € [0, 1]. In addition, if X is a fuzzy number and the
support of its membership function iz is compact, then we
called ¥ as a bounded fuzzy numbers.

If % is a closed and bounded fuzzy number with &, =
min {x: x € ¥} and ¥ = max {x: x € ¥, } and its member-
ship function be strictly increasing on the interval [xéx%] and
strictly decreasing on the interval [xgxllj], then X is called a
canonical fuzzy number.

2.2 Fuzzy Random Variable

The fuzzy number X with membership function uz(r) can
be induced by any real number x € Sy such that pz(x) =1
and pg(r) < 1 for r # x. We denote the set of all fuzzy real
numbers induced by real number x € Sy by F(Sx).

The relation ~ on F(Sx) define as X} ~ %, if and only
if ¥ and %, are induced by the same real number x. Then
~ is an equivalence relation, which induce the equivalence
classes [¥] = {d@a ~ X}. The set (F(Sx)/~) called a fuzzy
real number system. In practice, we take only one element ¥
from each equivalence class [%] to form the fuzzy real number
system (F(Sx )/~). If the fuzzy real number system (F(Sx )/~)
consists all of the canonical fuzzy real numbers, then we call
(F(Sx)/~) as the canonical fuzzy real number system.

Let X be a random variable with support Sy and .% (Sx) is
the set of all canonical fuzzy numbers induce the real numbers
in Sx. A fuzzy random variable is a function X : y — .#(Sx)
where for all o € [0, 1].

{(w,x):0cy,xeXy(0)} € fxB

Noting that F(Sy ) is the support of the fuzzy random variable
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X and hence, each a—cut set of X depends on the random
variable X.

Definition 2.1. Let F(R) be a canonical fuzzy real number
system. Then X is a fuzzy random variables if and only if Xé‘
and XY are ordinary random variables for all a € [0, 1].

Let X be a non negative fuzzy random variable with den-
sity function f(%) and cumulative distribution function F ()
respectively, and X be a fuzzy random variables induced by
X. The fuzzy function fi7(%) is a likelihood ratio order of
fuzzy random variables X, whenever its membership function
is given by

_ In(nL = =\U
:ufjr(y) = sup « r(x)avr(x)a(y)

0<a<l

where,
~\L . . ~
f(X) g = mln{ {argnérgllf

(opse-4))
f(i)g:max{{ max f(i);x:fé},

asp<l

2. U
{aggélf(@ X =g } }
Such that the interval, f (%)% and f (%)Y will contain all of the
cumulative distribution function for B > a.

3. Fuzzy Likelihood Ratio Order

Let X and Y are continuous non negative fuzzy random
variables with density functions f and g respectively, we
propose four relations to compare fuzzy likelyhood ratio order
of X and Y are as follows.

. X <prm Y if,

min< min
a<f<l

70 min ¢(}

asp<l
g(y*)lé}7

L -\L
-

asp<l

. . U .
<minq min f(§),, min
a<p<l a<p<l

and

max { arggé 1 f(x®

<max<{ max
a<p<l

f@ﬂ,mwg@ﬂ}

asp<l

2. X <prr2 Y if,

a<p<l a<p<l

70 min (%}

min { min

< mi ) L . AU
< min {a?ézlf(y)a’a?ézlg(y)a} )
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and

max{ max_f(%)%, max g(f)g}

a<p<i agp<l

gmax{ max f(i)sm max g(f’)lojz}

a<p<i agp<l
3. X <prr3 Y if,

min{ min f()?)g, min g()?)g}

a<p<i agp<l1
. . U . N
<min<q min , min ,
{agﬁglf(y)a a<ﬁ<1g(y)a}

and

max{ max f()?)g, max 8(@5}

a<p<i agp<l1

~U ~U
<
max {Jgﬁélf(y)a’aré‘ﬁél g(y)a}

1. X <prrr1 Y if,

4. X <frrra Y if,

min{ min f()?)l(;, min g(f)lé}

a<B<l a<P<1

gmin{ min f(fl)l&, min 8(5’)3}7

a<f<i agB<l

and

max{ max f()%, max g(f)l&}

a<B<l agB<l

< max<{ ma 7L, ma )5
S X{agﬁélf(y)ou(xgﬁélg(y)a}

forall X <Y, a € [0,1].

3.1 Up Proportional Fuzzy Likelihood Ratio Order
Suppose that X and Y are two continuous non negative
fuzzy random variables with density functions f and g re-
spectively, we propose four relations to compare Up propor-
tional fuzzy likelyhood ratio order of X and Y are follows.

min{ min f{AF; —1/AZ5 >1], min g[AZL —1/A%5 > 1]
agp<1

a<p<l
> min< min f(i)U, min g(y)U )
a<p<t’ " a<p<i® e

and

a<B<l asp<l

max{ max fAZL —1/A%L > 1], min gAL —1/A7h > t]}

>max{ max f(¥)y, max g(ﬁ)g}-

a<p<l a<p<l

2. X <prir2 Y if,

min{ min f{A%; —r/AZ5 >1], min g[lifﬁ—t/li%}t]}

a<B<l a<B<l
>min{ min (5%, min gHY},
a<p<1 Y agp<t® Y

and

a<B<l

max{ max fAZL —t/A%L > 1], min g[AFY —1/AFY > t]}
asp<l

L U
> max 4 max max .
= {agﬁglf@)magﬁglg(y)a}
3. X <prim3 Y if,

a<P<1

P

min{ min fIAZS —1/AZY > 1], mﬁlg g[lfg_t/}”%i}t]}

a<p<l a<p<l1

>min{ min f(i)g, min g(i)g}7

and
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max{ max fAFS — /A > 1], min g[AZY —1/A%Y > ]}

a<p<l a<p<1

>1naX{ max f(7)q, max gOOU}-

a<B<l a<B<l

min{arél/;ri f[lx —t/A%5 > 1], amgrélg[lié—t/lié Zt]}

>min{ min f(i)é, min g()’)L}

a<B<l ap<l
and
max{arggzlf[ Ak > ],argnér\llg[kx — /AR > t]}

Y p——

a<PB<I a<B<l

forall X <Y, a €[0,1].

fuzzy random variables with density functions f and g respec-
tively, we propose four relations to compare Down propor-

3.2 Down Proportional Likelihood Ratio Order tional fuzzy likelyhood ratio order of X and Y are follows.
Suppose that X and Y are two continuous non negative

1. X <pfprr1 Y if,

. . L L
min min X s min
min S0k min ¢(2), }

< mi in fIAJY —t/A3Y >1t] min g[AFY —t/AFY >t
min{ min 1354 1/25% > 1] min §[25% —1/45% > 1],
and

max{ max 79, max o(0):}

a<p<l asp<l

< min{ max, fIATG —t/A5 > 1] x| 8[ATG —1/A55 > r}}~

asp<l

2. X <priro Y if,

. . L
min min min
min 70k min ¢(o)}

<min{ min f2h—1/Ash > 1] min $25% - 1/25% >},

agp<l
and
L U
{9 |
gmin{ max f[kyﬁ, 1/A95 > 1] max g[lyg—t/lﬁ&]}t]}.
a<p<li a<p<l

3. X <prrr3 Y if,

. . U U
min min X min
min f(, min ¢() }

gmin{ mm f[?Ly —t/AFY > 1] mén gAY —t/A5Y > }},
a<B<1
and

max{ max f()?)g, max g(i)g}

a<B<l a<p<l
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<min{ max flast—1/A5% > 1] max oAsY—1/2s 211},
a<f<1 a<f<

4. X <prrra Y if,

. . L
min min min
min 0% min ¢(0)%}

<min{ min fl2sh—1/As% > 1] min o2k -1/A5% >0}

a<P<1

and

max{ max f(£)5, max g(& )L}

a<p<l a<p<l

gmin{ max, FIASE —t/AFE > 1] max g[AVE, —t/AFE >
a<B<I
forallX <Y, a € [0,1].

Theorem 3.1. The two fuzzy random variables X and Y satisfies X <pprg; Y if and only if
X <frrRi anor all > 1. (i = 1,2,3,4).

Proof. Suppose that X <prrr> Y. Thus we have that,
min{ min 7 [(@)5% —1/(@)5% > 1) min elan)st—1/ (5% > 11}

<B<l

and

max{ max 7 (@)% 1/ (5% > 1], max el 1/ (@5 =1}

is equal to

min{ min (1) % —1/(1/a)% > ] min ¢l(/a) 1/ (1 /a5t > 1)}
and

max { max 1 ((1/a) s /(1) > 1] max el /o) —1/(1 /a5t >}

a<f<1

put(1/a) = A, then equal to
min{ min A —t/AF5 > 1], mgnlg[lig—t/lig2t]}
a<B<

a<P<1
and
max {J?E’é fATG —1/A5 > ]70232153[1&5 — /A5y > t]}

since X <prrr2Y, then greater than or equal to

i - > —t/ARY >
min agléglf[le t/AL > 1], Izlﬁll’i g[AFY —t/AY t]}
and

max { max f [A%5 —1/A%L > 1], max g[lxaft/lxlé >t]}

a< ﬁ <1 \ﬁ <1
equal to
. . "N U
min {02%2 flad)a, argég 8(a¥)g }
and
max { max f (%)%, max g(aX)y }
a<p<l1 a<f<l1
which implies that X <pprr2Y. The similar proof are holds for the another ranking indexes. O
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4. General Reversed Fuzzy Hazard
Rate Order

Let X be a non negative fuzzy random variable with den-
sity function f(¥) and cumulative distribution function F ()
respectively, and X be a fuzzy random variables induced by
X. The fuzzy function 7z (%) is a reversed Hazard rate of
fuzzy random variables X, whenever its membership function

where,
F()Z)g—min{{argérilG( %) ;x xL}

B
{mm G }}
a<fp<l1

<L

-3},

F(%)Y = max { {a@% G(%);x

{aggélé(i);x:ié} }’

Such that the interval, F (% ) and F(% ) will contain all of the
reversed Hazard rate of each ¥ xﬁ and xg for B > a.

4.1 Fuzzy Hazard Rate Order
Let X and Y are two non negative fuzzy random variables
with continuous distribution functions and with Reversed Haz-

is given by px(y) = sup of 7()2)3,?()?)%}()1) ard rate functions 7(X) and §(¥) respectively, then X is smaller
1. X <pgw Y if05%<s! than Y. We propose four relations
. . ,.,L NU . . ~, . NU
min argnér%lf (xﬁ) 52 f (xﬁ)} N mm{argnérélg (y,%) 70215218 ()’ﬁ)}
. . — ,.,L =) ,.,U . . U
win o, 7 (55) o 7 ()} o o (). 6 %)}
and
- U <L U
man { s 7 (55). s ()} x| ma,(55). s o (3)
max4 max F(EL), max F(~U> max< max G(ﬁL>, max G( )
a<Pf<l B a<f<1 B a<fB<1 B a<B<I B

2. X <ppm2 Y if,

. . ~ . U .,U
min argnl;rél (xé) 7(12%21]”()6!%) mln{alélélélg (y5> ,agléglg( /3)}
>

—3 ,_,L . = ,_,L . . ~ ~ U
min{ min 7 (55), min 7 (5) | min{_min 6(55). min & (%) }

max<{ max F (&
a<f<l

3. X <pgu3 Y if,

( }
6(5%). max 6 () }

min< min f min ()7!%) }
agp<l
(&L (R Al ~ (L
m]n{agl[;glF [ ’argnéglF 5 mm{aglézlG (yé ’argll/;glG B)}

4. X <ppua Y if,

min{ min 7 (%), min 7 (5f)

. . ,.,U
min< min ,
{a<ﬁ<1g (yﬁ> a<pe1®

min

min{ min F(“é),
a<B<l <B<

(). min G(54)
a<B<1 N



Some ranking indexes of stochastic orders and their applications — 601/609

and

max agﬁg]g(yg) ’arggélg(yg>}

max{aggél G (f@ ’Oggél G (yg)}

max { max

{Jgg;f(“g) ’Jilﬁilf(w}

>
max{ max F<~U), max F(“g)}
a<p<l a<B<l

For each a, $(0,1]NQ, where F f are the survival and
density functions of X respectively and G, g are the survival
and density functions of Y respectively.

4.2 Fuzzy Reversed Hazard Rate Order
Let X and Y are two non negative fuzzy random variables
with continuous distribution functions and with Reversed Haz-

ard rate functions 7(¥) and §(¥) respectively, then X is smaller
than Y. We  propose four relations

1. X <pgm1 Y if,

mind o 1 (55) i 7 (%)} min{ mn (%) i ¢ ()
min{aglgglf“ (%) 7021[%1;1}7“ (f,{)} min{aglgglé(ié) 7a21é21G(~g)}
and

o { g 7 (). s 7)) mon s (05). mon ()}
max{arggélF ()El%) ,argg)g(lF (”g)} max{arggélc (yﬁ) ,arggél G (“g)}

2. X <ppm2 Y if,

min{ min, 7 (55). min, 7 (5)} ) min{ min & () mn 2 (55) }
min{argngrélﬁ (“g) ’agéglﬁ(~§>} mln{argnér%lé(%) 702%216 ig)}
and

o g 1 05).gmps 1 ()} e 08 s )
max{arggélﬁ(i@ ,arggélF (~é>} max{arélgél(_}(Ng) ,arggél(_;<~g>}

. . - - . ~ o
min argégf(%)gglégf()fﬁ)} < mm{a?éilg@é)’agﬁil (n;)}
. = ~L . = ,,,L . = ~ . ~ ,,,L
mln{argnérélF( ﬁ) 70!2%21}7( ﬁ)} mln{argnérilG(ylLJ ,argnélélG yﬁ)}
and
o ~ ~L ~
max{arélgélf (x,Lg) 7alggélf<xf3>} _ max{arggélg(yﬁ) 70251218()’%)}
F (i), max 7 (%) 5(5) . max G (7%)
o | man 7 (5F) s 7 (5) | mon {6 (55) . mys (%
4. X <ppua Y if,
~ . U ~ U U U
mind min (%) mn, £ ()} min{mn £8).mn ()}
min{ min F()Zé), min F()ZIB)} min{ min G(g), min G(yﬁ)}
asp<l a<p<l a<p<l asp<l
And
o P )

—
Ag
™
5
Qi
oS
=&

~X
max{ max F(ig), max F()ZU>} max
a<p<l asp<t VB
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For each o, B(0,1]NQ, where F f are the survival and density functions of X respectively and G, g are the survival and density
functions of Y respectively.

Lemma 4.1. A continuous non negative fuzzy random variables X admits Up increasing fuzzy proportional Hazard rate order
propose four property denoted by
1. X e UIPHROL1 if,
min{ min [f(& —1)/% > 1], min [f(&Y —1)/% U}t]}

min< min f(% , min f
a<f<l a<p<l

a<p<l a<B<l > ) ( }
min{argnﬁirél[F(X’& —1)/3L > t],argnéril [F(&Y —1)/3Y > t]} min{argﬁi%rélf“ (%) ’(xgl[%glF ("g)}
and
max { max 175t 1)/ > ], max 17~/ 1 ) max{ max 7 (1% max 7 (5}
max {arggél [F (%L —1) /3L > tL;gﬁugcJF(iZ —1)/54 > t]} - max{arggélF ()E[Lj) ,arggélF (”%)}

2. X e UIPHRO2 if,

- oL oL - : U - U
mind i (155 ~0/5% >0 min ot i) mind e 1 (). min 7 (3

WV

min{ocrgnéré1 [F(RL —1) /3L > t],argngr%l[}?(ig—t)/ig > t]} min{argngrélf (yg) 7ocr<nﬁ1réllﬁ(
and
ma { max (5% 1)/ >l max (% ~1)/% > 11} ) max{ max 7 (55). max 1 ()]
F(iL — 1) /5L > Pl — 1) /L > i (U £ (U
max{argﬁaél[F(xa r) /3L /t]7ar£§u<(l[F(xa 1) /%L /t]} max{algﬁaélF(xﬁ> ,arggélF( ﬁ)}
3. X e UIPHRO3 if,
. ,.,L . ~ ~ . . ,.,L . ~
i g G0/ 1 Ui ) min 1 (). 1 ()
min{ min PG5 1)/ > ], min [P~/ >1| - min{ min 7 (55). min F (%) }
and
- - “ oL - oL
maX{arggél[f(Xé—t)/Xé >t]’£§§1[f( a—1)/Xq 2 t]} N maX{aIggélf(xé) ’algﬁ’élf( ﬁ)}
F(iL — 1) /5L > Pl — 1) /7L > F (5L F (<L
max{arggél[F(xa t)/%L /t]7ar2§1§1[F(x 1)/x /t]} max{;gggF(@) arggélF( ﬁ)}

4. X € UIPHROA4 if.

min{ min (7% 1)/ > 1), min (6% 1)/ > ]

\

a<P<l a<pf<1
and

)
min{ min [F(%Y —1)/3Y >1t], min [F(&Y —1)/% U>t]}
|

U _ U > _ =U >
max{ max 64—/ >, max 10 1)/ =1

{05z
ma { ma PG —0)/5% > ], max PG —0)/3% > 1]} 2 mind o, 7 (3) . min, 7 (5) |

a<p<i a<p<l
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Theorem 4.2. Suppose that X and Y are two non negative  functions f and g respectively. The fuzzy likelihood ratio
fuzzy random variables with fuzzy cumulative distributions  ordering is stronger than the fuzzy Reversed Hazard rate
functions F and G, and also fuzzy Reversed Hazard rate order ~ ordering.

Proof. Suppose that X <prgi Y. Then for all ¥ < J, we can write

min{ min f(¥)Y, min g(%)J }<min{ min f(§)g, min g(y)U}

a<Pf<1 a<f<1 a<f<1 a<B<1
and
U U
max max , max max max , max
{(x<ﬁ<1f( ) a<B<1g {a<ﬁ<1f(y)°‘ <B<1g(y) }

min{ min 7 (). min 7 (x } min{ min 6(5%). min 6(5%) |
win{ i 7 (5 mn 7 (5) | mm{;fgz]g(i‘é)vaggg]g(%)}

and
} { max G( ) max G }
a<p<l a<p<l

max{ max F (ig), max F

a<B<l a<B<l

U
B
max (%)

b
¢), min F (3
(

max{ max (x[B] max{ max ( ) max g
a<P<1 a<ﬁ<1 a<B<l
ﬁ), min G

a<p<I

/"\
m
v

a<fp<1 a<f<l1 a<p<l

mm{ min F mm{ min G

)

(5
g min i 7 (%)
Lol gt

max F ()Zg
a<ﬁ<1

max g
a<p<1

max{ max f

a<p<l (
By Definition 2.1
min4 min F(le;

a<B<1

—N

%) max ()} max

min g(%), min g(ié)}
> < {a<ﬁ<1 agp<1 dx
0 max{ max F(”E , max F(fﬁ) max{ max G(%), max G(yﬁ)}
a<p<l a<p<l a<p<l a<p<l
~L ~L L SL
max{algﬁaélf(xﬁ) ,alggél ( B)} max{arggélg( /3) 7021[?218( B)}
is equal to
. . ~L L . . ~\L L
<
mm{aléléilf(x)“’a?élilg( P }\mm{agéglf(y)magléglg(y)a}
And
< L AL
max{arggglf() ) max g(®)5 } max Jgﬁ’élf(y)“’a?ﬁé]g(y)“}
Now using Definition 2.1 proof is complete. O

Suppose that X1,X,X3,...,X, and Y;,1,,13,....Y, are Wy (x y(y) = max Fp (% ), max 7Fk()?)g}(y)

two independent fuzzy random samples of size n. aspsl * asps
e . ~ . . N where,
Induced by X;,%2,%3,...,%, (with cumulative distribution .
functions F) and y¥,>73, ..., ¥, (with cumulative distribution . (W) ( ;%)
functions G), respectively. We denote 7y, (%) as the fuzzy 7p, (%) o =min algléli] 7 v oo 1X2fé,
PV P ! X .
reversed Hazard rate of the k-th fuzzy statistic Xy, as the fol- % j!(nn, il [f(x)} (k—j)

lowing:
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(et () (et ()
— ! —k)! }
min 21/%21 — GG 1;3() Fi) :x:ig FFk(i)g:max r<n/§21 P - ™ ) :x:iﬁ,
o ! X . o n!
N I () ¥t [ =)
7 Jn=D) [ () T (x)
and | x
. <(k D! (A" (%) _ U
maxy i T (YT
a<B< Y sty [ | =)
Theorem 4.3. Suppose that X; <prm Y foralli=1,2,3,....,nand
. . ~ . ,.,U . . ,_,L U
mm{argnl;glf(xé)’argn[;l;lf(xﬁ)} _ mln{argl;lllg(yﬁ) argéglg(yﬁ)}
min{ min F (i), min F (&Y min{ min G(7%), min G )7
B B
a<f<l oc<ﬂ<1 a<P<l oc<ﬁ<1
= U U
{1 (5)- e ()} oo ¢ >J2§él )
i (U
max { max F (55). mas 7 (5) } X{;Bsiﬁ(y ) s, (% )}
Then Xy <pre1 Yin-
Proof. We can prove easily that the function [Z i [ ] !is non decreasing function in x.
T Jjli(n X
Since that X; <grmgr1 Y;, we can conclude that
1
L 1—F()1)L) L . > ! 1-G(®L)
{% =] { 7 (x)a} (kf)} [Zj|<n,)v { A (%) } (k 1)}
Let us suppose that
. ~L . ~U
L o mln{alélﬁllélf(xﬁ) 7a21é21f< 3)}
) jl(n—1) o= = (U
min argnéle (xﬁ) ,argnéglF (xﬁ)
L U
e s () ()
] 1) : (L) AW
min argnéglG Xg ,(;gn&rgG(B)
L U
e o) e ()
) il(n—=1)! _ _
Jn=1) max{ max G()E[Lj), max G(%)}
a<p<1 a<p<l
= U
D— n! max{a2§§1f<x§>’ar2§21f( ﬁ)}
) =) £ (= (U
max arggélF (x;;) ,arggélF (xﬁ)
Now by using the minimum and maximum property and inequality 3, we have
(i) (42)
. . (k=1 (n—k)! F(x) . L
min alyl;lll m ’ o x=Xg
P X n
L i ) =)
() ()
1 —
> max mén1 n( )i ;() F(x) ;x:ig
a<Pp< X .
%‘/ ! [f(x):| (k=J)
or equivalently 7y, (¥ ) > Ty, ()E)g
And hence X, gFRHl Yin. O
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5. Definition Fuzzy Mean |nactivity X. The fuzzy function 713 (¢) is said a fuzzy Mean inactivity
Time Order time of fuzzy random variables ¥, whenever its membership

L b ve f d able with d function is given by
et X be a non negative fuzzy random variable with den- Iim( ) = sup Oclﬁz (f) L,ﬁz (f)y} (y) where,

sity function f(7) and cumulative distribution function F (7) 0<as<l “
respectively, and ¥ be a fuzzy random variables induced by

SN : Y . Ny 7L
/0m(f)adx—mm{{argnérgllm(f),x—tﬁ , argnérélm(t),x—tﬁ ,
t
/0m(f)gdx:max{{aggélm(f);x:fé},{argﬁaélm(f);x:fﬁ}}.

Such that the interval, ﬁa(f)ﬁ and rh(f)g will contain all of the mean inactivity time of each fé and fg forf > a

Definition 5.1. Let X and Y are two non negative fuzzy random variables with continuous distribution functions an fuzzy Mean
inactivity time with functions () and (¥) respectively, then X is smaller than Y. We propose four relations

(D)X <rmim Y if,
t t
i F(®E5, min F®Y bd / GH)L. min 6H)Y L
fymin{ min, P min P s [Pmin{ min 65 min G i

min{ min FOf i F@F ) min{ min G@f min G0}

a<pf<l a<P<1 a<f<1 a<B<1

and

t
/max{ max F(x) , max F(X
0 a<p<l a<B<l

a<p<l a<B<l

(2) X <rmir2 Y if,

t
/min{ min F(x) , min F(X)
0 a<B<1 a<B<1

e

max ¢ max F(f)g, max F(7
{ max P ")}
o
b

min{ min F() min Ff)
a<B<l Ta<B<l

min G(f)g, min G(f)g }

a<p<l

and

t
/max{ max F(x) , max F(%)
0 a<B<I a<B<I

e
{argﬁg () , max G(ﬂ%

max{ max F(f)ll;, max F(7)k
a<p<l

a<p<l a<p<l

()X <rmir3 Y if,

e
i}

/ tmin{ min F(9)5, min F(7) }dx / tmm{amin G(5)5, min G(y)g}dx
b }

a<B<l1 a<B<I <<l a<p<l

min{ min F() , min Ff)
a<p<l a<p<l

{amin G(f)g7 min G(f)l%

<B<I a<B<1

and

max G(f)5, max G(7)

t t
F(R)E, F®E5bLa / G(5)5, GH)f ¢ d
/)maX{a@;él (D)5, max F(R)g fdx .oma"{azlg’zl (), max G()p dx
L
a<p<t Pacp<r VP

|

max{ max F(7 )/3 max F(f)g} max
|
|

a<P<1 a<p<1

(4) X <rmir3 Y if,

a<f<l

L . U ro . . U
fymind i, PO s P fax  [loind i GO, i, GO}

i in F(f)y, min F(f)j
mln{aré%rél (f)g, min F(7)g
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and

t t
F(®)Y, F®Y v d ./ F3)Y, F d
| g P s 715 o b x| s PO, e P
F(f)g, F ! G(t);z, Gt
R e )
For each o, B(0,1]NQ, where FG are the survival and density functions of X and Y respectively.

Lemma 5.2 (Decreasing Mean Inactivity). Suppose that X and Y are two fuzzy random variables with fuzzy cumulative
distribution functions F(%) and G(¥) respectively then, we propose four relations
()X <rmim1 Y if,

t ) N -
frmo{ o i 4y min g 000 i 060

{ min F(f) g min F(f)lﬁ]} min{ min G(f)ﬁ7 mgan(f)g}
asp<

a<B<l a<ﬁ<1 a<p<l

and

t
/ max
0

1
max F(¥)g, max F(X }dx /max{ max G(§ ft)ﬁ, max G(¥ ft)g}dx
0

a<B<I a<B<1 a<B<I a<B<I

{maxF 7mafo)

a<p<l a<ﬁ<|

max{ max G(f)5, max G(f)g}

a<p<l a<B<1

(2) X <pmir2 Y if,

t 4 . U
/mm{agléglF() ,agléglF }dx /0 {agléglG( t)ﬁ7a1<mrilG( )/3}dx

mm{ min F(7)g, min F(7 mm{ min G(f)B7 min G(f)g}
a<p<l1 a<B<l a<f<l a<p<1
and
t t
/max{ max F(X)g, max F(%) }dx /max{ max G(§ —t)g7 max G(y”—t)ll;/}dx
0 a<B<1 a<B<1 0 a<B<1 a<B<1
F(i F(f)G G(D)j G(D)j
{ngél R R
(3) X <pmir3 Y if,
t t
/min{ min F(x) , min F(X) }dx /mm{ min G(§ _t)ﬁ min G(§ —t)ﬁ}d
Jo a<pf<I a<p<l 0 a<p<l a<f<l
. . . . L . L
min{ i, FO5. i, FO5) min{ s, o0, 65}

and

t
dx /max{ max G(§ —l)é, max G(i—t)é}dx
0

a<B<1 a<B<1

max { max F(t , max Ft
asp<t Pagp<i

max{ max G(f)g7 max G(f)é}

a<p<l a<p<l

(4) X <pmits Y if,

1 1
i F F(®)f ¢d —1)§, min GG—1)j d
/Omln{ min (x) min F(%) } x /Omm{ min G(¥ ﬂﬁ’a?ﬁilG(y I)B} x

a<B<1 a<ﬁ<1 a<B<1

mingy min F(f)p, min F(f
{a<ﬁ<1 0 0

mm{ min G(7)g, min Gmg}

a<f<1 a<f<1 a<f<1

and

1 1
/0max{alllg)élF(x)ﬁ,arggélF(f)g}dx /Omax{arggélF(yft)ﬁ, mgxlF(yft)g}dx

<
max{ max F(f)g., max F(f)g} max{ max G(f)g7 max G(f)g}

a<B<I a<f<1 a<p<l1 a<p<1

is decreasing in x > 0.
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The following theorems gives the relationship between the 1. If X <prum Y, then X <pypir2 Y.
fuzzy mean inactivity time and fuzzy reversed hazard rate
order. 2. If X <prur1 Y, then X <pmir3 Y.

3. If X <prurm Y, then X <pmira Y.
Theorem 5.3. Let X and Y are two fuzzy random variables

with fuzzy cumulative distribution functions F and G respec- 4. If X <prur1 Y, then X <pmir1Y.
tively

Proof. Suppose that X <pgrpr1 Y. Based on lemma,

min{ _min (75 )/ > ], min (7065 1)/ > 11}
}

a<Pf<1 a<p<l

=
min{ i F(sh —0)/% > 1], min (e 1)/ > 1

and

max{ max [£(5 —1)/%4 > 1], max (£ —1)/% > 1]

a<p<l a<p<l }

is increasing x > 0,
max{ max [F (%5 —¢)/%L > 1], max [F(54 —1)/34 > 1]

a<B<I a<p<l

and hence

. . ~) _ ~ ~U . . Py . ..,U
min{ min (75, )/ > 1. min, (705 1)/ >} ) min{ min 7 (5). min /()]

. . = ,.,L _ ,_,L . — _ U . L . - ,_,U
min{ min PG )/ >, min (PG -0/t =01} min{ min P (5%). min 7 (5) }
and
o { g 10405 1 g U0 0] o s 7 (55). man 1 ()}

F(sL — 1) /5L > F(U 1) /5U > oL 7 (U

max{arggél[F(xa 1) /%L /t],alggél[F(xa 1) /%y /t]} max{arggélF( ﬁ),arggélF( 5 }
By defining

min{ ?égl[f( L—1)/55 > 1], rgég][f(xa—f)/ U >

Ry (ix) =

|
min{ min [F(Z —1)/%L > 1], min [F(FY —1)/% U>t}}

a<p<l a<p<l

and

i=2Lg(xt) =1Iy,(%);%,t >0

Then by definition M, (it)

Thus we conclude that,

[Ra (i, %) Lo (xt)]dx

Il
S

r I3 ro . U
/0 mm{ag%glF( )f"’ag%g]F( Op | dx /omm agléglG( )B’aglﬁlglc(y)ﬁ &

) min{ min G(f)g, min G(7 )g}

a<B<l a<B<l

min{ min F(f);;, min F(f)é}

a<B<1 a<p<l1

and
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t t
L U U
Joms e i g e e g o9 g o9

max{ max F(7)§, max F(f)g} ) max{ max G(7)Y, max G(;)zﬁ/}

a<p<l a<p<l a<p<l a<B<I
is decreasing in x > 0. Now using previous lemma proof is complete.
Other parts are similarly to proved. O

Theorem 5.4. Let X and Y are two fuzzy random variables have a common fuzzy mean past life F (%) and G(3) respectively.
Then,

(a) If,
min{aglggl[f(fg —1)/%g > f], min [f (g —1) /35 > t]} . min{argngrélf(if;) agléglf@,%’)}
: TR ) U s TRV ) U S - o F (L B (U
mm{argnérél[F(xa 1) /%4 /t]7a21é21[F(xa 1) /%4 /t]} mln{agléI%lF (yﬁ) ,argnérélF (X[s)}
and

max{ max [~ 0)/# > 1], max [ — 1)/ >

a<p<l a<B<I }

F(3Y —1t >t FGY —1)/34 >t
ma { e (F(a]1)/54 1), ma [P ~1)/3% >

max {afggél f (Xg) a@ﬁ‘ﬁl f (xg) }

max< max F ()ZL), max F ()ZU)
asp<t \PB)Tagp 7B

>

is increasing int > 0, then X <ppy1 Y if and only if X <pymira Y.

(b)1f;
min i [1(s%1)/5% 1] i 115 0/ > 1] ) min{ min 7 (%), min 7 (%)}
. . =) _ > . =) ~U _ ~U > . . = ~L . — ~L
mln{argnl;rél [F(&Y —1)/34 >1], arilérél[F(xa 1)/%g > t]} mln{argnérilF (yﬁ> ’alélﬁ“ilF (xﬁ)}
and
ma { g (1050 > ). mx 1020/ > ]} ) max{ max 7 (%) max 7 (1) }
F (%L — > F (%L — > F (3L F
o s, 150005, s (PO— 0 s e P (35). s P (5)
is increasing int > 0, then X <prp2 Y if and only if X <pymir2 Y.
(€ 1f,
min{ i [1(5 1)/% > ], min, (75 —0)/5% > 1]} ) min{ min 7 (%), min 1 (%)}
. . =) _ U . = _ U . . = ,.,U
min o, 1P =0/ > ) i (P =g >} min{ i £ (). i, P (%)}
and

max{ max [f(ZY —1)/%Y >1], max [f(&Y —1)/5Y >1]

a<B<l a<p<l }

F(iY —¢ >1], F(iY —¢ >t
ma*{afggél[ (% —0)/34 > ], ma [Pt~/ > 1

nnn{ag%21f<ig),aggglf(fg)}

i (%) e 7 ()
mind i 7 (58) i, 7 (5

>

is increasing int > 0, then X <pry3 Y ifand only if X <pymir3 Y.
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(d) I,
min{ min [f(& —1)/% > 1], min [f(L —1)/ t] min4{ min f()ZU), min f(JEU>
a<p<l a<p<l N asp<t’ \B) agp<r’ B
. . — ,.,L _ ,.,L > . — ,.,L o . . — ,.,U . — ,.,U
mm{argnérél[F(xa 1) /3L > t],argnér%l[F(xa 1)/% ]} mln{argnérélF (yﬁ) ’a?érélF (ﬂs)}
and

is increasing int > 0, then X <prpya Y ifand only if X <pymir1Y.

(1]

[2]

31

(4]

(51

(6]

[71

(8]

91

[10]

[11]

<L A >
max {aggél[f (%6 —1)/%G > tLgfggé A

(e — 1)/ >r]}

max { max

agﬁ@f (ig) ’aril?élf <ig) }

max{ max [F (&L —1)/%L > 1], max [F (& —1)/3L > t]}

a<B<lI a<B<I
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