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1. Introduction

The concept of fuzzy random variable was introduced by
Kwakernaak [3] and Puri and Ralescu [7]. A fuzzy random
variable is just a random variable that takes on values in space
of fuzzy sets. The outcomes of Kwakernaak’s fuzzy random
variables are fuzzy real. Subsets and the extreme points of
their a-cuts are classical random variables. Fuzzy random
variables are Mathematical descriptions for fuzzy stochastic
phenomena, but only one time descriptions.

Fuzzy random variables generalize random variables and
random sets. Kwakernaak [4] introduced the concept of a
fuzzy random variables as a function X : Q — F(R) where
(Q, o, P) is a probability triple and F(R) denotes the set of
all canonical fuzzy numbers. Puri and Ralescu [7] defined the
notion of fuzzy random variable as a function X: Q — F(R")
where (Q, o7, P) is a probability space and F(R") indicates
all functions U : R" — [0, 1].

Stochastic ordering of fuzzy random variables is one of
the most applicatble in statistics and probability. Various
concept of statistic comparison between random variables
have been defined and studied in the literature, because of their

usefulness in modeling for reliability economics applications
and as mathematical tools for proving important results in
applied probability [8].

2. Preliminaries

Definition 2.1. Let X be a universal set. Then a fuzzy set

A= {(x,ua(x)) /x €X} of X is defined by its membership
function

HR)A : X — [0, 1].
Definition 2.2. For each 0 < o < 1, the o-cut of set ofA is
denoted by its Ay = {x €eX: ,u(R)A(x) > a},

Definition 2.3. A fuzzy number is a fuzzy set of R such that
the following conditions are satisfies:

1. A is normal if there exists x € X such that /.L(R)A (x)=1

2. Ais c~alled convex if y y
UR)A (Axi + (1 —Axz)) = min (UR)A (x1), uR)A (x2))

3. Ais called upper semi continuous with compact support;
that is for every € > 0, there exists
0>0; x—y| <0 = WR)A(x) < uR)A(y) +€

4. The o-cut of fuzzy number is closed interval denoted by
Ag = [AL,AY)], where AL = inf{x € R;[.L(R)A(x) > Ot}
and AY = sup {x € R;,I,L(R)A(x) > Oc}.

5. IfA is closed and bounded fuzzy number with AL AY
and its membership function is strictly increasing on

[Aé,Ag] and strictly decreasing on [AllﬂAg} then A is
called canonical fuzzy number.



Definition 2.4. A fuzzy random variable is a fuzzy set consist-
ing of a membership function and a basic set of underlying
variables. A fuzzy random variable X is amap X : Q — F(R)
satisfying the following conditions:

1. For each o € (0,1] both X% and XY defined as
XL () (x) =inf{x € R;X () (x) > o} and
XY (o) (x) =sup{x € R;X () (x) > o} are finite real
valued random variables defined on such (Q,A, P) that
the mathematical expectations EXL and EXY exist.

2. For each ® € Q and « € (0,1],Xk () (x) > « and
XY (o) (x) > a.

Definition 2.5. A fuzzy set valued mapping X : Q — Fj"(R) =
Fy(R) x -+ x Fy(R) represented by X (®) = (X (1,®) x
xX (m,w)) is called the fuzzy random vector if for each K,
1 <K <m,X(K,w) is a fuzzy random variable.
Definition 2.6. X (o) is a fuzzy random variable if and only
if
Xo (0) = [X§ (0),XY (0)], where XL (w)andXY (o) are
both random variables for each o. € (0, 1] and
X(w)= U oaXy(o).

aec(0,1]

Definition 2.7. The « cut of the distribution function F of
fuzzy random variable X is defined by

D= [min{ mig e (55) min ()}

maX{glgEF (%) m\aﬁF< ﬁ)H

Definition 2.8. The membership function of the probability
distribution function of %, denoted as F (%). It is defined as
.uﬁ(x)(r) :j;g[o’l]mg alDOt(r>'

Definition 2.9. The o-cut of probability density functions
f(x) where
X € [)Zé,ig] is given by

o= [min{ i (35) 1 () .
max {7 (%) max  (5) } |

Definition 2.10. The membership function of the probability
distribution function of %, denoted as f (%) is given by

Krw(r) = sup alAg(r).
aelo,1]NQ

3. Stochastic Orders

Definition 3.1. If X and Y be fuzzy random variables with
fuzzy cumulative distribution function F and G respectively
thenX <u Y & F(t) > G(t)vt
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Definition 3.2. If X and Y are two fuzzy random variables
then

X<a Yo {PXizt)vP(X{ >1)}
<{P(a=n)vr (v =1}

Definition 3.3. If X and Y are two fuzzy random variables
then

X <Y< E[f(X5)]VE[f(X7)]
<E[f(¥)]VE[f(¥)],

for all increasing functions f.

Example 3.4. If X and Y are two exponential fuzzy random
variables with mean A and L respectively such that A < [
then X <,Y.

3.1 Properties of stochastic orders

Proposition 3.5 (Ordering of Mean values). If X <y Y and
E(Y) is well defined then E(X) < E(Y).

Proof. Assume first that X and Y are non negative value fuzzy
random variables. Then
E[f (Xa)] v

E[f (Xa)]
:/wP XL>a da\// P(Xg>a)da
/ P YL>a da\// P(Yg>a)da
=E[f(¥a)] VE[f (¥)]

Generally one can express any fuzzy random variables Z as
the difference of two non negative fuzzy random variables.

LetZ=Z"—Z". Foreachx € R,

JZ(w)(x); Z(w)(x)=0
Z" (@) (x) = {0; Z(w)(x)<0
- _Jo; Z(w)(x) <0
z (“’)(">—{_z<w)(x); Z(w)(x) >0

X <y Y implies P{X. >a}VP{X{ >a}

<SP{Yt>a}vP{Y{ >a}

Let X (o) (x) = 0and Y (0) (x) >
P{(X+)§ > a}VP{(X+)Z >a}

<p{(r)g>apvr{(r), >a}

This implies X T <, Y.
Similarly we can prove X

0 then

< Y.



Therefore

(e vE[r)e]}
(&) VE[(vd)]

The above inequality true for all a € [0, 1]

U
o

E| |J axz|VE| | ox§
acl0,1] ael0,1]

<E| | a¥f|VE| |J a¥f
ae0,1] ae0,1]

This shows that,

E| | a[xg.x5]| <E

ael0,1]

U «[revq]
ael0,1]
Thatis E(X) < E(Y). O

Proposition 3.6 (Closed under transformations by increasing
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Proof. Suppose first that X <5 Y, and let f be an increasing
function.
Let f~'(a) = inf {x; f(x) > a} Then for a € [0, 1]

P{f(XL)>a}vP{f(X§)>a}
=P{Xg>f'(a)} vP{XY > f(a)}
<P{Yi>frYa)}ve{yy > fa)}
=P{f(Yy)>a}VvP{f(Yy) >a}
This shows that f(X) >, f(Y).
Conversely suppose that (f(X)) < (f(Y)) for all increas-
ing function f.
For any a Let f, denote the increasing function f,(x)

1; x>a
0; x<a
Then for o € [0,1],
[fa (X)]V [fa (X&)

=P{X;>a}vP{X§ >a}
<P{Y.>a}vP{Y{ >a}
This shows that X <., Y.
4. Hazard Rate Order

Definition 4.1. Let X be a non negative fuzzy random vari-
ables with fuzzy distribution function F and fuzzy Probability
density function f Then the o-level fuzzy Hazard rate of X at

O

) t > 0 is defined as
function). If X and Y are two fuzzy random variables and if
X <y Y then f(X) <y f(Y), for any increasing function f.
. . ~, . ,.,U ~ ,.,U
[l 5) e s ()} o 7 5) s 1 (5)
a — 9
: B AL o B (U (vl (U
mm{argnélilF (xB) ,argnl;I;lF (xﬁ>} max{arggélF (xﬁ) ,arélgélF (xﬁ)}

The fuzzy hazard rate of ¥ denoted as 7 (%) the membership
Sunction of 7 (%) is defined as I;zir)) = sup olHy(r).
0<a<l
Definition 4.2. Let X andY be two non negative fuzzy random
variable with continuous distribution functions and with fuzzy
hazard rate functions 7 (%) and g (%) respectively. X is smaller

than Y in the hazard rate order
Denoted as X >, Y if,

od g /5 i, /) ) o o 05) e 58)
~ ~ = -~ -~

min{ min F (%), min #(5) | min{ min G(5). min (5%}

and

max{arggélfofé) 7021;121]”()?%)} N max{;élﬁléﬂ(%) ,afggélg<~g)}
max{arggélﬁ (i’l;) ,alggélﬁ (”g)} max{aggélé(%> ,arggélé (ig)}
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For each «,3 € (0,1](\Q where F, f are the survival and
density functions of X respectively and G, g are the survival
and density functions of Y respectively.

Proposition 4.3. If X and Y are fuzzy random variables with
continuous distribution functions and if X >p, Y then F (1) <
G for allt, where F (t) is fuzzy probability distribution function
of X and G(t) is fuzzy probability distribution function of Y .

Proposition 4.4. If X and Y are two fuzzy random variables
suchthat X >, Y then X >4 Y

Proof. If X >, Y then the survival function of X is smaller
than that of ¥ foreach o < § < 1and &, € (0,1]N Q. This
Shows that

win{ i 7 (). min 7 (5

). min G (3) }

<min{ min G
a<p<l

Proof. GivenX >, Y = min{minFg~
< min{min(_;g’1 (yg) ,minFg~! ()Zg)} and
= max{mang*] ()’C‘é) ,max Fg~! ()’Eg)}
< max {mang_1 ( ) maxFg~ g)}
>g

i
= min{minP (iL >g (1) ) minP (xg)
P

lt)}

! ()Zé) ,minFg~! ()ZU

5))
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and
max{ max F(xé), ax ()Eg)}
a<B<l a<p<l
gmax{ max G leg), max G( B)}
a<p<l a<p<l1
This shows that
{mm P(xL>t>,m1nP }
a<p<l a<p<l
<min g min P (55 >1). min P (55 >1)
mln{argnér%lP<yﬁ>t , I\mr%lP Vg >t
max{ max P()Zé>t),maxP )}
a<pf<l a<p<l
gmax{ max P()?lL3 >t), max P()Eﬁ >t)}.
a<p<l a<p<l

The above establishes that X > Y and the proof is complete.
O

min

Proposition 4.5 (Closed under increasing function). If X and
Y be two non negative fuzzy random variables with have the
survival functions Fg~" and Gg='. If X >, Y then Fg~'(t) <
Gg~ (1), where Gg='(t) > 0 and Gg~'(t) < Fg~'(t), where
Fg~'(t) > 0.

<mm{m1nP(yﬁ >g" lt) min (xg>g l(t)}

= max {maxP ()Zﬁ >g (1) ) max P (xﬁ

< max{maxP (yB >g -1 (1) ) max P

< o) 1) e (2(5)) = )

) >0}
(% >e0)}

< min {minP ()75 >g! (t)) ,min P (iﬁ >g ! (t)) }

o s () 1) o () > 0}
(

< max {maxP (yIB >g (t)) max P (xﬁ >g! t))}

= g(X) <g(Y).
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