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Abstract

This paper is aimed to propose the notion of cubic I'-n-normed linear spaces based on the theory of cubic
n-normed linear space, fuzzy n-normed linear space, interval valued fuzzy n-normed linear space and cubic sets.
The concept of convergence and Cauchy sequences in cubic I'-n-normed linear space are introduced and we
provide some results on it. Also, this paper introduces the notion of completeness in cubic I'-n-normed linear

space.
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1. Introduction

A significant theory on 2-normed space was initially intro-
duced by Gahler [2]. Consequently, Misak [9], Kim and Cho,
Malceski [8], Hendra Gunwan and Mashadi [3] took an effort
in developing this theory to a great extent. Zadeh [17] in 1965,
first introduced the notion of fuzzy sets. This introduction
laid foundation for the development of various structures in
mathematics. This theory has a wide range of applications
in several branches of mathematics such as logic set theory,
group theory, real analysis, measure theory, topology etc.
Fuzzy groups, fuzzy rings, fuzzy semigroup, fuzzy topology,
fuzzy norm and so on are few interesting topics emerged after
the development of fuzzy sets. Fuzzy concepts also play a
vital role in image processing, Pattern recognition, medical di-
agnosis, neural network theory on so on. Later on, the notion
of interval-valued fuzzy sets was introduced by Zadeh [18]
in 1975, as an extension of fuzzy sets, that is, fuzzy sets with
interval valued membership functions. Katsaras and Liu [7]
introduced the concepts of fuzzy vector and fuzzy topological
vector spaces. In studying fuzzy topological vector spaces,

Katsaras in 1984 [6], first introduced the notion of fuzzy norm
on a linear space. In [10] Vijayabalaji introduced the notion of
fuzzy n-normed linear space as a generalisation of n-normed
space by Gunwan and Mashadi. The concept of intutionistic
n-normed linear space, interval valued fuzzy linear space and
interval valued fuzzy n-normed linear space are discussed
in [14], [13]. Jun et al.[4] have introduced a noticeable the-
ory of cubic sets which comprises of interval-valued fuzzy
set and a fuzzy set. A detailed theory of cubic linear space
can be found in [16], [15]. The concept of I'-ring was intro-
duced by Nobusawa [11] more general than a ring. Barnes
[1] gave the definition of I'-ring as a generalisation of a ring
and he has developed some other concepts of I'-rings such
as I'-homomorphism, prime and primary ideals, m-systems
etc. The notion of I'-vector spaces was introduced by Sabur
Uddin and Payer Ahamed [12]. Inspired by the above theo-
ries Vijayabalaji [5] constructed 2-normed and n-normed left
I'-linear space as a generalisation of n-normed linear space.
He also introduced the notion of n-functional in n-normed left
I"-linear space. Inspirited by the above theory we introduce
the notion of cubic I'-n-normed linear space and also define
convergent and cauchy sequences in cubic I'-n-normed linear
space.

2. Preliminaries

Definition 2.1. Let M and I be two additive abelian groups.
Suppose that there is a mapping from M X I' x M — M (send-



ing (x,a,y) into xoty) such that

(1) (x+y)oz=xaz+ yaz

(2) x(oe+B)z =xoz + xPBz

(3) xo(y+z) = xay + x0z

(4) (xay)Bz = xa(yBz)

where x,y,72 € M and o, 3 € T'. Then M is called a T'-ring.

Definition 2.2. A subset A of the I'-ring M is a left (right)
ideal of M if A is an additive abelian subgroup of M and
MTA={caalce M, e€T,ac A} (ATM ={aaclacA,ac
I',c € M}) is contained in A. If A is both a left and a right
ideal of M, then we say that A is an ideal or two sided ideal
of M.

Definition 2.3. Let M be al'-ring. Then M is called a division
I'-ring if it has an identity element and its only non zero ideal
is itself.

Definition 2.4. Ler (V,+) be an abelian group. Let A be a
division I'-ring with identity 1 and let ¢ : AXI'XV —V,
where we denote @(0,7,v) by (87yv). Then 'V is called a left
[-vector space over A, if for all 1,8, € A, vi,vo €V and
B,y €T, the following hold

(1) &1y(vi+v2) = d1yv1 + &yv2

(2) (614 82)yv1 = d1yvi + &yv2

(3) (61B62)yv1 = 61B(0yv1)

(4) 1yvy = vy for someyeT

We call the elements v of V are vectors and the elements 8§ of
A are scalars. We also call 87yv the scalar multiple of v by 6.
Similarly, we can also define right I'-vector space over A.

Definition 2.5. Let V be a left I'- linear space over A. A real
valued function ||., .|| : V XV — [0, o) satisfying the following
properties.

(1) ||61yv1, &yv2|| = 0 if and only if vi and v, are linearly T
dependent over A

(2) [[81yv1, B2yval| = [|62yv2, S1yvil|

(3) 116171 ctyyval] = | 811, Spva | for any o € T

(4) 18171, Sayva+ S3yvsl| < [[S1yvr, Bayvall +[|B1yvi, d3pvs |
SJorall 61,6,,83 € A,jvi,vy,v3 €V, yeT.

is called 2-norm on left I'-linear space V and the pair ( 'V,
|.,-1]) is called an 2-normed left T-linear space over A.

Definition 2.6. LetV be a left I'- linear space over A. A real
valued function on V" satisfying the following four properties:
(1) [[81yv1,02v2,- -, Ouyvall = 0 if any only if vi,va,. .., vy
are linearly I'-dependent over A

(2) ||81yv1,029va,. .., 0nyval| is invariant under any permuta-
tion of v, va, ...,V

(3) 817v1, 8212, apyval| = o] [[81v1, S2pv2s -,

O Yvnll, forany a €T

(@) 181 & . S Sy +8 vl <
101¥V15-- s On1VVn—1,0¥Y[[ + 101 Yv1s -+, On1YVn—1,0 Y2
forall 8,8,...,8,,8,,8,8 €Avi,va,...,vp,1,2€Y,

yel
is called an n-norm on left I-linear space V and the pair
(V. |I-....-I) is called an n-normed left T-linear space over A.
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Example 2.7. Let V = R, be a left I'-linear space over a
division I'— ring A=R. Let I =7 be an additive abelian
group and define ||.

H51’)/V1,52’)/V2,. . .,5n}/v,,|| = Z ..Z\det(&yvkiﬂ

ky kn

Then (V,||.
over A.

) is called an n-normed left T-linear space

AAAAA

Definition 2.8. A sequence {8,yv,} in an n-normed left T-
linear space (V,||......||) is said to converge to §yv €V if

}’}5130”51’}/1}17827/‘)25 .. -75n71YVn7175nVVn - 5'}’VH =0.

Definition 2.9. A sequence {8,yv,} in an n-normed left T'-
linear space (V,||......||) is called a cauchy sequence if

Jim [817v1, 822, -+ s On—1YVn—1, 6aYVn — S Yvi|| = 0.
Definition 2.10. An n-normed left I'-linear space is said to
be complete if every cauchy sequence in it is convergent.

Definition 2.11. An inferval number on [0,1], say @, is a
closed sub interval of [0,1], that is a = [a~,a"], where 0 <
a- <a' <1. Let D0, 1] denote the family of all closed sub-
intervals of [0, 1], that is,

D0,1]={a=[a",a"]:a” <a' anda™,a" €[0,1]}.

Definition 2.12. Let X be a set. A mapping A : X — DI[0,1]
is called an interval valued fuzzy set (briefly, an i-v fuzzy set)
of X, where A(x) = [A~ (x),A™ (x)], for all x € X, and A~ and
AT are fuzzy sets in X such that A~ (x) <A™ (x) for all x € X.

Definition 2.13. Let X be a nonempty set. A cubic set < in
a set X is a structure

o ={{x, 4 (x),A(x)) : x € X} which is briefly denoted by <f
=(Ty, A) where [T, = (W, , )] is an interval valued fuzzy set
(briefly, IVF) in X and A : X — [0,1] is a fuzzy set in X.

Definition 2.14. Let V be a linear space over a field F, (V,[T)
be an interval-valued fuzzy linear space and (V,n) be a fuzzy
linear space of V. A cubic set &/ = (I,n) in 'V is called
a cubic linear space of 'V if it satisfies for all x,y € V and
o,BeF:

(a) @(ax+By) = min{fi(x), w(y)},

(b) n(axBy) < max{n(x),n(y)}.

Definition 2.15. A binary operation * : [0,1] x [0,1] — [0,1]
is a continuous t-norm if x satisfies the following conditions:
(1) * is commutative and associative.

(2) = is continuous.

(3)ax1=aforallac|0,1].

(4) axb < cxd whenever a<candb <d and a,b,c,d € [0,1].

Definition 2.16. A binary operation ¢ : [0,1] x [0,1] — [0,1]
is a continuous t-co-norm if © satisfies the following condi-
tions:

(1) © is commutative and associative.

(2) © is continuous.

(3)ac0=a, foralla € [0,1].

(4)aob < cod whenevera<candb<danda,b,c,d €[0,1].



3. Main Results

Let V be a left I'- linear space over A. Let N : V" X
[0,1] and N : X" x [0,00) — [0, 1] be a fuzzy set and an interval-
valued fuzzy set respectively. A structure ¢’ = (V,N,N) is a
cubic I'-n-normed linear space (or) briefly cubic I'-n- NLS if
it satisfies the following properties:

(1) N(81yv1,09v2,...,8,yvn,t) >0

(2) N(61yv1,629v2,...,0nYvn,t) =0if and only if vi,vs,..., v,
are linearly dependent.
(3) N(61yv1,0v2,..-,
mutation of vy, vy, ..., v,
4 N(517V1, 627‘}27 s aC6llva7t) =
"7‘), ifc#0,ceT.

(5) N(S11v1, 8992, 8 ¥Vn+ 8y yvy,s+1) < N(S1yv1, &2,
80V, $) ON(81Yv1, 82 yvas ..., Buyviys ).

(6) N(81yvi,8v2,...,0yYvn,t) is left continuous and non-

increasing function of r € R such that

[Ov°°) -

OnYvn,t) is invariant under any per-

N(517V1,527’V2,- . '76nyvna

lim N (81yv1, 82972, 8 yvns1) =0
(7) N(81yv1,82v2,..., 8, Yvn,1) > 0.
(8) N(61yv1,029v2, .. 5 Yvn,t) = lifand only if v, vy, ...

are linearly dependent.

) N(d1yv1, 0202, -,
mutaLion of vi,vp,...,vy
(10) N(61W1,62'J’V27 me aC(SnVVnJ) =
8, YV, ﬁ), ifc#0,ceTl.

(11) N(8i1v1, &2, -+, 81+ 81,5 +1) = N(Sipvi,

62,}/‘}2: ey 6n'J’VmS) *N(51W1, 52’}/‘}27 ceey SnY";uf)-
(12) N(81yv1,8va, ..., 0uYvn,t) is left continuous and non-
decreasing function of # € R such that

OnYvn,t) is invariant under any per-

N(51W1762W2a---7

}L}rgﬁ(él’yvh 62W27 ey 6nYVn»t) = 1
Example
Let (V,||.......]]) be an n-normed left I'-linear space over A.

Define a*b = min{a,b} and aob = max{a,b} fora,b € [0,1].
Also define

||61w1352w27"'35nwﬂ”

N(81yv1,89va, ..., Oy YV, t) =

O, 002 ) = s s Sy Sl
and
— t
N(O1Yv1, &Yvay ..., OpYVn,t) = .

(G, S22 ) = S o S 6wl
Then ¢ = (V,N,N) is a cubic I-n-normed linear space.

Notion of Convergent sequence and
Cauchy sequence in a cubic I'-n-normed
linear space

Definition 3.1. A sequence {8,yv,} in ‘¢ = (V,N,N) a cubic
I'-n-NLS is said to converge to 8yv if given r > 0,1 >0, 0 <
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r < 1, there exists an integer ny € N such that N(8,yv1, & yva,
3OV — Oyv,t) < rand N(81yv1,89v2,. ..,
OnYvn — Oyv,t) > 1 —rforalln > ng

Theorem 3.2. In a cubic T n-NLS ¢ = (V,N,N) a sequence
{8,yvn} converges to 8yv if and only if N(8,yvy,09va,. . .,
SuYvn—8y,t) = 0and N(81yvi, 8yva,. .., 8pYvy— 8y t) —

1, asn— o

Proof. Fix t > 0. Suppose {J,yv,} converges to §yv. Then
fora given r, 0 < r < 1, there exists an integer ng € N such that

N(01yv1, 8272, ., 8 Yvn—Oyv,t) <rand N(8;yvi, &yva,. ..,
SpYvn —Oynt) > 1—r.
ThuSN(61W1,62YV2,...,6,,7/\/”—5’}’12,1‘) <rand1—ﬁ(5lyvl,
&Y, ..., 0 Yvn — 0Yv,t) < rand hence N(O;yvy,0yva, ...,
Onyvn — Oyv,t) — 0 and

N(81yv1, 8v2, .., 8y v — 8yvt) = 1, as n — oo,
conversely, if for each t > 0, N(8;yvi, Y2, ..., OnYvy —
Syv,t) — 0 and N(8;1yvi, 822, ..., 8yvy — 8yv,t) — 1, as

n — oo, then for every r, 0 < r < 1, there exists an inte-
ger ng such that N(8;yvy, & yva, ..., 0,yvy — 8yv,t) < r and

—N(81yv1,89v2, ..., 0, Yvy — 8yv,t) < rfor all n > ny.
Thus N(51}fv1,52}/v27...75n}/v,, —SYV,I) < randﬁ(&wh
822y, OpYvn— O0yv,t) > 1 —rforall n > ngy. Hence {3, yv, }

converges to 8yvin ¢ = (V,N,N). O

Definition 3.3. A sequence {5,yv,} in a cubic T-n-NLS € =
(V,N,N) is said to be cauchy sequence if given € > 0, with
0 < e <1, t>0 there exists an integer ny € N such that
N(517V1,52}’V2,...,6n7vn — BkYVk,t) <€ andN(51}/v1,
822y -y O — Ok YVi,t) > 1 — € for all n,k > no.

Theorem 3.4. In a cubic I'-n-NLS € =
vergent sequence is a cauchy sequence.

(V,N,N) every con-

Proof. Let {8,yv,} be a convergent sequence in ¢’ = (V,N,N).
Suppose {8,yv,} converges to 6yv. Lett >0 and € € (0,1).

Choose r € (0,1) such that ror < eand (1 —r)x(1—r) >
1—e.

Since {,yvn} converges to 8y,

we have an integer np € N 3 N(81yvi, % yva,..., Onyvy —
oy, 5) <rand N(81yvi,8yva, ..., 0, vn — 8y, 5) > 1—r
for all n > nyg.

Now,

N(81yv1,00v2,. .. 8 Yvn — kY, t)
=N(81v1,82yv2,. .., 8y yvn — v+ 8yv — Gyvi, 5+ 5)
SN(B1yw1,82Yv2, .- 8aYvn — 8, 5) ON(81yv1, Bryva, ...,
8y Yvn — O, 3)

<ror forall n,k>ng
<é& forall nk>ng.

Also,

N(81yv1,82v2, ..., 8 YV — Sk YVis 1)
—ﬁ(51}’vla527’v2, s OnYVn — 8y + 8y — S yvi, 5+ 5)
> N(O1yv1,81v2, .., Ouyvn — 8w, 5) x N(Syyvi, Sayva, . ..,
OnYvn — OV, )
>(1—r)x(1—r) forall nk>ng



>1—¢ forall nk>ng

Therefore {5, yv, } is a cauchy sequencein ¢ = (V,N,N). [

Definition 3.5. A cubic T-n-NLS ¢ = (V,N,N) is said to be
complete if every cauchy sequence in it is convergent.

Remark 3.6. The following example shows that there may
exist cauchy sequence in cubic T-n-NLS ¢ = (V,N,N) which
is not convergent.

Example 3.7. Consider a cubic T-n-NLS ¢ = (V,N,N) as in
the previous example
Let {8,yv,} be a sequence in' ¢ = (V,N,N) then

(a) {0,yvyn} is a cauchy sequence in (V,||., .. .||) if and
only if {8,yvu} is a cauchy sequence in ¢ = (V,N,N).
(b) {0.yvn} is a convergent sequence in (V,||. . .||) if

and only if {8,yv,} is convergent in € = (V,N,N).
& Lm [[81yvi,82yv2,..., 8 Yvn — Gy =0
& lim N(8ipvi,82pva,.... & Yvn — &yve)

_ 81 yv1,69v2, Oy =G yviell
T 0118 2 O Y — S yvie | T 0 and

nlggj(&wl &YV, 8y — Bryvi)

< N(61yv1,89va,...,00Yvn — OkYvi,t) — 0 and
N(S1yv1,82¥v2, .+ Oa1YVn—1,00YVn — OYvi,t) — 1 as
n,k — oo

< N(81yv1,6v2,. .., 8yYvy — OYvi,t) <1 and
N(81yv1,89v2, .., 8aYvn — Syvi,t) > 1—r, r € (0,1),
n,k > ng

< {8,yv,} is acauchy sequence in ¢

(b) {Snyvs} is a convergent sequence in (V||
= r}g{}o [017v1,82v2,. ., 6 YV — 0| =0
= nlkiglmN(Sl}’VhSZWZa ceey 5n'yvn - 67‘})

[617v1,829v2;--,0n Yvn—S ||

1)

= 0 and
nlkiglooN(&Yw ;02YV2s. e, ByYVn — OYY)
t

= T S S onl |

< N(81yv1,0Yv2,..., 00Yvn — O,t) — 0 and

N(O1yvi, &yva, ..., 00y —8y,t) = 1 asn— o

& N(S1yv1,8v2,...,8yyvn — Oy,t) <r and
N(31W1,62W2,...,5n’)/vn — 5’)/11,1‘) >1l—rre (0, 1),
n2ng

< {0,yva} is a convergent sequence in €

Thus if there exists an n-normed left I'-linear space (V,||., . .||)
which is not complete, then the cubic I'-n norm induced by
such a crisp n-norm ||. .|| on an incomplete n-normed left
I' linear space V is an incomplete cubic I'-n normed linear
space. O

Theorem 3.8. A cubic T-n-NLS € = (V,N,N) in which every
cauchy sequence has a convergent subsequence is complete.

Proof. Let {8,yv,} be a cauchy sequence in ¢ = (V,N,N)
and {&8,yv,, } be a subsequence of {5,yv,} that converges to
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Oyv. We need to prove that {J,yv,} converges to dyv. Let
t>0and € € (0,1). Choose r € (0,1) suchthat ror < € and
(I-r)x(1—r)>1—¢.

Given that {8,7yv,} is a cauchy sequence,

there exists an integer ng € N 5 N(01yvi,02Yva, -+, OnYVn —
Sk, 5) <rand N(81yvi, 8va,. .., 8y Yvn — & yve, 5) > 1—
rfor all n,k > ny.

Also since {6,yv,, } converges to d7yv, there is a positive i >
ng 3 N(81yvi,8yva,...,8,yvi, — 8yv, 5) < r and N(&yv1,
RYV2,s oy Oy -0y, 5) > 1—r

Now,

N(81yv1,02yv2, ..., 8 yvn — Syvt)
=N(811,827v2, ..., 80 Yvn — Suyvi, + Buyviy — Y, 5+ %)
SN(81'}’V1,- B 5n}’Vn*5n}’Vik> %)ON(&YVl IEERR) 5:17’Vik 78’)"’7
<ror

< E.

Also

N(61yv1,87va, ..., 00 YV — OYWyt)

:g(61w1782w2;---76ny"n* 5)1WQ+5nyvik 76’}/‘}%4’%)
>N(S11s-- -, 8y —8uyviy, 5) % N(S1yv1, ..., 8pyvi, — Oy,
>(1=r)x(1—=r)

>1—¢

Therefore {8,yv,} converges to 8yv in € = (V,N,N) and
hence it is complete. O
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