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Abstract. We are concerned with the following (p1, . . ., pr)-biharmonic system

n
[“ "t TT 0 Jui]® ™t = dma(x)|w|P 2w,  inQ
j=1,j#i
u; = Au; =0, forl <i<mn, on 0f).

A2 i — m(a)|us

The authors study the existence of weak solutions for the problem above via mountain pass theorem and establish semitrivial
principal and strictly principal eigenvalues, positivity and simplicity results.
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1. Introduction

Let Q ¢ RY, N > 1, be a non-empty bounded domain with smooth boundary 92, n > 1 be an integer, a; and
p; (withi € {1,2,...,n}) be real constants such that a;; > 0, p; > 1 and } %ﬂ =1.
i=1 '
The aim of this work is to study the following interesting problem
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aitl = Amy (2)|ug [Pr2uy,  inQ

n
A2 uy — mi@) | Ly T Ju

1=

n
A2 i —m(x)ug*rug T Jug|*9T = dmg () ugP 2y, inQ

(@) : j=Ll#i

n—1
o, I Jug
i=1

u; = Au; =0, forl <i<n, on 92

A2 uy —m(z)|up @t = Amy, (2)|un P~ 2u,,  inQ

where Af,iui = A(|Au;|Pi=2 Au;) is the p;-biharmonic operator and ) is a real parameter. Here, the coefficients
m;, (withi = 1,2,...,n), m € L>()) are assumed to be nonnegatives in 2. Throughout this paper, we let W

denote the Cartesian product of n Sobolev spaces (Wz*pi (Q) N W, P (Q)) fori=1,...,n,ie,

W= (WZ’T’I (Q) N Wi (Q)) X (W“’%Q) mwg»m(m) X (Wz’p"(ﬂ) nwy ’p"’(ﬂ))

endowed with the norm

Iur, g, )| = D A, (1.1
i=1

where ||.||,, stands for the Lebesgue norm in L? for all p € (1, 00]. We say that ((u1,...,u,),A) € W xRisa
(weak) solution to the problem (Q) if

/|Aui\pi_2AuiAapidx—/m H \uj|“j+1|ui|“7‘_1ui<pidx:/\/mi\u|p7‘_2uicpidac, (1.2)
Q Q Q

j=1.j#i

for1 <i<nandforall (p1,...,0,) € W.

The study of nonlinear eigenvalue problems involving fourth-order differential equations has aroused a great
interest in the scientific world and many applications have been made, including the study of deflections of elastic
beams on nonlinear elastic foundations (see [2, 6, 19]), deformations of a rigid body and especially the study of
traveling waves in suspension bridges (see, for instance, [14]) . A remarkable work of M. Talbi and N. Tsouli
[19] has focused on the scalar version of (Q) with m = 0, which reads

(1.3)
u=Au=0 on Of2

A(p|lAu|P2Au) = Aa(x)|ulP7?u in Q
(Pap.p) : {
where p € (1,00), p € C(€) such that p > 0 and a € L>°(Q2). They proved that (P, , ,) possesses at least one
non-decreasing sequence of eigenvalues and studied (P, j,,) in the particular one dimensional case. The authors,
in the same reference gave the first eigenvalue \; ;, ,(a) and showed that if ¢ > 0 almost everywhere in €2 and
a € C(f2) then A1, ,(a) is simple, isolated and principal i.e. the associated eigenfunction, denoted by ¢, , 4 is
positive on §2 with

= 1 p
Mopp(a) Jrela/ﬂp|Au| dx (1.4)
where
A= {u e W2P(Q) N Wy P(Q) : / alulPdx = 1} . (1.5)
Q
Sk
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Existence results for (p1, ..., p, )-biharmonic systems under Navier boundary conditions

By using a transformation of (P, ,) to a known Poisson problem when p = 1 and a = 1, the authors in [9]
proved the existence of a principal positive simple eigenvalue which is isolated and a description of all eigenvalues
and associated eigenfunctions was given as well. The Dirichlet boundary conditions case was analyzed in [10]
where it is shown that the spectrum contains at least one non-decreasing sequence of positive eigenvalues. On
the other hand, J. Benedikt [4] gave the spectrum of the p-biharmonic operator with Dirichlet and Neumann
boundary conditions in the special case N = 1, p = 1 and a = 1. They system (@) in the absence of weights
has drawn attention in [12] where the authors used the generalized three critical points of Ricceri, namely, three
critical points theorem of Averna and Bonanno to prove the existence of at least three weak solutions for (@) in
case no weight is considered.

It is important to note that (u1, ) is solution of problem (P,,, ,, 1) if and only if [(u1,0,...,0), ] is
solution of (@)). This kind of solution is called “semitrivial” solution for (@)). Consequently, there are n
”semitrivial” solutions of the problem (Q) thatis [(u1,0,...,0), A] with (u1, A) solution of problem (Pp,, p, 1),
[(0,...,u,...,0),A] with (u;, A) solution of problem (P, ,,1) for2 < i <mn —1and [(0,0,...,u,), A] with
(tn, A) solution of problem (P,,, p,1). In particular, when A = Ay, 1(mq) (resp. A = A1 ,,,1(m;)) then
[(©py.1,m1,0), A] (resp. [(0, ©p;.1.m;)s A] for 2 < i < n) is called semitrivial” solutions of the problem (Q) and
A py,1(ma) (resp. A1 p,,1(m;)) is called “semitrivial” principal eigenvalue of (Q).

Recently, in a very interesting paper, L. A. Leadi and R. L. Toyou [17] studied the simplicity and the existence
of the first strictly principal eigenvalue or semitrivial principal eigenvalue of problem (Q) in the particular case
of n = 2. Motivated by their results we consider in this work the problem (@), which generalizes the one in
[17], and we intend to extend their findings in this general and challenging form of (). For this, we shall recall
a bit of notations and basic results. The Sobolev space W endowed with the norm defined in (1.1) is a Banach
and reflexive space [13, 18] and the weak convergence in W is denoted by —. The positive and negative parts of
a function w are denoted by wt = max{w, 0} and w~ = max{—w, 0}. Equalities (and inequalities) between
two functions must be understood almost everywhere (a.e.). Notice that, for all f € LP(£2), the Poisson equation
associated with the Dirichlet problem

—Au=f(z) in
u =0 on 0Of)

is uniquely solvable in X, = W2P(Q2) N VVO1 "P(Q) (see for example [11]). We denote by A the inverse operator
of —A : X, — LP(Q). and the following lemma gives us some properties of the operator A:

Lemma 1.1. /9, 19].
1. (Continuity) There exists a constant ¢, > 0 such that
IAflwze < cpll £l
holds for all p € (1,00) and f € LP(Q).
2. (Continuity) Given k € N*, there exists a constant cy j, > 0 such that
[Afllwn+ze < cppll fllwes

holds for all p € (1,00) and f € WP (Q).

/Au.vdx:/u.Avdx
Q Q

holds for w € LP(Q) and v € L (Q) withp = 527 and p € (1, 00).

3. (Symmetry) The identity

3
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4. (Regularity) Given f € L>(Q), we have Af € C1¥(Q) for all v € (0,1). Moreover, there exists ¢, > 0
such that

[Afllcrr (@) < evllflloo-

5. (Regularity and Hopf-type maximum principle) Let f € C(Q) and f > 0 then w = Af € C1¥(Q), for all
v € (0,1) and w satisfies: w > 0in Q, ?Tl: < 0 on 0N

6. (Order preserving property) Given f, g € LP(Q) if f < ginQ, then Af < Agin Q.

The rest of the paper is organized as follows. The next section sets the functional framework, a review of
tools and established results that help in our concern and constructs an eigencurve associated to the system (Q)
as well as some well-known properties on obtained eigencurve. Section 3 is devoted to the study of semitrivial
solutions and strictly principal eigenvalues of (Q)). We thereby find the lowest eigenvalue of problem (@) which
is proved to be unique, positive, semitrivial principal or strictly principal and simple.

2. An eigenvalue curve associated to problem (Q)

We shall adopt the approach used in a number of papers (see for example [5], [7], [8], [16], [15]) by fixing A and
embed the system (@) into a new system (Q))) in order to derive the existence of solutions for (Q) that is:

n
AP uy — m(z)ug[* g IT

=2

@t — Amy () [P ur = plug [P Pug, i Q

n
A2 wp —m()ug|* g T Jug|* T = Amg () |us P20 = plugP~%u;,  inQ

(@Qx) : j=1,j#i .1
n—1 .
A2 1ty — (@) TT sl = Mt (@) [t [P =20, = g P20, in Q2
i=1
u; = Au; =0, forl <i <n, on 0N)

where p is a new real parameter. For convenience, we now give the following definitions:
Definition 2.1. .
1. We say that ((uy, ..., un), 1) is a (weak) solution to problem (Q)) if (u1,...,un),n) € W x R and
n
/Q | Au P2 A Apidar — /Qm | T ] e
J=1,37#i

— )\/ m|ui [P 2 upide = u/ |ui| P2 uspida, for 1 <i <n, (2.2)
Q Q

Sorall (¢1,...,0n) € W.
2. We say that ((u1, ..., un), \) is a (weak) solution to problem (Q) if ((u1,...,un),\) € W x R and

n

/\Aui’”_QAuiAgoidx— m H || |
@ 2 j=1g#

Pi=2ypidz,  (2.3)

=Ly pidr = /\/ m;|u
Q

for1 <i<mnandforall (p1,...,0,) €W.

3 I ((wiy- .o yun), A) € WxR(resp. ((u1,...,un), p) € WxR)is a(weak) solution to problem (Q) (resp.
(Qx)), then (uq,...,uy) shall be called an eigenfunction of the problem (Q) (resp. (Q\)) associated to
the eigenvalue \ (resp. p(\)).

e

[V =)
MM
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Existence results for (p1, ..., p, )-biharmonic systems under Navier boundary conditions
4. Let us agree to say that an eigenvalue of (Q) or (Q)) is strictly principal (resp. semitrivial principal) if it
is associated to an eigenfunction (u1, ..., uy) such that u; > 0 oru; < 0, Vi € {1,...,n} (resp. there
exist ) # J, C {1,...,n} such thatup, = 0,Vk € J, andu; > 0oru; <0,Vi € {1,--- ;n}\ Jp).
Based on variational approach, for a fixed real A\, we define the energy functional
Jy: W — R

(w1, .

n

az—f—l )
) =Y . [ Aug||P: =V (us,

Sp) — Ja(ug,.

ceyUp) — AM (uq,
i=1 v
where

CeyUp),

n

o) =3 )

o P

V(ul,...,un):/mHmi
Q=

@itlde and  M(u,
with

M;(u;) = / mglu|Pide,  Y(ug,...,uy) € W.
Q
Equalities (2.2) are equivalent to

VJ,\(ul, .

where

"7u7l) = MVI(UD

cyUp)

n

o+ )
I(uy, .. up) = . il Y (g, -

%
i=1

cyUp) € WL
We now state the main result of this section which generalizes the result of Proposition 2.1 in [17] where
(p, ¢)-biharmonic system case is treated.
Theorem 2.2. The value

1 (A) == inf{Jy(ug, .
where

e ) s (U, .., uy) € MY

(2.4)
M - {(ul, .

cUn) € Wi I (ug,
is the smallest eigenvalue of (Q).

co ) =1

The proof of Theorem 2.2 relies on the following lemma:
Lemma 2.3. Let (w,

S wn) € [L®()]™. Ifwi,..., wy > 0 on Q) then there exist n + 1 positive constants
Ci,..., Cnt1 Such that

n n
Z [Au;|b! < epprda(uns - ooy un) + ch/ wi|u;|Prdx
i=1 =1 /O

forevery (uy,...,u,) € W.

(2.5)

Proof. We borrow ideas from [17]. Indeed, we know that M;(u;) < ||m;]|co|lu
n a;+1
z; Pi

g;ﬁ, for 1 < i < n. Since
= 1, it well known by Young inequality that:

"o +1 .
Vi, .. up) < ||m||oc/ <Z %t m) da.
Q L

i=1 v

E 2
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Setting k3 = max {k1, k2 } with

Oél+1

i
one deduces that

Viug, .. yun) < ky <Z [l gl> and | AM(u,v)| < ko ( i &) .
i=1 i=1

On the other hand for ¢ > 0 there exist M; . > 0 for 1 < ¢ < n such that

1
k1—||m|oomax{a + ,forlgign} and k2—|/\max{ 1]l forlgign},

4

P < el|Auy Pidy.

b +Mi,a/wi\ui
Q

Now, we have

z":<0q+1

i=1

) = Ja(ugy .o yun) = V(ug, oo un) + AM (g, ..oy up).

Then,

Xn: (az £ |Au;

i=1

Pz) < Jk(ul, - ,un) + 2ks (Z ||U1 gz)
=1
< J)\(ul, .. ,un) + 2eks <Z |A’U,lgz> + 2k3 (Z Mi,s/ wz|uz|pldl’> i
i=1 i=1 Q

Let € > 0 be such that k4 = min{“;‘%r1 — 2¢eks, for1l <i < n} > 0.
Thus, it reads

63 (18015) < Iuneeevin) + 2050 Y (31 [ afufias).
=1 Q

i=1
We deduce
" A 1 " ([ 2ksM; . / ,
Py < — J e Uy _— i|u|Pid
;( pi) = T A, 7uz)+iz:; ( ) sz|uz X

1 2ks M;
and one can consequently take c,,+1 = e and ¢; = % for 1 <4 < n. This completes the proof. [ |

4 4

Proof of Theorem 2.2 . By Lemma 2.3, for w; = 1 and 1 < ¢ < n, one can easily show that

Z HAUzH < Cn+1J>\(u17...,un)+Z (Cz/ |u; pidx>
=1 i=1 Q

n
a; +1 ,
cn+1JA(u1,...,un)+cOZ< i ‘ /|Uz pidx)
i1 Di Q

= cpp1da(u1, ..., up) + co, V(ug, ..., u,) € M

/\

IN

where ¢y = max{ 2 +11, for1 < ¢ < n}, so that Jy is bounded below on M. Furthermore any sequence

(U1,ky- -, Un,k) that minimizes Jy on M is bounded in W.

e
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Thus there exists (u1,0, . - -, Un,0) € W such that, up to a subsequence, (uj , . . ., Up k) converges weakly to
n

(U1,05- -+, Un,0) in W and strongly in [] LPi(£2). Hence
=1

2

JA(ULO,---,’Un’O) S lim J)\(ul,kn"')l}n,k‘) :,u’l(>\)7 (ul,O)"'aun,O) € M
k— 00
and consequently Jy(u1,0, - .., Un,0) = p1(A). By the Lagrange multipliers rule, ;1 () is an eigenvalue for (@)
and (u1,0,...,Un,0) is an associated eigenfunction.

Moreover for any eigenvalue p()) associated to (ux 1,...,uxn) € W\ {(0,...,0)}, one has

J)\(U)\yl, e ,uAm) = ,u()\)I(uAJ, ey ’U,)\yn)

with I(ux1,...,uxn) > 0. Consequently
U u (U1, Uy
i) < Jy Mo te ) Dl b))
I(u)\,l,"'7u)\,n)p1 I(u)\,l?"'vu)\,n)pn (u)\’h.”’u)\’n)
All in all, we have proved that p; () is the smallest eigenvalue of (Q). [ |
Remark 2.4. We can denote by
n ; 1
o = inf {Z %HAW bi (Ug...,uy) € M} 2.7
i=1 Lt

form =m; =0,Yi € {1,--- ,n}. Since the space W??:(Q) N W, " (Q), fori € {1,--- ,n} does not contain
any constant non trivial function, one has o > 0.

It is straightforward proving the following:
Proposition 2.5. .

1. w1 is concave and differentiable with ,ull()\) = —M(u1,0,..., Un,0) Where (uig,...,Upn0) is some
eigenfunction of (Q ) associated to p1 () for all X € R.

2. lim pi(N\) = —o0.
A—o0
3. w1 is strictly decreasing.

Proof. The proof is partly adapted from analogous technics in literature.

1. The concavity of u; follows from the concavity of the mapping A —— Jx(uq,...,u,), for a fixed
(u1,...,up) € W. In particular p; is continuous. Now let Ay, — X and (u1 ..., Unk)s
(ux1,--.,uxn) be the I-normalized eigenfunctions related to 1 (A\x) and pq () respectively. We apply

Lemma 2.3 with w; = 1, for 1 < ¢ < n, to get

n n

> NAuikl2) < cnprda(Wag - - un k) +Z(ci/ i,k P dz),
Q

i=1 i=1
DPiCi

a;

§cn+1ul()\k)+max{ T forlgign}.

In addition,

DPiCi
a; +1

DiCi
a; +1

,for1 <i<n

—

klirn Cnt1t1(Ag) + max{ ,forl <i< n} = cpr11(A) + max{
—00

3

s
2
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So we conclude that (u1 g, ..., un )k is @ bounded sequence in W. Hence there exists (u1,0, - ., Un,0)

such that, up to a subsequence, (U1 g, .., Un k) — (U1,0,--.,Un,o) in W, strongly in [] LPi(£2). Then
i=1

1
(u1,05---,Uno) € M and from

J)\(ul,()? ey un,O) S hm J)\(ul,ka ce aun,k) = ﬂl()\)
k—> 00

we infer that 11 (A) = Jx(u1,0,---,Un,0) = Ja(uri,...,uxn) and (u1,0,...,Un) is an eigenfunction
of (@) associated to yi1 (\). Furthermore

{mm — 11 (A) = = (Ao = MM (ur g U )

_()\n — )\)M(ul’o, P ,un’o).

IN IV

(M) — (V)
Hence

An) — A .
—M(ul’k,. . .,un,k) < M < —M(’LLL()7. .. ,’U,n’())7 lf)\k >\

e — A
M) — (A
—M(u10,. . Ung) < ’W < —M(up g, .. tng), if A < A
-

Passing to the limit we get 11} (\) = —M (u1.0, .- ., Un o).

. We know that m; is nonnegative, then there exists a function u; € X,, such that M;(u;) > 0 and
I(uy,0,...,0) =1
Then, for all A € R%, 1 (\) < Jx(u1,0,...,0). We deduce that

lim Jx(u1,0,...,0) = lm FE,(u1,0,...,0) — AM(uq,0,...,0) = —o0

A—00 A—00
where
Essevvvm) = 3 (28l ) = [ (m Il ) s
= N P Q i=1
Thus lim p3(A) = —o0.
A—ro0

3. The result is clear from the fact that M (uy 1,...,ux ) > 0 forany A € R. Indeed, if \; < A then

Ml(/\l) = Em(u)\l,h s 7u>\1,n) - /\1M(U)\171, s 7“/\1,71)
> Em(u)\l,lv s 7uz\1,n) - >‘2M(u>\1717 s 7u>\1,”)
> p1(A2).

3. Existence of solutions for the system (Q))

We address, in this section, the problem (Q) by looking for the zeros of the function y1 () which by construction
solve the problem. Let us make this assumption

(Hm) : [Imloc < po-

We start by proving the following:

e
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Lemma 3.1. If (H,,) is satisfied, then 111(0) > 0 and p1(\) = 0 if and only if X > 0 is an eigenvalue of (Q).

Proof. Assume that (H,,) is satisfied. By (2.6), we have V(uy,...,un) < |Imflocl(u1,...,upn),
V(u1,...,u,) € W. Then, one has

> (2w

i=1

) — Mmoo (U1, s tn) < Em(ug, ... un), Y(ug, ... u,) € W.

This implies
Ho < E77L(u17"'7u7l)+|‘m‘|007 V(ul,...,un) eM,
o — [mlloe < f{Epn (s, ., ), (. 1) € M} < 11 (0).
We then conclude that 41 (0) > 0 and g1 (A) = 0 if and only if A > 0 is an eigenvalue of (Q). [
From now on, we denote
L(Q) = ( IR \{(o,...,o)}) x R, (3.1
i=1
= ( [z @ ,0)}> x {0}, (3.2)
i=1

We adapt and apply some results proved in [9] and some ideas used in [19] to establish the following.
Remark 3.2. .
1. Yu € X, Vv € LP(Q) (withp € (1,00)): v = —Au <= u = Av.

2. Let N (with p € (1,00)) be the Nemytskii operator defined by

Mmmwz{wmw*mm¢w@¢o
0 ifu(z) =0
We have )
Yo e LP(Q), Ywe LP () : Np(v)=w v =N, (w) (3.3)
withp = p%'
3. If (uq, - . ., uy) is an eigenfunction of (Qy) associated with p then p; = —Auy;, for 1 < i < n satisfy:

n

Ny, (05) = A [ [+ AmgI Ny, (Aps) +m T 1Al A | Ag; |, for 1 < j <m.

i=1,i#j
Hence:
(@) ((u1,0,---5Un0), w(N)) is a solution of (Qx) if and only if ((¢1,0,---,¢n,0), (X)) is a solution of
problem

Find ((¢1,---,%n), (X)) € L(Q) such that

(@) : ij(%)=/\([u(A)JrAmj]ij(A%Hm ﬁ |A () (%)“-"11\(%))

i=1,i#j
for1<j<n,

with ©;0 = —A(uj ).

e
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Lemma 3.3. If ((uy,
and for all v € (0, 1).

Proof.

Tel¢é Jonas Doumate, Lawoue Robert Toyou and Liamidi A. Leadi

(b) ((€1,0,---5Un0); p1(X)) € Lo(R2) is a solution of(Q;) if and only if ((¢1,05---,%n0),A) € L(2)
is a solution of problem

Find ((¢1,.--,¢n),\) € L(Q) such that

’

(Q):q Np, () =A <AijpJ (Apj) +m ﬁ |A(p:)

IA(SOj)Iale(soj)) :

i=1,i#j
forl1 <j<n,

with ¥j,0 = —A(Uj7o).
(c)

w1 (A) :=inf ¢ Fax(p1,..,0n) : (01, -, 0n) € H LP(Q), R(p1,.--yon) =1 (3.4)
i=1,i#j

where

FA(<P1,-~-’<Pn)— (aﬁ_l [/ s

o; +1
R((plw"v(pn) = Z Di HA@Z

=1

p’dm—/\/mzA<p1|p’dx}> —/mH|Agpi\°‘i+1da§,
2 =1

oy Up), (X)) is a solution of (Qy) then —Au; € C(Q) andu; € CH(Q), for1 <i<n

An easy adaptation of Lemma 3.2 in [17]. |

Lemma34. ((011,-..,91.0), 1 (\) € L(Q) is a solution of problem (Q)), if and only if

where

G 1) =0 = i Gr(@1s- - 0m 3.5
AMP11, e P10) (o i A(p1s-- ) 3.5

GA(@lau-;SOn) = FA(leu'a@n) 7#1(A)R(¢1;--~a‘pn) andL*(Q) = lHLpl(Q)‘| \{(0330)}

Proof. Assume that ((¢1.1,...,91.), #1(A) € L(Q) is a solution of problem (Q}).
Then Fx(p1,1,---,¢1,n) = t1(N)R(@1,1,- -5 @1,n)-
Hence Gx(¢1,1, - - - 7‘4;01,77,) =F(p1,1,- -5 010) — (N R(e1,15- -, 01.0) = 0.

Put @; = L - for every (¢1,...,¢n) € L*(2) and 1 < ¢ < n. Then R(¢1,...,¢n) = L.
[R(¢17 SRR Qpn)} pi
We deduce that i )
\) < Ex(@1, ..., 5n I\ ¥n) 36
m(A) < Fx(@r, -5 @n) Rlor, o om) (3.6)
and
GA(P1, -+ n) = Fa(1, .- on) — (A R(e1, -, o) 2 0 G.7
forall (¢1,...,¢n) € L*(Q). We claim that (3.5) holds.
S
(V=)
MJM
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Now suppose that (3.5) holds. We deduce that VG (¢1.1,--.,9¢1,n) = (0,...,0). Then

G
<8a(p)\ (301,17"'7301,71)’\117) = 07 fOI']_ S ) S n, (38)
forall (Uy,...,¥,) € [[ LP(Q). Hence, ((¢1.1,---,91.n), 1 (N) € L() is a solution of (Q}). [ |

i=1

Lemma 3.5. If (H,,) holds and ((p1.1,--,¢1.n),01(N) € Lo(Q) is a solution of problem (Q)) then
((e1als-- 5 le1,nl)s 1 (A) € Lo(R2) is a solution of problem (Q)).

Proof. Assume that (H,,) holds and ((¢1.1, ..., %1n), #1(N)) € Lo(f) is a solution of problem (Q)). Then

Ga(p11,--,010) = 0, pi(A) = 0 and ([p11],..-,lp1nl) € [H Lp"(Q)] \ {(0,...,0)}. Hence
i=1
Ga(le1,ls-- s le1ml) > 0.
Additionally, one has |A(|¢;|)|” > |Ag;|" for 1 < ¢ < n and for all » € (1;00). We deduce that
Exlprals- s leonnl) < Ex(foral, - leral) and Ga(leials - loinl) < Gallenals- - [eral) = 0.
Thus Ga(le11]s- -5 |e1,n]) = 0and ((J¢1.1],- .-, |@1,n]), w1 (X)) is solution of (@Q,). [ |

Lemma 3.6. [17].
Let A, B, C and r be real numbers satisfying A > 0, B > 0, C > max{B — A,0} and r € [1,400). Then

|[A+C|"+|B-C|" > A" + B".

Lemma 3.7. Let a; and b; be real numbers and I, = {1,2,...,n}, then
[+~ X (0] ( 11
i=1 JCI, \ieJ i€l \J
Proof. Straightforward by recurrence on n. |

Lemma 3.8. Suppose that (H,,,) holds.
If(p11, ... 01,0) and (Y21, . . ., @2,) are positive eigenfunctions of problem (Q;\) associated with 1 (\) =
0, then (Wi, ..., Wis, ..., W;jn) with:

{wl,mx) = max{py,i(2), p2,:(2)} = 1,(2) + (P2 — 1) (2),
wa () == min{py (), p2,4(x)} = 2,i(x) — (p2,6 — p1.5) T (),

forallz € Q k1, j€{1,2}, s €{2,....,n—1}andi € {1,...,n}, are eigenfunctions of (Q}) associated
with p1(X) = 0.

Proof. Assume that (H,,) holds and (¢1,1,...,%1,n) and (p21,...,92,) are positive eigenfunctions of
problem (@) associated with 1 (\) = 0. By Lemma 3.6 we get

|[Awy ;[P + [Awa ;|PF > [Apr ifP + [Apg ;|7

|Aws 4|4+ | Awg 4| ¥ T > |Apq 3| T + |Apa @it

Then, one has:

—)\/ mi\Awl,i|p7‘dm—)\/ mi|Aw2’i|pidx S —)\/ mi|A@1’i|pid$_)\/ mi|A(‘02,i|pid$.
Q Q Q Q

i
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Likewise, we have
Zl(wl,...,wi,...,wn) S Zl(@lw-w@ia--w@n)

< —/mH|A<P1,i ai+1d$_/mH|A902,i
Q=1 Q=1

ity

with
Zl(w17"'7wi7~-~7wn) - — Z / m <H IAwl,i a71+1> H |Aw2,i ai+1 dx
Jci, V% ieJ i€ \J
and
Z1(f1 - Piraipn) = = Z /Qm (H [Apri ai+1> H |Apa |t ] da.

JCI, icJ i€l \J

Additionally, we have:

/\wl,i|l’idx+/ |w2,¢|p"d$=/ \<p17i|p"dx+/ |2.i|Pida.
Q Q Q Q

By (3.9), (3.10) and (3.11) we deduce that:

F)\(wk,h ey Wiy et 7wj,n) S F)\(Sol,lv .. 'agol,n) + F)\(@Q,l? o 5902,77,)

ieJCI,\{1,n}, k 1,je{1,2}

and

(3.10)

(3.11)

G)\(wk,h s, Wigy - awj,n) S G)\(Qal,lv' . '7301,71) + G)\(@Q,l% . '7302,71) =0.

i€JCI,\{1,n},k L je{1,2}

It follows that

G,\(wk,l, sy Wy e ,wj,n) =0, withie JCIL,\{l,n}and k, [, j € {1,2}.

Hence (w1, - - ., Wy s, Wwj.pn) Withs € {2,...,n — 1} and k, [, j € {1,2}, are eigenfunctions of (Q ) associated

with g1 (A\) = 0.

We are now in position to summarize the main existence result of this section in the following, which

generalizes and extends result of Theorem 3.1 in [17].

Theorem 3.9. Assume that (H,,) is satisfied. We have the following results:

1. If ur(N) = 0 then X is a semitrivial principal eigenvalue or strictly principal eigenvalue of problem (Q)

and simple.
2. The lowest eigenvalue of problem (Q) is the value

A = min = FEp(uy, ..., uy).
(u1,...;un)€S

where

S={(u1,...,up) €W: Mug,...,u,) =1}

(3.12)

Moreover, \1 is unique, positive, strictly principal eigenvalue or strictly principal eigenvalue and simple.
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Proof. Assume that (H,,) is satisfied.

1. If p1(X) = 0 then A is an eigenvalue of the problem (Q) associated with (uy, ..., u,) € W\ {(0,...,0)}.
o If u; £ 0, for 1 <7 < n, we deduce that

(P15 s 0n)s (V) € Lo(Q) and - ((Jeal,- -+, lnl); 11 (V) € Lo(€)

are solution of problem (Q)) with ; = —Awu; # 0, for 1 < i < n. Since |;| > 0, then A(|;|) > 0, for
1 < i < n. Therefore N,,,(A|p;]) > 0forl < i <n,

IT gD A(ei*) >0
J=1,i#j
and
lpil = N, (A AmiNp, (Algil) +m- }_[?é}(/\(lwl) Al i) ‘l")D >0
J=1,i#]
forl <i<n.

We then conclude that ((¢1, .. .,¢n), #1(A)) is solution of problem (Q)) with ¢; > 0 or ; < 0, for
1 < i < n. Since by Lemma 3.3, ; € C(Q), we have u; = Ap; > 0oru; = Ap; < 0, for1 <i < n,
from Lemma 1.1. Then A is a strictly principal eigenvalue of (Q).

e If 3, j € {1,...,n} such that [u; = 0 and u; # 0], then we also prove that [u; = 0 and u; > 01in Q or
u; < 0in Q]. Then A is a semitrivial principal eigenvalue of (Q).

It is now left with the simplicity and we argue by cases:

Case (1) )\ is a strictly principal eigenvalue of (Q).

Let (u1,1,...,u1,,)and (ug1,...,us,,) be two eigenfunctions of () associated with .
Then, ((@1,1,-~7801,n)70), ((@2;17"%@2%)70)’ ((|501,1 7"‘7|901’n|)ﬂ0)’
((Jg2,1l,- -+, lp2.n]),0) € Lo(§2), are solutions of (@) where ¢; ; = —Au;; with ¢;; > 0or ¢;,; <0,
forje{l,2}andi € {1,...,n}.

®2,i(z0)

For zy € Q, weset k; = wy,;i(z) = max {2 ;(x), kip1,:(x)} for all z € Q. From Lemma 3.8,

e1,i(0)
(w11, ,w1n),0) is a solution of problem (Q)) . We deduce that Ny, (¢1.4), Np, (02.i), Ny, (w1;) €

= Ny, (p2.) i
Cv(Q) and 222 e CL(Q).
) Ny, (¢1.4) )

For any unit vector e = (0, ...,€;,...,0) with j € {1,..., N} and ¢t € R, we have
Ny, (p2.) (o +te) = Np, (02,1)(w0) < Np, (w1,i)(x0 + te) — Ny, (w1,i) (o)
Ny, (k1) (o + te) — Np, (kp1,i)(w0) < Np, (w1,:) (0 + te) — Np, (w1,i) (o)
Dividing these inequalities by ¢ > 0 and ¢ < 0 and letting ¢ tend to 0F, we get

oo 2.0 (0) < 5Ny () a)

aij[Npi(ksol,i)](%) < @[Npi (w1,3)](z0)

e
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and 5 )
@[Npi(s@z,i)](wo) > %[Npi (w1,3)](z0)
o N b l(an) > 5 1))
forall j € {1,..., N}. Thus,
W (22.0)(a0) = 5 [ ) a)
o s )(e0) = 5 [ (1))

forall j € {1,..., N}. Hence,

VN, (02,)(w0) = VN, (w1,:)(2z0) = VNp, (kg1,:)(20) = kP~ VN, (01,)(20).
Furthermore

Npi(p2,0)\ (. = V(Npi (#2,)) (@0) Np: (#1,2) () — N, (

v (Npi(s@l,i)> (o) [Np, (¢1,i)(0)

[Ny, (p1.2)(w0) = ki 7" Ny, (02,0) (20)]V (Np, (2,1)) (o)

<F2’2.,i) (20) V (Np, (¥2,i))(%0)
]

— 5 =0.
[Ny (¢1,:)(w0)]
Then,
N, ; _ X ) pi—1 _
Pi (902,1) (LL') = const = sz (@2,0 (x[)) _ <(p2,’b($0)> _ kfzfl7
Ny, (¢1.1) Ny, (¢1.4) ¢1,i(w0)

for all z € €. Consequently 2 ; = ki@ ;.

Accordingly, (p2.1,...,902n) = (k101,1,- -, kn®1,n)-
We deduce that (ug1,...,u2,) = (k1u1,1,- - ., knu1,,) and the result follows.

Case (2) ) is a semitrivial principal eigenvalue of (Q).

Let (- ,u14,---) and (--- ,ug,---) be two eigenfunctions of (Q) associated with A\ (with uy; # 0,
ug; Z0andi € {1,--- ,n}). Itis easy to see that there exist k; # 0 real numbers such that uq; = k;us;.
. By Lemma 3.1, 41 (0) > 0 and p (A) = 0 if and only if A > 0 is an eigenvalue of (Q).
From Proposition 2.5, there exists a unique real A\; € (0,00) satisfying p1(A\1) = 0 and p;(\;) =
—]\4(U1707 - 7un,0) < 0. On the other hand, 0 = ,ul()\l) = Em(uLo, Ce ,umo) — )\1M(U170, -5 Un0
with (u1,0,. .., Un0) € M. Then,

Em(ul’o, A ,un’o) = AlM(ulyo, A ,unyo) >0

and we can set
U0

-
[M(UL(), e ,’U,n’o)] Pi

Thus, (U1,0,-..,Un,o) € Sand Ep,(Ty1,0,...,Un,0) = A1. Additionally, for every (uq,...,u,) € S, one
has

E ( (751 Un ) > /\1M ( U1 Un >
(w1, un)| P L(ur, ... un)]on ) [I(ut, ... un)]? L (uy, ..o un)]oe

i.e. En(ut,...,un) > M. Consequently (3.12) holds. Moreover, from what has been previously
proved, )\ is a strictly principal eigenvalue or strictly principal eigenvalue and simple.

Ui =

i
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