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Abstract. We are concerned with the following (p1, . . . , pn)-biharmonic system∆2
piui −m(x)|ui|αi−1ui

n∏
j=1,j 6=i

|uj |αj+1 = λmi(x)|ui|pi−2ui, in Ω

ui = ∆ui = 0, for 1 ≤ i ≤ n, on ∂Ω.

The authors study the existence of weak solutions for the problem above via mountain pass theorem and establish semitrivial
principal and strictly principal eigenvalues, positivity and simplicity results.
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1. Introduction

Let Ω ⊂ RN , N ≥ 1, be a non-empty bounded domain with smooth boundary ∂Ω, n ≥ 1 be an integer, αi and

pi (with i ∈ {1, 2, . . . , n}) be real constants such that αi ≥ 0, pi > 1 and
n∑
i=1

αi+1
pi

= 1.

The aim of this work is to study the following interesting problem
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uac.org (Lawouè Robert Toyou) and leadiare@imsp-uac.org (Liamidi A. Leadi)

https://www.malayajournal.org/index.php/mjm/index c©2022 by the authors.
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(Q) :



∆2
p1u1 −m(x)|u1|α1−1u1

n∏
i=2

|ui|αi+1 = λm1(x)|u1|p1−2u1, in Ω

· · ·

∆2
piui −m(x)|ui|αi−1ui

n∏
j=1,j 6=i

|uj |αj+1 = λmi(x)|ui|pi−2ui, in Ω

· · ·

∆2
pnun −m(x)|un|αn−1un

n−1∏
i=1

|ui|αi+1 = λmn(x)|un|pn−2un, in Ω

ui = ∆ui = 0, for 1 ≤ i ≤ n, on ∂Ω

where ∆2
piui = ∆(|∆ui|pi−2∆ui) is the pi-biharmonic operator and λ is a real parameter. Here, the coefficients

mi, (with i = 1, 2, . . . , n), m ∈ L∞(Ω) are assumed to be nonnegatives in Ω. Throughout this paper, we let W
denote the Cartesian product of n Sobolev spaces

(
W 2,pi(Ω) ∩W 1,pi

0 (Ω)
)

for i = 1, . . . , n, i.e.,

W =
(
W 2,p1(Ω) ∩W 1,p1

0 (Ω)
)
×
(
W 2,p2(Ω) ∩W 1,p2

0 (Ω)
)
× · · · ×

(
W 2,pn(Ω) ∩W 1,pn

0 (Ω)
)

endowed with the norm

‖(u1, u2, . . . , un)‖ =

n∑
i=1

‖∆ui‖pi (1.1)

where ‖.‖p stands for the Lebesgue norm in Lp for all p ∈ (1,∞]. We say that ((u1, . . . , un), λ) ∈ W × R is a
(weak) solution to the problem (Q) if∫

Ω

|∆ui|pi−2∆ui∆ϕidx−
∫

Ω

m

n∏
j=1,j 6=i

|uj |αj+1|ui|αi−1uiϕidx = λ

∫
Ω

mi|u|pi−2uiϕidx, (1.2)

for 1 ≤ i ≤ n and for all (ϕ1, . . . , ϕn) ∈W .
The study of nonlinear eigenvalue problems involving fourth-order differential equations has aroused a great

interest in the scientific world and many applications have been made, including the study of deflections of elastic
beams on nonlinear elastic foundations (see [2, 6, 19]), deformations of a rigid body and especially the study of
traveling waves in suspension bridges (see, for instance, [14]) . A remarkable work of M. Talbi and N. Tsouli
[19] has focused on the scalar version of (Q) with m ≡ 0, which reads

(Pa,p,ρ) :

{
∆(ρ|∆u|p−2∆u) = λa(x)|u|p−2u in Ω

u = ∆u = 0 on ∂Ω
(1.3)

where p ∈ (1,∞), ρ ∈ C(Ω̄) such that ρ > 0 and a ∈ L∞(Ω). They proved that (Pa,p,ρ) possesses at least one
non-decreasing sequence of eigenvalues and studied (Pa,p,ρ) in the particular one dimensional case. The authors,
in the same reference gave the first eigenvalue λ1,p,ρ(a) and showed that if a ≥ 0 almost everywhere in Ω and
a ∈ C(Ω̄) then λ1,p,ρ(a) is simple, isolated and principal i.e. the associated eigenfunction, denoted by ϕp,ρ,a is
positive on Ω with

λ1,p,ρ(a) = inf
u∈A

∫
Ω

ρ|∆u|pdx (1.4)

where

A =

{
u ∈W 2,p(Ω) ∩W 1,p

0 (Ω) :

∫
Ω

a|u|pdx = 1

}
. (1.5)
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By using a transformation of (Pa,p,ρ) to a known Poisson problem when ρ ≡ 1 and a ≡ 1, the authors in [9]
proved the existence of a principal positive simple eigenvalue which is isolated and a description of all eigenvalues
and associated eigenfunctions was given as well. The Dirichlet boundary conditions case was analyzed in [10]
where it is shown that the spectrum contains at least one non-decreasing sequence of positive eigenvalues. On
the other hand, J. Benedikt [4] gave the spectrum of the p-biharmonic operator with Dirichlet and Neumann
boundary conditions in the special case N = 1, ρ ≡ 1 and a ≡ 1. They system (Q) in the absence of weights
has drawn attention in [12] where the authors used the generalized three critical points of Ricceri, namely, three
critical points theorem of Averna and Bonanno to prove the existence of at least three weak solutions for (Q) in
case no weight is considered.

It is important to note that (u1, λ) is solution of problem (Pm1,p1,1) if and only if [(u1, 0, . . . , 0), λ] is
solution of (Q). This kind of solution is called ”semitrivial” solution for (Q). Consequently, there are n
”semitrivial” solutions of the problem (Q) that is [(u1, 0, . . . , 0), λ] with (u1, λ) solution of problem (Pm1,p1,1),
[(0, . . . , ui, . . . , 0), λ] with (ui, λ) solution of problem (Pmi,pi,1) for 2 ≤ i ≤ n− 1 and [(0, 0, . . . , un), λ] with
(un, λ) solution of problem (Pmn,pn,1). In particular, when λ = λ1,p1,1(m1) (resp. λ = λ1,pi,1(mi)) then
[(ϕp1,1,m1

, 0), λ] (resp. [(0, ϕpi,1,mi), λ] for 2 ≤ i ≤ n) is called ”semitrivial” solutions of the problem (Q) and
λ1,p1,1(m1) (resp. λ1,pi,1(mi)) is called ”semitrivial” principal eigenvalue of (Q).

Recently, in a very interesting paper, L. A. Leadi and R. L. Toyou [17] studied the simplicity and the existence
of the first strictly principal eigenvalue or semitrivial principal eigenvalue of problem (Q) in the particular case
of n = 2. Motivated by their results we consider in this work the problem (Q), which generalizes the one in
[17], and we intend to extend their findings in this general and challenging form of (Q). For this, we shall recall
a bit of notations and basic results. The Sobolev space W endowed with the norm defined in (1.1) is a Banach
and reflexive space [13, 18] and the weak convergence in W is denoted by ⇀. The positive and negative parts of
a function w are denoted by w+ = max{w, 0} and w− = max{−w, 0}. Equalities (and inequalities) between
two functions must be understood almost everywhere (a.e.). Notice that, for all f ∈ Lp(Ω), the Poisson equation
associated with the Dirichlet problem {

−∆u = f(x) in Ω

u = 0 on ∂Ω

is uniquely solvable in Xp = W 2,p(Ω) ∩W 1,p
0 (Ω) (see for example [11]). We denote by Λ the inverse operator

of −∆ : Xp 7−→ Lp(Ω). and the following lemma gives us some properties of the operator Λ:

Lemma 1.1. [9, 19].

1. (Continuity) There exists a constant cp > 0 such that

‖Λf‖W 2,p ≤ cp‖f‖p

holds for all p ∈ (1,∞) and f ∈ Lp(Ω).

2. (Continuity) Given k ∈ N∗, there exists a constant cp,k > 0 such that

‖Λf‖Wk+2,p ≤ cp,k‖f‖Wk,p

holds for all p ∈ (1,∞) and f ∈W k,p(Ω).

3. (Symmetry) The identity ∫
Ω

Λu.vdx =

∫
Ω

u.Λvdx

holds for u ∈ Lp(Ω) and v ∈ Lp
′

(Ω) with p
′

= p
p−1 and p ∈ (1,∞).
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4. (Regularity) Given f ∈ L∞(Ω), we have Λf ∈ C1,ν(Ω̄) for all ν ∈ (0, 1). Moreover, there exists cν > 0

such that
‖Λf‖C1,ν(Ω) ≤ cν‖f‖∞.

5. (Regularity and Hopf-type maximum principle) Let f ∈ C(Ω̄) and f ≥ 0 then w = Λf ∈ C1,ν(Ω̄), for all
ν ∈ (0, 1) and w satisfies: w > 0 in Ω, ∂w∂n < 0 on ∂Ω.

6. (Order preserving property) Given f , g ∈ Lp(Ω) if f ≤ g in Ω, then Λf < Λg in Ω.

The rest of the paper is organized as follows. The next section sets the functional framework, a review of
tools and established results that help in our concern and constructs an eigencurve associated to the system (Q)

as well as some well-known properties on obtained eigencurve. Section 3 is devoted to the study of semitrivial
solutions and strictly principal eigenvalues of (Q). We thereby find the lowest eigenvalue of problem (Q) which
is proved to be unique, positive, semitrivial principal or strictly principal and simple.

2. An eigenvalue curve associated to problem (Q)

We shall adopt the approach used in a number of papers (see for example [5], [7], [8], [16], [15]) by fixing λ and
embed the system (Q) into a new system (Qλ) in order to derive the existence of solutions for (Q) that is:

(Qλ) :



∆2
p1u1 −m(x)|u1|α1−1u1

n∏
i=2

|ui|αi+1 − λm1(x)|u1|p1−2u1 = µ|u1|p1−2u1, in Ω

· · ·

∆2
piui −m(x)|ui|αi−1ui

n∏
j=1,j 6=i

|uj |αj+1 − λmi(x)|ui|pi−2ui = µ|ui|pi−2ui, in Ω

· · ·

∆2
pnun −m(x)|un|αn−1un

n−1∏
i=1

|ui|αi+1 − λmn(x)|un|pn−2un = µ|un|pn−2un, in Ω

ui = ∆ui = 0, for 1 ≤ i ≤ n, on ∂Ω

(2.1)

where µ is a new real parameter. For convenience, we now give the following definitions:

Definition 2.1. .

1. We say that ((u1, . . . , un), µ) is a (weak) solution to problem (Qλ) if ((u1, . . . , un), µ) ∈W × R and∫
Ω

|∆ui|pi−2∆ui∆ϕidx −
∫

Ω

m

n∏
j=1,j 6=i

|uj |αj+1|ui|αi−1uiϕidx

− λ

∫
Ω

mi|ui|pi−2uiϕidx = µ

∫
Ω

|ui|pi−2uiϕidx, for 1 ≤ i ≤ n, (2.2)

for all (ϕ1, . . . , ϕn) ∈W .

2. We say that ((u1, . . . , un), λ) is a (weak) solution to problem (Q) if ((u1, . . . , un), λ) ∈W × R and∫
Ω

|∆ui|pi−2∆ui∆ϕidx−
∫

Ω

m

n∏
j=1,j 6=i

|uj |αj+1|ui|αi−1uiϕidx = λ

∫
Ω

mi|u|pi−2uiϕidx, (2.3)

for 1 ≤ i ≤ n and for all (ϕ1, . . . , ϕn) ∈W .

3. If ((ui, . . . , un), λ) ∈W×R (resp. ((u1, . . . , un), µ) ∈W×R) is a (weak) solution to problem (Q) (resp.
(Qλ)), then (u1, . . . , un) shall be called an eigenfunction of the problem (Q) (resp. (Qλ)) associated to
the eigenvalue λ (resp. µ(λ)).
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4. Let us agree to say that an eigenvalue of (Q) or (Qλ) is strictly principal (resp. semitrivial principal) if it
is associated to an eigenfunction (u1, . . . , un) such that ui > 0 or ui < 0, ∀i ∈ {1, . . . , n} (resp. there
exist ∅ 6= Jn ⊂ {1, . . . , n} such that uk ≡ 0, ∀k ∈ Jn and ui > 0 or ui < 0, ∀i ∈ {1, · · · , n} \ Jn).

Based on variational approach, for a fixed real λ, we define the energy functional

Jλ : W −→ R

(u1, . . . , un) 7−→ Jλ(u1, . . . , un) =

n∑
i=1

αi + 1

pi
‖∆ui‖pipi − V (u1, . . . , un)− λM(u1, . . . , un),

where

V (u1, . . . , un) =

∫
Ω

m

n∏
i=1

|ui|αi+1dx, and M(u1, . . . , un) =

n∑
i=1

αi + 1

pi
Mi(ui)

with

Mi(ui) =

∫
Ω

mi|ui|pidx, ∀(u1, . . . , un) ∈W.

Equalities (2.2) are equivalent to

∇Jλ(u1, . . . , un) = µ∇I(u1, . . . , un)

where

I(u1, . . . , un) =

n∑
i=1

αi + 1

pi
‖ui‖pipi ∀(u1, . . . , un) ∈W.

We now state the main result of this section which generalizes the result of Proposition 2.1 in [17] where
(p, q)-biharmonic system case is treated.

Theorem 2.2. The value
µ1(λ) := inf{Jλ(u1, . . . , un) : (u1, . . . , un) ∈M} (2.4)

where

M = {(u1, . . . , un) ∈W : I(u1, . . . , un) = 1},

is the smallest eigenvalue of (Qλ).

The proof of Theorem 2.2 relies on the following lemma:

Lemma 2.3. Let (ω1, . . . , ωn) ∈ [L∞(Ω)]n. If ω1,. . . , ωn > 0 on Ω then there exist n + 1 positive constants
c1,. . . , cn+1 such that

n∑
i=1

‖∆ui‖pipi ≤ cn+1Jλ(u1, . . . , un) +

n∑
i=1

ci

∫
Ω

ωi|ui|pidx (2.5)

for every (u1, . . . , un) ∈W .

Proof. We borrow ideas from [17]. Indeed, we know that Mi(ui) ≤ ‖mi‖∞‖ui‖pipi , for 1 ≤ i ≤ n. Since
n∑
i=1

αi+1
pi

= 1, it well known by Young inequality that:

V (u1, . . . , un) ≤ ‖m‖∞
∫

Ω

(
n∑
i=1

αi + 1

pi
|ui|pi

)
dx. (2.6)
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Setting k3 = max {k1, k2} with

k1 = ‖m‖∞max

{
αi + 1

pi
, for 1 ≤ i ≤ n

}
and k2 = |λ|max

{
αi + 1

pi
‖mi‖∞, for 1 ≤ i ≤ n

}
,

one deduces that

V (u1, . . . , un) ≤ k1

(
n∑
i=1

‖ui‖pipi

)
and |λM(u, v)| ≤ k2

(
n∑
i=1

‖ui‖pipi

)
.

On the other hand for ε > 0 there exist Mi,ε > 0 for 1 ≤ i ≤ n such that

‖ui‖pipi ≤ ε‖∆ui‖pipi +Mi,ε

∫
Ω

ωi|ui|pidx.

Now, we have

n∑
i=1

(
αi + 1

pi
‖∆ui‖pipi

)
= Jλ(u1, . . . , un)− V (u1, . . . , un) + λM(u1, . . . , un).

Then,

n∑
i=1

(
αi + 1

pi
‖∆ui‖pipi

)
≤ Jλ(u1, . . . , un) + 2k3

(
n∑
i=1

‖ui‖pipi

)

≤ Jλ(u1, . . . , un) + 2εk3

(
n∑
i=1

‖∆ui‖pipi

)
+ 2k3

(
n∑
i=1

Mi,ε

∫
Ω

ωi|ui|pidx

)
.

Let ε > 0 be such that k4 = min
{
αi+1
pi
− 2εk3, for 1 ≤ i ≤ n

}
> 0.

Thus, it reads

k4

n∑
i=1

(
‖∆ui‖pipi

)
≤ Jλ(u1, . . . , un) + 2k3

n∑
i=1

(
Mi,ε

∫
Ω

ωi|ui|pidx
)
.

We deduce
n∑
i=1

(
‖∆ui‖pipi

)
≤ 1

k4
Jλ(u1, . . . , un) +

n∑
i=1

(
2k3Mi,ε

k4

∫
Ω

ωi|ui|pidx
)

and one can consequently take cn+1 =
1

k4
, and ci =

2k3Mi,ε

k4
for 1 ≤ i ≤ n. This completes the proof. �

Proof of Theorem 2.2 . By Lemma 2.3, for ωi ≡ 1 and 1 ≤ i ≤ n, one can easily show that

0 ≤
n∑
i=1

(
‖∆ui‖pp

)
≤ cn+1Jλ(u1, . . . , un) +

n∑
i=1

(
ci

∫
Ω

|ui|pidx
)

≤ cn+1Jλ(u1, . . . , un) + c0

n∑
i=1

(
αi + 1

pi

∫
Ω

|ui|pidx
)

= cn+1Jλ(u1, . . . , un) + c0,∀(u1, . . . , un) ∈M

where c0 = max{ piciαi+1 , for 1 ≤ i ≤ n}, so that Jλ is bounded below on M. Furthermore any sequence
(u1,k, . . . , un,k) that minimizes Jλ onM is bounded in W .
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Thus there exists (u1,0, . . . , un,0) ∈W such that, up to a subsequence, (u1,k, . . . , un,k) converges weakly to

(u1,0, . . . , un,0) in W and strongly in
n∏
i=1

Lpi(Ω). Hence

Jλ(u1,0, . . . , vn,0) ≤ lim
k−→∞

Jλ(u1,k, . . . , vn,k) = µ1(λ), (u1,0, . . . , un,0) ∈M

and consequently Jλ(u1,0, . . . , un,0) = µ1(λ). By the Lagrange multipliers rule, µ1(λ) is an eigenvalue for (Qλ)

and (u1,0, . . . , un,0) is an associated eigenfunction.
Moreover for any eigenvalue µ(λ) associated to (uλ,1, . . . , uλ,n) ∈W \ {(0, ..., 0)}, one has

Jλ(uλ,1, . . . , uλ,n) = µ(λ)I(uλ,1, . . . , uλ,n)

with I(uλ,1, . . . , uλ,n) > 0. Consequently

µ1(λ) ≤ Jλ

(
uλ,1

I(uλ,1, . . . , uλ,n)
1
p1

, . . . ,
uλ,n

I(uλ,1, . . . , uλ,n)
1
pn

)
=
Jλ(uλ,1, . . . , uλ,n)

I(uλ,1, . . . , uλ,n)
= µ(λ).

All in all, we have proved that µ1(λ) is the smallest eigenvalue of (Qλ). �

Remark 2.4. We can denote by

µ0 := inf

{
n∑
i=1

αi + 1

pi
‖∆ui‖pipi : (u1..., un) ∈M

}
(2.7)

for m = mi ≡ 0, ∀i ∈ {1, · · · , n}. Since the space W 2,pi(Ω) ∩W 1,pi
0 (Ω), for i ∈ {1, · · · , n} does not contain

any constant non trivial function, one has µ0 > 0.

It is straightforward proving the following:

Proposition 2.5. .

1. µ1 is concave and differentiable with µ
′

1(λ) = −M(u1,0, ..., un,0) where (u1,0, ..., un,0) is some
eigenfunction of (Qλ) associated to µ1(λ) for all λ ∈ R.

2. lim
λ→∞

µ1(λ) = −∞.

3. µ1 is strictly decreasing.

Proof. The proof is partly adapted from analogous technics in literature.

1. The concavity of µ1 follows from the concavity of the mapping λ 7−→ Jλ(u1, . . . , un), for a fixed
(u1, . . . , un) ∈ W . In particular µ1 is continuous. Now let λk −→ λ and (u1,k, . . . , un,k),
(uλ,1, . . . , uλ,n) be the I-normalized eigenfunctions related to µ1(λk) and µ1(λ) respectively. We apply
Lemma 2.3 with ωi ≡ 1, for 1 ≤ i ≤ n, to get

n∑
i=1

(‖∆ui,k‖pipi) ≤ cn+1Jλ(u1,k, . . . , un,k) +

n∑
i=1

(ci

∫
Ω

|ui,k|pidx),

≤ cn+1µ1(λk) + max

{
pici
αi + 1

, for 1 ≤ i ≤ n
}
.

In addition,

lim
k→∞

cn+1µ1(λk) + max

{
pici
αi + 1

, for 1 ≤ i ≤ n
}

= cn+1µ1(λ) + max

{
pici
αi + 1

, for 1 ≤ i ≤ n
}
.
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So we conclude that (u1,k, . . . , un,k)k is a bounded sequence in W . Hence there exists (u1,0, . . . , un,0)

such that, up to a subsequence, (u1,k, . . . , un,k) ⇀ (u1,0, . . . , un,0) in W , strongly in
n∏
i=1

Lpi(Ω). Then

(u1,0, . . . , un,0) ∈M and from

Jλ(u1,0, . . . , un,0) ≤ lim
k−→∞

Jλ(u1,k, . . . , un,k) = µ1(λ)

we infer that µ1(λ) = Jλ(u1,0, . . . , un,0) = Jλ(uλ,1, . . . , uλ,n) and (u1,0, . . . , un,0) is an eigenfunction
of (Qλ) associated to µ1(λ). Furthermore{

µ1(λk)− µ1(λ) ≥ −(λn − λ)M(u1,k, . . . , un,k)

µ1(λk)− µ1(λ) ≤ −(λn − λ)M(u1,0, . . . , un,0).

Hence 
−M(u1,k, . . . , un,k) ≤ µ1(λn)− µ1(λ)

λk − λ
≤ −M(u1,0, . . . , un,0), if λk > λ

−M(u1,0, . . . , un,0) ≤ µ1(λk)− µ1(λ)

λk − λ
≤ −M(u1,k, . . . , un,k), if λk < λ.

Passing to the limit we get µ
′

1(λ) = −M(u1,0, . . . , un,0).

2. We know that m1 is nonnegative, then there exists a function u1 ∈ Xp1 such that M1(u1) > 0 and
I(u1, 0, . . . , 0) = 1.

Then, for all λ ∈ R∗+, µ1(λ) ≤ Jλ(u1, 0, . . . , 0). We deduce that

lim
λ−→∞

Jλ(u1, 0, . . . , 0) = lim
λ−→∞

Em(u1, 0, . . . , 0)− λM(u1, 0, . . . , 0) = −∞

where

Em(u1, . . . , un) =

n∑
i=1

(
αi + 1

pi
‖∆ui‖pipi

)
−
∫

Ω

(
m

n∏
i=1

|ui|αi+1

)
dx.

Thus lim
λ−→∞

µ1(λ) = −∞.

3. The result is clear from the fact that M(uλ,1, . . . , uλ,n) > 0 for any λ ∈ R. Indeed, if λ1 < λ2 then

µ1(λ1) = Em(uλ1,1, . . . , uλ1,n)− λ1M(uλ1,1, . . . , uλ1,n)

≥ Em(uλ1,1, . . . , uλ1,n)− λ2M(uλ1,1, . . . , uλ1,n)

≥ µ1(λ2).

�

3. Existence of solutions for the system (Q)

We address, in this section, the problem (Q) by looking for the zeros of the function µ1(λ) which by construction
solve the problem. Let us make this assumption

(Hm) : ‖m‖∞ < µ0.

We start by proving the following:

70



Existence results for (p1, ..., pn)-biharmonic systems under Navier boundary conditions

Lemma 3.1. If (Hm) is satisfied, then µ1(0) > 0 and µ1(λ) = 0 if and only if λ > 0 is an eigenvalue of (Q).

Proof. Assume that (Hm) is satisfied. By (2.6), we have V (u1, . . . , un) ≤ ‖m‖∞I(u1, . . . , un),
∀(u1, . . . , un) ∈W . Then, one has

n∑
i=1

(
αi + 1

pi
‖∆ui‖pipi

)
− ‖m‖∞I(u1, . . . , un) ≤ Em(u1, . . . , un),∀(u1, . . . , un) ∈W.

This implies

µ0 ≤ Em(u1, . . . , un) + ‖m‖∞, ∀(u1, . . . , un) ∈M,

µ0 − ‖m‖∞ ≤ inf{Em(u1, . . . , un), (u1, . . . , un) ∈M} ≤ µ1(0).

We then conclude that µ1(0) > 0 and µ1(λ) = 0 if and only if λ > 0 is an eigenvalue of (Q). �

From now on, we denote

L(Ω) :=

([
n∏
i=1

Lpi(Ω)

]
\ {(0, . . . , 0)}

)
× R, (3.1)

L0(Ω) :=

([
n∏
i=1

Lpi(Ω)

]
\ {(0, . . . , 0)}

)
× {0}. (3.2)

We adapt and apply some results proved in [9] and some ideas used in [19] to establish the following.

Remark 3.2. .

1. ∀u ∈ Xp, ∀v ∈ Lp(Ω) (with p ∈ (1,∞)): v = −∆u⇐⇒ u = Λv.

2. Let Np (with p ∈ (1,∞)) be the Nemytskii operator defined by

Np(u)(x) =

{
|u(x)|p−2u(x) if u(x) 6= 0

0 if u(x) = 0.

We have
∀v ∈ Lp(Ω), ∀w ∈ Lp

′

(Ω) : Np(v) = w ⇐⇒ v = Np′ (w) (3.3)

with p
′

= p
p−1 .

3. If (u1, . . . , un) is an eigenfunction of (Qλ) associated with µ then ϕi = −∆ui, for 1 ≤ i ≤ n satisfy:

Npj (ϕj) = Λ

[µ(λ) + λmj ]Npj (Λϕj) +m

n∏
i=1,i6=j

|Λϕi|αi+1|Λϕj |αj−1Λϕj

 , for 1 ≤ j ≤ n.

Hence:

(a) ((u1,0, . . . , un,0), µ(λ)) is a solution of (Qλ) if and only if ((ϕ1,0, . . . , ϕn,0), µ(λ)) is a solution of
problem

(Q
′

λ) :


Find ((ϕ1, . . . , ϕn), µ(λ)) ∈ L(Ω) such that

Npj (ϕj) = Λ

(
[µ(λ) + λmj ]Npj (Λϕj) +m

n∏
i=1,i6=j

|Λ(ϕi)|αi+1|Λ(ϕj)|αj−1Λ(ϕj)

)
,

for 1 ≤ j ≤ n,

with ϕj,0 = −∆(uj,0).
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(b) ((ϕ1,0, . . . , un,0), µ1(λ)) ∈ L0(Ω) is a solution of (Q
′

λ) if and only if ((ϕ1,0, . . . , ϕn,0), λ) ∈ L(Ω)

is a solution of problem

(Q
′
) :


Find ((ϕ1, . . . , ϕn), λ) ∈ L(Ω) such that

Npj (ϕj) = Λ

(
λmjNpj (Λϕj) +m

n∏
i=1,i6=j

|Λ(ϕi)|αi+1|Λ(ϕj)|αj−1Λ(ϕj)

)
,

for 1 ≤ j ≤ n,

with ϕj,0 = −∆(uj,0).

(c)

µ1(λ) := inf

Fλ(ϕ1, . . . , ϕn) : (ϕ1, . . . , ϕn) ∈
n∏

i=1,i6=j

Lpi(Ω), R(ϕ1, . . . , ϕn) = 1

 (3.4)

where

Fλ(ϕ1, . . . , ϕn) =

n∑
i=1

(
αi + 1

pi

[∫
Ω

|ϕi|pidx− λ
∫

Ω

mi|Λϕi|pidx
])
−
∫

Ω

m

n∏
i=1

|Λϕi|αi+1dx,

R(ϕ1, . . . , ϕn) =

n∑
i=1

αi + 1

pi
‖Λϕi‖pipi .

Lemma 3.3. If ((u1, . . . , un), µ(λ)) is a solution of (Qλ) then −∆ui ∈ C(Ω̄) and ui ∈ C1,ν(Ω̄), for 1 ≤ i ≤ n
and for all ν ∈ (0, 1).

Proof. An easy adaptation of Lemma 3.2 in [17]. �

Lemma 3.4. ((ϕ1,1, . . . , ϕ1,n), µ1(λ)) ∈ L(Ω) is a solution of problem (Q
′

λ), if and only if

Gλ(ϕ1,1, . . . , ϕ1,n) = 0 = min
(ϕ1,...,ϕn)∈L∗(Ω)

Gλ(ϕ1, . . . , ϕn) (3.5)

where

Gλ(ϕ1, . . . , ϕn) = Fλ(ϕ1, . . . , ϕn)− µ1(λ)R(ϕ1, . . . , ϕn) and L∗(Ω) =

[
n∏
i=1

Lpi(Ω)

]
\ {(0, . . . , 0)} .

Proof. Assume that ((ϕ1,1, . . . , ϕ1,n), µ1(λ)) ∈ L(Ω) is a solution of problem (Q
′

λ).
Then Fλ(ϕ1,1, . . . , ϕ1,n) = µ1(λ)R(ϕ1,1, . . . , ϕ1,n).
Hence Gλ(ϕ1,1, . . . , ϕ1,n) = Fλ(ϕ1,1, . . . , ϕ1,n)− µ1(λ)R(ϕ1,1, . . . , ϕ1,n) = 0.

Put ϕ̄i =
ϕi

[R(ϕ1, . . . , ϕn)]
1
pi

for every (ϕ1, . . . , ϕn) ∈ L∗(Ω) and 1 ≤ i ≤ n. Then R(ϕ̄1, . . . , ϕ̄n) = 1.

We deduce that

µ1(λ) ≤ Fλ(ϕ̄1, . . . , ϕ̄n) =
Fλ(ϕ1, . . . , ϕn)

R(ϕ1, . . . , ϕn)
. (3.6)

and

Gλ(ϕ1, . . . , ϕn) = Fλ(ϕ1, . . . , ϕn)− µ1(λ)R(ϕ1, . . . , ϕn) ≥ 0 (3.7)

for all (ϕ1, . . . , ϕn) ∈ L∗(Ω). We claim that (3.5) holds.
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Now suppose that (3.5) holds. We deduce that∇Gλ(ϕ1,1, . . . , ϕ1,n) = (0, . . . , 0). Then

〈∂Gλ
∂ϕi

(ϕ1,1, . . . , ϕ1,n),Ψi〉 = 0, for 1 ≤ i ≤ n, (3.8)

for all (Ψ1, . . . ,Ψn) ∈
n∏
i=1

Lpi(Ω). Hence, ((ϕ1,1, . . . , ϕ1,n), µ1(λ)) ∈ L(Ω) is a solution of (Q
′

λ). �

Lemma 3.5. If (Hm) holds and ((ϕ1,1, . . . , ϕ1,n), µ1(λ)) ∈ L0(Ω) is a solution of problem (Q
′

λ) then
((|ϕ1,1|, . . . , |ϕ1,n|), µ1(λ)) ∈ L0(Ω) is a solution of problem (Q

′

λ).

Proof. Assume that (Hm) holds and ((ϕ1,1, . . . , ϕ1,n), µ1(λ)) ∈ L0(Ω) is a solution of problem (Q
′

λ). Then

Gλ(ϕ1,1, . . . , ϕ1,n) = 0, µ1(λ) = 0 and (|ϕ1,1|, . . . , |ϕ1,n|) ∈
[
n∏
i=1

Lpi(Ω)

]
\ {(0, . . . , 0)}. Hence

Gλ(|ϕ1,1|, . . . , |ϕ1,n|) ≥ 0.
Additionally, one has |Λ(|ϕi|)|r ≥ |Λϕi|r for 1 ≤ i ≤ n and for all r ∈ (1;∞). We deduce that

Fλ(|ϕ1,1|, . . . , |ϕ1,n|) ≤ Fλ(|ϕ1,1|, . . . , |ϕ1,n|) and Gλ(|ϕ1,1|, . . . , |ϕ1,n|) ≤ Gλ(|ϕ1,1|, . . . , |ϕ1,n|) = 0.
Thus Gλ(|ϕ1,1|, . . . , |ϕ1,n|) = 0 and ((|ϕ1,1|, . . . , |ϕ1,n|), µ1(λ)) is solution of (Q

′

λ). �

Lemma 3.6. [17].
Let A, B, C and r be real numbers satisfying A ≥ 0, B ≥ 0, C ≥ max{B −A, 0} and r ∈ [1,+∞). Then

|A+ C|r + |B − C|r ≥ Ar +Br.

Lemma 3.7. Let ai and bi be real numbers and In = {1, 2, . . . , n}, then

n∏
i=1

(ai + bi) =
∑
J⊂In

(∏
i∈J

ai

) ∏
i∈In\J

bi

 .

Proof. Straightforward by recurrence on n. �

Lemma 3.8. Suppose that (Hm) holds.
If (ϕ1,1, . . . , ϕ1,n) and (ϕ2,1, . . . , ϕ2,n) are positive eigenfunctions of problem (Q

′

λ) associated with µ1(λ) =

0, then (wk,1, . . . , wl,s, . . . , wj,n) with:{
w1,i(x) := max{ϕ1,i(x), ϕ2,i(x)} = ϕ1,i(x) + (ϕ2,i − ϕ1,i)

+(x),

w2,i(x) := min{ϕ1,i(x), ϕ2,i(x)} = ϕ2,i(x)− (ϕ2,i − ϕ1,i)
+(x),

for all x ∈ Ω, k, l, j ∈ {1, 2}, s ∈ {2, . . . , n − 1} and i ∈ {1, . . . , n}, are eigenfunctions of (Q
′

λ) associated
with µ1(λ) = 0.

Proof. Assume that (Hm) holds and (ϕ1,1, . . . , ϕ1,n) and (ϕ2,1, . . . , ϕ2,n) are positive eigenfunctions of
problem (Q

′

λ) associated with µ1(λ) = 0. By Lemma 3.6 we get{
|Λw1,i|pi + |Λw2,i|pi ≥ |Λϕ1,i|pi + |Λϕ2,i|pi

|Λw1,i|αi+1 + |Λw2,i|αi+1 ≥ |Λϕ1,i|αi+1 + |Λϕ2,i|αi+1.
.

Then, one has:

−λ
∫

Ω

mi|Λw1,i|pidx− λ
∫

Ω

mi|Λw2,i|pidx ≤ −λ
∫

Ω

mi|Λϕ1,i|pidx− λ
∫

Ω

mi|Λϕ2,i|pidx. (3.9)
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Likewise, we have

Z1(w1, . . . , wi, . . . , wn) ≤ Z1(ϕ1, . . . , ϕi, . . . , ϕn)

≤ −
∫

Ω

m

n∏
i=1

|Λϕ1,i|αi+1dx−
∫

Ω

m

n∏
i=1

|Λϕ2,i|αi+1dx (3.10)

with

Z1(w1, . . . , wi, . . . , wn) = −
∑
J⊂In

∫
Ω

m

(∏
i∈J
|Λw1,i|αi+1

) ∏
i∈In\J

|Λw2,i|αi+1

 dx

and

Z1(ϕ1, . . . , ϕi, . . . , ϕn) = −
∑
J⊂In

∫
Ω

m

(∏
i∈J
|Λϕ1,i|αi+1

) ∏
i∈In\J

|Λϕ2,i|αi+1

 dx.

Additionally, we have: ∫
Ω

|w1,i|pidx+

∫
Ω

|w2,i|pidx =

∫
Ω

|ϕ1,i|pidx+

∫
Ω

|ϕ2,i|pidx. (3.11)

By (3.9), (3.10) and (3.11) we deduce that:∑
i∈J⊂In\{1,n}, k, l, j∈{1,2}

Fλ(wk,1, . . . , wl,i, . . . , wj,n) ≤ Fλ(ϕ1,1, . . . , ϕ1,n) + Fλ(ϕ2,1, . . . , ϕ2,n)

and ∑
i∈J⊂In\{1,n}, k, l, j∈{1,2}

Gλ(wk,1, . . . , wl,i, . . . , wj,n) ≤ Gλ(ϕ1,1, . . . , ϕ1,n) +Gλ(ϕ2,1, . . . , ϕ2,n) = 0.

It follows that

Gλ(wk,1, . . . , wl,i, . . . , wj,n) = 0, with i ∈ J ⊂ In \ {1, n} and k, l, j ∈ {1, 2}.

Hence (wk,1, . . . , wl,s, wj,n) with s ∈ {2, . . . , n− 1} and k, l, j ∈ {1, 2}, are eigenfunctions of (Q
′

λ) associated
with µ1(λ) = 0. �

We are now in position to summarize the main existence result of this section in the following, which
generalizes and extends result of Theorem 3.1 in [17].

Theorem 3.9. Assume that (Hm) is satisfied. We have the following results:

1. If µ1(λ) = 0 then λ is a semitrivial principal eigenvalue or strictly principal eigenvalue of problem (Q)

and simple.

2. The lowest eigenvalue of problem (Q) is the value

λ1 := min
(u1,...,un)∈S

Em(u1, . . . , un). (3.12)

where

S = {(u1, . . . , un) ∈W : M(u1, . . . , un) = 1}.

Moreover, λ1 is unique, positive, strictly principal eigenvalue or strictly principal eigenvalue and simple.
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Proof. Assume that (Hm) is satisfied.

1. If µ1(λ) = 0 then λ is an eigenvalue of the problem (Q) associated with (u1, . . . , un) ∈W \ {(0, . . . , 0)}.
• If ui 6≡ 0, for 1 ≤ i ≤ n, we deduce that

((ϕ1, . . . , ϕn), µ1(λ)) ∈ L0(Ω) and ((|ϕ1|, . . . , |ϕn|), µ1(λ)) ∈ L0(Ω)

are solution of problem (Q
′

λ) with ϕi = −∆ui 6≡ 0, for 1 ≤ i ≤ n. Since |ϕi| ≥ 0, then Λ(|ϕi|) > 0, for
1 ≤ i ≤ n. Therefore Npi(Λ|ϕi|) > 0 for 1 ≤ i ≤ n,

n∏
j=1,i6=j

(
Λ(|ϕj |)|αi+1|Λ(|ϕi|)|αi

)
> 0

and |ϕi| = Np′i

(
Λ

[
λmiNpi(Λ|ϕi|) +m

n∏
j=1,i6=j

(
Λ(|ϕj |)|αi+1|Λ(|ϕi|)|αi

)])
> 0

for 1 ≤ i ≤ n.

We then conclude that ((ϕ1, . . . , ϕn), µ1(λ)) is solution of problem (Q
′

λ) with ϕi > 0 or ϕi < 0 , for
1 ≤ i ≤ n. Since by Lemma 3.3, ϕi ∈ C(Ω̄), we have ui = Λϕi > 0 or ui = Λϕi < 0, for 1 ≤ i ≤ n,
from Lemma 1.1. Then λ is a strictly principal eigenvalue of (Q).

• If ∃i, j ∈ {1, . . . , n} such that [ui ≡ 0 and uj 6≡ 0], then we also prove that [ui ≡ 0 and uj > 0 in Ω or
uj < 0 in Ω]. Then λ is a semitrivial principal eigenvalue of (Q).

It is now left with the simplicity and we argue by cases:

Case (1) λ is a strictly principal eigenvalue of (Q).

Let (u1,1, . . . , u1,n) and (u2,1, . . . , u2,n) be two eigenfunctions of (Q) associated with λ.

Then, ((ϕ1,1, . . . , ϕ1,n), 0), ((ϕ2,1, . . . , ϕ2,n), 0), ((|ϕ1,1|, . . . , |ϕ1,n|), 0),
((|ϕ2,1|, . . . , |ϕ2,n|), 0) ∈ L0(Ω), are solutions of (Q

′

λ) where ϕj,i = −∆uj,i with ϕj,i > 0 or ϕj,i < 0,
for j ∈ {1, 2} and i ∈ {1, . . . , n}.

For x0 ∈ Ω, we set ki =
ϕ2,i(x0)

ϕ1,i(x0)
, w1,i(x) = max {ϕ2,i(x), kiϕ1,i(x)} for all x ∈ Ω. From Lemma 3.8,

((w1,1, . . . , w1,n), 0) is a solution of problem (Q
′

λ) . We deduce that Npi(ϕ1,i), Npi(ϕ2,i), Npi(w1,i) ∈

C1,ν(Ω̄) and
Npi(ϕ2,i)

Npi(ϕ1,i)
∈ C1(Ω).

For any unit vector e = (0, . . . , ej , . . . , 0) with j ∈ {1, . . . , N} and t ∈ R, we have{
Npi(ϕ2,i)(x0 + te)−Npi(ϕ2,i)(x0) ≤ Npi(w1,i)(x0 + te)−Npi(w1,i)(x0)

Npi(kϕ1,i)(x0 + te)−Npi(kϕ1,i)(x0) ≤ Npi(w1,i)(x0 + te)−Npi(w1,i)(x0)

Dividing these inequalities by t > 0 and t < 0 and letting t tend to 0±, we get
∂

∂xj
[Npi(ϕ2,i)](x0) ≤ ∂

∂xj
[Npi(w1,i)](x0)

∂

∂xj
[Npi(kϕ1,i)](x0) ≤ ∂

∂xj
[Npi(w1,i)](x0)
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and 
∂

∂xj
[Npi(ϕ2,i)](x0) ≥ ∂

∂xj
[Npi(w1,i)](x0)

∂

∂xj
[Npi(kϕ1,i)](x0) ≥ ∂

∂xj
[Npi(w1,i)](x0)

for all j ∈ {1, . . . , N}. Thus,
∂

∂xj
[Npi(ϕ2,i)](x0) =

∂

∂xj
[Npi(w1,i)](x0)

∂

∂xj
[Npi(kϕ1,i)](x0) =

∂

∂xj
[Npi(w1,i)](x0)

for all j ∈ {1, . . . , N}. Hence,

∇Npi(ϕ2,i)(x0) = ∇Npi(w1,i)(x0) = ∇Npi(kϕ1,i)(x0) = kpi−1∇Npi(ϕ1,i)(x0).

Furthermore

∇
(
Npi(ϕ2,i)

Npi(ϕ1,i)

)
(x0) =

∇(Npi(ϕ2,i))(x0)Npi(ϕ1,2)(x0)−Npi(ϕ2,i)(x0)∇(Npi(ϕ2,i))(x0)

[Npi(ϕ1,i)(x0)]
2

=
[Npi(ϕ1,2)(x0)− k1−pi

i Npi(ϕ2,i)(x0)]∇(Npi(ϕ2,1))(x0)

[Npi(ϕ1,i)(x0)]
2 = 0.

Then,

Npi(ϕ2,i)

Npi(ϕ1,i)
(x) = const =

Npi(ϕ2,i)

Npi(ϕ1,i)
(x0) =

(
ϕ2,i(x0)

ϕ1,i(x0)

)pi−1

= kpi−1
i ,

for all x ∈ Ω. Consequently ϕ2,i = kiϕ1,i.

Accordingly, (ϕ2,1, . . . , ϕ2,n) = (k1ϕ1,1, . . . , knϕ1,n).

We deduce that (u2,1, . . . , u2,n) = (k1u1,1, . . . , knu1,n) and the result follows.

Case (2) λ is a semitrivial principal eigenvalue of (Q).

Let (· · · , u1i, · · · ) and (· · · , u2i, · · · ) be two eigenfunctions of (Q) associated with λ (with u1i 6≡ 0,
u2i 6≡ 0 and i ∈ {1, · · · , n}). It is easy to see that there exist ki 6= 0 real numbers such that u1i = kiu2i.

2. By Lemma 3.1, µ1(0) > 0 and µ1(λ) = 0 if and only if λ > 0 is an eigenvalue of (Q).

From Proposition 2.5, there exists a unique real λ1 ∈ (0,∞) satisfying µ1(λ1) = 0 and µ
′

1(λ1) =

−M(u1,0, . . . , un,0) < 0. On the other hand, 0 = µ1(λ1) = Em(u1,0, . . . , un,0) − λ1M(u1,0, . . . , un,0)

with (u1,0, . . . , un,0) ∈M. Then,

Em(u1,0, . . . , un,0) = λ1M(u1,0, . . . , un,0) > 0

and we can set

ui,0 =
ui,0

[M(u1,0, . . . , un,0)]
1
pi

.

Thus, (u1,0, . . . , un,0) ∈ S and Em(u1,0, . . . , un,0) = λ1. Additionally, for every (u1, . . . , un) ∈ S, one
has

Em

(
u1

[I(u1, . . . , un)]
1
p1

, . . . ,
un

[I(u1, . . . , un)]
1
pn

)
≥ λ1M

(
u1

[I(u1, . . . , un)]
1
p1

, . . . ,
un

[I(u1, . . . , un)]
1
pn

)
i.e. Em(u1, . . . , un) ≥ λ1. Consequently (3.12) holds. Moreover, from what has been previously
proved, λ1 is a strictly principal eigenvalue or strictly principal eigenvalue and simple.

�
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