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1. Introduction

I'-semiring is a generalization of a semiring. Rao [7]
defined and studied I'-semiring. Dutta and Sardar [1] studied
different types of ideals in a I'-semiring. Quasi-ideals and
bi-ideals in a I'-semiring were studied by Author [2—4]. Lajos

[6] defined the concept of an interior ideal in a semigroup.

Interior ideal in a semigroup was studied by Szasz [8, 9].
Interior ideals in ordered semigroups and the interior ideal
elements in poe-semigroups were discussed by Kehayopulu
[5].

The concepts of an interior ideal and minimal interior ideal
in a I'-semiring are introduced in this paper. Some properties
of an interior ideal and minimal interior ideal of a I"-semiring
are proved. Some characterizations of a minimal interior
ideal are studied. Also the notion of an interior-simple I'-
semiring is defined. Some properties and characterizations of
an interior-simple I'-semiring are furnished. For the concepts
in a I'-semiring see Dutta and Sardar [1] and Jagatap and
Pawar [2, 4].

Now onwards S denotes a I'-semiring with absorbing zero
unless otherwise stated.

2. Interior Ideals

Here we define the notion of an interior ideal of a I'-
semiring S.

Definition 2.1. A non-empty subset I of a I'-semiring S is an
interior ideal of S if I is an additive subsemigroup of S and
STITS C 1.

Example : Let S = {0,1,2,3,4}. Define two binary opera-
tions + and - on § as follows:

+ 0 1 2 3 4
0 0 1 2 3 4
1 1 2 3 4 2
2 2 3 4 2 3
3 3 4 2 3 4
4 4 3 2 4 2
. 0 1 2 3 4
0 0 0 0 0 0
1 0 1 2 3 4
2 0 2 4 3 2
3 0 3 3 3 3
4 0 4 2 3 4

ForI'=S, both S and I" are additive commutative semigroups.
A mapping S xI" x § — S is defined as aab = usual product of
a,o,b;foralla,b e Sand ¢ € I'. Then S forms a I'-semiring.
{0}, {0,3}, {0,2,3,4} and S are interior ideals of S.

Remark 2.2. Every ideal is an interior ideal of S but not
conversely.



For this consider the following example.
Example : Let S = {a,b,c,d}. Two binary operations + and
- are defined on § such as

+ a b C d
a a c b d
b C d d d
C b d d d
d d d d d

a b c d
a a C b d
b C d d d
C b d d d
d d d d d

ForI' =S, both S and I" are additive commutative semi-
groups. A mapping S x I" x § — S is defined as xaty = usual
product of x, ¢, y; for all x,y € Sand o € I" . Then S forms
a I'-semiring. Here {b,d} and {c,d} are interior ideals of S.
But {b,d} and {c,d} are neither left ideals nor right ideals of
S.

Theorem 2.3. Let X be any non-empty subset of S. Then
STXT'S is an interior ideal of S.

Corollary 2.4. Ifa € S, then SUal'S is an interior ideal of S.

Theorem 2.5. Let X be any non-empty subset of S. Then
(X)i = NoX + STXT'S, where Ny is the set of non-negative
integers.

Proof. Let T = NoX +ST'XT'S. Foranyx € X, x=1x+0¢
NoX +STXT'S =T. Therefore X C T. Leta,b € T = NoX +
ST'XT'S. Hence we have a =a; +a>, b=>by+ b, ; a;,b; €
NoX,az,bs € STXTS. Therefore a; = Y¥_ nix;,nj € No,x; €
X and b; = Z?Zlmjyj,mj € Np,yj € X. Hence a; + by =
Yo nix; +):?=1 m;jy;. This shows that aj +b; € NoX. Clearly
ar+by € STXTS. Now a+b = (a; +ap) + (by + b)) =
(a1 +b1) + (az +by) € NoX + STXTS = T. Therefore T is
an additive subsemigroup of S. Then STTTS = ST'(NoX +
STXTS)I'S C No(STXTS) + STXI'S C STXT'S C T. There-
fore T is an interior ideal of S. Let M be an interior ideal
of S containing X. Then we have NoX C M, STXI'S C M.
Therefore T = NoX + ST'XI'S C M. This shows that T is
the smallest ideal of S containing X. Hence T = (X); =
NoX + STXTS. O

Corollary 2.6. Ifa € S, then (a); = Noa + STal’S.

Theorem 2.7. Arbitrary Intersection of interior ideals of S is
an interior ideal of S provided it is non-empty.

Proof. Let {A;};- (A denotes any indexing set) be the family
of interior ideals of S and T = ();cpA; be a non-empty set.
Clearly T is a subsemigroup of (S,+). Therefore SITT'S =
ST (NieaAi) 'S CSTA;I'S CA;, foralli € A. Hence STTT'S C
NicaAi. Therefore T = [, A; is an interior ideal of S. [
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Corollary 2.8. The set of all interior ideals of S forms a
Moore family.

Theorem 2.9. If I is an interior ideal and T is a sub-T-
semiring of S, then INT is an interior ideal of T .

Proof. Let I be an interior ideal and T be a sub-I"-semiring of
S. Then clearly INT is a subsemigroup of (7, +). Therefore
TT(INT)IT CTTITT C 1. Also TT(INT)I'T C TTTIT C
T. Hence TT(INT)I'T CINT. Hence INT is an interior
ideal of 7. O

Theorem 2.10. If S is regular, then I = SUITS , for every
interior ideal I of S.

Proof. Let S be regular and / be an interior-ideal of S. Take
any a € I. Therefore a € al'STa. Hence
al'STa C (aI'STa)I'STa C STIT'S. Thus I C STIT'S. But
ST'IT'S C I always. Therefore [ = ST'IT'S. O

Theorem 2.11. Following statements are equivalent in S.

1) S is regular.

2) For a quasi ideal Q and an ideal J of S, QNJ = QI JTQ.
3) For a quasi ideal Q and an interior ideal I of S, QNI =
oriIrQ.

Proof. (1) = (2) Let Q be a quasi-ideal and J be an ideal
of S. Now QIJT'Q C QI'STQ C Q and QI'JT'Q C J. Hence
orJTrQ C 9NJ. Take any a € QNJ. Therefore a € al'STa.
Hence al'STa  C (aT'STa)L'ST (al'STa) -
(QTSTO)T(STUTS)I'Q C QIJTQ. Thus we get
onNJ C OIJTQ. Therefore QI'JI'Q =Q0NJ.

(2) = (3) Implication holds, since every ideal is an interior
ideal, .

(3) = (1) Take Q be any quasi-ideal of S. Therefore by (3),
OI'ST'Q = 0NS. Hence QI'ST'Q = Q. Therefore S is regular
(see Theorem 3.2 in [3]). O

Theorem 2.12. Following conditions are equivalent in S.

1) S is regular.

2) For an interior ideal I and a bi-ideal B of S, INB = BI'IT'B.
3) For an interior ideal I and a quasi-ideal Q of S, INQ =
oriro.

Proof. (1) = (2) Let B be a bi-ideal and I be an interior
ideal of S. Now BI'IT'B C BI'STB C B. Therefore BI'IT'B C
SI'IT'S C I . Hence we get BI'ITB C BNI. Leta € BNI.
Hence a € aI'STa. Therefore aI'ST'a C (aI'ST'a)I'ST (al'ST )
C (BTSTB)I(STITS)I'B C BUITB. Thus BN I C BISTB.
Hence BI'STB =BNI.

(2) = (3) As every quasi-ideal is a bi-ideal, implication holds.
(3) = (1) Let Q be a quasi-ideal of S. By (3), QI'STQ =
ons, since S itself is an interior ideal. Hence QI'ST'Q = Q.
Therefore S is regular (see Theorem 3.2 in [3]). O

Theorem 2.13. Following statements in S are equivalent.

1) S is regular.

2) BNINL C BUIT'L, for a bi-ideal B, left ideal L and interior
ideal I of S.



3) ONINL C QUIT'L, for a quasi-ideal Q, left ideal L and
interior ideal I of S,.
4) BNINR C RUITB, for a bi-ideal B, right ideal R and
interior ideal I of S.
5) OQNINR C RTITQ, for a quasi-ideal Q, right ideal R and
interior ideal I of S.

Proof. (1)=(2) Take any a € BNINL. Therefore a € al'STa
. Hence

al’'STa C (aI'STa)TST (aI'STa) C (BLSTB)T(STITS)I'L C
BI'IT'L. Thus we get BNINL C BI'IT'L.
(2) = (3) Clearly implication holds.
(3) = (1) For a right ideal R and a left ideal L of S, by (3)
we have RNSNL C RI'STL . Hence RNL C RI'STL C RI'L.
But always RI'"L C RN L holds. Thus we get R L=RNL .
Therefore S is a regular I'-semiring (see Theorem 3.2 in [3]).
(1) = (4) Let a € BNINR. Hence a € al'ST'a. Therefore
al’'STa C (aI'STa)I'ST'(al'ST'a) C RI'(STITS)I'(BIST'B) C
RI'ITB. Hence BNINR C RI'IT'B.
(4) = (5) Clearly implication follows.
(5) = (1) For aright ideal R and a left ideal L of S, by (5) we
have LNSNR C RI'STL . Hence RNL C RI'STL C RI'L. But
always RI'L C RN L. Therefore RNL = RI'L. Hence S is a
regular I'-semiring (see Theorem 3.2 in [3]). O

Theorem 2.14. In an intra-regular I'-semiring an ideal and
an interior ideal coincide.

Proof. Let S be an intra-regular I'-semiring. If a non-empty
subset I of S is an ideal of S, then clearly / is an interior ideal
of S. Suppose that a non-empty subset / of S is an interior ideal
of S. Hence I C STITITS. Therefore ST'T C ST'(ST'IT'IT'S) C
STITS C I and ITS C (STITITS)['S C STIT'S C I. Hence [ is
an ideal of S. U

Definition 2.15. An interior ideal I of S is semiprime if for
any interior ideal A of S, A> = ATA C I implies A C I.

Definition 2.16. An interior ideal I of S is completely semiprime
if forany a € S, al'a C I implies a € I.

Theorem 2.17. In an intra-regular I'-semiring a proper inte-
rior ideal is semiprime.

Proof. Let S be an intra-regular I"-semiring and P be a proper
interior ideal of S. Take A is any interior ideal of S such
that AT'A C P. For any a € A, we have a € ST'al'al'S. Hence
STal'al’'S C STAT'AT'S C STPI'S C P. Thus A C P. Therefore
P is a semiprime interior ideal of S. O

Theorem 2.18. S is intra-regular if and only if each interior
ideal of S is completely semiprime.

Proof. Suppose that S is intra-regular. Let P be a proper
interior ideal of S. For any element a of S , al'a C P. Then
we have a € ST'al'al'S. Therefore STal’'al’'S C STPI'S C P.
Hence a € P. Therefore P is a completely semiprime interior
ideal of S. Conversely, assume that each interior ideal of S is
completely semiprime. Take any a € S. We have ST'al'al'S
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is an interior ideal of S. Therefore by assumption ST'al'al’'S
is completely semiprime. Hence (al'a)I'(al'a) C STal'al'S
implies al'a C ST'al'al'S . Hence a € ST'al'al’S. Hence S is
intra-regular. O

Theorem 2.19. If S is regular, then S is duo if and only if
every bi-ideal of S is an ideal of S.

Theorem 2.20. If S is regular, then a non-empty subset of S
is an ideal if and only if it is an interior ideal.

Proof. Let S be regular. If a non-empty subset I of S is an
ideal of S, then [/ is an interior ideal of S. Conversely, suppose
that a non-empty subset I of S is an interior ideal of S. Hence
I CITSTI. Therefore ST C ST'(IT'STI) C STIT'S C I and
IT'S C (ITSTI)I'S C STIT'S C I. Therefore I is an ideal of
S. O

From Theorems 2.19 and 2.20 we have,

Theorem 2.21. If S is regular and duo, then a non-empty
subset of S is a bi-ideal if and only if it is an interior ideal.

Corollary 2.22. If S is regular and duo, then a non-empty
subset of S is a quasi-ideal if and only if it is an interior ideal.

3. Interior-Simple I'-semiring

Definition 3.1. S is said to be an interior-simple I'-semiring
if S has no non zero proper interior ideal.

That is S is an interior-simple U'-semiring if S and {0} are
the only interior ideal of S.

Theorem 3.2. In S following statements are equivalent.
1) S is an interior-simple I'-semiring.

2)STal’'S =S, forall0 #a € S.

3)(a);i=S, forall0#£a€S.

Proof. (1) = (2) Suppose that S is an interior-simple I'-semiring.

Forany 0 #a € S, ST'al'S is an interior ideal of S and ST'al'S C
S. Hence S = ST'al'S.

(2) = (1) suppose that S = ST'al'S, for 0 #£ a € S. Let I be
an interior ideal of S. For any 0 # b € I, S = STHI'S by (2).
Hence STHI'S C STIT'S C I. Therefore S C 1. Thus S =1.
Hence S is an interior-simple I'-semiring.

(1) = (3) Suppose that S be an interior-simple I'-semiring.
For any 0 # a € S, (a); = Noa+ ST'al'S. But ST'al'S = S.
Therefore (a); = Noa+ S C S. By (1), we have (a); = S.

(3) = (1) let I be an interior ideal of S. Then forany 0 #£ a €1,
(a); = S by (3). Hence S = (a); C I. Therefore I = S. Hence
S is an interior-simple I"-semiring. O

Theorem 3.3. Let I be an interior ideal and T be a sub-T -
semiring of S. If T is interior-simple with T\ {0} NI # ¢, then
TCI

Proof. Let T be an interior-simple I'-semiring with 7\ {0} N
I# ¢ and a € T\{0} NI. Hence TTal'T = T by Theorem
3.2. Therefore T = TT'al'T C TTII'T C STIT'S C I. Thus
TCI. O



4. Minimal Interior Ideals

Definition 4.1. An interior ideal I of S is said to be a minimal
interior ideal of S if I does not contain any other proper non
zero interior ideal of S.

Theorem 4.2. If I is an interior ideal of S, then following
statements are equivalent.

(1) I is a minimal interior ideal of S.

(2)1=STal's, forall0 #ac€l

(3)I=(a); forall0#acl

Proof. Let I be an interior ideal of S.

(1) = (2) Let 0 # a € I. Therefore STal'S C STIT'S C I. But
ST'al’S is an interior ideal of S. Therefore we have, I = ST'al’S.
(2) = (1) Let J be any interior ideal of S contained in /. For
any0#ae€J,I=8Tal'S. I =STal'S C STJT'S C J.Therefore
we have I = J. Hence I is a minimal interior ideal of S.

(1) = (3) Take any 0 £ a €. Then (a); CI. Butlisa
minimal interior ideal of S. Hence we have I = (a);.

(3) = (1) Let J be any interior ideal of S contained in /. For
any 0 #x € J,I = (x);. I = (x); CJ. Therefore I = J. Hence
I is a minimal interior ideal of S. O

Theorem 4.3. A proper interior ideal of S is minimal if and
only if the intersection of any two distinct proper interior
ideals is empty.

Proof. Assume that any proper interior ideal of S is minimal.
Let A and B be any two distinct proper interior ideals of S.
Suppose that AN B # ¢. Therefore AN B is an interior ideal of
S. Then we have ANB C A and AN B C B. But by hypothesis
A and B are minimal interior ideals of S. Therefore ANB =A
and AN B = B. Thus we get A = B, which is a contradiction.
Therefore AN B = ¢. Conversely, assume that the intersection
of any two distinct proper interior ideals is empty. Then no
any proper interior ideal of S is contained in any other proper
interior ideal. That is each proper interior ideal of S is a
minimal interior ideal of S. O

Theorem 4.4. Let R be a minimal right ideal and L be a
minimal left ideal of a duo T'-semiring S, then LIR is a
minimal interior ideal of S.

Proof. Let R be a minimal right ideal and L be a minimal
left ideal of a duo I'-semiring S. Take I = LI'R. Therefore
ST'(LTR)T'S C LT'R. Hence I = LTR is an interior ideal of
S. Let J be an interior ideal of S such that J C I. Since,
ST'J is a left ideal and JI'S is a right ideal of S. Then STJ C

SI'l = STLTR C L. Similarly we can show that JT'S C R.

But L is a minimal left ideal and R is a minimal right ideal
of §'. Therefore ST/ =L and JI'S =R. Hence I = LIR =
STJTJTS C STJT'S C J. Thus we get I = J. Therefore [ =
LI'R is a minimal interior ideal of S. O

Theorem 4.5. [f1 is an interior ideal of S, then I is a minimal
interior ideal of S if and only if (a); = (b);, for all 0 # a,0 #
bel
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Proof. Assume that [ is a minimal interior ideal of S. Take any
0+#a,0+#b € I. Hence by Theorem 4.2, I = (a); and I = (b);.
Therefore (a); = (b);, for all 0 # a,0 # b € I. Conversely
assume that (a); = (b);, for all 0 # a,0 # b € I. Let J be any
interior ideal of S such that J C . Let 0 # x € J. For any
0#y €I, we have (x); = (y);. Since y € (y); always. Hence
y € (x); C J. Therefore I C J. Thus we get I =J. Hence I is
a minimal interior ideal of S.

O

Definition 4.6. The Green’s relation £ R, and $) on S are
defined as follows

(1) aLb if and only if (a); = (b);.

(2) aRb if and only if (a), = (b),.

(3)H=LNA

Definition 4.7. A Green’s relation T on S is defined as for
any a,b € S, a%¥b if and only if (a) = (D).

Definition 4.8. A relation J on S is defined as for any a,b € S,
a3Jb if and only if (a); = (b);.

Remark 4.9. TCJ

Theorem 4.10. If1 is an interior ideal of S, then I is a minimal
interior ideal of S if and only if I is a J-class.

Proof. Let I be an interior ideal of S. Assume that / is a
minimal interior ideal of S. Take any 0 # a,0 # b € I. Hence
by Theorem 4.2, I = (a); and I = (b);. Therefore (a); =
(b);. This shows that aJb. Thus I is a J class. Conversely
assume that [ is a J class. Then we have, (a); = (b);, for all
a,b € I. Therefore (a); = (b);, for all 0 # a,0 # b € I. Hence
by the Theorem 4.5, I is a minimal interior ideal of S. O

Theorem 4.11. If S is regular, then T = 7.

Proof. Let S be a regular I'-semiring. For any a,b € S,aJb.
Therefore (a); = (b);. Hence by Theorem 2.20, (a) = (b).
Therefore a®b. Hence J C €. But T C J always. Thus we get
T=7. O

Proof of following theorem follows from proof of Theorem
4.11

Theorem 4.12. If S is intra-regular, then ¥ =7J.
From Theorem 4.10 and Theorem 4.11 we have

Theorem 4.13. If S is regular and I is an interior ideal of S,
then I is a minimal interior ideal of S if and only if [ isa ¥
class.
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