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1. Introduction

The concept of dynamic equations on time scales was
initiated by Hilger [16] with the motivation of providing a
unified approach to discrete and continuous calculus. The
reader interested on the subject of time scales is referred in
[3,4,7-9, 15].

This paper considers the existence of solutions to systems of
first-order V-dynamic equations on time scales:

xV (1) = f(t,x(p(t))), V-ae.teTy,

x € (BC).

(1.1)

V-ae.t € Ty,
(1.2)

Here T is an arbitrary compact time scales, such that a =
minT, b = maxT,Tp = T\{a}, f: To xR" - R" is a V-
Carathéodory function and (BC) denotes the terminal value
conditions:

x(b) = xo, (1.3)
or periodic boundary value conditions:
x(a) = x(b) (1.4)

Existence results for system (1.2) were obtained in [5] with f
is a continuous function. In the particular case where n =1,
existence results for first-order V-dynamic equation on time
scales were obtained in [20] for the dynamic initial value
problem:

x¥(t) = f(t,x(t)), t € (0,b]t, and x(0) =0,

with f is a left-Hilger-continuous function, their results were
established with the method of lower and upper solutions.
Existence results were obtained in [2, 11, 12, 14, 19], for sys-
tems of A-dynamic equations on time scales. In [14] Gilbert
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introduced the notion of solution-tube to systems of first order
A-dynamic equations which generalizes the notions of lower
and upper solutions. The results in this paper were motivated
by results in [5, 14].

This paper is organized as follows. We start with some nota-
tions, definitions and results which are used throughout this
paper. The third section presents an existence result for the
problem (1.1) and the problem (1.2).

2. Preliminaries

In this section, we recall some notions and results which
we will use in this article.

2.1 Definitions and basic properties

Let T be a time scale, which is a closed subset of R. For
t € T, we define the forward and backward jump operators as
follows: define o, p: T — T by

o(t):=inf{s€T:s>t}, p(t):=sup{seT:s<t}.

We say that ¢ is right-scattered (resp., left-scattered) if o (1) >t
(resp., if p (t) < 1); that 7 is isolated if it is right-scattered
and left-scattered. Also, if 7 < sup T and t = & (¢), we say
that ¢ is right-dense. If # > inf T and = p (), we say that
t is left dense. Points that are right dense and left dense
are called dense. The graininess function y : T — [0,00) is
defined by u(t) := o(¢) —¢. If T has a left-scattered maxi-
mum M, then TF = T\{M}, otherwise, TX = T. The back-
ward graininess v : T — [0, 00) is defined by v(¢) :=¢ — p(¢).
If T has a right-scattered minimum M, then T; = T\{M},
otherwise, Ty = T. If T is bounded, then Ty C T) where
To = T\{min T}. For a,b € T we define the closed interval
[a,blr:={reT:a<t<b}.

Definition 2.1. The function f: T — R" is called ld-continuous
provided it is continuous at left-dense point in T and has

a right-sided limits exist at right-dense points in T, write
f€Cu(T,R").

Definition 2.2. [20](Left-Hilger-continuous functions) A map-
ping f : (a,b]t x R — R is called left-Hilger-continuous at a
point (¢,x) if f is continuous at each (z,x) where ¢ is left-dense
and the limits

lim s, and lim f(¢,y),
opim, ) lim £(r,y)
both exist and are finite at each (¢,x) where t is right-dense.

Definition 2.3. [I8] For f: T — R" and t € Ty, the V-

derivative of f at t, denoted by fY (t), is defined to be the
number (provided it exists) with the property that given any

€ > 0, there is a neighborhood U of t such that

|20 =16~ £ (o) =5) | <elp () sl foratisev.

We say that f is V-differentiable if f¥ (t) exists for everyt € Ty.
The function f¥ : T — R" is then called the V-derivative
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of f on Ty. The set of functions f: T — R" which are V-
differentiable and whose V-derivative is ld-continuous is de-
noted by C}, (T,R").

The set of functions f : T — R” which are V-differentiable
and whose V-derivative is ld-continuous is denoted by C lld (T,R™).

Theorem 2.4. [5] Let W be an open set of R" and t € T
be a left-dense point. If g : T — R" is V-differentiable at t
and if f:w — R is differentiable at g(t) € w, then fog is
V-differentiable at t and (fog)¥ (t) = (f'(g(t)),g" (1))
Example 2.5. [5] Assume x : T — R" is V— différentiable at
t € T. We know that ||.|| : R"\ {0} — [0,0) is differentiable.
Ift = p(t), by the previous theorem, we have

<x(t),xV(t) >
[lx(@)]
Definition 2.6. [8] The function p : T — R is v-regressive if

()] =

1—v(t)p(t) #0, forallt € Ty.

The set of all v-regressive and ld-continuous functions p :
T — R will be denoted by %y = %y (T,R). We define the set
Aty ={peRy:1—v(t)p(t) >0} forallt €T.

Definition 2.7. [8] If p € %y, then we define the nabla expo-
nential function é, by:

éy(1.5) = exp ([ Eue(p() V7).

fort,s € T, where the v-cylinder transformation is as in :

1
éh(Z)Z{ zlog(l—zh); if h>0;
Z; lfh:()a

where log is the principal logarithm function.

Theorem 2.8. [8] For p € %y, the (nabla) exponential func-
tion é,(t,to) : T — R is defined as the unique solution to the
initial value problem

x¥(t) = px(r), x(tp) = 1.

2.2 Lebesgue V-measure and Lebesgue V-integral

We recall some notions and results related to the theory
of V-measure and Lebesgue V-integration for an arbitrary
bounded time scale T where a = minT < maxT = b intro-
duced in [3, 8, 15].

Definition 2.9. Let § denote the family of all right closed and
left open intervals of T of the form

(rs]={teT:r<t<s},

with r,s € T and r < s. The interval (r,r] is understood as the
empty set. We define an additive measure my : § — [0,00) by
my ((r,s]) = s —r. Using my, the outer measure mj : & (T) —
R, defined for each E C T as:
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e Ifa¢ E, then

k=m k=m
m] (E) ::inf{ Z (sg—rr) EC U (riysk), (re,sx] € 3} )
k=1 k=1

o IfacE, thenm| (E) = +oo.

Definition 2.10. A set A C T is said to be V-measurable if,
for every set EC'T

mi (E) =mi(ENA)+m](EN(T\A)).
The Lebesgue V-measure on
M (m})={A CT:Ais V-mesurable},

denoted by py, is the restriction of m] to .# (m}).
So, (T, .# (m7), uv) is a complete measurable space.

Lemma 2.11. /8] For each ty in To the V-measure of the
single-point set {to} is given by Uy ({to}) =10 — p(to)-

Lemma 2.12. [8] 1. Ifr,s € T and r < s, then

ty((rs]) =s—r, py((r,s)) = p(s) —r

2.Ifr,s € To and r < s, then

ty([r5)) = p(s) = p(r), uy(lrs]) =s—p(r).

The following lemma can be proved analogously to Lemma
3.1in [10].

Lemma 2.13. The set of all left-scattered points of T is at
most countable, that is, there are J C N and {t;} je; C T such
that L :={t € T,p(t) <t} ={t;}jey.

The following Proposition can be proved analogously to
Proposition 3.1 in [10].

Proposition 2.14. Let A C T. Then A is a V-measurable
if and only if, A is Lebesgue measurable. In this case the
following properties hold for every V-measurable set A :
1.Ifa ¢ A, then uy (A) = pp (A) + X jes, v(1))-

2. uy(A) =i (A) if and only if a ¢ A and A has no left-
scattered point.

The notions of V-measurable and V-integrable functions
f: T — R" can be defined similarly to the theory of Lebesgue
integral.

Definition 2.15. We say that f : T — R = [—oo, +oo] is
V-measurable if for every a € R, the set f~! ([—oo,t)) =
{teT: f(t) < a} is V-measurable.

In order to compare the Lebesgue V-integral on T and
the Lebesgue integral on [a,b], given a function f : T —R”,

we need an auxiliary function which extends fto the interval
[a,b] defined as

_ f(@),
fe) =
" { 1),

ifteT,
2.1
ifr e (p(t;),tj)), forall j€J.
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Let E C T, we define Jp :={j€J:tj € EN.Zr} and

E=EUlJ (p(1)).1)).

JeJE

(2.2)

The following Theorem can be proved analogously to
Theorem 5.1 in [10].

Theorem 2.16. Let E C T be a V-measurable such thata ¢ E,
let E be the set defined in (2.2), let f: T —R" be a V-
measurable function and f: [a,b] — R" be the extension of
ftola,b]. Then, f is Lebesgue V-integrable on E if and only
if fis Lebesgue integrable on E and we have

/Ef(t)Vt:/Ef(t)dt:/Ef(t)dt+ Y v(t) £(t)- 23)

JeJE

2.3 Sobolev’s spaces on time Scales

In this section, we develop the Sobolev’s spaces on bounded
time scale T where ¢ = minT < maxT = b, To = T\ {a} and
their important properties.

Definition 2.17. Ler p € [1,+), E C T be a V-measurable
set and f : T — R" be a V-measurable function. We say that
f € LY (E,R") (respectively f € LY (T,R")) provided
/ L (5)[|PVs < +oo (respectively / L (5)[[PVs < +o0).
E To
Proposition 2.18. Assume f € LL, (E,R"). Then,

H [ rsyvs

Here is an analog of the Lebesgue dominated convergence
theorem.

< [Ir)1vs.

Theorem 2.19. Let {f;tren be a sequence of function in
LIV(TO,R”). If there exists a function f : Tog — R" such that
fi(t) = f(t) V-a.e. t € Ty and if there exists a function g €
LL(To) such that || fi(t)| < g(t) V-a.e. t € Ty and for every
k € N. Then fi — f in Ly, (To,R").

The following Proposition can be proved analogously to

Proposition 3.1 in [6].

Proposition 2.20. Let p € [1,+), LY (T,R") is a Banach
space equipped with the norm

1
1Al 2 (r ey = (/T ||f(t)||l’Vt> P

Now we introduce the concept of absolutely continuous
function on T.

Definition 2.21. A function f: T — R" is said to be abso-
lutely continuous on T if for every € > O, there existsan >0
such that if {(ar,br),k =1,...,m}, with ay, by € T, is a finite
pairwise disjoint family of subintervals of T satisfying

k=m k=m
Y (be—a) <n then Y || f(be) — flar)| <.
k=1 k=1
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The following Theorem can be proved analogously to
Theorem 4.1 in [9].

Theorem 2.22. A function f : T — R" is absolutely continu-
ous on T if and only if f is V-différentiable V-almost every-
where on T, f¥ € LY, (T, R") and

foreveryt € T.

[ 17 6)Vs=fb) - 1),
(2,0)NT

The following two Propositions can be proved analogously
to Proposition 2.19 and Proposition 2.20 in [14].

Proposition 2.23. Let f € L, (To,R"), then F : T — R" de-
fined by

F(t)= / f(s) Vs satisfies F¥ (t) = f(t), V-a.e. on T.
(¢,6]NT

Proposition 2.24. Let u: T — R be an absolutely continuous
function, then the V-measure of the set {t € To\.Zr, : u(t) =
0 and u" (t) # 0} is zero.

The following Theorem can be proved analogously to
Theorem 3.2 in [6].

Theorem 2.25. Let p € [1,0), then C(T,R") is dense in
LY (T,R").
We now define a notion of Sobolev’s space.

Definition 2.26. Let p € [1,), and f: T — R". Say that
f belongs to Wvl’p (T,R") if and only if f € Ly (To,R") and
there exists g : Ty — R" such that g € L5 (To,R") and

L (Fo%) @ Vs=— [ (207)(5)Vs, foral 6 €Clyy ().

2.4)
with
T):= {9 € Cig (T) : ¢ (a) = ¢ (b) =0}

The following Theorem can be proved analogously to
Theorem 3.4 in [1].

CO ld

Theorem 2.27. Suppose that u € Wvl’1 (T,R") and that (2.4)
holds for a function g € le (T,R"). Then, there exists a
unique function x : T — R" absolutely continuous such that
V-almost everywhere on Ty, one has x = u and x¥ = g. More-
over, if g is rd-continuous on T, then there exists a unique
function x € Clld (T, R") such that x = u V-almost everywhere
on Ty and such x¥ = gonTy.

Theorem 2.28. Let p € [1,00). The set Wo” (T,R") is a Ba-
nach space together with the norm defined for every f €
Wvl'p (T,R") as

1y neny = 1 g rzmy + |4

L8 (T R")

The proof is analogous to that of Theorem 3.5 in [1].

We now define a notion of V-Carathéodory functions on a
compact time scale.

Definition 2.29. A function f : To x R" — R" is called a
V-Carathéodory function if the three following conditions
hold.

(i) foreveryx € R", the functiont— f(t,x) is V-measurable;

(ii) the function x — f(t,x) is continuous V-almost every
t € Ty,

(iii) foreveryr >0, there exists a function h, € LY, (T, [0,0))
such that || f(t,x)|| < h.(t) for V-almost every t € Ty
and for all x € R" such that ||x|| <r.

3. Main Results

In this section, we establish an existence result for the
problem (1.1) (resp.,(1.2)). Let us recall that,T is compact
and a = minT < max T = b. A solution of the problem (1.1)
(resp.,(1.2)) will be a function x € WVI’I(T,R”) for which
(1.1)(resp.,(1.2))is satisfied.

3.1 Existence Theorem for the Problem (1.1)
We introduce the notion of solution tube for the problem

(1.1).
Definition 3.1. Ler (v,M) € Wy (T, R") x W' (T, [0, ).
We say that (v,M) is a solution tube of (1.1) if
1) (= v(p(), £(6,0)—v (1)) > M(p ()M (1) V-ae. 1 €
To and for every x € R" such that ||x —v(p(t))| =
M(p (1)),
2) W(t) = f(t,v(p(z) ) and MY (t) =0, V-ae. tc T
such that M(p(t)) =

3) M(r) =
4) — If (BC) denotes (1.3), then ||xo —v(b)|| < M(b).
— If (BC) denotes (1.4), then |v(b) —v(a)|| < M(b) —
M(a).

0, foreveryt € Ty such that M(p(t)) = 0,

We denote

T(vM)=

We consider the following problem.

{xe WL (T,R"): |x(t) —v(1)|| <M(t) , for all 1 € T}.

= f(6,%(p(1))) —x(p (1)), V-ae.1 €Ty,

x € (BC),
3.1
where
x(t):{ Tt (= V() +v(0), i [le—v(e)| > M),
x(1), otherwise.
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Lemma 3.2. For every g € LIV(TO,R”), the problem

xV (1) —x(p(t)) = g(t), V-ae.teTy,
(3.3)

has a unique solution x € Wvl’1 (T,R") given by:

1 1 : R
) = gy (g [ 80150

- /(I’b]ﬂTg(s)é_l(s,b)Vs>.

Proof. Let x be a solution to (3.3). By Theorem 3.3 in [8],
consider
(t)e_1(6,0)]Y = xV(t)e_1(t,b) —é_1(t,b)x(p(1))
= g(t)éll(tab)a re T(),

and hence integrating the above on (¢,5] N'T obtain

1 A
x(t) = ) (x(b) —/(Lb]wg(s)e_l(s,b)Vs) . (34)

If follows from the boundary condition in (3.3) and (3.4)
that

1
xaszzi/ s)é_1(s,b)Vs. (3.5
(@ =3(0) = =5 a3y e SIS 50075 B
So by substituting (3.5) into (3.4), the result follows. O

Lemma 3.3. For every g € LL,(T,R"), the problem

xV(t) —x(p(t)) = g(t), V-ae teTy,
x(b) = xo,

(3.6)

has a unique solution x € Wvl’1 (T,R") given by:

x(t) = 61(b,0) (0 - /

g(s)é_1 (s,b)Vs). 3.7)
(2,6]NT

Proof. the result follows in a similar way to the proof of
Lemma 3.2. O

We obtain a maximum principle that will be useful to get
a priori bounds for solutions of systems considered in this
section.

Lemma 34. Let r € WVI’I(’]T) such that ¥ (t) >0 V-a.e. t €
{t € Ty : r(p(z)) > O}. If one of the following conditions
holds,
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Proof. Suppose the conclusion is false. Then, there exists 7y €
T such that r(fy) = max,ct (r(¢) > 0), since r is continuous
on T. If o(ty) > to, then r¥ (o (ty)) exists, since V(o (t9)) =
o (t9) —to > 0 and because r € WVI’1 (T). Then,

_ (o)) —r(t)
V(o (i) = ol -t <0,

which is a contradiction since #(f) = r(p (o(%))) > 0.
If 1o = o (fo) < b, then there exists an interval (o(f), 1] such
that r(o(¢)) >0 forallt € (6(t),#;]T. Thus,

0 < r¥(s)Vs = r(tn) = (o (t0))

~/(0(10)J1]QT
= r(t;)—r(to) <O.

by hypothesis and by Theorem 2.22. Hence, we get a contra-

diction. The case #p = b is impossible if hypothesis (i) holds

and if r(b) < r(a), we must have r(a) = r(b). If we take

to = a, by using previous steps of this proof, one can check

that r (@) <0, and, then, the lemma is proved. O

Let us define the operator T} : C(T,R") — C(T,R") by
ni(x)(@) = e1(by1) (xo—

[ G 6 5P 0 e-1(5:6)7s ).
(,0]NT

Proposition 3.5. If (v,M) € Wy (T, R") x Wo"' (T, [0, 00)) is
a solution tube of (1.1) then the operator T : C(T,R") —
C(T,R") is compact.

Proof. We first observe that from Definitions 2.29 and 3.1,
there exists a function h € LL(Ty,[0,%)) such that
Ilf (2, x(p(2))) —x(p ()|l < h(t),V-ae.t € Ty for every x €
C(T,R"). Let {x;, }nen be a sequence of C(T,R") converging
to x € C(T,R"). By Proposition 2.18,

173 (xa(2)) = T (x(0))

=, el (o ) 500 61)

~ (£6.5p () = 7((p (5)))) | Vs

G CECIONESATIC))

~ (5o () (P (5)))) | Vs

<K

where K := max,et {|é_1(s,¢)|} . Then, we must show that

the sequence {ga e defined by g,(s) = £(5.5((5))) —
% (p(s)) converges to the function g(s) € LY, (To,R") where
¢(s) = f(5.5(p(s))) — F(p(5))-

We can easily check that %, (1) — %(¢) for every 7 € T and,
then, by (ii) of Definition 2.29, g,(s) — g(s), V-a.e. s € Ty.
Using also the fact that ||g,(s)|| < h(s), V-ae. s € To, we
deduce that g,(s) — g(s) in LY,(To,R") by Theorem 2.19.
This prove the continuity of 77. For the second part of the

0020
XYW

0,7 42
50827
“,

)
AW
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proof, we have to show that the set 7} (C(T,R")) is relatively
)

compact. Let y = Tj (x) € Ty (C(T,R")). Therefore,
I < K(ll
K [ IR ()~ 5(p (5)]V5).
< (onn+K||h<s>uL{7<To,Rn))-

So, Ti(C(T,R")) is uniformly bounded. This set is also
equicontinuous since for every f; <, € T,

71 (x) (22) = T (x) (11
<[e-1(byia) =1 (b)) (J1ol

[l DI 5(p ()~ ()]195)
eI Ho () ~5(p () Vs
< [e-1(b2) = e-1(b,1)] (Io

+1</
a,b)n

By an analogous version of the Arzela-Ascoli Theorem
adapted to our context, 71 (C(T,R")) is relatively compact in
C(T,R"). Hence, T} is compact. O

Vs +K/ h(s)Vs.

(t1,5]NT

We now define the operator 7, : C(T,R") — C(T,R") by
T, (x)(t)

1 1 )
T e (1.b) {1 o1 (ab) /(u,,,mf (1,%(p (1)))Vs
[ A p@)e (5.5
J(a,b)NT

/ <f<r,f<p<r>>>—f(p(z)))é_ms,b))w].
(¢,6]NT

The following result can be proved as the previous one.

Proposition 3.6. If (v,M) € Wg'' (T, R") x W' (T, [0,00)) is
a solution tube of (1.1) then the operator T C(T,R")
C(T,R") is compact.

Now, we can obtain the main theorem of this section.

Theorem 3.7. If (v,M) € W' (T,R") x W' (T, [0,%0)) is a
solution tube of (1.1) then the problem (1.1) has a solution
xe W (T, RN T (v,M).

Proof. By Proposition 3.5 (resp., Proposition 3.6), T;(resp.,
Tp,) is compact. It has a fixed point by the Schauder fixed-
point Theorem. Lemma 3.2 (resp., Lemma 3.3) implies that
this fixed point is a solution for the problem (3.1). Then, it
suffices to show that for every solution x of (3.1), x € T (v,M).

Consider the set A= {r € Ty : ||x(p()) —v(p(t))]| > M(p(¢))}.
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By Example 2.5, V-a.e. onthe set A= {t € A:t = p(t)}, we
have

||x<> o(0)l| — M) (3.8)
<o) )T D>
= (@) —v(p )] M().

If 1 € A is left scattered, then v (1) =t — p(z) > 0 and
(Ilx(r) =v(n)l = M (1))"
_ e (@) = v(p @) lllx(e) —v()l = [lx(p (1)) —v(p ()]>
vO)llx(p (@) =vip @)l
-M (1)

_ Glp(@) —v(p(1). 2V (1) —v
x(p () =v(p (D))l

Since (v,M) is a solution tube of (1.1), we have V-a.e. on
{reA:M(p(r)) >0},

(Ile(r) =v(D) | = M (1))"
x(p(1)) =v(p(1)), f(t,X(p (1)) — X(p (1))

= x(p(1) —v(p()
) -V 0))
@) v MO
_ (Hp) —v(p). flr.Ep (1)) —7 (1))
M(p(1))
. I ((p(0) — v(p (1)),
@) — e @) —v(p@)]
 Ux(p(6) ~ v(p(e)] - M(p(0)) (x(p(0)) ~v(p()))
ECOECOI
M (1)
MM
— MR (e () ~v(p(o))]
~M(p(t)) — M (1)

On the other hand, we have V-a.e. on {t € A: M(p(t)) =0}
that

(Ilx(r) = v(D)l| = M (1))"
5 &lp() —v(p(1)), (&, %(p(1))) —X(p(¢)) +x(p(1)) —V())

This last equality follows from Definition 3.1(3) and Proposi-
tion 2.24.

If we set r(t) = ||x(t) —v(t)|| — M(¢), then r¥(t) >0 V-ae.
t€{t€Ty:r(p(t)) > 0}. Moreover, since (v, M) is a solu-
tion tube of (1.1) and x satisfies (1.3)(resp., x satisfies (1.4)),
then r(a) < 0 (resp.,r(a) — r(b) < ||v(a) —v(b)|| — (M(a) —
M (b)) <0. Lemma 3.4 implies that A = 0. So, x € T(v,M)
and the theorem is proved. O
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3.2 Existence Theorem for the Problem (1.2)
We introduce the notion of solution tube for the problem
(1.2).

Definition 3.8. Ler (v,M) € Wo'' (T, R") x Wo' (T, [0, 00)).
We say that (v,M) is a solution tube of (1.2) if

1 (x—v(t), f(t,x) =vV(t)) <M()M"(t) V-a.e. t € Ty
and for every x € R" such that ||x —v(z)|| = M(t),

2. WV(t) = f(t,v(t)) V-a.e. t €Ty such that M(t) =0,
3. [v(b) =v(a)|| < M(a) — M (D).

We consider the following problem.

xV(t) +x(t) = f(t,%(t)) +%(t), V-ae.teTy,

(3.9)
x(a) = x(b)
where X(¢) is defined in (3.2).
Lemma 3.9. For every g € L\,(To,R"), the problem
xV(t) +x(t) = g(t), V-aeteTy,
(3.10)
x(a) = x(b),
has a unique solution x € WVI’1 (T,R") given by:
~ é_q (aa b) g(S)
) = e (t,p) =82 _ 89y
0 = D (F T o

(s)
e iow ™)

Proof. Let x be a solution to (3.10). By Theorem 3.3 in [8],
consider

0 7 2 (1)e_1(t,5) +é-1 (1, b)x(r)
é_l(t,b) é_| t,b)é_l(p (l),b)
Integrating the above on (¢,6] N'T and using boundary condi-

tion in (3.10), the result follows in a similar way to the proof
of Lemma 3.2. O

The following lemma is similar to lemma 2.11 in [5].

Lemma 3.10. Letr € Wvl’1 (T) such that r¥ (t) <0 V-a.e.t €
{t € To:r(t) > 0}. If r(a) < r(b), then r(t) <0, for every
teT.

Let us define the operator T : C(T,R") — C(T,R") by:

R
/ (s, %(s) +3(5)) o,
(a,.b)NT ey (P (Y) ) b)
foes L0
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Proposition 3.11. If (v,M) € W' (T, R") x W' (T, [0,e0))
is a solution tube of (1.2) then the operator T, : C(T,R") —
C(T,R") is compact.

Proof. We first observe that from Definitions 2.29 and 3.8,
there exists a function i € LY, (T, [0, 0)) such that || £(¢,%(t)) +
X(0)|| <h(z),V-ae.r € Ty forevery x € C(T,R"). Let {xy } nen
be a sequence of C(T,R") converging to x € C(T,R"). By
Proposition 2.18,

172 (xa (1)) = Ta (x(2))|

<KD [ R+ 5a(5) ~ (5,56 + ) Vs,
m (a,b)NT
where K :=max;er|é-1(¢,b)|,C = éel_(;(;l)’)b)l and m :=

minser |é—1(¢,b)|. Then, we must show that the sequence
{gn}nen defined by g, (s) = f(s,4,(s)) + %, (s) converges to
the function g(s) € L%, (To,R") where g(s) = f(s,%(s)) +%(s).
We can easily check that x,(r) — %(¢) for every ¢ € Ty and,
then, by (ii) of Definition 2.29, g,(s) — g(s) V-a.e. s € Ty.
Using also the fact that ||g,(s)|| < h(s),V-ae. s € Ty, we
deduce that g,(s) — g(s) in LL,(To,R") by Theorem 2.19.
This prove the continuity of 7. For the second part of the
proof, we have to show that the set 7> (C(T,R")) is relatively
compact. Let y = T>(x) € To(C(T,R")). Therefore,

B < S (hs) gy )

So, T»(C(T,R")) is uniformly bounded. This set is also
equicontinuous since for every t; <1, € T,

172 (x) (22) = T2 (x) (1)

. " C+1
< |€—1(b7t2)—€—1(b,t1)|( )

h(s)V.
m /(u,b]ﬁ'[[‘ (S) g

+K h(s)Vs.

(t1,)NT
By an analogous version of the Arzela-Ascoli Theorem adapted
to our context, 7> (C(T,R")) is relatively compact in C(T,R").
Hence, T, is compact. O

Here is the main existence theorem for problem (1.2).

Theorem 3.12. If (v,M) € Wy (T,R") x W' (T, [0,0)) is
a solution tube of (1.2) then the problem (1.2) has a solution
xe Wy (T,RY)NT (v,M).

Proof. By Proposition 3.11, 7, is compact. It has a fixed point
by the Schauder fixed-point Theorem. Lemma 3.3 implies that
this fixed point is a solution for the problem (3.9). Then, it
suffices to show that for every solution x of (3.9), x € T (v,M).
Consider the set A = {r € Ty : ||x(¢) —v(¢)|| > M(t)}. By

example 2.5, V-a.e. onthe set A= {t €A :t = p(r)}, we have

ey OO O 0)
() ~v(o) | -me))” = SO M (1)
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If + € A is left scattered, then v (1) =¢ — p(¢) > 0 and

(lx(e) =v() | = M(2))"

_ @) —v@)I? — [Ix(p () —v(p () l[[|x(2) = v(r)]]
v (o) |x(t) =v(D)|

— M (1)

< (1) = (), (x(1) —v(1)) = (x(p(1)) = v(p(1))))

- v(e)|x(@) =v(@)||

M ()

_ (@) —v(@0), 2 () V(1) v

T woer

Since (v,M) is a solution tube of (1.2), we have V-a.e. on
{teA: M) >0},

(lx() =v(®)| = M(2))"
(x(1) —v(t), f(6,5(0) +7(1) —x(1) V(1)) v
. @) vl M
_ &) = (1) f(,5(0)) vV (1))
M(7)
(o) i), O (x0) v
_|_
() = v(@)||
M()M" (1)
fMV(t) = =0 —
(be(t) = v(e)|| =M (1)) = MY (1) < 0.
On the other hand, we have V-a.e. on {r € A: M(t) = 0}, that
(be(t) = v()]| =M ()"
(x(r) = v(0), f(1,%(0) +2(1) —x(0) =¥ (1)) ¥
. EORO] o
_ (0 = v(0), (1, v(0) =¥V (1))
[lx(2) = v(@)||
= |lx() =v(1)|| = m¥ () < 0.
If we set r(t) = ||x(¢t) —v(t)|| = M(t), then r¥ (1) < 0 V-ae.t €

{t € Ty : r(t) > 0}. Moreover, since (v, M) is a solution tube of
(1.2) and x satisfies (1.4), then r(a) — r(b) < ||v(a) —v(b)|| —
(M(a) —M(b)) <0. Lemma 3.10 implies that A = 0. So,
x € T(v,M) and the theorem is proved. U

Example 3.13. The following is a modified version, consid-
ering a periodic condition, of Example 4.1 in [14]:

{xv(t) = ay|lx(t)|*x(t) —axx(r) +az@(t), 1 €To,

x(a) = x(b).
(3.12)

where ay,az,a3 € Ry such that a, > ay+az and ¢ : To — R”"
is a continuous function satisfying ||@(¢)|| = 1 for every t € Ty.
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It is easy to check that v =0 and M = 1, is a tube solution. By
Theorem 3.12, problem (3.12) has a solution x € Wy’ (T, R")
such that ||x(t)|| < 1 for everyt € T.

Remark 3.14. Definition 3.8 generalizes the notions of lower
and upper solutions o and B introduced in [20] in the partic-
ular case where the problem (1.2) is considered withn =1,
and the periodic boundary condition replaced by x(0) = 0
and f is left-Hilger continuous on (0,b]r x R. We recall these
definitions.

Consider the problem:

= f(t,x(t)), forallte (0, b]r,

(3.13)

Definition 3.15. Let o, 3 be nabla differentiable functions
on (0,b]t. We call a a lower solution to (3.13) on [0, b] if

(i) a¥(1) < f(t,a(1)),
(ii) a(0) = a(b).

forallr € (0,b]r;

Similarly, we call 8 an upper solution to (3.13) on [0, b]T if

(i) B¥(t) = f(1.B(1)),
(i) B(0) = B(b).

Remark 3.16. If o, B € R are, respectively, lower and upper
solutions of (3.13) such that a(r) < B(t) for every t € (0,D]T,
thenv= (a+fB)/2and M = (B — &) /2 is a solution tube for
this problem. Conversely, if (v,M) is a solution tube of (3.13)
with v and M of class C',v(0) = v(b), and M(0) = M(b), then
o =v—M and B = v+ M are, respectively, lower and upper
solutions of (3.13).

forallt € (0,b]r;

Example 3.17. Consider the problem:

=x(1)—t, 1€ (0,1]r, (3.14)

Verify that with v =0 and M = 1, (v, M) is a solution-tube of
(3.14). By Theorem 3.12, the problem (3.14) has a solution x
such that |x(¢)| < 1 for every 7 € (0, 1]y. Observe that & = v —
M and B = v+ M are, respectively, lower and upper solutions
of 3.14) and -1 <x < 1.
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