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1. Introduction

Karl Menger introduced the concept of Menger spaces
in 1924 [22]. A space X is Menger if for each sequence
({%, : n € N}) of open covers of X, there exists a sequence
({#, : n € N}) such that for every n € N, ¥, is a finite subset
of %, and U,cy ¥» = X. As generalization of Menger spaces,
Kocinac in [16] and then studied in [17] almost Menger spaces
that is if for each sequence (%, : n € N) of open covers of
X, there exists a sequence ({¥}, : n € N}) such that for every
n €N, ¥, is a finite subset of %, and |J{¥, : n € N} is a cover
of X, where ¥, ={V:V € ¥%,}.

In this path, we introduce a star version of selective Menger
spaces namely R-star-Menger spaces and study some of its
topological properties. Scheepers introduced a number of
combinatorial properties of a topological space weaker than
separability in [25]. Selective separability and R-separability

are two of them which have many interesting properties.Recently

kocinac studied a lot of selection properties by combining the
concepts of Scheepers and Van Dowen and got many interest-
ing results [20]. For any topological space X, 7(X) will denote
its topology. If A C X and % is a collection of subsets of X,
then the star of A with respect to % is denoted by St(A, % )

and defined as St(A, %) =U{U € % : UNA # 0}. We as-
sume St'(A, %) = St(A,%) and for each k € N we define
SV A, U ) = St(StNA, %), % ).

Throughout this paper, @ denote the first infinite cardinal
and o the first uncountable cardinal. As usual, a cardinal is
the initial ordinal and an ordinal is the set of smaller ordinals.
Every ordinal is often viewed as a space with the usual order
topology.

Definition 1.1. A topological space X is a Menger space if
for every sequence (%, : n € N) of open covers of X, there
exists a sequence (Vy : n € N) such that for everyn € N, ¥, is
a finite subset of %, and J,en Vn =X.

Example 1.2. There exists a compact complement topology
which has the Menger property. Consider (R, T) the Euclidean
space of real numbers, we define a new topology by letting
T ={X CR/X = ¢ or R—X is compact in (R,7)}. The
compact sets in (R, T) are closed under arbitrary intersection
and finite unions, we have T is a topology. If {Oq} is an
open covering of R, then R — Og,is compact in the Euclidean
topology, for any Og, € {Oqy}. Therefore (R, T*) is compact.
Since each Oy is open in the Euclidean topology, a finite
number of them must be covering R — O, . Therefore, (R, T*)
is Menger.

Example 1.3. A Urysohn, first countable space which does
not have the Menger property. Let R be the set of real numbers
with the Euclidean topology T and let Q be the set of rational
numbers. We define ’L',, the pointed rational extension of R, to
be the topology generated by {x} U(QNU) where x € U. Now
(R,7) is Urysohn, because (R, 7) is Urysohn and closures



of open sets in T and T is equal. Also, (R, ') is not lindelof
and it is not Menger. Hence a Urysohn, first countable space
which does not have Menger property.

Definition 1.4. A topological space X is said to be a o-
compact space if it is the union of countable many compact
sets.

Notation 1.5. We use the following notations:
(a) w- first infinite cardinal.

(b) w;-first uncountable cardinal.

(c) .“-Sorgenfrey line.

(d) O- the collections of open cover of X.

(e) St-star, S%;,- star finite.

63) SS}M— strongly star finite.

(g) c-cardinality of the set of all real numbers.
(h) o =ord(A,<),B = ord(B,<3); o, B-ordinal.
(i) Womega-set of all function from @ to itself.
(j) b- unbounding number.

2. Main Results

Definition 2.1. A topological space X is called an R-star
Menger space if for every sequence {%, : n € N} of dense
subsets of X and for every sequence of open cover {%y, :n €
N} of X, there are points x, € 9, for each n € N such that

St(Unen{®n b, %) = X.

Definition 2.2. A topological space X is said to be R-separable
if for any sequence { %, : n € N} of dense subsets of X, there
are points x, € Dy, for each n € N such that | J,,c{xn } is dense
inX.

Example 2.3. There exists a nested interval topology which is
an R-star-Menger space. Since on the open interval X = (0, 1)
we define a topology T by declaring open all sets of the form
U, =(0,—1/n),forn=2,3,4,... together with ® and X, thus
T is countable, first countable and separable. Then there exists
a nested interval topology which is R-separable and hence
which is a R-star-Menger space.

Theorem 2.4. A topological space X is an R-star Menger
space if and only if for every sequence {9, : n € N} of dense
subsets of X and basic open cover Up there are points x,, € D,
for each n € N such that St(U,en{xn}, %) =X.

Proof. If X is an R-star Menger space, then the condition is
trivial. Conversely, let {2, : n € N} be a sequence of dense
subsets of X and {%, : n € N} any sequence of open cover
of X. Let Z be an open base for 7(X). Let {Z ={Bc #:
B CU, forsome U € %,}}. So % is a basic open cover of
X, there are points x,, € &, Such that St(U,en{xn}, %) = X.
St(Upen{xn}%, = X. Hence X is an R-star Menger space.

O

Definition 2.5. A ropological space X is said to be a selec-
tively star Menger or M-star Menger if for every sequence
{D, : n € N} of dense subsets of and for every sequence of
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open cover {U, : n € N} of X there exists a family {F, :n €
N} of finite subsets of X such that %, C 9, for eachn € N
such that St(U,eny mathcal Fy, %) =X .

Definition 2.6. A subset Y of a topological space X is said to
be an R-star Menger with respect to X if for every sequence
{Dy : n € N} of subsets of X for each n € N and for every
sequence of open cover {, : n € N} of Y by sets open in
X, there are points x, € 9, for each n € N such that Y C
St(Unen{xn}, %)

Theorem 2.7. [f there exist two open R-star Menger sub-
spaces A and B of a space X such that AUB =X, then X is a
selectively Star-Menger space.

Proof. Let A and B be two open R-star-Menger subspaces of
X such that X = AUB. Let {%, : n € N} be a sequence of
open cover of X and {Z, : n € N} be any sequence of dense
subsets of X. %“ and % ® be basic open covers of A and B
respectively. Clearly, {(Z,NA) : n € N} is a sequence of
dense subsets in A and {(Z,NB) : n € N} is a sequence of
dense subsets in B. By R-star-Menger spaces A and B, for
every n € N, there are points x, € (%, NA) and x, € (Z,NB)
such that St(U,en{x,}, Z*) = A and St(U,en{x, }, % 8) =
B. Thus, foreachn € N, x;, € 9, and x;i € 9y, that is for every
neN, Z ={x,,x}C D, and St(U, ey T, #* VU P) =
AUB=X. Let U € %,. Then either U C A or U C B or
UNA# ¢ #UNB.If U C A, then U can be expressed as
the union of some members of 4. If U C B, then U can be
expressed as the union of some members of % 5. Let U ¢
A,U ¢ Band U C AUB. Then U NA can be expressed as the
union of some members of %74 and U N B can be expressed as
the union of some members of 2. Thus U =UNX =UN
(AUB) = (UNA)U (U NB). Every element of % contains
some members of (ZAU%B). St(Upen Fn, %) = X . Hence
X is a selectively star-Menger space. O

Corollary 2.8. If there exist finite number of open R-star
Menger subspaces A1,A3,As, ..., Ay such that Uf-‘zlAk =X,
then X is a selectively star-Menger space.

Theorem 2.9. Every clopen subspace of an R-star-Menger
space is an R-star Menger space.

Proof. Let X be a R-star-Menger space and Y be an clopen
subspace of X. Let {D,, : n € N} be a sequence of dense sub-
sets of Y and {%, : n € N} be a sequence of open cover
of Y in the subspace Y. Now, {Z,U(X —Y) :n € N} is
a sequence of dense subsets in X and %, U{X —Y} is an
open cover of X. By definition of R-star-Menger spaces of
X, there are points x, € %, U{X —Y} where n € N Such that
St(Unpen{rn}, %, U{X —Y}) = X. Now, we choose those x,
which belong to 2, for each n € N. Then St(U,en{xn}, %) =
Y. Hence Y is an R-star Menger space. 0

Theorem 2.10. Every Menger space is an R-star-Menger
space.
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Proof. Let X be a Menger space. Let {Z, : n € N} be a se-
quence of dense subsets of X and %, = {Uy : @ € ®} be a
sequence of open cover of X. So, there exists a finite sub
cover %, = {U, : n € N} of %,. With Out loss of general-
ity, we can suppose each U, is non-empty. For each n € N,
we choose a x, € Z, NU,. And SH(U,jen{xa},%,) = X im-
plies St(U,en{xn}, %) = X. Therefore X is an R-star Menger
space. O

Corollary 2.11. Every o-compact space is an R-star-Menger
space and hence every compact space is an R-star-Menger
space.

Theorem 2.12. Every R-Separable space is an R-star-Menger
space.

Proof. Let {9, : n € N} be a sequence of dense subsets of X
and {%, : n € N} be a sequence of open cover of X. Since X is
R-separable, there are points x, € &, for each n € N such that
Unen{xx} is dense in X. Hence St(U,en{xn}, %) = X, X is
an R-star-Menger space. O

Example 2.13. There exists a R-star-Menger space is not
an R-Separable space. Let |X| > w, and X is equipped with
the co-countable topology. Then X has no countable dense
subset, hence it cannot be R-Separable. Let {Z, :n € N}
be a sequence of dense subsets of X and {%, :n € N} be a
sequence of open cover of X. First we take Uy € U,, clearly
Uy is of the form Uy = X C where C = {y; : i € N} is a finite
subset of X. Now, UyN Py # ¢, we select xy € UyN Zy. Since
{%, : n € N} is an sequence of open cover of X, there exists
Y, € U, such that y, € ¥, € U,, for each n € N. Since each
Dy is dense in X, we have ¥, N\ D1 # 0, for each n € N. We
select x; € ¥ NDyiy and xln € Dy foreachn € N. Let Uy C
St(x0, %), y0 € Vo C St(xé),%n),yl eV C St()c,l,%n)7 and so
ony, €V, C St(xln,%n) and Up U {y1,¥2,¥3, ey Yy} C
UgUVpUViu...uUV, C St({xo,xz),x/l, ...,xln, e }sU,). Hence
X;S't({xo,xé),x,1 , ...,x:l, e}y Uy,). Hence X is an R-star Menger
space.

Theorem 2.14. Let f: X — Y be an open continuous sur-

Jjection map. If X is an R-star-Menger space, then so is also
Y.

Proof. Let f : X — Y be an open continuous surjection map.
Let {&, : n € N} be a sequence of dense subsets of ¥ and
{¥, : n € N} be a sequence of open cover of Y. Then {2, =
f~1(&, : n € N} is a sequence of dense subset of X and %, =
{f~Y(V):V € 7,} is a sequence of open cover of X. Now,
by the property of R-star-Menger space of X there are points
Xn € 9, for each n € N such that St (U,en{xn}, %) = X. Let
yu = f(x, where n € N. Clearly, y, € &, for each n € N. Let
y € Y. So there exists x € X such that f(x) = y. Also there
exists an n € N such that x € St({x, },%,), that is, there exists
U= f~1(V) for some V € ¥, such that x € U and {x, } N %, #
0,x, €U.Thus,y €V andy, € V.If y € St({yn}, ¥4), then
St(Unen{yn}, ¥») =Y. This proves that Y is an R-star-Menger
space. O
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Hereafter we look at the iterative star version of R-star-
Menger spaces and we assume that n = N — {0}.

Definition 2.15. For each k € N, a topological space X is
said to be R-k-star-Menger if for every sequence { %, : n € N}
of dense subsets of X and for every sequence of open cover
{%, :n € N} of X there are points x, € D), such that for each
ne sttk(UHGN{xn}’%ﬂ) =X.

Theorem 2.16. Every R-k-star-Menger space is an R-(k+ 1)-
star-Menger space.

Proof. Directly follows from the definition. O

Definition 2.17. Given a class (or a property) &2 of topolog-
ical spaces, A space X is star- 22 if for any sequence of open
cover {%, :n € N} Of the space X, there is a subspace Y C X
such thatY € & and for eachn € N, St(Y, %,) = X.

Definition 2.18. A topological space X is said to be Star-
separable if for every sequence of open cover {%, : n € N}
of X, there exists a separable subspaces Y of X such that for
eachn € N,St(Y,%,) = X.

Theorem 2.19. If X is star-Separable, then X is R-2-star-
Menger.

Proof. Let {%, : n € N} be an sequence of open cover of X
and {2, : n € N} be a sequence of dense subsets of X. Since
X is star-separable, there exists a separable subspace Y of X
such that for each n € N, S1(Y, %) = X. Now, there exists a
finite subset B = {x,, : n € N} of ¥ such that B™") =¥, hence
Y C v C B"™ —B. Foreachn e N, there exists U, € %,
such that U,N 9, = 0. We take x, € U, N %,. Let x € X.
Since for each n € N,St(Y,%,) = X, there exists U € %,
such that x e U and UNY # 0, and so UNY NB # 0. Let
k € N be such that x; € UNY NB. Then U NU; # 0, hence
U NSt (Upen{xn}, %) # 0 and so x € St*(Upen{xn}, %)
Therefore, St*(Unen{¥n},%) = X and thus X is R-2-star-
Menger. O

Theorem 2.20. If X is an R-star-Menger space and Y is a
compact space, then X x Y is an R-2-star-Menger space.

Proof. Let {%, : n € N} be a sequence of open cover of
X x Y by basic open sets of X x Y. For each x € X, there
exists a open neighborhood W, of xinX such that W, x Y is
covered by finite number of elements of %, say W, x Y C
U{Uk(x) X Vk(x) 1<k < nx}, where W, = mlgkgnxUk(x)-
Now, %x = {Wy :x € X} is an open cover of X. Let {D, :
n € N} be a sequence of dense subsets of X x ¥,y : X x
Y — X be the natural projection from X x Y to X. Then
{mx(D,) : n € N} is a sequence of dense subsets of X. By
the R-star-Menger space, there are points x, € my(D,) for
each n € N and St(U,en{x1}, %) = X. For each x,, we
choose (x*,y%) € D, N (Ur(x) x Vi (x)),1 <k <n,. Let (x,y) €
X x Y. So, there exists Wy, such that x € W, and W,, N
(Unen{xn}) # 0. Let x, € Wy, N (U,en{xn}) for some p €

o
N
a%t“@@f;’

(N



R. So there exists (xkl,yk ) € Du N (Uyr (xp) X Vi (xp)),1 <

K < ny. This implies (% ,y* ) € Uy (xp) X Vg (x)), 1 <k <
n, and hence Wy, x ¥ C St(Uren{ (6*,5*)}, U (Uk(xy) x
Vie(xp)) C St(Uren{ (5, 05) }, %) Also, Wy x Y MWy, X Y #
07Wx0 XY C Stz(UkGN{(xkhyk)}’%”)

= ('xvy) € St2(UkEN{(xk7yk)}7%n)

$0, X x ¥ = 8t?(Ugen{(®*,y*)},%,). Hence X x Y is an R-2-
star-Menger space. O

Applying theorem 2.20, by mathematical induction we
get the following corollary,

Corollary 2.21. If X is a R-star-Menger space and
Y1,Y2,Y3,....Y, are compact spaces, then X X Y| XY X Y3 X
....Y, is a R-(n+ 1)-star-Menger space.

Theorem 2.22. If X is a star-Menger space and has the prop-
erty that for any x € X for any sequence {U, : n € N} of
subsets of X such that x € (\,en U, and for any sequence of
open cover {, : n € N} of X we can choose points x, € U,
with x € St(Upen{xn}, %), then X is R-2-star-Menger.

Proof. Let {2, : n € N} be a sequence of dense subsets
of X and {%, : n € N} be a sequence of open cover of X.
Since X is star-Menger, there exists a finite subset F = {x,, :
n € N} of X such that for each n € N,St(F,%,) = X. Let
L = {L, : n € N} be a sequence of disjoint infinite subsets
of N such that N = ey Ln. Now, x, € N{Dy : k € L, }.
So there are points x; € Dy for each k € L, such that x,, €
St(Uker, 1« }» %) where n € N. Hence we have points x, €
D,, for each n € N. Let x € X. There exists U € %, such that
x € U. Since FNU # 0, there exists x, € U for some n € N.
Since x,, € St(x, %,) for some k € L,,, we can choose V € %,
such that x, € V and x;, € V. Then V C St(U,en{¥n}, %)
and UNV # 0, so St(Upen{xn}, %) NU # 0. Therefore,
x € S (Unentxn s %), St2 (Upen {20 ¥, %) = X . Hence X is
R-2-star-Menger. U

Definition 2.23. Let k € N. A subset Y of topological space
X is said to be R-k-star-Menger with respect to X (or Y is
a R-k-star-Menger subset of X) if for every sequence {%), :
n € N} of subsets of X such that Y C D, for eachn € N and
Sfor every sequence of open cover {%, : n € N} of Y by the
open sets in X there are x, € D,, for each n € N such that
Y C S (Unenton}, %)

Theorem 2.24. If A is an R-star-Menger subset of a topolog-
ical space X, and A C B C A, then B is an R-2-star-Menger
subset of X.

Proof. Let {2, : n € N} be a sequence of subsets of X such
that B C D,, for each n € N so A C D,, for each n € N. Let
{%, : n € N} be a sequence of open cover of B, so also an
open cover of A. Then there are points x,, € D, for eachn € N
such that A C St(U,en{xn},%:). Now, let x € B. So x € A
so that there exists a U € %, such that x e U. Let y e U N
A. Then there exists V € %, where n € N with x,, € V. We
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get UNV # 0. Thus U NSt(Upen{xn}, %) # 0. Hence x €
St (Upenixn}, %) s0 B C St*(Upen{%n }, %). Therefore, B
is an R-2-star-Menger of subset of X. O

3. Conclusion

We redefine the definition of strongly star-Menger spaces
and investigate their basic properties. Then we extend our
study on R-star-Menger spaces, R-separable spaces and R-k-
star Menger spaces. In future, based on these results we could
apply Menger spaces to other types of topological structures
topological groups which may be useful to characterize the
classical groups.
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