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Cauchy Riemann-lightlike submanifolds in the
aspect of an indefinite Kaehler statistical manifold
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Abstract

The present work aims to analyse the lightlike geometry of an indefinite Kaehler statistical manifold and develop
properties based on the structure of Cauchy Riemann (CR)-lightlike submanifolds of the same.The results
related to induced geometric objects corresponding to the dual connections in these submanifolds have been
established. We also characterize the geodesicity and integrability of distributions of the tangent bundle in the CR
lightlike submanifolds of the indefinite Kaehler statistical manifold. Further, some conditions on totally umbilical

Keywords

AMS Subject Classification
53B05, 53C40, 53B30.

Cauchy Riemann-lightlike submanifolds have been derived.
Statistical manifold, CR-lightlike submanifolds, mixed geodesic, foliation, indefinite Kaehler statistical manifold
1.2 Department of Mathematics, Punjabi University, Patiala -147002, Punjab, India.

*Corresponding author: 'vgupta.87@rediffmail.com ; 2jasleen_2311@yahoo.co.in
Article History: Received 24 September 2020; Accepted 09 December 2020

©2021 MJM.

Contents
1 Introduction........c.cviiiiiiiiiiiiii e 136
2 Cauchy Riemann-lightlike submanifolds ......... 137
3 Lightlike structure in an indefinite statistical mani-
o] o 138
3.1 Indefinite statistical manifold . .. .......... 138
3.2 Indefinite Kaehler statistical manifold . . . .. .. 139

4 CR-lightlike submanifolds in an indefinite Kaehler sta-
tistical manifold ..............cciviiiiiiiiiaan 140

4.1 Results on structure of Cauchy Riemann-lightlike
submanifolds . ......... ... ... .. ... 140

4.2 Characterizations of Geodesic CR-lightlike subman-
ifolds . ... ...
141

4.3 Conditions on totally umbilical CR-lightlike submani-
folds

142
5 Conclusionand Scope .........coviviiiiiiiinnns 143
References ........cocoviiiiiiiiiieiiiirannrinenns 143

1. Introduction

In complex geometry, the theory of lightlike submanifolds
has proved very useful in defining various induced geometric
objects upon extensive investigation by many researchers.The
non applicability of the geometry available earlier in some
disciplines of mathematics where the metric is not meant to
be definite led to the development of the lightlike geome-
try. [5] introduced the theory of Lorentz Cauchy Riemann
(CR)-submanifolds with lightlike distributions. In order to
bridge the gap between geometry and mathematical physics,
he also developed a new class of globally framed manifolds
and established a relation between the spacetime geometry
and framed structures in [6]. Further [7] brought out striking
differences between the Riemannian and Lorentzian geome-
tries which resulted in a predilection for exploring this sphere
of knowledge in the framework of indefinite metrics. With
the motive of dealing with the lightlike (degenerate) submani-
folds, they introduced the notion of CR lightlike submanifolds
in an indefinite Kaehler manifold. Thereafter, the concept of
indefinite metric gathered great interest in the field of geom-
etry due to its requisition in the realm of general relativity.
Now, we apply this lightlike geometry to the theory of statisti-
cal manifolds which are abstract generalizations of statistical
models and are geometrically composed as Riemannian mani-
folds equpped with a specific connection. It is a contemporary
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field of research having applications in neural networks and
control systems. This theory was introduced by [19] and there-
after developed extensively by [1] and [2]. An appreciable
amount of work has been done in the field of CR-statistical
submanifolds and hypersurfaces of a statistical manifold by
[10],[16],[11],[12],[17], [21]. Recently, [3]and [4] have stud-
ied the lightlike geometry of an indefinite statistical manifold.

This paper aims to extend the geometry of the combined
notion of the Kaehler statistical manifold and lightlike ge-
ometry introduced by [14] . We have studied the structural
properties of Cauchy Riemann-lightlike submanifolds of the
indefinite Kaehler statistical manifold. Some characterizations
of totally geodesic foliation and mixed geodesic CR-lightlike
submanifolds of the same have been established. Also, some
results for the totally umbilical CR-lightlike submanifolds of
the indefinite Kaehler statistical manifold have been devel-
oped.

2. Cauchy Riemann-lightlike
submanifolds

The concept of lightlike submanifolds as [8] is structured
as follows:
Let (M, g) be an (m + n)-dimensional semi-Riemannian mani-
fold with semi-Riemannian metric g and a constant index g
wheremn>1,1<g<m+n—1.
Let (M, g) be a lightlike submanifold of M of dimension m.
There exists a smooth distribution RadTM on M of rank r > 0,
known as Radical distribution on M such that RadTM, =
TM,NTM; V¥ p € M where TM,, and TM,; are degenerate
orthogonal spaces but not complementary. Then M is called
an r-lightlike submanifold of M.
Consider S(TM), known as Screen distribution, as a comple-
mentary distribution of radical distribution in TM ,i.e.,

TM = RadTM 1 S(TM)

and S(TML), called screen transversal vector bundle, as a
complementary vector subbundle to Rad(TM) in TM* i.e.,

TM* = RadTM L S(TM™)

As S(TM) is non degenerate vector subbundle of TM|,,, we
have

TM|,, = S(TM) L S(TM)*

where S(TM)= is the complementary orthogonal vector sub-
bundle of S(TM) in TM|,,.

If tr(TM) and Itr(TM) denote the complementary vector
bundles to TM in TM|,, and to RadTM in S(TM*)* , then
we have

tr(TM) = ltr(TM) L S(TM™),

TM|, =TM &tr(TM) = (RadTM ®1tr(TM))

2.1
L S(TM) L S(TM™"). @D
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Theorem 2.1. [8] Let (M, g,S(TM),S(TM™)) be an r-lightlike
submanifold of a semi-Riemannian manifold (M,g). Then
there exists a complementary vector bundle ltr(TM) called a
lightlike transversal bundle of Rad(TM) in S(TM™*)* and ba-

sis of U(ltr(TM)|,,) consisting of smooth sections {Ni,--- ,N,}
S(TM*Y)L|, such that
g(Nhgj):glja g_(vaNj):O? laJ:07177r

where {&;,--- &} is a lightlike basis of T (RadTM)|,,.

If V denotes the Levi-Civitia connection on M , then from
the above mentioned theory, the Guass and Weingarten for-
mulae are as below:

VxY =VxY +h(X,Y), YX,Y e[ (TM) (2.2)

and
VxV = —AyX +VyV, VX eD(TM),V el (tr(TM))

From the projections L : tr(TM) — ltr(TM) and S : tr(TM)
— S(TM™*), we have the following equations specified by
[8]:

VxY = VxY + 1 (X,Y) +h*(X,Y)
VxV = —AyX + DYV +DyV

In particular,
VxN = —AyX + V4N +D*(X,N)

VxW = —AwX + V§W + D! (X, W)

forany X,Y € [(TM), N € T(Itr(TM)) and W € T'(S(TM™*))
here h!(X,Y) =Lh(X,Y),h*(X,Y) =Sh(X,Y), DYV =L(V¥V),
DV =S(V§V), VAN, D(X,W) e T(ltr(TM)), VW,
DS(X,N) e T(S(TM")) and VxY,ANX ,AwX € T(TM).

Denoting by P, the projection morphism of tangent bun-
dle TM to the screen distribution, we consider the following
decomposition:

VxPY = V4 PY + 1 (X,PY)
Vxé = —A%X+V§

forany & € I'(Rad(TM)), where {VS(PY,A%X} and

{H(X,PY),V{E} belong to I'(S(TM)) and I'(Rad(TM)) re-

spectively; V/ and V" are linear connections on complemen-

tary distributions S(TM) and Rad(TM) respectively. The

screen distribution S(TM) is totally geodesic if #'(X,Y) =0

forany X,Y € I'(TM). Also, we have the following equations:
!/

g(hl(X’PY)vé) :g(A§
g(A'éPX,PY) = g(PX,A%PY), A’éé =0
forany X,Y €I'((TM)), & eT(Rad(TM)) and N e T'(itr(TM)).

X.PY), g(H'(X,PY),N)=g(AnX,PY)

As per the structure of submanifolds decribed above, the
CR-lightlike submanifold is defined as follows:
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Definition 2.2. [8] A submanifold M of an indefinite Kaehler
manifold M is said to be a CR-lightlike submanifold if the
following two conditions are fullfilled:

(i) J(Rad(TM)) is a distribution on M such that

Rad(TM)NJRad(TM) = {0}

(ii) There exist vector bundles S(TM), S(TM™), Itr(TM) , D,
and D' over M such that

S(TM) = {J(RadTM)®D'} L D,, JD, =D., JD' =L, L L,

where D, is a nondegenerate distribution on M and L , L,
are vector bundles of ltr(TM) and S(TM™), respectively.

Using the above definition , the tangent bundle TM of M
is decomposed as:

TM=D&D
where
D = RadTM 1 JRadTM L D,

The projections on D and D' are respectively denoted by S
and Q so that

JX = fX +wX 2.3)

forany X,Y € I'(TM), where f is a tensor field of type (1,1)
such that fX =JSX and wis I'(L; L L,) - valued 1-form on
M such that wX = JQX. Also X € ['(D) iff wX = 0.

On the other hand, we set

JV =BV +CV 2.4)

for any V € I'(##(TM)). where BV € I'(TM) and CV €
L(tr(TM)).

Unless otherwise stated, M; and M, are supposed to be
as JL; and JL, where J(L1) =M, C D' and J(L;) =M, C D'
respectively.

3. Lightlike structure in an indefinite
statistical manifold

Some basic results related to the theory of lightlike submani-
folds of an indefinite statistical manifold developed so far are
as follows:

3.1 Indefinite statistical manifold

Consider a semi-Riemannian manifold (M, g) where g is a
semi-Riemannian metric of constant index ¢ on M, If M ad-
mits an affine connection V such that for all X,Y,Z € T'(TM)
() VxY —VyX=[X,Y];

(i) (Vx&)(¥,Z) = (Vyg)(X,Z) hold,

then (M, g) is said to be an indefinite statistical manifold.
Also, if

Xg(Y,2)=g(VxY,Z)+§(Y.VxZ) X.Y.ZeI(TM)
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then V* is referred to as a dual connection of V.

If (M,§,V) is an indefinite statistical manifold, then so
is (M,g,V*). Therefore, the indefinite statistical manifold is
denoted by (M,g,V,V*).

Let M be a submanifold of a statistical manifold (M ﬁ,g)
and g be the induced metric on M. An affine connection V on

M is defined by ([16], [11]) as:
VxY = (Vx¥)?

where (VxY)T denotes the orthogonal projection of Vx¥
on the tangent space with respect to g, that is (VxY,Z) =
(VxY,Z) for X,Y,Z € T(TM).Then (M, V,g) becomes a sta-
tistical manifold and (V,g) is called the induced statistical
structure on M.

(M,V,g) is said to be a statistical submanifold in (M,V,g) if
(V,g) is induced statistical structure on M.

Now T;* M denote the normal space of M i.e.
TAM:={veT,M|g(v,w)=0,we T,M} and g, the induced
metric on M. It follows that

V,V* . T(TM) xT(TM) — T(TM)

hh* :T(TM) x T(TM) — T(T*M)
AA* T(T*M) x T(TM) — T(TM)

VL VY T(TM) x (T M) — T(T*M)
VxY =VxY +h(X,Y), VxV=—AyX+VyV,
ViY =ViY +h*(X,Y), ViV =—A,X+V5'V, 3.1)
forX,Y € I(TM),V € T(T*+M).

Then the following hold for X, Y € [(TM),V € T(T+M):
g(h(X,Y),V)=g(AyX.Y), g(h"(X,Y),V)=g(AvX.Y)
(3.2)

The structure of lightlike submanifolds developed hitherto

implies that the Gauss and Weingarten formulae for a lightlike
submanifold of an indefinite statistical manifold are as under:

VxY = VxY +1'(X,Y)+ 1 (X,Y),

i} } , (3.3)
ViY = ViY + 1 (X,Y)+h*(X,Y)
VxV = —AyX + D4V + D}V, )
ViV = —A}X + DYV + D3V, '
VxN = —AyX + VAN +D*(X.N),

X NET X (X.N) (3.5)

ViN = —AyX +Vi{N +D*(X,N)
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VxW = —AwX + ViW + D! (X, W),

_ l (3.6)
VEW = —Aj X + VEW + D (X, W)

forany X,Y e I'(TM),V € T'(tr(TM)), N € T(ltr(TM)) and
W € [(STM™').

The concept of indefinte statistical manifold and the equa-
tions (2.1), (3.3), (3.4), (3.5), (3.6), result in the following:

g(W(X,Y),W)+g(Y,D"(X,W)) = g(¥,A}, X),
g(H(X,Y),&)+3(Y.Vx&) + (Y. h* (X,£)) =0,
g(D’(X,N),W) = g(N,AyX),

Z(ANX,PY) = g(N,V5PY),

and

Z(ANX,N') +§(AyX,N) = 0.

From the theory of non-degenerate submanifolds of a sta-
tistical manifold, it is known that submanifold of statistical
manifold is a statistical manifold but this is not true for light-
like submanifolds as from the definition of statistical manifold
and the equations (2.1) and (3.3), we have

(Vxg)(¥,Z2)—(Vyg)(X,2)

and

:g(Y,hl(X,Z))—g(X,hl(sz)).

=g(h'(x,Y),2)
+2(v,h"(X,2))

Xg(sz) _g(Vvaz) _g(Y1V§(Z)

If P is the projection morphism of the tangent bundle TM to
the screen distribution, then the following decomposition w.r.t
V and V* holds:

VxPY =V PY +1 (X,PY), VyPY=Vy{PY+h"(X, PY)

3.7

!

¢

forany X,Y € [(TM), & € T'(Rad(TM)).
Then the equations (3.3),(3.4),(3.7) and (3.8) imply that

Vx§ = —ALX+VyE, Vi&=-AX+V{'E (3.8)

g(h'(X,PY),&) = g(A¥X,PY),g(h* (X, PY),§) = g(AL X, PY)
3.9

g(W (X,PY),N)=g(ANX,PY),g(h" (X,PY),N) = g(ANX, PY)
(3.10)

forany X,Y € I(TM), § €I'(Rad(TM)) and N € T'(ltr(TM)).

As h! and h*! are symmetric, (3.9) leads to the following:

§(ALPX,PY) = g(PX,A:PY),g(A{PX,PY)

= g(PX,A{PY).
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3.2 Indefinite Kaehler statistical manifold

Let V° be the Levi-Civita connection w.r.t g . Then, we have
Vo= L7497,

For a statistical manifold (M, g, V,V*) , the difference (1,2)
tensor K of a torsion free affine connection V and Levi-civita
connection V° is defined as

K(X,Y)=KxY = VxY - V%Y (3.11)

Since V and V° are torsion free, we have

KX,Y)=K(Y,X) , g(KxY,Z)=g(Y,KxZ)

)

forany X,Y,Z € I'(TM). Also we have

Y) =

From the above equations, we have

K(X, VyY —ViY.

1 - _
K(X,Y)= E(VXY —VyY).
Also, from (3.11), we have

g(ﬁXY,Z) =

3(K(X.,Y),Z)+g(VxY,Z)

We have the following result from [18]:
—g(Y,(Vyx))Z)

holds for any X,Y,Z € I'(TM) for an almost Hermitian mani-
fold (M, g,J,V,V*). Now , from [21], we have the following
equations for the almost Hermitian manifold:

g(Vx)Y,z) = (3.12)

(Vx)Y = (VRI)Y + (KxJ)Y

(Vi)Y = (V)Y — (KxJ)Y

for any X,Y,Z € T'(TM). This implies
(Vx )Y + (Vi)Y =2(VS )Y

Let (M,J,§) be an indefinite almost Hermitian manifold
with an almost complex structure J and Hermitian metric g
such that for all X, Y € T(TM),

P =—1, g(JX,JY)=gX.)Y). (3.13)
Let V be the Levi-Civita connection of M with respect to

metric g, then the covariant derivative of J is defined by
(VxJ)Y = VxJY —JVxY

An indefinite almost Hermitian manifold M is called an indef-
inite Kaehler manifold if J is parallel with respect to V, i.e.,
(VxJ)Y =0
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Definition 3.1. Let (g,J) be an indefinite Hermitian structure
on M. A triplet (V =V°+K,g,J) is called an indefinite
Hermitian statistical structure on M if (V,§) is a statistical
structure on M.Then (M,V,V*,g,J) is called an indefinite
Hermitian statistical manifold.

In this context, we have the following definition:

Definition 3.2. [/4] An indefinite Hermitian statistical mani-
fold is called indefinite Kaehler statistical manifold if its al-
most complex structure is parallel with respect to Levi-Civita
connection i.e. if,

(V)Y =0
Equivalently
(Vx)Y + (V3 )Y =0

forall XY eT(TM).

4. CR-lightlike submanifolds in an
indefinite Kaehler statistical manifold
The lightlike geometry of CR-lightlike submanifolds in the
indefinite Kaehler statistical manifold have been worked upon
and thus some results related to its structure and geodesicity
have been derived. Also, some conditions for screen transver-
sal curvature vector fields in the totally umbilical CR-lightlike
submanifolds with respect to the dual connections have been

developed.

4.1 Results on structure of Cauchy Riemann-lightlike
submanifolds

Lemma 4.1. Let M be a CR-lightlike submanifold of an in-

definite Kaehler statistical manifold M. Then

(Vxf)Y + (Vi f)Y =AwX +ALy X +Bh(X,Y)+Bh*(X,Y),
“.1)

(VEw)Y + (V¥ w)Y = Ch(X,Y) +Ch*(X,Y) —h(X, fY)
7h*(X7fY)a
4.2)

holds for any X,Y € T'(TM), where
(Vx )Y =Vx fY = f(VxY), (Vx[)Y =VxfY—f(VyY)
(Vw)Y =ViwY —w(VxY), (Viiw)Y = Vitwy —w(ViY)

Proof: Since M is a Kaehler statistical manifold. For any
X,Y eT(TM),

(Vx))Y + (Vi)Y =0

VxJY + ViJY = JVyY + JVY
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Using the equations (2.3) and (3.1) , we get

Vi (fY +wY) + Vi (fY +wY) = J(VxY + h(X,Y))
+J(VyY +h*(X,Y))
Now from (2.3),(2.4),(3.1) and (3.2) , we get
VxfY +h(X,fY)+VifY + (X, fY) = A X + VywY — A%, X
+VEWY = fVxY +wVxY + fV5Y +wViY +Bh(X,Y)+
Ch(X,Y)+Bh*(X,Y)+Ch*(X,Y)

Comparing the tangential and normal components, we get the
desired result.
Lemma 4.2. Let M be a CR-lightlike submanifold of an in-
definite Kaehler statistical manifold M. Then we have
(VxB)V +(VxB)V = —fAvX — fAyX +Acv X +Acy X,
4.3)

(VxC)V +(V4C)V = —wAyX —wALX —h(X,BV) —h*(X,BV),
(4.4)

forany X e T(TM) andV € T(tr(TM))

(VxB)V =VxBV —BVyV, (ViB)V =V4BV —BV}V
(VxC)V =V5CV —CV3V, (V3C)V =ViCV—-CVEV

Proof: The proof follows using the same hypothesis as in
Lemma 4.

Theorem 4.3. Let M be a CR-lightlike submanifold of an
indefinite Kaehler statistical manifold M. Then we have the
following conditions:

(i) the distribution D is integrable, if and only if the second
fundamental form satisfies

h(X,JY)+h*(X,JY)=h(Y,JX)+h*(Y,JX) VX,YeDl(D).

(ii) The totally real distribution D' is integrable, if and only if,
the shape operator of M satisfies

AU +A}ZU :AJ-UZ—&—A}UZ VU,ZeT(D)
Proof: From equation (4.2), we obtain
h(X,JY)+h* (X,JY)=Ch(X,Y)+Ch*(X,Y)+w(VxY)+w(VxY)

Now using the fact that 4 and h* are symmetric and connec-
tions V and V* are torsion free, it follows that

h(X,JY)+h"(X,JY) —h(Y,JX)—h*(Y,JX) =2w[X,Y]

which proves condition (i).
Now from (4.1), we obtain

ApU+A7,U=—-BhU,Z)—Bh*(U,Z)— f(VuZ)— f(V,Z)

(N
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Hence
A U+ATU - AjyZ - A, Z = -2f([Z,U])
Using the given hypothesis, we obtain the condition (ii).

Corollary 4.4. Let M be a CR-lightlike submanifold of an in-
definite Kaehler statistical manifold M. Then the distribution
D is integrable, if and only if the second fundamental form
satisfies

g(h(X,JY)+h* (X, JY) = h(Y,JX) = h*(Y,JX),E) =0;
& €T(RadTM)

and
g(h(X,JY)+h" (X, JY) —h(Y,JX)—h*(Y,JX),W) =0;
W e F(Lz)

Lemma 4.5. Let M be a CR-lightlike submanifold of an in-
definite Kaehler statistical manifold. Then VxJX + Vi JX =
JVxX +JViX for any X € T(D.).

Proof: Let X,Y € I'(D,). Then from the theory of Kaehler
statistical manifold, we obtain

Z(VxJX +ViJX,Y) = g(VxJX — h(X,JX) + ViJX
—h*(X,JX),Y)

= Z(IVxX +JViX,Y) = —g(VxX,JY) — g(ViX,JY)

=—g(VxX,JY)—g(VxX,JY) = g(JVxX +JV3X,Y)

Therefore g(VxJX + ViJX —JVxX —JV3X,Y) =0.
Hence the result followsfrom the non-degeneracy of D..

4.2 Characterizations of Geodesic CR-lightlike sub-
manifolds

Definition 4.6. A CR-lightlike submanifold of an indefinite

Kaehler statistical manifold is called D-totally geodesic with

respect to V (respectively V*) if h(X,Y) = 0 (respectively

h*(X,Y)=0) forall X,Y € D.

Definition 4.7. A CR-lightlike submanifold of an indefinite
Kaehler statistical manifold is called mixed totally geodesic
with respect to V (resp.V*) if (X, Y) = 0 (resp. h*(X,Y)=0)
forXeDandY €D'.

Theorem 4.8. Let M be a CR-lightlike submanifold of an in-
definite Kaehler statistical manifold M. Then the distribution
D defines a totally geodesic foliation with respect to V and
V* if M is D-geodesic with respect to V and V*.

Proof: The distribution D defines a totally geodesic foliation
respect to V and V* if and only if,

VyY +VyY €T(D), VXY cT(D) (4.5)

Since D' = J(L; L L), therefore the above equation holds, if
and only if, we have

8(VxY +VxY,J§) =0,
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g(VxY +VyY,JW) =0.

Let X,Y € I'(D), Using the fact that M is a Kaehler statistical
manifold, we derive

g(VxY+VyY,JE) =g(VxY —h(X,Y)+ VY —h*(X,Y),JE)
=3(VxY + VXY, JE) = §(h(X,Y),JE) — §(h" (X,Y),JE)
= —g(UVxY +IV3Y.&) = —3(VxJY,§) — g(ViJY. &)
= —g(h(X,JY),5) = g(h"(X,JY),&)
Similarly, we obtain
g(VxY +VyY, JW) = —g(h(X,JY),W) —g(h*(X,JY),W)
Then the result follows from the given hypothesis.

Theorem 4.9. Let M be a CR-lightlike submanifold of an in-
definite Kaehler statistical manifold M. Then the distribution
D defines a totally geodesic foliation with respect to V and
V* if and only if D is integrable.

Proof: Since M is a Kaehler statistical manifold, therefore
using equation (4.2), we have

h(X,JY)+h"(X,JY) =Ch(X,Y)+Ch*(X,Y) +w(VxY)
+w(VyY)

Now the fact that 4 and #* are symmetric and connections V
and V* are torsion free proves the assertion.

Theorem 4.10. Let M be a CR-lightlike submanifold of an
indefinite Kaehler statistical manifold M. Then, M is mixed
geodesic with respect to V and V* | if and only if. wA,yX +
WA, X =0,and CVEwY —CViwY =0 foranyX €T(D),Y €
(D).

Proof: Since M is a Kaehler statistical manifold, therefore we
derive

h(X,Y)+h*(X,Y)=—J*VxY —VxY — J*V}iY —ViY
= —J(VxJY) = J(VyJY) = VxY — VY
= —J(—ApX+VxJY)—J(—A X + V5 JY) = VxY — VY
=J(AX)—J(VxJY)+J (A5 X) = J(Vi-JY) —VxY — VY
= fAwX + WA,y X — BV¥wY —CVxwY + fA%, X +wA%y X
—BViwY —CVitwY — VY —ViY

Equating transversal parts on both sides, we have
h(X,Y)+h* (X,Y) =wA,y X +wALy X —CVxwY —CViwY
Thus, M is mixed geodesic w.r.t to V and V*, if and only if

WA,y X +wALy X =0, CVyxwY —CViwY =0.
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Theorem 4.11. Let M be a CR-lightlike submanifold of an
indefinite Kaehler statistical manifold M. Then,

VxZ+VyZ = —fAwX +BVYW +BD' (X,W) — fA}, X
+BVEW +BD (X, W)
forany X e T(TM), Z € T(JL,) and W € T(Ly).

Proof: Let W € I'(L,) such that Z = JW. Since M is a Kaehler
statistical manifold, therefore

VxJW + Vi W = JVxW +JVyW

Then,

VxZ+h(X,2)+VyZ+h*(X,Z) =J(—AwX +ViW +D' (X,W))

+J(—ALX +VEW + D (X, W))
= —fAwX —wAwX +BVW +CV{W +BD' (X, W)
+CD (X, W) — fA}, X —wA}, X +BVEW +CVy
+BD* (X, W) +CD" (X,W)
Equating tangential parts, we get

VxZ+V4iZ = —fAwX +BVW +BD (X, W) — fAj, X
+BViiW + BD* (X, W)

Lemma 4.12. Let M be a CR-lightlike submanifold of an in-
definite Kaehler statistical manifold and screen distribution be
totally geodesic w.r.t to V* (resp. V). Then VxY € I'(S(TM))
(resp. VyY € T(S(TM))) for any X,Y € T'(S(TM)).

Proof: For any X,Y € I'(S(TM)), using the concept of statis-
tical manifold, we derive

g(VxY,N) =g(VxY,N) = —g(Y,VxN) = (Y, AyX) =
g(H'(X,Y),N)

Hence, the lemma follows using the given hypothesis along-
with theorem (1). Similarly, the corresponding result for dual
connection V* holds.

4.3 Conditions on totally umbilical CR-lightlike sub-
manifolds

Definition 4.13. Let M be a lightlike submanifold of a in-
definite Kaehler statistical manifold M. Then M is said to
be a totally umbilical with respect to V (respectively V*)
if W(X,Y) = Hg(X,Y) (respectively h*(X,Y) = H*§(X,Y))
for all XY € T(TM), where H € T(tr(TM)) (resp. H* €
I'(tr(TM))) stands for transversal curvature vector fields of
M in M with respect to V (respectively V*).

Also, M is totally umbilical with respect to V (respec-
tively V*) if and only if on each co-ordinate neighbourhood,
there exist smooth vector fields H' € T'(Itr(TM)) and H* €
O(S(TM™Y)) (H* € T(Itr(TM)) and H*S € T(S(TM™)) re-

spectively) suchthat ' (X,Y)=H'g(X,Y), B*(X,Y) =H*g(X,Y)

and *'(X,Y) =H"g(X,Y), h*(X,Y) = H*3(X,Y) respec-

tively with respect to V (respectively V*).
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Theorem 4.14. Let M be a totally umbilical CR-lightlike sub-
manifold of an indefinite Kaehler statistical manifold and
screen distribution be totally geodesic w.r.t to V and V*. Then,
g(H* W)+ g(H* W) = 0 for the screen transversal curva-
ture vector fields H* (resp.H**) with respect to the connections
Vy and W‘( respectively.

Proof: Let W € I'(L,) and X € T'(D,)
For a totally umbilical CR-lightlike submanifold of indefinite
Kaehler statistical manifold, we have

GIVXX +IViX,JW) = g(VxJX + Vi JX ,JW)

Z(VxJIX,JW)+g(VxJX,JW)
ZUVxX +IViX,JW)
Z(VxX+ViX,W)=0

and
GIVXX +JIViX,JW) = g(VxX + Vi X, W)
=g(h*(X,X),W)+g(h"(X,X),W)
=g(X,X)g(H*\W)+g(X,X)g(H”,W)=0

Now the non-degeneracy of D, implies that
gHS,W)+g(H* ,W)=0.

Theorem 4.15. Let M be a totally umbilical CR-lightlike
submanifold of an indefinite Kaehler statistical manifold and
screen distribution be totally geodesic. Then, Aj;W —AjyZ =
AL W —ARZ, VW,Z € (D)

Proof: M , being an indefinite Kaehler statistical manifold,
implies

IV W +IVEW =V JW + V5JW,
VW +JTh(Z, W) +JVeW +Jh*(Z,W) = —AjyZ +VzJW
* * 1 7y
~AbyZ+ VW

Interchanging the role of Z and W in the above equation
and then subtracting the resulting equation from it, we obtain

AW —ApyZ + A5, W — A5 Z = IV W — IV Z+ VW
—JVyZ
Taking inner product with X € T'(D, ), we get
g(AJ‘ZW —AjWZ—FAj-ZW —A;—WZ,X) = g(.]_VZW —JVyZ
+IVLW —JVy,Z,X)
=—8(VzW.JX)+3(VwZ,JX) - §(VzW.JX)+§(Viy Z,JX)
Now
S(VwZ+VyZ,JX) = g(VwZ+ Vi, Z,JX)
=g(Z, Vi JX +VwJX)

=8(Z,J(ViyX +VwX)) = gUZ VwX) +8(Z VyX)
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+8(JZ,ViyX) +8(Z, " (W. X)) + 2(JZ, i (W, X))
Since M is totally umbilical CR-lightlike submanifold, hence
forany W € I'(D’) and X € T'(D,), we have

FW,X)=H'gW,X)=0, h*W,X)=H"gW,X)=0

h(W,X)=H'g(W,X)=0, h"'(W,X)=H"gW,X)=0

g(VwZ+VyZ,JX)=§(JZ,VyX +Vj;X) =0

g(VwZ+VyZ,JX) =0

Similarly, §(VZW + VW, JX)=0.
So, g(A;,W —A,—WZ—f—Aj-ZW —A}WZ,X) =0
Hence the result.

5. Conclusion and Scope

This research work explores the properties of Cauchy Riemann-
lightlike submanifolds in an indefinite Kaehler statistical man-
ifold and thus characterize the geodesicity and integrability

of the distributions therein. Results for screen transversal

curvature vector fields in the totally umbilical CR-lightlike

submanifolds have also been worked upon . Since the paper

inspects the structure of lightlike submanifolds in the Kaehler

statistical manifold, it can motivate the geometers to explore

further properties and characterizations in the same as well

as in its odd dimensional counterpart. Also, due to wide ap-
plications of lightlike geometry and statistical manifolds in

mathematical physics and neural networks, the present study

can be considered as a tool to work further on the structure of
the indefinite Kaehler statistical manifold.
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