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Abstract. In this study, we investigate the notion of lacunary Z, arithmetic convergence for real sequences and examine
relations between this new type convergence notion and the notions of lacunary invariant arithmetic summability, lacunary
strongly g-invariant arithmetic summability and lacunary o-statistical arithmetic convergence which are defined in this study.
Finally, giving the notions of lacunary Z, arithmetic statistically convergence, lacunary strongly Z, arithmetic summability,
we prove the inclusion relation between them.
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1. Introduction and Background

The idea of arithmetic convergence was firstly originated by Ruckle [22]. Then, it was further investigated by
many authors (for examples, see [9, 10, 34-38]).

A sequence x = (z,,,) is called arithmetically convergent if for each & > 0, there is an integer n such that for
every integer m we have |2, — (;, )| < €, where the symbol (m, n) denotes the greatest common divisior of
two integers m and n. We denote the sequence space of all arithmetic convergent sequence by AC.

Statistical convergence of a real number sequence was firstly originated by Fast [2]. It became a notable topic
in summability theory after the work of Fridy [3] and Salat [23].

By a lacunary sequence, we mean an increasing integer sequence 6§ = {k,} such that

ko=0and h, =k, — k,._1 — coasr — oo.

The intervals determined by 6 is denoted by I,, = (k,_1, k.]. The idea of lacunary statistical convergence was
investigated by Fridy and Orhan [4] and then studied by several authors (for examples, see [5, 6, 13, 17, 27]).

In the wake of the study of ideal convergence defined by Kostyrko et al. [11], there has been comprehensive
research to discover applications and summability studies of the classical theories. A lot of development have
been seen in area about Z-convergence of sequences after the work of [1, 7, 8, 12, 16, 24, 28-30, 32].

An ideal Z on N for which Z # P (N) is called a proper ideal. A proper ideal Z is called admissible if Z
contains all finite subsets of N.

*Corresponding author. Email address: okisi @bartin.edu.tr (Omer KiSI)
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A family of sets Z C 2% is called an ideal if and only if (i) () € Z, (i) Foreach A, B € T we have AUB € T,
(i47) For each A € 7 and each B C A we have B € T.

A family of sets 7 C 2" is a filter in N if and only if (i) () ¢ F, (ii) For each A, B € F we have AN B € F,
(#i1) For each A € F and each B O A we have B € F.

If 7 is proper ideal of N (i.e., N ¢ T), then the family of sets

F(@)={MCcN:3AecT:M=N\A}

is a filter of N, it is called the filter associated with the ideal.
Let Z C 2N be a proper admissible ideal in N. The sequence () of elements of R is said to be Z-convergent
to L € Rif for each ¢ > 0,
A()={keN: |z, —L| >c} €T.

If (x1,) is Z-convergent to L, then we write Z — limz = L.
An admissible ideal Z C 2 is said to have the property (AP) if for any sequence {4, Az, ...} of mutually
disjoint sets of I, there is sequence { By, Bs, ...} of sets such that each symmetric difference A;AB; (i = 1,2, ...)

is finite and |J B; € 7.
i=1

Let o be a mapping such that o : N* — N7 (the set of all positive integers). A continuous linear functional
® on [, the space of real bounded sequences, is said to be an invariant mean or a o mean, if it satisfies the
following conditions:

(1) @ (x,,) > 0, when the sequence (x,,) has z,, > 0 for all n € N;

(2) @ (e) =1, wheree = (1,1,1,...);

(3) @ (2o(n)) = @ (2,) forall (z,,) € loo.

The mappings ® are assumed to be one-to-one such that 6™ (n) # n for all positive integers n and m, where
o™ (n) denotes the m th iterate of the mapping o at n. Thus, ® extends the limit functional on ¢, the space of
convergent sequences, in the sense that ® (z,,) = lim z,, for all (x,,) € c.

In case o is translation mappings o (n) = n + 1, the o-mean is often called a Banach limit.

The space V,, the set of bounded sequences whose invariant means are equal, can be shown that

RS
V, = {(.’Ek) €l : W}gnooaz‘rgk(n) = L}

k=1

uniformly in n.

Several authors studied invariant mean and invariant convergent sequence (for examples, see [14, 15, 18—
21, 25, 26, 31, 33]).

Savas and Nuray [18] introduced the concepts of o-statistical convergence and lacunary o-statistical
convergence and gave some inclusion relations. Nuray et al. [20] defined the concepts of o-uniform density of
subsets A of the set N, Z,-convergence for real sequences and investigated relationships between
Z,-convergence and invariant convergence also Z,-convergence and [V ] p-convergence. Ulusu and Nuray [33]
investigated lacunary Z-invariant convergence and lacunary Z-invariant Cauchy sequence of real numbers.
Recently, the concept of strong o-convergence was generalized by Savag [25]. The concept of strongly
o-convergence was defined by Mursaleen [14].

Let 0 be a lacunary sequence, £ C N and

Sp = rnnin{|Eﬂ {e™ (n):meI.}|}
Sy 1= mflix{\Eﬂ {e™ (n):me I.}|}.

If the following limits exist
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Z-invariant arithmetic convergence

then they are called a lower lacunary invariant uniform density and an upper lacunary invariant uniform density
of the set E, respectively. If V, (E) = Vy (E), then Vy (E) =V, (E) = Vy (E) is called the lacunary invariant
uniform density of E.

The class of all E C N with V, (E)) = 0 will be denoted by Z,¢. Note that Z,¢ is an admissible ideal.

A sequence (z,,) is lacunary Z,-convergent to L, if for each & > 0,

E():={meN:|z, — L| > e} € Iy,

ie., Vp (E (¢)) = 0. In this case, we write Z,9p — lim x,,, = L.

The arithmetic statistically convergence and lacunary arithmetic statistically convergence was examined by
Yaying and Hazarika [38].

A sequence x = (x,,,) is said to be arithmetic statistically convergent if for € > 0, there is an integer n such
that

1
Jim —{m <t fem = 2nm| 2} =0.

We shall use ASC' to denote the set of all arithmetic statistical convergent sequences. We shall write ASC —
lim 2,,, = 2 (yy,,,) to denote the sequence (z,,) is arithmetic statistically convergent to 2, ,,) -

A sequence © = (z,,,) is said to be lacunary arithmetic statistically convergent if for £ > 0 there is an integer
n such that

We will use ASCy —lim z,,, = 2(,,, ) to denote the sequence (z,,,) is lacunary arithmetic statistically convergent
{0 T (1 n)-

Kisi [9] investigated the concepts of invariant arithmetic convergence, strongly invariant arithmetic
convergence, invariant arithmetic statistically convergence, lacunary invariant arithmetic statistical convergence
and obtained interesting results.

In [10], arithmetic Z-statistically convergent sequence space and Z-lacunary arithmetic statistically
convergent sequence space were given and established interesting results.

Kisi [10] examined Z-invariant arithmetic convergence, Z*-invariant arithmetic convergence, g-strongly
invariant arithmetic convergence of sequences.

A sequence x = () is said to be invariant arithmetic convergent if for an integer n

1 m
lim E P(s) — n
mlaoo m = Tor(s) = L(p.n)

uniformly in s. In this case we write 2, — (, ) (AV,) and the set of all invariant arithmetic convergent
sequences will be demostrated by AV, .
A sequence x = (x,,) is said to be strongly invariant arithmetic convergent if for an integer n

. 1
lim —
m—oo M

m
> [Tar(s) = 2| =0
p=1
uniformly in s. In this case we write x, — x, ) [AV,] to denote the sequence (z,) is strongly invariant
arithmetic convergent to z; ) and the set of all invariant arithmetic convergent sequences will be demostrated
by [AV,].
A sequence x = () is said to be invariant arithmetic statistically convergent if for every € > 0, there is an
integer n such that
) 1
lim — ‘{p <M Tor(s) = Tipmy| > 6}’ =0

m—o00 m

3
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uniformly in s. We shall use AS,C to denote the set of all invariant arithmetic statistical convergent sequences.
In this case we write AS,C — limx, = 2, ,,) or z, = x(, ny (AS,C).

A sequence & = () is said to be lacunary invariant arithmetic statistical convergent if for every € > 0, there
is an integer n such that

. 1
Jim o= [{p € I ¢ fron o) = 2| 2 €}l = 0
uniformly in s. We shall use AS,¢C to denote the set of all lacunary invariant arithmetic statistical convergent
sequences. In this case we write AS,¢C' — lim ), = 2 ).
The Z-invariant arithmetic convergence was defined by [10] as below:
A sequence x = () is said to be Z-invariant arithmetic convergent if for every ¢ > 0, there is an integer 1

such that
{peN:|z, -zl =c} €L,

In this case we write AZ,C — lim x), = x(, . We shall use AZ,C to denote the set of all Z-invariant arithmetic
convergent sequences.

2. Main Results

Definition 2.1. A sequence x = (x,,) is said to be lacunary invariant arithmetic summable to x(,,  if
Jim ,7 Y Tor(s) = Tp):
el
uniformly in s, for an integer ).
Also, the set of lacunary strongly invariant arithmetic convergence sequences is defined as below:

[AVyg] = { = = (xp) : lim n Z |Zon(s) = T(pmy| =0

T—00
pel,

uniformly in s. In this case, we write 2, — 2, ) ([AV56]) to demonstrate the sequence (z,,) is lacunary strongly
invariant arithmetic summable to z(, ..

Definition 2.2. A sequence © = (x,) is said to be lacunary strongly g-invariant arithmetic summable
(0 < g <o00)toxyy, if
q
JE&* > |eore) — 2] =0,
pel,

uniformly in s and it is indicated by T, — T (, ;) ([AV(,@] )

Definition 2.3. A sequence x = (x,) is said to be lacunary o-statistical arithmetic convergent to x, , if for
every € > 0, there is an integer 1 such that

lim — /{PG L : |Zgr(s) = Ty | > €} =0,

T—>00
uniformly in s.

Definition 2.4. A sequence x = (x,) is lacunary 1, arithmetic convergent to , , if for each € > 0, there is
an integer 1 such that
K(e):={peN:|z, —ap,|>c} €L,

ie, Vo (K (¢)) = 0. In this case, we write x,, = (,, »y (ALyg) or ALyg — limxy, = ;).

3
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Z-invariant arithmetic convergence

Theorem 2.5. Let (x,,) is bounded sequence. If (1) is lacunary L, arithmetic convergent to x, y, then () is
lacunary invariant arithmetic summable 10 T ¢, .

Proof. Let s € N be arbitrary and € > 0. Also, we suppose that (z,,) is bounded sequence and (x,,) is lacunary
T, arithmetic convergent to T (p,n)- Now, we estimate

1
to (S) = h— Z Tor(s) — Lipn)| -
r pel,

For every s = 1,2, ..., we have
to (s) <ty (s)+15(s),

where

> |Tan(s) = Tpm)

T
PELr, 2o (o) =2 (p,ny | 2€

~
Sy
—~
»
~
I
=

and
1
1 (s) = 5- > |Zon(s) = Tipmy] -

,
PELL, [2op () =T (p,my | <€
For every s = 1,2, ..., it is obvious that tZ (s) < e. Since () is bounded sequence, there is a M > 0 such that
[Tor(s) = Tipmy| S M, (p€ L5 =1,2,...)
and so we have
th(s) = 7 ) |Zon(s) = Tip.m)|

PELL, 20w (5) =@ (p,m | €

M
< A

{pel:|zons) —xpm| > e}

maxg

{pEIT:|.’L'UP(5) —T(p,n)

r

<M

e}l S,
=M e
Hence, due to our assumption, () is lacunary invariant arithmetic summable to T(pn)- [ |

In general, the converse of the Theorem 2.5 does not hold. For example, let = = (x,,) be the sequence defined
as follows:

L P <p<pra+ [Vh:],
and p is an even integer,

0 ipr*1<p<p’l“71+|:Vh”l’ ’
and p is an odd integer.

Tp =

When o (s) = s + 1, this sequence is lacunary invariant arithmetic summable to % but it is not lacunary Z,
arithmetic convergent.

Now, we will give the following theorems which state relations between the notions of lacunary Z,, arithmetic
convergence and lacunary strongly g-invariant arithmetic summability, and we will denote that these notions are
equivalent for bounded sequences.

Theorem 2.6. If a sequence x = () is lacunary strongly g-invariant arithmetic summable to x,, .y, then it is
lacunary I, arithmetic convergent 10 T ¢, ).

3
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Proof. Let 0 < g < oo. Suppose that z, — T, ) ([AVUg]q) for an integer 7). Then, for every s = 1,2, ... and
e > 0 we have
a
> Tor(e) = T

pel,

q
> > ’xo'l’(s) - »’U<p,n>‘
PEL |2op (5 =@ (p.my | >e

> el |{p €l |x<ﬂ°(8) - x<pm>| 2 6}|

> e?max |{p el : |$U"(S) - x<pm>| 2 5}|

and so
1 _ q g maxs {pGIT:|xap(s)—m<pm> |Zs}| _ _q5:
e 2 |zere) 2| 2 € ey =&
p€El,
Hence, due to our assumption, AZ,¢ — limx;, = 2 ). |

Theorem 2.7. Let (x,) is bounded sequence. If x = (x,,) is lacunary I, arithmetic convergent to ., y, then it
is lacunary strongly q-invariant arithmetic summable to x, y .

Proof. Assume that (z,,) € o and AZ,¢ — limz, = ZT(p,y- Let 0 < g < oo and € > 0. The boundedness of
(xp) implies that there exists a M > 0 such that ‘xap(s) - xm,,)’ <M, (pel., s=1,2,..). Therefore, we
obtain

1 q 1 ., 1 q
e 2 |Tors) —2em| = > o) =o' + 52 X |Zon(s) = T (pm)
pel, pel, pel,
|Top ()= (p,m) | >€ |20p ()= (p,m) | <€

< Mmaxs‘{p61r1|l'op(s)—x<p,n>|28}| + ¢4

hr
= M% + el
Therefore, we obtain
o1 q
rligolo hf Z |x‘7p(3) - l.@ﬂl) = 0’
(
pel,
uniformly in s. Hence, we get 2, — (,.») ([Avgg]q) . |

Theorem 2.8. A sequence (x,) € lo. Then, x = (x,) to lacunary I, arithmetic convergent to xy, »y iff it is
lacunary strongly q-invariant arithmetic summable to , .y .

Proof. This is an immediate consequence of Theorem 2.6 and Theorem 2.7. |

Now, without proof, we will state a theorem that gives a relation between the notions of lacunary Z,, arithmetic
convergence and lacunary o-statistical arithmetic convergence.

Theorem 2.9. A sequence x = () is lacunary I, arithmetic convergent to x,, ,y iff this sequence is lacunary
o-statistical arithmetic convergent to T (, ).

Finally, introducing the notion of lacunary Z; arithmetic convergence, we will give the relation between this
notion and the notion of lacunary Z, arithmetic convergence.

e

[V =)
MM




Z-invariant arithmetic convergence

Definition 2.10. A sequence x = (x,,) is said to be lacunary T} arithmetic convergent or AT’ ,-convergent to
T (p.ny, if there exists a set M = {my <my < ... <my < ...} € F(Ly9) (N\ M = H € I,p) and there is an
integer m such that

plLI{}O Tmy, = Tipn)-

In this case, we write AT}y —limxy, =, »y 0r T — () (ALSg) .

Theorem 2.11. If a sequence x = (x,,) is lacunary I} arithmetic convergent to x, », then this sequence is
lacunary I, arithmetic convergent to T, ).

Proof. Lete > 0. Since AT, — limx, = x(, ), there exists a set H € Z,¢ such that for
M=N\H={m <my<..<my<..}

and so there exists a py € N such that |z, — x(p,n>| < ¢ for every p > pg. Then, for every € > 0, we have
K()={peN:|z, —ap.,|>c}

CHU{m; <mg <..<my<..}.

Since Z,¢ is admissible ideal,
HU{mi <my<..<my<..} €L,y

and so we have K (¢) € Z,¢9. Hence, we get AT, — limx, = ;. [ |
The converse of the Theorem 2.11 holds if the ideal Z4 has the property (AP) .

Theorem 2.12. Let the ideal 1,9 be with property (AP). If a sequence x = (x) is lacunary I, arithmetic
convergent 1o X (;, ny, then this sequence is lacunary I arithmetic convergent (0 T i, ).

Proof. Let the ideal Z,¢ be with the property (AP) and & > 0. Also, we suppose that AZ;9 — limx, = ;).
Then, for every € > 0 we have

K(e)={peN: |z, — x| >c} € Lo
Denote K1, Ko, ..., K,, as following
K = {p eN: ‘xp _m(pm)’ > 1}

and

1 1
K, = {pEN:n<‘$p—CC<pm>’<n_1}7

where n > 2 (n € N). Note that K; N K; = 0 (i # j) and K; € L, (for each i € N). Since Z,¢ has the property
(AP), there exists a set sequence { 7, },, .y such that the symmetric differences K; A F; are finite (for each i € N)

and F' = |J Fj € Z,9. Now, to complete the proof, it is enough to prove that
j=1

lim z, =2, ,),p € M, 2.1

p*)OO
where M = N\ F. Lety > 0. Select n € N such that %H < 7. Then, we get

n+1
{pEN: |xp—x<pm>| 27} C U K;.

=1

e
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Since the symmetric differences K;AF; (i = 1,2,...,n + 1) are finite, there exists a py € N such that

n+1
(U Ki)ﬂ{pEN:p>po}
=1

2.2)
n+1
= (U Fi)ﬂ{pEN:p>p0}.
i=1
If p > poand p ¢ F, then
n+1 n+1
p¢ |J Fiandby (2.2) p¢ | K.
i=1 i=1
This give that
1
|2p = 2pmy| < ntl <7
and so (2.1) holds. As aresult, AZ}, — limx, = (. |

Definition 2.13. A sequence x = (x,) is said to be lacunary T invariant arithmetic statistically convergent to
T (p.ny, for each e > 0 and & > 0, there is an integer 1) such that

{TEN: hi’{pefr:fxp—x@m” 25}{ >6} € Lyg.

In this case, we write x, — T, py (ALsg (5)).

Definition 2.14. A sequence x = (1) is said to be lacunary strongly I, arithmetic summable to xy, , if for
each € > 0, there is an integer 1 such that

1
rEN:h—rz ’xp—x<pm>| >ep €Ly
pEl,

We will use [A (Zy9)] — limax, = 2,y or p — (0 ([A (Zs0)]) to indicate the sequence (x.,) is lacunary
strongly I, arithmetic convergent (0 T (s ) -

Theorem 2.15. Let 0 = {k.} be a lacunary sequence.

(i) If 2y — 25y ([A (Zo0)]), then x, — Ty (ALsg (5)).
oy (AZgg (S)), then x, — (1 ([A (Zoo)]) -
(”l) (AIUG (S)) N loo = [A (IUO)] N loo

(ii) If x € loo and x), — 1

Proof. (i) Lete > 0and 2, — 2, ) ([A (Z50)]). Then, we can write

1 1
Tor > ’xUP(S) - $<p,n>| 2 he > |x0p(3) — Z(p,n)
pel, pel,

|Zop ()= (p,m) |>€

>e

e [P €1t |20v () — 2| 2 €}
fors =1,2,.... So, for any § > 0,

{TENZ h%‘{pelr : ‘sr:op(s) _x<pn7>’ ZE}’ 25}

- {r eN: hi > ‘xo—p(s) — x(zun)’ > 5.6}

p€l,

e
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uniformly in s. Since x, — x(, , ([A (Z59)]), the set on the right-hand side belongs to Z,y and so we obtain

Tp — T(p,n) (AIO—Q (S))

(ii) Suppose that x € [, and x, — 2,y (AZsg (S)). Then, there exists a M > 0 such that

|[Top(s) = Tipmy| <M

fors=1,2,....
Given € > 0, we obtain
1 1
hi Z |wcﬂ’(s) - m(p,n)| = hf Z ’xap(s)
T pel, T p€el,

|Top (0) =T (p,m) | >€

M
< H{p el :|zon) —2pm| > e}| +e

uniformly in s. Note that

Ale) =

{TENZ h%‘{pe-’r Hoors) — 2| Z €} 2 M

It is obvious that A (¢) € Z,¢. If r € (A (g))* then

1
h,i Z |l'o-p(3) — Qf<p7n> < 2e.

r p€El,

Hence

1
- x<p,n>| + I

2

pel,

|%P<s>—w<p,n> \<€

3

I

1
reN: hf Z ’CCUP(S) — x(Pﬂl)| >2 ) C A(&)

" pel,.

and so belongs to Zy¢. This shows that x;, — 2, ,;y ([A (Z56)]). This completes the proof.

(¢41) This is an immediate consequence of (7) ve (7).
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Abstract. In this paper we prove the existence and approximation of solution for a nonlinear initial value problem of ordinary
second order hybrid differential equation. The right hand side of the differential equation is assumed to be Carathocodory and
the proof is based on a Dhage iteration method.

AMS Subject Classifications: 34A45, 34B15, 47H07, 47H10.

Keywords: Nonlinear initial value problems, Hybrid differential equation, Dhage iteration method, Existence and
approximation theorem.

Contents

1 Introduction and Background 12
2 Auxiliary Results 13
3 Existence and Approximation Result 14
4 An Example 17

1. Introduction and Background

Let R denote the set of all real numbers and R the set of all nonnegative reals. Given a closed and bounded
interval J = [0, 7] C R, consider the nonlinear hybrid initial value problem (in short HIVP) of ordinary second
order hybrid differential equation (in short HDE),

d? ( x(t)

p7el f(t,x(t))) =g(t,z(t)) ae. teJ,

(1.1

where f : J x R — R\ {0} is continuous and f : J x R — R is a Caratheéodory function.

When f = 1on J xR, the HIVP (1.1) reduces to the well-known nonlinear ordinary second order differential
equation

(1.2)

2" (t) = g(t,z(t)) ae. t e,
x(0) =0, 2/(0) =0,

which is studied earlier extensively in the literature (see Dhage and Dhage [5]).
*Corresponding author. Email address: bedhage @gmail.com (Bapurao C. Dhage)
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Approximation results for nonlinear hybrid boundary value problems

Definition 1.1. A function x € AC*(J,R) is said to be a lower solution of the IVP (1.1) if

d2< z(t)
de2 \ f(t,z(t))

x(0) =0, 2/(0) =0,

> <g(t,z(t)) ae teJ,
(1.3)

where, AC(J,R) is the space of functions x € C(J, R) whose first derivative exists and is absolutely continuous
on I. Similarly, v € AC*(J,R) is called an upper solution of (1.1) on J if the reversed inequalities hold in (1.3).
If equalities hold in (1.3), we say that x is a solution of (1.1) on J.

The existence of the solution to the problem (1.1) may be proved by using hybrid fixed point theorems of
Dhage in a Banach algebra as did in Dhage [2] and Dhage and Imdad [7]. The existence of positive solution to
a nonlinear equation is generally proved using the properties of cones in a partially ordered Banach space (see
Deimling [1] and Granas [8]). However, the existence and approximation result for the second order IVPs and
PBVPs are already proved in Dhage and Dhage [5, 6] without using the properties of the cones via a new Dhage
iteration method developed in [3]. In the present paper, we shall extend above Dhage iteration method to the
HIVP (1.1) and study the existence and approximation of positive solutions of under certain hybrid conditions on
the nonlinearities f and g from algebra, analysis and topology.

2. Auxiliary Results

We need the following definition in what follows.

Definition 2.1. A function 8 : J x R — R is called Carathéodory if
(i) the map t — B(t,x) is measurable for each x € R, and
(ii) the map x — [(t, ) is continuous for each t € J.

The following lemma is often used in the study of nonlinear differential equations (see Dhage [2] and
references therein).

Lemma 2.2 (Carathéodory). Let 5 : J x R — R be a Carathéodory function. Then the map (t,z) — B(t, ) is
Jointly measurable. In particular the map t — 3(t, x(t)) is measurable on J for each x € C(J,R).

We need the following hypotheses in the sequel.
(Hy) f defines a continuous bounded function f : J x R — R \ {0} with bound M.
(H2) There exists a D-function ¢y € ® such that
0< f(tx) = f(t.y) < pr(z—y)
forall € J and z,y € R with > y. Moreover, T?Myps(r) <r, r> 0.
(H3) The function g is Carathéodory on J x R into R .
(Hy4) gis bounded on J x R with bound M,.
(Hs) g(t, ) is nondecreasing in x for each ¢t € J.
(LS) The HIVP (1.1) and (1.3) has a lower solution u € AC(J,R).
(US) The HIVP (1.1) and (1.3) has an upper solution v € AC*(J,R).
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Lemma 2.3. Given any function h € L*(J,R), the HIVP

& (:v(t))h(t) ae tel,

dr? [t z(t)) 2.1
z(0) =0, 2'(0) =0,
is equivalent to the quadratic hybrid integral equation (in short HIE)
t
z(t) = [f(t,z(1))] </ (t —s)h(s) ds> , ted (2.2)
0

The proof of our main result will be based on the Dhage monotone iteration principle or Dhage monotone
iteration method contained in a applicable hybrid fixed point theorem in the partially ordered Banach algebras.

A non-empty closed convex subset K of the Banach algebra F is called a cone if it satisfies i) K + K C K,
ii) A\AK C K for A > 0 andiii) {—K} N K = {0}. We define a partial order < in E by the relation x <y <=
y —x € K. The cone K is called positive if iv) K o K C K, where “o” is a multiplicative composition in . In
what follows we assume that the cone K in a partially ordered Banach algebra (F, K) is always positive. Then
the following results are known in the literature.

Lemma 2.4 (Dhage [4]). Every ordered Banach space (E, K) is regular.

Lemma 2.5 (Dhage [4]). Every partially compact subset S of an ordered Banach space (E, K) is a Janhavi set
in E.

Theorem 2.6 (Dhage [3]). Let (E K| - ||) be a regular partially ordered complete normed linear algebra and
let every chain C' in E be a Janhavi set. Suppose that A, B : E — K are two monotone nondecreasing operators
such that

(a) A is partially bounded and partial D-Lipschitz with D-function ¢ 4,

(b) B is partially continuous and uniformly partially compact,

(c) Moa(r) <r, r >0, where Mg = sup{||B(C)|| : C isachainin E}, and
(d) there exists an element xq € E such that xg < Axq Bxg or xg = Axg Bxg.

Then the hybrid operator equation Ax Bx = x has a solution x* in K and the sequence {x,, }°2 , of successive
iterations defined by x, 11 = Ax,, Bz, converges monotonically to x*.

The details of Dhage monotone iteration principle or method and related definitions of Janhavi set and
uniformly partially compact operator along with some applications may be found in Dhage [3, 4] and the
references therein.

3. Existence and Approximation Result

Let C'y (J,R) denote the space of all nonnegative-valued functions of C'(J,R). We assume that the space C'(J,R)

is endowed with the norm || - || and the multiplication “-” defined by
loll = max|z(t)]  and (z-y)(t) = 2()y(t) t € J. G.D

We define a partial order < in F with the help of the cone K in E defined by

K={zeE|x(t)>0 foral teJ}=C,(JR), 3.2)

3
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Approximation results for nonlinear hybrid boundary value problems

which is obviously a positive cone in C'(J,R). Thus, wehave x <y < y—z € K.

Clearly, C(J,R) is a partially ordered Banach algebra with respect to above supremum norm, multiplication
and the partially order relation in C'(J, R). A solution £* of the HIVP (1.1) is positive if it belongs to the class of
function space C'y (J,R).

Theorem 3.1. Suppose that hypotheses (H1)-(Hs) and (LS) hold. Then the BVP (1.1) has a positive solution x*
defined on J and the sequence {x,,}52_ of successive approximations defined by

zo(t) =u(t), teJ,

t (3.3)
Tt (t) = [f(t,xn(t))] </0 (t —9)g(s,z, (1)) d5> , teJd,

converges monotone nondecreasingly to x*.

Proof. Set E = C(J,R). Then, in view of Lemmas 2.4 and 2.5, E is regular and every compact chain C'in E
possesses the compatibility property with respect to the norm || - || and the order relation < so that every compact
chain C'is a Janhavi set in E.

Now by Lemma 2.2, the BVP (1.1) is equivalent to the HIE

oft) = [fe.o)] (] (i (s, ds ) t€ . G4
Define two operators A and B on E by
Ax(t) = f(t,z(t)), t € J, (3.5)
and .
Ba(t) = /0 (t — 8)g(s,x(t)) ds, t € J. (3.6)

From hypotheses (H;) and (H3), it follows that A and 5 define the operators A, B : F — K. Now the HIE
(3.4) is equivalent to the quadratic hybrid operator equation

Azx(t) Bz(t) = z(t), t € J. 3.7

Now, we show that the operators .4 and B satisfy all the conditions of Theorem 2.6 in a series of following
steps.

Step I: A and B are nondecreasing operators on E.

Let x,y € E be such that x > y. Then, from the hypothesis (H») it follows that

Az(t) = f(t,x(t) = f(t,y(t) = Ax(t)

for all t € J. Hence Az = A(y) and that A is nondecreasing on E. Similarly, we have by hypothesis (Hs),

Bu(t) = / (t - )g(s, 2(s))d > / (t - $)g(s, y(s)) ds = By(t)

for all ¢t € J. This implies that Bz > By whenever x > y. Thus, B is also nondecreasing operator on E.

Step II: Next we show that A is partially bounded and partial D- Lipschitz on E.

Now, for any z € E, one has
| Azl = sup |f(t,z(t))] < My
c.

3

s
2

15



B. C. Dhage and J. B. Dhage

and so A is bounded and consequently partially bounded on E. Nxt let =,y € F be such that > y. Then, by
hypotesis (Hs),
|Az(t) — Ay(8)] < o ([2(t) —y(®)]) < @p(llz —yll)

for all t € J. Taking the supremum over ¢, we get

Az — Ayl < @r([lz —yl)

which shows that A is a D-Lipschitz on £ with D-function ¢¢.

Step III: B is a partially contiuous and partially compact on E.

Let {2, }nen be a sequence in a chain C such that z,, — x as n — oo. Since the f is continuous, by
dominated convergence theorem, we have

lim Bx,(t) = lim | (t— $)g(s,x,(s))ds

n—oo n—oo 0

= /Ot(t —5) [ lim g(s,xn(s))} ds = Bz(t),

n— oo

for all t € J. This shows that Bz, converges to Bx pointwise on J. Next, we show that {Bxz, },ecn i an
equicontinuous sequence of functions in E. Now for any ¢1, 2 € .J, one obtains

|B$n(t1) - an(t2)| < MQT |t1 — t2| + |p(t1) —p(t2)| ds (3.8)

¢
uniformly for all n € N, where p(t) = / My(T — s) ds.

Since the functions ¢ — |t| and ¢ — p(t) is continuous on compact .J, they are uniformly continuous there.
Therefore, we have
|p(t1) —p(t2)| —0 ast; —to

uniformly on J. As a result, we have that
|Bxy,(t1) — Bz, (t2)] = 0 as t1 — to,

uniformly for all n € N. This shows that the convergence Bz, — Bz is uniform and that B is a partially
continuous operator on E into itself.

Next, we show that B is a uniformly partially compact operator on E. Let C' be an arbitrary chain in E.
We show that 5(C') is uniformly bounded and equicontinuous set in E. First we show that 5(C') is uniformly
bounded. Let y € B(C') be any element. Then there is an element = € C such that y = Bx. By hypothesis (Hz)

ly(t)] = [Bz(t)| < /0 (t = s)lg(s,z(s))l ds < T My,

for all ¢ € J. Taking the supremum over ¢ we obtain ||y|| = ||Bz|| < M, T? for all y € B(C). Hence B(C) is a
uniformly bounded subset of E. Next, proceeding with the arguments that given in Step II it can be shown that

|y(t2) — y(t1)| = |B$(t2) — Bx(t1)| —0 as t1 — to

uniformly for all y € B(C). This shows that B(C) is an equicontinuous subset of E. Now, B(C) is a uniformly
bounded and equicontinuous subset of functions in £ and hence it is compact in view of Arzeld-Ascoli theorem.
Consequently B is a uniformly partially compact operator on F into itself.

Step IV: A and B satisfy the growth inequality Mg @ A(r) < r, r > 0.

3

s
2

16



Approximation results for nonlinear hybrid boundary value problems

Now, it can be shown ||B(C)|| < T?M, = Mp for all chain C in E. Therefore, we obtain
Mppa(r) =T*Mgps(r) <r
for all » > 0 and so the hypothesis (c) of Theorem 2.6 is satisfied.
Step VI: The function u satisfies the operator inequality u = Au Bu.
By hypothesis (LS), the HIVP (1.1) has a lower solution « defined on J. Then, we have

d? u(t)
p7e] (M> < g(t,u(t)) ae. teJ,

(3.9)

O o (0 )
FO,u(0) 7 St u()
By using this, the fundamental theorem of calculus and the definitions of the operators A and B, it can be
shown that the function v € C(J, R) satisfies the relation u < Au Bu on J.

t=0

Thus, A and B satisfy all the conditions of Theorem 2.6 and so the quadratic hybrid operator equation
Az Bx = x has a positive solution z* and the sequence {z,}52, of successive iterations defined by =41 =
Az, Bz, with initial term xy = u converges monotone nondecreasingly to z*. Therefore, the HIE (3.4) and
consequently the HIVP (1.1) has a positive solution z* and the sequence {x., }°2 , of successive approximations
defined by (3.3) with zg = u, converges monotone nondecreasingly to z*. This completes the proof. |

Remark 3.2. The conclusion of Theorem 3.1 also remains true if we replace the hypothesis (LS) with (US). The
proof of Theorem 3.1 under this new hypothesis is similar and can be obtained by closely observing the same
arguments with appropriate modifications. In this case the sequence {z,}5 , defined by (3.3) with z(t) =
v(t), t € [0,T], converges montone nonincrasingly to the solution z* of he HIVP (1.1) on J. Again, the
existence and approximation result, Theorem 3.1 includes similar result for the positive solution of the HIVP
(1.2) as a special case.

Remark 3.3. We note that if the HIVP (1.1) has a lower solution u € AC!(J,R) as well as an upper solution
v € ACY(J,R) such that v < v, then under the given conditions of Theorem 3.1 it has corresponding solutions
x4 and y* and these solutions satisfy the inequality

U=29g 201 X Ry, 22 Y Ry 2 2y Xyo =0,

Hence x. and y* are respectively the minimal and maximal impulsive solutions of the HIVP (1.1) in the vector
segment [u, v] of the Banach space F = C/(J, R), where the vector segment [u, v] is a set of elements in C'(J, R)
defined by

[u,v] ={x € C(J,R) | u =2 & < v}.

This is because of the order cone K defined by (3.2) is a closed convex subset of C(J, R). However, we have not
used any property of the cone K in the main existence results of this paper. A few details concerning the order
relation by the order cones and the Janhavi sets in an ordered Banach space are given in Dhage [4].

4. An Example

Example 4.1.

Given a closed interval J = [0, 1] in R, consider the nonlinear HIVP of hybrid differential equations

f(7

& (wt) ) _
e (tas(t))) =tanhz(t) +1 ae. t € J,
z(0) =0,

2'(0) = 0,
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where the function f : J x R — R\ {0} is defined by

1, ifx <0,
f(t,x) =

1+ , ifz>0.

1+

Then the function f satisfies the hypotheses (Hy)-(Ho) with My = 2 and ¢ (r) = 0 <& <r. Here

"
1+
g(t,xz) = tanh « + 1 and satisfies the hypotheses (Hs)-(Hs) with M, = 2. Now the HIVP (4.1) is equivalent to
the HIE

z(t) = [f(t, z(1))] </0 (t — s)[tanh z(s) 4 1] ds> , te[-1,1],

It can be verified that the function u € C(J,R) defined by u(t) = —t2 and v(t) = 4t are respectively the
lower and upper solutions of the HIVP (4.1) on [0, 1]. Hence, by an application of Theorem 3.1, the HIVP (4.1)
has a positive solution 2* and the sequence {z,, }5° , of successive approximations defined by

zo(t) = —t2, t €0,1],
Tnp1(t) = [f(t,zn(1))] (/0 (t — s)[tanh z,,(s) + 1] ds> , te€]0,1],

converges monotone nondecreasingly to z*. Similarly, by Remark 3.2, the sequence {y,}>2, of successive
approximations defined by

yo(t) = 4t%, t € [0,1],
s )= (@) [ (€= [tonn)+ 1] ds), v € 0.1,

converges monotone non-increasingly to the positive solution y* of the HIVP (4.1) on [0, 1].

References
[1] K. Deimling, Nonlinear Functional Analysis, Springer Verlag, 1985.

[2] B.C. Dhage, Nonlinear functional boundary value problems involving Caratheéodory, Kyungpook
Mathematical Journal, 46(2006), 421-441.

[3] B.C. Dhage, Partially condensing mappings in partially ordered normed linear spaces and applications to
functional integral equations, Tamkang Journal of Mathematics, 45(4)(2014), 397-427.

[4] B.C. Dhage, Coupled and mixed coupled hybrid fixed point principles in a partially ordered Banach algebra
and PBVPs of nonlinear coupled quadratic differential equations, Differ. Equ. Appl., 11(1)(2019), 1-85.

[5] B.C. Dhage, S.B. Dhage, Approximating solutions of nonlinear second order ordinary differetial equations,
Malaya Journal of Matematik, 4(1)(2016), 8—18.

[6] B.C. Dhage, S.B. Dhage, Approximating soltions of PBVPs of second order ordinary differetial equations
via hybrid fixed point theory, Electronic J. Diff. Equations, 20(1)(2015), 1-10.

3

s
2

18



Approximation results for nonlinear hybrid boundary value problems

[7] B. C. Dhage, M. Imdad, Asymptotic behaviour of nonlinear quadratic functional integral equations
involving Caratheodory, Nonlinear Analysis 71 (2009), 1285-1291.

[8] A. Granas, Fixed Point Theory, Springer Verlag 2003.

This is an open access article distributed under the Creative Commons Attribution

@ ® License, which permits unrestricted use, distribution, and reproduction in any medium,
provided the original work is properly cited.

3

s
2

19



MALAYA JOURNAL OF MATEMATIK
Malaya J. Mat. 09(02)(2021), 20-27.
http://doi.org/10.26637/mjm0902/003

On the spherical magnetic trajectories

TUNAHAN TURHAN*! AND G6ZDE OZKAN TUKEL

L Faculty of Education, Division of Elementary Mathematics Education, Siileyman Demirel University, Isparta, Turkey.
2 Faculty of Technology, Department of Engineering Basic Sciences, Isparta University of Applied Sciences, Isparta, Turkey.

Received 13 February 2021; Accepted 30 March 2021

Abstract. We consider spherical indicatrix magnetic trajectories of a magnetic field in Euclidean 3—space. From classical
formulation of Killing magnetic flow equations, we derive the differential equation systems for tangent spherical indicatrix
magnetic trajectories in Euclidean 3—space. Then we solve these equations by using Jacobi elliptic functions. Finally, we
make similar calculations for curves whose principal normal and binormal spherical indicatrix are magnetic curves.
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1. Introduction

Any magnetic vector field is known divergence zero vector field in three dimensional spaces. A magnetic
trajectory of a magnetic flow created by magnetic vector field are curves called as magnetic curves. Although
the problem of investigating magnetic trajectories appears to be physical problem, recent studies show that the
characterization of magnetic flow in a magnetic field have brought variational perspective in more geometrical
manner [2, 8]. Let S be a surface in Euclidean 3—space R? and F' denote a complete differential 2—form in a
open subset U of .S. Then we can write F' = dw for some potential 1 —form w. If we define I" as smooth curves
that connect two fixed point of U, the Lorentz force equation is known a minimizer of the functional £ : I' — R
defined by

1
ﬁ(v):§f<v’,7'>dt+w('y’)dt. (1.1)
2l
The Euler-Lagrange equation of the functional £ is derived as

o(v) =V, (1.2)

where ¢ is the skew-symmetric operator. The critical point of the functional £ corresponds to the Lorentz force
equation [2, 4].
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Spherical magnetic trajectories

Any function defined from a space curve to a suitable sphere in Euclidean 3—space is called the spherical
indicatrix (spherical image) of the curve. The spherical indicatrix of a curve in Euclidean 3—space emerges
in three types: the tangent indicatrix (tangential indicatrix or tangent spherical indicatrix), the principle normal
indicatrix and the binormal indicatrix of the curve. The spherical indicatrix is a nice way to envision the motion
of the curve on a sphere by using components of the Frenet Frame. Furthermore, the movement of a spherical
indicatrix describes the changes in the original direction of the curve [6, 7].

In this paper we consider the magnetic trajectories which are the tangent, principal and binormal indicatrices,
separately. We first investigate the tangent indicatrix magnetic trajectories and we derive the Killing magnetic
flow equations for tangent indicatrix magnetic vector field. Then we solve these equations by using elliptic
functions. Then we apply this method the other imagine types of curves by using same calculations. But we do
not dwell on variational and differential calculations of the problem of finding curves whose principle normal and
binormal indicatrix are magnetic since the same procedure would repeat.

2. Preliminaries

We consider a regular curve «y in Euclidean 3—space R3, parametrized by arc length 5,0 < s < /. Let T = 7/ (s)
denote the unit tangent vector field, N (s) the unit principle normal vector field and B = T x N binormal vector
field at point 7y (s) . Then we have the Frenet frame {T', N, B} along the curve y and Frenet equations given by

T’ 0 O T
N |=|-x 071 N |, 2.1
B’ 0 —70 B

where £ > 0 and 7 are respectively curvature and torsion of y [6].
If the Frenet frame of the tangent indicatrix v = T of a space curve v is {7y, N;, B;}, then we have the
following Frenet equations

T (st) 0 kK O T,
Ni(st) | = =5t 0 7 N |, (2.2)
By (st) 0 —71 0 B,
where
-T+ fB fT+B
Ty =N, Ny = ——=, Bi = —— 2.3
t t 1 + f2 t 1 +f2 ( )
and
St:/H(S)ds, ke =1+ f2, i =0v1+ f2, (2.4)
where
7(s) f'(s) T
= do= —~— 72— 2.5
f( ) K (s) and o H(S) (1 n f2)3/2 S ( )

o is the geodesic curvature of the principal image of the principal normal indicatrix of the curve +, s; is natural
representation of the tangent indicatrix of the curve v and equal the total curvature of the curve «y and x; and 7,
are the curvature and torsion of ~;.

If the Frenet frame of the normal indicatrix ~,, = N of a space curve v is {T},, N,,, B, }, then we have the
following Frenet equations

T (sn) 0 k, O T,

N/ (sp) | = —kn 0 7, N, |, (2.6)

B! (sn) 0 -7, O B,
S
~o
MM
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where
-T+ fB o -T+fB N
n = 7Nt: -
V14 f2 Vito? | J/1+f2 ©
1 T+ B
t = i +oN
V1i+o? | /14 f2
and
snz/n(s)( 1—|—f2(s))ds,H,sz/1+02,rt=F 1+ 02,
where

o' (s) Tn

R () VT (140272 sin”
where s, is natural representation of the principal normal indicatrix of the curve v and x,, and 7,, are the curvature
and torsion of ,,.

If the Frenet frame of the binormal indicatrix 7, = N of a space curve «y is {Ty, Np, By}, then we have Frenet
formula:

TI; (Sb) 0 Rp 0 Tb
Né (Sb) = —KRp O Ty Nb 5 (27)
Bl/; (Sb) 0 —Tb 0 Bb
where T B TR
T, = —N, ]\]t:_if7 Bt:fi—'—.
1+ f2 V1t f?
and
1 2 V1 2
sp = /T(s)ds, Kp = ;f, Ty = 707—'—](,
f f
where I
—y
Kb

where s, is the natural representation of the binormal indicatrix of the curve v and x; and 7, are the curvature
and torsion of 73 [1].

3. Spherical indicatrix magnetic fields

Let V be a divergence-free vector field in Euclidean 3-space R3. Then it defines a magnetic vector field. Given
a differential 2—form F is a magnetic field on R3. The Lorentz force of F is defined to be the skew-symmetric
operator ¢ given by

<¢(X),Y>=F(X)Y) 3.1)

for all vector field X,Y € x (R3) . The associated magnetic trajectories are curves  on R? that satisfies the
Lorentz force equation (1.2). On the other hand the Lorentz force ¢ can be write as follows

P(X)=V x X, (3.2)

that is, the Lorentz force ¢ of V is defined via cross product on R?. Combining (1.2) and (3.2), the Lorentz
equation can be written by

d(V)=Vyy =V xy
for a curve v on R3.

By means of these structures defined on R?, the Killing magnetic flow equations corresponding to spherical
indicatrix for a unit-speed curve  on R? will be found.

3
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Spherical magnetic trajectories

Letvy : I C R — R3 be a reparametrized curve in Euclidean 3—space and {T};, Ny, B;} is the Frenet frame
along ;. Then the Lorentz force in the frame {7}, Ny, B;} is written as

¢ (Tt) = KeN, (3.3)
O (Ny) = =k Ty + wi By (3.4

and
¢ (Bt) = —wi By, (3.5)

where the function w; (s;) associated with each tangent indicatrix magnetic curve is quasislope measured with
respect to the magnetic field V;.
Then we can give the following propositions.
Proposition 3.1. The tangential indicatrix ; is a magnetic trajectory of a magnetic field V; if and only if V;
can be written along ~; as
Vi = wiT} + ke By (3.6)

Proof. Assume that ~; is a magnetic curve along a magnetic field V; and the orthogonal frame along ~; is
given by {7}, Ny, B;}. Then, V; can be written as
Vi =< Vi, Ty > Ti+ < Vi, Ny > Ny + < Vi, By > By.

To find coefficient of V;, we use the Lorentz force in orthogonal frame equations (3.3), (3.4) and (3.5):

wy =< Qb(Nt),Bt >=< Viy X Ny, By >=< V;;, T} >,
0=< ¢(Tt),Bt >=< V; x Ty, By >=— < Vi, By >

and
ke =< ¢ (T}) , Ny >=< Vi x Ty, Ny >=< V;, By > .

Proposition 3.2. The principle indicatrix +,, is a magnetic trajectory of a magnetic field V,, if and only if V,
can be written along v,, as
an = WnTn + Hann

Proposition 3.3. The binormal indicatrix 7, is a magnetic trajectory of a magnetic field V}, if and only if V},
can be written along ~; as
Vi, = wpTy + K Byp.

4. Killing magnetic flow equations for spherical indicatrix magnetic curves

Let -y, be a tangential indicatrix of  in R3 and V; be a vector field along that curve. One can take a variation of

v¢ in the direction of V;, say a map
[:[0,1] x (—¢,6) — $?

(s,w) = T(s,w)

which satisfies ar
P =) () e,

and or( )

s? w !

=7 (s).
( 0s )w—O

One can write the speed function v; (s, w) = H %‘Zw) , the curvature function x; (s, w) and the torsion function

7t (s,w) [2, 5].
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Lemma 4.1 (see [2, 3]). Let v : I C R — R3 be a curve in R3, 7, denote the tangent indicatrices and V; be a
vector field along the curve ~y;. Then we have the following equalities

Vi (vp) = (W) B =<V, Vi, Ty > v, 4.1)
Vi (ke) = (W) T % < V3V, VT > =2k <V, Vi, Ty > 4.2)

and
Vi(m) = <8Tt§i’w)> - (:% < VIV, Ty x V1, T, >>/ 4.3)

+7 <V Vi, Ty > + <V, Vi, Ty x V3, Ty > .
Proposition 4.1. Let V; be the restriction to the tangent indicatrix +; of a Killing vector field, say V; of R3; then
Vi(ve) = Vi (/it) =W (Tt) =0. 4.4)

Then we can give the Killing magnetic flow equations of the tangential indicatrix.

Theorem 4.1. Let 7, be the tangential indicatrix of a regular curve ~. Suppose that V, = w;T}; + k¢ By is
a Killing vector field along ~y;. Then the tangential indicatrix magnetic trajectories are curves on S? satisfying
following differential equations

1
K2 (2% - Tt> = A,. 4.5)
and )
KZQ/ -+ KTt (Wt — Tt) -+ Clﬁ?t -+ 5/‘6? — Aglﬁ?t = 0, (46)

where A1, A; and C are undetermined constants.
Proof. Assume that V; is a Killing vector field along y; on S2. Along any spherical magnetic trajectory 7,
we have V; = w1} + K By. If V; is Killing vector field, we calculate

/
wy =0,

that is w; is a constant, and
thVZ = K¢ (Wt — Tt) Nt + K};Bt. (47)

By using the first derivative of (4.7), (4.2) and (4.4), we get

(o)) o

Similarly, from (4.2) and (4.4), we find to V (7) as follows

1 !
Vi () = (Wsw)> _ (2 < VAVAT, x Vi, Th >)
w=0

ow K3

+7 < VTtV;g,Tt >+ < VTt‘/hTt X VTtTt > .

Definition 4.1. Any tangent indicatrix of a Euclidean curve is called the tangent indicatrix magnetic trajectory of
a magnetic field V; if it satisfies the differential equation system (4.5) and (4.6).
We can combine Egs. (4.5) and (4.6) as follows

1 1 A?
n§'+2/<;;?+(CA2+4wt2>/<;tH§0.
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Spherical magnetic trajectories

This equation admits an obvious first integral. In fact, just multiply by 2«} and integrate to get

2, 1 1 A?
(k)" + Zm? + <C— As + 4wt2) kP — H—tzl = As.
Since this equation is of the type (u')? = P (h), where P is a polynomial of degree 3 in w, it can be solved using
elliptic functions as follows

Kt (5) - \/CL3 (1 - qzsn (T‘S,p)),
1 Ay

—Wwp —

Tt (8) = B

29
Kt
when x; # const., where

(u2)2+(u—a1)(u—a2)(u—a3):0, u = Ky,

as —a as — a 1
p= 3 2 ¢ = 3 2andr:§\/a3—a1.

ag—a17 as

So, the curvature and the curvature of v must satisfy the equations

T

r \/\/ag (1 —¢g?*sn(rs,p)) — 1,

K

6 =0 (5) (1o )

Making similar calculations we can give the Killing magnetic flow equations of the principle normal and
binormal indicatrix.

Theorem 4.2. Let ~, be the normal indicatrix of a regular curve ~. Suppose that V,, = w,T;, + knBn
is a Killing vector field along +,,. Then the normal indicatrix magnetic trajectories are curves on S? satisfying
following differential equations

and

1
K2 <2wn — Tn> = Ay. 4.8)
and )
Kl + KnTn (Wn — Tn) + Crkn + fn’;’,, — Askp, =0, 4.9)

2
where A4, As and C; are undetermined constants.
Theorem 4.3. Let 7, be the binormal indicatrix of a regular curve «y. Suppose that V, = wpT}, + Kp By 1s
a Killing vector field along ;. Then the binormal indicatrix magnetic trajectories are curves on S? satisfying
following differential equations

1
Ii% <2wb - Tb> = Ag. (4.10)
and )
ki 4 KpTp (Wp — 7o) 4+ Cakp + 5,-@2 — Arky =0, 4.11)

where Ag, A7 and C5 are undetermined constants.

Definition 4.1. Any principle normal (binormal) indicatrix of a Euclidean curve is called the principle
(binormal) indicatrix magnetic trajectory of a magnetic field V;, (V},) if it satisfies the differential equation system
(4.8) and (4.9) (resp., (4.10) and (4.11)).

Example 4.1. We consider a unit-speed circular helix § (s) = (cos %, sin %, —%) [2]. The curve 5 (s)
can be seen on Fig. 1.

e

[V =)
MM
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Figure 1: The helix 3 (s)

Curvature and torsion of 3 (s) are found as Kk = —7 = % Then, tangent indicatrix of the circular helix is

B, ~ ' (5) ( 1 g s 1 o S 1 )

~p (s)=|—-——F=sin—,—=cos —=,——— | .

' V2T VIV VR V2

B¢ is a circle cut from unit sphere by the plane z = — % The curvature and the torsion of the tangent indicatrix

of the circular helix are found as x; = v/2, 7» = 0. We can see from (4.5) and (4.6), the tangent indicatrix j3; of
/3 is a tangent indicatrix magnetic trajectory with Ay = C + 1 of the Killing magnetic field V; = A, T, + v/2B,.
The principal normal indicatrix of the circular helix is

that is, f3,, lies on the great circle lines on the sphere with «,, = 1 and 7,, = 0. From (4.8) and (4.9), we show
that /3, is a principle normal indicatrix magnetic trajectory with As = Cy + % of the Killing magnetic field
V; = 2A4T,, + B, . Finally, the binormal indicatrix of the circular helix is

By~ B (s) = <—1sin8 1 10058)
' U ve Ve VR Ve V)
that is, By is a circle cut from unit sphere by the plane y = % From (4.10) and (4.11), (3, is a binormal indicatrix

magnetic trajectory with A; = Cy + 1 of the Killing magnetic field Vi, = AT}, + v/2By,. The graphs of 5, 3,
and [ are given as follows.

Fig. 2. The Fig. 3. The Fig. 4. The
magnetic magnetic magnetic
trajectory f3, trajectory /3, trajectory f3,

e
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1. Introduction and Background

For a few hundred years theoretical physics has been developed on the basis of real and, later, complex
numbers. This mathematical model of physical reality survived even in the process of the transition from classical
to quantum physics, complex numbers became more important than real, but not essentially more so than in the
Fourier analysis which was already being used, e.g., in classical electrodynamics and acoustics. However, in the
last 20 years the field of p-adic numbers Q,, (as well as its algebraic extensions, including the field of complex
p-adic numbers C,,) has been intensively used in theoretical and mathematical physics. Thus, notwithstanding the
fact that p-adic numbers were only discovered by K. Hensel around the end of the nineteenth century, the theory
of p-adic numbers has already penetrated intensively into several areas of mathematics and its applications.

For each prime p, we will get a new field called the field of p-adic numbers denoted by @Q,,. These fields
will be constructed in a manner analogous to the way the real number system R is constructed from Q (see
[1, 4, 6, 7]). The p-adic numbers can be used to consider and study congruences modulo p and modulo p™ and
have many applications in classical number theory.

The root-finding problem is one of the most important computational problems. It arises in a wide variety of
practical applications in physics, chemistry, biosciences, engineering, etc. As a matter of fact, determination of
any unknown appearing implicitly in scientific or engineering formulas gives rise to a root-finding problem. The
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Root-Finding Problem is the problem of finding a root of the equation f(x) = 0, where f is a function of a single
variable z. Specifically, the problem is stated as follows: Given a function f. Find a number £ = « such that
fa) =0.

Except for some very special functions, it is not possible to find an analytical expression for the root, from
where the solution can be exactly determined. Thus, most computational methods for the root-finding problem
have to be iterative in nature. Two important aspects of an iterative method are convergence and stopping criterion.

The idea behind an iterative method is the following: Starting with an initial approximation x(, construct
a sequence of iterates (x,,), using an iteration formula with a hope that this sequence converges to a root of
f(z) =0.

In this present paper we will see how we can use classical root-finding method (secant method) and explore
a very interesting application of tools from numerical analysis to number theory. We use this method to calculate
the zero noted « of a p-adic continuous function f defined on QQ,. The number « represents the square root of a
p-adic number a € Qj.

To calculate the square root of a p-adic number a € QQ, one studies the following problem

fl@)y=2*-a=0,acQ}. (1.1

Our goal is to calculate the first numbers of the p-adic development of the solution of the previous equation, and
this solution is approached by a sequence of the p-adic numbers (x,,),, C Q, constructed by the secant method.

In fact, several studies have been made with regards to finding square roots and cubic roots of p-adic numbers.
In 2010, for instance, Knapp and Xenophontos [12] showed how classical root-finding methods from numerical
analysis can be used to calculate inverses of units modulo prime powers. In the same year, Zerzaihi, Kecies and
Knapp [15] applied some classical root-finding methods, such as the fixed-point method, in finding square roots
of p-adic numbers through Hensel’s lemma. In 2011, Zerzaihi and Kecies [13] used secant method to find the
cubic roots of p-adic numbers. These authors [14] then applied the Newton method to find the cubic roots of p-
adic numbers in Q,,. A similar problem also appeared in [8] wherein Ignacio et al. computed the square roots of
p-adic numbers via Newton-Raphson method.

The paper is organized as follows. The next section recalls several concepts about (Q, which will be used
through the paper. Our main contribution is formally stated and proved in section 3. The paper ends with
conclusions and final remarks.

2. Preliminaries

Definition 2.1. Let p be a prime number. We define the p-adic valuation vy(-) of a rational number x € Q by the
following definition:

(¢) If x € Z*, then vp(x) is equal to the highest power of p which divides .

(ii) If v = § € QF, then vy(x) = vy(a) — v,(b). The p—adic valuation of v € Q is also called the p-adic order
and denoted as ord(z).

(i4i) We set v,(0) = 4o00. The reason to set v,(0) = +00 is that we can divide 0 by p™ for eachn € N.

Definition 2.2. Let the function ||, : Q — R be defined as
P, ifn £,

|z], = (2.1)
0, ifr=0.

||, is called the p-adic norm on Q.

Remark 2.3.
1) The p-adic norm satisfies the non-archimedean property

2+ yl, < max{Jal, . lyl, } forallz,y € Q,

i
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and we say that the p-adic norm is ultra-metric or non-archimedean.
2) An important property of the p-adic norm is the discreteness of its image. It is clear that the function |-| » takes
its values in a discrete subset of R*(namely {0} U {p",n € Z}).

Since for any prime p the p-adic norm is a norm hence it defines a p-adic distance function on QQ given by

Definition 2.4. The p-adic norm induces a metric dy, : Q x Q — R™ given by
dp(z,y) = |z —y|, forallz,y € Q, (23)
this metric is called the p-adic metric.

Further since the p-adic norm is non-archimedean it follows that the p-adic distance function is an ultrametric
and satisfies
dp(z,y) < max{d,(z, 2),dp(z,y)} forall z,y, z € Q. 2.4

Definition 2.5. For each prime p, the normed field Q,, of p-adic numbers is the completion of the field of rational
numbers Q with respect to the p-adic norm |-| p Which contains the rational numbers Q as a dense subset. The
norm on Q, induced by the p-adic norm on Q, will be considered an extension of the p-adic norm, and will
therefore also be denoted by |-| » F urther each of these fields is distinct from the real numbers R and for different
primes p1, p2 the fields are distinct.

Remark 2.6. The elements of Q, are equivalent classes of Cauchy sequences in Q with respect to the extension
of the p-adic norm. For some x € Qp, let (x,,),, be a Cauchy sequence of rational numbers representing a. Then
by definition

||, = ng%w |0l - (2.5)
Proposition 2.7. [2] Let p be a fixed prime and Q,, the field of p-adic numbers. Given x € Q,, there exists a
unique sequence of integers (Bn)n>n, with N = vy (z), such that 0 < 8, < p — 1 for all n and

oo
2= BNpY + By pN T A+ Bap™ = Y Bip”. (2.6)
k=N

Remark 2.8.
1) The representation (2.6) is called the canonical p-adic expansion of p-adic number .
2) There is a one-to-one correspondence between the power series expansion

BupN + ByapV T Bap™ + 2.7

and the short representation Sy Bn+18N+2..., where only the coefficients of the powers of p are shown. We can
use the p-adic point as a device for displaying the sign of N.

BNBN+18N+2--P—2f—1 - Bof1S2... for N <0,
BoB1Ba... for N =0, (2.8)
0000605162 forN > 0.

The most important fact has already been noted: @, is a complete metric space, hence every Cauchy sequence
converges. Cauchy sequences are characterized as follows

Theorem 2.9. [10] A sequence (ay,) in Q, is a Cauchy sequence, and therefore convergent, if and only if it
satisfies

ngrioo |ant1 — an\p =0. 2.9

3
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The following result is an important tool for determining whether a series of p-adic numbers converge in Q,,
or not.

oo

Proposition 2.10. [10] A series Y a,, with a,, € Q,, converges in Q,, if and only if lini an, = 0, in which
n=0 n—>+00

case

< Inax\an\p. (2.10)

o
D_an
n=0

Definition 2.11. A p-adic number x € Q, is a p-adic integer if its p-adic norm is less than or equal to 1, |x| » <L
We denote the set of p-adic integers by Z,, and hence

p

sz{xet@p:\x|pg1}. @.11)

Lemma 2.12. [6] A p-adic number x € Q,, is a p-adic integer if and only if its canonical expansion has only

positive powers of p. That is
Z,= {xe@p:x:Zﬂnp”}. (2.12)

n=0
The p-adic integers form a subring of Q, which contains Z.
Recall that a unit in a ring R with identity is an element which has amultiplicative inverse. In the rational

integers Z the only units are {—1, 1}. The situation is quite different in Z,, where there are many units and in fact
every rational integer m relatively prime to p is invertible.

Definition 2.13. A p-adic integer x € 7Z,, is said to be a p-adic unit (or invertible) if the first digit By in the p-adic
p-adic expansion is different from zero. The set of p-adic units is denoted by Z; or U (Z,). Hence we have

Zy = {x = Zﬁnpn : Bo # 0} . (2.13)
n=0
It is also easy to see that
zZ :{xezp:\x|p=1}. (2.14)

% L
Z,, is also called the group of p-adic units.
The next result shows that any element of Q,, is a product of an invertible p-adic integer and a power of p.

Proposition 2.14. [10] Let x be a p-adic number of norm p~". Then x can be written as the product © = p"u,
where u € Z,.

The following result is very useful for our work.

Proposition 2.15. [10] We say that a and b € Q,, are congruent mod p™ and write a = b mod p" if and only if
la—b[, < p%.
Proposition 2.16. [1] Let (x,,),, be a p-adic number sequence. If

niniooxn =T,T € QI)’ |1’|p 7& 07

then the sequence of norms {|xn| pneEN } must stabilize for sufficiently large n, i.e., there exists N such that

0|, = |z|,,Vn > N. (2.15)

e
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The following proposition is modestly known as Hensel’s lemma.

Theorem 2.17. [3] (Hensel’s Lemma, first form). Let F(x) € Z, [x] be a p-adic polynomial and assume there
exists oy € Zy such that F (o) =0 mod p but F'(ag) # 0 mod p. Then there exists a unique o € Zy such
that F(a) = 0 and o = oy mod p.

Sometimes the stated Hensel’s lemma is not enough and one should use its generalization:

Theorem 2.18. [3] (Hensel’s Lemma, strong form). Let F(x) € Z, [x] be a p-adic polynomial and assume
there exists vy € Z,, such that F(ag) =0 mod p? 1 but F'(ap) £ 0 mod p*+L. Then there exists a unique
« € Z, such that F(a) = 0 and o = oy mod pF+l.

Actually Hensel’s lemma is valid for any complete nonarchimedian field.
As an application of the Hensel’s lemma, we investigate the squares in Q.

Proposition 2.19. Let p be a prime number, then

1) If p # 2, then a p-adic number a € Qy, is a square if and only if a = p?"v? for somen € Z and v € Zy.

2) If p = 2, then a 2-adic number a € Q3 is a square if and only if a = 2°"v? = 22"y for somen € Z and u = 1
mod 8.

Now, we are ready to give our main results.

3. Main Results

Solving non linear equations is one of the most important and challenging problems in science and engineering
applications. The root finding problem is one of the most relevant computational problems. It arises in a wide
variety of practical applications in Physics, Chemistry, Biosciences, Engineering, etc.

The Newton-Raphson method, or Newton Method, is a powerful technique for solving a nonlinear equations
f(z) = 0 numerically. We start with an initial approximation xy and generate a sequence of approximations
(2r,),, through the iterative formula

f(@n)
A major disadvantage of the Newton Method is the requirement of finding the value of the derivative of f/(z)
at each approximation, which may not be practical for some choices of f. When the derivative of f(x) is either
hard or impossible to write down (and hence, to program), or when the computational effort required to evaluate
f/(x) is very large compared to that for f(z), Newton method is impossible or costly to carry out. An alternative
is to approximate the derivative by a finite difference, that is, to write

f(xn) - f(xn—l) )

VneN:z,11 =2, — 3.1

fian) = (3.2)
Tp — Tp—1
The approximate Newton iteration can then be expressed in the following algorithm
Vn € N gpiy = gy — L0 (@0 = Tnt) (3.3)

fl@n) = flan-1)

This iteration is called the secant method because f(z) is approximated by a secant line through two points on
the graph of f, rather than a tangent line through one point on the graph. In the secant method, we always use x,,
and z,,_; to generate x,,1.

We also study the performance of the secant method. The performance of the method is estimated by:

3
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a) The speed of convergence which is an important factor of the quality of the algorithms, if the speed of
convergence is high, the algorithm converges quickly and the computation time is less. To measure the speed of
convergence, we study the evolution of the sequence (e, ),, defined by

€n = Tni4nog+1 — Tn+ng- (34)

with ng € N. Roughly speaking, if the rate of convergence of a method is s, then after each iteration the number
of correct significant digits in the approximation increases by a factor of approximately s.

b) The number of iterations necessary to obtain the desired precision M which represents the number of
p-adic digits in the development of y/a. So, it’s all about finding n such that

—M
|xn+no+1 - xn+no|p <p s (3.5)

this is equivalent to
vp(en) > p™. (3.6)

The general principle of calculation is as follows,
Let a € Q} a p-adic number such that

lal, =p~ @ =p>" m € Z, 3.7)

If (x,,), is a sequence of p-adic numbers that converges to a p-adic number « # 0, then from a certain rank one
has
|Cljn ‘p = ‘O[| p?

We also know that if there exists a p-adic number « such that o = a, then v,(a) is even and
|znl, = lal, =p™™. (3.8)
We consider the following equation
flz) =2* —a. (3.9)
Then, the iteration of the secant method associated with the function f is written in the form

TpnTpn_1+a
VneN* 1z, 1= ——. 3.10
n Tn+1 T+ Tt ( )

The performance of the Secant method is given by the following theorem.
Theorem 3.1. If z,,_1 is the square root of a of order o and x,,, is the square root of a of order 3, then
1) If p # 2, then Tpn,—1 is the square root of a of order m,, where the sequence (1), is defined by, for all

neN
m= (5 (8- all-2) 2" + & (-5 +ad) (1-9)")

_2((L (®n+1_(1_®)n+1)> —1>m (3.11)
7 .
Furthermore
VYn € N:Zpiny — Tning—1 =0 mod p™, (3.12)
such as
VneN:n, =m, —m. (3.13)

Where ® = HT\/B is the golden ratio.
2) If p = 2, then %y, n,—1 is the square root of a of order =), where the sequence (),),, is defined by, for all

neN
=1y, —2 ((\}5 (@™ —(1- @)”*1)) - 1) : (3.14)
ke
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Furthermore
Yn € N: Zping — Tnang—1 =0 mod 27, (3.15)

such as
VneN:p, =x, —(m+1). (3.16)

Proof. Let (x,), be the sequence defined by (3.10). We have

(z —a)(a 1 —a)

VneN* 22, —a= 3.17
n+1 (xn +xn71)2 ( )
We assume that x,,,_1 (resp: ) is the square root of a of order « (resp: J), i.e,
x%rl =a mod p* a €N,
22 =a modp? BeN.
Then
Up (xno_l a) > a,
Vp (.Z'no — a) >0
Hence we obtain
|x721071 - a|p S p_OC’
|75 —al, <p7"
Therefore, using the proposition (2.16) , we get
) (22, — a)(a2, 1 — ),
|$n0+1 - a|p = 2
"rno =+ xn0_1|p
_ i |x$l0 - a|p |x$10_1 - a|p
4], p—2m '
Since
1, if p # 2,
|4|p: - (3.18)
19 lfp = 2.
We have
|2hg1 —al, <p*pTop P ifp #£ 2,
|22, —al, <2%22m27027F ifp £ 2.
Consequently
|(E$Lo_‘_l — a|p < p*(a+ﬂ*2m)’ lfp 7& 27
|22, 11 —al, <27(@FB=2m=2) if p oL 2,
This gives

a2 .1 —a=0 mod platB)=2m if 4 oL 9

22 1 —a=0 mod 2FA=2(m+D) jf p = 2,

e
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In this manner, we find that if p # 2, then
VneN: xi_mo_l —a=0 mod p™.

The sequence (7, ),, is defined by
vn € N:m, = J, —mA,,

Such that (J,,),, and (A4,,),, are two linear recurrence sequences defined by

JOZOK,leﬂ7

Vn € N* . Jn+1 = JIp—1+ Jn,

and
Ap=A4:=0,

Vn € N* : An+1 =A,_1+A,+2.

The general terms of the sequences (.J,,),, and (A,,),, are given respectively by

Wn€N: Jp = —= (8 —a(l — ®)) D" + — (=B + ad) (1 — B)".

V5 V5

and
VnEN:An2<(

(@' —(1- <I>)“+1)) — 1) :

G-

We obtain, for all n € N

mn = (L (8- a(l - 8)@" + L (~f+a®) (1 - )")
—2((& (@t = -a))) —1)m.

Furthermore

Up<xi+n0—1 - a) > T

On the other hand, if p = 2, then
Vn € N: xi+n071 —a=0 mod 2™,
The sequence (77, ),, is defined by
VneN:m, =J,— (m+1)A,,
Then, foralln € N
m = (& (B—all—2) @+ L (-8 +a0) (1-2)")
) (% (@1 — (1 - <1>)"+1)) - 1) (m +1).

Therefore
1

vneN:w;:wn—2<< ot — (1 — @) tt ) —1>.
\/5( ( ")
Furthermore

U2($i+n0—1 —a) =,

On the other hand, we have

2
a— T,

YneN* iz — 1y = ——2—.
Tn +xn71
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Since

We have
‘a - xi-ﬁ-no—l |p

N |1'n+n071 + xn+n072|p ’

|Zn4no — Tntno—1 |p

Hence we obtain
|In+n0 - xn+n0—1|p S pmp77‘—717 if p 7é 27
|Tntne — Tntng—1ly < 22727 if p=2.
and so
Tntng — Tntneg—1 = 0 mod p™ it p 7é 2,
Trtno — Tndng—1 =0 mod 20— (m+D) if p — 2,

Therefore, if p # 2, then
Vn € N: Tpyng, — Tning—1 =0 mod p'.

Where
VneN:n, =m, —m.
Which give
’Up<xn+no - mn+n071) > Mn -
If p = 2, then
Yn € N:Zping — Tnang—1 =0 mod 27,
Where

VneN:n, =n, —(m+1).

It’s clear that
1

VnEN;: n<2( @n+11®’ﬂ+1>1>’
M= 7 (1-2)"*)
Which give

U2<xn+n0 - -rnJrnofl) Z 77;1

This completes the proof.
The results obtained are presented here.
1. If p # 2, then the following are true.
(a) The speed of convergence of the sequence (x, )y, is the order 7,.
(b) Since |1 — ®| < 1, then

(6 - a(l - 8)@" — (& — 1)m,

1
"= V5

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

and if (8 — a(1 — ®) — 2®m) > 0, then the number of iterations n to obtain M correct digits is

\/5 M—m
In (5—a(1(—<1>)—2)<1>m)

In ®

n =

36

(3.45)
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2. If p # 2, then the following are true.

(a) The speed of convergence of the sequence (., )y, is the order 7,,.

(b) If 5 —a(l — @) —2&(m + 1) > 0, then the number of iterations n to obtain M correct digits is

ln( VB(M—(m+1)) )

B—a(l—P)—2P(m+1)

n= . (3.46)
In®

According to the results obtained in this section, we conclude the following corollary.

. . .. _ 1+V5
Corollary 3.2. The order of convergence of the secant method is given by the positive humber ® = =5

(superlinear order of convergence), this means the number of correct digits increases by a factor of approximately
o,

4. Conclusions

Let’s consider for p # 2 the sets defined by
S1=7a€Qp:a[, =1} ifm=0,
Sy =1a€Q,: |a|p<1 if m >0, 4.1
S3=1qa€Qp:al,>1pifm <0.

For p = 2, we consider the sets defined by

By ={a€Q:lal, =4} if m=—1,
By ={a€Qy:|a], <4} if m > —1, (4.2)
Bs ={a€Q:la|], >4} if m < —1.

Then we have the following conclusion.

1. If m < 0, then the convergence for any p-adic number (Resp: 2-adic) belongs to the set S5 (Resp: Bg) is
faster than that of S7 (Resp: Bj).

2. If m > 0, then the speed of convergence for any p-adic number (Resp: 2-adic) belongs to the set S5 (Resp:
B>) is slower than that of .S; (Resp: B1).
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Abstract. We introduce the concept of dual m-endo Baer modules. We evolve several structural properties such as direct
summands and direct sums. Moreover, we prove that the endomorphism ring of a dual 7-endo Baer module is a w-Baer ring.
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1. Introduction

All rings are associate with unity and modules are unital right R-modules. R and M stand by such a ring
and such a module, respectively. Throughout the paper, H denotes the endomorphism ring of M. A ring R is
called Baer (quasi-Baer) [10], [8], if the right annihilator of each nonempty subset (ideal) of R is generated by
an idempotent element of R. A kind of generalization of this condition is introduced in [4]. R is w-Baer [4], if
the right annihilator of each projection invariant left ideal is generated by an idempotent of R. Observe that R is
Baer implies that R is m-Baer implies that R is quasi-Baer.

A module M is e.Baer (quasi-e.Baer) [14], if for each Ag < Mg (Ar < MR), l3(A) = Hh for some
h =h? e H. Recently, the authors in [5] have defined a module M is w-endo Baer, if for each for each
AR <, Mg, l34(A) = Hp for some p = p? € H. In [12] and [2], the authors dualized the concept of e.Baer
and quasi-e.Baer modules. M is called dual Baer (quasi-dual Baer), if for each (Agr 4 Mg) Arp < Mg,
Dy (A) = pH for some p = p? € H, where Dy (A) = {p € H|¢(M) C A}. Following the ideas in [12]
and [2], we explore the dual concept of m-e.Baer modules. We call a module M is dual 7-e.Baer, if for each
Apr <, Mg, Dy(A) = h'H for some h = h? € H. We indicate the fundamental results and connections between
related notions in Section 2. Moreover, we study on the direct summands and direct sums properties for the
former class of modules. In general, this class is neither closed under direct summands nor direct sums (see,
Example 2.13 and Example 3.8). However, Proposition 2.11 and Corollary 2.12 explain some conditions when
the dual 7-e.Baer module property is inherited by direct summands. Further, we give a complete characterization
for the direct sums of dual m-e.Baer modules in Theorem 2.14.

*Corresponding author. Email address: yelizkara@uludag.edu.tr (Yeliz Kara)

https://www.malayajournal.org/index.php/mjm/index (©2021 by the authors.
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In Section 3, we obtain the results related to the endomorphism rings. We prove that H is w-Baer if M is
dual m-e.Baer in Proposition 3.1. Theorem 3.3 and Corollaries 3.4-3.5 provide some conditions which ensure
the reverse of Proposition 3.1 fulfills. Finally, we represent the relations between e.Baer and dual-Baer modules
when the module has a countable regular endomorphism ring in Proposition 3.7.

The notations Lr < Mg (Lr < Rg), Lr <p Mr (Lr <, Rg), Lr < Mp (L <A R)and Lr <% Mp mean
that L is a right R-submodule of M (L is a right ideal of R), L is a projection invariant right R-submodule of M
(L is a projection invariant right ideal of R), L is a fully invariant submodule of M (L is an ideal of R), and L is a
direct summand of M, respectively. rp;(—) (I41(—)), I and Mat,,(R) show the right (left) annihilator in M (#),
the subring of H generated by the idempotent elements of H and the n-by-n matrix ring over R, respectively.
Recall that a right submodule A of M is called projection (fully) invariant in M, if p(A) C Aforall p = p? € H
(p € H). Aring R is Abelian if every idempotent of R is central. An idempotent e € R is called left (right)
semicentral if re = ere (er = ere) for each r € R. S;(R) (S,-(R)) denotes the set of left (right) semicentral
idempotents of R. A module M has FI-SSSP, if the sum of any number of fully invariant direct summands is a
direct summand. For undefined notation or terminology, see [3, 6, 13].

2. Structural Properties

We evolve principal results and relations between the dual 7-e.Baer modules and connected notions. Recall that
Dy(A) ={y € H|¢p(M) C A} forsome Ap < Mpand Ep (V) = > (M) for some Yy < Hy.
ey

Lemma 2.1. Assume T is a right ideal of H and A is a right submodule of M. Then

(i) Ext(Dn(Em(Z))) = En(I).

(i) Dy (En(Dw(A))) = Du(A).

(iii) Dy (hM) = hH for some h = h? € H.

(iv) Ext(hH) = hM for some h = h? € H.

Proof. (i) and (i7) These parts follow from [2, Lemma 1.3].

(#3i) Let g € hH. Then g = hg and g(M) = hg(M) C h(M). Thus g € Dy (hM), so hH C Dy (hM).
Conversely, assume f € Dy (hM). Then f(M) C hM,so(1—h)f =0andhence f =hf+(1—h)f =hf €
h#H. Therefore Dy (hM) C hH. It follows that Dy, (hM) = hH.

(iv) Observe that hM C Epr(hH). Let m € Eps(hH). Then m = aq(my) + as(msa) + -+ + an(my,),
where «; € hH and m; € M. Note that ha; = o, som € hM. Thus Ey(hH) C hM. [ |

Lemma 2.2. (i) Dy (A) is a projection invariant right ideal of H, for each Ar <, M.
(13) En ()R is a projection invariant submodule of Mg, for each Yy <, Hy,.

Proof. (i) Let Ag <, M. Then Dy (A) is a right ideal of H. Consider e = ¢? € H and o € Dy (A). Then
ea(M) =e(a(M)) Ce(A) C A, as Ar <, Mp. It follows that Dy (A)y <p, Hy.
(ii) Note that E/()) is a submodule of M. Assume f = f? € H. Since Yy <, Ha, f(Em(Y)) =
S5, WD) = 5 (FOM € 5 B(M) for some 3 € V. Thence {(Ea(¥) € E(Y): 50 Eae ()
€ € €

Mg. ]

Definition 2.3. We call a module M dual endo m-Baer (denoted, dual m-e.Baer), provided that for all Ar <, MR,
there exists h = h? € H such that D3(A) = hH.

Proposition 2.4. M is dual 7-e.Baer if and only if there exists h = h?> € H such that Ep(Y) = hM for each
Vi Jp Hon

Proof. Suppose M is dual -e.Baer and Yy <, Hy;. Then Eps(Y) <
hH for some h = h? € H. It follows from Lemma 2.1 that E;())

—p

RbyLemmaZZ Thus Dy (Ep(Y)) =
En(Du(Em(Y))) = Em(fH) = hM
e

MIM
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Conversely, let A <, M. Observe that Dy, (A) <, Hy by Lemma 2.2. Then there exists p = p? € H such
that Fps (D3 (A)) = pM. Therefore Dy (A) = Dy (pM) = pH by Lemma 2.1. Hence M is dual 7-e.Baer. W

Since Dy (A) <, Hyg and Eng (V) <, Mg, h,p € S;(#H) in Proposition 2.4 by [7, Proposition 4.12].

Lemma 2.5. Suppose M is a dual 7-e.Baer module.
(i) If (M) r <, Mg for some v € H, then (M)r <® Mpg.
(ZZ) IfNR =~ Dg SEB MRforeach Ng S‘p Mg, then N S@ Mp.

Proof. (i) Assume ¢(M)g <, Mg for some ¢ € H. Then I(¢)(M)) = (M), and Iy H = ¢yH. It follows that
(IypH )y <p Hy and (M) = Ep(IpH). Thus there exists h = h? € H such that ¢»(M) = hM by Proposition
2.4.

(ii) Let Ng <, M and N = hM for some h = h? € H. Then there exists an isomorphism o : hM — N.
Consider the map ¢ = cam, where m : M — hM is projection, and ¢ : N — M is inclusion. Observe that
¢ € Hand (M) = van(M) = a(hM) = N. Since Ng <, Mg, part (i) yields that Np <% Mpg. [ ]

Theorem 2.6. M is dual Baer implies that M is dual 7-e.Baer implies that M is quasi-dual Baer.

Proof. Suppose M is dual Baer and A <, M. Then there exists h = h? € H such that Dy, (A) = h’H{. Hence
M is dual 7-e.Baer. Observe that fully invariant submodules are projection invariant. Therefore the second part
follows the similar arguments in the above. |

At the end of the paper, we provide examples which shows that the implications in Theorem 2.6 are
irreversible (see, Example 3.8).

Proposition 2.7. Assume that (M)r < Mg for each ) € H. Then M is dual 7-e.Baer if and only if M has
FI-SSSP and (M) g <® Mg for all ) € H.

Proof. Suppose that ©)(M)r < Mg for all » € H, and M is dual w-e.Baer. Then Lemma 2.5, Theorem 2.6,

and [2, Lemma 2.2] complete the result. Conversely, assume M has the stated property. Let V3 <, Hy and

En(Y) = > ¢(M). By hypothesis, (M) < M and (M) <% M for all 1) € H. Then Ep(Y) <® M by
PpeY

the FI-SSSP condition. Therefore the proof is done. |

Proposition 2.8. (i) If w(M)r < Mg for all v € H, then M is dual Baer < M is dual 7-e.Baer < M is
quasi-dual Baer.

(#3) If M is indecomposable, then M is dual Baer < M is dual 7-e.Baer.

(731) Assume H is an Abelian ring. Then M is dual Baer < M is dual 7-e.Baer.

(tv) Assume H = 1. Then M is dual w-e.Baer < M is quasi-dual Baer.

Proof. (i) [2, Theorem 2.3] and Theorem 2.6 complete the proof.

(7i) Observe that every submodule of an indecomposable module is projection invariant. Therefore Theorem
2.6 yields the result.

(#47) Suppose M is dual w-e.Baer and Yy, < Hy,. Then Yy <, Hy by [4, Lemma 2.3]. Thus Ey(Y) = hM
for some h = h? € H by Proposition 2.4. It follows from [12, Theorem 2.1] that M is dual Baer. Theorem 2.6
yields the converse.

(iv) Suppose H = I and M is quasi-dual Baer. Let A <, M. Since H = I, Ap <Mpg. Thus Dy (A) = hH
for some h = h? € H, so M is dual m-e.Baer. Converse is clear from Theorem 2.6. [ |

Corollary 2.9. The free R-module F with a finite rank is dual 7-e.Baer if and only if it is quasi-dual Baer.

Proof. Suppose Fr = € R; where n > 1 and R; = R. Then H = Mat,,(R) and I(Mat,,(R)) = Mat,(R).
t=1
Therefore Proposition 2.8(iv) ensures the result.
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Now, we study on the direct summands and directs sums properties for the former class of modules. A module
M is retractable, if Homp(M,A) # 0forall0 # A < M.

Lemma 2.10. Assume M is a dual m-e.Baer and retractable module. Then every 0 # Ar <, Mg includes a
nongzero direct summand of M.

Proof. Suppose M satisfies the stated property. Let 0 # Ag <, Mg. Then Dy (A) = hH for some h = h? € H
by Proposition 2.4. Note that h € S;(H). Since M is retractable, M C A for some 0 # ¢ € H. Thus
1 € Dy (A), so 1 = hip. Observe that (h)? = 1(heph) = h € H, as h € S;(H). Moreover 0 # phM C
WM C A, sophM <% M. [ |

We mention in Example 3.8 that a direct summand of a dual 7-e.Baer module need not to be dual 7-e.Baer.
To this end, we investigate when the direct summands fulfill the property.

Proposition 2.11. Assume M is dual w-e.Baer and (hM)r < Mg, for all h = h?> € H. Then (hM)g and
((1 — h)M) g are dual 7-e.Baer.

Proof. Let M be dual m-e.Baer, (hM)r I Mg and Ag <, (hM)g. Then Ag <, Mg by [5, Lemma 3.1].
Hence Dy (A) = pH for some p € S;(H). Notice that Hppyr =2 hHh and h € S;(H). Moreover,
(hph)? = hph € hHh and (hph)M C hp(M) C h(A) C A. Hence hph € Dpyn(A). Thus
(hph)(hHh) C Dpun(A). Let v € Dpyn(A). Then (M) C A and ¢ € hHh. Tt follows that
v € Dy(A) = fH, so v = fi. Since v € hHh and h € S;(H), we obtain that
v = fhwp = (hfh)y € (hfh)(hHh). Therefore Dpyp(A) < (hfh)(hHh). Tt follows that
Dpyn(A) = (hfh)(hHh), where (hfh)? = hfh € hHh. Consequently, (hM)p is dual 7-e.Baer.

Now, let B<,, ((1—h)M)g. Then (hM @& B) g <, Mg by [7, Lemma 4.13]. Then J = Dy (hM & B) = gH
for some g € S;(H). Note that H(;_pypr = (1 — h)H(1 —h)and (1 — h)J(1 —h) = J N (1 —h)H(1 - h).
Sincel —h € S (H), 1 —h)J1—h) =(1—h)gH(l—h) =(1—h)g(1 —h)H(1 —h) = (1 —h)g(1 —
h)((1 — h)H(1 — h)). Further, (1 — h)g(1 —h) = ((1 — h)g(1 — h))? € (1 — h)H(1 — h). Our claim
is (1 = h)J(1 —h) = Da_pyna-n(B). Let « € J. Then (1 — h)a(l — h)(M) C (1 — h)a(M) C
(1-h)(hM & B) = (1-h)B C B,as Br <), (1 —h)Mg. It follows that (1 —h)J (1 —h) € D _pyp1-n)(B).
Assume that (1—h)B(1—h) € (1—h)H(1—h) such that (1—h)B(1—h)(M) C B. Hence (1—h)B(1—h) € J.
But (1 — h)B(1 —h) € (1 — hYH(1—h),s0 (1 — h)B(L—h) € JN (1 —h)YH(L —h) = (1 —h)J(1 - h). It
follows that D1 _p)3(1—p)(B) € (1 —h)J(1 — h),so ((1 — h)M)p is dual 7-e.Baer. [

Corollary 2.12. Suppose M is dual w-e.Baer and H is Abelian. Then (hM)r and ((1 — h)M)g are dual
w-e.Baer for all h = h? € H.

Proof. Since H is Abelian, (hM) g <I Mg for all h = h? € H. Hence Proposition 2.11 completes the proof. W

The following example illustrates the direct sums of dual 7-e.Baer modules.

Example 2.13. For any prime p, consider Mz, = Z(p*>°) ® Zyp. Then Z(p>) and Z,, are dual T-e.Baer modules.
On the other hand, My, is not dual w-e.Baer by [2, Example 2.3] and Theorem 2.6.

Theorem 2.14. Suppose M = @ M, such that (M,;)r < Mg for all k € K. Then M is dual 7-e.Baer if and
KEK
only if M,; is dual w-e.Baer for all k € K.

Proof. Assume that for each x € K, M, is dual m-e.Baer. Since (M,)g I Mg, Homg(M,, M,) = 0 for all
k # x € K. Observe that H = [[ H,, where H,. = Har,. Let Yy < Hy. ThenY = [[ (VNHy) = [[ Ve,

KEK KEK KEK
where Y, = Y NH,, for k € K. Notice that (Y, )2, p (H )2, Since M, is dual m-e.Baer, Eyy, (V) = ho M,
for some h,, = h2 € H,.. Note that Ep; () = > (M) = > Ep. (Ve) = hxMyg, as he M,.Nhy M, =0
YeY KEK w=1

forall k # x € K. It gives that E;(Y) <® M, so M is dual 7-e.Baer. Converse is a consequence of Proposition
2.11.
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3. Endomorphism Rings of Dual 7-e.Baer Modules

Our goal is to analyze the properties of the endomorphism ring of a dual 7-endo Baer module.
Proposition 3.1. The endomorphism ring of a dual m-e.Baer module is a m-Baer ring.

Proof. Suppose M is dual 7-e.Baer and Yy <, Hy;. Then Ep (V) = > (M) = hM for some h = h? € H
ey
by Proposition 2.4. Observe that ¢»(M) C hM, so (1 — h)(M) = 0. Thus (1 — h)1p = 0 which gives that

1—h € 1y4(Y). Hence H(1 — h) C 14(Y). Let a« € 13(Y). Then o = 0, s0 anp(M) = 0 for all p € .
Thence a(Ep(Y)) = 0, hence (ah)M = 0, so ah = 0. Therefore « = ah+a(l —h) = a(l —h) € H(1 —h),
$011(Y) € H(1 — h). Thus H is w-Baer. [ |

The next example validates the reverse of Proposition 3.1 may not be true, in general.
Example 3.2. (i) Assume My, = Zz. Then H = Z is a w-Baer ring, but My is not dual m-e.Baer.
(ii) Let R = [ F., where F is a field and F, = F for v = 1,2,---. Then M = Rpg is not dual Baer

=1
by [12, Corollary 2.9]. Since R is a commutative ring, Mg is not dual m-e.Baer. However, H = R and R is a
w-Baer ring by [4, Proposition 2.10].

A module Mfp, is called coretractable (quasi-coretractable) [1], [11], provided that Homgr(M/A, M) # 0
(Homp(M/ > (M), M) # 0) for all proper A < M (I < Hy with > (M) # M). Notice that
el el

every coretractable module is quasi-coretractable. In the following result, we characterize a dual 7-e.Baer (resp.,
quasi-dual Baer) module and its endomorphism ring being m-Baer (resp., quasi-Baer).

Theorem 3.3. Assume M is quasi-coretractable. Then M is dual 7-e.Baer (resp., quasi-dual Baer) if and only
if H is m-Baer (resp., quasi-Baer).

Proof. Assume M is dual m-e.Baer. By Proposition 3.1, H is m-Baer. Let H is m-Baer and Yy ), Hy. We
claim that Ep () = Y. ¢(M) <% Mg. Since H is 7-Baer, there is h = h? € H such that I3 ()) = Hh.
PpeY

Observe Y C ry(14(Y)) = (1 — h)H. Consider the right ideal A = Y + hH. Notice that I;(A) = I3 (V) N
lp(hH) = HhNH(1 — h) = 0. Thus, l3(A) = 0. By [11, Lemma 3.3], Y (M) = M. Furthermore,

PYeEA
M= > ¢(M)= > v(M)® >, (M) which gives that M = Ep (V)@ >, (M). Hence M is dual
PEA el YERH YEH
m-e.Baer. The quasi-dual Baer case follows from the similar arguments and [2, Proposition 3.1]. |

Corollary 3.4. M is dual 7-e.Baer if and only if Ey (YY) = ry(1()) is a direct summand of Mg for all
Yy <y Hyy and H is w-Baer.

Proof. Suppose M is dual 7-e.Baer. By Proposition 3.1, # is m-Baer. Let Yy <, Hy. Then Ey(Y) = pM
for some p € S;(H). Thus (1 — p)yy(M) = 0 for all » € Y by Proposition 2.4. Then 1 — p € (), so
H(1—p) C Iy (Y). Itfollows that rps (1. () C ry(H(1—p)) = pM = Ep (V). We claim that Iy, (V)pM = 0.
Observe that g = 0 for all g € Iy (Y). Then 0 = g( > ¥(M)) = g(Em(Y)) = g(pM). Therefore
PpeY
I (V)pM = 0, s0 pM C rpr(l4())). It follows that En; (V) = rar(l2(Y) = pM. Conversely, let Ep()) =
rav(ln(Y)) <% Mpg for all Yy <, Hy and H be w-Baer. Thus Iy (Y) = Hq for some g € S, (H) by [4,
Proposition 2.1] Hence qv = Oforallv € Y. Thus v = qv+ (1 —q)v = (1—¢)vand v(M) C (1—q)M. Thence
En(Y) C (1 —q)M. However, (1 — q)M = rpy(Hq) = ra(in(Y)). By hypothesis, (1 — ¢)M = Ep(Y), so
M is dual 7-e.Baer. n
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A ring R is called right Kasch [13], if every simple right R-module can be embedded in Rp.

Corollary 3.5. (i) Suppose H is right Kasch. Then M is dual m-e.Baer if and only if H is w-Baer.
(#i) If M is an indecomposable dual -e.Baer module with finite uniform dimension, then H is semilocal.

Proof. (i) Since H is a right Kasch ring, H is coretractable by [1, Theorem 2.14]. Then Hy is quasi-
coretractable. Therefore Theorem 3.3 yields the result.
(4) Proposition 2.8(i4) and [12, Proposition 2.17] complete the proof. [ |

Proposition 3.6. The followings are equivalent.
(1) M is an indecomposable dual m-e.Baer module.
(i) M is a quasi-coretractable module and H is a domain.
(#ii) Every 0 # T € H is an epimorphism.
(iv) Epp(Y) = M forall 0 # Yy < Hy.
(v) Dy (A) = H forall 0 # Ar < Mp.

Proof. (i) < (it) < (iii) Proposition 2.8(i%), [11, Corollary 2.7] and [12, Corollary 2.2] yield the implications.

(1) = (iv) Let 0 # Yy < Hy. Since M is indecomposable, Yy <, Hy. Hence En(Y) = pM for
some p = p? € H. Thence Ep(YV) = 0or Ep(Y) = M. If Ey(Y) = 0, then Y € Dy(Ep(Y)) = 0, a
contradiction. Therefore Ep;()) = M.

(iv) = (i) Suppose Xy <, Hy. If X = 0, then we are done. Let 0 # X. By part (iv), Ep (X) = M so Mg is
dual 7-e.Baer. Moreover, Ep(hH) = M for some 0 # h = h? € H by part (iv). Hence M = Ejy;(hH) = hM,
so h = 1. Therefore M is indecomposable.

(i) & (v) This part follows from the similar steps in part (i) = (iv) and part (iv) = (). [ |

Assume T is the Zo-subalgebra of [[ F, generated by € F, and 1, where F,, = Zs. Then T is a

w=1 w=1
countable von Neumann regular ring [6]. In the following result, we make connections between the related
notions when the module has a countable regular endomorphism ring.

Proposition 3.7. Assume H is countable regular. Then the following statements are equivalent.
(7) H is a Baer ring.
(i) Mg is a dual Baer module.
(#4i) Hy is a dual Baer module.
(iv) Mg is an e.Baer module.

Proof. (i) = (2) H is a semisimple Artinian ring by [6, Corollary 3.1.13]. Then D3 (X) <% H4 for any
0 # X C M, so M is dual Baer.

(#4) = (¢9t) By [11, Theorem 3.6], H is Baer. Thence Hy, is a dual Baer module by [6, Corollary 3.1.13]
and [12, Corollary 2.9].

(i73) = (iv) Observe that 1H is semisimple by [12, Corollary 2.9]. Hence 3 (l3(B)) <% H for all
() # B C M. Thus M is e.Baer.

(tv) = (i) This part follows from [14, Theorem 4.1]. [ |

The following example explains dual Baer, dual 7-e.Baer and quasi-dual Baer modules are strictly different
from each other. Furthermore, it gives an answer to the question: is the dual m-e.Baer module property inherited
by direct summands?

Example 3.8. Assume that R be a simple Noetherian ring with {0,1} as its only idempotents and not Morita
equivalent to a domain [9]. Observe from [4, Theorem 2.1], R is quasi-Baer but not w-Baer. Then consider the
following examples:

(1) Let Mr = Rg. Observe that R is a quasi-Baer ring, and Ry, is coretractable. Hence Ry is quasi-dual
Baer by Theorem 3.3. Since R is not a w-Baer ring by [4, Theorem 2.1], Ry is not dual w-e.Baer.

e
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n
(2) Let T = @ R, where R,; = R. Hence Tg is dual 7-e.Baer, but not dual Baer. To see this, observe that

k=1
T'r is a coretractable module by [1, Proposition 2.6]. Notice that T is quasi-e.Baer by [14, Proposition 3.19],
and hence H = Mat, (R) is also a quasi-Baer ring by [14, Theorem 4.1]. It follows from Theorem 3.3 that Tr
is quasi-dual Baer. Moreover, T is dual 7w-e.Baer by Corollary 2.9(i). However, Tx is not dual Baer. Because

H =

Mat,,(R) is not a Baer ring by [10, Exercise 3].

(3) Note that Tr = €D Ry in part (2) includes a direct summand, Rg, which is not dual m-e.Baer.

k=1
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1. Introduction

Fractional differential equations are a generalization of the classical ordinary differential equations, they

play a very important role in modeling of various fields of science and engineering, chemistry, physics,
economics, biology, control, etc..., see [2, 3, 11, 12, 17] and the references cited therein. The existence and
uniqueness solution of fractional differential equations are studies by many authors, with different approaches,
such as Riemann-Liouville, Caputo, Hadamard, Caputo-Hadamard, with various boundary conditions as
nonlocal, integral, multipoint and hybrid, see for example [1, 6]. In recent years, many researchers focused on
developing the theoretical aspects and methods of solution of the hybrid fractional differential equations by
using different kinds of fixed point, we refer the reader to the works [5, 9, 16].
In [8] Almeida presented a new fractional differentiation operator named -Caputo fractional operator. This
type of differentiation depends on a kernel, and for particular choices of i), we obtain some well known
fractional derivatives like Caputo, Caputo-Hadamard or Caputo, Erdélyi-Kober fractional derivatives. One can
find some recent works on -Caputo derivative in the following published papers and the references cited
therein [5, 8, 10, 18].

*Corresponding author. Email address: naasadjimi@gmail.com (Naas Adjimi), mbenbachir2001 @gmail.com (Maamar Benbachir),
series guerbati_k @yahoo.com (Kaddour Guerbati)
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Existence results for y)-Caputo hybrid fractional integro-differential equations

However, this domain reported on the existence solution for hybrid differential equations with -Caputo
fractional derivative still new.

Motivated by this fact, in this paper, we study the existence of solutions for t-Caputo hybrid fractional
integro-differential equations of the form

2(r)-m IR 7,2(T
oDy | MR O — H(r (), € T o= o)

(1.1)
z(a) =0,

where C]D)Zifb is the 1)-Caputo fractional derivative of order v € (0, 1], ]Iiﬁp is the ¢)-Riemann-Liouville fractional
integral of order 6 > 0,6 € {01,09,...,0m},06 >0,k =1,2,....m. G € C(J x R,R\ {0}) and Fy,H €
CIxR,R),(k=1,2,...,m).

The paper is organized as follows. In section 2, we present some definitions of fractional calculus and lemmas.
In section 3, we prove the existence of solutions for problem (1.1) via hybrid fixed point theorems in Banach
algebra due to Dhage. In section 4, an example is provided to check the applicability of the theoretical findings.

2. Background material

First, we introduce the essential functional spaces that we will adopt in this paper. We denote by €([a, b], R) the
Banach space of all continuous functions z from [a, b] into R with the supremum norm

[2lle = sup |2(7)],
T€la,b

and the multiplication in € by

(zy)(7) = 2(1)y(7).
Clearly, € is a Banach algebra with respect to the supremum norm and multiplication in it.
Now, we present some facts from the theory of fractional calculus.

Definition 2.1 ([7, 12]). For v > 0, the left-sided y)—Riemann-Liouville fractional integral of order v for an
integrable function z: [a,b] — R with respect to another function ¢: [a,b] — R that is an increasing
differentiable function such that ' (1) # 0, for all T € J is defined as follows

v a(r) = L[ "(8) (¢ () — (s))" " 2(s)ds
E2ar) = o [V O00) - v) s @

where I'(+) is the (Euler’s) Gamma function defined by
—+oo
I'(v) = / ™ leTTdr, v > 0.
0
Definition 2.2 ([7]). Let n € N and let v,z € €"([a,b],R) be two functions such that 1 is increasing and

Y'(1) # 0, for all T € J. The left-sided 1)—Riemann—Liouville fractional derivative of a function z of order v is
defined by

, 1 d\" .,
D) = (s ) Tra(o)

B r(nlf ) (wbjt)/

where n = [v] + 1 and Z(s) = ' (s)(¢(7) — (s))" ¥ L2(s).

(1]

(s)ds,
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Definition 2.3 ([7]). Let n € N and let ),z € €"([a,b],R) be two functions such that ) is increasing and
V'(1) # 0, for all T € J. The left-sided 1)-Caputo fractional derivative of z of order v is defined by

cmVs n—v; 1 d "
DYYa(r) = I'7" (W)dt) 2(7),

wheren = [v]|+ 1forv ¢ N,n=v forv e N.

Lemma 2.4 ([7]). Let v, > 0, and z € €([a,b],R). Then for each 7 € J we have
(1) “DLYIEY 2(7) = 2(7),

(@) T DE2(r) = 2(r) - 2(a), 0<v <1,

(3) T (6(7) — ()P = £ () — la))P+ L,

(4

(5

) DY ((r) = (a))~t = F(ﬁ“%(w(r)—zp( )EvL,
) DY (3b(1) — (a))k = 0, forall k € {0,...,n —1},n € N.

Theorem 2.5. Let S be a closed convex , bounded and nonempty subset of a Banach algebra X, and let A,C :
X — Xand B: S — X be three operators such that
(a) A and C are Lipschitzian with Lipschitz constants 6 and &, respectively,
(b) B is compact and continuous,
(¢)x=AzBy+Cx = x € Sforally € S,
(d) 6M + & < 1 where M = ||B(S)]-
Then the operator equation AxBx + Cx = x has a solution in S.

3. Main Results

Before proceeding to the main results, we start by the following lemma.

Lemma 3.1. Let v € (0,1] be fixed and functions F;, (i = 1,--- ,n), G, H satisfy problem (1.1). Then the
function z € €([a, b],R) is a solution of the hybrid fractional integro-differential problem (1.1) if and only if it
satisfies the integral equation

2(7) = G(r, () [My + TP H(r, 2(7))]

+ > IEVFr(r,2(7)), 7€ [a,b], G.1)

k=1
where

— S 7Y Fy(a, 0)
G(a,0)

M, = 3.2)

For the proof of Lemma 3.1, it is useful to refer to [13, 14].
Theorem 3.2. Assume that:

(Hy) Let the functions G : J x R — R\ {0} and, Fi,,H: J x R - R, k =0, 1,2, ..., m are continuous

(H3) There exists two positive functions Lp,,Lg, & = 0,1,...
k=0,1,2,...,m, respectively, such that
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|Fr(r,2(7)) — Fr(7,2(7))| < Ly, (7)|z — Z| (3.3)
k=0,1...m
and
|G(7,2(7)) = G(1,2(7))| < Lg(7)]z — 7], (34)

Sforall (1,2,Z) € J xR xR

(Hs) There exist a function p € €(J,R,.) and a continuous nondecreasing function ) : [0,00) — (0,00) such

that
[H(7, 2(7))| < p(7)Q(|2]), 3.5)
forallT € Jand z € R.
(Hy) There exists a number v > 0 such that
- G*A+ £} Fy, (3.6)
T 1 |LglA - £7F L, ||
and
ILallA + I5F; < 1, 3.7)
where F}, = supc3|Fi(7,0)|, and G* = sup,c3|G(7,0)|, k =0,1,2,...,m, and
A= [My | +Q(r)llpllL, (3.8)

Then hybrid fractional integro-differential problem (1.1) has a least one solution defined on J.
Proof. In order to use Dhage’s fixed-point theorem to prove our main result, we define a subset S,. of € by
S, ={z€eC:|zl]le <7},

with r is a constant defined by hypothesis Hy.
Notice that S, is closed, convex and bounded subset of €. Define three operators A,C : € — €andB : S, — €

by

{AZ(T) = G(r, (1)), el
Bz(t) =My + 12 H(r, 2(7)), 7
and
Cz(r) = Zﬂgi;ka(T, z(t)), Tel
k=1

Then (3.1) in operator form becomes

z2(1) = Az(T)Bz(1) + Cz(1), 7€

e
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We shall prove that the operators A, B and C satisfy the conditions of Theorem 2.5. For the sake of clarity, we
split the proof into a sequence of steps.
Step 1: First, we show that A and C are Lipschitzian on €. Let z, Z € €. then by (H2), for 7 € [a, b], we have

|Az(7) = Az(7)| = |G(, 2(T)) = G(7, 2(7))]|
<Le(n)]l2(7) = 2(7) e
Taking supremum over 7 € [a, b], we obtain
Az — Azlle < |[Lgll[l2(7) = 2(7) e,

for all z, z € €. Therefore, A is a Lipschitzian on € with Lipschitz constant Lg. Also, for any z, Z € €., we have

C2(r) = C2(r)| < Y I74" [F(r, 2(7)) — Fi(r, 2(7))]

<3 WO YD e o) - 20 e

Hence, we have
ICz — Czl|e < £3F Ly, lll2(T) = 2(7) e

Which means that C is a Lipschitzian on € with Lipschitz constant £7* || L, ||-

Step 2: We show that B is completely continuous on S,.. The continuity of B follows by the continuity of H.
Now, it is sufficient to show that B is uniformly bounded and equicontinuous on S,.. On the other hand, Keeping
in mind the definition of the operator B on [a, b] together with assumption (H3). For any z € S, we can get

‘BZ(T” §|Mw|+/7— ¢’(5)(¢(?(V>¢(S))V \H(s,z(s)|ds

e A 7 R GO
T S T) — s v—1
§|Mw|+Q(r)||p||/ Y(s)(@W(1) — ()"

L'(v)
(¥ (b) = ¢(a))”
Fv+1) &

=My + Q(r)[lpll€5-

<|My | + (")l

Hence
[Bzlle < [My|+ Q(r)]lpl|£-

Thus || Bz|| < A with A given in (3.8), for all z € S,.. This shows that B is uniformly bounded on S,.
Now, we will show that B(S,.) is an equicontinuous set in €.
Let 7,7 € Jwith 7y < 75 . Then for any z € S,, by (3.5) we get

Bz (ry) — Ba(r)| < / " 0., (s)ds - / " 0, (s)ds

Q) llpll ™ Q@)lpll (™
< W/a Aq(s)ds + W/—l AQ(S)dS7 (3.9
P
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s o) —(s))Y "t s 1) —b(s))Y L
where O, (s) = Y(s)(¥( Iz:)(y)w( ) H(r, (7)), O, (s) = P(s)(( 11‘)(;/)11)( ) H(r, 2(7)),

Av(s) = ¥/(s) [((r1) — §(5))" ™" — (th(72) — ()" "] and Ag(s) = ¥/(s) ((2) — ¥(s))" .

It is clear that the right-hand side of (3.9) is independent of z. Therefore, as 7o — 71, inéquality (3.9) tends zeros.
As consequence of the Arzela-Ascoli theorem, B is a completely continuous operator on S,..

Step 3: The hypothesis (c) of Theorem 2.5 is satisfied.

Let z € € and y € S, be arbitrary elements such that z = AzBy + Cz. Then we have

2(7) < |Az(T)[ [By(7)| + |C2(7)]

m

< 1G(r, 2(m) | {My + LV [(ry(r)| b+ 1Y IFa(r, 2(0)
k=1

< (IG(7, 2(1)) — G(7,0)|

+1G(r,0)1) {My + LT, y(r)| } + 3 I (Fa(r, (7)) = Fa(7,0)| + [Fi (7, 0)])
k=1

< (ILelllzlle + G*) [IMy] + Q(r)lipl€)] + €7 (e, lllzlle + F).-

Thus,
2(7)| < (ILsllllzlle + G*)A + £3* (ILe, M2l + F)-

Taking the supremum over 7,
G*A + (5FTF;
21l < ST <.
1 — [[Lgl|A = €5" T, |

Step 4: Finally we show that 0 M + £ < 1, that is, (d) of Theorem 2.5 holds.
Since

M= |B(S)| = sup{sung(m} <A,

zeS “re

and so
|Lg || M + £ [[Lr, || < [[LellA + €% |Lr, || <1,

with § = |[Lg|,§ = £;)[|Lw,||. Thus all the conditions of Theorem 2.5 are satisfied and hence the operator
equation z = AzBz + Cz has a solution in S,.. As a result, problem (1.1) has a solution on J. [ |
4. Application

In this section, we present an example to show the applicability of the main result.

Example 4.1. Consider the following hybrid fractional integro-differential equation:

s m ok
epzi¥ | 27 Zk&f,%;)mm(ﬂ)] = ((4l\;|\+1) + it %) ’
TeJ:=10,1], b
z(a) = 0.
We take
V—l, m =3, 01:1, 02:§a 03*3
9 2 2 2

e
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3

> LEVFL(n (7)) = B 1 (o) +€77)
k=1

_ng;w TCOST |z(7)] n T
1+
|

ot 12(1 4 e7)

5. 3sinmr |2(T)
]12
T (i o)

(r2(7)) = S(r +1),7 € [0,1],

ZGﬁSinz(WT) z(7) —I-l
(T45) 14+2(1) 2

G(r, 2(7))

1 R
H(r, z(7))) = V36 + 2 ((4|Z| +1) + |z| + 1 + 4) '

We can show that
-
[FL(7, 2(7)) = Fu (7, 2(7))] < {512 =2,

[Fa(r, (7)) = Fa(r, 2(0) £ oy 7
[Fa(r,2(r)) — Fa(r,Z(0)] < 55l — 3,
G (B 3r)-| < s~ 3,
M) = (2] +
Bi(r, (7)) = B(r, 5(r)| = (el + ).
where
Q= = el +1, plr) = Zm—s.
Hence we have 6/7 ;
L=ty =1 R=npareay B i
Then
ol = 25, nl = 55, el =
1 2

v

Lp,|| = = ==, ly=—
el = 550 ol =5, &=~

81(1+e)+25 ., . 58
450y/m(14+¢€)” ¥ % 75/ me?
234(1 +e) + 100
YT s m(1+e)

Ly L, || =

and

1
F; = sup [Fi(7,0)| = G* = sup |G(7,0)| k=1,23.

oy 5¢2’ oy B
By using Matlab program, it follows by (3.6) and (3.7) that the constant r satisfies the inequality 0.7411 < r <
0.9970. As all the assumptions of Theorem (3.2) are satisfied then the problem (4.1) has at least one solution on

J.

e

52



Existence results for y)-Caputo hybrid fractional integro-differential equations

References

[1] M.I. ABBAS, Existence results for Hadamard and Riemann-Liouville functional fractional neutral
integrodifferential equations and finite delay, Filomat, 32(13) (2018), 4611-4618.

[2] S. ABBAS, M. BENCHOHRA AND G. M. N’GUEREKATA, Topics in Fractional Differential Equations,
Developments in Mathematics, 27, Springer, New York, 2012.

[3] S. ABBAS, M. BENCHOHRA AND G. M. N’GUEREKATA, Advanced Fractional Differential and Integral
Equations, Mathematics Research Developments, Nova Science Publishers, Inc., New York, 2015.

[4] S. ABBAS, M. BENCHOHRA, J. R. GRAEF AND J. HENDERSON, Implicit Fractional Differential and Integral
Equations, De Gruyter Series in Nonlinear Analysis and Applications, 26, De Gruyter, Berlin, 2018.

[5] N. Apsimi AND M. BENBACHIR, Katugampola fractional differential equation with Erdelyi-Kober integral
boundary conditions, Advances in the Theory of Nonlinear Analysis and its Applications, 5(2)(2021), 215-
228.

[6] R.P. AGARWAL, M. BENCHOHRA AND S. HAMANI, A survey on existence results for boundary value problems
of nonlinear fractional differential equations and inclusions, Acta Appl. Math., 109(3)(2010), 973-1033.

[7] R. ALMEIDA, A Caputo fractional derivative of a function with respect to another function, Commun.
Nonlinear Sci. Numer. Simul., 44(2017), 460-481.

[8] R. ALMEIDA, Functional differential equations involving the -Caputo fractional derivative, Fractal and
Fractional, 4(2)(2020), 1-10.

[9] A. BOuTIARA, M.S. ABDO AND M. BENBACHIR, Existence results for ¢- Caputo fractional neutral functional
integro-differential equations with finite delay, Turk. J. Math., 44(2020), 2380-2401.

[10] C. DErRBAZI, Z. BAITICHE, M. BENCHOHRA AND A. CABADA, Initial value problem for nonlinear fractional
differential equations with -Caputo derivative via Monotone iterative technique, axioms 2020, 9, 57.

[11] R. HILEER, Applications of Fractional Calculus in Physics, World Scientific Publishing Co., Inc., River
Edge, NJ, 2000.

[12] A.A. KiLBAS, H.M. SRIVASTAVA AND J.J. TRUJILLO, Theory and Applications of Fractional Differential
Equations, North-Holland Mathematics Studies, 204, Elsevier Science B.V., Amsterdam, 2006.

[13] M.M. MaTAR, Existence of solution for fractional Neutral hybrid differential equations with finite delay,
Rocky Mountain Journal of Mathematics, 50(6)(2020), 2141-2148.

[14] A.U.K.Niazi, J. WEI, M. UR REHMAN AND D. JUN, Existence results for hybrid fractional neutral differential
equations, Adv. Difference Equ., 2017, Paper No. 353, 11 pp.

[15] I. PopLUBNY, Fractional Differential Equations, Mathematics in Science and Engineering, 198, Academic
Press, Inc., San Diego, CA, 1999.

[16] F. St BACHIR, S. ABBAS, M. BENBACHIR, MOUFFAK BENCHOHRA AND G.M. N’ GUEREKATA, Existence and
attractivity results for ¥-Hilfer hybrid fractional differential equations, CUBO, 23(1)(2021), 145-159.

[17] V. E. TArRASOV, Fractional Dynamics, Nonlinear Physical Science, Springer, Heidelberg, 2010.

[18] J. VANTERLER DA C. SOUsa AND E. CAPELAS DE OLIVEIRA, On the v-Hilfer fractional derivative, Commun.
Nonlinear Sci. Numer. Simul., 60(2018), 72-91.

e

[V =)
MM

53



Naas Adjimi, Maamar Benbachir and Kaddour Guerbati

[19] Y. Znuou, Basic Theory of Fractional Differential Equations, World Scientific Publishing Co. Pte. Ltd.,
Hackensack, NJ, 2014.

[20] Y. Zuou, Fractional Evolution Equations and Inclusions: Analysis and Control, Elsevier/Academic Press,
London, 2016.

This is an open access article distributed under the Creative Commons Attribution

@ ® License, which permits unrestricted use, distribution, and reproduction in any medium,
provided the original work is properly cited.

3

s
2

54



MALAYA JOURNAL OF MATEMATIK
Malaya J. Mat. 09(02)(2021), 55-63.
http://doi.org/10.26637/mjm0902/007

On nearly Ricci recurrent manifolds

B. PRASAD ! AND R.P.S. YADAV*?2
L2 Department of Mathematics, S.M.M.T.P.G. College, Ballia-277001, U.P, India.

Received 14 December 2020; Accepted 26 March 2021

Abstract. The object of the present paper is to introduce a new type of Ricci recurrent manifold called nearly Ricci recurrent
manifold . Some geometric properties of nearly Ricci recurrent manifold have been studied. Finally we give an example of
nearly Ricci recurrent manifold.

AMS Subject Classifications: 53C15 and 53C25.

Keywords: Nearly Ricci recurrent manifold, Constant scalar curvature tensor, Conformally flat manifold.

Contents

1 Introduction 55
2 Preliminaries 57
3 Existence ofa N {R(R,)} (n > 2) 57
4 Nature of scalar curvature of a N {R(R,,)} 58
5 Nature of the 1-forms A and B 58
6 N {R(R,)} with constant scalar curvature 58
7 Conformally flat N { R(R,,)} with constant scalar curvature 59
8 Necessary and sufficient condition for a N {R(R,)} tobea (NR), 60
9 Example 61

1. Introduction

Let (M™, g) be an n-dimensional Riemannian manifold with the matric g. A tensor field T" of type (0, g) is
said to recurrent [1] if the relation

(DxTYY1,Ys, ... Y )T (Z1, 22, ... Zq) — T(Y1,Ys, ..., Yo ) (DxT)(Z1, 25, ..., Zq) = 0

holds on (M™, g). From definition it follows that if at a point z € M; T(X) # 0, then on some neighbourhood
of z, there exits a unique 1-form A satisfying

(DxT)(Y1,Ys,....Y,) = A(X)T(Y1,Ys,...,Y,)

*Corresponding author. Email address: bhagwatprasad2010@rediffmail.com (B. Prasad) and rana_2181Qrediffmail.com (R.P.S.
Yadav)

https://www.malayajournal.org/index.php/mjm/index (©2021 by the authors.
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In 1952, Patterson [2] introduced a Ricci recurrent manifolds. According to him, a manifold (M™, g) of
dimension n, was called Ricci recurrent if

(Dx )Y, Z) = A(X)S(Y, Z)

for some 1-form A. He denoted such a manifold by R,,. Ricci recurrent manifolds have been studied by several
authors ( [3], [4], [1], [5] ) and many others. In a recent paper De, Guha and Kamilya [6] introduced the notion
of generalized Ricci recurrent manifold as follows:

A non-flat Riemannian manifold (M™, g)(n > 2) is called generalized Ricci recurrent if the Ricci tensor S is
non-zero and satisfies the condition:

(Dx )Y, Z2) = A(X)S(Y, Z) + B(X)g(Y, 2),

where A and B non-zero 1-forms. Such a manifold where denoted by them as GR,,. If the associated 1-form
B becomes zero, then the manifold GR,, reduces to a Ricci recurrent manifold R,,. This justifies the name
generalized Ricci recurrent manifold and the symbols GR,, for it. Also in a paper De, and Guha [7] introduced
a non flat Riemannian (M™, g)(n > 2) called a generalized recurrent manifold if its curvature tensor R(X,Y)Z
of type (1,3) satisfies the condition:

(DuR)(X,Y)Z = A(U)R(X,Y)Z + B(U)[g(Y, 2)X — g(X, 2)Y],

where A and B are two non-zero 1-forms and D denotes the operator of covariant differentiation with respect
to metric tensor g. Such a manifold has been denoted by GK,,. If the associated 1-form B becomes zero, then
the manifold GK,, reduces to recurrent manifold introduced by Ruse [8] and Waker [9] which was denoted by
K,,. In recent papers Arslan etal [10], Shaikh and Patra [11], Mallick, De and De [12], Khairnar [Kh], Shaikh,
Prakasha and Ahmad [14], Kumar, Singh and Chowdhary [15], Hui [16], Singh and Mayanglambam [17], Singh
and Kishor [18] etc. explored various geometrical propertis by using generlaized recurrent and generlaized Ricci
recurrent manifold on Riemannian manifolds , Lorentzian Trans-Sasakian manifolds, LP-Sasakian manifolds,
(k — p) contact metric manifolds.

Further the authors Prasad and Yadav [19] considered a non-flat Riemannian manifold (M™, g)(n > 3) whose
curvature tensor R satisfies the following condition:

(DuR)(X,Y)Z = [A(U) + B(U)IR(X,Y)Z + B(U)[g(Y, 2) X — g(X, Z)Y],

where A and B are two non-zero 1-forms and D has the meaning already mentioned. Such a manifold where
called by them as nearly recurrent Riemannian manifold and denoted by (N R),,.

The motivation of the above studies, we define a new type of non flat Riemannian manifold is called nearly
Ricci recurrent manifolds if the Ricci tensor .S is non zero and satisfies the condition:

(DxS)(Y,Z) = [A(X) + B(X)]S(Y, Z2) + B(X)g(Y, 2) (1.1)
where A and B non-zero 1-forms, P and ) be two vector fields such that
A(X) =g(P,X), B(X)=g(Q,X) (1.2)

Such a manifold shall be called as a nearly Ricci recurrent manifold and 1-forms A and B shall be called its
associated 1-form and n dimensional nearly Ricci recurrent manifold of this kind shall be denoted by N { R(R,,)}.
The name nearly Ricci recurrent Riemannian manifold was chosen because if B = 0 in (1.1) then the manifold
reduces to a Ricci recurrent manifold which is very close to Ricci recurrent space. This justifies the name
Nearly Ricci recurrent mani fold for the manifold defined by (1.1) and the use of the symbol N { R(R,,)} for
1t.
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In this paper, after preliminaries, the existence of a N { R(R,,)} is first established and then it proved that the
scalar curvature of N { R(R,,)} cannot be zero. In section 4, the necessary and sufficient condition for constant
scalar curvature of N {R(R,,)} is obtained. Here it is established if A is closed then B is also closed and
conversely in section 5. In section 6, it is shown that if the scalar curvature is constant in N {R(R,,)} then the
eigen value of the Ricci tensor .S corresponding to the given eigen vector not exist. In section 7, it is proved that in
Conformally flat N { R(R,,)} with constant scalar curvature if the 1-form A is closed then R(X,Y).S = 0 if and
only if {A(X)+ B(X)} A(LZ) = {A(Z) + B(Z)} A(LX). In section 8, a necessary and sufficient condition
for N {R(R,,)} to be a (NR), is obtained. Finally the existence of nearly Ricci recurrent manifold N { R(R,)}
is ensured by a non trivial example.

2. Preliminaries

Let L denotes the symmetric endomorphism of the tangent space at each point of the manifold corresponding to
the Ricci tensor S that is g(LX,Y) = S(X,Y) for every vector field X, Y. Therefore,

9((Dx L)Y, Z) = (DxS)(Y, Z). 2.1
From (1.1), we have
dr(X) =[A(X) 4+ B(X)]r + nB(X). 2.2)
3. Existence of a N {R(R,)} (n > 2)

In this section, it show that there exist a Riemannian manifold (M™, ¢g)(n > 2) whose Ricci tensor .S of type
(0,2) satisfies the condition

(DxS)(Y, Z) = [A(X) + B(X)]S(Y, Z) + B(X)g(Y, Z)
and for which (DxS)(Y,Z) # A(X)S(Y,Z). For this we consider a Riemannian manifold (M™, g) which
admits a linear connection D defined by

DyY = DyY + %B(X)LY + %B(X)Y 3.1)

where B is non zero l-form L is a symmetric endomorphism of the tangent space at each point (M",g)
corresponding to the Ricci tensor S defined by g(LX,Y) = S(X,Y) and L?X = X and which satisfies the

condition
(DxS)(Y, 2) = AX)S(Y, 2) (32)

If (3.2) holds, then
XS(Y.2) ~ S(DxY, Z) ~ S(Y.Dx Z) = A(X)S(Y, 2)

S XS(Y,Z)~ S (DXY + %B(X)LY + %B(X)Y, z) _
s (Y DxZ + %B(X)LZ n ;B(X)Z> — A(X)S(Y, Z)

From this, we get
(DxS)(Y, Z) = [A(X) + B(X)]S(Y, Z) + B(X)g(Y, Z)

The connection D is not identical with D. Hence (DxS)(Y, Z) # A(X)S(Y, Z). Thus a Riemannian manifold
(M™, g)(n > 2) admits a linear connection D which satisfies (3.1) and (3.2) then the manifold is a N { R(R,,)}.
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4. Nature of scalar curvature of a N {R(R,)}

From (2.2), we get if r = 0, then B = 0. Since the 1-form B cannot be zero.
Hence we can state the following theorem:

Theorem 4.1. The scalar curvature of a N {R(R,,)} (n > 2) cannot be zero.

Now suppose that N { R(R,,)} is of constant scalar curvature. Then from (2.2) it follows that
[A(X)+ B(X)]r +nB(X) =0

Hence we have n
AX) = — (1 + ;) B(X) @.1)

Again if (4.1) holds, then from (2.2) we get » = constant.
Hence we have the following theorem:

Theorem 4.2. A N {R(R,,)} (n > 2) is of constant scalar curvature if and only if the condition (4.1) holds.

5. Nature of the 1-forms A and B

We have 1
er(X, Y)= 3 [Xdr(Y)—Ydr(X)—dr([X,Y)])] 6.1

Now in virtue of (2.2), we get from (5.1)

3 X LAY+ BONr 0B} — Y {(AXX) + BX))r +nB(X)} ~nB (X, Y])]

orrdA(X,Y)+ (n+r)dB(X,Y)=0

Since B is closed then rd A(X,Y) = 0. But r # 0, A is closed.
Conversely if A is closed then B is closed.
Hence we have the following theorem:

Theorem 5.1. In a N{R(R,)} if B is closed then A is closed. Conversely if A is closed then B is closed,
provided r #£ 0.

6. N {R(R,)} with constant scalar curvature

Let us suppose that the scalar curvature r of a N { R(R,,)} be constant. Now from (1.1), we have

(DxS)(Y, Z) = (Dz9)(Y, X) =[A(X) + B(X)|S(Y, 2) — [A(Z) + B(Z)]S(Y, X)

6.1
+B(X)g(Y, Z) — B(Z)g(Y, X)
In view of (2.1), we have from (6.1)
9(DxL)Z,Y) — ((DZL)X Y) =[A(X) + B(X)]g(LZ,Y) — [A(Z) + B(Z)]g(LX,Y)
B(X)g(Z2,Y) - B(Z)g9(X,Y)
or (DxL)Z — (DzL)X = [A(X) +B(X)|LZ — [A(Z)+ B(Z)][LX + B(X)Z — B(Z)X
which on contraction gives
dr(X) =2[A(X) + B(X)]r —2[A(LX) + B(LX)] + 2(n — 1) B(X). (6.2)
e
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From (2.2) and (6.2), we have
2[A(LX) + B(LX)] = [A(X) + B(X)]r 4+ (n — 2)B(X)
" AX) (6.3)

or B(X):T+2_2[A(LX)+B(LX)]*T+TL_2

In view of (2.2) and (6.3), we get
_ 2 2(r +n)
dr(X) = T 2A(X) + e— 2[A(LX) + B(LX)].
1
S(X.P) +S(X,Q) = 1w 9(X. P) (6.4)

Now if r is constant then

33

Hence we can state the following theorem:
)}, none of P and Q can be an eigen vector corresponding to any eigen values

Theorem 6.1. Ina N {R(R,

7. Conformally flat N { R(R,)} with constant scalar curvature

In Conformally flat (M™, g) it known [20]

(Dx8)(Y.Z) = (Dz8)(Y,X) = gy ldr(X)g(Y, 2) — dr(2)g(X. Y], )

From (2.2) and (7.1), we get
1
(DxS)(¥.2) = (Dz8)(¥. X) =505 AR + BOO (Y. 2) +nB(X0O9(V.2)
(2)}rg(Y, X) —nB(Z)g(Y, X)].

—{A(Z)+ B

Putting Y = P in (7.2), we get
[(A(X) + B(X)]A(LZ) - [(A(Z) + B(Z)]A(LX) +

2(n1_ Ty {AX) + BX)}rA(Z) + nBX)A(Z) —{A(Z) +

[B(X)A(Z) — B(Z2)A(X)] =
B(2)} rA(X) = nB(Z2)A(X)],

or A)B(Z) - AZ)BX) = 2= 14(X) + BOXO) A(L2) .
~{(A(2) + BZ)} A(LX)

Now from (1.1),we get

(DuDyS)(Y, Z) =[(DuA)(V) + A(DuV) + (Du B)
+[A(U) + BU)I[A(V) + B(V)|S(Y, Z)+

[AV)B(U) + B(U)B(V) + (DuB)(V) + B(DuV)]g(Y, Z)

(V) + B(DuV)]S(Y, Z)

From above, we have

(DvDuS)(Y, Z) — (Dv9)(Y,

(DuDyS)(Y, Z) - Z)
[(DuA)(V) = (DvA)(U) + (DuB)(V) — (DvB)(U)]|S(Y, Z)
[(DyB)(V) = (DvB)(U) + A(V)B(U = A(U)B(V))lg(Y, Z)

#
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which gives
(R(U,V).S)Y, Z) =[(dA(U,V) 4+ dB(U,V)|S(Y, Z) + dB(U,V)g(Y, Z) (7.4)
[AV)B(U) — AU)B(V)]g(Y, Z). '

Suppose the 1-form A is closed. Then in virtue of theorem (5.1) and (7.3) we get from (7.4)
2(n—1)

= [{AX) + BXO}A(LZ) ~ {A(2) + B(Z)} A(LX)
Hence we have the following theorem:

Theorem 7.1. In a Conformally flat N {R(R,,)}with constant scalar curvature, R(X,Y).S = 0 if and only if
{A(X)+ B(X)}A(LZ) = {A(Z) + B(2)} A(LX).

(R(U,V).S)Y,Z) =

8. Necessary and sufficient condition for a N {R(R,)} tobea (NR),

It is known that the Conformal curvature tensor 'C of type (0, 4) of a Riemannian manifold (M", g)(n > 3) is
given by

CXY, 2,W) = ROX,Y, 2,1) = —[S(¥, 2)g(X, W) = S(X, Z)g(Y, W)
(X, W)g(Y, 7) - S, W)g(X, 2)] - .1

r
m[g(K 2)9(X, W) —g(X, Z)g(Y,W)],
where 'C(X,Y,Z,W) = g(C(X,Y)Z,W) ,'R(X,Y,Z,W) = g(R(X,Y)Z,W) and C is the Conformal
curvature tensor of type (1,3). Now let M™ be a nearly Ricci recurrent manifold N {R(R,,)} specified by a
non-zerol-form B.
Then in view of (1.1), (2.2) and (8.1), we get
(Du 'C) X, Y, Z,W) = [A(U) + B(U)] 'C(X,Y, Z,WV) =
(DU /R)(Xv Yv Za W) - [A(U) + B(U)] /R(X, Y7 Zv W)_
B(U)
(n—1)

(8.2)

[Q(K Z)g(X,W) —g(X,Z)g(Y,W)L

Conversely if (8.2) holds, then putting Y = Z = e; in (8.2) where {¢;},j = 1,2,3, ..., n is orthonormal basis
of the tangent space at each point of the manifold and [ is summed for [ < 5 < n, we get

(DuC)(X, W) = [AU) + B(U)|C(X, W) =

(Do S)(X, W) = [AU) + B(U)]S(X, W) = B(U)g(X, W)
But in view of C'(X, W) = 0, we get from (8.3) that

(DuS)(X, W) = [AU) + BU)IS(X, W) — BU)g(X, W).

(8.3)

From (8.2) and (8.3), we can state the following theorem:

Theorem 8.1. A necessary and sufficient condition that Riemannian manifold M™ be a N { R(R,,)} is that (8.2)
holds.

In particular, if the M™ Conformal to a flat space or if n = 3 then C' = 0. In the first case it follows (8.2) that
the N {R(R,)} is a (NR),. In the second case it follows that N { R(R3)} is a (N R)s3.
Thus we can state the following theorem:

Theorem 8.2. Every N {R(R,)} (n > 3) isa (NR),, if it is Conformal to a flat space and every N {R(R3)} is

[V =)
MM

e
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9. Example

Let us consider the 3-dimensional manifold M =
ordinate of R3.
We choose the vector fields

which is linearly independently at each point of M.
Let g be the Riemannian metric denoted by

(eive5) = {1’ =
A (A
Let D be the Levi-Civita connection with respect to metric g. Then from equation (9.1), we have
[e1, ea] = —ieq, [e1,e3] = 0, [ea, e3] = —ies.
The Riemannian connection D of the metric g is given by

29(DxY,2) =Xg(Y,Z2)+Yg(X,Z) - Zg(X,Y) — g (X,[Y, Z])
79(Y; [Xa ZD +g(Zv [X,YD,

which is known as Koszul’s formula. Using (9.2) and (9.3) in (9.4), we get

D.,e1 =ies, De,ea=—ie;, D.e3=0,
Dezel = 0, DEZEQ = 0, D62€1 = O,
D6361 = 0, De3€2 = i63, D63€3 = —i€2.

The curvature tensor is given by
R(X,Y)Z =DxDyZ — DyDxZ — Dix y1Z

Using (9.3) and (9.5) in (9.6) , we get

R(er,ex)e; = R(e1,e2)ea =e€1, R(er,ea)e3 =0
R(es,e3)e; = R(€2763) es = —e3, R(ea,e3)es =es
R(el,eg)elze R(ey,e3)ea =0 R(ey,e3)e3 = —e
R(e1,e1)er = R(er,e1)ea = R(er,e1)e3 =0
R(eq,e2)e1 = R(ea,ea)ea = R(ea,ea)e3 =0

R (es,e3)e; = R(es,e3)ea = R(es,e3)es =0.

From (9.7) and (9.8), we get

and the scalar curvature is = 2.
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{(z,y,2) € R3,2# 0}, where (z,y,z) are standard co-

0.1

9.2)

9.3)

9.4)

9.5)

(9.6)

9.7)

9.8)

9.9)
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Since {eq, €2, e3} forms a basis of Riemannian manifold any vector field X,Y, Z € x(M) can be written as
X =aje; +bres +cres, Y = ase; + boes + coeg,

where a;,b;,¢c; € §+ ( the set of all positive real numbers), j = 1,2, 3.
Hence
S(X,Y) =bby (9.10)

9(X,Y) = aras + biba + c1co 9.11)

By view of (9.10), we get
(De;S)(X,Y) =D, S(X,Y) - S(D,; X,Y) - S(X, DY)

(DEIS)(X, Y) == 7i(albg -+ agbl)
(De, S)(X,Y) =0
(DESS)(X, Y) = —i(blcg + b261)

Consequently, the manifold under consideration is neither Ricci symmetric nor Ricci recurrent. Let us now
consider 1-form non vanishes

5i(a1b2 + agbl) —3i(a1b2 + agbl)

A = B =
(e1) 3aias — biby + 3cico’ (e1) 3aias — biby + 3cica
A(ez) =0, B(e) =0
(e2) | (e2) | ©.12)
A (6‘ ) _ 5Z(b102 =+ bgcl) B (el ) _ —3Z(b102 =+ bgcl)
3 3aias — b1by + 3C1027 3 3aiaz — bibsy + 3cico
at any point x € M. From (1.1), we have
(De,S) (X,Y) = [A(e;) + B(e;)]S(X,Y) + B(ej)g(X,Y), j=1,2,3. (9.13)

It can be easily seen that the Riemannian manifold with 1-forms satisfies relation (9.13). Hence the manifold
under consideration is a nearly Ricci recurrent manifold (M3, g), which is neither Ricci recurrent nor Ricci
symmetric. Thus we have the following theorem:

Theorem 9.1. There exist a nearly Ricci recurrent manifold (M3, g), which is neither Ricci recurrent nor Ricci
symmetric.
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