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Abstract

Networks are one of the basic structures in many physical phenomena pertaining to engineering applications. As a
network can be represented by a graph which is isomorphic to its adjacency matrix, the study of analysis of networks
involving rate of change with respect to time reduces to the study of graph differential equations or equivalently matrix
differential equations. In this paper, we develop the basic infrastructure to study the IVP of a graph differential equation
and the corresponding matrix differential equation. Criteria are obtained to guarantee the existence of a solution and

an iterative technique for convergence to the solution of a matrix differential equation is developed.

Keywords: Dynamic graph, adjacency matrix, graph linear space, graph differential equations, matrix differential equations,

existence of a solution, monotone iterative technique.
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1 Introduction

A graph [I] represents a network of a natural or a man-made system, wherein interconnections between its
constituents play an important role. Graphs have been utilized to model organizational structures in social
sciences. It has been observed that the graphs which are static in nature limit the study in social phenomena
where changes with time are natural. Hence, it was thought that a dynamic graph will be more appropriate
in modeling such social behavior [2, d]. The concept of a dynamic graph was introduced in [2] and a graph
differential equation was utilized to describe the famous prey predator model and its stability properties were
studied [2].

The importance of networks in engineering fields and the representation of a network by a graph led us to
consider a graph differential equation as an important topic of study. Thus we plan to study the existence of
solutions through monotone iterative technique [3] for the graph differential equation through its associated
matrix differential equations.

2 Preliminaries

In this section we introduce the notions and concepts that are necessary to develop graph differential equa-
tions and and the corresponding matrix differential equations. All the basic definitions and results are taken
from [2] and suitable changes are made to suit our set up. Consider a weighted directed simple graph (called
digraph) D = (V, E) an ordered pair, where V is a non-empty finite set of N vertices and E is the set of all
directed edges. To each directed edge (v;,v;) we assign a nonzero weight e;; € R if (v;,v;) € E while e;; =0
if (v;,v;) ¢ E. Corresponding to a digraph D we associate an adjacency matrix E = (e;;). This association is

*Corresponding author.
E-mail address: jvdevi@gmail.com (J. Vasundhara Devi).
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an isomorphism.

Graph linear space. Let vi,vs,...vy be N vertices, N fixed and Dy be the set of all weighted directed
simple graphs ( called digraphs), D = (V, E). Then (D, +,.) is a linear space over the field of real numbers
with the following definition of the addition and scalar multiplication.

Let Dy, Dy be two digraphs Dy = (V, Ey) and Do = (V, E»).

Then the sum D; + D5 is defined as

Dy +D2=(V,E1+E2)

where Ey + Es is the set of all edges (v;,v;) € E1 U Ey where the weight of (v;,v;) is defined as the sum of the
weights of the edges (v;,v;) in the respective digraphs D; and Ds.
Let D = (V, E) be a graph then by aD = (V,aFE) where aF is the set of all edges (v;,v;) whose weight is «
times the weight of (v;,v;). Observe that if @ = 0 then aD = 0 € Dy is the graph consisting of NV isolated
vertices. Hence the set of edges is empty. With the fore mentioned operations, (Dy,+,.) is a linear space.
This space is isomorphic to the linear space My of all N x N adjacency matrices with entries of the principal
diagonal being zero, defined over the field of real numbers, with the usual definition of matrix addition and
scalar multiplication.
Let v be a matrix norm defined as

v: My — Ry satisfying

(i) y(m) >0V me My,m#0
(ii) y(am) = |a|y(m), V m € My,a €R
(iii) y(m1 + ma) < y(m1) +v(ma2), ¥V mi,ma € My.
Once a matrix norm is chosen we can define an associated matrix norm on Dy and induced metric 7 is
given by
n(mi, me) =v(my —ma), ¥Ymi,mo € My.

In order to study graph functions that vary over time, we use an axiomatic definition of the abstract linear
space Dy into itself.

Consider the space Dy and a family of mappings ® : R, x Dy — Dy, where to any graph D € Dy and any
parameter (time) t € R, assigns a graph ® (¢, D) € Dy.

Dynamic graph. A dynamic graph D= ®p(t) is a one parameter mapping ®p : Ry — Dy with ®p(t) =
® (t, D) € Dy satisfying the following axioms.

(i). @ (to, Do) = Dy

(ii). @ is continuous

(111) (I)(tg, P (tl,D)) = ‘I)(tl + tQ,D), N t1,t9 € R+, VDeDy.

The first axiom establishes D(tp) = Dy as the initial graph. The second axiom requires continuity of
mapping @ (¢, D) with respect to ¢ and D which includes continuity with respect to ¢ty and Dy. The third axiom
establishes that dynamic graph D as a one parameter graph @ (¢, D) of transformations of the space Dy into
itself. Corresponding to a dynamic graph the dynamic adjacency matrix is defined as follows.

Definition 2.1. A dynamic adjacency matriz Eisa one-parameter mapping ¥ : Ry x Exy — En of the space
En into itself satisfying the following axioms.

(i) ¥ (to, Eo) = Eo.
(ii) ¥(t, E) is continuous.
(’L’LZ) w(tz,’(ﬁ(tl,E)) = 1[)(151 + tQ,.E)7 Vit,ty € ]R+ andV E € Ey.

Examples.
A dynamic graph can be defined by the corresponding adjacency matrix and a few examples are given
below.
(1) Let ¥(t,E)=FE, VteR,, VE € Dy
Then (g, Eog) = Eo and ¢ (¢, F) = F is continuous V ¢ and V E and

Y(t,Y(t1, E)) = P(ta, E) = E
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= ¢(t1 +t23E)

Therefore, the dynamic graph D=Dforalte R;.
(2) Let ¥(t,E) =Ey ¥V t e Ry, VE € Ey. Then the dynamic graph D=E,forallte R,.

(3) Let (t,E)=tEy+ E, Vte Ry, VE € &y and Ey be any initial adjacency matrix.
Then ’(ﬂ(O,Eo) = EQ

and Y(t,, E) — ¥(tg, E) whenever t,, — to

and ¥(t, E,) — ¥(t, Ep) whenever E,, — Ej

Further o (t2,¥(t1,E)) = ¢(ta,t1E0+ E)
to Eg+ (t1Eo + E)
(t1 +t2) Eo + E
= Yt +t2, E).

Therefore, the dynamic graph D= tEg+ D for all t € R,..

Motion of the graph. The mapping ®(¢,D) = D is called the motion of the graph. The mapping ¥ (¢, F) is
called as the motion of the adjacency matrix E.A graph D¢ satisfying ®(¢, D¢) = D¢ is called as the equilibrium
graph.

In order to define the time evolution of a graph one needs the concept of a derivative in the abstract space,
we can use the theory of abstract differential equations. Introducing the concept of Frechet derivative, if it
exists on the notion of a generalized derivative we consider the time-evolution of a dynamic graph abstractly
by the equation AD = G(¢, D) where AD represents the tendency of the graph to change in time ¢.

In order to introduce the corresponding concept in the adjacency matrices we need the following notions.

(1) The adjacency matrix E = E(t) is said to be continuous if the entry e;;(t) is continuous for all 4,j =
1,2,...N.

(2) The continuous adjacency matrix E = E(t) is said to be differentiable if each continuous entry e;;(t) is
differentiable for all i,j = 1,2,... N, and is denoted by E" = (e};)nxn. With the above definitions in
place we can express the corresponding changes in an adjacency matrix that evolved in time ‘¢’ for a

dynamic graph by the equation

dE

— =F(t, F).

7 (t,E)
With the concept of rate of change of a graph with respect to time ¢, one can consider the differentiable
equation in the abstract space Dy. Using the theory of differential equations in abstract spaces one can

study the graph differential equations.

An alternative approach that is more useful for practical purposes would be to consider the corresponding
adjacency matrix differential equation or simply the matrix differential equation.

3 Linear Matrix differential equations

In this section, we study a graph differential equation that can be expressed as a linear matrix differential
equation. Now consider a matrix differential equation (M DE) given by
E' =F(t,FE).
where F(t,E) is a N x N matrix in which each entry f;;(¢) is a function of ¢, e;; where i,j = 1,2,..., N and
satisfies certain smoothness conditions.

In order to analyze the graph differential equation through the Matrix differential equation (M DE) we
first consider those equations that can be transformed to a linear system.

Consider the IVP of a MDE, corresponding to some graph differential equation, given by

E' = F(tE) }

E(to) = Eo=(kij)nxn (3.1)
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where F': I x Ey — En is continuous, I = [tg, T]. This means that

F(t, E) = (fij (t,e11,€12,...,€1N,€21,€22,...,€2N,...,EN1,EN2,--.,eNN))NxN and f;; is a continuous, real
valued function. Suppose that f;;(t) are linear combinations of the functions e;;(¢). Then the system (3.1) can
be written as a linear system

X' = AX
} (3.2)
X(toy) = Xo
where X is the vector given by
XT = [611a€12,~~',elNa6213622a~~~7€2N7-~~,6N1;€N23~~~76NN]3
A is N2 x N2 coefficient matrix and
XE = (ki1 k1o, - kin, kot koo ooy kany - En, ke, - oo k-

As the qualitative theory of the system (3.2)) is well established, using it one can easily analyze the linear system
(3.2) and the corresponding graph differential equation.
Next suppose that MDE(3.2) along with its initial condition is of the form

E = AE } (33)

E(ty) = FEo= (kij)nxn

where A is the coefficient matrix of order N x N . The system (3.2)) can be considered as N subsystems given
by

X! = AX;, X;(to)=Fkj, j=1,2,...,N (3.4)
€15 klj
€24 k2j

where X; = . and K; =
eNj knj

The N subsystems given by (3.4 can be completely understood through the theory of ordinary differential
systems and the corresponding graph differential equation can be analyzed.

4 Nonlinear matrix differential equation

We proceed to introduce an initial value problem of the nonlinear matrix differential equation in this section.
Further we prove some basic inequality theorems.
Consider the Matrix differential equation (M DE) given by,

E = F(t,E)} (1)

E(to) = Eo,

where £’ = (e};)nxn and F(t, E) is the matrix given by F(t, E) = (fij(t,ers)) 4,5 = 1,2,...,N and r,s =
1,2,...,N and f;; are real valued functions which are nonlinear in terms of the entries e,s. In order to study
the MDE we need to devlop new notions that would help us to develop basic Matrix differential inequality
results. We begin with a Partial Order <.

Definition 4.1. Consider two matrices A and B of order N. We say that A < B if and only if a;; < b;; for
alli,j=1,2,...,N.

Definition 4.2. A matriz function E : I — En defined by E(t) = (e;;(t)) is said to be continuous if and only
if €5 : I — R is continuous for all i,j =1,2,...,N.

Definition 4.3. A matriz function E : I — Ex is said to be continuous and differentiable if and only if
eij : I — R is continuous and differentiable for all i,5 =1,2,...,N.

Definition 4.4. By a solution of the IVP we mean a matrix function E : I — En which is continuous,
differentiable and satisfies the equation along with the initial condition.
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In order to state the basic differential inequality theorem we introduce the following notions.

Definition 4.5. By a lower solution of the MDE we mean a continuous differentiable matrix function
V(t) satisfying the inequalities

Definition 4.6. By a upper solution of the MDE we mean a continuous differentiable matriz function
W (t) satisfying the inequalities

Definition 4.7. A function F(t,U) € C[I xEn,En] is said to be quasi monotone nondecreasing in U for each t,
if and only if V< W and vmn = Wy, for some m,n implies f;;(t,V(t)) < fi; (¢, W(t)) for alli,j=1,2,...,N.

The basic matrix differential inequlity results is given below.

Theorem 4.1. Assume that
V' < F(t,V) (4.4)

W' > F(t,W) (4.5)

where V,W € C[I,Ex] and F € C[I x Ex,En] and F(t,U) be quasi monotone nondecreasing in U for each t.
Further assume that Vo < Wy where V(tg) = Vo € Ex and W (tg) = Wy € En. Then V(t) < W (t), t € I,where

I = [tg, T] provided one of the inequalities in and is strict.

Proof. Assume that V' < F(¢,V), W' > F(¢t,W). Suppose that the conclusion does not hold. Then there
exists an element t; € I such that V(t) < W(t) for {p < t < t; and there exists a pair of indices k and [ such
that v (t1) = wii(t1). Now since F'(t,U) is quasi monotone nondecreasing in U, this implies that

fii (6 V() < fis (WD), te T (4.6)

fori,j =1,2,...,N. Further vy (¢) < wg;(¢),to < t < t1 and vg(t1) = wg(¢1) implies for small h < 0, vy (1 +
h) — vk (t1) < wgi(t1 + h) — wy(t1), which further implies that

v (tr + h) — v (t) _ wii(ts + h) — wi(t)
I = I

taking limit as h — 0, we get
Vi (t1) = wiy (1) (4.7)

Using the inequalities (4.4)), (4.5) and ({4.7)), yield
Jri (0, V(1)) > vy (1) > wiy (81) > fru (1, W(t1)) = fuw (81, V(t1)), which is a contradiction. Hence the
conclusion holds and the proof is complete. O

Next we state and prove a theorem involving non strict inequalities in this set up.

Theorem 4.2. Suppose and holds and that F(t,U) is quasi monotone nondecreasing in U for each
t. Further, suppose that F' satisfies,

Ft,W)—-F(t,V)<L(W =V) for W >V, where L >0 is a N x N matriz.
Then Vo < Wy implies that V(t) < W (t),t € 1.
Proof. Let us define

W.(t) = W(t) +ee*lt, where € > 0 is sufficiently small.
Then W/ (t) = W'(t)+2Lee? !
F(t,W(t)) 4+ 2L e 2t
F(t,W(t)) — F(t, W.(t)) + F(t, W(t)) + 2L e *L*

AV
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—L(W(t) = W (t)) + F(t, We(t)) + 2L e *L*
= F(t,W(t)) + Lee*
> F(t,W(t)).

Further, We(to) = W(ty) + et
Wo
o

(AVARRVS

Hence we are in a position to apply the result for strict differential inequalities which yields V (¢) < W(¢), t € I
which implies as € — 0,
V(t) < W(t) and the proof is complete. O

The study of existence of a solution in a sector is essential to develop the monotone iterative technique.
The following theorem deals with the existence of a solution in a sector.

Theorem 4.3. Let V,W € C'[I, Ey] be lower and upper solutions of the Matrixz differential equation

E = F(uE)} (18)

E(to) = Ey
such that V(t) <W(t) on I and F € C[Q,EN], where
Q={(t,E): V(t) < E<W(t),t € I}. Then there exists a solution E(t) of ({{.§) such that
V()< E@{) <W(t) onl.

Proof. Let P : I x Ey — En be defined by P(t, E) = (p;;(t)) nxn where
pij(t) = Max{v;(t), Min{eij, wi; (t)}}

Then F(t,P) = (fij (t,P(t, E)) defines a continuous extension of F' to I x &y and is also bounded since
F is bounded on 2, which implies that E’ is bounded on 2. Hence the system
E' =F(t,P(t,E)), E(ty) = Ep has a solution E(t) on I.

For € > 0, consider
We,; (t) = wi; (t) +e(1 +1t) and v, (t) = vi; (1) —e(1+1¢t) ford,j =1,2,..., N.
We claim that V() < E(t) < Wc(t). Since v,;(0) < e;;(0) < we,,;(0) for any i and j we have V.(0) <
E(0) < W.(0). Suppose that there exists an element ¢; € (tp,7] and a pair of indices k and [ such that
Ve, (1) < eri(t) < we,, (t) on [to,t1) and eg(t1) = we,, (t1).
Then ek (t1) > wyi(t1) and hence py;(t1) = wgi(t1).
Also we have V(t1) < P(t1, E(t1)) < W(ty).
Since F' is quasi monotone nondecreasing, we have

F(ty, P(t1, E(t1))) < F(t1, W(t1))

Then wy,; (t1) > fr (t1, W (t1))
> fu (t1, P(ty, E(t1))
= e (t)

Since wy,, (t1) > wy, (t1), we have wf,, (t1) > e}, (t1), which is a contradiction to the fact that ey (t) < we,, (t)
for t € [to,t1) and egi(t1) = we, (1).
Therefore V.(t) < E(t) < W,(t) on I.

Now as € — 0, we obtain that V(t) < E(t) < W(¢) and the proof is complete. O

€kl

5 Monotone iterative technique

In this section we shall construct monotone sequences that converges to the solutions of

E F(t,E) }
E(ty) = Eo



J. Vasundhara Devi et al. / On graph differential...

Theorem 5.1. Assume that Vo, Wy € CHI,En], I = [to,T] are lower and upper solutions of the IVP
such that Vo < Wy on I. Let F € C[I x En,EN]. Suppose further that F(t,X) — F(t,Y) > —-M(X =Y, for
Vo <Y < X < Wy, M € RY*N M > 0. Then there exists monotone sequences {Vy,},{W,} such that {V,}
converges to p and {W,} converges to R as n — oo uniformly and monotonically on I and that p and R are

the minimal and mazximal solutions of IVP respectively.

Proof. For any Y € C*[I,EN] such that Vo <Y < W, we consider the linear Matrix differential equation

X' =F(t,Y)-MX-Y), X(t) = Xo.

Then there exists a unique solution of (5.2)) given by

t
X(t) =Mt X+ | MES)F(s,Y(s)) + MY (s)]ds

to
Define a sequence {V,,} by

VI=F(@t,Vo1) =M Vy—Vi_1),Vulte) = Xo, n=1,2,...

Let V4 be the solution of (5.3)) for n = 1.

Consider P = Vo-—-V;
Then P’ = Vj-V/
< P(t,Vo) - P(t,Vo) + M (Vi — Vp),
< —-MP.

and P(tp) <0 which implies that P <0 on I, and thus V5 < V; on I.
Similarly, we consider a sequence {W,,} by

W! =F@t,Wn_1)— MW, —W,_1),Wyu(te) = Xo
Let W, be the solution of (5.4) for n = 1.

Consider @Q = W;-—-W,
Then Q' = W, —-W]

< F(t,Wy) — M (Wi — Wy) — F(t, Wo)

= —MQ

and @ (tp) < 0 which implies that Q(¢) < 0. Hence Wy < Wy on I.
Now we proceed to show that V; < Wj on [.

Set R = V1—-W;
Then R = VI - W!

IA

M Wy — Vo) = M (Vi — Vo — Wi + W)
— _MR

and R (tp) = 0, which implies that R < 0 on I and thus V; < Wj on I.
Hence we have shown that Vo < V3 < W; < W; on 1.

F(t, Vo) — M(Vi — Vo) — F(t, Wo) + M(W, — Wy)

(5.2)

(5.3)

(5.4)

Now suppose that for some n = k, the result Vi_1 < Vi < Wi < Wi_1 holds on I. We claim that Vi, < Vi <
W41 < Wy, on I. To prove this we first set n = k in (5.3) and (5.4]). Then clearly there exists unique solutions

Vier1(t) and Wyy1(¢) satisfying (5.3]) and (5.4) respectively on I.

Consider S = Vi — Vi
Then S = V,—-Vi,

= F(t,Vio1) =MV —Vie1) = F(t, Vi) + M (Vg1 — Vi),
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MV —Vio1) + M (Vi1 — Vie — Vie + Viez1)

<
< —-MS.

and S(tp) = 0 which implies that S < 0 on I and thus Vj, < Vi41 on I.
Similarly we can show that Wy 1 < W} on I.

Set T = Vi — Wi

Then T' = Vi, — Wiy
= F(t, Vi) = M(Viy1 — Vi) = F(t, Wi) + M (Wyy1 — Wy),
< MW, —=Vi)+ M (Wipr — Wi — Viepr + Vi),
< —-MT.

and T (tg) = 0, which implies that 7" < 0 on I and thus Vj41 < Wiy on 1.
We have shown that Vi, < Vi1 < Wiy < Wy on 1.
Therefore we have

The sequences {V,, }, {W,,} are uniformly bounded on [tg, 7] and by and it follows that {|V,.|}, {|W},|}
are also uniformly bounded. As a result, the sequences {V,,} and {W,} are equicontinuous on [tg, T] and conse-
quently by Ascoli-Arzela’s Theorem there exists subsequences {V,,, }, {W,, } that converge uniformly on [to, T].
In view of it also follows that the entire sequences {V,,}, {W,,} converge uniformly and monotonically to
p and R respectively as n — oco. By considering the integral equations corresponding to the IVP of MDE (|5.3)
and respectively, we can show that p and R are solutions of IVP. The proof uses the concepts of
uniform convergence and uniform continuity and is well established.

To prove that p, R are respectively the minimal and maximal solutions of we have to show that if X is
any solution of such that V) < X <Wjon I, then V) < p < X <R < Wjon I. To do this, suppose that
for some n,V,, < X < W, on I and set ¢ = X — V41 so that

¢ = F(t,X) — F(t, Vo) + M(Voy1 — Vi)
> -M(X = V) +M(Vyyq —V,) = —Mé;

and ¢(t0) =0.

Hence, it follows that V,, 411 < X on [. Similarly X < W, 7 on I.

Hence Vg1 S X < Wpyq on 1.

Since V) < X < Wy on I, this proves by induction that V,, < X < W,, on I for all n. Taking the limit as
n — 00, we conclude that p < X < R on [ and the proof is complete. O

Corollary 5.1. If in addition to the assumption Theorem[5.1}, if F satisfies the following condition
Ft,X)-Ft,Y)<M(X-Y),X>Y
then the solution is unique.

Proof. We have p < Ron I.

Consider  ¢(t) = R(t) — p(t)
Then ¢ = R/'(t)—p'(t)
= F(t,R) — F(t,p)
< M(R-p)
< M¢.

and ¢(tgp) = 0 which implies that ¢(t) < 0 on I and thus R(¢) < p(t) on I. Hence p(t) = X (t) = R(t) on I,
and the proof is complete. O
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Abstract
In this paper, the authors established the solution of the additive functional equation and inequality
f@)+ fly+2) = fle+y) = f(2)
and
1f () + fly+2) = flz+ )l < If I

We also prove that the above functional equation and inequality are stable in Banach space in the sense of Ulam, Hyers,

Rassias. An application of this functional equation is also studied.
Keywords: Additive functional equations, generalized Hyers - Ulam - Rassias stability.
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1 Introduction

The stability problem of functional equations originated from a question of S.M. Ulam [2]I] concerning the
stability of group homomorphisms. D.H. Hyers [I0] gave a first affirmative partial answer to the question of
Ulam for Banach spaces. Hyers’ theorem was generalized by T. Aoki [2] for additive mappings and by Th.M.
Rassias [20] for linear mappings by considering an unbounded Cauchy difference.

The paper of Th.M. Rassias [20] has provided a lot of influence in the development of what we call generalized
Hyers-Ulam stability of functional equations. A generalization of the Th.M. Rassias theorem was obtained by
P. Gavruta [7] by replacing the unbounded Cauchy difference by a general control function in the spirit of
Rassias approach.

In 1982, J.M. Rassias [14] followed the innovative approach of the Th.M. Rassias theorem [20] in which he
replaced the factor ||z|[? + [|y||? by ||z||?]|y]|? for p,q € R with p+ g = 1.

In 2008, a special case of Gavruta’s theorem for the unbounded Cauchy difference was obtained by Ravi
etal., [I9] by considering the summation of both the sum and the product of two p— norms in the sprit of Rassias
approach. The stability problems of several functional equations have been extensively investigated by a number
of authors and there are many interesting results concerning this problem (see [T}, 13, 41, [5L 6}, [8] @} [T, T2}, 16, [17]).

The solution and stability of the following additive functional equations

flx+y) = fx)+ f(y), (1.1)
[z —y)+ flz —2y) = 3f(x) — 3f(y), (1.2)
f(@+y—22)+ f(22 + 2y — 2) = 3f(x) +3f(y) — 3f(2), (1.3)

*Corresponding author.
E-mail addresses: annarun2002@yahoo.co.in (M. Arunkumar) and agilram@gmail.com (P. Agilan).
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fRrtytz)=fzty)+ flztz), (1.4)

were discussed in [T, B 13, [18].

One of the most famous functional equations is the additive functional equation (1.1). In 1821, it was first
solved by A.L. Cauchy in the class of continuous real-valued functions. It is often called an additive Cauchy
functional equation in honor of A.L. Cauchy. The theory of additive functional equations is frequently applied
to the development of theories of other functional equations. Moreover, the properties of additive functional
equations are powerful tools in almost every field of natural and social sciences. Every solution of the additive
functional equation (1.1) is called an additive function.

It is well known that if an additive function f: R — R satisfies one of the following conditions:

(a) f is continuous at a point;
(b)
(©)
(d)
()

e

is monotonic on an interval of positive length;

f
f is bounded on an interval of positive length;
f is integrable;

f

is measurable,

then f is of the form f(x) = cx with a real constant c¢. That is to say f has the linearity. That is, if a solution
of the additive equation (1.1) satisfies one of the very weak conditions (a) to (e), then it does have the linearity.
But every additive functional which is not linear displays a very strange behavior. More precisely, the graph
of every additive functional f : R — R which is not of the form f(r) = cz is dense in R? .

In this paper, the authors established the solution and generalized Ulam-Hyers stability of the additive
functional equation and inequality

@)+ fly+2) = fle+y) = f(2) (1.5)

1f (@) + fly+2) = fle+ o)l < £ ()] (1.6)

In Section 2, we proved the general solution of and is provided.

In Section 3, the generalized Ulam-Hyers stability of the functional equation is investigated.
The generalized Ulam-Hyers stability of the functional inequality is discussed in section 4.
In Section 5, the application of functional equation is studied.

2 General Solution of ((1.5) and ([1.6)

In this section, the general solution of (1.5)) and (1.6]) are given. Through out this section let X and Y be
real vector spaces.

Theorem 2.1. The mapping f: X — Y satisfies the functional equation

fl@+y)=f)+ fy) (2.1)
if and only if f : X — Y satisfies the functional equation
f@)+fly+2) - fla+y) = f(z) (2.2)

for all z,y,z € X with f(0) =0.
Proof. Let f: X — Y satisfies the functional equation (2.1)). Setting z =y = 0 in (2.1]), we get f(0) = 0. Set
x = —yin (2.1)), we get f(—y) = —f(y) for all y € X. Therefore f is an odd function. Replacing y by = and y
by 2z in (2.1), we obtain
o) =2f(x) and f(32) = 3f(x) (2.3)
for all z € X. In general for any positive integer a, we have f(azx) = af(z).
Replacing (z,y) by (x,y + z) in (2.1), we get

f@)+fly+z2)=flx+y+z) (2.4)
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for all z,y,z € X. Again replacing (x,y) by (z 4+ y, z) in (2.1]), we obtain
fle+y) +f(z)=fle+y+z) (2.5)

for all z,y,z € X. From (2.4)) and (2.5)), we derive (1.5) for all z,y,z € X.
Conversely, assume f : X — Y satisfies the functional equation (2.2) with f(0) = 0. Set (z,z) by (—y,0)

in (2.2)), we get f(—y) = —f(y) for all y € X. Therefore f is an odd function. Replacing (y, z) by (z,0) and
(22, 0) respectively, in (2.2]), we obtain

F22) =2f(x) and f(32) = 3/ () (2.0
for all x € X. In general for any positive integer a, we have f(azx) = af(z).
Replacing z by 0 in (2.2), we derive (2.1) for all z,y € X. O

Theorem 2.2. The mapping f : X — Y satisfies the functional equation if and only if f : X —- Y
satisfies the functional inequality

(@) + fly+2) = fla+yll < [[f(2)l (2.7)
for all z,y,z € X with ||f(0)|| = 0.
Proof. Let f: X — Y satisfies the functional equation (2.7)). Setting z = 0 in (2.7)), we get

£ (@) + f(y) = flz+y)ll < [[FO)] (2.8)

for all z,y,z € X. It follows from (2.8]) our result is desired.
Conversely, assume f : X — Y satisfies the functional equation (2.1). Adding f(z) on both sides of (2.1])
and using (2.1)) and rewrite the equation, we have

f@)+fly+2) - fle+y) =f2) (2.9)
for all z,y,z € X. It follows from our result is desired. O
Corollary 2.3. For a mapping f : X — Y the following conditions are equivalent.
(1) f is additive
(id) f(x)+ fly+2) = fl@e+y) = f(2)
(@ii) [[f(x) + f(y +2) = fle+ )l < [[f G-

Hereafter through out this paper, let us consider X and Y to be a normed linear space and a Banach space,
respectively.

3 Stability Results for Functional Equation ([1.5))
In this section, the generalized Ulam-Hyers stability of the functional equation ([L.5)) is investigated.
Theorem 3.1. Let j € {—1,1} and o : X3 — [0,00) be a function such that

oo 2nj 2nj 2nj 2nj 2nj 2nj
Za( x’znj Y Z) converges in R and lim a( x’2nj Y Z)

=0 (3.1)

n=0
forallx,y,z € X. Let f: X — Y be a function satisfying the inequality
1f (@) + fly+2) = fla+y) = fR < alyz2) (3.2)
for all ©,y,z € X. Then there exists a unique additive mapping A : X — Y and satisfying the functional

equation such that

1 S a2k, 2k 0)
7@ - A < 5 3 2EZn0) (33
=
for all x € X. The mapping A(x) is defined by
2nJ
A(z) = lim 1 x) (3.4)

n—oo 2N

forallx € X.
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Proof. Assume j = 1. Replacing (x,y, z) by (z,,0) in (3.2)), we get

f(2x a(x,x,0
Hf(w) - (2 ) < ( 5 ) (3.5)
for all z € X. Now replacing x by 2x and dividing by 2 in (3.5)), we get
f(2x)  f(2%x) a(2z,2x,0)
H 2 22 - 22 (3:6)
for all z € X. From (3.5) and (3.6]), we obtain
f(2%x) f(2x) f2z)  f(2%2)
_ < _ _
1 2z,2x,0
<= {a(x, z,0) + OW} (3.7
2 2
for all x € X. In general for any positive integer n , we get
FEnn) || 12 a2k, 282, 0)
_ < - ) ) .
Hf(x) o ’ <3 5% (3.8)
k=0
1 = a(2kz, 28z, 0)
=3 2 2k
k=0

for all x € X. In order to prove the convergence of the sequence

f(2"x)
2n ’
replace z by 2™z and dividing by 2™ in (3.8]), for any m,n > 0 , we deduce

f@rz)  fErma)|| 1
| - \

T o(ntm)

<

1 = a2k tmyg, 2ktmy ()
52 2k+m

—0 as m —

21’L
for all z € X. Hence the sequence {f( 2n;v) } is Cauchy sequence. Since Y is complete, there exists a mapping
A: X — Y such that on

A(z) = lim f<2 2) VxeX.

Letting n — oo in (3.8]) we see that (3.3]) holds for all 2 € X. To prove that A satisfies (1.5)), replacing (z,y, 2)
by (2"x,2"y,2"z) and dividing by 2™ in (3.2)), we obtain

g [ 7 + £ @+ 2) £+ y)  F2)| < a2y, 2e)

for all z,y,z € X. Letting n — oo in the above inequality and using the definition of A(x), we see that
Alz) + Ay + 2z) = Az + y) + A(2).

Hence A satisfies ((1.5)) for all z,y,z € X. To prove A is unique, we let B(z) be another mapping satisfying

and , then

[A(z) — B(x)|| = zin [A(2"z) — B(2"x)]|
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< Qn {HA(2" )= f@"2)|| +[[f(2"z) — B(2"2)][}
2 a2kt x)

- Z 9(k+n)

—0 as n—

for all x € X. Hence A is unique.
For j = —1, we can prove a similar stability result. This completes the proof of the theorem. O

The following Corollary is an immediate consequence of Theorem concerning the Ulam-Hyers [10],
Ulam-Hyers-Rassias [20] and Ulam-JRassias [19] stabilities of (1.5]).

Corollary 3.2. Let A and s be nonnegative real numbers. Let a function f: X — Y satisfies the inequality
1f (@) + [y +2) = flz+y) - f2)]
A

< 4 Al +lyll” +1201°) s<l or s>1; (3.9)
MUl lylllz]1° + ([P + [yl + [P}, s <z or s> 3

for all x,y,z € X. Then there exists a unique additive function A : X —Y such that

A,
2 Alfa|]®
[f(z) = A(2)|| < 222 (3.10)
2 Alfa]]*
|2 — 23]

forallz € X.

4  Stability Results for Functional Inequality ((1.6))
In this section, we discussed the generalized Ulam-Hyers stability of the functional inequality (1.6).
Theorem 4.1. Let j € {—1,1} and 3: X3 — [0,00) be a function such that

1] (Q"j:c, iy, 2"jz)

i 1] (Z"j:c, iy, Z"jz)

> X converges in R and nl;rrgo 57 =0 (4.1)
forallz,y,z € X. Let f: X — Y be a function satisfying the functional inequality
If (@) + fly+2) = fla+ )l <If)I+ B8 (z,y,2) (4.2)

for all x,y,z € X. Then there exists a unique additive mapping A : X — Y and satisfying the functional
equation (@ such that

1 = B(2Mz, 2% 2,0
- a3 3 e 270 (4.9
for all x € X. The mapping A(x) is defined by
nj
Az) = tim 2200 (4.4)
n—oo ong
forallz e X.
Proof. Assume j = 1. Replacing (z,y, z) by (z,,0) in (4.2)), we get
2r B (x,z,0
Hf(x)_ f(2 ) ‘ < B : ) (4.5)
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for all z € X. Now replacing x by 2z and dividing by 2 in (4.5)), we get

fQ@x)  f(2%2)|| _ B(22,22,0)
H 2 2 |5 22 (46)
for all x € X. From and , we obtain
_ f(2%) _ fQ@2x) f2z)  f(2%2)
<3 [0+ 222200 (47)
2 2
for all x € X. In general for any positive integer n , we get
Fra)|| 1R B2k, 2%, 0)
Hf(w) - <3 kz_o g (4.8)

1 <= B(2Fz, 2%z, 0)
= igoT

for all x € X. In order to prove the convergence of the sequence

{f(;:x) }’

replace by 2™z and dividing by 2™ in (4.8)), for any m,n > 0 , we deduce

f@mz)  fERMMa)|| 1 m f@2m-2ma)
H o " e || T om |[FETO T
1S B(2ktmy, 2k+my 0)
— 5 2k+m
k=0
1 <= B(2k+tmy, 2k+my 0)
< 5 Z 9k+m
k=0
—0 as m — oo

f(2 )
2n

for all z € X. Hence the sequence {
A: X — Y such that

} is Cauchy sequence. Since Y is complete, there exists a mapping

A(z) = lim f(;:l‘) VxelX.

n—oo
Letting n — oo in we see that (4.3]) holds for all z € X. In order to prove that A satisfies (1.6)) and it is
unique, the proof is similar to that of Theorem [3.1]
For j = —1, we can prove a similar stability result. This completes the proof of the theorem. O

The following Corollary is an immediate consequence of Theorem concerning the Ulam-Hyers [10],
Ulam-Hyers-Rassias [20] and Ulam-JRassias [19] stabilities of (1.6]).

Corollary 4.2. Let \ and r, s, t be nonnegative real numbers. Let a function f: X — Y satisfies the functional
inequality

£ (@) + fly +2) = fl@+y)ll
A,
All]" + [lyl1* + lz[1%) rs<l or rs>1;
A" lylIP 1211+ (|77 + [yl 7=+ 2]}
T+S+t<% or r+s+t>%;

< |If I+ (4.9)
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for all x,y,z € X. Then there exists a unique additive function A : X —'Y such that

A?
All=]l” Alle]]®

[f(z) =A@ < [2—-27] " 229 (4.10)
Allz||" =+

forallz € X.

9 Application of Functional Equation ([1.5)
Consider the additive functional equation , that is
@)+ fly+2) = fle+y) = f(2).
The above functional equation can be rewritten as

f@)+ fly+2) = flz+y) + f(2).

This functional equation is originating from an excellent definition of Group Theory which states the associative
law for the binary operation ”+".
Since f(x) = x is the solution of the functional equation, the above equation is written as follows

r+y+z)=@+y +2
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Abstract

In this paper, we defined a new subclass of uniformly convex functions and corresponding subclass of starlike
functions with negative coefficients and obtain coefficient estimates. Further we investigate extreme points, growth and
distortion bounds, radii of starlikeness and convexity and modified Hadamard products.

Keywords: Univalent functions, convex functions, starlike functions, uniformly convex functions, uniformly starlike functions.
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1 Introduction

Denoted by S the class of functions of the form
f(z)=z+ Z anz" (1.1)
n=j+1

that are analytic and univalent in the unit disc U = {z : |2| < 1} and by ST and CV the subclasses of S that

are respectively, starlike and convex. Goodman [Bl [6] introduced and defined the following subclasses of CV
and ST.

A function f(z) is uniformly convex (uniformly starlike) in U if f(z) is in CV (ST) and has the property
that for every circular arc v contained in U, with center £ also in U, the arc f(v) is convex (starlike) with
respect to f(€). The class of uniformly convex functions denoted by UCV and the class of uniformly starlike
functions by UST (for details see [5]). It is well known from [, [[T] that

2f"(2)
§Re{l+ 712) }

In [1I], Running introduced a new class of starlike functions related to UCV and defined as
zf (2)

2f (2)
ION { ) }

Note that f(z) € UCV < zf'(z) € S, . Further Running generalized the class S, by introducing a parameter

a, _1Sa<1a
2f'(2)
< Re { &) a}.

E-mail addresses: nmagi_2000Qyahoo.co.in (N. Magesh) and vasuprameelak@gmail.com (V. Prameela).

1"

2f (2)

felCV < 7

’

feSp@‘ -1

2f (2)

f € 8yle) & |53

-1
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Motivated by the works of Bharati et al [2], Frasin [3} 4], Murugusundaramoorthy and Magesh [I0] and
others [Bl [6], [8, [T}, [12], 17, 18], we define the following class:

For >0, -1 <a<land 0<X<1,welet S(\ «,03,7) denote the subclass of S consisting of functions
f(2) of the form and satisfying the analytic criterion

2f'(2) + (23 = N)22f"(2)

— 1.2
e {4(>\ “N)z+ (22— N)zf'(2) + 22 —3A 1) [(2) O‘} (1.2)
2f'(2) + (23 = N)22f(2)
-1 . 1.
>6’4()\—)\2)z+(2>\2 TN i) ] P! (13)
We also let TS(\, o, 3,7) = S(A\, 0, 3,7) (T where T, the subclass of S consisting of functions of the form
n=j+1

introduced and studied by Silverman [I4].
We note that, by specializing the parameters j, A, a, and 3 we obtain the following subclasses studied by
various authors.

1. TS(0,,0,1) = T*(«w) and T'S(1, ,0,1) = K() (Silverman [I4])

2. TS(0,0,0,5) =T*(r,j) and TS(1,,0,5) = K(cr,j) (Srivastava et al. [I5])

3. TS(1/2,,0,1) = P(«) (Al-Amiri [I], Gupta and Jain [7] and Sarangi and Uralegaddi [13])
4. TSN\, 0,0,5) = Br(A\, a,5) (Frasin [3] 4] and Magesh [9])

5. TS(1/2,a,3,1) = TR(ev, 8) (Rosy [12] and Stephen and Subramanian [16])

7. TS(0,0,3,1) =TS,(B) ( Subramanian et al. [17])
8. T'S(1,0,68,1) =UCV(H) (Subramanian et al. [1§])

The main object of this paper is to obtain a necessary and sufficient conditions for the functions f(z) in
the generalized class T'S(\, a, 3, j). Further we investigate extreme points, growth and distortion bounds, radii
of starlikeness and convexity and modified Hadamard products for class T'S(A, a, 5, ).

2 Coefficient Estimates

In this section we obtain a necessary and sufficient condition for functions f(z) in the classes TS(\, «, 3, j).

Theorem 2.1. A function f(z) of the form is in S\, o, 8,7) if

D M1+ B) = (a+ B)Fyllan| <1-a, (2.1)
n=j+1
where
My, =2X2 =)0 + (L+ A =2\%)n, F, = (20 = \)n+ (1 +2)\% —3)) (2.2)

and -1 <a<1,$<A<1,8>0.
Proof. 1t suffices to show that

2f'(2) + (23% — N)22 " (2)
A=A2)z4+ (2X2 = N)zf'(2) + (2A2 = 3A+ 1) f(2)

2f'(z) + (222 = X)2° [ (2)
—Re {4()\ X224 A2 = Nzf(z) + A2 —3A+ 1) f(2) 1} <l-a.

'l |
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We have
ﬂ’ 2f'(2) + (0% = V)22 f"(2)
A= A2)z 4 (222 = N)zf'(2) + (X2 = 3A + 1) f(2)
2f'(2) + (3% = N)22 [ (2)
- Re {4@ —A2)z 4+ (202 = Nzf/(2) + A2 =3+ 1) f(z) 1}
2f'(2) + (202 = X)22f"(2)

:

< (1 -1
s (1+5) '4()\ )+ 20 Nl () + (22 —BA+ DJ(2) ‘
(1 + ﬁ) E (Mn - Fn)|an|
S n:j+100
1= 3 lan
n=j+1

This last expression is bounded above by (1 — «) if

Y IMu(1+ ) — (a+ B)Fullan| <1—a,

n=j5+1

and hence the proof is complete. O

Theorem 2.2. A necessary and sufficient condition for f(z) of the form to be in the class TS(\, «, 3, 7),
is that

o0

> M1+ 8) = (a4 B)F] an <1—a. (2.3)
n=j5+1

Proof. In view of Theorem [2.1] we need only to prove the necessity. If f(z) € TS(\, v, 3, ) and z is real then

o0 o0

1— > M, a2zt > (M, — F,) apz""1
n=j+1 n=j+1
00 —az ﬁ 00
1— > F,apz"! 1— > F,apz"!
n=j+1 n=j+1

Letting z — 1 along the real axis, we obtain the desired inequality

oo

> IM,(1+8) = (a+B)Fan<1—a, -1<a<1, §>0.
n=j+1

Finally, the function f(z) given by

1—-« .
z)=2z— 2t 2.4
1) [Mj41(1+B3) — (o + B)Fjt] 24)
where M; 1 and Fj4 as written in (2.2)), is extremal for the function. O]

Corollary 2.3. Let the function f(z) defined by be in the class TS(\, «, 3,7). Then

l1—«
(M, (14 3) — (a+ B) ]’

This equality in is attained for the function f(z) given by .

an < n>j+1 (2.5)

3 Growth and Distortion Theorem

Theorem 3.1. Let the function f(z) defined by be in the class TS(\, a, 8,7). Then for |z| <r =1

— l-a J+1 11—« i+
' [Mj1(1+3) = (o + 5)Fj+1]r sW@l<r+ Mjt1(14+08) — (« +5)Fj+1]r ' (3:-1)

The result is attained for the function f(z) given by for z = £r.
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Proof. Note that

[Mj1(1+8) — (a+ B)Fji] Z an < Z W(14+8) = (a+B)F] an <1 -«

n=j+1 n=j5+1

this last inequality follows from Theorem Thus

S j - 11—« )
If(2)] > |2] — an|Z|nZT—TJ+1 ap > 1 — pitl
ngkl n;rl [ ]+1( + ﬂ) ( + 6) j+1]
Similarly,
c- j - 1—« .
1f(2)] < |z + an|2|" <r it an <7+ IEAR
n=zj;—1 n;—l [Mj41(1+ 8) — (a + B)Fji1]
This completes the proof. 0

Theorem 3.2. Let the function f(z) defined by be in the class TS(\,a, 8,7). Then for |z| <r =1

G+ —-a) iolf G+ —-aq) ;
r— < |f ()] <7+ rl. (3:2)
[Mj11(1 + B) — (o + B) Fjt] [Mjt1(1 + B) — (o + B) Fjta]
Proof. We have
lf'(z)]>1- Z nan|z|" "t >1 -1 Z nay, (3.3)
n=j+1 n=j+1
and - -
FEIS1+ Y nald ™ <1409 Y na,. (3.4
n=j+1 n=j+1
In view of Theorem
M 1(1
(M ( +ﬂ) l(Oz-i-ﬂ j+1] Z na, < Z (14 8) = (a+ B)Fplan <1— (3.5)
I+ n=j+1 n=j+1
or, equivalently
f+1)(1 —
nejt1 [Mj1(148) — (a4 B)Fja]
A substitution of (3.6) into (3.3) and (3.4) yields the inequality (3.2). This completes the proof. O
Theorem 3.3. Let f;(z) =z, and
1—« .
ful) = R+ (3.7)

T DLATA) (it BE]

for0<A<1,8>0,—1<a<1. Then f(z) is in the class TS(\,«, 8, ) if and only if it can be expressed in
the form

)= tinfa(2), (3.8)
n=j
where pn, > 0(n > j) and Y07 i = 1.
Proof. Assume that
O = b+ Y | Lo -
= Hjil; e Hn (1 +5) — (a + B)F)

o0

> 11—« n
gj’“‘"z_ 2 GLOTh - @ R

n=j+1
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Then it follows that

oo 11—« [Mn(l—l-ﬂ)_(a_‘_ﬂ)Fn]_ oo
n:zj;q [Mn(1+3) — (OH—ﬁ)Fn]'u" 1— o = n:zj;l'un <1,

so by Theorem [2.2] f(z) € TS(A, o, B, 7).
Conversely, assume that the function f(z) defined by (1.4)) belongs to the class T'S(A, a, 3, ), then

11—«
[Mn (14 8) = (a+ B)F,]

an <

n>j+1

— (M, (14+8)—(a+B) Fn]

11—«

Setting i, an,(n>j+1)and p; =1-— E;o:jﬂ In, We have,

o0
flz) = z- Z anz"
n=j+1
(o)

1-a n
&) = 2= 2 Bhur e - @rpR (39)

Then (3.8]) gives

zZ+ Z (fn(z) - Z),Ufn

n=j+1

@i+ > a2
n=j+1

n=j

and hence the proof is complete. O

4 Radii of close-to-convexity, Starlikeness and Convexity

In this subsection, we obtain the radii of close-to-convexity, starlikeness and convexity for the class T'S(\, «, 3, 7).

Theorem 4.1. Let f € TS(\, «, 8,7). Then f(z) is close-to-convez of order o (0 < o < 1) in the disc |z| < ry,
where

(1—0)[M,(14 8) — (a+ B)F,]] 77

= inf >j+1. 4.1
r1 = in n(l = a) , n2>2J+ (4.1)
The result is sharp, with extremal function f(z) given by .
Proof. Given f € T, and f is close-to-convex of order o, we have
If'(z)—1l<1-o0. (4.2)

For the left hand side of (4.2)) we have

1F'(z) =11 < Y naglz" "
n=j+1
The last expression is less than 1 — ¢ if
Z n anlz|"t < 1.
—~ 1—0
n=j+1
Using the fact, that f € TS(\, a, 3,7), if and only if
f: [Mn(1+6) — (a"’—B)Fn]a <1
(1-a) T

n=j+1
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We can say (4.2) is true if

e M08 — (@t B)F,
1-— - (1-a) )

Or, equivalently,
ot = (1= 0)[Mn(1+ B) = (a+ B)Fn]
B n(l — ) ’

which completes the proof.

Theorem 4.2. Let f € TS(A\ o, 3,5). Then

(i) f is starlike of order o(0 < o < 1) in the disc |z| < ra; where

ry = inf Ki:‘;) [Mn(1+(61)_—0([§v+ﬂ)Fn]}’“7 n>j+1,

(i1) f is convex of order o (0 <o < 1) in the unit disc |z| < r3, where

rs = inf Kn(ln__"a)) (M (1 + ﬁ)_—o(jé + B)Fy)

Each of these results are sharp for the extremal function f(z) given by .
Proof. (i) Given f € T, and f is starlike of order o, we have

2f'(z)
f(2)

— 1‘ <l-o.
For the left hand side of (4.5) we have

>, (n—=1ay |Z‘n71

2f'(2) ‘< n=j+1

f(2) 1_ ioz an |2[71

n=j+1

The last expression is less than 1 — o if

Using the fact, that f € TS(\, a, 8, 7) if and only if

i [Mn(l + 6) - (a +ﬁ)Fn]

n < 1.
(1—a) fin =

n=j+1

We can say (4.5)) is true if
n—o

1—

[M(1+ ) — (a + B)F]
(1-a) '

<

Or, equivalently,

271 = [(1 = U) [My, (14 8) = (o + B)F]

n—o (1-a)

which yields the starlikeness of the family.

T
] ;n=>j+ 1

23

(4.3)

(4.5)

(ii) Using the fact that f is convex if and only if zf’ is starlike, we can prove (ii), on lines similar to the

proof of (i).

O
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5 Modified Hadamard Product

Let the functions f;(z)(i = 1,2) be defined by

filz)=2= Y aniz", ani>0;j€N, (5.1)

n=j+1

then we define the modified Hadamard product of f1(z) and fa(2) by

(fi=fo)(z) =2 — Z An,10n,22" (5.2)

n=j+1
Now, we prove the following.

Theorem 5.1. Let each of the functions f;(z)(i = 1,2) defined by be in the class TS(\,«, 8,7). Then
(fl * f2) € TS()‘v(Slvﬁvj)v fO’f’

(M, (14 8) — (a+ B)F]* = [Mn(1 + 8) = BF,)(1 — a)z.

5 = 5.3
! L1+ ) — (0 B)F.P = Fu(1-a) 3
The result is sharp.
Proof. We need to prove the largest d; such that
Z [Mn(1+6) = (01 + B) F] p10n2 < 1. (5.4)
, 1-4; T
n=j+1
From Theorem we have
S AR I CET) LA M
Wl l-—a
and -
S BLO+D) @t AR),
- 1-«a ’
n=j+1
by the Cauchy-Schwarz inequality, we have
n=j+1 -a
Thus it is sufficient to show that
M, (1 — (6 F, M, (1 — F, .
LD Ot D, L, < BRUEDZOEOB] s vz (5.6)
et Mo(1+5)— (a+ BRI~ 5)
n + —(a+ n — 01 .
n,10n,2 < ,n>j+1 5.7
Vi S (0, (05 8)— 6+ DB —a) " 7
Note that
ST < (=) n>j+1 (5.8)
S DL A et AR T |
Consequently, we need only to prove that
[Mn(l + ﬂ) - (O‘ + ﬂ)Fn] N [Mn(l + ﬂ) - (51 + 5)Fn](1 - 04)7
or equivalently
[(Mn(1+6) = (a+ B)Fa]* = [Mn(1 + 8) = BF](1 — a)?
0 < = A(n). 5.10
VST DL A) - (0t AR - Fal o) " (10
Since A(n) is an increasing function of n(n > j + 1), letting n = j + 1 in (5.10) we obtain
. _ 12 . _ . _ )2
5 <A(G+1) = [Mj1(1 4 8) — (o + B) Fj1a] [Mj41(1 4 8) — BFj11](1 — ) (5.11)

(Mj1(1+8) — (a+ B)Fj1]* — Fja(1 — a)?
which proves the main assertion of Theorem [5.1} The result is sharp for the functions defined by (2.4)). O
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Theorem 5.2. Let the function f;(2)(i = 1,2) defined by (5.1)) be in the class TS(\, «, 8,7). If the sequence
{[M,(1 + B) — (a + B)F,]} is non-decreasing. Then the functwn

o0

W)=z 3 (a2 +a2,)e" (5.12)

n=j+1
belongs to the class TS(X, 02,0, j) where

[Mn(1+ﬂ)_(O‘+ﬂ)Fn]2_2[Mn(1+ﬁ) ﬁF }(1_04)
[Mn(]-'i_ﬂ)_(a+B)Fn]2_2Fn(1_a)2 .

Proof. By virtue of Theorem 2.2, we have for f;(z)(j = 1,2) € TS(\, a, 3, j) we have

do =

o [Ma(1+5) ~ (a+ H)F, S +0) —(at+HF] ]
n:z];l[ l1-«o } =Z [ l1-—a an’l} =1
(5.13)
and
0o 2 00 2
DELECEIECE I PR SR e
n=j+1 n=j+1
(5.14)
It follows from and - ) that
oo 2
> % [[M"(l - ﬁl):ff : B)F”q (a1 +an2) < 1. (5.15)
n=j+1
Therefore we need to find the largest ds, such that
2
(M (1 +ﬁ1)_—(§;52 +AF] % [[Mn(l —i—ﬁl)_—(ia—&-ﬂ)Fn]} >4l
e [My(14 ) = (0 + B = 2(M, (1+ 8) ~ AF,)(1 — )
n + —(a+ nj - n + -« _
62 < [M,(1+3) — (a+ B)F,]? = 2F,(1 — a)? = (-
Since ¥(n) is an increasing function of n, (n > j + 1), we readily have
oy (M (L B) — (a+ B)Fj)® = 2[Mj41 (1 + B) — BE1](1 — a)?
e = L1+ B) — (ot DFal? — 2y (1 - )?
which completes the proof. O
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1 1Introduction

Let X denotes a Banach space with norm | - ||. Let C = C([—r,0], X), 0 < r < oo, be the Banach space of
all continuous functions from ¢ : [—r,0] — X with supremum norm

[¥llc = sup{[|¢(6)]

:—r < 6<0}.

If z is a continuous function from [—r, T], T > 0, to X and ¢ € [0, T] then z; stands for the element of C given
by z:(0) = z(t+0) for 6 € [-r,0]. Let B = C ([-r,T], X) denotes the Banach space of all continuous functions
x : [-r, T| — X endowed with supremum norm ||z ||p = sup {||z(t)||: —r <t < T}. We investigate the
abstract nonlinear functional second order Volterra integrodifferential equation of the form

2 (t) = Ax(t) + f(t,a:t,/o k(t,s),g(s,xs)d8>, te€0,T] (1.1)
xo(t) = @(t), —r<t<O0,
#(0) = 6 (1.3)

where A is an infinitesimal generator of a strongly continuous cosine family {C(t) : ¢ € R} in Banach space X,
f:0,T]xCxX —X, k:[0,T] x[0,T] = R, ¢g:[0,T] x C — X are continuous functions, ¢ and § are given
elements of C'= C([—r,0], X) and X respectively.

Equations of these types — are their special forms commonly come across in almost all phases of
physics and applied mathematics, see, for example [1-6] and the references cited therein. Many authors have
been investigated the problems such as existence, uniqueness and other properties of solutions of equations
— or their special forms by using various methods, see, for example [7, 8, 13, 17-22] and the references
given therein. Our attempt is to generalize some results obtained by A. Pazy [15], and C. C. Travis and G.
F. Webb [20]. It is advantageous to treat second order abstract differential equations directly rather than to
convert into first order systems, see, for example Fitzgibbon [I0]. In [I0], Fitzgibbon used the second order

*Corresponding author.
E-mail addresses: pmdhakane@gmail.com (P. M. Dhakane) and pachpatte@gmail.com (D. B. Pachpatte).
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abstract system for establishing the boundedness of solutions of the equation governing the transverse motion
of an extensible beam. Our work in the present chapter is motivated by the interesting results obtained by
Fattorini H. O. in [9] and is influenced by the work of Patcheu S. K. [I4] and Travis C. C. and Webb G. F. [21].

The paper is organized as follows: In section 2, we present the preliminaries and statements of our results.
Section 3 proves the Theorems 2.4 and 2.5 In section 4, we discuss the proofs of Theorems 2.6 - 2.8. Finally,
section 5 presents an example to illustrate the application of our theorem.

2 Preliminaries
Before proceeding to the statements of our main results, we setforth some preliminaries from [111 18] 20]
and hypotheses used in our further discussion.

Definition 2.1. A one parameter family {C(t) : t € R} of bounded linear operators in the Banach space X is
called a strongly continuous cosine family if and only if

(a) C(0) =1 (I is the identity operator);
(b) C(t)x is strongly continuous in t on R for each fixred x € X;
(¢c) Clt+s)+C(t—s)=2C{)C(s) forallt, seR.
The associated strongly continuous sine family {S(t) : ¢t € R} is defined by

S(t)r = /Ot C(s)zds, ze€X, teR. (2.1)

The infinitesimal generator of a strongly continuous cosine family {C(t) : ¢t € R} is the operator A : X — X

defined by
d2
Az = ﬁc(t)ﬂt:m z € D(A),
where D(A) = {r € X : C(.)z € C*(R, X)}.
Definition 2.2. Let f € L'(0,T; X). The function x € B defined by

z(t) = C(t)¢(0) + S(t)d

/ S(it—s)f (5 xb,/ k(s,7)g Tﬂ:T)dT>d te[0,T] (2.2)
zo(t) = o(t), —r<t<0 (2.3)
1s called mild solution of the initial value problem —.
Definition 2.3. A set S in a Banach space X is said to be relatively compact set if its closure is compact.
Definition 2.4. An operator T : X — X is called compact if it maps bounded sets into relatively compact sets.

Consider the following initial value problems

2 (t) = Ax(t) + h(t,xt,/t k(t,s),g(s,xs)d&ul), t e [0,T] (2.4)
zo(t) = ¢(t), —r<t<0,
'(0) =46

and
2" (t) = Ax(t) + h(t,xt,/t k(t,s),g(s,xs)ds,m), te€[0,7] (2.7)
zo(t) = ¢(t), —r=<t=<0, (2.8)
7' (0) =4 (2.9)

where A is an infinitesimal generator of a strongly continuous cosine family {C(t) : ¢t € R} in Banach space X,
h:[0,T]xCxX xR—X, k:[0,T] x[0,T] = R, g:[0,7] x C — X are continuous functions, p1, s are
real parameters, ¢ € C and § € X are given elements.

For our convenience, we list the following hypotheses.
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(Hy) There are constants K > 1 and K; > 0 such that
ICH[ <K and [|S(E)]| < K,
for all t € [0, 7.
(Hs) For every t € [0,T], ¢ € C and = € X, there exist a continuous function p : [0,T] — Ry such that
1F . 2)] < p@) [[¥llc + ll=l]-
(H3) There exist a continuous function ¢ : [0, 7] — R, such that
g, V) < a(@)[[¢lle
for every ¢t € [0,T] and ¢ € C.
(Hy) For every t € [0,T],11,%9 € C and 1,22 € X, there exists a constant M such that
1f(t b1, 1) = [t a2, z2)|| < M[[r =zl + llzr — 2]
(Hs) There exists a constant N such that
lg(t, 1) — g, ¥2)|| < Nllv1 — 92llc,
for all t € [0,T] and ¥, € C.

(Hg) For each t € [0,T] the function f(t,.,.) : [0,7] x C' x X — X is continuous and for each ¢ € C and for
each x € X, the function f(.,%,z):[0,T] x C x X — X is strongly measurable.

(H7) For each t € [0,T] the function g(¢,.) : [0,7] x C — X is continuous and for each ¢ € C, the function
g(, 1) : [0,T] x C — X is strongly measurable.

(Hs) For every positive integer g there exists o, € L'([0, T, [0,00)) such that for a.e. t € [0,7] and x € B

sup1f (b, tk(t,sm(s,xs)ds) I < agl®

lzllz<q
and

1 T
liminff/ ag(s)ds = ¢ < 0.
q~>+ooq 0

(Hy) There exist constants M7 and My such that
Ih(t, 1,91, p) — Wt 2, y2, p)|| < Ml — Yalle + llyr — y2ll]

and
||h(t>1/)>y7/71) - h(tﬂ/)al/,PZ)H < MZ‘pl - 102|

We use Schauder fixed point theorem to prove our results.

Lemma 2.1. (Schauder fized point theorem [16], p-37) Let S be a bounded, closed and conver subset of a
Banach space X. If f € C(S,S), where C(S,S) is the set of all compact maps from S into S, then [ has at
least one fixed point.

The following Pachpatte’s inequality is the key instrument in our subsequent discussion.

Lemma 2.2 ([12], p. 758). Let u(t),p(t) and q(t) be real valued nonnegative continuous functions defined
on Ry, for which the inequality

u(t) <wug+ /Otp(s) [u(s) + /05 q(T)u(T)dT] ds,

holds for all t € Ry, where ugy is a nonnegative constant, then

u(t) < ug [1 + /Ot p(s) exp (/05 (p(1) + q(T))dT) ds],

holds for all t € R,..
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We need the following result in the sequel.

Lemma 2.3. ([10], p.76) Let C(t), (resp. S(t)), t € R be a strongly continuous cosine (resp. sine) family on
X. Then there exists constants N > 1 and w > 0 such that

[C@)|| < Ne*ll, fort € R,

ta
/ e“*lds
ty

For more details on strongly continuous cosine and sine families, we refer the reader to [I9] and [21].

[|S(t1) — S(t2)]| < N , forti,to €R

With these preperations, now, we are in position to state our main results.

Theorem 2.4. Suppose that the hypotheses (Hy), (Hg) — (Hs) hold. Then initial value problem (I.1)-{1.3)
has at least one mild solution on [—r,T] if K1¢ < 1.

Theorem 2.5. Suppose that the hypotheses (Hi), (Hy) and (Hs) hold. Then initial value problem (1.1)-{1.3)
has at most one mild solution on [—r,T].

Theorem 2.6. Suppose that the hypotheses (Hy) — (Hs) hold. Then, every solution of the initial value problem

(T2)-(7-3) is bounded on [—r,T).

Theorem 2.7. Suppose that the hypotheses (Hy), (Hy) and (Hs) hold. Let x1(t) and x2(t) be two solutions of
the initial value problem with initial conditions

xlo(t) = ¢(t)’ —r<t<0, xll<0) =0

and
T, (t) = x(t), —r<t<0, 25(0) =0

respectively. Then
o1 — 2allz < |Kllg = xlo + Killo - aﬂ [1 + Ky MT exp{ (K M + LN)T}|.

The following theorem investigates the continuous dependency of solutions of initial value problems (2.4)) -

(2.6) and (2.7) - (2.9) on parameters.
Theorem 2.8. Suppose that the hypotheses (Hy), (Hs) and (Hyg) hold. Let x1(t) and x2(t) be the solutions of
initial value problem - (@ and - respectively on [—r,T|. Then

Hl’l — £E2||B S KlMQT‘,Uq — /Jg| 1 +K1M1T€Xp{(K1M1 + LN)T} .

3 Proofs of the Theorems 2.4 and 2.5

Proof of Theorem 2.4. Define the operator F': B — B by

(b(t)? le [770’ O]a
(Fz)(t) =

C(t)p(0) + S(t)d + fot S(t—s)f (s,ms, fos k(s,m)g(T, .Z‘-,—)dT) ds, te][0,T].

Then the equivalent integral equation for the system - can be written as the fixed point problem
x = Fz. We prove that F' has a fixed point z(-) by applying the Schauder fixed point theorem. For each
positive integer ¢, let

B,={zxeB:xz(t)=¢(),t €[-r0 and |z||p < q}.

Then for each ¢, B, is clearly closed, convex and bounded subset in B. Obviously, F' is well defined on B,.
We claim that there exists a positive integer ¢ such that F'B; C B,. If this were not true for some ¢, then for
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each positive integer ¢, there is a function z, € B, with Fz, & B, that is || Fz,|| > ¢. Then 1 < %||Fa:q||7 and
hence

1< hmlnffHqu( ), t€0,T] (3.1)

q—+oo ¢

However, on the other hand by using the hypotheses (H;), (Hs) and condition in Theorem, we have

1
lim inf ~ ||F
;glg;oq\\ 2101l

—tminf = [C(t)o(0) + ()3 + [ St )1 (50 [ ks, ot ) ) ]

q—+oo q

t s
<timint = [[COISO) + ISONSI + [ 156~ 1 (00, [ ks rIgtr.a Jar ) ]
1 t s
<tinint L [Klolle + K51+ [ 5017 (5200 [ hsiar, i s

t
<lim inf [M—FKll/ aq(s)ds}
q qaJo

q—+o0

:K1< < 1a

which contradicts the condition (3.1)). Therefore, for some positive integer ¢, we must have F B, C B,.
Next we prove that F' is a compact operator on B, . For this purpose, first we prove that F' is continuous
on By. Let {z,} C B, with z,, — = in B,. By using hypotheses (Hs) and (H7), we have

¢ ¢
f(t,wm, | e s)g(s,wns>ds> = f(t,xt, | gt xs>ds> as 1 — 00,
0 0
for each t € [0,T]. Therefore by dominated convergence theorem,

[(Fan)(t) — (Fx) @)

= ||/ S(t—s { (s xns,/os k(S,T)g(T,an)dT)
(s [ Mot yir ) s

=[5t =90 1 (5.7 [ K)o, 07
- f(s,xs,/osk(s,T)g(T, mT)dT>||ds

—0 as n— oo.

This implies that ||Fz, — Fx||g — 0 as n — oo. Therefore, F' is continuous.
Next we prove that the family {Fx : € B,} is an equicontinuous family of functions. To do this, let
0 <t <ty <T;then

[(Fz)(t1) — (F) ()]
< [C(t) = CE)Ip(0)| + [[[S(ta) = S(E2)]6]l

i / It 5) = 50t 9 (s, [ btz )i s
o [ S0 - S)f(s,xs, | ks x7>df) ds|

t1

< () - Clt)Idlle + 15(tr) — S(ta) 5]
+ / ISt — 5) — S(ts — ) [lag(s)ds + / 1S(t2 — 5)[lag(s)ds

The right hand side of above inequality is independent of x € B, and tends to zero as (t2 —t;) — 0, since
C(t), S(t) are uniformly continuous for ¢t € [0,T]. The compactness of C(t), S(¢) for ¢t > 0 imply the continuity
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in the uniform operator topology (see lemma 2.3). The compactness of S(t) follows from that of C(¢). Thus
F maps B, into an equicontinuous family of functions. The equicontinuity for the cases t; < ¢ < 0 and
t; <0 <ty follows from the uniform continuity of ¢ on [—r, 0] and from the relation

[(Fy)(t1) = (Fy) ()| < [|o(t1) = ¢(0)]| + [ (Fy)(0) — (Fy)(t2)]l

respectively.

It remains to prove that V(t) = {(Fz)(t) : « € By} is relatively compact in X for each t € [—r,T]. This is
trivial for ¢ € [—r,0], since V() = {¢(¢)} which is singleton set. So let 0 < ¢ < T be fixed and € a real number
satisfying 0 < € < ¢; for € B, we define

t—e s
(Fex)(t) = C(t)o(0) + S(t)d + S(t—s)f (Sﬂcs/ k(s,m)g(T, xr)dT) ds
0

0

Since C(t) and S(t) are compact operators the set Ve(t) = {(Fez)(t) : € By} is relative compact in X for
every €, 0 < e <t. Moreover by making use of hypotheses (Hg), for every « € B,, we have

S

)0~ E)oll = [ 150515 (s [ K TIatrzar ) s

< [ st =s)lay(s)is

Therefore there are relative compact sets arbitrarily close to the set V(t) = {(Fz)(t) : * € B,}; hence the
set V() is also relative compact in X. Thus, by the Arzela-Ascoli theorem F' is a compact operator and by
Schauder’s fixed point theorem there exists a fixed point z(-) for F', which is a solution of - satisfying
x(t) = ¢(t), —r <t < 0. This completes proof of the Theorem 2.4. O

Proof of Theorem 2.5. Assume that = and y are two solutions of the initial value problem - on
[-7,T]. The function k : [0, 7] x [0,7] — R being continuous on compact set, there exists a constant L > 0
such thawt

Ik, )| <L for 0<s<t<T (3.2)

From definition of mild solution given in ([2.2)) - (2:3) and using hypotheses (H1), (Hy), (Hs) and condition [3.2}
we have

t S s
Joto) =] < [ 186 =) 15 (s [ ks, ot tr) = 7 (s [ k(s o) Y s
0 0 0
t s
< KlM/ {x —yillo + LN/ lzs — yT||CdT] ds (3.3)
0 0
Case 1: Suppose t > r. Then, for every 6 € [—r,0], we have t + 6 > 0. For such 6's, from 1} we have
t+6 s
lote+0) oo+ o)) < Kot | [nxs o+ IN [ o chdr] s
0 0
t s
SKlM/ {|x8 —ych—i-LN/ ||~ —yT||ch]d5,
0 0
which implies
t S
o~ wile < Kt [ [nxs o+ IN [ o mm] s (3.4)
0 0

Case 2: Suppose 0 < t < r. Then for all § € [—r,—t), we have t + § < 0. For such 9,8, we observe, from
E2)-E3), that
[2(t+6) —y(t + 0)|| = [|24(6) — v (0)]]
=0,

which yields
|zt — yelle = 0. (3.5)
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For 6 € [~t,0], t +6 > 0. Then, for such s we obtain as in the case 1,

tr s
et — elle < KoM / s — galle + LN / s — yllodr|ds (3.6)
0 L 0 i

Thus, for every 6 € [—r,0], (0 < ¢ <), from (3.5)) and (3.6), we get

tr s 7
¢ — yelle < K1M/ s = yslle + LN/ |27 — y-llcdr|ds (3.7)
o L 0 _
For every t € [0, 7], from inequalities (3.4) and , we have
t s
o= wlle < KM [ fleu = sulle + 28 [ o, = yolodr] s
0 0

t s
< e+K1M/ [Hxs —y5||C+LN/ 2. —yT|CdT]ds (3.9)
0 0

for an arbitrary € > 0. Thanks to Pachpatte’s integral inequality given in Lemma 2.2 and applying it to (3.8))
with u(t) = ||z: — ye]|c we get

lx: — yello < 6[1 Jr/ot K1 M exp <AS(K1M+LN)dT>dS}
<e [1 + Ky MT exp ({KlM + LN}T)]
Since ||z(t) — y(t)|| =0V t € [-r,0], it follows, for ¢t € [—r, T, that
lz(t) —y(@®)| < 6[1 + K1 MT exp {(K1M + LN)T}}

which yields
lz —ylls < 6[1 + K1 MT exp {(K1M + LN)T}}

Since € > 0 is an arbitrary, it follows that
lz—ylls =0

which implies z(t) = y(¢), V ¢t € [—r,T]. This proves that the initial value problem (1.1)-(L.3) has at most one
solution. O

4 Proofs of Theorems 2.6 and 2.8

Proof of Theorem 2.6. The solution of the initial value problem (1.1))-(1.3)) is given by

2(t) = C(1)B(0) + S(t)5 + /Ot S(t— s)f(s,xs, /0 k(s, 7)g(r, l‘T)dT) ds

t € lo,T) (4.1)
xo(t) = o(t), —r<t<0

If t € [0,T)] then from (4.1) and using the hypotheses (H1) — (H3) and condition (3.2]), we have
t s
@1 < IC@I 1) + [IS@ 111l +/0 1S(t = sl If(&xs,/o k(s,T)g(ﬂwr)dT)lldS

t s
SKII¢(0)H+K1II5II+/O Kip(s) [Ilﬂcsllth/0 q(T)IIxrllch}ds

Since K > 1, for —r <t < T, we get

@)l < Kol + Ko +/0 Klp(S)[IlffschrL/Os Q(T)fffllch}ds (4.3)
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From (4.3) and considering cases 1 and 2 as in the proof of the Theorem 2.5, we obtain

t t s
[Eire §K||¢|Ic+K1II5H+/ Klp(S)Hxsllcd8+/ Klp(S)/ Lq(7) |z || cdrds (4.4)
0 0 0

Thanks to Pachpatte’s integral inequality given in Lemma 2.2 and applying it to (4.4) with u(t) = ||z¢||c, we
get

feude < |Klele + Kol |1+ [ ' Kupls) exp ([ iptr+ atryyar s

< [K¢||C + K1||6||} {1 + {K Pexp(K, P + LQ)T}T] (4.5)
where
P = t = t .
tgf%]p( ), @ e, q(t)
It follows that solutions x(¢) of initial value problem (1.1 - (|1.3)) are bounded on closed interval [—r, T and
proof of the Theorem 2.6 is complete. O

Remark 4.1. We remark that our result in Theorem 2.6 also proves the stability of a solution x(t) if ||¢|lc, |||l
are small enough.

Remark 4.2. We note that cosine family C(t) and sine family S(t) are not bounded in R. C(t) and S(t) are
bounded only in finite interval and may have exponential growth in R. Consequently, all solutions of initial

value problem - are not bounded on R.

Proof of Theorem 2.7. By making use of the definition of mild solution given in (2.2) - , the condition
(3-2) and hypothesis (H1), (Hy4) and (Hs), we get

lea(5) — a2(0)] < [CW [6(0) — x (Ol + 1S 15— o]
+ [t -) ||f<s,w1s, / k(sm,g(ml»dv)

f( [ #em.0m @T)d7>||ds
0
t

< K16(0)  x(O)] + K15 o] + | KlM[nm 2,
0

c +LN/ |1, $2T||Cd7-:| ds (4.6)
0

From (4.6) and considering cases 1 and 2 as in the proof of Theorem 2.5, for every t € [0,T], we get

t s
for, = aalle < [Kl = xle + Kilo =l + [ Ko [lor, = oo, llo + 28 [ o, = aa flear|as @
0 0

Applying Pachpatte’s inequality given in Lemma 2.2, to the inequality (£.7) with u(t) = ||z1, — z2,|lc, we
obtain

21, = 22,lc < [Kll¢ = xllo + Kil|d — o] [1 + /Ot K1 M exp (/OS(IGM + LN)dT>d8:|
< [Kll¢ = xllc + Kil|6 — o] {1 + K1 MT exp {(KlM + LN)TH
which yields, for every ¢ € [—r, T7,
Joa(6) = a2(0)] < [Ko = xle + Kl = o] |1+ KadrTexp { (01 + L)}
and therefore, we have
o = 22l < [0~ xll + Kalla = ol |1+ KaMT exp { (K001 + LN)T }

This completes the proof of the Theorem 2.7. O
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Proof of Theorem 2.8. Using the hypotheses (Hy), (Hs), (Hg) and condition (3.2]) we have
lz1(t) — 22(t)] (4.8)
t s s
= [t (s [ ks, atr i ) (s [ gt arm)
0 0 0

+h<$7$25,/ k(5>7)9(77$2,)d77#1) _h(‘s?szv/ k(‘S?T)g(T?er)dT?:uQ)”ds

0 0
t s s

< [ Ise-9)l |h( / k(s,T)g(T,flf)dﬂm)h(&fﬂzs, / k(s,7>g<7,xzf>dm)||ds
0 0 0

t s S
+ / 1St — s)]| h(s,xgs,/ k(s,7)g(T, 22, )dT, ,u1> — h<s,x25,/ k(s,m)g(T, x2,)dT, u2> |lds
0 0 0

t s t
S / K1M1 |:|$15 —x25||c+/ LNHIL_ —1‘1T||Cd7':|d3+/ K1M2|[L1 —Mg‘ds
0 0 0

t s
S K1M2T|/,61 - ,U/QI +/ KlMl |:||l‘15 - l‘gSHC —|—/ LNHJJlT — 1, CdT:| ds (49)
0 0

From (4.9) and considering cases 1 and 2 as in the proof of the Theorem 2.5, we get

t S
21, — @2, o < K1 MoT|pq — pol +/ KM, [Hxls —x2,]lc +/ LN||z1, — $17|Cd7] ds (4.10)
0 0

Once again, thanks to Pachpatte’s integral inequality given in Lemma 2.2 and applying it to (4.10) with
u(t) = ||x1, — x2,||c, we obtain

t s
lz1, — z2, |lc < K1 MoT|py — pol [1 +/ KM, exp (/ (K1 M + LN)dT>d8:|
0 0
S |/J,1 - /,62|K1M2T |:1 + KlMlTeXp({KlMl + LN}T):|
(4.11)
Thus, for ¢t € [—r,T], we have
1 (8) — 22(8)| < Ky MaT i — o] [1 + K My T exp({Ki M + LN}Tﬂ
and hence
|21 — 22|l < K1 MoT|py — pio] [1 + K1 M T exp({ K1 My + LN}T)}

This follows that the solutions of initial value problem (2.4) - (2.6) and (2.7)) - (2.9) depend continuously on
the parameters. This completes the proof of the Theorem 2.8 O

9 Application

To illustrate the application of our main result, consider the following nonlinear partial integrodifferential
equation of the form

wu,) = 2un(w,0)+ @ (o2t =), [ (1)1 s 25 — r)is) ds,

te0, 7], 0<w<nr (5.1)
2(0,t) = 2(m,t) = 0, t € 0,7, (5.2)
z(w,t) = p(w,t), 0 <w <7, —r <t <0, (5.3)
zt(w,0) = 2p(w), 0<w<m (5.4)

where ¢ is continuous, @ : [0,T7] x RXxR — R, g; : [0,7] x R — R are continuous and strongly measurable and
k1 :[0,T] x [0,T] — R is continuous. We assume that the following condition is satisfied.
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(1) For every positive integer g there exists o, € L'([0,T7],[0,00)) such that for a.e. t € [0,T] and z € R

sup
|2 <k1

Q (t, ctwt =, [ (1, 9)g1 (5, 2, 5 — r))ds) ] < ol (1),

and

1 b
;iginogq—l/ ay, (s)ds = (" < oo.

Let X = L2[0, 7] be endowed with usual norm || - ||z2. Define the operator A : X — X by Ay =y with
domain D(A) = {y € X : y, y are absolutely continuous, y” € X and y(0) = y(r) = 0}. Then

[e.9]

Z 24, yn)yn, y € D(A),

where y,,(s) = (\/2/m)sinns, n = 1,2, 3, ... is the orthogonal set of eigenvectors of A and it can be easily shown
that A is the infinitesimal generator of a strongly continuous cosine family C(t), ¢t € R, in X and is given by
(see[18])

C(tyy = cosnt(y,yn)yn, y € X.

n=1
The associated sine family is given by
=1
Sty = Zl - sinnt(y, yn)yn, y € X.
n=

Further assume that K¢’ < 1, where K; = sup{||S(¢)|| : t € [0,T]}.
Define the functions f: [0,T] x Cx X — X, ¢:[0,T] xC — X, k:[0,T] x [0,T] — R, as follows

f(t7’¢)7I)(U) = Q(ta 1)[}(77’)(’0),1‘(1))),
9(t,¥)(v) = g1 (tp(=7)(v)),
k(t,s) = ki(t, s),

for t € [0,T],x € X,¢ € C and v € R. Then the above partial differential system (5.1)-(5.4) can be formulated
abstractly as

2 (t) = Ax(t) + f(t,act,/o k(t, s)g(s,xs)ds), te[0,T] (5.5)
zo(t) = ¢(t), —r<t<0 (5.6)
2'(0) =46

Since all the hypotheses of the Theorem 2.4 are satisfied, and hence, by an application of the Theorem 2.4, the
partial differential equations (5.1)) - (5.4) have at least one solution on [—r, T.
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Abstract

Some oscillation results are obtained for the third order nonlinear mixed type neutral differential equations of the

form
"

((@(t) + b(B)z(t — 70) + c(D)z(t +72))™)" = q(O)2”(t — 1) + p(t)2” (t + 02), t > to
where «, 3 and ~y are ratios of odd positive integers 71, T2, o1 and o2 are positive constants.

Keywords: Oscillation, third order, neutral differential equations.
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1 Introduction

In this paper, we study the oscillatory nature of the third order nonlinear mixed type neutral differential
equations of the form

((z(t) + bz (t — 1) + c()x(t + 12))*)" = q(t)2P(t — 01) + p(t)2 (t + 02), t > to (1.1)
subject to the following conditions:
(¢1) 71, T2, 01 and o9 are positive constants;
(c2) q(t) and p(t) are real valued positive continuous functions on [tg, 00);
(c3) a, B and v are ratios of odd positive integers;
(

cq) b(t) and c¢(t) are real valued and thrice continuously differentiable functions with 0 < b(t) < b < oo and
0 <c(t) < ¢ < 0.

Let # = max{7,01}. By a solution of equation , we mean a real valued continuous function z(t) defined
for all ¢ > ty — 6 and satisfying the equation for all t > tg. A nontrivial solution of equation is called
oscillatory if it has infinitely many zeros on [tg, c0), otherwise it is called nonoscillatory.

Recently there has been a great interest in studying the oscillatory and asymptotic behavior of third order
differential equations, see for example [T, 2] (3, 4 [5] [6], (7, 8], 9], [T0] [T, 12 T3] 141 [15] 16l 17, 18] 19, 20], 211, 22| 23],
and the references cited therein. In [Il 4 [7, ] @] 15l 20, 23], the authors studied the oscillatory behavior of
solutions of equation when b(t) =0, ¢(¢t) =0 and p(¢t) = 0. In [5, [6, 10, 011, 17, 18, 19 21], the authors
studied the oscillatory behavior of solutions of equation when ¢(t) = 0 and p(t) = 0. In [2] 13| 14, 22], the
authors discussed the oscillatory behavior of all solutions of equation when a=0=~v=1.

Motivated by this observation, in this paper we study the oscillatory and asymptotic behavior of all solutions
of equation for different values of a, 8 and . So the purpose of this paper is to present some new oscillatory

*Corresponding author.
E-mail addresses: ethandapani@yahoo.co.in (Ethiraju Thandapani) and renurama68@gmail.com (Renu Rama).
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and asymptotic criteria for equation (|1.1)). In Section 2, we present criteria for equation (|1.1)) to be either
oscillatory or all its nonoscillatory solutions tend to zero as t — oco. Examples are provided in Section 3 to
illustrate the results presented in Section 2.

2 Oscillation results

In this section, we present some new oscillation criteria for the equation (1.1]). For convenience we use the
following notations:

Q(t)=min(q(t), q(t — m1),q(t + 72)), P(t)=min(p(t), p(t — 71),p(t + 72)),
and z(t)=[z(t) + b(t)x(t — 1) + c(t)x(t + 72)]*.

Lemma 2.1. If 2(¢) is a positive solution of equation (1.1), then the corresponding function z(t) satisfies only
the following two cases
Case (I) =z(t) >0, 2'(t) >0, 2"(t) > 0,2"(t) > 0; (2.1)
Case (II)  z(t) >0, 2'(t) >0, 2"(t) <0,2"(t) > 0. (2.2)

Proof. Assume that z(t) is a positive solution of equation (I.I)). Then there exists a t; > to such that z(t—6) > 0
for all ¢ > ¢;. From the definition of z(¢), it is clear that z(t) > 0 for all ¢ > ¢;. From equation , we have
2" (t) > 0 for all t > t;. Therefore 2" (t) is strictly increasing for all ¢ > ¢; and 2”(t) and 2/(t) are of one sign for
all t > t;. We prove that 2/(¢) > 0 for all ¢ > t;. If not, there exists a to > t; and M < 0 such that 2/(t) < M
for all ¢ > to. Integrating the last inequality from to to ¢, we get

z(t) — 2(t2) < M(t — t2).

Letting ¢ — oo, we see that z(¢t) — —oo, which is a contradiction. Hence 2'(t) > 0 for all ¢ > ¢;.This completes
the proof of the lemma. O

Lemma 2.2. [f A>0, B>0and0<§ <1, then

A° + B® > (A+ B)® (2.3)
If 6 > 1 then
1
(A° + B%) > 2571(A+B)5. (2.4)
Proof. Proof can be found in [21]. O

Theorem 2.3. Assume that 0 < § = v < 1 and o2 > o1 > max{r,7a}. If the second order differential
inequality
P(t)(o1 — 1)/
"0E) > B/
y'(t) = (1+ b8 + cP)b/e 4

(t+02 —01) (25)
has no positive increasing solution, and the second order differential inequality

" QW) (o1 — )Y 50
vt = (1_|_bﬂl_|_ cﬂl)ﬁ/a yﬁ/

(t701+7'1) (26)

has mo positive decreasing solution, then every solution of equation (1.1) is oscillatory.

Proof. Let x(t) be a nonoscillatory solution of equation for all t > t1 > to. Without loss of generality, we
may assume that z(t) is a positive solution of equation for all t > t; > to (since the case x(t) is negative
is similar). Then there exists a t > t; such that (¢t — 6) > 0 for all t > t5. By the definition of z(t) we have,
z(t — @) > 0 for all ¢ > t9. Define a function y(t) by

y(t) = 2(t) + bP2(t — 1) + P2(t + 1), for all t > to. (2.7)
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Then y(t) > 0 for all ¢ > t5, and

y///(t) — Zm(f) —i—bﬁ ///(t )—|—Cﬁ m(t-i—T)
= )2’ (t — 1) +pt)2P(t + o0) + bPq(t — )P (t — 71 — 1) +
Vp(t —m)aP(t — 1 4 09) + Pt + )2l (t + 70— 01) +
C’B +7’2).’L"8(t+7'2+02)

Y

p(
p(t
Q(t)[xﬁ(t—al)—t—bﬁ 5(t—7'1—cr1)—|—cﬁ ﬁ(t—|—7'2—a1)]—|-
P(t)[2P(t + o9) + VPP (t — 71 + 09) + PP (t + 7 + 02)).

Using (2.3 twice, the above inequality becomes
Y (t) > Q)2 (t — 01) + P(1)27/%(t + 03). (2.8)

Since z(t) is a positive solution of equation (L.I), from Lemma [2.1] we have two cases for z(t).
Case (I): In this case, we have z/(t) > 0, 2”(t) > 0 and 2”(t) > 0 for all ¢ > t5. Then from (2.7), we have
y'(t) >0, ¥(t) > 0 and y"”'(t) > 0 for all t > ¢s.

From the inequality , we have

Y (t) > P(t)2%/%(t + 03). (2.9)
Since #/(t) is increasing, we have
y(t) = 2Z@t)+6PL(t—1)+ P (t+ )
< (140° + P2/ (t + 1) for all t > to. (2.10)
Now
t+o1—72
(t4+ 01— 1) —2(t) = Z'(s) ds
t
or
2(t+ 01— 1) > 2 (t) (01 — T2). (2.11)
Using (2.10)) and ( in , we obtain

(t)zﬂ/a(t + 02)
P(t)(or — 7)1 (t + 09 — 0 +72))P/®
- P@)(or — )P/
T (148 PP/

yl// (t)

AV

(W (t + o0 — 1))/t > ts. (2.12)

By setting y'(¢) = w(t), we see that w(t) > 0 and w’(¢) > 0 for all ¢ > t5. Now inequality (2.9)) becomes

P(t)

T s a1~ )it or = o).t 2 1. (2.13)

w”(t) >

That is, w(t) is a positive increasing solution of the second order differential inequality , which is a
contradiction.

Case (II). In this case, we have 2/(¢) > 0, z”(t) < 0 and z"”/(¢) > 0 for all ¢ > ¢5. Then y/'(¢) > 0, y”(t) <0
for all ¢ > t5. From the inequality , we have

Y (t) > Q1) (t — oy). (2.14)

Since 2/(t) and y/(t) are decreasing, we have

y'(t) Z(t)+ VPt — 1)+ P (t+ )

< (148 + P (t-7)

or
Y(t—o14+7) <A+ +P)(t—01), t >t (2.15)
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Now
t

() — 2t — (01 — 7)) = / (s) ds
t—(oc1—71)
z(t) > 2/ (t) (o1 — 11). (2.16)

Using (2.15)) and (2.16) in (2.14)), we obtain

vt = Q) — 1)
> Q(t)(or — 1)/ (t — 1))
> Q(t)(o—li,rl)ﬁ/a (y/(tfo'l +T1))ﬁ/a,t2t2.

(14 b7 + P8/

By taking y/(t) = w(t), we see that w(t) > 0 and w’(t) < 0. Thus, w(¢) is a positive decreasing solution of the
second order differential inequality

" Q(t) o ﬁ/a ﬁ/a o
w'(t) > m((fl ) Wt — oy + 1), (2.17)
which is a contradiction to (2.6). This completes the proof. O

Theorem 2.4. Assume that 3=~ > 1 and o9 > o1 > max{7, 7a}. If the second order differential inequality

P(t) (o1 — m)?/°

-8
2;_1)ﬁ/a

y'(t) > Yt + oy — o) (2.18)

TAAI(1 40P +

has no positive increasing solution, and the second order differential inequality

J() > — QW = )8/

_43*1(1+b5+2541)5/ay (t+m—o) (2.19)

has no positive decreasing solution, then every solution of equation (L.1)) is oscillatory.

Proof. Let x(t) be a nonoscillatory solution of equation (1.1)) for all ¢ > ¢, > ty. Without loss of generality, we
may assume that x(¢) is a positive solution of equation (|1.1). Then there exists a to > t; such that z(t —0) > 0
for all ¢ > to. By the definition of z(t), we have z(t — 6) > 0 for all ¢t > t5. Now define a function y(t) by

B

y(t) = 2(t) + b 2(t — ) + #z(t +72),t > to. (2.20)

Then, since z(t) > 0, we have y(¢) > 0 and

CB n
2,67712 (t + 7'2)

= qO)2"(t — o1) + p()2’ (t + 02) + Vq(t — 1)’ (t — 71 — 1) +
s
C
Wp(t — )P (t — 1 + 09) + 2ﬁ—_1q(t + 1)l (t + 0 — 1) +
B
95—1P

y///(t) — Zm(t) + bﬁz///(t _ 7_1) +

(t + 7o) 2P (t + 79 + 02)

B
C
Srre’ (= o))+

G
C
Flﬂ(t + 79 + 0’2)]7 t>to.

Y

Q(t)[l’ﬁ(t — 01) + bﬁl’ﬁ(t —T1 — 0'1) +
Pt)[zP(t + 0o) + b°2P(t — 11 + o) +
Now using (2.4)) twice in the last inequality, we obtain

QW) s/a P@t) /0
y"(t) > Fzﬁ/ (t—o1) + Fzﬂ/ (t + o)t > to. (2.21)

Since x(t) is a positive solution of equation (|1.1]), there are only two cases, as given in Lemma for z(t).
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Case (I): In this case, we have z(t) > 0, 2/(t) > 0, 2’(t) > 0 and 2’”(¢t) > 0 for all ¢ > ¢5. Then from
(2.20]), we have y'(t) > 0, y”(t) > 0 for all t > t5. From the inequality (2.21)), we have

y'(t) = 5 it 2 *(t+02),t > ta. (2.22)
Since #/(t) is increasing, we have
/ / B! Cﬁ /
y'(t) = Z'(t)+bz (t—Tl)—i-Fz (t+ 72)
sy <\
< (1407 + 25_1)2 (t+T2),t > 1o
or 5
y@nq1+W+2§) (t+ oy + 7o)t > o (2.23)
and
t+o1—72
2(t+o1— 1) —2(t) = / 2'(s) ds > 2'(t) (o1 — 72)
t
or
2(t+o1— 1) > 2 (t) (01 — T2). (2.24)
Now using and ({ in , we have
> 4 = 1%
> 4[3( ) (01 — )P/ (t + 19 — 1 4 02))P/
Pl(t — )Py (¢ — Bla
y() > PO — )W (4 00 —0))WE (2.25)
481 7)o/
Setting y'(t) = w(t), we see that w(t) > 0, w'(t) = y"(¢t) > 0 and
P — 7p)B/e — B/
wi(t) > DO Z )t + o2 — o) W% (2.26)

4P=1(1 4 bP + B)P/a ’

That is w(t) is a positive increasing solution of the second order differential inequality , which is a
contradiction.

Case (II): In this case we have 2/(t) > 0, z”(t) < 0 and 2"(t) > 0 for all ¢ > t5. Then from (2:20), we
obtain y/(t) > 0 and y”(t) <0 for all ¢ > t,. From the inequality (2.21)), we have

Y (1) > (2 Ut — )t > to. (2.27)

Using the monotonicity of 2'(t) and y'(t), we have

B

v = A0+ )+ 55

2 (t+72)

g
(140 + 2;71 )2 (t — 1)

IN

or

Y(t+o) <1+ +

—)Z (t+ o1 — 1)t > to. (2.28)

Also from the monotonicity of z’(t) we have

2(t) —2(t —o1+ 1) = / Z'(s) ds > 2/ (t) (o1 — 71)
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z(t) > (o1 — 11)2'(1). (2.29)

Using (2.28) and ( in , we get

ORI
- fﬁ(fz (01 — 1)/ (t — oy)) P/
> %(”1 T (( Y (t—o1+ Tl)))://:
Or / B/a
y"(t) > 228(2 (01 — )P/ ((yl (j ;;1 J;E )))B/a .

Set y'(t) = w(t). Then w(t) > 0 and w’'(t) = y”(¢t) < 0 and the last inequality becomes

Q1)1 = Tl)ﬁ/awg/a(t —o1tn) t>ts. (2.30)

w//t >
¥ 2 4B1(1 4 bB 4 552 )B/e =

Thus, w(t) is a positive decreasing solution of the second order differential inequality ([2.19]), which is a contra-
diction. Now the proof is complete. O

Theorem 2.5. Assume that 0 < <1, v>1, b<1,¢ <1 and o2 > 01 > max{m,72}. If the second order
differential inequality

y//(t) > P(t)(al - 7—2)7/&

T A1 408 +c5)7/ay5/a(t+a2 — o) (2.31)

has no positive increasing solution, and the second order differential inequality

o1 —T1 B/o
02 Gy ot (22

has no positive decreasing solution, then every solution of equation (L.1)) is oscillatory.

Proof. Let x(t) be a nonoscillatory solution of equation (1.1} for all ¢ > ¢; > ¢o. Let us assume that x(t) is a
positive solution of (I.1)) for all ¢ > t; > tg.. Then there exists a to > ¢; such that z(t — 0) > 0 for all t > t5.
By the definition of z(t), we have z(t — 8) > 0 for all t > 5. Set

y(t) = 2(t) + b°2(t — 1) + P2(t + ) for all t > ts. (2.33)
Then, y(t) > 0, and
y///(t) _ Z///(t)+bﬁ /H(t )+CB ///( +T2)

= qt)2P(t —o1) + p(t)2Y (t + 02) + bq(t — 71)2P (t — 71 — 01) +
b’ p(t— 1)V (t —m +02)+C (t—‘rTz).’Lﬁ(t—‘rTQ—O'l)—i-
CB (t Tg)xry(t—l—’rgﬁ-dg)

2 Q(t)[l’ (t701)+bﬁ 6(t*71*01)+0ﬁ B(t+7’2*01)]+
P)[z7(t+ o2) + bﬁaﬂ(t — 711+ 03)+c¢ ac'y(t + 72 + 02)],t > to.

Using (2.3)) twice in the first part of righthand side of the last inequality, we have
Y (t) > Q)2 (t — o) + P()[27 (t 4 02) + b2V (t — 71 + 09) 4+ P2V (t + 10 + 02)], 1 > to. (2.34)
Using the fact that b <1, ¢ <1, v > 1, and 0 < § < 1, we have

zV(t + o9) + bﬁm"(t -7 +o09)+ cﬁm'y(t + 7o + 09)
> 2V(t+o2) + 0727 (t — 11 +02) + T2V (t+ T2+ 02)
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,
271

> 27(t+o2)+ 027 (t —1 +02) + 2V (t+ 12 + 02),

and applying (2.4]) twice and simplifying, we obtain

1
2V (t409) + VP2 (t — 11 +00) + PVt + 1o+ 09) > yEe 2o (t+ o). (2.35)
Substituting (2.35]) in (2.34), we get
" Blarsy P(t) v/
y"'(t) > Q)P (t —o1) + 17 (t+ 02),t > ta. (2.36)

Now we consider the following two cases for z(¢) as in Lemma
Case (I): In this case we have 2/(t) > 0, 2”(¢t) > 0 and 2"’(¢) > 0 for all ¢t > ¢5. Then from (2.33)), we have
y'(t) >0, y(t) > 0 and y"'(t) > 0 for all t > ¢s.
From the inequality ([2.36)), we have
P(t)

y"(t) > Fz’Y/O“(t + 09),t > t. (2.37)

Using the monotonicity of 2'(t), we get

y'(t)

2(t) + 0P (t— 1)+ P2 (t+ )
< (4P + P (t+m),t >ty (2.38)
Again using the monotonicity of z’(t), we obtain

t+o01—72

2(t+ 01 —T2) — 2(t) = / 2'(s) ds > 2'(t)(o1 — ),

or
2(t+01— 1) > (01 — 12)2 (¢). (2.39)
Now using (2.38) and (2.39)) in (2.37)), we obtain
P) /o
y’"(t) — 477—127/ (t + 0—2)
P(t
> 47(_3 (01 — T)V (2 (t + 02 — 01 + T2))V/
— )y — v/
s P@) (o1 = 7)Y (t + 02 — 01)) s
qv—1 (1408 + B)r/e

By setting y'(t) = w(t), we see that w(t) = y'(t) > 0, w'(t) = y”(¢t) > 0 and it satisfies

P(t)(o1 — 1)/
1 t >
w’(t) > 47=1(1 + bP + B)r/e

Thus, w(t) is a positive increasing solution of the second order differential inequality , which is a contra-
diction.

Case (II): In this case we have 2/(¢t) > 0, z”(t) < 0 and 2(t) > 0 for all ¢ > ty. Therefore y'(t) >
0, ¥”'(t) <0 and y"”(t) > 0 for all ¢ > t5. From the inequality we have

Y (t) > Q)2 (t — o1),t > to. (2.40)
Since 2" (t) < 0, we have 2/(t) is decreasing and therefore

y'(t) 2(t) + 0P (t— 1)+ P2 (t+ )

< (148 +N(t—1), (2.41)

or
y(t—01) <A1+ +P)(t—o01 —7),t > to.
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Again using the monotonicity of 2'(t), we see that

A — 2(t— oy + 1) = / 2(s) ds > (o1 — ) (1),
t—(o1—71)

2(t) > (o1 — 11)2'(1). (2.42)

Substituting (2.41)) and (2.42) in (2.40), we obtain

Qt) (o1 — )P/

(1465 + ¢9)B/a W (t—o1+n)""t >t (2.43)

y/ll (t) 2

By setting y'(t) = w(t), we see that w(t) is a positive decreasing solution of

Qt)(o1 — Tl)ﬁ/awﬂ/a
(1 + b8 + cP)B/e

w”(t) > (t—o1+T71),t>ts, (2.44)

which is a contradiction to (2.32). This completes the proof. O

Theorem 2.6. Assume that 0 <~y <1, >1, b<1,¢<1 and o2 > o1 > max{7,2}. If the second order

differential inequality
P(t)(o1 — 1)/ e
(14 b8 + cP)r/a

has no positive increasing solution and the second order differential inequality

1 Q(t)(al - Tl)ﬁ/a
)= 4P=1(1 4+ b8 + cﬂ)ﬂ/ay

y'(t) >

(t+0'2 —0’1) (245)

Blo(t — oy + 1) (2.46)

has mo positive decreasing solution, then equation (1.1)) is oscillatory.
Proof. The proof is similar to that of Theorem [2.5] and hence the details are omitted. O

Theorem 2.7. Assume that 3> 1, 0 <~y <1, b>1,¢>1 and o2 > o1 > max{r, 2 }. If the second order

differential inequality

P(t)(o1 — )"/
11 t >

V') 2 Ty oy

has no positive increasing solution, and the second order differential inequality

" Q(t)(d — T )B/a
V') 2 Ty Y

Yt + o9 — 01) (2.47)

Blo(t 41 — o) (2.48)

has no positive decreasing solution, then equation (1.1) is oscillatory.

Proof. Let x(t) be a nonoscillatory solution of equation (L.1)) for all ¢ > ¢; > tg. Without loss of generality, let
us assume that x(t) is a positive solution of equation (|1.1)) for all ¢ > t; > tg. Then there exists a to > ¢; such
that x(t — 0) > 0 for all ¢ > t5. By the definition of z(t) we have z(t — 6) > 0 for all ¢t > t5. Set

8
y(t) = 2(t) + bﬁz(t — 7))+ ;ﬁz(t + 7o) for all ¢t > ts. (2.49)

Then, y'(t) > 0, and using the fact b>1, ¢>1, vy <1, > 1, we have

B
Y = )R )+ e ()
B
c
Z Q(t)[(ﬂﬁ(t — 0'1) + bﬁl’ﬁ(t —T1 — 0'1) + 267_1.%6@ + To — 01)] +

<

c

Pt)[27(t + 0o) + 0P (t — 71 4 09) + 2771377(25 + 72 + 02)]

&)

vV

C
jxﬁ(t + 7 + 02)]

Q(t)[xﬂ(t —o1)+ bﬂmﬁ(t -1 —o01)+ 58
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+P) [z (t + 02) + 072 (t — 11 + 02) + TV (t + T2 + 02)],t > 1o

Now applying (2.4) and (2.3 twice in first and second part of right hand side of last inequality, we get

y"(t) > gﬁ Pl — 1) + P27 (t 4 02),t > to. (2.50)

Now we consider the following two cases for z(t) as given in Lemma
Case (I): In this case we have z/(t) > 0, 2”(t) > 0 and 2"”'(¢) > 0 and therefore y/'(¢t) > 0, y”(t) > 0 and
y"(t) > 0 for all ¢ > t5. From the inequality (2.50), we have

Y (t) > P()2(t + 03),t > ta. (2.51)
Applying monotonicity of z’(t), we get

y(t) = 2+t —1)+ P (t+ )
y(t) < A+ +P(t+ 7).t >t (2.52)

Also using the monotonicity of 2/(t), we get

t+o1—T7o
z(t+o1— 1) —2(t) = / 2'(s) ds > 2'(t) (02 — T2)

2(t+01— 1) > 2 (t) (01 — T2). (2.53)
Combining ([2.51), (2.52) and (2.53)), we obtain
y'(t) = P@1)2(t+09)
> P(t)(o1 — )% (t + 1)
> P(t)(o1 — 1) (Y (t + 02 — 1))/ >t

(1 + b8 4 P)r/a ’
By putting y/(t) = w(t), we see that w(t) is a positive increasing solution of

P(t) (o2 — 1)/
(1+ b8 + cB)r/e

w” (t) > WY (t 4 09 — 01),t > ty

which is a contradiction ([2.47)).
Case (II): In this case we have 2”(t) < 0 for all ¢ > 5. Therefore 2/(t) is decreasing, for all ¢ > t5. Since
Z'(t) is decreasing we have
y(t) = Z@t)+0PL(t—1)+ P (t+ )
< A+ P (t— 1)t >t (2.54)

Also using the monotonicity of 2/(t), we get

2(t) —z2(t—o1+71) = 2'(s) ds > (o1 — 11)2'(t)
t—(o1—71)
or
2(t) = (o1 — )2 (2). (2.55)
From 7 we have
y"(t) > %zﬁ/a(t —01),t > to. (2.56)

Combining (2.54), (2.55) and (2.56)), we obtain

///(t Q(t)(al - Tl)ﬁ/a
)2 4P=1(1 4 bP + P)P/a

(W (t— o1+ 7))t > to. (2.57)
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By taking y'(t) = w(t), we see that w(t) is a positive decreasing solution of

w”(t) > (Ul — Tl)ﬂ/aQ(t)

Z iy g oyra Wt )7t > b, (2.58)

which is a contradiction to (2.48]). This completes the proof. O

Theorem 2.8. Assume thaty > 1, 0< <1, b>1,¢>1 and o2 > 01 > max{m,72}. If the second order
differential inequality
P(t)y"//a(t -+ g9 — 0'1)(01 — TQ)’Y/Q

"E) > 2.59
y'(t) 2 47=1(1 + b8 + cP)r/e (2.59)
has no positive increasing solution and the second order differential inequality
HyBla(t — — )P/
y”(t) 2 Q( )y ( o1+ Tl)(al Tl) (260)
(1 + b8 + cP)h/e
has mo positive decreasing solution, then equation (1.1)) is oscillatory.
Proof. The proof is similar to that of Theorem and hence the details are omitted. O
Corollary 2.9. Assume that o« = 3=~ > 1, 03 > 01 > max{r,m2}. If
t+oo—19—2 o
li?lsogp / (t+0y—To—5—1)P(s) ds > 4> (1 +a* + 2@_1) (2.61)
t
and
t
hﬁsol.fp / (t—s+1)Q(s) ds >4 (1 +a™ + 20‘_1) (2.62)

t—o1+71

then every solution of equation (1.1)) is oscillatory.
Proof. Condition (2.61]) and (2.62) imply that the differential inequalities (2.59) and (2.60) have no positive

increasing and no positive decreasing solutions respectively see [12 [I6]. Now the result follows from Theorem
2.8 O
Corollary 2.10. Let f <, b<1, ¢<1, 09 > 01 > max{n, 72} If

o] t+o1—71

/( / Q(s) ds) dt = oo (2.63)

to t

00 t

/( / P(s) ds) dt = oo (2.64)

to t—oa+T2+1
then every solution of equation (1.1)) is oscillatory.

Proof. Conditions (2.63]) and (2.64]) imply that the differential inequalities (2.31)) and (2.32) have no positive

increasing and no positive decreasing solutions respectively [12], [[6]. Now the result follows from Theorem
O

3 Examples

In this section, we shall see some examples to illustrate main results.
Example 3.1. Consider the third order differential equation
(x(t) + 22t —1) + 3zt +2)*)" = (t + )23t = 3) +ta®(t +5), t > 1 (3.1)

Here b(t) =2, c(t) =3, m =1, =2, 01 =3, 0o =5, qt) =t+1, p(t) =t and o« = 8 =~ = 3. Then
Q(t) =t, P(t)=t—1 and we can easily see that all the conditions of Corollary 2.9 are satisfied. Therefore all
the solutions of equation (3.1) are oscillatory.
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Example 3.2. Consider the third order differential equation

2t —1) + %x(t VY = (t 4 Dalt —3) + (t+ 225t + 4), £ > 1 (3.2)

() + 5

Here b(t) =%, c(t) =3, =1, =2, 01=3, 00=4, a=1, f=1, y=3, qt) =t +1, p(t) = (t +2)2
Then Q(t) = t, P(t) = t* and we can easily see that all the conditions of Corollary 2.10 are satisfied. Therefore
all the solutions of equation (3.2)) are oscillatory.

References

1]

2]

3]

[4]

[5]

R. P. Agarwal, M. F. Aktas, and A. Tiryaki, On oscillation criteria for third order nonlinear delay
differential equations, Arch. Math., 45(2009), 1-18.

R. P. Agarwal, B. Baculdkovd, J. Dzurina and T.Li, Oscillation of third-order nonlinear functional
differential equations with mixed arguments, Acta Math. Hungar., 134(2011), 54-67.

R. P. Agarwal, S. R. Grace and D. O’Regan, Oscillation Theory for Difference and Functional Dif-
ferential Equation, Kluwer Academic Publishers, Dordrecht, The Netherlands, 2000.

B. Baculikova and J. Dzurina, Oscillation of third-order functional differential equations, FElec. J.
Qual. Theo. Diff. Equ., 43(2010), 1-10.

B. Baculikova and J. Dzurina, Oscillation of third-order neutral differential equations, Math. Comput.
Modelling, 52(2010), 215-226.

B. Baculikova and J. Dzurina, On the aymptotic behavior of a class of third order nonlinear neutral
differential equations, Cent. European J. Math., 8(2010), 1091-1103.

B. Baculikova and J. Dzurina, Oscillation of third-order nonlinear differential equations, Appl. Math.
Lett., (2011), 466-470.

B. Baculikova, E. M. Elabbasy, S. H. Saker, and J. Dzurina, Oscillation criteria for third-order non-
linear differential euqations, Math. Slovaca, 58(2008), 201-220.

T. Candan and R. S. Dahiya, Functional differential equations of third order, FElec. J. Diff. Equ.,
12(2005), 47-56.

P. Das, Oscillation criteria for odd order neutral equations, J. Math. Anal. Appl., 188(1994), 245-257.

K. Gopalsamy, B. S. Lalli and B. G. Zhang, Oscillation of odd order neutral differential equations,
Czech. Math. J., 42(1992), 313-323.

S.R.Grace, Oscillation criteria for nth order neutral functional differential equations, J. Math. Anal.
Appl., 184(1994), 44-55.

S. R. Grace, On oscillation of mixed neutral equations, J. Math. Anal. Appl., 194(1995), 377-388.

S. R. Grace, Oscillation of mixed neutral fractional differential equations, Appl. Math. Comp.,
68(1995), 1-13.

S. R. Grace, R. P. Agarwal, R. Pavani, and E. Thandapani, On the oscillation of certain third order
nonlinear functional differential equations, Appl. Math. Comput., 202(2008), 102-112.

S.R.Grace and B.S.Lalli, Oscillation theorems for certain neutral functional differential equations with
periodic cofficients, Dynam. Systems Appl., 3(1994), 85-93.

J. R. Graef, R. Savithri, and E. Thandapani, Oscillatory properties of third order neutral delay
differential equations, Disc. Cont. Dyn. Sys. A, 2003, 342-350.

T. Li and E. Thandapani, Oscillation of solutions to odd-order nonlinear neutral functional differential
equations, Elec. J. Diff. Equ., 23(2011), 1-12.



Ethiraju Thandapani et al. / Oscillation results for ... 49

[19] T.Li, C.Zhang and G.Xing, Oscillation of third order neutral delay differential equations, Abstract
and Applied Analysis, 2012(2012), 1-11.

[20] S. H. Saker and J. Dzurina, On the oscillation of certain class of third-order nonlinear delay differential
equations, Math. Bohemica, 135(2010), 225-237.

[21] E. Thandapani and T. Li, On the oscillation of third-order quasi-linear neutral functional differentiall
equations, Arch. Math., 47(2011), 181-199.

[22] J. R. Yau, Oscillation of higher order neutral differential equations of mixed type, Israel J. Math.,
115(2000), 125-136.

[23] C. Zhang, T. Li, B. Sun and E. Thandapani, On the oscillation of higher-order half-linear delay
differential equations, Appl. Math. Lett., 24(2011), 1618-1621.

Received: November 11, 2012; Accepted: January 7, 2013

UNIVERSITY PRESS



Malaya Journal of Matematik 1(1)(2013) 50-56

Malaya MIM

S0
°
& 027>
Journal of an international journal of mathematical sciences with ‘«*Y‘:
Matematik computer applications... MalaySougaatof
—————————————— Matematik
www.malayajournal.org |S§N . 2;1;:;7;6

Discontinuous dynamical system represents the Logistic retarded

functional equation with two different delays
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Abstract

In this work we are concerned with the discontinuous dynamical system representing the problem of the logistic
retarded functional equation with two different delays,

x(t) = px(t —rm)[l —x(t —r2)], te€(0,T],
z(t) = zo, t<O0.

The existence of a unique solution x € Ll[O, T] which is continuously dependence on the initial data, will be proved.

The local stability at the equilibrium points will be studied. The bifurcation analysis and chaos will be discussed.
Keywords: Logistic functional equation, existence, uniqueness, equilibrium points, local stability, Chaos and Bifurcation.

2010 MSC: 39A05, 39A28, 39A30. @2012 MJM. All rights reserved.

1 Introduction

Let R, be the set of positive real numbers and let r € R,. Consider the problem of retarded functional
equation
w(t) = f(t,z(t —r)), te(0,T] (1.1)

xz(t) = x,, t< 0. (1.2)

Now, if T be positive integer, » = 1, and t = n = 1,2,3,---T, then the problem (1.1)-(1.2)) will be the
discrete dynamical system
x, = f(n,xp—1), n = 1,2,3,---T (1.3)

To = To, t< 0. (1.4)

This shows that the discrete dynamical system ([1.3])-(|1.4) is a special case of the problem of retarded functional
equation (1.1))-(1.2).

2 Discontinuous dynamical systems

The discontinuous dynamical systems have been studied, recently, in [3]-[5]. The results in [4] and [5] shows
the richness of the models of discontinuous dynamical systems.
Consider the problem of retarded functional equation

2(t) = f(z(t—7r)), te(0,T] (2.5)

*Corresponding author.
E-mail addresses: amasayed@gmail.com (A. M. A. El-Sayed) and moh_nasr_2000@yahoo.com (M. E. Nasr).
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z(t) = x,, t< 0.
Let ¢t € (0,r], then ¢—r € (—r,0] and the solution of - is given by
x(t) = z(t) = flzo), te(0,r]
For t € (r,2r], we find that ¢ —r € (0,7] and the solution of (L.I)-(L.2) is given by
2(t) = x2(t) = flzr(t) = f(f(xo)) = f2(wo), te€ (r,2r].
Repeating the process we can deduce that the solution of the problem - is given by
z(t) = zp(t) = ["(3), te((n—1)rnr],
which is continuous on each subinterval ((k — 1)r,kr), k = 1,2,--- ,n, but

lim .T(kJrl)T(t) - fk+1(xo) #xkr(t)a

t—krt

which implies that the solution of the problem (1.1)-(1.2) is discontinuous (sectionally continuous) on (0, 7]
and we have proved the following theorem

Theorem 2.1. The solution of the problem of retarded functional equation — is discontinuous (sec-
tionally continuous) even the function f is continuous.

Now, let f:[0,7] x R® — R™ and 7ri,79,...,7, € Ry. Then we can give the following definition

Definition 2.1. The discontinuous dynamical system is the problem of retarded functional equation

z(t) = fit,z(t—r1),z(t —712), - ,x(t —7ry)), te(0,7T], (2.6)

z(t) = xo, t<0 (2.7)

Definition 2.2. The equilibrium points of the discontinuous dynamical system @- 1s the solutions of
the equation,

z(t) = f(t,x,x,- ).

Consider now the discontinuous dynamical system of the Logistic retarded functional equation with two different
delays r1,79 > 0

x(t) = pz(t —r)[l —z(t —r2)], te(0,T], (2.8)

x(t) = x9, t<0. (2.9)

We study here the existence of a unique continuously dependent solution x € L*[0, T of the problem — .
The asymptotic stability (see [I]- [9]) at the equilibrium points will be studied. We study the chaos and
bifurcation for different values of 1, ro and 7T and we compare the results with the results of the discrete
dynamical system of the Logistic difference equations,

Tp =PpTp-1(1 —xp_1), n=1,2---. (2.10)

and
Tp =PpTp—1(1 —xp_2), n=12-. (2.11)
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3 Existence and Uniqueness

Let L' = L'[0,T], T < oo be the class of Lebesgue integrable functions on [0, 7] with norm

T
I91= [ irlde, fert
0
Let D={z e R:0<z(t)<1, te(0,7] and =z(0)=wxo, t<0}.
Definition 3.3. By a solution of the problem ([2.8)) — (2.9) we mean a function x € L' satisfying the conditions
2-8) — 2.9)-
Theorem 3.2. The problem (2.8) — (2.9) has a unique solution x € L*.
Proof. Define, on D, the operator F : L' — L' by
Fx(t) = px(t —r1)[1 — z(t — ro)].

The operator F' makes sense, indeed for x € D we have

[Fa(t)| < pla(t — )
and

[1Fz| < p(zory + [|=]]).
Now for xz,y € D,we can obtain

[Fz — Fy| = [pa(t —r) (L —a(t —r2)) — py(t —r1)(1 — y(t —72))]
< pla(t —r) —y(t —r)l+ pla(t —rz) —y(t —r2)]

which implies that

T T
|Fz — Fy| < p/ 2t — ) fy<t7m>|dt+p/ 2t — ra) — y(t — ro)| dt =
0 0

r1 T
Pl/o |1’(t*7'1)*y(t*7"1)\dt+/ lz(t —r1) —y(t —r1)| dt+

T1

T2

o T
+/0 |z(t—r2)—y(t—r2)|dt—|—/ |z(t—r2)—y(t—r2)|dt‘| =

1 r2

[ T T
—p / |x<t—n>—y<t—m>|dt+/ |x<t—r2>—y<t—r2>|dt]

T—r T—ra
<p /0 |(6) —y(9)|d9+/0 |lz() —y(¢)|ds@]

<p /0 |z(0) —y(9)|d¢9+/0 lz(¢) —y(l/J)IdsO]
<2z —yl.

Ifp< % we deduce that
[1Fz = Fyll < |l —y]|

and then the problem (2.8) — (2.9) has, on D, a unique solution = € L!. O
4 Continuous dependence on initial conditions
Consider the problem

xz(t) =px(t —r)[l —x(t —r)], te (0,77,

x(t) =x5, t<0. (4.12)
For the continuous dependence of The solution of (2.8)) — (2.9]) on the initial data we have the following theorem.
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Theorem 4.3. The solution of the discontinuous dynamical system represents the problem of the logistic
retarded functional equation with two different delays is continuously dependent on the initial data.

Proof. Let z(t) and z*(t) be the solution of the two problems (2.8]) — (2.9) and (2.8) — (4.12]) respectively, then
2(t) =2 ()] < pla(t —r) =™t =r)[ + pla(t —r2) — 27 (t = 72)|

which implies that

T T
() — (1) Sp/o 2t — 1) —x*(t—n>|dt+p/0 (et — r2) — 2 (¢ — r2)| dt =

T1

r1 T
:pVO \x(t—rl)—x(t—r1)|dt+/ et — 1) — 2 (£ — )| dt+

T2

ro T
+/0 ot —19) — @ (t—r2)|dt+/ ot —19) — @ (t—r2)|dt] -

1 T2
p[mxs/ i+ oo + o0 — 5] [ dt+||xa:*||]
0 0

< p(r1+12) |wo — 5| + 2p ||z — 27|

which implies
p(ri +r2)

— ¥ <
e — =) < 2T

|zo — 27

and prove that
p(ry +r2)

S <4é = —z* <eg=
20 — 3] < o —at) <o = 2T

and the theorem is proved. O

95 Equilibrium Points and their asymptotic stability
The equilibrium points of (2.8 are the solution of the equation

P Leq (1 - xeq) = Teq

which are

(xeq)l = 0,
1

Te = 1--.
(Zeq) p

The equilibrium point of (2.8)) is locally asymptotically sable if all the roots A of the equation,
1=p [(1 — Teg) AT — Teg )\_”] , (5.13)

satisfy |A| < 1 (see [10]).
Then the equilibrium point z., = 0 is locally asymptotically sable if p < 1, while the second equilibrium point
Teg=1-— % is locally asymptotically sable if all the roots A of the equation,

A2 — AT 4 (p— 1) = 0. (5.14)

satisfy |A] < 1.

The equilibrium point ., = 0 is locally asymptotically sable if p < 1, which is the same as in the discrete
case 1} Also, when ro = 7 = 1, we deduce that the equilibrium point z.q = 1 — %, p > 1 1is locally
asymptotically sable if 1 < p < 3, which is the same as in the discrete case ([2.10]).

In studying (2.8) — (2.9) it may be useful to study the difference equations (2.10)) and (2.11)).
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6 Bifurcation and Chaos

use the bifurcation diagrams as follow:-

X(t)

In this section, some numerical simulations results are presented to show that dynamics behaviors of the
discontinuous dynamical system (2.8)) — (2.9) change for different values of r1, ro and T'. To do this, we will

X(t)

10
o8l 08}
sl 06
04f 04
0.2 02
i 05 10 15 20 ’
Figure 6.1 Figure 6.2
Bifurcation diagram of map 1)1' with Bifurcation diagram of map 1'1' with
respect to p, r1 =ro = 1 and ¢ € [0, 200]. respect to p, 1 = 1,72 = 2 and ¢ € [0, 200].
X(t) X(t)
l.Oj 10+
08 — 08l
osf o6}
0,4} 04
02} 02}
05 10 15 ’ 05 10 15 ’
Figure 6.3 Figure 6.4

Bifurcation diagram of map — with

respect to p, r1 = 0.1,72 = 0.3 and ¢ € [0, 200].

X(t)

10t
08
06
04
02
‘ ‘ o
05 10 15 20
Figure 6.5

Bifurcation diagram of map — with

respect to p, 1 = 1,72 = 2 and ¢ € [0, 50].

Bifurcation diagram of map — with

respect to p, r1 = 0.25,72 = 0.75 and t € [0, 200].

()
10

0.8
06
04r

02

05 10 15
Figure 6.6

Bifurcation diagram of map 1}1' with
respect to p, 11 = 0.25,72 = 0.75 and ¢ € [0, 50].
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X(t) X(t)

08r

06| 061

041 04t
02t 02t
05 o 15 20 O F 05 o 15 20 O F
Figure 6.7 Figure 6.8
Bifurcation diagram of map 1)1) with Bifurcation diagram of map 1)1} with
respect to p, r1 = 0.5,72 = 1 and ¢ € [0,100]. respect to p, 71 = 0.1,72 = 0.2 and ¢ € [0, 20].

From Figures (6.1-6.8) we deduce that the change of 71, 72 and T effect of stability of the Logistic equation
model, occurs of a bifurcation point, parameter sets for which aperiodic behavior occur and parameter sets for
which a chaotic behavior occur.

7 Conclusions

Discrete dynamical system of the Logistic equation model describes the dynamical properties for the case
ry = ro and the time is discrete ¢t =1,2,3,4,--- .
On the other hand, discontinuous dynamical system of the Logistic equation model describes the dynamical
properties for different values of the delayed parameters r; and 79 and the time is continuous. Figures
(6.1),(6.2) agrees with standard results. This confirms the correctness of our computation. The results of the
other figures are new behavior (there is no analytic explanation for this behavior). From figures (6.2),(6.7) and
(6.8), it locks like that there is a scale that gives identical chaos behavior.
This shows the richness of the models of discontinuous dynamical systems.
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Abstract

This paper deals with extended M-series, which is extension of the generalized M-series [12]. Mittag-Leffler function,
w— hypergeometric function, generalized w— Gauss hypergeometric function, w— confluent hypergeometric function,
Bessel-Maitland function can be deduced as special cases of our finding. Moreover, we obtain some theorem for extended
M-series by using fractional calculus operators and many results associated with Riemann-Liouville, Weyl and Erdelyi-

Kober operators. We begin our study from the following definitions.
Keywords: Extended M-series, Saigo- Meada operators, Pathway fractional integral operator.
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1 Introduction

Fractional calculus operators (Igf’” )(@), (TP ) (), (Dgf’"f)(:r) and (D*?"f)(z) be defined for and
complex a, B, € C and © € Ry ; by Saigo [10].

(Iéxf’” ) (z) = xr_(aa_)ﬁ /OT (=) 5 Fy (a + 8, =l — i) f()at (1.1)
(R(a) > 0); N
- (I(tjx_:-mﬁ—nm—nf) (z) (1.2)
(R(a) < 05n = [R(=a)] +1);
(12075) @) = g [ (¢ =2 e (0 Bt = 7 Flo (13)
(R(a) > 0); )
= () () (a) (14)
(R(a) <0;n=[R(—a)]+1) and
(D5£75) () = (TP 07) @) = 2 (oot (o) (1.5)
(R(a) > 05n = [R(@)] + 1);
(D275) (@) = (1227 507) ) = (-1 (gzetnesonatag) (4) (16)

*Corresponding author.
E-mail addresses: drdksinghabp@gmail.com (D.K. Singh)
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(R(e) > 0;n = [R(a)] + 1).
When § = —a, (1.1) and (1.3) coincide with the classical Riemann-Liouville and Weyl fractional integral of
order o € C' shown below

o _ a,—a,m _ 1 * a— .
(Rs.) @) = (7°70) (0) = s / (x — )°"" £ (t) dt, (R(a) > 0); (L.7)
= R @) (1.9
0<R(@)+n<Lin=12..);
(W2ad) @) = (127) @) = s | T (1.9)
(R(a) > 0); .
= T w0 (1.10)

O<R@)+n<1Lin=12..);
and equation (1.5) and (1.6) coincide with Riemann- Liouville fractional derivative of order o > 0 is defined
by

@ _ a,—a,n z) = i " 1 * f(t)dt
(05.0) @) = DN 0 = (1) 1y ) e (L11)
(n = [R(a)] + 1);
NN A oV Y A {1
(D2 f) (z) = (D27 f) (w) = (m) I‘(n—a)/x TS (1.12)
(n = [R(a)] +1).
While for 8 =0, (1.1) and (1.3) coincide with the Erdelyi- Kober fractional calculus operators of order a € C
(Es2) @) = (15071) (0 = Ty [ @0 gy (1.13)
(R(e) > 0); R
(K2) (@) = (17077 (@) = F”ga) / (t — 2)* T == F (1) dt (1.14)
(R(a) > 0).

Now here the definition of the following generalized fractional integration and differentiation operators of any
complex order involving Appell function F3(.) due to Saigo and Meada [11, p. 393, Egs. (4.12) and (4.13)] in
the kernal in the following form.

Let a, o , 0, ﬁ/, v € C,z > 0, then the generalized fractional calculus operators involving the Appell function
F35 are defined by the following equations:

a,a/, ’ /’ x—a x _a/ .
(Io+ 8. ”f) @)= [ -

7)
< (0,0 8,855 = 11 5 ) £ (@)t (R) > 0) (1.15)
- (;‘% (15": gt f) () (1.16)

(Ia,a/ﬁ,ﬁ’,'yf) (z) = % /00 ot —a)

< (0,051 = 21 = 1) £ (0t (70) > 0) (1.17)
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= (- (z f> ()
(R(7) < 0:n=[-R(5)] +1) and

(D221 ) ) = (2= ) @)

L R e A
~ @ (IO+ f) (a):

dz™

(R(Y) > 0;n=[R(y)]+1);
(Dﬁ’a/’ﬁ’ﬂ/” f) (2) = (1:“7‘“"57‘57‘” f) (2)

n dn —a!\—a,—B ;= ftn,—v+n

— (-1 (1 )@
(R(y) > 0;n = [R(y)]+1).

These operators reduce to that in (1.15)-(1.22) as the following.
(15277 1) @) = (187777 ) @)y € )

(122227 7) (@) = (127728 (@) € O):
(Dgf’ﬂﬁ'ﬂf> () = <D3f‘,‘7’5/‘”f> (£)(R(7) > 0);

(D2 2701 ) @) = (D222 ) )R > 0)

99

(1.18)

(1.19)

(1.20)

(1.21)

(1.22)

(1.23)

(1.24)

(1.25)

(1.26)

Our results are based on a preliminary assertion giving composition formulas of generalized fractional integrals
(1.15) and (1.17) with a power function established by Saigo and Meada [11, p. 394, eqs. (4.18) and (4.19)],

we also have

Ia,a,,ﬁ,ﬁ’gy p—1 _ F(p)r(p—l—’y—oz—a/—ﬁ)l‘(p+ﬁ/_a')
(0+ ) >(x CTpp+vy—a—-a)T(p+y—o —B)T(p+3)

’
P~ -‘,—w—l7

where R(v) > 0,R(p) > max[0,R(a + o’ + 53 —7), §R(C¥/ - /3’)], and

(Ia:a,ﬁﬁ/ﬁxp—l) (2) = F(1+a+0/ —V—p)F(1+a+6’ —’Y—,O)F(l—ﬁ—P)

rl—-pr(l4+a+ad +p —y—p)'(l+a—-pF-p)
X xp—a—a/ +v-1 ,

where R(7) > 0, R(p) < 1 +min[R(—8), R(a + o/ —7),R(a+ 5 —7)].
For fractional integrals (1.1) and (1.3) with a power function established by Saigo [10], given below
(a) If o, B,m, p € C are such that

R(a) > 0,R(p) > max [0, R(5 —n)],

then
L(p)T(p+n—p)

2P Pz .
(p—=B)L(p+a+n) >0

(B2 ) @) =
(b) If o, 8,1, p € C are such that
R(a) > 0, R(p) > —min [R(3), R(n)] ,

then
L(p+B)T(p+n)

(PT(p+a+p+n)

7P Pz > 0).

(If’ﬁ’nx_”) (x) = T

(1.27)

(1.28)

(1.29)

(1.30)

(1.31)

(1.32)
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2 Extended M-Series

Extended M-series is the Special case of the generalized Wright function [9] as remarked by Saxena [16]

Since
et [ G G ) 1 ='<p+ﬂq+2[221:1531:1’2253335 S 1
> Je(DpT(r +wk)  2*
EZ: kF((S—I—wk) (& + pk) &Y
B ap)kF(T+Wk) Sk
Z (1) kr(6+wk) (& + pk) 2

(.) is called omega M-series (w — M series) and x = % 7,8, 1,0 € C,R(p) > 0, R(w) >
=1

w
where oMy
0,p<qg+1.

3 Special Cases

(i) If § = 7 then equation (2.1) can be written in the following form

e}
(ap)k k
z 3.1
My ( kz:o kr(f + k) (8:1)
where z, &, u € C,R(p) > 0,p < ¢+ 1 is known as generalized M-Series [12]
(ii) If we put £ = 1 then from the above equation (3.1) called the M-series [12]
o
(ap)k k.
z 3.2
where p € C;p < g+ 1.
(iii) The w-confluent hypergeometric function [13, 14]: when p = ¢ =0 and £ = = 1, we have
I(r) « (1 4+ wk) (1 + wk) k
P d; 3.3
121 (750:2) F(S—i—wk (1+k)° F6+wkk' ’ 33)

()

where |z| < co,w >0, (6 +wk) #0,—-1,-2,... .
(iv) The w-hypergeometric function [14]: For p=1,¢ =0, { = p =1, we have
(o)
k
Tt wk) i (3.4)

B 2 (a)k(1)pI (1 erk ) 2k
_Z w & Z (5—|—wk T L wk)k!

where |z| < 1,w > 0.
(v) The generalized w-Gauss hypergeometric function [21]: If we take p = 2,9 = 1, £ = u = 1, then we have
[o'e) ag)kF(T+CUk) k (35)

I(r) v _
I‘(5)3R2 (a1>a2>T b1, 6; Z = 2) )kF((S—&-wk)k'

)

where a is defined to be F(;-(‘r;))k) and |z| < 1.

(vi) When p=0,g=1,7=0,b=1,£ =&+ 1 and z is replaced by -z, the function ¢(u, & + 1; —z) is denoted
_ Nk

(=2) (3.6)

by .
Ji(2) = d(p, §+ 1 —= kzzor5+1+uk:) k!

by J} (2) :
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and such a function is known as the Bessel-Maitland function, or the Wright generalized Bessel function, See
[20, p. 352] and [15, 8.3].
(vii) f we put p=1,¢g=1and 7 =6, b=1in (2.1), then we have

k

z

o = 3.7

Enl kz §+ ,m ) kD (3.7)

where £, € C;R(E) > 0,R(x) > 0 and |z| < 1 is called generalized Mitteg- leffer function introduced by
Prabhakar [19] and studied by Killbas. et. al. [1] and [3].

(viii) For € = p =1 and 7 = §, we obtain

I PRanE B e )

..., k:O

where p < ¢+ 1 and |z| < 1 and ,F,(.) is known as generalized hypergeometric function [3].
(ix) H-Function [2, 4, 8]: w — M series can be represented as a special case of the Fox H-function

w ay...ap, (1,1), (1, w)
realles | b (6,0), (6 ) 'Z]

1n+2 (1-as,1),...,(1—ap1),(0,1),(1-7w)
o kHP+2Tq+2 [ (1 — by, 1),.1.., (1= by, 1),(0,1), (1 = 6,w), (1 =& p) (=2 (3.9)

4 Left-Side Generalized Fractional Integration and Differentiation of Extended
M-Series

Theorem 4.1. Let a,a, 3,8 ,v € C be a complex number such that R(y) > 0 and let p,6,&, 7,1 € C,R(p) >
0,p<q+1 and |x| < 1. If the condition
R(p) > max [0, R(a+ o' + 5 —7),R(a" — )]
is satisfied then
[I&f"ﬂ"“ (t”‘lp+2f4q+z<t))] () = grtr-a=a’1

o +5]u\14_ +5< a17...7(lp,(171)a(7—aw)a(pv 1)7
p a bl;..-;bQ7(§aw)v(€vﬂ)7(p+’yia70/’1)’

(p+’y_a_a/_ﬁal)’(p"'ﬂ/_alvl) .
(0t —a —B.1).(p+ 1) x) 1)

Proof. From the equations (1.15) and (2.1), we have

7 / Y
|:IOO¢J,FO¢ 8,87y <tP1p+2Mq+2(t)):| (‘T)

3 ap)k (DKL (T+ k) oo’ 580
,;) b1 kr(5+:k) T(E + ph)kl [fo+ S gt 1)} (). (4.2)

Now using equation (1.27), we obtained

_xp+'y a— a/—li ) ( )kr(p+k)
b1 kF(p—i—v—a—a +k)

XF(p+7*a*a’*6+k)F(p+ﬁ'*a’+k) (T+wk)g
Llp+y—a =B+ET(p+ 3 + k)T +wk)T(€ + pk) k!’

which is the required result. O

(4.3)
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Corollary 4.1. Let o, 3,m, p € C be such that condition (1.29) is satisfied, and further let 0,&,7,u € C,R(p) >
0 and |z| < 1. Then by relation (1.23) and (1.80) there hold the formula

[I&ﬁ,n (tplpﬂ]U\JJqH(t))} (z)
e tp, (1,1), (1,0), (0, 1), (p = B+m,1)
g (0,w), (&, 1), (p = B, 1), (p+a+m,1) 7 ) (4.4)

Corollary 4.2. Let o, p € C be such that R(a) > 0 and R(p) > 0. Further let 6,&, 7, € C, and |x| < 1 then
the relation (1.7) indicates that equation (4.4) reduces to the following result

75 (1 iail0)) | @)

— ppta—l ]‘(4 ala-“aapa(lal) ( ) (pvl) . 4
ettt (0 e ay ): (4.5)

w
=P Pl M, a1,
p+4 q+4 ( blv b

Corollary 4.3. Let a,n,p € C be such that R(a) > 0 and R(p) > 0. Further let 6,&, 7,4 € C, and |z| < 1
then the relation (1.13) indicates that equation (4.4) reduces to the following result

52 (07 paba0) | @)

_ p—1 © ay, aapv(lal) ( ) (p+7771) .
v ”+3Mq+3< bt o by (0,0, (6, 10), (p+ a4 1) P2 (46)

Theorem 4.2. Let a,a/,ﬁ,ﬁl,v € C be a compler number such that R(vy) > 0 and let p,6,&,7,u € C,
R(p) > 0,p<q+1 and |z| < 1. If the condition
§R(p) > max [Oa m(f}/ - O/ - /6/)3 §R(/6) - O‘)}
1s satisfied then
[ngral’ﬁﬁw <tplp+2j\u/[q+2(t)>} (x) = P ytata’—1

o +5]¢\d4_ +5< al,...,CL;m(171)5(T7W)5(p71)7
p P b1,~~~,bqa(5»w),(&M)a(ﬂ_'y‘ko‘""a/?l)’

(p—’y—|—0¢+0/+ﬂ/,1)7(/0—5+0‘71).x) (4.7)

(p77+a+ﬂ/71)’(p75,1)

Proof. By using equations (1.20) and (2.1), we have

[D(O)(jra 8,8 Y (tp_1p+2Mq+2(t>>:| (x)

NEARES (a1)k--(ap)p(1)k D (T + wk)
N <d$> Z (b1)k---(bg) T (0 + wk)T (€ + pk)k!

k=0

> {Iof ,—a,—B'+m,— 8, ’Y+m(tp+k 1)} (l’) (4.8)

Now using equation (1.27), we obtained

Z Je(Dpl'(r +wk) 1

B bq k;F((S-i-wkZ) (& + pk) k!
Flp+EI(p+k—v+a+od +0)(p+k—F+a)

Fp+k—v+m+a+)Tp+k—v+a+0)(p+k-0)

d m
NG xp+k—'y+m+a+a'—1
dx
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. dm ™ . F(n+1) n—m
Using the formula %7 = Th—miD) ¥

,n > m, we have

oo

_ grorratal 1§ (a1)---(ap)r(1)eL(p + k)
= (01)k--(bgkL'(p =y + o+ o’ + k)

Xr(p—7+a+o/+,6"+/~c)r(p—ﬂ+a+k)r(r+wk) z*

—. 4.9
Llp—v+a+f +k)I(p— B+ k(6 +wk)'(€+ pk) k! (4.9)
Which is the required result. U
If we set o = 0 in (4.7) we arrive at
Corollary 4.4. Let a,3,n,p € C be such that R(a) > 0,
R(p) > —min [0, R(e + B+ )],
and further let 6,&,7,u € C,R(p) > 0. Then by the relation (1.25) there hold the formula
D57 (1 ralya))] )
I L1),(r,w), (p, 1), (p+a+B+mn,1)
— zp‘f’ﬁ 1 M < at, 70';0)( s L)\ s\ L)y ) : ) 4.10
peMast by () (€0). (0 + 8.1), (. 1) (410

Corollary 4.5. Let a,p € C be such R(«) > 0, and further let §,§,7,u € C, R(p) > 0. Then by the relation
(1.11) there hold the formula

5, (1 railina)) | @)

o w 1,1), (r,w), (p, 1)
= 2Pl M, o dp (L 1), (1) (0 1) ) 411
pH3ats ( bla"'7bQ7 7“))7(57#)’@—0571) ( )

9 Right -Side Generalized Fractional Integration and Differentiation of Extended
M-Series

Theorem 5.1. Let a,o/,ﬁ,ﬁl,v € C be a complex number such that R(y) > 0 and further let 7,6,&, u €
C,R(p) >0,p < q+1 and |z| < 1. If the condition

R(p) <1+ min [éR(—ﬂ), Ra+a —7), R+ —7)
1s satisfied then
{Ia’alﬁ’ﬁw (t_p_1p+2Mq+2 (1))} (r) = g e

., ( at, .., ap, (L,1), (r,w), L+ p—v+a+da,1),
pofats b17"'7bq7(67w)7(£au)3(1+p71)7
(I+p=081),Q+p—7+f +a,l) 1
, ) = . (5.1)
(I+p+ta=51),0+p+a+d +0 -71) =
Proof. Proof of the theorem is similar to that of Theorem 1. O

Corollary 5.1. Let o, 3,m, p € C be such that condition (1.81) is satisfied, and further let 0,&,7,u € C,R(p) >
0 and |z| < 1. Then by relation (1.24) and (1.32) there hold the formula

et ()

. oy, (1,1), (T,w)
=g P B-1 M ( a1, aajl”( (AN ’
praMgya b1, ..., by, (0, w), (&, 1),

(1+p+6,1),0+p+n,1) .1>.

1+p1),QA+p+a+8+n1) z
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Corollary 5.2. Let o, p € C be such that R(a) > 0 and R(p) > 0. Further let §,&,7,u € C and |x| < 1 then
the relation (1.9) indicates that equation (5.2) reduces to the following result

[Wgﬁfw <t91p+2J°\J4q+2 (1))] ()

— p—pta-1 ]bh at, .., ap, (1,1), (1,w), (1 + p — o, 1) ,1>. 53
v e ‘”‘”’( bivo by, (B.0), (E00), (L4 p 1) 2 (5:3)

Corollary 5.3. Let a,m,p € C be such that R(a) > 0 and R(p) > 0. Further let 6,{,7,u € C, and |z| < 1
then the relation (1.14) indicates that equation (5.2) reduces to the following result

{Kg;go <tﬂ1p+2f4q+z (1))] (2)
a, ..., ap, (1,1), (r,w), (1 4+ p+n,1) .1), (5.4)

:zfpfl M ). ) :
= ‘”3( b1,y by (Bw), (&), (L+p+a+n,1) 'z

Theorem 5.2. Let a,o/,ﬁ, ﬁ,,’y € C be a complex number such that R(y) > 0 and further let p,d,7,&, 1 €
C,R(p) >0,p < q+1 and |z| < 1. If the condition

’

R(p) < 14 min {8?(6 ), R(y —a — o — k), R(v — o —ﬂ)}

is satisfied then

’ ’ w 1 ,
[Df’a BBy <tplp+2Mq+2 <t)>} (x) — ppty—a—a’—1

L at, .y ap, (1, 1), (Cw), L4+ p+v—a—a,1),
p+5q+5 b1,...,bq,(57w)7(777ﬂ)7(1+p71)’

(1+p+ﬁlvl)a(1+p+’7_a/_ﬁvl) l (55)
(I+p+8 —a 1),(I+p-a—ao —B+71) "z '
Proof. 1t is similar to the previous Theorem. O

Corollary 5.4. Let o, 3,m,p € C be such R(a) > 0,
R(p) > —min [R(—8 —n), R (a+n)],

n=[R(a)] + 1, and further let 6,&,7,u € C,R(p) > 0. Then by the relation (1.26) there hold the formula

e ()

B w 1,1), (1,w)
= p+6—1 M < at, 7apa( s L)\ )
prafatd blv’“qua(évw),(ga:u’)v

)

(1+Pﬂvl)a(1+l’+0¢+7}a1).1> (56)
(1+p1),AI+p+n-41) 'z '

Corollary 5.5. Let a,p € C be such R(a) > 0 and further let §,§,7,u € C, R(p) > 0. Then by the relation

(1.12) there hold the formula
w 1
[Df <tp1p+2Mq+2 <t>>} (z)

:xfpfailp w ( al,...,ap,(l,l),(T,W)a(1‘1',0"‘04,1) . 1> . (57)

bi, .y, (0,w), (&, ), (1+p,1) 'z
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6 Fractional Integro-Differentiation of Extended M Series

Theorem 6.1. Let a,a/,ﬁ, ﬂ/,v € C be a complex number such that R(v) > 0 and let p,§,&, 7,10 € C,R(p) >
0,p < q+1 and |z| < 1. If the condition

R(p) > max [0, R(a+ o' + 5 —7),R(a’ — )]
1s satisfied then

7 ’ w /
15 (7 b)) | () = e

X +5]“\’4 +5< ar, ,.,ap,(Ll),(T,W),(p, 1),
P q bl,...,bq,(§,w)7(§7ﬂ)7(P+7_O‘_0/71)’

(p+ty—a—a =p,1),(p+ 5 —a'1)
(p+7—a = B,1),(p+5.1) ””) (6.1)

Proof. To prove (6.1) using equation (1.16) which represent integro-differentiation operator and applying the
same reasoning similar to the Theorem 1. Therefore we omit detail. O

If we take o' = 0 (6.1), we arrive at

Corollary 6.1. Let o, 3,m,p € C be such that condition (1.29) is satisfied, and further let 6,&, 7, € C,R(p) >
0 and |z| < 1. Then by relation (1.2) and (1.80) there hold the formula

150 (071 oM (1) ) | (@)
5 ( )

_ —B—-1 by a17~--7a'pa(171)a(Taw)a(pv 1)7(p_6+7771) . >
= (A e ) ) (62

Theorem 6.2. Let a,o/,ﬁ,ﬁ/,v € C be a complex number such that R(y) > 0 and further let 7,6,&,u €
C,R(p) >0,p < q+1 and |z| < 1. If the condition

R(p) < 1+ min [R(=5), R(a +a’ =), Ra + F — )|

a,a’ ’ —p— @ 1 —pty—a—a’—1
[I’ B (’5 P raMyyo (t))] (x) =2

> ]L\Z— a17~'~7apv(171)7(va)7(1+p7’y+a+0/71)7
proTats blw"abqa(éaw)v(g,ﬂ)a(l+p71)a

A4p=081),0+p—v+f +a1) .1>, (6.3)

1s satisfied then

)

(I+pta—B1).(1+ptata +§ 1) "z

Proof. In view of (1.18) and (2.1), we have

a.o! ’ o w ]_
e o)

_ A" oo’ +yne ap)k(D)l'(C + wk)
=V g o 12 61 kr(5+wk) (1 + pk)k!

! ’ ’ 1
% [Igf 8.8 +n,y+n (t1+a+a —"/—n+p+k—1)} (x> . (6.4)

With the help of equation (1.27) we arrive at
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Fl4+p+k+a+ad —y—nT(1+p+k—BTA+p+k+a+ 3 —y)I((+wk)
Fl+p+E)I1+p+k+a—-BT1+p+a+a —v+ )0+ wk)'(n+ pk)

X (1 +p+k+tat+a —y— n) gmPhmaza dydn-l
n

Finally using formula (a),, = F(Fa(‘;)” ) a # 0, the above expression becomes

oo

_ grtrmama-1§ (a)g-(ap)k(De T +p+k+tat+a —9)
bl)km(bq)lc F(1+p+/€)F(1+p+k+a—ﬁ)

TA+p+k=BTA+p+tk+a+f — NI +wk)a™
IF'l4+p+a+o —vy+ 30 +wk)'(n+ pk) k!’

which is the required result. O

If we take o/ =0 in (6.3), then the following result holds:

Corollary 6.2. Let o, 3,n,p € C be such that condition (1.31) is satisfied, and further let 6,&, 7, € C,R(p) >
0 and |z| < 1. Then by relation (1.4) there hold the formula

e () o

(L 1), (rw), (L4 p+ B,1), (L4 p+ . 1) .1). (6.6)

A1y ...y @
b

v q“(zn,...,bq,(,w),( w,(A+p1),(A+ptatftnl) a

7 Usual Differentiation of the Extended M-Series

It is know that for the natural @« = m € N, the Riemann- Liouville fractional derivative (1.11) is the
usual derivative of order m, while (1.12) coincides with the usual derivative of order m with exactness to the
multiplier (—1)™ for example see [18, section 2 and 5]:

o) @)= (1) fto)

There hold the following result.

Theorem 7.1. Let m € N and let §,&, 7, € C,p > 0. Then for z € C(z # 0) there hold the formula

(;;)m <Zp1p+2j(4q+2 (2)>

e w 1,1), (r,w), (p, 1)
_ Zp m—1 M ( ai, 7apa( ) 9 ) ) ) 2, 71
pollass (g, by (6, (€10, (o — m 1) =

(@) (it ()

), (Tyw), (1 + p+m, 1).1>. (7.2)

and

w 1,1
— (-1 mz—p—m—l M ALy ey p7( 5 :
= praftass (e oy
Proof. With the help of corollaries 4.5 and 5.5 we deduce the differentiation formulas for the extended M-series
(2.1). Therefore these relations can be extended from x > 0 to any complex z € C, expect z = 0, and the
condition for their validity can be omitted. O



Dharmendra Kumar Singh / On extended M — series 67

8 Pathway Fractional Integration of Extended M-Series

The Pathway model is introduced by Mathai [5] and studied further by Mathai and Haubold [6], [7] and
Seema S. Nair [17]. Let f(z) € L(a,b),n € C,R(n) > 0,a > 0 and let us take a pathway parameter o < 1.
Then the pathway fractional integration operator, as an extension of (1.7) is defined as follows:

(szm f) (z) = 2" /O few==] [1 - “(1_‘”’5} o F(t)dt. (8.1)

T

Theorem 8.1. Let f(z)e L(a,b),n,p € C,R(n) > 0,R(p) > 0,a > 0 and pathway parameter oo < 1. Further
let 7,6,6,p € Cop < g+ 1. Then for the pathway fractional integral Pél’a) the following formula holds for the
image of extended M series

P (¢ b)) | @)

_ PN w al,...,ap,(l,l),(T,w),(p,l) oz
_ (a(1_a))f'p+3Mq+3< b, oo by (8,0, (€, 11) (0 + 1y +1,1) 7a(1_a)> (8.2)

Proof. From Equation (8.1) and (2.1) we have

P (1 bl | @)

3 (a1)k--(ap) e (1) (7 + wk) tptk—1
X (I;) ( k-- (bq)kr((5+wk) (€+Mk) Kl ) dt.

Interchanging the order of integration and summation which is permissible under the condition and which is
stated with the above theorem

o0 ap)k(Dp (T +wk) 1 [75=] a(l—a)t = o
g pcyicEas e A e G

If we substitute M = u in the above integral, and using Type-1 beta family i.e. B(m, n), it reduced to
[P (0 a0 )

zr Z (a1)g---(ap)s (Dl (7 + wk)T (p + k)
@ (1= )" 52 Bk (B )kT (0 + WRIT(E + k)T (p+ iy + 1+ )

xk 1
e —a) R -

which is the required result. O

Remark 8.1. When a = 0,a = 1, then replacing n by n — 1 in (8.3) the integral operator get the form of
equation (4.5).

Acknowledgment
The author is very thankful to the referee for his/her valuable comments and suggestion.



68

Dharmendra Kumar Singh / On Extended M — Series

References

[1]

2]

[10]

[11]

A. A. Kilbas, H. M. Srivastava, J. J. Trujillo, Theory and Applications of Fractional Differential
Equations, Elsevier, North Holland Math. Studies, 204, Amsterdam etc, 2006.

A. M. Mathai and R. K. Saxena, The H-function with Applications in Statistics and other Disciplines,
Halsted Press, New York-London-Sydney-Toronto, 1978.

A. M. Mathai and H. J. Habould, Special Functions for Applied Scientists, Springer, New York, 2008.

A. M. Mathai, R. K. Saxena and H. J. Haubold, The H-function: Theory and Applications, Springer,
New York, 2010.

A. M. Mathai, A pathway to matrix-variate gamma and normal densities, Linear Algebra and Its
Applications, 396(2005), 317-328.

A. M. Mathai and H. J. Haubold, On generalized distributions and path-ways, Physics Letter,
372(2008), 2109-2113.

A. M. Mathai and H. J. Haubold, Pathway model, superstatistics, Tsallis statistics and a generalize
measure of entropy, Physica A, 375(2007), 110-122.

C. Fox, The G and H-functions as symmetrical Fourier Kernels, Trans. Amer. Math. Soc., 98(1961),
395-429.

E. M. Wright, The asymptotic expansion of the generalized hypergeometric function, J. London Math.
Soc., 10(1935), 287-293.

M. Saigo, A Remark on integral operators involving the Gauss Hypergeometric functions, Math. Rep.
College General Ed. Kyushu Univ., 11(1978), 135-143.

M. Saigo and N. Meada, More generalization of fractional calculus, In: Transform Methods and Special
Functions (Eds: P. Ruse v, I. Dimouski, V. Kiryakova, Proc. 2nd Int. workshop, Varna, 1996), Sofia,
1998, 386-400.

M. Sharma and Renu Jain, A note on generalized M-Series as a special function of fractional calculus,
Fract. Calc. Appl. Anal., 12(4)(2009), 449-452.

N. A. Virchenko, S. L. Kalla and A. Al-Zamel, Some results on a generalized hypergeometric function,
Integral Transform Spec. Funct., 12(1)(2001), 89-100.

N. A. Virchenko, On some generalizations of the functions of hypergeometric type, Fract. Calc. Appl.
Anal., 2(3)(1999), 233-244.

O. I. Marichev, Handbook of Integral Transforms and Higher Transcendental Functions. Theory and
Algorithmic Tables, Ellis Horwood, Chichester [John Wiley and Sons|, New York, 1983.

R. K. Saxena, A remark on a paper on M-series, Fract. Calc. Appl. Anal., 12(1)(2009), 109-110.

Seema S. Nair, Pathway fractional integration operator, Fract. Calc. Appl. Anal., 12(3)(2009), 237-
252.

S. G. Samko, A. A. Kilbas and O. I. Marichev, Fractional Integrals and Derivatives: Theory and
Applications, Gordon and Breach, New York, 1993.

T. R. Prabhakar, A singular integral equation with a generalized Mittag-Leffler function in the kernel,
Yokohama Math. J., 19(1971), 7-15.

V. S. Kiryakova, Generalized Fractional Calculus and Applications, Pitman Research Notes in Math-
ematics Series No. 301, Longman and J. Wiley, Harlow and New York, 1994.



Dharmendra Kumar Singh / On extended M — series 69

[21] Y. Ben Nakhi and S. L. Kalla, A generalized beta function and associated probability density, Int. J.
Math. Math. Sci., 30(8)(2002), 467-478.

Received: October 16, 2012; Accepted: January 17, 2012

UNIVERSITY PRESS



Malaya Journal of Matematik 1(1)(2013) 70-85

Malaya = b
1 of MIM ; . , ; , Se e
Journal o an international journal of mathematical sciences with fY S
Matematik computer applications... Aol cr
—————————————— Matematik
www.malayajournal.org ISSN : 2;1-;;7;6

Existence and controllability results for damped second order
impulsive neutral functional differential systems with

state-dependent delay in Banach spaces

N.Y. Nadaf® and M. Mallika Arjunan®*

“ Department of Mathematics, Anjuman Institute of Technology and Management, Bhatkal-581320, Karnataka, India.

b Department of Mathematics, C. B. M. College, Kovaipudur, Coimbatore—641 042, Tamil Nadu, India.

Abstract

In this paper, we investigate the existence and controllability of mild solutions for a damped second order impulsive
neutral functional differential equation with state-dependent delay in Banach spaces. The results are obtained by using
Sadovskii’s fixed point theorem combined with the theories of a strongly continuous cosine family of bounded linear

operators. Finally, an example is provided to illustrate the main results.

Keywords: Damped second order differential equations, impulsive neutral differential equations, controllability, state-dependent
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1 Introduction

In this paper, we are interested to study the existence and controllability of mild solutions for a damped
second order impulsive neutral functional differential equation with state-dependent delay in Banach spaces.
First, we consider the following class of damped second order impulsive neutral functional differential equation
with state-dependent delay in the form:

d

%[x/(t) - g(tal't)] = A.’t(ﬁ) + Dxl(t) + f(tvxp(t,xt))a tel= [Oaa]a
ro=p€B, 2'(0)=neX,
Al‘(ti):Ii(Q?ti), i:1,2,...7n,

AL (t;) = Ji(zy,), i=1,2,...,n,

where A is the infinitesimal generator of a strongly continuous cosine function of bounded linear operator
(C(t))ter defined on a Banach space X; the function z, : (—00,0] — X, x45(0) = z(s + ), belongs to
some abstract phase space B described axiomatically; D is a bounded linear operator on a Banach space
X;0<t; < -+ <t, < a are prefixed numbers; f,g : I xB — X, p: I xB — (—o0,a], I;(:) : B = X,
Ji(*) : B — X are appropriate functions and the symbol A{(t) represents the jump of the function £(-) at t,
which is defined by A&(t) = £(tT) — £(t7).

The theory of impulsive differential equations appears as a natural description of several real processes
subject to certain perturbations whose duration is negligible in comparison with the total duration of the
process, such changes can be reasonably well approximated as being instantaneous changes of state, or in the
form of impulses. These process tend to be more suitably modeled by impulsive differential equations, which

*Corresponding author.
E-mail addresses: nadaf nabisab@yahoo.com (N. Y. Nadaf) and arjunphd07@yahoo.co.in (M. Mallika Arjunan).
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allow for discontinuities in the evolution of the state. For more details on this theory and on its applications,
we refer to the monographs of Lakshmikantham et al. [I], Samoilenko and Perestyuk [2], Bainov and Simeonov
[3], and the papers of [4, [l [6] [7, 8, 9] [T0, [1T] and the references therein. Ordinary differential equations of first
and second order with impulses have been treated in several works, see for instance [12, [I3]. Abstract partial
differential equations with impulses have been studied by Liu [9], Rogovchenko [I0} [I1], Chang et al. [4, [43],
and Herndndez et al. [27] [28].

In control theory, one of the most important qualitative properties of dynamical systems is controllability.
The problem of controllability is to show the existence of a control function, which steers the solution of the
system from its initial state to final state, where the initial and final states may vary over the entire space.
Many authors has been studied the controllability of nonlinear systems with and without impulses, see for
instance [I4], [15), 16, 17, I8 19, 20]. In dynamical systems damping is another important issue; it may be
mathematically modelled as a force synchronous with the velocity of the object but opposite in direction to it.
Concerning first and second order differential equations with damped term we cite [21 22] 23] 24] 25] among
some works.

On the other hand, functional differential equations with state-dependent delay appear frequently in ap-
plications as model of equations and for this reason the study of this type of equations has received much
attention in the recent years. The reader is referred to [29, [30L BT, 32] B3] 34, 35 [36] 37, B8], B9, 40, (41, [42] and
the references therein for some examples and applications. The literature related to second order impulsive
differential system with state-dependent delay is very limited, and related to this matter we only cite [43] [44].
To the best of our knowledge, the study of the existence and controllability system described in the abstract
form (1.1)-(1.4) is an untreated problem, and this fact is the main motivation of this paper.

This paper is organized as follows. In Section 2, we recall some notations, definitions and preliminary facts
which will be used throughout this paper. In Section 3, we establish sufficient conditions for the existence of
mild solutions for the problem (1.1)-(1.4) by using Sadovskii’s fixed point theorem combined with the theories
of a cosine family of bounded linear operators. In Section 4, we study controllability results for the problem
(1.1)-(1.4). In Section 5, we present some examples to show the application of the results.

2 Preliminaries

In this section, we recall briefly some notations, definitions and lemmas needed to establish our main results.
Throughout this paper, A is the infinitesimal generator of a strongly continuous cosine function of bounded
linear operators (C(t))tcr on Banach space (X, | - ||).

Definition 2.1. A one parameter family (C(t))ier of bounded linear operators mapping the Banach space X
into itself is called a strongly continuous cosine family iff

(i) C(s+1t)+C(s—t) =2C(s)C(t) for all s,t € R,
(i) C(0)=1I;
(iii) C(t)x is continuous int on R for each fized x € X.

We denote by (S(t)):er the sine function associated with (C(t))ier which is defined by S(t)z = fot C(s)xds,x €
X,t € R and we always assume that N and N are positive constants such that ||C(¢t)|| < N and ||S(¢)]] < N,
for every ¢ € I. The infinitesimal generator of a strongly continuous cosine family (C(¢)):cr is the operator
A: X — X defined by

d2
Az = @C(t)xhzo, x € D(A),

where D(A) = {z € X : C(t)x is twice differentiable in t}. Define F = {x € X : C(t)z is once continuously
differentiable in t}.
The following properties are well known [45]:

(i) If x € X then S(t)z € E for every t € R.

(ii) If z € E then S(t)z € D(A), (4)C(t)z = AS(t)z and (%)S(t)ac = S(t)x for every t € R.
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(iii) If z € D(A) then C(t)x € D(A), and (i)C(t)x = AC(t)x = C(t)Ax for every t € R.

dt?

(iv) If x € D(A) then S(t)z € D(A), and (i)S(t)x = AS(t)x = S(t)Ax for every t € R.

dt?

In this paper, [D(A)] stands for the domain of the operator A endowed with the graph norm ||z|| 4 = ||z||+ || Az]|,
x € D(A). Moreover, in this work, E is the space formed by the vectors x € X for which C(-)z is of class C!
on R. It was proved by Kisinsky [46] that F endowed with the norm

lzlle = [zl + sup [AS®#)z||, =z € E, (2.1)
0<t<1

cit) S
AS(t) C(t)

is a Banach space. The operator valued function G(t) = [ } is a strongly continuous group of

0 I
A0
It follows from this that AS(t) : E — X is a bounded linear operator and that AS(t)z — 0, t — 0, for each
x € E. Furthermore, if = : [0,00) — X is a locally integrable function, then z(t) = fot S(t — s)x(s)ds defines an
FE-valued continuous function. This is a consequence of the fact that

/OtG(t—s) [ x?s) }ds’: [ /OtS(t—s)x(s)ds, /OtO(t—s)x(s)ds r

defines an E x X-valued continuous function.
The existence of solutions for the second order abstract Cauchy problem

bounded linear operators on the space E x X generated by the operator A = [ ] defined on D(A) x E.

2"(t) = Az(t) + h(t), 0<t<a,
z(0) =z, 2/(0) = w,

where h : I — X is an integrable function has been discussed in [45]. Similarly, the existence of solutions of
the semilinear second order abstract Cauchy problem it has been treated in [47]. We only mention here that
the function z(-) given by

t
z(t) =C(t)z + S(t)w + / S(t—s)h(s)ds, 0<t<a, (2.4)
0
is called mild solution of (2.2)-(2.3), and that when z € E, z(-) is continuously differentiable and
t
2(8) = AS(t)z + Clt)w + / C(t— $)h(s)ds, 0<t<a. (2.5)
0

For additional details about cosine function theory, we refer to the reader to [45, [47].

To consider the impulsive conditions (1.3)-(1.4), it is convenient to introduce some additional concepts and
notations.

A function u : [o,7] — X is said to be a normalized piecewise continuous function on [o, 7] if u is piece-
wise continuous and left continuous on (o, 7]. We denote by PC([o, 7], X) the space of normalized piecewise
continuous functions from [o, 7] into X. In particular, we introduce the space PC formed by all normalized
piecewise continuous functions w : [0,a] — X such that w is continuous at ¢ # t;, ¢ = 1,...,n. It is clear that
PC endowed with the norm || u ||pc= sup¢; || u(s) || is a Banach space.

In what follows, we set ty = 0, t,+1 = a, and for u € PC we denote by u;, for ¢ = 0,1,...,n — 1, the
function @; € C([ti, ti+1]; X) given by w;(t) = u(t) for t € (¢;,ti+1] and w;(¢;) = lim, ¢ u(t). Moreover, for a
set B C PC, we denote by Ei, for i =0,1,...,n — 1, the set B, = {@; : u € B}.

Lemma 2.1. [J8] A set B C PC is relatively compact in PC if, and only if, each set éi, i=0,1,--- ,n—1, is
relatively compact in C([t;,tiy1], X).

In this work we will employ an axiomatic definition of the phase space B, which has been used in [48] and
suitably modified to treat retarded impulsive differential equations. Specifically, B will be a linear space of
functions mapping (—o0,0] into X endowed with a seminorm || - || and we will assume that B satisfies the
following axioms:
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(A) If z : (—o0,0 +b] — X, b > 0, is such that z, € B and z|[, ,43 € PC([o,0 + b], X), then for every
t € [o,0 + b) the following conditions hold:
(i) @ isin B,
(i) [ z(t) 1< H || ¢ ||,
(ili) [| z¢ lp< K(t — o) sup{|| z(s) [ 0 < s <t} + M(t —0) || 2o |5,

where H > 0 is a constant; K, M : [0,00) — [1,00), K is continuous, M is locally bounded, and H, K, M
are independent of z(-).

(B) The space B is complete.

For more details about phase space axioms and examples, we refer the reader to [40].

Additional terminologies and notations used in the sequel are standard in functional analysis. In particular,
for Banach spaces (Z, || - ||z), (W, | - |lw), the notation £(Z, W) stands for the Banach space of bounded linear
operators from Z into W and we abbreviate to £(Z) whenever Z = W. Additionally, B,(x,Z) denotes the
closed ball with center at z and radius » > 0 in Z.

Our main results are based upon the following well-known result.

Lemma 2.2. []9, Sadovskii’s Fized Point Theorem] Let G be a condensing operator on a Banach space X . If
G(S) C S for a convez, closed and bounded set S of X, then G has a fixed point in S.

3 Existence Results

In this section we discuss the existence of mild solutions for the abstract system (1.1)-(1.4). We also suppose
that p: I x B — (—00,a] is a continuous function. Additionally, we introduce following conditions.

(Hy) Let R(p™) = {p(s,v) : (s,9) € IxB, p(s,v) < 0}. The function t — ¢, is well defined from R(p~) into B
and there exists a continuous and bounded function J? : R(p~) — (0,00) such that || ¢; ||< J?(t) || ¢ |8
for every t € R(p™).

(H1) The function f: I x B — X satisfies the following conditions:
(i) Let 2 : (—o0,a] — X besuch that o = ¢ and z|; € PC. The function t — f(t, 2, ,)) is measurable
on I and the function t — f(s, ) is continuous on R(p~) U I for every s € I.
(ii) For each t € I, the function f(¢,-) : B — X is continuous.

(iii) There exist an integrable function m : I — [0,00) and a continuous nondecreasing function W :
[0,00) — (0,00) such that for every (¢t,¢) € I x B

11| < m@W( o ), tmint T — A <o

(H2) The function g : I x B — X is continuous and there exists L, > 0 such that

lg(t,91) — gt ¥2)l| < Lgllvr — talls,  (t,4:) €I x B, i=1,2.
(H3) There exist positive constants ¢y, ¢ such that ||g(t, )| < e1||9||g + co, for every (¢,¢) € I x B.
(H4) There are positive constants Ly,, Ly, such that

HL(#&)*LW&)H SLL wlf'l/)Q”Ba ’l/}j GB; i:1727"'7na
||J7,(¢1)_J’L(w2)” SLJ¢||¢1_1/)2”53 d)] GB, i:1727"'7n'

(Hs) The maps I;,J; : B — X, i = 1,2,...,n are completely continuous and there exist continuous nonde-
creasing functions A;, p; : [0,00) — (0,00), i =1,2,...,n, such that
L N(Q)
() < Ai([[¥lls), i inf a (i < oo, and

I < (o), iming 0 — < o,
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Remark 3.1. The condition H, is frequently satisfied by functions that are continuous and bounded. In
fact, assume that the space of continuous and bounded functions Cy((—o00, 0], X) is continuously included in
B. Then, there exists L > 0 such that
supg<o || ¢(0) ||
— 0 llells, t<0,9#0, 9 € Cy((—00,0] : X).

e lls
It is easy to see that the space Cy((—00,0], X) is continuously included in PCy(X) and PCJ(X). Moreover,
if g(-) verifies (g-5)-(g-6) in [? | and g¢(-) is integrable on (—oo, —r|, then the space Cp((—00,0], X) is also
continuously included in PC,. x LP(g; X). For complementary details related this matter, see Proposition 7.1.1
and Theorems 1.3.2 and 1.3.8 in [50].

o lls< L

If 2(-) is a solution of (1.1)-(1.4), then from (2.4), we adopt the following concept of mild solution,

t

z(t) = C(t)e(0) + S()n — (0, ¢)] +/ C(t = s)g(s, ws)d5+/0 S(t = s)[Da'(s) + f (5, Tp(s,0.))lds

+ Y Clt—t)L(z)+ > St—t)Ji(z,), tel

0<t;<t 0<t;<t
Inspired from the above expression, we present the following definition.

Definition 3.1. A function x : (—00,a] — X is called a mild solution of the abstract Cauchy problem (1.1)-
(1.4) if vo = @, %p(5,0.) € B for every s € I, z(-)|; € PC and

2(t) = C()p(0) + S(t)[n — 9(0, ¢)] +/0 C(t—8)g(s,ws)ds + > _[S(t = tiy1)Da(tiy,) — S(t — ) Da(t])]
=0
- S(t—t, )Dx / C(t — s)Dx(s) ds+/ St —8)f(s,2p05,2,))ds
+ Y Clt—t)L(m)+ Y S(t—t)Ji(z,,), tel

0<t; <t 0<t; <t

Remark 3.2. In the rest of this paper, y : (—o00,a] — X is the function defined by y(t) = ¢(t) on (—o0,0]
and y(t) = C(t)p(0) + S(¢)¢ for t € I. In addition, || y |las Ma, Ka, and J§ are the constants defined by

|y lla= sup | y(s)|l, My = sup M(s), K, = sup K(s)and JJ = sup J?(¢).
s€[0,a s€[0,a] s€[0,a] teER(p™)

s

Lemma 3.1. [51, Lemma 2.1] Let © : (—oo,a] — X be a function such that xo = ¢ and z|r € PC. Then
s 1< (Ma +J§) || ¢ I8 +Kasup{ || 2(0) [; 0 € [0, max{0,s}] }, s€R(p™)UI
Theorem 3.1. Let conditions (Hy),(H1) — (H4) be hold and assume that S(t) is compact for every t € R. If

K, [aNL +—(3N+aN)||D||+thmf / m(s ds+z (NL;, + NLy, )} 1,

=1

then the problem (1.1)-(1.4) has at least one mild solution on (—oo,al.

Proof. On the space Y = {x € PC : u(0) = ¢(0)} endowed with the uniform convergence topology, we define
the operator I' : Y — Y by

Fot) = C@(0)+ S — 900, / Clt - $)g(s,.)ds + 3 [S(t — ti11)Da(t,) — S(t — t:)Da(t})]
=0
—S(t—t)’Dx /Ct—s)Dx d8+/ S(t—5)f(5,Zp(s,z,))ds + Z C(t—t;)1;(Zy,)

0<t; <t

+ > St —t)i(z,), tel,

o<t; <t

where Z : (—00,a] — X is such that Zo = ¢ and Z = z on I. From the axiom (A) and our assumptions on ¢,
we infer that 'z € PC.
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Next, we prove that there exists r > 0 such that I'(B,(y|7,Y)) € B;(y)1,Y). If we assume this property is
false, then for every r > 0 there exist 2" € B,.(y|;,Y) and t" € I such that r < ||[l'z"(t") — y(")||. Then, from
Lemma 3.1, we get

r < T2 () — (&)
t" t"
< NH|gls + Nl + 1900, )] + NLy K, / 7 — ylleds + N / (c1llyslls + c2)ds
.
+3N|D], + aN||D|, + ¥ / ()W ([T o, 18)ds

n

+> N(Lp 12, = yells + 11(we) ) + D N(Eallze, = yealls + 117:we)1)

=1 =1
< NH|glls + N[l + 190, 9)[]] + NLyKqr + N/Otr(01|ys|6 + ¢2)ds + 3N||D|| 4 aN|D|,
W (a4 el + K + Koy ) [ ols)as
+ZN L. Kar+ | 1i(ye,) E": N(Lj, Kor + [|7i(ye)]),
=1 i=1
and hence
1< K, [aNL, +—(3N+aN)||D||+thmf / m(s ds+z (NL;, + NLy,)),

=1

which is contrary to our assumption.
Let 7 > 0 be such that I'(B,.(y;,Y)) C B.(y,Y). In order to prove that I' is a condensing map on
By (y1,Y) into B.(y|r,Y). We introduce the decomposition I' = I'; + I'y where

Jj—1

Ta(t) = C®)e0)+SE)n— g0 /C’t—s) (s,2s)ds + Y _[S(t — tis1)DE(t7,,) — S(t — t:)Di(t])]
=0
—S(t —t;)D /Ct—sm s+ Y C(t—t,) + > St —ti)Ji(3,).
o<t; <t o<t; <t

t
Larlt) = [ S 9)f(s.5000,)ds.
0
From the proof of [39, Theorem 3.4], we conclude that I's is completely continuous. Moreover, from the estimate

IT1z —Tr2llpe < aNLyKu|z - 2|pc + 3N|Dll|lz — z[lpc + aN|Dl|[|lz — z||pc

n
+KCL Z(NLL +NLJ1 )”Ji - Z”'PC

=1

< KuaNL, + F(SN—!—@N D]l +Z NL;, +NLy,)]|lz — 2| pe-

i=1

It follows that I'; is contraction on B,.(y|;,Y’), which implies that I' is a condensing operator on B,.(y|,Y).
Finally, from Lemma 2.2, we infer that there exists a mild solution of (1.1)-(1.4). The completes the
proof. O

Theorem 3.2. Let conditions (Hy),(H1) — (H3) and (H5) be hold and assume that S(t) is compact for every
teR. If

K, [aNLg + Kia(?:NnL aN)||D|| +Nli§1£i£f Wéf) /Oa m(s)ds + Z(NQ Jrﬁm)} <1

i=1

then there exists a mild solution of (1.1)-(1.4).
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Proof. On the space Y = {x € PC : u(0) = ¢(0)} endowed with the uniform convergence topology, we define
the operator I' : Y — Y by

la(t) = C(t)sﬁ(U)JrS(t)[W*g(U,sﬁ)]+/0 C(t—9)g(s, Zs)ds + > _[S(t — tis1)DE(t;,) — S(t — ;) DE(t])]
=0
=St —t; )Dx / C(t — s)Dz(s) ds—l—/ St —5)f(5,Zp(s,3,))ds + Z Ct—t)1i(Zy,)

0<t; <t

+ Z St —t:)Ji(zy,), tel,
0<t;<t
where Z : (—o00,a] — X is such that Zp = ¢ and Z = 2 on I. From axiom (A4) and our assumptions on ¢, we
infer that 'z € PC.
Next, we prove that there exists r > 0 such that I'(B,(y|;,Y)) € B,(y)1,Y). If we assume this property is
false, then for every r > 0 there exist 2™ € B,(y|;,Y) and " € I such that » < |[Tz"(t") — y(¢")||. Then, from
Lemma [3.1] we get

r < |IT2" (") =y ()|l

t" t"
< NH|glls + Nl + 1900, @)ll] + NL K, / 7 — ylluds + N / (c1llyslls + c2)ds
0
L3N|D], + aN||D], + N / W (|| ds+NZHI F NS 1)
=1
<

t" t"
NHHSOHB"‘N[H??”+||9(074P)H]+NL9Ka/O IIF—stdSJrN/0 (c1llyslls + c2)ds

+3N|Dl|» + aN | D, + NW (Mo + J) el + Kar + Ka || y ||a)/ m(s)ds
0

JrNi)\i(
1=1

Since \; and u; are nondecreasing operators, we have

t" t"
ro< NH||¢||B+NH|77H+||9(07<P)H]+NLgKa/O IIF*stdHN/0 (c1llyslls + c2)ds

L3N|DI, + aN Dl + NW((Ma + T olls + Kar + Ko | [10) / m(s)ds
0
AN M)A N DY (),
i=1 =1

where ||z, [lg < r* = (Mg + J§)|¢ll5 + Kal(r + [[ylla)
and hence

1< K,|aNL, +7(3N+aN)HD||-I-th1nf /m ds—l—z N¢ + Nu,)

which contradicts to our assumption.
Arguing as in the proof of Theorem 3.1, we can prove that I'(-) is a condensing map on B,.(y|;,Y) and, from
Lemma 2.2, we conclude that there exists a mild solution x(:) for (1.1)-(1.4). The proof is now complete. [

4 Controllability results

In this section, we shall establish sufficient conditions for the controllability of mild solutions for a damped
second order impulsive neutral functional differential equation with state-dependent delay. More precisely, we
consider the following abstract control system in the form:

%[il(t) - g(tvxt)] = A{,C(t) + ’D{E/(t) + Bu(t) + f(tvxp(t,xt))v tel= [07 CL], (41)
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zo=p€B, 2'(0)=neX, (4.2)
Ax(t;) = Li(ze,), i=1,2,...,n, (4.3)
A (t;) = Ji(xy,), i=1,2,...,n, (4.4)

where A, D, f,I; and J; are defined as in equations (1.1)-(1.4), the control function u(-) given in L?(I,U), a
Banach space of admissible control functions with U as a Banach space and B : U — X is a bounded linear
operator on a Banach space X with D(D) C D(A).

Furthermore, we assume the following conditions:

(Hy)' The function f: I x B — X satisfies the following conditions:

(i) The function f: I x B — X is completely continuous.
(ii) For every positive constant r, there exists an a,. € L(r) such that

sup |[f(t,¥)] < ar(t).
Il

(Hg) B is continuous operator from U to X and the linear operator W : L?(I,U) — X, defined by

W = /0 S(a — s)Bu(s)ds,

has a bounded invertible operator, W~! which takes the values in L?(I,U)/KerW such that ||B|| < M; and
[W=1Y|| < M, for some positive integers My, Ms.

Definition 4.1. The system (4.1)-(4.4) is said to be controllable on the interval [0,a] if for every xo = ¢ €
B,2'(0) =n € X and vy € X, there exists a control u € L?(J,U) such that the mild solution x(t) of (4.1)-(4.4)
satisfies x(a) = x1.

Definition 4.2. A functions x : (—o0,a] — X is called a mild solution of the abstract Cauchy problem (4.1)-
(4-4) if ©0 = @, Tp(s,2,) € B for every s € I x(-)|r € PC and

j—1

z(t) = C(t)p(0) + S()[n — 9(0,9)] + /0 C(t = 8)g(s, ws)ds + »_[S(t — tig1)Da(tyy) = S(t — t:)Da(t;))]
i=0

— S(t —t;)Dx(t]) + /0 C(t — s)Dx(s)ds +/0 S(t — s)[Bu(s) + f(s,2p(s,0.))]ds

+ Y Clt—ti)Li(ze) + > St—t)Ji(zs,), tel.

0<t; <t 0<t; <t

Theorem 4.1. Let conditions (Hy),(H1) —(Hes) and (H1)" be hold. Then the system (4.1)-(4.4) is controllable
on (—o0, a] provided that

_ 1 _ a n _
(1+ aN M M) [K (aNLg + g (3N + aN) D] + N lim inf Wéf) /0 m(s)ds + > (NLy, + NLJi))} <1,
a =1

Proof. Consider the space Y = {z € PC;u(0) = ¢(0)} endowed with the uniform convergence topology. Using
the assumption (Hg), for an arbitrary function z(-), we define the control

j—1

ult) = W [ = C@p(0) = S@)n — 9(0.9)] ~ [ Cla = s)gls s = TIS(a — tisa)Da(tr,)
=0

— S(a —t;)Dx(t)] + S(a — tj)Dx(t;r) _ /Oa C(a — s)Dx(s)ds — /0 S(a—5)f(s,2p(s,2,))ds

- Y Cla-t)La) — > S(a—ti)Ji(xti)](t).

0<t;<a 0<t;<a
Using this control, we shall show that the operator I' : Y — Y defined by

j—1

Fa(t) = C)p(0)+ S —g(0,0)] + /0 C(t = 8)g(s,Zs)ds + ) [S(t — tir1)Da(t;y,)
i=0
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—S(t — t:;)Dz(t])] — S(t — t;)Dx(t]) / C(t — s)Dz(s)ds +/ S(t—5)f(8,Tps,2,))ds

/St— BW a1 — C(a)p(0) ~ S(a)ly - / Cla— 5)g(s, 74)ds
*Z (@ —tip1)Dr(t ) — S(afti)Di(tj')]+S(a—tj)Dx(j) /0 C(a — s)DZ(s)ds

Z Cla—t;) Z S(a—t;) )](§)d§+ 3 Ot - t)Iia,)
—I—ZSt—t (), tel,

o<t <t

has a fixed point z(-). This fixed point z(-) is then a mild solution of the system (4.1)-(4,4). Clearly, (I'z)(a) =
1, which means that the control u steers the system from the initial state ¢ to z; in time a, provided we
obtain a fixed point of the operator which implies that the system is controllable. Here Z : (—o00,a] — X is

such that Zop = ¢ and £ = = on I. From the axiom (A) and our assumptions on ¢, we infer that I'v € PC.

Next, we prove that there exists r > 0 such that I'(B,(y|7,Y)) € B, (y)1,Y). If we assume this property is
false, then for every r > 0 there exist 2" € B,(y|;,Y) and t" € I such that » < |[Tz"(t") — y(¢t")||. Then, from

Lemma 3.1, we get
r < [[T2" (") =y (")l

t" t"
< NHlplls + Nllall + lg@ P + NEgKo [ 17 = yllds +N [ (crllslla +e)ds
0 0
tf‘
FNIDl, +aV Dl 4 [ W0 ) + WM, [ [l + N ol
0

t"
NIl + (0, + NL, K, / 77 = yllds + N [ (erllls +c2)ds
0

13N|D|, +aN[D|, + ¥ / W, o l5) o

}+

i=1

+

|J yt

i(yt.)

)

+ ZN(LL 1%, = yells + 1 i (ye) )

i=1

t" t"
r < NHH@IIB+N[II77II+||g(0,<p)||]+NLgKa/ W—yllsdHN/ (c1llyslls + c2)ds
0 0

+3NHDHT+CLN||D”T+NW((MQ+J6p)||90||B+KaT+Ka||y||a)/0 m(s)ds

-
MMy [ [+ Nl + Nl + 900 0)1) + NE K, [ 17 = ylds

¢ ¢
+N/ (c1||y5||5+02)ds+3NHDHT+aN||D||T+N/ m(s)W (|27 (5,77, l8)ds
0 0

)

+ Y ON(LpKar + [ Li(ye) ) + Y N(Ly Kar + | Ti(u2,)

i=1 i=1
n n .

+ Y N(LrKar + [ Ly ) + D N(Ly Kar + [ Ji(ys)),
i=1 i=1

and hence

1< (14 aNM; M,) [K (aNL g L 3N +aN)|D| + N lim inf ég) /a m(s)ds + Y (NLj, +NLJi))},
0

i=1

which contradicts to our assumption.
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Let 7 > 0 be such that T'(B,.(y;,Y)) C B.(y,Y). In order to prove that I' is a condensing map on
By (y1,Y) into B.(y|r,Y). We introduce the decomposition I' = I'; + I'y where

j—1
Lz(t) = C(t)e(0) + S(t)[n - g(0, /Ct—S) (5,25)ds + Y [S(t = tip1)DE(t ) — S(t — t:)DE(t])]
=0
—S(tftj)D:z(tj)+/a0(t—s)D:c( ds+ Y C(t—t;) + ) S(E—t) i),
0 0<t; <t 0<t; <t
Toa(t) = /0 8(t = 5) [ (5, p(e,0.)) + Buls) | ds.
Now
[ Bu(s)|| < ||B||||W_1||[Hx1\| +[IC@llle ) + ISl + 190, )] / [C(a— s)llllg(s, Zs)ds]|
+ Z[IIS(G = tir) [IIDIIZE5 DI + 1S (@ = t)HNPINzEON + 1S (a — t) DIzl
/ IC(a =)Dl z(s Hd8+/ I1S(a = )I1f (s, Zpgsz)lds + D 1Cla—t:)|[|Ti(z2,)

0<t;<a

+ > ISa—t))llJi(ze)

0<t;<a

)

< M1M2[||x1|| + NH|¢llz + N [|Inll + cillell + cz] +N/ (c1]|Zs]| + c2)ds + 3N||D||r + aN|D||r
0

N [t ]

< MM, [||a:1|| + NH|¢llg + N[lnll + cillell + c2] + aN(eir + c2) + 3N || D||r + aN|D||r

4 N/ ar(s)ds + 3 r(NA+ Npw)| = Ao
0 i=1

Here by applying the same technique that is used in the proof of [I6], Lemma 3.1], we arrived that T's is
completely continuous.
Next, we show that I'y is contraction on B,(y|;,Y). Indeed, x, 2 € B,(y|1,Y), we have

IT1z —Tiz|pe < aN|Dll|x — 2[lpc + aNLyKal|z — 2||pc + 3N|[D|||lz — 2|lpc + > NLi Kallz — 2|lpc
1=1

n
+Y NLjKullz — z|lpc

i=1

1, - —
<K, [aNLg + = (3N +aN)[ D] + Y (NLy, + NLJi)] I — 2|lpe.
@ i=1

It follows that T'y is a contraction on B, (y|r,Y) which implies that T" is a condensing operator on B, (y|7,Y).
Finally, from the Sadovskii’s Fixed Point Theorem, I' has a fixed point on Y. This means that any fixed
point of T" is a mild solution of the problem (4.1)-(4.4). This completes the proof. O

Theorem 4.2. Let conditions (H,),(Hy) — (Hs),(Hs) and (Hy)" be hold. Then the system (4.1)-(4.4) is

controllable on (—o0, a] provided that
(1+ aNM; M) [K (aNL + F(3N +aN) D] + Nlim 1nf / m(s)ds + Z NG + an))} <1

Proof. Consider the space Y = {z € PC;u(0) = ¢(0)} endowed with the uniform convergence topology. Using
the assumption (Hg), for an arbitrary function z(-), we define the control

j—1

ult) = W o~ C@p(0) = S@)n— 9(0.9)] ~ [ Cla= s)gls s TIS(a— tisa) D)

i=0
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— S(a—t:;)Da(t])] + S(a — t;)Da(t] / C(a — s)Dx(s)ds — / S(a—s)f(s,2p(s,2,))ds
- Y Cla-t) - Y S )] (t).
0<t;<a 0<t;<a

Using this control, we shall show that the operator I' : Y — Y defined by

J—1

Fat) = C)p(0) + (1) — 900, / Ot — 5)g(5 T2)ds + S [S(t — ti11)Di(t7,)

=0
t

—S(t—t,)Dz(t])] — S(t — tj)D;i’(tj) + /0 C(t — s)Dz(s)ds + /0 S(t—s)f(8Tp(s,z,))ds
" / (¢~ B 21~ Cl@p(0) - S@in - 900.0)] - [ " Oa - $)g(s, 7.)ds

_ Z a—tiy1)Dx(t; ) — Sla—t;)Dz(t})] + S(a — tj)Di(t;') — /Oa C(a — s)Dz(s)ds

Z Cla —t;) -3 Sa-t) )](£)d§+ 3 Ot - t)Ii(a,)
0<t;<a 0<t;<a o<t; <t

+ > St —t)Ji(z,), tel,
o<t; <t

has a fixed point z(-). This fixed point z(-) is then a mild solution of the system (4.1)-(4,4). Clearly, (I'z)(a) =
21, which means that the control u steers the system from the initial state ¢ to x; in time a, provided we
obtain a fixed point of the operator which implies that the system is controllable. Here Z : (—o0,a] — X is
such that g = ¢ and T = x on I. From the axiom (A) and our assumptions on ¢, we infer that I'z € PC.

Next, we prove that there exists r > 0 such that I'(B,(y|7,Y)) € B, (y)1,Y). If we assume this property is
false, then for every r > 0 there exist 2" € B,(y|;,Y) and t" € I such that » < [|[Tz"(t") — y(¢")||. Then, from
Lemma 3.1, we get

r < |[Fa"(t") =y (")l

t" t"
< NHlels + Nl + 9.0+ VoK [ 177 = yllds+ N [ eallls + ezl
0 0
" - "
43Nl +aN Pl +F [ (W o o ) + N [ [l + N Tl
.
NIl + 190, )] + VL, K, / 7 =yl + N [ llnlls+ea)ds

B)

.
L3N|D| + aN[D|, + ¥ / W (77 o o).
=1

+N2ui(llftillzs)} + NZ Ail1Ze 1) + N a2, ls)-
i=1 i=1 i=1
Since A\; and p; are non-decreasing operators, we have
o e t
r < NH|ells+ N[lnll +[19(0, ©)|l] + NLgKa/ [z7 — yl|sds + N/ (c1llyslls + c2)ds
0 0

a
+3N||D||r+aN||D||r+NW((Ma+J80)||<P\|B+Kar+Ka||yHa>/ m(s)ds

0
. t" . t L
+NM1M2/O [Hxlll+NH||so||s+N[HnII+||g(07so)H]+NLgKa/ 27 =yl ds

e
N / (c1llyslls + c2)ds + 3N|D|l, + aN||D|l, + N / W(IT 0 o l8)ds + N S MG
i=1

T )] N YA N ),

=1 i=1
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where ||z, [l5 < r* = (Mg + J§)|l¢ll5 + Kol(r + lylla)
and hence

— J— — W “ - -
1< (14 aNM; M,) [Ka (aNLg + 5 (3N + aN) D] + N lim inf 5(5) / m(s)ds + > (NG + Nm)>] ,
a e 0 i=1
which contradicts to our assumption.

Arguing as in the proof of Theorem 4.1, we can prove that I'(-) is a condensing map on B,(y|7,Y) and,
from Lemma 2.2, we conclude that there exists a mild solution x(-) for (4.1)-(4.4). The proof is now completed.

5 An example

In this section, we consider an application of our abstract results. We choose the space X = L%([0,n]), B =
PCoy x L?(g, X) is the space introduced in [50] and A : D(A) C X — X is the operator defined by Au = v” with
domain D(A) = {u € X : v” € X,u(0) = u(w) = 0}. It is well-known that A is the infinitesimal generator of
a strongly continuous cosine family (C(t)):er on X. Furthermore, A has a discrete spectrum, the eigenvalues

2

are —n?, for n € N, with corresponding eigenvectors z, (1) = (;)1/2 sin(n7), and the following properties hold.

(a) The set of functions {z, : n € N} forms an orthonormal basis of X.
(b) If z € D(A), then Az = — Y07 n?(z, x,,)x,, for p € D(A).

(c) For z € X, C(t)x =Y, cos (nt){z,z,)x, and the associated sine family is

o0 .
Sln
E (E l'n L,

n=1

which implies that the operator S(¢) is compact, for all ¢t € R and that ||C(¢)|| = ||S(¢)|| =1, for all ¢ € R.

(d) If G is the group of translations on X defined by G(¢)x(¢) = #({ +t), where Z(-) is the extension of z(-)
with period 27, then C(t) = 1[®(¢) + ®(— )} and A = B?, where B is the infinitesimal generator of ®
and E = {x € H(0,7) : (0) = z(w) = 0} ( see [52] for details).

5.1 Second order neutral system
Consider the following second order damped impulsive neutral differential system with state-dependent
delay

o0 / / — 8,1, Q)uw(s, n)dnds| = 88( w(t,€) + o Q) / B(s) Zw(t, 5)ds

+[ k(s —t)w(s — pr(t)p2(lw®)])), O)ds, tel, ¢€[0,7] (5.1)

w(t,0) =w(t,7)=0, tel (5.2)

= w(0,¢) = ((m), (5.3)
w(r,¢)=¢(r,¢), 7<0, 0<(<m (5.4)
Aw(ti)(g):/_l bit; — s)w(s,O)ds, i=1,2,....n, (5.5)
Aw’(ti)(g):/_i bi(ti — s)w(s, O)ds, i=1,2,...n, (5.6)

where we assume that ¢ € B with the identity ¢(s)(¢) = ¢(s,¢),(0,-) € H*([0,7]) and 0 < t; < t3 < --- < a.
Here « is a prefixed real number and 3 € L2([0, 71]).

Nl

Let the functions p; : [0,00) — [0,00),i = 1,2,; k: R — R are continuous, Ly = (fooo %é‘;nds) < 00,

and that the following conditions hold:
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N

(a) The functions b;,b; € C(R,R) and Ly, := (ff’ bi(s) g )

1
Ly = (fo B s>ds)2, i=1,-

o0 g(s) o 9(5) 1 ate
finite.
(b) The functions b(s,n, (), 2 C" 9 are measurable, b(s,n,m) =b(s,n,0) =0 and
(s,m,¢) : i
L, = max <// / B ( aci )ddsd() 11=0,1, <oo.
Define the functions D: X — X g, f: JxB—- X, p: IxB—= X, I,: B— X and J; : B— X by
DU = avltO+ [ Aot s)ds
0
OO = [ Ko O
9O = / / (5,0, C)ib(s, v)dvds,
(s,9) = s—pu(s)p2([[£(0)]]),
0
Il(d})(C) = ‘/_ bl(_s)w(sa C)dS, 1= ]-7 27 e, N,
0 _
HO©) = [ B 0ds, i1z
With the choice of A, D, f,g,p,I; and J;, the system (1.1)-(1.4) is the abstract formulation of (5.1)-(5.6).

Moreover, the maps D, g, f, I;, J;, i =1,2,...,n are bounded linear operators with

1Dl zexy < lal + 18] 2200,0), 19t )e,x) < Lgy 1f(E)ei,x) < Ly, | ille,x) < L,
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Abstract

This paper is concerned with the global relative controllability of fractional stochastic dynamical systems with
multiple delays in control for finite dimensional spaces. Sufficient conditions for controllability results are obtained
using Banach fixed point theorem and the controllability Grammian matrix which is defined by the Mittag-Leffler

matrix function. An example is provided to illustrate the theory.
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1 Introduction

Control theory is an important area of application oriented mathematics which deals with the design and
analysis of control systems. In particular, the concept of controllability plays an important role in both the
deterministic and the stochastic control theory. In recent years, controllability problems for various types of
nonlinear dynamical systems in infinite dimensional spaces by using different kinds of approaches have been
considered in many publications. An extensive list of these publications can be found (see [2, B, [6, 17] and
the references therein). Moreover, the exact controllability enables to steer the system to arbitrary final state
while approximate controllability means that the system can be steered to arbitrary small neighborhood of
final state. Klamka [§] derived a set of sufficient conditions for the exact controllability of semilinear systems.
Further, approximate controllable systems are more prevalent and very often approximate controllability is
completely adequate in applications. The approximate controllability of systems represented by nonlinear
evolution equations has been investigated by several authors [0, 13} T4l [I8], in which the authors effectively
used the fixed point approach. Fu and Mei [0] studied the approximate controllability of semilinear neutral
functional differential systems with finite delay. The conditions are established with the help of semigroup
theory and fixed point technique under the assumption that the linear part of the associated nonlinear system
is approximately controllable.

Stochastic differential equations have many applications in economics, ecology and finance. In recent years,
the controllability problems for stochastic differential equations have become a field of increasing interest, (see
[10, 1T, [19] and references therein). The extensions of deterministic controllability concepts to stochastic control
systems have been discussed only in a limited number of publications.

We would like to mention that controllability and approximate controllability of fractional dynamical systems
with or without delay in control have been considered by a few authors (see, for instance [I} [5, [20]). As for the
stochastic systems, there are less number of papers on the controllability and the approximate controllability of
fractional stochastic dynamical systems with delay in control. Recently, Sakthivel et al. [T6] established a set of
sufficient conditions for obtaining the approximate controllability of semilinear fractional differential systems in

*Corresponding author.
E-mail addresses: tf.guendouzi@gmail.com (Toufik Guendouzi) and igbalhamada@gmail.com (Igbal Hamada).
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Hilbert spaces. The same author in [I5] prove the approximate controllability of nonlinear fractional stochastic
control system under the assumptions that the corresponding linear system is approximately controllable.
More recently, the approximate controllability of neutral stochastic fractional integro-differential equation with
infinite delay in a Hilbert space by using Krasnoselskii’s fixed point theorem and stochastic analysis theory has
been discussed in [I8]. The authors derived a new set of sufficient conditions for the approximate controllability
of nonlinear fractional stochastic system under the assumption the corresponding linear system is approximately
controllable. Shen [21] studied the relative controllability of stochastic nonlinear systems with delay in control.
However, to the best of our knowledge, there are no relevant reports on the relative controllability of fractional
stochastic dynamical systems with multiple delay in control as treated in the current paper. Motivated by this
consideration, in this article we will study the global relative controllability problem for fractional stochastic
dynamical systems with multiple delays in control variables for finite dimensional spaces. Sufficient conditions
for the controllability results are obtained by using the Banach fixed point theorem and fractional calculus. The
paper is organized as follows: In Section 2, some well known fractional operators and special functions, along
with a set of properties are defined and the solution representation of linear fractional stochastic differential
equations are derived using Laplace transform for further discussion. In Section 3, the linear and nonlinear
stochastic fractional dynamical systems with multiple delays in control are proposed and the controllability
condition is established using the controllability Grammian matrix which is defined by means of the Mittag-
Leffler matrix function. In Section 4, example is discussed to illustrate the effectiveness of our results. Finally,
concluding remarks are given in Section 5.

2 Preliminaries

Let (Q,F,P) be a complete probability space with a filtration {F;};>¢ satisfying the usual conditions (i.e.
right continuous and Fy containing all P-null sets). Let o, > 0, withn—1 < a <n,n—1< 3 < n and
n € N, D is the usual differential operator. Let R™ be the m-dimensional Euclidean space, R4 = [0, 00), and
suppose f € L'(R). The following definitions and properties are well known, for a, 3 > 0 and f as a suitable
function (see, for instance, [1]):

(a) Riemann-Liouville fractional operators:

(g @) = %a) / "o — 0L (bt
(Dg, @) = DI f)(a).

(b) Caputo fractional derivative:

(“Dg1 ) (@) = (Ip7* D" f)(x),
in particular 1§, °Dg, f(t) = f(t) — f(0), (0 < a < 1).

The following is a well known relation, for finite interval [a,b] € Ry

f(k) .
(D&, f)(x) = (°D2 +Zrl+k_a)(x—a) * n=R(a)+1.

The Laplace transform of the Caputo fractional derivative is
n—1
L{DG, f(1)} = s*F(s) = Y fB(0F)s* 1k,

The Riemann-Liouville fractional derivatives have singularity at zero and the fractional differential equations
in the Riemann-Liouville sense require initial conditions of special form lacking physical interpretation. To
overcome this difficulty Caputo introduced a new definition of fractional derivative but in general, both the
Riemann-Liouville and the Caputo fractional operators possess neither semigroup nor commutative properties,
which are inherent to the derivatives on integer order. Due to this fact, the concept of sequential fractional
differential equations are discussed in [7].
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(¢) Linear Sequential Derivative:
For n € N the sequential fractional derivative for suitable function f is defined by

£ = (D ) () = (DD f) @),
where k =1,...,n, (D®f)(z) = f(x), and D* is any fractional differential operator, here we mention it as * D, .

(d) Mittag-Leffler Function

yk

Eoply) = ém, a, 8> 0.

The general Mittag-Leffler function satisfies

o0 1
/ e PTIE, s(t%y)dt = ——, |yl < 1.
0 1—y

The Laplace transform of E, g(y) follows from the integral

/O e P E, 5(at®)dt = (iF Z).
That is
LI B p(tat)) = S
(sFa)
for R(s) > |a|'/® and R(B) > 0. In particular, for g =1,
x p\kyke
Eax(\y®) = Ea(y”) = kZ_O fakg MYEC
have the interesting property ¢DYE, (M%) = AE,(At*) and
ga—1
L{E,(+at*)} = GTa) for g =1.

For brevity of notation let us take I, as I? and °Dg, as D7 and the fractional derivative is taken as Caputo
sense.
Let us consider the linear fractional stochastic differential equation of the form

dw(t)

cDix(t) = Am(t)—i—o(t)T,

x(0) = x,

t 10,7, (2.1)

where 0 < ¢ < 1, z(t) € R", A is an n X n matrix, w(t) is a given I-dimensional Wiener process with the
filtration JF; generated by w(s), 0 < s <tand o:[0,T] — R™*! is appropriate function. In order to find the

solution, apply Laplace transform on both sides and use the Laplace transform of Caputo derivative, we get

51X (s) —s1712(0) = AX(s) + E(S>d127is)

Apply inverse Laplace transform on both sides (see [4]) we have
_ — — — — dw(s — —
LTHX ()} = L7Hs97 1 (s = A) o + LD (s) 40} 5 £71(s7] — A) 71}
Finally, substituting Laplace transformation of the Mittag-Leffler function, we get the solution of the given
system

2(t) = B, (At")z0 + /O (t—s)q_1< /O Ta(@)dw(@)) B, o(Alt — 5)7)ds

where E,(At?) is the matrix extension of the mentioned Mittag-Leffler functions with the following represen-

tation:
= Aktka

E (At =Y ————
a(At1) kZ:o I'(1+ kq)
with the property *DIE,(At?) = AE,(At?).
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3 Controllability results

Let L%—t(J x ,R") be the Banach space of all F;-measurable square integrable processes x(t) with
norm ||z||2, = sup E||z(#)||*, where E(.) denotes the expectation with respect to the measure P. Let
teJ

C = C([0,T); L%,) be the Banach space of continuous maps from [0,7] into L%, (J x Q,R") satisfying
sup E|z(t)||? < oo. Consider the linear fractional stochastic dynamical system with multiple delays in control
teJ

represented by the fractional stochastic differential equation of the form

M
dw(t)
¢D1 = A B —_— =10,T
x(t) z(t) + ; wu(he(t) +o(t)——=, teJ:=[0,T] (3.1)
x(0) = xq,
where 0 < ¢ <1, z(t) e R", u € R!, A is an n x n matrix, By, are n x [ matrices, for k =0,1,..., M, w(t) is a

given [-dimensional Wiener process with the filtration F; generated by w(s), 0 < s <t and o :[0,T] — R™!
is appropriate function.
Let us assume the following assumptions:

(i) Assume the function hy : J — R, k = 0,1,..., M are twice continuously differentiable and strictly in-
creasing in J. Moreover,

he(t) <t forte Ji=0,1,..., M. (3.2)

(ii) Introduce the time lead functions 74(t) : [hx(0), hi(T)] — J, k = 0,1,..., M such that ri(hg(t)) =t for
t € J. Further assume that ho(t) =t and for t = T, the following inequalities hold

hat(T) < hary (T) < oo ohingy 1 (T) <0 = h(T) < b1 (T) = ... ha(T) = ho(T) = T. (3.3)
(iii) let k> 0 be given. For functions u : [~h,T] — R' and t € .J, we use the symbol u; to denote the function

on [—h, 0], defined by us(s) = u(t + s) for s € [—h,0).
The following definitions of complete state of the system (2) at time ¢ and relative controllability are assumed.

Definition 3.1. The set ¢(t) = {x(t),us} is the complete state of the system (2) at time t.

Definition 3.2. System (2) is said to be globally relatively controllable on J if for every complete state ¢(0)
and every vector x1 € R™ there exists a control u(t) defined on J such that the corresponding trajectory of the
system (2) satisfies x(T) = x1.

Note that the solution of system (2) ca be expressed in the following form

t M
z(t) = E (A@{))zo+ /0 (t—s)17 E, (At — 5)7) Z Bru(hi(s))ds
k=0

t q—1 TU w  9)ds
* /0@*8) ( / (6)d <0>>Eq,q<A<t 19)ds.

Taking into account the time lead functions rg(¢), this solution can be further changed into

M rhy(t)

x(t) = Eq(A(t)")zo + Z/ (t = 71(8)) By q (At — r4(5)) ") Byr(s)u(s)ds
k=0 (0) (3.4)

4 /0 (t—s)q—1< /0 a(@)dw(G))EM(A(t—s)q)ds.



90 Toufik Guendouzi et al. / Relative controllability...

Using the inequalities (4), the above equation becomes,

m 0

z(t) = E (At)xo + kzzo/hk(o)(t —1ri(8)TT Ey o (At — 11(5))?) Bry (s)uo(s)ds
£X [ )T B (A ) Buri(s)ute)ds
. hi(t) (3.5)
t—1k(3))17 By q (At — ri(5))?) Brr,(s)uo(s)ds
! k:;Jrl /hk(o) ( ’ ’
4 /O (t— )7 (/0 a(e)dw(9)> E, (At — 5)7)ds.
For brevity, let us introduce the following notation:
m .0
o(t) = /h (())(t — 7k(8))17 By (A(t — r4(5))?) Brr,(s)uo(s)ds
k=0 71t 6 (3.6)
+ k;ﬂ/hk(o) (t = 71(5))" Eqq(A(t — ri(s))?) Bry.(s)uo(s)ds

and
t T
X(t) = / (t— 5! (/ a(e)dw(9)> Eoa(A(t — 5)7)ds.
0 0
Recall the controllability Grammian matrix
m_ LT
v = Z/ (T = 14(5)) " [Eqq(A(T = r1(5))7) Bieri,(8)] [ Eq,q (A(T — 71(5))*) Brry, ()] *ds
k=0"0
where the complete state ¢(0) and the vector z; € R™ are chosen arbitrarily and the * denotes the matrix

transpose.

Theorem 3.3. The linear stochastic control system (2) is relatively controllable on [0,T] if and only if the
controllability Grammian matriz Y is positive definite for some T > 0.

Proof. Since v is positive definite, it is non-singular and therefore its inverse is well defined. Define the control
function as,

u(t) = [Bi Bq g (A*(T = r(8)))ri ()] or — Bq(At")zo — o(T) = x(T)], k=0,1,...,m (3.7)

where the complete state ¢(0) and the vector z; € R™ are chosen arbitrarily. Inserting (8) in (6) and using (7)
we get

z(T)

m T
Ey(Att)z + o(T) + 3 / (T — r(5)7 By g (A(T — ri(5)) Bire(s)]
k=0
(BEEy o A*(T — ri())7)ri ()" (1 — Eg(AT )20 — o(T) — x(T)ds
' e TO' 0)dw(0) | E, (A(T — s5)%)ds
+ / (T — ) / (

= XI1.

X

Thus the control u(t) transfers the initial state ¢(0) to the desired vector 1 € R™ at time T. Hence the
system (2) is controllable.
On the other hand, if it is not positive definite, there exists a nonzero ¢ such that ¢*¥¢ = 0, that is

Y [ ) B AT~ ) Bt () Eua (AT = 1u(5)) Bur (5] ods = 0
k=070

¢* Y (T = 13(8)) " [Bqg (AT — 74(5)) ") Beri,(s)] = 0,

k=0
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on [0,T]. Let zp = [E,(ATY)]"'¢. By assumption, there exists a control u such that it steers the complete
initial state ¢(0) = {x(0),uo(s)} to the origin in the interval [0, T]. It follows that

m T
o(T) = Eq(Atq)onr@(T)JFZ/O (T —r1(5)) 7 [Eq,g (AT — ri(s5))?) Bery(s)]
k=0
X [B;’{Eq,q(A*(T —73(8)) ) (8)] e — Eg(AT?)xo — o(T) — x(T))ds
+ /0 (T — 5)1- (/0 o—(e)dw(e)> E, (AT — 5)%)ds
m T
= bR+ [ ) B AT () Burd ()
k=0
X [B;’{Eq,q(A*(T —73(8)) ) (8)] e — Eg(AT?)x — o(T) — x(T)]ds
+ /0 (T — 5)1- </O 0(9)dw(9)> E, (AT — 5)%)ds

= 0.
Thus,

m T
0=0"¢+) / (T — ()7 [Bqug(A(T — ri()) Biry ()] u(s)ds + 6* (o(T) + X(T))-
k=0

But the second and third term are zero leading to the conclusion ¢*¢ = 0. This is a contradiction to ¢ # 0.
Thus 1 is positive definite. Hence the desired result. O

Consider a nonlinear fractional stochastic dynamical system with multiple delays in control represented by
the fractional stochastic differential equation of the form

M
Dia(t) = Aslt) + Y Beuly(0) + F(t2(0) + o(t.x(0) A, b€ g = [0.1] 38)
k=1

x(0) = o,

where 0 < ¢ < 1, z(t) € R", u € R!, A, By, are defined as above and f: J x R® - R", ¢ : J x R" — R™!
are appropriate functions. Then the solution of the system (9) ca be expressed in the following form

t M
z(t) = E (A®))zo + /o (t—s)17 E, (At — 5)7) Z Byu(hg(s))ds
k=0

+ /O(t—s)"_ Eq,q(A(t—s)q)f(s,x(s))ds+/0 (t — 5)1~ (/0 a(@,x(@))dw(@))EM(A(t—s)q)ds.

Using the time lead functions r4(¢) the solution becomes,

A(t)4 2 e q—1 A q /
a(t) = Eq(A) )xo+kz_0/hk(0) (t = 7k(8))17 Eqq(A(t = 1 (5))?) Brry(s)u(s)ds
+ /O (t— )T By g (A(t — 5)7) f(5,2(s))ds +/0 (t— syt (/0 U(G,x(H))dw(9)> Eyy(A(t — 5)7)ds.
(3.9
Now using the inequalities (4), the above equation for t = T can be expressed as
m 00
oT) = BT an+ Y [ (T o) B (AT (o)) Buri (s)uos)ds
. . k—0 7 " (0)
s 3 [T ) B AT = s ) Bur(s)u(s)ds
k=070
M hi(t)
i / (T = r1(8)) " Equq(A(T = 11(5))?) Beri, (s)uo(s)ds (3.10)
k=m+1 hx(0)

T
+ / (T—s)qflquq(A(T—s)q)f(s,:c(s))ds
0

T T
/ (T—s)q-1< / a(e,xw))dw(e))Eq,q(A(T—s>q>ds.
0 0

+
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For brevity, let us introduce the following notation using (7)

T
T(p(0),z1;2) = z1— Ef(AT)N)xo — o(T) — /0 (T — s)T B, (A(T — 5)0) f(s,2(s))ds
T - (3.11)
- / (T — )11 </ o(0, x(H))dw(@)) E, (A(T — s)?)ds.
0 0
Now let us define the controllability Grammian matrix and the control function
m. LT
v = Z/O (T —14(5)) " [Eqq (AT — r1:(5))7) Bierio(8)] [ B g (AT — 71(3))?) By, (s)]*ds (3.12)
k=0
u(t) = [Bi By o (A*(T — i (8) D)7y ()] "X (4(0), 21;2), fork=0,1,...,m (3.13)

where the complete state ¢(0) and the vector z; € R"™ are chosen arbitrarily and x denotes the matrix transpose.
Inserting (14) in (11) by using (12) and (13), it is easy to verify that the control u(¢) transfers the initial complete
state ¢(0) to the desired vector z7 at time T for each fixed x. Now observing (12) and substituting (14) in
(10), we have

m. .0

a(t) = Eq(A(t)q)xo+Z/ (t = (5)) " B g (A(t — 7i(5))?) Ber(s)uo(s)ds
k=0 hk(o)

b3 [ n) B (A = (s) ) Buri ()
k=070

x B?:;fq,AA*(T — 14 () ()Y (B(0), 213 ) ds

B (1) B / (3.14)
" [ )T By (Al = re(5)) Bur(s)uos)ds
k=m+1 h:(0)

+ / (t— )77 B, 4 (A(t — 5)7) (s, 2(s))ds

0

/ (t—s)7! (/T o(0, x(ﬁ))dw(@)) E,q(A(t —s)?)ds.
0 0

+

Now, we impose the following conditions on data of the problem:

(iv) The linear fractional stochastic dynamical system (2) is globally relatively controllable.

(v) f and o satisfy Lipschitz and linear growth conditions. That is, there exists some constants N, N, L, L > 0
such that

N1+ [|z]?)

IfEz) = fEI* < Nlz—yl?, [ 2)? \
< L(1+ [z]?)-

<
lo(t,z) — o (t,y)]? Lilz =yl ot 2)]* <

For our convenience, let us introduce the following notations.

ar = max{||E,(At9)|*t € J}, ax = max{|uo(t)||*t € J}, 7 = max{||r,(t)||*t € J}
T
b = max{||Eqq(A(t —ri(s)))Ps € [0,T]}, ex= | (T —ru(s))* 7 Vs
0 hi(T) "
ip = / (T —r(5))2@ Vds, ¢ = / (T — r(s))?4 Vs
hi(0) hy(0)

We claim that if (iv) holds, the operator ¢ is strictly positive definite and thus the inverse linear operator
(I)~1 is bounded, say, by [, (see [10] for more details).

Theorem 3.4. Under the conditions (iv) and (v), the nonlinear system (9) is globally relatively controllable
on J.
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Proof. Firstly, from the definition (14) we can write the control function u as

ut) = BiEqq(AN(T —ri(t))ri )y~
mo .0
X lxl — Eg(A(T))xo — I;) /hk(o) (T = r1(5))* " Eqq(A(T — r1(s))") Byr,(s)uo(s)ds

M hi(t)
- [ = o) B (AT = (o)) Burk(un(s)ds
k=m+1 7 hx(0)

T
- / (T — s)qflEqvq (A(T = 5))) f(s,x(s))ds
OT T
/ (T—s)H(/ a(9,x(9))dw(6)> Eq,q(A<T—s)Q)ds].
0 0

Secondly, we define the operator P : C' — C by

m .0
P@O = E(A0z0+ Y [ (0= m(s)" Byl Al = ra(s)) Burk (s)ua(s)ds
m k=0 " (0)
b3 [ ) B A = () Buri ()
k=070
% BEEqy(A*(T — ()7t ()9~ X ($(0), 21: 2)ds
A 15 (A OB,y d
+ k;ﬂ / T By A () B (s (s) s

+ / (t— s)q_lEq’q(A(t — )N f(s,z(s))ds
0

In order to prove the global relative controllability of the system (9) it is enough to show that P has a fixed
point in C. To do this, we can employ the contraction mapping principle. To apply the principle, first we show
that P maps C into itself. We have

m 0
E|P()®)[* < 601E||$0||2+GZE‘/ (T = r4(5))7" By g(A(T = 71,(s)) ") By, (s)uo(s)ds
k=0 hi(0)
+ 6ZE‘ [ =) B4 = ) Bt )
k=0 0

X BiEqq(A*(T = ri(s)))ri ()" T ((0), 215 2)ds

M
+GZE‘

k=m-+1

hi(t)
/ (t— T‘k(S))q_lEq’q(A(t —11(8))?) Bgry.(s)uo(s)ds
hi(0)

+ 08| [ B (A = 7)o, ds

2
+ GE‘

/O (t — )11 (/OT a(e,x(e))dw(9)> B, o(Alt — 5)7)ds

It follows from Lemma 2.5, in [I5], and the above notation that:

m M
E[[P(z)@®)* < 6a1E||$0||2+6a2<25kbkrk|3k||2+ > ékbkrkHBkllz)
k=0 k=m+1
2=t ot 2 e 2 2 s [ 2
+ 6b2q T [ Ellf(s,z(s))]"ds + 6l > abirilBell* | EY(6(0), 21; )| ds
- 0 k=0 0
t2q—1 t T
+ 6Lyb / /E||a(9,x(9))||2d9 ds.
2g—1 J 0
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Thus we have

E|[P(z) ()|

IN

6a1]EHx0H2+6a25+6 1+E||:v )II )ds

+ 6% E||w1||2+a1E||xoll2+a2ﬁ+

T2q 1 B T T
+ Lgbzq_lL/O (/O (1+E||m(9)||2)d9>ds]
t2q 1 t T )
6Lob q_lL/O (/0 (1+E|z(0)] )d&)ds

1+1EHJ? s)[|*)ds

Hence,

E|P@)®)]* < ﬁlanHleQﬂLGalEIIZEoII (1+l2 ) + 6axB(1 + 1)

b o +l2 + +6LyLb o
6 N(1 1 6L,

It follows from from the above inequality and the condition (v) that there exists ¢ > 0 such that
E[P(@)O] < c(1+ ||2]Z2).

Therefore P maps C' into itself.
Secondly, we claim that P is a contraction mapping on C. For z,y € C,

E|P(2)(t) - P(y) )|
3ZE’/ (t —r1(5) T Ey o (A(t — 7(8))7) Biry,(s)

IA

X BiEqq(A*(T = ri(s)))ri,(s)0 [T (6(0), 2152) — T((0), 213 y)]ds

2

(t = 8)" Eqq(Alt = 5)")(f(s,2(s)) = f(s,y(s)))ds

2

+ |
+ |

(t—s) (/7(0(9, z(0)) — o (0, y(@)))dw(9)> E,4(A(t — s)%)ds
0

Using Lemma 2.5, in [I5], condition (v), and the above notations we get

E|[P(@)(t) - Pu)(¢ >||2
T2
Pa ”4[/ Elf(5,y(s)) — (s, (5))|ds

IN

+ Lo /OTEIIU(&y(@))—0(9796(9))”2659]

35 [ Bl () = Flsp(e) s
2q 1 0 t T
+ 3T bL, / </ EU(Q,:L“(G))a(ﬂ,y(@))2d0>ds

2qg —1
720!
< 3PN+ LL, / E[lz(s) — y(s)|2ds
2q£]1
+ 3b2q [N +TLL,] / E|z(s) — y(s)||*ds.

It results that

9 9 T2q—1 2q—1
sup E|P(z)(t) —P t < [3l%b N+ LL,|+ 3b
s BP0 ~Pw)0)] el |+ 3hy—

[N+TLL,]| sup E|z(t)

te[0,7]

— (14 Po)(1+ T]3)

—y(®)*
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2q—1 2q—1

T
N+ LL,;| + 3b
2q—1[ * I+ 2qg —1

mapping on C, implies that the mapping P has a unique fixed point z(-) € C. Hence we have

Therefore we conclude that if 31%bn [N +TLL,] < 1, then P is a contraction

0

Ny Y —rp(s))?t —11(s))?) Bgry.(s)uo(s)ds
E,(A(t)?) 0+};)/hk(0)(t k(8)T Eqq(A(t — 13(s))?) By (s)uo(s)d

=Y [ ) (Al = ) Buri (s)u(s)ds
k—]?/[o

x(t)

hi (t) . =1p (At OB,y d
#D [ B ) B ol

/0 (t— )77 By 4 (A(t — 5)7) (s, 2(s))ds
+ /0 (t— s)q_l </o o(0, w(@))dw(ﬁ)) E, (At — s)?)ds.

+

Thus z(t) is the solution of the system (9), and it is easy to verify that 2(T") = 1. Further the control function
u(t) steers the system (9) from initial complete state ¢(0) to x; on J. Hence the system (9) is globally relatively

controllable on J.
O

4 An example

In this section, we apply the results obtained in the previous section for the following stochastic fractional
dynamical systems with multiple delays in control which involves sequential Caputo derivative

¢Diz(t) = Ax(t)+ Biu(t) + Bau(t —h) + f(t, z(t)) + U(t,m(t))M; 0<qg<1,t€[0,T]

dt
z(0) = o,

A -1 0 B =By— 1 0 ,
3 -2 01

[ z1(t) cos a(t) + 3o (t) @+ Dz (t)e? 0
J(t,2(t)) = ( xo(t) sinzy (t) + 221 (t) ) ot 2(t) = ( 0 xo(t)et ) '

Let us introduce the variables z1(t) = x(t) and 2o(t) = D72, (t). Then
°D3x,(t) = °D3x(t) = xa.
The Mittag-Leffler matrix of the given system is given by

(4.1)

where

E,(—t9) 0
( SEq(_tq) - 3Eq(_2tq) Eq(_2tq) ) .

Further

ay _ Eqq(=(T' = 5)7) 0
Eoq(AT = 9)%) = ( 3B q(—(T — 5)7) = 3By o(=2(T — 8)9)  Eqq(=2(T — s)7) )

qy _ Eqq(—(T = (s +h))?) 0
Eoo( AT = (s +h))") = ( 8y o(—(T — (s + ))7) — 8y q(=2(T — (s + W))?)  Eyo(—2(T — (s + h))7) ) '

By simple matrix calculation one can see that the controllability matrix

v = Z/O (T = 7i(5)* ™ [Bq.q(A(T = 11(5)) ") Birk (8)] [ Bq.g (AT — 14(5))*) Brry. ()] ds
e

=0
T
/0

2

(T_s)q—l(“ ac )+(T_(s+h))q—l<“2 ac )]ds.

ac b2+
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is positive definite for any T' > h, where
= Euq(=(T=s)7), b=Eq(=2(T - (s+h))?),
q

)
3B q(=(T' = )7) =3B o(=2(T = 8)?), a=Eyq(=(T = (s+h))7)
= Egq(=2(T = (s+h))"), ¢=3E;q(=(T = (s+h))?) —=3Eqq(=2(T — (s + h))?).

[SHIECRIE
I

Further the functions f(¢,z(t)) and o(t,x(t)) satisfies the hypothesis mentioned in Theorem 3.4., and so the
fractional system (16) is globally relatively controllable on [0,T].

5 Conclusion

The article contains some controllability results for global relative controllability for the linear and nonlinear
fractional stochastic dynamical systems with multiple delays in control function. The result shows that the
Banach fixed point theorem can effectively be used to study the control problems for establishing sufficient
conditions. Here it is proved that under some hypotheses together with the assumption that the linear stochastic
system is globally relatively controllable, the nonlinear fractional stochastic system is also globally relatively
controllable. An example is also included to illustrate the importance of the results obtained.
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Abstract

This paper deals with the study on a mathematical model consisting of mutualistic interactions among three species
with continuous time delay. The delay kernels are being convex combinations of suitable nonnegative and normalized
functions, the linear chain trick gives an expanded system of ordinary differential equations with the same stability
properties as the original integro-differential system. Global stability is discussed by constructing Lyapunov function.
It has been shown that equilibrium state of the model is globally stable. Finally, numerical simulations supporting our

theoretical results are also included.
Keywords: Mutualism model, local and global stabilities, Lyapunov function, population dynamics, time delay.
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1 Introduction

The study of equations describing population growth is very interesting and challenging mathematically
as well as biologically to discuss the problems on global stability. In the biological process of evolution, the
population of one species does not respond instantaneously to interact with other species. To incorporate this
role in a modeling approach, time delay models have been developed. Gopalsamy K. [5] and Kuang Y. [9]
discussed the necessity of delay differential equation models, see also Beretta E. and Takeuchi [I], Busekros
A. W. [2], Cushing J. M. [3], Gopalsamy K. [6], Hale J. K. and Waltman P. [7], Harlan S. W. [§], Mc Donald
N. [10], and Solimano F. and Beretta E. [13]. Relatively less attention has been given to the study of three
species model with continuous time delay and their dynamical behavior. This motivates the authors to study
mutualistic interactions among three species population model with continuous time delay.

The main purpose of this paper is to establish global stability of three species mutualistic system with
continuous time delay. In section 2, we introduce our mathematical model. In section 3, we discuss global
stability about the biologically feasible equilibrium point of the model by constructing a Lyapunov functional.
In section 4, we illustrate our results by some examples. We conclude with a short discussion in section 5.

2 Mathematical Model

In this section, we consider a mathematical model for three mutually interacting species with continuous
time delay is given by the following integro-differential equations:

t

dN- K

TtI = N1 (a1 70[11]\71 +CJ£12/ kg(t*S)Ng(S)dSﬁ*alg/ ]Cg(tS)Ng(S)dS),
dN2 t t

W = N2 (0,2 — 0122N2 =+ o1 / ]Cl (t — S)Nl(s)ds + Q23 / ]Cg(t - S)Ng(S)dS),

*Corresponding author.
E-mail addresses: mashok.math@gmail.com (A. B. Munde) and mbdhkane@yahoo.com (M.B. Dhakne)
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t

dNs !
—_— :N3 a3—a33N3—|—a31/ kl(t—S)Nl(S)dS-l-agg/

dt . n ko (t — S)NQ(S)dS) , (2.1)

where N;,i = 1,2, 3 represent the population density of first, second and third species respectively, a; represent
the intrinsic growth rate of first, second and third species respectively, a;;,i = 1,2,3 represent the rate of
decrease of first, second and third species due to limited resources, ajo is the mutual coefficient of second
species to first species, a3 is the mutual coefficient of third species to first species, aso; is the mutual coefficient
of first species to second species, asg3 is the mutual coefficient of third species to second species, agz; is the
mutual coefficient of first species to third species, ago is the mutual coefficient of second species to third
species, k;(t) called the delay kernels, are weighting factors which indicating how much emphasis should be
given to the size of the population at earlier times to determine the present effect on resources availability.
Here a;, a;;,1 = 1,2,3, and «q2, 13, (a1, a3, a1, gz are assumed to be nonnegative constants. Usually the
delay kernels are normalized so that

/ ki(u)du =1 1=1,2,3.
0

We assume that every kernel k; appearing in system (2.1]) is a normalized convex combination of functions

Bnun—le—ﬁu

k) ===

n=12,.

with 3 > 0 is a constant, n an integer. When n = 1, the kernel is k(u) = Be~P*. Therefore, the system ({2.1)
becomes

dN t t

ditl =N <a1 —a Ny + a12/ Be P Ny(s)ds + 0413/ ﬂe_ﬁ(t_s)NS(s)dtS)a

AN, b aes) LB

el Ny ag — aga Ny + a9y / Be Ni(s)ds + a23/ Be Ns(s)ds |,

AN b aes) LB

el N3 as — as3 N3 + as; / Be Ni(s)ds + agg/ Be Ny(s)ds |, (2.2)

where using linear chain trick, define

Pi(t) = / " BePIN, (s)ds,
Py(t) = / " e Ny (s)ds,

&@)/tﬂemt@NﬂQ@.

Therefore, the system (2.2)) is equivalent to the following system of six ordinary differential equations.

% = Ni(a1 — a11 N1 + a12Ps + a13Ps),

% = Ny(ag — Ny + a1 Py + ao3 P3),

% = Ns(as — assN3 + ag1 Py + aza P),

% = B(N1 — Pr),

% = B(N2 — P2),

W by - ) (2:3)

3 Stability Analysis

In this section, the existence of the unique positive biologically feasible equilibrium point of the system
(2.3) and local and global stabilities are investigated. The equilibrium point E; (N7, Ny, N, Py, P35, P}) exists
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if and only if there is a unique positive solution to the following equations.

—a11 N1 + a12P + a13P3 = —ay,

—aaNa + a1 Py + a3 P3 = —axo,

—ag3Ng + az1 P1 + aga P2 = —as,
B(N1 — P1) =0,
B(N2 — P2) =0,
B(N3 — P3) =0,

provided that the four conditions

(C1) a10o2033 4+ az(ai2as3 + anzasz) + as(ar2023 + aizagg) > ajagsass,
(C2) a1(agiass + agzasy) + agariass + az(ariaes + aizagr) > azaizas,
(C3) ai(aass + aziass) + as(aiiass + aa0i1) + asagee > azanaoer,
(C4) arragzass > an13ase + 021033 + G231 + 3Q220i31 + 130021 (432,

hold, where

* *
N{ = P = |ai(a20a33 — aa3uzg) + as(anaass + aqzass + as(aiaaes + 04130622)] / [0411a22a33 — (11 0230x32

— (x]2Qr21 (33 — (V12023031 — (X13(22(x31 — (X13(¥21(X¥32

* *
N3 = Py = |a1(ag1ass + asgzast) + az(aqiass — aqzast) + az(oiaes + cazas) / Q11 ig2(X33 — 1112332

— (22133 — (\1223(v31 — (r1322(x31 — (X13(V21(X32 |,

* *
N3 = P; = |a1(aa2a31 + az1a32) + az(ar1ass + a12031) + asz(ai10os — aqa01) / Q110220033 — (V11 (123(X32

— (xj2Qi21 (33 — (\12Qi2303] — (X13(22(x31 — 041304210432} .

We note that the equilibrium point F; of the system ([2.3)) is also an equilibrium point of the system (2.1
with the kernel fe=#". To discuss the local stability of the system (£2.3), we compute variational matrix about
equilibrium point F; as

Jl(Nf7N§7N§ﬂPf7P2*7P§):

70&11Nf 0 0 0 OtlgNik OélgNik
0 _a22N; 0 C¥21.N§k 0 Oé23N§k
0 0 —043,31\/3F 0131]\73’:< 0132]\75,k 0
3 0 0 -8 0 0
0 B 0 0 -8 0
0 0 B 0 0 -6

The characteristic equation of the above variational matrix about equilibrium point Fj is
A0+ B A% 4 koAt 4 kA + kaA? + ks + ke = 0,
where,
k1 =30+ a11 NT + a2 NS + asz Ny

kQ :3,82 =+ 3 <OZ11N1* =+ CVQQN; —+ 0433N§<>ﬁ —+ Ck110[22NikN; =+ a22a33N;N§ + OéllaggNikN;
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ks =B + 3<a11N1* + agaNJ + a33N§)52 + 3<0l110422NfN2* + aooa33 Ny N3 + a11a33NTN§‘>ﬂ
+ araass Ny Ny Ny

k4 2(0411]\71* + aga Ny + agsN:;k)ﬁg + [(301110422 - CV120121>NEKNQk + (3a22a33 - 0623%2) N3 N3
+ <3a11a33 - algagl)Nl*N;]ﬂ2 + 3ar1azaz3 Ny N3 N; B

ks = [(06110422 — 04120621>]\7ik]\7§k + <a22a33 — a23a32>N2*N§ + <a11a33 - 04130431>Nng] 53
+ (3041101220433 — (111930032 — (U121 (X33 — Ol1304220131>N1*N§N§52

* * * 03
ke = (a11a22as3 — (11 Q23032 — Q12021 (33 — (112(¥23(X3] — (V13(22(¥31 — 041304210432>N1 Ny N3 5.

It is very difficult to find the roots or apply Routh-Hurwitz criteria. Therefore, we conclude that if all the roots
have negative real part then the system is stable (see numerical examples in Section 4).

Now we establishes the global stability of the system by constructing a suitable Lyapunov function in the
following theorem.

Theorem 3.1. The positive equilibrium point Ey (N5, Ny, N3, Py, Py, Pf) of the system is globally stable,

if
2011 > a3y + ady + 4
2092 > a3 + a3g + 4
2033 > a3y + ady +4
holds.

Proof. The proof can be reached by using a Lyapunov stability theorem which gives a sufficient condition.
Now, let us consider a positive definite function

V(N1, N2, N3) = Vi(N1) + Va(Na) 4+ Va(N3) + Va(Pr) + Vs (Ps) + Vs (Ps)

where,

—
V(o) = 2(N2 Nj - Njln %)
V3(N3) = 2<N3 — N3 — N3In JJ\E)’
VilP1) = (P~ PP,

Va(Pa) = S(Pa— Py,

Va(Py) = S(Pa— Py,

on H = {(Nl,NQ,Ng,Pl,PQ,Pg) | Ny > O,NQ > 0,N3 >0,P > O,PQ > 0,P3 > 0} It is obvious that
V(Nl,N27N3,P1,P2,P3) e C’l(I’I7 R) and V(Nf,N;,Ng,Pf,P;,P;) = 0 The function V(N17N2,N3,P17P2,P3)
satisfies

V(NlaN27N37P17P25P3) > V(NT’N;7N';7P;7P;7P;) =0
which holds for all V(N17N2’N3,P1,P27P3) € H- {El} Then the time derivative of V(N17N2’N3,P1,P27P3)
computed along the solution of the system is

dv . . *
E =2 — Oéll(Nl — N1 )2 — 0422(N2 — N2 )2 — 0533(N3 — N3 )2
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+aia(N1 — NY) (P — Py) + au3(Ny — Ny )(Ps — Py)
+ g1 (N2 — N3 )(P1 — P{') + azs(N2 — N3)(Ps — P5)

T (Ns — Nj)(Pr — PY) + (Vs — N3)(Py — P;>]
+4[<N1 CND)(PL— P+ (N — N3)(Py— PY)

+(N3—N§)(P3—P§)—(P1—Pf)z—(Pz—PE)Q—(P3—P§‘)2}

= —(PL—P{)> = (P, — Py)*> = (P3s — P§)* — |2011 — 0y

- 4} (Vi — Np)? - [mm ol — ol - 4} (N2 — N3)?

— 2033 — a3 — a3y — 4] (N3 — N3)? —

0412(N1—Nf)—(P2—P§)]

Nawn —np) — -] - [am(zvz CND) (P - Pf)}

— |aa3(Ny — Ny) — (Ps — Py)

- 12
— |az2(N3 = N3) — (P — Py)

' ~Joma - vp) - pi - Pf)f

< 0
This shows that %/ < 0 on H. Therefore, the function V' is a Lyapunov function with respect to F;. Hence,
the equilibrium point F; is globally asymptotically stable on H. O
Consequently, we have the following result.
Theorem 3.2. The equilibrium point (N, N5, N5) of the system with a kernel k(u) = Be=P" is globally

stable.

4 Numerical Simulations

To check the feasibility of our analysis regarding stability conditions, we have conducted some numerical
computation by choosing the following set of parameters values in model system ([2.3) as

ar=1, a2=05, az3=2, an=1, ap2=01 a3=03, ay =02,

oo = 15, o3 = 03, a3l = 0.4 32 = 0.6 33 = 13, ﬂ =38

With the above parameter values, it follows that the system is locally stable as shown in Figure 1.
However, even if these parameter do not satisfy the conditions of Theorem 3.1, Figure 2 exhibits that the
system seems to be globally stable.

Consider the another set of parameters values in system as

a; = 2, ag = 4, as = 3, 11 — 25, 12 — O]., 13 — 03, g1 — 02,

Qoo — 35, Q23 — 03, a31 — 0.4 39 — 0.6 a33 — 3.3

From Theorem 3.1, under these parameters values the system ([2.3) is globally stable as shown in the figure 3.
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Figure 1: (a) Time series for Ni(t), N2(t) and Ns(t). (b) The phase graph with initial condition (1.8879,1.5409,
2.4459,1.8879, 1.5409, 2.4450).
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Figure 2: (c) Time series for N1(t), N2(t) and N3(t). (d) The phase graph with initial condition (8,12, 10, 40, 30, 20).
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population

Figure 3: (e) Time series for N1(t), N2(t) and N3(t). (f) The phase graph with initial condition (2,4, 5, 10, 20, 30).

5 Discussion

In this article, local and global stabilities of the three mutually interacting species with continuous time
delay has been investigated. Our numerical simulation shows that even if time delay parameter vary for large
value the system remains stable. The approach of study in this article differs from Feng C. H. and Chao P.
H. [, Mukherjee D. [I1], Shukla V. P. [I2] and Xia Y. [I4] in the sense that it studies two species mutualistic
system with discrete delay. To the best of our knowledge, this paper is the first time to deal with the research
for system which belongs to a three species mutualism model with continuous time delay. There is a lot of
work to do in this area. For example it would be interesting to see what the behavior of the model would
be when several delays occurs in this system. However less attention has been given to the study of mutualism
as compared to the prey-predator and competition. Thus the present article contributes a few more results on
mutualism model.
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