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Robinson-Schensted correspondence for party algebras
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Abstract

] (A]

In this paper, we construct a bijective proof of the identity n* = Z[;\]E AL S [A] m,[()‘ , where m;"- is the mul-

tiplicity of the irreducible representation of Z, ! S, module indexed by [A] € Ak, f T is the degree of the
corresponding representation indexed by [A] € AK and AX = {[A] F n| 5, i|]A®)| = k}. We give the proof of
Robinson-Schensted correspondence for the party algebras which gives the bijective proof of party diagrams
and the pairs of vacillating tableaux.

Keywords: Partition, Bratteli diagram, Robinson-Schensted correspondence.

2010 MSC: 05E10, 05A05, 20C99. (©2012 MJM. All rights reserved.

1 Introduction

Let G be the group of linear transformations on a n-dimensional vector space V. Suppose that G acts
diagonally on the k-fold tensor space V#F. Then the k-fold tensor space V¥* decomposes into irreducible

representation of G as centraliser algebra Endg ( y ek ) This work was successfully done in Partition algebra

Endsg, (V®k) , Brauer algebra Endo,) (V®k) where O(n) is the orthogonal group of degree n and so on.

The party algebra CLy is the subalgebra of the partition algebra which is generated by S, and the diagram
corresponding to the set partition {{1,2,1/,2'}{3,3'} ... {k,k'}}

Masashi Kosuda defined the irreducible representations of the party algebras. There exists a surjective
homomorphism from CLy to Endgy1 ) (V®k ) Moreover if n > k and r > n, this homomorphism is injective
and thus forms an irreducible representations of party algebras.

The number of standard Young tableaux of shape [A] is f!l which is the degree of the corresponding
representation of the group G(r, 1, n). In this paper, we develop a Robinson-Schensted correspondence for the
party algebras which gives the bijection between the diagrams in CL; and the pairs of vacillating tableaux

(A]

(PW' QW) in T. We also develop the bijection proof for the identity n* = Z[;\] eak f A ml[j‘], where m;[" is

the multiplicity of the irreducible representation of Z, ! S, module indexed by [A], by constructing a bijection
between the sequences (i1,ip,...,7), 1 < ij<mn and the pair (T[/.\]’P[X]) where TW is a standard tableau of

shape [A] and Py, is the vacillating tableaux of shape [A].
2 Preliminaries

Definition 2.1. [7] A partition A = (Aq,Ay, ..., A) of n is a non-increasing sequence of positive integers, that is
A1 > Ap > ... > Apsuch that [Aq] + |Ag] + ...+ |Ax| = n. It is denoted by A F n.

*Corresponding author.
E-mail address: tamilselvi.riasm@gmail.com (A. Tamilselvi)
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Definition 2.2. [4] A multipartition [A] = (AN, A@), .., A®)) such that each A is a partition and ¥; |AD| = n.
We say that A1) is the i—th component of [A].

Definition 2.3. [4] A diagram of a partition A is an array of boxes in which first row contains Ay number of boxes,
second row contains Ay number of boxes and so on.

Definition 2.4. [4] Let [A] = (/\(1),)\(2),. . .,/\(k)) be a multipartition of n. A [A] -tableau t = (t(l),t(z), . ..,t(k)) is
obtained by filling the boxes of the diagram from {1,2, ..., n}.

1. A [A]—tableau t is said to be row standard if the entries in each row of each component is strictly increasing

2. A [A]|—tableau t is said to be standard if the entries in each row and in each column of each component is strictly
increasing.

Definition 2.5. [[7] A rim hook is a connected skew shape containing no 2 x 2 square.

2.1 Party algebras
Fork € Z, let

Ay = {setpartitions of {1,2,.. .,k,1/,2/, . ..,k/}} and

A {d € Axi1|(k+1) and (k + 1)’ are in the same block}.

k+3

For a set partition d = {By,By,...,Bs} € Ay and B; € d, let N(B;) = #(B; Nk) and M(B;) = #(B; NK).

Fork > 0,let Ly = {d € Ax|N(B;) = M(B;) for all B; € d}. Represent d € Ly as a graph with two rows
of k vertices, the first row of k vertices is labeled by 1,2, ...,k and the second row of k vertices is labeled by
1,2',...,k'. For example,

Definition 2.6. Let dq,dy € Ly, the multiplication of diagrams dy o d is obtained by placing dy below dq and identifying
each vertex i’ in the bottom row of dy with the each vertex i in the top row of d, and by removing any component that lie
entirely in the middle row.

For example,

dy =

dy =

diody =

For k € IN, the party algebra CLy is an associative subalgebra of the partition algebra CAj with basis Ly.
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3 Schur Weyl Duality between Z, ! S,, and CL;

The irreducible representations of Z, ! S, are indexed by the multi partition [A] of n.
If [A] = (AO,A0,  A0=1) where each A() is the partition of the i— th component and 217;3 IAD] = n.
Let V be the n dimensional representation of the group Z, ! S,. Consider S,,_1 C S, as the subgroup of per-
mutations that fix 7. Let V= be the k fold tensor representation of V. Let V4 be the irreducible representation
of Z, 1S, indexed by [A] - n where [A] = (A(D,A(0,A(2), . A=) and Z;;é |A@| = n. The induction and
restriction rules for Z, ! S, are as follows:

If [A] Fn, ResZ’Zg” VI denotes the irreducible representation obtained from restricting the multi partition

7. n—1
[A] F n to the multi partition [p] - n — 1 by removing a box from any one of the residues in [A]. I ndéigfl vl

denotes the irreducible representation obtained from inducing the multi partition [u] F n — 1 to the multi
partition [A] - n by adding a box in the AUFD) if the box is removed from (") while restriction.

Resézggzil VA~ @ v,
[u])Fn—1,[u]C[A]

for [A]Fn.
Indy vl =y vl
[]Fn,[A1Cp]
for [u] Fn—1.
Suppose that [A] = (A0, AW, A@), AC=Dyand [p] = (1@, u™,u?, ..., u"=1D) are multi partitions of
n. we say that [u] C [A] if,

ml ol " i e )
Yo+ ™ < Y O A
i=1 i=1 i=1 i=1

Starting with the trivial representation (n,Q,...,®) and iterating the restriction and induction rules. We
\W_/

rtuples
see the irreducible Z, ! S, representation that appears in V¥ are labeled by the partition in AX. If [A] =
A AW A Epandif [A] = (n—t, AW, A@), A0, @) @1 where (AW, A3, ... AR 1
t,1<t<kandr >k

k .
Al = (AT F 0| Y iAY] = k)
i=1

and the irreducible Z, ¢ S,_; representation that appear in V®K are labeled by the partitions in Aﬁfl. If [A] -
n—1,0<t<k.
k .
A ={ATFn—1] Y iAD] <k}
i=1

There is an action of CL; on V®F [6] that commutes with Z, ! S, and maps surjectively onto centralizer of

Endz, s, V®@k_ Furthermore when n > k and r > k we have
CL, = Ener?Sn V& and CLk+% = E”dZVZS,H Vek,

The Bratelli diagram for CLj consists of rows of vertices with the rows labeled by 0, %, ...,k such that the
vertices in row i are labeled by A/, and the vertices in row i + % are Al ;. Two vertices are connected by an
edge if they are in consecutive rows and they differ by exactly one box. The irreducible representations of CL

are indexed by A, so we let M][(A] denote the irreducible representation of CLy indexed by [A] € AK.
The decomposition of V& asan Z, 1S, x CLj bimodule is given by

veke @ viile MY, 3.1)
[Alenk

The dimension of M E‘] equals the multiplicity of V1! in V&k,

ml[?] = dim(Ml[}]) = {the number of paths from the top of the Bratelli diagram to [A]}.
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4 Vacillating Tableaux
Let [A] € AK. A vacillating tableaux of shape A and length 2k is a sequence of partitions,
(2,....@) = W@, W&, W0, AP, D), ® = @),
satisfying, for each i,
1 A e Al A)6TD) e AL,
2. A 2 [A]0+2) and |[A]D/[A)0+3)| = 1,
3. [A]0+2) C [A]6+D) and |[A]GFD) /[A)0+D)| = 1.

The vacillating tableaux of shape [A] correspond exactly with paths from the top of the Brattelli diagram to
[A]-
Forn > k and r > n, the sets

k .
Ay = {A1Fa| Y iAW | =k}
i=1
andif [A] = (AW, 1), AWK,

k .
e ={AFt| YA =kand 0 < t <k}
i=

are in bijection with one another. For example, the following sequence represents the same vacillating tableaux
P[)\] .

PW=(([ [T Jeoe) (I Jeee). (T 1 Jeo). (I Jeoo) (T JelJe) ([(Jel o) (I 1e)
(©.2.0),©00),(]009).@20), (2. ].2).(e[]e).((J[J°)

Bratelli diagram for Endy s, (V*?) )
Thus, if we let VT ([A]) denote the set of vacillating tableaux of shape [A] and length k, then

m = dim(MY) = VT ((A])].

5 A Bijective Proof of n* = LRjeat f[)‘]m,[:‘]
Comparing dimensions on both sides of equation 3.1} gives

Al JA
nk: Z f[/\]ml[(]

[Aleak

where f (V] is the number of standard Young tableaux of shape [A].
Bratelli diagram for CL;

We now give the combinatorial proof of the above equality. Let Ti5) be the standard Young tableau of shape
[A] and D5 be the vacillating tableau of shape [A]. Let SYT([A]) be the set of all standard Young tableau of
shape [A].
Theorem 5.1. The map (iy,ip, ..., i) — (TW,P[;\]) is bijective where {(i1,iz,...,i)||1 < i; < n} and the pair

(Tixp Pay) € SYT([A]) x VTi([A]).

Proof. To prove (i1, iy, ..., i) — (TW’ Pm), we first initiate

TO) (, 1[2] - [n ‘<0>,@<1>,@<2>,m,@<r—1))

Then recursively define standard tableaux T/ +2 and T/ as

Tl+3) — (ij+1 - T(j))
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k=0  |omo,0,0,0,0
k=3 |oo,0,0,0,0
k=1 |o0,0,0,0,0
k=13  |oD,0,0,0,0||0,0,0,0,0
k=2 D:D7®7Da®7® ED,ED,@,@,@ EE'?B)Q)’@?(Z)
\
kZQ% EED,(ZL(&@,@ ED7®7D,®,® ED,D,@,070 D,EEL@,@,@ DaEv®7®a®
k=3 D:D7®a®7|:'7® ED>D7D’®7® D,EED,@,@,(Z) Da537®7®,® Daﬁv®7®a®

TG+ — (in . T(j+%>)

ljy1 < TU) means delete ijy1 using Jeu-de-taquin [see [7], p.113] from the corresponding residue where it
lies. i1 — T(+2) means insert i; 1 in the AU+ using RSK insertion [see [7], p.92] if i:, is removed from
+ i+ & p +
A0,
Let [A] 0 e AL be the shape of TU) and [)1](

([)1](0), [)N\]%, .., [;\](k_%), [}‘](k))

) ¢ A, be the shape of TU+32). Then let

2
and TW =710,
This insertion and deletion process produces the vacillating tableaux P of shape [A] = [A] ®) ¢ A¥ and
the standard tableau T3, of the same shape [A]. Hence (iy, iy, . . . if) — (TV\]’ PV\])‘
To prove (TW’PV\]) — (i1,1, ..., ig).
Given (T[M,Pm) of shape [A] = [;\}(k) € AL. We use RSK reverse insertion [see [7], p.94] to obtain the
sequence (i1, iy, ...,I) from the given pair (T[;\], Pm). O

For example, consider the sequence (i1, i3,13) as (4,2,3).

J T
: (T2 © o02,00,00)
b — (12130 eve®,em,e0)

—_

4 ( © (2] ,@<z>,@<3),@<4))
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—_
N|—=
N

6 R — S correspondence for Party algebra

Represent d € Ly in a single row with vertices labeled by 1,2,...,2k where we relate vertex j’ with the
label 2k — j + 1. Connect vertices i and j in d € Lj as the graph represented in a single row by the standard
representation with i < j if and only if i and j are related in d and there does not exist k related to i and j with
i < k < j. Each vertex is connected only to its nearest neighbours in its block.

We label each edge ¢ of the diagram d represented in the standard representation by 2k + 1 — I where [ is
the right vertex of e.

Define the insertion sequence of a diagram to be the sequence E = {E;} indexed by j in the sequence
%,1,1%,. .., 2k where

a, if vertex j is the left endpoint of edge a
E, = . . .
7 @, if vertex jis not a left endpoint of edge a.
a, if vertex j is the right endpoint of edge a
E 1 = . .. . .
=2 @, if vertex j is not a right endpoint of edge a.

For example, the standard representation and insertion sequence of d € L is as

jlsl1]13]2]2 ]33 [4]45]5]52 65 |7 [75]8
Ei | ol6|l6[3|o|alalo[3[1]2]0]1]0

For a given d € Ly, with insertion sequence {E;}, we will produce a pair of vacillating tableaux (P}, Q[x])
of shape [A] € I'y. Begin with the empty tableau,

7O = (@,2,...,0)

Deleting and inserting, E i j=1,...,2kin the corresponding residues 1, .. ., k, are the two procedures involved
in this algorithm, then we successively deleting E i1 and inserting E; as follows.
2

7O = (@ @(2 ), @)
TU-b itE 1 =2,
1 — TUY ifE , £Q,
J=2
Ej_ 1 TU~1) means that, delete Ej_ 1 in TU~1) using jeu-de-taquin from where it lies.

. (i-%) -
T — { Tz b ?f Ei =0,
E] — TU™2 if E] 75 @,
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k=0 [0,0,0

?TA
I
DO +—
=
=
=

Ei — T(~3) means that the insertion of E j into TU~=3) in the following way:

1. Forj=1,..., k, insert E; into A E.

i1 = @, else insert E; in AUHD) f E]._% is deleted from A().
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2. Forj=k+1,...,2k, insert E]- into the A(V) if E]. = @, else insert E]- in AU-D) if Ejf% is deleted from A().

1
2

Let [A]() be the shape of T, let [A)(+2) be the shape of T(+2) and let [A] = [A]®). Define

Qu = (®, [A](%),...,[A](k—z>,w<k))

PW = (M]Qk), [A]<2k—7),.._,[A](k)> ‘

In this insertion process, every edge of the diagram is inserted when we come to its left endpoint and deleted
when we come to its right endpoint. so the final shape is [A](*") = @. So we associate a pair of vacillating
tableaux (Ppy}, Q) to d € Ly. Denote this process by d — (Ppy), Qn))-

i E T()
0 <@<1),@(2>,@<3>,@<4>)
1 o — (@a),@(z),@(a),@m))

o
S|
I

M ,@<2),@<3>,@<4>)

(
(
(
(

3 @ — (<1> (3] @ ,00,0 )
(
(
(
(
(

2] ™ ,[3]@ ,00,0 4>)
2] 0 ,[3]® ,09,0 4>)

7

N—
—_
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Theorem 6.2. The map d — (Pyy), Q|a)) provides a bijection between the set of d € Ly and the pairs of vacillating
tableaux of shape [A], [A] € Ty,

Proof. From the above example it is clear that, for a given d € L; we can construct a pair of vacillating tableau
(Pp), Qpn)) of shape [A]. We prove the theorem by constructing the inverse of d — (P}, Q|y). First we
use Q[ A followed by P[ Al in reverse order to construct the sequence {A(%)} , [)\(1)} Sy, [A(Zk)} . We initialize
T = .

We now show how to construct T and E;,; so that TV = ( E;,q — TW ). If [A]0+D /[A]0) is a box
containing 4, and we use reverse algorithm [see [7], p.94] on the value in the box containing a to produce T(?)
and I i(_i’ln ) such that T(+1) = ( Eipq — T ). Since we remove the value in position a by using reverse RS
insertion [see [7], p.92], we know that T® has shape [A] @,

We then show how to construct T() and E;, 1 so that T0+1) = ( E;q «— T ). If [A]D /[A]F) is a box
containing a. Let T() be the tableau of shape A() with the same entries as T('*1) and having the entry 2k — i
in box containing a. Let E; ;1 = 2k —i. At any given step i, 2k — i is the largest entry added to the tableau thus
far, so T() is standard. Furthermore, T0*1) = ( E;;; «— T ), since E;, 1 = 2k — i is already in the rim hook
and thus simply delete it.

Proceeding in this manner, we will produce Eyy, Exi_1, ..., E; which completely determines d. By the way
we have constructed d, we have d — (P}, Q[y))- O
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Curvature tensor of almost C(A) manifolds
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Abstract

The present paper deals with certain characterization of curvature conditions on Pseudo-projective and
Quasi-conformal curvature tensor on almost C(A) manifolds. The main object of the paper is to study the
flatness of the Pseudo-projective, Quasi-conformal curvature tensor, §-Pseudo-projective, §-Quasi-conformal
curvature tensor on almost C(A) manifolds.

Keywords: Almost C(A) manifolds, Pseudo-projective curvature tensor, Quasi-conformal curvature tensor, §-
Pseudo-projectively flat, §-Quasi-conformally flat, 77-Einstein.

2010 MSC: 53C15, 53C20, 53C21, 53C25, 53D10. (©2012 MJM. All rights reserved.

1 Introduction

In 1981, D. Janssen and L. Vanhecke [6] have introduced the notion of almost C(A) manifolds. Further Z.
Olszak and R. Rosca [11] investigated such manifolds. Again S. V. Kharitonava [8] studied conformally flat
almost C(A) manifolds. In the paper [2] the author studied Ricci tecsor and quasi-conformal curvature tensor
of almost C(A) manifolds. In the paper [1] the authors have studied on quasi-conformally flat spaces. Also in
paper [4] the authors have studied on pseudo projective curvature tensor on a Riemannian manifold and in
the paper [3] the authors are studied on the Conharmonic and Concircular curvature tensors of almost C(A)
manifolds. Our present work is motivated by these works.

2 Preliminaries

Let M be a n-dimensional connected differentiable manifold endowed with an almost contact metric struc-
ture (¢, §,77,g), where ¢ is a tensor field of type (1,1), § is a vector field, # is an 1-form and g is a Riemannian
metric on M such that [5].

78 =1, 21)
P> =1+10§ (2.2)
(X, 9Y) = g(X,Y) +n(X)n(Y), (2.3)
8(X,§) =n(X), (2.4)
$5 =0, n(¢X)=0, (2.5)
(Vx9)Y = g(X,Y)§ - n(Y)X. (2.6)

If an almost contact Riemannian manifold M satisfies the condition

S=ag+bypen (2.7)

*Corresponding author.
E-mail addresses:  srashoka@gmail.com (S. R. Ashoka), prof bagewadi@yahoo.co.in (C. S. Bagewadi), and gurupa-
davva@gmail.com(Gurupadavva Ingalahalli).
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for some functions a and b in C*°(M) and S is the Ricci tensor, then M is said to be an #—Einstein manifold. If,
in particular, 2 = 0 then this manifold will be called a special type of 7 —Einstein manifold.

An almost contact manifold is called an almost C(A) manifold if the Riemannian curvature R satisfies the
following relation [8]

R(X,Y)Z =R(¢pX,¢Y)Z — A[XQ(Y,Z) — g(X, Z)Y — pXg(¢Y, Z) + g(¢X, Z) Y] (2.8)
where, X,Y,Z € TM and A is a real number.

Remark 2.1. A C(1)-curvature tensor is a Sasakian curvature tensor, a C(O)-curvature tensor is a co-Kahler or CK-
curvature tensor and a C(1)-curvature tensor is a Kenmotsu curvature tensor.

From [9] we have,

R(X,Y)§ = R(¢X, ¢Y)§ = A[Xy(Y) — 1(X)Y] (2.9)
On an almost C(A) manifold, we also have [2]

QX = AX + By(X)§. (2.10)

wher, A = —A(n —2), B= —A and Q is the Ricci-operator.
n(QX) = (A+B)n(X), (2.11)
S(X,Y) = Ag(X,Y)+Bn(X)n(Y), (2.12)
ro= —A(n-— 1)2, (2.13)
5(X,5) = (A+B)n(X), (2.14)
588 = (A+B), (2.15)
2(QXY) = S(XY). (2.16)

3 Quasi-conformally flat almost C(A) manifolds

Definition 3.1. The Quasi-conformal curvature tensor C of type (1,3) on a Riemannian manifold (M, g) of dimension
n is defined by [1]]

C(X,Y)Z = aR(X,Y)Z+b(S(Y,Z)X —S(X,Z)Y +g(Y,Z)QX — g(X, Z)QY)

,% <n - -+ Zb) [g(Y, 2)X — g(X,2)Y], (3.17)

forall X,Y,Z € x(M), where Q is the Ricci-operator.

If C vanishes identically then we say that the manifold is Quasi-conformally flat, where a,b # 0 are con-

stants.
Thus for a Quasi-conformally flat C(A) manifold, we get from

aR(X,Y)Z = % <n”1 + 2b) (Y, Z)X — (X, Z)Y]
—b(S(Y,Z)X — S(X, Z)Y + (Y, Z)QX — g(X, Z)QY). (3.18)
By virtue of 2.10) and (2.12), (3.18) takes the form
RXY)Z = © (n o+ Zb) 2(Y, 2)X — g(X, Z)Y] — bAg(Y, Z)X + By(Y)y(Z)X
—Ag(X, Z)YBy(X)n(2)Y + Ag(Y, Z)X + By(X)g(Y, Z)
“Ag(X,Z)Y — By(Y)g(X, Z)). (3.19)
In view of we get from
aR(¢X,¢Y)Z = Aa[Xg(Y,Z) — g(X,Z)Y — ¢pXg(9Y,Z) + g(¢X, Z)¢pY]
+ - (n e 2b> (Y, )X — (X, Z)Y] — blAg(Y, Z)X + By (Y)n(Z)X
— A(X,Z)YBy(X)n(2)Y + Ag(Y,Z)X + By(X)g(Y, Z)
- AQ(X,Z)Y - By(Y)g(X, Z)] (3.20)
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Putting Y = § and using the value of A and B in (3.20) we get

[/\a+)\b+r< 4
n n—

) +2Ab(n — 2)] [X3(Z) — g(X, Z)E] = 0. (3.21)

Taking inner product of with a vector field §, we get

[/\a L Ab+ % (n - ) 4 2Ab(n — 2)} 1(X)(Z) — g(X,Z)] = 0. (3.22)
Putting X = QX in we get
[Aa +Ab+ - (1 + 2b> +2Ab(n — z)} 1(QX)y(Z) — §(QX, Z)] = 0. (3.23)
Using (2.15)),(2.11) and by the virtue of in we get
[)ta fap A1 (n s 2b> +2Ab(n — z)] (A+By(X)(Z) —S(X,2)] =0. (324
Therefore, either
A =0 (or) S(X,Z) = A+ By(X)y(Y) (3.25)

Thus we can state the following:

Theorem 3.1. For a Quasi-conformally flat almost C(A) manifold, either A = 0 i.e. C(A) is cosymplectic. or the
manifold is special type of §—Einstein.

Proof. Follows form and remark (2.7). O
4 §-Quasi-conformally flat almost C(A) manifolds

Definition 4.1. The Quasi-conformal curvature tensor C of type (1,3) on a Riemannian manifold (M, g) of dimension
n will be defined as §-quasi-conformally flat [1] if C(X,Y)&=0 for all X,Y € TM.
Thus for a §-quasi-conformally flat almost C(\) manzfolds we get from (3
r
= () X =0V
— b(S(Y,§)X = S(X, §)Y +7(Y)QX — n(X)QY) (4.26)

In the view of (2.9). Taking Y = §, by virtue of 2.10), 2.14)and (2.15), putting the value A and B taking
inner product with respect to vector field V we get from (4.26).

aR(X,

[Aa Lapo M1 (n — Zb) +2bA(n — z)] [9(X, V) — n(X)y(V)] =0 (4.27)

Taking X = QX in we get
{/\a oy M=) <n a -+ Zb) 42 (n — 2)} [(QX, V) — 1(QX)5 (V)] = 0 (4.28)

Using (2.11) and (2.16) in (#28)

An—1)72( a
Aa+ Ab— - — 2b ) +2bA(n=2)| [S(X, V)= (A+ B)n(X)n(V)] =0 (4.29)
Therefore, either
A=0 (or) S(X,Z) = A+ By(X)n(Y) (4.30)
Thus we can state the following:

Theorem 4.1. For a §-Quasi-conformally flat almost C(A) manifold, either A = 0 i.e. C(A) is cosymplectic. or the
manifold is special type of §—Einstein.

Proof. Follows form (#.30) and remark @.T). O
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5 Pseudo-projectively curvature flat almost C(A) manifolds

Definition 5.1. The Pseudo-projective curvature tensor P of type (1,3) on a Riemannian manifold (M, g) of dimension
n is defined by [4]]

P(X,Y)Z = aR(X,Y)Z+Db[S(Y,Z)X - S(X,Z)Y]

- % ( 2 - +b> 9(Y, 2)X - g(X, 2)Y). (5.31)

n—

forall X,Y,Z € x(M). If p vanishes identically then we say that the manifold is Pseudo-projectively curvature flat,
where a, b # 0 are constants.

Thus for a Pseudo-projectively curvature flat C(A) manifold, we get from(>.31))

aR(X,Y)Z = % (n - -+ b> (Y, Z)X — g(X, Z)Y] — bS(Y, Z)X — S(X, Z)Y]. (5.32)

By virtue of (2.12), (5.32) takes the form

aR(X,Y)Z = ;(niler) g(Y, Z)X — ¢(X, Z)Y]

— b[Ag(Y,Z)X + By(Y')m(Z)X — Ag(X,2)Y — By(X)n(2)Y]. (5.33)

In view of we get from
aR(¢X,¢Y)Z = Aa[Xg(Y,Z) = g(X, 2)Y — pXg(¢Y,Z) + (X, Z)¢Y]
+ < (n o+ b) 9(Y, Z)X — g(X, Z)Y]
— b[Ag(Y,Z)X + By(Y)(2)X — Ag(X, Z)Y — By(X)n(Z)Y]. (5.34)

Putting Y = §, using the value of A and B, taking inner product with a vector field § in (5.34)we get

a

[/\a FAb+ % ( -+ b> +bA(n— z)} (X)n(Z) — g(X,Z)] = 0. (5.35)

Taking X = QX and by the virtue of (2.13) in (5.35) we get

a

[Aa +Ab+ % ( o+ b) +bA(n — 2)] 7(QX)n(Z) — g(QX, Z)] = 0. (5.36)

Using (2.15)) and (2.11)) in (5.36]) we get

{)\a +Ab+ L (nfl + b) bA(n —2) {(A + B)(X)1(Z) — S(X,Z)] = 0. (5.37)

Therefore, either
A=0 (or) S(X,Z) = A+ By(X)n(Y) (5.38)

Thus we can state the following;:

Theorem 5.1. For a Pseudo-projectively curvature flat almost C(A) manifold, either A = 0 i.e. C(A) is cosymplectic.
or the manifold is special type of 1—Einstein.

Proof. Follows form (5.38) and remark 2.1). O
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6 §—Pseudo-projectively curvature flat almost C(A) manifolds

Definition 6.1. The Pseudo-projectively curvature tensor P of type (1,3) on a Riemannian manifold (M, g) of dimen-
sion n will be defined as §-Pseudo-projectively flat [4] if P(X,Y)§=0 for all X,Y € TM.
Thus for a §-Pseudo-projectively flat almost C(A) manifolds we get from

RIS = L (4 2) X - (oY)

— b, HX=S(X Y +3n(Y)QX —(X)QY) (6.39)

In the view of 2.9). Taking Y = §, by virtue of 2.10), 2.14)and 2.15), putting the value A and B taking
inner product with respect to vector field V we get from (6.39)

[Aa b+ - (n S+ 2b> bA(n — 2)} [9(X, V) — 5(X)n(V)] = 0. (6.40)
Taking X = QX in we get
[/\a YD+ % <n”_1 + Zb) 4 bA(n — 2)} [9(QX, V) — 1(QX)5(V)] = 0. (6.41)

Using ([2.17),(2.16) and by the virtue of 2.13) in (6.41)

a

[)ta +Ab+ % ( -+ 2b> +bA(n - 2)} [S(X, V) — (A+B)y(X)n(V)] = 0. (6.42)

Therefore, either
A=0 (or) S(X,Z) = A+ By(X)n(Y) (6.43)
Thus we can state the following:

Theorem 6.1. For a §-Pseudo-projectively flat almost C(A) manifold, either A = 0 i.e. C(A) is cosymplectic. or the
manifold is special type of 17— Einstein.

Proof. Follows form (6.43) and remark 2.1). O
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Abstract

This paper is mainly concerned with the existence and uniqueness of mild solutions for nonlocal fractional
infinite delay differential equations with interval impulses. The results are obtained by using fixed point
theorem.
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1 Introduction

Fractional differential equations arise in many engineering and scientific disciplines as the mathemati-
cal modeling of systems and processes in the fields of physics, chemistry, aerodynamics, electrodynamics of
a complex medium, polymer rheology, etc., involves derivatives of fractional order. Fractional differential
equations also serve as an excellent tool for the description of hereditary properties of various materials and
processes. Though the concepts and the calculus of fractional derivative are few centuries old, it is realized
only recently that these derivatives form an excellent framework for modeling real world problems. In the
consequence, fractional differential equations have been of great interest. For details, see the monographs of
Kilbas et al. [7], Lakshmikantham et al. [8], Miller and Ross [11], Podlubny [12], Anguraj et al. [1l], [2] and the
references there in.

On the other hand, the theory of impulsive differential equations is also an important area of research
which has been investigated in the last few years by great number of mathematicians. We recall that the
impulsive differential equations may better model phenomena and dynamical processes subject to a great
changes in short times issued for instance in biotechnology, automatics, population dynamics, economics and
robotics. To learn more about this kind of problems, we refer to the books [9], [13].

Recently, the study of impulsive differential equations has attracted a great deal of attention in fractional
dynamics and its theory has been treated in several works [5], [13]. Balachandran and Trujillo [3], [4] inves-
tigated the non-local cauchy poblem for non-linear fractional integro differential equations in Banach spaces.
Xianmin Zhang [14] studied the existence and uniqueness of mild solutions for impulsive fractional equations
with nonlocal conditions and infinite delay. In most of the impulsive differential equations studied so for, the
impulses occur instantaneously. But there are some situations in which the impulsive action starts abruptly
and stays active on a finite time interval. Eduardo Hernandez and Donal O'Regan [6] established on a new
class of abstract impulsive differential equations for which the impulses are not instantaneous.

Motivated by [6], we consider the following fractional infinite delay differential equations with interval

*Corresponding author.
E-mail addresses: angurajpsg@yahoo.com (A. Anguraj), lathamahespsg@gmail.com (M. Lathamaheswari).
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impulsive
Dix(t) = f(tx1),  t€ (sitiya], i=0,1,..., N, (1.1)
x(t) = gi(t, x(1)), te(t,s], i=12,..,N, (1.2)
x(0) +k(x) =9, ¢ € By, (1.3)
where 0 < g < 1 and the state x(.) belongs to Banach space X endowed with the norm || . ||. Df is the

Caputo fractional derivative and f is a suitable function. 0 =g =59 < t; <51 <tp < ..fy <sy <fni1 =D
are pre-fixed numbers, g; € C((t;,s;] x X; X) foralli =1,2,...,,N. Let x;(.) denote x;(8) = x(t +0),6 € (—c0,0].
The impulses starts abruptly at the point ¢; and their action continue on the interval [t;, s;].

The rest of this paper is organized as follows. In Section 2, some preliminaries are presented. In Section 3,
we study the existence and the uniqueness of solutions for the impulsive fractional system (T.1)-(T.3).

2 Preliminaries

In this section, we shall introduce some basic definitions, notations, lemmas and theorem which are used
throughout this paper.

Assume that ¢ : (—o0,0] — (0, +00) is a continuous function satisfying ¢ = [ 900 9(t)dt < +o0. The Banach
space (By, ||.||p,) induced by the function ¢ is defined as follows

B, - 1o (=00,0] — X : foranyc >0, ¢(0) is a bounded and
¢ measurable function on [—c,0] and f?oo (t)supi<p<o || @(0)]| dt < +oo

endowed with the norm ||g|| 5, = [°., 9(s)sups<p<o | p(6)]|ds.
Let us define the space

@:(—00,b] = X:¢r€C(Jr,X), k=0,1,2,..., N and there exist
By = ¢t )and o(t]) with ¢(t) = ¢(ty), @(t) = ge(t, x(1)), t € (t, 5],
k=1,2,..,N, pg = ¢(0) +k(¢) = ¢ € By

where ¢y is the restriction of ¢ to Ji, Jo = [0, t1], Jx = [sk, tks1l, k=1,2,..., N.
Denote by ||.] B, & Seminorm in the space By, which is defined by
1911, = 1191z + max {|l@il e, k = 1,2,..., N} where [|gllj, = supyc; llox(s)ll

For the impulsive conditions, we consider the space PC(X) which is formed by all the functions x : [0, 5] —
X such that x(.) is continuous at t # t;, x(t; ) = x(t;) and x(t;") exists for all i = 1,2,..., N, endowed with the
uniform norm on [0, b] denoted by ||x||pc(x)- It is easy to see that PC(X) is a Banach space. For a function
x € PC(X)andi € {0,1, ..., N}, we introduce the function %; € C([t;, t;11]; X) given by

x(t), forte (i ti]

nilh) = {x(ti*), fort =t

In addition, for B C PC(X) we use the notation B; for the set B; = {x, : x € B} and i € {0,1,..., N}.

2.1)

Lemma 2.1. A set B C PC(X) is relatively compact in PC(X) if and only if each set B; is relatively compact in
C([ti tival, X)-

Theorem 2.1. (Schauder’s Theorem) Suppose that D is a closed bounded convex subset of the Banach space X and A is
completely continuous function from D into D. Then there is a point z € D such that Az = z.

Definition 2.1. A function x : (—oo,b] — X is called a mild solution of the problem (1.1) — (1,3) if x(0) + k(x)
By, x(t) = gi(t,x(t)) forall t € (t;,si] , each i = 1,2,...,N, the restriction of x(.) to the interval Jp(k =0,1,2,...,N)
is continuous, and the following integral equation holds

x(t) = ¢0)—k(x)+ 1 ) /t(t—s)qlf(s,xs)ds, forall t €[0,t] and
0

T(q)

t

x(t) = gi(si,x(s;)) + 1"(16])/ (t—s)T"1f(s,x5)ds, forallt € [s; ti,1) and everyi=1,2,..., N.
S
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Definition 2.2. The Riemann - Liouville fractional integral operator of order q > 0 of function f € L' (R™) is defined

as
1

t
10 £() = r(q)/o (t—s)1 f(s)ds, t>0

where T(.) is the Euler gamma function.
Definition 2.3. The Caputo fractional derivative of order g > 0, n — 1 < q < n, is defined as

1
I'(n—q)
where the function f(t) has absolutely continuous derivatives up to order (n-1).

If0 < g <1,then

t
DY f(t) = /0 (t—5)m 0D £ ()ds, 0

t
DI = s | (t=9 97 (e)as

where fN(s) = Df(s) = %(:) and f is an abstract function with values in X.
Lemma 2.2. Assume that x € Bg then, for t € [0,b], x¢ € By. Moreover

Ulx®I < [lxellsy < [1@llB, + £ supsefonl|x(s)]]-

3 Main results
For ¢ € By, we define ¢ by

¢(t), te(—co,0]
¢(t) = { ¢(0), te0h]
0, t e (tlr b}

then ¢ € Bj.
Let x(t) = y(t) + §(t), —oco < t < b. Itis evident that y satisfies yg = 0, t € (—o9,0],

t
y(t) = —k(y+ ) + 1"(111)/0 (t —s)qflf(s,ys + ¢s)ds, forall t€10,t],
y(t) = gi(t, (y+P)(1)), forallt € (t;,s;)]and eachi=1,2,..., N,
and
0 = b PE) e [ 9T syt dolds
Yy = gQi(si, (¥ +)(s; r(q) . ,Ys + @Ps)ds,

forall t € [s;, tiy1] and everyi=1,2,..,N

if and only if x satisfies

x(t) = ¢(), t € (—00,0],
1 t
x(t) = ¢(0)—k(x)+ 1_(11)/0 (t—8)T"1f(s,x5)ds, forall t€[0,t],
x(t) = gi(t,x(t)), forallt € (t;,s;] and eachi=1,2,..., N,
and
t
X)) = siloxle)) + oy [ (=9 s xds

forall t € [s;, tiy1] and everyi=1,2,...,N.

To prove our main results, we introduce the following conditions:
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(Hy) f:[0,b] x By — X is continuous and there exist two positive constants K;, K, such that

£ (8 @1) — f (5 @) < Killdr — allB,, Ko = suprepopllf(£0)]]-

(H2) The functions g; : (t;,s;] x X — X are continuous and there are positive constants L, such that
lgi(t,x) —gi(t,y)|| < Lg; |lx —y| forallx, y € X, t € (t;,s;] and eachi = 0,1, ..., N.

(H3) k: By — X is continuous and there exist some positive constantd;, d, such that
[k(x) = kW) < d1llx = yllp, and [[k(x)[| < 1[|x[|p, + 02.

(Hy) Q = max; {Lgi [ +<51} <1,i=1,2,..,N.

Theorem 3.1. Suppose that the conditions (H1) — (Hy) are satisfied then there exists a unique mild solution of the

problem ({L.I)-(L.3).
Proof. Define © : By — Bj, by

oy(t) = 0, te (—oo,0]

t
Oy(t) = %w+@+—*ﬁu—ﬂ%7@%+@wa
forall t€[0,t],

Oy(t) = gilt,(y+P)(t)), forallt € (t;,s;] and eachi=1,2,..,N,

and

oy(t) = &@hw+¢xx»+ré)

t
/U—QWV@%+@M&

forallt € [s;, tiy1] and everyi =1,2,..., N.

Clearly, y is a fixed point of ® then y + ¢ is a solution of the system —. We shall show that © satisfies
the hypotheses of Theorem 2.1.

Define the Banach space (By, ||.|| p,) induced by B},

Bj = {y € By : yo = 0 € By} with norm lylls, = sup{|ly(s)|| : s € [0,b]}, set B, = {y € By : lylls, < r}
for some r > 0.
Forany y € B;, t € [0,b] and by Lemma 2.2, we have

e+ @ells, < llglls, + Llr + 19(0)]],
ly+@llg, < r+li9lls, + el

From the assumption it is easy to see that © is well defined. Moreover, for y1, ¥ € B, i€ {1,2,..,N},and t
€ [si, tiy1]) we get

Oy1(t) —Oya ()| < 118i(si, (v1 + ) (si)) — gilsi (y2 + @) (si)]]
t
+§@La—w*wam+@wfum+@n@
1 /[t 1
< Lyllys—vallay + 5y | (4= 9" hafllya = allyds
< Kq0b1

[Lg + W]Hyl — v2llp,
hence

1©1 ~ 2l ) < Qlva —vally, i=1,2,N.
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proceeding the same manner for the interval [0,¢;], we obtain that

1©y1(t) — O (D)l < || —k(y1 + ) +k(y2+ )|

+1/t<ts>q—1||f<s o) — F(5,y2, + o) |ds
F(q) 0 /yls (PS ’yzs (PS

Ky (b7
I'(g+1)

IN

[01 +

Iy = yallg,
hence

1©y1 = Oyallc(op)x) < Qv —y2lls,

Moreover, for t € (t;,5;] we have

1©y1(t) = Oy (B[l < Lgllyr — yallp,
hence
||®]/1 - ®y2||c((ti,si];x) <0 Hyl - yZHB&/ i=1,2,..,N

From the above we have that ||®y; — Oy, || < Qly1 — y2|l B Therefore © is a contraction and there exists a
unique mild solution of (T.1)-(T.3). This completes the proof. O

Next, we establish the existence of a mild solution using a fixed point criteria for completely continuous
maps.

Theorem 3.2. Assume the hypotheses (Hy) — (Hy) are satisfied and the functions g;(.,0) are bounded then the system

(LI)-{T.3) has a mild solution.

Proof. We divide the proof into five steps.
Step 1: To prove ©B, C B,.

There exists a positive integer r such that B, is clearly a closed bounded convex set in Bj. If ®B, C B, is
not true then for each positive integer r, there exist y € B, and t € (—oo, b] such that ||®(y)(t)|| > r, where tis
depending upon r.

However, on the other hand fori > 1,lety € B, and t € (¢;,5;] we have

ro< eyl
< gi(t, (v + @) (1)
< Lglly +¢lls, + lIgi(t,0)]|
< L (r + 19l1Bg) + 118 (5 0) (e 50:%)

Dividing on both sides by r and taking the lower limit as » — +o0, weget 1 < Lg, . This is a contradiction to
(Hy). Therefore [|®y/[c((t,s,;x) < 7 fori > 1.
ProceedmgKa?habove for t e [si, t,%lq] and t € [0,t1],7 > 1 we obtain that
1< Lg, + r(¢17 =) and 1 < &y + (1) which gives a contradiction to (Hy). Hence, for some positive integer r,
OB, C B,. '

Next, we introduce the decomposition @ = @1 + @, = Zf\i 0 @} + Zfi 0 ®;2 where @f :B, —B,,i=1,2,..,N,
j =1,2 are given by

0, for t € (—o0,0],
—k(y +¢), for te[0,t],

Ojy(t) = gt (y+$)(1)), for te (t,s], i>1,
8i(si, (v + ) (s1)), for te (sytipa], i>1,
0, for t ¢ (t,ti1], i>0.
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0, for t € (—0,0],
@%y(t) = %q) fsti(t —$)171f(s,ys + ¢s)ds, for te(sptipq], 120,
0, fOT’ t¢ (Sir ti+1]/ i > 0.

Step 2: The map O = Zili o ©! is a contraction on B;.
Take y1,y2 € B, arbitrarily. Then, for each t € (—co, b] and from (H;) to (Hy), we have

1y1(t) = Ol (DIl < &illyr — vallp, + Lg llya — y2l1,

Which implies that [N, ©}y1 ~ £, O}y,
This proves that ®; is a contraction on By.
Next, we use the notation @?B,(t) = {®?y(t) : B, }.
Step 3: Fori = 0,1,..,Nands; < s < t < t;,q, the set UTG[S t]@%Br(T) is relatively compact in Bj. Let
si < < s. Fore > 0 we choose 0 < A < £ such that F(q+1) (k1 (¢r + [|¢]|B,) + k2] < € for all interval
I  [0,b] with Diam(I) < A.
Then, for 7 € [s,t] and y € B, we get

| <y - vy

> S S ] IR ]
O = gy | A sy st g [ 9T gt gl

S Brl +B71,€I

where r; = F(q+1 [kl (br+||¢lIB,) + k2], 71,€ F(q+1) [k1(¢r + ||¢||B,) + k2], which implies that Ugc,, t]® B.(0) C

B, + By, e. Since B,, is relatively compact and Diam(Be) — 0 as € — 0, it follows that Use[s 4 G)l» B,(6) is
relatively compact in Bj.
In the next step we use the notation introduced in 2.1).

Step 4: The set of functions {@ B,} i=0,1,..., N, is a equicontinuous subset of C([t;, t;11]; X).
It is clear that {G)l2 Er}i is right equicontinuous on [t;, s;) and left equicontinuous on (t;, s;]. Let t € (s;, ti11),

since the set ©?B,(t) is relatively compact in B)y. Then, fory € Brand 0 < h < A < t;;1 — t we get

|2y(t+m) - 2y(t)|| = |@yit+m) - S(t)]

t+h
Hﬁ;[ (£ 1= )TV F(5, s + fo)ds

i

t
- P(1q> / (£ = )17 f(5,ys + )|

t+h
J)/ (E+ T — )Y F s, ys + o)l ds

IN

g [ e s s+ )

IN

Hﬂﬂﬂuw+mmg+m

t
+r(lq>/ 18+ 1= )97 = (£ = )7Vl (07 + 1|15, ) + Kads

The right-hand side is independent of ¥ € B, and tends to zero as h — 0. This shows that {@%Br}. is right
1

equicontinuous at .
In the simillar manner we proceed for t = s; and h > 0 with s; + I < t;;we have that

1
T'(a)

|82y (si +m) - S2y(sy)

si+h
/ (t+h—8)T"1f(s,ys + Ps)ds
Si

IN

e+ 911, + ko
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which implies that {@lz Br}i is right equicontinuous at s;.

Now fort € (s;, t;1]. Let u € (s;,t]. Since USE[W]@%B,(S) is relatively compact in By, we select 0 < A < %

thenfor0 < h < Aandy € By we get,

|2t~ ~ 2| = @it —1) - (1)
<1tt‘H hs)||d
< g [, A s+ Bl
+1/tﬂ<wwﬂ1—u—h—wauﬂsy+¢nds
T(q) Js, SRR
< H;inwmw+|wgw+kﬂ

s [ 1097 @ hm e+ ) + ol
@ J, il R

—_~—

which shows that {@?B, } . is left equicontinuous at t € (s;, tj;1].

This completes the proof that the set {@?Br}i is equicontinuous.

Step 5: For i # j, the set {©®?B, }], is a equicontinuous subset of C([t;, tj,1]; X).
From the above steps and Lemma 2.1 it follows that, the map ©; is a contraction and the maps ®; are

completely continuous. Thus, ® = ®1 + ©; is a condensing operator. Finally, from [[10], Theorem 4.3.2]. we
assert that there exists a mild solution of (T:I)-(T:3). O
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Abstract

In recent work, Folsom discussed character formulas for classical mock theta functions of Ramanujan.
Here, we suggest representations for character formulas in terms of continued fraction identities or in more
precise language, we can say an applications of continued fraction identities to character formulas. As a
consequence, we obtain fourteen new results.
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1 Introduction and Basic Terminology

For |q| < 1,

f—o[ 1—aq") (1.1)
!

(a1,82,03, ..., 05 §)oo = (815 9) 00 (25 §) 00 (43; §) 0+ (k5 ) 00 (1.3)

Ramanujan has defined general theta function, as

n(n+1) n n—1)

Ea Tz bz |abl <1, (1.4)

Jacobi’s triple product identity [1, p.35] is given, as
f(a,b) = (—a;ab)e(—b; ab) o (ab; ab) o (1.5)

Special cases of Jacobi's triple products identity are given, as

;q=— )57 0o (1.6)
n(n+1 2. 42 )
211 : n(n+1l) _ (&;/:2))00 (1.7)
fl-q) = ﬁ (10" = (gia)e 18)

*Corresponding author.
E-mail address: mpchaudhary_2000@yahoo.com (M.P. Chaudhary)
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Equation (1.8) is known as Euler’s pentagonal number theorem. Euler’s another well known identity is as

(@:0%)" = (=39 (19)

Throughout this paper we use the following representations
(0% 4")eo (0" 4")00(3°4")eo - (4'4")eo = (a",4",0° "5 (1.10)
(@) (0% 0")eo(d5 0o+ (054 )eo = (0", 0", 0° -+ 450" )0 (1.11)

Computation of q-product identities:
In [1], Chaudhary has computed several g-product identities. Here we are giving some identities from [1]

and some new identities have been computed, are useful for next section of this paper, as given below

[eo)

H 2n+2

_ H(l B q2(4n)+2) « H(l 2(4n+1) +2 H 4n+2)+2) H(l _ q2(4n+3)+2)
n=0 n=0 n=0 n=0
_ lo—o[ 8n+2 IO—OI 8n+4 IO—OI 8n+6 % H 8n+8
n=0 n=0 n=0
= (%9 (6%8%)00 (0% 4%) 0 (4% 1%
= (@94 4% 4% 4%)e (112)
H 4n+4
_ ﬁ(l . q4(3n)+4) > ﬁ(l 4(3n+1) +4 ﬁ 4(3n+2) +4)
n=0 n=0 n=0
~Tl1a- q12n+4) < T - 12n+8 12n+12
= (759w (d%q" ) (q 12;q12)oo
= (7% 4% 4% %) (1.13)
(q4; qu)oo — ( 12n+4 2(5n) +4 2(51n+1) +4)
0 - Ilo- ,E
« H(l _ q12(5n+2)+4) « H(l q12(5n+3 +4 H 2(5n+4) +4)
n=0 n=0 n=0
ﬁ 60n+4 >< H 60n+16 ﬁ 60n+28
~ H 60n+40 loiO[ 60n+52
= (%5070 (7'% %) 00 (0% 4%) 00 (7% %) 00 (77 4% oo
= (%0',9%,9%,47%0%) (1.14)
Similarly we can compute following, as
(@500 = (05800 (75470
(1.15)

= (9", 9% 7)o

(0% 0% 00 = (7%%)eo (7% 9% oo
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= (7% 9% 9 )
(7% 9500 = (0%8%)oo (0% 8%) 0 (0% 8% oo (%5 7)o
= (7%9%9% 9% 9o

(@500 = (0% 900 (7% 900 (0% 7)o (7% )0 ("% 0') o0 (9% 9" oo

_ ( 2, q4/ q6, qSI qlol q12/. qIZ)OO

(0% 9900 = (0770 (0% 7%) 0 (0% 7)o (6% 7'%) 0 (4% 710) 0 %

% (q12; qlé)oo(qm} q16)oo(q16} q16)oo

— ( 2, q4, q6’ q8, q10, q12, q14/ q16; q16)oo

2. .20 4. 20 6. .20 8. .20 10. 20

(@500 = (0%07°) o0 (7% 0700 (0% 77°) 0 (4% 4700 (475 77 ) oo (

(%4700 (87 4%)e0 (7% 7)o (4% 47 o

_ ( 2/ q4, qél q8, 5]10/ quI q14, q16/ q18/ qZO; 5]20)00

(@ 7)e0 = (7%0%)e0 (7% %) o
= (0°,9%9°%)eo
(@570 = (4%9)00 (4% 9%)00 (4% 7)o
— (q4, q8, q12; qlz)oo

(0% )00 = (45900 (4% 7)o (9% 7)o (97 7' oo

— (q4/ q8’ q12, q16’, qlé)oo

(@500 = (75 87)e0 (4% 07°) 0 (9% 57°) 0 (7% 57°) 0 (7% 4°°

— (q4’ qS’ q12, q16/ qZO; qZO)oo

(@500 = (05570 (7% 8700 (0% 7)o (7% 7)o (4% 47 ) oo (g

8 16 20 24, 24)
©

= (q%4% 9", 9", ¢, 7%

16. 60 28. .60

_ (q4, qlél ng, q40/ q52; q60)00

(4% 0% = (7% 9" (7% 9™

_ (q6/ qlz; 5]12)00

e}

18. 24 24, 24

(4% 0%) 0 = (0% 7)o (3"% 4700 ("% 7)o (7% 4% oo

_ (q6, q12, q18, q24; q24)00

18. 60 30. ,60

— (ﬂ]6, q18, q30, q421 q54; q60>oo

(@490 = (6% 6%°) (7" 7%)00 (4% 8%°) 00 (4% %) (7% 4

(@%3%)00 = (7% %°)e0 (7"%; 8%°) 0 (7% 4%°) o0 (7% 4°°) o (7% 4%°

(1.16)

(1.17)

(1.18)

(1.19)

(1.20)

(1.21)

(1.22)

(1.23)

(1.24)

(1.25)

(1.26)

(1.27)

(1.28)

(1.29)
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(@%8%)00 = (4% 7)o ("% )00 (47 77H) o0
=%9" 9" 7)o (1.30)
(7% 9%)00 = (0% 0™) o (0% 1) oo (074 0% ) o0 (47 0% 00 (4*%; 4% 00 (47 4% ) 0
_ (qu ql6’ q24, q32, q40’ q48/, q48)oo (131)
(1% 000 = (8% 0) o0 (47 1) 00 (47 800 (4™ 8% 00 (7% 4% o
— (qS, qZO’ q32/ q44’ q56; qéo)oo (132)

(%90 = (0% 4"%)00 (7% 6) 00 (7% 4*) 0

= (@0, 4%0%)w (1.33)
0% 400 = (4% %) (47 4% (6% 40

=40 4%) (1.34)

(7%0)e0 = (0% 0o (774 7)o
= (0%, 079 (1.35)

(@%4)00 = (07800 (4730 (4% 1) 0 (67 4%) 0 (4% 4%) 0

(7400 = (4% 4™)0 (47 4% (6% 4% 0
= (7"4%,0"%4%)s (1.37)

0% 7 = (0% 4% (6% 4%)00 (4% 1) 0
= (g%, 4%, 450, 4), (1.38)

The outline of this paper is as follows. In sections 2, we have recorded some well known results on continued
fraction identities and recent results on character formulas for mock theta functions of Ramanujan given by
Folsom [2], those are useful to the rest of the paper. In section 3, we obtain fourteen new results.

2 Preliminaries and Statement of Results

The famous Rogers-Ramanujan continued fraction identity [3, (1.6)], is

(7:3°)00 (7% 0°) o 1
- 2.1
(4% 3%)e0(3%0%) 0 14 q (2.1)
1+

q2



28 M.P. Chaudhary / Generalization for...

In 1983 Denis [5], has introduced following continued fraction identity

2.2
2.0y o (059 )e _ 1
(@54 ) oo (=05 1) 0 = T (ql ) (2.2)
14 T
1 q
7*(1-4%)
1+ -
1- 3q 3
1+

another well known continued fraction identity due to Ramanujan [4, (4.21)], is

3. .4
(—q i Joo _ 1 (2.3)
(7 1+ T
1+ T
1+ q7 4
14— +:9
1+1+q11+q6
1+4:

One of the most celebrated continued fractional identities associated with Ramanujan’s academic career, given
by Rogers-Ramanujan, is

2.5 3.5
= ((1711;,:5));((!1‘74;,:5)): o K 24

1+ 3
1+

1+ ———

5

14+ -1

1+:
Folsom in Table 1 [2; p. 450], recorded character formulas for order 3 mock 0 - functions. We are giving below

only those functions, which having terms of g-product identities, as

1,1 1
f(=4) = = 49.00 (q2trip 13070 +47 2 brpip g 13)970)+

R 2. 2\7
+ 4B (0) + w(%o(% (25)

-~ 1 _1
P(g) = — 2‘7-9121(‘7”&(/\(1); 139 +¢ 2L 5 13)97)+

R 2. 2\7
+24Bia(0) + w(%o(% (26)

~

4,1 1
x(—q) = — 9.0, (qz-tVL(/\<1); 13)17L° T4 2L\ 13)17L°)+
(7% 943(4% %)%,

+ qB121(T) + (7502 (7% %) o912 4122, (2.7)
v(q) = — q.@ﬁl(tq(/\(,z); 13)‘7L0 FLA ), 13)qL0)+
_ (4% 9")3%
+ gB12,2(T) + (P2 2
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1 3 (1%4%)%
FaPet Ot S i R 29
-~ 3 _3
o(—q) = ‘72'®361(‘72'trL(/\<3); 3700 +q 2TL(A 15y 37)q)—
N 2..2\3 12. ,12\3

(@ 7)o (9% 71)3%(9% 9°)%
Folsom in Table 4 [2; p. 452], recorded character formulas for order 2 mock 6 - functions. We are giving
below only those functions, which having terms of g-product identities, as

A(g%) = .95 trip ;908" = 477s2(T) — (=7 7)o (0% 412 (4% 4 )eo (2.11)
u(gh) = - 2‘7@21%(/\(0); 5)q" + 2q74,0(T) +
2. .2 4. 4\3 8. 8
(7:9)%(q"%9'°)%

Folsom in Table 5 [2; p. 452], recorded character formulas for order 6 mock 0 - functions. We are giving below
both the functions, which having terms of g-product identities, as

Plq*) = - 24-@{21f7L(A<4); 139" + 2q71,4(T)+

(4%9°)%(7% )59 9")% (2.13)
(9 9)% (7% 9°)%(4%; 4%) 0 (474 4% ) 0

P(q*) = — q3~@1_21tVL(/\(0),- 1395 + P20 (T)+
2. 2\2 4. 4 24, 24\2
3(0597)5(0%9%) = (7% 075
2.14
(7:9)0(4%8%) 0 (4% 4%)% (214)

Folsom in Table 7 [2; p. 453], recorded character formulas for order 10 mock 8 - functions. We are giving below
all the four functions, which having terms of g-product identities, as

+q

10. ,10\2 - 2.5

5 B-1 L ~ (1% 97°)5%i(=9% )
$(q) = 2991 tri(p ;110 = 24710 (T) + (05 oo (2:410) (2.15)

10. 10N2 5¢_ . 5

&1 L ~ (779 ) %i(—59°)
P(q) =29.9y, t”L(/\(3); 197" = 2q7103(T) — 49 (45; 7)o (4% 410) (2.16)

X(—%) = _ZQ~@ioltrL(A<1s>; "+ zq’@Ajol’er(/\(zﬁ41)’1L0‘F

+2q1110,18(T) — 2q740,2(T) +

L @5 aYE G )i, 9%) +24(47%470)%) (2.17)
(4% 4%)00 (42 47) e (47 4%) 0] (%, 4°)
Here, we have written above equations with minor corrections, which was occurred in original published
paper may be due to printing error.

x(—q%) = *ZqB-@Zoler(/\(m;41)4L° - ZQS-@ZoltrL(/\(é); g+

+20° 710,14 (T) + 29" Fa0,6 (T) +

2 (4% 44)%(20(4*% )2 — (=4, 4 (a*,4*) (218)

+ -
(0% 02) o0 (% )0 (4%0; 490) (416, 40)
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3 Main Results

In this section, we obtain representations for character formulas in terms of continued fraction identities
or in more precise language, we can say an applications of continued fraction identities to character formulas
given by Folsom [2]. We obtain fourteen new results parallel to character formulas (2.5) to (2.18), which are
recorded in [2, pp. 450, and 452-453], using g-product identities given in (2.12) to (1.38).

~_ 1 1 ~
f(—=q)=- 4‘1-@121(112-%(/\(]); 139 +¢ 2Ny 13)97) + 49B12 (T)+

2 6 8

2.2 18. ;20 2 6
+(q ;9 ) (97,9%,9

4",0%,3", 4" 0% (0%, 4% 4%, 4%, 4% 9005
(% 9% 4% (91 47)%

r 1 12 - 1 -3
1- q° 1- q
3 8 —
- 4*(1—¢%) 14 71 =4)
24 q
1- 16q 16 1= 2(1-4?)
x L A=) x R (Y x
q40 1 q5
o 3 3
i i) 1L TA=g)
L 1_|_' ] L 1+. .
1
» . (3.1)
1+ 1
q
1+ 7
1+ -
T+ 1 20

1+
1+
1+:

~_ 1 1 ~
$(g) = = 29.05 (a2 tri(p ;1300 + 4 2 LA 1397) + 20B121(T)+
M ®)

2 6 48

,q%,q 18. ;20

, ql()’ q12, ql4, 7'%: 9 )oo(qZ, 5]6/ qu q10, 5]14; q16>§o y

L (@507
(%% 4%)e (91 97)%

r 1 12 ~ 1 -3
" L " <ql )
8 8 _
7°(1—q°) q(1—¢
1+ 50 1+ 173
1- - 2 2
x » 7% (1 — q'%) X 14 70-47 X
5]40 1 q5
- 24 24 B 3(1— g3
S 14 7¢ .q)
i 1+ 1t T4
x L (32)
1+ 1
1+ d 12
1+ 9
16
1+ —1
1+ —1
149
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1 1
x(—=q)=— ‘1-@121(112-’%(/\(1); 13)‘7L° T 2N 13)‘1L°)+

+ B2 (T) +

4. 6.

%)

(g% 9%) oo (4%
6 ql

q" )
(qu; q12)%o qZ, q°, 4, q18/ qZO

X
0%

- 1
Y
1—
101 _ 10
14 9 (1 q )
1 1- 20!7 20
p X 14 = (1—q7)
1- 3(1 3) 1 q50
7°(1-q -
1+ 30(1 _ ;30
o p 1419 (1—q")
6 3 :
°(1-q°) : 1+:
1+ 5
1- 9q 9
1. 70-9)
1+:
~ -2 r 7
L 14 q48
1+ q 1 q
3 + 2
q q
1+ 3 1+
q 7'
X 1+ q16 X I+ qzo
1+ q20 1+ 51
1+ 1+ —1
141 14+ -1
L 1+: | i 1+: |
v(g) = — q-@le(fru/\(fz); 1397 + LAy 13)77) + 9122 (T)+
_ 1 -2
N g0
10 1— 10
14 q°( q’ﬂ) )
(4% %) e 1-
2 6 14 18 ,20. 2002 7 (1—¢%) X
(a%,9° 9%, 9%, 4% 4%)% 1+ =
B 30 30
1470 —g7)
L 1+: i
- “2 T 4 .
L. 1+ 1
1+ 1 q
3 1+ P
q q
1+ = 1+
q 716
X 1+ q16 X 1+ qzo
1+ q20 1+ o7
1+ o1 1+ 9 >3
1+ 1+
L 1+: J L 1+: |
1~ L R Pt 3 1
p(q) = — 5-96 (fVL(/\(,l)ﬂ)q 0 +t7’L(/\(1); 7q7°) + 5186,71(7) + me
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A1, 3 3 .
0(=q) = O3 (42-brip 5 ;3770 +07 2brip ig;37)7) — 1°Ba6a(T)+

Lg% g% (%0 1
(0 %)oo 1 q°
6 6
°(1—q°)
1+ :
1- 12q( 12)
g-(1—¢q
1+ 20
14100 —g")
1+

y 1
1— q
4 4
q(1—q%)
1+ 3
1_
8 8
(1 —q°
1+ 50
1 12q 12
i Gl )
1+:
8. 8
4 _ o -1 L ~ (4% 9°)oo
W) = =209, trip ;590 + 2474,0(T) + (D)oo (42 P)es
X 1 7 x 12
1—
q(1—9q)
1+ 3
11— q
1+ qZ(liqz)
1— 7
37 _ 3
14707
1+:
R 246.800 12}24003}6%0
4’(174):—ZQ-@letrL(/\(4);13)qL°+2f17712,4(T)+(q .94 )(;7,1)03 )o@ ) X
1 1
><1 q X 116
_ — 1
1+ 11-9) ) 9°(1-4°)
+
1_ q e
2 1— 2 1-—
1+ q-( ’g ) -, qlz(l_qlz)
1— q P
3 3 _
7(1—q°) B _ 18
1+ 141 (1-9°)
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4 12 20 .24, .24
¢(q4) - - q3'®l_21trL(/\(0)} 13)"7L0 + qgﬁlZ,O(T) + (q /lg 8/ q16t q24,)q )00
q°,9">,9% )
3
q 1
X (q3;£]3)oo X - (ql ) (3.10)
q(1—gq
1+ i
1 q
7*(1—¢%
1+ .
- 3q 3
14,7097
14
~ . . 2/. 5
9(7) = 29.055 tri(p ) 11)4™ — 247101 (7) + S el
j(g?%:9'9)
« L (3.11)
1 q
5 5
7(1—q)
1+ o
1- 10q 10
1 _
141X q )
q
)
14
~ N —q; 5
P(q) =20.019 tri(p ;10" — 2q7103(T) — 4 . ?o) %
j(g%:q'9)
X 1 - (3.12)
1 q
5 5
71 —q)
1+ =
1- 10q 10
1 _
141X 1 )
q
14100 =4")
14
X(—q*) = _zq‘@IoltrL(/\<1s>; 41)‘?L0 +2‘7~@ZoltrL</\<z>;4l)‘7L° +2q140,18(T) —
. (G(=a**)j(q"%, 9" +29(4*; 4*)%)
-2 T) + - X
Tlao2(T) (109900 (7%; 490) 0 (g5, 790)
X 1 . (3.13)
1- 2q 2
q-(1—q°)
1+ i
1- 4q 4
14 0= T )
1- 6q 6
14709
14

X(=0) = 20O trip 417" — 2070 trigp o, and™ + 20 Ta01a(T)+

2 (2q(4%;4*)3, — (=% 4*°)?i (4%, 4*))
(7% 4%°) 0 (7%0; 449 0 (16, 440)

+20°7a0,6(T) + 4
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™ (3.14)

6 1— 6

14709
14:

Proof of (3.1): To prove this result, we start with (2.5), as given below

N 1 1 ~
f(—=q9)=- 4‘1-@121(172-”L(/\(1); 139 +4 2N s); 13)9) 49B12,1(T)+
L @)
(D)2 (4% 9*)%
now, we make suitable rearrangement only in the part related to g-product identities, and keep rest part is
unchanged in the above expression, as

~_ 1 1 ~

f(—=q9)=- 4‘1@121(!12-%(/\(1); 139 +4 2N s); 13)97) 49B121(T)+

(@05 (@55 (@59

@a% @95 (@54

further, using g-product identities given in (1.19),(1.20),(1.23) and (1.24), and further applying continued frac-
tional identities given in (2.1) and (2.2), after little algebra we get (3.1).

< (0% )0

Proof of (3.2): Proof of (3.2) is similar as (3.1), as g-products identities are same in both expression.

Proofs of (3.3) to (3.14): Proofs for (3.3) to (3.14), can be obtain on similar lines as (3.1) and (3.2) by using suitable
g-product identities listed in section 2 of this paper. We are leaving it for the readers.
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Abstract

In this paper, we investigate a nonparametric robust estimation for spatial regression. More precisely,
given a strictly stationary random field Z; = (X;,Y;), i € NV, we consider a family of robust nonparametric
estimators for a regression function based on the kernel method. We establish a p-mean consistency results of
the kernel estimator under some conditions.

Keywords: Quadratic error, p-mean consistency, Nonparametric regression, Spatial process, Robust estimation.

2010 MSC: 26A33, 34A08, 35R12, 47H10. @2012 MJM. All rights reserved.

1 Introduction

In the last years spatial statistics has been widely applied in diverse areas such as climatology, epidemiol-
ogy, agronomy, meteorology, econometrics, image processing, etc. There is a vast literature on spatial models,
see, for example, the books by Cressie (1991), Guyon (1995), Anselin and Florax (1995), Banerjee, Carlin and
Gelfand (2004), Gelfand et al. (2010) and Cressie and Wikle (2011) for broad discussion and applications.
However, the nonparametric treatment of such data has so for being limited. The first results were obtained
by Tran (1990). For relevant works on the nonparametric modelization of spatial data, see Biau and Cadre
(2004), Carbon et al. (2007), Li et al. (2009). In this paper, we consider the problem of the estimation of the
regression function as the analysis tool of such kind of data. Noting that, this model is very interesting in
practice. It is used as an alternative approach to classical methods, in particular when the data are affected by
the presence of outliers. There is an extensive literature on robust estimation (see, for instance Huber (1964),
Robinson (1984), Collomb and Hérdle (1986), Fan et al. (1994) for previous results and Boente et al. (2009)
for recent advances and references). The first results concerning the nonparametric robust estimation in func-
tional statistic were obtained by Azzedine et al. (2008). They studied the almost complete convergence of
robust estimators based on a kernel method, considering independent observations. Crambes et al. (2008)
stated the convergence in L, norm in both cases (i.i.d and strong mixing). While the asymptotic normality
of these estimators is proved by Attouch et al. (2010). The main goal of this paper is to study the robust
nonparametric, we study L, mean consistency results of a nonparametric estimation of the spatial regression
by using the robust approach.

The paper is organized as follows. We present our model and estimator in Section 2. Section 3 is devoted
to assumptions. The p-mean consistency of the robust nonparametric estimators is stated in Section 4. Proofs
are provided in the appendix.

2 The model

Consider Z; = (X;,Y;), i € NN be a R? x R-valued measurable and strictly stationary spatial process,
defined on a probability space (€}, A,). We assume that the process under study (Z;) is observed over a

*Corresponding author.
E-mail addresses: rouane09@yahoo.fr (R.Rouane ), gheribaek@yahoo.fr (A. Gheriballah).
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rectangular domain I, = {i = (i1, .., iN) € NN, 1<ip <mn, k= 1,..,N},n = (ny,..,nN) € NN, A point i
1

will be referred to as a site. We will write n — oo if min{n;} — oo and \n—]| < C for a constant C such that
k

0 <C<ooforall j ksuchthatl < j,k < N. Forn = (ny,..,nN) € NN, we set A = 17 X ... x ny. The

nonparametric model studied in this paper, denoted by 6y, is implicitly defined, for all vectors x € R¥, as a
zero with respect to (w.r.t.) t € IR of the equation

¥ (x,t) = [ (Yi, )] X; = 2] = 0

where 1y is a real-valued integrable function satisfying some regularity conditions to be stated below. In what
follows, we suppose that, for all x € RY, 0, exists and is unique (see, for instance, Boente and Fraiman (1989)).
For all (x,t) € R%*1, we propose a nonparametric estimator of ¥(x, t) given by

 Yaer Kl (x— X)) ge(Yi 1)
ol = e KO- X))

0
with the convention 0= 0, where K is a kernel and h = h;, is a sequence of positive real numbers. A

natural estimator 0y of 0, is a zero w.r.t. f of the equation
¥(x,t)=0.
In this work, we will assume that the random filed (Z;,i € INV) satisfies the following mixing condition:

There exists a function ¢ (¢) | 0 quand f — co, such that
VE, E subsets of NNwith finite cardinals

a(B(E),B(E’)): sup  |(BNC)— (B) (C)| 2.1)

BeB(E),CeB(E")
<s (Card (E),Card (E/>) Q (dist (E, E/)> ,

where B (E)(resp. B (El)) denotes the Borel o-field generated by (Z;, i € E) (resp. (Zi, ie E/)), Card(E)
(resp. Card (El>) the cardinality of E (resp. E/), dist(E, El) the Euclidean distance between E and E and

s : IN? — RT is a symmetric positive function nondecreasing in each variable such that either
s(n,m) < Cmin(n,m), Vn,meN (2.2)

or

s(nm)<Cm+m+1F, vnmeN (2.3)

for some B > 1 and some C > 0.We assume also that the process satisfies a polynomial mixing condition:

pty<Ct® 6>0 teR (2.4)

3 Assumptions
From now on, let x stand for a fixed point in R? and we assume that the Z;’s have the same distribution

with (X,Y). Moreover, we set f(-) to be the density of X and h(-|x) the conditional density of Y given X = x.
Consider the following hypotheses.

(H1) The functions f and h such that:

(i) The density f(.) has continuous derivative in the neighborhood of x with f(x) > 0

(ii) For all t € R, the function h(¢/.) has continuous derivative in the neighborhood of x.
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(iii) The following functions, defined for (u,t) € R%*1 by

glut) = (P(Y,1)/X = u)f(u)
AMu,t) = (P2(Y,8)/X =u)f(u) and (3.5)
T(ut) = (%Y, 1)/X = u)f(u)

have, also, continuous derivative w.r.t. the first component.

(H2) The function ¢y is continuous, differentiable, strictly monotone bounded w.r.t. the second component

9Py (v, t)
ot

and its derivative is bounded and continuous at 8, uniformly in y.

(H3) The joint probability density f;; of X and X; exists and satisfies

[fi(1,0) — () f(0)] < C

for some constant C and for all u, v,i and j.

(H4) The mixing coefficient defined in satisfies, for some g > 2 and some integer r > 1

lim T? Z N1 q)(t))qr*z/qr =0,

T—o0

for somea > (rq —2)Nr/ (2 +rq — 4r) with g > (4r —2)/r.

(H5) The probability kernel function K is a symmetric and bounded density function on R? with compact
support, Ck, and finite variance such that
|K(x) —K(y)| < M||x —y|| for x,y € Cxand 0 < M < oo.

(H6) The individual h, satisfy

(2(r=1)a+N(gr=2))/(a+N)q < (.

Iim h =0 andliminffh

n—oo n—oo

4 Main results

Let p € [1,+oo. In this section we state a pointwise p-mean consistency result for the estimator ;. We start
with the case where p = 2, we give precise asymptotic evaluations of the quadratic error of this estimator.

4.1 Mean square error

Theorem 4.1. If the assumptions (H1)-(H6) are satisfied and if I'(x,6x) # O then

(B — 0,)2 = B2(x, 00t + A0 L (1)

Ahd Ahd

where A(x,0y) = ?E;Zﬁ; /Kz(t)dt and B(x,0y) = m/tsz(ﬂdt

Before giving the proof, let us introduce some notation. For y € IR, let

§0un) = = ¥ KO = X)) and fx) = = & Kb x— X))

i€Zy i€y

So that if f(x) # 0 we have
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Proof.
A Taylor expansion of the function ¢(x,.) in a neighborhood of 8, gives:

. A dg
§,82) = 8(x,02) + (B — 0) 55 (x,040)

where 6},, is between 6, and 6, such that

§(x,6x) = g(x,02) = 0.

Thus, we have under the case where f(x) # 0

éx - gx = a_gg(x, GX) .

g (x/ G;n)
We have by lemma 6 of Gheriballah et al (2010),

90
a—f(x, 03n) — T'(x,0)—0 almost completely (a.co.)

It follows that

(0x —6:)* = F(;M[(?(x, 6x))%] +o([(§(x,6:))*]) + (f(x) = 0)

Now, Theorem [4.1]is a consequence of the following intermediate results, whose proofs are given in the
Appendix.

Lemma 4.1. Under Hypotheses (H1) and (H2)-(H4), we have,

I 1 Ax,0 1
Var (g(x,ex)> = (I;Chdx)+o<ﬁhd).

Lemma 4.2. Under Hypotheses (H1) and (H2)-(H4), we have,

_<§(x, GX))_ = B(x,0x)h* + o(h?).

Lemma 4.3. Under the conditions of Theorem [£.1}, we have

(7w =0 =0 (5) -

4.2 Convergence in L, norm
Theorem 4.2. Under conditions (H1)-(H6) and if T (x,0x) # 0 we get
. 1 \1/2
_ 2
10x — 6x[lp = O (h ) +0 (ﬁhd>
where ||.||p is the norm L,

Proof. We prove the case where p = 2r (for all ¥ € IN*) and we use the Holder inequality for lower values
of p. Moreover, we use the same analytical arguments as those used in previous theorem, we have

185 — 6xll2 < ClIg(x, 0x)ll27 + lo( [§(x, 6:)])l2r- (4.6)

or 1/2r
. 1
18Cx 0) l2r = 5 ( [(ign §i> ]) .

where §; = Kigpx (Y3, 0x) = Ki[ypx (Y1, 6x) — [ (Y3, 02) / X; = x]] with Ky = K(h ™! (x — X;)).
Therefore, the first term of is a consequence of the application of Theorem 2.2 of (Gao et al. 2008, P. 689)
on §; while the second one is given in Lemma

Furthermore, we write
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5 Appendix

Proof of Lemma Let Aj(x) = K(h ™1 (x — X;))¥x(Y;, 6x), then

Var (g(x, Gx)) = Var<f‘1hdiezzn (Ki¢x(yir9x)>>
= ﬁzlhzglVar< Y Ai>

i€,

1

1
= —Var(A)+ 5 ) |COV(Ai,Aj)‘
fil2d fi2h2d iAo

Concerning the variance term, we have

Var(Ai) = [A)* = 2[A]

By the stationarity of the observations (Xj, Y;) we get, firstly,
[A)] = KO (= X1)) (Y1, 0x)]
= (K (= X0)) (9 (Y2, 02) [ X = Xa)]
[ KO = 2) (9, 00X = X) (2)e

Next, by a classical change of variables, u = h~1(x — z) we write

[A;] = h? /}Rd K(u)g(x — hu, 0,)du

and by the Taylor expansion, under (H1), we obtain

(8] = Wig(x,6) [ K(wdu+o(h') = o(h®) since  g(x,6:) =0
R4
Secondly, by a similar arguments, we have
(A7 = (KA (x — X1)) (Y1, 0x)]
= [0 (x = X0) (7 (Y1, )X = X4)]
= R = 2) (9,60 Xa = 2)f )

- hdA(x,Qx)/ K2(u)du + o(h?).
R4

Hence,
Var(A;) = A(x, 0k + o(h?). (5.7)

Now, to evaluate the second part, denoted by R, = Z |Cov(Ai(x),Aj(x))
i#j€In

, we divide the rectangular
region Z, into two sets.

Si={i,jeln:0<|li-jl|<cn}, S2o={i,j€Zn:[li—jll >cn},
where ¢y, is a real sequence that converges to infinity and will be made precise later:

Rn = ) [Cov(Ai(x),4j(x))[+ Y [Cov(Ai(x)Aj(x))]

(ij)eS (ij)€S2
RL+R3.



40 A. Gheriballah et al. / Note on nonparametric...

On the one hand, on S; we have, under (H2):

|Cov (Ai(x), Aj(x))| < C|[KiKj] — [K;] [K]|

< /]Rd/]Rd va)|fl](u v) — f(u,v)|dudv
< C (/ K(h ! (x - v))du)z
R4
< Cch¥,
RY = Y |[KiKj] — K] [K;]|
(ij)€eSr
< CncNth

On the other hand, on Sy we apply Lemma 2.1(ii) of Tran(1990) and we deduce that
|Cov (A, )| < Co (Jli—jll)- (5.8)
By we have for some v > N

Ri= ) [Cov(a,d))] < C Y o(li-jly<ca Y o(lil)

(ij)€S2 (1,j)€Sa i:[|i[=en

Cacy” ) lill” ¢ (lil)-

i:||i||>cn

IN

Taking ¢, = h=/? we see
RZ < car® Y il ¢ (]il)
i:[lil|>cn

can® Y Il ¢ (i) -

A HE

IN

Employing (H4) and the fact that a~! > 2 choose v positive numbers such that

>l ¢ (lill) <0 and ©>N.
1

Which allows us to write
RZ =o(ah?) and R. = o(ah?)

1
Rn:O(ﬁ]ﬂ)'

Combining the last result together with equation (5.7) we derive

A(x,0 1
Var<§(x,9x)> = (ffth) +o0 (ﬁhd)

Proof of Lemma 4.2} Keeping the notation of previous lemma, we write

Finally

$(x,0,)| = Al d.z Ky (Y;, 0y)
{ } {nh

K(h™ (x — 2)) (¥ (Ya, ) / X1 = 2)f(2)d=.
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Next, by the classical change of variables, u = h~!(x — z) we have

1

aaldi) = [ Klu)gte =, 0r)du

Using a Taylor expansion of order two , under (H1), we obtain
{gA(x, ex)} = B(x,0,)h + o(h?) = o(h?).
Proof of Lemma[4.3] We have

(f(x)=0)

I

The Markov’s inequality allows to get, for any p > 0,
(fx)=0) <
This yields the proof.
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An application of Lauricella hypergeometric functions to the generalized

heat equations
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Abstract

In the recent paper, we give a formal solution of a certain one dimensional time fractional homogeneous
conduction heat equation. This equation and its solution impose a rise to new forms of generalized fractional
calculus. The new solution involves the Lauricella hypergeometric function of the third type. This type of
functions is utilized to explain the probability of thermal transmission in random media. We introduce the
analytic form of the thermal distribution related to such Lauricella function.

Keywords: Fractional calculus, fractional differential equations, analytic function
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1 Introduction

The fractional heat conduction equation is studied by Povstenko in 2004 [1]. He proposed a quasi-static
uncoupled theory of thermoelasticity based on the heat conduction equation with a time-fractional derivative.
Later he focused on the heat conduction with time and space fractional derivatives and on the theory of
thermal stresses based on this equation [2, [3]. Recently, Povstenko [4] obtained a solution of these equations
by applying Laplace and Weber integral transforms. Furthermore, he formulated fundamental solutions to
the central symmetric space-time fractional heat conduction equation and associated thermal stresses [5].

Newly, Li et. al., described heat conduction in fractal media, such as polar bear hair, wool fibers and goose
down. By employing the modified Riemann-Liouville derivative, a fractional complex transform is used to
convert time-fractional heat conduction equations into ordinary differential equations, therefore, precise so-
lutions can be easily obtained [6]. At the same time, the authors generalized the fractional complex transform
to obtain accurate solutions for time-fractional differential equations with the modified Riemann-Liouville
derivative [7]. Yang and Baleanu posed a local fractional variational iteration method for processing the local
fractional heat conduction equation accruing in fractal heat transfer [§]. Sherief and Latief created the problem
for a half-space formed of a material with variable thermal conductivity [9].

In this work, we utilize a Lauricella type function to describe the time evolution of the fractional heat equation.
We find the analytic form of these equations related to such Lauricella function. The fractional calculus is taken
in sense of the Caputo derivative. The advantage of Caputo fractional derivative is that the derivative of a
constant is zero, whereas for the Riemann- Liouville is not. Moreover, Caputo’s derivative requests higher
conditions of regularity for differentiability which allows us to geometrize various physical problems with
fractional order.

*Corresponding author.
E-mail addresses: rabhaibrahim@yahoo.com,
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Finally, the advantage of Caputo fractional derivative is that the fractional differential equations with Ca-
puto fractional derivative use the initial conditions (including the mixed boundary conditions) on the same
character as for the integer-order differential equations [10].

2 Calculus of arbitrary order

This section concerns with some preliminaries and notations regarding the Caputo operator. The Caputo
fractional derivative strongly poses the physical interpretation of the initial conditions required for the initial
value problems involving fractional differential equations.

Definition 2.1 The fractional order integral of the function & of order & > 0 is defined by

t (t _ .L.)a—l
Ih(t) = — .
() /S T
When o = 0, we write I3h(t) = h(t) x a(t), where (x) denoted the convolution product, s (t) = %, t>0
and ¢ (t) =0, t <0and ¢y — 6(t) as « — 0 where 6(¢) is the delta function.
Definition 2.2 The Riemann-Liouville fractional order derivative of the function & of order 0 < a < 1is

defined by

o _ d ' (t — T)ia d —u

Remark 2.1 From Definition 2.1 and Definition 2.2, ¢ = 0, we have

D%tV = Mt”*“, v>-1,0<a<1
'v—a+1)
and
T 1
"t = &t”‘", v> -1, a > 0.
Fv+a+1)

Definition 2.3 The Caputo fractional derivative of order « > 0 is defined, for a analytic function k(t) by

cu R 1 ! h(n)(g)
DO = g fy g

where n = [a] + 1, (the notation [«] stands for the largest integer not greater than « ). In the sequel, we shall
use the notation

O*h(t)

cHx R
D*ht) =

3 Generalized heat equation

Consider the two dimensional time fractional homogeneous heat conduction equation of the form

o*T
ot

= §(Tex + Tyy) (3.1)

(6>0,t>0,0<xy<1l,0<a<1),

where:

o T =T(x,y,t)is temperature as a function of space and time
14
ot

o 0 is the thermal diffusivity

is the rate of change of temperature at a point over time
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By using the fractional complex transform [7],

__ ¢
ST T

it was shown that the exact solution of (3.1) can be expressed as

ppx L gry g2 )
(P2 +x2)  S(P2+x2)  ST(1+a)(p2+x2)’"

For special case we may have a solution of the form

T(x,y,t) = c1+ coexp (5

e P¥x gy 7t
Ty ) =exp (= 5z oy ~ 5p2a )~ TAT @2 5D (3:2)

In [11]], the authors generalized the fractional probability of extinction, by applying the Caputo fractional
derivative of one parameter as follows:

(vz”)k = (n+k)! (—vzh)"

Pulkz) = L T(a(n k) + 1)

(3.3)

and the probability of transmission

where

is the Mittag-Leffler function and its popularity increased significantly due to its important role in applications
and fractional of arbitrary orders related differential and integral equations of fractional order, solutions of
problems of control theory, fractional viscoelastic models, diffusion theory, continuum mechanics and fractals
[10].

Newly, numerical routines for Mittag-Leffler functions have been developed, e.g., by Freed et al. [12], Gorenflo
et al. [13] (with MATHEMATICA), Podlubny [14] (with MATLAB), Seybold and Hilfer [15].

Here, we generalize probability of extinction, using the fractional Poisson process of three variables as follows:

Pypok z,w,u) = (szl)k (PZ!J)k ((le)k
0 0 00 ! At
: Z:()X%)Zo(njl—! : (]—; )
iy 34
« m+k)! —vzh)" (_Pw'B)] (3.4)
m! T(u(n+k)+1)T(B(+k)+1)
—0'1,[’Y>m

B 0 oo o0 (_Uzpl)n (_pwﬁ)] (—o’u’Y)m
wpo(Ozwu) =) ), ) T(un+1)T(Bj+1) T(ym+1)

= E%ﬁﬁ(—vzy, —pwﬁ, —ou7),

where Eylﬁ,,y(—vz”, — pwﬁ, —ou7) is a multi-index Mittag-Leffler function, which can be found in [10].
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Our approach depends on the Lauricella hypergeometric function of third type of three variables, which can
be defined by

r® (a,b1,b,b3,c1,02,¢3; %1, X2, X3) = i i i i +iptis bl)ll(bz)lz(b3)13 xllxlle3
e P S S P AR AT

for |x1| + |x2] + |x3] < 1and

£ 5 @)y (@ 0) 0 0Bl

3
Fé )(a],a2,ﬂ3,b1,b2,b3,C,’x1,x2,x3) = 14243

AT
(=0 i=0i=0 (C)iyip+iy 11! i2! 3!

for |x1] < 1,|x2| <1, |x3] < 1and

3) O & @Dirigris Oy rigris iy i
Fo'(a b1, 00,031, %0,x3) = Y Y ) e o E

1 3

11:O 12:0 13:0 (Cl)ll (C2)12 (C3)l3 ll' 12' 13

for [x1|4 + [x2|3 +|x3]4 < 1and

F<D3) (a,b1,by,b3,¢;x1,%2,X3) =

i i & (@)iytiytis (01)i; (02)i, (b3) 5 23
i1=0 ip=0 i3=0 (C)i1+i2+i3 i liplis! 1727

The notation (x),, refers to the Pochhammer symbol
X)p=x(x+1)(x+2)---(x+n-1)

or in gamma function
_ _ (=)' -x)
() = ¢ (@ = I(1—x—-n) "’

For special case, we obtain

FISS)(D‘ 6 66¢ lpx _Ky/ ¢ta = i i i(“)i1+iz+i3 (_IPX)ZI(-_?y)é(_q)ta)ls/

1751751
1=0iy=0i3—0 11:12:13:

where ¢, ¥ and ¢ are the coefficients in Eq.(3.2).

Now we proceed to define a Lauricella hypergeometric functions in the positive semi-space in order to intro-
duce the probability of heat distribution. For non negative variables X, Y, T, we may describe the following
distribution:
Q(x,y,t) := (X<xY<y,T<t)—1—F()(0¢cccc —px, —Ry, —pt1/%), (3.5)
(t,x,y >0, a € (0,1]).

Also we define

O(x,y,t) :=P(X>x,Y >y, T>t) =1-Q(x,y,t) »
= F;D)(D‘/C/C/C/C} _l/lJ\x, —k\y, _(/ﬁtl/a)_ .

Physically, the above equations correspond to the probability of heat transmission. We impose the following
result

Theorem 3.1 Assume () and © as in (3.5) and (3.6) respectively. Then Eq.(3.1) has a solution in terms of
Lauricella hypergeometric functions.
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Proof. The probability density function corresponding to (3.1) can be written by
33
w(x,y,t) = axayatﬂ(x’y’t)

with
/ w(x,y, t)dxdydt =1, D e RS,
D

The probability of the transmission, during time ¢ in 2-dimensional space (x, y), of object can be related to
(«,y', ') to be between (x,y,t) and (x + dx,y + dy, t + dt). It is read by

30(x,y,1)

3 _
RS e e T

|(9xdyot).

Thus we pose that

83®(x, y, 1) 9
dxayor \0xOot) = (

S L L) Y2 Y (@itiyis (37)

— —gRpte a4+ 1)2 FS (a0 0,0, —px, —Ry, —pt/") dxdyot

Now for a function f(x,y,z) has a series expansion of the form

00 o o AN (L i avkok
floy2) = L1 - Ml T I ETE
i=0j=0k=0 1! j! k!
with
A1(0) #0,  A2(0) #0, A3(0) #0,
then

O - lym=lya=1 g0 o A dxdydz =
/O /O /0 y f(x,y,z)dxdy (3.8)
I(aq)T ()T (a3) Ay (=1 ) Az (—a2) Az (—a3).
The last assertion is called the generalized Ramanujan Master Theorem. By applying (3.8) in (3.7), where

M= (a)i, Ax=(a)i, Az=(a),
and that

MO0) =1, M0)=1 A3(0)=1,

we have a solution of (3.1) which is in terms of Lauricella hypergeometric functions. O

4 Conclusion

Distributions of barriers do not elaborate in some physical states, e.g. in media with locative interconnec-
tions between particles. In this work, we utilized the 3- D fractional derivative Poisson process which can be
viewed as a utility tool to put into account long domain interconnections between particles in the medium.
In addition, we applied the generalized Lauricella hypergeometric functions to give various methods of the
probability of the heat transmission, depending on the renewal process. Our main result showed a solution
of 2- D fractional heat equation in terms of the Lauricella hypergeometric functions based on the generalized
Ramanujan Master Theorem.
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Functional equation originating from sum of higher powers of arithmetic
progression using difference operator is stable in Banach space: direct
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Abstract

In this paper, the authors has proved the solution of a new type of functional equation

k k
f(Zj”xj>_2(ij(xj)), kp>1

=1 j=1

which is originating from sum of higher powers of an arithmetic progression. Its generalized Ulam - Hy-
ers stability in Banach space using direct and fixed point methods are investigated. An application of this
functional equation is also studied.

Keywords: Additive functional equations, stirling numbers, polynomial factorial, difference operator, general-
ized Ulam - Hyers stability, fixed point.

2010 MSC: 39B52, 39B72, 39B82. (©2012 MJM. All rights reserved.

1 Introduction

During the last seven decades, the perturbation problems of several functional equations have been ex-
tensively investigated by a number of authors [1}, 2 [12] [13] 20, 21} 26| 28] . The terminology generalized
Ulam - Hyers stability originates from these historical backgrounds. These terminologies are also applied to
the case of other functional equations. For more detailed definitions of such terminologies, one can refer to
[5.18/ 19,110} 14} [15, [16} 22} 23, 24} 27].

One of the most famous functional equations is the additive functional equation

fle+y) = f(x)+ fy) (L1)

In 1821, it was first solved by A.L. Cauchy in the class of continuous real-valued functions. It is often called
an additive Cauchy functional equation in honor of Cauchy. The theory of additive functional equations is
frequently applied to the development of theories of other functional equations. Moreover, the properties of
additive functional equations are powerful tools in almost every field of natural and social sciences. Every
solution of the additive functional equation (1.1) is called an additive function.

*Corresponding author.
E-mail addresses: annarun2002@yahoo.co.in (M. Arunkumar), shcbritto@yahoo.co.in (G. Britto Antony Xavier).
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The solution and stability of the following various additive functional equations

f2x—y)+ f(x =2y) =3f(x) =3f(y), (1.2)
flx+y—2z)+ f(2x +2y — 2) = 3f(x) +3f(y) -3/ (2), (1.3)
f(m(x +y) = 2mz) + f(2m(x +y) —mz) = 3m[f(x) + f(y) = f(2)] m =1, (14)

< 2x12axn>+f<2a2xlaxn>3a<2f )) n>3, (1.5)
f@xty+z)=f(x+ flxxz) (1.6)
flgrEyz) = flx ) f@izw%waVu% 722 17)

were discussed by D.O. Lee [11], K. Ravi, M. Arunkumar [25], M. Arunkumar [3] 4.
Also M. Arunkumar et. al., [7] investigated the generalized Ulam-Hyers stability of a functional equation
Y+2)+fy—-2
fly = LD
which is originating from arithmetic mean of consecutive terms of an arithmetic progression using direct and

fixed point methods. Infact M. Arunkumar et. al.,[6] has proved the solution and generalized Ulam - Hyers -
Rassias stability of a n dimensional additive functional equation

o [ f e Lye) + f (x = Lyg)
D e )

where 7 is a positive integer, which is originating from arithmetic mean of 7 consecutive terms of an arithmetic
progression.

In this paper, the authors established the solution and the generalized Ulam - Hyers stability of a new type
of additive functional equation

k k
f (Z% i xj) = Z% (" f(x)),  kp=>1 (1.8)
j= =

which is originating from sum of higher powers of an arithmetic progression. An application of this functional
equation is also studied.

In Section 2, some basic preliminaries about difference operator is discussed. In Section 3, the general
solution of the functional equation (1.8)) is given. In Section 4 and 5, the generalized Ulam - Hyers stability
of the additive functional equation using direct and fixed point methods are respectively proved. An
application of the additive functional equation is discussed in Section 6.

2 Basic preliminaries on difference operator

Definition 2.1. [18] If {y} is a sequence of numbers, then we define the difference operator A as
Ayk) = Yrs1 = Vi 21
Lemma 2.1. [[18] From and the shift relation, E(yy) = Yk, 1, we obtain
E=A+1. (2.2)
Definition 2.2. [18] If n is positive integer, then the positive polynomial factorial is defined as
kK = k(k—1)(k=2)..(k — (n —1)). (2.3)

Lemma 2.2. [18] If S}'’s are the Stirling numbers of second kind, then

n
=Y srkln. (2.4)
r=1
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Definition 2.3. [18] For the positive integer n, the inverse operators are defined as if
A'(z) = yx, thenzp = A" (yx). (2.5)

Lemma 2.3. [18]] If m, k are positive integers and k > m, then

k(m+1)
ATk = m+1) +c, where ¢ is constant. (2.6)
Theorem 2.1. [18] If k is positive integer, then
k
) = Z Y-r) +6¢ where ¢ is constant. (2.7)
Theorem 2.2. If k and p are positive integers then
p n [k + 1](r+1)
k+1—rP =Y sn 221 (2.8)
r; ; ' [r+1]
Proof. The proof follows by Lemmas 2.2, 2.3 and Theorem 2.1. O

3 General solution of the functional equation(L.8)

In this section, the general solution of the functional equation (1.8) is given.

Theorem 3.3. Let X and Y be real vector spaces. The mapping f : X — Y satisfies the functional equation for all
x,y € Xifand only if f : X — Y satisfies the functional equation (I.8) for all x1,x;,--- ,x € X.

Proof. The proof follows by the additive property. O
Hereafter though out this paper, let us consider X and Y to be a normed space and a Banach space, respec-

tively.

4 Stability results: Direct method

In this section, the generalized Hyers - Ulam - Rassias stability of the additive functional equation is
provided.

Theorem 4.4. Leti € {—1,1} and a : X¥ — [0, 00) be a function such that

o [ptixll ptix21 Tty @tixk]
)

Ty converges in R (4.1)
=0 2

forall xq,x7,x3--- ,x, € X. Let f : X — Y be a function satisfying the inequality

4[5 ms] S

j=1

< a[xy,Xp, X3, Xk (4.2)

forall x1,x0,x3 - -+, x, € X. Then there exists a unique additive mapping A : X — Y satisfying the functional equation

and

1 2 a[ptix, pSix, -, %]
o 2 43
[1£1x] =5 g = (4.3)
-2
where ) )
k+ 1]
r; T r+1]
forall x € X. The mapping A[x] is defined by
ti
Alx] = lim £ [@t‘x] (4.5)
t—o0 p 1

forall x € X.
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Proof. Assume i = 1. Replacing [x1,xp,- -+, x¢| by [x,x,- -, x] in (4.2), we get
IFIP+2P +- -+ kP x] = [1P +2P + -+ kP] fx]|| < alx,x, -, x]

for all x € X. The above equation can be rewritten as

Hf Hi[k—&—l—r]p} x| — i[k—i—l—r}”] flx]
r=1 1

for all x € X. Using Theorem[2.2, we have

P [k+ 1](r+1) i [p [k+ 1](r+1)
|%l{;%sf [r+1] }x_-ijsf [r+1] flx

for all x € X. Define

p k + 1 (r+1)
p
oL S
in the above equation and re modifying, we arrive
[ 4] afx,x, -, %]
H TN fa| < M)
L
for all x € X. Now replacing x by px and dividing by e in (9), we get
& [@xl PX, ey, pﬂ
o2

Hf[px] _ flp?a]
p2

IN

for all x € X. From and (£.10), we obtain
p y] px LA @x flg?x]
flx] flx] - 02

! {a[x,xw--,x]+» [px’ng"’px]}

IN
\

for all x € X. In general for any positive integer t , we get

Hf @X] wlp°x, °x, -, °x]

0 “ .. S
< Zw[px,px, , 9°X]

for all x € X. In order to prove the convergence of the sequence

(5

replace x by p'x and dividing by ¢! in , forany t,I > 0, we deduce

Hﬂwﬂ_fm”w
ol+]

(4.6)

(4.7)

(4.8)

4.9)

(4.10)

@.11)

4.12)
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fle'x]

for all x € X. Hence the sequence { p }, is a Cauchy sequence. Since Y is complete, there exists a mapping
A : X — Y such that

Alx] = lim f[th]
t—o0 @]
Letting t — oo in we see that holds for all x € X.
To show that A satisfies , replacing [x1, X2, x3- -+, x¢] by [p'x1, p'xp, - -+, p'x;] and dividing by ' in
and using the definition of A(x) , and then letting t — oo, we see that A satisfies forall xq,xp,--- ,x €
X. To prove that A is unique, let B[x] be another additive mapping satisfying and (£.3), then

vV x € X.

HAMfBMH:%MMHﬂfHﬁﬂH
= % {|Alp"x] = fle'xl|| + || flo'x] — Blp'x]|| }

(<) 2 Dc[pt+sx, p1.‘+sx’_ o pt+sx]
= o thrs

—0 as s — o

for all x € X. Hence A is unique.
For i = —1, we can prove a similar stability result. This completes the proof of the theorem. O

The following corollary is an immediate consequence of Theorem [4.4] concerning the Ulam-Hyers [13],
Ulam-Hyers-Rassias [21], Ulam-Gavruta-Rassias [20] and Ulam-JRassias [26] stabilities of .

Corollary 4.1. Let A and q be nonnegative real numbers. Let a function f : X — Y satisfies the inequality

k k
Hf LZ 7 xj] =2 U flxi]] H
=1 j=1
A,
k
AN Ixl T, g<1 or g>1;
j=1
k
< 4.13
=) AT 1<t o g> 4 o
j=1
£ : k 1 1
AT+ MM e e, a<g or >
j=1 j=1
forall x1,x3,- -, x € X. Then there exists a unique additive function A : X — Y such that
A
o — 11
kA||x||
o — 1|
IF1x] = Al < § A e[| (4.14)
| — M|
(k -+ 1)A]x| [
|9 — o]

forallx € X.

5 Stability results: Fixed point method

In this section, we apply a fixed point method for achieving stability of the additive functional equation
(1.8).
Now, we present the following theorem due to B. Margolis and J.B. Diaz [17] for fixed point theory.
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Theorem 5.5. [[17] Suppose that for a complete generalized metric space (Q),6) and a strictly contractive mapping
T : QO — Q) with Lipschitz constant L. Then, for each given x € Q) , either

d(T"x, T""'x) =00 ¥V n2>0,

or there exists a natural number ng such that

(FP1) d(T"x, T"1x) < oo foralln > ny ;

(FP2) The sequence (T"x) is convergent to a fixed to a fixed point y* of T

(FP3) y* is the uniqueﬁxed point of T in theset A = {y € O : d(T"x,y) < oo};
(FP4) d(y*,y) < tipd(y, Ty) forall y € A.

Using the above theorem, we now obtain the generalized Ulam - Hyers stability of (I.8).

Theorem 5.6. Let f : X — Y be a mapping for which there exist a function a : X¥ — [0, 00) with the condition

& [phy, plxa, -, plx]
Y 7
—0 H;

converges in R (5.1)

~

where y; = pifi = 0and y; = % if i = 1 such that the functional inequality

k k
Hf [Z jp x]] Z ]pfx] Sa[xlleI-xS"'/xk] (52)
j=1 i=1

]

forall x1,xp,x3 -+, x, € X. If there exists L = L(i) < 1 such that the function

1 X x X
x_>,Y[x] =—u |://"' /:| 7
& P &
has the property
vl = Lopiy [pax] - (5.3)

Then there exists a unique additive mapping A : X — Y satisfying the functional equation and

Ll*i
£~ Al < 1=l (54

forall x € X.

Proof. Consider the set
Q=A{p/p:X =Y, pl0] =0}
and introduce the generalized metric on (2,

d(p,q) = inf{K € (0,00) :|| plx] — qlx] || < Kylx], x € X}.

It is easy to see that (), d) is complete. Define T : (O — Q) by

Tply] = ;pm ¥

forallx € E. Now p,gq € (),

d(p,q) < K= | plx] - qlx] ||< Kox], x € X.

1
—pluix] = ;q[#ix} < —Kylpix], x € X,
1 1
1
—pluix] - ;q[#ix} < LKy[x],x € X,
= || Tp[x] — Tq[x] [|< LKy[x],x € X,

x| —
=d(p,q) < LK.
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This implies d(Tp, Tq) < Ld(p,q), for all p,q € Q. i.e., T is a strictly contractive mapping on ) with Lipschitz
constant L.

From @.9), we arrive

]

for all x € X. Using for the case i = 0 it reduces to

Hf[gx] _f[x]H < Lyl

forall x € X,
ie, d(f,Tf)<L=d(f,Tf) <L=L!<oco.

Again replacing x = % in (5.5), we get,

B

|17 [2]

for all x € X. Using for the case i = 1 it reduces to

sl of (2)] < 7

forall x € X,
ie, d(f,Tf)<1=d(f,Tf)<1=1°< oo

In above cases, we arrive

d(f, Tf) < L'

Therefore (FP1) holds.
By (FP2), it follows that there exists a fixed point A of T in () such that
t
Alx] = lim M VxeX. (.7)

To order to prove A : X — Y is additive, replacing [x1,- - -, x¢] by [pix1,- -+, plxi] and dividing by ! in
and using the definition of A(x), and then letting t — oo, we see that A satisfies forallxq, -+ ,x; € X.
By (FP3), A is the unique fixed point of T in the set A = {A € Q) : d(f, A) < oo}, A is the unique function
such that
[ flx] = Alx]l| < Kylx]

for all x € X and K > 0. Finally by (FP4), we obtain

1
A(f, A) < T d(f, Tf)

this implies

-
A(f,A) < T
which yields
[1-i
I£x] - Al < =7l
this completes the proof of the theorem. O

The following corollary is an immediate consequence of Theorem [5.6] concerning the Ulam-Hyers [13],
Ulam-Hyers-Rassias [21], Ulam-Gavruta-Rassias [20] and Ulam-JRassias [26] stabilities of .
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Corollary 5.2. Let f : X — Y be a mapping and there exits real numbers A and q such that

H Z]”x] ,i ¥ flx HH

(i) A
k
(i) A Z||xj||q , g<1l or g>1;
<
— ) i) /\H|\x]||”’ g<i or g>4 (5-8)
. k
A H||x]-||q+ Yol e, a<t oor g>4
i=1 j=1
forall x1,x9,- -, xx € X. Then there exists a unique additive function A : X — Y such that
. A
1 ’
@y Bl
P =K
I fIx] = Alx]l| < (i Al |x| [k (5.9)
i) —————
IKI-{J*p’“’I .
oy (£ DAL
lp — "]
forallx € X.
Proof. Setting
A,
k
ASY Xl 6,
j=1
a[xll'XZI' t ,Xk] = k q
AT T,
i=1
k k .
AST IR + 9 Yo M5 5 5,
=1 =1

for allxl,xz, e, Xk € X.. Now,

A
T .
A t
M{Z|Vixj||q}r —0as t — oo,
afplxy, ulx ulxy) k]:l —0as t — oo,
7 X1, B X2, Wi Xk — A t =
e l ALkt —0ast— oo,

— Qas t — oo.

%{lex] 17+ {Z [} |’<ﬂ}}

Thus, is holds.
But we have y[x| = % 7 [x] has the property y[x] = L - y; 7y [;x] for all x € X. Hence
A
9
1 —I[xIf,
yix] = —afx,x,- - ,x] =
v = |lx11*4,
k+1)A
B DR .
&
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Now,
A
U
.x||‘7,
—ypix] =
Z A ],
1
k+1DA
LR N
U
A
Hi 15/
LA
_ [
- kg—1 A
F/‘iq ;Hkaq
ot DR e,
! 6]
—1
H; ;Y[x]/
it
;(q 1')’[34/
iq v[x].

Hence the inequality holds either, L = p~! forg = 0ifi =0and L = ﬁ forg=0ifi=1.
Now from (5.4), we prove the following cases for condition (ii).
Case:l L= ' forqg=0ifi=0

”f[x] - A[x]ll < 1_ @(,1)(0,1)

Case2 L = L forg=0ifi=1
2

<@< )1<f0 1))1 1)\ p A A
1£1] = Al < s
- m Y £ 0 Y
Also the inequality holds either, L = ¢~ forg < 1ifi = 0and L = ﬁ forg>1ifi=1.
Now from (5.4), we prove the following cases for condition (ii).
Case:l L =i ' forg<1ifi=0

g-1)"°
Alx]|| < (p)k)‘|x|q MkAH 19 = W

176~ Al < S - -

Case:2 L = fors >1ifi=1

251

<‘;L7>171kA @ kA =D A %19
-1
||f[x]—A[x]||§W7)1—|\x||‘7:u |x]]7 = oD x])7

-5 ¢ © P —p

ol

Again, the inequality 1| holds either, L = ¢*7-1 for g < 1 1f1 =0and L = kq r forg > ¢ Lifi=1.

Now from (5.4), we prove the following cases for condition (111)
Case:1 L = ol forg < % ifi=0

1-0
(kg=1)

@ (kg—1)
ﬂﬂ—AMHS(k)AHmw_@@A
1-— p( 7-1) o o

o

plk DA |x||¥9

k
[[x[| = 7
p— "
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Case:2 L:pk%forq>%ifi:1

1-1
1

=" (kg—1) . (kq—1) kg

If[x] — Alx]|| < W/\|x|kq — u&HXHkq — P A [M

Tl @ P —p ok —p

Finally the inequality holds either, L = ¥~ for g < % ifi=0and L = 5)"% for g > % ifi = 1. The

proof of condition (iv) is similar lines to that of condition (iii). Hence the proof is complete. O
6 Application of the functional equation (1.8]

In

We know that the following sums of powers arithmetic progression

1+2+3+-~-+k=@
12+22+32+”-+k2:k(k+1)2¢_1)

general, using Stirling numbers of second kind, one can arrive

Sp [k +1)0+D

p
1P 4+2P 43P 4. Z %y

With the help of the above discussion, the authors transform the sum of p*" power of first k natural num-

bers as a functional equation

k k
f(Z J’”’Cj) =Y (" f(x)),  kp=1

j=1 j=1

having addjitive solution.
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Abstract

Using g-integral inequalities we establish some new inequalities for the g-k Gamma, Beta and Psi func-
tions.
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1 Introduction

The g-analogue I'; of the well known Gamma function was initially introduced by Thomae [11] and later
deeply studied by Jackson [6]. The reader will find in the research literature more about this feature.
In [1], R. Diaz and C. Truel introduced a g, k-generalized Gamma and Beta functions and they proved integral
representations for I'y ; and B, ; functions.

This work is devoted to establish some inequalities for the generalized g, k-Gamma and Beta functions and
this has been possible thanks to the inequalities that verify the g-Jackson’s integral.

The paper is organized as follows: In section 2, we present some preliminaries and notations that will
be useful in the sequel. In section 3, we recall the g-Cebysev’s integral inequality for g-synchronous (g-
asynchronous) functions and in direct consequence, we deduce some inequalities involving g, k-Beta and g, k-
Gamma functions. In section 4, we establish some inequalities for these functions owing to the g-Holder’s
inequality. Finally section 5 is devoted to some applications of g-Griiss integral inequality.

2 Notations and preliminaries

To make this paper self containing, we provide in this section a summary of the mathematical notations
and definitions useful. All of these results can be found in [4], [8] or [9].
Throughout this paper, we will fix g €]0,1[, k > 0 a real number.
For a € C, we write

1— qa n—1 ‘
[a]g = 1-4" (@:9)n =] —ag"), n=1,2...c0,
q k=0

(gt = [1)y[2)g[n)g,  n€N.

The g-derivative D, of a function f is given by

_ flx) = flgx) .
(Dgf)(x) = Td—gpx if x#0, (2.1)

*Corresponding author.
E-mail addresses: kamel710@yahoo.fr (Kamel Brahim), sidomouyosr@yahoo.fr (Yosr sidomou).
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and (D,;f)(0) = f'(0) provided f'(0) exists.
The g-Jackson integrals from 0 to b and from 0 to co are defined by (see [7])

[0}

b
/0 f@)dgx = (1— )b Y £(bg")q"

n=0

and

/ Tfodx=1-q) Y fla",

n=—oo

provided the sums converge absolutely.
The g-Jackson integral in a generic interval [a, D] is given by (see [7])

/a bf(x)dqx = /O hf(X)dqxf /0 ’ f(x)dgx.

We denote by I one of the following sets:

]Rq,_t,. = {E]n ne Z},

[0,b]; ={bq" :n € N}, b>0,

la,bl;={bg": 0<r<mn}, b>0, a=bg",neN

and we note / f(x)d,x the g-integral of f on the correspondent I.
I

Definition 2.1. let x,y,s,t € Rand n € N, we note by
L (x+y)p =TT (x+'y)

2. (1+ x);‘fk =TTl + 7% x)

(1+x);‘,’k

o

We have (1 + x)f]j(t = (1+x)5,(1+ qksx);,k.

We recall the two g, k-analogues of the exponential function (see [1]]) given by

n

had kn(n-1) x
L=y g = (1 (-
n=0 [n]qk'

and
1

oo X
ef = = .
= LTl T T 0

These g, k-exponential functions satisfy the following relations:
k
_ _ i - _ -X _
Dyeg =g DyEg=Ej, and  E fey=eEp=1
The g, k-Gamma function is defined by [1]
(1—q%5%
(1 — ") -kt

When k = 1 it reduces to the known g-Gamma function I';.

Lyx(x) = x> 0.

2.2)

(2.3)

2.4)

(2.5)

(2.6)

2.7)

2.8)

(2.9)

(2.10)
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It satisfies the following functional equation:
Fq/k(x +k) = [x]ql“q,k(x), Fq,k(k) =1 (2.11)

and having the following integral representation (see [1])

kg |1 gkik

Bk
(1-45) _ 3
Tyx(x) = /O BT, Mg, x> o, (2.12)

The previous integral representation, give that Iy x is an infinitely differentiable function on ]0, + oo[and

kg 1 gkek

‘ (—F )k .-
e = [ e, T x>0, i 213

The g, k-Beta function is defined by (see [1I])

1
By (t,s) = [k]ﬁ /O[k][;( 11— qk[;cc]:)i/kldqx, s>0,t>0. (2.14)
By using the following change of variable u = i%, the last equation becomes
[Klq

1 s
By(t,s) = /0 11— qkuk);;ldqu, s>0,t>0. (2.15)

It satisfies (T (s)
Byk(t,s) = % s>0,t>0. (2.16)

3 g-Cebysev’s integral inequality and applications

We begin this section by recalling the g-Cebysev’s integral inequality for g-synchronous (g-asynchronous)
mappings [3] and as applications we give some inequalities for the g, k-Beta and the g, k-Gamma functions.

Definition 3.2. Let f and g be two functions defined on 1. The functions f and g are said q-synchronous (g-asynchronous)
on I if
(f(x) = f()(8(x) = g(y)) = ()0 Vx,y € L. (3.17)

Note that if f and g are both g-increasing or g-decreasing on I then they are g-synchronous on I.
Proposition 3.1. Let f, g and h be three functions defined on I such that:
1. h(x) >0, xe€l,
2. f and g are q-synchronous (g-asynchronous) on I.
Then
/Ih(x)dqx /Ih(x)f(x)g(x)dqx > () /Ih(x)f(x)dqx /Ih(x)g(x)dqx. (3.18)

Proof. We have

/Ih(x)dqx/h(x)f(x)g(x)dqx— /h(x)f(x)dqx/h(x)g(x)dqx =

I I

1
1/2 / / REORW) [f(x) - F)) [8(x) — ()] dgxdgy.
1JI

So, the result follows from the conditions (1) and (2). O

The following theorem is a direct consequence of the previous proposition.
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Theorem 3.1. Let m, n, p and p’ be some positive reals such that

(p—m)(p' —n) < (>)0.
Then
By i(p, p')By(m,n) > (<)Bg x(p, 1) By (m, p')

and
Coi(p+m)Toi(p’ +m) > ()Tox(p + p")Tox(m+n).

(3.19)

(3.20)

Proof. Fix m, n, p and p’ in ]0, + oo, satisfying the condition of the theorem and the functions f, g and h

defined on [0, 1] by

p'—n n_q

fluy=ul™", g(u) = (1—q"u"), F and h(u) =u"""(1-g"u")}

From the relations
qu(”) =[p- m]q”pimil
and /
Dyg(u) = [n— pllg g w11 — g ) F
one can see that f and g are g-synchronous (g-asynchronous) on I = [0, 1],.

So, by using the relation (2.15) and Proposition 3.1}

we obtain
L N L k kyF-l n, ke
/Ou (1—qu)q,k dqu/o uf (1—qu)q,k (1—qu)q,k dou >
1 n 1 n P
_ n_q _ n_q pn
(<) /O w1 (1= gtk dgu /0 W= g ) (- g dgu,

which implies that
By (m,n)Byx(p,p') > (<)Byi(p, 1) Byi(m, p').
Now, according to the relations (2.16) and (3.19), we obtain

Ly (m)Ty (1) Ty i (p)T gk (p") Lak(P)Tgi(n) Ly (m)Tq(p')
Top(m+mn) To(p+p) — 77 Toxlp+n) Toxm+p)

Therefore
Coi(p+m)Toi(p’ +m) > ()T x(p + p")Tgx(m+n).

Corollary 3.1. For all p,m > 0, we have

1/2
Bq,k(p/ m) > [Bq,k(pi p)Bq,k(ml m)}

and
1/2
Tor(p+m) < [Tqx(2p)Ty(2m)]

Proof. A direct application of Theorem with p’ = p and n = m, gives the results.

Corollary 3.2. Forall u,v > 0, we have

u+o
Top(757) <\ Tgr()Tgx(o

~

Proof. The inequality follows from (.27), by taking p = 4 and m = 3.

qk °

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)
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Theorem 3.2. Let m, p and r be real numbers satisfying m, p > 0 and
p > r > —m and let n be a nonnegative integer.

If
r(p—m—r)=>(<)0 (3.29)
then ) , . i
T3 () m) > (TG (p— )T (m 4 7). (3.30)

Proof. Let f, g and h be the functions defined on I = [0, (

flx)=xP"""", o(x)=x" and h(x) = xm_lquk W’(lnx)zn.

We have

p—m—r—1 r—1

Dyf(x) = [p—m—r]yx and Dgg(x) = [r]gx

If the condition (3.29) holds, one can show that the functions f and g are g-synchronous (g-asynchronous) on
I and Proposition[3.T| gives

k <k k 1k
gk gk
/IxmilEq,k [Klq (lnx)anqx/prfmfrxrxmflEq,k [Klq (lnx)anqx

k 2 k 2k
gk gk
> (<) /pr—m—rxm—lEq,k [Klq (lnx)anqx/lxrxm—lEq,k [klg (lnx)anqx’

which is equivalent to
'y 0
-1 2 -1 2
/Ixm E . ' (Inx) ”dqx/lx” Ex T(Inx)™dgx
- -1
—r—1 2 +m—1 2

> (S)/pr ’ E x " (Inx) "dqx/lx’ " E k T (Inx)“"dyx.

Hence, the relation

Ktk

I (x) = /tx’l(lnt)’Eqk “d.t, x>0, ieN,
: . :

gives

&m0 (p) > (T (p— TG m +1). (3:31)

Taking n = 0 in the previous theorem, we obtain the following result.

Corollary 3.3. Let m, p and r be some real numbers under the conditions of Theorer3.2} we have

Lo (p)Cy(m) = (S)qx(p —1)lqx(m +7) (3.32)

and
Byk(p,m) = (<)Byi(p —r,m+7). (3.33)

Corollary 3.4. Let n be a nonnegative integer, p > 0 and p’ € R such that | p' |< p. Then
2 2 2 2
[F;f)(l’)} < Féf)(p - P’)Féf)(r’ +7). (3.34)
Proof. By choosing m = p and r = p’, we obtain
r(p—m—r)=—(p)? <0

and the result turns out from Theorem [3.2] O
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Taking in the previous result p = “J2 and p’ = %52, we obtain the following result:

Corollary 3.5. Let u,v be two positive real numbers and n be a nonnegative integer. Then

(2n) U+ [r(2n) 0\ (2n)

Corollary 3.6. Let p > 0and p' € R such that | p’ |< p.
Then

T2 (p) < Tyk(p = pTor(p+p')
and
Boi(p.p) < Byrlp—p',p+p).

Proof. For n = 0, the inequality becomes
T2 1(p) < To(p = P )Ta(p +p).-

The inequality follows from (2.16).

Theorem 3.3. Let a and b be two positive real numbers such
(@ —k)(b—k) = ()0
and n a nonnegative integer. Then
r2 @ri3 a+b) > (TE (a + RT3 (b+ k).
Proof. In Theorem[3.2} set m = 2k, p = a+band r = b — k. The condition becomes
r(p—m—r)=(a—k)(b—k) > (<)0.

So,

20 @0r® (@ + ) > (T2 @+ %) (o + k).

Corollary 3.7. Ifa,b > Osuch (a —k)(b—k) > (<)0. Then

and

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

Proof. The inequality follows from the previous theorem by taking n = 0 and using the facts that

Ly x(2k) = [k]g, Ty x(a+k) = [a]qT; x(a) and

T, k(b +k) = [b]gT, k(D). (2.16) together with (3.41) give (3.42).

Corollary 3.8. The function InT y is superadditive for x > k and k > 1, in the sense that
In Fq’k(ﬂl + b) > In quk(a) +1In Fq,k(b)-

Proof. Forall a,b > k, we have

[a]4[b]q
[klq
In Fq,k (a) +1In Fq,k(b),

v

In

In I“q,k(a + b) + In I“q,k (ﬂ) + In l"q,k(b)

Y

which completes the proof.

O
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Corollary 3.9. Fora > kandn =1,2,..., we have

- [ — 1)ga![al2"Y)

q,k(na) >

Proof. We proceed by induction on n.
It is clear that the inequality is true for n = 1.
Suppose that (3.43) holds for an integer n > 1 and let us prove it for n + 1.

By (3.41), we have

[nalg[a]

rq,k((i’l + 1)11) = l"q,k(na + {1) > [k ] l"q k(na)l"q,k(a)
and by hypothesis, we have
[n—1]g![a 5(;171) "
Lyx(na) > — [T x(a)]
[K]g

V

Fq,k((ﬂ +1)a) > k] [rq,k(a)]nrq,k<”)
>

The inequality (3.43) is then true for n 4 1.
For a given real m > 0 and a nonnegative integer 1, consider the mapping
2
2 (x4 m)

r;?,f>(m)

Iﬂq,k,m,n (x) =

We have the following result.
Corollary 3.10. The mapping Uy i m,.(.) is suppermultiplicative on [0, o), in the sense
Lo kmn (X +Y) = Ty komn ()T g mn ()-
Proof. Fix x,yin [0,00) and put p = x +y +m and r = y. We have
yx+y+m—-—m—y)=xy>0.
So, the theorem B.2]leads to
T 3 (e y+m) > T2 (x4 m) T (y +m),

which is equivalent to
rq,k,m,n (x =+ y) > rq,k,m,n (x)rq,k,m,n (y) .
This achieves the proof.

4 Inequalities via the g- Hélder’s one

We begin this section by recalling the g-analogue of the Holder’s integral inequality [3].
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(3.43)

(3.44)

(3.45)

(3.46)

(3.47)

1 1
Lemma 4.1. Let p and p’ be two positive reals satisfying » + I =1, f and g be two functions defined on 1. Then

]

< </If(x) |qux)’l’ (/I|g<x> " dqx)” :

/1 F(2)g(x)dgx

(4.48)
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Owing this lemma, one can establish some new inequalities involving the g, k-Gamma and g, k-Beta func-
tions.

Theorem 4.4. Let n be a nonnegative integer, x,y be two positive real numbers and a, b be two nonnegative real numbers

such that a+b = 1. Then ,

Fé?;?) (ax +by) < [rﬁ” (X)} [Ff,?)(y)} , (4.49)

)

that is, the mapping 1"5]2,? is logarithmically convex on (0, 0).

Proof. Consider the following functions defined on I = [0, (

Kk tk

e a Y
f(i’) = ta(xil) (qu g (lnt)2”> and g(t) — tb(yfl) (qu [Klg (lnt)Zn) ]

By application of the g-Holder’s integral inequality, with p = %, we get

gk gk ¢
/ta(xfl)tb(yfl)EqZ Gr (Int)dgt < [/ta(xl).(l/a)EqZ Gn (lnt)z”dqtl y
i . I '

b

gkt
l/ltb(yn.(ub)Eq; gr (lnt)zndqt] ,

which is equivalent to

Ktk kK a Ktk
thy—1p T Mg 2 1 T 2 —1 Ty 2
/Itax Y Ex (Int)™'dyt < Vftx Ex (Int) ”dqt] l/lty E x (Int) "dqtl

b

Then, (#49) is a direct consequence of 2.13). O
Corollary 4.11. Let (p,p’), (m,m’) € (0,00)? such that p + p' = m +m’ and a,b > O with a + b = 1. Then, we have

a

Bys(a(p, /) + b(m,m)) < [Bostp, )" [Bystm, ] (450)

Proof. On the one hand, we have

Ty k(ap +bm)T, i (ap’ +bm')

/ ! o ! N o
Byy(alp,p/) + b)) = Byalap+bmyap'+b') = g7 S

Ty x(ap +bm)T, i (ap’ +bm') ‘
Lo(a(p+p') +b(m+m'))

Since p+p' =m+m’ and a+b = 1, we have

Toi(a(p+p)+b(m+m')) =Tg(p+p') = Tgp(m+m). (4.51)
On the other hand, from Theorem [£.4] with n = 0, we obtain
a b
Tor(ap +bm) < |Tyu(p)]” [Tg(m)] (4.52)
and
!/ !/ !/ a !/ b
Tar(ap’ +bm') < [Tox(p)| [Tqutm)] . (4.53)
Thus
a b
Tgr(ap + bm)Tax(ap’ + bm') < [To(p)Tau(p)] [Tglm)Tae(m)] . (4.54)

From (4.51), we deduce that

Lorlap +bm)Tqrlap’ +bm’) | Tar(p)lyx(p')
Tye(a(p+p)+b(m+m')) = | Ty(p+p)

which completes the proof. O

! [rq,k(m)rq,k(m’)] b (4.55)

Lyx(m+m')
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Now, we recall that the logarithmic derivative of the g, k-Gamma function is defined on (0, o), by

The following result gives some properties of the function ¥ &
Theorem 4.5. Y,  is monotonic non-decreasing and concave on (0, ).

Proof. By taking n = 0 in Theorem 4.4} we obtain

Fylax +by) < [Tpe)] [Tga)]

forx, y > 0anda, b > Osuchthata+b = 1.
So the function Inl';; is convex. Then the monotonicity of ¥, ; follows from the relation

d r;/k(x)
a[lnrq,k(x)} — m — ‘Yq,k(x), X > 0
On the other hand, since
1— k
ey - (4.56)
(1 =991 —q)
we obtain, for x > 0,
d 00 qx+jk
Yor(x) = %[lnl“qu(x)] == ln(l - —|—1an W
1 ) ) 1 o0 (n+1)x
= —pIn(l—q)+Ing gqx”knzoq“‘ﬂk’” =z In(l—q)+Ing Z e PRy
j= -
1 Ing 9 -1
= ——In(1- dgt.
gid-at (1—q)/0 1—
Now, let x,y > 0 and a,b > 0 such thata + b = 1. Then
Ing q pax+by—1 Ing q pa(x=1)+b(y-1)
Y,k (ax +by) + ln(l—q)—(l_q)/0 T dqt_(l—q)/o T dgt. (4.57)

Since the mapping x — t* is convex on R for t € (0,1), we have

=1 +b(y-1) < gpr=1 4 ppy-1 for t€10,q], x,y > 0.

Ing [Tttt Ing (7 ! Ing (7 &1
dgt > a dgt ) +b dgt ). 4.58
(1—‘7)/0 1—tk 7= ((1—q>/ol—tk‘7>+ <(1—q)/01—tk q) (4.58)

According to the relations (4.57) and (#.58), we have

Thus,

plax+by) + 7 In(1—q) > a(¥ye(x) + ¢ In(l— ) + b(¥yely) + ¢ In(1 —q))

1
> a¥ g p(x) + 0¥k (y) + % In(1-q).

This proves the concavity of the function ¥ . O
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5 Inequalities via the ¢-Griiss’s one

In [5] H. Gauchman gave a g-analogue of the Griiss’ integral inequality namely.

Lemma 5.2. Assume that m < f(x) < M, ¢ < g(x) < &, for each x € [a,b], where m, M, @, ® are given real
constants. Then

< (M-m)(E—g) (5.59)

b b b
|b 1 P /,1 f(x)g(x)dgx — (b—1a)2 /,1 f(x)dqx/a g(x)dgx

As application of the previous inequality we state the following result

Theorem 5.6. Let m,n > 0, we have

1

1
1,0t K| = 4 (5:60)

Byx(m+k,n+k)—

Remark that from the relations (2.16) and (2.11), the inequality (5.60) is equivalent to
1
| Dy (m+mn+2k) — Ty r(n+2k)L, (m + k) [m + 1] [< Z[m + 1g[n +k|gTy x (m + n + 2Kk). (5.61)
Proof. Consider the functions
f(u) =u™, g(u)=uF"1(1- qkuk);k, ue 0,1, mn>0.

We have
0<f(u)<1 and 0<g(u)<1 Vucl01l].

Then, using the g-Griiss” integral inequality, we obtain

1 1 1
n z 1
/ um+k71(1 _ qkuk) kk dqu _ / u™ dqu/ uk*1(1 — qkuk) kk dqu < -. (5.62)
0 q, 0 0 q 4

The inequality (5.60) follows from the definition of the g, k-Beta function (2.15) and the following facts:
1
1

u"d,u = ——— and
/0 i [m+1]q

1 n 1
/0 W1 = g ) Ey dgu = Byr(k,n+ k) =

[n+kl;
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Abstract

In this paper, we present a novel technique based on the Legendre wavelets decomposition. The properties
of Legendre wavelets are used to reduces the PDEs problem into the solution of ODEs system. To illustrate
our results, two examples are studied using a special software package which implements the proposed algo-
rithms.
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1 Introduction

Since the introduction of Legendre wavelets method (LWM), for the resolution of variational problems, by
Rezzaghi and Yousefi in 2000 and 2001 [5, [7], several works applying this method were born. To mention a
few, we give : the resolution of differential equations [3} (11, 12], the study of optimal control problem with
constraints [6], the resolution of linear integro-differential equations [8], the numerical resolution of Abel
equation [10], the resolution of fractional differential equations [2} 4].

The LWM transforms a boundary value problem (BVP) into a system of algebraic equations [5]. The un-
known parameter of this system is the vector whose components are the decomposition coefficients of the
BVP solution into Legendre wavelets basis.

In this paper, we apply the Legendre wavelets method to solve a partial differential equation, whose un-
known function depends on spatial and temporal variables. But the decomposition of this unknown function
into Legendre wavelets basis will be done only on the spatial variable. Obviously, the coefficients of this
decomposition will depend on the temporal variable. Hence, via this technique, the solution of a partial dif-
ferential equation is reduced to the solution of a time-dependent differential equation. As an application of
this procedure, we present a numerical simulation of the telegraph equation. This equation modelled several
phenomenas in electronics and electricity. It appears in particular during the description of the propagation
of the electric signals along a transmission line.

This paper is organized as follows: In section 2, we give a detailed description of the Legendre wavelets
decomposition of a function dependent on the temporal variable f and the space variable x. Section 3 is de-
voted to the operational matrix of integration. In section 4, we apply our technique on the telegraph equation.
In section 5, we present formulas of errors calculation. For the last section, the performance of the new method
is illustrated with two numerical examples.

2 Decomposition in Legendre wavelets basis

We start this section by recalling that the Legendre wavelets [5] are defined on the interval [0, 1] as follows
s forallj € N*, n = 1,2, 3,...,2/71 (the number of levels), m = 0,1,...,nc — 1 (the order of the Legendre

*Corresponding author.
E-mail addresses:  belhamitio@yahoo.fr (O. Belhamiti), prof_lahmarnaima@yahoo.fr (N. Ablaoui-Lahmar), and bahrisidimo-
hamed@yahoo.fr(S. M. Bahri).
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polynomials) and nc is the number of collocation points ;

19j/2 jx — n-1 1
o () = { \Jm+ 120720, (2x = 2n 4 1) il <<t 21)

N ‘

0, otherwise,

where Ly, (x) are the Legendre polynomials of order m defined on the interval [—1,1] and satisfy the
following recursive formula:

Lia (x) = <2kki-11>ka( x) — (kf_l)Lk 1(x) (2.2)

with Lo (x) =1,L (x) =xand k =1,2,3,...nc — 2.
It is established [3,5-7] that the family {¢,,,, : n >1 , m > 0} forms an orthonormal basis of the Hilbert
space L2 ([0,1]), i.e. any element i € L? ([0,1]) may be expanded as
400 +o0
Z Z CoumPu,m ’ (2.3)

n=1m=

where the approximation coefficients are entirely determined by Cy,, = (h, ,m), in which (.,.) denotes the
inner product of L2 ([0, 1]).
Since the series converges on [0, 1], the function & can be approximated as

j nc—
2 2 nmtnm (¥) = CT¥ (x), 24)
where C and ¥ (x) are 2/~!nc vectors given by

T
C= [Cl,o/ Cr1 - Crne—1,C2.0, -+ Copne—1, - Coj1 gy s Cz]'fl,nc_l} , (2.5)

and

T
() = [$10 () Prne 1 (%) o i () syt ey (1)) (2.6)

Decomposition in an other L? -space
Let us consider the space

H=12([0,T);12(0,1])), 2.7)
see [1]. We want to give a Legendre wavelets decomposition of an element / in H:

h: [0,T] — L*([0,1])

EoS R 28)
As the function h(t,.) belongs to L? ([0,1]), then by we have
—+o00 400
=) chm ) Y (%), 2.9)
n=1m=
where the coeficients C,, () depending on the variable t are defined by
1
Co (6) = (bt ) Yum) = [t 2t () . (2.10)

The functions h(t,.) and ¢, being both in L? ([0, 1]), their product is in L' ([0,1]) (according to Cauchy-
Schwartz inequality), which allows us to conclude that the coefficients C, ; (t) are well defined for all ¢ €

[0, T]. Consequently, the relations and (2.10) are justified.

For the sequel, we need the following lemmas.

Lemma 2.1. Ifh € C ([0, T], L*([0,1])) then the function coefficients Cy,  (t) are continuous in [0, T] .
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Proof. It arises from the fact that the inner product is a continuous function of its both arguments. O

Lemma 2.2. Ifh € C' (]0, T[,L? ([0,1])) , then the function coefficients Cy, y (t) belong to C'(]0, T|).
Forthermore, if % € L? ([0, T], L2 ([0,1])) , then

Lo (t) _ /01 M) () (2.11)

dt ot
Proof. Lemma[2.2]is based on

Chum (t+At) — Cym (t Th(t+At,x)—h(tx
L ( Ai L ( ) = /0 ( A?{_ ( )1/]7’!,711 (x) dx/
and h( )—h(t,x) oh
t+At,x)—h(tx) oh
At =35 (t,x)+e(t, At x),
with

lim e (t,At,x) = 0.
At—0

O

Lemma 2.3. (Generalization) Ifh € C* (10, T[, L2 ([0,1])) , then the function coefficients Cy, (t) belong to C*(]0, T[)
(k>2).

Forall t € [0, T, the series is convergent, we can thus approach any function hin L? ([0, T]; L% ([0, 1]))

as
21 ye—1

h(t,x) = Y 3" Com (8) Yum (x) = CT ()Y (), (2.12)

n=1 m=0

where C () and ¥ (x) are (2/~!nc) functions vectors given by

T
C(t) = [Cro (), Cut (£) s Cie-1 () s Cora g (1) s ot oy (D] 2.13)
and .
() = [$10 () Prne 1 (%) s oo () sty ey (1)) (2.14)
3 Operational matrix of integration

In this section, the operational matrix of integration [7] will be obtained. The integration into [0, x|, where
x €]0,1] of the vector ¥(x) defined in Eq. (2.14) can be written as

X
/‘I’(t)dt:P‘I’(x), (3.1)
0
where

L F F F
. 0 L F F
F
o o0 --- 0 L

is the (2/~1nc) x (2/~!nc) operational matrix of integration, F and L are nc x nc matrices given by

2 0 ... 0
00 --- 0
F=1. . (3.3)
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and
[1 % 0 0 0 0 0 1
£ 0 B o 0 0 0
0 —% 0 % 0 0 0
L=1| 0 0 —% 0 0 0 0 . (34
0 0 0 0 ~ (@2ne— ?)qc Zic 5 0 (2nc\7/§)nc7_2ic71
0 0 0o 0 - 0 M% 0 ]

4 Application to telegraph equation

The standard form of the telegraph equation is given by

%u(x,t)  Pu(x,t) ou(xt)
52 +b o +cu(x,t), 4.1)
with boundary conditions
ou(0,t)
u(0,t) =a(t) and Fa B(t) 4.2)
and initial conditions 2u(x,0)
u(x,
u(x,0) = f(x) and T g(x), 4.3)

where
a, b, c are constants related respectively to resistance, induction, capacity and conductibility of the cable.
a(t), B(t) are continuous functions in [0, T] and f(x), g(x) are continuous in [0, 1]
We are interested in the evolution of the tension u(x, t) in a coaxial cable.
Let
0%u(x, t)
dx?

Integrating (4.4) with respect to second variable over [0, x] , we get

ou(x,t)
ox

=CT (¥ (x). (4.4)

=CT(H)PY (x)+B(t). (4.5)

By a second integration with respect to x into [0, x], we have

u(x,t) = CT (£) P2¥ (x) + B (£) x + a(t). (4.6)
Aswellas du(x,t) _ dCT(t)PZT(x) N dp(t) N da(t) 47)
ot dt dt dt
azlgg’t) - dzg:( ) P2y (x) + d2£ §f>x+ dz;‘tgt) (4.8)
We have also
{ ; :jf; (<xx))' (4.9)

Substituting (@.4) to in (4.1), we obtain

d2CT(t) d*a(t)

2
CTH¥(x) = a2 PP¥ () + ftf,_) T¥(x) + AT ()
+b (dC;< )2y (x )+dﬁTEt)eT‘P(x)+ delt )dT‘P( ))

+e (c (£) P2¥ (x) + B (£) eT¥ (x) + a()dT¥ (x)) .
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Hence, we have
~a() e -b () o+ (1-c (1)) e
= (ap" (1) +bP'(t) +cp(t)) e+ (aa”(t) + ba'(t) +ca(t)) d

This system can be solved for unknown coefficients of the vector C (f). Consequently, the solution u(t, x)
given in can be calculated.

5 Error calculation

A reasonable scalar index for the closeness of two functions is the Euclidian norm.
The absolute error for each solution is produced by cumulates of truncation, Legendre Wavelets method
and Finite Difference errors. This error is estimated when we know the exact solution by

Ep = |lu—ue|,, (5.1
where 1, is the analytic solution and u is the approximate solution. Also, we consider the pointwise error :

EA,i = ‘Mi — ue(xi)| . (52)

6 Numerical results

In this section, we consider two examples to show the efficiency and the accuracy of our method.

6.1 Examplel

Consider in [0, 1] the following boundary values problem

%u(x,t)  %u(x,t)

o2 o2 (6.1)
with 3 (0
u(0,t) =cos(t) and w018 _ 0, (6.2)
ox
and 5 0
u(x,0) =cos(x) and " E_;;’ ) _ 0. (6.3)
The exact solution of the problem (6.1)-(6.2) and is given by
Uex (£, x) = cos(x) cos(t). (6.4)
Suppose that the derivatives on x can be expressed as
0%u (x,t) T
o = C'(H)Y (x), (6.5)
Mlt) _ T () py (), (6.6)
ox
u(x,t) = (CT (£) P2+ cos(t)d" ) ¥ (), 6.7)
then their derivates on ¢ are given by
ou(x,t) (9CT(t) , . . .1
ST ( 5 P? —sin(t)d" | ¥ (x), (6.8)
0%u (x,t) ?CT (1) , T
5z = ( 32 P” — cos(t)d ) Y (x). (6.9)
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The approximate solution The exac‘ti_‘s_‘qlution

Figure 1: The analytical and approximate solutions.

Substituting to in (6.1), we obtain

CT(HY¥(x) = (az(;;(t)zﬂ — cos(t)dT> ¥ (x), (6.10)
and
P ()T e = (P cosltd, 611)
e CT(0) = (e —d") (132)_1 and acag()) _ 7, 612)
where
{ i&iﬁ(ﬁ)‘{f (x). (613

For the resolution of this problem, we can use a second time the wavelets Legendre method or a finite
difference schemes.

We observe a good agreement between the analytical and approximate solutions (see Figure [T). However,
the obtained result shows that this technique can provide good performance even when the mesh discretiza-
tion has low resolution.

We also calculate the absolute error by using formula (5.1), for j = 2 and nc = 5

Eq =129 —2. (6.14)

6.2 Example 2

We consider the telegraph equation

%u(x,t)  u(xt)  du(xt)
e AT tAuleh), (619
with the conditions 31 (0,1)
_ —2t ut) _
u(0,t) = (1 +e ) and = 2, (6.16)
and 5 0
u(x,0)=1+e* and % =2 (6.17)

Suppose that the second derivative of u (x, t) can be expressed approximately as

0%u (x,t)

s7 - =C ()Y (x). (6.18)
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Using boundary condition (6.16), we get

ou é’; D _ T (1) P¥ (x) + 247 (x), (6.19)
u(xt) = (€T ()P +2" + (14+e72)d") ¥ (x). (6.20)

We can also express the functions of the right-hand sides of (6.19) and (6.20) as

1=dT¥ (x)
{ x=1T¥ (x). (6.21)
The derivates on ¢ are given by
du(x,t) _ (9CT(t) o o7
T ( Py P —2e7d" ) ¥ (x), (6.22)

and

%u(x,t) _ (0*CT (t)
oz or2

Now by inserting Eqgs. (6.18) to (6.23) into equation (6.15)), we get

P+ 4e—2de) ¥ (x). (6.23)

CT (¥ (x) — <32§;(”P2 +4e2de> ¥ (x)
+4 (aCaTt(t)Pz - 2e2de) Y (x) +

4 (cT (£) P>+ 217 + (1 + e—Z*) dT) ¥ (x).

Thus X
o-C(t oC(t
atg ) 14 ag )4 @1 — (PHhhHe) = —((PHh) (81 +44), (6.24)
where
C(0) = ((P))T)Yex —21 —2d) and BCT(;)) =0, (6.25)
and
14 =exT¥ (x) (6.26)
The exact solution of the problem (6.15)-(6.16) and (6.17) is
Uex(t,x) = ¥ + e, (6.27)

Applying the same technique as the preceding example, we observe a good agreement between the analytical
and approximate solutions with an absolute errors of order 1.0e — 013 (see figure 2). However, the results
obtained show that this technique can provide good performance even when the mesh discretization has low
resolution.

We also calculate the absolute error by using formula (5.1), for j = 3 and nc = 10

E4 = 1.7705¢ — 013. (6.28)

We calculated the absolute error for different values of j and nc (see figure[3), we observe that :

The effect of the levels number on the solution is shown in Table Forj =1,2,..,6 (Zj ~1 Jevels), the
absolute errors with respect to analytic solutions are presented. As j increase from 1 to 6 for nc = 3, the errors
decrease to 107*.

The considerable effect of collocation points on the solution is shown in Table @ For nc = 2,3,...,10, the
absolute errors with respect to analytic solutions are presented. As nc changes from 2 to 4 for j = 3, then from
6 to 10 for j = 3, the errors decrease by a factor of 10> and 10° respectively.
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The exact solution

Figure 2: The analytical and approximate solutions.

Logarithm of absolute error
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Figure 3: Evolution of absolute errors.
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Table 1: Evolution of absolute errors for nc = 3
i=1 j=2 j=3 i=4 j=5 i=6
Number of levels 21 1 2 4 8 16 32
Absolute errors 1.2048 1.910E-001 3.1442E-002 5.0610E-003 8.4109E-004 1.43699E-004

Table 2: Evolution of absolute errors for j = 3.
nc 2 4 6 8 10

Absolute errors 6.1105e-001 1.1544e-003 7.3398e-007 2.3729-010 1.7700e-013

7 Conclusion

This work shows that the Legendre wavelets method is a very effective technique for reducing partial
differential equations into a set of ordinary differential equations. This numerical method has been tested
under different examples. Satisfactory results have been obtained even for a small number of collocation
points. The convergence, stability of the solution and accuracy of the results prove the high quality of this
method.
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Abstract

In this paper, we give an existence theorem for hybrid generalized multi-valued a-contractive type map-
pings which extends, improves and unifies the corresponding main result of Sintunavart and Kumam [W.
Sintunavart, P. Kumam, Common fixed point theorem for hybrid generalized multi-valued contraction map-
pings, Appl. Math. Lett. 25 (2012), 52-57] and some main results in the literature. As an application, we
give some existence and uniqueness results for solutions of a certain class of functional equations arising in
dynamic programming to illustrate the efficiency and usefulness of our main result.
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1 Introduction and preliminaries

Fixed point theory is one of the classical and most powerful tools which plays an essential role in nonlinear
analysis. Under the mathematical point of view, this is utilized in so many nonlinear problems arising from
the most applicable areas of sciences such as engineering, economics, dynamic system and physics (more
precisely in the theory of Phase Transitions), etc.

The idea of combining the multi-valued mappings, Lipschitz mapping and fixed point theorems was initiated
by Nadler [14]. He was the first one that gave a famous generalization of the Banach contraction principle for
multi-valued mappings from metric space X into CB(X) using the Hausdorff metric which is defined by

H(A,B) := max ¢ supd(x, A),supd(y,B) ;, A,BeCB(X),
x€B yeA

where d(x, A) = infyc 4 d(x,y) and CB(X) is a collection of nonempty closed bounded subsets of X.

Definition 1.1 ([91). Let H be the Hausdorff metric on CB(X), f : X — X be a single-valued mapping and T : X —
CB(X) be multi-valued mapping. We say an element x € X is a fixed point of f (resp. T) if fx = x (resp. x € Tx). We
denote the set of all fixed points of f (resp. T) by Fix(f) (resp. Fix(T)). A point x € X is a coincidence point of f and T
if fx € Tx and is a common fixed point of f and T if x = fx € Tx.

Let (X,d) be a metric space, f : X — X be a single-valued mapping and T : X — CB(X) be a multi-valued
mapping. T is said to be a f-weakly Picard mapping if and only if for each x € X and fy € Tx (y € X), there exists a
sequence {x, } in X such that

(i) xo=x,x1 =y,
(ii) fxp41 € Txy foralln =0,1,2,...;
(iii) the sequence { fx,} converges to fu, where u is the coincidence point of f and T.

*Corresponding author.
E-mail addresses: aghajani@iust.ac.ir (A. Aghajani), epourhadi@iust.ac.ir (E. Pourhadi).
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Theorem 1.1 (Nadler[14]). Let (X, d) be a complete metric space and let T : X — CB(X) be a multi-valued mapping
such that for a fixed constant h € (0,1) and for each x,y € X,

H(Tx, Ty) < hd(x,y).
Then Fix(T) # @.

Afterward, several authors have focused on generalization of Nadler’s fixed point theorem in various
types. For example, in 2007, M. Berinde and V. Berinde [2] presented a nice fixed point result based on so-
called M7 -functions which recently have been characterized by Du [6].

Definition 1.2 ([4,5,7]). A function ¢ : [0,00) — [0,1) is said to be an MT-function if it satisfies Mizoguchi-
Takahashi's condition, i.e. imsup,_, ¢(s) < 1forallt € [0, 00).

Theorem 1.2 ([2]). Let (X, d) be a complete metric space and T : X — CB(X) be a multi-valued mapping. If there
exist an MT -function ¢ : [0,00) — [0,1) and L > 0 such that

H(Tx, Ty) < ¢(d(x,y))d(x,y) + Ld(y, Tx) for all x,y € X,
then Fix(T) # @.

We remark that letting L = 0 in Theorem 1.2 we can easily obtain the following result as Mizoguchi-
Takahashi’s fixed point theorem [13] which is considered as a partial answer of Problem 9 in Reich [17]. Also,
Yu-Qing [21]] gave an affirmative answer to a fixed point problem of Reich which was raised in [16].

Theorem 1.3 ([13D). Let (X,d) be a complete metric space, T : X — CB(X) be a multi-valued mapping and ¢ :
[0,00) — [0,1) be an MT -function. Assume that

H(Tx,Ty) < ¢(d(x,y))d(x,y) for all x,y € X.
Then Fix(T) # @.

Definition 1.3 ([91). Let (X,d) be a metric space, f : X — X be a single-valued mapping and T : X — CB(X) be
multi-valued mapping. If the sequence {x,} in X satisfying conditions (i) and (ii) in Definition 1.1, then the sequence
Of(x0) = {fxn : n=1,2,...} is said to be an f-orbit of T at x.

Recently, Sintunavart and Kumam [20] presented a generalization of main result of Kamran [8, 9] and then
unified and complemented the result by introducing the notion of hybrid generalized multi-valued contrac-
tion mapping in [19] as follows.

Definition 1.4 ([190). Let (X, d) be a metric space, f : X — X be a single-valued mappingand T : X — CB(X) bea
multi-valued mapping. T is said to be a hybrid generalized multi-valued contraction mapping if and only if there exist
two functions ¢ : [0,00) — [0,1) satisfying limsup,_, .+ ¢(r) < 1 for every t € [0,00) and ¢ : [0,00) — [0,00), such
that

H(Tx, Ty) < ¢(M(x,y))M(x,y) + ¢(N(x,y))N(x,y),

forall x,y € X, where

M(x,y) := max{d(fx, fy),d(fy, Tx)}

and

N(x,y) == min{d(fx, fy),d(fx, Tx),d(fy, Ty),d(fx, Ty),d(fy, Tx)}.

Theorem 1.4 ([19]). Let (X, d) be a metric space, f : X — X be a single-valued mapping and T : X — CB(X) bea
multi-valued mapping. Suppose that fX is a complete subspace of X and TX C fX. Then f and T have a coincidence
point z € X. Moreover, if ffz = fz, then f and T have a common fixed point.

The following lemmas are crucial for the proof of our main result.
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Lemma 1.1 ([91). Let (X, d) be a metric space, { Ay} be a sequence in CB(X) and {x;} be a sequence in X such that
{xx} € Ag_q1. Let h : [0,00) — [0,1) be a function satisfying limsup,_,, h(r) < 1 for every t € [0, 00). Suppose
d(xy_1, xx) to be a nonincreasing sequence such that

h(d (i1, xic) ) (Xje—1, X),

< 1.1)
< H(Ag—1, Ax) + W™ (d (x_1, x1)),

H(Ak-1, Ax)
d(x, Xey1)
where ny < ny < - - - which k,ny € IN. Then {x;} is a Cauchy sequence in X.

Lemma 1.2 ([14]). If A,B € CB(X) and a € A, then for each € > 0, there exists b € B such that d(a,b) <
H(A,B)+e.

Throughout this work, we introduce the notions of a hybrid generalized multi-valued a-contractive type
mapping based on Definition 1.4 and an a-admissible multi-valued mapping to obtain some fixed point the-
orems which either generalize or improve the corresponding recent fixed point results of Sintunavart and
Kumam [19] (Theorem 1.4 of the present paper) and some ones in the literature. As an application, to show
the applicability of our results, we give an existence theorem for certain class of functional equations arising
in dynamic programming.

2 Main results
Denote with ¥ the family of functions ¢ : [0, c0) — [0, c0) which satisfy

(i) ¢ is non-decreasing,

(it) nh_r& P(ty) = 0if and only if nlgxgo tp, =0fort, € [0,00),

(iil) ¢ is subadditive, i.e., Y(t +s) < ¢(t) + ¢(s) for all t,s € [0, c0),
(iv) for any ¢ > 0 there exists an s > 0 such that (s) < t,

(v)if t < sthent < 1(s).

For example, function (t) = at, wherea > lisin ¥.
In order to proceed with developing our work and obtain our results we need the following definition
inspired by Definition 1.4 as follows.

Definition 2.5. Let (X, d) be a metric space, f : X — X be a single-valued mapping and T : X — CB(X) be a
multi-valued mapping. The mapping T is said to be a hybrid generalized multi-valued x-contractive type mapping if and
only if there exist an MT -function ¢ : [0,00) — [0,1) and function ¢ : [0,00) — [0, 00), such that

a(x, y)p(H(Tx, Ty)) < ¢(M(x,y))M(x,y) + ¢(N(x,y))N(x, ),
forall x,y € X, where p € ¥, a: X x X — [0, 00) is a given function and
M(x,y) := max{d(fx, fy),d(fy, Tx)}
and
N(x,y) := min{d(fx, fy),d(fx, Tx),d(fy, Ty),d(fx, Ty),d(fy, Tx)}.

Definition 2.6. Let T : X — CB(X) be a multi-valued mapping, f : X — X be a single-valued mapping and
a: X xX —[0,00). Wesay T is a-admissible if

xvyeX, alxy >1= Af(Tx,Ty) >1
where Ay : CB(X) x CB(X) — [0, 00) is given by Af(A, B) = inf, pex{a(a, b)|fa € A, fb € B}.

Example 2.1. Let o : X x X — [r,00) where r > 1. Then any arbitrary multi-valued mapping T : X — CB(X) is an
a-admissible.

We first present the following simple lemma which is significant to prove our main result.
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Lemma 2.3. Let (X,d) be a metric space, f : X — X be a single-valued mapping and T : X — CB(X) be an a-
admissible multi-valued mapping. Suppose that A¢({fxo}, Txo) > 1 for some xo € X and {fx;} is an f-orbit of T at
xo. Then foralln € N, a(xy, Xp41) > 1.

Proof. According to the hypotheses let xg € X such that A¢({fxo}, Txg) > 1 and {fx;} be an f-orbit of T at xo
so that fx, € Tx,_j. Since T is a-admissible, we get the following implication

a(xp,x1) > Af({fxo},Txo) > 1= a(x1,x2) > Af(TxO, Tx1) > 1.
By the induction and using the a-admissibility of T, we obtain
o(xXn,xy41) >1, foralln e N
which completes the proof. O

Now we give an immediate consequence of Lemma 1.2 as follows.

Lemma 2.4. Let A,B € CB(X),a € Aand p € Y. Then for each € > 0, there exists b € B such that (d(a, b)) <
Y(H(A,B)) +e.

Proof. Suppose, to the contrary, that there exista € A, € > 0 and ¢ € ¥ such that
P(d(a,b)) > p(H(A,B)) +€ forallb € B.

Following property (iv) of ) we can choose an s > 0 such that ¢(s) < €. So for all b € B we get

p(d(a,b)) > p(H(A,B)) +e
> (H(A, B)) +¢(s) 22)
> $(H(A, B) +5),

which implies
d(a,b) > H(A,B) +s forallb € B.
On the other hand, it follows from Lemma 1.2 that there is an element ¥’ € B such that
d(a,b') < H(A,B) +s,
which shows an obvious contradiction and completes the proof. O

By the virtue of the proof of Lemma 1.1 and using properties (ii) and (iii) of function ¢ € ¥ we can prove
the lemma given below.

Lemma 2.5. Let (X, d) be a metric space and h : [0,00) — [0,1) be an MT -function. Suppose d(xy_1,xy) to be a
nonincreasing sequence such that

p(d(xpe, xiq1)) < P(d (-1, Xp0) ) (d (X1, xk)) + B (d (-1, X)),
where p € Y and ny < ny < - - - which k,n; € IN. Then {xy} is a Cauchy sequence in X.

The following is our main result and can be considered as a generalization of Theorem 1.4 and a series of
results in the literature.

Theorem 2.5. Let (X, d) be a metric space, f : X — X be a single-valued mapping and T : X — CB(X) be a hybrid
generalized multi-valued w-contractive type mapping such that X is a complete subspace of X and TX C fX. Suppose
that all the following conditions hold:

(i) T is a-admissible;

(ii) there exists xo € X such that A¢({fxo}, Txo) > 1;

(iii) if {x, } is a sequence in X such that w(x,, X,11) > 1 forall n and x, — x € X as n — oo, then there exists an ng
such that a(x,,x) > 1 forall n > ny.
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Then f and T have a coincidence point u € X. Moreover, if fu € Fix(f) and a(u, fu) > 1, then fu is a common fixed
point of fand T.

Proof. Let x( be an arbitrary element in X and yp = fxo. We define the sequence {x,} and {y,} recursively
as follows. Since TX C fX, we can choose an x; € X such that y; = fx; € Txp. Since 0 < ¢(t) < 1 for all
t € [0,00) we can choose a positive integer 11 such that

" (d(yo,y1)) < [1— P(M(xo,x1))]M(x0,x1)- (2.3)

Following Lemma 2.4, we may select y» = fxp € Txp such that

¥(d(y1,y2)) < $(H(Txo, Tx1)) + ¢ (d (Yo, y1))-
Using (2.3), (ii) and the notion of a hybrid generalized multi-valued a-contractive type mapping, we get
¥(d(y1,y2)) < $(H(Txo, Tx1)) + ¢ (d(yo, y1))
< a(xo, x1)(H(Txo, Tx1)) + [1 — ¢(M(x0, x1))]M(x0, x1)
< ¢(M(xo, x1))M(x0, x1) + (N (x0,x1) )N (x0, x1) + [1 = ¢(M(x0, x1)) | M(x0, X1)
= M(xo, x1)
= max{d(fxo, fx1),d(fx1, Txo)}
= d(yo, y1)-

Now, we take a positive integer 7, which is greater than n; such that

"2 (d(y1,y2)) < [1—P(M(x1,x2))]M(x1,x2).

Again following Lemma 2.4 since TX C fX, we may select y3 = fx3 € Txp such that

$(d(y2,y3)) < P(H(Tx1, Txz)) + ¢ (d(y1,y2))-

Similar to the previous case and using the a-admissibility of T and Lemma 2.3 we obtain the following

P(d(y2,y3)) < P(H(Tx1, Txz)) + "2 (d(y1, y2))
< a(xy, x2)p(H(Txy, Txz)) + [1 — p(M(x1, x2))|M(x1, x2)
< ¢(M(x1,x2))M(x1, 22) + (N (x1,x2))N(x1, x2) + [1 — ¢(M(x1, x2) )| M(x1, x2)
= M(x1,x2)
= max{d(fx1, fx2),d(fx2, Tx1)}
=d(y1,Y2).

Continuing the procedure as above and applying Lemma 2.3, for all k € IN, we can find a positive integer 7y,
such that

" (d(Yr—1,yx)) < [1— ¢(M(xg_1, xx))| M (x_1, X¢)-

By applying Lemma 2.4 we may choose v, = fxx.1 € Tx, such that

P(d (Y Yir1)) < PH(Txe, Txi)) + 9™ (d(Yi-1,vi)) (24)
for each k = 1,2,.... The recent inequalities together with the notion of a hybrid generalized multi-valued
a-contractive type mapping imply

Y(d (Y Yir1)) < PH(Txer, Txi)) + ™ (d(Yi-1,v0))
< (-1, 20) Y (H(Tx—1, Tog)) + [1 = p(M (251, %)) ] M (-1, %)
< (M (xp—1, %) )M (xp—1, %) + @(N (X1, Xi) )N (-1, %)
+ [T = ¢(M(xp—1, x0) )| M (X1, Xk) (2.5)
= M(x_1, xi)
= max{d(fxx_1, fxi), d(fx, Txe1)}
= d(Ye-1,Yx)
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for all k € IN. If for some k € IN, y;_1 = yy then there is nothing to prove. Otherwise, we claim that d(yy_1, yx)

is a nonincreasing sequence of nonnegative numbers. Suppose the opposite is true. It follows from (2.5) and

property (v) of i that d(yy_1, yx) is a nonincreasing sequence of nonnegative numbers. On the other hand
$(H (Tx—1, Txg)) < a(xp—1, x) Y (H(Txp—1, Txi))

< (M (xk—1, 26) ) M (xk—1, %) + @(N (-1, Xi) )N (-1, xk)

< 47(M<.Xk,1,Xk)> (xkfl/xk)

= ¢(d(Yk-1,Yx))d(Yr-1, Y)-

This together with imply

YWY Yrs1)) < PA(Yr—1,Yyx))d(Yi—1, ¥i) + "™ (d(Yr—1, ¥x)),

which shows that {y;} = {fxx} is a Cauchy sequence in fX followed by Lemma 2.5. Hence, the sequence
{fxx}is convergent to fu for some u € X. Now following condition (iii) of assumptions and Lemma 2.3, since
a(xx, xgy1) > 1 we easily conclude that there exists a positive integer ko such that

p(d(fu, Tu)) < 9(d(fu, fxi)) + p(d(fxi, Tu))
= #’(d(fu/ka)) P(H(Txg—1,Tu)) 2.6)
P(d(fu, fxi)) + a(xe—1, u)p(H(Txg_1, Tu))
p(d(fu, fxi)) + ¢(M(xg—1,u)) M(xg_1, 1) + @(N (g1, u) )N (xg_1, 1)

for all k > ko. On the other hand, since fx; — fuask — coand fx; € Tx,_1sod(fu, Txx_1) — 0ask — co.
Therefore, the following equalities

M(x_1,u) = max{d(fxr_y, fu), d(fu, Txi_1)},
N(xg—1,u) = min{d(fxe1, fu), d(fxe—1, Txx1),d(fu, Tu), d(fxr1, Tu),d(fu, Txe-1)}
together with and property (ii) of ¢ imply d(fu, Tu) = 0, thatis, fu € Tu since Tu € CB(X). This shows
that u is a coincidence point of f and T. To prove that fu is a common fixed point of f and T, using the fact
that fu € Fix(f) and taking v := fu € Tu we have fv = ffu = fu = v and hence
P(H(Tu, Tv)) < a(u,v)p(H(Tu, Tv))
< ¢(M(1,0))M(,0) + p(N(u,0))N(u, 0)
— p(max{d(fu, fo),d(fo, Tu)}) max{d(fu, o), d(fo, Tu)}
+ @(min{d(fu, fv),d(fu, Tu),d(fv, Tu),d(fu, Tv),d(fv, Tu)})
x min{d(fu, fv),d(fu, Tu),d(fv, Tv),d(fu, Tv),d(fo, Tu)}
=0.

Now it follows from ¢(d(fv, Tv)) = p(d(fu, Tv)) < Y(H(Tu,Tv)) = 0 that v = fv € Tv. Therefore, v = fu is
a common fixed point of f and T. O

Now we have the following immediate consequence.

Corollary 2.1. Let (X, d) be a metric space and f,T : X — X be single-valued mappings. Suppose that T satisfies

a(x, y)p(d(Tx, Ty)) < ¢(M(x,y))M(x,y) + ¢(N(x,y))N(x,y),

where M(x,y), N(x,y),$, ¢ and ¢ are given as in Definition 2.5, fX is a complete subspace of X and TX C fX.
Suppose also that

(i) T is a-admissible, that is,
fxyeX, alxy) >21= A¢(Tx,Ty) > 1

where A : X x X — [0,00) is given by As(x,y) = inf, pex{a(a,b)|fa = x, fb =y}

(ii) there exists xo € X such that A¢(fxo, Txg) > 1;

(iii) if {x, } is a sequence in X such that a(x,, x,11) > 1 forall n and x, — x € X as n — oo, then there exists an ng
such that a(x,,x) > 1 forall n > ny.
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Then f and T have a coincidence point u € X. Moreover, if fu € Fix(f) and a(u, fu) > 1, then fu is a common fixed
point of fand T.

To prove this, considering T as a single-valued mapping in Theorem 2.5 one can easily utilize the proof of
Theorem 2.5, step by step, to conclude the result.

3 Functional equations in dynamic programming

Throughout this section, to verify the practicability of our main result we prove an existence theorem for
a certain class of functional equations arising in dynamic programming which has been studied by utilizing
various fixed point theorems in several papers (see [3,10-12,15,18] and the references therein).

From now on, we suppose that U and V are Banach spaces, W C U and D C V. Also let B(W) denote the
set of all bounded real valued functions on W which is a metric space under the usual metric

dg(h, k) = sup |h(x) —k(x)|, h,k € B(W).
xeW

Bellman and Lee [I]] pointed out that the basic form of the functional equation of dynamic programming is as
follows:

p(x) =sup H(x,y,p(t(x,y))), xeW
yeD

where x and y stand for the state and decision vectors, respectively, T : W x D — W represents the transfor-
mation of the process and p(x) denotes the optimal return function with initial state x. Viewing W and D as
the state and decision spaces, respectively, the problem of dynamic programming reduces to the problem of
solving the functional equation

p(x) = Sug{g(x,y) +G(x,y,p(t(x,y)}, xeW (3.7)
ye

whereg: Wx D — Rand G : W x D x R — R are bounded functions. We investigate the existence and
uniqueness of solutions for functional equation (8.7). Suppose that the functions ¢, ¢ and ¢ are given as in
Definition 2.5 and the mapping F is defined by

F(h(x)) = sug{g(X,y) +G(x,y,h(t(x,y)))}, heBW), xeW. (3.8)
ye

Suppose that following conditions hold:
(i) that there exists a mapping ) : B(W) x B(W) — R such that

Ok, k) >0 = Q(sug{g(x,y) +G(x,y,h(t(x,v))} sug{g(x,y) +Gxyk(t(x,y))}) 20, xeW
ye ye

where i1,k € B(W);
(ii) there is an hg € B(W) such that

Q(ho(x),sug{g(x,y) + G(x,y,ho(t(x,v)))}) >0 for x e W;
ye

(iii) if {h,} is a sequence of functions in B(W) such that Q(hy, h,41) > 0 for all n and {h,} is pointwise
convergent to i € B(W), then there exists an 1y such that Q(h,, 1) > 0 for all n > ny.

Then we have the following result.

Theorem 3.6. Suppose that all the conditions (i)-(iii) are satisfied. In addition, for all h,k € B(W) with Q(h,k) > 0
we have

$(d(F(h), E(k))) < ¢(M(h, k))M(h, k) + ¢(N(h, k))N(h, k), (3.9)
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where
M(h, k) := max{dg(h,k),dg(k,F(h))}
and
N(h, k) = min{dg(, k), dg(h, E(k)), dg(k, E(k), ds(h, F(K)), di (K, F(h))}.
Then functional equation possesses a solution in B(W).

Proof. Bearing in mind that (B(W),dp) is a complete metric space, where dp is the metric induced by the
usual metric on B(W). It is easy to see that B(W) is F-invariant, that is, for any h € B(W) we get F(h) € B(W).
Clearly, F is both hybrid generalized multi-valued a-contractive type mapping and a-admissible with

1, Qhk)>0
uc(h,k)_{ 0 o.xEv. )

Now, replacing f by the identity mapping and taking %, = F(h,) in the proof of Theorem 2.5 we can find a
positive integer n; such that

¢" (dp(hx—1, i) < [1— ¢(M(hg_q, i) IM(hy_q, )
and
(dp(hi, hiy1)) < P(dp(F(hg—1), F(hy))) + " (dp (hx—1, k) (3.10)

for each k = 1,2,.... These inequalities together with the fact that F enjoys condition implies that
dp(hx_1, hy) is a nondecreasing sequence, hence hy converges to some h in B(W). Now by subadditivity of
¢ and using we easily conclude that dg(h, F(h)) = 0 which completes the proof. O

Theorem 3.7. Suppose in addition to conditions of Theorem 3.6, that

QL k) >0 —> (;_(z)odg)(h,k) >0 (3.11)
B
for b,k € B(W) such that h # k. Then functional equation has a unique solution in B(W).

Proof. Let u,v € B(W) be two distinct solutions of functional equation , thatis, Tu = u and Tv = v. Then
using we get

$(dp(u,v)) < ¢(dp(u,v))dp(u,v)
which contradicts and the conclusion follows. O
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