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Abstract

For integer k > 1, a (p,q)-graph G = (V, E) is said to admit an AL(k)-traversal if there exist a sequence of
vertices (vy,v2,...,0p) such that for each i = 1,2,...,p — 1, the distance between v; and v;; is k. We call a
graph k-step Hamiltonian (or admits a k-step Hamiltonian tour) if it admits an AL (k)-traversaland d(v1,vp) =
k. In this paper we consider k-step Hamiltonicity of bipartite and tripartite graphs. As an application, we
found that a 2-step Hamiltonian tour of a graph could sometimes induce a super-edge-magic labeling of the
graph.

Keywords: Hamiltonian tour, 2-step Hamiltonian tour, bipartite & tripartite graphs, NP-complete problem,
super-edge-magic labeling.

2010 MSC: 05C78, 05C25. (©2012 MJM. All rights reserved.

1 Introduction

In 1856, Kirkman wrote a paper [13] in which he considered graphs with a cycle which passes through
every vertex exactly once. The dodecahedron (see Figure 1) is a graph with such property that Hamilton
played cycle games. Hence, such a graph is said to be Hamiltonian. The Hamiltonicity of a graph is the
problem of determining for a given graph whether it contains a path/cycle that visits every vertex exactly
once.

Figure 1: Dodecahedron.

There is no simple characterization on Hamiltonian graphs though they are related to the traveling sales-
man problem. So there are potential practical applications. In general we know very little about Hamiltonian
graphs though their properties have been widely studied. A good reference for recent developments and open
problems is [9].

In this paper we consider simple graphs with no loops. For integer k > 1, a (p, q)-graph G = (V, E) is said
to admit an AL(k)-traversalif there exist a sequence (v1,2,...,vp) such that for eachi = 1,2,...,p — 1, the

*Corresponding author.
E-mail address: geeclau@yahoo.com (G.C. Lau)
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distance between v; and v; 1 is k. We call a graph k-step Hamiltonian (or admits a k-step Hamiltonian tour) if
it admits an AL (k)-traversal and d(vq,vp) = k.

For example, the cubic graph in Figure 2 is 2-step Hamiltonian and two others admit an AL(2)-traversal
but are not 2-step Hamiltonian.

9 4

Figure 2: Example on 2-step Hamiltonicity.

There has been much research on Hamiltonicity of bipartite graphs [1, 2, 6, 10, 11, 14]. Clearly, 1-step
Hamiltonian is Hamiltonian. In this paper we consider bipartite and tripartite graphs. As an application, we
found that a 2-step Hamiltonian tour of a graph could sometimes induce a super-edge-magic labeling of the
graph. For terms used but not defined, we refer to [3].

Definition 1.1. For a graph G, let Dy(G) denote the graph generated from G such that V(Dy(G)) = V(G) and
E(Dy(G)) = {uv|d(u,v) = kin G.}.

Lemma 1.1. A graph G is k-step Hamiltonian or admits an AL(k)-traversal if and only if Di(G) is Hamiltonian or
has a Hamiltonian path, respectively.

Proof. It follows directly from Definition 1.1.

2 Main Results

We first give a sufficient condition for a graph to admit no k-step Hamiltonian tour.
Theorem 2.1. Suppose G has a clique subgraph K. If |V (G\Ky)| < p, then G is not k-step Hamiltonian for all k > 2.

Proof. Observe that for any 2 vertices u, v in the clique subgraph K, of G, d(u,v) = 1. Hence, K;, induces an
empty graph in Dy (G). If Di(G) is Hamiltonian, then these p vertices must be not adjacent in a Hamiltonian
tour of Dx(G). This implies that we need at least p more vertices to form such a Hamiltonian tour. Since
|V(G\Kp)| < p, it follows that no Hamiltonian tour exists in Di(G). By Lemma 1.1, the theorem follows. [

Theorem 2.2. The vertex gluing of a graph G and an end-vertex of a path of length n > k is not k-step Hamiltonian.

Proof. Let G(P;) denote the graph such obtained. Observe that Dy (G(P,)) has a cut-vertex and is not Hamil-
tonian. 0

Theorem 2.3. If graphs G and H are both k-step Hamiltonian, then so is G x H.

Proof. By Lemma 1.1, G is k-step Hamiltonian if and only if Di(G) is Hamiltonian. We show that Dx(G) x
Dy (H) is a subgraph of Di(G x H). Then any Hamiltonian cycle in Dy (G) x Dy (H) will also exist in Dy (G X
H) and implies that G x H is also k-step Hamiltonian. Suppose that edge e = (u,v)(u, w) is an edge in
Dy(G) x Dy(H). Then (v, w) must be an edge in Dy(H), so the distance between v and w in H is k. Let
v = 00,01,02,...,0x = w be a length k path from v to w in H. Then (u,v), (u,v1), (4,0v2),..., (4, w) is
a length k path from (u,v) to (4, w) in G x H, so the distance from (u,v) to (1, w) within G X H is no
more than k. Suppose, however, that the distance from (u,v) to (u,w) is less than k in G x H, and let
e1, e, ...,em, be a sequence of edges from (u,v) to (u,w) with m < k. All edges in this sequence will ei-
ther be of the form (z, x)(z,y) where xy is an edge in H, or (x,z)(y,z) where xy is an edge in G. Consider
the subsequence of edges which are of the first type, (z,x)(z,y). This subsequence must be of the form
(z1,x0)(z1,x1), (z2,x1) (22, %2), - - ., (z1, X2 ) (20, X ), Where xyp = v,x, = w, and n = m < k. Furthermore,
X0X1,X1X2, ..., X2 Xy must be a sequence of edges in H from v = xy to w = x;;, which has length n, where
n < k. This contradicts the fact that the distance from v to w in H is actually k. Therefore the distance from
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(u,v)to (u,w)in G x Hisalso k,and so e = (u,v)(u, w) is also an edge of Dy (G x H); the argument for edges
of the form e = (u, v)(w, v) is identical. Since all edges and vertices of Dy(G) x Dy(H) are also in D¢ (G x H),
Dy (G) x Di(H) is a subgraph of Dx(G x H). Since G and H are k-step Hamiltonian, Di(G) x Dy(H) is Hamil-
tonian, and so is Dy (G x H), implying that G x H is k-step Hamiltonian. O

A Hamiltonian graph need not be 2-step Hamiltonian. The simplest example is the complete bipartite
graph K(2,2) that does not admit an AL(2)-Hamiltonian traversal, and hence cannot be 2-step Hamiltonian.

Theorem 2.4. All bipartite graphs are not k-step Hamiltonian for even k > 2.

Proof. Suppose G = (V, E) is bipartite graph with bipartition (X, Y). If k > 2 is even, the vertex in X cannot
connect with vertex in Y, vice versa, in Di(G). Thus Di(G) is a disconnected graph with two components X
and Y. Hence Dy (G) cannot have a Hamiltonian path. By Lemma 1.1, G is not k-step Hamiltonian. O

We now give a necessary and sufficient condition for cycles to admit a k-step Hamiltonian tour.

Theorem 2.5. For integers n > 3 and k > 2, the cycle Cy is k-step Hamiltonian if and only if n > 2k +1 and
ged(n, k) =1.

Proof. If n < 2k, we have either diam(C,) < kor Dy (Cj) is disconnected. Hence, C, is not k-step Hamiltonian.
We may now assume thatn > 2k + 1.

Without loss of generality, we may assume that a k-step Hamiltonian tour of C, is given by the sequence
U1, Uiy 1, Ukl - - - U(n—1)ks1- Note that {1,k+1,2k+1,3k+1,...,(n —1)k+ 1} (mod n) is a set of distinct
integers if and only if ik +1 # jk+1 (mod n) for 0 < i < j < n —1if and only if (j — i)k # 0 (mod n) if and
onlyif k/n # r/(j— i) for some integer r if and only if gcd(n, k) = 1. Hence, the theorem holds and the k-step
Hamiltonian tour of C,, is obtained. O

Theorem 2.6. The cylinder graph C,, X Py, is 2-step Hamiltonian for odd n > 3 and all m > 3.

Proof. Case 1. n = 3. This case is handled separately since the three vertices in any 3-cycle within C3 x Py, are
distance 1 from each other. Figure 3 shows 2-step Hamiltonian tours for C3 x P, and C3 x P;. Figure 4 shows
2-step Hamiltonian tours for C3 X Py. It is based on the 2-step Hamiltonian tour for Cz x P,. Here vertices
are labeled (a,b) and we may denote edges by listing their vertices: (a,b)(c,d). Then to modify the 2-step
Hamiltonian tour for C3 x Py to one for C3 x Py_,, replace edge (1,4k —2)(2,4k —1) by (1,4k —3)(2,4k —2),
shown as a dotted line, and also remove edge (2,4k — 2)(2,4k). The cases in which n = 3 and m is odd are
handled with similar constructions, based instead on the 2-step Hamiltonian tour for Cz x P3 also as shown
below. The diagram shows the 2-step Hamiltonian tour for C3 X P35 which may be modified for the cases
C3 X Py_1 by adding edge (1,4k)(2,4k — 1), again shown shown as a dotted line.

Figure 3: A 2-step Hamiltonian tour in C3 X Py, m = 2,3.

Case 2. n = 2k +1 > 5. In this case, we consider two subcases.

Subcase 2.1. m = 2j +1 > 3. Figure 5 gives a 2-step Hamiltonian cycle of this subcase. Note that we
have partitioned the vertices in a checkerboard pattern so those whose coordinates have even sum are shown
by circular vertices, and those whose coordinates have odd sum are shown by square vertices. The circular
vertices compose one cycle and the square vertices compose another, except that the two cycles cross over and
connect through the edges (2j+ 1,2k +1)(2j,1) and (2j +1,2k)(2j+1,1).
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C3 X Pypy3

Figure 4: A 2-Hamiltnoian tour in C3 X Py,.

Figure 5: A 2-step Hamiltonian tour in Cyy1 X Paji1.
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Subcase 2.2. m = 2j > 2. Figure 6 gives a 2-step Hamiltonian cycle of this subcase. We have again partitioned
the vertices in a checkerboard pattern so those whose coordinates have even sum are shown by circular ver-
tices, and those whose coordinates have odd sum are shown by square vertices. The circular vertices compose
one cycle and the square vertices compose another, except in this case the two cycles cross over and connect
through the edges (2/,2k)(2j,1) and (2j — 1,2k +1)(2j — 2,1). Note that the vertices shown in the rightmost
column are identical to those at the bottom of the first column.

Figure 6: A 2-step Hamiltonian tour in Cpiy1 X Py;.

O

Since Cy; x Py, is a subgraph of C;; x Cy;, the same 2-step Hamiltonian cycles work for C; x C;;, when n is odd,
and we have

Corollary 2.1. . The graph C,, x C,y is 2-step Hamiltonian for odd n and all m.

Let D(n) denote the tripartite donut graph shown in Figure 7 with a given vertex labeling.

(a) n =3k =0 mod (6), k > 4 even (b) n =3k =24 mod (6), k > 5 odd

Figure 7: A 2-step Hamiltonian tour in D(n).

Theorem 2.7. The vertex labeling in graph D(n) gives a 2-step Hamiltonian tour for all n = 3k, k > 4.

A ring-worm is a unicyclic graph U, (ay,ay, . . ., a,) obtained from a cycle C, with V(C,) = {v1,v2,...,0n}
by identifying vertex v; to the center, ¢; of a star S; having a; +1 > 1 vertices, {c;, u;1,uip, ..., Ui, }. The ring-
worm has n +ay +as +. ..+ a, vertices and edges, respectively. We can arrange the vertices of the ring-worm
as in Figure 8.
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Ur,1 U122 Ule, U3,1U3,2 U3 a3 Un,1 Un,2 Un,a,

U1 U22 U2,ay Un—1,1 Un—1,2 Un—-1,a,_1

Figure 8: Ring worm graph.

Theorem 2.8. If n = 3and a; > 0 (i = 1,2,3), or n > 5is odd and a; > 0 (1 < i < n), the ring worm
Uy (ay,az,...,a,) is 2-step Hamiltonian.

Proof. The case n = 3 is obvious. Without loss of generality, we assume that # > 5 and not all 4; = 0.
Suppose n = 25+ 1,5 > 2. We can label the vertices by consecutive integers as described below to get a 2-step
Hamiltonian tour for the graph:
f(C21+1):H2+H4+ +ay+i+1,fori=0,1,2,...,s,
fcoiyn) = f(cosy1) + a1 +az3+...+agipq +i+1fori=0,1,2,...,s -1,
f(u21+2,]) f(cgiy1) +jfori= 0 1,2,...,s=1,j=1,2,...,a0i0,
flur ) = fleosin) +7,j=1,2,.
f(qu_L]) (czl)—i—]forz—l,Z,..., —1,j:1,2,...,612i+1. O

We next define two families of cubic graphs. Let n be a positive integer. The Mobius ladder (also known
as the Mobius wheel) is the cycle Cy;,, with n additional edges joining diagonally opposite vertices. We will
denote this graph by Mjy,, and its vertices by v1,v,...,v2,. Then the edges are v,v7, v2v3,...,v2,v1 of the
cycle, and the n diagonals are v1v,,11, V2012, . . ., Un0U2,. Figure 9 shows the Mobius ladder M, for n = 3,4,
drawn in both the circulant form and the ladder form.

Ve V1 Vg U1

vr V2
Us V2
Ve U3
V4 V3

Us U4

U1 V2 U3 U1 V2 VU3 U4
>

V4 Vs Ve Vs Ve vy Ug

Figure 9: Mobius ladder for n = 3, 4.

Observe that for odd 11, My, is not 2-step Hamiltonian since it is bipartite. For even n, My, is tripartite.
Theorem 2.9. For m > 1, My, is 2-step Hamiltonian.

Proof. A 2-step Hamiltonian tour is given by the sequence vy, v3,vs, ..., Vam—1, V2m, V2m—2, - - -» V2, Vdm, Vdm—2,
o V2m42, V1. O

We now consider the cubic turtle shell graph, TS(n), n even, with a given vertex labeling as shown in
Figure 10.

Theorem 2.10. The vertex labeling of the graph TS (n) is a 2-step Hamiltonian tour for all n = 2k, k > 3.
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3k+1  k+l  Bk—1 3 k2 9

1 k+1
k+3  3k+3 [
kis  3k43 kS gpq g 2k

(a) n =2k =0 (mod4), k > 4 even

k12 3k k 3 k+2 2
1 k41
3k+2 k+4 Sktd .

(b) n =2k =2 (mod4), k > 3 odd

Figure 10: Graph TS(n), n even.

3 An Application

For a (p,q)-graph G, a labeling of the vertices and edges of G given by bijections f : V(G) — {1,2,...,p}
and fT: E(G) = {p+1,p+2,...,p+q}iscalled a super-edge-magic (SEM) labeling if f (u) + f(v) + f T (uv)
is a constant for every edge uv in E(G). Such a graph is called SEM.

Theorem 3.11. ([4, 7]) A graph G is SEM if and only if it admits a bijection f (V (G))such that { f (u) + f (v) } consists
of q consecutive integers.

Observe that a 2-step Hamiltonian labeling for each odd cycle and the ring worm with odd cycle corre-
spond to a vertex labeling that induces an edge labeling f* such that the edge labels form a sequence of

consecutive integers. However, we are not able to find another 2-step Hamiltonian labeling that corresponds
to a SEM labeling.

Problem 1. Does there exist infinitely many families of 2-step Hamiltonian graphs whose labeling corresponds to a
SEM labeling?

The problem of determining whether a graph is Hamiltonian is NP-complete even for planar graphs. In
1972, Karp [12] proved that finding such a path in a directed or undirected graph is NP-complete. Later,
Garey and Johnson [8] proved that the directed version restricted to planar graphs is also NP-complete, and
the undirected version remains NP-complete even for cubic planar graphs. In 1980, Akiyama, Nishizeki, and
Saito [1] showed that the problem is NP-complete even when restricted to bipartite graphs. We end this paper
with the following conjecture and problem.

Conjecture 1. The 2-step Hamiltonian problem for tripartite graphs is NP-complete.

Problem 2. Study the k-step Hamiltonicity of complete multipartite graph with certain edges deleted.
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Product cordial labeling for alternate snake graphs
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Abstract

The product cordial labeling is a variant of cordial labeling. Here we investigate product cordial labelings
for alternate triangular snake and alternate quadrilateral snake graphs.
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1 Introduction

We begin with simple, finite, connected and undirected graph G = (V(G), E(G)). For standard terminol-
ogy and notations we follow West/[1]].

If the vertices are assigned values subject to certain condition(s) then it is known as graph labeling. A map-
ping f : V(G) — {0,1} is called binary vertex labeling of G and f(v) is called the label of vertex v of G under f.

For an edge e = uv, the induced edge labeling f* : E(G) — {0,1} is given by f*(e = uv) = |f(u) — f(v)|.
Let v¢(0) and v¢(1) be the number of vertices of G having labels 0 and 1 respectively under f and let e;(0)and
e¢(1) be the number of edges of G having labels 0 and 1 respectively under f*.

A binary vertex labeling of graph G is called a cordial labeling if [v¢(0) — vf(1)| < 1and |ef(0) —ef(1)] < 1.
A graph G is called cordial if admits a cordial labeling.

The concept of cordial labeling was introduced by Cahit[2] and in the same paper he investigated several
results on this newly introduced concept. A latest survey on various graph labeling problems can be found in
Gallian [3].

Motivated through the concept of cordial labeling, Sundaram et al. [4] have introduced a labeling which
has the flavour of cordial lableing but absolute difference of vertex labels is replaced by product of vertex
labels.

A binary vertex labeling of graph G with induced edge labeling f* : E(G) — {0,1} defined by f*(e =
uv) = f(u)f(v) is called a product cordial labeling if [v¢(0) — v¢(1)| < 1and |ef(0) —ef(1)] < 1. A graph G is
product cordial if it admits a product cordial labeling.

Many researchers have explored this concept, Sundaram et al. [4] have proved that trees, unicyclic graphs
of odd order, triangular snakes, dragons, helms and union of two path graphs are product cordial. They

*Corresponding author.
E-mail address: samirkvaidya@yahoo.co.in (S. K. Vaidya), niravbvyas@gmail.com(N B Vyas).
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. . . . . 21
have also proved that a graph with p vertices and g edges with p > 4 is product cordial then ¢ < =~ + 1.

Vaidya and Dani[5] have proved that the graphs obtained by joining apex vertices of k copies of stars, shells
and wheels to a new vertex are product cordial while Vaidya and Kanani[6] have reported the product cor-
dial labeling for some cycle related graphs and investigated product cordial labeling for the shadow graph
of cycle Cy,. The same authors have investigated some new product cordial graphs in [7]. Vaidya and Vyas
[8] have investigated product cordial labeling in the context of tensor product of some standard graphs. The
product cordial labelings for closed helm, web graph, flower graph, double triangular snake and gear graph
are investigated by Vaidya and Barasara [9].

An alternate triangular snake A(T,) is obtained from a path uq, uy, .. ., u, by joining u; and u; 1 (alternately)
to a new vertex v;. That is every alternate edge of a path is replaced by Cs. An alternate quadrilateral snake
A(QSy) is obtained from a path uy, uy, . . ., u, by joining u;, u; 1 (alternately) to new vertices v;, w; respectively
and then joining v; and w;. That is every alternate edge of a path is replaced by a cycle C4. A double alternate
triangular snake DA(T,) consists of two alternate triangular snakes that have a common path. That is, double
alternate triangular snake is obtained from a path uy, uy, ..., u, by joining u; and u; 1 (alternately) to two new
vertices v; and w;. A double alternate quadrilateral snake D A(QS;) consists of two alternate quadrilateral snakes
that have a common path. That is, it is obtained from a path uy, uy, ..., u, by joining u; and ;1 (alternately)
to new vertices v;, x; and w;, y; respectively and adding the edges v;w; and x;v;.

2 Main results

Theorem 2.1. A(Ty) is product cordial where n # 3(mod 4).

Proof. Let A(T),) be alternate triangular snake obtained from a path uy,uy, ..., u, by joining u; and u; 1 (al-
ternately) to new vertex v; where 1 < i < n—1forevennand 1 < i < n —2 for odd n. Therefore
V(A(Tn)) = {u;,v;/1 <i<n,1<j<[7]} Wenote that

3n =
B 3 ,n=0(mod 2);
[V(A(T,))| —{ 31y =1(mod?2). ’

2n—1 ,n=0(mod 2);

|E(A(Tx)) :{ 2n—2 ,n=1(mod?2).

We define f : V(A(T,)) — {0,1} as follows.
Case 1: n = 0(mod 4)
Forl <i<mn:

[0 ,1<i<y;
flui) = { 1 ,otherwise.

Forl <i<

N =

0 ,1<i<t;
. — 7 — — 4/
f(wi) { 1 ,otherwise.

In view of above defined labeling patterns we have

07(0) = 0(1) = 2 e5(0) = ep(1) + 1=

Case 2: n = 1(mod 4)
Forl <i<mn:

flu) =

0 ,1<i<il;
1 ,otherwise.
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Forlgign_l

0 ,1<i<™Hh
flon) = { 1 ,otherwise.

In view of above defined labeling patterns we have

_3n+1

vf(0) +1 = vg(1) sef(0) =ef(1) =n—1

i~

Case 3: n = 2(mod 4)
Forl <i<m:

_ [0 a<i<ng
flui) = { 1 ,otherwise.

ForlgignT_z:

o n—2.
f(e) = { (1) :itfeiwgise.4 /
Fori= g
f(vi)) =0

In view of above defined labeling patterns we have
07(0) +1=0(1) = 3":2 Lep(0) = ep(1) +1 = n

Thus, in each case we have [0£(0) —v¢(1)| < 1and [ef(0) —ef(1)] < 1.

Hence, A(T,) is a product cordial graph where n # 3(mod 4). O

Remark 2.1. A(T,) is not product cordial graph for n = 3(mod 4). Because to satisfy the vertex condition for product

cordial labeling it is essential to assign label O to % vertices out o 3”2’ L vertices. The vertices with label 0 will give

rise to at least n + 2 edges with label 0 and n edges with label 1. Consequently |es(0) — ef(1)| > 2.

Example 2.1. A(Ty) and its product cordial labeling is shown in below Figure 1.

VI K ﬂ\ ﬂ\ vj
0 Y, Y, O, O, O, O, U, W L
u, u, u, u, u; u, u, ug u, Uy

Figure 1

Theorem 2.2. A(QS,) is product cordial where n # 2(mod 4).

Proof. Let A(QS,) be an alternate quadrilateral snake obtained from a path uq,uy, ..., u, by joining u;, u;q
(alternately) to new vertices v;, w; respectively and then joining v; and w; where 1 <i < n — 1 for even n and
1 <i < n—2forodd n. Therefore V(A(T,)) = {u;,vj,w;/1 <i<mn,1<j<|5]}. Wenote that

viagsa = { 2, nZUmeedy

[ 22 n=0(mod 2);
|E(A(an)>| = { 5n§5 N = 1(m0d 2)

We define f : V(A(QS,)) — {0,1} as follows.



Case 1: n = 0(mod 4)
Forl <i<mn:

0 ,1<i<%;
flui) = { 1 ,otherwise.

n
For1<i< —:
orl<i<gy
0 ,1<i<t;
) — 7 = — 47
f(wi) { 1 ,otherwise.
0 ,1<i<t;
) — 7 = — 47
f(wi) { 1 ,otherwise.
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In view of above defined labeling patterns we have

vp(0) =0p(1) =1, ep(0) = ep(1) +1= 1

Case 2: n = 1(mod 4)

Forl<i<mn:

0 1<i<il

flui) = { 1 ,otherwise.
n—1

0, 1<i<igh;
floi) = { 1, otherwise.

flwy = { §

,otherwise.

: n—1.
0 /1SZSTI

In view of above defined labeling patterns we have

vf(0) +1=0¢(1) = n,ep(0) = ef(1) =

Case 3: n = 3(mod 4)
Forl <i<m:

0 ,1<i<n3;
. — 7 — — 2 7
f ) { 1 ,otherwise.

Forl<i< =3

(0) =1 © A<i<id

floi) = 1 ,otherwise.
0 ,1<i<iy;

f(w’)_{ 1, otherwise.
1

Fori= ——

_5n-5
4

In view of above defined labeling patterns we have

191
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vr(0) +1=0s(1) =1n,¢7(0) = es(1) +1 = 5nz_3

Thus in each case we have |0¢(0) — vf(1)| < Tand [ef(0) —ef(1)[ < 1.

Hence A(QS,) is a product cordial graph where n # 2(mod 4). O

Remark 2.2. A(QS,,) is not product cordial graph for n = 2(mod 4). Because to satisfy the vertex condition for product
cordial labeling it is essential to assign label O to n vertices out of 2n vertices. The vertices with label 0 will give rise to
at least 252 edges with label 0 and 275 edges with label 1. Consequently lef(0) —ef(1)] > 2.

Example 2.2. A(QS11) and its product cordial labeling. Figure 2.

v, w, Vs Wy
O—Q©

O—U—W L 9

M7 u8 u9 10 11

Figure 2

Theorem 2.3. DA(T,) ia a product cordial graph where n # 2(mod 4).

Proof. Let G be a double alternate triangular snake DA(Ty) then V(G) = {u;,vj,w;/1 <i<n,1<j< 5]}
We note that

B 2n ,n = 0(mod 2);
V(G = { 2n—1 ,n=1(mod2). ’

[ 3n—1 ,n=0(mod ?2);
[E(G)] = { 3n -3 ,n=1(mod?2).

We define f : V(A(QS,)) — {0,1} as follows.
Case 1: n = 0(mod 4)

Forl <i<n:

0 ,1<i<%;
flui) = { 1 ,otherwise.

For1 <i<

N3

0 ,1<i<t,
. — 7 — — 4/
f(w) { 1 ,otherwise.

0 ,1<i<y;
flwi) = { 1, otherwise.

In view of above defined labeling patterns we have
vp(0) =0vf(1) =n,ep(0) = ef(1) +1= >
Case 2: n = 1(mod 4)
Forl <i<n:

0 1<i<il;
f(ul)_{ 1 ,otherwise.
n—1

Forl1<i<
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_ 0 i<
floi) = { 1, otherwise.
_f0 a<i<nd
flwi) = { 1 ,otherwise.
In view of above defined labeling patterns we have
3n—3
vf(0) +1=0f(1) =n,ep(0) = ef(1) = 5

Case 3: n = 3(mod 4)

For1<i<n-1:

0 ,1<i<n3,
. _ 7 — — 2 7
f i) {1 , otherwise.
f(un) =0
Forlgign_B:
(o) = © 1 <i< g
floi) = 1 ,otherwise.
_J0 1<i<gd
f(w’)_{ 1 ,otherwise.
1
Fori= ——

In view of above defined labeling patterns we have

vf(()) +1= vf(l) = nlgf(()) :ef(l) _ 37’1;3

Thus, in each case we have |07(0) — v¢(1)| < 1and [ef(0) —ef(1)] < 1.

Hence, DA(T,) is a product cordial graph where n # 2(mod 4).
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Remark 2.3. DA(T,) is not product cordial graph for n = 2(mod 4). Because to satisfy the vertex condition for product
cordial labeling it is essential to assign label O to n vertices out of 2n vertices. The vertices with label 0 will give rise to

at least 252 edges with label 0 and 354 edges with label 1. Consequently lef(0) —ef(1)] > 2.

Example 2.3. DA(Ty1) and its product cordial labeling is shown in Figure 3.

Figure 3

Theorem 2.4. DA(QS,,) is a product cordial graph where n # 2(mod 4).

Proof. Let G be a double alternate quadrilateral snake DA(T),) then
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V(G) = {uj, 05, wj,x;,y;/1 < i < n,1<j< [§]}. Wenote that
_ 3n ,n=0(mod2);
V(G) —{ 3n—2 ,n=1(mod?2). ’
_ [ 4n—1 ,n=0(mod?2);
[E(G)] = { 4n—4 ,n=1(mod 2)

We define f : V(G) — {0,1} as follows.
Case 1: n = 0(mod 4)

F0) = {1 eraies
For1<i< 25

100 ={ 1 streruiss
f(wi) = { (1) itfe;uis?
160 ={ 1 steraiss
fi) = { | otheraie

In view of above defined labeling patterns we have

07(0) = vs(1) = 37” ,ep(0) = ef(1)+1 = 2n

Case 2: n = 1(mod 4)

160 ={ i’

For1<i< WT—l:

f(vi) - { (1J :itfe;fis:‘ll;

o= (2

0= {3 i

10 -] e’

In view of above defined labeling patterns we have

vr(0) +1=104(1) = 3n2— 1 O o) 2

Case 3: n = 3(mod 4)

For1<i<n-1:
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0 ,1<i<id;
flus) = { 1 ,otherwise.
f(”n) =0
Forl <i< L_:ﬂ

(o) = © 1 <i< g
floi) = 1 ,otherwise.

0 ,1<i<ip
flwi) = { 1, otherwise.

0 ,1<i<n3,

3 — 4 — — 4 4
f(xi) {1 , otherwise.

0 ,1<i<ip

flyi) = { 1, otherwise.
n—1

F pr—

ori 5

In view of above defined labeling patterns we have

_3n-—1
2

,er(0) =ef(1) =2n -2

Thus, in each case we have |0¢(0) — v¢(1)| < 1and [ef(0) —ef(1)] < 1.

Hence, DA(QSy) is a product cordial graph where n # 2(mod 4).
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Remark 2.4. DA(QS,) is not product cordial graph for n = 2(mod 4). Because to satisfy the vertex condition for
product cordial labeling it is essential to assign label O to 3! vertices out of 3n vertices. The vertices with label 0 will give

rise to at least 2n + 1 edges with label 0 and 2n — 2 edges with label 1. Consequently |ef(0) —ef(1)| > 2.

Example 2.4. DA(QSs) and its product cordial labeling is shown in Figure 4.

v, w, v, w, Vs w, Yy w,
N D\ N\ N\ N\ N\ N\ Ve
© Y, Y, Y, 9, W O, Q)
u, i, U, u, ug u, u, Uy
X y 1 X, Y 2 X3 Y 3 X Y 4

Figure 4

3 Concluding remarks

The labeling of discrete structures is one of the potential areas of research. Here we investigate product
cordial labeling for some alternate snake graphs. To derive similar results for other graph families is an open

area of research.
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Abstract

In this paper an idea of fuzzy soft point is introduced and using it fuzzy soft metric space is established
.The concepts like fuzzy soft open balls and fuzzy soft closed balls are introduced. Some properties of fuzzy
soft metric spaces are developed.
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1 Introduction

In daily life, the problems in many fields deal with uncertain data and are not successfully modelled in
classical mathematics. There are two types of mathematical tools to deal with uncertainities namely fuzzy set
theory introduced by Zadeh [12] and the theory of soft sets initiated by Molodstov [8] which helps to solve
problems in all areas. Maji et al. [6] introduced several operations in soft sets and has also coined fuzzy soft
sets. Chang [4] has introduced the theory of fuzzy topological spaces and Sanjay Roy et al.[10] has defined
open and closed sets on fuzzy topological spaces.

In this paper we have defined fuzzy soft metric space in terms of fuzzy soft points. Fuzzy soft open ball and
fuzzy soft closed ball are introduced in fuzzy soft metric space. Fuzzy soft Hausdorff metric is also defined
and further some equivalent conditions in a fuzzy soft metric space is developed. Some other properties of
fuzzy soft metric spaces are also established.

2 Preliminaries

Definition 2.1. A fuzzy soft point F, over (U, t) is a special fuzzy soft set defined by F.(a) = uF,, where uF, # o
=cifa#e

Definition 2.2. Let F4 be a fuzzy soft set over (U, E) and G, be a fuzzy soft point over (U, E) then G, € F, if and only
if ug, C pr,e = Fale) thatis pg,(x) < pp, Vx € U

Definition 2.3. Two fuzzy soft points F,, F,. are said to be equal if pr , (a) = ur,(a) . Thus Fa # Fp if and only
e, (a) # pEy(a) .

Proposition 2.1. The union of any collection of fuzzy soft points can be considered as a fuzzy soft set and every fuzzy
soft set can be expressed as the union of all fuzzy soft points.

F= UFE

FeEFA

*Corresponding author.
E-mail address: edwinbeaula@yahoo.co.in (Thangaraj Beaula).
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Proposition 2.2. Let F4, Gp be two fuzzy soft sets then F4 C Gp if and only if F, € Fn implies F, € Gp and hence
Fy = Ggifand only if F, € Fafand only if F, € Gg.

Note 2.1. Let F be a collection of fuzzy soft points then the fuzzy soft set generated by F be denoted by FSG(F) and the
collection of all fuzzy soft points of a fuzzy soft set F4 be denoted by FSC(F).

3 Fuzzy soft metric and fuzzy soft metric space

Let A C E and let Fr be the absolute fuzzy soft set that is Fg(e¢) = 7 for alle € E. Let (A)* denote the set of
all non negative fuzzy soft real numbers. The fuzzy soft metric using fuzzy soft points is defined as follows:

Definition 3.1. A mapping d : FSC(Fg) x FSC(Fg) — IR(A)* is said to be a fuzzy soft metric on FE if d satisfies the
following conditions.
(FSM1)d(F,1,F,2) > 0forall F,1, F,» € FSM(F)
(FSMy)d(F,1,E2) = 0ifand only if F, = Fp
(F5M3) (F, elr ez) =d(F e2r e1)f01’allF1, 2 € PSM(PE)
(FSMy)d(F,Fs) =d(Fa,F2) +d(F, Fps) forall Fa, Fp, F,s € FSM(FE)
The fuzzy soft set Fg with the fuzzy soft metric d is called the fuzzy soft metric space and is denoted by (Fg,d).

Definition 3.2. Let A C Rand E C R, let Fr be the absolute fuzzy soft set that is FE( ) =T foralle € E.
Define d : FSC(Fg) x FSC(Fg) — (R(A)) by d(Fa,F,.) = inf{ |],tp€1 (a) —uFp(a)|/a € A} forall Fa,F €
FSM(Fg) then d is a fuzzy soft metric over Fg, let us verify (FSM1) — (FSM5)

(i) d(Fa,F,2) > 0forall Fa,Fp € FSM(Fg)

(i) (s, Fa) = inf{ |ur, (2) — e, (@) /a € A}
=inf{ [ur, (a) — pFa(a)}
_d( e2s el)

(i) d(En, Es) = inf{ |, (a) — ie (a)] /a € A}
=inf{ [ur, (a) — prp, (a) + pr, (@) — pr,|/a € A}
< inf{ [ur, (a) — pr, (a) + pr, (a) — pr,l}
=d(Fa,F)+d(F, Fs) Thus d is a fuzzy soft metric on FSC(Fg).

Definition 3.3. Let (Fg,d) be a fuzzy soft metric space and Gg, be a fuzzy soft subspace of Fg then distance between a
fuzzy soft point F, and G is defined by
d(F., Gg) = sup{ d(Fe, Gp)/ for every fuzzy soft point G, in Gg}

Definition 3.4. A fuzzy soft subspace Gg is said to be a bounded if there exists a positive number M such that
d(Ge1,Gez) < MfO?’ all GE1,Gez € Gg.
The diameter of the subspace Gr, is defined as

diam GE = sup{ d(Gel, Gez)/Ge1, Gez S GE}

Definition 3.5. (Fg,d) be a fuzzy soft metric space and fbea fuzzy soft real number. An open ball centered at fuzzy
soft point F, € Fr and radius t is a collection of all fuzzy soft points G, of Fr such that d(Ge, F.) < t.

It is denoted by ]§(Fe, ?). ie B(F,t)={G, € Fe/d(G,,F,) < t}

The fuzzy soft closed ball denoted by B(Fe,t] = { G, € Fg/d(Ge, Fe) < t}

Definition 3.6. Let (Fr, d) be a fuzzy soft metric space having atleast two fuzzy soft points (Fg, d) is said to be Hausdorff
if for any points F,1, F2 in Fg such that d(F,, F,2) > 0, then there exists two fuzzy soft open ball B(F,,t) and B(Fy,t)
with centre F,1, F,2 and radius I such that B(Ea,t)N B(Fez, ) =¢.

e

Theorem 3.1. Every fuzzy soft metric space is Hausdorff.

Proof. Let (Fg,d) be a fuzzy soft metric space having atleast two points. Let F,1, F,» be two fuzzy soft points in
Fr such that d(F,, ez) > 0. Choose any fuzzy soft real number f such that 0 < ¢ < 3d(F,1,F,2) . Consider two

fuzzy soft open balls B(Fel, ) ={F :d(F,F) < t} and B(Fez, f) = {E :d(E,FE) < t}
Suppose F,, € B(Fel, f) N B(F,z, 1) then
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F, € B(Fa, B) = d(Fy F) <1

Fe3 E B(FEZ’ ) — d(Fez,ng) E

By (FSM,)

d(lfflllffz) §~ d(Flf]fFfs) +d(F€3'F€2)

<t+t=2t )

therefore f > 1d (F,1, F,2) which contradicts the hypothesis. So clearly, ( 1,£) N B(Fz,t) = ¢ and hence
(Fg,d) is Hausdorff O

Definition 3.7. Let { F(, )1} n be a sequence of fuzzy soft points in a fuzzy soft metric space (Fg,d). The sequence
{ Fleny1} n is said to converge in (Fg,d) if there is a fuzzy soft point F;, € Fg such that . d(F ), Fy) — 0asn — oo
That is for every &€ > 0 there exist a positive integer N = N (&) such that whenever d (Feny Fo) > g.
It is denoted as limy—co Fi i1 = Fy

Definition 3.8. A sequence { F 1} n of fuzzy soft points in (Fg,d) is a Cauchy sequence if to every & > 0, there
exists N a positive integer such that d(F, i1, Fejj1 < Eforalli,j > N ie. d(Fe,iy1, Fejn) < §—0asi,j— o

Definition 3.9. A fuzzy soft metric space (Fg,d) is said to complete if every Cauchy sequence in Fg converges to some
fuzzy soft point of Fr.

Definition 3.10. Let Fcp be the soft set of non-empty closed and bounded subspace of the soft metric space (Fg,d).
Define a function on Fcp x Fcp as
H;(Ra, Rp) = max{ supricg, d(RZ,RB),supRgeRB d(Ra, RV}

Theorem 3.2. For a fuzzy soft metric space (Fg,d) the following are equivalent.

a) For each sequence of fuzzy soft real numbers { £, : n € N} , there a sequence of { Egny finite fuzzy soft points of
Fg such that each finite fuzzy soft set Gg C Fg is contained in { F;", fn} for some n.

b) For each sequence of fuzzy soft real numbers { fn:n e N} thereisa sequence of { Egr}y of finite fuzzy points of
Fg such that for each finite fuzzy soft set G C Fg contained in | J,, <<y, | B(F™,£,) for some k.

Proof. Let us prove (b)) = (a)
Let { fn:neN } be a sequence of fuzzy soft real numbers. For eachn € N
Let S, = min{ f; = H fori < n}

Applying (b) to { Sy:neN } . Then there is an increasing sequence 111 < 1z < ... in N. Such that each
finite fuzzy point set Gg C Fg is contained in {J,, <<y, B(E;,S;) for some k.

Let HE = ;. Fe' forn < my

HE = Uy, <i<n,,, Fe'  foreachmand mp <n < npy

Let us prove that the sequence { Hi : n € N} satisfies (a). Let Sg be a finite subset of Fr choose K such
that Sg C Uy, <i<p,,, B(Feyr { Sn)

Let Hg = Uy, <i<n,,, Fe; » Where nje <n <4

Then for each F, € Sg thereisj, ny < j < ny,q and F,, with F, € B(F,, ,S ) we also have B(F,, ,S ) and since
Fe], € HE. Wehave F, € B(HE],, ])

Proof for (a) implies (b) is trivial. O

Theorem 3.3. Cartesian product of two fuzzy soft hausdorff metric spaces is hausdroff.

Proof. Let (Fg,d) and (Gg, d) be two fuzzy soft hausdorff metric spaces. Let (F,, G1 ) and (F,,, G;,) be points
in Fg x Gg, in such a way that d((F,, Fe,) > 0 and d((GL,G} L) > 0. So either F, # Gg1 or F,, # Ge2

Suppose Fe1 =+ ng, since (Fg,d) is a fuzzy soft hatfédorff metric space, there exists two fuzzy soft open
balls B (Fey, tl) and B (Fe,, tz) where tl and tz are fuzzy soft real numbers such that 0 < t1 < d (Fe,, Fe,) and
0<b< 1d (Fe,, Fe,) and B(Fel, f1) N B(P62, f) is empty. Since every metric space is metrlzeable, each Fr and
G are open and so. y

B(Fel, tl) x Fg and B(FEZ,t ) x Gg are the fuzzy soft open sets on Fr x G .
Hence (B(F.,, 1) x F£) N (B(E.,, f2) x Gg) = ¢ O

Theorem 3.4. Every convergent sequence in a fuzzy soft hausdorff metric space (Fg,d) has a unique limit.
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Proof. Assume { F, ), } asequence of fuzzy soft points in the fuzzy soft metric space converges to F, and
71
Fy -
Since (Fg, d) is hausdorff there exist t; and #; fuzzy soft real numbers such that B(F,, , f1) and B(F, , t)

are disjoint.

Since { F )} converges to F o, there exists a positive integer N such that A(Fie,nyms Fesy ) < €1 where
1

& < f for all n < Nj, Again since { Flemym} converges to F, there exist a positive integer N, such that
d(Femyms Fe,y) < €2 where & < f> foralln < N,

Let N = max{ N1, Ny} thenforalln > N, F ), € f?(Fegl,szl) and F ), € §(F%1/£:2) which is a contra-
diction to the fact that 15:3(1-}01 ,€1) and B (Fe,, , €2) are disjoint.

Suppose £ > f; and & > f, , then Flepym € ]§(Fegl,£z1) for all n > Nj and for all F ), € §(FEUI,£:2) for all
n > Np cannot happen and so again we arrive at a contradiction. O

Definition 3.11. F4 is called fuzzy soft open if and only if for every G, € Fa there existsr > 0. Such that B(G,,r) C Fu
where B(Ge, 1) = { He : d(He, Ge) < r} and B(Ge, 1) is called a sphere with center G, and radius r.

Definition 3.12. Let § = { F4 : Fais fuzzy soft open} which satisfies the axioms of A fuzzy soft set F, is called a
neighbourhood of a fuzzy soft point G, if and only if there exists Hg € 6 such that G, € Hp C Fy.

Theorem 3.5. Let vg, = { Fa : Fy is a neighbourhoood of the fuzzy soft point G.} then the family «yc, at any point
G, over (U, E) satisfies the following properties.

(i) if Fq € YG, then G, € Fy

(ii) if FA € 7y, and Fa C then Hp € 7,

(iii) if F4, Hp € G, then F4 N Hp € g,

Proof. (i) if F4 € g, then F4 is a neighbourhood of the fuzzy soft point G,. so, there exists a fuzzy soft open
set Hp containing G, and Hg C F4. Thus there exists a r > 0 such that B(G,,r) C Hp.

Hence B(G,, ) C Hg C Fy andso G, € Fu

(ii) Given F4 € 7, and F4 C Hp there exists fuzzy soft open set V; containing G, and V., C F4 also
there exists r > 0, such that B(G,, ) C V. C F,4 by the given condition, B(G,,r) C V. C F4 C Hp and so
B(Ge,r) C V. C Hp implies that Hp € 7g,

(iii) if F4, Hp € g, , then there exists fuzzy soft open sets V. and Wp such that V; C F4 and Wp C Hp.

Thus there exists r; > 0 such that B(G,, 1) C V. C F4 and there exists r, > 0 such that B(G,, ;) C Wp C
Hpg choose ¥ = min{ r1, 1}

then B(Gg,ﬁ) C V.NWp C F4 N Hp

O
Definition 3.13. A dual fuzzy soft point is a fuzzy soft point F,i of F, over (U, E) where F,a(a) = 1 — ur, ifa = e,
where uE,0
=1lifa#e

Definition 3.14. A fuzzy soft matric is a mapping d : FSC(F4) x FSC(F4) — R(A)* on F4 which is continuous for
membership grade and satisfies for all F,,, F,,, Fo; € FSC(F,) the following axioms

(i) if Fo, C F,, then d(F,,, F,,) =0

(ii) d(Fe,, Fey) < d(Fey, Fey) + d(Fey, Fey)

(iii) d(Fe,, Fey) = d(Fy,,, Fy,,)

(iv) if Fp, C Fe, , then d(F,,, Fe,) > 0

if in the definition mentioned above, if (iv) is omitted then d is called a soft fuzzy pseudo metric. if (iii) and (iv) are
omitted then d is called a fuzzy soft quasi metric.

Definition 3.15. Let d be a fuzzy soft quasi metric on the fuzzy soft set F4 then for any F, € FSC(Fa) and e > 0
then Be(F) = U{ F, : d(F., F;) < €} is a fuzzy soft set which is called an ¢ - open ball of Fo and B¢(F.) = U{ F, :
d(Fe, Fy) < e} called a fuzzy soft closed ball of F,.
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Definition 3.16. The family of all fuzzy soft open balls is known as the base of a fuzzy soft topology tr for F4 cor-
responding to fuzzy soft (quasi, pseudo). This is called as a fuzzy soft metric topology and (Fa, A, T) is a fuzzy soft
(quasi, pseudo) metric space.

Theorem 3.6. Let (Fa, A, Tp) be a fuzzy soft quasi metric space then for any fuzzy soft point F, € F4 and € > 0, then
the fuzzy soft € - open ball. Be(Fr) is a fuzzy soft open neighbourhood of F..

Proof. We have to show that F, € B¢(Fg) for a particulara € A, F.(a) = uFe(a)ifa =e, yF. #0=0ifa # ein
this case d(F,,, F,) < eand so F, € B¢(Fg)

For different elements in A, let us show that result is true.

Ifa,b € A,suchthata < borb < a. Then uF.(a) < uF.(b) or uF,(b) < uF.(a)

In either cases we conclude from above that d(F,,, F,) < € and so F, € B¢(Fg)

Theorem 3.7. Let (Fa, A, TF) be a fuzzy soft pseudo metric space, if F, = Upcyipipe(a)

Definition 3.17. A fuzzy soft point G, is said to be quasi - coincident with F4 denoted by G.qF if and only if ug, (x) +
1, (x) for some x € U

Definition 3.18. A fuzzy soft set F4 is said to be a Q - neighbourhood of G iff there exists Hg € T such that G.qHp
and Hg C Fy4.

Theorem 3.8. A fuzzy soft point G, € F, if and only if each Q - neighbourhood of G, is quasi - coincident with F4.

Definition 3.19. A family of fuzzy soft sets in (Fa, A, Tr) is said to be fuzzy soft locally finite if and only if every fuzzy
soft point F, € FSC(F4) has a neighbourhood H 4 which is quasi - coincident with atmost finite number of S .

Theorem 3.9. If S is a fuzzy soft locally finite family in (Fa, A, Tr) then
U ca=U Ga
[e=) [

Proof. Given any point F. € (Jg,cs5Ga then each Q - neighbourhood of F. is a quasi - coincident with
Ug,es Ga. By fuzzy soft locally finite property, there exists a Q - neighbourhood H, of F.. which is quasi
- coincident with atmost finite number of S . But Hy is quasi - coincident with | J, s Ga and hence Hy is
quasi - coincident with | J}; G/, forall G/, € S

Let us prove that every Q - neighbourhood of F, is quasi - coincident with | J}; G/, forall G}, € S

If for every Q - neighbourhood Ky of F, which is contained in G such that p (x) < MG, (x) then we have

to show that K4 is quasi - coincident with |J}' ; qu for all qu € § . If K4 is contained in G4 then K4 is quasi -
coincident with GY4,i = 1,2,...,1n..

But K4 and Ug, s G, are quasi - coincident and thus we have provecglat every Q - neighbourhood of F,
is quasi - coincident with [ J_; G and so we have, F, C UL, G, = UL G € Ug,es Gl O
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Abstract

In this present work, we consider an impulsive neutral integro-differential equation with infinite delay in
an arbitrary Banach space X. The existence of mild solution is established by using resolvent operator and
Hausdorff measure of noncompactness.
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1 Introduction

In recent years, impulsive differential equations have become an active area of research due to their demon-
strated applications in widespread fields of science and engineering such as biology, physics, control theory,
population dynamics, economics, chemical technology, medicine and many others. Neutral differential equa-
tions arise in many areas of applied mathematics. The system of rigid heat conduction with finite wave spaces
can be modeled in the form of the integro-differential equation of neutral type with delay. In addition, the
development of the theory of the functional differential equation with infinite delay depends on a suitable
choice of phase space. There are various phases spaces which have been studied in a book by Hale and Kato
[9] and they introduced a common phase space 8. For more detail on phase space, we refer to book by Hale
and Kato [9] and Y. Hino et al. [20].

On the other hand, many real world processes and phenomena which are subjected during their develop-
ment to short-term external influences can be modeled as impulsive differential equation with fractional order.
Their duration is negligible compared to the total duration of the entire process or phenomena. Such process
is investigated in various fields such as biology, physics, control theory, population dynamics, medicine and
so on. For the general theory of such differential equations, we refer to the monographs [12], [18], and papers
[5], (6], [14], [17], [19], [21]-[22], and references given therein.

The purpose of this paper is to study the following integro-differential equation with infinite delay in a
Banach space (X, || - ||),

%[u(t) —F(t,uy)] = / f(t—s)u(s)ds] + G(t, ut,/ot E(t,s,us)ds),
te]=10,To), t #ty, k=1,2,---,m, (1.1)
up = ¢€B, (1.2)
Au(t;)) = Ii(uy), i=1,2,---,m, (1.3)

*Corresponding author.
E-mail address: alkachadda23@gmail.com(Alka Chadha), dwij.iitk@gmail.com(Dwijendra N Pandey).
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where 0 < Ty < oo, A is a closed linear operator defined on a Banach space (X;|| -|) with dense domain
D(A) C X; f(t),t € [0, Tp] is a bounded linear operator. The functions F : [0, Ty] x B — X, G : [0, Tp] x B x
X—>X,E:[0,Tg x[0,Tp] xB - X, [;: X - X, i=1,---,m are appropriate functions to be specified later,
where B is the phase space defined axiomatically later in section 2 and 0 < t; < tp < --- <ty <ty = To
are pre-fixed numbers. The symbol Au(t) = u(t*) — u(t~) denotes the jump of the function u at t i.e., u(t")
and u(t") denotes the end limits of the u(t) at . The history u; : (—o0,0] — X is a continuous function defined
as us(s) = u(t +s),s < 0 belongs to the abstract phase space B.

Hernandez et al, [4] has discussed the existence of solution for the neutral integro-differential problem

SWO+fu)] = Au(t)+g(tw), £ € 0,7 9

u = ¢, p€B, (1.5)

where A : D(A) C X — X is the infinitesimal generator of an analytic semigroup and f, g : [0, Tp] x B —
X are appropriate functions. The existence of the mild solution for impulsive neutral integro-differential
inclusions with nonlocal conditions

t
%[u(t) —F(t,u(m ()] = Alu(t) +/ f(t = s)u(s)ds]
0
+G(t,u(hy(t))), te[0,To), t # t, (1.6)
Au(tk) = Ik(u(t];))r k= 1/ s, m, (17)
u(0) +g(u) = up, (1.8)

has been established by Chang and Nieto in [22]. Where A is the infinitesimal generator of a compact, analytic
resolvent operator R(f),t > 0 on a Banach space X and F, G, g, I are appropriated functions.

In this work, our work is spurred by the works [4]-[7], [14], [17], [21]-[22] to establish some existence results
for the system (L.I)-(L.3) by using measure of noncompactness and resolvent operator. The tool of measure
of noncompactness has been used in linear operator theory, theory of differential and integral equations, the
fixed point theory and many others. For an initial study of the theory of the measure of noncompactness, we
refer to book of Jézef Banas [10], Akhmerov et. al.[16] and references given therein.

The organization of the article is as follows: In section 2, we provide some basic definitions, lemmas and
theorems as preliminaries as these are useful for proving our results. In section 3, we prove the existence of
mild solution to (I.I)-(1.3). An example is also considered at the end of the article.

2 Preliminaries

In this segment, we provide some fundamental definition, Lemmas and Theorems which will be utilized
all around this paper.
Let X be a Banach space. The symbol C([4,b]; X), (a,b € R) stands for the Banach space of all the continuous
functions from [a, b] into X equipped with the norm || z(¢)|c = SUPye (g Il z(#)||x and LP((a, b); X) stands for
Banach space of all Bochner-measurable functions from (a, b) to X with the norm

2l = ( / | 2(5) s 7.
(a,b)

Let 0 € p(A) i.e. A is invertible. Then it can be conceivable to characterize the fractional power A* for
0 < o <1asaclosed linear operator with domain D(A%) C X. Itis easy to see that D(A") which is dense in X
is a Banach space endowed with the norm | z|| = || A%z||, for z € D(A"). Henceforth, we use X, as notation
of D(A"). Also, we have that X, — X, for 0 < & < x and therefore, the embedding is continuous. Then, we
define X_, = (Xy)*, for each « > 0. The space X_, stands for the dual space of X,, is a Banach space with the
norm || z||—4 = || A~*z||. For additional parts on the fractional powers of closed linear operators, we allude to
book by Pazy [1].

For the differential equation with infinite delay, Kato and Hale [9] was proposed the phase space 9B satis-
fying certain fundamental axioms.
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Definition 2.1. The linear space of all functions from (—co,0] into Banach space X with a seminorm || - ||ss is known
as phase space B. The fundamental axioms assumed on B are the followings:

(A) Ifu:(—oo,d+ To] — X, To > 0is a continuous function on [d,d + To] such that ug € B and uljg 4.1, € B €
PC([d,d + Tol; X), then for every t € [d,d + Tp), the following conditions are hold:

(i) U € B,
(ii) H|| utl|os = [| u(t)]],

(iii)|| ullss < N(t+d)|| uglls + K(t —d) sup{[| u(s)|| : d <'s < t},
where H is a positive constant; N, K : [0,00) — [1,00), N is a locally bounded, K is continuous and K, H, N
are independent of u(-).

(A1) For the function u in (A1), uy is a B-valued continuous function for t € [d,d + T).
(B) The space B is complete.
To set the structure for our primary existence results, we have to introduce the following definitions.

Definition 2.2. A family {R(t)};c of bounded linear operators is said to be a resolvent operator (Fractional operators)
for following equation

x'(t) = Alx(t) + /Otf(t —s)x(s)ds], (2.9)
if the following conditions are satisfied
(i) R(0) = I, where I is the identity operator on X.
(i) R(t) is strongly continuous for t € [0, Tp).
(iii) R(t) € B(Z), t € [0,Ty). Forz € Z and R(-)z € C([0, Ty]; Z) N C*([0, To); Z), we have

d
ER(t)Z

A[R(t)z + /Otf(t — $)R(s)zds], (2.10)

R(t)Az + /OtR(t —5)Af(s)zds, t € [0, Tp]. (2.11)

Where B(Z) denotes the space of bounded linear operators defined on Z and Z is a Banach space formed from
D(A) with the graph norm.

We assume that A generates a resolvent operator {R(#) };>¢ on a Banach space X and there exists a positive
constant M; such that || R(¢)|| < M;. For any 0 < « < 1, there exists a positive constant M, such that

M,
| AR < 5, t €[0Tyl (2.12)

To consider the mild solution for the impulsive problem, we propose the set PC([0, To); X) = {u : [0, Tp] —
X : u is continuous at t # t; and left continuous at ¢+ = ¢; and u(t;L) exists, forall i = 1,---,m}. Clearly,
PC([0, Ty); X) is a Banach space endowed the norm || u||p¢ = sup,c g ) || #(s) |- Forafunction u € PC([0, To]; X)
andi € {0,1,---,m}, we define the function u; € C([t;, t;11], X) such that

T = {u(t), for te (f,tis1], 213)

~u(th), for t=t;.

For W € PC([0, To); X) and i € {0,1,---,m}, we have Wl = {u; : u € W} and following Accoli-Arzela type
criteria. Now, we discuss some basic definition of measure of noncompactness (MNC).

Lemma 2.1. [3]. A set W C PC([0, To); X) is relatively compact i and only if each set W; C C([t;, tisq], X) (i =
0,1---,m) is relatively compact.

Definition 2.3. The Hausdorff’s measure of noncompactness (H'MINC) xy is defined as
xy(U) =inf{e > 0: U can be covered by finite number of balls with radius e}, (2.14)

for the bounded set U C Y, where Y is a Banach space.
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Lemma 2.2. For any bounded set U, V C Y, where Y is a Banach space. Then, the following properties are fulfilled:
(i) xy(U) = 0if and only if U is pre-compact;
(ii) xy(U) = xy(conv U) = xy(U), where conv U and U denotes the convex hull and closure of U respectively;
(iii) xy(U) C xy(V), when U C V;
() xy(U+V) <xy(U)+xy(V), where U+ V ={u+v:uecl, veV}
() xy(UUV) <max{xy(U),xy(V)},
(i) xy(AU) =A-xy(U), forany A € R;

(vii) Ifthemap P : D(P) C Y — Z is continuous and satisfy the Lipschitsz condition with constant «. Then, we have
that x z(PU) < xxy(U) for any bounded subset U C D(P), where Y and Z are Banach space;

Definition 2.4. [10] A bounded and continuous map P : D C Z — Z is a xz-contraction if there exists a constant
0 < x < 1such that xz(P(U)) < xxz(U), for any bounded closed subset U C D, where Z is a Banach space.

Lemma 2.3. [15] Let D C Z be a closed, convex with 0 € D and the continuous map P : D — D be a x z-contraction.
If the set {u € D : u = APu, for 0 < A < 1} is bounded, then the map P has a fixed point in D.

Lemma 2.4. (Darbo-Sadovskii)[10]. Let D C Z be bounded, closed and convex. If the continuous map P : D — D is
a xz-contraction, then the map P has a fixed point in D.

In this paper, we consider that y denotes the Hausdorff’s measure of noncompactness (H'MNC)in X, xc
denotes the Hausdorff’s measure of noncompactness in C([0, Tp|; X) and xp¢ denotes the Hausdorff’s measure
of noncompactness in PC([0, Ty]; X).

Lemma 2.5. ([I0[. If U is bounded subset of C([0, Tp]; X). Then, we have that x(U(t)) < xc(U), V t € [0, To],
where U(t) = {u(t);u € U} C X. Furthermore, if U is equicontinuous on [0, Ty), then x(U(t)) is continuous on the
interval [0, To] and

xe(U) = sup {x(U(t))}. (2.15)
t€[0,To]

Lemma 2.6. [10] If U C C([0, Ty]; X) is bounded and equicontinuous, then x (U(t)) is continuous and

t t
X(/O U(s)ds) < /0 x(U(s))ds, ¥ t €10, To], (2.16)

where fOt U(s)ds = {fot u(s)ds,u € U}.

Lemma 2.7. [14]
(1) If U C PC([0, To); X) is bounded, then x(U(t)) < xpc(U),V t € [0, Tp], where U(t) = {u(t) :u e U} C X;
(2) If U is piecewise equicontinuous on [0, Ty, then x (U(t)) is piecewise continuous for t € [0, Ty] and

xpe(U) =sup{x(U(t)) : t € [0, To]}; (2.17)

(3) If U Cc PC([0, To); X) is bounded and equicontinuous, then x (U(t)) is piecewise continuous for t € [0, Ty] and
t t
x| Uds) < [ xUe)ds e 0,1, (2.18)
0 0

where [y U(s)ds = { [y u(s)ds : u € U}.
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3 Main Results

In this segment, the existence of the mild solution for the equation (1.1)-(1.3) is studied. Now we introduce
following conditions:

(HR) Since R(t) is a resolvent operator and f is bounded operator. Without loss of generality we assume that
there exist positive constants Ny, N, such that || R(#)|| < Ny, || f(#)|| < N, t € [0, To]. We assume that
R(t),t > 0 satisfies the following property;

(R1) The map ¢ +— R(t) is continuous from (0, To] to £(X) with the uniform operator norm || - [|(x)-

(HF) The function F : [0, Ty] x B — X is Lipschitz continuous and there exist constants Ly > 0and 0 < f <1
such that

I APE(t, 1) = APE(s, x2) || < Le[l| 1 = x218], (3.19)

and
| APE(t,x)[| < Ci| x]|s + Ca, (3.20)

for all x,x1,x € B and t € [0, Ty, where Cy, C; are positive constants.

(HG) G: [0, Ty] x B x X — X is a nonlinear function such that
(1) For each u : (—o0,To] — X, ug = ¢ € B, G(t,-,-) is continuous for a.e. t € [0, Tp] and function
t— G(t,uy, fot E(t,s,us)ds) is strongly measurable for u € PC([0, Ty|; X).
(2) There is an integrable function « : | — [0,00) and a monotone increasing continuous function ) :
Ry — Ry such that

I1G(T,x,y)|| < a()Q(] xlls + 1 yl), T €0, To], (x,y) € B xX. (3.21)

(3) There is an integrable function 7 : | — [0, c0) such that for any bounded subset E; C PC((—c0,0]; X),
E, C X, we have that

X(R(1)G(7, E1, E)) < §(T){ sup x(E1(6)) + x(E2)}, (3.22)

—00<6<0
fora.e. t € [0, Ty]. Where E1(0) = {u(0) : u € Eq}.

(HE) (1) There is a constant E; > 0 such that
T
I / [E(T,s,u) — E(t1,s,0)]ds|| < E1]| u —v||ss, T,5 € [0, To], u, v € B. (3.23)
0

(2)The map E(t,s,-) : B — X is continuous for each (t,s) € [0, Ty] x [0, To] and E(-,-,u) : [0, Ty] x
[0, To] — X is a strongly measurable function for each u € 9B. There exist a constant { > 0 and integrable
function mg : | — [0, c0) such that

1 E(T,s, %) < Zme(s)e(l x[1), 7,5 € [0, Tol, (3.24)
where ¢ € C([0,c0); [0,00)) is a increasing function and [~ {mg(s)ds < Ly.

(HI) (1) The functions I; : 8 — X, i = 1,2,---,m are continuous and there are constant L; > 0 (i =

(1)
1,2,---,m) such that
| Li(x) = LIl < Lill x —ylls, ¥V x,y € B. (3.25)

(2) There exist positive constant K} and K?,(i = 1,- - - ,m) such that

I L)l = K}l x| + K7, x € B. (3.26)



208 Alka Chadha et al. / Existence results for...

H)
m o = [(KpyNiH+ Mr,) + K, Ni|| AP||C1]|| ¢l + K, [| A=F||Ca
My_gToP M _gToPT!
+ P B Ny YK, (3.27)
ﬁ IB 0<ti<t
_ M;_pToP My TP
ne = [IA ﬁ||c1+—’3c1+NzﬁTc1
+N; Y K <1 (3.28)
0<t;<t
and
/TOAUd | oo (3:29)
me(s)ds < —_ .
o TS e Q)+ e(s)
where b = -1

T=pa-
Definition 3.5. A piecewise continuous function u : (—oo, To] — X is said to be a solution for the system (I.1)-(I.3) if
ug = @, u(-)| (0,1, € PC and following impulsive integral equation

u(t) = R(t)[p(0)—F(0,¢)] + F(t, ur) + /Ot AR(t —s)F(s,us)ds
+/OtAR(t —5) /Osf(s — T)F(t,u¢)dtds
t

+/O R(t—s)G(s,us,/OsE(S,T,ur)dT)ds
+ Y R(t—t)L(uy),  te0,Tol, (3.30)

o<t;<t
is verified.

Let z : (—oo, Ty] — X be a function defined by zg = ¢ and z(t) = R(t)¢(0) on [0, Tp]. It is clear that || z:|| <
(K1,N1H + Mr,)|| ¢||, where K7, = SUP;c(o,7) K(t), Mg, = SUPyc(o,7;] M(t).

Theorem 3.1. Suppose (HR), (HF), (HG), (HE), (HI), (H') holds and

M;_gToP NoLpM;_gToP*! m t
1; Ul s ;ﬁ ¢ N ZLi]+(1+Lle)/ E(s)ds < 1. (3.31)
i=1 0

Then, the impulsive system ([L.I)-(I.3) has a mild solution.

KTO [Lr+

Proof. Let S(Tp) = {u : (—oo,To] — X, ug =0, uljp,1,) € PC} endowed with the supremum norm || - || be the
space. Define operator P : S(Ty) — S(Tp) as

0, te (—o0,0],
—R(E)F(0,¢) + F(t,us +2z¢) + [iy AR(t —)F(s, us + z5)ds
pu(t) = {+Jo AR(E=5) [ f(s — T)F(z,ur + zc)dTds (332)

+ fot R(t —s)G(s, us + zs, [y E(s, T, tx + z¢)dT)ds

+ Y R(t—t)Li(uy, +2z1,),  te[0,Tol.
0<ti<t

Also we have || u; + zl|g < (KryN1H + M) || ¢lls + K[| ul[s, where || ulls = supge(g || u(s)||- From the
axioms A, our assumptions and the strongly continuity of R(t), we can see that Pu € PC. For u € S(Tj), we
get

| AR(t —s)F(s,us + z5)|| = || AYPR(t —s)APF(s, us +zs5)|,
M;_g

< m[cl || us + 25|l + Cal, (3.33)
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thus, from the Bocher theorem it takes after that AR(t — s)F(s, us + zs) is integrable. So, we obtain that P is
well defined on S(Tp). We give the demonstration of Theoremin the numerous steps.

Step 1. The set {x € PC([0, Ty]; X) : u(t) = APu(t), for 0 < A < 1} is bounded.
For1 > A > 0, let u, be a solution for u = APu. We have that

| uae + z¢l| < (Kpy NiH + Mry) || ¢l + K[ ua [ls- (3.34)
Let vy (t) = (KryN1H + Mr1,)|| ¢l + K7, || ua|lt, for each t € [0, Ty]. Then, we have

[ua®] = [FAPur ()] < || Pua(t)],
< [ ROFQ @)+ [ E(t uar +z1) |

t
+ / | AVPR(E = s)[[| APE(t, 1y +25) | ds
0
t s
+/ I AlfﬁR(t_s)u/ (s — T)|| APE (T, e + 20) |[dds
0 0

t s

—|—/ I R(t—s)G(s,uS—i—zs,/ E(s, T,ur + z7)d7)||ds
0 0

+ Y IRt =) Li(us, +z1) I,

o<t;<t
< Ni|| AP|[Ch]| pllss + Ca] + || AP [Cava(t) + Co
M;_gTof 1-pToP !
+%(C1VA(S) +C2) + N2 /55 (Crva(s) + C2)
t
+N1/ a(s) / Sme(T (1))dt)ds
0
+N1 Y (Kili/A( )+Ki2)r
0<t,‘<t
_ _ 1-gbP M;_gTpP*!
< M| AP[C] 9lls +Co] + || APIIC2 + ,Bﬁ C2+NzﬁTCz
M;_gToP M;_gToPH!
YK+ AFIC + PO e NP
0<tl‘<t ﬁ ﬁ
t
N Y K@+ N [ a) / § me () p(vr(1))dT)ds,
O<ti<t 0
which gives that
va(t) < [(KyNyH + Mr,) + K, Ni|| AP||C1] || ¢lls + K, [| AP Ca
M TP M;_gToPt!
+ 2 TP N Y K ATPIG
ﬁ ﬁ 0<tl‘<t
M;_gToP M;_ TPt
-‘rucl-l-Nz&Cl-i-Nl Z Kil]v/\(t)
ﬁ IB 0<t,‘<t
t
N [ alo / § me(T)p(va(T))dT)ds,
0
1 N1 K7, / /
i (t) < + — m dTt)ds,
A(t) < TR g Gmg( (1))dt)ds
Take b = 7 K ;2, therefore we get
N:1K
() bt g ! ;0/ / T me(T)g(va(T))dT)ds, (3.35)
— U

1\1]1_120 fot a(s)Qva(s) + fo & me(T)@(va(T))dT)ds, then we have B, (0) = b and

vA(t) < Bat), 0<t< Ty (3.36)

Let By(t) = b+
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Also, we get
N- KT
B0 < a0 (0 + [ & mele)glune))is) 6:37)
ﬂz
Since we have that () is nondecreasing. Therefore we get
N;K
B0 < P00+ [ Tmee)p(6r(5)d) (3.39)

Now we take B, (t) = B(t) + fotg me(s)@(Ba(s))ds and we have By (0) = B (0) and B, (t) < B (t).

By(t) = Bu(h)+5me(t)g(Ba(h)),
< T ROOA) + T metp(B(D),
< mE(O)(QBAD)) + @(BA(1))), (3.39)
which gives that
e L ds < e ds < ” 1 d 3.40
o TR S o O < | o o

It implies that functions B, (t) are bounded on [0, Ty]. Therefore, the function v, (t) are bounded on [0, Ty] and
1 (-) are bounded on [0, Ty].

Step 2. P is x-contraction.

We introduce the decomposition of P = P; + P such that

Piu(t) = R(H)[-F(0,¢)] + F(t, ur+z) + /Ot AR(t —8)F(s, us + z5)ds

+ /Ot AR(t —5s) /Osf(s — T)F(7, ur + z¢)dtds

+ Y R(t—ti)L(uy, +z¢,), (3.41)
O<t;<t
t s
Pu(t) = /OR(t—s)G(s,us+zS,/0 E(s, T, ur + z7)dt)ds. (3.42)

To prove the result, firstly we show that P; satisfies the Lipschitz condition. For u1, uy € S(Tp), we have
| Pruq(t) — Prua(t)||

< || APF(t,u1; +2z1) — APE(t ugy + 21|

t
+ / |AYPR(t = $)||||APF(s, 15 + z5) — F(s, tins + 25) || ds
0

t s
+ /O |AER(E — 5)) /0 1£(s — DIIAPE(T, u1e + 22) — F(T, tpe + 22) |dds

+ 2 IR =)l Li(uny, +z) — Liuzy, + 24,

0<t;<t
1-pToP
< Lp|l ugp —uzslls + TLFH U1y — Uzl
NoLpM;_gToPH! i
- B ay — wallos + Ny Y L 102, — e,
B i=1
M;_gToP NoLpMy_gToPt! m
< KTO[LF—I—iﬁLF-F P + Np ZLZ]H u —MzHTO, (3.43)
p p i=1
[ p+1
it gives that P; is Lipschitz continuous with Lipschitz constant L = Kr,[Lr + Ml_g To Lr+ NZLFM%_ﬁTO

Ny Z:i1 Li}-
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Let B be an arbitrary subset of S(Tp). Since R(t) is equicontinuous resolvent. Therefore, from the as-
sumption (HG) and the strongly continuity of R(t), we have that R(t — 5)G(s, xs + ys, [y E(s, T, Xt +y7)d7) is
piecewise equicontinuous. Then, by the Lemma[2.6|we have

xX(Pa(B(1)))
< X(/OtR(t_S)G(s/BS+ZSI/OSE(SITIBT+ZT)dT)dS)/
< /tg(s)-( sup )((B(S+9)+Z(s+9))+X(/SE(S,T,BT+ZT)dT))dS,
—00<6<0 0

< / §(s) sup [X(B(s+6) +2(s+6)) + Lox(Q(B(s +6) + (s +6)))]ds,

—00<6<0
< / &(s) sup (x(B(1)) + Lox(Q(B(1))))ds,

O<T<S

t

< xpe(B)[1+OLo] /O E(s)ds, [x(QB(T))) < Oy (B(D))], (3.44)

for every bounded set B C PC. Where (); is a constant.
Now we can see that for any bounded subset B € PC

xpc(P(B)) = xpc(P1B+ P;B),
xpc(P1B) + xpc(P2B),

t
< (Lt (1+Lo) [ S xne(B), (3.45)

IN

from the above inequality we obtain that P is y-contraction. Hence P has at least one fixed point in B by Darbo
fixed point theorem. Let u be the fixed point of the map Q on S(Tp). Thus y = u + z is a mild solution for the
problem (T.I)-(T.3). Therefore this completes the proof of the theorem. O

Theorem 3.2. Suppose that (HR), (HF), (HG), (HE), (HI) and (H') are satisfied and
M;_pTof NoM;y_gToP !
C1+ Cy
B B
m TO
+N YK+ N11<T0/ «(s)ds lim sup M <1 (3.46)
i 0

T—00

KToHl AiﬂHCl +

Then, the impulsive system ([.I)-(T.3) has a mild solution.

Proof. Thus proof of the above theorem is like that of Theorem 3.1, We characterize the operator P as (3.32).
Now, we show that there exist a # > 0 such that Q(B;) C B,, where B, is a closed and convex ball with center
at the origin and radius r i.e., B, = {u € S(Tp) : || ul|1, < r}. To prove it, we assume that for any r > 0, there
exists u; € B, and ¢, € [0, To] such thatr < || Qu.(¢;)||. For u, € B, and t, € [0, Ty], we have

ro< | Qui(tn)ll < Null F(O,9)[l + || APII[Call pt, + 21, |3 + Co]

t
+/ |AYPR(t, — ) ||[| APE(s, utys + 25) ||ds

0

ty s
+ /O |AYER(E, —5)| /O 1F(s — D)l [APE(T, ttyr + o) |drds

ty s
+N1/ I G(s,urerzs,/ E(s, T, urr +25)T)||ds
0 0

m

N1 Y (K} g+ 2l + KF),
i-1
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Npl| A™P[[(Cillgllsn + C2) + I A™PI[Coll wrs, +2t, || + Cal
+Ml_ﬁToﬁ NoMy_gTof
B B

ty s
+/0 a(s)Q(|| ure, + 2zt |8 + || /0 E(s, T, uyr + z7)dt||)ds

(Call urt, + 2, || + C2) + (Call urt, + 2, | + C2)

m
+N1Y (K e+ 2w+ KF),
i=1

M _pTof

IN

NoM_gTof ™ c

Ni|| AP|(C1ll¢lls + Co) + || AP||Ca + G+

p

m - M;_gTof NoM;_gTpPH!
N YR 4[| APlICy + [f G+ ;
i=1

ty
ﬂmnMH+Mmum%+mm+[;mew%MH+anmm

+Kr,r + Log((KryN1H + M7,) | ¢l + Kr,7))ds,

it gives that

m
Ci+ N Y K]

M zToP NoMy_ gToPt! m
1 < Kl A PG+ —20 ¢+ 2P0 b Ny Y KN
B p =~
To
+N1/ a(s)ds
0
« lim sup 2ERNH + Mz)l| 9l + Ky + fO(P((KTONlH—F M)l ¢l + Kr,r))
r—00
_ M;_ To‘B NoM; _ TO‘B'*_1 1
< Kylll AP|C+ —22 ¢yt PO i+ N Y K]
p p =
To
+N1KT0/ a(s)ds Tlim sup %,
0 — 00

which is the contradiction of the inequality (3.46). Hence we conclude that QB; C B;.

(3.47)

(3.48)

As the proof of the Theorem 3.1, we obtain that there exists at least a mild solution for the problem (1.I)-

(L.3).

4 Example

O

In this section, we consider an example to illustrate the application of the theory. Here we take the space

Co x L?(h, X) as phase space B(see, [5]).

We consider the following first order neutral integro-differential equation with unbounded delay

u

topm 2 t
%[x(t,u) - /_00/0 B(t—s,§,u)x(s,§)d§ds] = %[x(t,u) +/0 f(t—s,u)x(s,u)ds]
t

S
+/ a(t,u,s — t)G(x(s,u),/ E(s,T,x7)dT)ds, t € [0,Ty], u € [0, ],
0 0

x(t,0) =x(t,m)=0, te€]l0,Tpl,

x(t,u) =¢(t,u), 7<0,0<u<m,
t

Ax(ti)(u):/ ci(t; —s)x(s,u)ds,

—00

where ¢ € Cp x L2(h,X)and 0 < t; < t < --- < t,, < b are fixed numbers.
The function B, f,a, G, E, ¢; are satisfied the following conditions:

(4.49)

(4.50)
(4.51)

4.52)
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(A1) The function B(s, §, u), %B are measurable and B(s, §,0) = B(s, §, r) = 0. Also
1
LB_max{/ / / hl aBa S\ dgdsdu)'/2 i = 0,1} < oo; (453)

(A2) The operator f(t),t > 0is bounded and || f(¢, u)|| < Np;
(A3) a(t,u, ) is continuous function on [0, Ty] x [0, 7r] x (—o0,0] with f a(t,u,7)dt = n(t,u) < oo;

(A4) Gis a continuous function, satisfying G(x1, x2) < Q'(|| x1]| + || x2]|), where Q'(+) is continuous, increas-
ing and positive on [0, c0);

(A5) The function E(-) is a continuous function, satisfying 0 < E(t,s,u) < w(|| u||), where w is a positive
increasing continuous function on [0, c0);

(A6) The functions ¢; € C([0,00); R) and K3 = ([°,, ©G° PasV2 <0, vi=1,-- ,m
Let Ax =x", A: D(A) C X — X is a linear operator with domain
D(A) ={x e X:x" € X,x(0) = x(mr) = 0}. (4.54)

It is known that A is the infinitesimal generator of an analytic resolvent operator R(t),f > 0. We assume that
the (A1) — (A6) are established.
Now, the system {#.49)-#.52) can be reformulated as the abstract impulsive Cauchy problem (I.1)-(1.3) giving

by

F(t,y)(u) = / / (s,z,u)y(s,z)dzds, (4.55)

Gi(t,w,y)(u) = / a(t,u, 7)G(w(t, u) /y'r(?xg)dﬂ)d (4.56)
,Ooo

i = [ aloys s (457)

Itis easy to see that F(¢t,-), G1(t,-,-), i(i =1, - - ,m) are bounded linear operators. Applying the Theorem 3.1,
we conclude that the problem (4.49)-(4.52) has at least one mild solution.
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Abstract

In this paper one can see a new method for conversion of number systems. As an application we give an
algorithm of factorization of an integer 1 with arithmetic complexity O(y/nIn? ).
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1 Introduction
Let us first start with a whole number n described in the number system with base p:

n=amp-1pa0p = dmpP" + - +a1pP +dop (1.1)

where a; ; is the digit at position i. If the least significant number ap, = 0, then p is a divisor of n.

In this note, we are interested in converting a number in the number system with base p to that with
base p + 2. As a consequence, we are able to design an algorithm for factorizing a number n with arithmetic
complexity O(y/7In? n1). Here we use arithmetic complexity models, where cost is measured by the number
of machine instructions performed on a single processor with addition and substraction of m-bit integers that
costs O(m) (see [dI).

2 Conversion

The conversion of a number # in the p base number system to the p + 2 base number system uses Horner’s
scheme ‘illustrated” as follows :

n = +(ap+b)p+ec

a(p+2) + (—2a+0b))p+c

a(p+2)p+ (—2a+b)p) +c¢

a(p+2)(p+2) —2a(p+2) + (—2a+b)(p+2) + (—2a+b)(—2)) +¢
(P+2) -

20+ (—2a+D))(p+2) + (—2a+1b)(-2) +c.
Note that the conversion only employs additions and/or substractions. This idea of conversion is first

announced by Walter Soden (see [2} p. 320]), but expressed in special cases. Knuth [2] also mentions this idea
for numbers, not for digits.

*Corresponding author.
E-mail addresses: u_mnicha@inetia.pl (Janusz Wlodarczyk), dbehloul@yahoo.fr (Djilali Behloul), suisuncheng@gmail.com
(Sui Sun Cheng).
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Lemma 2.1. Let n = ap,pp™ + -+ + a1,,p + ao,p be an integer written in base p. If ay,p # 0, then m = [logp n} .
Proof. All the digits ajp, except ap,p, are between 0 and p—1. Hence
pi<n<(p-1)-p"+--+(-1)-p+(p-1.
But
(p—1)-p"+-+(p-1) pt+(p-1) = (""" -1
Hence
Pm S n S pm+l 1< pI’I’H*l'
Taking log , on both sides, we see that

m < logpn <m+1,
which implies m = {logp n} . O

Lemma 2.2. Let n = ap + b be an integer written in base p. Then n can be written in base p+2asn = a’(p+2) + b/,
where
1)ifb—2a>0thena =aandb' = b —2a,
2)ifb—2a <0andb—2a+ (p+2) >0thena =a—1andb =b—2a+ p+2,and
3)ifb—2a+p+2<0,thena =a—2andb’' =b—2a+p+2+p+2.
The arithmetic complexity is at most O(log, p).

Proof. We have,

n = alp+2—-2)+0b
= a(p+2)+ (b—2a).

Itis easy toseethatb —2a < b < p +2.

First case: if b —2a > 0thena’ =aand ' = b — 2a.

Second case: if b —2a < 0and b — 2a + (p +2) > 0 then we substract 1 from the digit 2 and we add (p + 2)
to the number (b — 2a),

n=(@a-1)(p+2)+(b—-2a+p+2).

Thena' =a—1landV =b—2a+p+2

Third case: if b — 2a 4+ p + 2 < 0 then we substract 1 from the digit a — 1 and we add (p + 2) to the number
(b —2a+ p +2), we obtain

n=(a-2)(p+2)+(b—2a+p+2+p+2).

Itiseasy toseethat (b —2a+p+2+p+2) >0.Thena’ =a—2andb/ =b—2a+p+2+p+2

It is easy to see that the number of additions or substractions manipulating the numbers 1,2,4,b and p is
9. We have 5 additions, 4 substractions where we consider b — 2a as b — a — a. The lengths of a,b and p are
< log, p, the complexity (i.e., the number of binary arithmetic operations) is then 91log, p € O(log, p). O

3 Transformation I

Letn = (a(p+2)+b)p+c, where0<a,b<p+2and0 < ¢ < p. Then n can be written in base p+2 as
n=a(p+2)*+ V' (p+2)+c.

The transformation will be achieved in two steps: transform step and correction step.

Transform step: Write

(alp+2)+b)p+c

= (a(p+2)+b)(p+2-2)+c

= a(p+2)2+(b—2a)(p+2)+c—2b
= A(p+2?+B(p+2)+C
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where A =a,B=b—2aand C = ¢ — 2b.
Correction step:
1) IfC > 0thenc = C.
2)If C < 0and C+ p +2 > 0 then we substract 1 from B and we add p +2 to C. Then ¢’ = C+ p + 2.
3)If C+ p +2 < 0 then we substract 1 from B—1andweadd p+2toC+p+2. Thenc =C+p+2+
p+2.

Now we assume that C is corrected. Then
n=Alp+2)"+B(p+2)+c

where B=BorB—1orB—2.

1)If B> 0thenb' = Band 2’ = A.

2)If B < 0and B+ p+2 > 0, we substract 1 from A and we add p +2 to B, then b’ = B+ p + 2 and
ad=A-1.

3)If B+ p+2 <0, wesubstract 1 from A —1landweadd p+2toB+p+2,thent =B+p+2+p+2
anda’ = A —2.

It is easy to see that the number of additions or substractions involving 1,2, 4, b, p and c is 16. We have 8
additions and 8 substractions. The lengths of a,b,c and p are < log,(p + 1). Evaluation of a', b, c involves
161log, (p + 1) binary arithmetic operations.

4 Transformation II

Let
Ay = (((a(p+2) +ar_1)(p+2) +ar2)(p+2)+---+a1)p+ao

where 0 <g; <p+2fori=1,2.,kand 0 < gy < p. Then Ay can be written in base p+2 in the form
B = a(p+2)" +ai_y(p+2) "+ ai(p+2) +ap
Again, this can be done in two steps : transform step and correction step.

Transform step: Write

k-1

Ay = ((p+2) "+ a1 (p+2)+ - +ax(p+2) +a1)p +ap
= ((p+2) "+ a1 (p+2) 2+ +axp+2)+a)(p+2-2)+ag
= a(p+2)" + (a1 —2a) (p+2)F 1+ 4 (a1 — 2a0) (p +2) + a9 — 2a1.

k-1

Put Ay =ayand A; 1 =a;_1 —2a; fori =1, ..., k, then
Ar = A(p+2)" + AP +2)F T+ + Al(p +2) + A

Correction step:

1) If Ag > 0 thenaj, = C.

2)If Ap < 0and Ag+p +2 > 0, we substract 1 to A; and we add p + 2 to Ag then ajy = Ag+ p +2

3)If Ag+p+2 <0, wesubstract 1 to A —1landweadd p+2to Ag+p+2thenay = Ag+p+2+p+2.
Now we assume that A; is corrected, inductively, we will correct A;1:

A= A(p+2) 4+ Ao (p+2) P+ A (p+2)  +dl(p +2) + - - - + 4

where A; .1 = A jor Aj .1 —1or Ajyq —2.

1) If Ai+1 > 0 then ﬂ;+1 = Ai-i—l'

2)If Ay <0and Aj; 1+ p+2 > 0, wesubstract 1 from A;, and weadd p +2to A;;q, thena] | = Aj 1+
p+2

3)If A;.1 +p+2 <0, wesubstract 1 from A; » —1and weadd p +2to A, +p + 2, then i, = A+
p+2+p+2
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Number of operations :

1) The transform step needs 2k substractions

2) Correction step needs at most 4 additions, 2 substractions to correct Ay; 4 additions, 2 substractions to
correct Aq; 4 additions and 2 substractions to correct Ay_1.

In total we need 2k + 6k = 8k operations.

The lengths of a; and p are < log,(p + 1). Evaluation of a/, i = 0, ...k, involves at most 8klog,(p + 1)
binary arithmetic operations.

Theorem 4.1. Let n = ap,pp™ + - - - + a1 pp + ao,p be an integer written in base p. Then we can write n in the base

p + 2 in a systematic manner, as n = ”/m’,p+2(P +2)m 4 B pi2(P+2) +ap o where m' = [logp+2 n} .

logi n
Furthermore, the arithmetic complexity is at most O 2 |.
log, p

Proof. The numbers ag,p 4o are determined by the Lemma 2.2} Transforms I and II described above (and is
implemented in the conversion algorithm below). The total number T (1, p) of operations is given by:

T(n,p) = 9log,p+16log,(p+1)+..+8klog,(p+1)+..+8mlog,(p+1)
9log, p+8(2+3+...+m)log,(p+1)

= 9log,p +8log,(p+1) (m(mz—i—l) — 1)

= O(m2 log, p).

2

1
Butm = [1ogp n} and logfJ nlog, p = og, n

& , hence the complexity is O(logj 1/ log, p)- O
log, p

We may now summarize our previous discussions by means of the following

Conversion Algorithm:

INPUT: number 1 = ay,p . . . 41 pao,p in the number system with base p.

OUTPUT: number 7 in the number system with base p + 2 expressed in the form 7 = a4y, p 12 ... 41 p1240,p+2-

1. fori=0tomstep1 {a; < a;p} end for;

2. fork=m—1to0step —1

3. borrow index b « 0

4. fori=ktomstepl {ay11 < 0;a; < a; —2a;,1 —b; b« 0;}
5. if(a; <0){b—b+La;—a+p+2}

6. if(a; <0){b—b+1La;—a+p+2}

7. end for

8. end for

9. m« [logp 1 n] which is the actual number of digits #;
10. fori =0tomstep1 {a;p,2 < a;} end for;

We remark that at the end of our algorithm, we correct the length of our number and the output number
often has less digits. Thanks to lemma [2.T} the number of digits is related to the roots of the number 7 : when
the current base p is greater than /n, then Inp > In {/n which implies log, n < k, we have only k digits at
most.

There are now numerous conversion algorithms, the present one has one interesting consequence.
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5 Factorization
Factorization Algorithm:

INPUT: positive number 1 = a2 - - - 41,20 2.
OUTPUT: table of divisors of the number n.

1. while (agp = 0) { delete the least significant digit; table.insert(2) } end while;
2. n « the actual number 7 in which the least significant digit > 0;

3. conversion 7 into tertiary number n = a,,3 . .. a1 3403 the base of system p « 3;
4. while (93 = 0) { delete the least significant digit; table.insert(3) } end while;
5. n « the actual number # in which the least significant digit > 0;

6. while number of digits of number n > 1

7. convert the number 7 = ay,p . . . 41 pag,p into a number in the number system with base p + 2 with the
formn = aypi2...41,p4240,p+2 by means of the algorithm given by Theorem

8. while (agp12 = 0),{delete the least significant digit;table.insert(p + 2)} end while;
9. n « the actual number n in which the least significant digit > 0;

10.  if (p +2)? > n then {table.insert(n); exit;}

11. p«~p+2

12. end while;

Theorem 5.2. The complexity of the factorization algorithm is O(~/nIn® n)

Proof. In the above algorithm, we look for divisors by checking the least significant number. We delete zeros
if necessary and call the conversion algorithm repeatedly. This algorithm starts with the base p = 3 and
terminates when the base p is greater than /7.

The total number T (1) of operations is given by

log% n log% n logg n
() ( log, 3 > + ( log, 5 ot log, /1

< ﬁO (log%n)

2 log, 3
= O(v/nIn*n).

As an example, we factorize the number 2525. It is even and in the number system with base 3, it has the
form 1011 01123. The least significant number 3 is not equal to 0. Let us start converting it as a number in the
number system with base 5 :
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base3: 1 0 1 1 0 1 1 2
1 0
1 -2
correct 0 3 1
3 5
correct 2 0 1
2 4 1
correct 1 1 1 0
1 -1 -1 -2
correct O 3 3 3 1
3 -3 3 5
correct 2 1 1 0 1
2 3 -1 2 1
correct 1 1 3 3 1 2
1 -1 1 -3 -5 0
base 5: 4 0 1 0 O

The number in the number system with base 5 has the form 401005. The least significant digit is 0, so there
exists a divisor which is equal to the base 5. After removing the least significant digit, the resulting number
also has the digit 0 as its least significant digit. Hence, we have 2 divisors 5 and 52. Then the divisor 5 can be
placed on a stack twice. Removing the least significant digit again, we have 4015. Repeating the conversion
procedure, we have

base5: 4 0 1
4 0
4 -8
correct 2 6 1
2 2 -1
base7: 2 0 3
Continuing, we have
base7: 2 0 3
2 0
2 -4
correct 1 5 3
2 3 -7
base9: 1 2 2
We continue with the number 1229:
base9: 1 2 2
1 2
1 0 2
1 2 2
base 11: 9 2

We can stop the algorithm now, because 9211 < 10011. The number 2525 does not have any more divisors.
The last is 9-11 + 2 = 101 in decimal system. After placing the divisor 101 on our stack, we see that all
divisors can be obtained from our stack which contains 5, 5, 101.
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Abstract

Covering is a common type of data structure and covering-based rough set theory is an efficient tool to
process this type of data. Lattice is an important algebraic structure and used extensively in investigating some
types of generalized rough sets. This paper presents the lattice based on covering rough approximations and
lattice for covering numbers. An important result is investigated to illustrate the paper.
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1 Introduction

Theory of rough sets was introduced by Z. Pawlak [7], assumed that sets are chosen from a universe U,
but that elements of U can be specified only upto an indiscernibility equivalence relation E on U. If a subset
X C U contains an element indiscernible from some elements not in X, then X is rough. Also a rough set X is
described by two approximations. Basically, in rough set theory, it is assume that our knowledge is restricted
by an indiscernibility relation. An indiscernibility relation is an equivalence relation E such that two elements
of an universe of discourse U are E-equivalent if we can not distinguish these two elements by their proper-
ties known by us. By the means of an indiscernibility relation E, we can partition the elements of U into three
disjoint classes respect to any set X C U, defined as follows:

e The elements which are certainly in X. These are elements x € U whose E-class x/E is included in X.

e The elements which certainly are not in X. These are elements x € U such that their E-class x/E is
included in X°, which is the complement of X

e The elements which are possibly belongs to X. These are elements whose E-class intersects with both X
and X°°. In other words, x/E is not included in X nor in X°.

From this observation, Pawlak [7] defined lower approximation set X | of X to be the set of those elements
x € U whose E-class is included in X, i.e, X |= {x € U : x/E C X} and for the upper approximation set
X 1 of X consists of elements x € U whose E-class intersect with X, i.e, X 1= {x € U: x/EN X # @}. The
difference between X | and X 1 is treated as the actual area of uncertainty.

Covering-based rough set theory ([17], [19]]) is a generalization of rough set theory. The structure of covering-
based rough sets ([18],[19],[20]) have been a interested field of study. The classical rough set theory is based
on equivalence relations. An equivalence relation corresponds to a partition, while a covering is an extension
of a partition. This paper focuses on establishing algebraic structure of covering-based rough sets through
down-sets and up-sets. Firstly, we connect posets with covering-based rough sets, then covering-based rough
sets can be investigated in posets. Down-sets and up-sets are defined in the poset environment. In order to
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achieve this goal, many theories and methods have been proposed, for example, fuzzy set theory ([4], [16]),
computing with words ([9], [15]), rough set theory ([5], [14]) and granular computing ([1l], [3], [11], [13]). From
the structures of these theories, two structures are mainly used, that is, algebraic structure ([2], [10],[12]) and
topological structure [17]. This paper focuses on establish the algebraic structures of covering-based rough
lattice through down sets, up sets and lattice for covering numbers.

2 Preliminaries

In this section, we present some definition and fundamental concept on covering lattice.

Definition 2.1. Let U be a domain of discourse, and C be a family of subsets of U. If none of subsets in C is empty and
UC = U, then C is called a covering of U. We call (U, C) the covering approximation space and the covering C is called
the family of approximation sets. It is clear that a partition of U is certainly a covering of U, so the concept of a covering
is an extension of a partition.

Let (U, C) be an approximation space and x be any element of U. then the family. Mind(x) = { Ke C:x € KA (VS €
CAx e SAS C K= K=5)}is called the minimal description of the object x. In order to describe an object we need
only the essential characteristics related to this object. This is the purpose of the minimal description concept.

Definition 2.2. A relation R on a set P is called a partial order if R is reflexive, antisymmetric, and transitive. If R is a
partial order on P, then (P, R) is called a poset.

Definition 2.3. An upper semi-lattice is a poset (P, R) in which every subset {a, b} has a least upper bound a Vv b. A
lower semi-lattice is a poset (P, R) in which every subset {a, b} has a greatest lower bound a A\ b. The upper semi-lattice
and the lower semi-lattice are also called semi-lattices.

Definition 2.4. [l The lattice as a poset will be denoted by (L, <), and the lattice as an algebra by (L, A, V).We write
simply L to denote the lattice in both senses. A poset (L, <) is a lattice if sup{a, b} and inf{a, b} exist forall a,b € L.

Definition 2.5. Let C be a covering of domain U and K € C. If K is a union of some sets in C — {K}, we say K is
reducible in C, otherwise K is irreducible.

Definition 2.6. (Down-set and Up-set) Let (P, <) be a poset. For all A C P, one can define | A = {x € P: 3a €
A,x <a},

1A={xe€P:3ac Aa=<x}. | Aiscalled a down-set of A on the poset (P, <); T A is called an up-set A on the
poset (P, <). When there is no confusion, we say | A is a down-set of A, and T A an up-set of A.

Let (U, C) be a covering approximation space and N(x) = {K € C : x € K} neighborhood of point x for
each x € U. There are six types of covering approximation operations that are defined as follows: for X C U,

e X|,=U{K:KeCAKC X} X 1c,=U{K:Ke CAKNX # D};

X le,= U{K: K€ CAKC X}; X 1c,= U — (U—X) T¢,;

X le={xeU:N(x) C X} X le,={xeU:Nx)NX #};

Xlg={xeU:3a(ae N(x)AN(@a) CX)};XTc,={xecU:Va(ac N(x) = N@)NX #QD)};

Xleg={xeU:Va(ae N(a) - N(a) C X )}; X Tc;= U{N(x) :x c UNN(x) N X # @};

X lc,={xeU:Va(ac N(a) —ac X)};X Tc,= U{N(x) : x € X}. Wecall X |, the covering lower
approximation operation and X T¢, the covering upper approximation operation (n = 1,2,3,4,5,6).

3 Rough set approximations based on covering

Let X be the complement of X in U, X = U — X. Let (U, C) be a covering approximation space. For
any subset, X C U, the covering lower approximation of X be defined by X |= |JC | (X) and the covering
upper approximation of X be defined by X 7= N{K : K C X and K € C}. The set X is called new type
covering based rough when X |# X T, otherwise X is called an exact set. The boundary of X denoted by
BN¢(X) = X T —X | is called as the boundary region of X of the new type covering C. With this concept, we
construct the following proposition as:
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Proposition 3.1. X |= X if and only if X is the union of some elements of C and also X 1= X if and only if X° is the
union of some elements of C.

Proposition 3.2. Let C be a covering of a universe U. If K is a reducible element of C, C — {K} is still a covering of U.

Proposition 3.3. Let C be a covering of a universe U, K € C, K is a reducible element of C, and K1 € C — {K}, then
Kj is a reducible element of C if and only if it is a reducible element of C — {K}.

3.1 Lattice based on covering rough approximation

Definition 3.7. Let C be a covering of U. We define Lc = {X C U : Cg | (X) = X}. L¢ is called the fixed point set
of neighborhoods induced by C. We omit the subscript C when there is no confusion.

Theorem 3.1. (L, C) is a lattice, where X VY = XUY and X ANY = XNY forany X,Y € L.

Proof. Forany X,Y € L,if XUY ¢ L, then there exists x € XU Y such that N(x) € XUY. Sincex € XUY, =
x € Xorx €Y. Hence N(x) Z Xor N(x) £ Y, which is contradictory with X,Y € L. Therefore, XUY € L.
Forany X,Y € L,if XNY /€ L, then there exists y € XN Y such that N(x) € XNY. Sincex € XNY,x € X
and x € Y. Hence there exist three cases as follows:

(1) N(y) £ Xand N(y) £ Y,

(2)N(y) £ Xand N(y) C Y,

(3) N(y) € X and N(y) Y. But these three cases are all contradictory with X, Y € L. Therefore, XNY € L.
Thus (L, C) is a lattice. @ and U are the least and greatest elements of (L, C). In fact, (L, N, V) is defined from
the viewpoint of algebra and (L, C) is defined from the viewpoint of partially ordered set. Both of them are
lattices. Therefore, we no longer differentiate (L, N, U) and (L, C), and both of them are called lattice L. O

Proposition 3.4. Let C be a covering of U. Forall a € U, N(a) € L.

Proof. Forany b € N(a), N(b) C N(a), which implies b € c: N(c) € N(a) = C¢ | (N(a)). Hence N(a) € C¢ |
(N(a)). According to last definition of approximation C¢ | (N(a)) C N(a). Thus Cs | (N(a)) = N(a), i.e.,
N(a) € L. O

Theorem 3.2. Let C be a covering of U, then L is a complete distributive lattice.

Proof. For any D C L, we need to prove that N D € Land UD € L. If ND ¢ L, then there exists y € N D
such that N(y) € N D, ie., there are two index sets I,] C {1,2,...,|D|} with IN] = @ and |IU ]| = |D|
such that N(y) £ X; and N(y) C X forany i € I,j € ], where X;,X; € D. This is contradictory with
Xi(i € I),X;(j € ]) € L. Hence ND € L. If UD ¢ L, then there exists x € U D such that N(x) £ UD, i.e,,
there exists X € D such that x € Xand N(x) ¢ X, which is contradictory with X € L. Hence UD € L. Again
forany X,Y,Z € L,X,Y,Z C U. Itis straightforward that XU (YN Z) = (XUY)N(XUZ), XN(YUZ) =
(XNY)U(XNZ). Hence L is a distributive lattice. O

Theorem 3.3. If {N(x) : x € U} is a partition of U, then L is a Boolean lattice.

Proof. According to Theorem 3.6, L is a distributive lattice. Moreover, L is a bounded lattice. Therefore, we
need to prove only that L is a complemented lattice. In other words, we need to prove that X® € L for any
X e L If X° ¢ L, ie, UyexeoN(x) # X, then there exists y € Uyexeo N(x) such that y ¢ X°. Since
Y € UgexoN(x), then there exists z € X such that y € N(z). Since {N(x) : x € U} is a partition of
U,z € N(y). Therefore, N(y) € X,i.e., Uyex N(x) # X, which is contradictory with X € L. Hence, X* € L
forany X € L, i.e,, L is a complemented lattice. Consequently, L is a Boolean lattice. O

4 Covering numbers

Various techniques have been proposed to characterize rough sets ( [2], [3], [5]). Similarly, we establish
some measurements to describe covering- based rough sets quantitatively.
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4.1 Definitions and Properties of Covering Numbers

The upper covering number of a subset of a domain is the minimal number of some elements in a covering
which can cover the subset. The lower covering number of a subset is the maximal number of some elements
in a covering which can be included in the subset.

Definition 4.1. Let C be a covering of U. For all X C U, we define
e N Tc (X) =min{|B] : (X CUB)A(BCC)}.
e N |c (X)=|{KeCIK C X}|

N T¢ (X) and N |¢ (X) are called the upper and lower covering numbers of X with respect to C. When there is no
confusion, N ¢ (X) is denoted simply by N 1 (X),and N |c (X) by N | (X).

Example-1: Let U = {a,b,c,d}, D1 = {a,b},Dy = {a,c},D3s = {b,c}, Dy = {d},C = {D1,D;,D3,D4},X =
{a,d},Y = {ab,c}. Then By = {D1,D4},By = {D2,D4},B3 = {D1,D2,D4},By = {D1,D3,D4},Bs =
{Dy, D3,D,},and Bg = {D1, D3, D3, D4} are also coverings of X; in other words, X C UB; fori € {1,2,3,4,5,6}.
SoN 1T (X)=min{|B;j] :1<i<6}=2.N|(X)=|{KeC|KC X} =|{Ks}| =1. Similarly, N T (Y) =2
and N | (Y) = 3. In particular, N T @ = 0 since, {@} C U{@} and {@} C C. The result makes the concept of
the covering numbers more reasonable.

Lemma 4.1. Let C be a covering of U. Forall K € C,N 1 (K) = 1.

Lemma 4.2. Let C be a covering of U. Forallx € U,N 1 ({x}) = 1.

5 Lattice for covering numbers

Lattices are important algebraical structures, and have a variety of applications in the real world. This
subsection establishes a lattice structure and two semi- lattices in covering-based rough sets with covering
numbers.

Definition 5.1. Let C be a covering of U. Forall X,Y C U, if X CYand N 1 (X) = N 1 (Y), we call Y an upper-set
of X, and X a lower-set of Y . The family of all upper-sets and the family of all lower-sets are semi-lattices.

Proposition 5.1. Let C be a covering of U. For all X C U, we call Dy, D;(the family of all upper-sets, lower-sets of X,
respectively, ie., Dx ={Y CU: (X CY)A(NT(X)=N1 (Y))},D;( ={YCU:(YCX)ANT(X)=N1T
(Y))}. Then (Dx,N), and (D;(, U) are semi-lattices.

Proof. In fact, we only need to prove Y1 NY, € Dx forall Y;,Y, € D,and Y UY; € D/X forallY;,Y, € D/X .
ForallY;,Y, € DNT(Y1)=N17(X),XCYiand NT(Y2)=N1(X),XCY,.S0X CY;NY; CYq. Thus
NTX)SNT(MNnY) <NT(Y7)=N71 (X),thatis, N T (Y1 NY;) = N 1 (X). Therefore, YN Y, € D .
Similarly, we can prove Y UY; € DIX forallY;,Y; € D/X . O

Definition 5.2. Let C be a covering of U and |C| = n. For X C U, if N | (X)+ N | (X°) = n, we call X
a detached-set of U with respect to C. With the detached-set, a covering is divided into two smaller coverings of two
smaller domains. Moreover, the concept of the detached-set leads to a lattice structure.

Proposition 5.2. Let C be a covering of U and |C| = n. D is denoted as the family of all detached-sets of U, i.e.,
D={XCU:N| (X)+N | (X)) =mn}. Then (D,,(N) is a lattice.

Proof. For all X,Y ¢ DN | (X)+N | (X°) =uN | Y)+N | (Y°) =n 2n = (N | (X)+N |
(X)) + (N L () +N | (¥®)) < (N | (XUY)+N | (XOY)+(N | (X*UYe)) + N | (X2NY) =
N1 (XUY)+N L (XUY))]+IN L (XAY)+N L (XA N | (XUY)+N | (XUY)?) =n
and N | (XNY)+N | (XOY)?°)since N | (X) | (X®) <mforall X C U. Thus X|JY € D and
XY € D. O

N |
N |
+N
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Proposition 5.3. The covering lower and upper approximations have the following properties:
(1) X |cC X 1c

2)@ ,LC: @ TC: @ and U lcz u TC: u

(3)(XNY) lc=X [cNY [cand (XUY) Tc= X Tc UY 1c

4) (X lc) le=X|cand (X 1c) Tc
(G)IFXCY then X [cCY |cand X 1cC Y 1c

6) X Tc=~ (~X) lc.

6 Conclusion

In this paper, we investigated some fundamental issues of approximation in the context of rough set theory
based on covering based rough set approximation. Lattice based on covering rough approximation and lattice
for covering numbers are also introduced. Our discussion is based on the notion of lattice that represents the
relationships between elements of a universe with neighborhood system. Furthermore one can find the lattice
for successive rough approximation and stratified rough approximation based on covering system.
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An improved proxy blind signature scheme based on ECDLP
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Abstract

In a proxy blind signature scheme, there is an integration of the properties as well as advantages of both
signature schemes namely proxy signature and blind signature. The concept of this signature scheme with
a salient feature that, it allows a designated person say proxy signer to sign on behalf of original signer,
in such a way that he/she neither has any idea about the content of the message, nor he/she can make
a linkage between the signature and the identity of the requester. Therefore, it is very suitable and easily
adoptable for electronic commerce, e-cash applications. Recently, Pradhan and Mohapatra et al.’s claims that
their proposed signature scheme satisfies all the properties mandatory for a proxy blind signature scheme.
Unfortunately, their scheme fails to fulfil the unlinkability property. To overcome with this weakness, an
improved proxy blind signature scheme is presented with the same intractable problem ECDLP. The analysis
shows that the new scheme resolves the problem in the former scheme and meets all the aspects of security
features needed by proxy blind signature scheme. The analytic results prove that the new scheme is more
secure and practicable.

Keywords: Digital Signature, Discrete Logarithm Problem, Forward Security, Proxy Blind Signature.

2010 MSC: 94A60. (©2012 MJM. All rights reserved.

1 Introduction

David Chaum [1]], presented the concept of blind signature in 1983, which allows the signature requester
to have a given message signed by the signer without revealing any information about the message or its
signature. Firstly, in the year 1996, Mambo [2, 3], introduced the concept of proxy signatures and proposed
several constructions. It allows an original signer to delegate his signing power to a designated person, called
the proxy signer, who has the power to act on behalf of the original signer. Proxy blind signature is an impor-
tant extension of basic proxy signature; it can be widely used in many practical applications.

The first proxy blind signature scheme was introduced by Lin and Jan [4]. Later, there are two new schemes
have been proposed, one is Tan’s scheme [5], using schnorr’s blind signature scheme based on discrete loga-
rithm problem (DLP) and elliptic curve discrete logarithm problem (ECDLP) respectively. The other one is Lal
et al.’s scheme [6]], which is based on Mambo [2, 3], proxy signature scheme. Afterwards, Wang and Wang [7],
proposed a proxy blind signature scheme based on ECDLP in 2005. However, Yang and Yu [8], proved that
Wang and Wang’s scheme did not meet the security properties and proposed an improved proxy blind signa-
ture scheme in 2008, but their scheme does not satisfy the unforgeabilty property. The proxy blind signature
scheme focuses on both privacy and authentication, it should meet the following security properties -

Distinguishability: The normal signature made by the original signer, and the proxy blind signature
made by the proxy signer both are distinguishable.

Identifiability: Anybody can confirm the identities of the original signer and the proxy signer.

*E-mail addresses: manojkumarchande@gmail.com (Manoj Kumar Chande) .
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Prevention of misuse: The proxy key pair should be used only for creating a proxy signature, which
conforms to delegation information.

Nonrepudiation: The original signer and the proxy signer both cannot later falsely claim that they have
not performed the signing procedures.

Unforgeability: No one, other than the proxy signer, can produce a valid proxy blind signature.

Unlinkability: The proxy signer or the original signer unable to link the relevance between the blinded
message he signed and the revealed signature.

Verifiability: Any arbitrary verifier can be able to verify the proxy blind signature correctly.

Recently, Pradhan and Mohapatra [9], also proposed a new proxy blind signature scheme based on ECDLP.
They claim that their scheme is secure and satisfy all the required properties. Unfortunately, their scheme
cannot hold the unlinkability property. In this paper the scheme of Pradhan and Mohapatra [9], is improved
in such a way, that the presented signature scheme fulfill the unlinkability property.

2 Preliminaries

2.1 Elliptic curve cryptography

The modern-day elliptic curve cryptography (ECC) begins with Koblitz [10] and Miller [11]], they provide
attractive alternative cryptosystem independently, because its security is based on ECDLP, and it is more
efficient as compared with the traditional exponential cryptosystem like RSA [12] and ElGamal [13]. ECC
operates over a group of points on an elliptic curve and offers a level of security comparable to classical
cryptosystems that uses much larger key’s. ECC offers the same security level with a shorter key’s [14].
Therefore, the applications that use ECC for such devices will require fewer processor loops, less memory
size, smaller key lengths, and less power consumption when compared with the applications using other
public key cryptosystem algorithms. With growing potential in e-commerce, ECC systems will be considered
to be an important alternative solution to ensure robust security.

2.2 Elliptic curve over finite galois field F;

Let g > 3 be any prime number and 4,b € F;, such that 443 + 2712 # 0in F;, this condition ensures that
the defined elliptic curve has no multiple roots of unity. An elliptic curve E(F;), defined by the parameters a
and b is the set of all solutions (x,y) € F,, to the equation y* = x> + ax + b. These points (x,y) together with
an extra point at infinity, form an abelian group.

2.3 Addition law for points on elliptic curve

1. Point of identity - The point O is said to be the point of identity if,
P+O0O=0+P=P,VP € E(F).

2. Negation of a point - Let a point P(x,y) € E(F;), then any point with coordinate values (x, —y) is said
to be negation of P. The negation of point P is denoted by —P. This is because, their sum gives identity
element, particularly (x,y) + (x, —y) = O.

3. Addition of points - Let P(x1,y1), Q(x2,y2) € E(F;), then P4+ Q = R € E(F;) and coordinate (x3,y3) of
Ris given by
X3 = )\2 — X1 — X2
y3 = A(x1 —x3) — 11,

Y2—W
X2 — X1

where A =
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4. Doubling of point - Let us take a point P(x1,y1) € E(F;), where P # —P, then P+ P = 2P = (x3,y3),
and coordinate values (x3,y3) are obtained as follows

3x%+a 5

X3 = —2x

3= ( 20 ) 1
3x%+a

3= ( 21 )(x1 —x3) —y1

2.4 Elliptic curve discrete logarithm problem (ECDLP)

The security of elliptic curve cryptosystem relies on the intractability of ECDLP. Let us consider an elliptic
curve E(F;) over a finite field and a point P of order n. For an element Q (Q # P), the problem is to find an
integer d such that Q = dP, where 1< d < n— 1. The number d = logpQ, is called the discrete logarithm of Q
to the base P.

3 Review of Pradhan and Mohaptra’s proxy blind signature scheme

In this section, Pradhan and Mohapatra’s [9], efficient proxy blind signature scheme based on ECDLP
given in detail. The proposed scheme is divided into five phases: (1) System parameters, (2) Proxy delegation,
(3) Blind signing, (4) Signature extraction and (5) Signature verification.

(1) System Parameters and Notations

U, - Original Signer

U, - Proxy Signer

U, - Signature Requester

B - Base Point
h(.) - Hash Function

Xo — DPrivate key of Original Signer

Yo — Public key of Original Signer, y, = x,B

xp - DPrivate key of proxy signer

yp — Public key of proxy signer, y, = x,B

my — Warrant, contains the identity’s information of the original signer and

the proxy signer, validation periods of delegation, limits of authority.

(2) Proxy Delegation

The proxy signing key pair (Sp, ypr) is generated as follows:

e Original Signer U,, randomly chooses k,, where (1 < k, < n) and computes

RO = kOB = (xRu’yRo)
7o = xg, mod n

So = Xo + koh(my||7o) mod n

e Now U,, sends (R, S0, M) to the proxy signer Uy, through a secure channel.

e Then U, checks,
$oB = Roh(my||ro) + Yo

If it is correct, U, accepts it, and computes the proxy signer’s secret key
Spr = Xp+5So
and the corresponding proxy public key is

ypr = yo +yp + Roh(ﬂ’la)HT’O) — Bspr
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(3) Blind Signing

e Proxy signer U), select a number k, randomly, such that 1 < k,, < n and compute
Rp = kpB = (xRp,pr)
rp = (Rp)x

and then send (Ro, Rp, my), to signature requester U,.

e Signature requester U, randomly select three numbers 4, b, c and compute
r=Ry+bB—yp(a+c) modn

provided r # 0, otherwise select 4, b, c again. Now signature requester U, computes

et = h(r|m)
e=e¢" —c—a 3.1)
and sends e to the proxy signer U),.
o After receiving e, U, computes

S =eSp +ky

and send S’ to receiver.

(4) Signature Extraction
After receiving §’, the receiver U, computes

S=5+b 3.2)

Finally, the proxy blind signature of the message m is (my, 7o, m,€*,5S).

(5) Signature Verification

The recipient of proxy blind signature verifies (my, r,,m, e*,S), by checking
e* = h((SB —e"ypr)|Im) 3.3)

if it is true, then the proxy blind signature is valid one else reject it.

4 Absence of unlinkability in Pradhan and Mohapatra’s scheme

In Pradhan and Mohapatra’s scheme, the signature requester U,, uses three blinding factor a,b and c. The
signature requester U,, verify the proxy blind signature (my, 1,, m,e*,S), and after this the signature is made
open by the requester. The proxy signer uses his signing data (S}, ¢;, Rp,), which he stores purposely, to find
link between proxy blind signatures and his signed messages. Using stored records, he can find one of the
blinding factor b from the equation (3.2), as b = S — S/. It is difficult to find the rest of the blind factors a and ¢
separately, so he find sum of the blinding factors a and ¢ from the equation (3.I). Let the sum of the blinding
factors a and c is, a + ¢ = e* — e = w, so with this sum « and previously calculated blinding factor b, proxy
signer compute

R=SB—e"yp 4.1)
Finally, the proxy signer can check the equation
R=Ry +bB—ypua (4.2)

if the values from equations and are same then, the proxy signer is able to find linkage between the
proxy blind signature and his signed blind message. This shows that Pradhan and Mohapatra’s scheme is
insecure, because there is absence of unlinkability.



232 Manoj Kumar Chande / An improved proxy blind signature...

5 Improved proxy blind signature based on ECDLP

In this section the proposed improved proxy blind signature is given. The system parameters and nota-
tions are same as used in Pradhan and Mohapatra [9].

(1) Proxy Delegation

o The original signer U, , randomly chooses 1 < k, < n, and computes

Ro =koB = (xlryl)
ro = x1 mod n

So = Xo + koh(my||7o)

e The original signer U, , sends (R,, So, M), to the proxy signer Uy, , through secure manner.

e When the proxy signer Up , receives (R,, s,, My ), from the original signer, he checks the following
equation
soB = Roh(my||ro) + Yo

If this equation holds, the proxy signer accepts the proxy delegation, and computes the proxy secret key
as
Spr = Xp + 8o mod n

and the corresponding proxy public key is
Ypr = Yo +Yp + Roh(my||7,) mod n

(2) Blind Signing

e The proxy signer U, randomly chooses 1 < k;, < n and computes Ry, = k, = (x2,y2) and rp = x
mod 7 and sends (Ro, Ry, my) to the requester.

e The requester U, randomly chooses three blinding factors 4, b and c, then he computes
R =aR, +bB+cypr

If R = O, then the requester must attempt other combinations of (4, b, ¢) until R # O. The requester
then computes
e* = h(R||jm) mod n

and
e=a (e +c) mod n

and sends the blind message e to the proxy signer.

o After receiving e, the proxy signer computes
S" =esp +k, mod n
and sends S” back to the requester.

o The requester computes
S=5"a+b mod n

Finally, the proxy blind signature of the message is (11, 7o, m, €%, S).
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Verification

The verifier verifies the validity of the proxy blind signature by checking the following equation
e* = h((SB—e"yp)||m) (5.1)

If this equation holds then only the signature is valid otherwise invalid.

6 Security analysis of the proposed scheme

In this section, it is shown that the presented improved proxy blind signature scheme satisfies the security
requirements according to the definitions in [9].

(@)

(b)

()

(d)

(e)

(f)

Distinguishbility

The warrant my, is one of the component of the presented proxy blind signature (i, r,,m,€*,S), so
anyone can distinguish the proxy blind signature from the normal signature.

Identifiability

Using the verification equation (5.1), and the content of the warrant m,,, the verifier or other users can
determine the identity of the corresponding proxy signer Uy, from the proxy signature.

Nonrepudiation

In the presented scheme, since only the proxy signer U, , know the proxy secret key sp,, so no one can
else produce S”. Therefore, the proxy signer U,, cannot deny having signed the message on behalf of
original signer.

Prevention of Misuse

The message warrant my, is very vital part of proposed proxy blind signature scheme. This my, in-
cludes information regarding the identity of the original signer U,, the proxy signer U,, message type
to be signed by the proxy signer, and delegation period, etc. Using the proxy key, the proxy signer U,
cannot sign messages that have not been authorized by the original signer. In this way the misuse of
key’s of original signer and proxy signer is prevented.

Unforgeability

If an adversary wants to forge a valid proxy blind signature (my, 1o, 17, €, S), such that it can pass the ver-
ification equation & = h((SB — &y, )||11), the adversary has to solve S . It is difficult to do that because
he has to solve the elliptic curve discrete logarithm problem (ECDLP) which is assumed to be infeasible.

Unlinkability

Suppose that the proxy signer records all messages he signed (S, e;, R;;,). After the proxy, blind signa-
ture (my,ro,m,e*,S), is revealed in the public by the requester, the proxy signer still unable to find the
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blinding factor a, b and c by computing the following equation:

e =a (e* +c) mod n
S=S/a+b mod n

Thus, he cannot check if the equation R = aRp, + bB + cypr, holds, meaning the proxy signer unable to
trace the proxy blind signature with the corresponding signature transcript.

(g) Verifiability

The verifier U,, can verify the proxy blind signature by checking the equation (5.I). The correctness of
the proxy blind signature is obtained as follows

SB —e"ypr = (8"a+b)B —e*yp,

= (espr +kp)aB +bB — ey
espraB +kpaB + bB — e*yp;
=a (" + c)ayy + aR, + bB — ey,
= e"Ypr + cYpr +aRy +bB —e*yp,
aRp +bB + cypr

Il
=

In summary, it is shown that the construction based on ECDLP is secure because, it can achieve the un-
linkability property. Hence the proposed scheme satisfies all the security requirements of the proxy blind
signature.

7 Conclusion

In this article, a linkability attack mounted on Pradhan and Mohapatra’s proxy blind signature scheme,
and it is demonstrated that how their scheme is insecure due to the absence of unlinkability property. This
proposed proxy blind signature scheme holds all the security properties of both proxy and blind signature
scheme. The security of the proposed schemes is based on the difficulty of the elliptic curve discrete logarithm
problem (ECDLP).
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Abstract

In the present paper, some generating relations involving the 2-variable Hermite matrix polynomials are
derived by using operational techniques. Further, some new and known generating relations for the scalar
Hermite polynomials are obtained as applications of the main results.

Keywords: Hermite matrix polynomials, Generating relations, Operational techniques.

2010 MSC: 15A60, 33C05, 33C25, 33C45, 33C50. (©2012 MJM. All rights reserved.

1 Introduction

An important generalization of special functions is special matrix functions. The study of special matrix
polynomials is important due to their applications in certain areas of statistics, physics and engineering. The
Hermite matrix polynomials are introduced by Jédar and Company in [12]. Some properties of the Hermite
matrix polynomials are given in [9] [10} [12} 13} [14]. The extensions and generalizations of Hermite matrix
polynomials have been introduced and studied in [2} 3} [15] [16] [19] for matrices in CN*N whose eigenvalues
are all situated in the right open half-plane.
Throughout this paper, for a matrix A in CN*V  its spectrum ¢(A) denotes the set of all the eigenvalues of
A. If f(z) and g(z) are holomorphic functions of the complex variable z, which are defined in an open set ()
of the complex plane and if A is a matrix in CN*N such that ¢(A) C Q, then the matrix functional calculus

[11] yields that

If Dy is the complex plane cut along the negative real axis and log(z) denotes the principal logarithm of z,
then z2 represents exp(%log(z)). If A is a matrix with 0(A) C Dy, then Az = VA= exp(%log(A)) denotes the
image by 27 = Vz = exp(3log(z)) of the matrix functional calculus acting on the matrix A. We say that A is
a positive stable matrix [10] if

Re(z) >0, forallz € o(A). (1.1)

We recall that the 2-variable Hermite matrix polynomials 2VHMaP) H,(x,y, A) are defined by the series
[2; p84]

(5]

(~ 1y (xv/2A)

=n! > .
H,(x,y,A)=n I;J (1 — 201k (n>0) (1.2)
and specified by the generating function
(] n
exp(xtV2A — ytI) = Y Hy(x, y,A)%. (1.3)
n=0 ’

*Corresponding author.
E-mail address: gonah1977@yahoo.com (Ahmed Ali Al-Gonah).
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It is worth to mention that these matrix polynomials are linked to 2-variable Hermite-Kampé de Fériet

polynomials 2VHKAJFP) H, (x, y) [1] by the following relation:
Hy,(x,y,A) = Hy(xV2A, —y),

or, equivalently

Hy (V2A) 'y, A) = Hu(xy),

where H,(x,y) are defined by the series [1]

(3] Y2k
n! Z :
= kl(n — 2k)!
and specified by the generating function
oo tn

exp(xt + ytz Z

Also, for A = % € C"! in equation (1.3) and in view of generating function (1.6), we have

1
H, (x, -y, 2) = H,(x,y).

In particular, we note that
n X
Hn(x/y/ A) = yan <\/]7rA) 7
H,(x,1,A) = Hy(x, A),

where H,(x, A) denotes the Hermite matrix polynomials (HMaP) defined by [12]

exp(xtV2A — 1) = Z Hn(x,A)%

n=0

and linked to the classical Hermite polynomials H;(x) [18] by the following relation:

H,(x,A) = Hy, <x I;‘) ,

where H,(x) are defined by [18]

(3] (zx)n—Zk
; (n — 2k)!

The 2VHMaP H,(x,y, A) are also defined by the following operational rule [2; p.90]:

(o, 4) = exp (-y(24)” ;’22) {(xv2A)y)

and have the following representation [3; p.99]:

Hy(x,y,A) = (x 2A —2y(\/ﬂ)-1£c>n {1}.

(1.4a)

(1.4b)

(1.10)

(1.11)

(1.12)

(1.13)

(1.14)

Recently, Dattoli and his co-workers have shown that operational methods can be used to simplify the
derivations of many properties of ordinary and generalized special functions and also provide a unique tool
to treat various polynomials from a general and unified point of view, see for example [4-8]. In this paper, we
derive some generating relations involving the 2VHMaP H, (x,y, A) which further prove the usefulness of the

methods of operational nature.



238 Ahmed Ali Al-Gonah / Generating relations...

2 Generating relations

We prove the following results by using operational techniques:

Theorem 2.1. For a matrix A in CN*N

2VHMaP Hy(x,y, A) holds true:

satisfying condition (1.1), the following generating relation involving the

& t" 1 2Ax%t
Hyp(x,y,A) — = —— —_— 2.1
nX:% 2n(xy )1’1' \/Wexp (1+4yt) ( )
Proof. By making use of equation (1.13) in the Lh.s. of equation (2.1), we find
0 n aZ 0 . n
Y. Hou(x,y, A)E =exp [ —y(24)! Yo Z (xV2A) o (2.2)
n=0 : =0 ’
which on using the exponential function becomes
> t” 1 0 )
Z Hon(x,y,A)— =exp | —y(2A) e exp(2Ax°t). (2.3)
Using the generalized Glaisher identity [6]
d? 5 1 ax? —bx — b’
— - =— T 24
exp (Adx2> {exp( ax” + bx)} T O ( T aan ) , (2.4)
with b = 0 in the r.h.s. of equation (2.3), we get assertion (2.1) of Theorem 2.1. O

Remark 2.1. Taking y = 1 and replacing t by — (%)2 in assertion (2.1) of Theorem 2.1 and using equation (1.9), we

get the result [9; p.122]

n

o t 1 A —x*?
Z " Hyp(x, A) ——= o (1—t*)"Zexp (2 = t2)> . (2.5)

Theorem 2.2. For a matrix A in CN*N satisfying condition (1.1), the following generating relation involving the
2VHMaP Hy(x,y, A) holds true:

. -1
Hn+k(x,y,A)%—eXP(xtv2A ytI) H, (xl yt <\/?> WA (2.6)
0

Proof. By making use of equation (1.14) in the Lh.s. of equation (2.6), we find

12

n

) tn o . ) n+k fn
; nk (%Y, A) = n;) (x 2A —2y(V2A) Bx) — (2.7)
which on simplifying the r.h.s. and again using equation (1.14) becomes
(<) n
Z k(Y A :T = exp (xt\/2A —Zyt(\/ZA)lai) Hi(x,y, A). (2.8)
Now, decoupling the exponential operator in the r.h.s. of the above equation by using the Weyl identity [7]
eATB — pAgBok/2 ([A,B]=k keC), (2.9)
we get
Vl
Z H,. 1 (x,y, )7 = exp(xtV2A — yt*I) exp <—2yt(\/2A)_1;x) Hi(x,y,A). (2.10)
n=0
Using the shift operator [7]
d
exp </\ax> f(x)=f(x+A), (2.11)

in the r.h.s. of equation (2.10), we get assertion (2.6) of Theorem 2.2. O
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Remark 2.2. Taking y = 1 in assertion (2.6) of Theorem 2.2 and using equation (1.9), we get the result [15, p. 170]

withb =1
a t” A\~
2 k(X A — exp(xtV2A — 21) Hy | xI —t < 2) LA (2.12)

Theorem 2.3. For a matrix A in CN*N satisfying condition (1.1), the following bilinear generating relation of the
2VHMaP Hy(x,y, A) holds true:

> o 1 2A(xzt — (x%w 4 Z2y)t?)
ngaHn(x,y,A)Hn(z,w,A)a = inen ex ( - dywr? . (2.13)

Proof. By making use of equation (1.13) in the Lh.s. of equation (2.13), we find

a t" 37\ & xtv/2A)"
Z Hn(xr]// A)HH(Z/ w, A)il = exp (_y(ZA) 12) Z H?I(Z/ ’(,U,A) %/ (214)
=0 n! Jax* ) ‘= n!
which on using generating function (1.3) becomes
o ti’l aZ
Y Hu(x,y, A)Hy(z,w, A)E = exp (—y(ZA)laxz) exp(2Axzt — 2Aw(xt)?). (2.15)
n=0 :

Using the generalized Glaisher identity (2.4) in the rh.s. of equation (2.15), we get assertion (2.13) of
Theorem 2.3. O

Remark 2.3. Taking w = 1 in assertion (2.13) of Theorem 2.3 and using equation (1.9), we deduce the following
consequence of Theorem 2.3.

Corollary 2.1. For a matrix A in CN*N satisfying condition (1.1), the following generating relation involving the
2VHMaP Hy(x,y, A) and HMaP H,(z, A) holds true:

1 2A(xzt — (x% + 22y
V11— 4y eXp( : 1—(4yt2 . ))' (216)

Remark 2.4. Tuking y = w = 1 and replacing t by % in assertion (2.13) of Theorem 2.3 and using equation (1.9), we
get the result [13] (see [9])

o0 tYl
Z (x,y,A Hn(z,A)a:

i (x, A)Hy(z, A) tnz —(1-£)F exp (2 2zt zl(fztj)z )t ) (2.17)

It is worthy to mention that all the above main results can be proved alternately by using the series rear-
rangement techniques.

3 Special cases

In this section, we derive some new generating relations for Hermite polynomials in terms of matrix argu-
ment as applications of the results derived in Section 2.
I. Replacing y by —y in equation (2.1) and making use of equation (1.4a) in the resultant equation, we get

d " 1 2Ax%t
H V2A,y)— = , 3.1

which is new generating relation for the 2VHKAFP H,,(x, y) in terms of matrix argument and is a generaliza-
tion of the generating relation [8, p. 412]

iH £ | S ( xt ) (32)
= 2n 13/ 7’1! - /;1_4yt p 1_4yt ° -
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Again, making use of equation (1.11)in equation (2.5), we get

& A\ " A —xf
rgHz,q (x\/;>n!22n:(1—t2) 2exp<2 (1it2)>' (3.3)

which is new generating relation for the classical Hermite polynomials Hy (x) in terms of matrix argument.

IL. Replacing y by —y in equation (2.6) and making use of equation (1.4a) in the resultant equation, we get
(o] t}’l
Y H,k(xV24, Y= exp(xtV2A + yt2I) He(xvV2A + 2yt,y), (3.4)
n=0 :

which is new generating relation for the 2VHKAFP H,,(x, y) in terms of matrix argument and is a generaliza-
tion of the generating relation [17, p. 452]

[ee) tn
Y Huk(%,y) = exp(xt + yt?) He(x +2yt,y). (35)
n=0 :

Again, making use of equation (1.11) in equation (2.12), we get

i H, x (xﬁ) ;—n' = exp(xtV2A — #21) Hy <x\/§ - tI) , (3.6)
n=0 :

which is new generating relation for the classical Hermite polynomials Hy,(x) in terms of matrix argument
and is a generalization of the generating relation [18, p- 197]

2 H, i (x) = = exp(2xt — t?) Hi(x — t). (3.7)

Next, replacing t by tv/2A in equation (2.12), we obtain the generating relation [20, p. 191]

Yy H,Hk(x,A)(ti ”E,A) = exp(2xtA — 212 A) Hy (x —2t, A). (3.8)
n=0

IIL. Replacing y by —y and w by —w in equation (2.13) and making use of equation (1.4a) in the resultant
equation, we get

i 1 (ZA(xzt + (w2 )tz)) (3.9)

r;) Hn(X\/ﬂ, y)Hn (Z 2A, w)T‘T 1— 4ywt2

= ——— ex
b1 —dywt?

which is new bilinear generating relation for the 2VHKJdFP H,(x,y) in terms of matrix argument and is a
generalization of the generating relation [5, p. 116] (see also [17, p. 453])

& " 1 xzt + (x%w + zzy)t2>
H,(x,y)H,(z,w)— = ex . 3.10
,,;) n( ]/) 71( )1’1' %1—4‘1/101?2 p( 1—4ywt2 ( )

Again, replacing y by —y in equation (2.16) and making use of equations (1.4a) and (1.11) in the resultant
equation, we get

i A\ 1 2A(xzt — (x% — 22y)t?)
L HulxV24,)H ( ﬁ) TR exp( T+ 4yP2 / (311)

which is new generating relation for the 2VHKJFP H,,(x, y) and the classical Hermite polynomials H; (x) in
terms of matrix argument.
Further, making use of equation (1.11) in equation (2.17), we get

n ) 2 2\g2
B (o (2] - (52

which is new bilinear generating relation for the classical Hermite polynomials H,(x) in terms of matrix
argument and is a generalization of the generating relation [18, p. 198]

i " 1 4(xzt — (x2 +22) 12
L H(H () = = exp( bt 12 ))- (3.13)
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4 Concluding remarks

Recently, Subuhi Khan and Raza [15] introduced the 2-variable Hermite matrix polynomials of the second
form H, (x,y; A), defined by the series [15, p. 162]
n—2k
’(+3)
—_— (4.1)

k! (n — 2Kk)!

(7]
Hu(x,y; A) = n! Z
k=0

and specified by the generating function

exp (xt\/:—i—yt I) = ngoHn(x,y;A)m. (4.2)

From generating functions (1.3) and (4.2), we note that the 2VHMaP of the second form H,(x,y; A) are
linked to the 2VHMaP H, (x,y; A) by the following relation:

Ha(x,y; A) = H, (g —y,A) . (4.3)

In view of equation (4.3), we conclude that all the properties of the 2VHMaP of the second form H, (x, y; A)
can be deduced from the corresponding ones for 2VHMaP Hj,(x,y; A). For example, replacing x by 5 and y by
—y in the main results (2.1), (2.6) and (2.13), we get the following generating relations involving the 2VHMaP
of the second form H,(x,y; A):

o t" 1 Ax?t
H LY, A)— = , 4.4
o t" A A\
Y Huk(x,y, A)— = exp (m / 5 +yt21> Hy | xI+2yt (w / 2) Y, A (4.5)
n=0 :
and ) s
d " 1 A(dxzt — (x*w — 4z7y)t )>
Hu(x,y,A) Hu(z,w, A)— = ex , 4.6
n=0 oy A) Tl )”! V14 dywt? ( 1+ 4ywt? (4.6)

respectively. It is therefore clear that by making use of relation (4.3) in some other generating functions ob-
tained in Section 2, we may get a number of interesting results for the 2VHMaP of the second form H, (x, y; A).

In this article, generating relations involving the Hermite matrix polynomials are introduced by making
use of operational identities for decoupling of exponential operators. The approach presented here can be
explored further to derive the results for some other suitable families of special matrix functions.
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Abstract

In this paper, an organization with single grade subjected to exodus of personnel due to policy decisions
taken by it, is considered. In order to avoid the crisis of the organization reaching a breakdown point, a
suitable univariate policy recruitment based on shock model approach and cumulative damage process is
suggested. A mathematical model is constructed and a performance measure namely the mean time to recruit-
ment is obtained. The analytical results are numerically illustrated and the influences of nodal parameters on
the performance measures are studied and relevant conclusions are presented.

Keywords: Single grade system, Univariate policy of recruitment, shock model.
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1 Introduction

Frequent wastage or exit of personnel is common in many administrative and production oriented orga-
nization. Whenever the organization announces revised policies regarding sales target, revision of wages,
incentives and perquisites, the exodus is possible. Reduction in the total strength of marketing personnel
adversely affects the sales turnover in the organization. As the recruitment involves several costs, it is usual
that the organization has the natural reluctance to go in for frequent recruitments. Once the total amount of
wastage crosses a certain threshold level, the organization reaches an uneconomic status which otherwise be
called the breakdown point and recruitment is done at this point of time. The time to attain the breakdown
point is an important characteristic for the management of the organization. Many models could be seen in,
Barthlomew [1] and Barthlomew and Forbes [2].Many researchers [3] [4] and[6] have considered the problem
of time to recruitment in a marketing organization under different conditions. Srinivasan and Saavithri [5]
have considered a single grade system under univariate policy of recruitment with the assumption that sur-
vival times follow geometric process and the threshold level as a non-negative constant. They have obtained
mean time to recruitment and the long run average cost. Uma.et.al [7] have studied the work of Srinivasan
and Saavithri [5] by considering the threshold level of the organization as continuous random variable fol-
lowing exponential distribution and having SCBZ property. Recently, Vijaysankar et.al [8] have constructed
a stochastic model by assuming the threshold with two components namely the level of wastage which can
be allowed and the manpower which is available from what is known as backup resource. The threshold can
be treated now as the total of the maximum allowable attrition and the maximum available backup resource.
The backup resource is similar to the manpower inventory on hand which can be utilized whenever it be-
comes necessary. The present paper studies the problem of time to recruitment for a single grade system with
survival times follow geometric process and the threshold level has two components.

*Corresponding author.
E-mail addresses: trojamary@gmail.com (T. Roja Mary), umamaths95@gmail.com (K.P. Uma).
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2 Model Description

Consider a single grade organization with univariate policy of recruitment which takes decisions at ran-
dom epoch. At every decision making epoch a random number of persons quit the organization. There is
an associated loss of manhours to the organization if a person quits. The loss of manhours at any decision
forms a sequence of independent and identically distributed random variables. The survival time process is a
geometric process and it is independent of process of loss of manhour. There is a threshold level for the level
of wastage and also a resource backup available. If the total loss of manhours crosses the sum of the threshold
and the resource backup available the break down occurs. The process that generates the loss of manhours
and the threshold put together with the backup are linearly independent. Recruitment takes place only at
decision points and time of recruitment is negligible. . The recruitment is made whenever the cumulative loss
of manhours exceeds its threshold.

3 Notations

S, : survival time after (1 — 1) decision.
X, : the loss of manhours at then!" decision.

T, : the cumulative loss of manhours in the first ndecisions.

A
K(-) : distribution function of S,, with mean Pt > 1.
G(+) : distribution function of X,;, n =1,2,3,....
Gy (+) : distribution function of T),.
T : The threshold of manpower depletion andT = Y; + Y5.

(1)Y1 = the maximum allowable attrition.
(ii)Y, = the maximum available backup resource.
F(-) : distribution function ofT.

: time to recruitment under the given recruitment policy.

4 Results

In this section the expected time to recruitment is derived.

By assumption the recruitment is made whenever the cumulative loss of manhours exceeds the threshold
T. Accordingly the time to recruitment W = Sy, if T; > T. If Ty < T then no recruitment is made till the next
decision. If T, exceeds T then recruitment is made and W = S; + S,, otherwise no recruitment. In general, if
Ty > T then recruitment is made and W = S1 + Sy + ... + S and if Ty < T no recruitment is made till the next
decision.

Consequently,
0 i
W= Six(Ti < T < Tip), (1.1)
i=0j=0
where

1, if the event e happens
xle) = { PP (12)

0, if the event e does not happen
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The expected time to recruitment E(W) is given by

co i
W) =YY E(Sj:1)P(T; < T < Tipq) (1.3)
i=0j=0

1

—ZZ( ) O<T-T; < Ty = T))
i=0

j=0

_2; (2) /Ooo /Ooo /tHSdF(u)dG(s)dGi(t). (14)

Assume that the loss of manhours at the i*" decision X;, follows exponential distribution with parameter
1. Then the cumulative loss of manhours T; follows gamma distribution with parameter 6; and i. Hence

Y

(i-1)!

Let Y7 ~ exp(62) and Y, ~ exp(63). Since the p.d.f of T is the convolution of T; + T and it is given by

dt, i=1,23,...,

dG;(t) = @it ~1

_ 9293 79314 79214
flu) = N {e —e }

Now the time to recruitment in equation (1.4) becomes

EW) = 1000]1(](”])/ / /t+5952_9393 ’93”—e*ezu]dudc(s)dci(t)
£ (G20) (mg) [ el e awssincy
B2 (-am) @) [ L) oo ]mcioacon

On simplification, the time to recruitment is

arbr0; {0(93+91)—91—93) _’1(92+91)—92—91)}
(a—1)(02 —63) | ab3(61 +63) — 0105 a6, (61 + 02) — 616,

E

—~

W) =

5 Numerical Illustration

The value of E(W) can be determined numerically using the above expression when the values of the
various parameters are given. The changes in E(W) consequent to the changes in each of these parameters
when other parameters are kept fixed are also possible.

Effect of loss of manhours on performance measure:

0 | E(W)

0.1 | 14.7429
0.2 | 15.2800
0.3 | 15.6848
0.4 | 16.0000
0.5 | 16.2517
0.6 | 16.4571
0.7 | 16.6277
0.8 | 16.7714
0.9 | 16.8941
1.0 | 17.0000

Table 1.1

(A=2,a=2,0,=03,0; = 04)
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18
17
16
15
14
13

E(W)

0.1 0.3 05 0.7 0.9

Figure 1: Figure 1.11

Effect of A on performance measure

A E(W)
1.05 | 7.7400
1.10 | 8.1086
1.15 | 8.4771
1.20 | 8.8457
1.25 | 9.2143
1.30 | 9.5829
1.35 | 9.9514
1.40 | 10.3200
1.45 | 10.6886
1.50 | 11.0571

Table 1.2

(91 =0.1,a=2, 92 =0.3, 93 = 0.4)
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15

10

E(W)

1.051.151.251.351.45

Figure 2: Figure 1.21

Effect of a on performance measure

a | E(W)
2 | 7.3714
3 | 5.5851
4 | 49825
5 | 4.6793
6 | 4.4967
7 | 4.3746
8 | 4.2873
9 | 4.2217
10 | 4.1706
Table 1.3

(61 =0.1,a =20, =031 =2)

247
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E(W)

e E(W)

o M~ B O 00

Figure 3: Figure 1.31

6 Conclusion

From the above tables we observe the following :

Case(i): If the value of the parameter 6; increases, the mean loss of manhours decreases and hence the
expected time to recruitment increases as shown in Table 1.1 and Figure 1.11.

Case(ii): If the value of A increases ,the expected time to recruitment E(W) also increase as shown in Table
1.2 and Figure 1.21.

Case(iii): As a increases the mean survival time
decreases as in Table 1.3 and Figurel.31.

afj 7 decreases and hence the expected time to recruitment
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Abstract

A b-coloring of a graph G is a variant of proper coloring in which each color class contains a vertex that
has a neighbor in all the other color classes. We investigate some results on b-coloring in the context of degree
splitting graph of P,, By, ;, Sy and Gj,.
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1 Introduction

In this paper we deal with finite, connected and undirected graph G = (V(G), E(G)) without loops and
multiple edges. The notations and terminology here are used in the sense of Clark and Holton [1]]. A proper
k-coloring of a graph G is a function ¢ : V(G) — {1,2, ..., k} such that c(u) # c(v) for all uv € E(G). The color
class ¢; is the subset of vertices of G that is assigned to color i. The chromatic number x(G) is the minimum
number k for which G admits proper k-coloring.

A proper k-coloring c of a graph G is a b-coloring if for every color class c;, there is a vertex with color i
which has at least one neighbor in every other color classes. Such vertex is called a b-vertex. The b-chromatic
number of a graph G, denoted by ¢(G), is the largest integer k for which G admits a b-coloring.

The concept of b-coloring was introduced by Irving and Manlove [2]. If G has a b-coloring by k colors for
every integer k satisfying x(G) < k < ¢(G) then G is called b-continuous. The b-spectrum S,(G) of a graph G
is the set of integers k such that G has a b-coloring by k colors.

The concept of b-coloring is explored by many researchers. The bounds for the b-chromatic number of a
graph is investigated by Kouider and Mahéo [3] while b-chromatic number for Peterson graph and power of
a cycle is discussed by Chandrakumar and Nicholas [6]. The b-continuity of chordal graphs is discussed by
Faik [Z].

Definition 1.1. ([2l], [4])The m-degree of a graph G, denoted by m(G), is the largest integer m such that G has m
vertices of degree at least m — 1.

Proposition 1.2. ([1l]) For any graph G, x(G) > 3 if and only if G has an odd cycle.

Proposition 1.3. ([2]) If G admits a b-coloring with m colors, then G must have at least m vertices with degree at least
m— 1.

Proposition 1.4. (I3) x(G) < ¢(G) < m(G).

It is obvious that if x(G) = k, then every coloring of a graph G by k colors is a b-coloring of G.
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Proposition 1.5. ([5]) If Py, Cy, Ky, Kinw and Wy, © Cy, + Ky are respectively path, cycle, complete graph, complete
bipartite graph and wheel graph, then

L. x(Can) =2, x(Cons1) = 3.

2. x(Wy) =3, if nis odd and x(W,) = 4, if n is even.
3. X(Kmn) =

4. ¢(P)) =2,ifl <n<5and ¢(P,) =3,ifn > 5.
5. ¢(Cy) =2,ifn = 4and ¢(C,) =3, if n # 4.

6. (W) =3, ifn =4and p(W,) =4, if n # 4.

7. x(Kn) = ¢(Kn) = n.

2 Main Results

Definition 2.1. Let G = (V(G),E(G)) be a graph with V(G) = S; U Sy U ....U S; U T where each S; is a set of all
t
vertices of the same degree with at least two elements and T = V(G) \ U S;. The degree splitting graph of G, denoted
i=1

by DS(G), is obtained from G by adding vertices w1, wy, ..., w; and joining w; to each vertex of S; for 1 <i < t.

2, n=3

Lemma 2.2. x(DS(P,)) = { 3, n#£3

Proof. The path P, has two pendant vertices and the remaining n — 1 vertices are of degree two. Thus V(P,) =
{vi;1<i<n} =S5 USywhereS; = {v1,0,} and S» = {v; ;2 <i < n —1}. For obtaining DS(P,) from Py,
add two vertices wy and w, corresponding to S and S, respectively. Thus V(DS(Py,)) = V(Py) U {w;, wp } and
E(DS(Py)) = E(Py) U {wyv; where v; € Sy;i = 1,n} U{wov; where v; € S3;2 < j <n—1}. [V(DS(Py))| =
n+2and |[E(DS(P,))| =2n — 1.

When n = 3, the graph DS(P3) is isomorphic to C4. Then by Proposition 1.5, x(DS(P;)) = 2. But when
n # 3, DS(P,) contains a cycle C3. Then by Proposition 1.2, x(DS(P,)) > 3. If we assign the proper coloring

as c(wy) = c(wy) =1, c(vpry1) =2, ¢(vox) = 3; k € N then x(DS(Py,)) = 3. O
2, n=3

Theorem 2.3. ¢(DS(P,)) =< 3, n=2,4
4, n>5.

Proof. The graphs DS(P,) and DS(P5) are isomorphic to C3 and Cy4 respectively. Then by Proposition 1.5,
p(DS(P2)) = 3and p(DS(Py)) = 2.

In the graph DS(P;) there are four vertices of degree 2. Then the m-degree, m(DS(P;)) =3. Then by
Proposition 1.4, ¢(DS(Py)) < 3. Moreover DS(P;) induces a path of length greater than four, ¢(DS(Py)) > 3.
Hence ¢(DS(Py)) = 3.

For n > 5, the graph DS(P,) has at least four vertices of degree at least 3. Then the m-degree, m(DS(Py)) =
4. Then by Proposition 1.4, ¢(DS(P,)) < 4. Moreover DS(P,) induces a path of length greater than four,
¢(DS(Py)) > 3. We suppose that DS(P;,) has a b-coloring using four colors. By assigning the proper coloring
asc(wy) = c(wp) =1, c(v3k_2) =2, c(v3r_1) = 3, c(v3r) = 4; k € N then the vertices wy, vy, v and v3 are the
b-vertices for the color classes 1,2, 3 and 4 respectively. Thus ¢(DS(P,)) = 4. Hence the result. O

Definition 2.4. The bistar B, , is a graph obtained by joining the center(apex) vertices of two copies of Ky ,, by an edge.
Lemma 2.5. Forall n, x(DS(By)) = 3.

Proof. In By, V(Bnn) = {u,v,u;,v;; 1 < i < n}and E(By,) = {uu;,vv; 1 < i < n}U{uv}. The graph
bistar By, , contains two types of vertices - pendant vertices and vertices of degree n + 1. Thus V(B,,) = S1
U Sy where S = {u;,v; 1 < i < n}and S; = {u,v}. For obtaining DS(B,,,) from B, ,, we add two
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vertices wy and w; corresponding to S; and S; respectively. Thus V(DS(By,,)) = V(By,) U{w1, w2} and
E(DS(Bun)) = E(Bun) U {ujwy, viwy, uwy, vw, }. Hence |V (DS(Bpn))| = 2n+4 and |E(DS(Bp,n))| = 4n+ 3.

As the graph DS(B,, ;) contains a C3, x(DS(By,,)) > 3. If we assign the proper coloring as c¢(w;) = 1,
c(u) =2,¢c(v) =3, c(wy) =2,¢c(u;) =c(v;) =1, fori =1,2,.,n, then x(DS(By,,)) = 3 for all n. O

Theorem 2.6. Forall n, 9(DS(Bpn)) =

Proof. By Lemma 2.5, ¢(DS(By,)) > x(DS(By,)) = 3. The graph DS(B,,,) has at least three vertices
of degree at least two. Then m(DS(By)) = 3 and hence by Proposition 1.4, ¢(DS(By,,)) < 3. Thus
¢(DS(By,n)) = 3 for all n. O

Definition 2.7. A shell S, is the graph obtained by taking n — 3 concurrent chords in cycle Cy,. That is, S, =P,_1 + Kj.

4, n=3

Lemma 2.8. x(DS(S,)) = { 3, n#3

Proof. In the shell graph S, V(S,) = {u,v1,vy,...,v,-1} where u is the apex vertex and E(S,) = {uv; ;
1<i<n—-1}U{vvi1;1 <i<n—2} Clearly |V(S,)| =nand |E(S,)| =2n — 3.
There are three types of vertices

(i) vertices of degree 2,
(i) vertices of degree 3,
(iii) a vertex of degree n — 1.
Thus V(S,) = {u,v1,02,...,0,-1} =51 USy UT where S1 = {vy,v,1}, S = {v; ;2 < i < n—2} and

2
T ={u} =V(S:)\ US;. For obtaining DS(S,) from S,, we add two vertices w; and w, corresponding to
i=1

i=
S1 and S respectively. Thus V(DS(S,)) = V(Su) U{wy, w2} and E(DS(S,)) = E(Sn) U {v1wq,vy—qwq} U
{vjwy;2 <i<n-—2}.

When n = 3, the graph DS(S3) is isomorphic to K4. Then by Proposition 1.5, x(DS(S3)) = 4. But when
n # 3, DS(S,) contains a Cs, then by Proposition 1.2, x(DS(S,)) > 3. If we assign the colors as c(w;) =

c(wy) =c(u) =1, c(vgps1) =2, c(vy) =3,k €N, then x(DS(S,)) = 3. O
Theorem 2.9. ¢(DS(S,)) :{ i' :;:

Proof. When n = 3, the graph DS(S3) is isomorphic to Ky, by Proposition 1.5, ¢(DS(S3)) = 4

When n = 4, the graph DS(S4) has four vertices of degree at least three. Then m(DS(S4)) = 4. Then by
Proposition 1.4, ¢(DS(S4)) < 4. Suppose that DS(S4) does have a b-chromatic 4-coloring. By assigning the
proper coloring as c(u) = 1, c(v1) = 2, ¢(v2) = 3, ¢(v3) = 4 which in turn forces to assign c(w; ) is either by the
color 1 or 3 and c(wy) is either by the color 2 or 4. This proper coloring gives the b-vertices for the color classes
1 and 3 but not for 2 and 4. Similarly all other proper coloring using 4 colors will generate b-vertices at most
for two color classes only. Hence ¢(DS(S4)) # 4. Thus ¢(DS(Ss)) < 3. Also by Lemma 2.8, ¢(DS(S4)) > 3
Hence ¢(DS(S4)) = 3.

When n = 5 and 6, the graph DS(S;,) has the m-degree four. Thus ¢(DS(S,)) < 4. Suppose that DS(S,,)
does have a b-chromatic 4-coloring. By assigning the proper coloring as c(u) =1, c(v1) = c(v4) = 2,¢(v2) =3,
c(v3) = c¢(wq) = 4 which gives the b-vertices u, vy, vy, v3 for the color classes 1, 2, 3, and 4 respectively. Thus
go(DS(Sn)) =4

When n > 7, the graph DS(S,,) has the m-degree five. Thus ¢(DS(S,)) < 5. Suppose that DS(S;) does
have a b-chromatic 5-coloring. By assigning the proper coloring as c(v;) = 1, ¢(v1) = 2, c(u) = 4, c(v3) =5,
c(wy) = 3, ¢(vq) = 2 which in turn forces to assign c(vs) = 1. This proper coloring gives the b-vertices for
the color classes 1, 2 and 5 but not for 3 and 4. Similarly all other proper coloring with 5 colors will generate
b-vertices at most for three color classes only. Hence ¢(DS(S,)) # 5. Thus ¢(DS(S,)) < 4. If we assign the
colors as c(wq) = c(wp) =1, c(v3k_p) =2, c(var_1) = 3, c(v3r) = 4; k € N gives the b-vertices u, vy, v3, v4 for
the color classes 1, 3, 4 and 2 respectively. Thus ¢(DS(S,)) = 4. O
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Definition 2.10. The gear Graph, Gy, is obtained from the wheel by subdividing each of its rim edge.

That is, let Wy, = Cy, + K1 be the wheel graph with apex vertex v and the rim vertices v1,vy, ..., V. To obtain the gear
graph Gy, subdivide each rim edge of wheel Wy, by the vertices u, uy, ..., u, where each u; subdivides the edge v;v; 1 for
i=1,2,.,n—1and u, subdivides the edge v1v,. Then |V (G| = 2n + 1 and |E(G,| = 3n.

3, n=3

Lemma 2.11. x(DS(G,)) = { 2, n#3.

Proof. The gear graph G, has three types of vertices
(i) vertices of degree 2,
(if) vertices of degree 3
(iii) a vertex of degree .

Thus V(Gy) = {v;,u;,v} = S1US; U T where S1 = {v;}, So = {u;}, T = {v}=V(Gn) \ U S;. For obtaining

DS(Gy) from G,, we add two vertices wy and w, corresponding to S; and S respectively. Thus V(DS(Gy)) =
V(Gy) U{wy, wy} and E(DS(Gy)) = E(Gy) U {vjwq, ujws }.

When n = 3, DS(G3) contains a K3 (formed by the vertices v, wy and v), x(DS(G3)) > 3. If we assign the
colorsas ¢(v) =1, c(wq) = 2, c(wy) = 3, c(u;) =2, ¢c(v;) =3fori =1,2,...,n gives the proper coloring using
3 colors. Thus x(DS(G3)) = 3. But when n # 3, DS(G,) contains no odd cycles and it is a bipartite graph.

Hence by Proposition 1.5, x(DS(Gy)) = 2. 0O
5, n=3
Theorem 2.12. ¢(DS(G,)) = { L nt3

Proof. When n = 3, the graph DS(G3) contains five vertices of degree 4. Consequently m(DS(G3) = 5. Then
by Proposition 1.4, ¢(DS(G3)) < 5. Suppose that DS(G3) does have a b-chromatic 5-coloring. By assigning
the proper coloring as c(u1) = 1, c(up) = 3, c(uz) =2, c(v1) =3, c(v2) =2, ¢c(v3) =1,¢c(v) =4, c(wp) =4,
c(wy) = 5 then the vertices v3, v, v1, v, and w; are the b-vertices for the color classes 1, 2, 3, 4 and 5 respectively.
Thus ¢(DS(G3)) = 5.

When n # 3, the graph DS(G,,) contains at least five vertices of degree 4. Then m(DS(G,) = 5. Then by
Proposition 1.4, ¢(DS(G,)) < 5. Suppose that DS(G,,) does have a b-chromatic 5-coloring. By assigning the
proper coloring as c(v) = 1, c(v1) = 2, c(v2) = 3, c(v3) = 4, c(v4) = 5 gives the b- vertex v for the color
class 1. Again assume that c¢(u;) = 4 and c(u,) = 3 which in turn forces to assign c(w;) = 5 which is not
possible as the adjacent vertices w; and vy will receive the same color. Thus v1 is not a b- vertex for the color
class 2. Similarly we can prove that no v;’s are b-vertices when five colors are used for b-coloring. Hence
¢(DS(Gy)) # 5. But if we assign the colors as ¢(v) = 1, c(vsx_2) = 2, c(v3r_1) = 3, c(v3r) = 4; k € N which
gives the b- vertices v, v1, v and v3 for the color classes 1, 2, 3 and 4 respectively. Thus ¢(DS(G,)) = 4. Hence
the result.

We have the following obvious result stating the b-spectrum of DS(G,) as any proper coloring with x(G)
colors is a b-coloring. O

{3,4,5}, n=3
{2,3,4}, n#3

Proof. When n = 3, by assigning the colors as ¢(v) = 1, c(v1) = 2, c(v2) = 3, c(v3) =4, c(w1) = c(wp) =4
and c(u;) = 1fori = 1,2 and 3, the graph DS(G3) has the b-chromatic 4-coloring. But when n # 3, by
assigning the colors as c(v) = c(wq1) = c(wp) = 1, c(v;) = 2, ¢(u;) = 3fori = 1,2,..,n, DS(G,) has the
b-chromatic 3-coloring. Thus by Lemma 2.11 and Theorem 2.12, DS(G,,) is b-continuous and the b-spectrum

sios(G) = { By 128 =

Corollary 2.13. S;(DS(Gy)) = { and DS(Gy,) is b-continuous.
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3 Concluding Remarks

The study of b-coloring is important due to its applications in many real life problems like scheduling
problem, channel assignment problem, routing networks etc. Here we investigate b-chromatic number and
related parameters for the degree splitting graph of some graphs. We show that the degree splitting graph of
Gy, is b-continuous. The degree splitting graph of P, By, and S, are obviously b-continuous as any proper
coloring with x(G) colors is a b-coloring.
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Abstract

By using some results on translation and superadditive relations, we give some relational reformulations
of the Phelps—Cardwell lemma in terms of open and closed surroundings.

These reformulations have mainly been suggested by a unifying scheme for continuities of relations in
relator spaces and a projective generation of translation relators by superadditive relations.
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1 Introduction

In 1960, by using the classical Hahn-Banach extension theorem, Phelps [9] proved the following lemma
which has had some applications in [2] and [5 Proposition 8], and also in [4] which has not been available
to the author.

Lemma 1.1. Suppose that E is a real normed linear space and that € > 0. Let U and S* denote the closed unit ball of
E and the unit sphere of the dual space E*, respectively. If f, g € S* are such that

fHo)ynUu c gt [—e/2, /2],
then either || f —gl|| < eor |[[f+g]| < e.

Remark 1.1. The above inclusion in a detailed form means only that if x € E such that f(x) = 0 and
x| <1,then |g(x)| <e/2.

In 2006, by using a quite elementary, but rather tricky computation, Cardwell [3] proved the following
partial generalization of Lemma 1.1.

Lemma 1.2. Let X be a complex Banach space and let € be such that 0 < e < 1/2. Let ¢, ¢ € X* be such that
lell =@l =1. Suppose that forall x € X with || x| <1 and @(x) =0, it holds that || ¢(x) | < e. Then there
is some complex number « such that |a| =1 and || ¢ —ap| < 5e.

Remark 1.2. If in particular ¢ and ¢ are real-valued, then by slightly modifying the proof of Lemma 1.2 one
can choose « to be either 1 or —1. Thus, Lemma 1.1, with bound ¢ replaced by (5/2) ¢, can also be proved
in an elementary way.

In 2007, by modifying the original proof of Phelps, Aron etal. [I] proved the following improvement of
Lemma 1.2.

*Corresponding author.
E-mail address: szaz@science.unideb.hu (Arpad Széz).
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Lemma 1.3. Let X be a complex Banach space and Sy its unit sphere. If f,g : X — C are linear forms of norm one
and € > 0 such that

SxN{f(x)=0} c Sxn{|g(x)| <e},
then ||g—af| < 2e forsome |a|=1.

Remark 1.3. Note thatif x € X suchthat 0 # || x|| <1 and f(x) =0, then by taking u = || x| ~! x, we have
|ul =1and f(u)=||x|~!f(x) = 0. Therefore, if the condition of Lemma 1.3 holds, then |g(u)| < ¢,
and thus [g(x)|=|g(llx|lu)|=Ilx]l|g(u)| < e also holds. Hence, since |g(0)| = 0 < ¢, we can note
that the condition of Lemma 1.2 also holds.

Now, by using the closed surroundings B, = {(x,y) : d(x,y) < r}, we shall prove the following
relational reformulation of Lemma 1.3.

Lemma 1.4. Let X be a normed space over C, and assume that ¢ and  are linear functions of X to C such that
lell =1and || = 1. Moreover, assume that v > 0 and s > 0 such that

(Brng)(0) c (9o By)(0). (1.1)
Then, there exists « € C, with |a| =1, such that
((P_‘“P)OB?CBZBO(Q’_"”P)- (1.2)

Remark 1.4. We shall show that (1.1) is equivalent to the inclusions

(qufl)(O) c (qflo Brs) (0)
and

(BB ) (0) ¢ (9710 Brs) (0).

Moreover, we shall also show that (1.1) and (1.2) are equivalent to the inclusions

(9o (Bing™))(0) © Br(0)
and

B, C (¢9—ay) loByso(p—ay).

The relational reformulations of Lemma 1.3 have been mainly suggested by a unifying scheme for conti-
nuities of relations in relator spaces [15, Definition 4.1] and a basic theorem on translation and superadditive
relations [13] Theorem 4.8] which allows of a projective generation of translation relators by superadditive
relations.

2 A few basic facts on relations

A subset F of a product set XxY is called a relation on X to Y. If in particular F C X?2, then we may
simply say that F is a relation on X . Thus, in particular Ax = {(x, x): x € X} isarelationon X.

If Fisarelationon Xto Y, thenforany x € X and A C X thesets F(x)={ye€Y: (x,y)€F} and
F[A] =U,ca F(a) are called the images of x and A under F, respectively.

Moreover, the sets DF = {x € X: F(x) # @} and Rp = F[Dg] are called the domain and range of F,
respectively. If in particular Dy = X, then we say that F is a relation of X to Y, or that F is a total relation on X
to Y.

In particular, a relation f on X to Y is called a function if for each x € Dy there exists y € Y such that
f(x) = {y}. In this case, by identifying singletons with their elements, we may simply write f(x) =y in
placeof f(x)={y}.

If Fis arelation on X to Y, then the values F(x), where x € X, uniquely determine F since we have
F = U,ex {x} x F(x). Therefore, the inverse relation F~! of F can be naturally defined such that F~1(y) =
{xeX: yeF(x)} forallyeY.
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Moreover, if in addition G is a relation on Y to Z, then the composition relation G o F of G and F can
be naturally defined such that (GoF)(x) = F[G(x)] forall x € X. Thus, we also have (GoF)(A) =
G|[F(A)] forall AcC X.

If d is a nonnegative function of X2, then for each r > 0 we may naturally define two relations B¢ and
B? on X such that

Bix)={yeX: d(x,y)<r} and Bix)={yeX: d(x,y)<r}

forall x € X.

In the distance space X(d) = (X, d), the r-sized open and closed surroundings BY and BY are usually
more convenient means, than the open and closed subsets of X (d), or even the distance function d itself.

For instance, a function f of one distance space X (d) to another Y (p) can be easily seen to be uniformly
continuous if and only if for each € > 0 there exists a § > 0 such that

oBYcBfof, or equivalentl Blc floBfof.
6 q y é

To more nicely express this notion and some other more complicated ones, instead of the relator
Rgs={B%: r>0},itis necessary to work with the various refinements and modifications of R ; considered
in [8].

For instance, if R is a relator (relational system) on X to Y, then the relator

R"={UCXxY: VxeX: FReR: R(x)CU(x)}

may be naturally called the topological refinement or closure of R .
Thus, a pair (F, G) of relations on one relator space (X, Y)(R) to another (Z, W) (S) may be naturally
called topologically upper semicontinuous, resp. topologically mildly continuous if

S/\oFC(GoRA)A, resp. G loS"o FCc RN,
3 A few basic facts on translation relations

Definition 3.1. A relation R on a groupoid X is called a translation relation if for any x, y € X we have
x+R(y) CR(x+y).

Remark 3.5. By using the notation u R v instead of v € R(u ), the above inclusion can be expressed by saying
that yRz implies (x +y)R (x +z) forall x € X. Thus, in particular, the usual inequality relations < and <
on R are translation relations.

Remark 3.6. However, it is now more important to note that if p is a nonnegative function of a group X and
d(x,y)=p(-x+y)

. d = =d . .
forall x, y € X, then the surroundings BY = B and BY = B} are translation relations on X.

To check the translation property of Bf, note that if x,y € X and z € Bf(y), then p(—y+z) =
d(y,z) < r,and thus

dx+y, x+z)=p(—(x+y)+x+z)=p(-y—x+x+z)=p(-y+z)<r.
Therefore, x +z € Bf (x+vy). Thus, x+ B (y) c Bf(x+vy) also holds.
The above facts and the following theorem has been first established in [13]] .

Theorem 3.1. For a relation R on a group X, the following assertions are equivalent :
(1) R is a translation relation ;
(2) R(x)=x+R(0) forall x € X;
(3) R(x+y)=x+R(y) forall x,y e X;
(4 R(x+y)C x+R(y) forall x,yeX.
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Proof. For instance, if (4) holds, then
R(x)=R(x+0)C x+R(0)=x+R(—x+x)Cx—x+R(x)=R(x)
for all x € X. Therefore, (2) also holds. O
Remark 3.7. Now, in addition to Remark 3.6, we can also state that
B/ (x+y)=x+ Bl (y) and B/(x+y)=x+B(y)
forall x, y € X.

Some further basic properties of the above surrounding can also be derived from the following theorems
of [13].

Theorem 3.2. If R is a translation relation on a groupoid X, then forany A, B C X we have
A+ R[B] CR[A+B].
Moreover, if in particular X is a group, then the corresponding equality is also true.

Theorem 3.3. If R is a translation relation on a groupoid X, then R~ is also a translation relation on X. Moreover,
if in particular X is a commutative group, then for any A C X we have

R71[A] = -R[-A].

Theorem 3.4. If R and S are translation relation on a groupoid X, then S o R is also a translation relation on X.
Moreover, if in particular X is a commutative group, then for any A, B C X we have

(SoR)[A+B] =R[A]+ S[B].

Remark 3.8. In this respect, it is also worth mentioning that the family of all translation relations on a groupoid
is also closed under complementation, and arbitrary unions and intersections.

4 A few basic facts on superadditive relations

Definition 4.2. A relation F on one groupoid X to another Y is called superadditive if for any x, y € X we
have
F(x)+ F(y) C F(x+y).

Remark 4.9. By using the notation u F v instead of v € F(u ), the above inclusion can be expressed by saying
that xFz and yFw implies (x +y)F(z+ w). Thus, in particular, the usual inequality relations < and <
on R are superadditive relations.

Remark 4.10. Itis clear that a reflexive and superadditive relation R on a groupoid X is a translation relation.
Moreover, by [16, Theorem 3.14], a translation relation R on a commutative group X is superadditive if and
only if it is transitive.

Definition 4.3. A relation F on a group X to a groupoid Y with zero is called quasi-odd if for any x € Dr we
have
0€ F(x)+ F(—x).

Remark 4.11. Thus, a reflexive relation R on a group X is quasi-odd. Moreover, if F is an odd relation on one
group X to another Y in the sense that F (—x) = —F(x) forall x € X, then F is in particular quasi-odd.

Now, as certain counterparts of Theorem 3.1, we can also prove the following two theorems.
Theorem 4.5. If F is a quasi-odd and superadditive relation on a group X to a monoid Y, then
F(x+y)=F(x)+F(y)

forall x,y € X with either x € Dr or y € Dr.
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Proof. If x € D, then 0 € F(x) + F(—x) C F(0). Moreover,
F(x+y) C F(x)+ F(—=x) + F(x+y) C F(x) + F(y)
forall y € X. The case x € X and y € Dr can be treated quite similarly. O

Theorem 4.6. If F is a quasi-odd and superadditive relation on one group X to another Y then there exists a function
fon X to Y such that for all x € X we have

F(x)=f(x)+F(0)  and  F(x)=F(0)+f(x).

Proof. Now, for any x € D, we have 0 € F(x)+ F(—x). Therefore, there exist y € F(x) and
z € F(—x) such that 0 = y+z. Hence, we can already infer that y = —z € —F(—x). Therefore,
y € F(x)N(=F(-x)), and thus F(x)N (—F(—-x)) # @. Hence, by the Axiom of Choice, it is clear
that there exists a function f of Dfr to Y such that f(x) € F(x)N(—F(—x), and thus f(x) € F(x) and
f(x) € —F(—x) forall x € Dr.

Now, if x € Dp, then we can see that f(x)+ F(0) C F(x)+ F(0) C F(x). Moreover, since —f(x) €
F(—x), we can also see that

F(x)Ccf(x)—f(x)+F(x)C f(x)+ F(—x)+ F(x)C f(x)+ F(0).

Therefore, F(x) = f(x)+ F(0). Hence, since F(x) =@ and f(x) =@ if x € X\ D, itis clear that the first
part of the required assertion is true. The second part can be proved quite similarly. O

Remark 4.12. Note that if F is a relation on one group X to another Y and f is a selection function of F such
that either F or f is odd, then we also have —f(x) € F(—x) for all x € Dr. Therefore, if in particular F is
superadditive, then by the above argument we also have F(x) = f(x)+ F(0) forall x € X.

Various conditions in order that a relation F could have an additive selection function f have been given
by several authors dealing with relational generalizations of the Hahn-Banach extension theorems and the
Hyers-Ulam stability theorems. ( For a rapid overview on the subjects, see [18] and the reference therein.)

The close relationship between translation and supperadditive relations can also be clarified by the follo-
wing generalization of [13, Theorem 4.8].

Theorem 4.7. If F and G are superadditive relations of one groupoid X to another Y such that G C F,and S isa
translation relationon Y, then R = G 1o So F is a translation relation on X.

Proof. If x, y € X and z € R(y), then by the corresponding definitions we also have
z€ (G loSoF)(y) =G 1 [S[F(y)]] .

Thus, there exists w € S [F(y) ] such that z € G~!}(w), and hence w € G(z). Consequently, we also have
G(z)NS[F(y)] # @.Hence, since G(x) # @, it follows that

(G(x)+G(2))N(G(x)+S[F(y)]) # 2.
Now, by using that G(x) + G(z) C G(x+2z) and
G(x)+S[F(y)] c F(x)+S[F(y)] c S[F(x)+F(y)] c S[F(x+y)],

we can see that
G(x+z)NS[F(x+y)] #2.

Thus, there exists w € S[F(x+y)] suchthat w € G(x+2z), and hence x+z € G (w). Consequently,
we also have
x+z€G V[S[F(x+y)]] =(G 'oSoF)(x+y)=R(x+y).

Therefore, the inclusion x + R (y) C R(x+y) isalso true. O

Finally, we note that, analogously to the corresponding results of Section 3, the following theorems can
also be proved.
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Theorem 4.8. If F is a superadditive relation on one groupoid to another Y, then for any A, B C X we have
F[A]|+F[B] CF[A+B].

Remark 4.13. If in particular X and Y are groups, and F is in addition quasi-odd, then the corresponding
equality is also true with either A C Dr or B C Dr.

Theorem 4.9. If F is a superadditive relation on one groupoid to another Y, then F~! is a superadditive relation on Y
to X.

Theorem 4.10. If F is a superadditive relation on one groupoid to another Y and G is a superadditive relation on Y to
another groupoid Z, then G o F is a superadditive relation on X to Z.

Remark 4.14. In this respect, it is also worth noticing that if F and G are superadditive relations on a
groupoid X to a commutative semigroup Y, then their pointwise sum F + G is also a superadditive rela-
tionon Xto Y.

Thus, in particular if f is an additive function on X to Y and Z is a subsemigroup of Y, then the relation
f+Z, defined such that (f+Z)(x) = f(x)+ Z forall x € X, is an additive relation on X to Y. Note that,
by Theorems 3.1 and 4.6, some translation and superadditive relations are of the latter form.

5 A relational reformulation of Lemma 1.3

Now, by using our former results on translation and superadditive relations, we can prove the following

Lemma 5.5. Let X be a normed space over C, and assume that ¢ and  are linear functions of X to C such that
lell=1 and Iyl =1.

Moreover, assume that r > 0 and s > 0 such that

(Brpt)(0) < (9o Br)(0). (53)

Then, there exists « € C, with |a| =1, such that

(p—ap)oB, C Byso(@p—ayp). (5.4)
Proof. If x € X such that

x| = and ¢(x) =0,
then we also have

[rxll =rlx|=r and ¢(rx)=re(x)=0
Hence, we can already infer that
rx € B,(0) and rx e ¢ 10),

and thus

rxeBAO)m¢—%0):(Brm¢—ﬂ(0)c(4rloBmx0):¢—WBmm)y

This implies that ¢(rx) € B,s(0). Therefore,
Plg(x)| = |rgp(x)| = [p(rx)| <rs, andthus  [§(x)] < s.
Now, by Lemma 1.3, we can state that here exists « € C, with |a| =1, such that under the notation
f=¢—ay

wehave || f|| < 2s. This implies that

FE < I < 28] x|l
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forall x € X. Hence, if in particular

x € B+(0), and thus x| <,

we can see that

| f(x)] < 2rs, and thus f(x) € Bys(0).
Therefore, we also have
X € f_l[ Ber(O)] :f_l [BZVS(f(O))] :f_l [(Berof)(O)] = (f_lo Berof> (0).
This proves that
BY(O) - (f_lo Berof)(O)'
Hence, by using Remark 3.6 and Theorems 3.1 and 4.7, we can already infer that

By(x) =x+B,(0) C x+ (f o Bayo f) (0) = (f o Bapso f)(x) = [(Bao f) (x)],

and thus

(FoB)(x) = FB(x)] € £ [F[(Bareo £) ()] © (Barso ) (%)
forall x € X. Therefore, f o B, C By o f, and thus the required inclusion is also true. O

Remark 5.15. The above proof shows that condition (5.3) can be weakened by requiring only that

((Br\B,) mqu) (0) c (4)*10 Brs) (0)

The forthcoming Proposition 6.1 will shows that the latter inclusion is actually equivalent to condition (5.3).

6 Equivalent reformulations of condition (5.3)

Condition (5.3) can also be naturally weakened with the help of the following

Proposition 6.1. If ¢ and @ are continuous and homogeneous functions of one normed space X to another Y, then
forany v > 0 and s > 0 the following inclusions are equivalent :

(@) (Byne~1)(0) C (p 1o Bs)(0);
) (B,ne~1)(0) c (yp~'o Bs)(0);
(©) ((Br\B)Ne=1)(0) c (p~1o Bs)(0).

Proof. Since B, = B, U (B r\ Br) , it is clear that (b) implies both (a) and (c) even if ¢ and ¥ are arbitrary
relations. Therefore, we need only show that both (a) and (c) imply (b).
If xe (B,Ng1)(0),then x € B,(0)N¢~1(0) , and thus

x| <7 and @(x)=0.

Hence, if x # 0, then by taking
u=rlx| tx,

we can infer that
lul =rlx| Tzl =r and  @(u)=r|x|]| " p(x)=0.
This implies that
€ (Br(0)\ B,(0)) Ng~"(0) = (B, \B,)(0) @ ~"(0) = ((B,\B,)np™") (0).

Therefore, if (c) holds, then we also have

ue (gb_lo Bs) (0) = '[B:(0)].
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This implies that ¥ (u) € Bs(0), and thus || ¢ (u) | < s. Hence, we can infer that

le) =g xlu) | =rlxlllg)] <s,
and thus ¢ (x) € Bs(0). Moreover, we can note that (0) = 0 € Bs(0) also holds. Therefore,

xep ! [B(0)] = (9o Be) (0)
even if x = 0. This shows that (c) implies (b) even if ¢ and i are only assumed to be homogeneous.
On the other hand, if x € (B,N¢ 1) (0), and thus || x| <7 and ¢(x) =0, then by taking
xp=n(n+1)"1x
for each n € IN, we can see that
lxull=n(n+1)" x| <r and ¢ (xn) =n(n+1)""g(x)=0.

This implies that

X = B, (0) N 1(0) = (Bm<p—1) (0).
Therefore, if (a) holds, then we also have

Xy € (4’71 ° BrS) (0)=9yp* [Bs(0)],

and thus ¢ (x,) € Bs(0). This implies that || (x| <s.Hence, by using that

lim x, =x, and thus lim ¢(x,)=19(x),

n—oo n—oo

we can infer already that || ¢ (x)| < s. Therefore, ¥ (x) € Bs(0), and thus x € (1,0’1 o Bs)(0) also
holds. This shows that (a) implies (b) even if ¢ and 1 are only assumed to be homogeneous and continuous,
respectively. O

In this respect, it is also worth mentioning that we also have the following

Proposition 6.2. If ¢ is a continuous homogeneous functions of one normed space X to another Y, then for any r > 0
we have

(Brng™)(0) = (B,ng 1)(0).

Proof. From the proof of the implication (a) = (b) we can see that

(Brng™)(0)c (BngT)(0)

even if ¢ is only assumed to be homogeneous.

Moreover, we can note that ¢(0) = ¢ 1[{0}] is a closed subset of X even if ¢ is only assumed to be
continuous. Thus,

(B:ne™') (0)=B,(0) N9~ (0)
is also a closed subset of X. Hence, it is clear that

(Brne 1) (0)c (Brng 1) (0)=(B,ne™)(0),

and thus the required equality is also true. O

Remark 6.16. The latter proposition allows of a shorter proof of the implication (a) = (b) in Proposition
6.1.

Namely, if (a) holds, then by noticing that

is also a closed subset of X, we can at once see that
(B:ne™) (0)=(B,ng ) (0) ¢ (9 ToBs)(0)= (¢ "o Bs)(0),
and thus (b) also holds.
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7 Equivalent reformulations of inclusions (5.3) and (5.4)

Inclusions (5.3) and (5.4) can also be reformulated by using the following basic proposition whose proof is
included here only for the reader’s convenience.

Proposition 7.3. If Y is a relation on one set X to another Y, then
(@) Ax CY¥ 1oV if ¥ istotal;
(b) Yo¥~'c Ay if ¥ isafunction.

Proof. If ¥ is total, then for each x € X there exists y € Y such that y € ¥(x). Hence, it is clear that
x € ¥ (y), and thus
xe¥ (Y (x)]=(¥o¥ ') (x).

Therefore, (x, x) € ¥ o ¥ ~1. This shows that (a) is true.
On the other hand, if (y,z) € Yo ¥ -1 then we can note that

ze (Yo¥ ) (y) =Y [¥ (9]

Therefore, there exists x € ¥~ (y) such that z € ¥ (x). Hence, if ¥ is a function, we can already infer that
y =Y (x) = z. Therefore, (b) is also true. O

By this proposition, it is clear that in particular we also have the following

Proposition 7.4. If Y is a relation on one set X to another Y, then forany A C X and BCY
(@) Y[A] C B implies A C ¥Y~'[B] if ¥ istotal;
(b) ACY~'[B] implies Y[A] C B if ¥ isa function.

Proof. If for instance ¥ [A] C B and ¥ is total, then Proposition 7.3 we have

A=Ax[Al c (Y 1o¥)[A] =¥ '[¥[A]] c ¥ '[B].

A simple application of this proposition gives the following

Proposition 7.5. If ¥ is a relation on one set X to another Y, and R and S are relations on X and Y, respectively,
then forany A C X

(1) (YoR)[A] C S[A] implies R[A] C (Y 1oS)[A] if ¥ istotal;
(2) R[A] C (¥ 'oS)[A] implies (YoR)[A] C S[A] if ¥ isa function.

Proof. If for instance (¥ oR)[A] C S[A] holds, then we also have ¥ [R[A]] C S[A]. Hence, if ¥ is
total, then by using Proposition 7.4 we can infer that

R[A] Y '[S[A]] = (¥ 'oS)[A].
O

Remark 7.17. By this proposition, it is clear that condition (5.3) of Lemma 5.5 is equivalent to the inclusion

(9o (B-ne™))(0) € Brs(0).
Moreover, by using Proposition 7.4, we can also easily establish the following

Proposition 7.6. If F is a relation on one set X to another Y, and R and S are relations on X and Y, respectively,
then forany A C X

(1) (FoR)[A] C(SoF)[A] implies R[A] C (F1oSoR)[A] if F istotal;

(2) R[A] C (F7'oSoR)[A] implies (FoR)[A] C (SoF)[A] if F isa function.
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Proof. If forinstance (FoR)[A] C (SoF)[A] holds, thenwealsohave F[R[A]] C (SoF)[A]. Hence,
if Fis total, then by using Proposition 7.5 we can infer that

R[A] c P! [(P‘loSoR)[A” = (FoSoR)[A].
O

Remark 7.18. By this proposition, it is clear that conclusion (5.4) of Lemma 5.5 is equivalent to the inclusion

B, C ((P_O“P)_lOBerO((P_D“P)'
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Abstract

This paper is mainly concerned with square-mean asymptotically almost automorphic mild solutions to
a class of non-autonomous stochastic differential equations in a real separable Hilbert space. Some existence
results of square-mean asymptotically almost automorphic mild solutions have been established by proper-
ties and composition theroems of square-mean asymptotically almost automorphic functions and fixed point
theorems.
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1 Introduction

In this paper, we study the existence of square-mean asymptotically almost automorphic solutions for the
following non-autonomous stochastic differential equations in the form

{ dx(t) = A()x(t)dt + F(t, Byx())dt + g(t, Box(£))dW(t), t > 0, 11

x(0) = xo,

where A(t) : D(A(t)) C L2(,) — L%(,) is a family of densely defined closed linear operators satisfying the
so called “Acquistapace-Terreni” conditions, B;, i = 1,2 are bounded linear operators, and W(t) is a two
sided standard one-dimensional Brownian motion defined on the filtered probability space (), F,, F¢) where
Fr = o{W(u) — W(v),u,v < t}. xqis an Fyp-adapted, -valued random variable independent of the Wiener
process W, and f, g : [0, +o0) x L?(,) — L?(,) are appropriate functions to be specified later.

The asymptotically almost automorphic functions were firstly introduced by G. M. N'Gu’er ekata in [14].
Since then these functions have become of great interest to several mathematicians and generated lots of
developments and applications, we refer the reader to [3}[11,[12] and the references therein.

Recently, the existence of almost periodic, almost automorphic and pseudo almost automorphic solutions
to some stochastic differential equations have been considered in many publications such as [4, 15, 7,8, 110, [18]
and references therein. In a very recent paper [8], the authors introduced a new concept of S?-almost automor-
phy for stochastic processes including a composition theorem. In paper [16], the authors introduced the notion
of square-mean asymptotically almost automorphic stochastic process and established some basic results not
only on the completeness of the space that consists of the square-mean asymptotically almost automorphic
processes but also on the composition of such processes. They apply this new concept to investigate the ex-
istence of square-mean asymptotically almost automorphic mild solutions to the following abstract stochastic

*Corresponding author.
E-mail address: 1950290025@qq.com (Zhi-Hong Li), zhaozhihan841110@126.com (Zhi-Han Zhao).
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integro-differential equations

chﬁ):{Aﬂﬂ+JgBU—@x@Msdt+f@xUDdWULt20,
x(0) = xo,

where A and B(t), t > 0 are densely defined and closed linear operators in a Hilbert space L?(, ), and W(t) is
a two sided standard one-dimensional Brownian motion defined on the filtered probability space (Q, F,, Ft)
where F; = o{W(u) — W(v);u,v < t}. xq is an Fp-adapted, -valued random variable independent of the
Wiener process W.

Motivated by the works [8, [11], [16, [17], the main purpose of this paper is to investigate the existence of
square-mean asymptotically almost automorphic mild solutions to the problems (T.I). The obtained results
can be seen as a contribution to this emerging field.

The present paper is organized as follows. In section 2, we introduce the notion of square-mean asymp-
totically almost automorphic processes and study some of their basic properties. In section 3, we prove the
existence of existence of square-mean asymptotically almost automorphic mild solutions to the problem (T.T).

2 Preliminary

In this section, we introduce some basic definitions, notations, lemmas and technical results which will
be used in the sequel. For more details on this section, we refer the reader to [7 [13]].
Throughout the paper, we assume that (, || - ||, (-,-)) and (, || - ||, (-, -)) are two real separable Hilbert spaces.
Let (Q), F,) be a complete probability space. The notation L?(,) stands for the space of all -valued random
variable x such that

Elle? = [ x/Pd <
Q

|Mh=<l)w%>?

Then it is routine to check that L?(,) is a Hilbert space equipped with the norm || - [|. We let L(,) denote
the space of all linear bounded operators from into , equipped with the usual operator norm || - [|(); in
particular, this is simply denoted by L() when = . The notation Co(IR*; L?(,)) stands for the collection of all
bounded continuous stochastic processes ¢ from R* into L?(,) such that lim;_, 1 E||@(#)||*> = 0. Similarly,
Co(R* x L2(,); L?(,)) stands for the space of the continuous stochastic processes f : R™ x L?(,) — L?(,) such
that

For x € L%(,), let

. 2
Jim E|f(t)|2 =0

uniformly for x € K, where K C L?(,) is any bounded subset. In addition, W(t) is a two-sided standard one-
dimensional Brownian motion defined on the filtered probability space (Q, F,, F;), where F; = o{W(u) —
W(v);u,v <t}

Definition 2.1. [13]] A stochastic process x : R — L(,) is said to be stochastically continuous if

ltimE||x(t) —x(s)|2=0.
—8S

Definition 2.2. [9] A stochastically continuous stochastic process x : R — L2(,), (t,x) — f(t,x) is said to be square-
mean almost automorphic if for every sequence of real numbers {s}, } N, there exists a subsequence {s,}neN and a
stochastic process y : R — L?(,) such that

Jim Ef[x(t +sn) —y(t)|> =0 and lim Ely(t —sn) — x(H)]? =0

hold for each t € R. The collection of all square-mean almost automorphic stochastic processes x : R — L(,) is denoted
by AA(R; L2(,)).
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Definition 2.3. [9] A function f : R x L2(,) — L2(,), (t,x) — f(t,x), which is jointly continuous, is said to be
square-mean almost automorphic if f(t, x) is square-mean almost automorphic in t € R uniformly for all x € K is any
bounded subset of L?(, ). That is to say, for every sequence of real numbers {s,} e, there exists a subsequence {sy } neN
and a function f : R x L2(,) — L2(,) such that

Lim E|[f(t+sn,x) = f(t,x)|* = 0and lim E||f(t —su,x) = f(t,2)]* =0

for each t € R and each x € K. Denote by AA(R x L2(,); L(,)) the set of all such functions.

Lemma 2.1. [13] (AA(R;L?(,)), || - lleo) is @ Banach space when it is equipped with the norm
1
1% ]leo := sup [|x(#)||> = sup(E[lx(#)]*)2,
teR teR

for x € AA(R;L2(,)).

Lemma 2.2. [9] Let f : R x L?(,) — L2(,), (t,x) — f(t,x) be square-mean almost automorphic, and assume that
f(t,) is uniformly continuous on each bounded subset K C L%(, ) uniformly for t € R , that is for all e > 0, there exists
8 > O such that x, y € Kand E||x — y||? < 6 imply that E||f(t,x) — f(t,y)||*> < eforall t € R. Then for any square-
mean almost automorphic process x : R — L%(,), the stochastic process F : R — L?(,) given by F(-) := f(-,x(-)) is
square-mean almost automorphic.

Definition 2.4. [16] A stochastically continuous process f : R* — L2(,) is said to be square-mean asymptotically
almost automorphic if it can be decomposed as f = g+ h, where g € AA(R; L?(,)) and h € Co(R™*; L?(,)). Denote by
AAA(RY;L2(,)) the collection of all the square-mean asymptotically almost automorphic processes f : RT — L2(,).

Definition 2.5. [16] A function f : RT x L?(,) — L2(,), (t,x) — f(t,x), which is jointly continuous, is said to be
square-mean asymptotically almost automorphic if it can be decomposed as f = ¢+ h, whereg € AA(R x L2(,); L%(,))
and h € Co(R™ x L?(,); L?(,)). Denote by AAA(R™ x L2(,); L2(,)) the set of all such functions.

Lemma 2.3. [16] If f, f1 and f, are all square-mean asymptotically almost automorphic stochastic processes, then the
following hold true:

() f1 + f2 is square-mean asymptotically almost automorphic ;

(II) Af is square-mean asymptotically almost automorphic for any scalar A;

(III) There exists a constant M > 0 such that sup,_g+ E||f(#)]|*> < M.

Lemma 2.4. [16] Suppose that f € AAA(RY;L?(,)) admits a decomposition f = g+ h, where g € AA(R;L?(,))
and h € Co(R™;L%(,)). Then {g(t) : t e R} C {f(t) : t € R}

Corollary 2.1. [16] The decomposition of a square-mean asymptotically almost automorphic process is unique.

Lemma 2.5. [16] AAA(R™Y; L?(,)) is a Banach space when it is equipped with the norm:

Ifllaaaw+;i2,)) = sup §(H)ll2 + sup [[h(t)l]]2,
teR teRT

where f = g+h € AAA(RT;L?(,)) with g € AA(R;L2(,)), h € Co(RT; L2(,)).

Lemma 2.6. [16] AAA(RT;L%(,)) is a Banach space with the norm:

1flleo == sup [F(H)]l2 = sup (E|I£(£)[?)2.

teR+ teR+
Remark 2.1. [16] In view of the previous Lemmas it is clear that the two norms are equivalent in AAA(RY; L2(,)).

Lemma 2.7. [16] Let f € AA(R x L2(,); L%(,)) and let f(t,x) be uniformly continuous in any bounded subset
K C L2(,) uniformly for t € R*. Then f(t,x) is uniformly continuous in any bounded subset K C L2(,) uniformly
fort e R.

Lemma 2.8. [16] Let f € AAA(RY x L?(,); L?(,)) and suppose that f(t, x) be uniformly continuous in any bounded
subset K C L2(,) uniformly for t € R*. Ifu(t) € AAA(RY;L%(,)), then f(-,u(-)) € AAA(RT;L2(,)).
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Lemma 2.9. Let £ € L(H) and assume that f € AAA(RY;L2(,)). Then Lf € AAA(RY;L%(,)).

Proof. Since f € AAA (RT;L?(,)), we have by definition that f = g+ h, where ¢ € AA (R;L?(,)) and
h e Cy (]R+;L2(, )). Then, by [6, Lemma 2.4], we see that £Lg € AA(R; L%(,)). On the other hand, since
L € L(H), then we have

E|ILh(t)|* < |LIF g ElB)]?

which shows that lim;_. . E||Lh(t)[|* = 0, since i € Co (RT;L?(,)). Thus, Lf € AAA(R™;L?(,)). This ends
the proof. 0

The following Lemma hold by [1, Theorem 2.3] and [2].
Lemma 2.10. If the Acquistapace-Terreni conditions (ATCs) are satisfied, that is, there exists a constant Ko > 0 and a

set of real numbers aq, &, -+ , 0, B1, -+, Prwith0 < B; < w; <2,i=1,2,--- ,k, such that

k
JAB - A®) T AG — A DI < Ko Yt - 5)¥AFY,

i=1
fort,s € R, A € Sg,\{0}, where

p(A(t)) D Sgy = {A € C:largA| < 6} U{0},0p € (g’ﬂ)

and there exists a constant K; > 0 such that

_ K
I = A®) Y < —— A € S

Then there exists a unique evolution family {U(t,s),t > s > —oo} on L2(,).
Throughout the rest of the paper we assume that (ATCs) are satisfied.

Definition 2.6. An Fi-adapted stochastic process x : [0,00) — L2(,) is called a mild solution of problem if
x(0) = xq is Fo-measurable and x(t) satisfies the corresponding stochastic integral equation

x(t) = U(t,0)xg + /Ot U(t,s)f(s, B1x(s))ds + /Ot U(t,5)g(s, Box(s))dW(s).

forallt > 0and 0 <s < t.

3 Extension Principle

In this section, we establish the existence of square-mean asymptotically automorphic mild solutions to
(T3). For that, we give the following assumptions:
(H1) The evolution family U(t,s) generated by A(t) is exponentially stable, that is, there exist M > 1 and
5 > O such that ||U(t,s)| < Me=°(=5) forall t > s.
(H2) U(t,s), t > s, satisfies the condition that, for every sequence of real numbers {s} },cN, there exists a
subsequence {s; },eN such that for any € > 0, there exists an N € IN such that

Hu(t + Su,8 + Sn) — U(t, 5) || < Se—ﬁ(t—s),
forall n > N and all t > s, moreover
[U(t = sp,5 — 1) — U(t,s)|| < ee 0,

foralln > Nandall t > s.
(H3) The operators B; : L2(,) — L?(,) fori = 1,2, are bounded linear operators and we let @ := max;_1 {HB,-HL(Lz(,)) }

(H4) The functions f,g € AAA(R™T x L?(,); L?(,)) and there are positive numbers L #, Lg such that
Elf(t, ) = f(t, 9> < L¢E| o — ¢l
and

Ellg(t, ¢) = g(t,9)|* < LgEllo — ¢II?,
forallt € R" and ¢, ¢ € L2(,).
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Theorem 3.1. Assume that the conditions (H1)-(H4) are satisfied, then the problem has a unique square-mean
asymptotically almost automorphic mild solution x(-) € AAA(R™;L%(,)) provided that

_o |2 1
Proof. LetT : AAA(RY;L2(,)) — AAA(R™;L?(,)) be the operator defined by
t t
Tx(f) := U(t,0)xg +/ U(t,s)f (s, B1x(s))ds —i—/ U(t,s)g(s, Box(s))dW(s), t>0.
0 0

Let us prove that Tx is well defined, for this, let x € AAA(R*;L?(,)). We need to prove that T'x(t) €
AAA(RT;L?%(,)). Let us consider the nonlinear operators I'y, I'; and I'; acting on the Banach space AAA(R™; L%(,))
defined by T'ox(t) = U(t, 0)xo,

Tyx(t / U(t,s)f(s,Bix(s))ds and Tpx(f) = /tu(t,s)g(s, Byx(s))dW(s)
0

respectively.

First, we will show that I'1x(t) € AAA(RT;L2(,)). Indeed, let x € AAA (R*;L?(,)), thens — B;x(s) isin
AAA (RT;L?(,)) as B; € L (L?(,)), i = 1,2. And hence, by Lemma the functions s — f(s, Byx(s)) belongs
to AAA(RT;L?(,)). Then we let F(t) = f(t, B1x(t)) € AAA(R; L?(,)). Now we can write F(t) = f(t) + fo(t),
where f1(t) € AA(R;L?(,)) and f»(t) € Co(R*; L?(,)). Observe

t t
Tyx(f) = /Ou(t,s)fl(s)ds+/0 U(t, ) fo(s)ds

t 0 t
/_ U(t,s)fl(s)ds—/_ U(t,s)fl(s)ds+/0 U(t ) fo(s)ds
11(t) +72(1),

where 71 (¢ f U(t,s) f1(s)ds and v, (t) fO (t,5)fa(s) ds—f_ U(t,s)f1(s)ds
First we prove that 1(t) € AA(R;L%(,)). Let {s},},en be an arbitrary sequence of real numbers. Since
f1 € AA(R; L?(,)), there exists a subsequence {s;, },cN of {s}, } N such that for a certain stochastic process f;

Lim E||fi(t+sn) = fi()]* = 0and lim E[|fi(t = su) — fi(5)]> =0 (3.1)

hold for each t € R. By condition (H2), for any & > 0, there exists an N € IN such that for all n > N, it follows
that ||[U(t + 5,5 +5,)|| < ee %t~ forall t > s € R. Moreover, if we let 77 (¢ f_ (t,s f1 s)ds, then by
using Cauchy-Schwarz inequality, we have

Elly1(t+s2) — 71 (D)
t+sp ; N
- EH/ u(t“”’s)fl(s)ds‘[ Ul(t,s)fi(s)ds

= E H/_; U(t+5u,5+5u)f1(s + sp)ds — /_:o U(t,s)f1(s)ds

2

2

2

IN

ZEH/t (Ut + 5,5+ 52) — U, )] 1 (5 + 50)ds

2

+2E H/; U(t,$)[f1(s + sn) — f1(s)]ds

t 2
2¢2E (/ e U9 fi(s +sn)|ds>

2
OM2E (/t e =9 f1(s + 5p) —fl(s)nds)

IN
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t t
2¢? (/ e‘s(ts)ds> (/ e °USE| f1(s +Sn)|2ds)

vt (| t o) ( f L IE| (s 4 5) S

IN

—00 —00

¢ 2
262 (/ e—5<f—5)ds> sup E|| f1(t +s,) |1

teR

IN

LoM? (/t 6‘5<fs)d5> sup E|| fi(t +sx) — f1 (1)

teR
2

52

2
< GEsuwpE[A]7 +
teR

M2 sup E||f1(t + su) — fr(8)]2
telR

forallt >s € Randall n > N. Since fi(-) is bounded and satisfies (3.I), then we immediately obtain that
r}EEoEI|%(t+S") —71(1)||>* =0 foreach t € R.

A similar reasoning establishes that
lim E|[73(t = su) — 11 ()|*> = 0 foreach t € R.

Thus we conclude that 7 () € AA(RR; L?(,)).
Next, let us show that 7, € Co(IR*; L2(,)). Since f, € Co(IR*; L?(,)), for any sufficiently small eg > 0, there
exists a constant T > 0 such that E|| fo(s)||> < &g for all s > T. Then, for all t > 2T, we obtain

3 ¢ 0 2
2
Bl = E| [“uton@ds+ [ Uts)nos- [ ue9neds
3 —0Q0
5 2 t 2 0 2
< 3E /0 U(t,s)fa(s)ds|| +3E ﬁll(t,s)fz(s)ds +3E/ U(t,s)f1(s)ds
i —0Q
% 2 ¢ 2
< 3EM? ( / e5<fs>fz<s>||ds) +3EM? ( / e‘5<”>|fz<s>||ds)
0 2
0 2
+3EM? ( / e 09| f1(5)||ds>
; ;
< M2 < / e“5<t_s)ds> ( / e—5<f—S)E|f2(s)||2ds>
0 0
t t
+3M2 / ¢~9(t-9) 4 / e UESE| £y (s) [ Pds
: :
0 0
N A N A TG
% 2 ; 2
< 3M? /e_’s(t_s)ds sup E| f2(t)]|> + 3M?2eg /e_‘s(t_s)ds
0 teR+ +
0 2
+3M2 / e0=ds | sup E||f(1)]2
—0 teR
3M?2 1 s 3M?e _st7  3M2Ze0t
< et e sup Bl P + 250 [1- e ¥] - T sup B ()P
teR+ teR+
3M?% & 3M2%ey  3M? 5
< 5726 2Mf+T+5TMg€ ()t.

where My = sup; g+ E|f2(t) |? and Mg = sup, y E[|f1(t) 2. Therefore, the last estimation converges to zero
as t — +oo, since e is arbitrary. Thus, it leads to lim;_, 1« E||72(#)||* = 0. Recalling that T1x(t) = 1 (f) + 72(t)
forall t > 0, we get T1x(t) € AAA(RY; L2(,)).
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Now we prove that Trx(t) € AAA(RY;L?(,)). Similarly, by using Lemma one can easily see that
s — g(s,Byx(s)) is in AAA(RY;L?(,)) whenever Box € AAA(R™;L2(,)). Then we let G(t) = g(t, Box(t)) =
g1(t) +g2(t) € AAA(RY; L2(,)) where g1 € AA(R;L?(,)) and g» € Co(RT;L?(,)), then

t t
Ix(t) = / U(t,s)g1(s)dW(s) +/ U(t,s)g2(s)dW(s)
0 0
_ / Ut 5)g1(s)dW (s) / ULt )g1(s)dW(s) /Utsg2()dW()
M;(t) + Ni(t),
where My (t) = [*_ U(t,s)g1(s)dW(s) and Ny (¢ fo (t,5)22(s — [0 U(t,s)g1(s)dW(s).

The next step we prove that M1 (t) € AA(R; Lz( ). Let {Sn}ne]N be an arbltrary sequence of real numbers.
Since g1 € AA(RR;L?(,)), there exists a subsequence {s;},en of {s}, }neN such that for a certain stochastic
process g1

Tim E|lg1(+50) ~ G (D] =0 and lim E[|g(t —s) — g1(1)]> = 0 (3.2)

hold for each t € IR and by condition (H2), for any ¢ > 0, there exists an N € IN such that for all n > N, it
follows that ||U(t + s,,5 +5,) — U(t,5)|| < ee=°(=5). Now, let W(c) := W(c +s,) — W(s,) for each ¢ € R.
Note that W is also a Brownian motion and has the same distribution as W. Moreover, if we let M;(t) =
f_m U(t,s)g1(s)dW(s), then by making a change of variable o = s — s, to get

E|[M(t +sn) — My (1)]?

_ H/+ (£ + 5, 5)g1(5)AW(s) /Utsg1<>dW<>

2

¢ 2

= e[ uersmersntersaaie - [ ueemeaio

—00

2

IN

ZEH/t Ut + 50,0 + 50) = U(t,0)]g1( +50)dW ()

2

t ~
126 | [ Ut ollai(o s - HOUAE)

Thus using an estimate on the Ito integral established in [15], we obtain that

E|[My(t +sn) — My (8)]?

t
< 2/ IU(E + 50,0+ ) — U(t, ) |2E || g1 (0 + 50| Pdor
t
+2/ [U(t,0)||E||g1(0 + s0) — §1(0)|*de
t
< 282/ 6_2‘5“_‘7)E||g1(0+sn)||2d¢7

1202 [ BB (0 460 (o) P

1 1 ~
< 5EsupElgih]P + ;M sup Ellgi (o +s0) — 5@,
telR teR

forall t > sand all n > N. Since g1(-) is bounded and satisfies (3.2), then we immediately obtain that

lim E[| M ( +s,) — M;(t)||> =0 forall teR.

Arguing in a similar way, we infer that lim; E[|Mi(t —s,) — Mi(t)||2 = 0, for all t € R. This implies that
My (t) € AA(R; L2(,)).

The next step consists of showing that Ny (t) € Co(R*; L?(,)), since g» € Co(R™; L?(,)), for any sufficient
small &g > 0, there exists a constant T > 0 such that E||g»(s)||?> < ¢o for all s > T. Then, for all t > 2T, we
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obtain
E[Ny (1)
5 t 0 2
- /O U(t,s)gz(s)dW(s)—l—/tU(t,s)gz(s)dW(s)—/ U(t,)g1 (s)dW (s)
% 2 t
< 3E (/0 ||U<t,s>gz<s>||2ds>+3E (/ ||uu,s>gz<s>||2ds>
2
0
+3E / IU(E 5)g1(5) [ 2ds
% t
< M2 /0 ¢S E||gy(s) |2ds + 3M2 / e~ (=5 || gy (s) | 2ds
2
0
LM / ||y (5) | Pds
3M? 5 os 2 3M? —5t
< il _ il &
< e e sup Bl P+ S - e
3M2 _
to5€ 2t sup E||g1(s)||*ds
teR
3IM? 3M? 3M? o
< 73 M, + Wﬁo + WM'UE

where M, = sup, g+ E||g2(#)||* and M, = sup, g E||g1(t)||*>. Therefore, the last estimation converges to zero
ast — oo since eg is arbitrary. Thus, it leads to lim;_, 1« E||N1(#)||> = 0. Recalling that Tox(t) = My (t) + Ny (t)
forall t > 0, we get Tox(t) € AAA(RY;L2(,)).

On the other hand, since the evolution family U (¢, s) is exponentially stable, it follows that lim;_. .« E||Tox(¢)
0. Thus, T'x(-) € AAA(RY;L?(,)). Hence, in view of the above, it is clear that I’ maps AAA(R™;L?(,)) into

itself.

I? =

Now to complete the proof, we have to prove that I"is a contraction mapping on AAA(R™;L?(,)). Indeed,
for each x(t), y(t) € AAA(RT;L?%(,)), we see that

E||(Tx)(t) — (Ty) ()|

! t
= E‘ /0 U(t,s)[f (s, Bix(s)) — f(s, Biy(s))lds +/0 U(t,s)[g(s, Bax(s)) — g(s, Bay(s))]dW(s)

2

2

t
< 28| [ U0, Bux(o) - s Buyts)es
t 2
+2E | [ U(t,5)[g(s, Bax(s)) — g5, Bay(©)JaW(s)
t 2
< ame ([ e Bur(s) - £ Buyo) )
t
+26 ([ 1,96, Bax(s)) - (s Bay(s)] P
t t
<o |( e ) ([ s Bixto) - fis By s )|
s | e BOE|g(5, Byx(s)) — (5, Bay(s))|Pds
0
<

t t
v [eottas) ([ et Bir(s) - Byt
0 0

t
LML, / e 2U-9E|Byx(s) — Bay(s)|*ds
0
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t 2
< 2M’Ljw? (/ e‘s(ts)ds) sup E|[x(t) —y(t)|?
0 teR*
t
+2M?Lyw? < / e25<f5>ds> sup E|[x(t) — y(t)|?
0 teR*
2M? M2
< Tszwz sup E||x(t) —y(£)[* + Tngz sup E||x(t) — y(1)?
teR+ teR+
2 1
< 2-2 | & 1 _ 2
s Mw L;szng} tseigfillxa) y(Ol,
that is,
I(Tx)(t) = (Ty)(#)|5 < Lo sup E|[x(t) — y(t)||*. 3.3)
teR*
Note that ,
sup [|x(t) — y(1)[|3 < (sup [[x(£) —y(t)||z> , (3.4)
teR+ teR+

and together with (3.4) gives, for each t € R.

IT2)(t) = (Ty) ()]l2 < V'Lollx = ylleo-

Hence, we obtain

ITx = Tylleo = sup [|(Tx)(#) = () (1)l|2 < v/Lollx = ylco-

teR+

which implies that I' is a contraction by (3.1). So by the Banach contraction principle, we conclude that there
exists a unique fixed point x(-) for 'in AAA(R*; L2(,)) such that T'x = x, that is

x(t) = U(t,0)xg + /Ot U(t,s)f(s, B1x(s))ds + /Ot U(t,s)g(s, Box(s))dW(s)

forall t € RT. Itis clear that x is a square-mean asymptotically almost automorphic mild solution of Eq. (1.1).
The proof is now completed.
O
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Abstract

This paper studies the distributive lattice under the rough set environment and thereby forms a concept
of rough distributive lattice. We have discussed the properties of lattice theory in the approximation space
and defined rough lattice, rough sublattice and complete rough lattice. We have defined approximation space
by using an equivalence relation and then present rough set as a pair of two ordinary sets namely lower and
upper approximation sets in the approximation space. The objective of this paper is to study the lattice theory
based on rough set by using indiscernibility relation. Some important result are proved. Finally we cite some
examples to illustrate the definitions and theories.

Keywords: Distributive Lattice, Rough Set, Approximation Space, Rough Lattice.
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1 Introduction

The concept of rough set was introduced by Pawlak [1]] which is a mathematical tool for systematic study
of incomplete knowledge. The basic notions of rough set include rough set approximations and information
systems. In Pawlak’s rough set the approximations are constructed by equivalence classes of an equivalence
relation. For every rough set we associate two crisp sets, called lower and upper approximation sets and
viewed as the set of elements which certainly and possibly belong to the set. J. Pomykala and J. A. Pomykala
[7] showed that set of rough sets form a stone algebra. Davey and Priestly [4] introduced the concept of lattice
theory and order. Iwinski [2]] defined rough lattice and order without using any concept of indiscernibility of
rough set. Rana and Roy [§] introduced rough set approach on lattice. Most of these are motivated to form
lattice by inducing some order relation on rough sets. That is rough set is used as an example of lattice. But
rough set is the generalization of ordinary set and therefore one of the main directions of the paper is to study
the algebraic structure (lattice) based on rough set.

2 Basic Concept and Definitions

In this section, we give some basic properties and definitions related to lattice under the light of rough set
environment which will be needed in the following sections. Let p be an equivalence relation defined over a
set L.

Definition 2.1. An equivalence class of x(€ U) is denoted by x|, and defined as follows: [x], = {y € U : (x,y) € p}.

Definition 2.2. The sets A,(X) = {x € U : [x]p, € X} and A*(X) = {x € U : [x], N X # ¢} are respectively
called lower and upper approximations of X C U. The pair S = (U, p) is called an approximation space and the pair
(A (X), A*(X)) is called the rough set of X in S and is denoted by A(X). The difference B(X) = A*(X) — A«(X) is
called boundary region of X and treated as the area of uncertainty.

*Corresponding author.
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Definition 2.3. The cartesian product of two rough sets A(X) = (A«(X), A*(X)) and A(Y) = (A(Y), A*(Y) is
denoted by A(X) x A(Y) and defined as follows:
AX)xAY)={(x,y):x e A*(X)andy € A*(Y)}

Definition 2.4. A rough set A(Y) is said to be rough subset of a rough set A(X) if A.(Y) C A (X) and A*(Y) C
A*(X) and it is denoted by A(Y) C A(X).

Definition 2.5. [3] A poset (L, <) is called a meet-semilattice if for all a,b € L, Inf{a, b} exists. The definition of
join-semilattice is dual one.

Definition 2.6. [I3] A non-empty set L together with two binary operations V' and ‘N’ is said to form a lattice if
Va,b,c € L, the following conditions hold:

l.ana=a, aVa=a (Idempotency)

2.aNb=bAa, aVvb=>bVa(Commutativity)

3.an(bAc)=(anb)Ac, aV (bVc)=(aVb)Vc (Associativity)

4. an(avb)=a, aV (aAb)=a(Absorption).

Definition 2.7. [3] A lattice L is said to be complete lattice if for every non-empty subset X of L has a least upper bound
and greatest lower bound in X.

Definition 2.8. [3]] A lattice L is said to be modular lattice if Vx,y,z € Lwithx > ysuchthatx A (yVz) =yV (x Az).
Definition 2.9. [13] A lattice L is said to be distributive lattice if Vx,y,z € L, x N (yVz) = (x A\y) V (x Az).

Now we state two well known lemmas without proof.
Lemma 2.1. A sublattice of a distributive lattice is distributive.

Lemma 2.2. A distributive lattice is always modular.

21 Rough Lattice

In this section we present rough lattice and some properties of them based on Pawlak’s notion of roughness.
Let < L, V, A > be a lattice with two binary operations ‘v’ and ‘A’ defined over L and also let S = (L, p) be an
approximation space. Let X C U and A(X) = (A«(X), A*(X)) be the rough set of X in S.

Definition 2.10. A(X) is said to be rough join semi-lattice if x Vy € A*(X), ¥V x,y € X.
A(X) is said to be rough meet semi-lattice if x Ny € A*(X), Vx,y € X.

Definition 2.11. A(X) is said to be rough lattice in S[= (L, p)] with respect to the operations V" and ‘N if V x,y € X
(i)xVy e A*(X)
(ii) x Ny € A*(X)

A rough lattice < A(X), V, A > satisfy the following properties Vx,y,z € X:
(i) x Vx = x and x A x = x (Idempotency )
(i) x Vy =y Vxand x Ay = y A x (Commutativity)
@) xA(yAz)=(xAy)Azand xV (yVz) = (x Vy) V z (Associativity)
(iv)xV (x Ay) =xand x A (x Vy) = x (Absorption)
V)x<y& xAy=x% xVy =y (Consistency)

Proposition 2.1. If A(X) = (A«(X), A*(X)) is a rough lattice in an approximation space S[= (L,p)] such that
A*(X) = X, then A*(X) is a sublattice of L.

Proof. Since A(X) = (A«(X), A*(X)) is arough lattice in the approximation space S[= (L, p)], therefore clearly,
Vx,y € A*(X), xVy € A*(X) and x Ay € A*(X). Hence the proved. O

Proposition 2.2. If L is a distributive lattice and A(X) is a rough lattice in S[= (L, p)] such that A*(X) = X then
A*(X) is a distributive lattice.
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Proof. Since A*(X) = X and A(X) is a rough lattice, therefore by Proposition 2.1, A*(X) is a sublattice of L
and hence by Lemma 2.1, A*(X) is a distributive lattice. O

Definition 2.12. A rough subset A(Y) of a rough lattice A(X) in an approximation space S|= (L, p)] is said to be
rough sublattice if A(Y) itself form a rough lattice with respect to the same operations.

Definition 2.13. A rough lattice A(X) under an approximation space S = (L, p) is said to be a complete rough lattice
if every non-empty subset of X has least upper bound and greatest lower bound in A*(X).

Proposition 2.3. A rough lattice A(X) under an approximation space S[= (L, p)] is complete rough lattice if A*(X)
is a complete sublattice of L.

Proof. Let A*(X) is a complete sublattice of L. Then every non-empty subset of A*(X) has a least upper bound
and greatest lower bound in A*(X). Since X is a non-empty subset of A*(X), therefore X has a least upper
bound and greatest lower bound in A*(X). Hence A(X) is a complete rough lattice. O

Definition 2.14. Let < A(X), V, A > is a rough lattice under an approximation space S|= (L, p)], then < A(X), V, A >
is said to be rough modular lattice (RML) ifV x,y,z € AX(X) withx >y, x A (yVz) =y V (x Az).

2.2 Rough Distributive Lattice

Definition 2.15. Let < A(X), V, A > is a rough lattice under an approximation space S[= (L, p)], then < A(X), V, A >
is said to be rough distributive lattice (RDL) if ¥V x,y,z € A*(X), x A(yVz) = (x Ay) V (x A z).

Example 2.1. The set L = {1,2,4,5,10,20} of factors of 20 form a lattice where the operators 'V’ and ‘A" are defined
as a Vb =least common multiple of {a,b} and a N b =greatest common divisor of {a,b} and the order relation is
divisibility. Let us consider an equivalence relation p on L by xpy iff “x is congruent to y modulo 2” Vx,y € L. Let
X = {2,4}. Then A.(X) = ¢ and A*(X) = {2,4,10,20}. Clearly A(X) is rough lattice. Also Vx,y,z € A*(x),
xA(yVz)=(xAy)V (xAz). Therefore A(X) is a RDL.

Proposition 2.4. Rough sublattice of a RDL is RDL.

Proof. Let A(X) is a RDL and A(Y) is a rough sublattice of A(X). Therefore A*(Y) C A*(X) and hence if
x,y,z € A*(Y) then x,y,z € A*(X) and since A(X) is RDL, therefore,x A (y Vz) = (x Ay) V (x A z). Therefore
ifx,y,ze A*(Y), x AN(yVvVz)=(xAy)V(xAz). O

Proposition 2.5. If L is a distributive lattice and A(X) is a rough lattice then A(X) isa RDL.

Proof. Since A(X) is a rough lattice, A*(X) C L. Therefore Vx,y,z € A*(X) imply, x,y,z € L and since L is
distributive, x A (y Vz) = (x Ay) V (x A z). Therefore Vx,y,z € A*(X), x A(yVz)=(xAy)V(xAz)ie A(X)
is a RDL. O

Proposition 2.6. If A(X) isa RDL in S = (L,p) and ifA*(X) = X then X is distributive sublattice of L and
vice-versa.

Proof. Since A(X) is RDL and A*(X) = X, therefore Vx,y,z € A*(X) = X,

xAN(yVvz) = (xAy)V (xAz). Also by proposition 2.1 A*(X) is sublattice of L and since sublattice of a
distributive lattice is distributive, therefore A*(X) = X is distributive sublattice of L.

Conversely, let A*(X) = X is distributive sublattice of L. Therefore A*(X) is rough lattice with x A (y V z) =
(xAy)V(xAz),Vx,y,ze A*(X). So A(X) is RDL. O

Proposition 2.7. Two rough lattices A(X) and A(Y) are RDL iff A(X) x A(Y) is RDL.

Proof. Let A(X) and A(Y) be RDL and also let A(X) = (A«(X), A*(X)) and A(Y) = (A.(Y), A*(Y)). Let
(X],yl), (XQ,yz), (X3,y3) S A*(X) X A*(Y). Then x1,xp, x3 € A*(X) and Y1,Y2,Y3 € A*(Y). Therefore

(x1,y1) AM{(x2,52) V (x3,3)} = (x1 A (x2Vx3),y1 A (Y2 Vy3))

= ((x1 Ax2) V (x1 A x3), (1 Ay2) V (y1 Ay3))
= (X1 A X2, y1 AY2) V (X1 A X3,¥1 AY3)
= {(x1,y1) A (x2,92)} V {(x1, 1) A (x3,93).
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Hence A(X) x A(Y) is RDL.
Conversely, let A(X) x A(Y) be RDL. Let x1, x, x3 € A*(X) and y1,y2,y3 € A*(Y). Then (x1,y1), (x2,y2), (x3,y3) €
A*(X) x A*(Y). As A(X) x A(Y) is RDL, therefore
(x1, 1) A2, y2) V (x3,3) = {(x1,y1) A (x2,y2)} V{(x1,51) A (x3,93) }

e (x,y1) A2V, y2Vys) = (X1 AX, Y1 AY2) V(X1 AX3,y1AY3)

or, (x1A(x2Vx3),y1AW2Vys) = ((x1Ax2)V(x1Ax3), (Y1 AY2)8V (y1AY3)).
Which gives x1 A (xp V x3) = (xy Ax2) V (x1 Axz)and y1 A (Y2 Vy3) = y1 Ay2) V (y1 Ayz). This imply A(X)
and A(Y) are RDL. N

Proposition 2.8. Every RDL is RML but converse is not true.

Proof. Let A(X) is a RDL. Therefore x,y,z € A*(Y), x A (yVz) = (xAy)V (xAz). Ifx >yand x,y,z € A*(Y),
thenx A (yVvz)=(xAy)V(xAz)=yV (xAz). Hence A(X) is a RDL.

The converse is not true which is illustrated by the following example: O

Example 2.2. Let Ky = {e,a,b,c} be the Klein’s four group. Let L be the set of all subgroups of Kg. Then L =
{{e},{e,a},{e,b},{e,c},Ka}. L forms a lattice under set inclusion and the operations V' and ‘A" are defined by
AVB = AUBand ANB = ANB, VA,B € L. Let us consider an equivalence relation p on L defined by
ApB iff O(A) = O(B) VA,B € L. Let X = {{e},{e,a}, {Ky}}. Then A (X) = {{e}, {Ky}} and A*(X)) =
{{e},{e a},{e b}, {e c}, {Ka}}. Clearly, A(X) is a rough modular lattice but A(X) is not rough distributive lattice.

3 Conclusion

In this paper the concept of rough distributive lattice is introduced based on Pawlak’s indiscernibility
relation. At first we construct rough lattice in an approximation space and then we study various properties of
them compare to ordinary lattice. Our rough lattice(as we defined) is a rough set with two binary operations
and it behaves in a lattice like manner within the rough boundary. As we defined RDL it is seen that the
distributivity property of lattice is extended to the area of uncertainty. So we may use lattice structure when
the elements of the set are not crisp.
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Abstract

In this paper, we shall deal with y-pseudo almost automorphic solutions to the nonautonomous semilinear
evolution equations: u/(t) = A(t)u(t) + f(t,u(t — h)), t € R in a Banach space X, where A(t), t € R generates
an exponentially stable evolution family {U(t,s)} and f : R x X — X is a y-pseudo almost automorphic
function satisfying some suitable conditions. We obtain our main results by properties of y-pseudo almost
automorphic functions combined with theories of exponentially stable evolution family.

Keywords:  p-pseudo almost automorphic function, nonautonomous semilinear evolution equations, fixed
point.
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1 Introduction

This paper is mainly concerned with the existence of y-pseudo almost automorphic mild solutions to the
following nonautonomous semilinear evolution equations such as

u'(t) = A(t)u(t) + f(t,u(t —h)), t € R, (1.1)

where h > 0 is a fixed constant, and { A(t) };cRr satisfies the Acquistapace-Terreni condition in [1].

The concept of almost automorphy was first introduced in the literature by Bochner [2, 3], it is an impor-
tant generalization of the classical almost periodicity. For more details about this topic we refer the reader
to [4H6]]. Since then, there have been several interesting, natural and powerful generalizations of the classical
almost automorphic functions. The concept of asymptotically almost automorphic functions was introduced
by N'Guérékata in [7]. Liang, Xiao and Zhang in [8,9] presented the concept of pseudo almost automorphy. In
[10], N'Guérékata and Pankov introduced the concept of Stepanov-like almost automorphy and applied this
concept to investigate the existence and uniqueness of an almost automorphic solution to the autonomous
semilinear equation. Blot et al. introduced the notion of weighted pseudo almost automorphic functions with
values in a Banach space in [11], which generalizes that of pseudo-almost automorphic functions. Zhang et
al. investigated some properties and new composition theorems of Stepanov-like weighted pseudo almost
automorphic functions in [12} [13]. Recently, Blot, Cieutat and Ezzinbi in [14] applied the measure theory
to define an ergodic function and they investigate many powerful properties of y-pseudo almost automor-
phic functions, and thus the classical theory of pseudo almost automorphy becomes a particular case of this
approach.

In [15], the authors studied the existence and uniqueness of Stepanov-like almost solutions to Eq. (1.1).
However, few results are available for y-pseudo asymptotic behavior of solutions to the nonautonomous
semilinear evolution equation (1.1). Inspired by the methods in [14} 15], the main aim of the present paper is
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to investigate p-pseudo behavior of solutions to the problem (1.1). Some sufficient conditions are established
via composition theorems of pi-pseudo almost automorphic functions combined with theories of exponentially
stable evolution family.

The rest of this paper is organized as follows. In section 2, we introduce some basic definitions, lemmas,
and preliminary results which will be used throughout this paper. In section 3, we prove the existence of
p-pseudo almost automorphic mild solutions to the nonautonomous semilinear evolution equation (T.T).

2 Preliminary

In this section, we fix some basic definitions, notations, lemmas and preliminary facts which will be used
in the sequel. Throughout the paper, the notation (X, || - ||) is a complex Banach space and BC(IR, X) denotes
the Banach space of all bounded continuous functions from R to X, equipped with the supremum norm

1 flleo = supeg [1£(£)]]-

Throughout this work, we denote by B the Lebesgue o-field of R and by M the set of all positive measures
u on B satisfying u(R) = 400 and p([a,b]) < +oo, foralla,b € R(a < b).

Definition 2.1. [3] A continuous function f : R — X is said to be almost automorphic if for every sequence of real
numbers {s), } neN there exists a subsequence {sy } yeN such that

g(t) = lim f(t+5)

is well defined for each t € R, and
lim g(t —su) = f(#)

n—o0

for each t € R. The collection of all such functions will be denoted by AA(R,X).

Definition 2.2. [16] A continuous function f : R x R — X is said to be bi-almost automorphic if for every sequence
of real numbers {s}, },ciN there exists a subsequence {sy } e such that

8(t,;s) := lim f(t+su,5+sn)

is well defined for each t,s € R, and
lim ¢(f —su,8 —su) = f(t,9)

n—o00

for each t,s € R. The collection of all such functions will be denoted by bPAA(R x R, X).

Define

T
PAA(R,X) := {¢ € BC(R,X) : 71320%/4 ¢(0) ||do = 0}.

In the same way, we define by PAA((R x X, X) as the collection of jointly continuous functions f : R x X — X
which belong to BC(R x X, X) and satisfy

li Lo d
im [ 9(e,x)]ldo =0

T—o0

uniformly in compact subset of X.

Definition 2.3. [16} [I7] A continuous function f : R — X (respectively R x X — X) is called pseudo-almost
automorphic if it can be decomposed as f = g+ ¢, where g € AA(R,X)(respectively AA(R x X, X)) and ¢ €
PAA)(R, X)(respectively PAA)(R x X, X)). Denote by PAA(R,X) (respectively PAA(R x X, X)) the set of all
such functions.

Definition 2.4. [14] Let p € M. A bounded continuous function f : R — X is said to be y-ergodic if

. 1 B
lim oy S FOlldn() =0

r—+teo y([—r,7

We denote the space of all such functions by (R, X, u).
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Definition 2.5. [14] Let y € M. A continuous function f : R — X is said to be u-pseudo almost automorphic if f is
written in the form: f = ¢+ ¢, where g € AA(R,X) and ¢ € e(R, X, ). We denote the space of all such functions
by PAA(R, X, u).

Obviously, we have AA(R,X) C PAA(R,X, u) C BC(R,X).
Lemma 2.1. [[14, Proposition 2.13] Let y € M. Then (e(R,X, 1), | - ||0) is a Banach space.

Lemma 2.2. [14] Theorem 4.1] Let y € M and f € PAA(R,X, u) be such that f = g+ ¢, where g € AA(R,X)
and ¢ € (R, X, u). If PAA(R, X, u) is translation invariant, then {g(t) : t € R} C {f(¢) : t € R}, (the closure of
the range of f).

Lemma 2.3. [14, Theorem 2.14] Let u € M and I be the bounded interval (eventually I = @). Assume that f €
BC(R,X). Then the following assertions are equivalent.

(i) f € e(R,X, u).

(i) iy oo =gy St IF (D) AR (t) = 0.

pAtel=rrN\EIf(Bl>e}) _
u(l=r\I) '

(iii)For any € > 0,lim, 4

Lemma 2.4. [14, Theorem 4.7] Let u € M. Assume that PAA(R, X, u) is translation invariant. Then the decompo-
sition of a p-pseudo almost automorphic function in the form f = g + ¢ where ¢ € AA(R,X) and ¢ € e(R, X, p) is
unique.

Lemma 2.5. [14] Theorem 4.9] Let u € M. Assume that PAA(R, X, u) is translation invariant. Then (PAA(R,X, u), || -
||leo) is @ Banach space.

Theorem 2.1. [18] Let y € Mand f = g+ h € PAA(R x X, X, u). Assume that

(al) f(t,x) is uniformly continuous on any bounded subset Q C X uniformly int € R.
(a2) g(t, x) is uniformly continuous on any bounded subset Q C X uniformly in t € R.
Then the function defined by F(-) := f(-,¢(-)) € PAA(R, X, u) if ¢ € PAA(R, X, p).

Now, we recall a useful compactness criterion.
Let ' : R — R be a continuous function such that #/(t) > 1forall t € R and /() — oo as [t| — 0. We
consider the space

Cp(X) = {u € C(R,X) : Jim, ]:‘,((?) = o} .

Endowed with the norm |[u|;; = sup,.g H;,((tt))H , it is a Banach space (see [19] 20]).

Lemma 2.6. [[19,20] A subset R C Cj,(X) is a relatively compact set if it verifies the following conditions:
(c-1) The set R(t) = {u(t) : u € R} is relatively compact in X for each t € R.

(c-2) The set R is equicontinuous.

(c-3) For each & > 0 there exists L > 0 such that ||u(t)|| < eh’(t) forall u € R and all |t| > L.

Lemma 2.7. [21]] (Leray-Schauder Alternative Theorem) Let D be a closed convex subset of a Banach space X such that
0 € D. Let F : D — D be a completely continuous map. Then the set {x € D : x = AF(x),0 < A < 1} is unbounded
or the map F has a fixed point in D.

Theorem 2.2. [22]] Assume that A(t), t € R is a bounded linear operator on a Banach space X and t — A(t) is
continuous in the uniform operator topology, then for —oo < s < t < oo, U(t,s) generated by A(t), is a bounded linear
operator satisfying the following:

(i) [U(ts)|| < exp( [, [ A(T)]|dT),

(@) U(t,t) =1, U(t,s) = U(t, r)U(r,s), for —oo < s <r <t < o0.

(iii) (t,s) — U(t, s) is continuous in the uniform operator topology for —co < s < t < oo.

(iv) dU(t,s) /ot = A(t)U(t,s) for —oo < s < t < o0.

(v) oU(t,s)/0ds = —U(t,s)A(s) for —oo < s <t < o0.
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3 Main results

In this paper we assume that { A(f) };cRr satisfies the Acquistapace-Terreni conditions introduced in [1} 23],
that is,
(H1) There exist constants Ag > 0,6 € (5, 7), £, K > 0and &, B € (0,1] with a 4 > 1 such that

ZoU{0} C p(A(t) = Ao), [IR(A,A(t) = Ao)| <

1T+ (A
and
ICA(#) = 20)R(A, A(t) — A0) [R(Ao, A(£)) — R(Ag, A(s))]]| < L]t —s|*|A|
fort,s € R, A € Xy :={A € C\{0} : |argA| < 6}.
Remark 3.1. [1}124] If the condition (H1) holds, then there exists a unique evolution family {U(t,s)} —cocs<t<oo 01 X,
which satisfies the homogeneous equation u'(t) = A(t)u(t), t € R.

We further suppose that
(H2) The evolution family U(t,s) generated by A(t) is exponentially stable, that is, there are constants K,
w > 0such that ||U(t,s)|| < Ke=“(=9) forall t > s, U(t,s)x € bAA(R x R, X) uniformly for all x in any
bounded subset of X.

Consider the following abstract differential equation in the Banach space (X, || - ||):

u'(t) = A(H)u(t) + f(t), teR (3.1)
where { A(f) }+er satisfies the condition (H1) and f € PAA(R, X, ).

Lemma 3.8. Let p € M. Assume that (H1) and (H2) hold. Then the Eq. has a unique p-pseudo almost
automorphic mild solution given by

u(t) = /_:o U(t, o) f(o)de (3.2)

Proof. First, it is conducted similarly as in the proof of [15, Theorem 3.2], we can prove the uniqueness of the
p-pseudo almost automorphic solution.

Now let us investigate the existence of the y-pseudo almost automorphic solution. Since f € PAA(R, X, ),
there exist § € AA(R,X) and h € ¢(IR, X, i) such that f = g+ h. So

u(t) = /joou(t,a)f(a)da

— /t u(t,a)g(a)da+/_t U(t,o)h(o)do

= O(t)+¥(1),
where ®(t) = [ U(t,0)g(c)do, and ¥(t) = fioo U(t,0)h(o)do. We just need to verify ®(t) € AA(R,X)
and ¥(t) € ¢(R,X, p). In view of [15, Theorem 3.2], we see that ®(t) € AA(R, X).
Next, we prove that ¥(t) € ¢(IR, X, u). It is obvious that ¥(¢) € BC(R, X), the left task is to show that
1
lim o [ () () = 0.
(. ¥ (8) | dpe(t)

For r > 0, we notice that

o L Tl
= u([—lrr]) /[_r,,] /_t Ul o)h(o)de du(t)
- m—lD /[] [ utt = ot — )ao aute)
= u([—lrr]) /Hr] /Ow Ut t = o) [[h(t - o) ||dodp(t)

IN

K[Tew (M /[_m] Ih(t —(7)||dy(t)> do
= K/Ooo e Y70 (0)do,
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where O, (0) = m f[_r,r] |h(t — o) ||du(t).

By the fact that the space e(R, X, y¢) is translation invariant, it follows that t — h(t — o) belongs to ¢(R, X, u)
for each o € R and hence Q,(0) — 0 as r — +oo0. Since (), is bounded (||} || < ||/]|e) and e~ is integrable
in [0, 00), using the Lebesgue dominated convergence theorem it follows that lim, fooo e "0, (0)do = 0.
We deduce that ¥ (¢) € ¢(RR, X, u). Therefore u(t) = ®(t) + ¥(t) is p-pseudo almost automorphic.

Finally, let us prove that u(t) is a mild solution of the Eq. (3.1). Indeed, if we let

ue) = [ Uls.0)f(0)de, (3.3)

and multiply both sides of by U(t,s), then
S
U(t, s)u(s) :/ U(t, o) f(o)do.

Ift > s, then

/t Ut, o) f(o)do = /_t U(t, o) f(0)do — /_ U(t, o) f(0)do
= u(t) —U(t,s)u(s).
It follows that y
w(t) = U(t, s)u(s) + / U(t, o) f(o)do.
This completes the proof of the theorem. | O

Since the space e(R, X, y) is translation invariant, we can easily obtain the following lemma.
Lemma 3.9. Ifu € PAA(R,X, p) and h > 0, then u(- — h) € PAA(R, X, u).

Let us list the following basic assumptions:
(H3) f € PAA(R x X, X, ) and there exists a constant L > 0, such that

1f(t ) = f(Ey)ll < Lellx — ]l
forallt € Rand each x,y € X.
(H4) The function f = g+ ¢ € PAA(R x X, X, ), where g € AA(R x X, X) is uniformly continuous in any
bounded subset M C X uniformly ont € Rand ¢ € e(R x X, X, u).
The following theorems are the main results of this section.
Theorem 3.3. Let y € M and suppose that the conditions (H1)-(H3) are satisfied. Then Eq. has a unique

u-pseudo almost automorphic mild solution on R and provided that % <1
Proof. We define the nonlinear operator I' : PAA(R, X, u) — PAA(R, X, i) by

t
(Tu)(t) := / U(t,s)f(s,u(s —h))ds, t €R.
First, let us prove that T(PAA(R, X, u)) C PAA(R,X, u). For each u € PAA(R, X, i), by using the fact that

the range of an almost automorphic function is relatively compact combined with the above Theorem2.T]and
Lemma one can easily see that f(-,u(- —h)) € PAA(R,X, i). Hence, from the proof of Lemma we
know that (Tu)(-) € PAA(R,X, u). Thatis, I maps PAA(R, X, ) into PAA(R, X, ).

Now it suffices to show that the operator I' has a unique fixed point in PAA(RR, X, u). For this, let u and v
be in PAA(RR,X, u), we have

[(Tu)(t) = (To)(H)[le = sup /t U(t,s)[f(s,u(s —h)) = f(s,0(s — h))lds

teR -
t
< Ksup [ e U f(s,u(s —h)) — f(s,0(s — h))||ds
teR 7/ —®
ot
< KLgsup [ e “U"|u(s —h) —v(s — h)||ds
teR /=
t
< KLf/ e~ ds| |1 — 0|0
KL
< —Lju-v]e
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So ||Tu — T7||e < % ||t — v||eo. By the Banach contraction principle with % < 1, T has a unique fixed point
uin PAA(R, X, i), which is the y-pseudo almost automorphic solution to Eq. (1.1). The proof is complete. [

We next study the existence of y-pseudo almost automorphic mild solutions of Eq. when the pertur-
bation f is not necessarily Lipschitz continuous. For that, we require the following assumptions:
(H5) f € PAA(R x X, X, ) and f(t, x) is uniformly continuous in any bounded subset M C X uniformly for
t € R and for every bounded subset M C X, {f(-,x) : x € M} is bounded in PAA(R, X, p).
(H6) There exists a continuous nondecreasing function W : [0, 00) — (0, o) such that

Il f(t,x)|| <W(|x|) forall t€R and x € X.

Remark 3.2. For condition (H6), an interesting results (see Corollary 3.1) is given for the perturbation f satisfying the
Holder type condition.

Theorem 3.4. Let u € M and conditions (H1) and (H2) hold. Let f : R x X — X be a function satisfying conditions
(H4)-(H6) and the following additional conditions:
(i) For each z > 0, the function t — [*_ e~ “(=S)W (zi' (s — h)) ds belongs to BC(R). We set

7

W

H/ W(zh' (s — h))ds

where K is the constant given in (H2).
(ii) For each € > 0 there is 6 > 0 such that for every u, v € Cy(X), ||u — v||;y < 6 implies that

[ e s us — ) — fs,vls — ) s < ¢,

forallt € R.

(iii) im infg o 5iy > 1.

(iv) Foralla,b € R,a < b,and z > 0, the set {f(s,h' (s —h)x) :a <s—h <b,x € Cpy(X), ||x||y < z} is relatively
compact in X.

Then Egq. has at least one y-pseudo almost automorphic mild solution.

Proof. We define the nonlinear operator I : Cy (X) — Cj/ (X) by

(Tu)(t) := [w U(t,s)f(s,u(s —h))ds, t € R.

We will show that I has a fixed point in PAA(R, X, p). For the sake of convenience, we divide the proof into
several steps.
(I) For u € Cjy(X), we have that

I(Tu)(t)]| < K/ W (|[u(s — )| )ds
< K/ W(|[ull o (s — h))ds.

It follows from condition (i) that I is well defined.
(II) The operator T is continuous. In fact, for any ¢ > 0, we take 6 > 0 involved in condition (ii). If u,
v € Cpy(X)and ||u —v| < I, then

[(Tu)(t) = (To)(B)]| < K./_:o e U f(s,u(s —h)) = f(s,0(s — )|l ds < ¢,

which shows the assertion.

(IIT) We will show that T' is completely continuous. We set B;(X) for the closed ball with center at 0
and radius z in the space X. Let V = I'(B;(Cyy(X))) and v = I'(u) for u € B;(Cy(X)). First, we will
prove that V(t) is a relatively compact subset of X for each t € R. It follows from condition (i) that the
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function s — Ke “SW(zl'(t — s — h)) is integrable on [0, o). Hence, for ¢ > 0, we can choose a > 0 such that
K [ e “SW(zH (t —s—h))ds < e. Since

of) = /Oﬂu(t,t—s)f(tfs,u(tfsfh))der/aooU(t,tfs)f(tfs,u(tfsfh))ds

and

/aw Ut t—s)f(t—s,u(t—s—h))ds

we getv(t) € aco(N) + B¢(X), where ¢y(N) denotes the convex hull of Nand N = {U(t,t —s) f (&, W ({ —h)x) :
0<s<at—a<¢—h<tl|x|p <z} Using the strong continuous of U(t,s) and property (iv) of f, we
infer that N is a relatively compact set, and V(t) C aco(N) + B¢(X), which establishes our assertion.

Second, we show that the set V is equicontinuous. In fact, we can decompose

< K/ e SW(zh'(t —s —h))ds < ¢,
a

v(t+s)—o(s) = /Osu(t,tfa)f(t+sf(7,u(t+sfhfa))da
+/0a[u(t,t—a—s)—U(t,t—U)]f(t—a,u(t—h—U))dU
+/°°[u(t,t—a—s)—u(t,t—a)]f(t—a,u(t—h—a))da.

For each ¢ > 0, we can choose a2 > 0 and é; > 0 such that

/Osll(t,t—(f)f(t+s—a,u(t—i—s—h—(f))d(f

—i—/:o[ll(t,t—a—s) —U(t,t—0o)lf(t—o,u(t—h—o))do

< K/S e YIWEH (t+s—h—0))do+ K/oo(e*“’(‘”s) +e " YYW(zH (t —h —0))do
0 a

S
< =
- 2

for s < 1. Moreover, since {f(t —o,u(t—h—0)):0<oc—h <a,x € B,(Cy(X))} is a relatively compact set
and U(t, s) is strongly continuous, we can choose d, > 0 such that ||[U(t,t —o —s) —U(t,t —0)|f(t — o, u(t —
h—0))|| < 5 fors < é. Combining these estimates, we get ||v(f +s) — v(t)|| < & for s small enough and
independent of u € B,(Cy(X)).
Finally, applying condition (i), it is easy to see that
lo(ll _ K
R(t) — H(t)
and this convergence is independent of x € B;(Cy/(X)). Hence, by Lemma[2.6} V is a relatively compact set
in (Cp(X)).
(IV) Let us now assume that u*(-) is a solution of equation u* = AT (u) for some 0 < A < 1. We can
estimate

ot
/ e~ S IW (2l (s — h))ds — 0, |¢] — oo,

Hu)‘(t)H AH/:O U(t,s)f(s,m(s—h))”
I</_tooe_‘”(t_s)W(||uAHh/h’(s —h))ds

Bl lw)H (8).

IN

IN

Hence, we get
(A% <1
BllluMlw) —
and combining with condition (iii), we conclude that the set {u" : u* = AT(u*), A € (0,1)} is bounded.

(V) It follows from assumption (H5), Theorem 2.1 and Lemma [.9]that the function t — f(t,u(t — h)) be-
longs to PAA(R, X, j1), whenever u € PAA(R, X, jt). Moreover, from Lemma[3.8lwe infer that [(PAA(R, X, 1)) C
PAA(R, X, i) and noting that PAA(RR,X, i) is a closed subspace of C;y(X), consequently, we can consider
I': PAA(R,X, ) — PAA(R, X, ). Using properties (I)-(III), we deduce that this map is completely continu-
ous. Applying Lemmawe infer that I has a fixed point u € PAA(R, X, ), which completes the proof. [
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Corollary 3.1. Let u € M. Assume that conditions (H1)-(H2) hold. Let f : R x X — X be a function that satisfying
assumption (H4)-(H5) and the Holder type condition

1f(tu) = f(& ) < ylu—of], 0 <a <1,

forallt € Rand u, v € X, where v > 0 is a constant. Moreover, assume the following conditions are satisfied:

(a) f(t,0) = gq.

(b) sup, g K [* e U=/ (s — h)*ds = 73 < co.

(c)Foralla,b € R,a < b,and z > 0, the set {f(s,W' (s —h)x) :a <s—h <b,x € Cpy(X),||x|lyy <z} is relatively
compact in X.

Then Eq.(L1) has a p-pseudo almost automorphic mild solution.

Proof. Let yo = ||q]|, y1 = - We take W({) = 7o + 7118*. Then condition (HS6) is satisfied. It follows from (b),
we can see that function f satisfies (i) in Theorem- 3.4] To verify condition (ii), note that for each ¢ > 0 there

is 0 < 6% < =& such that for every u, v € Cp(X), |[u — vl <51mphesthath e~ f(s,u(s — h)) —
f(s,v(s—h)) ||ds < eforall t € R. On the other hand, the hypothesis (iii) in the statement of Theorem 3.4 can
be easily verified using the definition of W. This completes the proof. O

Example 3.1. Consider the following problem:

2 .
tu(t,x) = Gu(t,x) + u(t,x) sin jm—tep + f(t,u(t = h,x)), 34)
u(t,0) =u(t,1) =0, teR,

where h > 0, X = L2(0,1), and
D(B) := {x € C!0,1);x" is absolutely continuous on [0,1],x" € X,x(0) = x(1) = 0}, Bx(r) = x"(r),
€ (0,1), x € D(B).
Then B generates a Co-semigroup T(t) on X given by

oo
= Z e_nZTEZt < X, 671 >L2 671 (1’),
=1

where ey (1) = V2sinnmr,n=1,2,- - -. Moreover, IT(8)] < e’”zt,t > 0.
Define a family of linear operators A1(t) by

D(A4(t)) =D(B), teR
{ A1(t)x = (B + sin %) x, x € D(A1(t)).

2+cos t+cos \/Et

Then, {A1(t), t € R} generates an evolution family {Uy (t,s) }+>s such that

b .
Uq(t,s)x = T(t — s)els Smm‘“x

Hence ,
Uy (t,s)]] < e (TDE9) >,

It is easy to see that Uy (t,s) satisfies conditions (H1)-(H2) with K = 1, w = 7> — 1.
Set

———5— +tmaxqe (#£K2)2 sinu, t € R.
cos? t + cos? 7t keZ{ }

According to [16, 71, f clearly satisfies conditions (H3) and (H4). From Theorem [3.3] the problem has a unique
u-pseudo almost automorphic mild solution.

f(t,u) = usin
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Abstract

A new representation of a fuzzy set is introduced. Moreover, the decomposition theorem for the new
representation is proved. Fuzzy number is defined using this definition and some properties are established.
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1 Introduction

Fuzzy sets have been introduced by LoftiA.Zadeh(1965)[5]. Fuzzy set theory permits the gradual assess-
ment of the membership of elements in a set which is described in the interval[0,1]. It can be used in a wide
range of domains where information is incomplete and imprecise.

The representation of fuzzy set in terms of their a-cuts was introduced by Zadeh(1971)[6] in the form of
the decomposition theorem. The extension principal is an important tool by which classical mathematical
theories can be fuzzified.

The concept of fuzzy numbers have been introduced by Chang and Zadeh(1972)[1].The thory of fuzzy
numbers has been studied by Fuller, Majlender[3] and Fodor, Bede[2].

In this paper, some new representation of a fuzzy set is introduced based on a-cut and then some related
theorems are proved.

2 Preliminaries

Definition 2.1. Let X be a universe of discourse, then a fuzzy set is defined as A = {(x, i z(x)) : x € X},
which is characterized by a membership function 4 (x) : X — [0, 1], where p4(x) denotes the degree of membership of
the element x to the set A.

Definition 2.2. The a-cut *A of a set A is the crisp subset of A with membership grades of at least a. So, *A =
{xlpa(x) = a}.
Definition 2.3. Define for each x € X, a fuzzy set 4 A(x) = a.*A(x), where * A is the «- cut of the fuzzy set A.

Definition 2.4. A fuzzy set A is convex if ua(Axy + (1 —A)xa) > min{pa(x1), pa(x2)}, for x1,x € X,A € [0,1]
Alternatively, a fuzzy set is convex if all x-level sets are convex.

Definition 2.5. A fuzzy subset A of a classical set X is called normal if there exists an x € X such that A(x) = 1.
Otherwise A is subnormal.

Definition 2.6. The support of a set A is the crisp subset of A with nonzero membership grades. So,
sup(A) = {x[pa(x) > 0}.

*Corresponding author.
E-mail address: edwinbeaula@yahoo.co.in (Thangaraj Beaula).
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Definition 2.7. A fuzzy number A must possess the following three properties:

1 . A must be a normal fuzzy set,
2 . The alpha levels * A must be closed for every « € (0, 1].

3 . The support of A, °+ A, must be bounded.
3 New representation of a fuzzy set

Definition 3.8. (Power Level Fuzzy Set)

For a fuzzy set A, a € (0,1] define a fuzzy set A, for each x € X, as follows.
AW = {(x,a;)|a; >4 A(x) and xe* A for ac(0,1]}
where yA(x) = a.* A and * A is the a-cut of the fuzzy set A.

Theorem 3.1. (Decomposition theorem for the new representation)
Forevery A € F(X), A = U AW where A® =Y w;/x , where n; >4 A(x) and x €* A.
ael0,1]
Proof. If A(X) = a, then choose & = g, for x €* A and for all a; > A(x),
Clearly a € A hence, A C U A
ael0,1]
Suppose 7' € U A,y e A(xy) =
ae(0,1]
7" € AW for some a where 7/ = (xy,7) then x, €* Aand A(xy) < a;
Therefore A(x,) > aand v < a;jand so A = U AW
«e[0,1]

0 X
Triangular fuzzy number

0 X 0 X 0

Figure 1: Various A(® for a € (0,1]
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1
2 . X
Trapezoidal fuzzy number
1 / Y 1 1
0 - o .0 2

Figure 2: Various A(®) for a € (0,1]

3.1 Extension Principle

Any given function f : X — Y induces two functions, f : F(X) — ( ), L FY) — F(X),
which are defined by [f(A)](Y)supyy—rx)A(x) forall A € 7(X) and [f~ L(B)](x) = B(f(x)) forall B € F(X).

Theorem 3.2. Let f : X — Y be an arbitrary crisp function, for any A € F(X) and all « € [0,1] the following
property of f fuzzified by extension principle satisfies the equation [f(A)]“+) = f(A@+)),

Proof. Forally €Y,

>0 [f(A)W)] and y € [f(A)] for ac(01]
& a2 [f(A)Y)] and f(A)y) >«
>

[FA)Y)] and  sup A(x) >«
xly=f(x)
< w; >q [f(A)(Y)] andthereexist xp € X with y = f(xg)
and A(xg) >
< a; >q [f(A)(Y)] andthereexist xp € X with y= f(xg)
and xpe*t A

hence [F(A)]*) = F(AD),
O

Theorem 3.3. Let f : X — Y be an arbitrary crisp function. Then for any A € F(X)f fuzzified by the extension
principle satisfies the equation, f(A U F(AEH),
ael0,1]

Proof. Applying theorem(3.1) to f(A), which is a fuzzy seton Y,
we obtain f(A) = | J [f(A)]*")

ae(0,1]
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by theorem(3.2)

[F(A)]) = fF(ALD),
Hence, f(A)= ] f(A®"

ael0,1]
O
Definition 3.9. Define A°Y) for each x € X as A°®) = {(x,a;)|a; <y A(x) and x €* A°}.
where *A° = {x|ua(x) > 1—a}.
Theorem 3.4. For every A € F(X),then A® = U A
ael0,1]

Proof. 1If A@) = g then choose & = 4, for x €* A, then for all a; <4 A(x),wherea € Ac®)
hence,

A° C U Ac@) 1)

ael0,1]

Conversely, suppose x € U AL

ael0,1]
then x € A°® for some a € [0,1] this is true when x ¢ A(®) which means that A°(x) < a and &; <, A(x), by
the definition, we get x € A® and hence

U Ac(tx) (2)

ael0,1]

From (1) and (2) we have A® = U A, O
ael0,1]

Definition 3.10.
AW = {(x,a))|a; >4 A(x) and x€* A for ae(0,1]}
AW is convex if and only if 4 A and * A are convex for any « € (0,1].

Theorem 3.5. A fuzzy set A*) is convex if and only if
AW (Axy + (1= A)xp) > min{A® (x1), A® (x2)} forall x1,x, € Rand all A € [0,1].

Proof. Assume that A(*) is convex if and only if 4 A and *A are convex for any a € (0, 1].
By definition, AW = {(x,a;)|a; >4 A(x) and x €* A fora € (0,1]}.

Let xgl) = (x1,0q;) and xél) = (xp,001) € AW,

to show that A(xy, ay;) + (1 — A)(x2, &) belongs to A®)

We have to prove that Ax; + (1 — A)xp € A® and (““) + ( Ll ) >, A

as (x1,&1;), (x2, ap;), by definition x1, x; €* A and aq; >4 A(x) and ap; >4 A(x)

If x1,xp €* A, then A(x1) > a and A(x) > a and for any A € [0, 1], by the given condition

A@ A 4 (1= )xY) > min{A®@ (xV, 4@ (D)} 1)
Consider A(x1,a1;) + (1 — A)(xp,2;) = (/\x1 +(1—=A)xq, ECAU) + (f‘f;\))
From(1), we get A()Lxg1> +(1- /\)xél)) > min{A(xl )),A(xz )} > min{a,a} =«

Therefore, Ax; + (1 — A)xp €* A, since aq; >4 A(x) and ap; >4 A(x)
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From(1),

A® AxY + (1= 2)x) > min{ay;, ap} @)

Suppose a1; < ap; , then(2) becomes
() () 20

and so,(%) + ( 221 ) >y > A(X)
hence /\x§1> +(1- )xél) c AW

Let Ax{V + (1 - A)xl) € AW

then AxiV + (1 - A)x§> e Aand (41) + (2 ) >, A(x)
to prove A("‘)()\x< ) +(1-A)x, P )) > min{A® )) AW (x ( ))}
We already prove that A()\x(l) +(1-A)x é )) > mm{A(x1 )),A(xél))} > min{a,a} =«

Now let ay; < ap;, we get

\%

)+ (25) 2 () + (725)

(1 — )\)lei + )w‘li
>
= ( AM1-A) )
= (3 t)
AM1-A)
() + (125) 2 A
hence,
A® A 4 (1= )xlY) > min{A® (xV), A® (D)} O

Definition 3.11. A fuzzy set A on R is a fuzzy number if,

(i) AW is a normal fuzzy set,
(ii) a-cut of {A®W|a € (0,1)} must be nested sequence of closed intervals,
(iii) Support of AW is bounded.
Definition 3.12. The fuzzy set A®) is normal if sup A (x) = 1 for x € X.

Definition 3.13. By definition A = {(x,a;)|a; >o A(x) and x €* A for a € [0,1]},then a-cut of A®) consists of
all elements (x,a;) such that A(“)(x,vc i) > .

Theorem 3.6. A € F(R) is a fuzzy number if and only if for each a € (0,1]

1 for x€l0,1]
AW (x) = I*(x) for x € (—c0,a)
r®(x) for x € (b,+o)

1* is a monotonically increasing function from (—oo,a) to [0,1] such that I*(x) = 0 for x € (—oc0,a) and * is a
monotonically decreasing function from (b, +o0) to [0, 1] such that r*(x) = 0 for x € (b, +00).

Proof. Necessity. Suppose A is a fuzzy number then A = U A®
ael0,1]
and we obtain a sequence A% of fuzzy set for each a € [0,1].
So, A® is a normal fuzzy set and sup A (x) = 1 for x € X
by definition, a-cut of { A |a € (0,1]} is a nested sequence of closed intervals
we know that, AW = {(x,a;)|a; >, A(x) and x €* A for a € [0,1]} and its a-cut, *A(a) is a closed interval,
fora =1,



292 Thangaraj Beaula et al. / New representation of...

Consider 1A = {x|A@W (x) > 1} and so, a; >1 A(x) with x €' A fora € (0,1]

for x € AW, A(x) > 1 with a; > A(x), choose ' A(®) = [a,b]

define, [*(x) = A%(x) for (—co,a), then 0 < [*(x) < 1

Corresponding to each a € (0, 1], there exists a sequence {I(¥)} of functions from (—co,a) to [0, 1]

Similarly we obtain a sequence {r{*)} of functions from (b, +o0) to [0, 1] for each a € (0, 1].

Sufficiency. Every fuzzy set A(*) defined by (1) is clearly normal and support of A(*) is bounded. Finally it
remains to prove that a-cut of AW, for a € (0,1] is a closed interval.

By definition, A = {(x,a;)|a; >, A(x) and x €* A fora € [0,1]}

Let lii) =inf{(x,a;)|*I*(x) > a,x <a and wa; >, 1*(x)}

l;? =sup{(x,a;)|*r*(x) >,y >b and a; >, r*(x)}

we have

l)(cl;(t) = (lxmr alm)

léi) = (lyl’é’alya)

To prove that [Iy,,ly,] and [w; , aly,] are closed intervals.
If(xo, Déxo,i) belongs to a-cut of A®W andif xg < a

then I(®) (xg) = AW (xp) and so xg €% I®) and a; >, 1¥)(x)
= xg €t AW® and ;> AW

= xp € 1 (x,) and a; >, 19 (x)

= (xOrDCxo,i) > la(cit)

if (xg, ay, ;) belongs to a-cut of A® and if xo > b
then (®) (xg) = A® (xg) and so xy €* r* and a; >, [
= x9 €* AW and a; >, AW

= xg € 1™ (y,) and a; >, 19 (y)

= (x0,8tx,) < Iy

Therefore, xo € [l,(cff), l;’;‘)] and hence a-cut of A(*) is a subset of [l,(cff), l;i‘,)]

by the definition of [ ,((f:) there must exist a sequence (xn, ;) in

{(x,a;)|a; >4 A(x) and x €* A for a € [0,1]} such that nlgr.}o (xn, 00 y) = l,(c‘z) where x,, > x, for any a, since (%)
is right continuous,l(lj(c'zf)) = l(}gxgo(xn,ai/n)) = lim 1(xn, ;)

Then “I(® (x,) > a and a; >, [ (x,,) and so l,(f‘) lies in the a-cut of AW

o

Hence both the necessary and sufficient part of the theorem is proved. O
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Abstract

In this paper, we extend some estimates of the right hand side of a Hermite- Hadamard type inequality
for nonconvex functions whose second derivatives absolute values are ¢-convex, log-¢-convex, and quasi-¢-
convex.
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1 Introduction

It is well known that if f is a convex function on the interval I = [4,b] and 4,b € I with a < b, then

b
f(a;rb>§bia/f(x)dng(a);f(b) (1-1)

which is known as the Hermite-Hadamard inequality for the convex functions. Both inequalities hold in
the reversed direction if f is concave. We note that Hermite-Hadamard inequality may be regarded as a
refinement of the concept of convexity and it follows easily from Jensen’s inequality. Hermite-Hadamard
inequality for convex functions has received renewed attention in recent years and a remarkable variety of
refinements and generalizations have been found (see, for example, [[1]-[4], [10]-[18]).

The following lemma was proved for twice differentiable mappings in [3]:

Lemma 1.1. Let f : I C R — R be a twice differentiable mapping on 1°, a,b € I with a < b and f" of integrable on
[a, b], the following equality holds:

2
f(”)zf(b)mia/abf(x)dx:(b}a) /()1t(1_t)f(m+(1—t)b)dt.

A simple proof of this equality can be also done by twice integrating by parts in the right hand side.

In [4], by using Lemma (1.1} Hussain et al. proved some inequalities related to Hermite-Hadamard’s in-
equality for s-convex functions:

*Corresponding author.
E-mail address: sarikayamz@gmail.com (Mehmet Zeki SARIKAYA).



294 Mehmet Zeki SARIKAYA et al. / The Hermite-Hadamard’s inequalities...

Theorem 1.1. Let f : [ C [0,00) — R be twice differentiable mapping on 1° such that f" € Ly [a,b], where a,b € I
witha < b. If | f"'| is s—convex on [a, b] for some fixed s € [0,1] and q > 1, then the following inequality holds:

‘f(a)+f(b) 1

2 1" 1" %
5 g da [0 < (b‘“; ['f @p + 1f W} , (1.2)

6 (5+2)(s+3)

1,1 _
whereerq 1.

Remark 1.1. If we take s = 1 in (I.2), then we have

(b—a)* [1If" (@) + £ (b)) i
S T [ 2 }

We recall that the notion of quasi-convex functions generalizes the notion of convex functions. More precisely, a function
f:[a,b] C R — Ris said quasi-convex on [a, b] if

fltx+ (1= 1)y) <sup {f(x), f(y)}

forall x,y € [a,b] and t € [0,1]. Clearly, any convex function is a quasi-convex function. Furthermore, there exist
quasi-convex functions which are not convex (see [[10]).

Alomari, Darus and Dragomir in [I]] introduced the following theorems for twice differentiable quasicon-
vex functions:

Theorem 1.2. Let f : I C R — R be a twice differentiable function on I°, a,b € 1° with a < b and f" is integrable on
[a,b]. If | f"'| is quasiconvex on [a, b], then the following inequality holds

|f(a);f _a/ o

Theorem 1.3. Let f : I C R — R be a twice differentiable function on I°, a,b € 1° with a < b and f" is integrable on
P
la,b). If | f""| 7T is a quasiconvex on [a, ], for p > 1, then the following inequality holds

‘f )+ f(0) w/f

—a)? % ! 11
< (b 801) (\/2E> (%) (max{’f (a)

//

f" ®)]}-

NI

q

7

P

1,1_
wherep+q—1.

Theorem 1.4. Let f : I C R — R be a twice differentiable function on I°, a,b € 1° with a < b and f" is integrable on
[a,b]. If | f"'|9 is a quasiconvex on [a, b], for g > 1, then the following inequality holds

|f )+ f(b) —a/ f(x)dx| < ) (max{|f”(u)q

o).

2 Preliminaries

Let f,9 : K — R, where K is a nonempty closed set in R”, be continuous functions. First of all, we recall
the following well known results and concepts, which are mainly due to Noor and Noor [5] and Noor [9] as
follows:

Definition 2.1. Let u,v € K. Then the set K is said to be ¢ — convex at u with respect to ¢, if

u+te'¢(v—u) €K, Vu,veKk, tel0,1].
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Remark 2.2. We would like to mention that Definition 2.1 of a ¢-convex set has a clear geometric interpretation. This
definition essentially says that there is a path starting from a point u which is contained in K. We do not require that the
point v should be one of the end points of the path. This observation plays an important role in our analysis. Note that,
if we demand that v should be an end point of the path for every pair of points, u,v € K, then e'? (v —u) = v — u if
and only if, ¢ = 0, and consequently @-convexity reduces to convexity. Thus, it is true that every convex set is also an
@-convex set, but the converse is not necessarily true, see [5-[9] and the references therein.

Definition 2.2. The function f on the ¢-convex set K is said to be @-convex with respect to ¢, if
f(u—i—tei"’(v—u)) <(1—-t)f(u)+tf(v), Vu,veK, te[0,1].

The function f is said to be g-concave if and only if —f is ¢-convex. Note that every convex function is a ¢-convex
function, but the converse is not true.

Definition 2.3. The function f on the @-convex set K is said to be logarithmic ¢-convex with respect to ¢, such that

fu+te?@=u) < (F@)' (f @), woek teo]
where f (.) >0
Now we define a new definition for quasi-¢-convex functions as follows:

Definition 2.4. The function f on the quasi @-convex set K is said to be quasi ¢-convex with respect to @, if

f (et (0 —w)) < max{f (u),f ()}

From the above definitions, we have

fluste?@=uw) < (F@)™"(f @)
< (A-Df@)+tf(v)
<

max {f (u),f (v)}.

Clearly, any ¢-convex function is a quasi ¢-convex function. Furthermore, there exist quasi ¢-convex functions
which are neither ¢-convex nor continuous. For example, for

(0,u) = 2k, uwv>0,keZ
pLou) = krn, uv <0, keZ

the floor function fj,,,(x) = |x], is the largest integer not greater than x, is an example of a monotonic
increasing function which is quasi @-convex but it is neither ¢-convex nor continuous.
In [7], Noor proved the Hermite-Hadamard inequality for the ¢—convex functions as follows:

Theorem 2.5. Let f : K = [a,a+¢'? (b—a)] — (0,00) be a ¢p-convex function on the interval of real numbers K°
(the interior of K) and a,b € KO witha < a+ €9 (b—a) and 0 < ¢ < Z. Then the following inequality holds:

a+e'?(b—a)

f<2a+e’<l’2(b—ﬂ)> S / Flx 23)

f(a)Jrf(aJre“P(bfa)) <f(a)+f(b)‘

<
- 2 - 2

This inequality can easily show that using the g-convex function’s definition and f (a+¢'? (b —a)) <
10}

In [19] and [20]], the authors proved some generalization inequalities connected with Hermite-Hadamard'’s
inequality for diferentiable ¢-convex functions.

In this article, using functions whose second derivatives absolute values are g-convex, log-@-convex and
quasi-¢@-convex, we obtained new inequalities related to the right side of Hermite-Hadamard inequality given

with 2:3).
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3 Hermite-Hadamard Type Inequalities

We will start the following theorem:

Theorem 3.6. Let K C R be an open interval, a,a + ¢/ (b —a) € Kwitha < band f : K = [a,a+ e'? (b — a)] —
(0,00) a twice differentiable mapping such that f" is integrable and 0 < ¢ < Z. If |f"] is gp-convex function on

[a,a+ €' (b — a)]. Then, the following inequality holds:

1 a+e'? (b—a) f(a)+fla+e?(b—a)
T / flx)dx - 2

62i9”(b — a)2

< FOD @)+ 1w

Proof. 1f the partial integration method is applied twice, then it follows that

w /Ol(t — ) f"(a+ te'¥ (b — a))dt oY

1 a+el? (b-a) £(a) + fla+e?(b—a))
= eiq’(b—a)/,z f(x)dx — > .

Thus, by g-convexity function of |f”|, we have

ei?(b—a) J, 2
62i90(b — 11)2
- 2

e%?(b — a)?

1
< S Le-A -0l + e a
e%?(b — a)?
o

— | P () R { CR A Cltl)) ‘

/1(1‘ —2)f"(a +te'?(b —a))dt
0

[|f"(@)| +|f"®)]]
which the proof is completed. O
Theorem 3.7. Let f : K = [a,a+¢'?(b—a)] — (0,00) be a twice differentiable mapping on K° and f" be integrable

on [a,a+ ¢ (b —a)). Assume p € Rwith p > 1. If |f"|P/P~" is g-convex function on the interval of real numbers
KO (the interior of K) and a,b € K witha < a+¢'¢(b — a) and 0 < ¢ < F. Then, the following inequality holds:

1 peret-a) fla)+ flate®(b—a))
0] /ﬂ flx)dx — 2 |

. ob—a) (ﬁ) rp+1) )7 (L@l 4w
B 8 2 ) \rG+p) 2 '

==
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Proof. By assumption, Holder’s inequality and (3.4), we have

1 w+e? (b-a) f(a) + f(a+e?(b—a))
e”P(b)/ f( x)dx — 5

21(p
< bf/ ’t t2 ”a+te"‘”(bfa))‘dt
2i 2 1 7 1 p e
19(p — P . P [
< e(bza)</ (ttz)pdt> ( "(a + te'?(b—a))|" dt)
0 0
<

EZiq)(b 711)2 2_1_2pﬁr(p+1) % ! // Ll 1" % }%1
2 ( rG+p) > (A (a-0l @+l o) ]ﬂ>

_ éww—af(“%); T+ )" (L@ + e "
8 2) \IG+p) 2

where we use the fact that

/1(t _2)Pdt — 2—1—2p\§/5r(r,+ b
0 I'(3+p)

which completes the proof. O

Let us denote by A(a, b) the arithmetic mean of the nonnegative real numbers, and by L(a, b) the logaritmic
mean of the same numbers.

Theorem 3.8. Let K C R be an open interval, a,a + ¢'¥ (b —a) € Kwitha < band f : K = [a,a+¢?(b—a)] —
(0,00) a twice differentiable mapping such that f" is integrable and 0 < ¢ < Z. If |f"| is log @-convex function on
[a,a+ €' (b — a)]. Then, the following inequality holds:

1 a+e'? (b—a) f(ﬂ) + f(a + eifp(b —4a))
eiqm;_g)/a f(x)dx — )

i 2
ez‘P(b _ 11) .
(10g B Tog If”(a)l> 4 (70

Proof. By using and log ¢-convexity of |f”|, we have

1" 11)‘) _L (|f”(b)

f@))]-

1 ate'? (b—a) fa)+ f(a+te¥(b—a))
o ) Fl)dx - .

eZiqo(b _ a)Z 1
< S [e-

2ip (1 N2
< oo /0 (=) (| @] ) at

_ @ww—m2l O+ @ 20 B) - @) ]
2 (log | f"(b)| —Tog |f"(a)|)*  (log]|f"(b)| —log |f"(a)])’

1 2
_ ew(l’]—a) ,
i <1°g|f”<b>|—loglf”(a)l> 4 ()

The proof of Theorem [3.8]is completed. O

£ (a+ te'? (b — a))‘ dt

1" 11)‘) _L (|f”(b)

f@))]-

Theorem 3.9. Let f : K = [a,a+¢'?(b—a)] — (0,00) be a twice differentiable mapping on K° and f" be integrable
on [a,a+e9(b—a)]. Assume p € Ruwith p > 1. If | f"|P/P ™" is log ¢-convex function on the interval of real numbers
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K? (the interior of K) and a,b € K° witha < a+¢'?(b—a) and 0 < ¢ < Z. Then, the following inequality holds:

el?(b—a) J, 2

! / N () R { CR A ) |

Fob—a? (vAVT (Tp+D) (p-1 @ e
= % (2) (N§+m> (,7) (mgﬂ%n bgﬂ%)) '

Proof. By using and the well known Holder’s integral inequality, we obtain

1 /uw(bu) e f@ +flate?b=a) ‘
_ {1) a

¢ (b 2
< gwﬁ‘”{ﬁ%—ﬂ>ﬂm+www—mﬂm
< w </01(t - tz)”dt>; (/01 " (a+ te'® (b —a))"% dt> v
< em(bz_ ) (2_1_?(\3{35?“)); (/01 £ @)Y !f”(b)!ﬂp“dt>ppl

_ - (¢> T(p+1) (p—l) @ = e )
s \2) \rqep) U log f" ()~ log [f"(@)] | -

O

Theorem 3.10. Let f : K = [a,a+¢€9(b—a)] — (0,00) be a differentiable mapping on K° and f" be integrable
on [a,a+¢?(b—a)]. If |f"| is a quasi p-convex function on the interval of real numbers K° (the interior of K) and
a,b € K witha < a+e'?(b—a)and 0 < ¢ < Z. Then, the following inequality holds:

1 et fla) + fla+ te?(b—a))
wooa ) O ’

(b —a)

< 1 max{ ]f

"(0)]}-

Proof. By using and the quasi ¢-convexity of |f”|, we have

L[ i - Ll fla oo )

e'?(b —a) 2
eZi(p(b _ a)Z 1 . .
< 'Z/O(t—tz) (a+te‘”(b—a))‘dt
< wmaxﬂf”m) £1(0)]} /01(1‘ — £)dt
32i¢(b — a)2

—r—— ma{[f" @], [}

O

Theorem 3.11. Let f : K = [a,a+¢'?(b—a)] — (0,00) be a differentiable mapping on K°and f" be integrable on
[a,a+¢?(b—a)]. Assume p € R with p > 1. If |f"|P/P~" is a quasi g-convex function on the interval of real
numbers K° (the interior of K) and a,b € K° witha < a+¢'?(b—a) and 0 < ¢ < Z. Then, the following inequality



Mehmet Zeki SARIKAYA et al. / The Hermite-Hadamard'’s inequalities... 299

holds:
1 a-+e? (b—a) f(a)+ f(a+te'?(b—a))
eiﬂb—a)/u f(x)dx — 5
0(b—a)® (VAN (T(p+1) % @7 F (b) [P 7
< 8(2) (w> [max{|f"@| 77, @)

Proof. By using and the well known Holder’s integral inequality, we get

1 /a+e"4’<b—a> fdx — [@ @+ 1690 ) ‘

e'?(b—a) 2

- W/Ol(t—tz) f"(a+ 169 (b - a))] dt
< drea (/1(t—t2)pdt>p (/1 F(a+ e (b a)) ”,fdt>*”
0 0

i - -1-2 % 1 P Tg]

< 6‘/’(b2 a) (2 ;(\gir;?—i_l)) (/0 maX{‘f’(ﬂ)’pl,f/(b)‘pl}dt>
2

s (Y (T VP e e

< 8(2) <r(g+p)> [max{’f (a)| ’f(b)‘ }}

O

Theorem 3.12. Let f : K = [a,a+¢'?(b—a)] — (0,00) be a differentiable mapping on K°and f" be integrable on
[a,a+ ¢ (b—a)]. Assume q € Rwith q > 1. If |f"|" is a quasi @-convex function on the interval of real numbers K°
(the interior of K) and a,b € K° witha < a+¢'%(b —a) and 0 < ¢ < %. Then, the following inequality holds:

— N () R { CRA A R ’

el?(b —a) 2
2i _ )2 1
< SO a7, £ (0)]")]

Proof. By using (1.1) and the well known power mean integral inequality, we have

el?(b—a) 2

1 /u+e"”(b—ﬂ> Floydx - f(a) + f(a+te'?(b —a)) ‘

< W/Ol(tﬂ) f”(athei"’(bfa))’dt
< -0 (/Olu—ﬂ)dt); (/Olu—tZ) f’(a+te“f’<b—a))ﬁt)3
< 2o (2) (max{\f’(a) niren | 1<t—t2>dt>}'
< D fmax(| @), )]
where L +1 = 1. =
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Abstract

Intuitionistic fuzzy sets (IFS) are a generalization of the concept of fuzzy set. In standard intuitionistic
fuzzy arithmetic operations, we have some grievances in subtraction and division operations. In this paper,
modified new operations for subtraction and division on triangular intuitionistic fuzzy numbers (TIFNS) are
defined. Finally an illustrative example for solving Intuitionistic fuzzy multi-objective linear programming
problem (IFMOLPP) using these modified operators is provided.

Keywords:  Intuitionistic fuzzy arithmetic, Triangular intuitionistic fuzzy number (TIEN), Intuitionistic fuzzy
multi-objective linear programming problem (IFMOLPP).
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1 Introduction

In real world, we frequently deal with vague or imprecise information. Information available is sometimes
vague, sometimes inexact or sometimes insufficient. The concept of Fuzzy sets was introduced by Zadeh in
1965. The usual arithmetic operation on real numbers can be extended to the ones defined on fuzzy numbers
by means of Zadeh's extension Principle [22-24]. Then some of the noteworthy contributions on Fuzzy num-
bers and its applications have been made by Dubois and Prade [6, 7], Kaufmann [9], Kaufmann and Gupta
[10], Mizumoto and Tanaka [13], Nahmias [18] and Nguyen [19]. Interval Arithmetic was first suggested by
Dwyer [8] in 1951. The same was developed by Moore [14, 15].Various operations on fuzzy numbers were
also available in the literature [4, 17] which includes a new operation on Triangular fuzzy number for solving
linear programming problem. But these operations are not adequate explicitly. Out of several higher order
fuzzy sets, intuitionistic fuzzy sets (IFS) [1,2] have been found to be highly useful to deal with vagueness.
There are situations where due to insufficiency in the information available, the evaluation of membership
values is not also always possible and consequently there remains a part indeterministic on which hesitation
survives. Certainly fuzzy set theory is not appropriate to deal with such problems; rather intuitionistic fuzzy
set (IFS) theory is more suitable. The Intuitionistic fuzzy set was introduced by Atanassov.K.T [1] in 1986.
For the fuzzy multiple criteria decision making problems, the degree of satisfiability and non- satisfiability of
each alternative with respect to a set of criteria is often represented by an intuitionistic fuzzy number (IFN),
which is an element of IFS [11, 21].This Intuitionistic fuzzy mathematics is very little studied subject and
the extension of fuzzy arithmetic operations to Intuitionistic fuzzy set is needed. Modified new arithmetic
operations on intuitionistic triangular fuzzy numbers (TIFNS) are developed in this paper. According to intu-
itionistic fuzzy arithmetic operation using function principle [4,16], we have Al — Al = {(0,0,0); (0,0,0) }and

*Corresponding author.
E-mail address: ireneraj74@gmail.com (R. Irene Hepzibah).
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% # 1! = {(1,1,1);(1,1,1)}. However, in optimization and many engineering applications, it can be desir-

able to have crisp values for A’ — Aland %. i.e., the crisp values 0 and 1 respectively. To overcome the above,
the standard intuitionistic fuzzy arithmetic operations on intuitionistic triangular fuzzy number are modified
for subtraction and division operations with some necessary conditions and its application is also provided
here to enhance the robustness of the new operations developed by us.

The paper is organized as follows. Section 2 deals with some preliminary definitions and the modified oper-
ations on triangular fuzzy number using function principle. In section 3 and 4, the new intuitionistic fuzzy
arithmetic operations on intuitionistic triangular fuzzy number and its properties are discussed. In section
5, the definition of Intuitionistic fuzzy multi-objective linear programming problem with accuracy function
is given. An application of this new operation is discussed with intuitionistic fuzzy multi-objective linear
programming problem (IFMOLPP) in section 6 and some concluding remarks are given in section 7.

2 Preliminaries

Definition 2.1. [1] Given a fixed set X = {x1,x2,..,Xn}, an intuitionistic fuzzy set (IFS)is defined as
Al = ((x;,uz5 I(x,)r VAL (xi))x; € X) which assigns to each element x;, a membership degree y(x;) and a non-membership
degree v 4 (x;) under the condition 0 < pa(x;) +va(x;) <1, forall x; € X.

Definition 2.2. [10] A triangular intuitionistic fuzzy number (TIFN)A! is an intuitionistic fuzzy set in R with the
following membership function y 41 (x) and non-membership function v z;(x)

ap—x '
—ay a; < x < ap
a1 S XS0 v '
pal(N)={ s-mm <x<ay andog(x)=q 2,4 <x<ay,
. 3_ 2
0, otherwise 1, otherwise

wherea/l <m <ap<az< 11/3 and p z1(x) + 05 (x) < Lorpzi(x) =vz(x)forallx € R
This TIEN is denoted by A = (ay, a0, a3; a’l,az, a’3) = {(a1,a3,a3); (a’l,az,a;)}
2.1 Positive triangular intuitionistic fuzzy number
A positive triangular intuitionistic fuzzy number is denoted as {(ay,a2,a3); (a/l, az,a;)} where all a}s and
a;s > 0foralli=1,2,3.
2.2 Negative triangular intuitionistic fuzzy number
A negative triangular intuitionistic fuzzy number is denoted as {(a1, a3, a3); (a’l,az, a;)} where all as and

a;-,s <O0foralli=1,2,3.

2.3 Modified operations of triangular intuitionistic fuzzy numbers using function prin-
ciple

The following are the modified operations that can be performed on triangular intuitionistic fuzzy num-
bers: Let Al = {(ay, a2, a3); (ay,a,a3)} and B! = {(by, by, b3); (by, b2, b3)}

Then
1. Addition:A' + B! = {(ay + by, az + by, a3 + b3); (a) + by, ap + b, ay + b3) ).

2. Subtraction: AT — Bl = {(ﬂl — b3, ap — by, a3 — bl),' (a’l — b;,az — bz,ﬂ; — b,l)}

3. Multiplication:A” x B! = {(min(a1by,a1b3, azby, azbz), asbo, max(aiby,a1bs,azby, azbz));

. ! ! ! ! i i / / ! ! ! ! i ! i i
(min(ayby, a,bsy, asby, a3bs), a0by, max(ayby, a,bs,aby,a5b5))}.
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Example 2.1. Let AT = {(2,4,6);(1,4,7)} and B' = {(1,2,3);(0.5,2,3.5)}
Then

1. AT+ Bl ={(3,6,9);(1.5,6,10.5)}
2. Al — Bl = {(-1,2,5);(-25,2,6.5)}
3. Al x BT = {(2,8,18);(0.5,8,24.5)}
4. 4 = {(0.6,2,6);(0.286,2,14)}

Al

5. A ={(0.333,1,3);(0.143,1,7)}

hS

Remark 2.1. As mentioned earlier that A — A £ 0! = {(0,0,0);(0,0,0)};

P

& AT ={(1,1,1);(1,1,1)}

It follows that C! is the solution of the intuitionistic fuzzy linear equation A" + B! = CI. Then we would expect
Bl =Cl - Al

For example, A + B! = {(2,4,6);(1,4,7)} + {(1,2,3);(0.5,2,3.5)} = {(3,6,9); (1.5,6,10.5)}.
But{(1,2,3);(0.5,2,35)} = {(1,2,3);(0.5,2,3.5)} — {(2,4,6);(1,4,7)}

{(1,2,3);(0.5,2,35)} = {(-3,2,7);(—5.5,2,9.5)} # B.

The same thing appears when solving the intuitionistic fuzzy equation A' x B! = C! whose solution is not given by
Bl ¢! _ {(28,18);(0.5824.5)}
AT~ T {246,147}

={(3. 5 %):(%. 4 %)} = {(0.333,2,9);(0.071,2,24.5)} # B!
Therefore, the addition and subtraction (respectively multiplication and division) of intuitionistic triangular fuzzy num-
bers are not reciprocal operations. According to this statement, it is not possible to solve inverse problems exactly using
the standard fuzzy arithmetic operators. To overcome this in function principle operation of triangular intuitionistic
fuzzy numbers, a new operation is proposed that allows exact inversion.

3 A New Operation for Subtraction on intuitionistic Triangular fuzzy Number:

In this section our objective is to develop a new subtraction operator on triangular intuitionistic fuzzy
number, which is the exact inverse of the addition '+'.

3.1 Condition on Subtraction Operator

Let A" = {(a1,a3,3); (ay,a2,a3)} and B! = {(by, bz, bs); (b}, ba, b3)}
Then AI —BI = {(ﬂl —b1,ﬂ2—b2,ﬂ3—b3),‘ (a1 —bl,ﬂz bz,a3 b3)}
The new subtraction operation exists only if the following conditions are satisfied D(A!) > D(B') and
D(A!) > D(B!), where D(Al) = 5% D(Bl) = -0 D(AT) = % and D(B!) = %,%2. Here D denotes
difference point of a intuitionistic triangular fuzzy number.

3.2 Properties of Subtraction Operator

1. Inverse operator of + : B! + (Al — Bl) = (Al -
2. Multiplication by a scalar:A (Al — BY) = AA! — AB!
3. Neutral element: Al — 0! = A!

4. Associativity: Al — (B - Ch) = (AI —-Bh-¢!
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5. Inverse element: Any intuitionistic triangular fuzzy number is its own inverse under the modified sub-
traction i.e., Al — Al = (!

6. Regularity:A! — B! = Al - C! = B! = (!

7. Pseudo - distributivity with respect to + : (Al + B!) — (C! + D) = (AT -

3.3 Mid point of a intuitionistic triangular fuzzy number
Let Al = {(a1,ap,03); (a},a2,a5)} and B! = {(b1, b3, bs); (by, b, by)}

Then M(A!) = B0 M(B!) = bth M(AT) = “3”1 , M(B!) =
itionistic triangular fuzzy number

b3;b1 .Here M denotes midpoint of a intu-

3.4 Necessary Existence Condition for Subtraction

Proposition 3.1. The new subtraction operations exists only if the following conditions are satisfied D(A") > D(B')
and D(A!) > D(B!).

Proof 1. We have derived the necessary existence condition forA' — B! which is equal to {(Cy,Co, C3); (Cll, Co, Cé)}.
LetastakeC1 < <C3=C1 <C3=>a1—b1 <az—Db3

= [M(A!) - D(AN)] - [M(B') - D(B")] < [M(A") + D(A!)] - [M(B') + D(B)

= [M(B') + D(B")] - [M(B") — D(B")] < [M(A") + D(A")] — [M(A") — D(A")]

= 2D(B") < 2D(A")

= D(B") < D(AT)

= D(A") > D(B')

Similarly we can prove D(A! ) > D(B! ).

These are the necessary conditions for new subtraction operator.

4 Condition on Division Operator:

Let Al = {(ay, a5, a3); (a’l,az, a;)} and B! = {(by, b2, b3); (b}, by, b3) }
Al
Then 4 = (Z%,Z%,Z%);(%,f ;?)}-

The new division operator exists only if the following conditions are satisfied |

51
&7,) | and the negative triangular intuitionistic fuzzy number should be changed into negative multiplica-
M(B')
tion of positive triangular intuitionistic fuzzy number.

4.1 Properties of Division Operator

1. Inverse operator of X:B! x (4;) = (%) x B!

2. Neutral element: The singleton 1/ = {(1,1,1); )} defined by constant profile equal to 1! is a right

P Al a1 ap a a o o "y Al
neutral element of division §r = {(3, %, TS) (T' Tz, )} = {(a1,a2,a3); (a;,a2,a3)} = A
3. Inverse element: Any triangular intuitionistic fuzzy number is its own inverse under modified division

operatord; = {(&, %2, 4); (‘Ll 2 13)} ={(1,1,1);(1,1,1)} = 1!

alrazras lllaz/ ’

= Bl =_!

ﬁl‘ b

4. Regularity: % i =

I il
A+B %4-

Oz‘ T
==

5. Distributivity with regard to +:
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4.2 Necessary Existence Condition for Division

Proposition:
We have derived the necessary existence condition for * which is equal to {(Cy, Ca, C3); (C’l, Co, Cé)}.
Letastake C1 < G, < C3=C <C3 = ui < ag
[M(A)-D(AD] - M (@ )+D(A’)]
[M(B')-D(B")] = [M (Bﬂ) (B1)] - B B B B - B B B
= {M(A")M(B') + M(A")D(B") - D(A")M(B") - D(A")D(B")} < {M(A")M(B") - M(A")D(B') + D(A")M(B') —
DADY o
= 2M(AHD(B") < 2D(A"YM(B')
D(B") _ (1‘?)
M(B") = M(AT)
In this B'm

=

~1) DB

| Similarly we can prove

!
1

| DAL) |5 DB

M(A) M(B!')

These are the necessary conditions for new subtraction operator.

5 Intuitionistic Fuzzy Multi-Objective Linear Programming Problem (IF-
MOLPP):

Multi objective linear Programming with Triangular Intuitionistic Fuzzy Variables is defined as Minimize:
[CIJZI C"'I ~I CI ~I]
Subject to 27 xl <bl x I >0

where i = 1,2,..., m;j = 1,2,...,n where Al = (aij),CI, b!, %! are (m x n), (1 x n), (m x 1), (n x 1) intuitionistic
fuzzy matrices consisting of triangular intuitionistic fuzzy numbers (TIFN).

5.1 Accuracy function [16]:
Let Al = {(a1,a2,a3); (a},a2,a3)} be a TIFN.

Then we define (A!) = {(“”2“2*“3);(“’1+2“2+ﬂg)}

, an accuracy function of A/, to defuzzify the given number.

Example 5.2. Here we are going to solve fully intuitionistic fuzzy multi-objective linear programming problem using
simplex algorithm and using new operators.

Maximize {Z} = 1%l + 10’ xl, 71 =215l 4510}

Subject to the constraints

P ]
We consider the first objective with the given constraints and it can be written as
Maximize {Z} = 1%l + 1~OIJ?£ +0's! + 08! + 0's}
Subject to the constraints
2lel 4108l + 118 = 57
5%l + 5% +115] = 10
3l 4 31E 4+ 115 = 9
Using Simplex Algorithm ( by5 1),the current solution is
& ={(0,0,0);(0,0,0)} and £} = {(1.5,2,2.75); (1.385,2,2.875)}

Hence, Maximize Z} = {(13.5,20,30.250); (12.465,20,33.063) } = 70!

Using Simplex Algorithm (by5.1, then the current solution is
Here, 1 = {(0,0,0);(0,0,0)} and &} = {(1.5,2,2.75); (1.385,2,2.875)}
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Hence, Maximize Z} = {(6,10,16.5); (5.540,10,18.688)} = 10’

6 Conclusion

The main aim of this paper is to introduce a new operation for subtraction and division on intuitionistic
triangular fuzzy number which will be the inverse operations of addition and multiplication. These operations
may help us to reduce the computational complexities exist in solving many optimization problems.
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Abstract

The paper gives generalizations of some Jensen type inequalities for convex functions of one variable. The
work is based on the methods which use convex combinations in deriving inequalities. The main inequality
is applied to the quasi-arithmetic means.
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1 Introduction

1.1 Affine and Convex Combinations

The concept of affine and convex combinations refers to the sets of vectors. Through the paper we will
only use the combinations

n
c=) pixi (1.1)
i-1

of the points x; € R and the coefficients p; € R. A combination in (I.1) is affine if )" ; p; = 1. A combination
in (I.1) is convex if all p; > 0 and }_}' ; p; = 1. The point c itself is called the combination center. If Z C R is an
interval, then any convex combination of the points x; € Z belongs to the interval 7.

1.2 Affine and Convex Functions

A function f : R — R which is represented by the equation f(x) = kx + [ where k and [ are real constants
is affine, and it verifies the equality

n n
f (Z pixi) =Y pif(xi) (1.2)
i=1 i=1
for all affine combinations )" ; p;x; from R. A function f : Z — R which satisfies the inequality f(px + qy) <

pf(x)+qf(y) for all binomial convex combinations px + gy from Z is convex, and it verifies the equality or
inequality in for all convex combinations ;! ; p;x; from Z.

1.3 Recent Results

Theorem 1.1. Let [a,b] C R be a bounded closed interval where a < b, and Y} | p;x; be a convex combination from
[a,D].

*Corresponding author.
E-mail address: Zlatko.Pavic@sfsb.hr (Zlatko Pavic).
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Then every convex function f : [a,b] — R verifies the inequality

A

2 (U50) - Lnstw) < 5 <a+b— fpm)

i=1 i=1

. (1.3)
f(a)+ f(b) - ; pif(x;).

IN

Theorem 1.2. Let [a,b] C Rand [c,d] C R be bounded closed intervals where a < band c < d. Let p : [c,d] — R be
a non-negative continuous function with |, Cd p(x)dx > 0,and g : [c,d] — [a, b] be a continuous function.
Then every convex function f : [a,b] — R verifies the inequality

2f (”“’) [ p)f(g(x)) dx

S p()g(x) dx)
< pb— e e
: Ji pl ! ( JE pla w
@) f(3(x) dx '
< @

The right-hand side of the inequality in was obtained in [3]. The left-hand side of the inequality in
(1.3), and the inequality in were obtained in [2]. Some new Jensen type inequalities have been recently
derived in [4].

2 Three Methods of Deriving Convex Function Inequalities

2.1 Basic Method Using Affinity

If a,b € R are different numbers, say a < b, then every number x € IR can be uniquely presented as the

affine combination
b— xa n xX—a
b—a b—a

The above binomial combination is convex if, and only if, the number x belongs to the interval [, b]. Given

the function f : R — R, let f%‘;;;} : R — R be the function of the line passing through the points A(a, f(a))

and B(b, f()) of the graph of f. Applying the affinity of fg}g} to the combination in 2.T), we get

X =

b. 2.1)

X—a

fe (x) = 72 @) + 12 (b) @2)

Assume that the function f is convex. Applying its convexity to the combination in (2.1) and connecting it
with the equation in (2.2)), we get the basic inequalities of convex functions:

Lemma 2.1. Let [a,b] C R be a bounded closed interval where a < b.
Then every convex function f : R — R verifies the inequality

Fx) < fliliy (x) if x € [a,b], (2.3)

and the reverse inequality
f(x) > glgfg} (x) if x ¢ (a,b). (2.4)
If f is concave, then the reverse inequalities are valid in and 2-4).

2.2 Discrete Method Using Common Center

The following lemma deals with two convex combinations of the same center (one convex combination
with two ”sub-combinations” has been studied in [5 Proposition 2]). Applying a convex function on such
convex combinations, we obtain the Jensen type inequality:
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Lemma 2.2. Let T C R be an interval, and a,b € T be points such that a < b. Let }_}' | p;x; be the convex combination
with points x; € [a, b]. Let Zm 149;Y; be the convex combination with points y; € I\ (a,b).
If the convex combznatzon center equality

n m
Z piXi = Z qiYj (2.5)
i=1 =1
is satisfied, then every convex function f : T — R verifies the inequality
n m

Lo pif(xi) < ) aif (y)- (26)

i=1 j=1
If f is concave, then the reverse inequality is valid in (2.6).

line

Proof. Prove the convexity case. If a < b, relying on the convexity of f and the affinity of f {ap) We get the
series of inequalities

Y pif(xi) < Z pifies (i) = fiag) (Z Pi%‘)
i=1 i ]
= ?ﬁ} (Z W}) Z% ?anzf}
< Z%’f(yj)
-1

derived applying the inequality in to x;, and the inequality in 2.4) to y;. If a = b, we use any support line
f line instead of the chord line f %mg} O

Remark 2.1. Lemma |2.2|is the generalization of Jensen’s inequality. Applying the lemma to the convex combination
center equality

n
le=) pix;, 2.7)
i=1

with the assumption a = b = ¢, we come to the Jensen inequality

pif (xi). (2.8)

\H
~
D=
s
R
N————
I
—_
\.\
=
IN
1=

Respecting the Jensen inequality and our purposes in the main section, we give the following consequence
of Lemmal2.2}

Corollary 2.1. Let [a,b] C R be a bounded closed interval where a < b, and Y | p;x; be a convex combination from
[a,D].
If the convex combination center equality

i pix; = aa+ Bb 2.9)

i=1

is satisfied, then every convex function f : [a, b] — R verifies the inequality

M:

flaa+pb) < ) pif(xi) < af(a)+Bf(b). (2.10)

Il
—_

If f is concave, then the reverse inequality is valid in (2.10).

Let us show the immediate application of the above corollary. Rewrite the inequality in (1.3) of Theorem

[[1lin the form
f(a_;b)S;f(ﬂ-f—b—zpixi)‘i‘zzif(xi)gf(a);f(b)’ (2.11)
i=1 i=1
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and observe the the convex combination center equality

1<a+b—ip-x->+ipix»:la+lb (2.12)
2 57) g2 22 .
The middle member in is the (1 4+ 1)-membered convex combination of the points ¥y = a+b— Y ; p;x;
and ¥;,1 = x; from [a, b] with the coefficients p; = 1/2 and p;;1 = p;/2, including alli = 1,...,n. The right
member in (2.12) is the two-membered convex combination, in fact the arithmetic center, of the endpoints a
and b. So, we can apply the inequality in of Corollary2.1]to the equality in to obtain the inequality
in 2.17).

2.3 Integral Method Using Convex Combinations

Let [2,b] C R be a bounded closed interval where 2 < b, and f : [a,b] — R be the Riemann integrable
function. Given the positive integer 7, let

n

[a,b] = U[anir byi] (2.13)
i=1

where a = a,1, ay; < by = a1 fori=1,...,n—1and au, < by, = b. Itis assumed that every interval of
the above union contracts to the point as n approaches infinity. Take one point x,; € [a,;, by;| for every index
i=1,...,n. Then the limit of the sequence (cy,), of the convex combination centers

c _ibni_ani . 2.14
"=, ﬁf(xm)/ (2.14)
i=1
as n approaches infinity, is the point
1 b
2 —ﬂ/a f(x)dx.

As an application of the above procedure, insert the points x; = x,,; and the convex combination coefficients
pi = (byi — ay;i)/ (b — a) in the inequality in (2.11). Letting # to infinity, we have

b b
f<a—2kb) <;f<a+b—bl_a/uxdx)—kz(bl_a)/af(x)dx<f(ﬂ)‘2Ff(b)

which after arranging and using (a +0)/2 = a+ b — (a + b) /2, gives the inequality

+b 1 h b
flavo-210) < /f(x)dng(a)+f(b)—f atby. (2.15)
2 b—a ), 2
The integral method with convex combinations in deriving some variants of the known inequalities has

been applied in [6].

3 Main Results

Lemma 3.3. Let [a,b] C R be a bounded closed interval where a < b, and x; € [a, b] be points. Let a, B, p; € [0,1] be
coefficients such that a + p — Y 1 pi = 1.
Then the affine combination

n
xa + Bb — Z pix; (3.1)
i=1

belongs to the interval [a, ).
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Proof. Take v =Y.' { pi, so & + B — v = 1 by the assumption. Note that ¥ < w and ¢ < B. In the case ¥ = 0,
the combination in is reduced to the convex combination aa + Bb € [a, b].

If v > 0, then the convex combination /' ;(p;/v)x; € [a,b], so it is consequently equal to the binomial
convex combination wja + B1b. In this case, we have

aa+ﬂb—ip,~xl- = aa+ Bb—y(aja+ B1b)
i=1
= (a—ya)a+ (B—rp1)b
= 0&2{1+ﬁ2b,

where the coefficients ay =« —ya; > a —y > 0and B, = B—¥B1 > B— 7 > 0, and their sum ay + By =
a+p—y(ar+p1) =1 O

Assigning the convex function to the affine combinations of the above lemma, our main result reads as
follows:

Theorem 3.3. Let [a,b] C R be a bounded closed interval where a < b, and x; € [a, b] be points. Let w, B, p; € [0,1] be
coefficients such that « + p— Y 1 pi = 1.
Then every convex function f : [a,b] — R verifies the inequality

f<oca+/3b> < 1

f (W + Bb— ipm) + i pif("i)]

x+pB x+p b = (32)
af(a) + Bf(b)
a+p
Proof. Briefly, since the convex combination center equality
1 ! " p aa + Bb
b— X p— 3.3
lx+ﬁ (lxﬂ"—‘g i_zlplxl>+ga+‘8xl Dé+ﬁ ( )

is satisfied, we can apply the inequality in of Corollary 2.7] to obtain the inequality in (3.2). Namely,
the middle member in should be taken as the (1 + 1)-membered convex combination from [a,b], and
similarly the right member as the two-membered convex combination of the endpoints. O

The inequality in (3.2) with « = § = 1 reduces to the inequality in (1.3). By application the integral method
with convex combinations the inequality in (3.2) can be transferred to integrals.

Corollary 3.2. Let [a,b] C R be a bounded closed interval where a < b. Let o, p € [0,1] be coefficients such that
a+p>1
Then every convex function f : [a,b] — R verifies the inequality

a+p . (wa+pb 1 1 b « B 1
L) 2@ < 0 [ < S+ B - 2o G4

where y =« + B —1and
a—B+1 B—a+1

C=—7FH a+—> b.
Proof. Using the inequality in with x; = x,; and p; = y(by; — a,;)/ (b — a) in which case Y} ; p;x; ap-
proaches
b
_r 0
b—a/a xdx = 2(a+b)l
and Y/ ; p;if(x;) approaches
b
Y
b 711/” f(x)dx

as n approaches infinity, we get the inequality in (3.4). O
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Corollary 3.3. Let [a,b] C Rand [c,d] C R be bounded closed intervals where a < band ¢ < d. Let p : [c,d] — R
be a non-negative continuous function with |, Cd p(x)dx > 0, and g : [c,d] — [a,b] be a continuous function. Let
a, B € [0,1] be coefficients such that « + B > 1.

Then every convex function f : [a,b] — R verifies the inequality

wa+Bb 1 M - fdp x)g(x f p(x )dx
f<a+ﬁ>§“+ﬁf< Hﬂbyfpx >7 fP (3.5)
_ @) +B0)
- a+ B

where y =a+ p— 1.

Proof. The inequality in follows from the inequality in with the points x; = g(x,,;) and the coefficients
pi = v(dyi — cni)p(xpi) / X1 (dyi — cni) p(xy). For that matter, the combination

< dpi Cm')P(xni) ;'1:1 (dni — Cni) P(X0i) 8 (Xni)
iXi = Xni) =
L 72 e Sl = vty P

passes to the integral quotient
L pg(0 d
d
S p(x)dx

as n approaches infinity. The same goes for the combination Y ; pif(x;). O

The inequality in (3.5) with v = 1, and consequently « = = 1, reduces to the inequality in (1.4).

4 Applications

We want to apply the combination in (8.I), and the right-hand side of the inequality in (3.2),

<¢w +Bb— Z sz:> <uaf(a)+pBf(b) - Z pif (xi), (4.1)

to discrete quasi-arithmetic means. The excellent book on means and their inequalities in [1]] can always be
recommended.

Let T C R be an interval. In the applications of convexity, we often use strictly monotone continuous
functions ¢, ¢ : T — R such that ¢ is convex with respect to ¢ (i is -convex), that is, f = ¢ o ¢! is convex
on ¢(Z). A similar notation is used for the concavity.

Let } ' ; pix; be a convex combination from Z. The discrete ¢-quasi-arithmetic mean of the points x; with
the coefficients p; is the point

M (xzrpz = <Z pip(x; ) (4.2)

which belongs to Z. The point My(x;; p;) can also be called the ¢-quasi-center of the convex combination
center c =Y.' ; p;x;. The idea of the formula in may be applied for a quasi-arithmetic mean of the affine
combination aa + b — Y | p;x; that belongs to [a, b] , in this way:

Mg(a,b,x;0,B,p) =" ( a) + Po(b ZW (x; ) : (4.3)

The mean defined in belongs to [a, b] because ag(a) + Be(b) — Y4 pig(x;) belongs to ¢([a, b]).
We have the following application of the formula in to the quasi-arithmetic means in (4.3):
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Corollary 4.4. Let [a,b] C R be a bounded closed interval where a < b, and ¢, : [a,b] — R be strictly monotone
continuous functions. Let x; € [a, b] be points, and w, B, p;, € [0, 1] be coefficients such that « + p — Y/ ; p; = 1.
If ¢ is either gp-convex and increasing or @-concave and decreasing, then the inequality

Mlp(ar b/ Xi; &, ﬁr pl) S Mlp(ﬂ, b/ Xi, &, ,B/ pz) (44)

holds.
If  is either @-convex and decreasing or ¢-concave and increasing, then the reverse inequality is valid in (E4).

Proof. Prove the case that ¢ is ¢-convex and increasing. Since ¢ is monotone, the endpoints of the interval
[c,d] = @([a, b]) are ¢(a) and ¢(b). Using the inequality in with the convex function f = o ¢~ : [c,d] —
R, we get

n n
pog ! (“(P(ﬂ) +Bop(b) - ) Pi?(%’)) < ap(a) + pyp(b) — Y pi(xi),
i=1 i=1
and assigning the increasing function ¢~ to the above inequality, we attain the mean inequality in @4). O
Using the pairs of functions ¢(x) = x~!, ¥(x) = Inx and ¢(x) = Inx, ¥(x) = x in the inequality in
with a,b > 0, we get the harmonic-geometric-arithmetic inequality for the means defined in (#3):

1

A B n ; 1 ﬁn p
— L r- < o ‘i< —
<a+b 2 ji) a"b i| 1|xl xa+ Bb

n
pixi. (4.5)
iz =

A further application of the inequality in could be related to the definition of the variant of Jensen’s
functional by the formula

Jp(ab, i, B, pi) = (@) + BFB) — Y pif (i) — f (zw Fpb-Y Pm) . @6)
i=1

i=1

Some new results relating to the bounds of Jensen’s functional have been latterly achieved in [7].
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Abstract

We study the notion of pre-Z;-open and pre-Z;-continuous and obtain some properties. Then, we intro-
duce and investigate pre-Zs-open functions and pre-Z;-closed functions. Also we obtain a decomposition of
continuity via idealization.
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1 Introduction

Ideal in topological space have been considered since 1930 by Kuratowski[9] and Vaidyanathaswamy/[15].
After several decades, in 1990, Jankovic and Hamlett[6] investigated the topological ideals which is the gen-
eralization of general topology. Where as in 2010, Khan and Noiri[7] introduced and studied the concept of
semi-local functions. The notion of pre-open sets and pre-continuity was first introduced and investigated
by Mashhour et. al. [11] in 1982. Finally in 1996, Dontchev [3] introduced the notion of pre-Z-open sets and
pre-Z-continuity in ideal topological spaces. Recently we introduced pre-Z;-open sets and pre-Z;-continuity
to obtain decomposition of continuity.

In this paper we study the notion of pre-Zs-open and pre-Z;-continuous and obtain some properties. We
introduce and investigate pre-Z;-open functions and pre-Z;-closed functions. Also we obtain a decomposition
of continuity via idealization.

2 Preliminaries

Let (X, T) be a topological space with no separation properties assumed. For a subset A of a topological
space (X, 7), cI(A) and int(A) denote the closure and interior of A in (X, T) respectively.

An ideal 7 on a topological space (X, T) is a nonempty collection of subsets of X which satisfies: (1) A € T
and B C Aimplies Be Z (2)A € T and B € Z implies AUB € 7.

If (X, T)is a topological space and 7 is an ideal on X, then (X, 7,7) is called an ideal topological space or
an ideal space.

Let P(X) be the power set of X. Then the operator ()* : P(X) — P(X) called a local function [9] of A
with respect to T and Z, is defined as follows: for A C X, A*(Z,7) = {x € X : UN A ¢ T for every open
set U containing x}. We simply write A* instead of A*(Z,T) in case there is no confusion. For every ideal
topological space (X, 7,Z) there exists topology 7* finer than 7, generated by (Z,7) = {U\ ] : U € T and
] € Z} but in general S(Z, ) is not always a topology. Additionally c/*(A) = AU A* defines Kuratowski
closure operator for a topology 7* finer than 7. Throughout this paper X denotes the ideal topological space
(X,7,Z) and also int*(A) denotes the interior of A with respect to T*.

*Corresponding author.
E-mail address: santhifuzzy@yahoo.co.in (R. Santhi), rameshngm@gmail.com (M. Rameshkumar).
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Definition 2.1. Letf (X, T) be a topological space. A subset A of X is said to be semi-open [[10] if there exists an open
set U in X such that U C A C cl(U). The complement of a semi-open set is said to be semi-closed. The collection of all
semi-open (resp. semi-closed) sets in X is denoted by SO(X) (resp. SC(X)). The semi-closure of A in (X, T) is denoted by
the intersection of all semi-closed sets containing A and is denoted by scl(A).

Definition 2.2. For A C X, A.(Z,7)={x € X/UNA ¢ Zfor every U € SO(X)} is called the semi-local function
7] of A with respect to I and T, where SO(X,x) = {U € SO(X) : x € U}. We simply write A, instead of A.(Z, T)
in this case there is no ambiguity.

It is given in [2] that 7*°(7) is a topology on X, generated by the sub basis {U — E : U € SO(X) and E € I}
or equivalently 77 = {U C X : cI**(X — U) = X — U}. The closure operator c/** for a topology 7*°(Z) is
defined as follows: for A C X, cl**(A) = AU A, and int*® denotes the interior of the set A in (X, 7*°,7). It is
known that T C 7"(Z) C t*(Z). A subset A of (X, 7,7) is called semi--perfect [8] if A = A,. A C (X,7,7)is
called *-semi dense in-itself [8](resp. semi-+-closed [8]) if A C A, (resp. A, C A).

Lemma 2.1. [[7] Let (X, T, Z) be an ideal topological space and A, B be subsets of X. Then for the semi-local function
the following properties hold:

1. If A C Bthen A, C B..
2 IfUetthenUNA, C(UNA).
3. A. =scl(Ay) Cscl(A) and Ay is semi-closed in X.
4. (Ay)« C A..
5. (AUB), = A, UB..
6. If T = {¢}, then A, = scl(A).
Definition 2.3. A subset A of a topological space X is said to be
1. a-open [12if A C int(cl(int(A))),
2. pre-open [11] if A C int(cl(A)),
3. B-open [Il] if A C cl(int(cl(A))).
Definition 2.4. A subset A of an ideal topological space (X, T,T) is said to be
1. a-Z-open [4llif A C int(cl*(int(A))),
2. pre-Z-open [3] if A C int(cI*(A)),
3. semi-Z-open [4l] if A C cl*(int(A)).
Definition 2.5. A subset A of an ideal topological space (X, T,T) is said to be
1. wa-Zs-open [13lif A C int(cl**(int(A))),
2. pre-Is-open [13] if A C int(cl**(A)),
3. semi-Ls-open [13] if A C cl*(int(A)).
By PISO(X, 1), we denote the family of all pre-Z;-open sets of a space (X, T, 7).

Remark 2.1. In [13], the authors obtained the following diagram:

open —— a-I;-open ——— semi-Zs-open ——— semi-open

l l

pre-I;-open ——  pre-open ———  f-open



R. Santhi et al. / On pre-Zs-open... 317

3 Pre-Z;-open sets

Theorem 3.1. Let (X, T,Z) be an ideal topological space.
1. If {Ay: 2 € A} C PISO(X), then U{A4 : & € A} € PISO(X)
2. IfA e PISO(X)and U € T, then ANU € PISO(X).
3. If A € PISO(X) and B € t*, then AN B € PO(X)
Proof. (1) Since {Ay : & € A} C PISO(X), then A, C int(cl**(Ay)) for every a € A. Thus

U A € | int(cl™(A)) Cint(| ) I (Ax)) = int(| ] ((An)+ U An))

aEA aEA ISTAY aEA
= int(|J (Ax)- U [ Ax) Cint((|J An)« U | An) = int(c (] Ad)).
aEA aeA aEA aEA aEA

(2) By assumption A C int(cI**(A)) and U C int(U). By Lemma 2.1} ANU C int(cI**(A)) Nint(U) C
int(cl*(A)NU) = int((A-UA)NU) = int((A.NU)U(ANU)) Cint(ANU).U(ANU)) = int(cI*(ANU)).
(3) Every pre-Z;-open set is pre-open and the intersection of pre-open set and a-set is always pre-open
set. O

Remark 3.1. Intersection of even two pre-Zs-open sets need not be pre-Is-open set as shown in the following example.

Example 3.1. Let X={a, b, ¢, d }, v = {¢, X, {b},{c,d},{b,c,d}} and T = {¢p}. Then we put A ={a, b, c} and B =
{a, b, d} are pre-Zs-open but AN B = {a, b} is not pre-Zs-open.

Definition 3.1. A subset F of a space (X, T,T) is said to be pre-Zs-closed if its complement is pre-Zs-open.

Remark 3.2. For a subset A of a space (X, 7T,T), we have X — cI**(int(A)) # int(c]**(X — A)) as shown from the
following example.

Example3.2. Let X={a,b,c,d }, v = {¢, X, {d},{a,c}, {a,c,d}}and T = {¢, X, {c}, {d},{c,d}}. Then we put A=
{b, d}, we have int(cI** (X — A)) = int(cl**({a,c}) = int({a,c}) = {a,c} but X — cI**(int(A)) = X — cI**({d}) =
X —{d} ={a,b,c}.

Theorem 3.2. If a subset A of a space (X, 7, T) is pre-Is-closed, then cl**(int(A)) C A.

Proof. Since A is pre-Zs-closed, X — A € PISO(X, 7). Since T*°(Z) is finer than T, we have X — A C int(cI*(X —
A)) Cint(cl(X —A)) =X —cl(int(A)) C X —cI**(int(A)). Therefore we obtain cI**(int(A)) C A. O

Corollary 3.1. Let A be a subset of a space (X, T,Z) such that X — cI**(int(A)) = int(cl**(X — A)). Then A is
pre-Is-closed if and only if cI**(int(A)) C A

Proof. This is an immediate consequence of Theorem 3.2} O

Theorem 3.3. [8] Let (X, 7,T) be an ideal space and A C'Y C X, where Y is a-open in X. Then A.(Iy,Tly) =
A(Z,T)NY.

Theorem 3.4. Let (X, T,T) be an ideal topological space. IfY € tand W € PISO(X), thenY "W € PISO(Y, tly, Iy).

Proof. Since Y is open, we have inty(A) = int(A) for any subset A of Y. Now YN W C Y nint(cI*(W)) =
YN (int(W, UW)) =Y N (int(W,) Uint(W)) = (Y Nint(W,.)) U (Y Nint(W)) = inty (Y NW,) Uinty(YNW) =
inty[YNW)U(YNW)] = inty[(YNW)UYNW))NY] =inty[YN(YNW)UYNW] Cinty[YN(YNW), U
YNW] =inty[YNW).(Iy, Tly) U (Y N W)] = inty[cli?(Y N W)]. This shows that Y N W € PISO(Y, Tly, Zy).

O

Theorem 3.5. Let (X, T,7) be an ideal topological space and A C U € t. Then, A is pre-Zs-open in (X, 7,Z) if and
only if A is pre-Zs-open in (U, T|y, Iyy).

Proof. Let A be pre-Zs;-openin (X, T,Z). Thenwehave A = UNA C UnNint(cl*(A)) Cinty(UNcl*(A))
inty(clj7 (A)). This shows that A is pre-Zs-open in (U, 7|y, Zy).

Sufficiency. Let A be pre-Zs-open in (U, 7|y, Zy). Then we have A C inty(cl[7(A)) = int(c[*(A)nU) C
int(clI**(A)). This shows that A is pre-Zs-open in (X, T, 7). O

N
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4 Pre-Z;-continuous functions

Definition 4.1. A function f : (X,t,Z) — (Y,0) is said to be pre-Zs-continuous [13]
( resp. pre-I-continuous [3], pre-continuous [11]) if f~1 (V) is pre-Is-open (resp. pre-I-open, pre-open) in (X, T, T) for
each open set V of (Y, o).

Theorem 4.1. Let f : (X, T,Z) — (Y, ) be a function. Then the following holds:

a) Every continuous function is pre-Zs-continuous.

b) Every pre-I;-continuous is pre-continuous.

¢) Every pre-I;-continuous is pre-Z-continuous.

Proof. The proof is obvious. O
Remark 4.1. Converse of the Theorem [£.1|need not be true as seen from the following examples.

Example 4.1. Let X ={a, b, c, d}, Y={a, b, c} v = {¢, X, {cH{a, b}, {a,b,c}}, o = {¢, X, {c},{d}, {c,d}} and
T = {¢,{b},{c}, {b,c}}. Define a function f : (X,7,T) — (Y,0) as follows f(a) = f(b) = ¢, f(c) = b, f(d) = a.

Then f is pre-Ts-continuous but not continuous.

Example4.2. Let X={a,b,c, d}, T = {¢, X, {a}, {b}{a,b}}, 0 = {¢, X, {a}, {a, b}, {a,b,c}}and T = {¢, {a}, {b},{a, b} }.
The identity function f : (X,T,Z) — (X, 0) is pre-continuous and pre-Z-continuous, but it is not pre-Ls-continuous.

Theorem 4.2. For a function f : (X,7,Z) — (Y, 0), the following are equivalent:
1. fis pre-Is-continuous,

2. for each x € X and each V € o containing f(x), then there exists W € PISO(X, T) containing x such that
fwycv,

3. foreach x € X and each V € o containing f(x),cl*s(f~1(V)) is neighborhood of X,
4. the inverse image of each closed set in (Y, o) is pre-Zs-closed.

Proof. (1) = (2). Let x € X and V be any open set of Y containing f(x). Set W = f~1(V), then by(1), W is
pre-Zs-open and clearly x € Wand f(W) C V.

(2) = (3).Since V € g and f(x) € V. Then by(2) there exists W € PISO(X) containing x such that f(W) C
V. Thus, x € W C int(cI**(W)) C int(cI**(f~1(V))) C cI**(f~1(V)). Hence cI**(f~1(V)) is a neighborhood of
X.

(3) = (4) and (1) < (4) are obvious. O

Theorem 4.3. Let f : (X, 7T,Z) — (Y, 0) be pre-Ls-continuous and U € . Then the restriction f| : (U, |y, Tu) —
(Y, 0) is pre-Ts-continuous.

Proof. Let V be any open set of (Y, ¢). Since f is pre-Zs-continuous, f (V) € PISO(X, T) and by Theorem
(flu) (V) = fF~Y(V)nU € PISO(U, T|y). This shows that f|y; : (U, 7|y, Zy) — (Y, o) is pre-Zs-continuous.
O

Theorem 4.4. Let f : (X,7,7) — (Y,0) be a function and {U,/a € A} be an open cover of X. Then f is pre-Zs-
continuous if and only if the restriction |y, : (Ux, T|u,, Zu,) — (Y, 0) is pre-Ls-continuous for each « € A.

Proof. This follows from Theorem

Sufficiency Let V be any open set in (Y, 7). Since f|, is pre-Zs-continuous for each a € A. (f|y, )~ (V) is pre-
Zs-open set of (Uy, T|u,,Zy,) and hence by Theorem (flu,)"1(V) is pre-Zs-open set in (X, T,Z) for each
x € A. Moreover, we have

)= (Uu)ns oy = U (uens o) = U (flu) @),

IS aEA aEA
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Theorem 4.5. Let f : (X,7,7) — (Y,0,T)and g: (Y,0,T) — (Z,1), be two functions where T and J are ideals of
X and Y respectively. Then:

1. g o fis pre-Is-continuous if f is pre-Is-continuous and g is continuous.
2. go f is pre-continuous if f is pre-Is-continuous and g is continuous.
Proof. 1t is obvious. O

Theorem 4.6. A function f : (X, 7,Z) — (Y, 0) is pre-Ls-continuous if and only if the graph function g : X — X x Y,
defined by g(x) = (x, (X)) for each x € X, is pre-Ts-continuous.

Proof. Suppose that f is pre-Zs-continuous. Let x € X and W be any open set of X x Y containing g(x). Then
there exists a basic open set U x V such that g(x) = (x, f(x)) € U x V C W. Since f is pre-Z;-continuous, then
there exists a pre-Zs-open set U, of X containing x such that f(U,) C V. By TheoremB.I|U, N U € PISO(X, 1)
and g(U, NU) C U x V C W. This shows that g is pre-Z,-continuous.

Sufficiency: Suppose that g is pre-Z;-continuous. Let x € X and V be any open set of Y containing f(x). Then
X x Vis open in X x Y and by pre-Z;-continuity of g, there exists U € PISO(X, T) containing x such that
g(U) € X x V. Therefore we obtain f(U) C V. This shows that f is pre-Zs-continuous. O

5 Pre-Z;-open and pre-Z;-closed functions

Definition 5.1. [14] A function f : (X,t) — (Y,0,7) is called pre-Ts-open (resp. pre-Zs-closed) if for each U € T
(resp. U is closed) f (U) € PISO(Y, o, J )(resp. f(U) is pre-Zs-closed set).

Definition 5.2. [3] A function f : (X, t) — (Y,0,J) is called pre-I-open (resp. pre-Z-closed) if for each U € T (resp.
U is closed) f(U) is pre-Z-open (resp. f(U) is pre-I-closed) set in (Y, o, J).

Remark 5.1. 1. Every pre-Is-open (resp. pre-Is-closed) function is pre-open (resp. pre-closed) and the converses are
false in general.

2. Every pre-Is-open (resp. pre-Ls-closed) function is pre-I-open (resp. pre-Z-closed) and the converses are false in
general.

3. Every open function is pre-Zs-open but the converse is not true in general.

Example 5.1. Let X ={a,b,c,d}, T = {¢, X, {a,b}},0 = {¢, X, {d}, {a,c},{a,c,d}}and T = {¢,{c}, {d},{c,d}}.
Define a function f : (X, 1) — (X, 0, J) as follows f(a) =c, f(b) =d, f(c) = b, f(d) = a. Then f is pre-open, but it
is not pre-Ls-open.

Example 5.2. Let X={a,b,c,d}, T = {¢, X, {b},{b,c,d}}, 0 = {¢, X, {a}, {b},{a,b}}and T = {¢,{b},{c}, {b,c}}.
Define a function f : (X, 1) — (X,0,J) as follows f(a) = f(d) =a, f(b) = b, f(c) = c. Then f is pre-I-open, but it
is not pre-Ls-open.

Example5.3. Let X={a,b,c,d}, T = {¢, X, {a}, {a,b,c}}, o ={¢, X, {d},{a,c},{a,c,d}}and T = {¢p,{c},{d}, {c,d}}.
Define a function f : (X, t) — (X,0,J) as follows f(a) =a, f(b) =, f(c) =4d, f(d) = b. Then f is pre-Zsopen, but
it is not open.

Theorem 5.1. A function f : (X, 1) — (Y,0,7) is called pre-Ls-open if and only if for each subset W C Y and each
closed set F of X containing f~1(W), there exists a pre-Is-closed set H C Y containing W such that f~'(H) C F.

Proof. Let H =Y — f(X — F). Since f~'(W) C F, we have f(X — F) C Y — W. Since f is pre-Zs-open, then H
is pre-Zs-closed and f~1(H) = X — f }(f(X - F)) C X - (X~ F) = F.

Sufficiency. Let U be any open set of X and W = Y — f(U). Then f~}{(W) = X — f~1(f(U)) € X — U and
X — U is closed. By the hypothesis, there exists an pre-Z-closed set H of Y containing W such that f~!(H) C
X —U. Thenwehave f 1 (H)NU = ¢ and HN f(U) = ¢. Therefore we obtain Y — f(U) D HD W =Y — f(U)
and f(U) is pre-Zs;-open in Y. This shows that f is pre-Z;-open. O

Theorem 5.2. For any bijective function f : (X,7) — (Y, 0, J), the following are equivalent:
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1. f1:(X,0,0) — (X, 7) is pre-Zs-continuous,
2. fis pre-Ts-open,
3. fis pre-Zs-closed,

Proof. Obvious. O
6 Decomposition of Continuity

Definition 6.1. A subset A of an ideal topological space (x, T,T) is called Zs-locally closed if A = UNV, where U € T
and V is semi-*-perfect.

Proposition 6.1. Let (x,T,Z) be an ideal topological space and A a subset of X. Then the following are equivalent:
1. Ais open,
2. Ais pre-TIs-open and Zs-locally closed.

Proof. (1) = (2) Let A is open. Then A is pre-Zs-open. On the other hand A = AN X, where A € T and X is
semi-*-perfect.

(2) = (1) By assumption A C int(cI**(A)) = int(cI*(UNV)), where U € T and V is semi-*-perfect. Hence
A=UNA CUnint(c*U))Nint(cl*(V)) = UnNint(VUV,) = int(U) Nint(V) = int(UNV) = int(A).
Hence A is open. O

Definition 6.2. A function f : (X,7,Z) — (Y, ), is called I;-LC-continuous if for every V € o, f~1(V) is Z-locally
closed.

Proposition 6.2. Let (x,T,Z) be an ideal topological spaces. Then, every continuous function f : (X,t,Z) — (Y,0),
is Zs-LC-continuous.

Proof. Obvious. [
Remark 6.1. Converse of the Theorem|[6.2 need not be true as seen from the following example.

Example 6.1. Let X =Y ={a, b, ¢, d}, T = {¢, X, {a}, {b},{a,b},{a,d}, {a,b,d}},c = {¢, X, {d}} and T =
{¢,{b},{c},{b,c}}. The identity function f : (X,7) — (X, 0, J) is Is-LC-continuous but it is not continuous.

Theorem 6.1. Let (x,7,Z) be an ideal topological spaces. For a function f : (X,t,7) — (Y,0), the following
conditions are equivalent:

1. f is continuous,
2. f is pre-Zs-continuous and Ts-LC-continuous.

Proof. This follows from Proposition[6.T} O

References

[1] M. E. Abd El-Monsef, S. N. El-Deep and R. A. Mahmoud, B-open sets and -continuous mappings, Bull.
Fac. Sci. Assiut Univ., 12(1983), 77-90.

[2] MLE. Abd El-Monsef, E.F. Lashien and A.A. Nasef, Some topological operators via ideals, Kyungpook
Math. J., 32(2)(1992), 273-284.

[3] J. Dontchev, Idealization of Ganster-Reilly decomposition theorems, http://arxiv.org/abs/ Math.
GN/9901017, 5 Jan. 1999(Internet).

[4] E. Hatir and T.Noiri, On decompositions of continuity via idealization, Acta. Math. Hungar., 96(4)(2002),
341-349.



R. Santhi et al. / On pre-Zs-open... 321

[5] E. Hatir and T. Noiri, On semi-I-open sets and semi-I-continuous functions, Acta. Math. Hungar.,
107(4)(2005), 345-353.

[6] D. Jankovic and T. R. Hamlett, New topologies from old via ideals, Amer. Math. Monthly, 97(4)(1990),
295-310.

[7] M. Khan and T. Noiri, Semi-local functions in ideal topological spaces, J. Adv. Res. Pure Math., 2(1)(2010),
36-42.

[8] M. Khan and T. Noiri, On gI-closed sets in ideal topological spaces, J. Adv. Stud. in Top., 1(2010), 29-33.
[9] K. Kuratowski, Topology, Vol. I, Academic press, New York, 1966.

[10] N. Levine, Semi-open sets and semi-continuity in topological spaces, Amer. Math. Monthly, 70(1963), 36-
41.

[11] A.S. Mashhour, M. E. Abd. El-Monsef and S. N. El-deeb, On pre-continuous and weak pre-continuous
mappings, Proc. Math. Phys. Soc. Egypt, 53(1982), 47-53.

[12] O. Njastad, On some classes of nearly open sets, Pacific |. Math., 15(1965), 961-970.

[13] R. Santhi and M. Rameshkumar, A decomposition of continuity in ideal by using semi-local functions, (Sub-
mitted).

[14] R. Santhi and M. Rameshkumar, On a-Z;-open sets and a-Zs-continuous functions,(submitted).

[15] R. Vaidyanathaswamy, Set Topology, Chelsea Publishing Company, 1960.

Received: February 28, 2014; Accepted: May 2, 2014

UNIVERSITY PRESS

Website: http:/ /www.malayajournal.org/



Malaya J. Mat. 2(3)(2014) 322-329

Malavya i
y MM SN,
Journal of an international journal of mathematical sciences with 2iN
Matematik computer applications... wﬁmnu-
————————eeeeee Matematik
www.malayajournal.org ISSN : 231’_;3-?_35

Ostrowski inequality for generalized fractional integral and related

inequalities

Hiiseyin YILDIRIM** and Zeynep KIRTAY®

@b Department of Mathematics, Faculty of Science and Arts, University of Kahramanmaras Siitgii Imam, 46000, Kahramanmaras, Turkey.

Abstract

In this article we obtain new generalizations for ostrowski inequality by using generalized Riemann-
Liouville fractional integral.

Keywords: ~ Fractional Integral Ostrowski Inequality, Korkine identity, Riemann-Liouville Fractional Integral.

2010 MSC: 26A33,26D10, 26D15,41A55. (©2012 MJM. All rights reserved.

1 Introduction

Let f : [a,b] — R be continuous on [4,b] and differentiable in (4,b) and assume [f'(x)| < M for all
€ (a,b). Then the following holds [1]:

M (b—x)*+(x—a)?

f(x) = M(f;a,b)| < 57— 5 (1.1)

for all x € [a,b]. Where M(f;a,b) ff

(1.1) inequality is well known in the 11terature as Ostrowski Inequality. Many researchers try to generalize
this inequality. There are numerous generalizations, variants and extensions in the literature, see [4-17] and the
references cited therein. Hu Yue makes the following generalizations by using Riemann-Liouville fractional
integrals [4].

Definition 1.1. ([24])Let f € L'[a, b]. The Riemann-Liouville fractional integral Joi f (x)and J_ f (x) of order « > 0
are defined by

Jof (¥) = g JE (= f (Dt x> (12)
and
Jif(x) =y [Lt =) f (at x<b. (1.3)

respectively. Where I (w) is Gamma function and ]g flx) = ]S_f(x) = f(x).

Many researches have studied various integral inequality types for Riemann-Liouville integral which are
given in Definition 1 ([18 — 21], [23 — 31]).
Griiss proved the following inequality [2]:

M(fgia,b) ~ M(f;a,b)M(g;a,b)] < § (My — m) (My — m») (14

*Corresponding author.
E-mail address: hyildir@aku.edu.tr (Hiiseyin YILDIRIM).
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provided that f and g are two integral function on [a, b] satisfying the condition m; < f < Mjand mp < g <
M, for all x € [a,b] , where my, my, My, My € R. The constant % is the best possible. So we call (1.4) the Griiss
inequality.

Korkine's identity [3] states that if f and g are two integral function on [a, b], then

1 b b
M(fg;ﬂ/b)—M(f;ﬂ/b)M(g/‘ﬂ/b)=Z(b_a)z/a /a (f() = £(5)) (8(t) — &(s)) dsdt. (1.5)

Hu Yue obtains new generalizations (the following theorems) for (1.1) by using (1.4) and (1.5).

Theorem 1.1. ([4])Let f be differentiable function on [a,b] and |f'(x)| < M for any x € [a.b]. Then the following
fractional inequality holds:

(x —a)* +(b—x)"
I'a+1)

a+1 + (b _ x)tx-i-l
I'(a+2)

(1.6)

f(x)—=TJ% f(a) - §+f(b)‘ SM(X—a)

forany x € [a,b] and « > 0.

Theorem 1.2. ([4])Let f : [a,b] — R be a differentiable mapping and f' € L%[a,b]. If f' bounded on [a,b] with
m < f'(x) < M, then we have

SO +F@) (a1 & af()+FO) ) aa &,
Toasn 0 T A @ T G e )

B S w1 UR MO (1.7)
= 20+1 (a+1)2 T(a)
_ D(+ h_ o
=/ pres i (,le)z = a)zr(ti) (M~ m)

forall x € [a,b] and x > 0. Where
2 g 20 ¢
Ki = M(f ;a,x)—M(f;ax)
12 /
K2 = M(f ;x,b) — M2(f ;x,b).
Now we will give some definitions for fractional integrals which are called generalized fractional integrals.

Definition 1.2. ([22])A real valued function f(t),t > 0 is said to be in the space Cy, u € R if there exists a complex
number p > y such that f(t) = tP f1(t), where f1(t) € C[0, co].

Definition 1.3. ([22])A function f(t) € Cy, t > 0 is said to be in the Lp,k(a, b) space if

1
b 2
Lyi(a,b) = {f: T ( / f(t)l”tkdt> <oo, 1<p<oo k> o}.

Definition 1.4. ([22],[27])Consider the space X! (a,b) (c € R, 1 < p < o) of those real-valued lebesque measurable
functions f on [a, b] for which

==

b
||fo§’ = (/ﬂ [tEF ()P d:) <o, (1<p<oo,ceR)

and for the case p = oo
Ifllxe = ess sup [(°£(£)], c € R.

a<t<b

In particular, when ¢ = k%l (1 < p < oo,k >0) the space X! (a,b) coincides with the Ly x(a,b)-space and also if we
take c = % (1 < p < o0) the space X! (a, b) coincides with the classical LP(a, b)-space.

Definition 1.5. ([22],[27])Let f € Ljy[a,b]. The Generalized Riemann-Liouville fractional integral ]g;k f(x) and
]Z‘ka (x) of order & > 0 and k > 0 are defined by

—a -1
Jokf () = Sl [ (1 = 80) T (at x> a (18)

a a
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and

Jokf () = S g (gt xk+1)“_l *f(Hdt b x. (19)
Where T () is Gamma function and ]g;kf (x) = ]ngf (x) = f(x).

(1.8) and (1.9) integral formulas are called right Generalized Riemann Liouville Integral and left General-
ized Riemann Liouville Integral respectively.

Remark 1.1. Letting k = 0 for (1.8) and (1.9) formulas we obtain the equalities in Definition 1.

In this paper we will generalize (1.1), (1.5), (1.6) and (1.7) expressions by using Generalized Riemann-
Liouville Fractional Integrals.

2 MAIN RESULTS

Theorem 2.3. If f,¢ € Ly [a,b] ,k > 0 then

L (0) 8(0)) — G T L 0V 18(0)] = gttty Jo 2 (F() = £(6))

x(g(t) — g(s)) (bk+1 _ SkH)zx—l (bkﬂ B thrl)oc—l Kok geds, (2.10)
Proof. We have the following equality by (f(t) — f(s)) (g(t) — g(s));
i i 0 = £6) () =) (0 - 1) (g1 - )" sty
- f P F(hg(h) (641 — k+1) (bk+l tk+1>“’1 gk gs it
2 JE Fg(s) (81 -6 (b1 - ) kasar
— P Rs)g(h) (bk+1 k+1)"‘ ! (bk+l tk+1)“’1 kK dsdt
+ fa fa f(s)8(s) (ka - (bk“ tk“)a_l tkskdsdt. (2.11)
-2 |:fab (bk+1 _ gkt ) kdtf flbg (bk+1 tk+1)"“1 s
-2 [ffg(s) (41— s500)" sk g2 g (01— 1) gy
R ) T () g(0)] — 2 L ()] 3 b)),
So this proves theorem. O
Remark 2.2. If we take « = 1 in (2.1) we obtain the following identity:
Mi(fg;a,b) — My(f;a,b)Mi(g;a,b) = (k+1)° / / (g(t) — g(s))t*skdsdt  (2.12)
2 (bkH1 — gkt1)?

where My (f;a,b) = L [P f()tkdt, k > 0.

PRI gk+T

Remark 2.3. For o« = 1and k = 0 in (2.1), we obtain the Korkine’s identity (1.5).

Theorem 2.4. Let f be differentiable function on [a,b] and |f'(x)| < M for any x € [a,b]. Then the following
generalized fractional inequality holds for « > 0 and k > 0

’ (15(; 21; [(xk+1 _ ak+1)”‘ n (bk+1 _ xk+1)“]xkf(x)

I @) - A 0] k[ s E) 1)
< i M ) (e
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Proof. If we use integration by parts for fractional integrals in Definition 5, we have

N (@) = g (=) ) = et ] — kg A @14)
and L ;
/ — 1 o
B () = T (=) ) 1 @]+ k) 2.15)
By (2.5) and (2.6) we obtain
JEYF (a) = TV (b)
_ kt}H) kf( )[( (k1 _ak+1)"‘ (bk+1 _xk+1)"‘] (2.16)
f;,k kf bkf IX+1 k[f(ﬂa)] +]rx-_i-1,k[#bb)“'

Using | f'(x)| < M, x € [a, ] for the left part of the (2.7) formula we have

‘ (k+1)7" fax (tk+1 . ak+1)“ tkf (£)dt — (k+1)~¢ fb (bk+l _ tk+1>lx tkf/ (£) dt‘

I(a+1) I(a+1) .
S (k(—:(lJr)l) M[fax (tk+1 _ ak+1) tkdt 4 fxb (bk+1 _ tk+l) tkdt] (217)
a+1 a+1
< (k;(i)ﬂ) M[<xk+l _ ak+1) i (bk+1 _ xk+1) ].
So the proof is completed. O

Remark 2.4. If we take k = 0 in inequality (2.4) we obtain the inequality (1.6) in Theorem 1.
Remark 2.5. Also letting k = 0 and o = 1, formula (2.4) reduces Ostrowski Inequality:

f(x) = M(f;a,b)| < bf\_/fa (b_x>2-£(x—a)2.

Theorem 2.5. Let f : [a,b] — R be a differentiable mapping and f' € Ly y[a,b]. If f' bounded on [a,b] with m <
f'(x) < M, then the following inequality holds :

—a+1 o /
s (=) g by 1 (0

k+1 " " a
_xki(l jak)ﬂ (]xgc[”kf (a)] + k] k[(T)D
k-1 —a+1
( ';(31) (bk+1 _xk+l> [ kf x) oc+1 f f tkdi' (2.18)
k+1 N
o (R ()] + )
21xl+1 _ (lX-‘:l)z (k;(la)) (Jlfklﬂ - la )k | jl(bkﬂ k+1) K,
—a (yk+ F1VE L (phtT k1) *
< 20‘1_‘_1 - iy (k;(% ( )" ( ) (M —m)
forall x € [a,b] and « > 0. Where
K= Mlf 50,0 - MA(fa,%)
KB = M(f 0b) ~ M(fx,b).
Proof. From (1.8) and (1.9) we have
(k+ 1)~ kel _ k1" kg _ (k+1)_a+1 ok
T (@) (xF+1 — gk+0) Ja (t ) tf (t);t =T ( ) .19
) « a
U (@) + kL)
- (k+ 1)_IX+1 f (bk+1 tk—&-l)a tkf/ (t) df = (k+ 1)_IX+1 xk (bk+1 _ Jck—&-l)o(71 f(x)
T («) (bK+1 — xk+1) I () (2.20)

a(k+1)

~ et = et U I () + R
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Then e
% (xk+l _ ak+1) [ kf( ) ) fuxf/ (t) tkdt]
—ﬁﬁgﬁwﬂfm+W“ﬁW1
(k+1)"%*1

T () (bk+1 _ xk—b—l)“fl [xkf(x) + (zx-}-l) f: f’ (£) tkdt]

I DR (0] 4 KD -
k+1)%* , 2.21
_ e ()(xk+)1_ak+l) 5 <tk+1 k+1) tF (1) dt
e e o

—a+1 " ,
_r( ()k(;‘k}_i — xk+1) f (bk-H tk+1) tkf (t) dt

k .
+1E(;)3+1) (bk+1 _xk+1) 1 fff () fhdt.

If we use the Korkine’s identity (2.3) for Generalized Riemann Liouville integral for (2.12), we obtain

—a+1
(k—;l(l) (xk+1 7[1k+1> kf o [X+1 /‘ f ( )tkdt]
—ﬁﬁ%ﬁwﬁv1+wHW41
(e )

T (@) (bkﬂ‘xk“) W F(x) + Gy Sy f () #hdt]

k+1 . (2.22)
RE = VOUOREREE Y
(k+1)*(k+1)~ k k k k1) ' VTakk
2 (a) (xk+1 _ak+1)2 Jo Ja (t e H) B (S Ha H) I (8) = f (s)]s"¢dsdt
(k+1)*(k+1) k K1\ (pk k1) ¢ ! V1ak gk
2T () (b+1 — k+l)2f I8 (b Tes H) - (b et H) I (&) = f (s)]s"¢dsdt.
Using the Cauchy-Schwarz inequality for double integrals in (2.13), we obtain
x ax[(tk+1 _ ak+1)“ N (Sk+l _ ak+1>“][f’ )~ f (S)]Sétésétédsdt‘
o ® % 1 (223)
< (fax fﬂx[(thrl _ak+1> _ (Sk+1 _ ak+1> ]zsktkdsdt> (fax fax[f’ (t) _f ( )]2 ktkdsdt) 2
However
« « k1 gh1)20+2
I fax[(tk+1 _ ak+1) B (Sk+l _ uk+1> 126k K dsdt — 2( (k+1)2) (kg — (“le)z) (2.24)
and ,
S LU (s)]2skthdsdt = % [Mk(f’ ;a,%) —M,%(f’;a,x)} . (2.25)
By (2.14)-(2.16), we have
k+1)7*"2 w o :
o ( () (tck.21 — ak+1) f f (tk+l _ ak+1) _ (Sk+1 _ ak+l) ][f (t) _f (s)]sktkdsdt
g « (2.26)
(k + 1) (xk+1 _ ak+l> ) %
< o o ke | Ml 0,3) = M350, )|
Similarly we have
(k+1)™* Kbl _ k1Y (ke ket 1\ ) (ki
T )(ka_ka) ] [ (b+ s+) (b+ t+) 1If (#) f(s)}slt dsdt -

(k1) % (pk 1 —xk+1)" . 2
< G S = e (M) - M)
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Using (2.13),(2.17) and (2.18) we obtain (2.9) inequality. Moreover if m < f'(x) < M on [a,b], then by Griiss
inequality, we have

k + 1 / 2 / 1 2
< - - ; 5 -
0< er— e |f Lar(ayy ~ M(5a2))° < 5 (M —m) (228)
k+1 /12 / 1
< - ; - _
0S pet i | Loy~ (MEU 52 )) <5 (M= m)? (229)
which proves the last inequality of (2.9) O

Remark 2.6. Letting k = 0 in (2.9) we obtain the inequality (1.7) in Theorem 2.

Corollary 2.1. Under the assumptions of Theorem 5 with « = 1, then the following inequality holds

20k () + 3 [J7F (0= [T O8] — b 1T (@] + kTR
— e [ P F ()] + KT “’)ﬂ (2.30)
= 43/ g (0 = d (M —m).

Remark 2.7. Letting k = 0 in (2.21) we obtain the inequality

fla)+£(b) x b
‘f(x) =l fgt)dt — 5z Jy f(t)df’ (2.31)

Remark 2.8. Letting x = # in (2.22) we obtain
(2.32)
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