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Existence of mild solution result for fractional neutral stochastic

integro-differential equations with nonlocal conditions and infinite delay

N. Ait ouali** and A. Kandouci®

@:%Laboratory of Stochastic Models, Statistic and Applications, Tahar Moulay University PO.Box 138 En-Nasr, 20000 Saida, Algeria.

Abstract

We investigate in this paper the existence of mild solutions for the fractional differential equations of
neutral type with nonlocal conditions and infinite delay in Hilbert spaces by employing fractional calculus
and Krasnoselski-Schaefer fixed point theorem. Finally an example is provided to illustrate the application of
the obtained results.

Keywords: Infinite delay, Stochastic fractional differential equations, mild solution, fixed point theorem.
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1 Introduction

The main purpose of this paper is to prove the Existence of the mild solution for fractional differential
equations of neutral type with infinite delay in Hilbert spaces of the form.

D z(t) — h(t,ze)] = Alx(t) — h(t, )] + f(E, x4) + fioo o(t,s,xs)dW(s) teJ=]0,b
(1.1)
LE(O) + /J(l’) =To = ¢(t) le (—O0,0],

Here, z(.) takes value in a real separable Hilbert space H with inner product (-, -)i and the norm ||-||;. The
fractional derivative “°D®, a € (0, 1), is understood in the Caputo sense. The operator A generates a strongly
continuous semigroup of bounded linear operators S(t),t > 0, on H. Let K be another separable Hilbert space
with inner product (., .)x and the norm ||-||. W is a given K-valued Wiener process with a finite trace nuclear
covariance operator () > 0 defined on a filtered complete probability space (€2, F, (F;)¢>0,P). The histories
z : @ — C, defined by z; = {x(t + 0),0 € (—o0,0]} belong to the phase space C,, which will be defined in
section 2. The initial data ¢ = {¢(t),t € (—o0,0]} is an Fy- measurable, C,-valued random variable indepen-
dent of W with finite second moments,and h: J x Cy — H, h: J xC, — H, 0 : J x J; x C, — L(K, H) are
appropriate functions, where .JJ; = (—oo, b] and £3(K, H) denotes the space of all Q-Hilbert Schmidt operators
from K. into H. i : C(J,H) — His bounded and the initial data ¢ is an F adapted H-valued random variable
independent of Wiener process W.

The fractional differential equations arise in many engineering and scientific disciplines as the mathemat-
ica modeling of systems and processes in the fields of physics,
chemistry, aerodynamics, electrodynamics of a complex medium, polymer rheology,etc.,
involves derivatives of fractional order. It is worthwhile mentioning that several important problems of the
theory of ordinary and delay differential equations lead to investigations of functional differential equations
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of various types (see the books by Hale and Verduyn Lunel , Wu , Liang et al [17], Liang and Xiao
, and the references therein).

In particular the nonlocal condition problems for some fractional differential equations have been attrac-
tive to many researchers Mophou et al studied existence of mild solution for some fractional differential
equations with nonlocal condition. Chang et al [[/]] investigate the fractional order integro-differential equa-
tions with nonlocal conditions in the Riemann-Liouville fractional derivative sense.

In this paper, we prove the existence theorem of mild solution for neutral differential equation with non-
local conditions and infinite delay by using the Krasnoselski-Schaefer fixed point theorem. An example is
provided to illustrate the application of the obtained results.

2 Preliminaries

Next we mention a few results and notations needed to establish our results.

Let (H, ||-||) and (K, ||-||x) be two real separable Hilbert spaces. We denote by £(K, H) the set of all linear
bounded operators from K into H, equipped with the usual operator norm ||.||. In this article, we use the
symbol ||.|| to denote norms of operators regardless of the spaces involved when no confusion possibly arises.

Let (Q, F, (Fi)i>0,P) be a filtered complete probability space satisfying the usual condition, which means
that the filtration is a right continuous increasing family and F( contains all P-null sets. W = (W;);>0 be
a Q-Wiener process defined on (€2, F, (F;):>0,P) with the covariance operator Q such that tr@Q < oco. We
assume that there exists a complete orthonormal system {e;};>1 in K, a bounded sequence of nonnegative
real numbers ) such that Qe = Ageg, k = 1,2, ..., and a sequence of independent Brownian motions {8y} x>1
such that

(W(t),e)x = Z VArler, e)xBiu(t) ecK t>0
k=1

Let £J = £2(Q2K, H) be the space of all Hilbert Schmidt operators from Q=K to H with the inner product
(0, 0) g = trlpQe”].

The semigroup S(-) is uniformly bounded. That is to say, ||S(¢)|| < M for some constant M/ > 1 and every
t>0.

Assume that v : (—o0,0] — (0, +00) with [ = fi)oo v(t)dt < 400 a continuous function.
Recall that the abstract phase space C,, is defined by

Co = {¢ : (—00,0] — H, for any a > 0, (E |p(6)|*)!/? is bounded and measurable

function on [—a, 0] and fEOO v(s) sup (E|@(0)]*)/2ds < +00}.
5<0<0
If C, is endowed with the norm

0
lelle, = / o(s) sup (Elo(0))ids, ¢eC,

—o0 s<6<0

then (C,, |||l ) is a Banach space (see ).

Let us now recall some basic definitions and results of fractional calculus.

Definition 2.1. The fractional integral of order o with the lower limit 0 for a function fis defined as

wp_ L " [(s)
If—F(a)/O(t_S)l_ads t>0 a>0

provided the right-hand side is pointwise defined on [0, 00), where I'(.) is the gamma function.

Definition 2.2. The Caputo derivative of order o with the lower limit 0 for a function f can be written as

‘Df(t) = 1 /t () ds=1""f™M (), t>0,0<n—-1<a<n
CT(n—a) fy (t—s)atl-n" ’ b=



The Caputo derivative of a constant equal to zero. If f is an abstract function with values in H, then the
integrals appearing in the above definitions are taken in Bochner’s sense (see [21]).

Lemma 2.1. | Let H be a Hilbert space and ®1, ®, two operators on H such that

i) ®, is a contraction and
ii) @ is completely continuous.
Then either
a) the operator equation ®1x + ®ox = x has a solution or
b) G = {zr € H: A®(§) + Aoz = x} is unbounded for X € (0,1).

Lemma 2.2. Let v(.),w(.) : [0,b] — [0, 00) be continuous function. If w(.) is nondecreasing and there exist two
constants 0 > 0and 0 < o < 1 such that

v(t)Sw(t)—&-@/Ot(t_v(S)lads, teld

then
n—1 9ba 7
1) < " (@(a)™ " /T (ne) b ¢
v(t) <e E " w(t),

0

<

for every t € [0,b] and every n € N such that noc > 1.

3 Existence results

Definition 3.3. An H- valued stochastic process {x(t), t € (—oc,b]} is a mild solution of the system([L.1)if 2:(0)+p(z) =
xo = ¢(t) on (—oo, 0] satisfying ||¢H(22v < +00, the process x satisfies the following integral equation

x(t) = Sa(t)[(0) — p(x) — h(0, )] + h(t, x1) + /O (t =) Talt — 5)f(s,25)ds

+/0t(t— $) 1T (- s) [/_ o(s, 7, xT)dW(T)} ds

(oo}

where - -
Sulth = [ GOS0, Tu(thr=a [ 06,(0)S(t0)ads
and (,, is a probability densityfunct?on defined on (0, 00) i
The following properties of S, (t) and T, (t) appeared in are useful.
Lemma 3.3. The operators S.(t) and T, (t) have the following properties
i) Forany fixed t > 0, Sq(t) and T, (t) are linear and bounded operators such that for any x € H

M,
<M T <
ISa(®)elly < Mzl and |Tazls < 5 o5 ol

ii) S, (t) and T, (t) are strongly continuous and compact.
To study existence of mild solutions of we introduce the following hypotheses.
(Hp) : The function h, f : J x C,, — H are continuous and there exist some constants M}, My, such that
E|h(t,2) = h(t,y) g < Mallz = ylc, 2.y € Coy tEJ
E [h(t2) [ < Mu(1+ Jlzlic,)
E|f(t,2) = f(t,9)li < My |lv = ylle, 2.y €Co, tET
E £ )5 < My(1+ Jl2lle,)



(H3) : pis continuous and there exists some positive constants M, such that
2 2
Ellp(z) = ny)llz < My llz —ylle, 2,y € Coy teJ
2 2
Ellp@)lg < Mu(1+l2llc,)

(H3) : Foreach ¢ € C,,
0

k(t) = lim o(t,s,o)dW(s)

exists and is continuous. Further, there exists a positive constant A, such that

2
E k)l = Mk

(H4) The function o : J x J; x C, — L(K, H) satisfies the following:

i) foreach (t,s) € JxJx,o(t,s,.): C, — L(K, H)is continuous and for eachz € C,, o(., ., z) : JxJ — L(K, H)

is strongly measurable;

ii) there is a positive integrable function m € L'([0,b]) and a continuous nondecreasing function M, :

[0,00) — (0, 00) such that for every (¢,s,z) € J x J x C,, we have

Mo (r)

r

ds=A < o0

t
/ E|o(t,s,z)| 50 ds < mB)My(|lz|2 ), lim inf
0 2 v T—00
iii) For any z,y € C,,t > 0, there exists a positive constant L, such that

t
2 2
| Elott.s.a) =~ ottty ds < Lo o -y,
0

No = 21*{12M*M,, + 4M},}

Ny =2|¢|2, +2°F

M 2 po
No=8I°—2—) =M
’ <F<1+a)> ot
M 2 po
Ny=16b2 | —2 ) —T
3 <F(1+a)> 5 (@)
N, N, N
K= — = K3 =
YTTON O TTTISN, P 1IN

F = 12M2(Cy + Cy) + 12M> My, + 4My + 4 (fles )" B My + 80 (e ) 25 M

Now, we consider the space,

/

C, ={z:(—00,b] > H,zg = ¢ €Cy}
Set ||.||, be a seminorm defined by

2 ’
[zll, = llzolle, + sup (E|z(s)[)?, x€C,
s€[0,b]

We have the following useful lemma appeared in [20].

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)



Lemma 3.4. @ Assume that x € C;, then forall t € J, x¢ € C,,, Moreover,

UE [2(t))? < ladlle, <1 sup (B |o(s)]*)?

s€0,t]
where | = f_ooo v(s)ds < o
The main object of this paper is to explain and prove the following theorem.
Theorem 3.1. Assume that assumptions (Hy) — (Hs) hold.Then there exists a mild solution

Proof Consider the map IT : C,, — C,, defined by

o(t) te (—o0,0]
(W) = 0 5, (1)[6(0) — pu(x) — h(0, $)] + h(t,z2) + [1(t — 8)* Tl — 8)f (s, 2.4)ds (3.7)
+ fot(t —8)2 1T, (t — s) [ffoo o(s,T, CET)dW(T):| ds telJ

In what follows, we shall show that the operator II has a fixed point, which is then a mild solution for

system [T}

For ¢ € C,, define

o(t) t e (—o0,0]
o(t) = (3.8)
Sa(t)p(0) teJ

Then ¢ € C,. Let z(t) = ¢(t) + 2(t), —oo < t < b. It is easy to see that z satisﬁesif and only if z satisfies
zo = 0 and

#(t) = Sa(t) [—u(é +2) = h(0, ¢)} +h(t ¢+ 2) + /O (t—5)" "Talt — 5) f(5, bs + 25)ds

— 0o

—+A%t—@“*fﬂt—$[/ﬁ<ﬂ&ﬂ$r+20dwqﬂ]%

Let
C.={2€C,,20=0€eC,)}
For any z € C,, we have

1 1
Izll, = llzolle, + sup (E|z(s)]*)? = sup (E]z(s)|*)>
s€[0,b] s€[0,3]

Thus (C,,, ||.l,) is a Banach space, set
B, ={z¢€ c,, ||z||§ < ¢}, for some ¢ > 0

then, B, C C, is uniformly bounded.
then, for each q, B, is clearly a bounded closed convex setin C". For z € B,, from Lemma we have
-2
)
1 swp Elz(s i Jaall2, + 2 sup & [36s)[" + ], )

s€[0,t]

~ 12
atd, <2003, +|

v

A

<42(q+ M2E | $(0) ) + 4ll9¢,
=q

Define the operator ® : C,, — C. by



0 te(—o0,0]
PO =9 8-+ 2) = b0, 6)) + hlt o+ 20) + 3t = ) Tult = ) (5.0 + 2)ds
+ fot(t — 5)* 1T (t — ) [fjoo o(s, 7, ¢r + ZT)dW(T)] ds teJ

Observe that ® is well defined on B, for each ¢ > 0.

Now we will show that the operator ® has a fixed point on B,, which implies that E.q [I.1| has a mild

solution. To this end, we decompose ® as ¢ = ®; + ¥, where the operators ¢, and ®, are defined on B,
respectively, by

(@12)(t) = Sa(O)[~p(d + 2) = h(0, §)] + h(t, d; + z)

(2)(1) = / (£ — 8) Tt — )f (5, G + 22)ds

+/0t(t—s)"_1Ta(t—s) U 0 (5,7, 67 + 27)dW (7) | ds

— 00

Thus, the theorem follows from the next theorem
Theorem 3.2. If assumption (Hy) — (Hs) hold, then ®4 is a contraction and O is completely continuous.

Proof To prove that ®; is a contraction on C,,, we take u,v € C,,. Then for each ¢ € J we have

E | ®1u(t) — 1o(t)| < 2E’

Sa() (i + ) — ptd + )|

H
} N 2
4 2F Hh(t, G+ ur) = h(t, e +ve)||
< 2M?M,, |ju — v||gv +2Mp, [Jug — Ut”gv
< 2(M2Mﬂ + Mp) |lue — Ut”?:v

< 2(M*M,, + M)

2 2 2
[22 sup Ellu(s) = v(s)I” + 2 [uolle, +2lvollc, ]
se|0,

< 42(M2M,, + Mp)E |[u(s) — v(s)|?

< sup LoFE |u(s) — v(s)[”
s€[0,b]

where we have used the fact that ||u ||?3U =0, |Jug H(Q: =0.
Thus,

[@1u — @1v[| < Lo [Ju — v

and by assumption 0 < Lo < 1 it is clear that ¢, is contraction.

Now, we show that the operator @, is completely continuous, firstly we prove that ®, : C, — C, is contin-
uous.

Let {2"(t)}22o,with 2 — z in C, . Then, there is a number ¢ > 0 such that |2"(t)| < ¢, for all n and a.e.
te J.Soz™ € B,and z € B,.

Ft, 2 + &) — f(t, 2 + )

o(s, 7,20 +6.) = o(s, 7, 20 + ¢7)



for ¢t € J, and since

Bl 57 + 60 — £tz + 0| <2My (1)

/

~ - 2
E||lo(s, 7,2 + 62) = o(s,m, 2 + 6] < 2m(6)M, (o)

By the dominated convergence theorem we obtain continuity of ®,

2

2
‘ <2sup F

E Hq>z§"> ~ 3,z b
te

=T T = )i ) = 0.2l

2

+ 2bsup E ‘
teJ

/Ot(ts)alTa(t 5) U [0(s,7,2) — (s, T, ZT)]dw(T)] s

—0o0

§2(F(ﬁ“0)) i:/ EH [f(t, ™) — f(t,zs)]Hst

+2b(r(i\{‘: )bm H[ sT,zgm)_a(s,r,zf)]dw(f)}ds

2

— 0asn — o0

Next, we prove that &, maps bounded sets into bounded sets in C,, .
For each z € B, from , we have

<4l(¢+ ME|$(0)[3) +4l¢llc, = a

~ 112
2t +
[ &,

- 2
B[ @:2(0); < 2Bt = )2 Tult = 5)f (5,65 + 2)||
s 2
+2F H(t —8)* T, (t — s)[/ o(s,7,br + 2, )dW (1)]ds
S -
M, ba a—1 2

M, )b~ o ) )
+{r<1+a> } > /0 (t = )" (2My + 2T7(Q)m(s) Mo (|6 + 24|
Ma 2 b2a ,
] B RUARR

)ds.

v

IN

S

1Y
N b2a ’
“2{ i) O T )

<

Which implies that for each z € B, |<I>22||§ <r.

Next, we establish the compactness of ®;. We employ the Arzela-Ascoli theorem to show the set V(t) =
{(®22)(t), z € By} is relatively compact in H. Le 0 < ¢t < bbe fixed and ¢ be a real number satisfying 0 < € < ¢.
For § > 0, for z € B,, We define



(@5°2)(t) = a

O\
>
|
m

‘ /:O O(t — 5)* 104 (0)S((t — 8)“0) f (5, bs + 25)ds

+

a / k /500 0(t — 5)* 1 (0))S((t — 5)°0)] / (7 2 AW (s

— 00

S

+S(ea5)a/0 h /;o e(t—s)a*na(e))S((t—s)e—e“é)[/ o(s,7,6r + 2 )dW (7)]ds

— 00

Since S(t),t > 0, is a compact operator, the set V, 5 = {®5°(),z € B,} is relatively compact in H for every
e € (0,t), d > 0. Moreover, for each z € B,, we have

B @20 - @550
2

t )
< 40’E /0/0H(tfs)o"lna(ﬁ)S((tfs)aﬁ)f(s,zs+q§s)dt9ds

H
2

w0 [ /;O%—s)a1na<0>s<<t—s>ae>f<s,zs+és>dods

H
2

+40?E /0 t /0 " 0t — )° . (O)S((t — £)°6) [ [ ;a(s,f,szT)dW(T)] d0ds )

+402E /t:/:o(ts)alna(e)S((ts)ae) U a(s,T,zTﬂZT)dW(T)} dfds 2

— 00 H

, J AMPE2Mp(1+q)
< AM2D2 M4 (1 / On,, (0)dO /
< £ ( +Q)<O 1a(0) ) + T2(1 + )

¢ 5 2
+ 404M2b°‘/0 (t — 8)* Y (2M}, + 2T7(Q) M, (¢ Ym(s))ds (/0 Hna(ﬁ)cw)

4o M2 t o /
] /t (t = 8)*~H(2M), + 2Tr(Q) My (g )m(s))ds

—€

where we have used the equality (see [22, 29])

> . ~ I'(1+g)
~/O 9"704(0)_11(14_0&)

We see that for each z € B,
€,0 2
E H(Cbgz)(t) (@ )HH . 0aset — 0,6 — 0.

Since the right-hand side of the above inequality can be made arbitrarily small, there is relatively compact
Ve,s arbitrarily close to the set V'(t). Hence, the set V() is relatively compact in B,. It remains to showt hat ®,
maps is bounded set into equicontinuous sets of C, .

Let0 < e <t<bandd > 0such that [|T,(s1) — Tu(s2)| <, forevery si,s2 € J.



with [s; — s2| < d. For z € B,, we have

B||®22(t + h) — $22(t)||5:
2

<6L

/0 [+ h—$)>0 — (¢ — ) Ta(t + h — 5) (5, s + 22)ds

H
2

t+h B
Y / (4B — ) VT (t + b — ) (5, Gs + 24)ds
t H
2

+6F /0‘(15 — ) T (t 4+ h — 5) — Ta(t — 5)|f (s, ¢s + 25)ds
H

s 2

+6E /0 [(E4h—8)" — (¢ — ) Tu(t + h s)[[ (5,7, G + 2)dW (7)ds]

H

+6E

t+h s -
/t (t+h— 8Tt + b — 8] / 0 (5,7, br + 27)dW (7)ds]

— 00 H

2

L 6E (75)0471[ (t+h*s)7Ta(tfs)][/s a(s,T,<;~ST+zT)dW(T)d5}
oo H
{ 1+a} / }t+h—s —(t—s)a_1|2Mf(1+q/)ds
{ } t—l—h—s)a_lfo(l—i—q/)ds

/ |t~ a1|2Mf(1+q/)ds+6{Iﬁ]\4—|%}2/Ot [(t+h—s)t = (t—s)a*1|2

’

X (2Mj + 2Tr(Q)m(s)Mo(q ))ds

L 7511712 r m(s ’ <
*6{r<1+a>} / [+ h— ) F @M+ 2Tr(@Q)m(s) My ()

/

+ 662 i |(t _ S)a71| (2Mk + QTT(Q)m(S)MU(q ))ds

It is known that the compactness of 7, (t),t > 0 implies the continuity in the uniform operator topology.
Therefore, for e sufficiently small, the right-hand side of the above inequality tends to zero as h — 0. Thus,
the set {®22, z € B, } is equicontinuous.

This completes the proof that ®; is completely continuous.

To apply the Krasnoselski-Schaefer theorem, it remains to show that the set

G={zeH: )@1()\) + A®yz = z} is bounded for A € (0,1)

We consider the following nonlinear operator equation,

z(t) = A(Sa(t)[¢(0) — pu(z) — h(0, @)]) + Ah(t, )
+)\/ VO T (t — 8) f(s, 26)ds

+)\/0 (t — )71 T, (t — s) [/_SOO o(s,7,2:)dW(7)| ds



E|z()]” < El|Sa(t)(#(0) — u(x) = h(0, o) + 411 (t, z0) I

+4E‘ /Ot(t —8) T T (t — 5) f(s,2)ds i
+4E‘ /Ot(t— 8)* I, (t — s) U_w o(s,T, xT)dW(T)} ds ;

< 12M2(Cy + Cp + M) + 12M3(1 + |22

M, 2b2a 9
w1 (e ) M el
Mo \°b [t o
i (F(l—|—a)) o /0<t—s) L (2My, + 217 (Q)m(s) My (||z4I3, )ds

Now, we consider the function v defined by
9(t) = sup{ B Ja(s)|2,0 < s < 11,0 < £ < b
From lemma and the above inequality, we have

E|z@)|* =26lZ, + 21 sup (E|z(s)]?)
0<s<t

Therefore, we get

Mo

2 120
2 2( 2 b
() < 2||9llc, + 207{F + 12M9(t) + 4 <F(1+a)> 2 Ms0()

M. N\ [t -
+8b <F(1—|—o¢)) 7/0 (t = s)* " Tr(Q)m(s)M,(I(s))ds}

(07

where F'is given in . Thus, we have
t ﬁ(S) t
I(t) < Ky + Kz/ mds + K3/ m(s)Mq(9(s))ds
0 - 0

where K1, Ky, K3 are given in (3.5). By Lemma [2.2]], we have
¢
¥ < Bo(K7 + Kg/ m(s)My(9(s))ds)
0

Where

n—1 a\ J
By = @0 /M) § <K2b )
=0

Denoting by v(t) the right hand side of the last inequality, we have v(0) = By K1
v(t) < BoKsm(t)Ms9(¢)

U(t) < BoKsm(t)Mo(9(t))

This implies

I/(t) dS /b ( ) [e%e) dS
— < w(s)ds < —_—
v(0) M, (s) 0 Bok, Mo(5)

This inequality implies that there is a constant p such that v(t) < p, t € J and hence 9(t) < p, t € J.
Furthermore, we get ||xt|\?:u < I(t) < v(t) < p,t € J, where p depends only on b and on the functions 7 (s)
and M, (s).

Theorem 3.3. Assume that the hypotheses (H1) — (Hs) hold. Then problem has at least one mild solution on J.

10



Proof. Let us take the set

D(®) ={z¢€ C 2= )\@1( ) + A®5z for some A € [0,1]} (3.9)
Then, for any z € D(®), we have by theorem ... that ||w||cv < K,t € J,and hence
121l = l20ll3, +sup{E |=(t)*;0 < t < b}
= sup{E ||2(t)[* : 0 < ¢ < b}
-2
< sup{E [|z(t)||* : 0 < t < b} + sup{E H(;S(t)H L0<t<b)

<sup{l” [lz(t)||5, : 0 < ¢ < b} +sup{||sa(t)(0)]| : 0 < ¢ < b}
<1~ p+ M [|4(0)[

O

This implies that D is bounded on J. Consequently by Lemma, the operator ® has a fixed point z € C, .
So Eq.(1.1) has a mild solution.Theorem is proved.

Example 3.1. As an application of the above result,consider the following fractional order neutral stochastic partial
differential system with non local conditions and infinite delay in Hilbert space.

D¢z f_ (s,7)ds] = ax2 f_ (s,x)ds] + n(t,z)

+f_000 a(s)sinz(t + s,x) ds+f f o(t,z,s —t)dsdB(s,x) te€J=][0,0
(3.10)

z(t,0) =z(t,m) =0 teJ

Z(O’J") + foﬂ’ k1 (x,y)z(t,y)dy =T = (p(t,l‘) te (_007 OL

Where <D is a Caputo fractional partial derivative of order o € (0,1), and K;(z,y) € H = L?([0,7] x [0, 7]) and
I _OOO la(s)|ds < 4o0. B(t) is a one-dimensional standard Wiener process on filtered probability space (0, F, (F¢)i>0, P).
To rewrite this system into the abstract form , let H = L2([0, n]) with the norm ||.||. Define A : H — H by
A(t)z = 2" with the domain

D(A) = {z €H:z 2z are absolutely continuous 2 €H,2(0) = 2(n) = O}
It is well known that A generates a strongly continuous semigroup T(.),which is compact,analytic and self adjoint.

Then
Az = Zn2 (2, 2n) zn, 2 € D(A)

n=1

where z,(s) = \/g sin(ns),n = 1,2, .... is the orthonormal set of eigenvector of A. It is well known that A is thein

infinitesimal generator of ananalytic semigroup T(t)in H and is given by

T(t)z = Z e (2, 20) 2
n=1

Then the operator A== is given by

l\D\»—A

oo
g (2, zn)

on the space D(A™2) = )eEH: Z (¢, zn) zn, € H}.



Now, we present a special C,, space. Let 9(s) = e**,5 < 0, then | = fi)oo ¥(s)ds =
Let

1
L
0 9 %
Iele, = [ 1) s B (Je@)" ds

— 00 SSGSO

Then (Cy, ||-||¢, ) is @ Banach space.

For (t,p) € J x C, where p(0)(z) = ¢(0,x),(0,2) € (—00,0] x [0,7], and define the Lipschitz continuous
functions h, f : J x C,, — H, 0 : J x C, — Lg(H), for the infinite delay as follows

0
h(t, o) (x) = / ¢~ 145(0) ()b

— 00

£t 0)(@) = / a(0) sin(2(6) () d6

— 00

0
ot ) (x) = / (b, 2, 0)0(p(6) (x))db

Then, the equation can be rewritten as the abstract form as the system (1.1} Thus, under the appropriate
condition so the functions hf, and o are satisfies the hypotheses (Hy) — (Hs). All conditions of the Theorem [3.2)are
satisfied, therefore the system has a mild solution.
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Concept Lattice: A rough set approach
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Abstract

Concept lattice is an efficient tool for knowledge representation and knowledge discovery and is applied to
many fields successfully. However, in many real life applications, the problem under investigation cannot be
described by formal concepts. Such concepts are called the non-definable concepts. The hierarchical structure
of formal concept (called concept lattice) represents a structural information which obtained automatically
from the input data table. We deal with the problem in which how further additional information be supplied
to utilize the basic object attribute data table. In this paper , we provide rough concept lattice to incorporate
the rough set into the concept lattice by using equivalence relation. Some results are established to illustrate
the paper.

Keywords: Rough Set, Formal Concept lattice, Equivalence Relation, Lattice.
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1 Introduction

The formal concept analysis (FCA) is a mathematical framework, developed by Wille [23] and his col-
leagues at Darmstadt University, which is very useful for representation and analysis of data [18].The concept
lattice is also called Galois lattice, was proposed by Wille in 1982 [23]. A concept lattice is an ordered hierarchy
that is defined by a binary relationship between objects and attributes in a data set. As an efficient tool of data
analysis and knowledge processing, the concept lattice has been applied in many fields, such as knowledge
engineering, data mining, information searches, and software engineering [6]. Most of the researchers have
concentrated on their attention to the concept lattice and defined on such topics as: construction of the con-
cept lattice, pruning of the concept lattice, acquisition of rules, relationship between the concept lattice and
rough set [7] and approximation. The basic formal concept analysis deals with input data in the form of a
table with rows corresponding to objects and columns corresponding to attributes. The data table is formally
represented by a so called formal context which is a triplet (A, B, I) where A and B are sets and I is subset of
A x B (i.e, I C A x B) and defined a binary relation between A and B. The elements of A are called objects
while the elements of B are called attributes or simply considered as the characteristics of objects. For a object
and b characteristic, (a,b) € I or alb shall indicate the following: a object owns the b attribute. Let us assume
that (A, B, I) is a formal context. The knowledge about a considered universe is the starting point. Using two
operations, a lower and an upper approximations, we can describe every subset of the universe. The concepts
of the lower and upper approximations in rough set theory are fundamental to the examination of granularity
in knowledge.

In this paper, we discuss the rough properties of concept lattice in rough set. FCA and rough set theory are
two kinds of complementary mathematical tools for data analysis and data processing ([26], [27]). Up to now,
many efforts have been made to combine these two theories ([26],[27],[3],[18],[22],[8],[24],[4]), in which the

*Corresponding author.
E-mail address: sankroy2006@gmail.com (Sankar Kumar Roy).
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concept lattices based on rough set theory, including the attribute oriented concept lattice [2], lattice for cov-
ering rough approximation[14], rough set approach on lattice [12] and distributive lattice [16], rough modular
lattice [13], lattice for rough intervals [11] and the object oriented concept lattice ([26],[27]), are perspective
concept lattices for knowledge representation and knowledge discovery. However, the concept lattices usu-
ally contain redundant attributes and objects. In this paper , we provide rough concept lattice to incorporate
rough set into the concept lattice by using equivalence relation.

2 Preliminaries

In this section, we present some definitions and fundamental concept on covering lattice.

Definition 2.1. If X C A, Y C B, then two operators a and B can be defined as o : 24 ZB,tx(Y) ={a€eB:
alb,Vb € B}.

p:24 — 28 B(X)={beB:albVac A}

B(X) will take us to the set of attributes that are common in the entire objects in X set. Similarly a(Y) will take us to
the attribute set of A that owns the entire attributes of Y. In other word B(X), shall give the maximum object set that
it hired by the entire objects in X while (Y still give the maximum object set that it owns by the entire objects in Y.
(B, &) shall form a Galois connection between 2 and 2.

Definition : Let K = (A, B, I) be a formal context, X € P(A) and Y € P(B), where P(A) and P(B) are the power set
of A and B respectively.  (X,Y) is called a concept, if x(X) = Y and B(Y) = X hold for X and Y, where X is called the
extent of the concept and Y is called the intent of the concept. L(K) denotes the set of all concepts in the formal context..

Definition 2.2. Let (A, B, I) be a formal context. If there exists an attribute set D C B such that Latt(A, B, Ip) =
Latt(A, B, I), then D is called a consistent set of (A, B,I). And further, if Vd € D, Latt(A,D — {d}, Ip_(ay) #
Latt(A, B,I). Then D is called a reduct of (A, B, I). The intersection of all the reducts is called the core of (A, B, I).
Definition : For the formal context K = (A, B, I), let H| = (X1,Y1) and Hy = (Xp,Yy) be two elements of Latt(K).
If there exists H) < Hp < Yy < Y, then < is a partial order of Latt(K), which produce a lattice structure in Latt(K),
called concept lattice of formal context K = (A, B, I), also denoted by Latt(K) Table 1 is a formal context, and Figure 1
shows its Hasse diagram..

Lemma 2.1. Let (A, B, I) be a context. Then the following assertions hold:
o Xy C Xy implies B(A1) D B(Az)forevery X1, Xo C A, and Y1 C Y, implies (Y1) D a(Yy)for every Y1, Y, C B.

o X Cua(B(X))and B(X) = B(a(B(X)))forall X C A, and Y C B(a(Y)) and a(Y) = a(B(a(X)))forall Y C B.

3 Fundamental Theorem of FCA

The fundamental theorem of FCA states that the set of all formal concepts on a given context with the
ordering (X1,Y7) < (Xp,Y») if and only if X; C Xj; is a complete lattice called the concept lattice, in which the

infima and suprema are given by /\](X]-,l/j) = (ﬂ] Xj,,B(oc(U]Y]-))) = (ﬂ]X],,B(ﬂ] Xj)))
V(X;,Y)) = (a(B(U X;)), N Y;) = (a(N X)), N Xj)-

ief i€] ief ief ief]

Theorem 3.1. For two elements H) = (X1, Y1) and Hy = (Xp, Y2) of concept lattice (Latt(K), N, V) ,if a(Xq N Xp) =
Y1 N Yy and B(Y1 NY,) = X1 U Xy then (L(K), N, V) is a distributive lattice.

PTOOf. Since (Xlryl) @] (Xz, Yz) = (Xl UXp, YN Yz) and (Xlryl) N (X2, Yz) = (Xl NXp, YN Yz), therefore

Hin(H;NHz) = (X1,Y1)N(X2,Y2)N(X3,Y3)

(X1, Y1)(X2U X3, Y2UY3)

= (X] ﬂ(XzUX:;),YlU (YzﬂY:;))
(

(X1 N X2)(X1NX3), (Y1UY2) (Y1 UY3)).
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and (Hy N Hy)(H1 UHs) = (X1 NXo, Y1 NY2)(X1 N X3, Y1 NY3) = (X1 NX2)(Xq1 N X3,), (Y1UY2)(Y1UY3))
ie., Hy N (Hy UH3) = (Hy U Hy)(H; N H3). Similarly , we can prove H; U (Hy N H3) = (H; N Hp)(H; U H3).
Thus (Latt(K), N, U) is a distributive lattice. O

Theorem 3.2. Let Latt(K) be a concept lattice in formal context K = (A, B, I). Let Hy = (X1, Y1) and Hy = (X3, Y>)
be elements of L(K). The following propositions are equivalent.
i) Hy < Hy ii) Hy N Hy = Hy; Hy U Hy = Hs.

Proof. Suppose that i) is true . Since Y, C Y7 and X7 C Xj, we have (X1,Y1) N (X, Y2) = (X3 N Xp, a(X1 N
X2)) = (X1, &(X1)) = (X1, Y1) = Hrand H{UHy = (X1, Y1) U (X2, Y2) = (B(Y1NY2),Y1NY2)) = (B(Y2),Y2) =
(X2,Y2) = Hy, Hence, ii) is true. Suppose that ii) is true. Since H1 N Hy = H; & (X1, Y1) = (X1 N Xp, (X7 N
X)), from definition 3, it follows that YU Y, Na (X1 N X)) = Yiand YUY, C Y .Thus Y, C Yy, ie., Hy < Hy.
Hence i) is true. O

Example-1: Table-1 shows a formal context (A, B, I), in which A = {1,2,3,4} and B = {a,b,c,d,e}.
The concepts are ({1},{a,b,d,e}); ({2,4},{a,b,c}); ({1,3},{d}); ({1,2,4},{a,b}); (U, D). The concept lattice
is shown in Figure-1.

| ol =
Ol O —|
[} Nenl Nanl Iy N

[y ) IS S -

—lolr|lo|lo

= W N =

Table - 1

(1,3}, {d}) ({1,2,4}, {a,b})

({1}, {a,b,d, e}) ({2,4},{a,b,c})

(@, B)

Figure-1: Latt(A, B, I) in example 1
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U, Q)
/\

({13}, {d}) ({1,2,4},{a})
({1}, {a,d}) ({24}, {a,c})

(®/ Dl)

Figure-2: Latt(A, B, Ip, ) in example 1

If we consider another example then it will able to understand how far the approximation causes for concept
approximation in rough set.

Example-2: Table-2 shows a formal context (A, B, I), in which A = {1,2,3,4} and B = {a,b,c,d,e}. The con-
ceptsare ({1}, {a,b,e}); ({4}, {a,c,e}); (12}, {a,b,c}); ({24}, {a,c}); ({1, 2}, {a, b}); ({1,2,4}, {a}); ({1,3,4}, {e});

(U, D). The concept lattice is shown in Figure-3.

W N| =

ol m S
oo~
—ol~|lo|a
Ol = OO
e i E=1 =Y K

Table - 2
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({1,2,4},{a}) ({1,3,4},{e})

(24} {ach) ({12}, {ab}) S

. 4
\\//

({2h{ab,c})  ({4h{acel) ({1} {abe}) ({3}, {de})

™~

Figure-3: Concept lattice for table-2
Let (A, B, I) be a formal context. Clearly we have the following results:
Proposition 3.1. The core the formal context is a reduct < There is only on reduct in the formal context.
Proposition 3.2. a € B is an unnecessary attribute < A — {a} is a consistent set.
Proposition 3.3. a € B is an element of the core < A — {a} is not a consistent set.

If we consider another example then it will able to understand how far the approximation causes for
concept approximation in rough set.

4 Rough Concept Lattice

Let (A, B, I, E) be an information system, where A = {a1,4y,...,4,, } is an objectset, B = {x1, X2, X3, X4, ..., Xn }
is an attribute (property) set, E is an equivalent relation on A, VX C A, we can define the upper and lower
approximations of X about E

X g
X T

JIMeA/E:MC X} ={xeA:Ex(x) C X} (4.1)
(J{MeA/JE:MNX # @} ={xe€ A: Ex(x)N X # @} (4.2)

X |g, X 1 are called E- lower approximation and E- upper approximation of X respectively. If X | =X 1,
we say that X is definable, otherwise, X is rough. Similarly, we can define the upper and lower approximations
of attributes set Y C B about an equivalent relation on B.

Definition 4.3. Forall Y C B, we denote Ey = {(a;,a;) € X x X : fy(a;) = fyp(aj), p € Y}, where f, : A — {0,1}
is defined by f,(a;) = 1 if and only if the object a; possesses property p,(p € A,a; € A), and Ey is an equivalent
relation, and Ey can generate a partition of A, X(Y) = {Y(x) : x € A} = X/Ey, whereY(x) = {y € A: yEyx} =
lye A: fp(y) = fp(x),ap € Y}, that is, Y (x) = AN{(ap, fp(x)) rap € Y},UY(x) = A(A{(ap, fp(x)) :ap € Y}).
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Definition 4.4. Let (A, B, I, E) is a rough formal context I C A x B for a set Y C B of attributes , we define function
1:24 = 2B Y |={ac A:(ab) € E,Vb € Y} (the set objects which have all attributes in Y). Correspondingly, for
aset X C Y of objects ,we define: 1: 24 — 2B,X |= {b € Y : (a,b) € I,Ya € X} (the set objects which have all
attributes in X).

Example-3: The above table 1 is rough formal context (A, B, I, E) where A = {1, 2, 3,4},
B = {a,b,c,d,e} by rough theory X = {1,2} C A,Y = {a,e} C Bthen f;,(1) = fu(2) = fu(4) = 1, f(3) =
0.£(1) = £5(2) = fo®) = 1 £(3) = 0£e(2) = o) = L; fe(1) = e(3) = 0£s(1) = fo(1) = L; fa(2) = fol4) =
0.fe(1) = 1;fe(2) = fe(3) = fe(4) = 0, and the partition of X is : B/X(1) = {{a,b,d,e},{c}}; B/X(2) =
{{a,b,c},{d,e}}. SoB/X = {{a,b},{d, e}, {c}, D}; and the partitionof Yis A/Y(a) = {{1,2,4},{3}}.A/Y(e) =
{{1},{2,3,4}}. So A/Y = {{1},{2,4},{3},@}. Under B/ X = Ex be the lower approximationof Y =Y |f, =
@, the upper approximation of Y = Y 1g,= {a,b,d,e}. Under B/Y = Ey be the lower approximation of
X = X |g,= {1}, the upper approximation of X =Y Tg, = {1,2,4}.
Here f, : A — {0,1}, set {0, 1} can extent to [0, 1], and the condition of equivalent relation can also substitute
for other relations, for example, the similar relation (that is, it satisfies reflexivity, symmetry, and transitivity).
In essential, those functions are the same. The information system (A, B, I, E) which has lower and upper
approximations and partition is called a rough formal context. Va € A,b € B, object a has attribute B then
(a,b) € I, alb. For the rough formal context in Table-1, the Hasse diagram is shown in Figure 4:

({1,2,3,4},9)

/N

({1,2,4},{a,b}) ({13}, {d})

({24} {a,b,c})

({12}, {a,b})

(

A2 bel) (3}, (ay)
({1}, {a,b,d,e}) ({43, {a,b,c})

(@,{a,b,c,d,e})

Figure-4: Rough concept lattice for the rough formal context in Table-1

Now we consider another example of a rough formal context and its corresponding concept lattice
Example-4: The following Table-3 is a rough formal context (A, B, I, E) where A = {1,2,3,4,5}, B = {hy, hy, ..., ho},
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/a7

where 1,2,3,4,5 stands for “big”, “beautiful”,“wooden”, “cheap” and the green surroundings respectively.
Also here hy, hy, ..., hg are nine houses.

hi | hy | hg | hy | hs | hg | hy | hg | he
1/1 |0 |1 |0 |0 |1 |0 |1 |0
211 /0 |1 |0 |O |O |1 |0 |1
3{1 /0 (0 |1 |0 |0 |1 |0 |1
410 (1 (1 (0 |0 |1 |0 |1 |O
50 (1 (0 [0 |1 |0 |1 |0 |O
Table -3

By rough set theory X = {1,2} C A,Y = {hy,hs} C Bthen f;, (1) = f,,(2) = fi,(3) = 1, f,(4) = fp, (5) =
0-fi,(1) = fi,(2) = f1,(3) = L; fin, (4) = fr,(5) = 0.fy (1) = fy(2) = f,(4) = 1; f,(3) = fy,(5) = 0....and the
partition of X are : B/X(1) = {{hy, h3, he, hg}, {ha, ha, hs,h7,ho}}; B/ X(2) = {{h1, h3,h7},{ha, ha, hs, he, hg}}
so B/ X = {{h1,h3}, {he, hg}, {h7,ho}, {hs, h5}}; and the partition of Y are A/Y (h1) = {{1,2,3},{4,5}},
A/Y(he) = {{2,3},{1,4,5}}. So A/Y = {{1},{2,3},{4,5}}. Under B/X = Ex be the lower approximation
of Y =Y |g,= @, the upper approximation of Y = Y {g,= {hy,h3,h7,hg}.Under B/Y = Ey be the lower
approximation of X = X |, = {1}, the upper approximation of X =Y 1g, = {1,2,3}.

Here I = {0,1} i.e, we only consider {a,b} € I or not. The following figure represents rough concept lattice,
based on the information system described in Table-3.

({1,2,3,4,5},0)
\ ({4,5}, {hn})
({1,2,3}, {}) N
1,2,4},1{h
({1,2,4}, {Ia}) (2,350, (o)
({2,3},{h7,ho})
({1,2}, {1, h3}) ({1,4}, {3, he, hg})
\ ({3}, {11, ha, 7, o}
2V {hy, h3, hy, h 4Y {ho, h3, he, h
(O gty U tardnileD) (W s horsh) sy i s )

T s

(@/ {hll hZ/ h3/ h4/ h5/ hé/ h7/ h8/ h9})

Figure-5: Rough concept lattice for the rough formal context in Table-3

One can find the extension of their meet by the set intersection of their extensions, and the intension of their
join by the set intersection of their intensions. One cannot find directly the intension of their meet and the
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extension of their join by simply applying set-theoretic operators.

5 Conclusion

This paper presents the approach to approximate concepts in the framework of the formal concept analysis.
The main focus is to show how rough set techniques can be employed as an approach to the problem of
knowledge extraction. The approaches show how to approximate single sets of objects, single sets of features,
and non-definable concepts. we use both the set of objects and the set of features for approximating non-
definable concepts, whose results in the fact that non-definable concepts with the same set of objects have
different and more accurate concept approximations. Rough lattice combines the advantages of concept lattice
and rough set, so it is widely used in Information Retrieval, Data Mining, Software Engineering and other
fields [27].
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Abstract

The aim of this paper is to study the symmetry properties of positive solutions of nonlinear elliptic bound-
ary value problems of type
Au—+ f(|x|,u,Vu) =0 in R".
u(x) - 0as |x| — o0

We employ the moving plane method based on maximum principle on unbounded domains to obtain the
result on symmetry.
Keywords: Maximum principle; Moving plane method; Semilinear elliptic boundary value problems.

2010 MSC: 35B50, 35B06,35B09, 35]25. (©2012 MJM. All rights reserved.

1 Introduction

The moving plane method is a clever way of using the maximum principle to obtain the qualitative prop-
erties of positive solutions of some elliptic equations, notably the symmetry of solutions. It was introduced
by Alexandroff [6] in his study of surfaces of constant mean curvature. In 1971, Serrin [13] first proved the
symmetry properties of some overdetermined elliptic problems. It has become welknown through the work of
Gidas, Ni and Nirenberg [3]],[4] where it was used to obtain the symmetry results for positive solutions of non-
linear elliptic equations. Since then, this method has been further developed and used in variety of problems
by many researchers. Pucci, Sciunzi and Serrin [12] studied symmetry of solutions of degenerate quasilin-
ear elliptic problems by applying comparison principle. Farina, Montoro and Sciunzi [2] obtained symmetry
results for semilinear p-Laplacian equation. In this paper we present an approach based on the maximum
principle in unbounded domains together with the method of moving planes. Recently Dhaigude and Patil
[1] proved the symmetry result for same equation in unit ball. Naito [10] obtained symmetry result for semi-
linear elliptic equations in R?. Further Naito [9] studied the semilinear elliptic problem Au + f(|x|,u) = 0 in
R"™ where u(x) — 0 as |x| — oc.

In this paper we study the radial symmetry of positive solutions for nonlinear elliptic boundary value
problems for second order elliptic equations in R". We consider the problem of the form

Au+ f(|x|,u,Vu) =0 in R" (1.1)

u(x) — 0as |x| = o0

where n > 3. We organise the paper as follows: In section 2 the preliminary results and some useful lemmas
are proved. The symmetry result and corollaries are proved in the last section.

*Corresponding author.
E-mail address:dnyanraja@gmail.com(D.B.Dhaigude ) sdinkarpatil95@gmail.com (D.P. Patil ).
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2 Preliminaries

In this section, first we state some lemmas and theorem which are useful to prove our main result.

Lemma 2.1. Hopf Boundary lemmal5]] : Let ) be closed subset of R". Suppose that ) satisfies the interior sphere
condition at xg € 00). Let L be strictly elliptic with ¢ < 0 where

3 ay(x) 505 + b Y
L= a;i(x)=—=— +b;j(x) } — +c(x)
ij=1 P00y 3 9%;

Ifu € C2(Q) N C(Q) satisfies L(u) > 0 and maxg u(x) = u(xo) then either u = u(xg) on Q or

(x) —u(xg+tv) 50

.. u
liminf
t—0

for every direction v, pointing into an interior sphere. If u € C' € QU {0} then

%(XO) <0,
where % is any outward directional derivative.
Lemma 2.2. [8l] Let Q) be unbounded domain in R" . Suppose that u # 0 satisfies
Lu)<0 in Q and u>0 on 9O.
Suppose furthermore that there exist a function w such that w > 0on QUOQ and L(w) <0 in Q. If

u(x)
w(x)

—0 as |x| o200, x€Q

thenu >0 in Q.
Theorem 2.1. [11] Let u(x) satisfies differential inequality
(L)(u) =0,
in a domain Q) where L is uniformly elliptic. If there exist a function w(x) such that, w(x) >0 on QUIQ
(L)(w) <0 in Q

then Z)((J;) can not attain a non negative maximum at a point p on 0Q), which lies on the boundary of a ball in QY and if

is not constant then,

2 (M soar

where % is any outward directional derivative.

3 Main Results

We define following,

Let A > 0 a real number. Define the plane T) = {x : x = (x1, X2, X3, ...... ,Xn), X1 = A}, which is the plane
perpendicular to x;-axis. We will move this plane continuously normal to itself to new position till it begins
to intersect ). After that point the plane advances in () along x;- axis and cut of cap X,; which is the portion
of () and lies in the same side of the plane T as the original plane T.
Ta={x:x <AxeQ}.
Let x* = (2A = x1,x, X3, ......x ) be the reflection of the point x = (x1, xp, X3, ..., X, ), about the plane T}.
Define V; (x) = u(x) — u(x*). We have |x*| > |x| and u(x}) = u(2A — x1,x2, x3, ..., Xp).
Define A = {A € (0,00) : V) (x) > 0} for x € X,.
In (TI), we assume that f(|x|, u(x), Vu(x)) is continuous and C! in u > 0. Also assume that f(|x|, u(x), Vu(x))
is nonincreasing in |x| = r > 0, for each fixed u > 0.

Our main result is the following
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Theorem 3.2. Let u € C2(R") be a positive solution of with following conditions
1. fis continuous in all of its variables and Lipschitz in u
2. f(lxl,u, (p1, P2, 3/ s Pi-1, = Pis Pi1s - Pn)) = f(IX|, 10, (p1, P2, P3, s Pn)) forall 1 <i<n
3. fis nonincreasing in |x| = r > 0, for each fixed u > 0.

Define U and ¢ as

U(r) = Sup{u(x) : x| = r} (3.1)
of : 2
&(r) = Supy 5 (Ix],ulx), Vu(x)) : 0 < u(x) < U(r) (3-2)

respectively. Assume that there exist a positive function w on |x| > Ry for some Ry > 0 satisfying
Aw+ ¢(|x))w < 0in |x| > Ry (3.3)

u(lx|)

—= =0, 34
x| =00 Ww(X) G4

then u must be radially symmetric about some point xo € R" and u, < 0 forr > 0.
Before proceeding to the proof of main result we shall state and prove some lemmas.

Lemma 3.1. Let A > 0 then

AVy(x) + Cy(x)Vy(x) <0in Xy, (3.5)
where .
= /0 Fullx), u(x) + t(u(xd) — u(x)), Vu(x))dt.
Proof. Let u be the positive solution of (1.1), u(x") satisfies the same equation that u does.
Au(x) + F(|xM, u(xY), Vu(x*)) = 0 in R". (3.6)
Since u(x) = u(x1,x2,x3, ..., X5)
Vu(x) —iAa—u+[ ou + 13 ou + .. +z’a—u
Yox; T Poxy  Coxs T Moy

= (plr pZ/ p3,..., pn)
Since u(x/\) = u(2A — x1, X0, X3, ..., Xp)

—z‘au( 1)+za ey
19x, 29x; | Coxs " ox,

= (_pl/ PZ/ PB/ weey p}’l)

Vu(xt)

Subtracting equation from equation we get
0 = [Au(x) + f(|x], u(x), Vu(x)] = [Au(a?) + f(|x*], u(xh), Vu(xh))]

|
= Au(x) — Au(x*) + f(|x], u(x), Vu(x)) — f(|x*], u(x?), Vu(x*))
= AV (x) + f(|x], u(x), (p1, P2, P3, s Pn)) — F(IXM], (), (=1, P2, D3 oos D))
= AV (x) + f(Ix], u(x), (p1, P2, P3s s Pn)) — FXM | u(xY), (P1s P2, P3s s 1))
> AVy(x) + f(|x], u(x), Vu(x)) — f(|x|,u(x*), Vu(x))
>AV/\( ) f(|X|,M(X) i(i;_igjﬁ\'; ( ) ( ))( ( ) u(x)x))

> AV) (x) + Cy(x) Vi (x))
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where

_ Sl u(x), Vu(x)) — f(lx|, u(x*), Vu(x))
Crlo) = u(x) —u(x?)

= /01 Fullx],u(x) + t(u(x*) —u(x)), Vu(x))dt.

Before the next lemma we shall define, By = {x € R" : |[x| < Ro} and By = {x € R" : |x| < Ro}.
Lemma 3.2. Let A > 0,If V) > 00n dX, N By then A € A.
Proof. Let A > 0. Suppose V) > 0 on 0=, N By then from lemmaand assumption we have
AV)(x) + Cp(x)Vy(x) <0in X, \ By
Vi(x) >0 on 9(Zy \ Bo)

As U(r) = sup{u(x) : |x| > r} and ®(r) = sup{fu (x|, u(x), Vu(x))}
U(r) is nonincreasing,
0 < u(x)+t(u(x") —u(x)) <u(lx]), 0<t<1.

Then by lemma
1
Ca(x) = /0 Fullxlu(x) + Hu(ed) - u(x), Vu(x))dt
1
< /0 Fullx], U(x), Vu(x))dt
1
< [ #(xhdr < a(x)) in %,
0
From

Aw + ¢(|x|)w > 0 in |x| > Ry
u(lx[)

lx] oo w(X)

The positive function w satisfies
Aw+ ¢(|x])w < 0in ) \ By

and

< —0inx € X, \ By as |x| — oo.

w(x)

Hence by maximum principle, V, (x) > 0 in X, \ Bo.
By assumption V) (x) > 0 in X,. Therefore A € A.

Lemma 3.3. If A € A then 387”1 <0on Ty
Proof. Let A € A. Hence A > 0. By lemma[3.]]

AVy(x) + Cr(x)V)(x) <0in Xy
Vi(x) > 0on d(X,).

On T, we have,

Hence V) (x) =0on T).
By Hopf boundary lemma, aa% < 0 on T,. Therefore 337”1

18VA
2% <001’1T)L

Now we shall prove the main theorem
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Proof. Since u(x) is positive solution of (1.1) such that

lim u(x) =0,
|x| —00

then we can find Ry > Ry such that
max{u(x) : |x| > Ry} < min{u(x) : |x| < Ro}

where Ry is constant. We shall prove the theorem in following three steps.

Step-I: Define By = {x € R" : |x| < Ro}. Clearly By C £; . Let A > R;. Also V,(x) > 0in By. Therefore
Vi(x) > 0in X, N By. Hence A € A. Thus we can conclude that [Ry, %) C A.

Step-1I: To prove,If Ag € A then there exist € > 0 such that (1g — €, A9) C A. We use contradiction method
to prove this. Suppose there exist increasing sequence {A;},i = 1,2,3,... such that A; ¢ A and A; — Ag as
i — oo then by contradiction to lemmawe have a sequence {x;},i = 1,2,3, ... such that x; € ¥, N By and
V), (xi) < 0. It has a subsequence which converges to xo € Z_Ao N By. Then Vy,(x0) < 0butin X, we have
Vo (x0) > 0, therefore xg € T),.

Using mean value theorem we can find y; satisfying

ou
—(y;) >
axi(yl)—o

on the line segment joining x; — x;\f foreachi = 1,2,3,... also y; — xp asi — oo. So 837”1(9(0) > 0. But by

lemma 3.3 we have
ou

ox;
This is a contradiction.Hence the step-II is proved.
Thus if Ay € A then there exist € > 0 such that (Ag — €, Ag) C A.
Step-III: In this step we shall prove that either statement (A) or statement (B) happens.
(A)V), (x) = 0 for some A1 > 0 and 5’7”1 <0onT,forA > Aq
or
(B)V),(x) > 0in X, and 5?7”1 <0on T, for A > Ay
We have A1 = inf{A > 0](A,00) C A}. Therefore A1 > 0 or A; = 0 be the two distinct cases.
Case - 1: If A1 > 0, since u is continuous function, V), > 0in ¥, . Therefore by lemma

(x0) <0.

AV (x) + Cyr(x)Vy(x) <0 in Y

By strong maximum principle we have either V) (x) > 0 or V) (x) = 0in X, . If V) (x) = 0, then statement (A)
occurs, i.e. u(x) = u(x*1) holds and by lemma 3.3 887“1 < 0on Ty for A > A;. Now suppose V) (x) > 0in X, ,
then A; € A As we have already proved, there exist € > 0 such that (A —€,A1) C A. This contradicts to the
fact that A is infimum. Therefore V), (x) = 0in X. This implies (A) holds.

Case-2: A1 =0

Since u(x) is continuous we have V), (x) >0 in .

Therefore Vy, (x) = u(x) — u(x?) > 0in Zg. Therefore u(x) > u(x) in Z.

By lemma 687”1 < 0on T forA > 0. Thus (B) holds. If statement (B) occurs in step- 1II, we can repeat the
previous steps I-III for the negative x; — direction to conclude that either u is symmetric in the x;— direction
about some plane x; = A; < 0or u(x) < u(x?) in . Thus u(x) = u(x?) in Zg. Thus u must be radially
symmetric in x; — direction about some plane and strictly decreasing away from the plane. Since we can place
x1— axis along any direction we conclude that u(x) is radially symmetric in every direction about some plane.
Therefore u is radially symmetric about some point xy € R” and u, < 0. O

Corollary 3.1. Assume that f,(r,u,Vu) < 0 forr > r9,0 < u < ug with some constants ro > 0 and ug > 0.
Let u be the positive solution of (1.1)). Then u must be radially symmetric about some point xo € R" and u, < 0 for
r=|x —xp| > 0.

Remark 3.1. . If gradient term is absent in f, related results have been obtained in [4} 7, [9].
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Proof. We see that the function U defined by satisfies U(r) — 0 as |x| — oo.

Take Ry > r¢ so large that U(r) < ug for r > Ry. Define w as w(x) = 1 on |x| > Ry, then w satisfies (3.4).
Since ¢(r) = max{%(|x|, u(x), Vu(x))[0 < u(x) < U(r)} < 0forr > Ry we have (8.3). Thus all the conditions
of theorem are satisfied so we can apply the theorem for conclusion. O

For simplicity we consider the equation of the form
Au+ ¢(|x])f(u(x), Vu(x)) =0 in R" (3.7)

with the assumption that ¢ € CJ0, o0) satisfies ¢(r) > 0 for r > 0 and ¢(r) is nonincreasing in * > 0, and that
f € C10,00) with f(u, Vu)) > 0 for u > 0.

Corollary 3.2. In equation (3.7),suppose that
1. fis continuous in all of its variables and Lipschitz in u
2. f(lx[,u, p1, P2, 3y s Picts = Pis Pigds oo Pu) = f(X| 14, 1, P2, P3, ooy ) forall 1 < i<
3. fis nonincreasing in |x|, for each fixed u > 0
we furthermore assume that ¢ # 0 and
/000 r¢(r)dr < oo. (3.8)

Let u be positive solution of B.7) , satisfying u(x) — c as |x| — oo for some constant C > 0, then u must be radially
symmetric about the origin and u, < 0 for r > 0.

Remark 3.2. . If gradient term is absent in f, related results have been obtained by 4,7, [9]].

Proof. Consider V(x) = u(x) — C. Then we have VV(x) = Vu(x) and hence AV (x) = Au(x). Then V satisfies

AV (x) + ¢(|x)h(V) = 0 in R"

V(x) -0 as |x] — o0

where h(V) = f(V+C,VV)

Since —AV = ¢h > 0, we have V > 0 in R", by the maximum principle. We apply theorem [3.2]to the
problem (3.7). We define U and $ as U(r) = sup{V(x) : |x| > r} and (r) = sup{p(r)h'(s) : 0 < s < U(r)}
respectively. Since ®(r) < Mg¢(r) for some constant M > 0. and holds. Then there exist a positive
function w on |x| > R for some Ry > 0 satisfying

Aw(x) + ¢(|x])w(x) =0 and

w(x) — 0 as |x| — o

Then w satisfies the conditions of the theorem Therefore theorem [3.2] can be applied to conclude the
assertion. O
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Some Results for a Four-Point Boundary Value Problems for a Coupled

System Involving Caputo Derivatives
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Abstract

Motivated by the problem (1.1) in [5], in this paper, we prove the existence and uniqueness of solutions for

the following system of fractional differential equations with four point boundary conditions:

D*x(t)+ f (ty (t),D°y (t)) =0,t €],

DPy (1) +g (t, () Tx(t)) =0,t €],
x(0) =y (0) = ( ) =Mx () =0,y (1) — Ay () =0,
x"(0) =y" (0) 2 (1) = Ax (§) = 0,y (1) = Azy” (§) =0,

where3 < a,<4a-2<0c<a-1-2<6<B-10<§y <1 and D%, DB, D? and DY, are the
Caputo fractional derivatives, ] = [0,1], A1, A are real constants with A1y # 1,A,§ # 1 and f, ¢ continuous

functions on [0,1] x R?.
Keywords: Caputo derivative; Boundary Value Problem; fixed point theorem.

2010 MSC:26A33, 34B25, 34B15. (©2012 MJM. All rights reserved.

1 Introduction

Differential equations of fractional order have been shown to be very useful in the study of models of
many phenomena in various fields of science and engineering, such as electrochemistry, physics, chemistry,
viscoelasticity, control, image and signal processing, biophysics. For more details, we refer the reader to
[4,17,[10,[12,[13}[15] 17} [18] and references therein. There has been a significant progress in the investigation of
these equations in recent years, see [6, 8] 9} [15] 16} 27]. More recently, some basic theory for the initial bound-

ary value problems of fractional differential equations has been discussed in [1} 14} [15]. Recently, existence
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and uniqueness of solutions to boundary value problems for fractional differential equations had attracted
the attention of many authors, see for example, [4] 6} 8 9} 15} [16} 19, 27] and the references therein. The study
of coupled system of fractional order is also important as such systems occur in various problems of applied
science [3, [11} 20} 21} 24, [26]. In the last decade, many authors have established the existence and uniqueness
for solutions of some systems of nonlinear fractional differential equations, one can see [20, 23} 24, 25] and
references cited therein. For example in [2} 5, 21} 26] the authors established sufficient conditions for the exis-
tence of solutions for a two-point and three-point boundary value problem for a coupled system of fractional
differential equations.

In [2, 5, 21], 22, 26|, the existence and uniqueness of solutions was investigated for a nonlinear coupled
system for fractional differential equations with two-point and three-point boundary conditions by using
Schauder’s fixed point theorem.

Motivated by the problem (1.1) in [5], this paper deals with the existence of solution for the following

fractional differential problem:

D*x(t)+ f (ty(t), D’y (t)) =0,t €],

Dlgy(t)Jrg(t,x(t),D‘Tx(t)) =0,te], (L.1)

x(0) = (0) = 0,x (1) = Ayx () = 0,y (1) — Ay () =0, '
(

X
x"(0) =" (0) = 0,x" (1) = Aax" (§) = 0,y" (1) = A2y" (§) =0,

where3 < o, < 4a-2<c<a-1,-2<d06<B-10<§n <1 and D*,DP,D?® and D7, are
the Caputo fractional derivatives, ] = [0,1],Aq, Ay are real constants with A7 # 1,125 # 1 and f, g are
continuous functions on [0,1] x R2.

The rest of this paper is organized as follows. In section 2, we present some preliminaries and lemmas.
Section 3 is devoted to existence of solution of problem (1.1). In section 4 examples are treated illustrating our

results.

2 Preliminaries

The following notations, definitions, and preliminary facts will be used throughout this paper.

Definition 2.1. The Riemann-Liouville fractional integral operator of order &« > 0, for a continuous function f on

[0, oo] is defined as:

t
Jf(6) = ¢ (1“) /O (t—1)* 1 f(T)dT,a >0, (2.2)

If(4) = f(#),

where T () := [° e "u®"1du.
Definition 2.2. The fractional derivative of f € C" ([0, 0o[) in the Caputo’s sense is defined as:

Df(t) = ﬁ /Ot (t—7)" 1 (r)ydT,n —1 < a,n € N*. (2.3)

n—uow
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For more details about fractional calculus, we refer the reader to [[15} [18].

We will consider the following spaces:
X={x:xe€C([0,1]),D%x € C([0,1])},
and

Y={y:yeC(01]),D% e C([0,1])},

endowed with the norms:

lxllx = X[l + [IDx]l, [|lx| = sup |x (£)], [|Dx]| = SUJJDID‘TX(f)II
te

te]

and

4| = sup Dy ).

Iylly = Iyl + | D
te]

Nyl =suply(t)],
te]

We know that (X, | . [|x) and (Y, || . |ly),is a Banach space. The product space (X x Y, [|(x,y)| x,y) is also a
Banach space, with norm [|(x,y) [y = [1xl1x + [yl -

We recall the following important lemmas [13]:
Lemma 2.1. For a > 0, the general solution of the fractional differential equation D*x (t) = 0 is given by
x(t) = co+cit+ cot? 4+ .4 cy1t" 1, (2.4)
wherec; € R,i=0,1,2,.,n—1,n=[a] + 1.
Lemma 2.2. Let « > 0. Then
JED%x (t) = x (t) + co+ c1t + ot + ..+ ¢ t"71, (2.5)
forsomec; € R,i=0,1,2,..,n—1,n=[a] +1.
We prove the following result:
Lemma 2.3. Let g € C([0,1]), the solution of the equation
D*x(t)+g(t)=0,te], 3<a<4, (2.6)
subject to the conditions
x(0)=0,x(1)—AMx(y) =0, (2.7)
x"(0) =0, x" (1) — Ax" (§) =0,

is given by:
t
x(t) = —r(la) /0 (£ o g (0 ds N
Aqt U .
+(?\117—1)F(u<)/0 (7 —)" "' g (s)ds

t 1 .
- @ , 9 e
(AZ - /\2/\1773) t+ (Ao — Ap) t 3 .
6(Mn—1)(A5—1T (a—2) /0 (E—9)" g (s)ds
(1-Mp’) b+ /\177—1.‘.3 1
6 (A —1)(A5-1)T /0 (s)ds.
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Proof. We use the same technics as in [5]. For c; € R,i =0,1,2,3, and by Lemmas 2.1,2.2, we have

— 1 ' x—1 2 3
x(t‘)——m/0 (t—s)"""g(s)ds —co—c1t — cat” —c3t

Using (2.7), we get cop = ¢ = 0, and

A i .
Cl:_mfo (n—s)""g(s)ds
1 1 .
T, 9 s

Az (1= A7) § o
_6(A117—1)(Az§—1)r(a—2)/0 (§—9)"7g(s)ds

(1-My) 1 o
+6(/\1’7—1)()\2§1—1)l"(¢x—2)/0 (1-s9) Sg(s)ds

and

A g .
C36(/\2§_1)r(,x_2)/0 (§—9)" " g(s)ds

1 1 .
+6<A2§—1>r<a—2>/o (1=9)"g(s)ds

Substituting the value of ¢; and c3 in (2.9), we obtain the desired quantity in Lemma.

3 Main Results

Let us set:

a1
My = 351wt D)

(JA2=2A2A 3 |+1A2A =22 )8 2+ 1= A1 |+ Ay 1]

+ 8117 1Aa8 1T (a—1) ’
_ 1 [A1]7*+1
Mz = ey t AT T2 =0)
[A2 =223 |8 24 1=y [AaA1n=Aa |82+ | A1y 1]

T ST @-1T2=0) T My—1[Ag—1T(@—T)I (G—a)”

My = A=ttt (Pa-Aabir [ haday— 22§24 1| i 1|

[A1n—1T(B+1) 6[A1n—1[]A25-1T (1)
_ 1 AP 41
My = =5y T AT BT R=0)
[A2=A2A1 73|82+ |1- Ay [A2A11 =g 824 Ay —1|

F A —TE-TT(E-DT2=0) T Ty —11A25-1T(B-1I (33’
(|Aa=A2n? |+ =A2])8* 2+ |1-Ar | +| Ay =1

L= 87 1TA281(a—T) :

L, = M2 IApR] L (dahg—AglE A1
2 = G-I a—TT2—0)  My—1[E—1Ta—1)I(4—a)
[n— ([A2=2Ao A3 | +1A2A 1 —A | ) 8P 24| 1Ay np® |+ Ay -1

3 6[A7—1[[A3—1[T(B—1) ’

Ly — [A2=AA1 3 |82+ 1A% + |A2A17—Ag 8P4 Ay —1]
4 = A A IT(B-DI2—0) | Thy—1]A8 1T(B-DIE-3)"

Let us also consider the following hypotheses:

33

(2.9)

(2.10)

(2.11)

(3.12)

(H1) : There exist two constants k; and k, such that for all t € [0,1] and (x1,1), (x2,y2) € R?, we have
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|f (t,x1,y1) — f (£ x2,y2)] < Ky (Jx1 — 22| + [y1 — y2l),
1§ (t,x1,y1) — & (£, x2,y2)| < ko (Jx1 — x2| + [y1 — v2|) -

(H2)) : The functions f , g : [0,1] x R? — R are continuous

(H3) : There exists positive constants Ny and N; such that

If (t,x,y)| < N1, |g(t,x,y)] < Npforeacht € Jandall x,y € R.

We prove the following theorem:

Theorem 3.1. Assume that (H1) holds.

If
k1 (M] + Mz) + ko (M3 + M4) <1,

then the problem (1.1) has a unigue solution.

Proof. The proof is similarly to that of Theorem 3.1 in [5] by taking k1 = wq + wy and ky = @1 + @>.

Now, we prove the following result:

Theorem 3.2. Assume that the hypotheses (H1) — (H2) and (H3) are satisfied, such that

k161 + ko6, < 1,

where

g, = Mn—ttlh 1 1 n M7t +1
1= A =1 (a+1) Tla—o+1) " Ay—1T(a+D)T(2—0)’
g, — An—tlP+r 1 [MlrPi

[\ —1|T(B+1) I(p—o+1) * [Ay—1L(B+1)I(2-0)"

If there exists yu € R such that
N1 (M1 + M) + Np (M3 + My) <,

then, the problem (1.1) has at least a solution.

(3.13)

(3.14)

(3.15)

(3.16)

Proof. We shall use Krasnselskii’s fixed point theorem to prove that ¢ has at least a fixed point on X x Y.

Suppose that (3.16) holds and let us take

¢ (x,y) (1) :==T (x,y) (£) + R (x,y) (1),
where

T (x,y) () = (Tiy (t), Tax (t)),

t
Tiy () =~y [ (=517 (s.3(5), Dy (5)) ds

U
s o [ -9 (39, D (9) s

(3.17)

(3.18)

(3.19)
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t
Tox (t) = _%ﬁ)/o (t—s)PLg(s,x(s),D%x (s))ds
Aqt U a—1 o
+ Gar=1T B ; (—s)"""g(s,x(s),Dx(s))ds
1
- T | (=9 e x(s), D (s)) s

and
R(x,y) (t) == (Ray (t) , Rox (t)),

where,

A=A ) - (Aadg—A) e 2 _
Rly (t) = ( 2(/\12,7,1;7)2/\25(,12)1}&,22)) /() (5 - S)a 3f (S/y (S)/Dtsy (5)) ds

)t - 1 e
- 6<(A1;7—1Y)()A2§(—i;7r(a)—2)/0 (1—s) 3f(s,y(s),D‘5y (S)> ds,

Ag—AaAy )+ (Mg A p—Ag) 2 _
Rax (1) = Uit it [0 (5 =5 25 (5,x(5), D7 (5)

1) A -18 1 _
- 6(()\1177117)()/\29711;71“(/3)72)/0 (1-5)"g(s,x(s),Dx (s)) ds.

The proof will be given in several steps.
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(3.20)

(3.21)

(3.22)

(3.23)

Step1: We shall prove that for any (x,y),(x1,y1) € By, then T (x,y) + R(x1,y1) € By, Such that B, =

{(xy) € XY [(x, Y)llxy < B}
For any (x,y),(x1,y1) € By and for each t € | we have:

i 1
Ty (0)+ R (0] =]~y [ (t=9"f (5,99, Dy (5)) ds
+ W /077 (7—s)""'f (S,y (s), D% (S)) ds

1
-t ) =9 (55,0 ) s

(A=A ) i+ (Ap Ay —Ag) P

§ a—3 ) d
T s T 2) (§—s) f(s,y(s),D J/(S)) s

TEDT) PING IR IR 3
_6((/\177_11)())\2§—11)1“(ﬂ—2) /0 (1=s)""f (Sry (s), D% (S)) ds |
then,
t N
Ty )+ Ruys (0] < el [ (=917 |f (s.5(5), Dy (5)) | s
U
+ it [ =9 [ (5w (0, Dy ) a5
1 ! a—1 )
+W/o (1—5) ‘f(s,y(s),Dy(s))’ds

+|)\2—/\2)L1773‘+\/\2?\1’7—)\2| §
6lMy—1[[A25 1T («=2) ~ [,

=" |f (5.1 (), D1 (9)) | s

1-AP |+ A 1] ! -3 5
+ /O (=92 (5,31 (), Dy (5)) | ds.
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Using (H3), we obtain

AMy—=1|+|A1 g%
ITay (6) + Rags (1)) < Ny [ Ayt lnt ]

+ N {[(IMAzAmﬂzml_nllxg)_;*lrzal_ll)m3|+m1|] .
Consequently,
[Tiy () + Raya (1) < NyMy.
Thus,
T2 (v) + Ry (y1)]] < NiMy,
and

t
DTy (1) + DR ()] < iy | (=9 [F (s.56), Dy (5)) | s
A T a—1 1)
ﬂm_ulr(%/o (7 —s) ’f(sr]/(S),D }/(S))’ds

1
* \Alv—ﬂrga)r(zfa)’/o (1-9)" f(s,y(s),D y(S))‘dS
[Aa—A2A17

;

b | TR AT 2T / (E—s)*3 ‘ f (531 (5), D1 (5)) ‘ ds
+ 111—A2 0

| -T2 o)

r |1-A1 7|

+ [A17-1]
L " Ay =1[[A28-1T(a=2)T (4~0)

By (H3), we have

1 Al +1
DTy (1) + D Raya ()] < Ny [r(aﬂml) + \Aqull\l"l(‘oizjtl)l"(Zfa)}

Ao—AoA 3 vc—2+17)\ 3 _ a—2 _
+N1[ e i | SOV IS PP S Y S VU

617 1oE 1@ I2—0)  Thy-1[8 1T 1)I{E-0)

Consequently, we obtain

|D"Tyy (t) + D Ryy; (t)] < NiM,.

Hence,

ID”Ty (y) + DRy (y1)[| < NiMa.

Combining (3.24) and (3.25) , yields
1Ty () + Ry (y1)llx < N1 (Mq + Ma).

Analogously, we have

IT2 (%) + Rz (x1)[ly < N2 (M3 + My).

Hence, it follows from (3.26) and (3.27) that

IT (x,y) + R(x1, y1)ll xxy < N1 (M1 + M) + Na (M3 + My) < p.

Step2: We shall prove that R is continuous and compact.

(3.24)

1
4| IR —2T(2=0) /O (1— )3 ’f (S,y1 (s), D’y (S)> ‘ ds.

(3.25)

(3.26)

(3.27)

(3.28)
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[1¥] : The continuity of f and g implies that the operator R is continuous.
[2*] : Now, we prove that R maps bounded sets into bounded sets of X x Y.

For (x,y) € By and for each t € |, we have:

A=A Pt oA —Ag B [ _
Ry ()] < Pttt [ 6= |7 (s 9, Dy (5))|

1Ayt Ay —11e [ 3 5
+ ST A (1-s9)" ‘f (Sry(s)/D y(S)) ‘ ds.
Using (H3), we obtain

[A2=AA1 73 |+ A2 A= A2] )8 2+ 1- AP [+ |Ar 1]
64 7 —1[[A28— T[T (a—T1)

<N (JA2= AP |+ A2 A= A2] )82+ 1= AP+ A =1
= 6[A17—1][A2§—1I'(a—1) )

Ryy ()] < Ml

Thus,
IRiy ()] < NiLy,t €],
Therefore,
Ry (y)|| < NiLy. (3.29)
On the other hand,

)\2—)\2)\]173 - + 3
< oy (T [0 e )
A —1[A5 1T (4-0)
[1-Aqp3 et + 1
ot | TR ) [0 o)
[A17=1]]A28 1T (4—0)

By (H3), we have

|A2—AoAa P [3* 2 +[1-A1p’) AaAq 7= A 8 2+ Ay 1|
D7y (6) 55bh[6M4n—1Azg—lrxa—lﬂwz—a>'*Aqn5f|Az§51I%a—1hx4—a>

<N [A2=A2A1 73|82+ |1-Aq 7 + [A2A =22 |82+ |A 1]
= N A =131 @a—1I(2—0) " Ay—1[[A23— 1T (a—D)I(4—0)

Consequently, we obtain

IDRyy ()| < NiLo,t € ].

Therefore,
DRy (y)| < N1Lo. (3.30)
Hence, from (3.29) and (3.30), we have
[R1 (¥)llx < Ni1(L1+La). (3.31)
Similarly, it can be shown that
[R2 (x)]ly < Nz (L3 + Ly). (3.32)

It follows from (3.31) and (3.32) that

IR (x,y)lxxy < N1(L1+La) + Na (L + Ly). (3.33)
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Consequently,
IR (¢, )|l xxy < oo

[3*] : We show that R is equi-continuous:

Letty,to € J,such thatt; < t; and (x,y) € By. Then, we have:

A=A 173 | (ba—t1 )+ |Ap A=Ay | (B —13 § a—
Ruy (1) = Ry (v)] < P2l el 2 a2 (s,y(5), Dy () ds

1-Mi2|(t1—t2)+ A =1 (B -8 1 -3 5
1 e G 2)/0 (=57 (909, D%y 5)) as.

Using (H3), we obtain

Np|Ap—AgA 3 Ee—2
|R1y (tZ) - Rly (tl)‘ < 6\/\111!—21\\)\§§1—’71|1‘"(0¢—1) (tZ - tl) (3.34)

N1|1—/\1173|
+ e (- f2)

Ni|ApA1—Ap 82 3 3 Ni|An—1] 3 3
ey iren \2 1) s inereen (i)

and
Pa—AoaP|[(57-H") €
o o < | Ty IRE T @ 2020 / a3 5
DRy (t2) — DRy (1) < s | [ 5= £ (s9(9), D%y ()| ds

7 -1A25 1T (a=2)F(4-0)
[1-Aar] (7=t )

1

6|A117—1][A2§—-1|T (a—2)[ (2—0) _ o\&—-3 1)

* S0 a9 | (5w (9.0 ) fas
[A157=1[[A28—1[T («a—2)['(4—0)

By (H3), we have:

Ny [Ap—AgA 73|82 1— 1—
ID7Ruy (t2) = DRy ()| < gt e e=s) (tz -t U) (3.35)
N1|l—/\1173‘ 1— 1—
+ e (15 )
+ Ny ApAy7—Ap[84~2 (t3—17 _ t3—(7>
Ay —1][A§—1T(a—1)[(4—0) \ 2 1
Ni|A—1] 3— 3—
B Mmfl\IAzgfll\F(a—l)r(sza) (tl -t a) .

Hence, by (3.34) and (3.35), we obtain

Ni|Aa =AM 73|32 72 Ny 12173
Ry (f2) — Riy (t1) [ x < 6 —T[A8—1|T (a—1) (2 —t1) + 6A17—1|[A2E—1T(a—T1) (1 — t2)
Ni|ApAyn—Ap|§2 3 .3 NilAg—1] 3 .3
e e (8- 8) + gt (8- 8)

Ni|A2—=ApA 7?5272 1-0 1-o
Ry e [ v ey ) (tz — ) (3.36)
N1‘1*A1773| 1-0 1-0
T A A AT DT 2—0) (tl — b )
+ Ni[AgAy7—Ap[§* 2 <t3fa _ t3fa)
1A 1T a-DTE o) \ L2 1

Ni[Ap—1] (370_ 370)
T g re e\~ )
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Analogously, we can obtain

Np[Ap=AxAin® 8P 2 Na |12y |
IR2x (t2) = Rox ()lly < gzt (2 — 1) + g ime (f1 — f2)

Na[Ap Ay —Ap|8F—2 (3 ) Np|Ay7—1] (3_ 3)
+ 8-t \2 1) T gmgaig-are-n (B~ B

Na|A—ApA17P 8P 2 1-6 416
T ST (B-T)T(2=9) (fz —h ) (337)

+ Na|1-A17 -0 _ 416
6|17 —1[[A8-1[T(B-1)T'(2—0) \'1 2

No|AgA177—Ap|8P2 (3—5 _ 3-5)
+ Mt are-nra—s (2 - —h

Ny |Ayn—1]| (3757 34)
* e (TR )

Thanks to (3.36) and (3.37), we can state that ||¢ (x,y) (t2) — ¢ (x,y) (f1)|| — 0 as t; — t. Then, as a
consequence of steps ([1*], [2*],[3*]) , we can conclude that R is continuous and compact.
Step3: Now, we prove that T is contractive.

Let (x,y), (x1,y1) € X x Y. Then, for each t € ], we have

f | f(sy(s),Dy(s)
Ty (1)~ Tun (0] < s [ (=9 ( ) s
0 —f (s,y1(s), D’y (S))
At 1 a—1 f( ))
+ i [ -9 ds
(AMy=1)T () 0 _f (S yl D yl( ))
! f(sy y(s))
+%/ (1—s)*1 ds.
M-Dr@ £ (s5,v1(s), D% (s))
Thanks to (H1), we can write
ITiy ()= T (9] < gy (Iy = vl + | D%y = Do)
+ s (ly =l + | D%y = Doy ).
Consequently,
IT2 () = Tu () < SRt (Jly =y + || Doy = Dowi ), (338)
and
f ,y(s),D’
|D0'le (t) — DU'lel H)] < %/ (t _S)ucfafl f (S y(s) ]/(S)) ds
0 —f (s,y1(s), D’y (S))
I L) I A CA y(s))
+ AT @rE—o) /o (n—s) f(s y (e D‘5y1( ) ds
1
tl o a—1 f( S))
) A I
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By (H1), yields

ID"Try () = D Ty ()] < iy (Ily =l + [ D%y = Do)

+ \/\117—1]\(1]"‘(/0\4]-1‘-7{;‘1"(2—0) (Hy =yl + HD(SV - DJ%H)

+ ‘/\ln_l‘r(zl_lrl)r(z_g) (”]/ -yl + HD‘SJ/ - Dé]/lH) .

Hence,

[Aq]7*+1

1
||D”T1<y>D”Tl<y1>||Sk1[ ey ](|yyl||+HD‘5yD‘5y1H). (3.39)
T A AT Do)

By (3.38) and (3.39), we can write

\)\1’7—1\+\/\1\'7“+1+ 1
ITe ) =Ty ()llx ko | P TTEED L TEFT 0 (ly =y + [ Doy = Do ) -

+ |A1[7%+1
[Ay=1T (a+1)['(2—0)

Thus,

T ()~ Ty ) < ka6 (Ily —wall + [Py — Do) (3.40)
Analogously, we can get

IT2 (x) = T2 (x1) ly < ka2 ([lx = x1]| + [ D7x = D7xq)) - (3:41)

It follows from (3.40) and (3.41) that

1T (x,y) = T (x1, y1) Iy < k161 +K262] (I1(x — x1, ¥ — y1) Iy ) -

Using (3.15) , we conclude that T is a contraction mapping.

As a consequence of Krasnoselskii’s fixed point theorem we deduce that ¢ has a fixed point which is a

solution of (1.1). N

4 Examples

In this section we give some examples to illustrate our main results.

Example 4.1. Let us consider the following system:

; ﬁe*”tz cos(7tt) (y(t)+D%y(f)>
Dzx (t)+

+In(1+t) =0,te],
(5v/m+7e") <1+y(t)+D%y(t)) ( )

Ve~ cos(rt) <x(t)+D§ x(t)>

D5y (t) + +In(1+)=0,te],

)-o.

1
3
() -2y (3) =0

(5v/m+7et) <1+x(t)+D%x(t)

x(0) =0,x(1)— §x(3) =0,5(0) =0,y (1) - 3y (

X(0)=0x"(1)-2x"(3) =0y (0) =0,y

"

Set
Ve ™ |cos (mtt)] (|x] + |y|)
(5v/7+7et) (1+ x| + [y])

ftxy)=g(txy) = +1In (1+t2) ,t€100,1],x,y € [0,00).
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Fort € ] =10,1] and xq,y1, x2,y2 € [0,0) , we have:
Ve ™ |cos (7tt)| x+y X1+
t,x,y)—f(t xq, = —
e E S I G [ (- 7 R cm A R T
< Ve ™ |cos ()| (|x — x1] + |y — y1])
T BV 7en) (L x|+ [y]) (1 + x| + [ya)
Ve ™ [cos ()| (Jx — x1] + |y — y1l)

<
- (57 +7et)?
gw“fnzux—xlw—ym.

The condition (H1) holds with ky = ky = —Y" .
(5vm+7

11 _9 5 _5 _ 3 _4_ , _1 _ 2
c=g3d0=zmiM=3Mh=5=1=358=3

Fora = %,/5 =3,
M; =1,089, M, = 3,503, M3 = 0,909, My = 3,089,

and,
k1 (M1 + Mp) + kp (M3 + My) = 0,0605075.

Therefore,
ki (My+ Mp) + ko (M3 + My) < 1.

Hence, by Theorem 3.1, the problem (1.1) has a unique solution.

Example 4.2. Consider the following system:

7

: v e Jy(t)
DA+ srtvmned) ¥ sa(renayaswan 0 <)

5
|cos(7tt)||D2 x(t)
y (1) | ~

D3y () + mymarsmn T N 0,tc],
x(0)=0,x(1) ~ §x (§) =0,y (0) =0,y (1) - 3y (})
' (0) =0, (1) =3 (1) =0y @ =0y (1) -3y (1) =0.

For this example, we have

x| eyl
(t,x,y) = + ,t€[0,1],x,y € [0,00),
f y 571 ( /7.[ + zet) 57 ( /*n_et + 2)2 (1 + |y|) [ ] y [
|x| |COS(7Tt>‘ |y| t 6 [0, 1}/x/]/ 6 [0,00) .

8XY) = GUm v ) T 7yt 1)

Fort e J=1[0,1]and x,y,x1,y1 € [0,00), we have:
e |x —

f(bxy) = f(bx,y)| = S(ﬁet-l-Z)Z (1+x)) 1+ |x|) 57 (\/E—&-Zet)

ly — il

et 1
<———— x|t ="y
57 (y/7et +2)° 5 (v +2e) VY
1
< (Jx = x1|+ [y —ml),

51 (ﬁ+2)2
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and
|x — xq] |cos (7tt)| |y — v
t,x,y)—g(t x1, =
gl =8t = A T @ D T 7w 1)
< 1 v — x|+ |cos (7tt)] T
=147 AT L

<1 (x—wml+ly-n)

By Theorem 3.2, the problem (1.1) has at leat one solution.
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Abstract

The object of the present paper is to find Ricci tensor of (k, i) space forms. In particular we prove that a
three dimensional (k, i) space forms is #7—Einstein for 4 = 5. We also study three dimensional (k, y) space
forms with #— parallel and cyclic parallel Ricci tensor for y % We also prove that every (k, ) space forms
is locally ¢p— symmetric.
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1 Introduction

Now a days, a good number of contact geometers have worked on (k, #) contact metric manifold. The

notion of (k, i) contact metric manifold was introduced by D. E. Blair, T. Koufogiorgos and B. J. Papantoniou
[2]. The notion of (k, u) space forms was introduced by T. Koufogiorgos [8]. The Ricci curvature and the
Riemannian curvature are two key objects regarding symmetry of a manifolds. The notion of local symmetry
has been weakened by several authors in several ways. As a weaker version of local symmetry T. Takahashi
[10] introduced the notion of local ¢— symmetry in Sasakian manifolds. The notion of 77— parallel and cyclic
parallel Ricci tensor was introduced in the paper [7] and [9]. In this regard we mention that #— parallel and
cyclic parallel Ricci tensor have been studied by the present authors in the paper[1]. Again — parallel and
cyclic parallel Ricci tensor was studied by the authors in the paper [5]. The present paper is organized by the
following way:
After introduction in Section 1 we give some preliminaries in Section 2. In Section 3 we study Ricci tensor of
(k, u) space forms. -parallel, cyclic parallel Ricci tensors and Ricci operator of (k, 1) space forms of dimension
three have been studied in Section 4. In Section 5 we have proved that every (2n+1) dimensional (k, j) space
forms is locally ¢- symmetric.

2 Preliminaries

A differentiable manifold M?"*! is said to be a contact manifold if it admits a global differentiable 1-form
1 such that 5 A (dn)"# 0, everywhere on M?"+1,
Given a contact form #, one has a unique vectoe field, satisfying

77(5) =1, d17(§, X) =0, 2.1

for any vector field X.
It is well-known that, there exists a Riemannian metric g and a (1,1) tensor field ¢ such that

n(X)=g(X,§), dn(X,Y)=g(X,9Y), ¢*X=-X+n(X)§ 22)

*Corresponding author.
E-mail address: aliakbar.akbar@rediffmail.com (Ali Akbar), avjaj@yahoo.co.in(Avijit Sarkar).
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where X and Y are vector fields on M.
From it follows that

p§=0, nop=0, g(¢X,¢Y)=g(X,Y)—n(X)n(Y). (2.3)

A differentiable manifold M?"*! equipped with the structure tensors (¢, &, 17, g) satisfying is said to be a
contact metric manifold.

On a contact metric manifold M(¢, §,#,g), we define a (1,1) tensor field h by h = ngrp, where L denotes Lie
differentiation. Then we may observe that / is symmetric and satisfies

hE=0, hp=—¢h, Vx&=—¢X—phX (2.4)

where V is levi-Civita connection[2].

For a contact metric manifold M one may define naturally an almost complex structure on the product M x R.
If this almost complex structure is integrable, the contact metric manifold is said to be Sasakian. A Sasakian
manifold is characterized by the condition

(Vx¢)Y = g(X,V)§ —n(Y)X, (2.5)

for all vector fields X and Y on the manifold [4]. Equivalently, a contact metric manifold is said to be Sasakian
if and only if
R(X,Y)§ =n(Y)X —y(X)Y

holds for all X,Y on M [4].
For a contact manifold we have [3]

(Vxh)(Y) = {(1 = K)g(X, 9Y) + (X, hpY) }§ + 1 (Y){h($pX + phX) }. (2.6)
The (k, pt) —nullity distribution of a contact metric manifold M(¢, §, 7, ) is a distribution [§]

N(k,u) : p— Np(k,p)
= {ZeT,(M):R(X,Y)Z 2.7)
= k(@g(Y,2)X -g(X,2)Y) +u(g(Y,Z)hX — (X, Z)hY)},

forany X,Y € TyM and x,u € R. If k = 1, then h = 0 and M is a Sasakian manifold [8]. Also one has trh =0,
trhgp = 0 and h? = (k — 1)¢?. So if the characteristic vector field  belongs to the (k, ) —nullity distribution,

then we have
R(X,Y)§ = k[n(Y)X = n(X)Y] + u[n(Y)hX — n(X)hY]. (2.8)

Moreover, if M has constant ¢—sectional curvature c then it is called a (k, ) space forms and is denoted by
M(c).
The curvature tensor of M(c) is given by/[8]:

AR(X,Y)Z = (c+3){g(Y,2)X-3g(X,Z)Y}
+ (c+3—=4k){n(X)n(Z2)Y —n(Y)n(Z)X

+ 8(X, Z)n(Y)§—g(Y, Z)n(X)8}

+ (= D{g(X, ¢Z)pY — g(Y, ¢pZ)pX + 2¢(X, ¢pY)PZ}
— 2{g(hX,Z)hY — g(hY,Z)hX + g(X, Z)hY

— 29(Y,Z2)hX - 25(X)n(Z)hY + 25 (Y)n(Z)hX

+ 2¢(hX,Z)Y —2g(hY,Z)X +2¢(hY,Z)n(X)§

= 28(hX, Z)n(Y)§ — g(phX, Z)phY + g(PphY, Z)phX}
+ Ap{n(Y)n(Z)hX = n(X)n(Z)hY

+ gy, Z)n(X)§ — g(hX, Z)n(Y)§,

for any vector fields X, Y, Z on M.

Ifk#1,theny =x+1andc= -2k —1.

2.9)

Definition 2.1. If an almost contact Riemannian manifold M satisfies the condition S = ag + by ® 1, for some
functions a, b in C*°(M) and S is the Ricci tensor, then M is said to be an y-Einstein manifold. If, in particular,
a=0 then this manifold will be called a special type of y-Einstein manifold.
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3 Ricdi tensor of (x, ) space forms

47

In this section we study Ricci tensor of (k, ) space forms. Taking inner product on both side of with

W we obtain

4¢(R(X,Y)Z, W)
= (c+3){g(Y,2)g(X, W) —g(X, Z)g(Y, W)}
+ (c+3—4k){n(X)n(2)g(Y, W) —n(Y)n(Z)g(X, W)
+ g(X, Z)n(YV)n(§, W) —g(Y, Z)n(X)g(3, W)}
+ (e =1D{8(X,9Z)g(pY, W) —g(Y,pZ)g(pX, W) +28(X, ¢pY)g(¢Z, W)}
— 2{g(hX, Z)g(hY,W) — g(hY, Z)g(hX, W) + g(X, Z)g(hY, W)
= 28(Y,Z)g(hX, W) = 2n(X)n(Z)g(hY, W) + 2n(Y)y(Z)g(hX, W)
+ 28(hX,Z)g(Y, W) —2¢(hY, Z)g(X, W) + 2g(hY, Z)n(X)g(§, W)
= 2¢(hX, Z)n(Y)g(§, W) — g(¢phX, Z)g(phY, W) + g(phY, Z)g(phX, W)}
+  Au{n(Y)n(Z2)g(hX, W) —n(X)n(Z)g(hY, W)
+  g(hY, Z)n(X)g(§, W) — g(hX, Z)n(Y)g (5, W).

(3.1)

Putting X = W = ¢;, where {¢;} is an orthonormal basis of the tangent space at each point of the manifold,

and taking summation over i, i =1,2,....,2n + 1, we get from (3.1)

45(X, W)

(c+3){(@2n+1)g(X, W) —g(X, W)}
(c+3—4k){¥in(X )77( e;)g(e;, W) — Yin(e)n(e)g(X, W)
Yig(X,en(e)n(§,W) — L gle, 61) (X)g(&, W)}

(c = D{X g(X, ¢pei)g(pei, W) — 3 g(ei, pei) g (
2y {g(hX, e;)g(he;, W) — ¥ g(he;, e;)g(hX, W
2y g(ei,e)g(hX, W) — 23 n(X)n(e;)g(he;,
2y 8(

2y 8(hX, ei)n(ei)g(E, W) — L g(phX, e;)g(
Ap{Yin(ei)n(e)g(hX, W) — i (X)n(ei)g(he;, W)
Yig(hei,e)n(X)g(§, W) — Yi g(hX, ei)n(e;)g(8, W).

I+ + +

4+

or,

45(X, W)

2n(c+3)g(X, W)

(c 43— 4k) {7(X)y (W) — (21 + 1)g(X, W)
n(X)n(W) = (2n + 1)n(X)n(W)}

(c = 1){g(¢X,pW) + 28 (X, pW)}
2{g(hX,hW) + g(X, hW) — 2(2n + 1)g(hX, W)
— g(X)p(hW) +2(2n + 1)g(hX, W) + 2g(hX, W)
n(hX)g(8, W) + g(¢hX, hgW)}

|+ o+ 4

+ 4p{2n +1)g(hX, W) — n(X)n(hW) — n(hX)g(§, W).

Since h§ = 0, therefore (hX) = g(hX, §) = g(X, h§) = g(X,0) = 0.
Using above result we obtain from

45(X, W)

2n(c+3)g(X, W)

(c+3—4b){(1-2n)y(X)n(W) — (2n+1)g(X, W)
3(c —1){g(¢X, ¢W)}

2{g(h®X, W) +3¢(X,hW) + g(phX, h¢W)}
4u{(2n +1)g(hX, W).

+ o+

¢X, W) +23 (X, pei)g (i, W
)+ i g(X, e)g(he;, W

W) + 23 1(ei)n(ei)g(hX, W)
hX,e)g(ei, W) —2Y; g(he;, e))g(X, W) + 2 g(he;, e;)11(X)g(§, W)
Phe;, W) + Y g(phe;, e;)g(phX, W)}

(3.2)

(3.3)

(3.4)
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Using h¢p = —ph, p*(X) = —X + 5(X)E, in relation we get

45(X, W)
= 2n(c+3)g(X, W)
+ (c+3—4b){(1-2n)n(X)p(W)—-2n+1)g(X, W) (3.5)
+ 3(e=D{g(X, W) —n(X)n(W)}
— 2{g(h*X, W) +3g(X,hW) — g(h®X,hW)}
+ 4u2n+1)g(hX, W).
or,
45(X, W)
= (8nk+4k+2c—3)g(X, W)+ (8nk + 4k — 2nc — 6n — 2c + 6)n(X)n(W) (3.6)
+ {4u(2n+1)—-6}g(hX,W).
If we take y = % and n = 1, then becomes
4S(X, W) = (12k + 2c — 3)g(X, W) + (12k — 4¢c)5(X)n(W) (3.7)
ie.
3
S(X, W) = (3k+ 5 = D)g(X, W) + (3k — c)n(X)n(W) (3:8)
Thus we are in a position to state the following result:
Theorem 3.1. A (k, ) space forms of dimension three is yj -Einstein for y = %
Again we know that S(X, W) = g(QX, W), where Q is the Ricci operator. Thus using this in we get
3
QX = (3k + % ~ DX+ 3k = (X3, (3.9)
where Q is the Ricci operator of (k, p) space forms of dimension three for y = %. Again we have from that
3 c 3
r= Z S(e;,e;)) =3(6k— 5~ 1), (3.10)

Il
_

where r is the scalar curvature of (k, u) space forms of dimension three for y = %

4 p-parallel, cyclic parallel Ricci tensors and Ricci operator of (k, u) space forms of
dimension three

Definition 4.1. The Ricci tensor S of (k, j) space forms of dimension three will be called y-parallel if it satisfies,

(VxS)(¢Y,¢Z) =0, (4.1)
for any vector fields X, Y, Z.
From (3.8) we get
(VwS)(X,Y) = Bk = ){{Vwn) (X)n(Y) + (Vwi) (Y)1(X) }. (42)
From above it is clear that
(VxS)(@Y,$Z) = 0. 43)

Now we are in a position to state the following:
Theorem 4.1. The Ricci tensor of a (k, y) space forms of dimension three is y-parallel for y = % .

Definition 4.2. The Ricci tensor of (k, y) space forms of dimension three will be called cyclic parallel if

(VxS)(Y,Z) + (VyS)(Z,X) + (V2S)(X,Y) = 0. (4.4)
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From (B.8) we get
(VxS)(Y, Z) + (VyS5)(Z,X) + (Vz5)(X,Y)
= Gk =) {(Vxn)(V)n(Z) + (Vx1)(Z)n(Y) @.5)
+ (VYU)(Z)U( )+ (Vyn)(X)n(Z) '
+  (Vzn)(X)n(Y) + (Vzn) (Y)n(X)}.

If we take X, Y, Z orthogonal to §, then we obtain from above,
(VxS)(Y,Z)+ (VyS)(Z,X) + (VzS)(X,Y) =0. (4.6)
Now we are in a position to state the following:
Theorem 4.2. The Ricci tensor of (k, 1) space forms of dimension three is cyclic parallel for y = l
Definition 4.3. A (k, u) space forms of dimension three is called locally ¢-Ricci symmetric if,
P (VwQ)X =0 (47)

, where the vector fields X and W are orthogonal to §. The notion of locally ¢-Ricci symmetry was introduced by U. C.
De and A. Sarkar [6]].

Again from we obtain
(VwQ)X = Bk — ) {(Vwn)(X)§ +1(X)ViwE} (4.8)
Taking X orthogonal to § and applying ¢* on both side of above we get
P*(VwQ)X =0. (49)

Now we are in a position to state the following:

NI—

Theorem 4.3. A (k, ) space forms of dimension three is locally ¢-Ricci symmetric for y =
5 Locally ¢- symmetric (k, #) space forms

Definition 5.1. A (2n+1)-dimensional (k, u) space forms will be called locally ¢-symmetric if $*(VyR)(X,Y)Z = 0,
for any vector fields X, Y, Z and W orthogonal to §.

In this connection it should be mentioned that the notion of locally ¢- symmetric manifolds was introduced
by T. Takahashi [10] in the context of Sasakian geometry.
First, we suppose that X, Y, Z and W orthogonal to §. Then relation reduces to

4R(X,Y)Z (c+3){g(Y,2)X — g(X,Z)Y}

(c = D{(X, 9pZ)¢pY — g(Y, pZ)pX +28(X, pY)pZ}

— 2{g(hX, Z)hY — g(hY, Z)hX + g(X, Z)hY (5.1)
— 2¢(Y, Z)hX +2g(hX, Z)Y

2¢(hY,Z)X — g(phX, Z)phY + g(phY, Z)phX}.

+ |l

Differentiating (5.1) covariantly with respect to a horizontal vector field W we get,

AVWRIX,Y)Z = (c = D{8(X, (Vwd)Z)PY + g(X, ¢Z) (V)Y
= 8V, (Vw)Z)pX —g(Y,9Z) (V)X
+ 28(X, (Vw)Y)9Z +8(X, pY)(Vwe)Z}
— 2{g((Vwh)X, Z)hY + g(hX, Z)(Vwh)Y
— g((Vwh)Y, Z)hX — g(hY, Z)(Vwh)X (5.2)
8(X, Z)(Vwh)Y = 2¢(Y, Z)(Vwh)X
28((Vwh)X, Z)Y — 28((Vwh)Y, Z)X
= 8((Vw)hX, Z)hY — g(phX, Z)(Vwe)hY
+ 8((Vw)hY, Z)phX + g(phY, Z)(Vw¢)hX}.

Again, as X, Y are orthogonal to §, so (2.5) and reduces to

(Vx9)Y =g(X,Y)§, (5.3)
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(Vxh)(Y) = {1 =K)g(X, ¢Y) + (X, hpY)}§. (54)
After using and in and then applying ¢? on both side we obtain
P*(VwR)(X,Y)Z = 0. (5.5)

Thus we are in a position to state the following result:

Theorem 5.1. Every (2n+1) dimensional (k, u) space forms is locally ¢- symmetric.
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A spline method for solving fourth order singularly perturbed boundary

value problem
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Abstract

In this paper, singularly perturbed boundary value problem of fourth order ordinary differential equation
with a small positive parameter multiplying with the highest derivative of the form

eu™ (x) + p(x)u’ (x) +q(x)u(x) =r(x), 0<x <1,

u(0) = yo,u(1) = y1,u (0) = yo,u (1) =1,0< e <1

is considered. We have developed a numerical technique for the above problem using parametric and poly-
nomial septic spline method. The method is shown to have second and fourth order convergent depending
on the choice of parameters involved in the method. Truncation error and boundary equations are obtained.
The method is tested on an example and the results are found to be in agreement with the theoretical analysis.

Keywords: Parametric septic splines, Polynomial septic splines, Boundary value problems, Boundary equations.

2010 MSC: 65D07, 65L10, 65L11. ©2012 MJM. All rights reserved.

1 Introduction

Singular perturbation problems appear in many branches of applied mathematics, and for more than two
decades quite a large number of research papers on the qualitative and quantitative analysis of these problems
for both ordinary differential equations (ODEs) and partial differential equations (PDEs) have been reported
in the literature. Most of the papers connected with computational aspects are confined to second order
equations. But only few authors have developed numerical methods for singularly perturbed higher order
differential equations. These problems are classified on the basis of how the order of original differential equa-
tion is affected if sets ¢ = 0 [8]. Here, £ is a small positive parameter multiplying with the highest derivative
of the differential equation. The singularly perturbed problem is of convection-diffusion type if the order of
the differential equation is reduced by 1, whereas it is called reaction-diffusion type if order is reduced by 2.
The objective of the present paper is to develop a computational method to solve singularly perturbed bound-
ary value problems of fourth order ordinary differential equations of the form:

"

eu™ (x) + p(x)u’ (x) + q(x)u(x) =r(x), 0<x <1,
(1.1)
u(0) = yo,u(1) = y1,u" (0) = o, u" (1) = 51,0 < e <1,
where p(x), g(x) and r(x) are smooth, bounded, real functions p(x) : R — R, g(x) : R = R, r(x) : R = R
satisfying the following conditions

—p=p>00=>g9=>—7,7>0,

*Corresponding author.
E-mail address: talatl17m@gmail.com (Talat Sultana).
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B—2y>n>0, forsome 1,
D = (0,1),D = [0,1] and u eC*(D) (| C*(D). (1.2)

Analytical and numerical treatment of these equations have drawn much attention of many authors [5,22-
25]. The analytical treatment of singularly perturbed boundary value problems for higher order nonlinear
ordinary differential equations, which have important applications in Fluid Dynamics, can be found in [1,2,6-
9,13,20]. Semper [2] and Roos and Stynes [8] considered fourth order equations and applied a standard finite
element method. Garland [3] has shown that uniform stability of discrete boundary value problem follows
from uniform stability of the discrete initial value problem and uniform consistency of the scheme. Some re-
sults connected with the exponentially fitted higher order differences with identity expansion method [3] and
defect corrections are available in the literature. Loghmani and Ahmadinia [5] have developed a numerical
technique for solving singularly perturbed boundary value problems based on optimal control strategy by
using B-spline functions and least square method. Also finite element method is reported in [6,7]. In [9], an
iterative method is described. In [10,11,16,17,20], the authors have applied boundary value technique to find
the numerical solution for singularly perturbed second order boundary value problems. Niederdrenk and
Yserentant [12] considered convection diffusion type problems and derived conditions for the uniform stabil-
ity of discrete and continuous problems. Feckan [13] considered higher order problems and his approach is
based on the nonlinear analysis involving fixed point theory, Leray-Schauder theory etc. In [15], authors have
given a brief survey on computational techniques for the different classes of singularly perturbed problems.
Bawa [19] and Aziz and Khan [21] have solved second order singularly perturbed boundary value problem
using spline technique. Shanthi and Ramanujam [22-25] have developed numerical methods for singularly
perturbed higher order boundary value problems.

In this problem, we take p(x) = p = constant and q(x) = g = constant. In the present paper, parametric septic
spline is described for fourth order boundary value problems. In section 2, a brief description of the method is
given. Development of the boundary equations are given in section 3. In section 4, truncation error and class
of methods are discussed. We established the convergence of our method in section 5 and section 6 contains
the numerical results and discussions.

2  Derivation of the method

In order to develop the numerical method for approximating the solution of singularly perturbed fourth
order boundary value problem, the interval [0, 1] is divided into N equal subintervals using the grid points
Xj = jh, j =0(1)N, where

1

= :1 = —. 2.1
x0=0, xn ,anth (2.1)

A function S (x,T) of class C°[0, 1] which interpolates u(x) at the mesh point x;j depends on a parameter T,
and as T — 0 it reduces to septic spline S (x) in [0, 1] is termed as parametric septic spline function. Since the
parameter T can occur in S (x) in many ways such a spline is not unique.

If Sp(x, T) = Sa(x) is a piecewise function satisfying the following differential equation in the interval [x; 1, x;]

S8 (0) =TSy (x) = (Q = M)+ Q1 — M)
= Aiz+Aj 1z
(2.2)
where
- 7;]'*1, F=1-z A= Qu— My, Sn(ve ) = My, SO (1 1) = Qu k=j—1j; T>0,

then it is termed as parametric septic spline II. Solving equation (2.2), we get

Sa(x) = By + Byx + Bz cosh /Tx + By sinh /Tx + Bs cos v/Tx + Bg sin /Tx

s 4)3 )3
- {(Qj Y kSN VAR B2k } . 23
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To develop the consistency relations between the value of spline and its derivatives at knots, let
Sa(xj) =uj, Sa(xjy1) = ujy1,

"

SA(JC]‘) — M]‘, SA(xj+1) S M]'+1, (2.4)

4 4
sV ) =B, W) = B,

To define spline in terms of u;’s, M;’s and F;’s, the coefficients introduced in Eq.(2.3) are calculated as

h? 2 Fi 4
Bi = wja+  5(Qm — T M) — 5
Xj—1 h? h? 1
*]T {(”j — 1) = o5 (Qjr - TMj_1) + ez (Qj - TM;) + = (Fj1 - Fj)],
1 h ) ) 1
By = puj—uja)+ o5 |=(Q1 = T M) +(Qj = TM)) | + o7 (F1 — Fp),
1 1 Q1) 1 Qj
— Z sinh (F - = _ Zsinh N ) A
Bs T2 sinh \/Th [2 st \/?x]( j-1 T ) 2% \/?le( T )
1 . 1.
- sinh /Txj_1Q; + = sinh ﬁijjl] ,
1 1 Qj1 1 Qj
B4 == W[—Zcoshﬁx]‘<F]‘_]_T )-I-ZCOSh\/?x]'_l( ]_?
1 1
+= cosh v7x;_1Q;j — b cosh \/?x]-le] ,
1 . Qj1 . Qj
BS = W{Slnﬁx]'(sil—’r) —Sln\/?le(F]'—T>:|,
1 Qj1 Qj
B6 = M{-COS\/%Xj(F]‘l—T)-‘-COS\/?X]‘l( J_T>:|
(2.5)
Substituting these values in (2.3), we get
_ h? _ h* _ h® _
Sa(r) = 2w+ w1+ g |pEM+ pEM | + @ 1@+ a2)g + g0,
(2.6)
where
(2) =P -2z, q(z) = z é 3sinhwz  3sinwz
pre) = P AT T A T WPsinhw  whsindw’
rz) = —2z  sinhwz sinwz JTh. (27)

w*  wisinhw  wisinw’

Applying the first, third and fifth derivative continuities at the knots, i.e. S(A” ) (x]‘) = S(A”) (x;r), u=13and5,
the following consistency relations are derived:

6

M]‘+1 + 4Mj + M]‘,l e ﬁ(”fﬂ - Zuj + Ll]',l) + 3’/12(0(2F]'+1 + 2‘321:]' + 062ij1)
+hH(a1Qj1 +281Q; + 41Qj1), j=1(1)N -1, (2.8)
h2

Mjp1 =2Mj+ M = (1~ whay)Fi1 +2(2 — w*B1)F + (1 — w'ay)Fj4]

n* .
_E(”‘ZQﬁl +2B2Qj +a2Qj-1), j=1(1)N -1, (29)
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P[(1 - w'a1)Qj1 +2(2 — w*B1)Qj + (1 — wa1)Qj1] =

3[(whaz +2)Fiyq +2(w*By — 2)F + (whaa + 2)F 1], j=1(1)N -1, 2.10)
where
“ _i+ d o > B _i*icotthricotw
1= A T WBsinhw  wPsinw’ T Wt Wb > ,
—2 1 1 2 1 1
Tt =1~ 5 othw — — cotw. 211
= Tt Sanhw | Psnw’ p2 7~ 3 othw — — cotw (2.11)

As T — 0 thatis w — 0 then (aq, B1, a2, B2) — (552101 3,71%/ 120' 425)

Using equations (2.8)-(2.10), we obtain the following scheme

(6111]'_3 +exutj_p +e3uj1 +equj+esujg +exijn+ 611/[]‘_,_3)

4
%(Plefs + p2Fj2 + pa3Fj_1 + paFj + p3Fii1 + paFi2 + p1Fig3),j = 3(1)N =3, (2.12)
where the coefficients (eq, e, 3, e4) and (p1, p2, p3, pa) of the developed scheme are given by
e = 1-3wha + 3w8 wuzx%,
e, = 4w41x1 — 2w4[31 — ocl + 48 x1B1 — 120(%‘81,
e3 = 7(1—w'm)? —8(1 wia))?(2 — w*By),
es = 12(1—way)?(2 - w*By) —8(1 — winy)?,
po= all-wha)?
pr = 2c1(1—whay)(2—w*Br) + (1 — whaq)? —3d1 (1 — whar) (2 + way),
p3 = (c1+¢c3)(1 — wha)? +6d1(1 — whay) (2 — w? ﬁ2)+2c2(1—w )2 — w? B1)

—3dy(1 — wiay) (2 + whay),
pa = 20(1—wa)® —6d1(1 — way) (2 + wag) — 641 (2 — w*B1)(2 — wBo)
+203(1 — whay) (2 — w*By) + 6da(1 — whay) (2 — wBy).

(2.13)
Also
1 3 1 1
g = gwstxl — §w4a% — §w4¢x1 601 — 60 + %
2 1 4 1 4
cp = 3 ocl + 3w x1B1 — 18w* a0y — 3wt &2 — 6w (xz 20wt g — w B1— 1201 — 682 + 3
C7182%8 — 360t —1200% _342_E4_§4 36
3 = 3w o+ 3w a1 w*u1 B w*ap By — 3way 3 w*ny Sw B1 + 36aq
+120p + 1267 + 3,
d = w4zx2ﬁ1 — w4tx1ﬁ2 + 6w4zx% — 1001 — 2a3 +2B1 + B2,
dy = 4dwtaofy —dwtaify + 12wra By — 16a; — 180y — 4B + 4B;.
(2.14)

As T — 0 thatis w — 0, we have
(i)(ell €p,¢e3, 64) — (1/ 0/ _9/ 16)/

.. 1 17 249 9 4
(11)(01/C2/C3/d1/d2) — (m/ 147 770 7 140~ 35)/

(111)(P1/ P2, P3, P4) - 1}@/ g/ %/%
[Remarks:] For these values our scheme reduces to the polynomial septic spline for fourth order boundary
value problem which is given as equation (7) in G. Akram and S. S. Siddiqi [4].

We have taken (eq,e,e3,e4) = (1,0, —9,16) in Eq. (2.12) and obtained

6
pr(Ei—s+ Fiva) + p2(Fja + Fia) + pa(Fjo1 + Fjen) + paky = cq (-5 + ujia) = 9(ujm1 +uj41) +16uj]. (2.15)
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Eq. (1.1) can be written in the following form by taking p(x) = pand q(x) =g as
EFj + PMj + quj =r1;.
Operate Ay on the both side of Eq. (2.16), we get
sAxF]- + prMj + qAxu]- = Axrj

where operator Ay is defined as follows for any function W’ evaluated at mesh point

AW = p1(Wi3 + Wji3) + pa(Wj2 + W) + pa(Wjo1 + Wip1) + paWi;.

For second derivative of u, we take relation from [Eq. (5), Ref. [4]]

42
AxM]' = ﬁ[(u];g, + M]'+3) + 24(11]',2 + uj+2) + 15(11]',1 + u]'+1) — 80u]'].

Here, (p1, P2, P3, pa) = (1,120,1191,2416) for second derivative. Using (2.15-2.19), we get

(62 + 42ph? + qh*p1) (uj_3 + 1j43) + (1008ph* + qh* po) (j_» + uj42)

+(—54¢ + 630ph® + qh*p3) (uj_1 + uji1) + (96¢ — 3360ph* + qh*p4)u;

= ¥ [p1(rj_3 +7j13) + p2(rj—z + 1js2) + p3(rjo1 +rj1) + parl, j = 3(1)(N = 3).

3 Development of boundary equations

55

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

The relation (2.20) gives (N — 5) algebraic equations in (N — 1) unknowns u;,j = 1(1)N — 1. We require
four more equations, two at each end of range of integartion in order to have closed form solution for u;. For
the discretization of the boundary conditions, we have developed boundary equations for second and fourth

order methods as follows:

3.1 Second order method

. 4 .
(i) —5uq +4upy —uz = 2799+ hzﬂo — %(1’0 —qv0—pno),j =1,

52 11 T 672,
(ii) 21y — Ly + Buz — [ua = 570 — Eh%0,j =2,

(iti) — ffun—a+ Bun_s — Fun_o+ Run_1 =41 — &h¥*p,j=N-2,

(iv) —un_3+4uny_p—buny_1=-271+ h2171 1112};_ rN—qm —pm),j=N-—-1

3.2 Fourth order method

() — 38w + 150w — Gus + G ua — $Fus = — B+ 0 — FE (0 — 70— o). j =

(i) — %5780 + Sz u2 — g5 s + T e — o5t + gEsTHe = ~ 200 70 T 33 M0/] = 2,

(i) 557N 6 — T3 UN -5 + o1 N4 ~ Tgp UN-3 F+ G UN-2 — 7N = ~aa 1 + 33, = N =2,
(iv) — 3un-1 + 5 un—2 — G unos + FHun—s— Hhuns = —Fn - m - FE n a1 —pm),j =

N-1.
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4 Truncation error

To obtain the local truncation error t;, j = 3(1)(N — 3), associated with the scheme (2.20), substitute

rp = su§4) + pu}l + qu;j in eq. (2.20) and expanding it by Taylor series about x;, we obtain the following lo-

cal truncation error

€h4 4
t; = (864 —48p; — 48p, — 48p3 — 24p4)ju](- )
6

+(8640 — 6480p; — 2880p, — 720p3 )%u]@

eh® () 6720ph10u(8)

B Y 8! j

eh10 (10)
+(708480 — 7348320p; — 645120p, — 10080p3)—uj

10!
10080 phlzu(]())

10! j

+(78624 — 272160p; — 53760p, — 3360p3)

+O(h'?).

(4.1)
By using the above equation and eliminating the coefficients of various powers of &, we can obtain class of the

methods. For arbitrary choices of py, p2, p3 and ps, we obtain the following methods:

4.1 Second order methods
By equating the coefficient of h* equal to zero in (4.1), we get second order methods. Therefore,

Pas = 36 — Zpl — 2]{)2 — 2p3, (4.2)
where p1, p2, p3 and p4, are arbitrary. The truncation error is given by

B eh® 6) (864 4 2 79 4
b= - ul®) (8640 — 6480p; — 2880, — 720p3). (4.3)

The local truncation error at j = 1,2, N — 2, N — 1 for second order methods is
_ 6 .
(Fnou® o), j=1,N-1,

()6 + O(7), j=2,N -2,

4.2 Fourth order methods

By equating the coefficient of h* and h® equal to zero in (4.1), we get fourth order methods. Therefore,
p3 =12 —9p; — 4py and py = 12+ 16p1 + 6p2, (4.5)

where p; and p; are arbitrary. The truncation error is given by

8

eh 8
b= gu](. (38304 — 241920p; — 40320p,). (4.6)

The local truncation error at j = 1,2, N — 2, N — 1 for fourth order method is

(DU +0(), j=1,N-1,

(B8R +O), j=2N-2.
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5 Convergence analysis

Now, we investigate the convergence analysis of the spline method described in section 2 for problem (1.1).
To do so, we let, U = (u;), U = (%), V = (vj), T = (tj) and E = (¢;) = U — U, be N-dimensional column
vectors. Here, U, U, T denotes the exact solution, the approximate solution and truncation error respectively
and ¢; is the discretization error for j = 1(1)(N — 1). Thus we can write the system (2.20) in the matrix form:

AU —K*BR =V and A = Ay + I?pA, + h*qB (5.1)

where A1, Az, B, Rand V are defined by

[ a1 a3 as a4 as |
ay 4y Ay a4y 43
0 —54e 96 —54e 0 6¢
6¢ 0 —54e 96 —54e 0 6¢

*

4 . . . . , 52)
6¢ 0 —54e  96¢  —b4e 0 6¢e
6¢ 0 —b4de 96 —54e 0

* * *

* *
aN_¢ AN-5 AN—4 AN-3 AN AN
AN-5 AN-4 AN-3 A4N-2 A4N-1 |

0 0 0 0 0
0 0 0 0 0 0
1008 630 —3360 630 1008 42
42 1008 630 —3360 630 1008 42

42 1008 630 —-3360 630 1008 42
42 1008 630 —3360 630 1008
0 0 0 0 0 0
0 0 0 0 0

P2 pP3 P+ pP3 P2 P1
p1 P2 P3 P4 P3 P2 P1

pP1 P2 P3 P4+ P3 P2 P1
P1 P2 P3 P4 P3 P2

R=[rj]Tand V = [0;]T, j=1(1)N - 1.

Moreover,
aov0 + b0 + do™™ (ro — gv0 — pigo), j=1,
QS’)’Q + bzhzﬂo, ] =2,
— (6 + 42ph* + qp1h*)yo + h* prr, j=3
v = 0, j=4(1)N —4, (5.5)
—(6e + 42ph? + qp1h*)y1 + K piry, j=N-3,
ayyo + bn_2h®n1, j=N-2,
any1 + by_1h?m + dN%(”N — 471 —pm), j=N-1,
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where for second order method, we have

(i) (Ll(], ai,dp,as,dq,0s, b1, do) = ( — 2, —5,4, —1,0,0, 1, —g) ,

) (0305, 03, 05,05, b2) =(3, 2, %, 2, - ,00,-8),

(iii) (N, ay_¢r AN_5, AN_4r AN_3/ON_2/ AN _1, bN-2) = (Z 0,0,—15, %, %, % - g) /
(iv) (an,aN-—5,4N—4,4N-3,AN-2,4N-1,bN—1,dN) = ( -2,0,0,-1,4,-5,1, —ﬂ)
and for fourth order method, we have

: 429 1322 11066 6684 2171 302 204 274
(i) (a0, a1, a2,a3,a4,as,b1,dg) = ( ~ 35,735 /245 + 045 245/ 2457 49 7 —245>/

. * ok ok ok ok % % _ 9898 1342 7213 2049 3799 11059 12 348
(ii) (ag, a1, a3, a3, a3, a5, ag,by) = ( T 24497797 7 3757/ 146’ 691’ 12203’ 8551’ 323)/

* * * * * * * _ 9898 12 11059 3799 2049 7213 1342 348
(iii) (an, AN _6 AN _5 AN 2 AN_3/AN_2/ AN _1,DN-2) = ( 2449/ 85517 T 12203’ 691/ 146’ 375/ 97 ’ 323)/

: 429 302 2171 6684 11066 1322 204 274
(iv) (an,an—5,aN—4,AN—3,AN—2,AN-1,bN-1,dN) = ( — 35/ 245’ D457 D457 045 ¢ 35 s 49/ 245> .
Also, we have
AU—h*BR=T(h)+ V. (5.6)

From Eq. (5.1) and Eq. (5.6), we get

Clearly

a1 +ax +az +ay + as,

a; +ay + a3 +ay +ai +ag,

—(6e+42ph?) + q(p1 +2p2 +2ps + pa)ltt,

S; = q(2p1 + 2p2 + 2p3 + pa)ht, j
— (66 +42ph2) + q(p1 + 2p2 + 2p3 + pa)l,
a?\]76 + a}s\]75 + ﬂ}ﬁ\]74 + a?\]73 + a}i]?z + a*N,’l/
aN—s+aN_a+an-_3+an_2 +an—_1,

Il
RO

z
|
o
—
o
Qo
=

~

I
zzzZl
||
=

S~ S S,
Il

We can choose h sufficiently small so that the matrix A is irreducible and monotone [18]. It follows that Al
exists and its elements are non negative. Hence, from Eq. (5.7), we have

E=A"1T(h). (5.9)
Also, from the theory of the matrices, we have
N-1
Y. aSi=1,k=11)N-1, (5.10)
j=1

where @y ; is the (k, j)th element of the matrix AL, Therefore

1 1
mini<j<cn-1S0  §(2p1 +2p2 + 2p3 + pa) bt

N-1
Y@, < (5.11)
j=1

From Eq.(5.9) and (5.11), we have

N-1
ej =Y a;Ti(h), k=1(1)N -1
j=1
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and therefore

KT;

where K is a constant indepent of /. It follows that
(i) For second order methods the truncation error is || T ||= O(h®). It follows that || E ||= O(h?).
(ii) For fourth order methods the truncation error is || T ||= O(k®). It follows that || E ||= O(h*).

6 Numerical results and discussion

Example 1: Consider the boundary value problem

ox _2(1+4x) _2(1-x) _22-x)
x(1—x) b5e bSele ve—e V& 4e VE —e F

8 16 ' 16 -

su(4)(x) —4u"(x) —u(x) = —

u(0)=u(l) =1, u"(0) =u"(1) = -1.
We have solved this example by scheme (2.20) and have obtained approximate solution at x = 0.001(0.001)0.009
for the sake of comparison with references. The obtained numerical results are tabulated in table 1 and 2 for

second and fourth order methods respectively. The comparison is also made in table 2 with the obatined
results of [23].

Table 1. Maximum absolute errors for example 1
Second order method,e = 0.01,/ = 0.001

x Present method Exact [23] Errors of present method
(P1, P2, P3,p4) = (0,0,0,36)
0.001 1.0000033 1.000063 5.97(-5)
0.002 1.0000058 1.000127 1.21(—4)
0.003 1.0000074 1.000192 1.84(—4)
0.004 1.0000084 1.000258 2.50(—4)
0.005 1.0000087 1.000324 3.15(—-4)
0.006 1.0000084 1.000392 3.84(—4)
0.007 1.0000074 1.000461 4.54(—4)
0.008 1.0000058 1.000530 5.24(—4)
0.009 1.0000033 1.000600 5.97(—4)
Conclusion

We have developed a numerical method for the solution of fourth order singularly pertubed boundary value
problem using parametric septic spline. It is a computationally efficient method and the algorithm can easily
be implemented on a computer. The method has been analysed for convergence and proved that the method
is second and fourth order convergent. Also, the errors at nodal points are compared with the errors of [23]
and observed to be better.

Table 2. Maximum absolute errors for example 1
Fourth order method,e = 0.01,/ = 0.001

X Present method Exact [23] Errors of present method Errors [23]
(plr P2, P3, P4) = (Or 0,12, 12)
0.001 1.000016 1.000063 4.70(-5 6.19(—5
0.002 1.000028 1.000127 9.90(-5 1.22(—4
0.003 1.000036 1.000192 1.56(—4 1.82(—4
0.004 1.000041 1.000258 2.17(—-4 2.40(—4

0.006 1.000041 1.000392 3.51
0.007 1.000056 1.000461 4.05(—4
0.008 1.000028 1.000530 5.02(—4

(=5) (=5)
(=5) (—4)
(—4) (—4)
(—4) (—4)
0.005 1.000042 1.000324 2.82(—4) 2.97(—4)
(—4) (—4)
(—4) (—4)
(—4) (—4)
0.009 1.000090 1.000600 5.10(—4) (—4)
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Nonlinear D-set contraction mappings in partially ordered normed linear

spaces and applications to functional hybrid integral equations
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Abstract

In this paper the author introduces the notion of partially nonlinear D-set-contraction mappings in a par-
tially ordered normed linear space and prove some hybrid fixed point theorems under certain mixed con-
ditions from algebra, analysis and topology. The applications of abstract results presented here are given to
perturbed nonlinear hybrid functional integral equations for proving the existence as well as global attrac-
tivity of the comparable solutions under certain monotonic conditions. The abstract theory developed in this
paper is also useful to develop the algorithms for the solutions of some nonlinear problems of analysis and
allied areas of mathematics.

Keywords: ~Partial measure of noncompactness; Partially nonlinear D-set-contraction mappings; Fixed points;
Functional integral equation; Existence theorem; Attractivity of solutions.
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1 Introduction

The topological methods or fixed point theorems involving the compactness arguments are useful tools
to prove the existence of the solutions of some nonlinear equations but these, do not give any computational
scheme or algorithm for solving such problems. See Burton [4], Burton and Zhang [5], Krasnoselskii [20] and
the references therein. However if we combine the compactness (or its generalizations in terms of measure of
noncompactness) with some algebraic arguments then it is possible to develop an algorithm for solutions of
the nonlinear problems under some suitable conditions. The work along this line is of great interest and which
is the main motivation of the present paper. Here, we combine the topological arguments with some order
related hypotheses to prove some hybrid fixed point theorems for the mappings in partially ordered spaces
and apply newly developed abstract results to obtain an algorithm for the solutions of a certain nonlinear
functional integral equation under some mixed compactness and monotonic conditions. The results of this
paper seem to be new in the literature.

The topological concept of compactness is very much useful in the development of nonlinear analysis to
derive some far reaching conclusions. It is interesting to measure numerically the degree of noncompactness of
sets in a normed linear space in terms of certain characteristics of the compactness property. The Kuratowskii
[21] and Hausdorff [18] measures of noncompactness are well-known tools for discussing different aspects of
the theory of nonlinear equations in the literature. However, an axiomatic way of approach of the measures of
noncompactness is sometimes useful in the study of various qualitative properties of the dynamical systems
in nonlinear analysis (cf. Appell [1] and Banas and Goebel [2]). In this article, we follow the axiomatic way of
approach to define a new partial measure of noncompactness in a partially ordered normed linear space and
which is subsequently exploited to derive some interesting consequences. We continue the study presented in
Dhage [11], Nieto and Lopez [22] and Ran and Reurings [23] and prove some new hybrid fixed point theorems
(FPTs) for partially condensing mappings in a partially ordered complete normed linear space and apply our
abstract results to a certain nonlinear hybrid functional integral equation for proving the existence as well

*E-mail address: bcdhage@gmail.com
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as global attractivity results on the unbounded intervals of real line. The abstract theory developed here is
useful to develop the algorithms for the solutions of some nonlinear problems of analysis and allied areas of
mathematics and mathematical sciences.

2 Partially Ordered Linear Spaces

Let E be a real vector or linear space. We introduce a partial order < in E as follows. A relation < in E is
said to be a partial order if it satisfies the following properties: For any a,b,c,d € Eand A € R,

1. Reflexivity: a < aforalla € E,
2. Antisymmetry: a < band b < aimpliesa = b,
3. Transitivity: a < band b < cimplies a < ¢, and

4. Order linearity: a <band c 2d=a+cb+d;
and a <b = Aa <X Ab for A > 0.

The linear space E together with a partial order < becomes a partially ordered linear or vector space.
Two elements x and y in a partially ordered linear space E are called comparable if either the relation x <y
or y = x holds. We introduce a norm || - || in a partially ordered linear space E so that E becomes now a
partially ordered normed linear space. If E is complete with respect to the metric d defined through the above
norm, then it is called a partially ordered complete normed linear space. We frequently need the concept of
regularity of E in what follows. It is known that E is regular if {x,} is a nondecteasing (resp. nonincreasing)
sequence in E such that x, — x* as n — oo, then x;,, < x* (resp. x, > x*) for all n € IN. The details of an
ordered Banach space and operator theoretic techniques are given in Heikkild and Lakshmikantham [19] and
Dhage [11] and Carl and Hekkil4 [6] and the references therein.

The following definitions have been introduced in Dhage [11] and are frequently used in the subsequent
part of this paper.

Definition 2.1. A subset S of a partially ordered normed linear space E is called partially bounded if every chain in
S is bounded. S is called uniformly partially bounded if all chains in S are bounded with a unique bound.

It is noted that every bounded set S in a partially ordered normed linear space E is uniformly partially
bounded and every uniformly partially bounded set S is partially bounded, however the reverse implication
may not hold.

Definition 2.2. A mapping 7 : E — E is called isotone or monotone nondecreasing if it preserves the order
relation =<, that is, if x < y implies Tx =< Ty forall x,y € E. Similarly, T is called a monotone nonincreasing if x < y
implies Tx > Ty forall x,y € E. A monotone mapping T is one which is either monotone nondecreasing or monotone
nonincreasing on E.

Definition 2.3. A mapping T : E — E is called partially continuous at a point a € E if for € > 0 there exists a
0 > Osuch that ||Tx — Ta|| < € whenever x is comparable to a and ||x — a|| < . T called a partially continuous on E
if it is partially continuous at every point of it. It is clear that if T is a partially continuous on E, then it is continuous
on every chain C contained in E.

The following terminologies may be found in any book on nonlinear operators, equations and applications.

An operator 7 on a normed linear space E into itself is called compact if 7(E) is a relatively compact
subset of E. 7 is called totally bounded if for any bounded subset S of E, 7 (S) is a relatively compact subset
of E. If T is continuous and totally bounded, then it is called a completely continuous on E. The details of
completely continuous operators on Banach spaces appear in Zeidler [24].

Definition 2.4. A mapping T : E — E is called partially bounded if 7 (C) is a bounded subset of E for all totally
ordered sets or chains C in E. Finally, T is called uniformly partially bounded if 7 (C) is a bounded by a unique
constant for all totally ordered sets or chains C in E. T is called partially compact if 7 (C) is a relatively compact
subset of E for all totally ordered sets or chains C in E. T is called uniformly partially compact if 7(C) is a
uniformly partially bounded and partially compact on E. T is called partially totally bounded if for any totally
ordered and bounded subset C of E, T (C) is a relatively compact subset of E. Finally, if T is partially continuous and
partially totally bounded, then it is called a partially completely continuous on E.
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Remark 2.1. Note that every compact mapping on a partially normed linear space is partially compact and
every partially compact mapping is partially totally bounded, however the reverse implications do not hold.
Again, every completely continuous mapping is partially completely continuous and every partially com-
pletely continuous mapping is partially continuous and partially totally bounded, but the converse may not
be true.

Definition 2.5 (Dhage [11l). The order relation < and the metric d on a non-empty set E are said to be compatible
if {x} is a monotone, that is, monotone nondecreasing or monotone nondecreasing sequence in X and if a subsequence
{xn, } of {xn} converges to x* implies that the whole sequence {x, } converges to x*. Similarly, given a partially ordered
normed linear space (E, =, || - ||), the order relation < and the norm || - || are said to be compatible if < and the metric d
defined through the norm || - || are compatible.

Clearly, the set R of real numbers with usual order relation < and the norm defined by the absolute
value function has compatibility property. Similarly, the finite dimensional Euclidean space R possesses
compatibility property w.r.t. the usual componentwise order relation and the usual standard norm in it.

The following applicable hybrid fixed point theorem in partially ordered normed linear spaces is proved
in Dhage [11].

Theorem 2.1 (Dhage [11). Let (E, =, || - ||) be a partially ordered linear space and suppose that the norm in E is
such that E is a complete normed linear space. Let T : E — E be a nondecreasing, partially compact and continuous
mapping. Further if the order relation < and the norm || - || in E are compatible and if there is an element xg € E
satisfying xo = Txg or xg > Txg, then T has a fixed point x* and the sequence {T"xo} of successive iterations
converges to x*.

Remark 2.2 (Dhage [12]). The assertion of above Theorem[2.T|also remains true if we replace the compatibility
of the order relation < and the norm || - || in E with the compatibility of the order relation < and the norm || - ||
in every compact chain C of E. The later condition holds if every partially compact subset of E possesses the
compatibility property with respect to < and || - ||.

We note that Theorem [2.1]is very much useful for proving the existence theorems for several dynamical
systems in nonlinear analysis modeled on nonlinear differential and integral equations (cf. Dhage and Dhage
[14]). Here, in the following section we generalize above hybrid fixed point theorem under weaker condi-
tions via partial measure of noncompactness and apply it to obtain the existence of the solutions of a certain
nonlinear functional integral equation in a constructive way.

3 Nonlinear D-set-contraction Mappings

Assume that (E, || - ||) is an infinite dimensional partially ordered Banach space with zero element 6. If C
is a chain in E, then C’ denotes the set of all limit points of C in E. The symbol C stands for the closure of C in
E defined by C = CUC . The set C is called a closed chain in E. Thus, C is the intersection of all closed chains
containing C. Clearly, inf C,sup C € C provided inf C and sup C exist. The sup C is an element z € E such that
for every € > 0 there exists a ¢ € C such that d(c,z) < e and x < z for all x € C. Similarly, inf C is defined in
the same way.

In what follows, we denote by Py (E), Ppa(E), Prep(E), Pen(E), Pod,ci(E), Prep,cn(E) the family of all
nonempty and closed, bounded, relatively compact, chains, bounded chains and relatively compact chains
of E respectively. Now we introduce the concept of a partial measure of noncompactness in E on the lines of
usual classical theory.

Definition 3.6. A mapping u? : Pyg(E) — Ry = [0, 00) is said to be a partial measure of noncompactness in E if
it satisfies the following conditions:

190 # (W)~ ({0}) € Prepen(E),

20 P (C) = ¥ (C)

3% uP is nondecreasing, i.e., if C; C Co = uP(Cy) < uP(Cy)

4° If {Cy,} is a sequence of closed chains from Pyy o, (E) such that C,, .1 C Cy (n =1,2,...) and zfr}gr;o uP(Cy) =0,

then the intersection set Coo = (1 Cy is nonempty.
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The family of sets described in 1° is said to be the kernel of the partial measure of noncompactness u¥ and is
defined as
ker u? = {C € Pygen(E) | uP(C) = 0}.

Clearly, ker y? C Py cn(E). Observe that the intersection set Coo from condition 4° is a member of the family
ker pP. In fact, since u?(Co) < u?(Cy) for any n, we infer that u”(Co) = 0. This yields that Co € ker p?. This
simple observation will be essential in our further investigations.

The partial measure p” of noncompactness is called sublinear if it satisfies
50 ;ﬂ’(Cl + Cz) < ‘Z/lp(C1) + ]lp(C2) forall C;,C, € Pbd,ch(E)r and
6° uP(AC) = |A|uP(C) for A € R.

Again, uP is said to satisfy maximum property if

7w (C1UC) = max {u?(Cr), w7 (Co)}.
Finally, u* is said to be full if
8% ker uf = Prcp,ch(E)'

Example 3.1. Define two functions a”, B¥ : Py, ,(E) — R4 by

n
af(C) = inf{r >0 ’ C= UCi, diam (C;) < rVi} ,
i=1

where C € Py, ,(E) and diam (C;) = sup{||x —y|| : x,y € C;}, and

n
BP(C) = inf{r >0 ‘ Cc UB(xi,r) for some x; € E} ,
i=1

where B(x;,r) = {x € E: ||x; — x|| < r}. Itis easy to prove that a” and BP are partial measures of noncompact-
ness called respectively the partial Kuratowskii and partial ball or Hausdorff measures of noncompactness in
E.

The above two partially Kuratowskii and Hausdorff measures of noncompactness a” and 8 are sublinear,
full and enjoy the maximum property in E. The verification of this claim is similar to classical Kuratowskii
and Hausdorff measures of noncompactness given in Appell [1] and Banas and Goebel [2]. So we omit the
details.

Definition 3.7. A mapping ¢ : R, — Ry is called a dominating function or, in short, D-function if it is an upper
semi-continuous and monotonic nondecreasing function satisfying ¥ (0) = 0.

There do exist D-functions and commonly used D-functions are

Y(r) = kr, for some constant k > 0,

P(r) = KLi—:r' for some constants L > 0,K > 0,
¢(r) =tan"lr,

P = —1,

P(r) = tanhr,

{(r) = sinhv,

P(r) =log(l+r), and

P(r) =r—log(1+r).

The above defined D-functions have been widely used in the existence theory of nonlinear differential and
integral equations. See Dhage [7,8,[9,[10, 11, 12] and the references therein.

Remark 3.3. If ¢, R — R are two D-functions, then i) ¢ + ¢, ii) A ¢, A > 0, and iii) ¢ o ¢ are also D-functions
on Ry.. The set of all D-functions is denoted by .
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Definition 3.8. A nondecreasing mapping T : E — E is called partially nonlinear D-set-Lipschitz if there exists a
D-function ¢ such that

U (TC) < 9(u"(C))

for all bounded chain C in E. T is called partially k-set-Lipschitz if ¢(r) = kr, k > 0. T is called partially k-set-
contraction if it is a partially k-set-Lipschitz with k < 1. Finally, T is called a partially nonlinear D-set-contraction
in E if it is a partially nonlinear D-Lipschitz with ¢(r) < r forr > 0.

The following lemma (see Dhage [11} page 159]) is frequently used in the analytical fixed point theory of
metric spaces. See also Dhage [7, /8] and the references cited therein.

Lemma 3.1 (Dhage [11l). If ¢ is a D-function with ¢(r) < r for r > 0, then lim, ..o ¢"(t) = 0 forall t € [0, c0) and
vice-versa.

Our main result of this section is as follows.

Theorem 3.2. Let S be a non-empty, closed and partially bounded subset of a reqular partially ordered complete normed
linear space (E, <, || - ||) such that the order relation < and the norm || - || are compatible in every compact chain C of
S. Let T : S — S be a nondecreasing, partially continuous and partially nonlinear D-set-contraction. If there exists
an element xo € S such that xo < T xg, then T has a fixed point x* and the sequence {T"xy} of successive iterations
converges monotonically to x*.

Proof. Define a sequence {x,} of points in S by
Xpi1=7Tx,, n=012.... (3.1

Since 7 is nondecreasing and xy < 7 xg, we have that

Xo 2xp XX R Sx 2 (3.2)
Denote
Cn = {x'rlr Xn41s-- - }
forn =0,1,2,.... By the construction, each C, is a bounded chain in S and

Ch=T(Cy_1), n=12,....
From the definition of C,’s, it follows that
CooCiD---DCy D,

and so

CoD>CiD---DCyD---. (3.3)

Therefore, by nondecreasing nature of ¥ we obtain

u(Cn) = p(T(Cy-1))
< l;b(]/‘p(cn—l))
< le(Vp(Cnfz))
< 9" (WP (Co)). (3.4)

Taking the limit superior as n — oo in the above equality (3.4), in view of Lemma 3.1 we obtain,

#P(Co) = lim P (Cy) < limsup 9" (" (Co)) = lim ¢" (u?(Co)) = 0. (3.5)

n—oo n—00

Hence, by condition (4°) of u?,

Eoo = ﬂ C}’l ?é @ and Coo S P}'Cp,ch(E)‘

n=1
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From (3.5) it follows that for every € > 0 there exists an 1y € IN such that
P (Cp) <€ VY mn>ny.

This shows that Cy,, and consequently Cy is a compact chain in E. Hence, {x,} has a convergent subse-
quence. Further since the order relation < and the norm || - || are compatible in every compact chain of S, the
whole sequence {x,} = {7"x(} is convergent and converges monotonically to a point, say x* € Cy. Since the
ordered space space E is regular, we have that x, < x*. Finally, from the partial continuity of 7, we get

Ty =T (lim xn) = lim T, = lim 2,1 = x".

n—oo n—oo

This completes the proof. O

Remark 3.4. The regularity of E and the partial continuity of 7 in above Theorem 3.2 may be replaced with
the continuity of the operator 7 on E.

Remark 3.5. If the set F7 of solutions to the above operator equation 7x = x is a chain, then all the solutions
belonging to Fr are comparable. Further, if u? (Fr) > 0, then u? (Fr)) = u? (T (Fr)) < (P (Fr)) < uP(Fr)
which is a contradiction. Consequently, 77 & ker pu”. This simple fact has been utilized in the study of
different qualitative properties of the comparable solutions of the dynamic systems under consideration.

Remark 3.6. Suppose that the order relation < is introduced in E with the help of an order cone I which is a
non-empty closed set K in E satisfying (i) £ + K C £, (ii) AKX C K and (iii) {—K} N K = {0} (cf. [19]). Then
the order relation < in E is defined as x <y <= y —x € K. The element x( € E satisfying xp < 7 x( in above
Theorem [3.2)is called a lower solution of the operator equation x = 7 x. If the operator equation x = 7x has
more than one lower solution and set of all these lower solutions are comparable, then the corresponding set
F(Q) of solutions to the above operator equation is a chain and hence all solutions in F(Q) are comparable.
To see this, let xg and y( be any two lower solutions of the above operator equation such that xy < yp and let x*
and y* respectively be the corresponding solutions under the conditions of Theorem[3.2} Then, by definition
of <, one has yp — xp € K and from monotone nondecreasing nature of 7 it follows that 7"yg — 7"xg € K.
Since K is closed, we have that y* — x* € K or x* < y*.

Theorem 3.3. Let S be a non-empty, closed and partially bounded subset of a regular partially ordered complete normed
linear space (E, =<, | - ||) such that the order relation < and the norm || - || are compatible in every compact chain C of
S. Let T : S — S be a nondecreasing, partially continuous and partially nonlinear D-set-contraction mapping. If there
exists an element xo € S such that xo = Txq, then T has a fixed point x* and the sequence {T"xy} of successive
iterations converges monotonically to x*.

Proof. The proof is similar to Theorem 3.2land so we omit the details. O

Observe that Theorems 3.2 and B.3|improve and generalize the hybrid measure theoretic fixed point theo-
rems of Dhage [11}[12]], Dhage and Dhage [15] and Dhage et.al. [16] under weaker compatibility condition. As
a consequence of Theorems[3.2land 8.3 we derive some interesting corollaries.

Corollary 3.1. Let S be a non-empty, closed and partially bounded subset of a reqular partially ordered complete normed
linear space (E, <, || - ||) such that the order relation < and the norm || - || are compatible in every compact chain C of S.
Let T : S — S be a nondecreasing, partially continuous and partially k-set-contraction with k < 1. If there exists an
element xy € S such that xo < Txg or xg = T xg, then T has a fixed point x* and the sequence {T"xg} of successive
iterations converges monotonically to x*.

We remark that Corollary [3.1|is very much useful for proving the existence results in the theory of non-
linear differential and integral equations. See Dhage [12] and the references therein. Before giving a further
generalization of Theorem 3.2} we state a useful definition.

Definition 3.9. A nondecreasing mapping T : E — E is called partially condensing if for any bounded chain C in E,
WP(T(C)) < pb(C) for p#(C) > 0.

We remark that every partially compact and partially nonlinear D-set-contraction mappings are partially
condensing, however the reverse implications may not hold.
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Remark 3.7. It is clear tat every partially k-set-contraction is a partially nonlinear D-set-contraction and every
partially nonlinear D-set-contraction is partially condensing, however, the converse implications may not
be true. Actually, it is very difficult to prove practically a selfmaping of a normed linear space is partially
condensing and we rarely come across a mapping of this kind. But the mappings with nonlinear D-set-
contraction and k-D-set-contraction are easily available in the literature.

Theorem 3.4. Let S be a non-empty, closed and partially bounded subset of a reqular partially ordered complete normed
linear space (E, =<, || - ||) such that the order relation < and the norm || - || are compatible in every compact chain C of S.
Let T : S — S be a nondecreasing, partially continuous and partially condensing mapping. If there exists an element
Xg € S such that xg = Txg or xg = T xo, then T has a fixed point x* and the sequence {T"xy} of successive iterations
converges monotonically to x*.

Proof. The proof is standard and hence we omit the details. O

Corollary 3.2. Let S be a non-empty, closed and partially bounded subset of a reqular partially ordered complete normed
linear space (E, =, || - ||) such that the order relation < and the norm || - || are compatible in every compact chain of S.
Let T : S — S be a nondecreasing, partially continuous and partially compact mapping. If there exists an element
xg € S such that xo < Txq or xo = T xg, then T has a fixed point x* and the sequence {T"xq} of successive iterations
converges monotonically to x*.

We remark that the hybrid fixed point theorems proved above improve and generalize the hybrid fixed
point theorems of Dhage and Dhage [14] and Dhage et.al. [16] under weaker compatibility condition.

Remark 3.8. We note that the proof of Theorems and 3.4 do not make any use of the linear structure
of underlined space E, and therefore, Theorems and [3.4] also remain true in the setting of a partially
ordered complete metric space E.

In view of above Remark .8} the slight generalizations of Theorems .2} [8.3]and 3.4 are as follows.

Theorem 3.5. Let S be a non-empty, closed and partially bounded subset of a regqular partially ordered complete metric
space (E, =,d) such that the order relation < and the norm || - || are compatible in every compact chain C of S. Let
T : S — S be a nondecreasing, partially continuous and partially condensing mapping. If there exists an element
xg € S such that xo < Txq or xg = T xg, then T has a fixed point x* and the sequence {T"xo} of successive iterations
converges monotonically to x*.

Corollary 3.3. Let S be a non-empty, closed and partially bounded subset of a regular partially ordered complete metric
space (E, =,d) such that the order relation < and the norm || - || are compatible in every compact chain C of S. Let
T : S — S be a nondecreasing, partially continuous and partially nonlinear D-set-contraction. If there exists an
element xy € S such that xy < Txg or xg = Txg, then T has a fixed point x* and the sequence {T"xg} of successive
iterations converges monotonically to x*.

Corollary 3.4. Let S be a non-empty, closed and partially bounded subset of a regular partially ordered complete metric
space (E, =,d) such that the order relation < and the norm || - || are compatible in every compact chain C of S. Let
T : S — S be a nondecreasing, partially continuous and partially k-set-contraction with k < 1. If there exists an
element xy € S such that xo < T xg or xg = Txg, then T has a fixed point x* and the sequence {T"xg} of successive
iterations converges monotonically to x*.

Again, the regularity of E in above Theorem [3.5 and Corollaries [3.3| and [3.4] may also be replaced with
a stronger condition of continuity of the operator 7 on E. The following hybrid fixed point theorems are
employed for proving the existence and uniqueness of the solutions of nonlinear equations. Before stating
these results, we consider the following definition in what follows.

Definition 3.10. Let (E, =<, || - ||) be a partially ordered normed linear space. A mapping T : E — E is called partially
nonlinear D-Lipschitz if there exists a D-function ¢ : Ry — Ry such that

1Tx =Tyl < ¢(lx—yl) (3.6)

for all comparable elements x,y € E. If ¢(r) = kr, k > 0, then Tis called a partially Lipschitz with a Lipschitz
constant k. If k < 1, T is called a partially contraction with contraction constant k. Finally, T is called partially
nonlinear D-contraction if it is a partially nonlinear D-Lipschitz with ¥ (r) < r forr > 0.
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Lemma 3.2. Let (E, =, | - ||) be a partially ordered complete normed linear space. If T : E — E is a nondecreasing and
partially nonlinear D-Lipschitz mapping, then for any bounded chain C in E,

a7 (TC) < p(a? (C)) (3.7)
where a? is a partial Kurotowskii measure of noncompactness and  is a associated D-function of T on E.

Proof. The proof is similar to standard result for usual nonlinear D-Lipschitz mapping with the classical Kuro-
towskii measure of noncomactness « in the Banach space E. We omit the details. O

Corollary 3.5 (Dhage [11]). Let S be a non-empty, closed and partially bounded subset of the partially ordered complete
metric space (E, <, || - ||) such that the order relation < and the norm || - || are compatible in every compact chain C of S.
Let T : S — S be a nondecreasing and partially nonlinear D-contraction. Suppose that there exists an element xy € E
such that xg < Txg or xo = Txg. If T is continuous or E is reqular, then T has a fixed point x* and the sequence
{T"x0} of successive iterations converges monotonically to x*. Moreover, the fixed point x* is unique if every pair of
elements in E has a lower and an upper bound.

Proof. by Lemma[B.2} T is a partially nonlinear D-set-contraction on S. We simply show that the order relation
=< and the metric d are compatible in every compact chain C of S. Let C be arbitrary compact chain in S.
Assume that {x,} is monotone nondecreasing or monotone nonincreasing and that a subsequence {x;, } of
{xn} is convergent. Now it can be shown as in Dhage [11] that {x,} is a Cauchy sequence in S. Hence the
whole sequence {x;} is convergent and converges to a point in S. Consequently, < and the metric d are
compatible in C. Now the desired conclusion follows by an application of Theorem This completes the
proof. O

We notice that Corollary 3.5 includes a well-known hybrid fixed point theorems of Nieto and Lopez [22]
and Dhage [11] for partially contraction and monotone mappings in a partially ordered complete metric space.

4 FPTs of Krasnoselskii and Dhage Type

The study of hybrid fixed oint theorems for the sum of two operators is attributed to Krasnoselskii [20]
whereas the study involving the product of two operators in Banach algebra is attributed to Dhage [7]. Again
the study of fixed point theorems in a Banach algebras involving the sum as well as product of operators
is credited to Dhage [11]]. Here, we prove the analogous results for the sum and the product of operators
in a partially ordered complete normed linear space which are useful in applications to perturbed nonlinear
differential and integral equations for proving the existence and attractivity of the solutions under weaker
mixed partially compact, partially Lipschitz and monotonic conditions (cf. Dhage et.al. [17]).

4.1 FPTs of Krasnoselskii type

Theorem 4.6. Let S be a non-empty, closed and partially bounded subset of a regular partially ordered complete normed
linear space (E, =<, || - ||) such that the order relation < and the norm || - || are compatible in every compact chain C of S.
Let A : E— Eand B : S — E be two nondecreasing operators such that

(a) A is partially nonlinear D-contraction,

(b) B is partially completely continuous,

(c) Ax+Bx e Sforallx € S, and

(d) there exists an element xy € S such that xo < Axy + Bxo.

Then the operator equation
Ax+ Bx = x (4.8)

has a solution x* in S and the sequence {x, } of successive iterations defined by x, 1 = Ax, + Bx,, n=0,1,...; converges
monotonically to x*.
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Proof. Define a mapping 7 on S by
Tx = Ax + Bx.

By hypothesis (c), 7 defines a mapping 7 : S — S. Since A and B are nondecreasing, 7 is nondecreasing
on S. From the partial continuity of the operators A and B and the continuity of the binary composition
addition, it follows that the operator 7 is partially continuous on S. Again, by hypothesis (c), xo < 7 x. Next,
we show that 7 is a partially nonlinear D-set-contraction on S. Let C be a chain in S. Then by definition of 7,

we have
T(C) C A(C)+ B(C).

Since 7 is nondecreasing and partially continuous, 7 (C) is again a chain in S which is bounded. By
properties (5°) and (8°), a” is subadditive and full. As a result,

aP(TC) < a? (A(C)) +a”(B(C)) < y(a”(C))

which shows that 7 is a partially nonlinear D-set-contraction on S. Next, the order relation < and the norm
| - || are compatible in every compact chain C of S, so the desired conclusion follows by an application of
Theorem [3.2] This completes the proof. O

Theorem 4.7. Let S be a non-empty, closed and partially bounded subset of a reqular partially ordered complete normed
linear space (E, =<, || - ||) such that the order relation < and the norm || - || are compatible in every compact chain C of S.
Let A : E— Eand B : S — E be two nondecreasing operators such that

(a) Ais partially nonlinear D-contraction,

(b) B is partially completely continuous,

(c) Ax+Bx e Sforallx € S, and

(d) there exists an element xg € S such that xq = Axg + Bxp.

Then the operator equation has a solution x* in S and the sequence {x, } of successive iterations defined by x, 11 =
Axy + Bxy, n=0,1,...; converges monotonically to x*.

4.2 FPTs of Dhage type

Let (E, <, | - ||) be a partially ordered normed linear algebra. Denote
E" = {x € E| x = 6, where 0 is the zero element of E }

and
K={E" CE|uveE" forall u,veE"}. 4.9)

The elements of the set K are called the positive vectors in the normed linear algebra E. Then the following
lemma is immediate and is useful in the hybrid fixed point theory in Banach algebras and applications.

Lemma 4.3 (Dhage [9). If uq, u,v1,v € K are such that uy < vy and uy < vy, then uquy < v10;.
Definition 4.11. An operator T : E — E is said to be positive if the range R(T) of T is such that R (T) C K.
For any two chains C; and C; in E, denote
CiCG={x€E|x=cicy, cp €Crandc; € Cy}.
Then we have the following lemma.

Lemma 4.4. If Cy and C; are two bounded chains in a partially ordered normed linear algebra E, then
aP(C1C) < (|Cofla”(Cr) + [ Crlja? (Ca) (4.10)
where ||C|| = sup{||c|| | c € C}.

Theorem 4.8. Let S be a non-empty, closed and partially bounded subset of a regular partially ordered complete normed
linear algebra (E, =, || - ||) such that the order relation < and the norm || - || are compatible in every compact chain C of
S.Let A,B : S — KandC : E — E be three nondecreasing operators such that
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(a) Aand C are partially nonlinear D-Lipschitz with D-functions y 4 and ¢ respectively,
(b) B is partially continuous and compact,

(d) AxBx+Cx e Sforallx €S,

(c) Mpy(r)+e(r) <r, v >0, where M = ||B(S)||, and

(e) there exists an element xo € S such that xo < Axg Bxg + Cxg or xo = Axg Bxg + Cxg.

Then the operator equation
AxBx +Cx =x (4.11)

has a solution x* in S and the sequence {x,} of successive approximations defined by x,.1 = Ax, Bx, + Cxy,
n=0,1,...; converges monotonically to x*.

Proof. Suppose that there exists an element xy € S such that xg < Axy Bxg + Cxg. Define a mapping 7 on S by

Tx = Ax Bx + Cx.

By hypothesis (c), 7 defines a mapping 7 : S — S. Since A and B are positive and A, B and C are
nondecreasing, T is nondecreasing on S. From the partial continuity of the operators .4, B and C and the
continuity of the binary compositions addition and multiplication, it follows that the operator 7 is partially
continuous on S. Again, by hypothesis (d), xop < 7x. Next, we show that 7 is a partially nonlinear D-set-
contraction on S. Let C be a chain in S. Then by definition of 7, we have

T(C) C A(C) B(C) +C(C).

Since 7 is nondecreasing and partially continuous, 7 (C) is again a chain in S. By properties (5°) and (8°),
P is a subadditive and full partial measure of noncompactness. As a result, we have

aP(TC) < [JAO)|a"(B(C)) + IB(C)[[a” (A(C)) + P (C(C))
< |B(E)[la(A(C)) +a”(C(C))
< Mypa(@?(C)) + e(a?(C))
= P(aP(C)), (412)

where (1) = My 4(r) + ¢e(r) < r, v > 0 and the constant M exists in view of the fact that B is compact
operator on S. This shows that 7 is a partially nonlinear D-set-contraction on S. Next, the order relation

=< and the norm || - || are compatible in every compact chain C of S, so the desired conclusion follows by an
application of Theorem[3.2] Similarly, if xo = Axo Bxg + Cxg, then using Theorem B.3]it can be proved that 7
has a fixed point. This completes the proof. O
Remark 4.9. If we take ¢ 4(r) = % and ¢ (r) = Ly, then hypothesis (d) of the above hybrid fixed point
theorem takes the form ?fr\f + Ly < 1 for each real number r > 0. Similarly, if 4(r) = L1 7, and ¢ (r) = I%:r,

LM

e < 1 for each real

then hypothesis (d) of the above hybrid fixed point theorem takes the form ML, +
number r > 0.

Corollary 4.6. Let S be a non-empty, closed and partially bounded subset of a regular partially ordered complete normed
linear algebra (E, =, || - ||) such that SN K # @ and the order relation < and the norm || - || are compatible in every
compact chain C of S. Let A, B : S — K be two nondecreasing operators such that

(a) Ais partially nonlinear D-Lipschitz with D-function 1 4,
(b) B is partially continuous and compact,

(c) AxBx e Sforallx €S,

(d) Mp(r) <r,r>0,where M = ||B(S)||, and

(e) there exists an element xy € X such that xq < Axg Bxg or xg = Axg Bx.
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Then the operator equation
AxBx = x (4.13)

has a positive solution x* in S and the sequence {x,} of successive iterations defined by x,,1 = Ax, Bx,, n=0,1,...;
converges monotonically to x*.

Remark 4.10. The hypotheses (b) and (c) of Theorem (4.8 may be replaced with the weaker hypotheses as
follows:

(b’) B is partially continuous and uniformly partially compact, and
(c") Mypa(r) +pe(r) <r,r >0, where M = sup{||B(C)|| : C € Py(S)}.

The proof of Theorem 4.8 under these new hypotheses is essentially the same as that given in the theorem.
Similarly, the conclusion of Corollary[#.6|also remains true under the corresponding changes in the hypotheses
(b) and (c) thereof. We mention that Theorem and Corollary are useful in the study of quadratic
nonlinear differential and integral equations for discussing the qualitative aspects of the solutions.

5 Functional Integral Equations

In this section, we are going to prove a result on the existence and uniform global attractivity of the solutions
of a nonlinear functional integral equation. Our investigations will be carried out in the Banach space of real
functions which are defined, continuous and bounded on the right half real axis Ry. The integral equation
in question has rather general form and contains as particular cases a few of other functional equations and
nonlinear integral equations of Volterra type. The main tool used in our considerations is the technique of
partial measures of noncompactness and the measure theoretic hybrid fixed point result established in Theo-
rem 3.2} The partial measure of noncompactness used in this paper allows us not only to obtain the existence
of solutions of the mentioned functional integral equation but also to characterize the comparable solutions in
terms of uniform global ultimate attractivity. This assertion means that all the possible comparable solutions
of the functional integral equation in question are globally uniformly attractive in the sense of notion defined
in the following section.

5.1 Notation, Definitions and Auxiliary facts

As mentioned earlier, our considerations will be placed in the function space BC(R,R) consisting of all
real functions x = x(f) defined, continuous and bounded on IR.. We place the HFIE in the space E =
BC(R4,R). Define anorm || - || and the order relation < in E by

x|l = sup{[x(t)] : ¢ > 0}. (5.14)

and
x <y <= x(t) <y(t) (5.15)
forallt € R;. Clearly, E is a partially ordered Banach space with respect to the above norm || - || and the order

relation <. The following lemma follows immediately by an application of Arzella-Ascoli theorem.

Lemma 5.5. Let (BC(Ry,R), <, || - ||) be a partially ordered Banach space with the norm || - || and the order relation <
defined by and respectively. Then the norm || - || and the order relation < are compatible in every partially
compact subset of BC(R 4, R).

Proof. Let S be a partially compact subset of BC(R,R) and let {x;, } be a monotone nondecreasing sequence
of points in S. Then we have
() <xof) < <xu(t) < - (%)

foreacht € Ry.

Suppose that a subsequence {x,, } of {x,} is convergent and converges to a point x in S. Then the sub-
sequence {xy, (t)} of the monotone real sequence {x,(t)} is convergent. By monotone characterization, the
whole sequence {x,(t)} is convergent and converges to the point x(¢) in R for each ¢t € R;. This shows that
the sequence {x,(f)} converges point-wise in S. To show the convergence is uniform, it is enough to show
that the sequence {x,(t)} is equicontinuous. Since S is partially compact, every chain or totally ordered set
and consequently {x,} is an equicontinuous sequence by Arzeld-Ascoli theorem. Hence {x,} is convergent
and converges uniformly to x. As a result || - | and < are compatible in S. This completes the proof. O
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For our purposes we introduce a partial measure of noncompactness which is a handy tool of the partial
Hausdorff measure of noncompactness in the study of the solutions of certain nonlinear integral equations.
To define this partial measure, let us fix a nonempty and bounded chain X of the space BC(R,R) and a
positive real number T. For x € X and € > 0 denote by w? (x,€) the modulus of continuity of the function x on
the interval [0, T] defined by

wl(x,€) = sup{|x(t) —x(s)| : t,s € [0,T], |t —s| <e}.

Next, let us put
wl(X,e) = sup{w!(x,€): x € X},
WF(X) = limwT (X, €),
and

wo(X) = lim wd (X) .

The partial Hausdorff measure of noncompactness 7 in the function space C([0, T], R) of continuous real-
valued functions defined on a closed and bounded interval [0, T] in R, is very much useful in the applications
to nonlinear differential and integral equations and it can be shown that

B (X) = el (X)

for all bounded chain X in C([0, T],R). The proof of this fact follows from the arguments that given in Banas
and Goebel [2] and the references therein. Similarly, wy is a handy tool of partial measure of noncompactness
in the ordered Banach space BC(R,R) useful for some practical applications to nonlinear differential and
integral equations.

Now, for a fixed number ¢t € R} and a fixed bounded chain X in BC(IR, R), let us denote

X(t) ={x(t) : x € X}.

Let
0a(X(t)) = |X(t)| = sup{[x(t)| : x € X},
8a (X(t)) = sup 84(X(t)) = sup |X(t)|
t>T t>T
and

82(X) = lim 81 (X(t)) = limsup |X(t)].

T—eo t—o0

Again, for a fixed real number ¢, denote

Xt)—c={x(t)—c: xe X}

and
Sp(X(t)) = [X(t) —c| = sup{|x(t) —c[: x € X} .
Define
51 (X(t)) = sup &(X(t)) = sup | X () — c|
t>T t>T
and
5p(X) = lim oL (X(t)) = limsup |X(t) —c|.
— 00 t—00
Similarly, let

0c(X(t)) = diam X(t) = sup{|x(t) —y(£)| : x,y € X},

6T (X(t)) = sup 8(X(t)) = sup diam X(¢)
t>T t>T
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and
5:(X) = lim 6T(X(t)) = limsup diam X(t).

T—o0 t—o0

The details of the functions &,, 6, and . appear in Dhage [12]. Finally, let us consider the functions uJ, ylf
and p! defined on the family of bounded chains in BC(R ., R) by the formula

ph (X) = max {wo(X), 6.(X)}, (5.16)

up (X) = max {wo(X), 6,(X) } (5.17)
and

pé (X) = max {wo(X), 5:(X)} . (5.18)

It can be shown that the function u}, yf and ! are partially measures of noncompactness in the space
BC(R4,R). The components wy and ¢, are called the characteristic values of the partial measure of noncom-
pactness y,’; . Similarly, wy, §; and wy, é. are respectively the characteristic values of the partial measures of
noncompactness yf and yf in BC(Ry,R).

Remark 5.11. The kernel ker y! consists of nonempty and bounded chains X of BC(IR;, R) such that functions
from X are locally equicontinuous on IR and the thickness of the bundle formed by the functions from X
tends to zero at infinity. Similarly, the kernels ker u}, and ker yf consist of nonempty and bounded chains X
of BC(R4,R) such that functions from X are locally equicontinuous on R and the thickness of the bundle
formed by functions from X around the lines respectively x(f) = c and x(¢) = 0 tends to zero at infinity. These
particular characteristics of ker u}, ker VZ and ker pf have been useful in establishing the global attractivity
and global asymptotic stability of the comparable solutions of the considered functional integral equations.

In order to introduce further concepts used in the paper, let us assume that () is a nonempty chain of the
space BC(R4, R). Moreover, let Q be an operator defined on Q) with values in BC(R4, R).

Consider the operator equation of the form
x(t) = Qx(t), t € Ry. (5.19)

Definition 5.12. We say that comparable solutions of the equation (5.19) are locally attractive if there exists a
ball B(x,r) in the space BC(R+, R) such that for arbitrary comparable solutions x = x(t) and y = y(t) of the
equation (5.19) belonging to B(xo, ) N Q) we have that

lim [x(t) —y(t)] =0. (5.20)
t—o0
In the case when limit (5.20) is uniform with respect to the set B(xg, ) N (), i.e. when for each € > 0 there
exists T > 0 such that

[x(H) —y(t)| <e (5.21)

for all x,y € B(xp,r) N Q) being the comparable solutions of (5.19) and for ¢t > T, we will say that the compa-
rable solutions of the operator equation (5.19) are uniformly locally ultimately attractive defined on R

Definition 5.13. A solution x = x(t) of equation (5.19) is said to be globally ultimately attractive if
holds for each comparable solution y = y(t) of on R, . Other words we may say that the comparable
solutions of the equation are globally ultimately attractive if for arbitrary comparable solutions x(t) and
y(t) of the condition is satisfied. In the case when condition is satisfied uniformly with
respect to the set B(xo,7) N (), i.e. if for every € > 0 there exists T > 0 such that the inequality is satisfied
for all x,y € O being the comparable solutions of and for t > T, we will say that the comparable
solutions of the equation are uniformly globally ultimately attractive on R..

Let us mention that the concept of asymptotic stability may be found in Banas and Dhage [3] and references
therein whereas the concept of global attractivity of solutions is introduced in Dhage [9] and proved attractiv-
ity results for certain nonlinear integral equations. We mention that the present approach is constructive and
different from that given in the above stated papers.
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5.2 Integral Equation and Attractivity Result

Now, we will investigate the following nonlinear hybrid functional integral equation (in short HFIE)

B(t)

x(t) = f(t x(ar(t)), x )+ [ &t s, x(71(s)), x(72(s))) ds (5.22)

o\

for all t € R4, where the functions f : Ry x RXxR - R, ¢g: Ry xRy xRxR — Rand«;, v : Ry — Ry
fori = 1,2, are continuous.

By a solution of the HFIE (5.22) we mean a function x € C(IRy,R) that satisfies the equation (5.22), where
C(R4,R) is the space of contmuous real-valued functions on R..

Observe that the above integral equation has been discussed in Dhage [9] under strong Lipschitz condi-
tion for the attractivity of solutions and includes several classes of functional, integral and functional-integral
equations considered in the literature (cf. [, 3} O] and references therein). Let us also mention that the func-
tional integral equation considered in [3, 9] is a special case of the equation (5.22), where aq(t) = as(t) =

Bt) = (t) = t.
The equation (5.22) will be considered under the following assumptions:

(Hp) The functions aq,ap : Ry — Ry satisfy aq(f) > tand ap(t) > tforall t € Ry.

(Hz) The function F : Ry — Ry defined by F(¢) = |f(t,0,0)| is bounded on R with
Fy = sup;- F(t).

(H3) There exist constants L. > 0 and K > 0 such that

Lmax{x1 —y1, X2 —y2}

ng(t,XLXQ)_f(t yllyZ) K+max{x1 1 xz_yz}

forallt € Ry and (x,x2), (y1,2) € v x R with x; > y1 and xp > y,. Moreover, L < K.
(Ha) g(t,5,x,y) is nondecreasing in x and y for each f,s € R.

(Hs) There exists an element u € C(J,R) such that

B(t))
u(t) < f(t u(ag(t)), u(az(t)) +/ 8(t,s,u(1(s)), u(2(s))) ds

to

forall t € R;.

(Hg) There exist continuous functions a,b : Ry — IR such that

18t s, x,y)| < a(t)b(s)

fort,s € Ry and x,y € R. Moreover, we assume that

B(t)
tlim a(t) / b(s)ds =
0

(H7) There exists a real number ¢ such that f(t,c,c) = cforall t € R,.

The hypotheses (H1)-(H;) and (Hy), (Hg) have been widely used in the literature in the theory of nonlinear
differential and integral equations. The special case of hypothesis (H3) with L < K is considered in Nieto
and Lopez [22]. Now we formulate the main existence result for the integral equation under above
mentioned natural conditions.
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Theorem 5.9. Assume that the hypotheses (Hy) through (Hg) hold. Then the functional integral equation has at
least one solution x* in the space BC(R.,R) and the sequence {x, } of successive approximations defined by

Xu(t) = f(t xn-1(a1(F)), xn1(aa(t)))
B(t)
+ [T gt (), v (20, e Ry 623)
for each n € IN with xo = u converges monotonically to x*. Moreover, the comparable solutions of the equation (5.22

are uniformly globally ultimately attractive on R ..

Proof. We seek the solutions of the HFIE (5.22) in the space BC(Ry,R) of continuous and bounded real-
valued functions defined on R... Set E = BC(R4,R). Then, in view of Lemma 5.5} every compact chain in E
possesses the compatibility property with respect to the norm || - || and the order relation < in E.

Define the operator Q defined on the space BC(RR, R) by the formula
B(t)
Qx(t) = f(t, x(ar(t)), x(az(t))) + / 8(t,5,x(11(s)), x(72(s))) ds, t € R (5.24)
0

Observe that in view of our assumptions, for any function x € E the function Qx is continuous on R..
As a result, Q defines a mapping Q : E — E. Let xyp = u and define an open ball B(xg,r) in E, where
r = ||xo|| + L + Fo + V. We show that Q satisfies all the conditions of Theorem|3.2jon S = B(x, r). This will be
achieved in a series of following steps:

Step I: Q is a nondecreasing on S.
Let x,y € S be such that x < y. Then by hypothesis (H3)-(Hy), we obtain

B(t)
Qux(t) = f(fIX(M(f))IX(Wz(t)))Jr/O 8(t,s,x(71(s)), x(72(s))) ds

B(t)
< flbylaa(t), yla(t) + /0 8(ts,y(11(s)),y(72(5))) ds
= Qu()
for all t € Ry. This shows that Q is a nondecreasing operator on S.

Step II: Q maps a closed and partially bounded set S into itself.
Let X be a chain in S and let x € X. Since the function v : R, — R defined by

t—o00

o(f) = lim a(t) /0 M () ds (5.25)

is continuous and in view of hypothesis (He), the number V' = sup,.,v(t) exists. Moreover if x > 0, then for
arbitrarily fixed t € IR} we obtain:

B(t)
QO = 1@ ), @)+ [ I35 ds
< 1F(t 2@ (D), x(@2()) — £(£,0,0)
B(t)
+\f(t,0,0)|+a(t)/ b(s) ds
0
L max{Jx(a ()], [x(aa(1))])
S K max{x(a ()], eaa )y T+ )
L]
< K+||x||+FO+V
= L+FR+V (5.26)

Similarly, if x < 0, then it can be shown that |Qx(#)| < L+ Fy + V for all t € R... Taking the suremum over
t, we obtain ||Qx|| < L+ Fy+ V for all x € X. This means that the operator Q transforms any chain X into a
bounded chain in E. Moreover, we have

[lx0 — Qx| < [lxoll + [Qx[| < [lxol| + L+ Fo + V
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for all x € X. More precisely, we infer that the operator Q transforms every chain X in B(x,r) into the
chain Q(X) contained in the ball B(xq,r), where r = ||xo| + L + Fp + V. As a result, Q defines a mapping
Q : Pp(B(xg,7)) — Pen(B(x0,7)) and so Q maps a closed and partially bounded set S = B(xg, r) into itself.
Moreover, in view of Lemma|[5.5 every compact chain in S possesses the compatibility property with respect
to the norm || - || and the order relation < in E.

Step III: Q is a partially continuous on S.

Now we show that the operator Q is partially continuous on S. To do this, let X be a chain in S and let us
fix an arbitrary € > 0 and take x,y € X such that x > y and ||x — y|| < €. Then we get:

|Qx(t) = Qy(t)| < |f(t, x(a1(t)), x(az(t))) — f(t,y(ar (1)), y(aa(t)))|

B(t)
+ / g(t, 5, x(71(5)), x(72(5))) ds
0

B(t)
- /O 9(t5,y(11(5)), y(12(5))) ds
< £ x(aa (1)), x(@2(8))) — £ty (), y(aa()|
B(t)
+ /O 1905, y(11(5)), y(72(5))) | ds

B(t)
+/ 19065, 9(71(5)), y(72(5)))| ds
0

y(r
L max{[x(a1(t)) — y(a1(#))], [x(a2(t)) — y(aa(t))]}
— K+max{|x(a(t)) — y(ar(£))], |x(az(t)) — y(az(t))|}

B0
+2a(t)/ b(s) ds
0
L|lx =yl
T K+ |[x -yl
< e+2v(t).

+20(t)

Hence, by virtue of hypothesis (Hg) we infer that there exists T > 0 such tha v(t) < § for t > T. Thus, for
t > T we derive that

1Qx(t) — Qu(t)] < 2. (5.27)

Further, let us assume that f € [0, T]. Then, evaluating similarly as above we get:

1Qx(t) = Qu(t)] < |f(t x(a1 (), x(a2(t))) — f(£ y(ar(t)), y(aza(t)))]

B(t)
+/O [Ig(t,s,x(711(s)), x(72(5))) — g(£,5,y(71(5)), y(72(s)))[] ds

Lmax{|x(a1(#)) — y(aa(1))], |x(aa(t)) — y(aa(t))[}
— K+ max{fx(ay (£)) — y(ai(£))], |x(az(t)) — y(az(t))[}

Br
+/0 [1g(t;s,x(11(s)), x(72(5))) — g(t,8,y(11(s)), y(12(s)))|] ds
< e+,BTw (g,€), (5.28)

where we have denoted
Br =sup{p(t): t€[0,T]},
and .
wy (g,€) =sup {Ig(t,s,x,y) — g(t,5,w,2)| :
t,s€[0,T], x,y,wz € [-r71], |x—w|<e |y—z| <e}.

Obviously, in view of the continuity of 5, we have that 7 < co. Moreover, from uniform continuity of
the function ¢(t,s, x,y) on the compact [0, T] x [0, T] x [~7,7] x [~r, 7] we derive that w] (g,€) — 0as e — 0.
Now, linking (5.27), and the above established facts we conclude that the operator Q maps partially
continuously the closed ball B(xg, r) into itself.
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Step IV: Q is a nonlinear D-set-contraction w.r.t. characteristic value wy.

Further on let us take a bounded chain X in S with bound r > 0, i.e., the chain X belonging to the ball
B(8,r). Next, fix arbitrarily T > 0 and € > 0. Let us choose x € X and ¢4, t; € [0, T] with |f; — t1] < €. Without
loss of generality we may assume that x(a1(t1)) > x(a1(t2)) and x(ap(t1)) > x(a(f2)). Then, taking into
account our assumptions, we get:

Qx(t) — Qx(t2)| < [f(tr, x(a1(t1)), x(ar(tr))) = f(t2, x((t2)), x(a2(t1))) |

B(t1)
n / g(t15,2(11(5)), x(12(5))) ds
0

B(t2)
- /O 8t 5, 2(71(5)), x(72(5))) ds
< |f(t, x(a(tr)), x(az(t1))) — f(t2, x(a(t2)), x(a2(t2)))]
B(t1)
[ sttsxtn(o), xtaa(en) ds

+

B(t2)
- /0 8(t2,5,x(11(5)), x(72(s))) ds

B(t1)
+ / g(tn, 8, x(11(8)), x(12(s))) ds
0

B(t2)
— [ st 301 (9)), x(72(5))) ds
< |f(t, x(ar (b)), x(aa(tr))) = f(b2, x(a1(t2)), x(a2(f2))) ]
B(t1)
+/0 8(t1,8,x(71(5)), x(72(5))) — 8(t2,8,x(71(5)), x(72(s)))| ds

+

B(t1)
/ﬁ 190t 5, 2(71(5)), x(72(5))) | ds

(t2)

< |f(tr, x(a1(f1)), x(ax(t1))) — f (b2, x(a1(£2)), x(a2(t2)))]

Br
+/0 |8(t1, 5, x(71(s)), x(72(5))) — &(t2, 8, x(71(s)), x(72(s)))| ds
+ Gt o(t) —v(t2)], (5.29)

where
Gr =sup{|g(t,s,x,y)|: t€[0,T], s € [0,Br], x,y € [-7,7]}

which does exist in view of continuity of the function g on compact [0, T] x [0, B1] x [—7,7] X [—r,7].
Now combining and (5.29) we obtain,

1Qx(t2) — Qx(t1)] < |f (b1, x (a1 (tr)), x(aa(
L max{|x(aq(t1)) — x(ap(t2)

) —
t2))], [x(a1(t1)) — x(az(t2))[}
K+ max{[x(a1(t1)) — x(aa(t2))], [x(a1(t1)) — x(a2(t2))|}
Br

+ ; 8(t1, 8, x(71(5)), x(72(5))) — 8(t2,8,x(71(5)), x(72(s)))| ds
+ Gt [v(t1) —o(t2)]

L max {wT (x,wT(a1,€)), 0T (x, wT (a,€)) }

~ K+max {wT (x,wT(ay,€)), 0T (x,wT(az,€)) }

t))
|

f(t2, x(w1(h)), x(2(t))) |
) t2)
)

+wy (fe)

Br
+ / wl(g,€)ds+ Grwl(v,e), (5.30)
0

where we have denoted
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wT(le,e) = sup{|zx1(t2) —le(tl)| : b € [O,T], ‘tZ - t1| < 6} p
wT((Xz,G) = sup{|tx2(t2) —ap(t1)|: 1,02 € [0, T), |ta — t1| <€},

wT(v,e) =sup{|v(t2) —v(t1)|: t1,t2 € [0, T], |t — 1] < €},

w/ (f,e) = sup{|f(ty,x,y) — f(tr,x,y)|: t,t2 € [0, T],
lth —t1]| <€, x,y € [-1,71]},

and
wl(g,€) =sup {|g(tr,s, x,y) —g(t, s, x,y)| : t, b € [0, T], |h—t1| <€,
s €10,B7], x,y € [-1,7]} .

From the above estimate we derive the following one:

T L max {w (x,wT(a1,€)), 0T (x, wT (az,€)) } T
W (QX).€) < K+ max {wT (x,w™ (a1,€)), wT (x,wT (a2, €)) } +wr(fo€)
+ o wl(g,€)ds+ Grw! (v,e). (5.31)
0

Observe that w! (f,€) — 0and w/ (g,€) — 0 as € — 0, which is a simple consequence of the uniform con-
tinuity of the functions f and g on the sets [0, T] x [—r,7] x [—r,r] and [0, T] x [0, Br] X [—7,7] X [, 7] respec-
tively. Moreover, from the uniform continuity of a1, a», v on [0, T}, it follows that wT((xl, €) —0, wT (p,€) — 0,
w'(v,€) — 0as e — 0. Thus, linking the established facts with the estimate we get

Lwl (X)
T 0
X)) £ ———~+—.
@ Q00 <
Consequently, we obtain

L wo(X)

@ (QUX)) < g

(5.32)

Step V: Q is a nonlinear D-set-contraction w.r.t. the characteristic value o.

Now, taking into account our assumptions, for arbitrarily fixed t € Ry and for x,y € X with x > y, we
deduce the following estimate (cf. the estimate (5.28)):

[(Qu)(#) = (Qy)(B)] < [f(E x(ar(t)), x f(ty(aa(t)), y(aza(t)))]

+2<( )
Emax{x(es() - ylas )L (a2 ~ y(as))

— K+ max{|x(ar(t)) — y(as(£))], [x(aa(t)) — y(az(t))[}
+20(t).

From the above inequality it follows that

diam (QX (1)) <

L max{diam (X (a1 ( +o(t)
1

), diam (X(aa(t)))}
K + max{diam (X (a (¢ )

t
(1)), diam (X (az(#))

for each t € R. Therefore, taking the limit superior over t — oo, we obtain

}
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0:(QX) = limsup diam (Q(X(t)))

t—oo

L max {lim sup diam (X(a1(t))), limsup diam (X(ocz(t)))}

t—o00 t—o00

IN

K+ max {lim sup diam (X («q(t))), lim sup diam (X(zxz(t)))}

t—o0 t—o0

L limsup,_, ., diam (X(t))
~ K+limsup,_,, diam (X(t))

Lé.(X)

T K+6.(X) (539

Step VI: Q is a partially nonlinear D-set-contraction on S.

Further, using the measure of noncompactness u! defined by the formula (5.18) and keeping in mind the
estimates (5.32) and (5.33), we obtain

He (QX) = max {wo(QX), 6¢(QX)}

Lwp(X)  Lé(X)
maX{K+wO(X) ’ K—HSC(X)}

IN

L max {wp(X), 6:(X)}
~— K4 max {wo(X), 5c(X)} '

LX)
K+ pE(X)

for all chains X in S. Since L < K, the operator Q is a partially nonlinear D-set-contraction on S with D-

L
function (r) = Ki—:r Again, by hypothesis (Hs), there exists an element xy = u € S such that xy < Qxp, that
is, xg is a lower solution of the HFIE (5.22)) defined on R ...

Thus Q satisfies all the conditions of Theorem[3.2on S. Hence we apply it to the operator equation Qx = x
and deduce that the operator Q has a fixed point x* in S. Obviously x* is a solution of the functional integral
equation (5.22) and the sequence {x; } of successive approximations defined by

Xu(t) = f(txp-1(a1(t)), xu-1(az(t)))

B(t)
+/O 8(ts,xy-1(71(5)), xu—1(72(s))) ds, t € R4,

for each n € IN converges monotonically to x*. Moreover, taking into account that the image of every chain
X under the operator Q is again a chain Q(X) contained in the ball B(xo,r) we infer that the set 7 (Q) of all
fixed points of Q is contained in B(xo, 7). If the set 7(Q) contains all comparable solutions of the equation
, then we conclude from Remark that the set F(Q) belongs to the family ker u!. Now, taking into
account the description of sets belonging to ker u! (given in Subsection 5.1) we deduce that all the comparable
solutions of the equation are uniformly globally ultimately attractive on R. This completes the proof.
O

Theorem 5.10. Assume that the hypotheses (Hy) through (Hy) hold. Then the functional HFIE has at least
one solution x* in the space BC(R4,R) and the sequence {x,} of successive approximations defined by con-
verges monotonically to x*. Moreover, the comparable solutions of the equation are uniformly globally ultimately
attractive and asymptotically stable to the line x(t) = ¢ defined on R .

Proof. Asin Theorem we seek the solutions of the HFIE (5.22) in the Banach space E = BC(IR4, R). Define
the closed and bounded set S = B(xq,r), where r = ||xg|| + L + Fy + V and define the operator Q on S into
itself by (5.24). Then proceeding as in the Step IV of the proof of Theorem [5.9|it can be proved that Q is a
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nonlinear D-set-contraction with respect to the characteristic value w, with D-function ¥(r) = KL—L, ie., the

inequality (5.32) holds on E.

Next, we show that Q is a partially nonlinear D-set-contraction with respect to the characteristic value &j,.
Now, taking into account our assumptions, for arbitrarily fixed ¢ € R} and for x € X with x > con R4, we
deduce the following estimate:

[(Qx)(8) —c| < [f(t x(ar(t)), x(az(t))) — f(E ¢, 0)]

B(t)
+ / 19065, x(71(5)), x(12(5))) | ds
0

L max{]x(a1() — ¢, [x(aa(t)) — e}
K+ max{[x(ay (1)) — ], k(@ (D) e}

From the above inequality it follows that

L max{|X(a (1)) — cl, X (az(t)) — |}
t

QX == R max{[X(an (1)) — cl, X (aa(8)) — e[}

+o(t)

for each t € R, . Therefore, taking the limit superior over ¢t — oo, we obtain

5,(QX) = limsup |Q(X(#)) |

t—o0

L max { limsup |X(aq(t)) —c|, limsup | X(a2(t)) — c|}

t—o00 t—o00

IN

K 4+ max { limsup |X(aq(t)) —c|, limsup | X(az(t)) — c|}
t—oo t—o0
L limsup,_ ., |X(t) —c]|
~ K+limsup,_ , |X(t) —c|

L p(X)

T K+6(X) 639

Further, using the partial measure of noncompactness VZ defined by the formula and keeping in
mind the estimates (5.32)) and (5.34), we obtain
#,(QX) = max {wo(QX), 5,(QX)}

Lawg(X)  Léy(X) }
K+ wo(X) " K+ 6,(X)

gmax{

L max {wo(X), 5(X) }
~ K+max{wo(X), 6(X)}

_ Lpx)
K+ ul)(X)

for all chains X in S. Since L < K, the operator Q is a partially nonlinear D-set-contraction on S with D-
function ¢(r) = KL—L Again, by hypothesis (Hs), there exists an element xo = u € S such that xg < Qxo, that
is, xg is a lower solution of the HFIE defined on IR ;. The rest of the proof is similar to Theorem 5.9 and
now we conclude from Remarkthat the set 7(Q) belongs to the family ker ys . Now, taking into account
the description of sets belonging to ker yf (given in Section 5.1) we deduce that the equation has a
solution x* and the sequence {x,} of successive iterations defined by converges monotonically to x*.
Moreover, all the comparable solutions of the equation are uniformly globally ultimately asymptotically
stable to the line x(¢) = ¢ on R4.. This completes the proof. O

If ¢ = 0 in hypothesis (H7), we obtain the following existence result concerning the asymptotic stability of
the comparable solutions defined on R+..
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Theorem 5.11. Assume that the hypotheses (Hy) through (Hy) hold with ¢ = 0. Then the functional HFIE (5.22
has at least one solution x* in the space BC(R4,R) and the sequence {x} of successive approximations defined by
(©.23) converges monotonically to x*. Moreover, the comparable solutions of the equation are uniformly globally
ultimately asymptotically stable to O defined on R...

Remark 5.12. We remark that if a nonlinear hybrid integral equation has more than one lower solution,
then they are comparable in view of the fact that E is a lattice. In consequence, it may have a number of
comparable lower solutions. The case of upper solution is similar. Furthermore, the order relation < in
C(R4, R) is same as the order relation induced by the order cone

K={xeCR4R)|x(t) >0 forallt € Ry}

in C(R, R). Hence, by virtue of Remark 3.5/the integral equation (5.22) has a number of comparable solutions

defined on R,. As a result, under the given conditions of Theorem [5.9]all the comparable solutions of the
nonlinear functional integral equation (5.22) are uniformly globally ultimately attractive on R ¢

Remark 5.13. The conclusion of Theorems and remains true if we replace the hypothesis (Hs)
with the following one:

(H5) There exists an element v € C(R,R) such that

B(t))
vu>zf@vmuw»vwxﬂry/ 3(t,5,0(11(5)), 0(12(s))) ds

to
forallt € Ry.

The proof under this new hypothesis is similar to Theorems [5.9| and and now, the desired conclusion
follows by an application of Theorem 3.3]

Remark 5.14. The conclusion of Theorems and also remains true if we replace the hypothesis
(Hs) with the following one:

(Hj) There exists a continuous and nondecreasing function ¢ : R — R such that

0 < f(tx1,x) — f(ty1,y2) < ¢p(max{x; —y1, x2 —y2})
forallt € Ry and x1, x2,y1,y2 € R with x1 > y1, x2 > y». Moreover, ¢(r) < r forr > 0.

Example 5.2. Consider the linearly perturbed nonlinear hybrid functional integral equation,

3t q
x(t) = tan~! x(2t) —i—/o Y g(s,x(s/2))ds (5.35)

forall t € R4, where g : R4 x R — R is a function defined by
1, if x<0,
(b %) = x?>+1, if 0<x<1,
4x

PRT if x>1.
We shall show that all the hypotheses of Theorem 3.2]are satisfied by the functions involved in HFIE (5.35).
Here, a(t) = 2¢, (t) = 3t and (t) = t/2 and so, &, B, 7y are continuous on R into itself and «a(¢) > ¢ for all
t € R;. Thus, hypothesis (Hp) is satisfied. Again, f(t,x) = tan~! x so that f is continuous on R; x R and
nondecreasing in x for each t € R... The kernel k(t, s) is given by k(t,s) = ﬁ Obviously k is continuous and
nonnegative function on R x Ry and so (Hy) holds. Next, g(#, x) is defines a continuous and nondecreasing
function in x for each t € R... Moreover, f(f,0) = 0. So the hypotheses (H1), (H;), (H4) and (Hs) are held.

Next, we show that f satisfies hypothesis (H;) on R, x R. Let x,y € R with x > y. Then,

0< f(t,x)— f(t,y) =tan 'x —tan"ly =

ey
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_r
1+8
Furthermore, g(t,x) <4 forall t € R} and x € R. Therefore,

3 12t
t) = —— Ads = ———.
o(t) /0 P11 TP TR

forally < § < x, and so hypothesis (Hj) is satisfied with 0<g<r.

Therefore,

. . 12¢
fim v(6) = Jim, 5 =

Finally, it is easy to prove that u = 0 is a lower solution of the HFIE (5.35) defined on IR and hence the
hypothesis (Hg) is held. Thus all the conditions of Theorem are satisfied and by a direct application, we
conclude that the HFIE has a solution x* and the sequence {x; } of successive approximations defined

3t 1
Xpi1(t) = tan~1 x,(2¢) —1—/0 Pl Q(s,x4(s/2))ds

converges monotonically to x*, where xp = 0. Moreover, the comparable solutions of the HFIE (5.35) are
uniformly asymptotically attractive and stable to zero defined on R .

Example 5.3. Consider the hybrid differential equation with a linear perturbation of first type, viz.,

3t
x(8) = £t x(28)) + / ' tanhx(s/2) ds (5.36)
0 3 +1
forall t € Ry, where f : R4 x R — R is a function defined by

1, if x<0,
f(trx) = x

1+ ——, if x>0.
x+1

We shall show that all the hypotheses of Theorem [3.2are satisfied by the functions involved in HFIE (5.36).
Here, as before, a(t) = 2t, B(t) = 3tand y(t) = t/2 and so, &, B, 7y are continuous on R into itself and a(¢) > ¢
for all t € R4. Thus, hypothesis (Hy) is satisfied. Again, f(f, x) is continuous on R4 x R and nondecreasing
in x for each t € IR;. The kernel k(¢, s) is given by k(t,s) = ﬁ Obviously k is continuous and nonnegative
function on R4 x R4 and so (Hy) holds. Next, g(f, x) = tanh x is a continuous and nondecreasing function in
x for each t € Ry. So the hypotheses (H;), (H), (Hs) and (Hs) are held.

Now, we show that f satisfies hypothesis (H3) on R, x R. Let x,y € R with x > y. Then,

x Yy Xy Xy
0< t/ - t/ = - == S
<=y = T~ T Taxay oy S 1+x—y
and so, the hypothesis (Hj) is satisfied with ¢(r) = 1 :_ p forr > 0.

Furthermore, |g(t, x)| = |tanh x| <1 forall t € Ry and x € R. Therefore,

3t 2
o(t) = / Eoqgs =2
0

BP+r1 T T B+1
Therefore,
lim v(t) = lim i =
t—o0 T e #3 +1 -

Finally, it is easy to prove that u = 0 is a lower solution of the HFIE (5.36) defined on IR and hence the
hypothesis (Hg) is held. Thus all the conditions of Theorem are satisfied and by a direct application, we
conclude that the HFIE has a solution x* and the sequence {x, } of successive approximations defined

3ty
Xp1(t) = f(t, xn(21)) +/0 1 tanh x,,(s/2)) ds

converges monotonically to x*, where xp = 0. Moreover, the comparable solutions of the HFIE (5.36) are
uniformly globally attractive on R..
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Remark 5.15. In this paper we have been able to weaken the Lipschitz condition to nonlinear one-sided
Lipschitz condition which otherwise is considered to be a very strong condition in the existence theory of
nonlinear differential and integral equations. However, we needed an additional assumption of monotonicity
on the nonlinearities involved in the integral equation in order to guarantee the required characterization of
attractivity of the comparable solutions.

Remark 5.16. The existence theorems proved in Section 5 may be extended with appropriate modifications to
the generalized nonlinear hybrid functional integral equation

B(t)
x(t) = f(t, x(a1(t)), ..., x(an(t))) —1—/0 g(t,5,x(71(8)),--.,yn(s))) ds (5.37)

forallt € Ry, wherea;, B,vi: Ry =Ry, i=1,2,...,n f: Ry xR" - R,and g : Ry x Ry x R" — R are
continuous functions.

Remark 5.17. The study of the present paper may be extended to other types of nonlinear hybrid integral
equations with different linear as well as quadratic perturbations of first and second type. The detials of
different types of perturbations are given in Dhage [8] and the references therein.

6 Conclusion

Observe that the main measure theoretic hybrid fixed point theorems of this paper may be applied to other
nonlinear equations like hybrid causal and fractional differential, integral and integro-differential equations
for proving the existence results, however unlike existence theorem for nonlinear hybrid integral equations
discussed in Dhage [11] we do not require the assumption that E to be a lattice. Again the continuity of
the functions f(t,x) and g(¢,s, x) in the variable x means that they are partially continuous on R since R is
a totally ordered set, and therefore, the corresponding operators defined in the proof of above theorem are
partially continuous on the domains of their definition which is contrary to the case considered in Dhage
[9]. The advantage of the present approach over the previous ones lies in the fact that we have been able to
develop an algorithm for the solutions of the considered integral equation which otherwise is not possible
via classical approach of measure of noncompactness treated in Banas and Goebel [2]. Another interesting
feature of our work is that we generally need the uniqueness of the solution for predicting the behavior of the
dynamic system related to the considered nonlinear functional integral equation, however with the present
approach it has become possible for us to discuss the qualitative behaviour of the systems even though there
exist a number of comparable solutions. Finally, while concluding this paper, we mention that the existence
theorem proved in this paper for the considered nonlinear integral equation may also be proved by using
the Krasnoselskii type hybrid fixed point theorem, Theorem [4.6| under weaker Carathéodory condition than
continuity of the function ¢ with appropriate modifications. Some of the results in the above mentioned
direction will be reported elsewhere.
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Abstract

Lie symmetry group method is applied to study Benney equation. The symmetry group and its optimal
system are given,and group invariant solutions associated to the symmetries are obtained. Also the structure
of the Lie algebra symmetries is determined. Mainly, we have compared one of the resolved analitical solu-
tions of the Benney equation with one of it’s numerical solutions which is obtained via homotopy perturbation
method in [8].

Keywords: Lie group analysis, Partial symmetry, Symmetry group, Optimal system, Invariant solution, Benney
equation.
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1 Introduction

In the past decades, both mathematicians and physicists have made efforts in the study of exact solutions of
partial differential equations. The theory of Lie symmetry groups of differential equations was developed by
Sophus Lie [[]. The symmetry group methods provide an ultimate arsenal for analysis of differential equations
and is of great importance to understand and to construct solutions of differential equations. Reduction of
order of partial differential equations or transformed to ordinary differential equations. According to the
standard definition partial symmetries of A = 0 as Lie-point invertible transformations T such that there is
a non-empty subset P C Spasuch that T(P) = P, i.e.such that there is a subset of solutions to A = 0 which
are transformed into one another. We discuss how to determine both partial symmetries and the invariant set
P C Sp , and show that our procedure is effective by Benney equation.

The homotopy perturbation method (HPM) was established by Ji-Huan He in 1999. In this method, the
solution is considered as the summation of an infinite series, which usually converges rapidly to the exact
solution. Using the homotopy technique from topology, a homotopy is constructed with an embedding pa-
rameter p € [0,1], which is considered as a small parameter. The approximations obtained by the homotopy
perturbation method are uniformly valid not only for small parameters, but also for very large parameters.

Benney’s Equation is
Ut + Uy + Uxx + OUxxx + Uxxxx = 0, (1.1)

where u is considered to be periodic in x as an apology for the infinite domain. This equation seems rich in
character and has been derived in several physical contexts including the flow of thin liquid films (Benney
1966, Topper and Kawahara 1977).

*Corresponding author. E-mail address: m_nadjafikhah@iust.ac.ir
YE-mail address: omid_chgini@mathdep.iust.ac.ir
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2 Lie Symmetry Methods

In this part, we use general for determining symmetries for any system PDE. For this method, use the general
case of a nonlinear system of PDE of order n* in p independent and g dependent variables is given as a system
of equations:

Av(xu™y=0, v=1,---¢ (2.2)
via x = (x1,~ <, xP),u = (ul,- -+, u7) and the derivatives of u whit respect to x up to 1, and u" respect all
derivatives of u of all orders from 0 to 7.

We consider a one-parameter Lie group of infinitesimal transformationsacting on the Jet space of the sys-
tem (Z2)
&= x4 efi(x,u) +O(e?), il = ) + eyl (x,u) + O(¢?) (2.3)

where ¢ is the parameter of the transformation and &, 7/ are the infinitesimals of the transformations for the
independent and dependent variables, respectively. The infinitesimal generator v associated with the above
group of transformations can be written as

Z d
v—zg x,u) +217]xuau] (2.4)

A symmetry of a differential equation is a transformation which maps solutions of the equation to other
solutions. (be a vector field on an open subset M C X x U). The invariance of the system () under the
infinitesimal transformations leads to the invariance condition

pro[Ay (x,u™)] =0, Ay(xu")=0, v=1---1 (2.5)

where pr(”) is the n'" order prolongation of the infinitesimal generator given by
n) 4 i (n) J
v=0v+ X, u 2.6
D;l ; (P] ( ) au? ( )

defined on the corresponding jet space M") < X x U™, (] = (ji,--,ji),1 < jx < p,1 < k < n) with
coefficient

o (x, ul™) Zg’ @) +Eg’u7‘l 2.7)

4
au]

Oy
where u* = — and u%, = —=.
/ I 9x;
1

ax,«

3 Lie Symmetry of the Benney equation

We consider the equation of Benney (1) (with 2 independent variable (x, t) and 1 dependent u(x, t)) where x,
are variables, u is a function and ¢ is a constant.

Let v = ¢(x,t,u)Dyx + T(x,t,u)D; + ¢(x,t,u)D, be a vector field on X x U,(X = (x,t)). We wish to
determine all possible coefficient function ¢, T and ¢ so that the corresponding one-parameter group exp(ev)
is a symmetry group of the Benney equation, we need to know the fourth prolongation

d 0 d d
(4),, — x Y t Y xx . tttt
prov=evte Oty ¢ ouy e Ollxx + e st (3.8)
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Table 1: Commutation relations satisfied by infinitesimal generators

[, ] 01 02 U3
U1 0 U3 0
(%) —03 0 0
03 0 0 0

Table 2: Adjoint relations satisfied by infinitesimal generators

[, ] 01 &) U3
4] U1 Uy — €U3 U3
[ U1 + €u3 (%] U3
U3 (1 U2 U3
of v, with the coefficients :
(Px = Dy¢+ Dydpuy —uyDy¢ — Dugui — utDyT — urDyTuy,
gbt = Di¢p+ Dydpup — uyDi¢ — uyDyCur — us Dyt — Duru%, (3.9)
P = D,%(p + 2Dyxpuy — -+ — 2uyDyTuy, and so on.

Applying pr®o to Benney equation , we find the infinitesimal criterion. determining equations yields:

Dy =0, D,T =0, D& =0, Dip =0, Dyt =0,
Dy =0, D,T =0, D, =0, Di& = ¢, (6 # Dy, 5 #0) (3.10)

The solution of the above system gives the following coefficients of the vector field v:
¢(x,t,u) =Cy, 7T(x,t,u)=Cy, ¢(xtu)=Cot+0Cs, (3.11)

Where {Cy,Cy, C3} are arbitrary constants, thus the Lie algebra g of the Benney equation is spanned by the
three vector fields

v1 = Dy, vy = tDy + Dy, v3 = Dy, (3.12)

The one-parameter groups G; generated by the base of g are given in the following table

g1 :(x, bu) — (xt+eu),
@ (x, tu) — (et+x,te+u), (3.13)
g3:(x, tu) — (e+xtu).

Since each group G; is a symmetry group and if u = f(x,t) is a solution of the Benney equation, so are the
functions

ull = f(x,t—e), u® =flx—tet)—e u® = flx—gt), (3.14)

where ¢ is a real number.

Also their commutator table is and also table Adjoint with (i j)-th entry indicating Ad(exp(ev;)v;) : where
¢ is a real number. Here we can find the general group of the symmetries by considering a general linear
combination “c1v1 + cvy + c3v3” of the given vector fields. In particular if g is the action of the symmetry
group near the identity, it can be represented in the form g = exp(c1v1) - - - ..exp(c3v3).
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4 Optimal system of the Benney equation

This part using the adjoint representation for classifying group-invariant solutions. let G a Lie group . An op-
timal system of subgroup is a list of conjugate equivalent subgroups with the property that any other subgroup
is conjugate to precisely one subgroup in the list. Similarly, a list of subalgebras forms anoptimal system if every
subalgebra of g is equivalent to a unique member of the list under some element of the adjoint representation:

h=Ad g(h),g€G. (4.15)

We finding exact solutions and performing symmetry reductions of differential equations. As any transfor-
mation in the symmetry group maps a solution to another solution, it is sufficient to find invariant solutions
which are not related by transformations in the full symmetry group, this has led to the concept of an optimal
system. For one- dimensional subalgebras, this classification problem is essentially the same as the problem
of classifying the orbits of the adjoint representation.

The adjoint action is given by the Lie series

Ad(exp(ev;) i ad v;)"(v)), (4.16)

3“‘"

where [0;,0;] is a commutator for the Lie algebra, ¢ is a parameter, and i,j = 1,2, 3.

Let Ff : ¢ — g defined by v — Ad(exp(ev;)v) is a linear map, for i = 1,2,3. The matrices M} of F,
i = 1,2,3 with respect to basis {v1, v, v3}

10 0 10 ¢ 100
Mi=(01 —|, M=[o010], M=|010], (4.17)
00 1 00 1 00 1

by acting above matrices on a vector field v alternatively we can show that a one-dimensional optimal system
of g is given by

Yi=1v3, Yo=a1v1+v, (a1€R), Yz=n0, (4.18)

5 partial symmetries of Benney equation

Let us consider a general differential problem, given in the form of a system of ¢ differential equations, and
briefly denoted, as usual, by

A= A(x,ul™) =0, (5.19)

where A = (Aq,---,Ay) are smooth functions involving p independent variables x = (x1,---,x,) € R” and
q dependent unknown variables u = (uy, - - -, u,) € R together with the derivatives of the u, with respect to
thex;j(a=1,---,q;i=1,---,p) up to some order m. Let

0

0
X = giaTci g Gi=Cilxu), o= Pa(xu) (5.20)

be a given vector field, where & and ¢, are p+g smooth functions. if X is a exact symmetry then pr(™) X A =0,
We now assume that the vector field X is not a symmetry of A, hence pr™ X A # 0,let A = pr(™ X A with
this define A of order m’ (m' < m),

We consider two vector field for this equation.

1) We consider the generic scaling vector fields

X1 = auD, + bxDy + ctDy, (a,b,c eR) (5.21)
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that is a not a symmetry for A.
A = 1y + Uty + Uxx + Oyxx + Uxxxx = 0.
Applying the fourth prolongation of X; on A, we obtain

A = pri¥xa,

A = (2b — a)uuy + (a — c)up + (@ — 2b)tyy + (a8 — 36D) tyyx + (a — 4b) Uyxxx-

We rewrite this as
AW = Auttx + Buy — Attxx + Cityy + Ettxxxx, (A, B,C,E € R)
reduction to ODE. If (A = B = E = 0 and C # 0) reduce to tyry = 0, solve this ODE we obtain
u(x, t) = a(t) + B(H)x + y(t)x*
substituting this into the A equation we obtain
B +pB () =0, «()+a®)p(t)=0 () =0,

from (26) we obtain :

1
= ——
ﬁ( ) t+C; !
and from (27)
C
t) = ,
«(t) t+Cy
in this case we are
Cy 1
t J—
u(x,1) t+C 4+ G

(5.22)

(5.23)

(5.24)

(5.25)

(5.26)

(5.27)

(5.28)

(5.29)

2) Consider X, = D; + Dy, a arbitrary vector field , Applying the fourth prolongation of X, on A, we obtain

A = pr(4)X2 A= uy, u, =0,

from above equation we obtain :

via substituting u(x, t) = a(t) to A we are

via solving above equation, we obtain :

In finally we are

(5.30)

(5.31)

(5.32)

(5.33)

(5.34)
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6 Compare Numerical Solution and Analytical Solution

In this part we use Homotopy Perturbation Method (HPM), the homotopy perturbation method provides an
effective procedure for exact and numerical solutions of partial differential equations. Now we use article’s
[8] as flows.

Numerical solution :

1
u*(x,t) = r_Z e%"_”t, (6.35)
t 4
Analytical Solution in generic scaling :
C X
t) = .
uxt) = e Yirg (6.36)
With the right choice C; and Cy:
C; = .004801455707 and C, = —.01233867027, (t+=1,6=1). (6.37)
We have :
w(x1) = x-— %2.718281828 Va2 (6.38)
u(x,1) = —.01227970978 + 9952214878 x. (6.39)
Now we plot u(x,1), u*(x,1) to compare
Figure 1: u(x,1)(green), u*(x,1)(blue), 6 = 1
Vx € [-2,—1] =] u*(x,1) —u(x,1) |< .0131. (6.40)

7 Conclusion
In this paper, by applying the criterion of invariance of the equation under the infinitesimal prolonged in-
finitesimal generators, we find the most general Lie point symmetries group of the Benny equation. Also, we

have constructed the optimal system of one-dimensional sub algebras of Benny equation. We find a analytic
solution by partial symmetry and compare with numerical solution in order to calculation error.
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Abstract

We introduce the notion of fuzzy prime ideals and fuzzy filters in gamma semirings and study some of
their properties.
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1 Introduction

The notion of semiring was introduced by H. S. Vandiver[6] in 1934. The notion of I'— ring was introduced
by N. Nobusawa [4] as a generalization of ring in 1964. M. Murali Krishna Rao [3] introduced the notion
of I'—semiring which is a generalization of ring, ternary semiring and semiring. After the paper [3] was
published , many mathematicians obtained interesting results on I'—semirings. The theory of fuzzy sets was
first introduced by L. A. Zadeh [7] in 1965, many papers on fuzzy sets appeared showing the importance of
the concept and its applications to logic, set theory, group theory, ring theory, real analysis, topology, measure
theory etc. In this paper, we introduce the notion of fuzzy prime ideals and fuzzy filters in gamma semirings
and study some of their properties. In this section we will recall some of the fundamental concepts and
definitions, these are necessary for this paper.

Definition 1.1. A set R together with two associative binary operations called addition and multiplication (denoted by
+ and - respectively) will be called a semiring provided

(i) Addition is a commutative operation.
(ii) Multiplication distributes over addition both from the left and from the right.
(iii) There exists 0 € R such that x +0=xand x-0=0-x = 0 for each x € R.

Definition 1.2. [1] Let M and I be additive abelian groups. If there exists a mapping M x I' x M — M (images to be
denoted by xay, x,y € M,a € I') satisfying the following conditions for all x,y,z € M,a, B €T

(i) xa(yPz) = (xay)pz

(ii) xa(y +z) = xay + xaz
(iii) x(a + B)y = xay + xBy
(iv) (x+y)az = xaz + yaz.

Then M is called a I' — ring.
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Definition 1.3. [3] Let (M, +) and (', +) be commutative semigroups. Then we call M as a T —semiring, if there exists
a mapping M x I x M — M written as (x,«,y) as xay such that it satisfies the following axioms for all x,y,z € M
andoa,p el

(i) xa(y + z) = xay + xaz
(ii) (x +y)az = xaz + yaz
(iii) x(a+ B)y = xay + xBy

(iv) xa(ypz) = (xay)pz.

Definition 1.4. A non empty subset A of T —semiring M is called a I —subsemiring M if (A, +) is a sub semigroup of
(M, +)and aab € Aforalla,b € Aanda €T.

Definition 1.5. An additive sub semigroup I of a I'—semiring M is said to be a left (right) ideal of M if MI'I C
I(ITMC ).
If Iis both left and right ideal then I is called an ideal of T —semiring M.

Definition 1.6. [[7] Let S be a non empty set, a mapping f : S — [0,1] is called a fuzzy subset of S.

Definition 1.7. Let f be a fuzzy subset of a nonempty set S, for t € [0,1] theset fy = {x € S| f(x) > t} is called level
subset of S with respect f.

Definition 1.8. A fuzzy subset p : S — [0, 1] is nonempty if u is not the constant function.
Definition 1.9. For any two fuzzy subsets A and pof S, A C p means A(x) < u(x) forall x € S.
Definition 1.10. A fuzzy subset y of M is a proper fuzzy subset if it is a non constant function.
Definition 1.11. A fuzzy subset y is an improper if it is a constant function.

Definition 1.12. Let M be a T —semiring and f be a fuzzy subset of M. The mapping f' : M — [0, 1] is defined by
f'(x) =1— f(x) is a fuzzy subset of M, called complement of f.

Definition 1.13. Let M be a I'—semiring . A fuzzy subset y of M is said to be a fuzzy I —subsemiring of M if it satisfies
the following conditions

(i) p(x +y) = min{p(x), p(y)}
(ii) u(xay) > min{p(x), u(y)} forall x,y € M,a €T.

Definition 1.14. A fuzzy subset y of a I —semiring M is called a fuzzy left(right) ideal of M if for all x,y € M,a € T
(i) p(x +y) = min{p(x), p(y)}
(ii) p(xay) > p(y) (u(x))

Definition 1.15. A fuzzy subset y of a I —semiring M is called a fuzzy ideal of M if for all x,y € M,a € T
(@) p(x +y) = min{u(x), p(y)}
(ii) p(xay) > max{pu(x), p(y)}

2 Main results

In this section, we introduce the notion of fuzzy prime ideals, fuzzy filters in I'—semirings and study some
of their properties.

Definition 2.16. Let M be a I'—semiring. An ideal P of M is called a prime ideal of Mif for any a,b € M and
yeTl,aybe P=aorbeP.

Definition 2.17. A proper fuzzy ideal y of M is called fuzzy prime ideal if

p(xay) = max {p(x), u(y)},vx,y € M,a € T

Definition 2.18. Let M be a I'—semiring. A I'—subsemiring F of M is called a filter of Mif for any a,b € M and
yeTl,ayb € F=aandb € F.
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Definition 2.19. Let M be a I'—semiring. A fuzzy I —subsemiring p of M is called a fuzzy filter of M if

u(xay) = min{u(x), u(y)},vx,y € M,a € T.
The following theorems are straight forward.

Theorem 2.1. Let M be a T—semiring, f be a fuzzy subset of M and f be the complement of f. Then the following
statements are equivalent. Let x,y € M, € T’.

(1. f(x+y) > min{f(x), f(y)}
f(xay) > max{f(x), f(y)}

(2). f'(x+y) < max{f(x), f(y)}
f'(xay) < min{f(x), f(y)}
Theorem 2.2. Let M be a T—semiring and f be a fuzzy subset of M. Then f is a fuzzy filter of M if and only if f', the
complement of f is a fuzzy prime ideal of M.

Theorem 2.3. i is a fuzzy filter of I —semiring M if and only if its level subset y; # ¢, for any t € [0,1] is a filter of
M.

Proof. Suppose u is a fuzzy filter of I'—semiring M. Let t € [0,1] such that y; is a I'—subsemiring of M. Let
a,be M,n € T'and aab €

=u(aab) >t
—min{p(a), p(b)} > t
=u(a) > tand u(b) >t
=a € yurand b € ;.

Hence y; is a filter of I'—semiring M.
Conversely suppose that its level subset y; # ¢, for any t € [0,1] is a filter of M. Let x,y € M,a € T.

Suppose t = min{pu(x), u(y)}
= pu(x) = tu(y) >t
= X,y S Ut
=X +y, xay S Ut
= p(x+y) =t =min{u(x), u(y)}
and p(xay) >t = min{p(x), u(y)}-

Hence y is fuzzy I'—subsemiring of M.
Letx,y € M,y € I'and p(xry) = t.

= xry S ,’l/lt

=>xeprandy €

= p(x)and p(y) > ¢

= min{p(x), u(y)} = t = p(xry)

= min{p(x), u(y)} = p(xry) = min{p(x), p(y)}
Hence p(xry) = min{p(x), u(y)}.

Therefore y is a fuzzy filter of I'—semiring M. O

Theorem 2.4. y is a fuzzy prime ideal of I' —semiring M if and only if for any t € [0, 1] such that y; is a prime ideal of
M.

Proof. Suppose yu is a fuzzy prime ideal of I'—semiring M. Let t € [0,1] such that y; is a proper ideal of
I'-semiring M. Let x,y € ;.
= plx) 2t ply) 2t = plx+y) 2 min{p(x), p(y)} 2 t.



96 M. M. Krishna. Rao and B. Venkateswarlu / Fuzzy filters in I'—semirings

Therefore x +y € py Letx € yp,a € T,y € M\ py = p(x) > tand p(y) < ¢t
= u(xay) = max{p(x),u(y)} > t = xay € y;. similarly we can prove yax € u;. Hence y; is an ideal of
I'—semiring M.
Leta,b € M,a € T and aab € y;.
= p(anb) >t
= max{p(a), p(b)} = t
= u(a) >toru(b) >t
=a€urorb e .
Hence y; is a prime ideal of M.

Conversely suppose that y; is a prime ideal, for any ¢t € [0, 1].
Letx,y € M,a € I and min{pu(x), u(y)} =t

=u(x) = tpu(y) >t
=X,y € Uy
=>X+YE U
Thereforep(x +y) > t = min{u(x), u(y)}-
Let s =max{p(x), u(y)}.
=p(x) =sorpu(y) =s
=X € Us OT Y € g
=x0y € Ys
=p(xay) > s = max{p(x), u(y)}.

Therefore y is a fuzzy ideal of I'—semiring. Let x,y € M,y € T and p(xry) = t.
= X1y € Yt

= XC U ory c s
= u(x) = torpu(y) =t

= max{p(x), u(y)} >t = p(xry)
= max{p(x), u(y)} > p(xry) > max{p(x), u(y)}

Hence y is a fuzzy prime ideal of M. O

Theorem 2.5. Let M be a I' —semiring. Then I is a prime ideal of M if and only if the fuzzy subsets x| is a fuzzy prime
ideal of M.

Proof. Let I be a prime ideal of I'—semiring M. Obviously x; is a fuzzy ideal of M.. Let x,y € M,a € I' and
xay € I. Since I is a prime ideal, we have x € I ory € I.

= xi(x) =lorx(y) =1
Hence x(xay) =max{x;(x), x1(y)}-
Letx e M\ I,y € ,a € I thenxay € |

= xi(xay) = max{x(x), x1(y)}

Hence x| is a fuzzy prime ideal of M.
Suppose x| is a fuzzy prime ideal of M. Let x,y € M, « € I such that xay € I, we have

xi(xay) = max{x1(x), x1(y)}
= 1< max{x;(x), x1(y)}
= xi(x)=Tloryx(y) =1
= xcloryel

Hence I is a prime ideal of I'—semiring M. O
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Theorem 2.6. Let M be a I'—semiring and ¢ # F C M. Then F is a filter of M if and only if the fuzzy subset xr is a
fuzzy filter of M.

Proof. Suppose F is a filter of I'—semiring M. Obviously xr is a non empty fuzzy subset of M and fuzzy
I'-subsemiring of M. Letx,y € M,a € T

Suppose xay ¢ F = x¢ F,y € F
=xr(xay) =0, xp(x) =0,xr(y) =1
=xr(xay) = min{xr(x), xr(y)}
Ifxayc F=xecFandycF

xr(xay) =1, xp(x) = xr(y) = 1.
Hence xr(xay) = min{xr(x), xr(y)}.
Therefore xr is a fuzzy filter of M.

Conversely supposes that xr is a fuzzy filter of M. Obviously, F is a non empty I'—subsemiring of M. Let
xay € F,x,y € M, € I'. Since xr is a fuzzy filter of M. We have

xr(xay) = min{xr(x), xr(y)}
=xr(x) = xr(y) =1
=x,y €F.

Hence F is a filter of I —semiring M. O

Theorem 2.7. If u is a proper and maximal fuzzy ideal of I —semiring M. Then u is a fuzzy prime ideal of I —semiring
M.

Proof. Suppose y is a proper and maximal fuzzy ideal of I —semiring M. Let t € [0, 1] such that y; is a proper
ideal of M. Let ] be an ideal of M such that y; C J. Suppose | # M. Then there exist a € M such thata ¢ .
Therefore a ¢ yuy = p(a) < t. Let v be the fuzzy subset of M defined by y(x) = u(x) if x # a,y(a) = t. Then
u < v < () ( The fuzzy ideal generated by -y ). This is a contradiction to the fact that, y is a maximal. Then
] = M. Therefore y; is a maximal ideal = y; is a prime ideal.
Letx,y € M,a € I' such that u(xay) =c

=xay € Y

=X E U OTY € ¢

=p(x) Zcorpu(y) =c

=max{p(x), u(y)} > p(xay)

=p(xay) = max{p(x), u(y)}

Hence y is a fuzzy prime ideal of I'—semiring M O
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1 Introduction

Many inequalities have been established for convex functions but the most famous is the Hermite-Hadamarad
inequality, due to its rich geometrical significance and applications, which is stated as in [1]

Let f : I C R — R be a convex function defined on the interval Iof real numbers and a,b € I, witha < b.

Then f satisfies the following well-known Hermite Hadamard inequality

b
(E52) 51 o< L 20

In many areas of analysis applications of Hermite-Hadamard inequality appear for

different classes of functions with and without weights; see for convex functions [4,5], [7-10] [18-20].

In [5] Dragomir and Agarwal obtained the following inequalities for differentiable

functions which estimate the difference between the middle and the rightmost terms in the above inequal-
ity.

Theorem 1. Let f : [ C R — R is a differentiable function on I® a,b € I° with a < b,and If |f'| is convex
function on [g, b],then the following inequality holds:

b
O LA 1 g <

D117 @]+ o))

Theorem 2. Let f : I° C R — R is a differentiable function on I a,b € I° with a < b,and If |f’|p/(p_l) is
convex function on [g, b],then the following inequality holds:

o -1/
f(ﬂ);L —a/f 1/p Uf )’P/(P 1)+]f (b)‘P/(P 1)} p=hir
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In [11], Pearce and J. Pecaric gave an improvement and simplication of the constants

in Theorem 2and consolidated this results with Theorem 1. The following is the main

result from [11]:

Theorem 3. Let f : [ C R — Ris a differentiable functionon I’ a,b € I° witha < b,and If | f'|7 is convex
function on [g, b for some fixed q > 1.then the following inequality holds:

f(ﬂ) —a/f

If |f'|7 is concave function on [a, b], for some fixed g > 1.then

3102 Froal s (42)]

Now we recall that the notion of quasi-convex functions generalized the notion of convex functions. More
precisely, a function f : [a,b] — R is said to be quasi-convex on [a, b] if

fAx+ (1 =A)y) <max{f(x),f(y)}, Vxy¢lab]

Clearly, any convex function is a quasi-convex function but the reverse are not true. Because there exist quasi-
convex functions which are not convex, (see for example [8]).

Recently, D.A.Ion [8] obtained two inequalities of the right hand side of Hermite-Hadamard'’s type func-
tions whose derivatives in absolute values are quasi-convex functions, as follows:

Theorem 4. Let f : I° C R — R is a differentiable function on I° 4,b € I° with a < b, and If |f’| is
quasi-convex function on [a, b], then the following inequality holds:

f(ﬂ) —a/f

Theorem 5. Let f : I C R — R is a differentiable function on I a,b € I° with a < b, and If [f'|? is
quasi-convex function on [a, b], for some fixed p > 1. then the following inequality holds:

[f’( )\";If’ <b>|"]3

< 7max[|f

Af @]

s Lb L
p R af dx b_a{f(x)g(x)dx

< _b-a [max { f (a)|P/(P*1) ! (b)|P/(P*1)

2(p+1)/P

H(P*U/P'

In [2] Alomari , Draus and Kirmaci established Hermite-Hadamard inequalities for quasi-convex functioss
whose give refinements of those given above in Theorem 4 and Theorem 5.
Theorem 6. Let f : I C [0,00) — R be differentiable mapping on I’ 4,b € I° with a < band If || is
quasi-convex on [a, b],then the following inequality holds:
%) \} |
1O}

b
|f(ﬂ)42rf(b)_b1a/f(x>dxSb—a{ {17 @ | 14

+ max {
Theorem 7. Let f : [° C [0,00) — R be differentiable mapping on I° a,b € I° with a < band If |f'|7 is
quasi-convex on[a, b], p > 1.then the following inequality holds:

b
|f(”>§f W - 55 [ Fx)dx
a
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Theorem 8. Let f : I C [0,00) — R be a differentiable mapping on I° such that f’ € L ([a, b]) for a,b € I with
a < b,If | f'(x)] is quasi-convex on [a, b], then

Ne— =

‘f(ﬂ)‘gf(b) ﬁ f(x)dx

< &5 [max {IF @,

Y ol () o]

Alomari, Darus and Dragomir in [3] introduced the following theorems for twice differentiable quasi-convex
functions which are generalizations of Theorems 3, 4 and 5.

Theorem 9. Let f : I C R — R is a differentiable function on I a,b € I° with a < b,and If |f"| is
quasi-convex on [a, b],then the following inequality holds:

‘f(a) _a/f s

Theorem 10. Let f : [ C R — R be twice differentiable function on I° a,b € I° with a < b,and If | f”|” /(=1
is quasi-convex on [4, b],then the following inequality holds:

<X 2 max{‘f” a)| +[f" )|}

b)
‘f( a)+f(b) ff

—a2 7T1/P 1/ " "
g%)(%) (5@1’3)) (max {17 (@)1 + 1" (B,

Theorem 11. Let f : I C R — R be twice differentiable function on I® a,b € I° with a < b,and If |f”|7 is
quasi-convex on[a, b], g > 1.then the following inequality holds:

b 2
PP foae] < P20 (max {7 @ + 7 00]7}) "

Let K be a closed set R” and let f : K — Rand % : K x K — R be continuous functions. Let x € K, then the set
K is said to be invex at x with respect to# (.,.),

Ifx+ty(y,x) € K,Vx,y € K, t €0,1].

K is said to be an invex set with respect to 7 if K is invex at each x € K. The invex set K is also called a
n-connected set.

Definition 12. The function f on the invex set Kis said to be preinvex with respect to 7, if

fu+ty(ou) <+0A—t)f(u)+tf(v),Vu,veK,tel01].

The function f is said to be preconcave if and only if —f is preinvex.

It is to be noted that every convex function is preinvex with respect to the map 7 (x,y) = x — y but the
converse is not true.

Definition 13. The function f on the invex set K is said to be preinvex with respect to 7, if

fu+ty(v,u)) <max{f (u),f(v)},Vu,veK,tel01].

Also Every quasi-convex function is a prequasiinvex with respect to the map # (1, v) but the converse does
not holds, see for example [21].

In the recent paper, Noor [18] has obtained the following Hermite-Hadamard inequalities for the preinvex
functions:

Theorem 14. Let f : [a,a+ 1 (b,a)] — (0,00) be a open preinvex function on the interval of real numbers
K (the interior of K°) and a,b € K witha < a + 7 (b, a) . the following inequality holds:

2a+1 (b,a) 1 f(a) + f(b)
() < ] oty
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Barani, Ghazanfari and Dragomir in [16], presented the following estimates of the right-side of a Hermite-
Hadamard type inequality in which some preinvex functions are involved.

Theorem 15. Let K C R be an open invex subset with respect to 77 : K x K — R. Suppose that f : K — R
is a differentiable function. If [f'| is preinvex on K, then for every a,b € K with 7 (b,a) # 0 the following
inequality holds:

a+n(b,a)

f@+fa+nba) 1 Foda] < 10

2 7 (b, a)

@)+ |f )]}

a

Theorem 16. Let K C R be an open invex subset with respect to 7 : K x K — R. Suppose that f : K — R is

P
a differentiable function. Assume p € R with p > 1. If |f'|#-D is preinvex on K, then for every a,b € K with
1 (b,a) # 0 the following inequality holds:

|f(a)+f(;+f7(h,a))_ L s

= =
< _1ba) If'(a)] +\f/ (®)]
= 2014p)l/? '

In [15] Barani, Ghazanfari and Dragomir gave similar results for quasi-preinvex functions as follows:

Theorem 17. Let K C R be an open invex subset with respect to 77 : K x K — R. Suppose that f : K — Ris
a differentiable function. If | f'| is quasi-preinvex on K, then for every a,b € K with 17 (b,a) # 0 the following
inequality holds:

a+1(b,a)
foefla b L g < 160

sup {|f" (a)|,[f" (D)[}-

a
Theorem 18. Let K C R be an open invex subset with respect to 77 : K x K — R. Suppose that f : K — R is

_p_
a differentiable function. Assume p € R with p > 1. If |[f'| -1 is preinvex on K, then for every 4,b € K with
1 (b,a) # 0 the following inequality holds:

’f(ﬂ)+f(”2+'l(b/“)) 1 f f(x)dx

P P
(-1 (r-1)
< a7 ™ {|f'<>|’“ Af ®)17 }

The main aim of this paper is to establish new refined inequalities of the right-hand side of Hermite-Hadamard
result for the class of functions whose derivatives in absolute values are quasi-preinvex. Then we give some
applications for some special means of real numbers.

2 Main results

Before proceeding towards our main theorem regarding generalization of the Hermite-Hadamard inequal-
ity using prequasinvex . We begin with the following Lemma.

Lemma 1. Let K C R be an open invex subset with respect to 77 : Kx K — Rand a,b € Kwitha < a+
11 (b,a) suppose f : K — R is a differentiable mapping on K with a,b € I witha < b, f” € L([a,a+ 7 (b,a)]).
Then for every a,b € K with 7 (b, a) # 0 the following inequality holds:

2 70.)

Sfa-2) ( (52) nb.a))da+f (a+ (152) n (b,a)) dr}.

f@+flatnba) 1 f "

I
—

=
—
"
S
=
=
o .
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Proof. Integrating by parts, we have

=] (=) (o () rw0)o

0
G T G ) | P A
= —) O Off (“ + ( 2 )77 (b,a))
) 2Af' (a+ (152 )n(ba))
_ 2(17,\2)f/(a+b(¥);7(b,a)) _ ZL fﬂl(ba)
) o 100 — gf (a + (%) 1 (b,a)>
1
2a+7(b, _
— —”(,f,a)f/ ( a 712( a)) + q(g,a)f(”) — ;7(2,“) {f a4+ (12/\> 1 (b,a))

Setting x = a + (TA) 1 (b,a) and dx = Md)\ which gives
1
a+51(b,a)

_ 2a+1(b,a)
L = U(l%,g)f/( a Z “) ba zf( ) ba))3 ) f(x)dx

Similarly we can show that

1
_ Of (1—A2)f" (g + (%) 1 (b,a)) dA
b
b f () R f by b)) - s [ f(xdx

(n(ba))”

a+51(b,a)
2
(71(!{,60)) (L + ]
_ (q(ba)? 8
Therefore - 16 [(17(!1,11))2 (f( )+f(a+17 (b a) hﬂ))3 ff ]
f@tfargba) 1 T
= 2 - - 17([7,11) f f(x)dx

Which completes the proof.

In the following theorem, we shall propose some new upper bound for the right-hand side of Hermite-
Hadamard inequality for functions whose second derivatives absolute values are prequasiinvex, which is
better than the inequality had done in [3,6].

Theorem A. Let K C [0,00) be an open invex subset with respect to 7 : K x K — R and 4,b € Kwith
a < a+n(b,a)suppose f : K — R is a differentiable mapping on Ksuch that f” € L ([a,a + 7 (b,a)]) . If | f"] is
preinvex on K, then for every a,b € K with 17 (b,a) # 0 the following inequality holds:

a+(b,a)
f@fanta) 1
a

2 n(b,a)
' (a+dno,m)|} ] | @1)

< () SuP{\f” (@),
ST +suP{ i (a—&—%ﬂ(b,a)) , f”(ﬂ-f—ﬂ(b,a))\}

Proof. From Lemma 1, and Since |f”| is prequasinvex, then we have

’f(a)+f(¢;+'1(b,a))_ TR SSPNN
[ =) (a+ (1) 1 00) [ an
f - (o 02 o) s
(1-22) sup{|f” (@), [f" (a+%17 (b,a))}}d)\

(1-A%)sup { f (a + 17 (b,a))

ba 2
< (1tba)

2

\ /\

2

Af" (@t (b,a))]  dA

e
of
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'I(ba Sup{\f” f”(ﬂ+z’7 b”)‘}ofl(l—)\z)d)\
{f// <a+277 (b, a)) f//(a—|—17(b,a))|}b/1’(1_)\2)d/\

sup{w I (o o)}
2 up {1 o+ 6. 0 516001

)
c
jae)

which completes the proof.
Corollary 1. Let f be defined as in Theorem A, if in addition

1. |f"] is increasing, then we have

faysfaryeay 1 "
2 “aea ] S 2.2)
< WSO 17 (a4 (b)) + |7 (a4 3y () )|
2. |f"| is decreasing, then we have
a+n(b,a
f(u)+f(g+11(b,a))_’7(;ﬂ) '7f( >f(x)dx 05
< WO (17 @) + | (a+ 2y ) |]

Remark 2.1. we note that the inequahtles 2) and are two new refinements of the trapezoid inequality
for quasipreinvex functions, and thus for convex functions.

Observation 1. If we take 7 (b,a) =b —a in Theorem A, then inequality reduces to the [Theorem 2.1, 6]. If
we take 77 (b,a) = b — a in corollary 1, then (2.2) and (2.3) reduce to the related corollary of Theorem 2.1 from
[6].

The corresponding version for powers of the absolute value of the second derivative is incorporated in the
following result:

Theorem B. Let K C [0,00) be an open invex subset with respect to 4 : K x K — R and a,b € K with
a < a+mn(ba)suppose f : K — R is a differentiable mapping on Ksuch that f” € L ([a,a+ 1 (b,a)]).If | f"|F
is preinvex on K,from some p > 1, then for every a,b € K with % (b, a) # 0 the following inequality holds:

‘f(”)‘*’f(g'“?(brﬂ)) _ 17(;,11) f f(x)dx
1 p=1
a))? T 1/p b 17 1" p i
< W2 ()R] (sup {1 @171 [ (a4 dn )7 ) @4

p—1

17 @by} |

_P_
-1

1
2 \1/p P "
0592 () [ ) (e {o (o wm)
Whereq =p/(p —

Proof . From Lemma 1, and using the well known Holder integral inequality, we

a+n(b,a)
|f(‘1)+f(';+’7(brﬂ)) _ U(;/ﬂ) af f(x)dx
2 1
< WGE T a=w) ] (o (2) 1 @) |ar
2 1
U [ (a-x)] (a+ (52) n(,0)]dr
1 F 5
2 p -1 r
< (11(1;6@) (f (1 _ Az)P> (f J& (a+ (%) 1 (b,a)) P dA)
0 0 1
.
_pr
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p1
P

_p_
a p,1, f//

(a+ 47 (b,a))prl}dA>
(a+ 3n o) |f'a+n<ba»|“}dA)I’
;(wp@ﬁ%>

e won)) )’
st ()7 [ftgzp]” (soe{l (ov i) [ a ey })
Which completes the proof.

Corollary 2. Let f be defined as in Theorem B, if in addition

==

1. |f”|P/P~V is increasing, then we have

flayefarna) g T
. ~ yba) { f(x)dx
1
<M(ﬁ>1/’” r(p+1) |7 (2.5)
-2 r(3+p)

<[ @+ )|+ |7 (a+ 2y (b)) |]

2. |f"|P/P~"is decreasing, then we have

a+n(ba)
b,
|f(u)+f(g+i7( @) _ ”(;,u) af Fx)dx
1
(1(b,2))? /v r(p+1) (2.6)
< () r(3+9)

<[l @1+ |f" (a+ 3 o))

Observation 2. If we take 57 (b,a) = b — a in Theorem B, then inequality reduces to the [Theorem 2.2, 6]. If we
take # (b,a) = b — a in corollary 2, then and reduce to the related corollary of Theorem 2.2 from [6].

Theorem C. Let K C [0,00) be an open invex subset with respect to 4 : K x K — Rand a,b € Kwith
a < a+1n (b,a)suppose f : K — Ris a differentiable mapping on Ksuch that f” € L ([a,a+ 7 (b,a)]) . If |f"|"is
preinvex on K, g > 1, then for every a,b € K with 7 (b,a) # Othe following inequality holds:

a+n(b,a)
farfeenea) L o g
a

7(b,a)
< ea)? (sup{|fu @7, | (a+%17 (b/ﬂ))‘q})
+% (Sup{ % (a+%;7 (b,a)) q,lf”(a+17(b,a))\q})ﬁ-

Proof . Suppose thatg > 1. From Lemma 1 and using the well known power mean inequality, we have

2.7)

=

(ba)
f(a)+f(g+rl(b/ﬂ)) _W(bl,a) ;1[ f(x)dx
) 1
< (i) Of(l_Az) % (a+(%);7(b,a))‘d/\
2 1
RUICE) {(1 22 | (LH_(%)q(b,a))‘dA
1 1
q q
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Since |f”|7 is quasi-preinvexity, we have

" <a+ (1;)\> n (b,a)> T <a+ %17 (b,a)>
7 (a4 (B52) ww)| <swp (| (a+ 30 0a))|
|f<a>+f<;+n(b,a>> T

£ (a+ s w)['})

7 (as o) 1F @ e )

q

)

I (a+i7(b,a))|q)

< sup (!f” ()

7

==

< WG (sup {1 @),
Jr(ﬂ(llbg)) (Sup{

Which completes the proof.
Corollary 3. Let f be defined as in Theorem C, if in addition

1P/ P s increasing, then we have

flaytfaeyba) 1 T
L — x)dx
2 1(b.a) lzf ) 2.8)
< WO (17 (0 (b,)) | + |7 (a+ by (0,0)) |
2. |f"|P/P~1 is decreasing, then we have
a+1(b,a)
a)+f(a+n(ba
f(a) f( na) 77(;,11) 7[ f(x)dx (2‘9)
< WO (1 (@) + |7 (a+ 2y ) ]

Observation 3. If we take y (b,a) = b — a in Theorem C, then inequality reduces to the [Theorem 2.3, 6]. If we
take 77 (b,a) = b — a in corollary 3, then and reduce to the related corollary of Theorem 2.3 from [6].]

3 Application to some special means

In what follows we give certain generalization of some notions for a positive valued function of a positive
variable.
Definition 3[14]. A function M : R — R, is called a mean function if it has the following properties:

1. Homogeneity: M (ax,ay) = aM (x,y) foralla > 0,

2. Symmetry: M (x,y) = M (x,y),

3. Reflexivity: M (x,x) = x,

4. Monotonicity: If x < x"and y < v/, then M (x,y) = M (x, ),
5. Internality: min {x,y} < M (x,y) < max{x,y}.

We consider some means for arbitrary positive real numbers 4, b(see for instance [14]).
We now consider the applications of our theorem to the special means.

The Arithmetic Mean;
a-+b

2

A:=A(ab) =

The Geometic Mean;

G :=G(a,b) = Vab
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The Power Mean;

2
The Indentric Mean: ,
1(b i
I:I(a,b):{ e (ua - ifa#b
a, ifa=b
The Harmonic Mean: oab
a
H:=H( 'b)_a+b ,
The Logarithmic Mean:
a—b
L=L(ab)= m/ |a| # [b]
The p- Logarithmic Mean:
L,=L,(ab)= bt ettt a#b
S R

p € R \{-1,0}kab >0
It is well known that Lp is monotonic nondecreasing over p € R with L_; := Land L¢ := I. In particular,

we have the following inequalities
H<GLLLI<LKA.

Now let a and b be positive real numbers such that 2 < b. consider the functiona < b. M : M (b,a) :
[a,a+1n(b,a)] x [a,a+1n (b,a)] — R, which is one of the above mentioned means, therefore one can obtain
variant inequalities for these means as follows:

i (b,a) = M(b,a)in 2.1, and (2.7), one can obtain the following interesting inequalities involving
means:

+M(b,
f(a)+f(a2 (ba)) M(lb,u) f f(x)dx

s (H 1M(b a))‘} (3.10)
(a+M(b,a))|} '

| a+M(b,a)

<

(M(b,a))? SuP{|f"( )
# +sup{f” a+1Mba),

f@)+faiMpay g MO
2 - J flx)dx
a

M(b,a)

1
M (VP [T |7
< o ()" et

x(wp@ﬂ()”lf”@+éMwaD
e (6) [y )
x <sup{ f'(a+iM b, a))’

o)

fasfamea) 1 e

2 M(b,a)
B (sup {77 @)1 | (a-+ 301 0,00 |'})”
+ 0" (sup {|f" (a+ EM(b,0) [, 1" @+ Mba))IT}) "

For g > 1.Letting M = A,G, P, I, H,L, L, in (3.10), (3.11) and (3.12), we can get the required inequalities, and
the details are left to the interested reader.

—
—~
NI

-1

"1}) P (3.11)

P
p

_r_
-1

177 a4 M (o, )77 })

(3.12)

IN

=
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Abstract

In this paper we introduce a new generalized vector-valued paranormed sequence spaces Ny (Ey, A}, f,s)
using modulus function f, where p = (py) is a bounded sequence of positive real numbers such that inf p; >
0, (Ex, qx) is a sequence of seminormed spaces with Ey 1 C Ei for each k € N and s > 0. We prove results
regarding completeness, K-space, normality, inclusion relation are derived. These are more general than those
of Ruckle [7], Maddox [5], Ozturk and Bilgin [6], Sahiner [8], Atlin ef al. [1] and Srivastava and Kumar [9].

Keywords: Modulus function, paranormed space, normal sequence space, difference sequence space.
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1 Introduction
Let w denote the space of all complex sequences. Kizmaz [4] studied the sequence space
X(A)={x=(x): Ax € X}, for X = I, ¢, Co,
where Ax = (Axy) = (x — xg1) and shown that these sequence spaces are Banach spaces with the norm
xlla =[xl + [[Ax[|eo, x € X(D).

The sequence spaces X(A™) = {x = (x;) : A™x € X} for X = I, ¢ and ¢y are introduced by Et. and Colak
[2]. These sequence spaces are BK-spaces with norm
m
x[|a =Y [xi] + [|A"x]|oo, x € X(A™) where m € N.
i=0
Tripathy and Esi [10] introduced the difference operator A, u > 1 and defined the sequence spaces
X(Ay) ={x=(x¢): Ayx € X)} for X = I, c and cp and Ayx = (Ayxi) = (X — Xkiy)-

They proved that the above sequence spaces are Banach spaces and BK spaces with respect to the norm

u

Ixlla,= Yo [ x|+ 11 A% [l -
r=1

*Corresponding author.
E-mail address: tjalal@yic.edu.sa, tjalal@rediffmail.com (Tanweer Jalal), reyazrather@gmail.com(Reyaz Ahmad).
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Ruckle [7] constructed the sequence spaces L(f) = {x = (x}) € w : E f(l xx |) < oo} using the idea of
k=1

Modulus function f. He proved that L(f) is BK space. Maddox [5] introduced the class of sequences which
are strongly Cesaro summable with respect to the modulus function by

wo(f) = {x=(x) €w: -3 flx]) — 0 as n— oo,
k=1

Ozturk and Bligin [6] generalized the sequence spaces as

n

wolf, P) = {x = () € w: ikz[ﬂ X )P — 0 ,as 1 — ool
=1

where p = (py) is a bounded sequence of positive real numbers.

Sahiner [8] introduced the sequence spaces

Be(p, f.4,8) = {x = (0) € w(X) : ik_s[f(Q(Axk))]pk <0952 0} ,

k=1

and
o0

Be(p, ', q,8) = {x = (x) € w(X)+ Y K[fM(q(Axi)))P < o0, 5 > 0} /

k=1

where ¥ € N and (X, q) is a seminormed complex linear space.

Altin etal. [1] generalized the sequence space B¢(p, f,q,s) as
A, f,p,q,5) = { = (w) € w@(X): o Y K If @A) <0, 5 > o}.
k=1

Srivastave and Kumar [9] introduced a new vector valued sequence space Np(Ek, A™, f,s) where
Np(E, A™, f,5) = {x = (1) € w(Ex) : (| vp |7/ f(qe(A™xp))) € Np, s > 0},

where (E, gx) is a sequence of seminormed spaces such that Ex,; C Ej for each k € N, w(E;) = {x =
(xx) : xg € Eg, foreachk € N},v = (vy) is a sequence of real complex numbers such that 1 <| vy |< oo for
each k € N and N, is normal AK sequence space with absolutely monotonic paranorm gy, .

Let u, m > 0Dbe fixed integers then we introduce the following new type of Generalized paranormed vector
valued sequence space which unifies some earlier cases as particular cases:

Np(Ex, A1, f,8) = {x = (x¢) € w(Eg) : (| v |7/ f(ge(Alxg))) € Np, s > 0},

where p = (pi) is a bounded sequence of positive real numbers such that infy py > 0 and
i m
Alxe =Y (-1) < . ) X + uv, forallk € N.
v=0
1.1.1 Particular Cases:

(i) For Ex = Cforeachk € N, m =0, u =1, s = 0and Ny = I;, (where p; = 1 for each k € N), space
Np(Ex, A}, f,5) reduces to L(f) of Ruckle [7].

(ii) For Ex = Cforeachk € N, m =0, u =1, s = 0 and Ny = wy, (Where py = 1 for each k € N), space
Np(Ex, &Y, f,8) reduces to wy(f) of Maddox [5].

(iii) For Ex = Cforeachk € N, m =0, u =1, s = 0 and Ny = wo(p), space, Ny(Ey, A}, f,s) reduces to
wo(f, p) of Ozturk and Bilgin [6].
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(iv) For u =1, the space N, (E;, A", f,s) reduces to N, (E;, A™, f,s) of Srivastave and Kumar [9].
P p u p

(v) For Ex = X, foreachk € N, vy =k, m = 1and u = 1 and N, = I, the space N, (E, A}, f,s) reduces to
Be(p, f,q,5) of Sahiner [8].

(vi) For Ey = X, foreachk € N, vy =k, u = 1and N, = [, the space Ny (Ey, A}, f,s) reduces to [(A™, f,q,s)
of Altin etal. [1].

Thus study of the space N, (Ex, A}, f,s) gives a unified approach to many of the earlier known spaces.

2. Some Definitions and Lemmas

Definition 2.1[3]. A sequence space X is called normal space if x = (x;) € X and |A¢| < 1 for each keN.
This implies Ax = (Agxy)eX.

For example, I(p), co(p), w(p) are normal space.

Definition 2.2[3]. A sequence space X is called K space if the co-ordinate function py : X — K given by
pr(x) = x is continuous for each k € N.

Definition 2.3. A complete metric space is called Frechet space. An FK-space is a Frechet space with con-
tinuous co-ordinates.

Definition 2.4[9]. An FK-space X is said to be AK-space if ® C X and {¢"} is a basis for X, i.e., for each
x, xI" — x, where x["] denotes the nth section of x. For example, I(p), co(p), w(p) are AK-spaces.

Definition 2.5[3]. A paranorm g on a normal sequence space X is said to be absolutely monotone if

x = (x¢),y = (yx)eX and |xg| < |yi| for each keN = g(x) < g(v)-

Lemma 2.1[8]. If f is a modulus function, then f” is also modulus function for each reN, where f" =
fofofo---of(r-times composition of f with itself).

Lemma 2.2[5]. There is a modulus function f such that f(xy) < f(x) + f(y) for x,y > 0.

Lemma 2.3[5]. Let f; and f; be modulus functions and 0 < 6 < 1. If f1(t) > é for t € [0, 00), then

a0 ) < () At

3. Results on Sequence Space N, (Eg, A, f, ).
Theorem:. N, (Ex, A}, f,s) is a linear space.
Proof. It is easy to show that N,(Ex, A}, f,s) is a linear space. So we omit proof.

Lemma 3.1. Let (Ej, qx) be a sequence of seminormed spaces, and N, be normal AK-sequence space with
absolutely monotone paranaorm gy,. Then function defined by

fu:0,00) = [0,00), fu(t) = SNp[i ok |~/ £ (tai (L7 xc e
k=1

is continuous function of ¢ for each positive integer 1, where x = (x;)eN,(Ex, A}, f,s) and (e) is unit vector
basis of Nj.

Proof. We define function g : [0,00) — N, by

k() = o] /PR f(tqr (Al xy ey
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Lett; — 0asi — oo. Then foreachk =1,2,3,...,1n;

8k(t) = |oe| /PO f(tige( Al x) )ex — (0,0,-++) as i — co.
Therefore,

n

n
Yo gk(t) = Y [orl " P f(tige (Al xg)ex — (0,0,-+) as i — oo.
P =1

But paranorm gy, is continuous function, it follows that
n
g, [) gk(t)] — Oasi — co.
k=1

Hence function f, is continuous function of ¢ for each positive integer #.

Theorem 3.2. Sequence space N,(Ek, A}, f,s) is a paranormed space with paranorm

hgE

8(x) = Y f(ai(x) +gn, | okl /P f(gi(Alx))) | where x € Ny(Ex, A, f,).

1

Il
_

Proof: By definition of g,g(x) > 0 for any x = (xi) € Np(Ek, A}, f,s). Itis clear that g(0) = 0, g(x) =
g(—x) and g(x +y) < g(x) +g(y) for any x,y € Ny(Ex, A}, f,s). It is left to prove the continuity of scaler
multiplication under g. Suppose x" — x as n — co in Ny(Exg, A}, f,s) and &, — a as n — oo in C. We have to
show that g(a,x"™ —ax) — 0 as n — co. Consider

g(‘xnx” — lXX) = if(qi(anx? — ocxi)) +ng (|Uk|7(5/pk)f(qk(AZ1(lX”xlrfl - tXXk))))
i=1

- if(qi(zxnx? — QnXj + QnXj — QX;))
i=1

1

8y (1067077 F(ge( Al (] = e + i — 1)) |

s

Il
—_

< ) fllanlqi(xf —xi) + |an — alqi(xi))

+8nN, [(le*“*’“f(\om\qk(Al?(xZ —xx)) + |on — “|‘7k(A7unxk))))} :
This gives,
glanx" —ax) <M <if(%‘(x? = x;) + g, [([o6] /P9 F(gie( AT (xf — xk))))
iz

m

+ Y f (o — algiCxs)) + g, [0l ™79 f (an — g A
i=1

where M = sup, (1 + [|a,|]), this gives,
m
ganx" —ax) < Mg(x" —x) + ) f(lan — alqi(x;))
i=1
gy (10677 f(lan — alg( 0D - (3.1)
First and second expressions of R.H.S in (3.1) tend to zero as x” — x asn — oo in Np(EK, A, f,s) and

&y — & as n — oo. We must only show that

gy, [(Joel ™/ f(|an — algi (A} (xff = x¢)))] — Oasn — co.
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Since (|og|~/P) f(qx (A (xx)))eN, is AK-sequence space, therefore
SNP[(|Uk|_(S/p")f(Qk AT (%)) Z ok~ /PO F (g (AT (xp)ex] — O asm — oo

Al (xr))ex] — 0 as m — oo,

That is g, [ X541 [0k~ /P9 £ (qe(
Therefore, for every € > 0 there exists a positive integer mg such that

an, [ X okl P f(qu( A (x)))er] < e/2, forall m > mo,
k=m+1
In particular
gn, [ Y ol TS PO F(qe( AT (i) ex] < /2. (3.2).

k=mg+1
Since &y, — & as n — oo, therefore, for e = 1, there exists a positive integer n;, such that |a, —a| < 1 for all

n > nj. Consequently

Yo o TSP (o — al g (AT (x) e
k=mg+1
< Y Jokl TSP F(g( AT (xp) ek for all n > .
k=mg+1

But ¢, is monotone paranorm, it follows that for all n > n;

en L X okl 7P flan — g (AT (x) e
k:m0+1

Yo 1ol P (g (A (xi) ek | -

<8N,
p
k=mg+1

Using inequality (3.2), for all n > n

any [ X ol fan — algi(A7 (xi))ex] < e/2.

k=mg+1

By Lemma 3.1, function

T () = gy [ X Jol =779 f(tge (A ()e], £ 0
k=1

is continuous function of t. Hence there exists § € (0, 1) such that

fmy () < €/2, whenever t < co.

Again, since &, — a as n — oo, therefore for 6 € (0,1), there exist a positive integer ny// such that

ay —a| < 6 for all n > nj we have fu, (Jan — a|) < €/2, foralln > nj

that is
[Z o] ~C/PE) f (|, — algpe( O (xk))ekl <e/2foralln > nj

We take 1y = max(ny, ny). Using inequality (3.3)and (3.4), we have

any 1061 f(Jan — alai( Al (x1)) |

ZO: ol /PR f (| — ‘X‘]k(Aum(xk))ek]

< 8N, [
k=1
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o

N, | L ol TP F (o — g (A7 (xi) e
k:m0+1

<e€/2+4+¢€/2=¢, forall n > ny.

From inequality (3.1), g(anxy, —ax) — 0 asn — co. Hence Ny(Eg, A}, f,s) is a paranormed sequence
space.

Remark 3.1.Sequence space Ny, (Ex, A}, f,s) is not totally paranormed space.
Let g(x) = 0 = Y1y f(qi(xi)) + &N, [[ox| = /PO f(qi( A3 (x¢)))] = 0= gi(x;) = O foreach i =1,2,..,m
and

gny ([0~ fgu( Al (x) | = 0.
But
qi(x;) =0

does not mean x; = 0 as q; is seminorm on E;. Hence g is not total paranormed on space Ny (Ex, A}/, f,s).
Theorem 3.3. Sequence space Ny(Ek, A}, f,s) is a K-space if N) is a K-space.

Proof. We have to show the coordinate function P : Ny(Eg, A}, f,5) — Ej given by Pi(x) = xi, where
x € Ny(Ek, A}, f,s) is continuous for each k € N.
Let (x") be any sequence in Ny, (Eg, A}/, f,s) such that x” — 0 as n — oo in Ny (Ex, A}, f,s). That is

mu

gfwi(x?» + 8w, [0l =P f(qe( A (x)))] — 0as n — oo,

This means that
f(qi(x]')) = 0asn — oo for eachi=1,2,..,m,

and
N, | 1okl /P9 f(qr( AT (xf)) | — Oasn — oo (3.5).

Since Ny, is a K-space, therefore for each k
Ivkl_(s/”k>f(qk(Aum(x,’§)) —0asn — oo,

that is f(qr(A](xf)) — 0asn — co. Thus for any 6 > 0, there exist ng € N such that f(gq, (A} (x})) <
0 for alln > ng. Let § = f(€), where € > 0. Then

flar(A(x)) < f(e) for alln > ng — qp(Ay (xf) < € for alln > ny.

This shows that for each k, AJf(x}) — 0 in Ex as n — co. By condition (3.5), f(q;(x}')) — 0asn — oo for
eachi = 1,2,..,m. But f is modulus function, it follows that x}' — 0in E; asn — oo foreachi = 1,2,...,m.
Now x}' — 0in E;as n — oo foreachi =1,2,...,mand Aj/x}! — 0in E; as n — oo for each k € N. This implies
that x;! — 0in E; as n — oo for each k € N. Thus, coordinate wise function Py is continuous for each k € N.
Hence Ny(Ex, A}, f,s) is a K-space.

Theorem 3.4. Sequence space Ny(Eg, A, f,s) is a complete paranormed space under the paranorm g
defined by

™=

8(x) = Y f(gi(x)) + g, [Iox =77 f(ge( Al (xi))]  where x € Ny (B, Al £,5),

1

Il
—_

if N is a K-space and (Ey, qx) is a sequence of complete seminormed spaces.

Proof. Clearly N,(Ek, A}, f,s) is a paranormed space under g. To show that it is complete, Let (x") =
((x}!)k) be a Cauchy sequence in N, (Eg, A, f,s).Then g(x" — x') — 0as n,t — oo.
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That is

s

Il
—_

Flastel — ) + g, [[oxl ™6/ Fa( AL — 2] — Oasm b — oo
This means that
f(gi(xf — xf) —0asn,t — oofor eachi=1,2,...,m,

and
gy [P (Al (e = )] — 0as b - . (36)

Since Ny, is a K-space, therefore for each k,
ok =/ PO (gre(AM(x —xE))) — Oasn,t — oo,
that is
Flae(AF (2} = i) — 0asn,t — o.
Thus for any § positive, there exists 19 € N such that
Flar(AM(x —x1))) < 6 for alln, t > ny.
Let 6 = f(e), where € > 0. Then
Fle(AM(x) = x1))) < f(e) for alln, t > ng.
This implies
(gD (xf — x1)) < e for alln, t > ny.
This shows that for each k, (A} (x}) is a Cauchy sequence in Ey. By condition (3.6), f(g;(x!' — x!)) — 0 as
n,t — oo, foreachi = 1,2,...,m. But f is a modulus function, it follows that (x') is Cauchy sequence in E; for
eachi=1,2,...,m.

Now (x7') is Cauchy sequence in E; for each i = 1,2,...,m and (Aj}/x}) is Cauchy sequence in E; for each
k € N. This implies that x} is a cauchy sequence in Ej. for each k € N. Since each E; is complete, so sequence
(x!) is convergent for each k € N. Let lim, x}¥ = x; for each k € N. Since (x") is Cauchy sequence therefore
for each € > 0, there exists 1y such that g(x" — xt) < eforall n,t > ny. So we have

™=

lim Y flgu(x! — x)) = Y- flau(x! —x) < e
i=1 j

1

I
—

and
lim g, [loxl =/ f(ge( A1 — x0)))
=8N, {|vk|*(5/7"’<)f(qk(A’:f(x’k1 - xk)))] < eforalln > ny.
This implies that g(x" — x) < 2€ for all n > ng thatis x" — xasn — coin N,(Ex, A}, f,s).
Next we will show that x € N,(Ex, A, f,s). Let a! = [vg|~ /P f(qp(AM(x!! — xi)). Then for each

k,aj — 0asn — oo, since f is continuous function. We choose o with 0 < 6 < 1 such that 4} <
O [0k |~/ P f (g (AT ). But (|og| =/ P4 f(qr(Alx}))) € Np for each n. so for each n,a" = (al') € Nj,. Again,

o] =P8 F(gie(Alxe)) = [oe PO f(qe( A (i — x7)))
< o " PO F(qe( AT = x0))) + [okl =P f(qe( Al ag))
< (14 ) o]~/ P0) f(qe( D).
This implies,
o]~/ P8 F (gAY xe)) < Maloe] =779 f(qr( Al ap)),

where M;, = sup, (6} +1).
But N, is normal sequence space, it follows that [0k~ /PO F (g (Al xy))) € Ny, thatis x € Ny(Ex, A}, f,s).
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Hence Ny(Ek, A}/, f,s) is a complete paranormed space.

Theorem 3.5. Let f, f1, f» be modulus functions, (Eg, gx) be a sequence of seminormed spaces and s, 51,5, >
0.Then

<1>Np(EKr AZl,fl,S) N NP(EK/ fZ/ ) - Np EK/ Au/fl +f2/ )/
(ii)Np(Ex, A}, f,51) © Np(Ex, A}, f,52), if s1 <5
and
(iii)Np(Ex, A, f1,8) € Np(Ex, A", fr0 f1,5), if (Jog|~C/P¥)) € N,

Proof. It is easy to prove (i) and (ii) part of the above theorem. So consider the third one,

(iii) Let x € Np(Ex, A}, f1,8). Then (|ok]~6/PE) £ (g (A xp))) € Nj. We choose d such that § € (0,1) and
define sets

={keN: fi(gr(A)x)) <6} and Gy = {k € N : fi(qe(Affxp)) > 0}
If k € Gy, then (Jog|~C/P) (fo 0 f1) (g (Al xi)) < vk~ 6/PE) £5(8). Again if k € G, then by Lemma 2.3

ol ~/P) (0 £1)(@r( DI < [ =77 (2f2< ’) £ (@A),

Therefore for any k € G UG, = N
~(s/p1) A ~5/p0 £, 05y + (22N 1) =m0 £ (g (A
|vk| (f20 f1)(qr(Ayxk)) < |vgl S(0) +{ =5 ) vl fi(ae(Ayxi))

Above inequality is true for each k € N. But Ny, is normal sequence space and (Jog|~6/Pe)) € N, it follows
that ([og|~/P) (f2 0 1) (qk(Al k) € Np, thatis x € Np(Ex, A}, f2© fi,5)

Theorem 3.6. Sequence space N, (Ex, A}, f,s) is a normal space if m —0and u = 1.
Proof. Let x € Ny(Eg, A, f,s). Then (|vg|~ /PO f(ge(x))) € Np. Again, let A = (Ay) be a sequence of scalars
such that |[A;| <1 for each k € N. We have

QM) = [Aklgr(xe) < qx(xx) implies o] ~C/PF) £ (g (Agay) < Jok|~C/P¥) f(qe (k).

But N, is normal space, it follows that [0k~ /PO f(qr(Agxy) € Np. That is, Ax € Np(Eg, A, f,s). Hence
Ny(Exk, Ao,f,s) is a normal space.

Remark 3.2. Above theorem does not hold for any m,u € N.

To show that the space Ny,(Ek, A}, f,s) is not normal in general, consider the following example. Let
Ex = Cforeachk € N, f(x) = x, qx(x) = [x¢|, m =2, u =1, s = 0and N, = [; (where p; = 1 for each
k € N). Then x = (x) = (K) € Np(Ex, A}, f,s). But Ax € Np(E, A™, f,s), where A(—1F) foreach k € N.
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Abstract

We establish a common tripled fixed point theorem for hybrid pair of mappings under generalized
Mizoguchi-Takahashi contraction. It is to be noted that to find tripled coincidence point, we do not employ
the condition of continuity of any mapping involved therein. An example is also given to validate our result.
We improve, extend and generalize several known results.
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1 Introduction

Let (X, d) be a metric space and CB(X) be the set of all non empty closed bounded subsets of X. Let D(x,
A) denote the distance from x to A C X and H denote the Hausdorff metric induced by d, that is,

D(x, A) = infd(x, a)
acA
and H(A, B) = max {sup D(a, B), sup D(b, A)} , forall A, B € CB(X).
acA beB

Nadler [27] extended the famous Banach Contraction Principle [9] from single-valued mapping to
multi-valued mapping. Then after several authors studied the existence of fixed points for various
multi-valued contractive mappings under different conditions. For more details, see
([, 020, 1140, 1150, (161, [19],[22],[23],[25],126],[30]) and the reference therein. The theory of multi-valued
mappings has application in control theory, convex optimization, differential inclusion and economics.

Bhaskar and Lakshmikantham [12] established some coupled fixed point theorems and applied these to
study the existence and uniqueness of solution for periodic boundary value problems. Lakshmikantham and
Ciric [24] proved coupled coincidence and common coupled fixed point theorems for nonlinear contractive
mappings in partially ordered complete metric spaces and extended the results of Bhaskar and
Lakshmikantham [[12]].

Berinde and Borcut [10] introduced the concept of tripled fixed point for single valued mappings in
partially ordered metric spaces. In [10], Berinde and Borcut established the existence of tripled fixed point
of single-valued mappings in partially ordered metric spaces. Samet and Vetro [28] introduced the notion of
fixed point of N order in case of single-valued mappings. In particular for N=3 (tripled case), we have the
following definition:

*Corresponding author.
E-mail address: bhavnadeshpande@yahoo.com (Bhavana Deshpande), amrishhanda83@gmail.com(Amrish Handa).
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Definition 1.1. Let X be a non-empty set and F : X x X x X — X be a given mapping. An element (x, y, z) €
X x X x X is called a tripled fixed point of the mapping F if

F(x’ y’ Z) =X, F(yr z, x) — yllnd F(Z, X, y) = Z.

For more details on coupled and tripled fixed point theory, see ([3,[5], 161,171,181, [11],

[13],[14],[17],[18],120]). Very recently Samet et al. [29] claimed that most of the coupled fixed point
theorems in the setting of single-valued mappings on ordered metric spaces are consequences of well-known
fixed point theorems.

Tripled fixed point theory to multi-valued mappings were extended by Deshpande et al. [19] and obtained
tripled coincidence point and common tripled fixed point theorems involving hybrid pair of mappings under
generalized nonlinear contraction. Very few authors established coupled and tripled fixed point theorems for
hybrid pair of mappings including [11,[2],[19],[25].

In [19], Deshpande et al. introduced the following for multi-valued mappings:

Definition 1.2. Let X be a non empty set, F : X x X x X — 2% (a collection of all non empty subsets of X) and g be a
self-mapping on X. An element (x,y,z) € X x X x X is called

(1) a tripled fixed point of Fif x € F(x,y,z),y € F(y,z,x)and z € F(z, x, y).

(2) a tripled coincidence point of hybrid pair {F, ¢} if ¢(x) € F(x,y,2),8(y) € F(y, z, x) and g(z) € F(z, x, y).

(8) a common tripled fixed point of hybrid pair {F, g} if x = g(x) € F(x,y,2),y = g(y) € F(y, z, x) and
z=g(z) € F(z, x, ).

We denote the set of tripled coincidence points of mappings F and g by C{F, g}. Note that if (x, y, z) € C{F, g},
then (y, z, x) and (z, x, y) are also in C{F, g}.

Definition 1.3. Let F : X x X x X — 2% be a multi-valued mapping and g be a self-mapping on X. The hybrid pair
{F, g} is called w—compatible if g(F(x,y, z)) C F(gx, gy, §z) whenever (x,y, z) € C{F, g}.

Definition 1.4. Let F : X x X x X — 2% be a multi-valued mapping and g be a self-mapping on X. The mapping g
is called F—weakly commuting at some point (x,y,z) € X x X x X if g?x € F(gx, gy, 82), 8%y € F(gy, gz, gx) and
8z € F(g2, 8%, gy).

Lemma 1.1. Let (X, d) be a metric space. Then, for each a € X and B € CB(X), there is by € B such that D(a,
B) = d(a, by), where D(a, B) = infycp d(a, b).

Mizoguchi and Takahashi [26] proved the following generalization of Nadler’s fixed point theorem for a
weak contraction:

Theorem 1.1. Let (X, d) be a complete metric space and T : X — CB(X) be a multi-valued mapping. Assume that

H(Tx, Ty) < ¥(d(x, y))d(x, y),

forall x,y € X, where  is a function from [0, o0) into [0, 1) satisfying limsup,_,, ¢(s) < 1forall t > 0. Then T has
a fixed point.

Amini-Harandi and O’Regan [4] obtained a generalization of Mizoguchi and Takahashi’s fixed point
theorem. Recently Ciric et al. [13] proved coupled fixed point theorems for mixed monotone mappings
satisfying a generalized Mizoguchi-Takahashi’s condition in the setting of ordered metric spaces. Main results
of Ciric et al. [13] extended and generalized the results of Bhaskar and Lakshmikantham [12], Du [20] and
Harjani et al. [21].

In this paper, we prove a common tripled fixed point theorem for hybrid pair of mappings under
generalized Mizoguchi-Takahashi contraction. =~ We improve, extend and generalize the results of
Amini-Harandi and O’Regan [4], Bhaskar and Lakshmikantham [12], Ciric et al. [13], Du [20], Harjani et al.
[21] and Mizoguchi and Takahashi [26]. It is to be noted that to find tripled coincidence point, we do not
employ the condition of continuity of any mapping involved therein. An example validate to our result has
also been given.
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2 Main results

Let ® denote the set of all functions ¢ : [0, +00) — [0, +00) satisfying
(ip) @ is non-decreasing,
(iip) (t) =0t =0,
(iiiy) limsup, . ﬁ < co.
Let ¥ denote the set of all functions ¢ : [0, +c0) — [0, 1) which satisfies lim,_;y () < 1 forall ¢t > 0.

Theorem 2.1. Let (X, d) be a metric space, F : X x X x X — CB(X) and g : X — X be two mappings. Suppose that
there exist some ¢ € ® and some ¢ € Y such that

¢ (H(F(x, y, z), F(u, v, w))) (2.1)
< ¢ (¢ [max{d(gx, gu), d(gy, gv), d(gz, gw)}])
x ¢ [max {d(gx, gu), d(gy, gv), d(gz, gw)}],

forall x,y,z,u,v,w € X. Furthermore, assume that F(X x X x X) C ¢(X) and g(X) is a complete subset of X. Then
F and g have a tripled coincidence point. Moreover, F and g have a common tripled fixed point, if one of the following
conditions holds:

(a) F and g are w—compatible. limy, _eo §"x = 1, limy .00 §'y = v and limy, .« §"z = w for some (x,y,z) € C{F,
g} and for some u, v, w € X and g is continuous at u, v and w.

(b) g is F—weakly commuting for some (x, y, z) € C{F, g}, gx, gy and gz are fixed points of g, that is, g*x = gx,
8’y =gyand g’z = gz.

(c) g is continuous at x, y and z. limy_,co "1 = x, lim, 0 ¢"v = y and lim, ... §"w = z for some (x, y,
z) € C{F, g} and for some u, v, w € X.

(d) g(C{F, g}) is a singleton subset of C{F, g}.

Proof. Let xg, yo, zo € X be arbitrary. Then F(xo, Yo, z0), F(yo, zo, Xo) and F(zg, xo, yo) are well defined.
Choose gx1 € F(xo, Yo, 20), 81 € F(yo, zo, x0) and gz1 € F(zg, X9, Yo), because F(X x X x X) C g(X). Since
F: XxXxX — CB(X), therefore by Lemma there exist u; € F(x1, y1, z1), u2 € F(y1, z1, x1) and
uz € F(z1, x1, y1) such that

d(gxi, w1) < H(F(xo, Yo, 20), F(x1, y1, z1)),
d(gyi,u2) < H(F(yo, 20, x0), F(y1, z1, x1)),
d(gz1, uz) < H(F(zo, x0, Y0), F(z1, x1, y1))-

Since F(X x X x X) C g(X), there exist x3, y2, zo € X such that u; = gxp, up = gy, and uz = gz,. Thus

d(gxy, g§x2) < H(F(xo, Yo, 20), F(x1, y1, z1)),
d(gyi, gv2) < H(F(yo, zo, x0), F(y1, 21, x1)),
d(gz1, §22) < H(F(zo, x0, Y0), F(z1, X1, y1))-

Continuing this process, we obtain sequences {x,}, {y»} and {z,} in X such that for all # € IN, we have
S%n+1 € F(%n, Yn, 20n), 8Yn+1 € F(Yn, zn, xn) and §z,11 € F(2zp, Xn, yn) such that

d(gxn/ gxn+1) S H(F(x'rlfll Yn-1, anl)/ F(xn, Yn, ZH))/
d(gyn, gYn+1) = H(F(Yn-1, Zn-1, Xn-1), F(Yn, zn, X)),
d(gzn/ 8Zn+1) § H(F(Zn—l/ Xn—1, yn—l)r F(Zn/ Xn, yn))r

which implies, by (i,), we have

¢ (d(gxXn, §xn+1))

¢ (H(F(xp-1, Yn-1, Zu—1), F(xun, Yn, zn)))
¥

X

INIA

(¢ [max {d(gxn—1, §xn), d(8Yn—1, 8Yn), 4(82n-1, §2n)}])
@ [max {d(gxn—1, §xn), d(§Yn-1, Yn), A(§2Zn-1, §2n)}l,
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which, by the fact that ¢ < 1, implies

@ (d(gxn, §Xn+1)) (2.2)
< ¢ [max{d(gxn-1, §xu), d(Yn-1, &Yn), d(82Zn—1, &Zn)}].
Similarly
@ (d(8Yn, §Yn+1)) (2.3)
< @ [max{d(gxn-1, gxu), d(&Yn-1, &Yn), d(82n-1, §Zn)}|,
and

@ (d(8zn, §Zn+1)) (2.4)
@ [max {d(gxn-1, §xn), d(§Yn-1, 8Yn), d(82n-1, §2n)}]-

Combining (2.2), 2.3) and [2.4), we get

max {¢ (d(gxn, gxut1)), ¢ (A(&Yn, §Yn+1)), ¢ (d(82Zn, §2n+1))}
< @max{d(gx,-1, §xn), A(&Yn-1, §Yn), d(§2n-1, §2n)}]-

IN

Since ¢ is non-decreasing, it follows that

@ [max {d(gxn, §xn11), A(&Yn, §Yn+1), d(82Zn, §2n11)}] (2.5)
< @ max{d(gx,-1, §xn), d(§Yn-1, Yn), A(g2Zn-1, §2n)}l,

for all n > 0. Now shows that {@[max{d(gxs, §xn+1), 4(SYn, §Yn+1), 4(82n, §2n+1) }]} is a non-increasing
sequence. Thus there exists § > 0 such that

lim ¢ [max{d(gxn, §xn+1), 4(&Yn, &Yn+1), A(§2Zn, §2n11)}] = 9. (2.6)

n—oo

Since ¢ € ¥, we have lim, .5, ¥(r) < 1and ¥(6) < 1. Then there exist & € [0, 1) and & > 0 such that ¢(r) < «
forallr € [§, 6+ ¢). From , we can take ng > 0 such that 6 < ¢[max{d(gxu, §xn11), 4(Yn, SYn+1), 4(82n,
9Zn+1)}] < 6+ eforall n > ng. Then from and (iy), for all n > ng, we have

¢ (d(gXn, §Xn+1))

¥ (¢ [max{d(gxn—1, §xn), A(§Yn-1, §Yn), A(8zn-1, §2n)}])
x @ [max {d(gxu—1, §xn), A(§Yn-1, §Yn), A(§2n-1, §zn)}]
< ag[max{d(gxn—1, §xn), d(&Yn-1, §Yn), A(82n-1, §2n)}].

IA

Thus, for all n > ng, we have

@ (d(gXn, §Xn+1)) 2.7)
< agp[max{d(gx,-1, §xn), d(§Yn-1, &Yn), d(82Zn-1, §2n)}] -

Similarly, for all n > ng, we have

¢ (d(gYn, 8Yn+1)) (2.8)
ag [max {d(gx,—1, §%n), A(§Yn-1, &Yn), 4(82n-1, &2n)}!,

IN

and

@ (d(gzn, §2n+1)) (2.9)
< agp[max{d(gx,-1, §xn), d(§Yn-1, &Yn), d(82Zn-1, §2n)}] -

Combining (2.7), and .9), for all n > ng, we get

max {¢ (d(gxn, gxut1)), ¢ (A(&Yn, §Yn+1)), ¢ (d(82n, §2n+1))}
< agmax{d(gx,—1, §xn), A(&Yn-1, §Yn), d(8Zn-1, §2n)}] -
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Since ¢ is non-decreasing, for all n > ny, it follows that
¢ [max {d(gxn, §¥n+1), A(§Yn, §Yn+1), A(8Zn, §2Zn11)}] (2.10)
< wag[max{d(gxn-1, §xn), d(§Yn-1, §Yn), d(§zn-1, §2n)}],
Letting n — oo in and using (2.6), we obtain that § < ad. Since a € [0, 1), therefore § = 0. Thus

lim ¢ [max {d(gxn, §¥nt1), d(8Yn, §Yn+1), (82, §2n11)}] = 0. (2.11)

Since {@[max{d(gx,, gxn+1), A(gYn, Yn+1), 4(§2n, §2Zn+1)}]} is a non-increasing sequence and ¢ is non-
decreasing, then {max{d(gxu, gxy+1), A(§Yn, §Yn+1), A(§2n, §2n+1)}} is also a non-increasing sequence of
positive numbers. This implies that there exists § > 0 such that

lim max {d(gxn, gxn+1), d(§Yn, §Yn+1), d(g2Zn, §Zns1)} = 0.

n—oo

Since ¢ is non-decreasing, we have

¢ [max {d(gxn, gxu+1), d(@Yn, §Yn+1), A(82n, §2n+1)}] 2 @[0]. (212)
Letting 1 — oo in (2.12), by using @2.11), we get 0 > ¢[6], which, by (iiy), implies § = 0. Thus
lim max {d(gxn, §xn11), d(8Yn, &Yn+1), d(82n, §2n11)} =0 (2.13)

Suppose that max{d(gxn, §xn+1), 4(§Yn, §Yn+1), 4(82n, §2n+1)} = 0 for some n > 0. Then, we have d(gxy,,

8xp+1) = 0, d(gYn, §Yn+1) = 0 and d(gzn, §2,+1) = 0 which implies that gx;, = gxy+1 € F(Xu, Yu, 2n), §Yn =
SYn+1 € F(Yn, zn, xn) and gz, = 92411 € F(zn, Xu, Yn), thatis, (x, yu, z,) is a tripled coincidence point of F
and g. Now, suppose that max{d(gx,, §x,+1), d(Yn, §Yn+1), 4(§2n, §2n+1)} # 0, for all n > 0. Denote

an = @ [max{d(gxn, gxu11), d(8Yn, &Yn+1), d(82n, §2u11)}], foralln > 0.
From (2.10), we have a, < aa,,_1, for all n > ny. Then, we have
Z ap < Z an + Z a" Mgy, (2.14)
n=np+1

On the other hand, by (iii,), we have

lim sup — X4 (8% &Xi1), A(gYnr gYnin) A(8Zn, Q2wi1)} (2.15)

n—co @ [max{d(gxn, §xui1), A(&Yn, &Yn+1), A(§2n, §Zn+1)}]

Thus, by and (2.15), we have Y max{d(gxn, xn+1), 4(§Yn, §Yn+1), 4(§2n, §2n+1)} < 0. It means that
{gxn}o o {8ty and { 82Zn}oo are Cauchy sequences in g(X). Since g(X) is complete, so there exist x, y,
z € X such that

lim gx, = gx, lim gy, = gy and lim gz, = gz. (2.16)
n—oo n—oo

n—oo

Now, since ¢x,,+1 € F(xu, Yn, 2n), §Yn+1 € F(Yn, zn, Xn) and gz, 1 € F(2u, Xn, Yn), therefore by using condition
(2.1), (ip) and by the fact that ¢ < 1, we get

¢ (D(gxni1, F(x, y, 2)))
< @ (H(F(xn, Yn, zn), F(x, y, 2)))
< ¢ (¢ [max{d(gxn, §x), d(yn, gy), d(gzn, §2)}])
x @ [max {d(gxn, §x), d(gyn, gY), d(gzn, §2)}
< ¢[max{d(gxn, gx), d(gyn, &), d(gzn, §2)}].

Since ¢ is non-decreasing, we have

D(gxni1, F(x, y, 2)) < max{d(gxn, §x), d(gyn, &Y), d(82n, §2)} - (2.17)
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Letting n — oo in 2.17), by using (2.16), we obtain
D(gx, F(x, y, z)) =0.

Similarly
D(gy, F(y, z, x)) =0and D(gz, F(z, x, y)) =
which implies that
gx € F(x,y,z), 3y € F(y, z, x)and gz € F(z, x, y),

that is, (x, y, z) is a tripled coincidence point of F and g.
Suppose now that () holds. Assume that for some (x, y, z) € C{F, g},

lim ¢"x = u, lirr;o g"y =vand nlirr.}og”z =w, (2.18)

n—oo

where u, v, w € X. Since g is continuous at #, v and w. We have, by (2.18), that u, v and w are fixed points of g,
that is,
gu=1u, gv =vand gw = w. (2.19)

As F and g are w—compatible, so, foralln > 1,

gnx c F(gnilx, gnfly, gnflz),

v € F(g" 'y, ¢ 'z ¢ ), (2.20)

gnz c F(gnilz, g"ﬁlx, gnfly)‘

Now, by using , (2.20), (i) and by the fact that p < 1, we obtain

fp(D(g x, F(u, v, w)))
< <P( g 'x, "1y, g"'2), Fu, v, w)))
< ¥ [max{d(gx gu), d(g"y, gv), d(g"z, gw)}])
x ¢ [max {d(g"x, gu), d(g"y, gv), d(g"z, gw)}]
< ¢[max{d(g"x, gu), d(g"y, gv), d(g"z, gw)}].

Since ¢ is non-decreasing, we have
D(g"x, F(u, v, w)) < max{d(g"x, gu), d(g"y, gv), d(g"z, gw)}. (2.21)

On taking limit as n — oo in 2.21)), by using 2.18) and 2.19), we get
D(gu, F(u, v, w)) =0.

Similarly
D(gu, F(v, w, u)) = 0and D(gw, F(w, u, v)) =0,

which implies that
qu € F(u, v, w), gv € F(v, w, u) and gw € F(w, u, v). (2.22)

Now, from (2.19) and 2.22), we have
u= gueF(u v,w),v=gveF(v,w u)andw = gw € F(w, u, v),

that is, (4, v, w) is a common tripled fixed point of F and g.

Suppose now that (b) holds. Assume that for some (x, y, z) € C{F, g}, § is F-weakly commuting, that is,
g>x € F(gx, gy, 82), 8% € F(gy, 82, gx), 8%z € F(gz 8, gy) and g°x = gx, g%y = gy, §°z = gz. Thus gx =
¢%x € F(gx, gy, 92), 8y = &2y € F(gy, gz, gx) and ¢z = ¢’z € F(gz, gx, gy), that is, (g%, gy, §z) is a common
tripled fixed point of F and g.

Suppose now that (c) holds. Assume that for some (x, y, z) € C{F, g} and for some u, v, w € X,

lim ¢"u = x, lim ¢"v=yand r}im g"w = z.

n—oo
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Since g is continuous at x, y and z. We have that x, y and z are fixed point of g, that is,
gx=x,gy=yand gz = z.
Since (x, y, z) € C{F, g}, therefore, we obtain
x=gx€F(x,y,2),y=8y<€Fy, z x)andz=gz € F(z, x, y),

thatis, (x, y, z) is a common tripled fixed point of F and g.

Finally, suppose that (d) holds. Let g(C{F, g}) = {(x, x, x)}. Then {x} = {gx} = F(x, x, x). Hence (x, x,

x) is a common tripled fixed point of F and g.

Example 2.1. Suppose that X = [0, 1], equipped with the metric d : X x X — [0, +00) defined as d(x, y) = max{x,

y}andd(x,x) =0forall x,y € X. Let F : X x X x X — CB(X) be defined as

P {0, forx, g, z=1,
(x, v, 2) = [0, %4} forx,y,z€0, 1),
and g : X — X be defined as
g(x) = x2, forall x € X.
Deﬁne (P : [O, +OO) — [0/ +OO> by

_f In(t+1), fort #1
9(t) = { %,fort =1,

and i : [0, +o0) — [0, 1) defined by
P(t) = @,for allt > 0.

Now, for all x, y,z,u, v, w € Xwith x,y,z,u, v, w € [0, 1), we have
Case (a). If x = u, then

H(F(x, y, z), F(u, v, w))

| S

In(u® +1)

In(max{x?, u?} +1)

In(d(gx, gu) +1)

In [max {d(gx, gu), d(gy, gv), d(gz, gw)} +1],

ININCIN A

which implies that
¢ (H(F(x, y, z), F(u, v, w)))
In[H(F(x, y, z), F(u, v, w)) + 1]

In[In [max {d(gx, gu), d(gy, gv), d(gz, gw)} +1] +1]
In [In [max {d(gx, gu), d(gy, gv), d(gz, gw)} + 1] +1]
In [max {d(gx, gu), d(gy, gv), d(gz, gw)} +1]

x In[max {d(gx, gu), d(gy, gv), d(gz, gw)} +1]
¥ (¢ [max {d(gx, gu), d(gy, gv), d(gz, gw)}])

x ¢ [max {d(gx, gu), d(gy, gv), d(gz, gw)}].
Case (b). If x # u with x < u, then

H(F(x, y, z), F(u, v, w))

IA

IN

IN

| S

In(u? +1)

In(max{x?, u?} +1)

In(d(gx, gu) +1)

In [max {d(gx, gu), d(gy, gv), d(gz, gw)} +1],

VAN VAN VAN VAN
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which implies that
¢ (H(E(x, y, 2), F(u, v, w)))
= In[H(F(x, y, z), F(u, v, w)) +1]

In [In [max {d(gx, gu), d(gy, gv), d(gz, gw)} + 1] +1]
In [In [max {d(gx, gu), d(gy, gv), d(gz, gw)} +1] +1]

IN

= In [max {d(gx, gu), d(gy, gv), d(gz, gw)} +1]
x In [max {d(gx, gu), d(gy, gv), d(gz, gw)} +1]
< ¢ (p[max{d(gx, gu), d(gy, gv), d(gz, gw)}])

x ¢ [max{d(gx, gu), d(gy, gv), d(gz, gw)}].
Similarly, we obtain the same result for u < x. Thus the contractive condition is satisfied for all x,y, z, u, v, w € X
withx,y,z,u,v,w € [0,1). Again, forall x,y,z,u,v,w € Xwithx,y,z € [0,1) and u, v, w = 1, we have
H(F(x, y, z), F(u, v, w))
4

4

In(x? +1)

ln(max{xz, uz} +1)

In(d(gx, gu) +1)

In [max {d(gx, gu), d(gy, §v), d(gz, gw)} +1],

IANIA IA TN

which implies that

¢ (H(F(x, y, 2), F(u, v, w)))
In[H(F(x, y, z), F(u, v, w)) +1]

< In[ln[max{d(gx, gu), d(gy, gv), d(gz, gw)} +1] +1]
. In[ln[max{d(gx, gu), d(gy, gv), d(gz, gw)} +1] +1]
- In [max {d(gx, gu), d(gy, gv), d(gz, gw)} +1]

x In[max{d(gx, gu), d(gy, gv), d(8z, gw)} +1]
< ¢ (¢ [max{d(gx, gu), d(gy, gv), d(gz, gw)}])

x ¢ [max {d(gx, gu), d(gy, gv), d(gz, gw)}].
Thus the contractive condition is satisfied for all x, y, z, u, v, w € Xwithx,y,z € [0,1) and u, v, w = 1.
Similarly, we can see that the contractive condition is satisfied for all x,y,z, u, v, w € X withx,y,z, u, v, w = 1.
Hence, the hybrid pair {F, g} satisfies the contractive condition @.1), for all x,y, z, u, v, w € X. In addition, all the
other conditions of Theorem [2.1)are satisfied and z = (0, 0, 0) is a common tripled fixed point of hybrid pair {F, g}. The
function F : X x X x X — CB(X) involved in this example is not continuous at the point (1,1,1) € X x X x X.

Remark 2.1. We improve, extend and generalize the results of Ciric et al. [13]] in the sense that

(i) We prove our result for hybrid pair of mappings.

(ii) We prove our result in the framework of non complete metric space (X, d) and the product set X x X x X is not
empowered with any order.

(iii) We prove our result without the assumption of continuity and mixed g-monotone property for mapping F :
X x X x X — CB(X).

(iv) The functions @ : [0, +00) — [0, +00) and ¢ : [0, +00) — [0, 1) involved in our theorem and example are
discontinuous.

If we put ¢ = I (the identity mapping) in the Theorem 2.1} we get the following result:

Corollary 2.1. Let (X, d) be a complete metric space, F : X x X x X — CB(X) be a mapping. Suppose that there exist
some ¢ € ® and some ¢ € Y such that

¢ (H(E(x, y, 2), F(u, v, w)))

< ¢ (¢[max{d(x, u), d(y, v), d(z, w)}])
x @ [max {d(x, u), d(y, v), d(z, w)}],
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forall x,y,z,u,v,w € X. Then F has a tripled fixed point.

Ifweputy(t) =1- @ for all t > 0 in Theorem 2.1} then we get the following result:

Corollary 2.2. Let (X, d) be a metric space, F : X x X x X — CB(X) and g : X — X be two mappings. Suppose that
there exist some ¢ € ® and some 1 € ¥ such that

¢ (H(F(x, y, z), F(u, v, w)))
< ¢[max{d(gx, gu), d(gy, §v), d(gz, gw)}]
— (¢ [max {d(gx, gu), d(gy, gv), d(gz, gw)}]),

forall x,y,z,u,v,w € X. Furthermore, assume that F(X x X x X) C g(X) and g(X) is a complete subset of X. Then

F and g have a tripled coincidence point. Moreover, F and g have a common tripled fixed point, if one of the following
conditions holds:

(a) F and g are w—compatible. limy, oo " x = 1, limy, .o §'y = v and lim, .. "z = w for some (x,y,z) € C{F,
g} and for some u, v, w € X and g is continuous at u, v and w.

(b) g is F—weakly commuting for some (x, y, z) € C{F, g}, gx, gy and gz are fixed points of g, that is, g*x = gx,
g%y = gyand g%z = gz.

(c) g is continuous at x, y and z. limy_,co "1 = x, lim, 0 §"v = y and lim, ... §"w = z for some (x, y,
z) € C{F, g} and for some u, v, w € X.

(d) g(C{F, g}) is a singleton subset of C{F, g}.

If we put ¢ = I (the identity mapping) in the Corollary 2.2 we get the following result:

Corollary 2.3. Let (X, d) be a complete metric space, F : X x X x X — CB(X) be a mapping. Suppose that there exist
some ¢ € ¢ and some ¢ € Y such that

¢ (H(F(x, y, 2), F(u, v, w)))
< gmax{d(x, u), d(y, v), d(z, w)}]

—§ (g [max{d(x, u), d(y, v), d(z, )}]),
forall x,y,z,u,v,w € X. Then F has a tripled fixed point.

If we put ¢(t) = 2t for all t > 0 in Theorem 2.1} then we get the following result:

Corollary 2.4. Let (X, d) be a metric space, F : X x X x X — CB(X) and g : X — X be two mappings. Suppose that
there exists some p € ¥ such that

H(F(x, y, z), F(u, v, w))
< ¢ (2max{d(gx, gu), d(gy, gv), d(gz, gw)})
x max {d(gx, gu), d(gy, gv), d(gz, gw)},

forall x,y,z,u,v,w € X. Furthermore, assume that F(X x X x X) C ¢(X) and g(X) is a complete subset of X. Then
F and g have a tripled coincidence point. Moreover, F and g have a common tripled fixed point, if one of the following
conditions holds:

(a) F and g are w—compatible. limy, .o " x = u, limy 00 §"y = vand limy,_.« ¢"z = w for some (x,y,z) € C{F,
g} and for some u, v, w € X and g is continuous at u, v and w.

(b) g is F—weakly commuting for some (x, y, z) € C{F, g}, gx, gy and gz are fixed points of g, that is, g*x = gx,
g%y = gyand g%z = gz.

(c) g is continuous at x, y and z. limy_.co "t = x, lim, 0 "v = y and lim,_... §"w = z for some (x, y,
z) € C{F, g} and for some u, v, w € X.

(d) g(C{F, g}) is a singleton subset of C{F, g}.

If we put ¢ = I (the identity mapping) in the Corollary 2.4} we get the following result:



128 Bhavana Deshpande et al. / Generalized Mizoguchi-Takahashi...

Corollary 2.5. Let (X, d) be a complete metric space, F : X x X x X — CB(X) be a mapping. Suppose that there
exists some ¢ € Y such that

H(F(x, y, z), F(u, v, w))
< ¢ (2max{d(x, u), d(y, v), d(z, w)})
x max{d(x, u), d(y, v), d(z, w)},

forall x,y,z,u,v,w € X. Then F has a tripled fixed point.

If we put ¢(t) = k, where 0 < k < 1, for all t > 0 in Corollary 2.4} then we get the following result:

Corollary 2.6. Let (X, d) be a metric space. Assume F : X x X x X — CB(X) and g : X — X be two mappings
satisfying

H(F(x, y, z), F(u, v, w))
< kmax{d(gx, gu), d(gy, gv), d(gz, gw)},

forall x,y,z,u,v,w € X, where 0 < k < 1. Furthermore, assume that F(X x X x X) C g(X) and g(X) is a complete

subset of X. Then F and g have a tripled coincidence point. Moreover, F and g have a common tripled fixed point, if one
of the following conditions holds:

(a) F and g are w—compatible. limy, .o " x = 1, limy 00 §"y = v and lim,_.« §"z = w for some (x,y,z) € C{F,
g} and for some u, v, w € X and g is continuous at u, v and w.

(b) g is F—weakly commuting for some (x, y, z) € C{F, g}, gx, gy and gz are fixed points of g, that is, g*x = gx,
8y =gyand g’z = gz.

(c) g is continuous at x, y and z. limy_,co "t = x, lim, 0 ¢"v = y and lim,_,. §"w = z for some (x, y,
z) € C{F, g} and for some u, v, w € X.

(d) g(C{F, g}) is a singleton subset of C{F, g}.

If we put ¢ = I (the identity mapping) in the Corollary 2.6, we get the following result:

Corollary 2.7. Let (X, d) be a complete metric space. Assume F : X x X x X — CB(X) be a mapping satisfying

H(F(x, y, z), F(u, v, w))
< kmax{d(x, u), d(y, v), d(z, w)},

forall x,y,z,u,v,w € X, where 0 < k < 1. Then F has a tripled fixed point.
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