ISSN 2319-3786
VOLUME 9, ISSUE 3, JULY 2021

H
Malaya Journal of Matematik

an international journal of mathematical sciences

ik N(g PUBLISHING HOUSE

Dawn To Researchers

5, Venus Garden, Sappanimadai Road, Karunya Nagar (Post),
Coimbatore- 641114, Tamil Nadu, India.

www.mkdpress.com | www.malayajournal.org



Editorial Team
Editors-in-Chief
Prof. Dr. Eduardo Hernandez Morales

Departamento de computacao e matematica, Faculdade de Filosofia, Universidade de Sao Paulo,
Brazil.

Prof. Dr. Yong-Kui Chang
School of Mathematics and Statistics, Xidian University, Xi'an 710071, P. R. China.
Prof. Dr. Mostefa NADIR

Department of Mathematics, Faculty of Mathematics and Informatics, University of Msila 28000
ALGERIA.

Associate Editors
Prof. Dr. M. Benchohra
Departement de Mathematiques, Universite de Sidi Bel Abbes, BP 89, 22000 Sidi Bel Abbes, Algerie.
Prof. Dr. Tomas Caraballo

Departamento de Ecuaciones Diferenciales y Analisis Numérico, Facultad de Matematicas, Universidad
de Sevilla, C/Tarfia s/n, 41012 Sevilla, Spain.

Prof. Dr. Sergei Trofimchuk

Instituto de Matematicas, Universidad de Talca, Casilla 747, Talca, Chile.
Prof. Dr. Martin Bohner

Missouri S&T, Rolla, MO, 65409, USA.

Prof. Dr. Michal Feckan

Departments of Mathematical Analysis and Numerical Mathematics, Comenius University, Mlynska
dolina, 842 48 Bratislava, Slovakia.

Prof. Dr. Zoubir Dahmani

Laboratory of Pure and Applied Mathematics, LPAM, Faculty SEI, UMAB University of Mostaganem,
Algeria.

Prof. Dr. Bapurao C. Dhage
Kasubai, Gurukul Colony, Ahmedpur- 413 515, Dist. Latur Maharashtra, India.
Prof. Dr. Dumitru Baleanu

Department of Mathematics, Faculty of Arts and Sciences, Cankaya University, 06530 Ankara: Turkey
and Institute of Space Sciences, Magurele-Bucharest, Romania.

Editorial Board Members
Prof. Dr. J. Vasundhara Devi
Department of Mathematics and GVP - Prof. V. Lakshmikantham Institute for Advanced Studies,
GVP College of Engineering, Madhurawada, Visakhapatnam 530 048, India.



Manil T. Mohan

Department of Mathematics, Indian Institute of Technology Roorkee, Roorkee-247667, Uttarakhand,
India.

Prof. Dr. Alexander A. Katz

Department of Mathematics & Computer Science, St. John's College of Liberal Arts and Sciences, St.
John's University, 8000 Utopia Parkway, St. John's Hall 334-G, Queens, NY 11439.

Prof. Dr. Ahmed M. A. El-Sayed
Faculty of Science, Alexandria University, Alexandria, Egypt.
Prof. Dr. G. M. N’'Guerekata

Department of Mathematics, Morgan State University, 1700 E. Cold Spring Lane, Baltimore, MD 21251,
USA.

Prof. Dr. Yong Ren
Department of Mathematics, Anhui Normal University, Wuhu 241000 Anhui Province, China.
Prof. Dr. Moharram Ali Khan

Department of Mathematics, Faculty of Science and Arts, Khulais King Abdulaziz University, Jeddah,
Kingdom of Saudi Arabia.

Prof. Dr. Yusuf Pandir

Department of Mathematics, Faculty of Arts and Science, Bozok University, 66100 Yozgat, Turkey.
Dr. V. Kavitha

Department of Mathematics, Karunya University, Coimbatore-641114, Tamil Nadu, India.

Dr. OZGUR EGE

Faculty of Science, Department of Mathematics, Ege University, Bornova, 35100 Izmir, Turkey.
Dr. Vishnu Narayan Mishra

Department of Mathematics, Indira Gandhi National Tribal University, Lalpur, Amarkantak, Anuppur,
Madhya Pradesh 484 887, India.

Dr. Michelle Pierri

Departamento de computacao e matematica, Faculdade de Filosofia, Universidade de Sao Paulo,
Brazil.

Dr. Devendra Kumar

Department of Mathematics, JECRC University, Jaipur-303905, Rajasthan, India.
Publishing Editors

Dr. M. Mallikaarjunan

Department of Mathematics, School of Arts, Science and Humanities, SASTRA Deemed to be
University, Thanjavur-613401, Tamil Nadu, India.

Dr. Pratap Anbalagan

School of Information and Control Engineering, Kunsan National University, Gunsan-si, Jeonbuk, The
Republic of Korea.



suc N/KD) PUBLISHING HOUSE

Dawn To Researchers

The Malaya Journal of Matematik is published quarterly in single volume annually and four
issues constitute one volume appearing in the months of January, April, July and October.

Subscription

The subscription fee is as follows:

USD 350.00 For USA and Canada

Euro 190.00 For rest of the world

Rs. 4000.00 In India. (For Indian Institutions in India only)

Prices are inclusive of handling and postage; and issues will be delivered by Registered Air-Mail for
subscribers outside India.

Subscription Order

Subscription orders should be sent along with payment by Cheque/ D.D. favoring "Malaya
Journal of Matematik" payable at COIMBATORE at the following address:

MKD Publishing House

5, Venus Garden, Sappanimadai Road, Karunya Nagar (Post),

Coimbatore- 641114, Tamil Nadu, India.

Contact No. : +91-9585408402

E-mail : info@mkdpress.com; editorinchief@malayajournal.org; publishingeditor@malayajournal.org

Website : https://mkdpress.com/index.php/index/index



Vol. 9 No. 03 (2021): Malaya Journal of Matematik (MJM)

1. On I; arithmetic convergence

Omer Kisi 64-71

2. Approximation of common fixed points of finite family of nonexpansive and asymptotically

generalized ®-hemicontractive mappings

Mfon O. Udo 72-82

3. Binary soft locally closed sets

P. G. PATIL, Nagashree N. Bhat 83-90

4. Results of w-order reversing partial contraction mapping generating a differential operator

Akinola Yussuff Akinyele, Jos Usman Abubakar, Kareem Akanbi Bello, Liman Kinbokun
Alhassan, Moses Adebowale Aasa 91-98

5. A study on dual hyperbolic generalized Pell numbers

Yiiksel Soykan, Mehmet Giimiis, Melih G6cen 99-116

6. Existence of solutions of a second order equation defined on unbounded intervals with integral
conditions on the boundary

Alberto Cabada, Rabah Khaldi 117-128

7. An existence result of u-pseudo almost automorphic solutions of Clifford-valued semi-linear

delay differential equations

Moumini Kere, Gaston Mandata Guerekata, Enock R. Oueama 129-140

8. Generalized 6—s /\f;f-sets in bitopological spaces

F.H. Khedr, O.R. Sayed 141-147

Stability and convergence of new random approximation algorithms for random contractive-

type operators in separable Hilbert spaces

Imo Kalu Agwu, Donatus Ikechi Igbokwe 148-167


https://www.malayajournal.org/index.php/mjm/article/view/62
https://www.malayajournal.org/index.php/mjm/article/view/69

MALAYA JOURNAL OF MATEMATIK
Malaya J. Mat. 09(03)(2021), 64-71.
http://doi.org/10.26637/mjm0903/001

On Z, arithmetic convergence

OMER KiSi*!
L Faculty of Science, Department of Mathematics, Bartin University, Bartin, Turkey.

Received 12 January 2021; Accepted 17 May 2021
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1. Introduction and Background

Statistical convergence of a real number sequence was firstly defined by Fast [10]. It became a noteworthy
topic in summability theory after the work of Fridy [11] and Salat [12].

In the wake of the study of ideal convergence defined by Kostyrko et al. [13], there has been comprehensive
research to discover applications and summability studies of the classical theories. A lot of development have
been seen in area about ideal convergence of sequences after the work of [14-23]

A family of sets Z C 2N is called an ideal iff (i) () € Z, (i) For each A, B € T we have AU B € Z, (iii) For
each A € 7 and each B C Awehave B € 1.

A family of sets 7 C 2N is a filter in N iff (i) () ¢ F, (i) For each A, B € F we have AN B € F, (iii) For
each A € F and each B O A we have B € F.

If 7 is proper ideal of N (i.e., N ¢ T), then the family of sets

FI)={McN:3AeT:M=N\A}

is a filter of N it is called the filter associated with the ideal.
An ideal Z on N for which Z # P (N) is called a proper ideal. A proper ideal Z is called admissible if Z

contains all finite subsets of N.
A sequence () is said to be Z-convergent to L if for each ¢ > 0,

A()={keN:|zy —L| >e} €T.
If (z1) is Z-convergent to L, then we write Z— limx = L.
*Corresponding author. Email address: okisi @bartin.edu.tr (Omer KiSI)
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On Z,, arithmetic convergence

An admissible ideal Z C 2 is said to have the property (AP) if for any sequence {4, Az, ...} of mutually
disjoint sets of I, there is sequence { By, Bs, ...} of sets such that each symmetric difference A;AB; (i = 1,2, ...)
is finite and Ej B; 1.

i=1

Let o be a mapping such that o : N* — N (the set of all positive integers). A continuous linear functional
® on [, the space of real bounded sequences, is said to be an invariant mean or a ¢ mean, if it satisfies the
following conditions:

(1) ® (x,) > 0, when the sequence (x,,) has x,, > 0 for all n € N;

(2) @ (e) =1, wheree = (1,1,1,...);

(3) @ (2g(n)) = @ (2,) forall (z,,) € loo.

The mappings ® are assumed to be one-to-one such that o™ (n) # n for all positive integers n and m, where
o™ (n) denotes the m th iterate of the mapping o at n. Thus, ® extends the limit functional on ¢, the space of
convergent sequences, in the sense that ® (x,,) = lim «,,, for all (z,,) € c.

In case o is translation mappings o (n) = n + 1, the o-mean is often called a Banach limit.

The space V7, the set of bounded sequences whose invariant means are equal, can be shown that

RS
Vo’ = {(xk) € loo : n}gnoo%;xak(n) = L}

uniformly in n.

Several authors studied invariant mean and invariant convergent sequence (for examples, see [24—-33]).

Savag and Nuray [26] introduced the concepts of o-statistical convergence and lacunary o-statistical
convergence and gave some inclusion relations. Nuray et al. [28] defined the concepts of o-uniform density of
subsets A of the set N, Z,-convergence for real sequences and investigated relationships between
Z,-convergence and invariant convergence also Z,-convergence and [V] p-convergence. Ulusu and Nuray [29]
investigated lacunary Z-invariant convergence and lacunary Z-invariant Cauchy sequence of real numbers.
Recently, the concept of strong o-convergence was generalized by Savag [30]. The concept of strongly
o-convergence was defined by Mursaleen [32].

Let £ C N and

Sm - :mnin{|Eﬂ{a(n),02 (n),....a™(n)}|}
Sm :mﬁxxﬂEﬂ {o(n),o*(n),....a™ (n)}|}

If the following limits exist

V(E) = lim ™ V(E)= lim 2",

m—o00 M, m—o0 M

then they are called a lower invariant uniform density and an upper invariant uniform density of the set FE,
respectively. If V (E) = V (E), then V (E) = V (E) = V (E) is called the invariant uniform density of E.

The idea of arithmetic convergence was firstly originated by Ruckle [1]. Then, it was further investigated by
many authors (for examples, [2-8]).

A sequence x = (x,,,) is called arithmetically convergent if for each & > 0, there is an integer n such that for
every integer m we have |, — 2, n)| < €, where the symbol (m, n) denotes the greatest common divisior of
two integers m and n. We denote the sequence space of all arithmetic convergent sequence by AC'.

A sequence x = (x,,) is said to be arithmetic statistically convergent if for € > 0, there is an integer n such
that

1
tlglgo ;\{m <t T = Ty | > €} = 0.

We shall use ASC' to denote the set of all arithmetic statistical convergent sequences. We shall write ASC —
lim 2,,, = Z(yy,,,) to denote the sequence (z,,) is arithmetic statistically convergent to z(,,, ,,) -

e

[V =)
MM
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Kisi [7] investigated the concepts of invariant arithmetic convergence, strongly invariant arithmetic
convergence, invariant arithmetic statistically convergence, lacunary invariant arithmetic statistical convergence
for real sequences and obtained interesting results.

In [8], arithmetic Z-statistically convergent sequence space AZSC, Z-lacunary arithmetic statistically
convergent sequence space AZSCy, strongly Z-lacunary arithmetic convergent sequence space ANy [Z] were
investigated and some inclusion relations between these spaces were proved.

Kisi [9] gave the notion of lacunary Z, arithmetic convergence for real sequences and examined relations
between this new type convergence notion and the notions of lacunary invariant arithmetic summability, lacunary
strongly g-invariant arithmetic summability and lacunary o-statistical arithmetic convergence. Finally, giving
the notions of lacunary 7, arithmetic statistically convergence, lacunary strongly 7, arithmetic summability, he
proved the inclusion relation between them.

A sequence & = () is said to be invariant arithmetic convergent if for an integer n

1 m
Jim — o) = T
p=1
uniformly in s. In this case we write 2, — (,,) (AV,) and the set of all invariant arithmetic convergent
sequences will be demostrated by AV, .
A sequence x = () is said to be strongly invariant arithmetic convergent if for an integer n

. 1
lim —
m—oo M

m

> |2ar(s) = Tipmy| =0
p=1

uniformly in s. In this case we write x, — x(, ) [AV] to denote the sequence () is strongly invariant
arithmetic convergent to x;, »y and the set of all invariant arithmetic convergent sequences will be demostrated
by [AV,].
A sequence x = () is said to be invariant arithmetic statistically convergent if for every € > 0, there is an

integer n such that

. 1
lim — ‘{p <M |Tor(s) — Tipny| > E}’ =0

m—oo M,
uniformly in s. We shall use AS,C to denote the set of all invariant arithmetic statistical convergent sequences.
In this case we write AS;C — limx;, = 2, ) OF Tp — T(p ) (AS,C).

2. Main Results

Definition 2.1. A sequence x = () is called to be I-invariant arithmetic convergent if for every € > 0, there is
an integer 1 such that
Ae) =={peN:|zp —z( | 2 €}

belongs to I, i.e., V (A (e)) = 0. We can use AZ,C to denote the set of all I, arithmetic convergent sequences.
Thus, we define
AZ,C = {z = (xp) : for some x, ), AL,C —limzy, = 21, } -

In this case we write AL, C' —limx, = 2, »y or T, — T(py (AL, C) .

Theorem 2.2. Assume x = (x,) is a bounded sequence. If v is T-invariant arithmetic convergent to x, .y, then
x Is invariant arithmetic convergent to ¢, ).

Proof. Let r,m € N be arbitrary and £ > 0. We estimate

To(r) T To2(r) + oo + Tom(y)

t(r,m):= - — T (pn)

3

s
2
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On Z,, arithmetic convergence

Then, we have
t(r,m) < t'(r,m) +t*(r,m),

where
1
1 — ;
t (r,m) = o E |Zoi (r) = T(pm)]
1<G<m, [T, () =T (p,m) |2€
and
5 1
t=(r,m) = - Z |Zgi(ry = T(p,my -
1<G<m, @, () =T (p,m) | <

Therefore, we have ¢?(r,m) < &, for every r = 1,2, .... The boundedness of (z,,) implies that there is K > 0
such that
Zoi () — Ty | S K, (J=1,2,..57=1,2...),

then, this implies that
thrm) < ST <G <m: |z =2l >

< K.
~ K Sn
=K.

maxr‘{1<j§m:\xgj ()~ T, | =€

m

Hence, (x,) is invariant arithmetic convergent to z(;, . u

The converse of the previous theorem does not hold. For example, z = () is the sequence defined by
z, = lif piseven and z, = 0 if p is odd. When o (r) = r + 1, this sequence is invariant arithmetic convergent
to %, but it is not Z-invariant arithmetic convergent.

Definition 2.3. A sequence (x,,) is said to be strongly q-invariant arithmetic summable to x(, ., if for an integer

n

m

Tgi_{noo - z; |Tor(s) = T(pmy|? =0, uniformlyins=1,2, ...
=

where 0 < q < oo. In this case, we write x, — T, y ([AV5],).
Theorem 2.4. Let 7, C 2N be an admissible ideal and 0 < g < co.
(i) If zp = ) ([AVG],), then xp — 2, ) (AL, C).
(ii) If v = (xp) € log and T, — xp y (AL, C), then x, — 1 ([AV5] ).

Proof. (i) Lete > 0and z, — () ([AV5],). Then, we can write

m
> |or(s) — T
p=1

> > |Zon(s) = Tpm |
1<p<m

[€op () =T (p.m) |2
>el. |{1<p<m:|zo = 2pm| 2 €}

> elmaxs [{L S pSmworis) = 2| 2 e}

e
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and
1 m
= — q
m 2y [Tar(s) = Tipm |
p:
> ca max, {pgm:\xap“)—:cw,,w\25}'
= &7, pos
o qusim

m

for every s = 1,2, .... This implies lim,, o % = 0and so z, = x,) (AZ,C).
(ii) Presume that x € lo and z,, — 2, )y (AZ;C). Let e > 0. Since (z,,) is bounded, then there is M > 0

such that
[Tar(s) = Tipm | < M,

forp=1,2,...; s =1,2,.... Observe that for every s € N we have that

m
1 q
w2 |Tars) = Tl
p=1
_ 1 _ q
= m 2 Tar(s) = Tipm|
1<p<m
[Zop(s) =T (p.my =€
_ q
+ > |Zow(s) = T(p,ml
1<p<m
|Tap (5) =T (p,m) [<E
< Mmax5|{1§p§m: I"I/’Up<5)7ili<p‘n>|2€}| 1 ea
- m
< MEm 4 ga
i m .

Hence, we obtain

m—oo Mm

1 m
lim — Y |2on(s) — T(ppl? =0 uniformlyins = 1,2, ....
p=1
]

Definition 2.5. A sequence x = (x,,) is said to be L*-invariant arithmetic convergent to ., y, if there exists a
set M = {m1 <mg < ... <my < ..} € F(Z,) and there is an integer 1 such that

pli>n010 Tmp = T(p,n)-

In this case, we write x, — x, oy (AZXC).
AZ-convergence is better applicable in some situations.

Theorem 2.6. Let I, be an admissible ideal. If a sequence (1) is T*-invariant arithmetic convergent to xy, .,

then this sequence is L-invariant arithmetic convergent {0 T ¢, .
Proof. By assumption, there is a set H € Z,, such that for

M=N\H={mi <mg<..<myp<..}

we have

plg]élo T, = T(p,n)- 2.1

e
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Let e > 0. By (2.1), there is pg € N such that |2,,, — 2, .| < € for each p > po. Then, clearly
peN:|z, —zp | >t CHU{m <mg < ...<my}. 2.2)
Since Z, is admissible, the set on the right-hand side of (2.2) belongs to Z,. Hence, z, — x(;,p) (AZ,C). |
The converse of the Theorem 2.6 holds if Z, has property (AP) .

Theorem 2.7. Let I, C 2N be an admissible ideal with property (AP). If x, — x(p y (AL, C), then x, —
1’<p7,7) (AI;C)

Proof. Presume that Z,, satisfies condition (AP) . Let x, — 2, ) (AZ,C). Then, we write
{peN: |z, — x| >c} €L,

for each ¢ > 0. Put
Ey={peN:|z, —xpyl > 1}

and

1 1
ET:{pGN:T<|xp—x<pm)|<r_1}

forr > 2,and r € N. Clearly, E; N F; = () for i # j. By condition (AP) there is a sequence of sets {F}.}, oy

such that E; A F; are finite sets for j € Nand F' = |J Fj € Z,. It is sufficient to demonstrate that for M = N \
j=1

: M ={m = (m;) :m; <miy1,1 € N} € F(Z;)
we have
pej\}[iglqoo Tp = T(pn)- 2.3)
Let A > 0. Select r € N such that Hl_l < A. Then
r+1
{peN: |z, — a4l = A} c | E;
j=1

Since E;AF; , j =1,2,...,r + 1 are finite sets, there is py € N such that

r—+1 r—+1
UFj N{peN:p>py} = UEj N{peN:p>po} (2.4)

j=1 j=1

r+1 r+1

Ifp>poandp ¢ F,thenp ¢ |J Fjandby (2.4)p ¢ (J Ej. Butthen |z, — x| < ?11 < A; 50 (2.3) holds
j=1 j=1

and we obtain z, — x, ,y (AZ;C). [

Now, we shall state a theorem that gives a relation between S, arithmetic convergence and Z-invariant
arithmetic convergence.

Theorem 2.8. A sequence v = (x,) is S, arithmetic convergent to x, . iff it is T-invariant arithmetic
convergent to T (p, .
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complements the result of [14] and several other related results in the literature.
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Keywords: Fixed point, Banach space, hybrid S-iteration process, nonexpansive mapping, asymptotically generalized ®-
hemicontractive mapping.
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1. Introduction and Background

Let E be an arbitrary real Banach space with dual E*. We denote by J the normalized duality mapping from
E into 27" defined by

J(@) = {f € B« (x, f*) = |l=l* = |lF*I*}, (1.1)

where (., .) denotes the generalized duality pairing.
In the sequel, we give the following definitions which will be useful in this study.

Definition 1.1. Let K be a nonempty subset of real Banach space F. A mapping T : K — K is said to be:
(1) nonexpansive if,

Tz —Ty| < ||z —yl|, Yo,y € K; (1.2)

(2) strongly pseudocontractive (Kim et al. [18]) if for all z,y € K, there exists a constant k¥ € (0,1) and
Jjlx —y) € J(z — y) satisfying

- 2
(Tz =Ty, j(z—y)) < kllz -y (1.3)
*Corresponding author. Email address: mfonudo4sure @yahooh.com (Mfon O. Udo)
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(3) ¢@-strongly pseudocontractive (Kim et al. [18]) if for all z,y € K, there exists a strictly increasing function
@ : [0,00) = [0, 00) with $(0) = 0 and j(z — y) € J(z — y) satisfying

(Tz —Ty,j(x —y)) <z —yl* = d(llz —ylDllz -yl (1.4)

It has been proved (see [21]) that the class of ¢-strongly pseudocontractive mappings properly contains the
class of strongly pseudocontractive mappings. By taking ®(s) = s¢(s), where ¢ : [0,00) — [0,00) is a
strictly increasing function with ¢(0) = 0. However, the converse is not true.

(3) generalized ®-pseudocontractive (Albert et al. [1], Chidume and Chidume [4]) if for all x,y € K, there
exists a strictly increasing function @ : [0, 00) — [0, 00) with ®(0) = 0 and j(x —y) € J(z —y) satisfying

(Tz =Ty, j(z —y)) < |z —ylI* = ez — ylD); (1.5)

The class of generalized ®-pseudocontractive mappings is also called uniformly pseudocontractive
mappings (see [4]). Clearly, the class of generalized ®-pseudocontractive mappings properly contains the
class of ¢-pseudocontractive mappings.

(4) generalized ®-hemicontractive if F(T) = {x € K : Tx = z} # 0, and there exists a strictly increasing
function @ : [0,00) — [0, c0) with ®(0) = 0, such that forall z € K, p € F(T), there exists j(z — p) €
J(x — p) such that the following inequality holds:

(Tz —p,j(x—p)) < llz—pl* = 2|z - pl); (1.6)

Clearly, the class of generalized ®-hemicontractive mappings includes the class of generalized
®-pseudocontractive mappings in which the fixed points set F'(T") is nonempty.

(5) asymprotically generalized ®-pseudocontractive (Kim et al. [18]) with sequence {h,} C [1,00) and
lim h,, = 1, if for each z, y € K, there exist a strictly increasing function @ : [0, c0) — [0, c0) satisfying
n—r

(T"x =Ty, j(z = y)) < hallz = ylI* = (|2 — y|)). (1.7)

The class of asymptotically generalized ®-pseudocontractive mappings is a generalization of the class
of strongly pseudocontractive maps and the class of ¢-strongly peudocontractive maps. The class of
asymptotically generalized ®-pseudocontractive mappings was introduced by Kim et al. [18] in 2009.

(6) asymptotically generalized ®—hemicontractive with sequence {h,,} C [1,00) and lim h, = 1 if there
n—oo

exist a strictly increasing function ® : [0,00) — [0, 00) with ®(0) = 0, such that for each z € K, p €
F(T), there exists j(x — p) € J(x — p) such that the following inequality holds:

(T" = p,j(@ = p)) < hnllzn = plI* = (|2 - pl))- (1.8)

Clearly, every asymptotically generalized ®—pseudocontractive mapping with a nonempty fixed point set
is an asymptotically generalized ®—hemicontractive mapping. It follows that the class of asymptotically
generalized ®-hemicontractive mapping is most general of all the class of mappings mentioned above.

On the other hand, the class of asymptotically generalized ®-hemicontractive has been studied by several
Authors (see for example, [3-5, 12, 13, 17, 20, 26, 30]).

The Mann iteration process is defined by the sequence {x,, },

xr1 € K,
>1 1.
{(En+1 =1 —ap)z, +ayTa,, vn 21, (1.9)
S
=]
MJM
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where {a, } is a sequence in [0,1].
Further, the Ishikawa iteration process is defined by the sequence {z, }

1 € K,
Tnt1 = (L —ap)zy + Ty, Vn>1, (1.10)
Yn = (1 - /Bn)xn + BTz,

where {a,, } and {3,,} are sequences in [0,1]. This iteration process reduces to Mann iteration when 3, = 0 for
alln > 1.
In 2007, Argawal et al. [2] introduced the following iteration process:

xr1 € K,
Tnt1 = (1 —ap)Txn + anTyn, Yn>1, (1.1D)

where {«,, } and {3, } are the sequences in [0,1]. They showed that their iteration process is independent of Mann
and Ishikawa and converges faster than both for contractions.
In 2007, Sahu et al. [22], [23] introduced the following S-iteration process:

T € K,
Tn41 = Tynv vn > ]-7 (112)
Yn = (1 - Bn)xn + ﬂnTxn

where {f,,} is the sequence in [0,1].
In 1991, Schu [27] considered the modified Mann iteration process which is a generalization of the Mann
iteration process as follows:

{“EK’ Vn > 1, (1.13)

Tntl = (1 - an)xn +a,T"zy,

where {a, } is a sequence in [0,1].
In 1994, Tan and Xu [28] studied the modified Ishikawa iteration process which is a generalization of the
Ishikawa iteration process as follows:

1 € K,
Tpt1 = (1 — ap)zn + @y T"yn, Yn > 1, (1.14)

where {«a,, } and {§,,} are sequences in [0,1].
Again, in 2007 Argawal et al. [2] introduced the modified Argawal iteration process as follows:

x1 € K,
Tpt1 = (1 —ap) Tz, + @, Ty, Yn > 1, (1.15)
Yn = (1 - ﬁn)xn + BnTn-rn

The above processes deal with one mapping only. The case of two mappings in iterative processes has also
remained under study since Das and Debata [7] gave and studied a two mappings process. Also see, for
example, [15] and [25]. The problem of approximating common fixed points of finitely many mappings plays an
important role in applied mathematics, especially in the theory of evolution equations and the minimization
problems; see [8—10, 24], for example.
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The following Ishikawa-type iteration process for two mappings has aslo been studied by many authors
including [7, 15, 25, 26].

T € K,
Tnt1 = (1 - O‘n)mn + OénTnyny vn > ]-7 (116)

where {a,, } and {8,,} are sequences in [0,1].

In 2009, Khan et al. [16] modified the Argawal iteration process (1.15) to the case of two mappings as follows:

xr1 € K,
Tnt1 = (1 — an)T"@p + @nS™yn, Yn > 1, a1.17

{an} and {3, } are two sequences in [0,1].

In 2013, Kang et al. [14] considered the following iteration process:

T € K,
Tn41 = Synv vn > 17 (118)
Yn = (1 - Bn)xn + ﬂnTxn

where {f3,, } is the sequence in [0,1]. They proved the following results.
Theorem 1.2 (see [14]). Let K be a nonempty closed convex subset of a real Banach space E, let S : K — K

be a nonexpansive mapping, and let T' : K — K be a Lipschitz strongly pseudocontractive mapping such that
pe FS)NF(T)={zxe€ K:Sex=Tx=x}and

[z = Syl < [[Sz = Syll, [lo =Tyl < [Tz — Ty (1.19)

forall x,y € K. Let {3, } be sequence in [0,1] satisfying
(i) > Bn =00
n=1
(ii) lim G, = 0.
n—oo
For arbitrary x1 € K, the iteration process defined by (1.18) converges strongly to a fixed point p of S and T.

In 2016, Gopinath et al. [11] considered the following modified S-iteration process:

T € K,
Tpt1 = SYn, Vn > 1, (1.20)
Yn = (1 - Bn)xn + Bz,

where {3} is the sequence in [0,1]. They proved the following result.
Theorem 1.3 (see [11]). Let K be a nonempty closed convex subset of a real Banach space F, let S : K — K be

a nonexpansive mapping, and let T' : K — K be a uniform L-Lipschitzian, asymptotically demicontractive
mapping with sequence {h,} C [0,1), lim h,, = 1 such that
n—o0

|z — Syl < [|Sz — Sy, z,y€ K (1.21)

le — Ty|| < || Tz —Ty|, z,y€ K. (1.22)
S
)
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Assume that F(S)F(T) ={x € K : St =Tx =} # 0. Letp € F(S)(F(T) and {8,} be sequences in
[0,1] satisfying
(i) Z 671 = OO;
n=1
(ii) lim p, =0.
n—o0
For arbitrary x1 € K, the iteration process defined by (1.20) converges strongly to a fixed point p of S and T

In [14], Kang et al. introduced the following condition.

Remark 1.4. Let S, T : K — K be two mappings. The mappings .S and T are said to satisfy condition (C3) if
|z =Syl < 1Sz = Syll, [l —Tyll < [|Tz— Tyl (1.23)

forall z,y € K.

Inspired and motivated by the above results, we modify (1.20) for finite families of nonexpansive and
asymptotically generalized ®-hemicontractive mappings in Banach spaces. The result in this paper can be view
as generalization and extension of the corresponding results of Kang et al. [14], Gopinath et al. [11] and several
others in the literature.

Definition 1.5. Let {S;}Y, : K — K be finite family of nonexpansive mappings and {T;}¥, : K — K be
finite family of asymptotically generalized ®-hemicontractive mappings. Define the sequence {x,, } as follows:

xr1 € K,
Tnt1 = Sitn)Yn, Yn > 1, (1.24)
Yn = (1 - O‘n)xn + anTZk(g;)mn

where {a, } is a sequence in [0,1]and n = (k — 1)N 4+ 4, i = i(n) € {1,2,....N}, k = k(n) > 1 is some
positive integers and k(n) — oo as n — oo.

Remark 1.6. If we take N = 1, then (1.24) reduces to (1.20). Again, if we take N = 1 and 7™ = T for all
n > 1, then (1.24) reduces to (1.18).

The purpose of this paper is to study the strong convergence of the new modified hybrid S-iteration process
(1.24) for the finite families of nonexpansive and asymptotically generalized ®-hemicontractive mappings in
Banach space.

2. Preliminaries

In order to prove our main results, we also need the following lemmas.
Lemma 2.1 (see [3]). Let J : E — 25" be the normalized duality mapping. Then for any x,y € E, one has

2+ ylI* < [l=[* + 2(y, j(x +v)), Vi(z+y) € J(z+y). .1)
Lemma 2.2 (see [29]). Let {p, } and {6,,} be nonnegative sequences satisfying
Pn+1 S (1 - 9n>pn + Wn, (22)

where 0,, € [0, 1], 2721 0,, = 0o and w,, = 0(0,,). Then li_>m pn = 0.
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3. Main Results

Theorem 3.1. Let K be a nonempty closed convex subset of a real Banach space E. Let {S;}N, : K —
K be finite family of nonexpansive mappings and let {T;}., : K — K be finite family of asymptotically
generalized ®—hemicontractive mappings with {T;(K)}X_, bounded and the sequence {h;,} C [1,00), where
nlgr;o hin = 1 for each 1 < i < N. Furthermore, let {T;}., be uniformly continuous. Assume thatp € F =

N N
ﬂi:l F(SZ) ﬂ ﬂi:l F(Tz)
={z e K:Sx=Tax=ux}#0 foreachl <i < N. Let h, = sup{h;p, : 1 <i < N} and {a,} be a
sequence in [0,1] satisfying the following conditions:

(i) > ap =00,
n=1

(ii) lim «, = 0.
n— o0

For arbitrary x1 € K, let {x,,} be the sequence iteratively defined by (1.24). Then the sequence {x.,,} converges
strongly at common fixed p of S; and T; for each 1 < i < N.

Proof. Let p € F and since T;(K) is bounded, we set

k(n .
My = lfzo = pll + sup Ty an = pll, 1< i< N.

It is clear that ||zo — p|| < Mj. Let ||, — p|| < M;. Next we will prove that ||z,,+1 — p|| < M;. From (1.24),
we have

[Zn+1 = pll = 1Sniyyn — Pl
= [|Si(n)¥n — Sin)Pll
< llyn — pll

k(n
= (1 - ap)z, + anTi(i))xn —pll

k(n
= [I(1 = an)(@n = P) + an(Tjgoy w0 — D)

k(n
S (1 - an)”xn _pH + OZnHT(EL))JJn _p”

7

S (1 - an)Ml + Oéan = Ml-

This implies that {||z,, — p||} is bounded.

Let
My = sup ||z, — p|| + M;. (3.1
n>1
From (1.24) and condition (ii), we obtain
k(n
2 =yl = ll2n — (1 = )20 — an T |
k

= anlwn — T 2|

< an(lln = pll + 175 20 = pl)

< an([lzn = pll + 1T,y #n — pl]

< ap(My+ Mp) =0 as n — oo, 3.2)

which implies that {||«,, — ¥ ||} is bounded.
Again, let

M3 = sup ||z, — ynl| + Mo.
n>1

e
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Since,

lyn —pll = lYyn — 20 + 20 — pl|
< l@n = ynll + [z — pll
< M3

therefore, {||y» — pl||} is bounded.
Set

My = sup [y, — pH+sup|| oy — 1l
n>1

Denote
M = M, + Ms + M3 + My, obviously, M < oco.
Now from (1.24) for all n > 1, we obtain
lznt1 = plI* = 1Sim)yn — plI* = 1Sitnyyn — Sicypll> < llyn — plI?, 3.3)
thus by Lemma 2.1 and (1.8), we get
g = pl2 = (1 = @)y + 0 TEDa, — p?
= |1 = an)(@n >+-an<f’;fxn p)II?

P, j(Yn —p))
Ti'm)yn + Ty = p, i(yn — p))

(

< (1= an)?lan — pl? + 20 (T4

= (1= o)’ lan = pl]” + 20T, ?@

= (1= an)?llzn = pl? + 200 (T4 w0 — T4y, 5y — )
20, (T35 4 = .3 (0~ p)

< (1= an)?lan = p? + 20| TES 20 — T4 gl — o

+20 {hnyn — pII> — (llym — pll)}
= (1 - O‘n)zHl'n — p”2 + QO‘nain
+20 0 ||[Yn — DI = 200 @([|yn — ||, (3.4)

where
k(n k n .
Oim = MIT = TV yall, (1<i < N).
From (3.2), we have
lim ||z, — yn| = 0.
n—oo

From the uniform continuity of 7; , (1 < ¢ < N) leads to

_ k(n) _
nll)néo ||T( y Tn i(n) ynll 0,
thus, we have
lim d;, = 0.
n— o0
S
=
MM
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Also,

k(n
lym = pI? = (1 = an)an + an T}, — pl?

k(n
= 11 = o) (@n — p) + an (T2 — p)II?
< (1= an)llzn = plI* + o | T 2 — 2

< @ — plI? + M2 a, (3.5)

where the first inequality holds by the convexity of || - ||.
Now substituting (3.5) into (3.4), we obtain

lyn —pl1* < (1= an)?[an — plI? + 200,6in

+2anhn (|20 — p”2 + Mzan) =20, ®(||yn — pll)

= (1-2a, + O‘i)Hxn - p||2 + 200,y || — p||2 + thMQC“i
+20,0in — 20,2 ([|yn — p|)

= (1= 2a) [z = pl” + (af + 2anhy) |20 — pl|* + 200 M0,
+2000in — 20, @(||lyn — pll)

< (1= 2a) |20 — plI* + (02 + 2a,hy,) M? + 2k, M0
+20nbin — 2008 (|lyn — )

< (1= 200) |20 — PII? + an[M2(an + 2hn + 200 hn) + 26im]- (3.6)

Hence, from (3.3) and (3.6) we obtain
Tt — p||2 < (1 —2an)||zn — p||2 + O‘n[MQ(an + 2hp + 20,hy) + 0]

Foralln > 1, put

Pn = ||xn _pHa
en = 2an,
Wn = an[M*(a + 2Ry + 200,hy) + i,

then according to Lemma 2.2, we obtain that
lim |x, —p| =0. 3.7
n—oo
Completing the proof of Theorem 3.1.
Corollary 3.2. Let K be a nonempty closed convex subset of a real Banach space E. Let S : K — K be a

nonexpansive mapping and let T : K — K be an asymptotically generalized ®—hemicontractive mappings with
T(K) bounded and the sequence {h,} C [l,00), where lim h, = 1. Furthermore, let T be uniformly
n—oo

continuous. Assume thatp € F = F(S)(F(T) ={x € K : Sz =Tz = z} # (. Let {«,,} be a sequence in
[0, 1] satisfying the following conditions:

(i) > an = oo
n=1

(ii) lim «, = 0.
n— 00

e

79



M. 0. UDO

For arbitrary x1 € K, let {x,,} be a sequence iteratively defined by

xr1 € K,
Yn = (1 - an)xn + anTxn

Then the sequence {x,,} converges strongly at common fixed p of S and T.
Proof. Taking N = 1 and 7™ = T in Theorem 3.1, the conclusion can be obtained immediately.

Remark 3.4.

(i) Corollary 3.3 recaptures the results of Kang et al. [14]. It follows that the result Kang et al. [14] is a special
case of our result. Hence, our result extends and improves the results of Kang et al [14] and many others
in the literature.

(i1) In our result the necessity of condition (C3) as considered by [14] and [11] is not required to prove our
strong convergence theorem.

The above results are also valid for Lipschitz asymptotically generalized ®-hemicontractive mappings.
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1. Introduction and Background

In 1989, Ganster and Reilly [4] studied the notion of locally closed sets in topological spaces, which is defined
by Bourbaki [3] as a subset of a topological space (X, 7) is locally closed if it is the intersection of an open and
a closed set of X.

In this paper we have extend the notion of locally closed sets in the area of binary soft topological spaces.
The notion of binary soft topological spaces is one of the latest topics, which is a combination of two popular
ideas, binary topological spaces and soft topological spaces. Jothi and Thangavelu [5] introduced the concept of
topology between two sets, known as binary topology. Binary topology is a structure which carries the subsets
of two universal sets. The pioneer work of Molodtsov [7] on soft sets act as a successful mathematical tool
over fuzzy mathematics, interval mathematics and theory of probability. In 2016, Acikgoz and Tas [1] defined
binary soft sets as, (A, p) is a binary soft set over the two universal sets Uy, U if A : p — P(Uy) x P(Ua),
A(o) = (X,Y) forevery p € pand X C U;, Y C Us,, where P(Uy) and P(Us) represents the power sets
of U; and Us respectively and p is a set of constraints. Further, some set operations on binary soft sets namely,
complement of a binary soft set, union, intersection and difference of binary soft sets are defined, and also, the
notions of binary soft subset, binary absolute and null soft sets are initiated by [1].

1. (G, p) is called a binary soft subset of (H, p) over Uy, Uz if X1 C Xz andY; C Y, where G(p) = (X1, Y1)
and H(p) = (X3,Y3) forall p € p and is denoted by (G, p) C (H, p).
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2. (G, p) over Uy, Uy is called a binary absolute soft set if G(o) = (U, Us) for all g € p and is denoted by b.

3. (H, p) over Uy, Uy is called a binary null soft set if H(o) = (0, 0) for all o € p and is denoted by ().

In 2017, Benchalli et al. [2] coined the concept of binary soft topological spaces and stated the definition of
binary soft topology as, a collection 7 of binary soft subsets over Uy, Uy is a binary soft topology over Uy, Uy if

6, 5 € 7 and 7 is closed under arbitrary union and finite intersection of binary soft sets. The members of 7 are
binary soft open sets and their family is denoted by BSO(U;,Us). The complements of binary soft open sets
are binary soft closed sets, and the structure (Uy, Us, T, p) is a binary soft topological space. Also the notions of
binary soft interior and binary soft closure of binary soft sets are introduced by [2]. Let (A, p) be a binary soft
subset in (Uy, Us, 7, p), then:

1. binary soft interior of (4, p) is denoted by (A, p)© and is given by the union of all binary soft open sets
contained in (4, p).

2. binary soft closure of (A, p) is denoted by (A, p) and is given by the intersection of all binary soft closed
sets containing (A, p).

Patil et al. [9], [10] studied new separation axioms in binary soft topological spaces as well as introduced and
investigated binary soft functions in binary soft topological spaces. A binary soft function f : (Uy,Us, T, p) —
(V1, Va,n,w) is called binary soft continuous [10], if f~1(V,w) € BSO(Uy, Us) for all (V,w) € BSO(V4, Va).
In continuation, Patil et al. [11] studied the compactness and connectedness properties of binary soft topological
spaces by introducing the notion of infiniteness in binary soft sets.

The main aim of this work is to study the concept of binary soft locally closed sets and hence to define binary
soft submaximal spaces. A new type of binary soft functions namely, BSLC-continuous and BSLC-irresolute
functions are defined, which are the generalizations of binary soft continuity. Further, the notions of binary
soft contra locally closed sets are introduced and via these ideas BScoLL.C-continuous and BScoLC-irresolute
functions are introduced.

2. Binary Soft Locally Closed Sets

Definition 2.1. A binary soft set (L, p) over Uy, Us is said to be a binary soft locally closed set in (Uy,Us,n, p)
if (L, p) = (O, p) N (C, p), where (O, p), (C, p)" €.

The family of all binary soft locally closed sets in (Uy, Us, 7, p) is denoted by BSLC(Uy, Us).

Example 2.2. Let Uy = {a1,a2}, Uy = {b1,b2} and p = {01, 02} with

0 ={0,7,{(e1, ({a1}, {b2})), (02, ({ar}, {1 )} {(e1, {az}, {01}); (02, ({az}, {b2}))},
{(91’ ({ah a2}7 {bl}))v (QQ’ ({ah a2}7 {bl}))}7 {(le ((Z)’ {bl}))v (927 (@, {bl}))}}

Then, (Uy,Usz,n, p) is a binary soft topological space. Here,

BSLC(Ulﬂ U2) = {@757 {(917 ({al}v {bl}))u (927 ({a1}7 {bl}))}7 {(Qh ({GQ}ﬂ {bl}))7 (Q27 ({GQ}ﬂ {bl}))}7
{(Qla ({ala a2}7 {bl}))7 (QZa ({alv a2}7 {bl}))}a {(917 (@, {bl}))v <927 (Q)v {bl}))}’
{(01, ({az}, {b2})), (02, ({az}, {b2}))}, {(e1, ({ar}, {b2})), (02, ({ar}, {b2}))},
{(917 (®> {bQ}))7 (92’ ((2)7 {b2}>)}{(917 ({aha?}a {bQ}))’ (927 ({aha’?}a {bQ}))}v
{(Qla ({al}v (Z)))a (927 ({a1}7 @))}, {(Qla ({G‘Q}v @)), (QQa ({a2}7 (Z)))}a
{(Qla ({(11, a2}7 (Z)))v (92’ ({alv aQ}v (Z)))}}

Remark 2.3. Every binary soft open and binary soft closed sets are binary soft locally closed.

Remark 2.4. A binary soft subset (L, p) over Uy, Uy is binary soft locally closed in (Uy, Us,n, p) if and only if
(L, p)’ is the union of binary soft open and binary soft closed set.
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Remark 2.5. From Example 2.2, it is clear that the complement of a binary soft locally closed set need not be
binary soft locally closed.

Theorem 2.6. For a binary soft subset (L, p) of (U1, Uz, 1, p), the following statements are equivalent:

1. (L, p) is binary soft locally closed.

2. (L,p) = (0,p) N (L, p) for some (O, p) € 1

3. (L, p) \ (L, p) is binary soft closed.

i
4. (Lyp)U ((L,p ) is binary soft open.

,p) N (C, p) for some (O, p), (C, p)" €
Since (L, p) C (O, p) and (L, p) C (L, p), we have (L, p) C

0.0 N1,
Again, (L, p) € (C, p) = (C, p). Therefore, (O, p) N (L, p) € (0, p) N (C, p) = (L, p)
Hence, (L, p) = (O, p) N (L, p)
@)= _
(L, p) is binary soft closed. Therefore, (O, p) N (L, p) = (L, p) is binary soft locally closed.
@)= )
Lo\ (Lop) = T2\ [(0,0) N (Lp)| = [T\ (0.9)| UB =L p) N (O, p)'.
Therefore, (L, p) \ (L, p) is binary soft closed.
®=@
Let (O, p) = {m\ (L, p)} Therefore, (O, p) € n
Now,

0.0 Top) = [T\ )] T = [T (L)) 0 Eop) = [T U L) 0 o) =

00 [T AN (L) = (L.p).

!

C,p) = |(L,p)\ (L,p)}/ = |(L,p)N (L,p)'}/ = (L,p)U (m) is binary soft open.

Then, (O, p)’ = [(L, p) U (L, p))/}/ = (L,p)N(L,p)’ = (L, p) \ (L, p) is binary soft closed.

Remark 2.7. The family BSLC(Uy, Us) is closed under finite intersection.
Remark 2.8. Union of two binary soft locally closed sets need not be binary soft locally closed.

In Example 2.2,

{(01,({a1},{b1})), (02, ({ar}, {b1}))}, { (01, ({a1}, {b2})), (02, ({a1}, {b2}))} € BSLC(U1,Uz). But
{(917 ({al}v {bth}))v (927 ({a1}7 {blvbQ}))} ¢ BSLC(UD UQ)'

Theorem 2.9. If (A,p), (B,p) € BSLC(Uy,Us) are binary soft separated, then, (A,p) U (B,p) €
BSLC(U,,Us).

[V =)
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Proof. Since, (A4, p), (B, p) € BSLC(Uy,Us), there exist (U, p), (V, p) € n such that

(A,p) = (U,p) N (A, p)and (B, p) = (V,p) N (B, p).
Therefore, (A, p) U (B, p) = [(U, p) U (V,p)] N [(A, p) U (B, p)] € BSLC(U1, Ua). u

Theorem 2.10. In a binary soft topological space (Uy,Us,n, p), let (A, p) € BSLC(Uy,Us). If (B, p) C (A, p)
and (B, p) € BSLC(A,na,p), then, (B, p) € BSLC(Uy,Us).

Proof. Since (B,p) € BSLC(A,na,p), (B, p) = (10, p) N (AC, p) for some (10O, p), (AC, p)’ € na, where
(0,p)N(C,p) €

Therefore, (B, p) = [(A,p) 1 (0, 9)] N [(4,9) 1 (€. )] = (A,9) N [(0.5) 1 (C. )]

By Remark 2.7, (B, p) € BSLC(Uy, Us). [ |

Theorem 2.11. If (A,p) C (B, p) in (U1,Us,n,p) and (B, p) € BSLC (U1, Us), then there exist (U, p) €
BSLC(Uy,Us) such that (A, p) C (U, p) C (B, p).

Proof. (B, p) = (0, p) N (B, p) for some (O, p) € 7. Since (A4, p) C (B, p) C (O, p) and (4, p) C (A p), we
get (4, p) C (0,p) N (A, p) = (U, p), say. Thus, (U, p) € BSLC(Uy,Us) and (A, p) C (U,p) C (B,p). N

Definition 2.12. A binary soft topological space (Uy,Us,n, p) is binary soft submaximal if and only if every
binary soft subset over Uy, Us is binary soft locally closed.

Definition 2.13. A binary soft subset (A, p) of a binary soft topological space (Uy,Us,n, p) is said to be

1. binary soft semi-open if (A, p) C ((A, p)®).

2. binary soft pre-open if (A, p) C ((A, p))@ [6].

3. binary soft a-open if (A, p) C (W) ©~

—— 0
4. binary soft 5-open or binary soft semi-pre-open if (A, p) C ((A, p)) .

The respective complements of above binary soft sets are known as binary soft semi-closed, binary soft pre-closed
[6], binary soft a-closed and binary soft 3-closed or binary soft semi-pre-closed sets.

Definition 2.14. A binary soft function f : (Uy,Us,1,p) — (V1,Va,n,w) is said to be a binary soft semi-
continuous (binary soft pre-continuous, binary soft a-continuous, binary soft 5-continuous respectively) if the
binary soft inverse image of any binary soft open set in (V1,Va,n,w) is binary soft semi-open (binary soft pre-
open, binary soft a-open, binary soft 3-open respectively).

Theorem 2.15. For a binary soft subset (A, p) of (U1, Ua, 7, p), the following statements are equivalent:
1. (A7p) € BSO(Ul, UQ)
2. (A,p) € BSLC (U1, Us) and binary soft a-open.
3. (A,p) € BSLC (U1, Us) and binary soft pre-open.

Proof. (1) = (2) and (2) = (3) are obvious.

3)=(1) .

(4,0) € ((A,0)) and (4, p) = (U, p) " (A, p) for some (U, p) € BSO(Uy, Uz).

© —\ © —\ ©
Now, (4,) € (U,p) 1 ((4,0)) = (U.0)° 0 ((A9)) = (U.0) N TAp) = (4,p)°.
Therefore, (4, p) € BSO(U, Us). |
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3. Binary Soft Locally Closed Continuous Maps

Definition 3.1. A binary soft function [ : (U,Us, T, p) = (V1, Va,n,w) is said to be a binary soft locally closed
continuous (briefly, BSLC-continuous) map if f ~1(V,w) € BSLC(Uy,Us) for every (V,w) € BSO(Vi, Va).

Definition 3.2. A binary soft function [ : (Uy,Us, 7, p) — (V1, Vo, n,w) is said to be a binary soft locally closed
irresolute (briefly, BSLC-irresolute) map if f~1(V,w) € BSLC(Uy,Us) for every (V,w) € BSLC(V, Va).

Theorem 3.3. Every binary soft continuous function is BSLC-irresolute, but not conversely.

Proof. Let f : (U1, Us, T, p) = (V1, Va,n,w) be binary soft continuous. Then, for any (V,w) € BSO(V1, V) C
BSLC(Vy,Va), f~1(V,w) € BSO(Uy,Us) C BSLC(Uy, Us). Thus, f is BSLC-irresolute.

Example 34. Let Uy = {a1, a2}, Uz = {b1,b2}, p = {1,2} and Vi = {1, 22}, Vo = {y1, 92}, w = {4,ii}
with 7 = {0, 5, {(1, {ar }, {01 1)), (2, ({ar, a2}, {ba})}} and 1 = {0,&, {(G, ({1}, {92 1)), (i, (0, {sn D)}
Define f : (Uy,Us,1,p) = (V1,Vo,n,w) asuy : Uy — Vi, ug : Uy = Vo and p : p — w so that

ui(ar) = x2, ui(az) = @1, u2(br) = y1, u2(b2) = yo, p(1) =i, p(2) = ii.

Then, BSLC(Ula UQ) ::{,?} ;va {(17 ({al}’ {bl}))v (2’ ({ala a2}7 {62}))}5 {(la ({a2}’ {b2}))7 (2’ ((Dv {bl}))}}
and BSLC(Vlv ‘/2) - {wa ‘:)7 {(7'7 ({xl}v {yQ}))v (iia (Q]a {yl}))}> {(Za ({12}, {yl}))v (iiv ({xlv 1‘2}, {QQ}))}}

Now, f is BSLC-irresolute but not binary soft continuous.

Theorem 3.5. Every BSLC-irresolute map is BSLC-continuous, but not conversely.

Proof. Let f : (Uy,Us,7,p) — (V1,V2,n,w) be BSLC-irresolute. Then, for any (V,w) € BSO(V,Vs) C
BSLC(Vy,Vs), f~1(V,w) € BSLC(Uy,Usy). Thus, f is BSLC-continuous.

Example 3.6. Let Uy = {a1,a2}, Uy = {b1,b2}, p = {1,2} and Vi = {x1, 22}, Vo = {y1,¥2,¥3}, w = {1, 1i}

with -

7={0,p,{(1,{ar}, {t:1})), (2, {ar }, {b2}))}. {
{(i7 (N{alv a2}7 {bl}))7 (27 ({alﬂ ag}, {bl}))}7 {

n={0,w,{( ({z1},0)), (it, {z1},0))}}.

Define f : (Uy,Us,1,p) = (V1,Vo,n,w) asuy : Uy — Vi, ug : Uy — Vo and p : p — w so that

ui(a1) = x1, ui(ag) = w2, uz(br) = y1, ua(bz) = y2, p(1) =1, p(2) = ii.

Now, f is BSLC-continuous but not BSLC-irresolute.

Because, {(i,({2},{y1,92})), (id, ({22}, {y1,92}))} € BSLC(Vi,Va) bur f=' ({4, ({z2}, {y1,92})),

(ii7 ({IQ}’ {yla y2}))}) = {(15 ({a2}7 {bh b2}))7 (2’ ({a2}7 {bh 62}))} ¢ BSLC(Ulv U2)

(1, ({az}, {61})), (2, ({az}, {01}))},
(17 ((2)7 {bl}))7 ( ’ (@7 {bl}))}} and

Theorem 3.7. A binary soft topological space (Uy, Us, 7, p) is binary soft submaximal if and only if every binary
soft function f : (Uy,Us,7,p) — (V1,Va,n,w) is BSLC-continuous, where (V1,Va,n,w) is any binary soft
topological space.

Proof. Consider any (V,w) € BSO(Vy,Vs). Then, for any f : (U1, Uz, 7,p) — (V1,Va,n,w), f~H(V,w) €
BSLC(Uy,Us) as (Uy, Us, 7, p) is binary soft submaximal. Therefore, f is BSLC-continuous.

Conversely, take any binary soft subset (A, p) over Uy, Us. Then, there exist some (V,w) € BSO(Vy, V,) and
BSLC-continuous function f so that f~1(V,w) = (4, p) € BSLC(Uy,Us). Hence, (Uy, Us, T, p) is binary soft
submaximal. n
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Theorem 3.8. Let f : (U, Us,7,p) = (V1,Vo,n,w) and g : (V1,Va,n,w) — (W1, Wa, i, 0) be two binary
soft functions. Then,

1. go fis BSLC-irresolute if both f and g are BSLC-irresolute.
2. go fis BSLC-continuous if f is BSLC-irresolute and g is BSLC-continuous.

Proof. (1)  Let f and g are BSLC-irresolute and (W, 0) € BSLC(Wy,Ws). Since g is BSLC-irresolute,
g Y(W,o) € BSLC(Vy,Va). Further, since f is BSLC-irresolute, f~1(g=1(W,0)) = (g o f)~ (W,0) €
BSLC(Uy,Us). Hence, g o f is BSLC-irresolute.

(2) Let f be BSLC-irresolute, g is BSLC-continuous and (W,o) € BSO(Wy,W5). Since g is
BSLC-continuous, g~ (W, o) € BSLC(V4, Vs). Further, since f is BSLC-irresolute, f~(g~ (W, o)) = (g o
f)~Y(W,o) € BSLC(Uy,Us). Hence, g o f is BSLC-continuous. ]

Proposition 3.9. Let [ : (Uy,Us,7,p) — (V1,Va,n,w) be a binary soft function. Then f is binary soft
continuous if and only if

1. f is both BSLC-continuous and binary soft a-continuous.
2. f is both BSLC-continuous and binary soft pre-continuous.

Definition 3.10. If (A, p) € BSLC(U1,Us) in (U1, Uz, T, p) then (A, p)' is called a binary soft contra locally
closed set.

The family of all binary soft contra locally closed sets is denoted by BSLC'(Uy, Us).

Remark 3.11. If (B,p) € BSLC'(Uy,Us), then there exist some (G, p), (H,p)' € BSO(Uy,Us) so that
(B,p) = (G,p) U (H,p).

Example 3.12. In Example 2.2,

BSLC,(Ulv UQ) = {wa ﬁa {(Qla ({al}a {bl}))v (927 ({al}a {bl}))}v {(Qla ({U‘?}v {bl}))’ (QQa ({aQ}v {bl}))}a
{(91’ ({ah a2}7 {bl}))a (QQv ({ah a2}7 {bl}))}v {(917 ((Z)’ {bl}))7 (927 (®7 {bl}))}v

{(01, ({a2},{02})), (2, {az}, {b2}))}. { (01, {a1}, {b2})), (02, (a1}, {b2}))},

{(01, (0,{b2})), (02, (0, {b2})) H (01, ({a1, a2}, {b2})), (02, ({a1, a2}, {b2}))},

{(Qla ({al}v {b17b2}))a (92’ ({a1}7 {bla bQ}))}’ {(917 ({G‘Q}’ {blv b2}))7 <927 ({aQ}’ {b17 bQ}))}a

{(o1, (0, {b1,b2})), (02, (0, {b1,02})) }}-

Remark 3.13. Every binary soft open and binary soft closed sets are binary soft contra locally closed sets.

Theorem 3.14. A binary soft set (A,p) € BSLC'(Uy,Us) if and only if (A, p) = (A, p)® U (C, p) for some
binary soft closed set (C, p).

Proof. We have, (A, p) = (O, p) U (C, p) for some (O, p), (C, p) € BSO(Uy,Us). Since, (C, p) C (A4, p) and
(4,p)® € (4, p), we get (4,p)° U (C,p) C (4,p).

Also, (0, p) C (A4, p)? as (0,p) C (A, p). Now, (0,p) U(C,p) = (A, p) C (4,p)® U(C, p).

Hence, (A, p) = (A4, p)® U (C, p). [ |

Theorem 3.15. If a binary soft contra locally closed set is binary soft pre-closed, then it is binary soft closed.

Proof. We have, (4, p) = (A, p)® U (C, p) for some binary soft closed set (C, p) as well as (A, p)© C (A, p).
©

Now, (C,p) U (A, p)® C (A,p), since (C, p) is binary soft closed. Therefore, (C,p) U (A,p)® = (A,p) C

(A, p). Hence, (A, p) is binary soft closed. [ |
S
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Remark 3.16. The family BSLC'(Uy, Us) is closed under union.

Remark 3.17. Intersection of two binary soft contra locally closed sets need not be binary soft contra locally
closed.

In Example 2.2,

{(01,({a1},{b1})), (02, ({ar}, {b1}))}. { (01, ({a1},{b2})), (02, ({an }, {b2}))} € BSLC'(U1,Uz). But
{(917 ({a1}>@>)’ (927 ({al}a@»} ¢ BSLC/(UD UQ)'

Definition 3.18. A binary soft function f : (Uy,Us,7,p) — (V1,Va,n,w) is called a binary soft contra
locally closed continuous (briefly, BScoLC-continuous) function if for any (V,w) € BSO(Vy, Vo), f~1(V,w) €
BSLC'(Uy, Us).

Definition 3.19. A binary soft function f : (Uy,Ua,7,p) — (V1,Va,n,w) is called a binary soft contra
locally closed irresolute (briefly, BScoLC-irresolute) function if for any (V,w) € BSLC(Vy,Vs), f~1(V,w) €
BSLC'(Uy, Us).

Theorem 3.20. Every binary soft continuous function is BScoLC-irresolute.
Theorem 3.21. Every BScoLC-irresolute function is BScoLC-continuous.
Remark 3.22. The binary soft functions BSLC-continuous and BScoLC-continuous are independent.

Example 3.23. In Example 3.6, f is BSLC-continuous but not BScoLC-continuous.
Further, consider Uy = {a1, a2}, Us = {b1,b2}, p = {1,2} and
Vi= il’l’fUQ}, Vo =A{y1,y2}, w = {4, 43} with
T = {Q’ 57 {(1’ ({al}a {bl}))v (Qa ({al}v {bl}))}a {(17 ({G‘?}v {bl}))v (23 ({112}, {bl}»}a
{(17 ({glL@}’ {bl}))a (27 ({ala aQ}’ {bl}))}v {(17 (Q)’ {bl}))7 ( ) (®> {bl}))}}
a"dn = {@,LNU, {(Zv ({931}, {y17 yQ}))v (“a ({x1}7 {ylv yQ}))}}
Define f : (Uy,Us,7,p) = (Vi,Va,n,w)asuy : Uy = Vi, ug : Uy = Vaand p : p — w so that
ui(a1) = x1, ui(az) = w2, uz2(b1) = y1, ua(bz) = y1, p(1) =1, p(2) = ii.
Now, f is BScoLC-continuous but not BSLC-continuous.

Remark 3.24. The binary soft functions BSLC-irresolute and BScoLC-irresolute are independent.

Example 3.25. LetU; = {al, CLQ}, Uy = {bl, bg}, p = {1, 2},‘

Vi ={x1, 22}, Vo = {y1,y2}, w = {4, @i} and

Wi :~{Cl, CQ}, Wy = {dl, dg}, o= {’L,Z’L} with

T = {@75» {(17 ({al}ﬂ {bl}))7 (23 ({a1}7 {bl}))}ﬂ {(17 ({G'?}v {bl}))7 (2, ({a2}7 {bl}))}ﬂ
{(i,(N{auaz},{bl})),(2,({al,az},{bl}))}7{(17(®, {011)), (2,0, {01 1))} )5

n= {Qv ‘E’ {(Za ({.21}, (b))a (iia ({xl}v (Z)))}} and

n= {mv g, {(Zv ({Cl}v {dh dQ}))7 (iiv ({Cl}v {dla d2}))}}

Define f : (Uy,Us,7,p) = V1, Vo,n,w)asuy : Uy = Vi, ug : Usg = Voandp : p > w

so that uy(a1) = xa, u1(az) = x1, uz(br) = y1, ua(b2) = y2, p(1) = @i, p(2) = i.

Then, f is BSLC-irresolute but not BScoLC-irresolute.

Define g : (Uy,Us,7,p) = (W1, Wa,p,0) asuy : Uy = Wi, ug : Uy = Woandp:p — o

so that uy (a1) = c1, ui(ag) = ¢o, ua(b1) = da, uz(ba) = dy, p(1) =1, p(2) = ii.

Then, f is BScoLC-irresolute but not BSLC-irresolute.
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Abstract. In this paper, we presents some partial differential operators defined on suitably chosen function spaces such as
H™(Q), L*(Q), with p € [1,+00). Laplace operator on a domain §2 in R” subject to the Dirichlet boundary condition
was established by generating a Cp-semigroup, which is generated by an infinitesimal generator w-order reversing partial
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1. Introduction and Background

Considering heat equation in a domain € in R3

vs=Av  (5,7) € Qu
v=0 (s,2) € X (1.1)
v(0,2) =vo(x) x€Q,

where A is the Laplace operator, Qo = Ry x Q and ¥, = R4 x I'. We rewrite this partial differential equation
as an ordinary differential equation of the form
v = Av
(1.2)

v(0) = vy
in an infinite-dimensional Banach space X which is chosen suitably, so that the unbounded linear operator
A:D(A) C X — X generate a Cyp-Semigroup of contractions.
*Corresponding author. Email address: olaakinyele04@gmail.com (Akinola Yussuff Akinyele)
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Let X be a Banach space, X,, C X be a finite set, H is a Hibert space, (T'(s))s>0 is a Cop-semigroup, w —
ORCP, is the w-order reversing partial contraction mapping, M,, be matrix, P, is a partial transformation
semigroup,L(X) is a bounded linear operator on X, p(A) is a resolvent set, o(A) is the spectrum and A €
w — ORC P, is a generator of Cp-semigroup.

Akinyele ef al. [1], introduced some results on perturbation of infinitesimal generator in semigroup and also in
[2], Akinyele et al. obtained infinitesimal generator of Mean Ergodic theorem in semigroup of linear operator.
Amann [3], established and solved some linear quasilinear parabolic problems and also in [4], Amann introduced
measures to a linear parabolic problems. Arendt [5], introduced some Laplace transform in vector-valued and
Cauchy problems. Balakrishnan [6], obtained an operator in infinitesimal generator of semigroup. Banach [7],
established and introduced the concept of Banach spaces. Barbu [8], deduced some boundary problems for partial
differential equation. Carja and Vrabie [9], obtained some results on new viability for semilinear differential
insertion. Rauf and Akinyele [10], obtained w-order-preserving partial contraction mapping and established the
properties, also in [11], Rauf ef al. established some stability and spectra properties on semigroup of linear
operator. Vrabie [12], deduced some results of Cp-semigroup and its applications. Yosida [13], established made
a representation and differentiability of one-parameter semigroup.

2. Preliminaries

Definition 2.1 (w-ORC P,)) [10]

A transformation « € P, is called w-order-reversing partial contraction mapping if
Vr,y €EDoma : x <y = ax > ay and at least one of its transformation must satisfy ay = y such that
T(s+t) =T(s)T(t) whenever t,s > 0 and otherwise for 7'(0) = I.

Definition 2.2 (Cy-semigroup) [12]

A Cp-Semigroup is a strongly continuous one parameter semigroup of bounded linear operator on Banach space.

Definition 2.3 (Cj-semigroup of contraction)[12]

A Cy-semigroup {T'(s); s > 0} is called of type (¢,w) with { > 1 and w € R, if for each ¢ > 0, we have
I7(5)ll ) < Gt

A Cy-semigroup {T'(s); s > 0} is called a Cy-semigroup of contraction or non expansive operator, if it is of type

1 < a < 0forall « € R, and for each s > 0, we have
IT()lLexy < 1.

Definition 2.4 (Differential operator) [8]

A differential operator is an operator defined as a function of the differentiation operator.

Example 1
Consider the 3 x 3 matrix [M,,, (C)], and for each 5 > 0 such that 5 € p(A), where p(A) is a resolvent set on X.
Suppose
321
A=1221
322

and assume T'(t) = e*4#, then
BB 2B tf
etAa — | 2B o2tB B
3t o208 208

Example 2
In the H~1() setting, assume 2 be a nonempty and open subset in R™, let X = H~1(Q), and suppose we
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define A: D(A) C X — X by
{D(A) - () o

Av = Av,

for each v € D(A) and A € w — ORCP,,. It follows that H}(12) is equipped with the usual norm on H ()
defined by
1
vl o) = (HUH%Q(Q) + ||V||2L2(Q))2-
Example 3
In the L?(2) setting, suppose {2 be a nonempty and open subset in R™ and assume X = L?(2). Consider the
operator A on X, defined by
D(A) = {z € Hy(Q); Av € L*(Q)}
(2.2)
Av = Av,

foreach z € D(A)and A € w — ORCP,,.

Theorem 2.1

Suppose § is a nonempty, open and bounded subset in R” whose boundary is of class C!, » € N and p,q €
[1,+00). Then,

2P we have that WP () is compactly imbedded in L?(Q);

i. ifrp <nandq < et

n

ii. ifrp =mnand g € [1,400) is compactly imbedded in L(€2); and

iii. if rp > n, then WP (Q) is compactly imbedded in C'(2).

Theorem 2.2
Assume H is a Hibert space and { A, D(A)} a densely defined operator. Then we have,

i. if (I — A)~! € £(H), then A is self-adjoint if and only if A is symmetric; and
ii. if (I £ A)~! € L(H), then A is skew - adjoint if and only if A is skew - symmetric.

Theorem 2.3
Forany 8 > 0 and f € H~1(Q), the equation 3, — Av = f has a unique solution v € Hé(ﬂ)‘
Theorem 2.4
Suppose (2 is a nonempty open and bounded subset in R whose boundary I is of class C*. Then |.|| : H*(Q) —
R. defined by
ol = (190032 0 + lor 32

for each v € H'(), is a norm on H!(Q) and equivalent with the usual one. In particular, the restriction of this
norm to H(Q), ie. ||.|| : H} () — R defined by

[vllo = [IVoll2 @),

for each v € H}(Q), is a norm on H{ (£2) (called the gradient norm) equivalent with the usual one. In respect
with this norm the application D : H}(Q) — H (), defined by

< u, Av >HYQ)H-1(Q)= / VoVudw,
Q

is a canonical isomorphism between H () and its dual H ~!. The restriction of this application to H? coincides
with —A, where A is the Laplace operator in the sense of distributions over A(£2).

Theorem 2.5

The application I — A : H3(2) — H~1(f) is the canonical isomorphism between H}(€2), endowed with the

e

[V =)
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usual norm on H'(Q) and its dual H (), equipped with the usual dual norm. In addition, for each v € H}
and each u € L2(2), we have
<V, U >r2)=< U, U >Hé(Q),H_1(Q) .

Theorem 2.6(Hille-Yoshida)[12]
A linear operator { A, D(A)} is the infinitesimal generator for a Cj-semigroup of contraction if and only if

i. Ais densely defined and closed; and
ii. (0,400) C p(A) and for each 8 > 0, we have

IR(B, Dllrx) < (2.3)

S

Theorem 2.7
Assume {A, D(A)} is the infinitesimal generator of a Cp-semigroup and let |.|| p(a) : D(A) — Ry and |.|p(a) :

D(A) — Ry be defined by ||z||pay = [|=|| 4 ||Az||, and respectively by |z|pa)y = [|X — Az||, for each
x € D(A). Then:
i. ||./[pca) is anorm on D(A), called the graph norm, with respect to which D(A) is a Banach space;

ii. D(A) endowed with the norm |[|.|| p(4) is continuously imbedded in X;

=

iti. A€ L(D(A),X) where D(A) is endowed with ||| p(a);

iv. |.|p(a) is anorm on D(A) equivalent with [|.|[ p(a);
v. I — Ais an isometry from (D(A),|.|p(a)) to (X, ].]]); and
vi. foreachz € D(A), S(.)z € C[0,+oc); D(A) U C([0, +00); X)1.

3. Main Results

This section section presents results of w-ORC'P,, on Laplace operator with respect to the Dirichlet boundary
condition by generating a Cy-semigroup of contractions:

Theorem 3.1

The operator A € w — ORCP,, defined by

1
loll) = (10172 ) + IVl720)) 7

is the generator of a Cp-semigroup of contractions. In addition, A is self-adjoint and ||| p(4) is equivalent with
the norm of the space H ~*(2).
Proof:
By virtue of Theorem 2.5, we know that I — A is the canonical isomorphism between H}(€2), endowed with
usual norm of H'(2), and its dual H~1(£2). Let us denote that ' = (I — A)~! is an isometry joining H ()
and H}(Q). Consequently

<v,u>p-1q)=< Fv, Fu >Hi(Q) 3.D

for each u,v € H1(Q). Let u,v € H}(Q), then we have
<0, Fu > )= / VoV (Fu)dw —|—/ uFvdw
Q Q

:/Qv(—A(Fu))dw—f—/vFudw (3.2)

Q

= / v(I — A)F(u)dw =< v,u >r2(q) -
Q
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From (3.1), taking into account that F'(I — A) = I, we deduce

< —Av,u >g-vg)=<v—Av,u >g-1(q) — <V, U >g-1(q)
=< F(U - A’U),F’U, >H(}(Q) — <0,uU>g-1(Q)

=<, Fv >H-1Q) — <V, U>H-1(Q) -

From (3.2), we have
<Av,u >g-10)=<v,u >g-1(Q) — <V, U >12(Q) - (3.3)

Therefore A is symmetric. But (I — A)~! € L(H~1()), and therefore by Theorem 2.2, it follows that A is
self-adjoint. Taking u = v in (3.3), we obtain

< A’U,’U >H*1(Q): Hvll?LI*l(Q) - ||UH%2(Q) < 0. (34)

Theorem 2.3 shows that, for 3 > 0, we have (31 — A)~! € L(H~1(Q)), while (3.4) implies that, for 3 > 0, we
have
<A — Av, v >p-1)> )\||1)H%,_1(Q).

Hence ||R(3; A)l|cr-1(0)) < % Since H}(€2) is dense in H~1(£2), we are in the hypothesis of Theorem 2.6,
from where it follows that A generates a C-semigroup of contractions on H ~1(). Finally by (iv) in Theorem
2.7 and (3.4), it follows that ||.|| p(4) is equivalent with the norm of the space H** and this complete the proof.
Theorem 3.2

The linear operator A € w — ORC' P, defined by

3.5)

D(A) = {v € H}(Q); Av € L*(Q)}
Av = Aw,

for each v € D(A) is the infinitesimal generator of a Cy-semigroup of contractions. Moreover, A is self-
adjoint and (D(A), ||.| p(4)) is continuously included in H{ (£2). Suppose €2 is bounded with C'! boundary, then
(D(A), ||l pa)) is compactly imbedded in L?(£2).

Proof:

Assume C§°(€) is dense in L?(2), and C§°(Q2) C D(A), it follows that A is densely defined. Let A > 0 and
f € L*(Q). Since L?(12) is continuously imbedded in H~1(2), and —A : H}(Q) — H~(Q) is the duality
mapping with respect to the gradient norm on H{ (€2), we have

< Av,u >r2@)=< Vo, Vu >r2)=< U, Av >Hé(Q), H(Q) - 3.6)
By Theorem 3.1, we know that for any A > 0 and f € L?(2) (notice that L?(2) C H~1(2)), the equation
A—Av=f 3.7

has a unique solution vy € Hg(Q) C L?(Q2). So, Avy = \vy — f isin L*(Q), which shows that vy € D(A) and
vy — Avy = f. Taking the L? inner product on both sides of (3.7) above by v, and taking into account that by
(3.6), we have < Av,v >2(q)< 0 foreach v € D(A), then we deduce that

MoalZz@) < < froa >r2@) < Ifll2@lloall2 @),

which shows that [|R(X; A)|1(x) < +. Finally from (3.6) and Theorem 2.2, it follows that A is self-adjoint.
Considering both inclusions, then D(A) C Hi C L?(f2) are continuous, and the latter is compact whenever {2
is bounded by Theorem 2.1. Hence the proof is achieved.
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Theorem 3.3

Let A € w — ORCP, be the Laplace operator with the Dirichlet boundary condition in H~1(2), let A > 0 and
1 < p < +o0. Then:

(1.) There exists a unique Ry € L(LP(Q)) so that Ryu = R(X\; A)u for all w € H~1(Q) N LP(Q) and R
satisfies:

i |Raull o) < Sllullpe):s
ii. foreach f € LP(Q), AR \f € LP(Q) and AR\ f — AR, f = f; and
iii. foreach A > 0and px > 0, RA(L*(Q2)) = R, (LP()).
(2) Let Ry € L(LP(Q)) for each u € R(LP()), we have Au € LP(f2), and the operator A : D(A) C
LP(Q2) — LP(Q), defined by

D(A4) = R1(L7())
Au=Au foru € D(A),

is the generator of a Cy-semigroup of contractions.

Proof:

Since H~1(Q) N LP(L) is dense in LP(12), then it follows that R(); A) has a unique extension R € L(LP(Q))
satisfying (i). Next, let (fx)xen be a sequence in D(2) convergent to f in LP (). As Ry fx — AARNfx = fr in
H=1(Q), we have Ry f — AAR,\ f = f in D}(Q), from there we get (ii). Finally, let f € H~1(Q) N L?(Q), and
u=Rxrf € H Q)N LP(Q). For each u > 0, we have

pu—Au=f+ (p—ARrf (3.8)
Let us denote by ¢ the right-hand side of (3.8), i.e.
g="rf+m—=NRxf
and let us observe that Ry f = v = R,,g € H~1(2) N LP(£2) and therefore
RA(H ' (Q)NLP(Q) C RL(H Q) N LP(Q)).

Analogously
Ry (H™H(Q) N LP(Q)) C (Ra(H™H(Q) N LP()),

and so
RAH™H(Q) N LP(Q)) = (R (HH(Q) N LP(Q)).

Since H~1(2) N LP(£2) is dense in LP(£2), and R, R, are linear and continuous operators in LP((2), then we
deduce (iii). And this complete the proof of (1). To prove (2), for each v € R1(LP(2)) and A € w — ORCP,,
we have Au € LP(Q), follows from (ii) in (1) above. So letu € D(A), A > 0, A € w— ORCP,, and denote that
f = Au— Aw. From (iii) in (1), there exists g € LP()) such that u = R g. We then conclude that g = Au— Au
and so f = g. Then A € p(A) and R(\; A) = (A — A)~! = R,. This relation in (i) from (1) above show that
|R(X; A)||1r) < +llullrr(). Thus A satisfies (i) in Theorem 2.6. To complete the proof, we have to merely
to show that D(A) is dense in L”(2). To this aim, let w € D(f2) and f = u — Au € D(Q). Obviously u = Ry f
and therefore D(2) C D(A). Hence D(A)is dense in L (€2) which complete the proof.

Theorem 3.4

Let ) be a nonempty and open subset in R™ with C! boundary T, let X = [H~1(Q)]* then:

(i.) operator A : D(A) C X — X, defined by

{ D(A) = H'(Q)

< Au,v >H1(Q),[HH Q)] =< Vu, Vv >r12(Q)
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for each u,v € H*(2) and A € w — ORCP, is the generator of a Cy-semigroup of contraction on X; and
(ii.) the operator { B, D(B)}, defined by

D(B) = {u € H*(Q);u, =0onT
Bu=A, forue D(B)

is the generator of a Cy-semigroup of contraction on X.

Proof:

Since H'(2) is densely imbedded in [H!(Q)]*, in view of Theorem 2.6, we have merely to show that for each
A > 0, the operator A\ — A : D(A) C X — X, where A is defined as above is one to one onto and

_ 1
[(A — A) 1HL(X) <

3 (3.9)

But this simply follows from the obvious identity
< Au— Au,u > o) @)= AllullZzq) + VUl Zzq)
and this achieves the proof of (i). To prove (ii), let u € D(B). Then, for each v € H'(2), we have
< Au,v > ) () =< VU, VU > 2)=< Au, v >12(q)
and thus, Au = Bu for each v € D(B) and A, B € w — ORCP,. In addition
< Bu,v >12(0)= — < Vu, Vv >12(q)

for each u,v € D(B) and B € w — ORCP,. Thus B is symmetric and for each A > 0, Al — B is bijective from
D(B) to L?(2) and
_ 1

(A — B) 1||L(X) < 3
If D(B) is dense in X = L?((2), then we are in the hypothesis of the Theorem 2.6 and this complete the proof.

4. Conclusion

This paper have established that w — O RC'P,, generates a Cy-semigroup of contractions which was obtained by
a Laplace operator with Dirichlet boundary condition.
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1. Introduction
A generalized Pell sequence {V}, }n,>0 = {Vi(Vo, V1) }n>0 is defined by the second-order recurrence relations
V=2V 1+ Vo Vo=a, Vi =b, (n>2) (L.1)

with the initial values Vp, V1 not all being zero. The sequence {V},},>¢ can be extended to negative subscripts
by defining
Vop = _ZV—(n—l) + V—(n—2)

forn = 1,2, 3, .... Therefore, recurrence (1.1) holds for all integer n.
The first few generalized Pell numbers with positive subscript and negative subscript are given in the following
Table 1.
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Table 1. A few generalized Pell numbers

n Va V.o,

0 Vo

1 i =2V + W1
2 Vo + 21 5V — 2V;
3 2Vp+5W; —12Vy + 5V
4 5V +12W; 29V, — 12V

5 12V +29V;  =70Vh + 29V;

If we set Vo = 0,V; = 1 then {V,,} is the well-known Pell sequence and if we set Vy = 2,V = 2 then
{V.,} is the well-known Pell-Lucas sequence. In other words, Pell sequence {Pn}nzo and Pell-Lucas sequence
{Q@n}n>0 are defined by the second-order recurrence relations

P,=2P, 1+ P, 2 P=0P=1 (1.2)
and
Qn = Qanl + Qn727 QO = 27 Ql =2 (13)
The sequences {P,, },>0 and {@, } >0 can be extended to negative subscripts by defining
P_p==2P ( 1)+ P_(n_g
and
Q—n = 72@—(n—1) + Q—(TL—Q)
forn = 1,2, 3, ... respectively. Therefore, recurrences (1.2) and (1.3) hold for all integer n.
Pell sequence has been studied by many authors and more detail can be found in the extensive literature
dedicated to these sequences, see for example, [3, 8, 9, 11, 13, 16, 19, 20, 29]. For higher order Pell sequences,

see [17, 18, 24, 25].
We can list some important properties of generalized Pell numbers that are needed.

e Binet formula of generalized Pell sequence can be calculated using its characteristic equation which is
given as
t?—2t—1=0.

The roots of characteristic equation are
a=14+V2, g=1-V2
and the roots satisfy the following
a+8=2a8=-1,a—8=2V2
Using these roots and the recurrence relation, Binet formula can be given as

Aa™ — BBA™
y, — Ao = BB" (1.4)
a—p
where A=V, — V8 and B =V; — Vja.

e Binet formula of Pell and Pell-Lucas sequences are

Pn = o - ﬂn
a—pf
and
Qn=a" + 3"
respectively.
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e The generating function for generalized Pell numbers is

. Wo + (W1 — ZWO)t

g(t) T 5 2 (1.5)
e The Cassini identity for generalized Pell numbers is
Vi Vo1 — V2= 2WVi — V2 = V). (1.6)
.
Aa"™ = aV, + V1, 1.7
BB™ = BV, + V1. (1.8)
The hypercomplex numbers systems [15], are extensions of real numbers. Complex numbers,
C={z=a+ib:a,beR,i’>=—1},
hyperbolic (double, split-complex) numbers [23],
H={h=a+jb:a,beR,j>=1,5#+1},
and dual numbers [10],
D={d=a+eb:a,becR,e?=0,e+#0}.
are some commutative examples of hypercomplex number systems. Quaternions [12],
Hg = {¢ = ao +ia1 + jas + kas},
where ag,a1,az,a3 € R,i2 = j2 = k* = ijk = —1, octonions [2] and sedenions [26] are some non-

commutative examples of hypercomplex number systems.

The algebras C (complex numbers), Hg (quaternions), @ (octonions) and S (sedenions) are real algebras
obtained from the real numbers R by a doubling procedure called the Cayley-Dickson Process. This doubling
process can be extended beyond the sedenions, (see for example [4, 14, 21]).

e Quaternions were invented by Irish mathematician W. R. Hamilton (1805-1865) [12] as an extension to the
complex numbers.

e Hyperbolic numbers with complex coefficients are introduced by J. Cockle in 1848 [7].
e H. H. Cheng and S. Thompson [5] introduced dual numbers with complex coefficients.
e Akar, Yiice and Sahin [1] introduced dual hyperbolic numbers.
A dual hyperbolic number is a hyper-complex number and is defined by

q = (ao+ja1) +e(az + jas) = ao + ja1 + €az + cjas

where ag, a1, as and ag are real numbers.
The set of all dual hyperbolic numbers are denoted by

Hp = {ao + jai1 + caz + €jas}
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where ag,a1,az2,a3 € R, j2 = 1,5 # 41,62 = 0, # 0. The base elements {1, j,,c;5} of dual hyperbolic
numbers satisfy the following properties (commutative multiplications):

:j.jzl

le=¢lj=j, e =ce=(je)* =0, j°
=(ej)i=¢

5'j = j-5, 5'(5j) = (€j).€ = Oa ](5])

where ¢ denotes the pure dual unit (€2 = 0,¢ # 0), j denotes the hyperbolic unit (j2 = 1), and €5 denotes the
dual hyperbolic unit ((je)? = 0).
The product of two dual hyperbolic numbers ¢ = ag + jai + €as + jeas and p = by + jb1 + €ba + jebs is
qp = agbo + a1by + j(aob1 + a1bo) + £(aobz + azby + a1bz + azby) + je(aobs + a1bz + azby + boas)
and addition of dual hyperbolic numbers is defined as componentwise.
For more information on the dual hyperbolic numbers, see [1].
In this paper, we define the dual hyperbolic generalized Pell numbers in the next section and give some
properties of them.

2. Dual Hyperbolic Generalized Pell Numbers, Generating Functions and Binet’s
Formulas

In this section, we define dual hyperbolic generalized Pell numbers and present generating functions and Binet
formulas for them.

In [6], the authors defined dual hyperbolic Pell and Pell-Lucas numbers and in [28], the author introduced
dual hyperbolic generalized Fibonacci numbers.We now define dual hyperbolic generalized Pell numbers over
Hp. The nth dual hyperbolic generalized Pell number is

Vi = Vi + Vi1 + eViro + jeViys. 2.1)

As special cases, the nth dual hyperbolic Pell numbers and the nth dual hyperbolic Pell-Lucas numbers are given
as

~

Pn :Pn +jpn+1 +€Pn+2 +j5Pn+3

and

~

Qn = Qn +an+1 + 56271—',-2 +j5Qn+3

respectively. It can be easily shown that
V=2V 1+ Vyo. 2.2)

The sequence {?n}nzo can be extended to negative subscripts by defining
Von = _2V—(n—l) + V—(n—2)

forn = 1,2, 3, ... respectively. Therefore, recurrence (2.2) holds for all integer n.
The first few dual hyperbolic generalized Pell numbers with positive subscript and negative subscript are
given in the following Table 2.

Table 2. A few dual hyperbolic generalized Pell numbers

n Va V_n,

Vo
1 Wi —2Vo + Vi
2 Vo+2W 5V, — 2V,
3 2V +5V —12V, + 50
4 5V +12Vh 29V, — 121}
5 12V 429V —70V + 29V,
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Note that

Vo = Vo + Vi + eV + jeVs
= Vo + Vi +e(Vo +2Vi) + je(2Vp + 511),
Vi =Vi+jVa+eVs+jeVs
= Vi +7(Vo+2V1) +e(2Vo + 5V1) + je(5Vp + 12V4).

For dual hyperbolic Pell numbers (taking V,, = P,,, Py = 0, P, = 1) we get

Py = j + 2 + 5je,
P =1+ 2j + 5e + 12je,

and for dual hyperbolic Pell-Lucas numbers (taking V,, = Q,,, Qo = 2, @1 = 2) we get

Qo = 2+ 2j + 6 + 14je,
Q1 = 2+ 6j + 14 + 34je.

A few dual hyperbolic Pell numbers and dual hyperbolic Pell-Lucas numbers with positive subscript and negative
subscript are given in the following Table 3 and Table 4.

Table 3. Dual hyperbolic Pell numbers

n P, P_,

0 j+2e+5j¢e

1 1425 4 5e + 12j¢ 14+ 2j¢

2 2455 4+ 12¢ 4+ 29j¢ —2+j+ ¢

3 5+ 125 4 29¢ 4 70j5¢e 9+e—2j

4 124295 4 70 + 169je  —124 55 — 2¢ + je

5 294705 4+ 169¢ + 4085 29 4 5e — 125 — 2j¢

Table 4. Dual hyperbolic Pell-Lucas numbers

n QTL Q—’!L
0 2+ 2j + 6e + 14j¢
1 2467 + 14e + 34j¢ —2+2j + 2+ 6j¢
2 6 4 145 + 34e + 82j5¢ 6 + 2¢ — 25 + 2j¢
3 14 + 345 4 82e 4 198j¢ —14 465 — 2e + 2j¢
4 344 825 4 198¢ 4 478j¢e 34 + 6 — 145 — 2j¢
5 8241985 + 478 + 11545 —82 + 345 — 14e + 6j¢

Now, we will state Binet’s formula for the dual hyperbolic generalized Pell numbers and in the rest of the
paper, we fix the following notations:

=14 ja+ea?+ jea?,
=1+ jB+ep*+ jep’.
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Note that we have the following identities:

a=1+4+ja+e2a+1)+ je(ba+2),
B=1+jB+e(28+1)+ je(58+2),
0% = 24 20 + 20§ + (12 + 28a)e + (8 + 20a) je,

B = 2428428+ (12 + 288)c + (8 + 208)je,
ap = 2j + 12je,

a%B = 200+ 2j + (4 4 220)e + (14 + 4a) je,

GB =28+ 2+ (4+228)e + (14 + 48)je,

a8 = 4+ 48e.

Theorem 2.1. (Binet’s Formula) For any integer n, the nth dual hyperbolic generalized Pell number is

o Agan— BB

= 2.3)

Proof. Using Binet’s formula
Aa™ — Bg"™
Vop=—-—7-—
of the generalized Pell numbers, we obtain

‘771 - Vn + jVn-i-l + EVv’n—i—2 + ngn-&-S
Aa” — BB" ,Aa”"'l _ Bﬁn-&-l

a-B T a-g

Aan+2 _ Bﬁ”+2 Aan+3 _ Bﬁn+3

+ je
a—p a—p
A(l+ ja+ea? + jead)a”
a—p
_ B(1+jB+ep* +jef) 5"
a—pf ’

This proves (2.3).
As special cases, for any integer n, the Binet’s Formula of nth dual hyperbolic Pell number is

P, = Gar — Bp" (2.4)
a—f
and the Binet’s Formula of nth dual hyperbolic Pell-Lucas number is
Q. = @a” + BB". 2.5)
Next, we present generating function.

Theorem 2.2. The generating function for the dual hyperbolic generalized Pell numbers is

f:A Vot (Vi -2V
o1 -—2z—2a2
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Proof. Let
oo
g(z) = Z V,z"
n=0

be generating function of the dual hyperbolic generalized Pell numbers. Then, using the definition of the dual
hyperbolic generalized Pell numbers, and substracting 2zg(z) and 22g(z) from g(z), we obtain (note the shift in
the index n in the third line)

(1 -2z —2?)g(x) = Z Voo™ — 2 Z Voo™ — a2 Z Voa™
n=0 0

n=0

n=
[e'S) [eS) [e'S)

_ T oon i n+1 7 n+2

= g Vo™ —2 g V,x — E Voo
n=0 n=0 n=0

= Z ‘/}nzn -2 Z ‘/}n—lxn - Z ‘7n—2xn
n=0 n=1 n=2
= (‘70 + Vlw) — 2V
+ Z(‘/}" - 2‘711—1 — ‘771_2)1‘”
n=2
= (Vo + Viz) — 2V
=Vo+ (‘71 — 2‘70):10.
Note that we used the recurrence relation XA/n = 2‘7n_1 +7, _o. Rearranging above equation, we get

7‘70+(‘71,2f/0)x
T 1-—2x—22

g9(z)

As special cases, the generating functions for the dual hyperbolic Pell and dual hyperbolic Pell-Lucas numbers

are
iﬁ o G+2+5je) +(1+e+2je)a
— e 1—2x — 22
and -
Z@ o (2+2j + 6 + 14je) + (—2+ 2j + 2c + 6je)x
oy e 1— 2z — 22
respectively.

3. Obtaining Binet Formula from Generating Function

We will next find Binet formula of dual hyperbolic generalized Pell number {XA/n} by the use of generating
function for V,,.

Theorem 3.1. (Binet formula of dual hyperbolic generalized Pell numbers)

5 dloz” _ dgﬁn
"= asB  @-p G-D

where

dy = %a + (‘71 — 2‘70),
dy = Vo8 + (Vi — 2Vp).
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Proof. Let
h(z) =1 -2z — 22

Then for some « and /3 we write
W) = (1 - ax)(1 — Ba)

ie.,
1-2z—2%=(1-ax)(l - pz) (3.2)

Hence é ve % are the roots of h(x). This gives o and 3 as the roots of

This implies 22 — 22 — 1 = 0. Now, by (2.6) and (3.2), it follows that

o > o 2"
Z an‘" = V]vf) + (‘/1 1 VQ)Z’
2 (1—aa)(1 - Bz)

Then we write R ~ ~
Vo+ (Vi —2Vp)z Ay Ay
I—an)1—Br) (—az)  (1-B2) 3.3)

So
Vo+ (Vi —2V)z = Ay (1 — Bz) + As(1 — ax).

If we consider z = X, we get Vo+ (Vi — 2170)5 = Ai(1 — B1). This gives

Voot (h—2W) _ d
! (a—B) (a—p)

Similarly, we obtain

%—i—(f}l—Q%)% = A2(1—0¢%)
j‘A/OBJF(‘AG*Q‘A/O)2142(5*04)
and so R R R
o VB (Vi—2W) _ d
’ (a—B) (a—B)

Thus (3.3) can be written as

Z Vo™ = Ar(1 —ax) ™t + Ay(1 — )t

n=0
This gives
o0 N o0 o0 o0
Z V" = Ay Z az" + Ay Z Bra™ = Z(Ala" + A 8™)a".
n=0 n=0 n=0 n=0

Therefore, comparing coefficients on both sides of the above equality, we obtain
Vi = A" + Azf"

and then we get (3.1).

e
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Note that from (2.3) and (3.1) we have

(Vi = VoB)a = Voa+ (Vi — 2Vp),
(Vi = Voa)B = Vo B + (V1 — 21p).

Next, using Theorem 3.1, we present the Binet formulas of dual hyperbolic Pell and dual hyperbolic Pell-
Lucas numbers.

Corollary 3.2. Binet formulas of dual hyperbolic Pell and dual hyperbolic Pell-Lucas numbers are
p _ Ga"—Bp"
a—p
and R R
Qn = aa™ + pp"

respectively.

4. Some Identities

We now present a few special identities for the dual hyperbolic generalized Pell sequence {‘7”} The following
theorem presents the Catalan’s identity for the dual hyperbolic generalized Pell numbers.

Theorem 4.1. (Catalan’s identity) For all integers n and m, the following identity holds
> > > —1)" "N (A+B)Vaym—1+(AB+Ba) Vaym —2(—1)™ AB . :
Vit Vi — V2 = EV (AT B Voot £ (AB+ B Vo =2(=1)"AB) (95 19jc).
Proof. Using the Binet Formula

o _ Ada” - BB"

n — Oé—ﬁ
and

Aa" = aV, +V,_1,

Bﬁ'ﬂ :ﬁVn"'_anla
WegAf:t

Vn+m‘7n—m - ‘7112
(Aaamt™ — BBA™™m)(Adan~™ — BBA"~™) — (Ada™ — BBB™)?

R _(a=p)? R

_ —ABapa™tmpr™ — ABBaa™ ™A™ + 2ABafa” "
B R (a —Aﬁ)z R
_ —ABapa™tmprT™ — ABafa ™M™ + 2ABafa” "
- T @-
_ ~7 (am — ﬁm) n—m pn—m

_1\n—m+1 m __ Qm N
_ CrmABen ) o

_ (=)™ "™ ((A+B)Vay,—1+(AB+Ba) Vo, —2(—1)"™ AB) (2] + 12j<€)

8
where o = —1 and a8 = 2j + 12je.
As special cases of the above theorem, we give Catalan’s identity of dual hyperbolic Pell and dual hyperbolic
Pell-Lucas numbers. Firstly, we present Catalan’s identity of dual hyperbolic Pell numbers.
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Corollary 4.2. (Catalan’s identity for the dual hyperbolic Pell numbers) For all integers n. and m, the following
identity holds

B. P p2_ GO (Pona + Pom = (1))
n+min—-m — 4L —
2

Proof. Taking V,, = P, in Theorem 4.1 we get the required result.
Secondly, we give Catalan’s identity of dual hyperbolic Pell-Lucas numbers.

(j + 67¢).

Corollary 4.3. (Catalan’s identity for the dual hyperbolic Pell-Lucas numbers) For all integers n and m, the
following identity holds

QnimQn—m — Q. = (=)™ (Qam — 2(=1)™) (2] + 12j2).

Proof. Taking V,, = @,, in Theorem 4.1, we get the required result.
Note that for m = 1 in Catalan’s identity, we get the Cassini’s identity for the dual hyperbolic generalized
Pell sequence.

Corollary 4.4. (Cassini’s identity) For all integers n, the following identity holds

Vn+1Vn 1 fvz (= 1)"((A+B)V1+(Aﬁ+Ba)V2+2AB) (j + 6j¢).

As special cases of Cassini’s 1dent1ty, we give Cassini’s identity of dual hyperbolic Pell and dual hyperbolic
Pell-Lucas numbers. Firstly, we present Cassini’s identity of dual hyperbolic Pell numbers.

Corollary 4.5. (Cassini’s identity of dual hyperbolic Pell numbers) For all integers n, the following identity holds
Poy1Pooy — P2 =2(=1)"(j + 6je).
Secondly, we give Cassini’s identity of dual hyperbolic Pell-Lucas numbers.

Corollary 4.6. (Cassini’s identity of dual hyperbolic Pell-Lucas numbers) For all integers n, the following
identity holds

Q\n+1©n71 Q2 = ( )n+1(] + 6]6)

The d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities can also be obtained by using the Binet Formula of
the dual hyperbolic generalized Pell sequence:

- Ada™ — BBﬁ"'
a—f

The next theorem presents d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities of the dual hyperbolic generalized
Pell sequence {V,, }.

Theorem 4.7. Let n and m be any integers. Then the following identities are true:
(a) (d’Ocagne’s identity)

Vit Vi = Vi Vst = (Vi Vin—1 — VinVia_1) (25 + 12j¢).
(b) (Gelin-Cesaro’s identity)

AB(fl)nJrl

V7L+2Vn+1vn 1Vn 2 — V4 = (k1 + koj + kse + k4j€)

where
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ki =26(—1)" AB +6(Van—1 (Vo + V1) + Van (Vo + 3V1))

ky = 3(4Van (Vo + 2V1) + Van—1 ((A+ B) + 2(Vo + V1))

ks = 12(26 (—1)" AB + 2Va,(5Vo + 13V1) + Vap—1 (A+ B+ 8(Vo + V1))
ky = 12(V2,,(16Vh + 36V1) + Va1 (3(A + B) + 10(V1 + 1p))).

(¢) (Melham’s identity)
Vi1 VigaViss — Vi3 s = 2(=1)" AB((91V,, +38Vy_1) + (38Vi + 15V, 1) + (1077V;, +-448V,, 1 )e +
(448V;, + 181V,,_1 )je).

Proof.
(a) Using (1.7) and (1.8) we obtain

‘7m+1‘7n - ‘7m‘7n+1
. ABaE(—am"'lﬁ" — qnpmtl 4 gmpantl 4 Oén+1ﬁm)
- (a - B)2
- AB (a™p™ — o™ (") _~
B o R
(Vi 4+ V1) (BVim + Vin—1)

(—p)

S V7;1)(g>vn V) (9 4 12je)
= (ViVi—1 — Vil Vi) (25 + 12je).

(2 + 12j¢)

(b) It requires lengthy and tedious work. So we omit the proof.
(¢) Using (1.7), (1.8) and Binet formula of ‘A/n, we get
Vst Visa Vs — V3,5 = (—1)"*1 AB (_W@a" + %MBBW) aB
and then using
a’B = 2a +2j + (4 + 220)e + (14 + 4a)je,
a8 = 26+2j + (4 +228)c + (14 + 48)je,

we obtain the required result.

As special cases of the above theorem, we give the d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities of
dual hyperbolic Pell and dual hyperbolic Pell-Lucas numbers. Firstly, we present the d’Ocagne’s, Gelin-Cesaro’s
and Melham’ identities of dual hyperbolic Pell numbers.

Corollary 4.8. Let n and m be any integers. Then, for the dual hyperbolic Pell numbers, the following identities

are true:
(a) (d’Ocagne’s identity)

ﬁm+1ﬁn - ﬁmﬁnJrl = (Pan,1 - PmPnfl) (2] + 1235)

e
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(b) (Gelin-Cesaro’s identity)

PpioPyi1 Py 1Py o—P* = (—1)"" (13 (=1)"4+3(3Pan+Pap—1)+6(2Pan+ Pap_1)j+12(13 (=1)"+
13P,,, + 5P2n,1)6 + 24(9P2n + 4P2n71)j€).

(¢) (Melham’s identity)

Poy1PayoPuio— D3y =2(=1)" ((91P, +38P, 1)+ (38P, + 15P,_1)j + (1077P, +448P, 1 )e +
(448P, + 181P,_1)je).

Secondly, we present the d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities of dual hyperbolic Pell-Lucas
numbers.

Corollary 4.9. Let n and m be any integers. Then, for the dual hyperbolic Pell-Lucas numbers, the following
identities are true:

(a) (d’Ocagne’s identity)
Qums1Gn — QuQns1 = (QuQm—1 — QuQn_1) (2j + 12je).

(b) (Gelin-Cesaro’s identity)

@n+2@n+1@n71@n—2 - @?—L = 32(_1)n(26 (_1)n+1 + 3(2Q2n + Q2n71) + 3(3Q2n + Q2n71)j +
12(26 (—1)" ™ + 9Qap + 4Qan_1)e + 12(13Qay + 5Qan_1)je).

(¢) (Melham’s identity)

Oni1Qni20nre — Q3 = 16(—1)" ((91Qn + 38Qn_1) + (38Qn + 15Qn_1)j + (1077Q, +
448Qn—1)6 + (448Q71, + 181Qn—1)j5)'

5. Linear Sums

In this section, we give the summation formulas of the dual hyperbolic generalized Pell numbers with positive
and negatif subscripts. Now, we present the summation formulas of the generalized Pell numbers.

Proposition 5.1. For the generalized Pell numbers, for n > 0 we have the following formulas:
@ Yo Ve =3(Vagrz — Vg1 — Vi + V).

() Yp_oVor = 3(Vany1 — Vi +2V0).

© Yp_oVort1 = 3(Vania — Vo +2V7).

Proof. For the proof, see Soykan [27].
Next, we present the formulas which give the summation of the first n dual hyperbolic generalized Pell
numbers.

Theorem 5.2. Forn > 0, dual hyperbolic generalized Pell numbers have the following formulas:.
@ > oo Vi = %(Vnm — Vo1 = Vi + Vo).
(b) ZZ:O ‘721« = %(‘7271,-5-1 - ‘71 + 2170).

© Sio Vorsr = 3(Vonga — Vo).
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Proof. Note that using Proposition 5.1 (a) we get

Then it follows that

ZVk—

( Vi+ Vo) +j(=V1 —

(Vg2 + 3Vigs + eViga + jeVigs) —

n
1
Z Vi1 = i(vn—&-?) — Vg2 — V1 — Vo),
k=0
- 1
ZVk+2 =5
k=0 2

> Vigs = %
k=0

(Vn+4 - Vn+3 - 3‘/1 - VO)7

(Vags = Vs — 7V = 3Vp).

(Vis1r + 3Vaao + eVias + jeVinia)

Vo) +e(=3V1 = Vo) + je(=TV1 — 3V0))

1, N . .
=—(Vago = Vog1 + (V1 + Vo) +§(=Vao + V1) + e(=V5 + Vo) + je(—Va + V3))

2
1 ~ ~
- §(Vn+2 - Vn+1 -

This proves (a).

‘71 +‘70).

(b) Note that using Proposition 5.1 (b) and (c) we get

Then it follows that

1
5(‘/2n+3 - W),

Z Varyo =
k=0
ZVzk+3 = %
k=0

(Vanga —2V1 = V).

~

2k

NE

>
Il

0
‘/2n+1 + ]V2n+2 + Z':VinJrB + ]5‘/2n+4)
Vi +2Vp) + (Vo) + e(=V1) + je(—2Vi — V)))

(
(—
(Vant1 + Vonto + eVongs + jeVopga)
(Vi +2V0) +5(=V2 +2V1) +2(=Vs 4 2V2) + je(=Va + 2V5))
(

‘/2n+1 + ]V2n+2 + 6‘/2n+3 + ]5‘/2n+4)
Vi+iVo+eVs+jeVy) +2(Vo + jVi + eVa + jeVi))
i1 — Vi 4 2Vp).

R e N e L

(
(
(
(
(
—(
(Vo

|~

(c) Note that using Proposition 5.1 (b) and (c) we get

V2n+5 —5V1 —2V).

Z Vokta =
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Then it follows that

-~

2k+1

WE

S
Il

0
(Vant2 + 1Vonts + eVopta + jeVopss)
Vo + Vi +e(2Vi + Vo) + je(5V1 + 2Vh)))

N~

(
—(

Vanga — (Vo + Vi + eVa + jeVi))

e

= 2(V2n+2 - V).

As a first special case of the above theorem, we have the following summation formulas for dual hyperbolic
Pell numbers:

Corollary 5.3. Forn > 0, dual hyperbolic Pell numbers have the following properties:

(a) ZZ:oﬁk = %(ﬁn—i-Q *ﬁn—i-l *ﬁl +ﬁ0) - %(ﬁn—lﬂfﬁn_._l 7(1 +]+3€+7j5))
() i Por = 5(Pons1 — Pr +2Py) = L(Pansr — (1+ ¢ + 2je)).
(©) ZZ:O 132k+1 = %(132%2 - ]30) = %(ﬁ2n+2 — (j + 2e + 5j¢)).

As a second special case of the above theorem, we have the following summation formulas for dual hyperbolic
Pell-Lucas numbers:

Corollary 5.4. Forn > 0, dual hyperbolic Pell-Lucas numbers have the following properties.
@ Y3 Qk = 2(Quiz — Qui1 — Q1 + Qo) = 3(Qusz — Quar — 4 (J + 2¢ + 5je)).

® >, Qo = %(@2n+1 —Q1+2Q0) = %(@27},—}-1 +2(1 —j — e — 3j¢e)).

© > ko @2k+1 = %(@2n+2 - @0) = %(anu — (24 2j + 6 + 14j¢)).

Now, we present the formula which give the summation formulas of the generalized Pell numbers with
negative subscripts.

Proposition 5.5. For n > 1 we have the following formulas:
@ Y Vee =5(=3Vop1 = Voo + Vi = Vp).

() S Voop = 2(—Vioguor + V1 — 2Vh).

© Yp_i Veorsr = 3(—Vian + V).

Proof. This is given in Soykan [27].
Next, we present the formulas which give the summation of the first n dual hyperbolic generalized Pell
numbers with negative subscripts

Theorem 5.6. Forn > 1, dual hyperbolic generalized Pell numbers have the following formulas:
(a) Zzzl ‘7—19 . %(—3‘74%1 - ‘77“72 + ‘71 — ‘70)

(b) Z;Ll ‘7721@ = %(—‘Zznﬂ + 171 — 2170).
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© >koa ‘772k+1 = %(—szn + ‘//\b)

Proof. We prove (a). Note that using Proposition 5.1 (a) we get

- 1
Z V_k+1 = 5(73‘/—77, - V—n—l + ‘/1 + V0)7
k=1

= 1

Z V_k+2 - 5(_3V—n+1 - V—n + 3‘/1 + %)a
k=1

- 1
> Vs = 3 (=8Vonie = Vongr +7Vi + 3V0).
k=1

Then it follgws that
ZZ=1 Vop = %(3(‘/—77,—1 +.7V—n + 5V_n+1 +j€v—n+2) - (V—n—Q +jv—n—1 +eV_o, +j€v—n+1)
+(V1 = Vo) + (Vi + Vo) +e(8Vi + Vo) + je(TV1 + 3V0))

1 = = . .
= 5(_3an71 —V_p_a+ ((V1 — V()) +](V2 — V1) + E(Vg — VQ) +]€(V4 — Vg))
T . N SN
= 5(_3‘/—”—1 - V—n—2 + Vl - ‘/O)

This proves (a). (b) and (c) can be proved similarly.
As a first special case of above theorem, we have the following summation formulas for dual hyperbolic Pell
numbers:

Corollary 5.7. Forn > 1, dual hyperbolic Pell numbers have the following properties:

@ S P=3(-3P 1 —P o+ P —P))=3(-3P 1 —P o+ (1+j+3e+Tje)).
®) >, P ooy = %(—13—27;—1 +P - Zﬁo) = %(—13—271—1 + (1 4+ €+ 2je)).

(© Y3y Poogir = L(=Pogy + Py) = L(=P_gp + (j + 2¢ + 5je)).

Corollary 5.8. Forn > 1, dual hyperbolic Pell-Lucas numbers have the following properties.

@ Y3 Qor=3(-30n-1— Qo2+ Q1— Qo) = 3(~3Q_n_1 — Qn2 + (4 + 8¢ + 20j¢)).
b) X7 Qok = 2(~Q 201+ Q1 — 2Q0) = L(~Q 201 + (=2 + 2j + 2¢ + 6je)).

~

(© >y Q-ai1 = %(—@—zn +Qo) = 1(—Q-2n + (2+ 2j + 6 + 14j¢)).

6. Matrices related with Dual Hyperbolic Generalized Pell Numbers

= ()

such that det M = —1. Induction proof may be used to establish

We define the square matrix M of order 2 as:

n __ Pn+1 Pn
M" = ( P, Pn—l) 6.1
and (the matrix formulation of V,,)
Vi) _ (21\" (W
(%)-(o) () 6
S
Vi
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My = ‘:/3 ‘:/2 .
Va i
This matrice My, is called dual hyperbolic generalized Pell matrix. As special cases, dual hyperbolic Pell matrix
and dual hyperbolic Pell-Lucas matrix are

Now, we define the matrices My, as

respectively.

Theorem 6.1. Forn > 0, the following is valid:

My 21N Vogs Vo | 6.3)
1 O Vn+2 Vn+1
Proof. We prove by mathematical induction on n. If n = 0, then the result is clear. Now, we assume it is true
for n = k, that is
My MF = (‘Afmg ‘/{k+2> .

Vit2 Vi1

If we use (2.1), then we have 17k+2 = 2‘7k+1 + ‘A/k Then, by induction hypothesis, we obtain

My MFH = (Mka)M = ‘A/k+3 ‘ZIH'Q (2 1)
Vit Vit 10

_ 2‘:/k+3 + 1:/k+2 ‘:/k+3
2Vit2 + Vg1 Vit

i (v v) |
Virs Vigo
Thus, (6.3) holds for all non-negative integers n.
Remark 6.2. The above theorem is true for n < —1. It can also be proved by induction.
Corollary 6.3. For all integers n, the following holds:
Viso = VaPpoi1 + Vi P,

Proof. The proof can be seen by the coefficient of the matrix My and (6.1).
Taking V,, = P, and V,, = @,,, respectively, in the above corollary, we obtain the following results.

Corollary 6.4. For all integers n, the followings are true.
@) Puiz=P2Pyi1 + PiPy.

() Qnio=QaPui1+Q1P,.
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Abstract. In this paper we shall use the upper and lower solutions method to prove the existence of at least one solution for
the second order equation defined on unbounded intervals with integral conditions on the boundary:

u” (t) —mPu(t) + f(t,e” ™ u(t), e ™ (1)) =0, forallt e [0,+00),

+oo
u (0) — %u/ (0) = / e 2"y (s) ds, t_l)i+moo{67Mtu (t)} = B,
0

where m > 0, m # %, B cRand f: [0, +00) x R? — Ris a continuous function satisfying a suitable locally L' bounded
condition and a kind of Nagumo’s condition with respect to the first derivative.

AMS Subject Classifications: 34B40, 34B15, 74H20.

Keywords: Boundary value problems, Integral boundary conditions, Upper and lower solutions method, Existence of
solution.
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1. Introduction

Integral boundary conditions have been considered in many papers on the literature. They represent a nonlocal
dependence of the solution at some points of the interval. For instance, Jankowski uses the method of lower and
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upper solutions in [15] to ensure the existence of the first order differential equation on a bounded interval with
integral boundary condition

T
28 = f(t,z(t), t € [0,T], m(O):)\/O 2(s) ds + d.

This method have been used in second order differential equations on bounded intervals by A. Boucherif on
[2], where the following problem is considered

2" (t) = f(t, (1), 2 (1)), t € [0,1],

coupled to the integral boundary conditions

1 1
z(0) — az’(0) = /0 go(s)x(s)ds z(1)+ba'(1) = /0 g1(s) z(s) ds.

Many authors have deduced existence, uniqueness and multiplicity of solutions for different kind of
differential equations defined on bounded intervals and coupled to suitable integral boundary conditions, see
[10, 11, 13, 19-21, 26] and references therein. The used tools are related to continuation methods.

Equations defined on unbounded intervals have had a great attention in the literature.This is mainly due to
the search of heteroclinic or homoclinic solutions of many evolution equations. It is important to note that there
are many types of solutions defined on unbounded domains, see for instance, the monograph of Agarwal and
O’Regan [1] or the paper of Rohleder, Burkotovd, Lopez-Somoza and Stryja [23]. Many results on this direction
have been obtained for instance in [6, 7, 9, 12, 16-18, 22, 24].

We point out that in [14] it is considered the following equation

(qOu" V(@) = f(t,u(t), ' (t),...,u"V(D)), ae. t € (0,+00),
subject to the integral boundary conditions
u?(0)=0,i=1,2,...,n—3,

and

m 3

WD) =) / u(t)dt,  lim {g(tu™V ()} =0.
=1}

t——+oo

The existence of solutions follows from degree theory.

The method of lower and upper solutions is a very well known tool that has been used in many different
problems. We refer to the monograph [5] and the survey [4] and references therein.

In [25], Yan, Agarwal and O’Regan use the upper and lower solution method for the boundary value problem

y"(t) + o(t), fty(t), y'(t) = 05t € [0, +00)
coupled to the boundary conditions
a,y(0) = b,y'(0) =90 2 0, lim {y'(t)} =k >0

In [17] this method has been applied to the same second order equation but with the following boundary
conditions

y'(0) —a,y"(0) = B, lim {y"(t)} = C

Following the ideas developed in previous mentioned works, in this paper we are interested in to deduce
existence of solutions via this method for a particular problem defined in an unbounded interval. The boundary
conditions have functional dependence at the starting point and it is assumed an asymptotic behavior at +oco.

ke
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More concisely, the considered problem is the following one:

u’ (t) —mPu(t) + f (t,e ™ u (), e/ () =0, forallte [0,+00), (1.1)
1 o
u (0) — EU/ (0) = / e 2y (s) ds,tligrnoo{efmtu ()} = B, (1.2)

0

where m > 0,m # ¢, B € Rand f : [0,+00) x R? — R is a continuous function satisfying the following
locally bounded condition

(F) For each p > 0, there exists a positive function ¢,, such that ¢, € L' [0, +00) such that, for all z,y €
(=p, p), it is satisfied that
[f (&2, y)] < @p(t), forall ¢ € [0,400).

The paper is divided in four sections. After this introduction, it is given a section with preliminary results,
where the expression of the Green’s function is obtained. On next section, it is obtained an a priori bound by
means of a Nagumo kind condition. Moreover, the method of lower and upper solutions is developed to deduce
the existence of at least one solution of the considered problem. The last section is devoted to show an example
of the applicability of the obtained results.

2. Preliminaries

First recall some notation, definitions and theorems which will be used later.
We will denote R := [0, +00), R := (0, 4+00) and define the space

X = {x € C10,400) : lim e ™z (t) € R}

t——+oo
endowed with the norm ||z||; = max {||z|, ||z’||}, where

lyll = sup {le"™y(t)|}.
t€[0,400)

Remark 2.1. Notice that if x € X is such that

lim e ™z (t)=1€R
t—+4o00
then
lim e ™2’ (t) = ml € R.

t——+oo

||, is well defined on X.

As a consequence,

It is not difficult to verify that (X, ||-||,) is a Banach space.
Next we introduce the concept of lower and upper solutions

Definition 2.2. A function o € C? [0, +00) N X is a lower solution of the functional boundary value problem
(1.1)-(1.2) if the following inequalities hold for some By € R:

t——+oo

(a) a(0)—La’(0) < t)fooe?msa (s)ds, lim {e"™a(t)} = B < B,

(b) o (t) —m2a(t) + f (t,e"™a(t),e ™/ (t)) >0, forall t € (0,+00).
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A function 8 € C?[0,+00) N X is an upper solution if it satisfies the reversed inequalities.
Next lemma gives the exact solution for the associated linear problem by using the Green’s function technique.

Lemma 2.3. Assume that y : [0, +00) — R is such that y € L* [0,400), m > 0, m # % and B € R. Then the
linear functional boundary value problem

u’ () —mPu(t) +y(t) =0, te(0,+00)

u(0) — %u’ (0) = +fooe*2msu (s) d57t 1i£rn {emtu (t) } - B 2.1
0 —+o00

has a unique solution u € X, given by

+oo
3
u(t) = ; G(t,s)y(s)ds+ r— 16‘"” + Be™ (2.2)
where . (st)
— L —ms __ —2ms L em 5= ;S S t
Gt = o om—1) (3¢ 27+ o {em(”%s >t 23)

Proof. Firstly we solve the following boundary value problem

u” (t) —m2u(t) +y(t) =0, te(0,+00)
{ w(0) — Lo/ (0) = A, lim {e-™u(t)} =B, 24)

m t—+o0

where A € R.
The general solution of the homogeneous equation

u” (t) —m?u(t) =0, te(0,+00),

follows the expression

with dy, dy € R.
First, it is obvious that the unique solution on X of the homogeneous problem

v(0) — Lv' (0) = 4, lim {e ™ (t)} = B.

t—+o0

{ " (t) —m?u(t) =0, te(0,+00)
/
is given by
A
v(t) = —e ™ 4 Be™.

2
Then the solution of the boundary value problem (2.4) has the form

+oo A
u(t) = / g(t,s)y(s)ds+ §e_mt + Be™, (2.5)
0

where
(t,5) = Ci(s)e™ + O (s)e™ t < s
g 8) = Cs(s)e ™ +Cy(s)e™ t>s "

Using the fact that g is continuous and % has a jump (which equals 1) at £ = s (see [3] for details), we get

1 [emt=9) t <5
g(ts) =5~ {em<s—t>,t R (2.6)
S
[V =)
MM
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+o00
Now, in (2.5), putting A = [ e ?™5u (s)ds, it yields
0

/0 T sy (5) ds = /0 o <e2m8 / " ) () dr) ds

0
A —+o0 —+o0

—i——/ e_gmsds—l—B/ e ™%ds.
2 Jo 0

So, by interchanging the order of integration we obtain

+oo “+o0 B
A 6m (/ e 2msg (s, 1) ds) y(r)dr+ 6
0

6m—1 /g 6m —1
3 oo 2 o 6B
— —-mr _ = _—2m d . 2.7
m2(6m71)/0 (e 3¢ y(rdr + 50— 2.7

Finally, replacing (2.7) in (2.5), we have
—mt

+oo
) /0 (3e7 — 2e72™) y(s)ds

e
2m?2 (6m — 1

+oo
w) = [ ooyl ds+

3Be~™
- B emt7
+ 6m—1 *
which gives the result of the lemma. n
In order to deduce the existence results, the following compactness criteria will be useful.

Lemma 2.4. [§]

A set M C X is relatively compact if the following conditions hold:

(i) M is bounded in X.

(i) The functions from M are equicontinuous on any compact sub-interval of [0, +00).

(#i1) The functions from M are equiconvergent at +, that is, for any € > 0, there exists aT = T(e) > 0 such
that, |e=™ 2™ (t) — lim;— 400 =™ x ) (t)| <eforallt > T, i=0,1and x € M.

3. Main Result.

In this section we prove the existence and location of at least one solution for Problem (1.1)- (1.2).
In a first moment we introduce a kind of Nagumo’s condition, that impose a growth restriction on the
dependence with respect to the last variable of the nonlinear part of the equation.

Definition 3.1. Consider o and f € X be such that « < 3 on [0, +00). Define
D ={(t,z,y) €[0,+00) x R? : e ™ (t) <z < e ™B(t)},
and suppose that f : D — R is a continuous function that satisfies:
If(t, u,v)| < B(|v|) V(tu,v)€ D, 3.1

where h : [0, +00) — [0, +00) is a continuous and nondecreasing function such that

s 2 1
li > — . 32
oo h(s) (m2|6m—1 +m) (3:2)
S
Vo
MM
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To guarantee the existence of solutions of (1.1)-(1.2) we have to find a priori bounds for the derivative of all
the posible solutions of the considered problem. Hence, we need the following lemma.

Lemma 3.2. Let «, 8 be a pair of lower and upper solutions for Problem (1.1)—(1.2) such that « < 3 on [0, +00),
and let f : [0,4+00) x R? — R be a continuous function satisfying the conditions on Definition 3.1. Then there
exists b > 0, such that for every solution u of (1.1)-(1.2) with o (t) < u (t) < B (¢),Vt € [0, +00), we have

ol < b.
Proof. From Lemma 2.3, we know that the solutions of Problem (1.1)—(1.2) are characterized as the solutions of
the following integral equation:
+oo
u(t) = G(t,s)f(s,e ™ u(s),e”™u'(s))ds. (3.3)
0

Differentiating in (3.3), we obtain
Feo oG
e "/ (t) = / e Mt E(t’ s)f(s,e”™u(s),e”"™u'(s))ds. (34
0

Now, we have that

6£(t )__i
at Y T Tom6m—1)

—mt

1 _ ,m(s—2t) <
{ e , <t 3.5)

—-ms __ —2ms -
(36 26 ) + 2 e—’rns , s > t :

Using (3.1), and the fact that h is nondecreasing, we get
Hoeo oG
le™™! (1)) < / e E(t, s) ’ |f(s,e"™u(s),e”™u'(s))|ds
0

“+o0 e—2mt ) ,
< - 3 —ms 2 —Zzms h —ms d
_/0 3m [6m 1] (3e + 2e ) h(le™™*u'(s)])ds

2 2

2672mt ef2mt (Qemt _ 1)
< () (e e =)
2

m2|6m — 1|

Wl (2 1
h(ll'[l) = \m?6m —1] ~ m )
Then, from (3.2), we deduce that there exists b > 0 such that ||u’|| < b.
This completes the proof. |

t e (s—2t) oo p—ms
+/ 7h(|e_msu'(s)|)ds+/ h(le=™%u(s)|)ds
0 t

1
< n( F5) a0 4o0)

which implies that

Now, we are in a position to prove the main result of this paper.

Theorem 3.3. Let o and B be a pair of lower and upper solutions for the functional boundary value problem
(1.1)-(1.2) such that o (t) < B (t) for every t € [0, +o0) and let f : [0, +00) x R? — R be a continuous function
satisfying the conditions on Definition 3.1.. Then the functional boundary value problem (1.1)—(1.2) has at least
one solution u € C? [0, +00) N X such that

at) <u(t) < B(t), Vit e 0,+00).
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Proof. First, we define the truncated functions
p(t, z) = max {a(t), min {z, 5(¢)} }
and
q(y) = max {—K,min{y, K} },
where K = max{b, ||a||1,||5]|1} and b is the constant given in Lemma 3.2.
Consider now the following modified problem
u” (t) —m2u (t) + F (t,u(t),e ™/ (t)) =0, te(0,+00)
1,7 o —2ms : —mt (36)
w(0)— tu' (0)= [ e p(s,u(s))ds, lm e ™u(t) p =B

m 0 t—+o0
with
F(t,z,y) = f(t,e”™p(t, ), q(y)).

We will show that the solutions of the modified problem (3.6) lie in a region where f is unmodified i.e.
a(t) <u(t) < B(t),and —b < e ™/ (t) < bforall t € [0,+00) and, hence, they will be solutions of
problem (1.1)—(1.2). The proof will be done in two steps.

Step 1: Existence of solution.
By (2.5) it is clear that the solutions of the truncated problem (3.6) coincide with the fixed points of the

operator T' : X — X defined by

+oo

/ e 2™ p(s,u (s))ds + Be™.
0

—mt

+oo
Tu(t) = /0 g(t,s)F (s,u(s),e”™u/(s)) ds +

Let us see that operator 7" is well defined in X. Indeed, let u € X, by definition of function p, « and 3, we
have that e=2"™*p(s,u (s)) € L]0, +00). Moreover e~™*p(s, u (s)) and g(e™*u'(s)) are bounded in [0, +00).
So, we can use condition (F) to deduce that there is R > 0 such that

|F (t,z,y)| < @gr(t), forall ¢t e [0,+0c0).

with pr € L1 [0, +0) .
As a direct consequence, we have that r(-) g (¢, -) and pr(-) % (t,-) are in L1[0, +0). So, we deduce that
Tu(t) € C0,+oc). Moreover

lim {e"™Tu(t)} =B

t——+oo

and, using Remark 2.1, that

lim {e ™ (Tu)' (t)} =mB,

t—+oo

Thatis: Tu € X.
Moreover, as a direct consequence, there is R > 0 such that

|Tuly <R, forall ue X.

Consequently, 7'(B) is uniformly bounded and maps the closed, bounded and convex set

B={ueX:|lul<R},
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into itself.
Furthermore, for C' > 0 and ¢1,t2 € [0,C], t1 < to, we have

}672mt1 _ 672mt2| 0
e MM Tu(ty) — e "2 Tu(ts)| < 5 / e M8 |p(s,u (s))|ds

|672mt1 _ 72mt2’ t1 B ,
T / [F(s,u(s) e ()]ds

—2mt2

‘672771751 _ 672mt2|
< / e” ™| max {e" ™ a(s), e ™ B(s)}|ds

|e—2mt1 _ —2mt2| t1
P / " oa(s)ds

’1 + e—2mt2| /

which converges to 0 as ¢; — 2, and it is independent of v € X . (Notice that e™*p(s) € L}, [0, +0))

Analogously, we have

“+oo
—2mt; _ ,—2miy
e~ (Tu) (1) — = (Tu (1)) < m | - | / ™™ | max {e "™ a(s), e ™ B(s)}|ds

’e—2mt1 _ e—2mt2’ t1
+
2 0

1 + ef2mt2 ta )
—l—% €™ pp(s)ds,
t1

and converges to 0 as t; — to with independence of u € X.
This shows that T is equicontinuous on compact subintervals of [0, +00).
Finally, the fact that T'(B) is equiconvergent at infinity follows from the following inequalities

e ™Tu(t)— lim {e "™Tult )}‘ = |e"™Tu(t) — B

t—+o0

e—2mt oo
< / e~ max {e"™a(s),e” " B(s)}|ds
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ef2mt +oo
/ e” ™ max{e "™ a(s),e"™ B(s)}|ds

0
—mt

e
+WH¢RHL1[0,+OO)

<

1 [t
+ﬁ ) e " pr(s)ds,
and

= |e"™"Tu(t) — m B

e " (Tuw)'(t) — lim {e ™ (Tu(t))'}

t—+oo

IA

“+oo
—2mt
me / e~ max{e"™a(s), e B(s)}|ds

2
0

efmt
+T lerllL110,+00)

1 o[tee
[ e enls)ds
2 Ji

Consequently, By lemma 2.4, the set T'(B) is relatively compact. In addition T is continuous via dominated
convergence theorem. Therefore, the map 7' is completely continuous. Using Schauder’s Theorem, we conclude
that 7" has a fixed point in X, then, the BVP (3.6) has at least one solution u € C? [0, +00) N X.

Step 2: If u is a solution of the truncated problem (3.6), then

a(t) <u(t) < B(t),Vte|0,+0).

First, notice that, since \ 1i+m {e=™ (o — u) (t)} < 0, we have that there is ¢; > 0 such that « < u on
—+00

(t1,+00).
Assuming that there exists ¢ty € (0, +00) such that

inf  (u(t) —a(t) =u(t) —alty) <0,
te[0,4+00)
we have two cases to consider such as the following:
Case 1: If ¢y € (0, +00) , we get u'(tg) = &' (to) and
0 <u’ (to) — o (to) < — f(to,e”™0a(to), e ™0 (tg)) +mu (to)
+f (to,e7™0a(tg) e ™a (tg)) — mPa(to) < 0.

that is a contradiction, thus, the infimum of u — « is not achieved at the point #.

Case 2: If t; = 0, we have
(u(t)—a(t)) =u(0) —a(0) <0.

min
t€[0,400)
and
v (0) —a’ (0) >0,
so, since m > 0 and the fact that « is a lower solution, it yields to the following contradiction
1 i
0>u(0)—a(0)— . (v (0) — ' (0)) > / e 2ms <p(s,u(s)) - a(s))ds > 0.
0
To complete the proof, we apply Lemma 3.2 to F and we deduce that ||/|| < b. [ |
S
~o
MM

125



Alberto Cabada and Rabah Khaldi

4. Example

Consider the following BVP
() —u(t) = f(t,e Tu(t), e (1), te0,+o0)

“+oo
/ _ —2s : —t _
u(0) —u' (0) = /0 e “u(s) ds,tlgglooe u (t) = B,

€

where m = 1l and f (t,z,y) = _1;/3 Yr+y—e 2 with B <0.
Firstly, let By < min {B,4B* —1/6} and By > 0.
Let us see that functions o (t) = H412Bre=t — 1e=2 4 Bietand B (t) = U412B2e~t — 1e=2t 4 Boel are

a pair of lower and upper solutions of this BVP such that o (¢) < 5 (¢),¢ € [0, +00) . Indeed,

1 / _ oo —2t . —t _
,Bg+1—0 B(0)—p (0)_/0 e B(t)dt7t£Tw{e B(t)} =B,>B
and, using that By > 0,
1 e~ t/3Y/6By + e3¢

" _ 3/t —t 3! — _ 972 <.

B'(1) = B(t)+ Ve Blt) + e B (1) V3D e <0
Moreover

§B + 1 a(0)—a' (0) = - e Mat)dt, lim {e'a(t)} =B <B
57010 0 o 1

and, since By < 4B — 1/6,

4/3\3/7_375
e 681+ e L 9e2% >

" L, —t —t —2t _
@ (t)—oz(t)—kg\/e at)+etal(t) +e " = 7B

Moreover, the function f satisfy the condition (F).
For each p > 0, z,y € (—p, p), we have

£ ()] < S /T Tl + e
E
/3 .
< B /2p+ e =1 p,(t), forall t € [0,+00),

with p, € L' [0, +00).
Finally, for any ¢ € [0, +0c) and et () < 2 < e~ !5 (t), we have that there is a positive constant C' such

that

If(txy|_|B|\/30+|y+1 h(lyl)-

Clearly, h : [0, +00) — [0, 400) is a continuous and nondecreasing function such that

sl}I-Poo h(s) = oo

As a consequence, all the assumptions of Theorem 3.3 are fulfilled and this problem admits at least one

solution lying between « and /3.

e
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1. Introduction

The notion of almost automorphy was introduced in the early sixties by S. Bochner in [7-9] when studying a
problem in differential geometry. It turns out to be a generalization of almost periodicity in the sense of Bohr.
After the emergence of the concept of almost automorphy, many authors have produced extensive literature on the
theory of almost automorphy with usefull generalizations. Veech [34] and Zaki [36] studied almost automorphic
functions respectively on groups and the real number set. In his paper [28], N’Guérékata introduced the concept
of asymptotically almost automorphic functions. For more informations on the concept of almost automorphy and
its application to evolution equations, we refer the reader to [26, 29]. In [35], Xiao et al. introduced the notion of
pseudo almost automorphy as suggested by N’Guérékata in [29]. Later on, the notion of weighted pseudo almost
automorphy was introduced by J. Blot et al. in [6]. Recently, Blot et al. in [4] introduced the concept of yi—pseudo
almost automorphy which is more general than the class of weighted pseudo almost automorphic functions. Due
to a lot of applications, the existence of pseudo almost automorphic, weighted pseudo almost automorphic and
p—pseudo almost automorphic solutions of various differential equations has become an interesting field. Many
authors have made important contributions on these topics [1, 2, 4, 6, 12, 16, 17, 20, 24, 35, 36].

*Corresponding author. Email address: moumik3000@yahoo.fr (Moumini KERE), gaston.nguerekata@morgan.edu (Gaston Mandata
N’GUEREKATA), oueama@yahoo.fr (Enock R. OUEAMA)

https://www.malayajournal.org/index.php/mjm/index (©2021 by the authors.
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In 1878 Clifford [15] introduced Clifford algebra which includes real numbers, complex numbers, quaternions
and Grassmann algebra. After the monographs of Chevalley [13] and Riesz [33] published in 1954 and 1958,
respectively, Clifford algebra received more and more attention. Nowadays, Clifford algebra is used in many
fields such as geometry, satellite navigation, neural network, theoretical physics, robotics, image processing and
quantium computing [18, 19, 21]. In Neural network, Pearson first proposed a Clifford-valued neural network
[32] described by Clifford-valued differential equations. In [11], Buchholz conclued tha Clifford-valued neural
network have more advantages than real-valued ones. Since these works, Clifford-valued neural networks has
become a very attractive field of research. In [22], by decomposing Clifford-valued system into real-valued
systems, Li et al. prove the existence of almost periodic solution and the global asymptotic synchronization for
a class of Clifford-valued neural networks. Recently in [23], by non-decomposing method, Li et al. studied the
existence and global exponential stability of y—pseudo almost periodic solutions of Clifford-valued semi-linear
delay equations.

Motivated by the above papers, we would like to study the existence and uniqueness of p—pseudo almost
automorphic mild solutions for the following Clifford-valued semi-linear delay equations:

Zt)=-D@t)x(t)+ F(t,z(t),x(t—71(t)); t R, (1.1)

where D () = diag{di (-), d2(-) , ..., dn ()} € R™", F € C(Rx A™ A"), 7 € C (R,R"), Ais areal
Clifford algebra.

The rest of the paper is organized as follows. In Section 2, we recall some basic definitions and results about
Clifford algebras and the notion of yi—pseudo almost automorphic functions. Section 3 is devoted to our main
results.

2. Preliminaries
In this section, we recall some basic definitions and preliminary results on Clifford algebras and p—pseudo almost
automorphic functions.

Definition 2.1. Let m be a natural number. The real Clifford algebra over R™ is defined as

A= Z aseq, aq €R 3,

AC{1.2,....m}

where eq4 = ep, €p,...ep, with A = {h1,ha,....;h,}, 1 < hy < hy < ... < h, < m. Moreover, eg = eg = 1
and e;, i = 1,2,...,m are Clifford generators and satisfy e? = —1, i = 1,2,....m and eiej + eje; = 0,
Vi,j=1,2,...,m, 1 # j.

In the sequel, we will denote by e}, p,...n, the product of Clifford generators ey, , eyp,,..., ex,. Let B =
{1,2,...,m} and Il = P (E), then it is obvious that A = { > ases, a4 € R} and dim (A) = 2™.
A€Il

Definition 2.2. Forx = Y xe4 € A, the involution of x is defined as

Ae€ll
T = E TA€A
Aell
n(A)(n(A)+1)

whereey = (—1) 2 ea if A=10, thenn (A) =0and if A= {hy,ha,....,h,} € 1L, thenn (A) = v.

It’s clear that e4e4 = 1 and easy to verify that the involution has the property Ty = yz, Vz,y € A. For
x,y € A, we define the inner product of x and y by

(@,9)y = 2" [27], = 2" Z atyt,
Aell
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where [27], is the coefficient of ey conpoment of z7. Then A with this inner product is a real Hilbert space and
with the norm defined by ||z|| , = \/(z, x), is a Banach algebra since for all 2,y € A

lzylla < 2l 4 1yl

dx (t dxa (t
The derivative of  (t) = Y x4 (t) ea is given by z(¢) = > za ()
Aclt dt Acn  dt
more informations about Clifford algebra.

Now, let us recall some definitions and results on almost automorphic functions.

Let B be the Lebesgue o-field of R and M the set of all positive mesures p on B satisfying u (R) = 400 and
p([a,b]) < +oo, forall a, b € R (a < b). Throughout the rest of this paper, (X, [|-||x) and (Y, ||-||;) will stand
for Banach spaces and

ea. We refer the reader to [10] for

2]l = sup [z (#)llz ,
teR

where Z = X, or Y. We also denote by B (R, Z), C (R, Z) and BC (R, Z) the collections of all bounded functions,
all continuous functions and all continuous and bounded functions from R to Z, respectively.

Definition 2.3. ([27]) A function [ € C (R, X) is said to be almost automorphic if for every sequence of real
numbers (7),),, there exists a subsequence (Ty,),, such that

g(t)= lUm f(t+7,) exists foreacht € R

n——+o0o

and
lim g(t—7,) = f(t) foreacht € R.

n—-+oo

We denote by AA (R, X) the space of the almost automorphic X-valued functions.

Remark 2.4. Note that in the above limit the function g is just mesurable. If the convergence in both limits is
uniformint € R, then f is almost periodic in the sense of Bohr. The concept of almost automorphy is then larger
than almost periodicity. If f is almost automorphic, then its range is relatively compact, thus bounded in norm.

Example 2.5. (/27]) Let f : R — R be such that

1
2 + cost + cos /2t

f(t):sin< )forteR.

Then f is almost automorphic, but it is not uniformly continuous on R. Therefore, it is not almost periodic.

Proposition 2.6. (/27]) (AA (R, X),||.||..) is a Banach space.

Definition 2.7. A function f € C (R x X, Y) is said to be almost automorphic in t € R uniformly with respect to
x € X, if the following two conditions hold:

i) forallz € X, f(-,xz) € AA(R,Y),

ii) f is uniformly continuous on each compact set K in X with respect to the second variable x, namely, for
each compact set K in X, for all € > 0, there exists § > 0 such that for all x1,zo € K, one has

[21 = @2fl <6 == sup|[f (t,21) = f (£, z2)| <€
teR

We denote by AAU (R x X,Y) the set of all such functions.
Theorem 2.8. ([5]) Let f € AAU (R x X,Y) and x € AA(R,X). Then [t — f (t,z (t))] € AA(R,Y).
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Definition 2.9. ([4]) Let n € M. A bounded continuous function f : R — X is said to be p-ergodic if

)

1
lim ———= t)|dp(t) =0.
GG

We denote the space of all such functions by € (R, X, p).
Proposition 2.10. ([4]) Let 1 € M. Then (€ (R, X, 1), ||.|| ) is @ Banach space.

Definition 2.11. ([4]) Let . € M. A continuous function f : R — X is said to be u-pseudo almost automorphic
if f is written in the form:

f=o+9

where ¢ € AA(R,X) and v € £ (R, X, u). We denote the space of all such functions by PAA (R, X, p).
Then, we have
AA(R,X) c PAAR, X, ) C BC (R, X).

Remark 2.12. Without assumption on the measure u, the decomposition in the above definition of the
corresponding p-pseudo almost automorphic function is not unique.

Remark 2.13. A pseudo almost automorphic function is pu-pseudo almost automorphic function in the particular
case where the measure | is the Lebesgue measure. For more details on pseudo almost automorphic functions,
we refer to [24, 25].

Remark 2.14. The notion of p-pseudo almost automorphic functions is a generalization of the weighted pseudo
almost automorphic functions which is due to Blot et al. [6]. Following [6], a function f is so-called weighted
pseudo almost automorphic if f is a p-pseudo almost automorphic function in the particular case where the
measure jui is defined by ji (A) = [, p(t)dt for A € B with p(t) > 0 a.e on R for the Lebesgue measure and

[T p () dt = +o.
Proposition 2.15. ([4]) Let n € M. Then PAA (R, X, 1) is a vector space.

Definition 2.16. ([4]) Let p11 and ps € M. py is said to be equivalent to o (1 ~ o) if there exist constants
o, 8 > 0 and a bounded interval I (eventually I = () such that

apy (A) < psz (A) < Bui (A), for A € B satisfying AN T = .
Remark 2.17. The relation ~ is an equivalence relation on M.

Theorem 2.18. ([4]) Let p1, us € M. If py and ps are equivalent, then £ (R, X, u1) = € (R, X, pu2) and
PAA (R, X, 1) = PAA (R, X, p2).

For p € M, T € Rand A € B, we denote . the positive measure on (R, 5) defined by
pr (A)=p({a+71,a€ A}).
From p € M, we formulate the following hypothesis:

(HO) For all 7 € R, there exist 8 > 0 and a bounded interval I such that
pr (A) < Bu(A), when A € B satisfies AN T = 0.

Lemma 2.19. ([4]) Let u € M. Then p satisfies (HO) if and only if the measures p and .. are equivalent for all
TeR
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Lemma 2.20. ([4]) Hypothesis (HO) implies

forall o > 0, lirnsup'u (=r—or+0))

T i

Theorem 2.21. ([4]) Let 1 € M satisfying (HO). Then £ (R,X,u) is translation invariant, therefore
PAA (R, X, p) is also translation invariant.

Theorem 2.22. ([4, Theorem 3.9]) Let ;i € M satisfy (HO). If f € PAA(R,X,u) and g € L* (R, £ (X)),
then the convolution product [ * g is also p-pseudo almost automorphic. In fact, if f € AA(R,X), then
frxge AARX)andif f € E(R,X, p), then fxg € £ (R, X, p).

Theorem 2.23. ([4]) Let i € M. Assume that PAA (R, X, u) is translation invariant. Then the decomposition
of a p-pseudo almost automorphic function in the form f = ¢ + 1 where $ € AA (R, X) and ¢y € € (R, X, p),
is unique.

Theorem 2.24. ([4]) Let uw € M. Assume that PAA(R,X,u) is translation invariant.  Then
(PAA(R,X, 1), ||-lo) is @ Banach space.

Definition 2.25. ([4]) Let n € M. A continuous function f : R x X —Y is said to be almost automorphic in
t € R uniformly with respect to x € X if the following two conditions are hold:

i) forallz €X, f(,,z) € AAR,Y)

ii) f is uniformly continuous on each compact set K in X with respect to the second variable x, namely, for
each compact set K in'X, for all € > 0, there exists § > 0 such that for all x1, x5 € K, one has

[y — o <6 = sup [|f (t,21) = f (£, 22)|| <&
teR

Denote by AAU (R x X, Y, ) the set of all such functions.

Definition 2.26. ([4]) Let 1 € M. A continuous function f : R x X —Y is said to be p-ergodic int € R
uniformly with respect to x € X if the following two conditions are true:

i) forallz €X, f(.,z) € E(R,Y, p)

ii) f is uniformly continuous on each compact set K in X with respect to the second variable x.
Denote by EU (R x X, Y, u) the set of all such functions.

Definition 2.27. ([4]) Let p € M. A continuous function f : R x X —Y is said to be p-pseudo almost
automorphic in t € R uniformly with respect to x € X if f is written in the form f = ¢ + 1 where ¢ €
AAU R x X, Y)and v € EU (R x X, Y, w).

PAAU (R x X, Y, ) denote the set of all such functions.

Remark 2.28. We have AAU (R x X,Y) C PAAU (R x X, Y, p).

Theorem 2.29. ([4, Theorem 5.7]) Let p € M, f € PAAU (R x X,Y, ) and x € PAA (R, X, ). Assume
that for all bounded subset B of X, f is bounded on R x B. Then [t — f (t,z (t))] € PAA(R,Y, p).

In the sequel we assume that
(HI) F = F, + Fy, € PAAU (]R x A%, A”, u) is bounded function on R x €2 for any bounded subset €2 of
A?", and there exist real numbers L1, L} > 0 and Ly, L} > 0 such that

| Fy (t 21, 01) — Fi (622, 92) || 4 < La [|z1 — w1 4+ LY |22 — y2l . VE € R, Vay, 22, y1, 92 € A",

3

s
2

133



Moumini KERE, Gaston Mandata N’GUEREKATA and Enock R. OUEAMA
| Fo (t, 21, 01) — Fo (8,2, y2) || gn < Lo ||x1 — ya|| + L |2 — 2|, VE € R, Vay, 22,91, 92 € A™.

(H2)Fori = 1,2,...,n; d; € AA(R,R) with 11<nl£ {gnﬂgdi (t)} =d* > 0,and 7 € AA(R,R") with
<i<n S

7 = sup |7 (¢¥)|.
teR
(H3) There exists A € C' (R, RT) such that dy (v (t)) = A (¢) du (¢) for all ¢ € R and

M (r) p (=K (r), K (r)])

lim sup < 00,
r—+400 p([=r,r])
where 7y (¢) is the inverse function of t — t—7 (¢), K (r) = sup |t —7(¢)|and M (r) = sup [A(2)]-
te[—r,r] te[—K(r),K(r)]

(H4) %ﬁ% < 1, where Ly, Lo, LY, LY and d* are defined in (H1) and (H2).

3. Main results

From now on X =A4%" and Y =A".

Lemma 3.1. [23, Lemma 3.1] Function x solves the equation (1.1) if and only if x solves the following equation:

t
z(t) = / e~ e Pwdup (g 2 (s), z(s—7(s)))ds, Vt € R. (3.1)

We need the following lemma.

Lemma 3.2. Suppose that (H3) holds and let w = u; + us € PAA (R, A", p) with us € EAA (R, A™, 1) and
u; € AAR, A™). Thent — u(t — 7 (t)) € PAA (R, A", p).

Proof. Let (a;,),, be a sequence of real numbers. For a fixed t € R we set 3, = aj, — 7 (t + «},) foralln € N.
Since (f},),, is a sequence of real numbers and u; € AA (R, A"), there exists a subsequence (/3,,),, of (5},),,
such that
nin}rooul (t+ Bn) =y (t) exists forall t € R,
and
lim @ (t— B,) = up (t) exists forall ¢ € R.

n——+oo

That is there exists a subsequence (c,,),, of (c,),, such that 5, = o, — 7 (t + ) forall n € N, and

lm wy (t4+ o, —7(t+ap)) =7 () exists forall £ € R,

n—-4oo

lim @ (t4 a, — 7 (t+ o)) = ug (¢) exists forall t € R.

n——+4oo

So, t — uy (t — 7 (t)) € AA(R,.A™). On the other hand, from assumption (H3) we have

e [ = @) 0

([77"7 T]) —r
_ p([=K (), K () 1 K(r)
 u(=n)) u([K(r),K(r)])/_K(T) [luz ()] 4n A (t) dpa (t)
M(r).u([—K (r), K (r)]) 1 K(r)
= p([=r,7]) w([—K (r), K (r)]) /K(r) llug ()| 4n dpe (2)
-
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Since ug € EAA (R, A™, 1), we obtain from Assumption (H3) and the above inequality that

tim e [ = 7 0o () =0

r—toop([=rr]) ),
thus ¢ — ug (t — 7 (t)) € EAA (R, A", 11). The proof is complet. [ |

Lemma 3.3. Assume that assumptions (HI), (H3) hold and uw € PAAR, A", p). Then
t— F (t,u(t),u(t—r71(t))) € PAAR, A", n).

Proof. Apply Lemma 3.2 and Theorem 2.29 with X =A?", Y =A", f = Fand z (t) = (u(t),u(t — 7 (1))).
[ ]

Lemma 3.4. Let u,v € PAA(R, A", 11). Thenuwv € PAA(R, A™, p).

Proof. Since u,v € PAA(R, A", 1) then there exist uj,v; € AA(R, A™) and us,v2 € EAA(R, A™, 1) such
that u = u; + ug and v = v1 + v. SO, UV = UV + U1vV2 + U2vy + uve. It obvious that uyv; € AA(R, A™).
We have

[[ur () va (£) + uz () v1 (t) + g () va ()| 4n
< lur @)L oz (O] an + 1wz O 4o [[o1 @) an + Tz @] 4n 02 @] 4n
< luallg llvz (Ol gn + lvallo luz )l an + lluzllg vz (£)]

A'IL
and
. 1 "
tim s [ (02 0) 1 ()00 () () 1) ()
1 s
< 1 D n n
< dim e [ (Gl oz OlLas + ol oz (Ol
+ [luzllg llvz2 ()] 4n) dpe (t)
: l[ullo /r . [villo /T
< 1 ree——— n 1 T T n
S Ny Y l[vz (E)]] gn dpe (£) R Ny e 3 l[wz ()| 4n dpe (2)
- luzlly /T
1 _— )| 4n dpe (t
+T*1>IEOO/J,([—T,T]) 77‘“@2( )HA lu’( )
=0.
Hence,
. 1 "
im e [ (00 (0 w2 (01 ()4 2 ()22 ()L i (8) = 0
Therefore, (u1v2 + ugvy + ugvg) € EAA(R, A", ). This complet the proof. [ |

Theorem 3.5. Assume that the assumptions (HO)-(H4) hold. Then system (1.1) has a unique p—pseudo almost
automorphic solution.

e
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Proof. We define an operator A : PAA(R, A", u) — PAA(R, A", 1) as follows
Az (t) = /t e Ji Dwdup (s,x(s),z(s—7(s)))ds, Vo € PAAR, A", ).
—o0
Since F € PAA(R x A?", A", u) and x € PAA(R, A", i), by Lemma 3.3,

s— f(s)=F(s,z(s),z(s—7(s))) € PAA(R, A", p).

So, there exist f; € AA(R, A") and fo € E(R, A", 1) such that f = f; + f2 and for any sequence of real
numbers (cv, ),,, there exists a subsequence («,),, sucht that

nin}roofl (t+an) = fy (t) exists forall t € R, (3.2)
lim D (t+ )= D (t) exists forall t € R. (3.3)
n—-4oo

Fisrt step: We will prove that Az (t) exists
We have

t 0
Az (t) = / e e Dlwdu ¢ (§) ds = / e )Y Dlt+wdu r (4 4 5)ds.

So, by assumption (H2)

0
Az ()| 4o = H/ effsop(wu)duf(wrs) ds

0
</ (HeffD(tJru)du

An

(49l ) s

N

0
— (9 d*du
<fllg [ eI
Wl
< 1,

Hence, Az (t) exists.
Step 2: We will prove that Az € PAA(R, A", p).
For a fixed t € R, we have Ax (t) = Af1 (t) + Afa (t) = g1 (t) + g2 (t) where

t 0
g (1) = / e I DO g (5) ds — / e I Dlrdn g (1 4 5) ds

and

— 00

t 0
go (t) = / e Dludu g, (s)ds = / e~ o Pltwdur (1 4 5)ds.
We have

t+any t4an
g1 (t+an) = / effs D(u)dufl (8) ds

— 00

0
= / e JI Dttantwdug (4 4 g4 ) ds.

Using (3.2) and (3.3) it is easy to check that

: — [0 an+u)du _707uu7
niniooe [ D(t+an+u)d filt+s+an)=ce J2 D(t+u)d Fi(t+s).

e
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On the over hand, we have

He— fso D(t+an,+u)duf1 (t +s+ an) < He_ fSU D(t+an+u)du ||f1 (t +s+ an)| o
An M, (R)
< lfillge”
and [ EOO [ fillg e *ds = % < 400, it follows from Lebesgue dominated convergence theorem that

0 =S —
lim ¢ (t+a,) =g, () = / e ! Dlt+wduy (¢ 4 5)ds exists.

n—-4oo

Using the same argument one can prove that lin& g1(t—an) = g1 (t). So, t — g1 (t) = Af1(t) €
n—-—+0oo

AA(R, A™).
By assumption (H2) we have

" <[—1r, ) / {/m

/OOC {ed*sm / Ifo (t+ 5| gw dps (t)} ds.

dp (1)
An

t
/ e It D(u)duf2 (S) ds

dp (t)

0
/ e ! Dlt+u)du g (1 4 5)ds
— 00 A’n

o
e~ J; D(t+u)du

IN

M (®) [ fo (t + 8)|| 4n ds} du (t)

IN

We also have

1 r
M/—r | f2 (t 4 8)|| 4n dpe ()

r4+s
— e [ @ di (0

14 ([77‘7 T.D —r+s

—r—s,r+s T+s
< M([,LL([T,T‘];— ]),U,([T 715 7’+5})[ B HfQ (t)H_A" d:u*s (t)

By Lemma 2.20, Lemma 2.19 and Theorem 2.18 we deduce that

i s [ a4 5) L dn(6) =0,

e () J-

therefore, the dominated convergence theorem allows us to say that

e g2 O] s (9)

A )
1 " ¢ t
- lim —— = [ D(u)du
ri>+oo/¢ ([—7’7 TD [r /,OO ¢ F (8) ds

Hence, t — g2 (t) = Afa (t) € E(R, A", 1) and so Az € PAA(R, A™, ).
Third step: We will prove that A is a contraction:

A‘n,
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By assumption (H1) we have

IN

IN

<

1Az (t) = Ay ()]l

H/ e S PWME (53 (s) 2 (s — 7 (s )))ds—/ e S PWME (5, (5),y (s — 7 (5))) ds

— 00

0

sup{/Oo —d* (t—s) | F1(s,z(s),z(s—7(s)))ds—F1(s,y(s),y (s —7(5)))|| gn ds

teR

+/ e T By (s, (s) (s =7 () ds — Fa (5, (), y (s = 7(5))) | an dS}

— 00

sup {/t [efwtis) (Ly+ L) |z (s) =y (s)|| g + (L) + LE) |l (s =7 (s)) —y (s — T (5))||An} ds}

teR —00

t
(ot Lot 2h+ Lo = ylgsup { [ e as)
teR

—0o0

(L1 + Lo+ LY + LY)
d*

12 = yllo -

From assumption (H4) and the above inequality we can conclude that A is a contraction operator. Thus, by
Banach fixed point theorem, system (1.1) has a unique p-pseudo almost automorphic solution. The proof is

complete. |
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1. Introduction

In 1963, Kelly [4], initiated the definition of a bitopological space as a triple (X, 7y, 72), where X is a nonempty set
and 7 and 7, are topologies on X. In 1981, Bose [2], introduced the concept of ij-semi open sets in bitopological
spaces. In 1987, Banerjee [1], gave the notion of 4j — d—open sets in such spaces.Also, investigations of ij —
d—open sets were found in [5, 6]. In this paper, we introduce and study 7j —J—semi closed and ij — §—semi open
sets in bitopological spaces. Also, we introduce and study the notions of § — s A, j-sets and gd — s /\; ; —sets
in bitopological spaces by generalizing the results obtained in [3]. Furthermore, we define a closure operator
Cl; Nis and associated topology 7'58 Nis on the bitopological space (X, 71, 2).

Throughout this paper (X, 71, 72) ( or briefly X ) always mean a bitopological space on which no separation
axioms are assumed unless explicitly stated. Let A be a subset of X, by i — CI(A) and i — Int(A) we denote the
closure and the interior of A in the topological space (X, 7;). By i-open (or 7;—open) and i-closed (or 7; —closed)
we mean open and closed in the topological space (X, 7;). X\ A = A€ will be denote the complement of A and
I denote for an index set. Also4,j = 1,2 and ¢ # j. Let A be a subset of a bitopological space (X, 71,72) . A
point € X is called an ij — d—cluster point [1] of A if ¢ — Int(j — CI(U)) N A # ¢ for every 7;-open set
U containing x. The set of all ij — d—cluster points of A is called the ij — d—closure of A and is denoted by
ij — Cls(A) . A subset A is said to be ij — d—closed if ij — Cl5(A) = A. The complement of an ij — d—closed
set is called ij — d—open. A subset A of X is called ij—semi open [2] if A C j — Cl(i — Int(A)).

*Corresponding author. Email address: khedrf@aun.edu.eg (Khedr), o_sayed @aun.edu.eg (Sayed)

https://www.malayajournal.org/index.php/mjm/index (©2021 by the authors.
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2. ij-0-semi open sets

Definition 2.1. A subset A of bitopological space (X, 11, T2) is called i j — 6—semi open if there exists ij — §-open
set U such thatU C A C j — CU(U). The complement of an ij — d—semi open set is called ij — §-semi closed.

A point x € X is called an 75 — d-semi cluster point of A if ANU # ¢ for every ij — §-semi open set U of X
containing x. The set of all ¢j — d—semi cluster points of A is called the ij — §—semi closure of A and is denoted
by ij — dsCI(A). The collection of all ij — J-semi open (resp. ij — d-semi closed) sets of X will be denoted by
ij — 0SO(X) (resp. ij — dSC(X)).

A subset U of X is called 7j — d-semi neighborhood (briefly, ij — J-semi nbd ) of a point x if there exists an
ij — d-semi open set V such thatz € V C U.

Lemma 2.2. The union of arbitrary collection of ij — §—semi open sets in (X, 1, T2) is ij — d-semi open.

Proof. Since arbitrary union of ¢j — d—open sets is ij — d-open [4, Lemma 2.2], the result follows. |

Lemma 2.3. The intersection of arbitrary collection of ij — 6-semi closed sets in (X, 1, 72) is ij — §-semi closed.

Proof. Follows from Lemma 2.1. |

Corollary 2.4. Let A C X, ij — 0sCl(A)=({F:ACF, Feij—05C(X)}.
Corollary 2.5. ij — 0sCI(A) is ij — §-semi closed, that is ij — 6sCl(ij — §sCI(A)) =ij — dsCl(A).

Lemma 2.6. Let (X, 71, 72) be a bitopological space. For subsets A, B and Ay (k € A) of X, we have
(1) A C ij — §sClU(A).
(2) AC B = ij — §sCI(A) C ij — dsCIU(B).
(3)ig — dsClU( Ax) € (N ij — IsCl(Ag) .

k k
(4)ij — 55CUU Ar) = U{ij — 0sClL(Ay)} .
- :
(5) Aisij — d-semi closed if and only if A = ij — §sCI(A)

3. 6 —s/\;; -sets and g6 — s /\;;-sets.

Definition 3.1. For a subset B of a bitopological space (X, 11, T2), we define
BN = {0 € ij — 650(X), B C O}
B.V5 = J{F € ij - 65C(X),F C B} .

Definition 3.2. A subset B of a bitopological space (X,T1,72) is called § — s \;;-set (resp. § — s\/,;-set) if
B=8B"Ni(resp. B=B]"").

Definition 3.3. A subset B of a bitopological space (X, 11, 72) is called

(1) generalized § — s \,;-set (briefly, g0 — s \;;-set) ifB; Nij C F whenever BC Fand F € ji—6SC(X).

(2) generalized § — s\/,;-set (briefly, g6 — s \/;-set ) if B¢ is g6 — s \;;.

By G /\"’j( resp. G v”) we will denote the family of all gd — s A\, ;-sets (resp. gd — s\/,;-sets).
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Theorem 3.4. Let A, B and By, k € I be subsets of a bitopological space (X, 11, 72). The following properties
hold:
(1) BC B,

(2) If A C B, then A3 C B

s N\ij s Nij _ N\

) ((B; )5)A =By, )

(4) (Uke[ BA)a Y= Ukel(Bk)é 7

(5)IfA € ij — §SO(X), then A = A3,
ey Nij sVi;\©

(6) (B = (B3V7) .

v

/\ij
/\i,j

(7) By ' C B.

(8)If B € ij — §SC(X), then B = B,

5/\1']’ S/\ij
9) (mkel Bk)5 - ﬂkez (Bk)5 :
sV
s .

\/ij

(10) (Uke] Bk)(ssVij 2 Uke[ (Bk)

Proof. (1) Clear.

(2) Suppose x ¢ B; /\“. Then there exists an ij — §-semi open set U such that B C U and x ¢ U. Since
AC B, thenz ¢ A(Ss Nij and therefore A;Aij - B; A“.

(3) Follows from (2).

@ Letz ¢ (Upes Bk)z/\“. Then there exists an ij — d—semi open set U such that | J,.; Bx € U and
x ¢ U. Thus for each k € I we have x ¢ (By,) i So, x & Uper (Bk.)z/\”.

5
Conversely, suppose that 2 ¢ | J, ., (Bk)(sS Nis Then there exists an i j — d-semi open set Uy, (foreach k € I)
such that 2 ¢ Uy, By € Ug. Let U = {Jc; Ur- Then, 2 ¢ U = J,c; U, Upe; Be € U and U is ij — 6-semi

open. S0, z & (Uye; Bk)z/\"j. This completes the proof of (4).
(5) Since A is an ij — §—semi open set, then AZ Nij C A. By (1), we have AZ Nij _ A.

(6) (B;vw)c — ﬂFC :F¢D B¢ F¢¢e ij — 5SO(X) _ (B(-);/\” .
(7) Clear.
B=8"".

O) Letx & (er (Bk)g/\”. Then there exists k& € I such that x ¢ (Bk)z/\’”

ij —0SO(X) such that B, C U and x ¢ U. Therefore z ¢ (., Bk)‘;/\”’_
sV e\sVy, ¢ _ s Vi c sV, e\ € B
(10)(Uk61 Bi)s = (((Ukel Bk) )5 ) - ((mkel Bk)av ) 2 (ﬂkel ((Bk)é ) ) -
Uke] (Bk)(;v” : [}

. Hence there exists U €

Theorem 3.5. Let B be a subset of a bitopological space (X, 11, 72). Then
(1) g and X are § — s |\;;-sets and § — s \/,-sets.
(2) Every union of § — s /\ij-sets (resp. 6 — s \/ij-sets) isd—s /\ij-sets (resp. 6 — s \/ij-sets).
(3) Every intersection of § — s /\ij-sets (resp. 6 — s \/ij-sets) isd—s /\ij-sets (resp. 6 — s \/ij-sets).

(4) Bisaé — s \;; —setifand only if B®isa d — s \/;;-set.

e
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Proof. (1) and (4) are obvious.
(2)Let{By, : k € I} beafamily of 6—s /\;;-sets in (X, 71, 72). Then by Theorem 3.1(4) we have ..y Br =

s /\i]’ s /\1 i
Urer (Br)s 7 = (Urer Bk)5 B
(3) Let {By : k € I} be a family of 6 — s A,; —sets in (X, 71,72). Then, by Theorem 3.1(9), we have

ij s Nij AV
(ﬂkel Bk);/\ - ﬂke[ (Br)s = nke] By.. Hence, by Theorem 3.1, nke] B, = (ﬂkel Bk)z/\ . [ |

Remark 3.6. By Theorem 3.2, the family of all § — s /\,L.j -sets (resp. § — s \/ij —sets), denoted by )\2 Nis (resp.
)\;Vij) in (X, 71,79) is a topology on X containing all ij — §-semi open (resp. ij — J-semi closed) sets. Clearly
(X, )\; Nii ) and (X, )\Z Vi ) are Alexandroff spaces.
Theorem 3.7. Let (X, 11, T2) be a bitopological space. Then
(1) Everyd — s \\;;-setis a g6 — s \;-set.
(2) Every§ —s\/,-setisa gé — s \/,;-set.
(3) If Byisa g6 — s \;; —set for all k € I thenJyc; By is a g6 — s \,-set.
(4) If By isa g6 — s\/,-set for all k € I then (o By is a g6 — s \/ ;-set.
Proof. (1) Obvious.
(2)Let Bbe a § — s\/,;-subset of X. Then B = B,
Therefore, by (1), Bisa gd — s \/ij—set.
(3)Let By is a g6 — s/\ij-subset of X for all K € I. Then by Theorem 3.1 (4), (Ukel Bk)z/\i-f =

Uker (Bk)g/\"j. Hence, by hypothesis, <, Bk is a gd — s \,;-set.
(4)Follows from (3). |

\/ij
P

v”.ByThanmn3J@L(BﬂzA”::(B;v”) _ pe.

Theorem 3.8. A subset B of a bitopological space (X, T1,72)is a g0 — s\/,;-set if and only if U C B;
whenever U C B and U is an ij — 0-semi open subset of X.

Proof. Let U be an ij — §-semi open subset of X such that U C B. Then, since U°€ is ij — §-semi closed and
B¢ C U*¢, we have (Bc)z/\“ C U*. Hence, by Theorem 3.1(6), (B; V”)C C U° Thus U C B; v“. On the
other hand, let F be an ij — d-semi closed subset of X such that B¢ C F'. Since F¢ is ij — §-semi open and
F¢ C B, by assumption we have F'¢ C B; v"’j. Then F D (B; V”)C = (Bc)zv"’j. Thus B¢isa gd — s /\ij—set,
ie,Bisagd—s \/ij—set. [ ]

4. Cl; Mg closure operator and associated 7'; Nij

In this section, we define a closure operator C' l; Nis and the associated topology 7'; Nis on the bitopological space
(X, 71, 72) using the family of g6 — s A, -sets.

Definition 4.1. For any subset B of a bitopological space (X, 11, T2), define Cl; Nis (B)={U:BCU,UE€
G Ny and Int) N (B) = U{F : B2 F,Fe e G2\,

Theorem 4.2. Let A, B and By, : kel be subsets of a bitopological space (X, 11,72). Then the following
statements are true:

(1) B ol (B).
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2) ci.Ni(Be) = (IntjA” (B)) .

(3) i (9) = 6.
s Aij _ s Nij
(4) Uke] Olé (Bk) = Cl5 (Uke] Bk) .
(5) c1sNo (Cf/\”( )) =i (B).
S/\ij SAij
(6) If A C B, then CL.™\7 (4) € €12\ (B).
(7) IfBis g0 — s \,; —set, then Clg/\” (B) = B.

(8) If B is gd — s \/;-set, then Intz/\” (B) = B.
Proof. (1), (2) and (3) are clear.

4) Let z ¢ Clj A (Uker Br)- Then, there exists U € G;A” such that | J,.; B € U and z ¢ U. Thus
for each k € I we have z ¢ Cl; A (Bk). This implies that = ¢ (J,c, Cl; /\”(Bk). Conversely, suppose
2 ¢ Upe; CL™V (By). Then there exist subsets Uy, € G/ for all k € I such that = ¢ Uy, and By, C Uy. Let
U =Upe; Ur- Then w ¢ U, Uye; Br C U and U € G/ Thus, o ¢ CLN (Uye, Br).

(5) Suppose that = ¢ C’l; Nis (B). Then there exists a subset U € GS Nis such that x ¢ U and B C
U. Since U e G, Nii we have Cl; M (B) C U Thus we have x ¢ Cly /\”(C’ls /\”( B)). Therefore
oMo (czs/\”( )) c oM (B). Butby (6) 1. (B) € ¢l (055 (B )). Then the result follows.

(6) It is clear.
(7) Follows from (1).
(8) Follows from (7) and (2). |

Theorem 4.3. Cl;;q Nis'is a Kuratowski closure operator on X.

Definition 4.4. Let T§ N be the topology on X generated by Cl; N in the usual manner, i.e., T; Nij {B C

x, N (Be) = Be).

We define a family pg/\” by ps/\‘ {B C X, Clé/\”( B) = B}, equivalently pz/\” ={B C X, B°¢
S/\ij

T L

Theorem 4.5. Let (X, 71, 72) be a bitopological space. Then

(1) =N = (B C X, It} (B) = B}
(2) ij — 6SO(X) C G;‘;/\” C pz/\”

(3) ij — 68C(X) € G\ < Mo

(4) Ifij — 6SC(X) = 7'; A”, then every g6 — s \,;-set of X is ij — d-semi open.
s\

(5) If every g6 — s \,;-set of X is ij — G-semi open (i.e., ifGZ/\” Cij —6SO(X)), then 75" = {B C
X, =B},
(6) Ifevery go—s \,;-set of X is ij—0d-semi closed (i.e., isz/\“ Cij—0SC(X)), thenij—0S0O(X) = 7—5S Nis,
S
(V=)
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Proof. (1) By Theorem 4.1 (2), we have: If A C X, then A € T: Nis if and only if Cl; Nis (A€) = A®if and only

if (Imsj\/“ (A))c — A®if and only if Int] V7 (A) = A. Thus, = = {B C X, Int} " (B) = B}.

(2) Let B € ij — 6SO(X). By Theorem 3.1(5) Bisa § — s /\;;-set. By Theorem 3.3, Bis a g0 — s /\,; —set,
ie, B € G;A”. Suppose B any element of Gz/\”. By Theorem 3.1, B = Cl; Nis (B), ie., B € pz/\”.
Therefore ij — 650(X) C G;A” - pz /\i-".

(3) Let B € ij — 6SC(X). By Theorem 3.3, B = B;
agd—s\/;; —set. Hence B € G;v"’j. Now, if B € G Vi then by (1) and Theorem 3.4(8), B € 7,

(4) Let B be any g§ — s /\ij-set, ie., B € G; /\"j. By (2), B € pf; A”. Thus, B¢ € T; /\"'". From assumption,
we have B¢ € ij — §SC(X). Hence B € ij — §SO(X).
G)Let AC Xand A € 7.9, Then, A° = LN (49 ={U - U D AU e Gy =n{U - U

V“. Thus Bisad — s \/ij —set. By Theorem 3.1, B is

Nij

AU € ij —6SO(X)} = (AC)ZA“. Using Theorem 3.1, we have A = A;v”, ie, Ac{BCX:B=
Bs Vm’}
s . »
Conversely,if Ac {BC X :B= B; Vig }, then by Theorem 3.3, Aisa gd — s \/ij —set. Thus A € G;v”.

By using (3), A € T; i,
c

s N\ij — sNij( gey)© — . Ac 5 Nij c .
©Let AC XandAer.. Then A = (Ci.MN(A9)) = (N{U: AU U ey = U{Ue
Uc¢eij—465S0(X)}eij —dSO(X).

Conversely, if A € ij — §SO(X), then by Theorems 3.1 and 3.3, A € G;A”. By assumption A € ij —
8SC(X). Using (3), A € T; s, [ |
Lemma 4.6. Let (X, 71, 72) be a bitopological space.

(1)For each x € X, {x} is anij — 6—semi open set or {x}“is a g6 — s \;; —set of X.

(2)For each x € X, {x} is anij — d—semi open set or {x} is a g6 — s \/,; —set of X.

Proof. (1) Suppose that {«} is not ij — d—semi open. Then the only ij — J-semi closed set F containing {z }¢
is X. Thus ({x}c)z/\“ CF=Xand{z}isagd— s/, —setof X.
(2) Follows from (1). |

Theorem 4.7. Ifij — 6SO(X) = 7, /\”, then every singleton {x} is T, M -open.

Proof. Suppose that {z} is not ij — -semi open. Then by Lemma 4.1, {z}“is a g6 — s /\;-set. Thus {z} €

Ty P Suppose that {z} is ij — 6-semi open. Then {z} € ij — 6SO(X) = 7, P Therefore, every singleton
. s /\m

{x}is 75" -open. [ |
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1. Introduction

Let (Y, p) be a complete metric space and ' : Y — Y a selfmap of Y. Suppose that Fr = {¢ € Y : T'q = ¢} is
the set of fixed points of I'.

Over the years, different iterative schemes have been succesfully employed in approximating fixed points
(or common fixed point) of different contractive operators in different spaces (see for example, [1], [4] , [12]
and [16] -[44] and the references therein for more details). In 1971, Kirk [20] introduced the following iterative
scheme:

Let X be a normed linear space and I' : X — X be a self-map on X. For arbitrarily chosen yy € X, define
the sequence {y, }°2, iteratively as follows:

L L
Y1 =Y ailiyn, Y a;=1n>0. (L.D)
j=0 j=0

*Corresponding author. Email address: agwuimo @gmail.com (Imo Kalu Agwu), igbokwedi@yahoo.com (Donatus Ikechi Igbokwe)

https://www.malayajournal.org/index.php/mjm/index (©2021 by the authors.



Stability and convergence of new random approximation algorithms...

Since its emergence, different researchers have modified and generalised (1.1) in different spaces, see for
example, [11],[15] and [29] and the reference therein.

In [29], Olatinwo introduced the iterative schemes below: Let Y be a Banach space andI' : Y — Y be a
selfmap of Y.

(i) For an arbitrary point yo € Y, any > 0,an0 # 0,ap, € [0,1] and ¢ as a fixed integer, define the
sequence {yy, }22, by

J4 L
Yntr = D i Tyn, Y ane=1,n>0 (1.2)
t=0 t=0

(”) For an arbitrary point yo € Y, £ > m, Qn oty Bn,t > 0 with oo, 57:,,0 #0, Qn oty Bn,t € [0, 1] and £, m as
fixed integers, define the sequence {y, }°, by

4 4
Yn+1 = On,0Yn + Z an,trjzna Z Ant = 1;
t=0 t=0
m 4
Zn =Y BualYn, > Bni=1,n2>0, (1.3)
t=0 t=0

and called them Kirk-Mann and Kirk-Ishikawa algorithms, respectively.

Chugh and Kumar [12] introduced and studied the iterative scheme below: Let Y be a Banach space and
I' 1Y — Y be a selfmap of Y. For an arbitrary point yo € Y and for £ > m > p,an s, Y Bt =

0,Yn,0, 05 Bn,0 # 0, Qn s, Ynors Bnt € [0, 1] and €, m, p as fixed integers, define the sequence {y,, }22, by

4 £
Yn+l = Vn,0Yn + Z'Yn,rrrznv Z’Yn,r =1
r=1 r=0
m m
Zn = Qn,0Yn + Z an,srszn7 Z Qp s = 1; (14‘)
s=1 s=0

p p
Zn = Zﬁn,trtynaZBn,t =1,n>0,
t=0 t=0

In 1976, Jungck[19] introduced and studied the iterative scheme below: Let Z be a Banach space, Y an
arbitrary set and S,I" : Y — Z such that I'(Y") C S(Y). For arbitrary zo € Y, define the sequence { Sz, }52
as follows

Stpy1=Tz,,n=12--- (1.5)

The iterative sequence defined by (1.5) is called Jungck iterative scheme and becomes Picard iterative scheme
if S = Iy (identity mapping) and Y = Z. It is worthy to note that (1.5) has been studied and generalised by
different authors in different nonlinear spaces. Interested readers should see [2], [23], [24], [27] and [41] for more
details.

In [12], the following iterative scheme was introduced and studied as a generalisation of (1.4): Let Z be a
Banach space, Y an arbitrary set and S,T" : Y — Z a nonself operator such that I'(Y") C S(Y"). For arbitrary

e
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yo € Y, define the sequence {Sy, }°, by

4 14
Syn+1 = 'Vn,OSyn + Z'Yn,rrlrzna Z Tn,r = 1;
r=1 r=0
m m
Szp = an,OSyn + Z an,srszna Z Onp,s = 17 (1.6)
s=1 s=0

p p
Szn = Bn,Osyn + Zﬂn,trtynv Zﬁnﬁt =1,n>0,

t=1 t=0

where ¢ Z m Z p7an,s7’7n,r76n,t 2 07’771,0;0471,0;677,,0 7é Oaams,’yn,raﬂn,t S [07 1] and €7m>p as fixed
integers.

Remark 1.1. Notably, (1.6) reduces to (1.4) if S = 14 (identity).

Following the introduction of random fixed point theorems by Prague school of probability in 1950,
considerable efforts have been devoted toward developing this theory. This unwavering interest stem from the
priceless stance of fixed point theorems in probabilistic functional analysis and probabilistic model along with
their diverse applications. It is worthwhile mentioning that problems relating to measurability of solutions,
probabilistic and statistical aspect of random solutions found their way in the current literature due to the
introduction of randomness. Also, it is of interest to note that random fixed point theorems are stochastic
generalization of classical fixed point theorems and are usually needed in the theory of random equations,
random matrices, random differential equations, and different classes of random operators emanating in physical
systems (see, for example, [10] for details). In 1976, a paper by Bharucha-Reid [6], which provided sufficient
conditions for a stochastic analogue of Schauder’s fixed point theorem for random operators, prompted various
mathematicians to construct varying degree of fixed point iteration procedures for approximating fixed point of
nonlinear random operators. In [14] and [42], Hans and Spacek initiated the idea of random fixed point theorems
for contraction self mappings, Subsequently, Itoh [7] extended the result to multivalued random operators. In
[43], using mappings that satisfied inward or the Leray Schauder condition, Xu [43] generalised the results in [7]
to the case of nonself random operators. Further results in this direction could be found in [10] and the refrence
therein

Definition 1.2. Let (2, X)) be a measurable space (2 — a set and ¥ — sigma algebra), D a nonempty closed
and convex subset of a real separable Banach space E and T : Q — D a given mapping. Then,

1. T is said to be measurable if T ~1(B N D) € X for each Borel subset B of H;
2. I': Q x D — D is called random operator if T'(.,w) : Q@ — D is measurable for every w € D and
3. T is siad to be continuous if for any given £ € Q,T'(£,.) : Q x D — D is continuous.

Definition 1.3. Ler (2, X) be a measurable space () — a set and ¥ — sigma algebra), D a nonempty closed
and convex subset of a real separable Banach space E andT" : QQ — D a given mapping. A measurable function
g : Q — D is called a fixed point for the operator T' : Q x D — D if T'(&, g(§)) = g(&) and it is referred
to as a coincidence point for two random operators S,T' : Q@ x D — D ifT'(¢,9(¢)) = S(&,9(£)), V¢ € Q.
The operators S, are called random weakly compatible if they commute at the random coincidence point;

ie, if D(§9(§)) = S(&,9(§)) for every & € 1, then T'(5(¢, 9(§))) = ST'((&,9(¢)))) or ['(§,5(£,9(8))) =
S(&,T(&,9(8))). The set of random common fixed points of the random mappings ST : Q x D — D shall be

denoted by F(S,I') = {g(§) € D : S(£,9(£)) =T'(&,9(§)) = g(§), € € Q}.
e
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To approximate the fixed point of random mappings, different fixed point iterative schemes have been used
by different authors (see, for example, [14], [40], [42], [43] and the reference therein).

Recently, Rashwan and Hammad [40] introduced the following random version of Jungck-Kirk-Noor iterative
scheme defined in [24]: Let I", S : Q x Z — Y be two random mappings defined on a nonempty closed and
convex subset D of a separable Banach space Y. Let zo : 0 — D be an arbitrary measurable mapping. For
EeQn=0,1,2,--- ,withT'(§, Z) C S(¢, Z), then

S(f»yn+1(£)) = an,os(fayn( )) =+ Zv 1 Qn Zfi(f,zn(g)) Zfl 1Qni =1

S(&2n(8)) = 0n08(& Yn(€) + X521 n g T (64 (€)), 052 Oy = 1s (1.7)
S(Eta(€) = S50 Y TF (€, 9 (), S0y Ak = 1,

where {1,y and {3 are fixed integers with {1 > lo > U3, 0005 > 0,000 7# 0,055 2> 0,050 # 0 and 7y, >
0, Yn,0 # 0 are measurable sequences in [0, 1]. They called (1.7) Jungck-Kirk-Noor random iterative scheme.

Remark 1.4. If {5 = 0 and {5 = {3 = 0 in (1.7), then we have the following random iterative schemes:

{s<f,yn+l<£>> = 005 (6. () + X1l n (€ 2n(€)), Kily s = 1 19
S(&2n(€)) = 60,095 yn(€)) + 152 0n 319 (€, yn ()
and
£y
S(&ynt1(8)) = an OS (& yn()) + Zanz (& ynl§ ))vzan,i =1, (1.9)
i=1

respectively. (1.8) and (1.9) are called Jungk-Kirk-Ishikawa and Jungck-Kirk-Man iterative schemes respectively.

In real life applications, the workability of the various iterative schemes studied in this paper would be
questionable if their stability is not guaranteed. In [32], Ostrowski initiated the notion of stability of iterative
schemes and started investigation on this using Banach contractive conditions. Subsequently, different
researchers have continued this investigation using more general contractive-type mappings than the one studied
in [32]. Some recent works in this direction could be seen in [33], [34],[30],[28].[131,[32],[8]1,[31], [17],[11],[4]
and the references therein.

Remark 1.5. To obtain stability and convergence results in the papers studied using (1.1), (1.4), (1.6), (1.7),
(1.8), (1.9) and their variants required that the finite sum of the countably finite sequences of the measurable
control parameters be unity (i.e., Zi:o Yok = L, > it = 1,50 8, =1, etc.). However, in real life
applications, if £, m and p are very large, it would be very difficult or almost impossible to generate a family of
such measurable control parameters. Again, the computational cost of generating such a family of measurable
control parameters (if possible) is quite enormous and also takes a very long process.

In an attempt to overcome these challenges mentioned in Remark 1.3 for the case of a nonrandom operators,
Agwu and Igbokwe introduced alternative iterative schemes in [1]. To the best of our knowledge, the problem
of ’sum conditions’ is still unresolved for the case of random iterative schemes. Consequently, the following
question becomes necessary:

Question 1.1. Is it possible to construct alternative random iterative schemes that would address the problems

generated by the sum conditions (Ek 0 Yk =1 Ej 00n; = land ZZ 0Qni = 1) imposed on the control

parameters {{y 1 o1 Fiys {{ami o i
and {{Jn’j};’le}ﬁil, respectively while maintaining the convergence and stability results in [40]?

Following the same argument as in [18] regarding the linear combination of the products of countably finite
family of control parameters and the problems identified in each of the iterative schemes studied, the aim of this
paper is to provide an affirmative answer to Question 1.1.

e
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2. Preliminary

The following definitions, lemmas and propositions will be needed to prove our main results.

Definition 2.1. (see [32]) Let (Y, d) be a metric space and letT' : Y — Y be a self-map of Y. Let {x,}22, C Y
be a sequence generated by an iteration scheme

Tnt1 = 9T, zp), 2.1

where xo € Y is the initial approximation and g is some function. Suppeose {x,,}°2 , converges to a fixed point
qof T. Let {t,}52 o C Y be an arbitrary sequence and set €, = d(tn, g(T',t,)),n = 1,2, - Then, the iteration
scheme (2.1) is called T'-stable if and only if lim,,_, . €, = 0 implies lim,,_c Yy, = q.

Note that in practice, the sequence {t,,}>2, could be obtained in the following manner: let xy € Y. Set
ZTnt+1 = g(T', zp,) and let typ = xo. Now, 21 = g(I', x¢) because of rounding in the function I, and a new value
t1 (approximately equal to x1) might be calculated to give ¢o, an approximate value of g(T', ¢1). The procedure is
continued to yield the sequence {t,, }°° ,, an approximate sequence of {x,, }°2 .

Definition 2.2. (see, e.g., [40]) For two random operators S,T" : Q@ x D — E withT'(§,D) C S(§, D) and C
is a nonempty closed and convex subset of a separable Banach space E, there exist real numbers n € [0,1],0 €
[0,1) and a monotone increasing function ¢ : Rt — RT with $(0) = 0 and Vz,y € C, we get

1+ |5, x) = T(&, )|l
Lemma 2.3. Let {7,}5°, be a sequence of positive numbers such that T, — 0 as n — oco. For0 < § < 1, let
{wn }52 be a sequence of positive numbers satisfying wy 11 < dw, +7p,n =0,1,2,--- Then, w, — 0asn —
00.

T z) =T (& y)ll < 22)

Lemma 2.4. (see, e.g., [40]) Let (E, ||,||) be a normed linear space and S,T' random commuting mappings on
an arbitrary set D with values in E satisfying (2.2) such thatVx,y € D, £ € (),
(¢, D) € 5(¢, D);
158, 5§, 2)) = T(&, S(& 2)Il < [1S(€, 2) = T(&, )| (2.3)
15, 58, 2)) = S(&,5(& )| < (1S, 2) = S(E vl

Consider ¢ : RT™ — R™, a sublinear monotone increasing function such that ¢(0 = 0) and ¢(u) = (1 —
Nu,¥d € [0,1),u € RT. Then, Vi € N and Vz,y € D, we get

> (IS ) — T 2)]) + v |S(€ x) = S y)ll
L+ [|S(€, @) = T(&; )|

(2.4)

Proposition 2.5. (see,e.g., [18]) Let {«;}32, C N be a countable subset of the set of real numbers R, where k is
a fixed nonnegative integer and N is any integer with k + 1 < N. Then, the following holds:

ak+za1H1—aj+H1—aj 2.5)

i=k-+1 =k

Proposition 2.6. (see,e.g., [18]) Let t,u and v be arbitrary elements of a real Hilbert space H. Let k be any
fixed nonnegetive integer and N € N be such that k +1 < N. Let {v;}¥7' € H and {o;}}, C [0,1] be a
countable finite subset of H and R, respectively. Define

Yy =apt + Z aZH 1—aj Vi— 1—|—H 1—04J

1=k-+1 j=k

3

s
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Then,

ly = ull* = arllt — ull® + Z OézH 1= aj)|lvi- 1*UH2+H 1—aj)|v—ul

1=k+1 i=k

—ozk[ Z oz,H 1—aj)||t —vi 1||2—|—H 1—qy) Ht—vH}

i=k+1 ]k

—(1 — o) { Z azH 1= aj)llviy = (@isr + wir) |
i=k+1 j=k
i—1

+an [J(1—ay)llv - "UN—1||2],

Jj=k

where wy, = Zikﬂ o H;;}C(l —j)vi—1 + H;;}C(l —a;)v,k=1,2,--- N and w, = (1 — ¢c,)v.

3. Main Results 1

LetI', S : Q x D — H be two random mappings defined on a nonempty closed convex subset of a separable
Hilbert space, H. Let xy : 0 — C be an arbitrary measurable mapping. For £ € Q,n = 1,2,--- | with
I'(&, D) C S(xi, D), then

S 2n11(6)) = an1S(E 0 (€)) + o0y i [T (1 = an o) T H(E, 4 (€)) + A
S(EYn(€)) = 1S (€ 2a(€)) + 30 Yt [T (1 = 7 s )T 1(E, 20 (€)) + B 3.1)
5(57 Z’n(é-)) = 5“,18(57 Z’n(g)) + E§i2 5’”,8 Hz;i(l - 6’&5):[‘8_1(55 (En(é-)) + C7 n Z 07 11 27 ey

and
S(&an41(8)) = an1S(§ ya () + ZZ 2 i [Tt (1= an )D€ ya(€) + A5
S(§a yn(f)) = ’Vn,ls(& Zn( )) =+ Et:z 7n,t Hb:l(l - PYn,b)Ft_l(fa Zn(g)) + B; (32)
S(& Zn(f)) = 6n,15(£azn(f)) + 2?:2 5n,s Hz;i(l - 5H,S)F571(§a zn(f)) +C,n>0,1,2,..,

where A = Hf;lz]_(l - O‘n,a)rel (gayn(f))a B = iil(l - 'Yn,b)FZQ (fa Z7z(§))7 C =

TTey (1= 6,6 )T (€, 2 (), {H{0n,s 1o Yooy, {10 Hors {{am,i }oZo oy are countable finite family of
measurable real sequences in [0, 1] and ¢, {3, ¢35 € N. We shall call the iterative schemes defined by (3.1) and
(3.2) the Jungck-DI-Noor random iterative scheme and Jungck-DI-SP random iterative scheme, respectively.

Remark 3.1. 1(a) If¢3 = 0in (3.1), we obtain the following remarkable iterative schemes:

{S(f, T41(8)) = an1S(€, 2 (€)) + Zz o i [To_1 (1= ) TP H(E yn(€)) + 4
S(&yn(ﬁ)) = 'leS(g»xn( )) + Zt:2 In.t Hb:i(l - 'Vn,b)rt_l(fvzn(g)) +B,n>0,1,2,.,

3.3)
(b) if ba = L3 = 0in (3.1), we have the following important algorithm:
1—1
S(£,$n+1(£)) *an 1S gaxn +Zanz H an,a)riil(gvyn(f))_kA,
a=1
(3.4)

where A and B are as defined above. The iterative schemes defined by (3.3) and (3.4) are called Jungck-
DlI-ishikawa and Jungck-DI-Mann random iterative schemes respectively.
S
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2. If Q is a singleton in (3.1) and (3.2), we obtain the nonrandom version of (3.1) and (3.2), respectively.

3. If S is an identity mapping in (3.1) and (3.2), we get the following iterative algorithms:

$n+1(§) = O‘n,lxn(f) + 251:2 Qn g Hi;ll(l - O‘n,a)riil(gv yn(g)) + A;
Yn(€) = Ta@n(€) + 020 Yt [Toms (1 — Ynp) D1 (E, 20(€)) + B
20(€) = 28 6 T (1 = 80, )T (&, (€)) + C

,n>0,1,2,..,
3.5)
and
anrl(g) = Qp 1yn( ) + le Qg Hiil( - Qp a) iil(gvyn(g)) + A;
yn(§) = Vn,lzn( £+ Zt 2 Tn,t H (1 ~ Tn, b)rt 1(§,zn(§)) + B;
n(€) = 2051 s TIZ1 (1= 60,0 )T 71 (€, @ (€)) + C
,n>0,1,2,..,
3.6)

where A, B, C,{{8n.s }5 o}, {{vm.e 130 o1, {{am,i )30 Ye_, are and {1, 02,05 are as defined in
(3.1). We shall call the iterative schemes defined by (3.5) and (3.6) the the modified DI-Noor random
iterative scheme and the modified DI-SP random iterative scheme, respectively.

4(a). If {3 = 0 in (3.5), we obtain the following remarkable iterative schemes:

{xn-i-l(f) = an,lxn( ) + Zz 2 On,i H;_:ll(l - O‘n,a)ri_l(ga yn(g)) + A;
yn(§) = 'Yn,lxn( ) + thz Tn,t Hb:1(1 - 'Yn,b)Ftil(fa 2 (§)) +B,n>0,1,2,..,
3.7

(b) if ba = L3 = 0in (3.5), we have the following important algorithm:

i—1

anrl(g) = O4n,1-’17n + Z an 7 H ama)ri_l(ga yn(&)) + Aa (38)

a=1

Theorem 3.2. Let H be a separable Hilbert space, I, S : D — H random commuting uperators defined on
D with T'(§,D) C S(&,D) and S(&, D) a complete subspace of H satisfying (2.4), where ¢ : Rt — R is
a sublinear monotone increasing function with ¢(0) = 0. Asumme that z(§) is the random coincidence point
of the random operators S,T', S*, T (i.e., S(&, 2(€)) = T(&,2(8)) = S, 2(€)) = TUE, 2(8)) = q(&)). For
arbitrary xo(§) € H, if the sequence {S(&,x,(€))}52, generated by (3.1) converges to q(&), then the random
Jungck-DI-Noor iterative scheme is S, I'-stable.

Proof. Let ¢(¢) : Q@ — D be a measurable mapping and z(§) : £ — D a random coincidence point of
the random operators 5. T', %, T (i.c., S(6.(€)) = T(€:4(6)) = S(E2(6)) = I'(€,2() = al€)). Let
{S(&,tn(8))}7Zo C H and

01 1—1
€n = ||S(§7tn+1(€)) - an,ls(gvtn(f)) - Zan,i H(l - an,a)ri_l(gvgn(g))
=2 a=1
- H — n,a)T (€, gn ()], (3.9)
P
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where, for every £ €

t—1
S(& 9n(€) = 1S ta(§) + Z%t [T = )T £ (6))
b=1

t=2
£
+ 1 = ve)T2 (&, £0(6)), (3.10)
b=1
and
s—1
S(E fa(€) = 0n1S(E tn +26MH = 0n, )T 8 (6))
c=1

+ H(l = On, )T, 0 (). 3.11)
c=1

Let ¢, — 0 as n — oo, then by lemma 2.2 and Proposition 2.4, with S(&,t,(£)) = t, T 1(&, gn(€))

vj—1, T4 (&, gn(€)) = v and k = 1, we get the following estimates:

1S(& tn+1() — a(€)II” = llan,1S(E, ta(€)) + Zam H (1= )T (€ 90 ()
a=1
+ H (1= o) (€ 90(6)) — a(6) = |an 1S (€ 1 (©))
i—1
+Zaan 1—04na)1—‘z 1§gn +H 1_ana f.@n(f))

(& (€ )>] I?
< ||O‘n 1S 5 tn + Zan [ H an,a)ri71(€7gn(§))

a=1

" H 1= )T (6, 90(6)) = (@) + 1| = [, 156 a(6))

i—1
+ZanzH 1_ana)1—w’ 1§gn +H1_ana fgn(f))
a=1

(&, (€ >>] I?
||Oén 1S 5 tn Zan i H 1 - an,a)ri_l(fvgn(f))
a=1

+ H 1~ )T (€, 9a(6) — a(O)] + e

Jie
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< €n
+an1||5(£ tn(€)) — a(6)|?
+Zam TL0 — ) T €, 90(6)) — a(€)
a=1

+ H(l — ana) [T (€, 90 (8)) — a(€)]

But,
T 71 (& 9n(€)) =T H(E 2(E)I < H,

where

7o > (1T (I1S (€ 2(€)) = T(E 2(E)) + VIS (€, 2(€)) = S(E. ga ()]
- )

L+n'|S(8, 2(8)) = T'(&, 2(E)l
(3.13) implies

Sy (v (0) + VIS (€, 2(€) — S(€ 9n ()]

|‘Fi_1(f7gn(£>) —Fi_1<£72(€))” < 1+771||0H

Since ¢*(0) = 0, it follows from the last inequality above that
IT*71(& 9n(€)) = T 7HE 2O < VIIS(E, 2(8)) — S(& gn ()]
(3.12) and (3.14)

IS, tns1(€) — (I < €n
+an 11S(& () — a(O)I

1—1

" Zam [T = @) 2US(E, () — S(E. g€

a=1

+H 1= o) (V)?1S(€, 2(€)) — S(& gn(€)II?

(3.12)

(3.13)

(3.14)

(3.15)

Also, using (3.10) and Proposition 2.4, with S(&,1,(€)) = t, T2 (&, f,.(€)) = vj—1, T2 (&, fn(§)) =vand k =

1, we obtain the following estimaes:

155 9n(€)) — (&)

||7n 15(&,tn(£))

t—1
+ Z’yn t H 1-— ’Yn,b)rtil(fv fn(g))
t=2 b=1

+ H 1 — In, b g fn(g)) - Q(f)HZ
< ||wnls<§, n(€)) = a(©)l?
+ Z% ‘ H (1 =70 IT*HE fa(€)) = a(O))
b=1

t=2

Lo
+ ] = 1) IT% (€, £2(6) — a(©)11?
b=1
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Since ¢(0) = 0, it follows from Lemma 2.2 that

T2 (€, gn (€)) = T 7H(E 2(O) < HT, (3.17)
where
e Zim GV IS 2(9) — D& A + IS (6, 2(8) = S(E ()]
- L+n[|5(8, 2(§)) = T(&, 2(8)
(3.17) implies
- - Sy (V367 (0) + 1|S (€, 2(6)) = S(&, F(O))
T2, gu(€)) — T (6 2() ) < T
= V[IS(€,2(€)) = S(& £ (©))l (3.18)
Again, using (3.11) and Proposition 2.4, with
S(§7 tn(g)) =1, Fi_l(fatn(g)) = ’Uj—lal_‘é2 (fvtn(g)) =vandk = 1,
we obtain the following estimaes:
L3 s—1
1S(&, (€)= a1 = 1162,15(&8(€)) + > Sns [[(1 = 00T (€ 1 (€))
L3
+ [T = 6ne)T (€ () — a1
U3 s—1
< 01 (€)= g + D 0ns [T (1= 6. IT* (& a(€)) — g(©)1?
s=2 c=1
l3
+ [T =0T (€ 80 (€)) — a1 (3.19)
c=1
Since z(£) is the coincidence point of S, T', $(0) = 0 and
IT37HE, 9n(€)) = D71 (& ()| < W,
where
W — >t (v (IS (€, 2(8)) — (&, 2(&)) + volIS (€, 2(€)) — S(&, ta(E))l
L+77(S(€, 2(6)) = T(& 2() ’
it follows that
- o 251 (v 77 (0) + 7|18 (€, 2(8)) — S(&, ta(9))]
= v*[IS(&, 2(£)) = S(& ta(E))]- (3.20)
Since (3.16) and (3.18) imply
1S, 9n(©) = ¢l < Y1 IS(E, ta(€)) = a(&)II? (3.21)
123 t—1 £
(D e TTO =) 092 + TT( = 300))?)
=2 b=1 b=1
x[|IS(€, 2(€)) — S(&, fal&))II?
=
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and (3.19) and (3.20) imply

IS(€. £(6)) —a(©)]I® < (n1+25mH (1-5 +H (1= 60 ()?)
c=1
x||S(€, 2(€)) — S(&, tn (),

we have (using (3.15)) that

1—1

||S(§7tn+1(€))7q(£)”2 < {an1+ (Zanzn Oéna +H ana )

a=1

[Wnl"F(Z%tﬁ (1= mp)( -I-H 1= n)( )
(o 3o TT0 =000+ [0 =000 )}}

x[[S(€, 2(£)) = S(& tn())II* + €n (3.22)

Let

op = {an 1+ (Z On g ﬁ O‘n,a)(yi)2 + ﬁ(l - an,a)(Vi)2>

a=1
[%1+(vaH 1= Y5)( +H1_'an )
% (61 + zan H — Gne) (V) + 1_1(1 —3n.0))?)] }

so that from Proposition 2.3 and the fact that v* € [0, 1), we obtain

1—1

an{am(zamn ) +H - ana) )

[%1+(vaH1—m +H1—%b V)
(n1+zansj1i1— +H1— » )]},

{an1+ (Zamﬁl 1—an,a)+g<1—an,a))

%1 + (ZW H<1 ~Yns) + ﬁ(l =)
(n1+25mH1—nc+H1—nc)}}=1 (3.23)

Using Lemma 2.1, we obtain from (3.22) and (3.23) that S(&,¢,(£)) — ¢(§) as n — co.
Conversely, let S(£,t,(§)) — 0 as n — oo. Then, we show that €,, — 0 as n — oo. Now, by using (3.9),

e
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(3.22), Proposition 2.4 and Lemma 2.2, we estimate as follows:

€n = ||S(€,tn+1(£)) - (I(f) - [an 1S Ea + Zanz H an,a)riil(&gn(f))
15
+T10 = )T (6, 90(6) = a(©)] I2
a=1

i—1
< [IS(€ tny1(8)) —a(€ )||2 + Han 15(&,tn(8)) + Zo‘n i H (1- O‘n,a)riil(fvgn(f))
a=1

+ H 1 o) T (€, 9a(9)) — (&)
< ||S<s Eni1(6)) = A() 2 + an 1 [IS(E, 1a(€)) — a(E)]?

i—1 £y
+ Zam [101 = I (€,00(O) = al©IF + TT(1 = anIE™ €.9a(6) - a©)I”
< IIS(S 1 (€) = aOI + IS (€)) —a(©)
i—1
(Zamﬂ 1= ) +H — ana) ()2 IS8 90 (€)) — a(&)
s||s<§,tn+1<s>>q<s>||2+{an1+(2amﬂ Rl +H ~ ) ()
L2
x| + (2% H (1= 700) @) + T (1 = 0))?)
t=2 b=1
l3
x (8 1+ZansH 1-4 )(VS)2+H(1—5n,c)(vs)2)]}||5(£,2(f))—S(E,tn(é))ll2

Observe that the right hand side of the last inequality tends to 0 as n — oo, hence €, — 0 as n — oo. The
completes the proof.
If /5 = 0 and {2 = {3 = 0, then Theorem 3.1 yields the following corollaries: |

Corollary 3.3. Let H be a separable Hilbert space, I, S : D — H random commuting uperators defined on
D with T'(§,D) C S(&,D) and S(&, D) a complete subspace of H satisfying (2.4), where ¢ : Rt — R is
a sublinear monotone increasing function with ¢(0) = 0. Asumme that z(§) is the random coincidence point
of the random operators S,T', S*, T (i.e., S(&, 2(€)) = T'(&,2(8)) = SU(&,2(€)) = TU(E, 2(8)) = q(€)). For
arbitrary xo(§) € H, if the sequence {S(&,x,(£))}52, generated by (3.3) converges to q(§), then the random
Jungck-DI-Ishikawa iterative scheme is S, '-stable.

Corollary 3.4. Let H be a separable Hilbert space, I',.S : D — H random commuting uperators defined on
D with T'(¢, D) C S(&,D) and S(€, D) a complete subspace of H satisfying (2.4), where ¢ : RT — RT is
a sublinear monotone increasing function with ¢(0) = 0. Asumme that z(§) is the random coincidence point
of the random operators S,T, S* T (i.e., S(&, 2(€)) = T(&,2(€)) = SUE, 2(€)) = TUE, 2(€)) = q(£)). For
arbitrary xo(§) € H, if the sequence {S(&,x,(£))}52, generated by (3.4) converges to q(§), then the random
Jungck-DI-Mann iterative scheme is S, I'-stable.

If S is an identity in (3.1), (3.3) and (3.4), we obtain the following corollaries:

e
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Corollary 3.5. Let H be a separable Hilbert space, I, S : D — H random commuting uperators defined on
D withT'(&,D) C S(&, D) and S(€, D) a complete subspace of H satisfying (2.4), where ¢ : Rt — RT isa
sublinear monotone increasing function with $(0) = 0. Asumme that z(§) is the random coincidence point of the
random operators S, T, S* T (i.e., S(&, 2(€)) = T(&,2(€)) = SU(&, 2(8)) = T, 2(€)) = q(&)). For arbitrary
xo(§) € H, if the sequence {x,,(§)}°2, generated by (3.5) converges to q(§), then the random DI-Noor iterative
scheme is S, I'-stable.

Corollary 3.6. Let H be a separable Hilbert space, I, S : D — H random commuting uperators defined on
D withT'(§, D) C S(¢,D) and S(€, D) a complete subspace of H satisfying (2.4), where ¢ : RT — RT is
a sublinear monotone increasing function with ¢(0) = 0. Asumme that z(§) is the random coincidence point
of the random operators S,T,S* T (i.e., S(&, 2(€)) = T(&,2(£)) = S, 2(€)) = TUE, 2(6)) = q(€)). For
arbitrary xo(§) € H, if the sequence {S(&, x,(§))}32, generated by (3.7) converges to q(§), then the random
DI-Ishikawa iterative scheme is S, I'-stable.

Corollary 3.7. Let H be a separable Hilbert space, I, S : D — H random commuting uperators defined on
D withT'(¢,D) C S(&, D) and S(€, D) a complete subspace of H satisfying (2.4), where ¢ : Rt — RT isa
sublinear monotone increasing function with ¢(0) = 0. Asumme that z(€) is the random coincidence point of the
random operators S,T', S*, T (i.e., S(&, 2(&)) = T(&,2(€)) = SU(&, 2(€)) = TU(E, 2(€)) = q(€)). For arbitrary
zo(§) € H, if the sequence {S (&, x,())}52, generated by (3.8) converges to q(§), then the random DI-Mann
iterative scheme is S, '-stable.

Theorem 3.8. Let H be a separable Hilbert space, I, S : D — H random commuting uperators defined on
D withT'(&, D) C S(¢,D) and S(€, D) a complete subspace of H satisfying (2.4), where ¢ : RT — RT is
a sublinear monotone increasing function with ¢(0) = 0. Asumme that z(§) is the random coincidence point
of the random operators S,T,S* T (i.e., S(&,2(€)) = T(&,2(£)) = S, 2(€)) = TUE, 2(€)) = q(€)). For
arbitrary xo(§) € H, if the sequence {S(&, x,(§))}32, generated by (3.2) converges to q(§), then the random
Jungck-DI-SP iterative scheme is S, '-stable.

Proof. Using similar argument as in Theorem 3.1, the proof of Theorem 3.4 follows immediately. |
Again, if S is an identity in (3.2), we obtain the following corollary from Theorem 3.7:

Corollary 3.9. Let H be a separable Hilbert space, I',S : D — H random commuting uperators defined on
D with T'(&, D) C S(&,D) and S(€, D) a complete subspace of H satisfying (2.4), where ¢ : RT — RT is
a sublinear monotone increasing function with $(0) = 0. Asumme that z(§) is the random coincidence point
of the random operators S,T, S* T (i.e., S(&, 2(€)) = T'(&,2(€)) = SUE, 2(€)) = T, 2(€)) = q(£)). For
arbitrary xo(§) € H, if the sequence {S(&,x,(£))}52, generated by (3.6) converges to q(§), then the random
DI-SP iterative scheme is S, T'-stable.

4. Main Result II

Theorem 4.1. Let H be a real separable Hilbert space, I',S : D — H random commuting operators for
an arbitrary set D with T'(§,D) C S(¢,D) and S(§, D) a complete subspace of H satisfying (2.4), where
¢ : RY — RT is a sublinear monotone increasing function with ¢(0) = 0. Asumme that 2(£) is the
random coincidence point of the random operators S,T', S*, T (i.e., S(€,2(£)) = T'(&, 2(€)) = S(&,2(€)) =
Ti(E 2(8)) = q(€)). For arbitrary x¢(&) € H, let {S(&,2,(€))}5S, be the random Jungck-DI-SP iterative
scheme generated by (3.2). Then,

(i) q is the unique common fixed point of Tt and S*~1(i = 2,3,---)if D = H and T, S commute at q
(i.e., ', S are weakly comprtible);

(1) the Jungck-DI-SP iteration scheme converges strongly to q(€) € T'(€).
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Proof. Assume that {S(&, 2,,(£))}52 has a pointwise limit (i.e., lim, o S(&, 2,(£)) = q(£), V€ € Q). Since
H is a separable Hilbert space, it follows that S(&,g(£)) = ¢(§) is a measurable mapping for any random
operator S : Q2 x K — K and any measurable mapping g : 2 — K. Thus, the sequence {S(§, z,(£))}22,
generated by the random Jungck-DI-SP iterative scheme (3.2) is a sequence of measurable mappings. Also,
since K is convex and ¢(§) is measurable, then ¢ : w — K (being limit of measurable mapping) is as well
measurable.

Now, we show that S,T', S* and T'* have a unique coincidence point z(£). Let K(S,T', S%,T'%) be the set of
all coincidence points of S,I',S? and T% and suppose there exists another coincidence point
¢ € K(ST,8 T with ¢ # ¢ Then, we can find 2*(¢) #  2z(¢) such that
S(&,27(€)) = T(§,2%(8)) = S'(&,2%(§)) = §(&,27(€)) = ¢'(€)- Using (2.4) and the fact that ¢(0) = 0, we
get

la(€) = ¢' ()l = IT*7H(E, 2(€)) = T'7H(E, 2" (&)l < @7, (4.1)

where ,
0 — Yo (I (1S(€, 2(8)) = T(E 2()) + IIS(€ 2(€)) — S(&: 2% (&)
a L+n*5(& 2(8)) = T'(& 2()l '

From (4.1), we obtain

, Sy () (0) + v |IS(€,21(6)) — S(E 22(O))]
lg(§) — ')l < T ol

= V8[I5(&,2(£)) — S, 2X()) = V' lla(€) — ¢ ©)-,
which yields (1 — v*)[lq(&) — ¢(€)

| < 0. Since v* € [0,1) and the norm is a nonnegative function, it follows

that ¢(§) = ¢'(¢), which is a contradiction to our earlier assumption that ¢(§) # ¢'(£). Hence,
S(&,2(8)) = T(&,2(6) = SUE 2(8) = SUE 2(8) = q(€). Therefore, g(€) is unique. Further, since
') and S(§) are weakly compartible, we have
PESEA) = SETE) and THESEE) = S(ETHE().  Hence,
(&, q(8)) = S(&q(&)) =T"(&q(&)) = S*(&, q(&)) so that ¢(&) is the coimcidence point of T, S, T and S°.
Also, since the coincidence point is unique, we get ¢(§) = z(&). Thus,

(€ 2(8)) = S(§,2(8)) = T'(& 2(§)) = S*(& 2(8)) = a (&)
Next, we show that {S(&, z,,(£))}52, converges to ¢(£). Using (3.2), lemma 2.2 and Proposition 2.4, with
S, yn(€)) = t, T HE yn(€)) = vj_1, T (&, yn(€)) = v and k = 1, we get the following estimates:

i—1
||S(§793n+1(§)) - q(E)HZ = ||04n 1S g yn + Zan i H 1 - an,a)riil(gvyn(g))
a=1

+H 1= ana)T (€ yn () — a(©)
< an1||5§ yn(€)) —al€ &l

+Zan i H 1= o) I HE yn(€)) — (O
+ H(l — 0 IT (€, 9 (6)) — a (&)1 (4.2)
a=1

Since z(§) is the coincidence point of S, T", $(0) = 0 and
T yn(€)) = TTHE 2(E))I] < PP,

e
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NI +1IS(€,2(8)) = S(E yn(9))]
=T 2l

)

where
P Si1 () (1S (6, 2(6)) — T, 2(¢
N 1+ 7S (E, =(©))

it follows that

Yimy (7967 (0) + v7)|S(€, 2(6)) — S(& yn(©)l

Fifl n o I\ifl , < '

7€ yn () &zl < | T 0]

= V'[I5(€, 2(£)) = S yn(E)]- 4.3)

(4.2) and (4.3) imply
i—1 4y
||S(£,£L’n+1(£)) ( ||2 (Oln 1+ Zan % H 1- an,a)(yi)2 + H(l - O‘n,a)(yi)2>
a=1 a=1
4.4

X\\S(ﬁ,yn(f)) — (&)
~1,T4(&, 2a(8)) =

Again, from (3.2), lemma 2.2 and Proposition 2.4, with S(¢, 2,(€)) = t, T (&, 2,(£)) = v;-1,
v and k = 1, we get the following estimates:

t—1
( )” - ||7n 1S gazn +27ntH 1 77n,b)1—‘t71(£7zn(€))
b=1

t=2

IS(&,yn(€)) —
Lo
+ [ = 7)€ 20(6)) — 911

b=1

< TnallS(6 0 6)) - a(€)11”
+ Zvn t H (1= p) [T (& 2 () — (O

+H(1 — ) I (€, 20(6)) = a(©)II*. 4.5)
b=1
Since z(£) is the coincidence point of S, T', $(0) = 0 and
[T 2 (€)) = T 7H(E 2(€))] < P,
where
P _ St () (IS (6, () = D& 2())]) + v IS(€, 2(€)) — S(&, 2a(€))]
- L+ [15(8, 2(8)) = T(&, 2(8)) ’
it follows that
: =il (0) + vt|S(€, 2 — S(&, zn
B e e
= V'[|S(€, 2(€)) — S(& zn(E))]]- (4.6)
(4.5) and (4.6) imply that
t—1 123
1€ n(©) 617 < (ma + 32700 [T )62+ T11 — 7m0)047)
t=2 b=1 b=1
x[IS (€, 2n(€)) — a(&)II- @7
P
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Further, using (3.2) and similar argument as above, we obtain

1S(&, 2n(€)) — (&) 2 < (n1+25nsH (1= 800 + T[(1 = n0)(v)?)
b=1

s=2

x[|S(&, 2n(€)) — a(§)II*.

(4.4), (4.7) and (4.9) imply

i—1

1S(&, 2011(€)) — a(OI* < (an1+zamﬂ — )

a=1

+H

ana

/)

t—1
<’7n1+Z’YntH ]-_'an +H1_7nb 2)
b=1

t=2

(n1+25nsH

b=1

x[[S(€,2n(€)) = a(©)]1*.

Let

i—1

;:<an1+zanzH1_ana +H

a=1

)2+ H(l
b=1

ana

2

t—1
(’Ynl"‘f_z’}/ntl—[l_"/nb +H1_7nb 2)
b=1

t=2

(n1+26nqbl_[1_ +H1_ nc
1

Since v* € [0, 1), w obtain from (4.10) and Proposition 2.3 that

)

i—1 )

on = (om1 +ZamH 1—an7a)(,/i)2+ ]j(]‘_an,a)(l/i)Q)
a=1

(7n1+27ntl—[1—’ynb _|_H 1_'7"{)

X (671,1 + Z 571,5 1:[(1 - (Sn,c)(ys)2 + H(l — 0n c)(
b=1

s=2 b=1
i—1

(an 1+ Zan i H — Qna) + ﬁ(l — an,a)>

a=1

(’Ynl"‘rz’}/ntnl_’}/nb +H ’an)
=2

x (Sn1 + Z S H(1 —Gne) + H(1 ~bn)) =1
b=1 b=1

s=2

From (4.9), (4.11) and Lemma 2.1, we get that S(&, 2,,(§)) — ¢(£) as n — oo. The proof is completed.
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(v*)?)

(4.8)

4.9)
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@11
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If s is an identity in (3.1), then the following corollary from Theorem 4.1:

Corollary 4.2. Let H be a real separable Hilbert space, I',S : D — H random commuting operators for
an arbitrary set D with T'(§,D) C S(&, D) and S(€, D) a complete subspace of H satisfying (2.4), where
¢ : RTY — R7T is a sublinear monotone increasing function with ¢(0) = 0. Asumme that z(£) is the
random coincidence point of the random operators S, T, S* T (i.e., S(&, 2(€)) = T(£,2(£)) = SU(£,2(8)) =
(& 2(8)) = q(&)). For arbitrary xo(€) € H, let {S(&,1,(€))}% be the random DI-SP iterative scheme
generated by (3.6). Then,

(i) q is the unique common fixed point of T~ and S*=1(i = 2,3,---)if D = H and I, S commute at q
(i.e., I', S are weakly comprtible);

(i4) the DI-SP iteration scheme converges strongly to q(§) € T'(€).

Theorem 4.3. Let H be a separable Hilbert space, T, S : D — H random commuting uperators defined on
D withT'(¢,D) C S(&, D) and S(€, D) a complete subspace of H satisfying (2.4), where ¢ : Rt — RT isa
sublinear monotone increasing function with ¢(0) = 0. Asumme that z(§) is the random coincidence point of the
random operators S, T, S*, T (i.e., S(&, 2(£)) = T'(&,2(€)) = SU(&, 2(€)) = TUE, 2(8)) = q(&)). For arbitrary
x0(&) € H, let {S(§, 21 (£))}22 be the random Jungck-DI-Noor iterative scheme generated by (3.1). Then,

(i) T'(&) defined by (2.4) has a unique fixed point q;
(ii) the Jungck-DI-SP iteration scheme converges strongly to ¢¢ € T'(€).
Proof. Using similar argument as in Theorem 4.1, the proof of Theorem 4.2 follows immediately. |
Also, if S is an identity in (3.1), we obtain the following corollary from Theorem 4.3:

Corollary 4.4. Let H be a separable Hilbert space, ', S : D — H random commuting uperators defined on
DwithT'(¢,D) C S(&, D) and S(€, D) a complete subspace of H satisfying (2.4), where ¢ : Rt — RT isa
sublinear monotone increasing function with $(0) = 0. Asumme that z(§) is the random coincidence point of the
random operators S,T, S*, T (i.e., S(&, 2(£)) = T(&,2(€)) = SU(&, 2(€)) = TUE, 2(£)) = q(&)). For arbitrary
x0(€) € H, let {S(§, x,(£))}52, be the random DI-Noor iterative scheme generated by (3.5). Then,

(i) T'(&) defined by (2.4) has a unique fixed point q;
(ii) the DI-SP iteration scheme converges strongly to g€ € T'(§).
Remark 4.5. The following areas are still open:

(i) to recomstruct, approximate the fixed points and the stability results of some existing random iterative
schemes in the current literature, other than the ones under study, for finite family of certain class of
contractive-type map;

(ii) to compare convergent rates of the iterative schemes defined by (3.1) and (3.2) with those of (1.7);
(iii) to prove Proposition [2.3 and 2.4] in more general spaces so as to extend the results in this paper to such

spaces.

5. Conclusion

An affirmative answer has been provided for Question 1.1. The results obtained in this paper improve the
corresponding results in [10], [19], [40] and several others currrently announced in literature.
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