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Computation of a summation formula associated with certain special

functions

M .P. Chaudhary® * Salahuddin’ and Sangeeta Chaudhary*

International Scientific Research and Welfare Organization, New Delhi, India.
YP.D.M College of Engineering, Bahadurgarh, Haryana, India.

bFormer Faculty Member, BITS Pilani, India.

Abstract
The main aim of the present paper is to establish a summation formula involving certain special functions.
Keywords: Gauss second summation theorem, Recurrence relation, Prudnikov

2010 MSC: 33C05, 33C20, 33D15, 33D50, 33D60. (©2012 MJM. All rights reserved.

1 Introduction

Generalized Gaussian Hypergeometric function of one variable is defined by
ai,an, .- ,a ; o
AFp o ! z | = 2 (a)k(a2)g - - - (aa)xz" 1)
bl,bz,--~ /bB . k=0 (bl)k(bZ)k(bB)kk'

7

where the parameters by, by, - - - , bp are neither zero nor negative integers and A, B are non-negative inte-
gersand | z =1

Contiguous Relation is defined by

[ Andrews p.363(9.16), E. D. p.51(10)]

a, b; ] a+1,0b; a,b+1;
(a—0) 2k - z :azFl[ o z}—bzl—]{ . z} (2)

7 7 7

Gauss second summation theorem is defined by [Prudnikov., 491(7.3.7.5)]

I a, b 1 1"({1+h+1) T l)
2P | aipit 2] = aﬁ bJj (3)
| T2 () (%)
2(b-1) T( by (atbtl
B (4) T @
T(b) T(%5)
In a monograph of Prudnikov et al., a summation theorem is given in the form [Prudnikov.,
p.491(7.3.7.8)]
a,b; 1 (“5H) 2T(=51)
F _ | =vr + 5
|, 3] = e o ®
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Now using Legendre’s duplication formula and Recurrence relation for Gamma function,
the above theorem can be written in the form

. 2(b-1) T (atb=1 Ir(t 2(a=b+1) (ay ratl (b2
oF ﬂa;—g—l/ 1 _ ( 2 ) gzz n (2)2 ( 2 )+ (uil) (6)
etpl; 2 re) T {T(a)} r(2)
Recurrence relation is defined by
IE+1)=3T(3) (7)

2 Main formula

B b r(a+b2+46) lr(g){ 1 y
2

- @-HTe) (1 {a—v-20)[ T {a-b+29})]
-0=0 n=1

X (4194304(—107145471557284795514880000a + 1952918387086277895782400004>

—1565691230883499915345920004° + 74473358203764465677107200a*
—238111921957368071580549124° + 54812594470613682078351364°
—948292268763887952199680a” + 1268884162178183462912004° — 133937618718440116715524°
+1130574271590544777216a'" — 77005895857888757760a'! + 4254539623864857600a'2
—191027711898895872a' + 6960284638689536a'* — 204763953757440a'° + 48185388064004'°
—89349365952a7 + 127554873648 — 135181204'° + 100100a%° — 4624%' + 2?2
+107145471557284795514880000b + 544099662756275407552512000ab
—214707088455270681437798400a%b + 558803648319188167242547200a°b
—1246264881964201600603914244*b + 765896822587814851651829764°b
—10211457792319715925295104a°b + 28789774866699788841123844” b
—246395819137011656949760a%b + 389958171876832054312964°b — 22218011025457874964484'b
+216261270555291906048a' b — 8291822969736024576a'2b + 517746324868286976a'3b
—13186658427534592a'4b + 533571656983552a'°b — 86366530926724'°b + 2217514210564 b
—2057016456a'8b + 31308816a7b — 12581842°b + 946a* b + 195291838708627789578240000b>
+214707088455270681437798400ab” + 1013820737421028969037168640a> 1>
—108314139708425338286505984a°b% 4 302158850748929274166640640a* b
—297712841208542329102663681°b* + 19694196117372618265329664a°b>
—1388623739871132154593280a" b> + 4179832634666514329518084° b
—206222661110664670883844°b> + 34492880779058175119364 0% — 117885481520131060736a' b?
+11998017793499063040a'2b? — 2776362570396602884'3b* + 179191133926492164 4 b?
—267151285637632a'9b% + 11020924611136a'0h? — 9516765676047 b? + 2443673144a'8p?
—92310684"b? + 1357512202 + 1565691230883499915345920004°
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+558803648319188167242547200ab + 1083141397084253382865059844%b°
+466153606552294291044040704a°b> — 20900843249974028939034624a* 1>
+576786653594585802431528962°b° — 30066226823876504746721284°b3
+2001463868682331965947904a” b® — 825490792702889396695044° b
+25068498657478566850560a°b° — 7565757313807975659524'°b° + 1273121493704801495044 1 b
—2683483632086070528a'2b® + 273162140985789440a'3b° — 3785489362783744a' 41>
+242209382992896a°b> — 19732410080244'°b° 4 7963014030447 b® — 2874042604813
4705905241 + 74473358203764465677107200b* + 124626488196420160060391424ab*
+302158850748929274166640640a°b* + 209008432499740289390346244° b*
+81637579765745056383762432a*b* — 18613453124908525347143684°b*
+4921332525029869113065472a°b* — 1485925197212370656501764" b*
+96422465406931486231552a%b* — 2435194656785214218752a°b* + 7246812201818844695044 b
—13568253239845953792a' 1 b* + 2236391710105439744a'2b* — 284690821376586244'3b*
+2826281258958080a'*b* — 216191085070404'°b* + 1337751868596a'°b* — 460804830247 b*
+177232627a'8b* + 238111921957368071580549125° + 76589682258781485165182976ab°
+29771284120854232910266368a%b° + 576786653594585802431528964°b°
+1861345312490852534714368a* b + 66035391613828308551925764°b°
—84673352713297774153728a°b° 4 211310139502169635479552a” b°
—38638507040684099394564°b° + 2402371732497292514816a°b° — 37522170157907452160a'°5°
+10756989213658907648a'1b> — 121744987768371968a'2b° + 193319739164625924'3h°
—136278256884000a 45> + 12978881608000a°b° — 42181365226a'°b° + 248125677847 b°
+5481259447061368207835136b° + 10211457792319715925295104ab°
+19694196117372618265329664a*b° + 3006622682387650474672128a°b°
+4921332525029869113065472a*b° + 846733527132977741537284a°1°
+273482748886432393211904a°h° — 2076771952214159456256a” b° + 48547097509366702005764°b°
—543431444391229954564° b° + 320452100287182223364'1° — 3012517444392135684! b°
+82291504751968512a'2b® — 515206630456672a'3b° + 77925205174432a'4b°® — 233619868944a'°h°
+21090682613a'°1° + 948292268763887952199680b7 + 2878977486669978884112384ab”
+1388623739871132154593280a%b” + 2001463868682331965947904a°b”
+148592519721237065650176a*b” + 211310139502169635479552a°b”
+2076771952214159456256a°0 + 6122732220440579487744a” b7 — 27977292448047278336a5h”
+61005969350151654400a°b” — 407431732173193728a'°07 + 226372726335788032a"' b7
—1172083017545440a 217 + 302753027024448a'3b” — 804690659696a'4h” + 1149558085284°b”
+126888416217818346291200b° + 246395819137011656949760ab®
+41798326346665143295180842b° + 825490792702889396695044° b
+96422465406931486231552ab® + 38638507040684099394564°b® + 48547097509366702005764°b°
+27977292448047278336a” b® + 754758607484674158084°%h° — 2030037607639092484° b®
+411923003650933632a'058 — 15039611485664484'1 b8 + 7837799134044884"21°

133
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—1715884494940a'3b® + 416714805914a'458 + 13393761871844011671552b°
+38995817187683205431296ab’ + 20622266111066467088384a°b°
+25068498657478566850560a°b° + 2435194656785214218752a*b° + 24023717324972925148164°b°
+54343144439122995456a°h° + 61005969350151654400a” b° 4 2030037607639092484°%b°
+502213805637882624a°b? — 730579753229040a'°b° 4 1377434664214752a1 b’
—2113247220084a'2b” 4 1029530696964a'3b” + 1130574271590544777216b'°
+2221801102545787496448ab'° + 3449288077905817511936a%b'° 4 7565757313807975659524°h'°
+724681220181884469504a*b'0 + 37522170157907452160a°b'° + 320452100287182223364°5°
+407431732173193728a7 b'° + 4119230036509336324a°b'° + 7305797532290404°'°
+166040853006600021°61° — 10063082000404' 1610 + 17610393500704'25'°
+77005895857888757760b'! + 216261270555291906048ab™ + 11788548152013106073642b'!
+12731214937048014950443b"! + 13568253239845953792a*b'! + 107569892136589076484°b'!
+301251744439213568a°b'! + 2263727263357880324” b'! + 15039611485664484°h'!
+1377434664214752a° b + 10063082000404'°b!! + 2104098963720a ! b
+4254539623864857600b'2 + 8291822969736024576ab'? + 119980177934990630404b'2
+26834836320860705284°b'2 + 2236391710105439744a*b'? 4 121744987768371968a°b'?
+82291504751968512a°b'? + 1172083017545440a” b'? 4 7837799134044884°b*2
+2113247220084a”b'? + 1761039350070a'°b'? + 191027711898895872b*3
+517746324868286976ab'® 4 2776362570396602884°b"> + 273162140985789440a°b'3
+28469082137658624a*b' + 19331973916462592a°b'® + 515206630456672a°b'3
+3027530270244484" b3 + 1715884494940a8b™3 + 10295306969644°b'® + 6960284638689536b'
+13186658427534592ab' + 17919113392649216a°b'* + 3785489362783744a°h'4
+2826281258958080a b + 136278256884000a°b'* + 779252051744324°b™* + 8046906596964 b4
+416714805914a%b™ + 204763953757440b'° + 533571656983552ab'° + 267151285637632a°b"°
+242209382992896a°b'° + 21619108507040ab'° + 12978881608000a°b"° + 233619868944a°h'°
+114955808528a” b'° 4 4818538806400b'° + 8636653092672ab'® + 110209246111364%b6
+1973241008024a°b'° + 1337751868596ab1° + 421813652264°b'® + 21090682613a°b°
+89349365952b'7 + 221751421056ab'7 + 95167656760a*b' + 796301403044°b"
+4608048302a*b'7 + 2481256778a°b'7 + 1275548736b'8 + 2057016456ab'® + 24436731444°b'8
4287404260a°b'8 + 177232627a*b'® 4 135181200 + 31308816ab'? + 92310684%b'° + 70590524°b°
+1001006%° + 125818ab®° + 135751a%b*° + 462b** + 946ab*! + bzz))

1

T 22 21
[;Eo {a—b-2p}] [grzll {a—b+23}]

16777216b(116835417521691373338624000a

+28125699466628665914163200a> + 588304873033123070214144004°
+8357630381311176342503424a* + 5414646363604754513264640a°
+498187083349892413784064a° + 1526862903822126995210244”
+9519964161751374757888a% + 16377736454565071421444°
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+705250276152685486084'0 -+ 74081151420426209284 "
+220112291277345792a'2 4 14690239437993728a'3
+294659633454592a'* + 12598920966272a'° + 1619154658564
+4327664352a"7 + 3183153648 + 4918764 + 1540420 + 114! + 116835417521691373338624000b
+226216356505054472338145280a%b + 23085853384533493388673024a°D
+42596657565712057179832320a*b 4 33170579299422639583395844°b
+2031229727871340557107200a°b + 113777261461504865337344a” b
+33718970664166741245952a%b + 1346033490226231279616a°b + 2255907333332090746884'%b
+6339888946109069312a b + 648854692726186752a'2b + 124954200248872964'3b
+8084598489603844'*b + 101057412897284"°b + 414427759840a'°b + 300697830447 b
+75526748a'8b + 238392a'b + 3311a*°b — 28125699466628665914163200b>
4226216356505054472338145280ab” + 1063153450034130065723228164°b>
+5592201387587352898043904a*b> + 9233971963059119562424320a° b
+428594882247871245844480a°b? + 2456813043240112719134724” b2
+8745761422212831318016a5b% + 2469154658311706393600a°b? + 642470767311955845124'°b?
+10321203147577973248a' 1 b + 188375185237384704a'2b% + 18473671918179968a'3h>
+222601677688064a'4b? + 13721151546112a'°b? + 97389445776a'°b? + 375688953247 b?
+117909444'8b% + 2715024 % + 58830487303312307021414400b°
—23085853384533493388673024ab> + 1063153450034130065723228164%b°
+18881491334335208163639296ab° + 568562562676880138567680a°b°
+847549451293774414086144a%b> + 24573874868858553565184a” b°
+13122966589520136414208455° 4 3021376705967231406084°b> + 805399815025975403524' b3
+1356828503183302656a' 1 b> + 2067455826871601924'2b> + 23602823314147844'3b3
+219242056144640a'4b> + 1502397796864a'°b° 4 870869744684'°b° + 26824397647 b
+95801424'81° — 8357630381311176342503424b* + 42596657565712057179832320ab*
—5592201387587352898043904a%b* + 188814913343352081636392964°b*
+1542081407404976488054784a°b* + 281925905772968030945284°b*
+38166600905403491682304a” b* + 705827728752012911616a°b* + 3502350236924659028484°b*
+5183585762653455872a'0b* 4 1297007316669623936a' b* + 136199089870538244'2b*
+1953639560494720a'3b* + 12668736904640a'*b* + 1104721948816a°b* + 328685962840 b*
+177232627a'7b* + 5414646363604754513264640b° — 3317057929942263958339584ab>
+9233971963059119562424320a%b° — 568562562676880138567680a°b°
+1542081407404976488054784a* b° + 64311349472759628675072a°b°
+734302727002863349760a" b + 906641355715486806272a°b° + 106573791604553461764°b°
+49060702832195408644'°b° + 44976721663933696a ' b° + 105188442384247044'2b°
+62529614167552a'3b° + 8393796705392a'4b° + 23597966560a'°b° + 1917334783a'°4°
—498187083349892413784064b° + 2031229727871340557107200ab®
—428594882247871245844480ab° + 8475494512937744140861444°h°
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—281925905772968030945284*b° + 64311349472759628675072a°b° + 1447339812912113376256a” b°
+10336382585586337280a°b° + 11676188556897248384a°b° + 84237361688480000a°h°
+35936621746305280a" 11 + 185491443545408a'2° 4 40413183472816a'3b° + 103831052864a'4h°
+12978881608a'°1° 4 152686290382212699521024b” — 113777261461504865337344ab”
+2456813043240112719134724%b7 — 24573874868858553565184a°h”
+38166600905403491682304a*b” — 734302727002863349760a°b” + 1447339812912113376256a°b”
+17913221110198860160a5b” + 77535200126182656a° b7 + 80316848819494144a'°h”
+323795278490112a' 107 + 1278959888446244a'%b7 + 2840084681284'3b7 + 5747790426404 17
—9519964161751374757888b° + 33718970664166741245952ab® — 874576142221283131801642b8
+131229665895201364142084°b% — 705827728752012911616a*b® + 906641355715486806272a°b°
—10336382585586337280a°b® + 17913221110198860160a” b® + 1195671251890727044° b
+286328226518048a'°58 4 272441173357496a' b8 + 469610493352a2b® + 171588449494a'3p8
+1637773645456507142144b° — 1346033490226231279616ab° + 2469154658311706393600ab°
—3021376705967231406084b° + 3502350236924659028484*b — 10657379160455346176a°b°
+116761885568972483844°b — 77535200126182656a”b° + 119567125189072704a°b°
+396284169175752a'%0° + 4025232800164 b° + 352207870014a'2b° — 70525027615268548608b°
+225590733333209074688ab'0 — 642470767311955845124%b'° + 80539981502597540352a°h1°
—5183585762653455872a*b'° + 4906070283219540864a°b'0 — 84237361688480000a°b°
+803168488194941444” b0 — 2863282265180484°0'° + 3962841691757524°b'°
4503154100020 51 + 7408115142042620928b'! — 6339888946109069312ab'!
+10321203147577973248ab'! — 1356828503183302656a°b!! 4 12970073166696239364*b'!
—44976721663933696a°b'! + 35936621746305280a°b'! — 3237952784901124” b
+2724411733574964%b"! — 4025232800164°b'! + 5031541000204'%b'! — 220112291277345792b'2
+648854692726186752ab'? — 188375185237384704a°b'? + 206745582687160192a° b2
—13619908987053824a*b'2 4 10518844238424704a°b'? — 1854914435454084°b12
+127895988844624a b'? — 469610493352a%b'? + 3522078700144 b'? + 14690239437993728b3
—12495420024887296ab'> + 184736719181799684a%b"> — 2360282331414784a°h'3
+1953639560494720a*b'> — 62529614167552a°b"> + 404131834728164°b'> — 2840084681284” b'>
+171588449494a8h'3 — 294659633454592b'* + 808459848960384ab'* — 222601677688064a°b'*
+219242056144640a°b'4 — 12668736904640a* b + 83937967053924°b'* — 103831052864a°b'*
+57477904264a” b'* + 12598920966272b"° — 10105741289728ab'> + 137211515461124%b"
—1502397796864a°b" + 1104721948816a*b'° — 23597966560a°b'> + 12978881608a°h"°
—161915465856b'° + 414427759840ab'° — 97389445776a°b'° + 87086974468a°b'
—3286859628ab'® + 1917334783a°b'® + 4327664352b7 — 3006978304ab'” + 3756889532a%b17
—268243976a°b" + 177232627a*b"” — 31831536b'® + 75526748ab'® — 117909444%b'8

+9580142a°b'® + 491876b'° — 238392ab'° 4 271502a%b"° — 15400%° + 3311ab™ + 11b21)) }—
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b+1
_ ;Eﬂ 2 1; { _ 167772122” 1168354175216913733386240004
2\ T fa—b—28}| [ TT {a—b+29}]
=0 n=1

—28125699466628665914163200a> + 588304873033123070214144004°
—8357630381311176342503424a* + 5414646363604754513264640a°
—498187083349892413784064a° + 152686290382212699521024a” — 95199641617513747578884°
+1637773645456507142144a° — 705250276152685486084'0 4 74081151420426209284"1
—220112291277345792a'% + 14690239437993728a' — 294659633454592a'* + 12598920966272a'>
—161915465856a'° + 432766435247 — 318315364'® + 491876a' — 15400%° + 1142}
+116835417521691373338624000b + 226216356505054472338145280a%b
—23085853384533493388673024a°b 4 42596657565712057179832320a*b
—33170579299422639583395844°b + 2031229727871340557107200a°b
—113777261461504865337344a” b + 33718970664166741245952a%h — 13460334902262312796164°b
+2255907333332090746884'°b — 6339888946109069312a' b + 648854692726186752a'2b
—12495420024887296a'3b + 808459848960384a'*b — 10105741289728a'5b + 414427759840a'°b
—3006978304a'7b + 75526748a'8b — 238392a'%b + 3311a%°b + 28125699466628665914163200b>
+226216356505054472338145280ab” + 1063153450034130065723228164° b
—5592201387587352898043904a*b? + 9233971963059119562424320a° b*
—428594882247871245844480a°b* + 2456813043240112719134724 b
—87457614222128313180164%b + 2469154658311706393600a°b% — 64247076731195584512a'°h>
+10321203147577973248a 1 b* — 188375185237384704a'%b* + 18473671918179968a 31>
—222601677688064a'4b? + 13721151546112a'°h? — 97389445776a'°b? + 375688953247 b?
—11790944a'8b* + 2715024 % + 58830487303312307021414400b°
+23085853384533493388673024ab> + 1063153450034130065723228164b>
+18881491334335208163639296ab° — 568562562676880138567680a°b°
+847549451293774414086144a°b° — 245738748688585535651844” b°
+1312296658952013641420845b° — 3021376705967231406084°b> + 80539981502597540352a'°h°
—1356828503183302656a' 11 + 206745582687160192a'2b° — 2360282331414784431°
+219242056144640a'4b> — 1502397796864a'°b° 4 870869744684'°b° — 26824397647 b
49580142481 + 8357630381311176342503424b* + 42596657565712057179832320ab*
+55922013875873528980439044%b* + 188814913343352081636392964°b*
+1542081407404976488054784a°b* — 281925905772968030945284°b*
+38166600905403491682304a” b* — 705827728752012911616a%b* + 3502350236924659028484° b*
—5183585762653455872a'0b* + 1297007316669623936a' b* — 136199089870538244'2b*
+1953639560494720a'3b* — 12668736904640a'4b* + 1104721948816a°b* — 3286859628401
+177232627a'7b* + 5414646363604754513264640b° + 3317057929942263958339584ab°
+9233971963059119562424320a%b° + 568562562676880138567680a°b°
+1542081407404976488054784a*b° + 64311349472759628675072a°b°

137
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—734302727002863349760a” b° + 906641355715486806272a%b° — 10657379160455346176a° b
+4906070283219540864a°h° — 44976721663933696a'1b° + 10518844238424704a'2b°
—62529614167552a3b° + 8393796705392a'4b> — 23597966560a'°b° + 1917334783405
+498187083349892413784064b° + 2031229727871340557107200ab°
+428594882247871245844480a°b° + 8475494512937744140861444°b°
+281925905772968030945284*b° + 64311349472759628675072a° b°
+1447339812912113376256a b° — 10336382585586337280a°1° + 116761885568972483844° b°
—84237361688480000a'°1° + 35936621746305280a' 1 b° — 185491443545408a'2h°
+40413183472816a'3° — 103831052864a'4h° + 129788816084'°1° + 152686290382212699521024b”
+113777261461504865337344ab’ + 245681304324011271913472a%b”
+24573874868858553565184a°h + 38166600905403491682304a*b” + 734302727002863349760a°b”
+1447339812912113376256a°b7 + 17913221110198860160a%b” — 775352001261826564°b”
+803168488194941444'°b7 — 323795278490112a' 107 + 127895988844624a'2b7 — 2840084681284'%1”
+57477904264a"* b7 + 9519964161751374757888b° + 33718970664166741245952ab°
+8745761422212831318016a%b® + 131229665895201364142084°b° + 7058277287520129116164*b®
+906641355715486806272a°b® + 10336382585586337280a°b® + 17913221110198860160a” b®
+119567125189072704a°b® — 286328226518048a'°b® + 272441173357496a1 b8 — 4696104933524'21°
+171588449494a'3b® + 1637773645456507142144b° + 1346033490226231279616ab’
+2469154658311706393600a%b° + 3021376705967231406084°b° + 3502350236924659028484* b’
+10657379160455346176a°b” + 11676188556897248384a°b° + 77535200126182656a” b’
+119567125189072704a%b” + 396284169175752a'°b° — 4025232800164 b° + 3522078700144'%b°
+70525027615268548608b'° + 225590733333209074688ab' + 642470767311955845124b'°
+80539981502597540352ab'° + 5183585762653455872a* b1 + 49060702832195408644°b*°
+84237361688480000a°b'" + 803168488194941444" b0 + 2863282265180484a°h1°
+396284169175752a°b'° 4 5031541000204 50 4 7408115142042620928b"!
+6339888946109069312ab™ + 10321203147577973248a%b'! + 13568285031833026564°b'!
+1297007316669623936ab!! + 44976721663933696a°b'! + 35936621746305280a%b!!
4323795278490112a” b 4 272441173357496a%b'! + 4025232800164 b + 503154100020a'p1!
+220112291277345792b'2 + 648854692726186752ab'? + 188375185237384704a2b'2
+206745582687160192a°b'? + 13619908987053824a*b'2 + 10518844238424704a°b*?
+185491443545408a°b'2 + 127895988844624a” b'? + 469610493352a%b'2 + 3522078700144°b*?
+14690239437993728b'3 + 12495420024887296ab' + 1847367191817996842b'>
+2360282331414784a°b'3 + 1953639560494720ab'3 + 62529614167552a°b' + 40413183472816a°b'3
+284008468128a” b'3 + 171588449494a°b"® + 294659633454592b'* + 808459848960384ab'*
+222601677688064a%b'* + 219242056144640a°b'* + 12668736904640a*b'* + 83937967053924° b
+103831052864a°b™* + 574779042644 b'* + 12598920966272b"° + 10105741289728ab'°
+137211515461124%b"° + 1502397796864a°b> + 1104721948816a*b'> + 23597966560a° b
+129788816084°b'> + 161915465856b'° + 414427759840ab'® + 9738944577640
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+870869744684°b'6 4 3286859628a*h1® + 1917334783a°b'® + 4327664352b'7 + 3006978304ab'”
+3756889532ab'7 + 268243976a°b7 + 177232627a*b'7 + 3183153608 + 75526748ab'8
+117909444%b'8 4 95801424°b™8 + 491876 + 238392ab'? + 2715024%b"° + 15406%° + 3311ab*° + 11b21)
4194304

+— 5 107145471557284795514880000a
[T {02 [ T {a b+ 25}
u=0 §=1

+195291838708627789578240000a> + 1565691230883499915345920004>
174473358203764465677107200a* 4 238111921957368071580549124°
+5481259447061368207835136a° + 948292268763887952199680a”
+1268884162178183462912004° + 133937618718440116715524° + 1130574271590544777216a"°
+77005895857888757760a'! + 4254539623864857600a'% + 1910277118988958724 '3
+6960284638689536a'* + 204763953757440a"> + 4818538806400a'° + 8934936595247
+1275548736a'® + 135181204 + 10010042 + 462421 + 4% — 107145471557284795514880000b
+544099662756275407552512000ab + 214707088455270681437798400a%b
+558803648319188167242547200a°b + 1246264881964201600603914244%b
+76589682258781485165182976a°b + 102114577923197159252951044°b
+28789774866699788841123844” b + 246395819137011656949760a°b
+38995817187683205431296a° b + 2221801102545787496448a'°b + 2162612705552919060484* b
+8291822969736024576a'2b + 517746324868286976a'3b + 13186658427534592a'4b
+533571656983552a'°b + 8636653092672a'0b + 2217514210564 b 4 2057016456a'8b + 313088164b
+125818a%°b + 946a*' b + 195291838708627789578240000b% — 214707088455270681437798400ab?
+1013820737421028969037168640a°b> + 1083141397084253382865059844° b
+302158850748929274166640640a*b? + 297712841208542329102663684° b
+19694196117372618265329664a°b* + 1388623739871132154593280a” b?
+4179832634666514329518084%b? + 20622266111066467088384a°b> + 34492880779058175119364 01>
+117885481520131060736a ' b* + 11998017793499063040a'2b* + 277636257039660288a'3b*
+17919113392649216a'4b? + 267151285637632a'°b% + 11020924611136a'°b> + 9516765676047 b
+2443673144a'8b? + 9231068a'°% + 135751a2°b% — 1565691230883499915345920005°
+558803648319188167242547200ab> — 10831413970842533828650598442b3
+466153606552294291044040704a°b° + 209008432499740289390346244a* b3
+57678665359458580243152896a°b° + 30066226823876504746721284°b°
+2001463868682331965947904a” b + 82549079270288939669504a°b>
+25068498657478566850560a°b° + 756575731380797565952a'0b° + 1273121493704801495044 1 b
+26834836320860705284a'2b° + 273162140985789440a'3b> + 3785489362783744a'* b
+242209382992896a'°b> 4 1973241008024a'°b° 4 796301403044 b + 287404260a'8b> + 70590524 b°
+744733582037644656771072006* — 124626488196420160060391424ab*
+302158850748929274166640640a%b* — 209008432499740289390346244° b*
+81637579765745056383762432a*b* + 18613453124908525347143684° b*
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+4921332525029869113065472a°b* + 1485925197212370656501764a” b*
+96422465406931486231552a5b* + 2435194656785214218752a°b* + 7246812201818844695044 ' b*
+13568253239845953792a" 1 b* + 2236391710105439744a'2b* + 284690821376586244'>b*
+2826281258958080a'4b* + 21619108507040a'°b* + 1337751868596a'°b* + 46080483024 b*
+177232627a'8b* — 23811192195736807158054912b° + 76589682258781485165182976ab°
—297712841208542329102663684°b° + 576786653594585802431528964°b°
—1861345312490852534714368a*b° + 66035391613828308551925764°b°
+84673352713297774153728a°b° 4 211310139502169635479552a” b°
+3863850704068409939456a5b° + 24023717324972925148164°b° + 37522170157907452160a'°0°
+10756989213658907648a1b° + 1217449877683719684'2b° + 193319739164625924'31°
+136278256884000a'45° + 12978881608000a°b° + 421813652264 '°b° + 24812567784 b°
+54812594470613682078351360° — 10211457792319715925295104ab°
+19694196117372618265329664a%b° — 30066226823876504746721284°b°
+4921332525029869113065472a*b°® — 846733527132977741537284a°b°
+273482748886432393211904a°b° + 2076771952214159456256a b° + 48547097509366702005764°b°
+543431444391229954564°b° + 32045210028718222336a'°b° + 3012517444392135684'1 b°
+82291504751968512a'25° + 515206630456672a3b° + 77925205174432a'4b° + 2336198689444 b°
+21090682613a'°1° — 948292268763887952199680b” + 2878977486669978884112384ab’
—13886237398711321545932804b” + 2001463868682331965947904a°b”
—148592519721237065650176ab” 4 211310139502169635479552a°b”
—2076771952214159456256a%b” + 6122732220440579487744a’ b7 + 27977292448047278336a° b7
+61005969350151654400a°b” + 4074317321731937284'0b7 + 226372726335788032a'1 b7
+1172083017545440a'2b7 + 302753027024448a"3b” + 804690659696a'4h” + 1149558085284'°b”
+126888416217818346291200b% — 246395819137011656949760ab® + 4179832634666514329518084°b°
—82549079270288939669504a°b® + 96422465406931486231552a*b® — 386385070406840993945642°1°
+4854709750936670200576a°b® — 27977292448047278336a” b® + 754758607484674158084558
+2030037607639092484°b® + 411923003650933632a'6% + 1503961148566448a'1
+783779913404488a'2b8 + 1715884494940a'318 + 4167148059144 18 — 13393761871844011671552°
+38995817187683205431296ab” — 206222661110664670883844°b” + 25068498657478566850560a°b°
—2435194656785214218752a*b° + 2402371732497292514816a°b° — 54343144439122995456a°b°
+61005969350151654400a” b° — 2030037607639092484°b° + 5022138056378826244°b°
+730579753229040a'0b° + 1377434664214752a"1b° + 21132472200844'2b° + 10295306969644'3b°
+1130574271590544777216b'° — 2221801102545787496448ab'° + 3449288077905817511936a%b™°
—756575731380797565952a°b'0 + 7246812201818844695044*b'° — 37522170157907452160a°b*°
+32045210028718222336a°h'0 — 4074317321731937284” b'° + 411923003650933632a551°
—730579753229040a° b0 + 16604085300660004'°5'° + 1006308200040a1 610 + 1761039350070a'25'°
—77005895857888757760b! + 216261270555291906048ab" — 117885481520131060736ab'!
+127312149370480149504a°b'! — 13568253239845953792a*b'! + 107569892136589076484°b'!
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—301251744439213568a°b"! + 226372726335788032a” b*! — 15039611485664484°b'!
+1377434664214752a° b — 1006308200040a'°b!! + 2104098963720a! !
+4254539623864857600b'% — 8291822969736024576ab'? + 119980177934990630404%b 2
—26834836320860705284°b'% + 2236391710105439744a*b'? — 121744987768371968a° b2
+82291504751968512a°b'2 — 1172083017545440a” b'? + 78377991340448845p'2
—21132472200844°b'? + 1761039350070a'°6'? — 191027711898895872b*3
+517746324868286976ab'® — 2776362570396602884°b'3 + 2731621409857894404°b'3
—28469082137658624ab'3 + 19331973916462592a°b' — 515206630456672a°b*
+302753027024448a” b'3 — 1715884494940a%b'3 4 1029530696964a°b*> 4 6960284638689536h'4
—13186658427534592ab™ + 179191133926492164%b™* — 37854893627837444°b'
+2826281258958080a*b'* — 136278256884000a°b'* + 77925205174432a°b'* — 8046906596964’ b4
+416714805914a8b'* — 204763953757440b'° + 533571656983552ab'° — 267151285637632a>b"°
+2422093829928964°b"> — 21619108507040a*b"> + 129788816080002°b"> — 2336198689444°b"°
+1149558085284” b'S + 48185388064000'° — 8636653092672ab'® + 110209246111364%b'°
—19732410080244°b'° + 1337751868596a* b0 — 421813652264°b'® + 21090682613a°b'°
—89349365952b'7 + 221751421056ab'” — 95167656760a>b7 + 79630140304a°b'” — 46080483024*b"”
+2481256778a°b"7 + 1275548736b'8 — 2057016456ab'® + 24436731444%b'8 — 287404260a°b'8
+177232627a*b'® — 135181206 + 31308816ab'® — 92310684 + 70590524°h"° + 1001006%°

—125818ab® + 135751a%6* — 462b°! + 946ab*! + bzz) H (8)

3 Derivation of the Main Formula

i _ atbt46
Putting ¢ = =552

and z = } in equation (2), we get

a+1,b; 1 a,b+1,; 1
atb+46 . 20~ boF atb+46 . 2
2 ’ 2 ’

ab ; 1
(a—"0)2F [ a+b+46 . 2] =axh
2 7

Now involving the derived formula [Salahuddin et. al. p.12-41(8)], the summation formula is obtained.
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Abstract

Under conditions on the delay term, using the multiplier method and general weighted integral inequali-
ties, we study the question of asymptotic behavior of solutions for a nonlinear wave equation with ¢—Laplacian
operator and a delay term in the internal feedback.
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1 Introduction

It is well known that the ¢—Laplacian operator degenerates equations in divergence form. It has been
much studied during the last years and their results is by now rather developed, especially with delay. In
the classical theory of the wave equations several main parts of mathematics are joined in a fruitful way; it is
very remarkable that the ¢—Laplace wave equation occupies a similar position, when it comes to nonlinear
problems. In recent years, the PDEs with time delay effects have become an active area of research and arise
in many applied problems.

In this paper we investigate the decay properties of solutions for the initial boundary value problem of a
nonlinear wave equation

/
(|u’|l*2 ’) — Apu+ i g(u' (x,t)) + pog(u' (x,t = 7)) =0 in Ox]0, 00,

u(x,t) =0 on I'x]0, o[, (1.1)
u(x,0) = up(x), u'(x,0)=up(x) inQ,
u'(x,t—7) = fo(x,t —7) in Ox]0,7(0)],

where () is a bounded domain in R”, n € IN*, with a smooth boundary 9Q2 = I', T > 0 is a time delay, y#;
and pi; are positive real numbers and the initial data (uo, u1, fo) belong to a suitable space. The operator Ay is
defined by

A¢*Zaxl (19, *)0x,)- (1.2)

For ¢ ~ 1, when g is linear, it is well known that if y» = 0, that is, in the absence of a delay, the energy of
problem exponentially decays to zero (see for instance [5} 16, 12, [18]). On the contrary, if 1 = 0, that is,
there exists only the delay part in the interior, the system becomes unstable (see for instance [8]). In [8],
the authors showed that a small delay in a boundary control can turn such a well-behaved hyperbolic system
into a wild one and therefore, delay becomes a source of instability. To stabilize a hyperbolic system involving
input delay terms, additional control terms will be necessary (see [19} 20, 21]]). In [19] the authors examined

*Corresponding author.
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the problem (P) with ¢ ~ 1 and determined suitable relations between 1 and py, for which stability or,
alternatively, instability takes place. More precisely, they showed that the energy is exponentially stable if
H2 < p1 and they found a sequence of delays for which the corresponding solution will be unstable if py > p;.
The main approach used in [19], is an observability inequality obtained by means of a Carleman estimate. The
same results were shown if both the damping and the delay act in the boundary domain. We also recall the
result by Xu, Yung and Li in [21], where the authors proved the same result as in [19] for the one-dimension
space by adopting the spectral analysis approach.

When g is nonlinear and in the case iy = 0,¢ ~ 1, the problem of existence and energy decay have been
previously studied by several authors (see [1} 3} 11} 12} 13]]) and many energy estimates have been derived
for arbitrary growing feedbacks (polynomial, exponential or logarithmic decay). The decay rate of a global
solution depends on the growth near zero of g(s) as it was proved in [11},12} 13} [17].

In this article, we use some technique from [3] to give energy decay estimates of solutions to the problem
for a nonlinear damping and a delay term in the ¢—Laplace type. We use the multiplier method and
some properties of convex functions. These arguments of convexity were introduced and developed in [4] [7,
1314, [15], and used by Liu and Zuazua [16]], Eller et al. [9] and Alabau-Boussouira [1].

2 Preliminaries and Notations

We omit the space variable x of u(x, t), u’(x, t) and for simplicity reason denote u(x, t) = uand u’(x, t) = v/,
when no confusion arises. The constants ¢ used throughout this paper are positive generic constants which
may be different in various occurrences also the functions considered are all real valued, here v’ = du(t)/dt
and u"” = d?u(t)/dt*>. We use familiar function spaces W(;”'q’, where the function ® : RT™ — R si colled an
N-function, in the sense of Definition 2.1 given in [3} pp 6-8].

We use the following hypotheses:

(hypl) ¢ : R — R is an odd non-decreasing function of the class C°(R) such that there exist €1 (sufficiently
small), cq, ¢z, c3,a1, 42 > 0and a convex and increasing function H : Ry — R of the class C!(R;.) N C?(]0, co[)
satisfying H(0) = 0, and H linear on [0, 1] or (H' > 0 and H' = 0 on ]0, €1]), such that

als/ ™ <Ig(s)| < calsl?if [s] > e, (2.3)
sl +1g1PH /P (s) < H'(sg(s)) if |s| < ey, (24)
with p satisfying
n+2 .
—-1<p<
I-1<p< n—2'1fn>2

[-1<p<ooifn<2
g'(s)| < c3, (2.5)

w1 sg(s) < G(s) < az sgs), 2.6)
where

G(s) = /Osg(r) dr

(hyp2) ¢ : R — R* is of class C!(]0, +o0[) N C(]0, +-o0[) satisfying ¢(s) > 0 on ]0, +oo[ and ¢ is non decreas-
ing.
(hyp3)

oy < &1ph1- (2.7)

We first state some lemmas which will be needed later.

Lemma 2.1 (Sobolev-Poincaré’s inequality). Let q be a number with2 < g < 400 (n =1,2,...,p)or2 < q <
pn/(n—p) (n > p+1). Then there is a constant ¢, = c.(Q), q, p) such that

1,
ullq < cil|Vull, for ue WP (Q).

The case p = q = 2 gives the known Poincare’s inequality.
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Lemma 2.2 ([9,100). Let E : Ry — R, be a non-increasing differentiable function and ¥ : Ry — Ry a convex and
increasing function such that ¥ (0) = 0. Assume that

/‘I’ ))dt < E(s) W0<s<T.

Then E satisfies the following estimate:

E(t) < ¢ (h(t) + $(E(0))) vt >0, (2.8)
where (t) = [, gl ds for t > 0, h(t) = 0for0 < t < f<<>)), and
hl”‘f+w@? e > wew
We introduce as in [19] the new variable
z(x,p,t) =u(x,t —7t0), x€0, pe(0,1), t>0. (2.9)
Then we have
w2 (x,0,8) + 2p(x,0,£) =0 in Q x (0,1) x (0, +c0). (2.10)

Therefore problem (1.T) is equivalent to:

(|u’|l’2u’>/ — Agpu(x,t) + p1g(u'(x, 1)) + pag(z(x,1,£)) =0 in 1x]0, +oo,

' (x,0,t) + zp(x,0,t) =0 in x]0,1[x]0, +co],

(x,t) =0 on 9Q) x [0, +oo], 2.11)
z(x,0,t) = u'(x,t) on Q) x [0, +oo,

u(x,0) = ug(x) u'(x,0) = uy(x) in O

z(x,p,0) = fo(x, —p7) in Qx]0,1].

Let § be a positive constant such that

20) et (2.12)
151 1%
The energy of u at time t of the problem (2.11)) is defined by
l - 1 / l 1 ~ 2 1
E(t) = —— ')+ | ) dloxul?)dx +§ G(z(x,p,t)) dp dx. (2.13)
oYy aJo
where ¢(s % Jo ¢(t)dt. We give an explicit formula for the derivative of the energy.

Lemma 2.3. Let (1, z) be a solution of the problem (2.11). Then, the energy functional defined by (2.13)) satisfies

E'(t)

IN
|
TN
—=
—_
|
|
~=
N
=
N
~——
=
oQ
—~

IN
o

(2.14)

Proof. Multiplying the first equation in (2.11) by u’, integrating over ), we get

d (- LS
0 - ﬂCl”wwﬁégw%WQM

+ m/Qu’g(u’)dx—l—yz/nu’g(z(x,l,t))dx. (2.15)
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We multiply the second equation in (2.11) by §g(z) and integrate the result over (2 x (0, 1) to obtain

§/Q/Olz’g(z(x,p,t))dpdx = // z(x,p,t)) dpdx

0
Then
d 1
ga/n/o G(z(x,p,t))dpdx——f/ G(z(x,1,1) dx—i—g/ G(u (2.17)
From 2.15), and using the Young inequality we get
£t = - (n-52) [ wgu)ax
§ /
- ?/()G(z(x,l,t))dx—yz/gu (H)g(z(x,1,t))dx. (2.18)

Let us denote G* to be the conjugate function of the convex function G, i.e., G*(s) = sup, g+ (st — G(t)).
Then G* is the Legendre transform of G which is given by (see [2], [4], [Z], [14], [15], [17])

G*(s) =s(G')~'(s) = G[(G")"!(s)] Vs>0, (2.19)
and satisfies the following inequality
st < G*(s)+G(t) Vs, t>0. (2.20)

Then by the definition of G we get
G'(s) =587 '(s) = G(g™'(5))-

Hence

G (8(2(x,1,1) = z(x1,Hg(z(x1,8) — G(z(x,1,1))
< (1—wp)z(x,1,t)g(z(x,1,1)). (2.21)

Making use of (2.18), (2.20) and (2.21), we have

_(m_g:z)/ Yex -2 /G (x,1,8)

+ mﬁJGWU+GWﬂd%Lm»dX

< —(yl—%—yztxz)/ Ndx — 2 /G (x,1,1))

+ ]42/ G*(g(z(x,1,1))) dx. (2.22)

E'(t)

IA

Using and (2.12), we obtain

E'(t)

IN

<Pl _ 2 —V2062> /Qu/g(ul)dx

(Etxl —ux(1 - uq)) /Qz(x, 1,t)g(z(x,1,t)) dx
0.

IN

3 Main result

Our main result reads as.
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Theorem 3.1. Let (ug,u, fo) € W n Wg’q' X W&’I(Q) X Wg’l(Q; WV(0,1)) and assume that the hypotheses
(hyp1)—(hyp3) hold. Then, for some constants w, €y we have

E(t) <t (h(t) + w(E(0))) Vt>0, (3.23)

where (1) ft wq)(T)deort >0, h(t) =0for 0 <t < ﬁ

g ( p(E)
= T (t+ p(E(

O |—
= |z
N
N
S—

@(s) = {sif H islinear on[0,e1],sH (eps) if H'(0) =0 and H" > 0on 10,€1].}

Proof. Multiplying the first equation of (2.11)) by %5 21E) 31, we obtain forall 0 < S < T,

0 = /ST(/)(EE)/QL[((W/V21/1,)/_A(Pu—i—]/llg(u’(x,t))+y2g(z(x,1,t))> dx dt

T T I
— |:(P(E)/uul|12uldx:| _/ (¢(E)> /u|u/‘172u/dxdt
E Ja s Js E 0

_ T@ /l T@ LC 2 ’
| B [wtasars [CE2 [ (3 (gl o uPda

i=1
P‘/ /ug )dxdt+;4/ ¢(E) /ug(z(x,Lt))dxdt

Similarly, we multiply the second equation of () by @e‘zm g(z(x,p,t)), we have

o = [T [ [ ey )
o [ [ [freorna)

o (Y | oo

[28 [ [ (2 7vcie +2me 600 ast

[ L mcwdwl

[ (Y [

. /T(P(EE/( —ZTG( z(x,1,t)) — G(z(x,0,t))) dxdt

27 / / / e 2" G(z) dxdpdt.

We have by (hyp2), s¢p(s) > 2¢(s), (note that ¢ is convex and defines a bijection from R" to R™), summing to

+

+

_|_
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obtain, for A = 2min{1, Te~27/2%}
T T
_ |:¢(E)/ u|u’|’2u’dx} +/ (QD(E))// u|u/|172u’dxdt
E Ja s Js E 0
_ T T
+ 3172/ @/ u’ldxdt—yl/ @/ ug(u')dx dt
I Js E Ja s E Ja
T 1
- ;42/ @/ ug(z(x,1,t)) dxdt — @// Te 2" G(z)dxdp
S E Q E O Jo

+ T/ST (@)I/Q/Ol e 2" G(z)dxdpdt

- /T(PSSE)/ (e727G(2(x,1,£)) — G(2(x,0,1))) dxdt.
S (@)

IA

T
A/S o(E) dt

T
S

(3.24)

Using Lemma since E is non-increasing, using the Holder, Cauchy-Schwartz, Poincare and Young’s in-

equalities with exponents ﬁ, I, to get
[t ax) < a0
Q O Q
C(/ ‘vu|2dx)1/2E(lfl)/l(t)
Q

< CE(Z_l)/l(i’)(i (ﬁ—l(/o ifﬁ(|axi|2)dx))l/2
i=1 i=1

< V(1) (L (E())?

IA

IN

(3.25)

For | > 2, $~! is non decreasing and ¢ is convex, increasing and of class C'(]0, +-co[) such that ¢(0) = 0 (then

s — sV s §~1(s)and s — @ are non decreasing), we deduce that
_[eE) [ iy ]T 9(E(S)) Iy
{ < /Qu|u\ x| £ /Qu(S)|u(S)| W (S)dx
_ @(E(T)) (-2,
E(T) /Qu(T)|u (M) “u'(T)dx
Co(E(S)),

/ST <§5E))//Qu|u’|l_2u’ dxdt

IN

A
o
o

H

< cp(E(S)),

_ 9(E(5)) b
= TE®) /0/0 e 2" G(z(x,p,S)) dxdp,

3 (P(E(T))//1e—ZTpG(Z(x,p,T))dxdp
aJo

T
S

1
- l(PSSE)/Q/O e_ZTPG(z)dxdp]

E(T)
Co(E(S))

IN

L)),

[

7

IN

1
/ e 2 G(z) dxdpdt
0

IN

e 2°G((x,1,t)) dxdt

IN

IN

o (-(7F) )

cp(E(S)),

ToE), o
C/s T(_E )dt
co(E

($),
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Tq)(E) T@(E) ,
/S T/QG(z(x,O,t))dxdt /5 T/QG(M (x,t)) dxdt

T
c/s @(—E’)dt
cg(

E(S)),

IN

IN

We conclude
' " 9(E) :
A [ o < coEs) e [ L [ s arar

— T T
+ 3172/ @/ u'ldxdt+;42/ @/ |u||g(z(x,1,t))| dxdt. (3.26)
I Js E Jo s E Jo

In order to apply the results of Lemma[R.2] we estimate the terms of the right-hand side of .
We distinguish two cases.

1. H is linear on [0,€1]. We have ¢1|s|'~1 < |g(s)| < cas|? for all s € R, and then, using and noting that

‘P(EE(S)) is non-increasing,

Using the Poincaré, Young inequalities and the energy inequality from Lemma we obtain, for all e > 0,

T T T
/ L(E)/ lug(u')|dxdt e/ @/ Mp+ldth+Ce/ @/ gH%(“/)dxdt
S E o) S E 9] S E Q
T T
ec/ qo(E)dt—i—cg/ o(E) / u'g(u")dxdt
s s E Ja

T
ec /S 9(E)dt + ccp(E(S)),

T T
6/ @(E) / up+1dxdt+Cg/ @/ glJr%(z(x,],t))dxdt

< ec/ST @(E)dt + ce /ST(PSSE)Az(x,l,t)g(z(x,l,t))dxdt

S —

IN

IN

IN

IN

T
/s @ /Q |ug(z(x, 1, 1)) |dxdt

T
< ec [ plE +ccplE(S)).

Inserting these two inequalities into (3.26), choosing € > 0 small enough, we deduce that

T
|| o(E®it < co(E(s))
Using Lemma[2.2]for E in the particular case where ¢(s) = s, we deduce from that

E(t) < ce™“t.

2. H'(0) =0and H” > 0on0,¢1]. Forallt > 0, we consider the following partition of ()
Of ={xeQ: [W|>e}, P ={xecQ: || <e},

Ol ={xeQ: z(x, 10| >e}, P={reQ:|z(x1,8)]<e}

Using 1) and the fact that s — @ is non-decreasing, we obtain

C/ST @ /Q}(u'|l + ¢PHV/P () )dxdt < c/T @ /Qu’g(u/)dxdt < c(E(S)).

S



150 Kh. ZENNIR. / Nonlinear wave equation of ¢—Laplacian type with a delay term.

On the other hand, since H is convex and increasing, H~! is concave and increasing. Therefore (2.4) and the
reversed Jensen’s inequality for a concave function imply that

/:“”f)/Qz<|u’|’+g<f’+l>/P<u'>>dxdt /T‘”f) [ H ) e

/qo |QIH™! |Q|/ug dx (3.27)

Let us assume H* to be the conjugate function of the convex function H, i.e., H*(s) = sup, g+ (st — H(t)).
Then H* is the Legendre transform of H, which is given by (see Arnold [2, pp. 61-64] and [4} 7, 14} [15])

IN

IN

H*(s) = s(H")"!(s) — H[(H')"'(s)] Vs >0 (3.28)
and satisfies the following inequality
st <H"(s)+H(t) Vs, t>0. (3.29)

Due to our choice ¢(s) = sH'(eps), we have
H* (q)is)> = eosH’ (€ps) — H(eps) < epg(s). (3.30)
Making use of (3.27), (3.29) and (3.30), we have

T
/ gD(EE) /2(|u/|l +g<p+1)/p(ul))dth
S Q5

IN

C/STH*<4)(EE))dt+C/ST/Qu’g(u’)dt

< e /ST o(E)dt + cE(S),

IN

/ "9(E) gPHV/P (2(x,1, 1)) dxdt “Hz(x,1,0)g(2(x,1,1))) dxdt
S

/e
[

9(E)
E QzH
9(E) () o |10|/ z(x,l,t)g(z(x,l,t))dx)dt

/ ( )dt+c/ / (x,1,t)g(z(x,1,t))dt
< / E)dt + cE(S). (3.31)

IA

Then, choosing €y > 0 small enough and using (3.26), we obtain in both cases

+o00
/ P(E(1))dt
S

IN

c(E(S) + p(E(S))

¢ <1 + "’éfé?) E(S)

cE(S) VS > 0. (3.32)

IN

IA

Using Lemma 2.2)in the particular case where ¥(s) = w¢(s), we deduce from our estimate (3.23). The
proof of Theorem 3.1]is now complete. O
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Abstract

In this paper, mixed dominating set, mixed domination number , mixed strong domination number and
mixed weak domination number of an M-strong fuzzy graph G = (o, i) are defined. Also these numbers
are determined for various standard fuzzy graphs. The relationship between these numbers and other well
known numbers are derived.

Keywords: Fuzzy graph, M-strong fuzzy graph, mixed domination number, mixed strong domination number,
mixed weak domination number.
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1 Introduction

Zadeh [13] introduced the concept of Fuzzy sets in the year 1965. In 1975, Fuzzy graph was introduced
by Rosenfeld [7]. Rosenfeld has obtained the fuzzy analogues of several basic graph-theoretic concepts like
bridges, paths, cycles, trees, connectedness and established some of their properties. Fuzzy trees were char-
acterized by Sunitha and Vijayakumar [11]]. They have obtained a characterization for blocks in fuzzy graphs
using the concept of strongest paths [12]. Bhutani and Rosenfeld have introduced the concepts of strong
arcs , fuzzy end nodes and geodesics in fuzzy graphs [2]. Mordeson and Peng [6] introduced strong fuzzy
graph using effective edges. Bhutani and Battou [1] consider the strong fuzzy graph of Mordeson and Peng
as M-strong fuzzy graph.

The concept of domination in fuzzy graphs was defined by Somasundaram and Somasundaram [9]. The
vertex neighbourhood number and edge neighbourhood number of an M-strong fuzzy graphs are introduced
by S. Ismail Mohideen and A. Mohamed Ismayil [3} 4].

Mixed domination in crisp graph was introduced by E. Sampathkumar and S.S. Kamath [8]. In this paper,
Mixed dominating set and mixed domination number in an M-strong fuzzy graph are defined. Mixed strong
domination number and mixed weak domination number in an M-strong fuzzy graph are also defined. The-
orems related to these mixed dominating sets and mixed domination numbers are stated and proved. The
relation between these numbers and other well known parameters are derived.

2 Preliminaries

Definition 2.1. Let V be a finite non empty set and E be the collection of two element subsets of V. A fuzzy graph
G = (o, p) is a set with two functions o : V. — [0,1] and p : E — [0,1] such that u(u,v) < o(u) A o(v)for all
u,veV.

Definition 2.2. Let G = (0, y) be a fuzzy graph defined on V and S C V. Then the scalar cardinality of S is defined
by Y_,cs 0(u). The order (denoted by p) and size (denoted by q) of a fuzzy graph G = (o, i) are the scalar cardinality
of o and p respectively.

*Corresponding author.
E-mail address: amismayil1973@yahoo.co.in (A. Mohamed Ismayil), simohideen@yahoo.co.in(S. Ismail Mohideen).
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Definition 2.3. A fuzzy graph Gy = (o1, 1) is called the fuzzy sub graph induced by V1 if oy (u) < o(u) for all
u € Vyand py(u,v) < op(u) Aoy (v) A p(u,v) forall u,v € Vi and is denoted by (V7). A fuzzy graph G = (01, 1)
is called the full fuzzy sub graph induced by Vi if o1 (u) = o(u) forallu € Vy and pqy(u,v) = u(u,v) forallu,v € ¥y

and is denoted by ((V1)).

Definition 2.4. An edge e = (u,v) of a fuzzy graph is called an effective edge if u(u,v) = o(u) Ao(v). If e = (u,v)
is an effective edge, then u and v are adjacent vertices and e is incident with u and v. A fuzzy graph G = (o, p) is said
to be M-strong fuzzy graph [1] if u(u,v) = o(u) Ao (v) for all (u,v) € E. That is, In an M-strong fuzzy graph every
edge is an effective edge.

Definition 2.5. A fuzzy graph G = (o, ) is said to be complete fuzzy graph if p(u,v) = o(u) Ao (v) for all
u,v € V. That is, In a complete fuzzy graph every pair of verices should have an effective edge.

Definition 2.6. Let u,v € Vand e = (u,v) € E then N(u) = {v € V : u(u,v) = o(u) ANo(v)} is called open
neighbourhood of u and N[u] = N(u) U {u} is called closed neighbourhood of u. N[e] = N(u) U N(v) is called
closed neighbourhood of e. If N(u) = ¢ then u is said to be isolated vertex.

Definition 2.7. The neighbourhood degree of a vertex u is defined to be the sum of the weights of the vertices
adjacent to u and is denoted by dy(u), the minimum neighbourhood degree is oy (1) = min{dyn(u) : u € V} and
the maximum neighbourhood degree is AN (G) = max{dy(u) : u € V}.

Definition 2.8. A fuzzy graph G = (o, ) is said to be bipartite if the vertex set V can be partitioned into two sets V;
defined on o and V, defined on oy such that p(vy,v2) = 0if (v1,v3) € Vi x Vi or (v1,v2) € VoXVs.

Definition 2.9. A bipatite fuzzy graph G = (0, ) is said to be complete bipartite if u(u,v) = o(u) A o(v) for all
u € Vy defined on oy and v € V; defined on o, and is denoted by Ky, .

Definition 2.10. A path in a fuzzy graph G is a sequence of distinct vertices ug, 1, U, . . ., Uy such that u(u;_q,u;) =
o(uj—1) No(u;),1 <i <n, n > 0is called the length of the path. The path in a fuzzy graph is called a fuzzy cycle if
Uy = Uy, n > 3.

Definition 2.11. A fuzzy graph is said to be cyclic if it contains at least one cycle, otherwise it is called acyclic.
Definition 2.12. A fuzzy graph is said to be connected if there exists at least one path between every pair of vertices.
Definition 2.13. A connected acyclic fuzzy graph is said to be a tree.

Definition 2.14. A vertex in a fuzzy graph having only one neighbour is called a pendent vertex. Otherwise it is
called non-pendent vertex.

Definition 2.15. An edge in a fuzzy graph incident with a pendent vertex is called a pendent edge. Otherwise it is
called non-pendent edge.

Definition 2.16. A vertex in a fuzzy graph adjacent to the pendent vertices is called a support of the pendent edges.

Definition 2.17. [10] A vertex covering of fuzzy graph G is a subset K of V such that every effective edge of G has
at least one end in K. The minimum scalar cardinality of vertices in K is called a vertex covering number of G and
is denoted by . wo-set is a vertex cover with minimum scalar cardinality. Similarly edge cover number(xq), vertex
independence number(By) and edge independence number (B1) can be defined.

Theorem 2.1. [10] For any fuzzy graph G, ag + Bo = p.

Definition 2.18. Let G = (o, i) be a fuzzy graph and let u,v € V. If u(u,v) = o(u) A o(v) then u dominates v (or
v is dominated by u) in G. A subset D of V is called a dominating set in G if for every v ¢ D there exist u € D such
that u dominates v. The minimum scalar cardinality taken over all dominating set is called domination number and
is denoted by the symbol 7.

Definition 2.19. A set S C V in an M-strong fuzzy graph G(o, u) is a vertex neighbourhood set of G if G =
Unes ((N[u])) , where ((N[u])) is the full fuzzy sub graph of G induced by N[u] and is denoted by n-set. The minimum
scalar cardinality taken over all n-set of G is called vertex neighbourhood number and is denoted by ny.

Theorem 2.2. [3] For any M-strong fuzzy graph G without isolated vertices. Then
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1. 7(G) < no(G) < ag(G)
2. no(G) < m(G)

Corollary 2.1. [3] If G is a M-strong fuzzy graph without isolated vertices and having no triangles, then ng(G) =
o (G).

Definition 2.20. Let e = (u,v) be an edge in an M-strong fuzzy graph G(o,u). A set M C E in G is an edge
neighbourhood set of G if G = Uyecs ((Nle])) , where ((Nle])) is a full induced fuzzy sub graph of G and is denoted
by en-set. The minimum scalar cardinality taken over all en-set of G is called edge neighbourhood number and is
denoted by ny.

Theorem 2.3. [4]] For any M-strong fuzzy graph G
1. v —m < ny < ng, where m is the number of edges in minimum en-set.
2. m <y < min(ag, a1, 1)
3. n1 < Bo.

4. ny < p/2, where p is the order of G.
3 Mixed Domination in an M-strong fuzzy graph

Definition 3.21. Let G = (0, u) be an M—strong fuzzy graph defined on V. A vertex v € V dominates an edge e € E
ife € ((N[v])) Where ((N[v])) is a full induced fuzzy sub graph of G. An edge e = (u,v) € E dominates v € V if
v € Nle|, where N[e] = N(u) U N(v).

Note 1. If v dominates e, then e dominates v but the converse is not true.

Example 3.1. In the fuzzy graph given in Figure[T| Here e; dominates v3 but vz does not dominate ey .

V1(9.5) ¢1(0.2) Vz((lZ) €(0.2) V3(£).4)

Figure 1:

Now, using this concept the vertex-edge dominating set , edge-vertex dominating set and mixed dominat-
ing sets in an M-strong fuzzy graphs are defined.

Definition 3.22. A set S C V in an M-strong fuzzy graph G is a vertex-edge dominating set (ved — set) if every
edge of G is dominated by a vertex in S. The minimum scalar cardinality taken over all ved-set is called ve-domination
number and is denoted by the symbol 7yye. A ved-set with minimum scalar cardinality is called y,e-set. The I'y, is called
the maximum scalar cardinality of a minimal ved-set of G.

Remark 3.1. Every ng — set in an M-strong fuzzy graph without isolated vertices is an 7y, — set and converse also
true. That is vy, = ny.

Definition 3.23. A set M C E in an M-strong fuzzy graph G is an edge-vertex dominating set (evd — set) if every
vertex of G is dominated by an edge in M. The scalar cardinality taken over all evd-set is called ev-domination number
and is denoted by the symbol ye,. An evd-set with minimum scalar cardinality is called «yep-set. The Ty is called the
maximum scalar cardinality of a minimal ved-set of G.

Remark 3.2. Every ny — set in an M-strong fuzzy graph without isolated vertices is an evd — set but converse not true.
That is Yev < M1

Definition 3.24. A set D C V U E in an M-strong fuzzy graph G is a mixed dominating set (md-set) if

1. every vertex v ¢ D is dominated by at least an edge e € D and
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2. every edge e ¢ D is dominated by at least one vertex inv € D.

The minimum scalar cardinality taken over all md-set is called mixed domination number and is denoted by the
symbol yy,. Ty, is called the maximum scalar cardinality of a minimal md-set of G.

Note 2. A ved-set with minimum scalar cardinality is called yye-set, similarly yeo-set and y,-set.

Observation 1. Let K, be a complete fuzzy graph with more than two vertices defined on V, ype = Yoo = minycyo(u)
and vy, = 2mingcyo(u).

Observation 2. Let K, be a complete fuzzy graph with two vertices defined on V, yve = Yev = Ym = minycyo(u).

Observation 3. Let Ky, o, be a complete bipartite fuzzy graph, oy defined on Vy and o defined on V, respectively and
V = V1 U Vo Then vy = min{|o1], |02|}, Yeo = min,eyo(u) and vy = Yoe + Yeo-

Theorem 3.4. For any M-strong fuzzy graph without isolated vertices G

Yeo < Yoe < Ym < Yev + Yoe-

proof: The first inequality follows from the fact that an evd-set is obtained by choosing one edge incident at each vertex
v in yye — set. The second inequality follows from the fact that by replacing each of the edges in y-set by one of its end
vertices with minimum membership grade, we get a ved-set. The last inequality follows from the fact that the union of
ved-set and an evd-set is an md-set.

Note 3. Let wg, a1, Bo and By are the vertex cover, edge cover, vertex independent and edge independent numbers of a
fuzzy graph G.

Theorem 3.5. For any M-strong fuzzy graph G without isolated vertices , The following results are true:
1. vve < wg, where wg is a vertex cover number of G.
2. Yeo < Bo where By is a vertex independent number of G.
3. ym < p, where p is the order of G.

proof: (1)From the remark 3.1} o = no and from the theorem2.2(1), ng < ag. Hence yge < ao.
(2)From the remark[3.2} yep = ny and from the theorem[2.3(3), ny < Bo. Hence yeo < Po.
(3) By theorem 3.4} ym < Yeo + Yve < &0 + Po and theorem[2.1)ag + Po = p. Hence vy < p.

Theorem 3.6. If G is an M-strong fuzzy graph without isolated vertices and no triangles. Then
1. Yoe = o
2. Yeo SV < Yoo
3. Ym < Yoo+ 5
4. ym < v+ ag.

proof:(1)From the remark[B.1} yoe = ng and from the corrolery[2.1} ny = ag. Hence ag = Yo

(2) Every dominating set is an evd-set, because a vertex v in a dominating set dominates only adjacent vertices but
en edge e in e, — set dominates adjacent vertices of both the end vertices of e. Hence 7., < <. Every ved-set is a
dominating set, since G has no triangles. Hence v < 7yye.

(3) An edge will definitely dominate at least two vertices in an evd-set, therefore 7., < g = Yev < % 4+ Yve + Yev — Ym
by theorem Hence v < Yoe + g

(4) From theoremB.4} ym < Yeo + Yoe < 7Y + o

Theorem 3.7. For any M-strong fuzzy graph G without isolated vertices, v, < min{p,q}. Where p and q be the order
and size of G respectively.

proof: Let G be an M-strong fuzzy graph without isolated vertices and let p and q be the order and size of G.

The vertex set V.= {v1,v9,03,...,0,} is an md — set, since very edge of E is incident with at least two vertices in V.
Hence vy < p—— — —(i).

The edge set E = {e1,€z,€3,...,en} is also an md — set, since every vertex of V is incident with at least one edge in E.
Hence v, < g — — — —(ii).

From (i) and (ii) we obtain vy, < min{p,q}.
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Theorem 3.8. Let Ty be a tree in an M-strong fuzzy graph G. If r and s are the scalar cardinality of the pendent vetices
and supports of the pendent edges of T respectively. Then vy, (T,) < p+ s —r — 0o, where oy = min,cyo(u).
proof: Let T, be a tree in an M-strong fuzzy graph. Given r and s are the scalar cardinalitry of the pendent vertices and
supports of the pendent edges of T, respectively.

Let M, N and R be the set of all non-pendent edges, supports of the pendent edges and non-pendent vertices in Ty
respectively. Then the Union of M and N form an md-set. Therefore vy, < |M| + |[N| —(1)
The set of non-pendent edges of T, also form a tree. Therefore |M| < |R| — 0y, where 0y = minycyo(u). From (1)
Yu(Ty) <|R|—0p+ |N| < p—r+s—op.

Theorem 3.9. Let G be an M-strong fuzzy graph without isolated vertices and [N (v)| = An, ife; = (v,v;),1 <i <,
r=31" ule;)ands =min{p(e;)}, i =1ton. Then vy, < p+q—Ax—71+s.

proof: Let v be a vertex of an M-strong fuzzy graph G and {vq,va, ..., v, } open neighbourhood set of v. Let Ay be
the maximum neighbourhood degree of G. That is [N(v)| = An . Ife; = (v,v;),1 <i <k r = Zf.‘zl u(e;) and
s = min{u(e;)}, i = 1tok. Then the set {V —{v1,va,..., 0} U{E — {eq,e2,...,ex}} U{e;} such that e; is the
minimum of y(e;), Vi, is an md-set. Therefore vy < p+q— ANy —7 +s.

4 Mixed strong(Weak) Domination in an M-strong fuzzy graph

Definition 4.25. Let v € V and e = (u,v) € E in an M-strong fuzzy graph G. Then
1. v and e strongly dominates each other if e € ((N[v])) and
2. vand e weakly dominates each other if v € NJe].

Definition 4.26. A set D C V in an M-strong fuzzy graph G is a vertex-edge strong dominating set of G, if every
edge in G is strongly dominated by at least one vertex in D. 1t is denoted by vesd — set. The minimum scalar cardinality
taken over all vesd-set is called vertex-edge strong domination number and it is denoted by the symbol yyes.
Similarly edge-vertex strong domination number (7.ys), vertex-edge weak domination number (Yyew) and
edge-vertex weak domination number (Yev) can be defined.

Observation 4. For any M-strong fuzzy graph G without isolated vertices:
1. avertex v dominates an edge e < a vertex v strongly dominates an edge e. Therefore yyes = Yoe.
2. an edge e dominates a vertex v < an edge e weakly dominates a vertex v. Therefore Yevw = Yev.
3. avertex v dominates an edge e = a vertex v weakly dominates an edge e. Therefore Yyew < Yove.
4. an edge e strongly dominates a vertex v = an edge e dominates a vertex v. Therefore ey < Yevs.

Remark 4.3. For some of the M-strong fuzzy graph G that we considered, there is no relation exist between yyeyy and

Yevw-

Example 4.2. Consider the M-strong fuzzy graphs given in Figures[2and Figure[3}

V1(06)

€1(0.2) v3(0.5) e0.1)  vi(0.1)

vZ(OZ)

Figure 2:

From the Figure. E’yvew —set = {v2} = Ypew = 0.2 and
Yevw = {64} = Yevw = 0.1
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vi(0.6) €1(0.2)  vx0.2)

V:0.1) ex0.1) vo(0.6) ex0.1) ve(O.1)

Figure 3:

Hence Yepw < Yoew-

From the Figure. El”rvew —set = {v3} = Ypew = 0.1 and

Yevw = {32; 65} = Yeow = 0.2

Hence yyew < Yevw. Therefore there is no relation exist between “yew and yevw.

Remark 4.4. Similarly, for some of the M-strong fuzzy graph G that we considered, there is no relation exist between
Yoes And Yevs.

Example 4.3. Consider the M-strong fuzzy graphs given in Figure[d|and Figure|5|

V1(O.4)

V3(0.1) ex(0.1)  vi(0.3)

Figure 4:

vi(0.5) €1(0.5) vx(0.8) x0.4) vx(0.4) e50.3) vi(0.3)
o &

Figure 5:

From the Figure. [ yoes — set = {v3} = Yoes = 0.1 and

Yevs = {32/ 34} = Yeps = 0.2
Hence yyes < Yevs.

From the Figure. 'yves —set = {v1,03} = Ypes = 0.9 and
Yevs = {elr 63} = Yevs = 0.8

Hence Yeps < 7Yoves. Therefore there is no relation exist between yyes and eps.
Theorem 4.10. For any M-strong fuzzy graph without isolated vertices G,

L. Yvew < Yves = Yoe-

2. Yeo = Yeow < Yevs-

Proof. (1) From the Observationf(1) Yves = 0e and the Observation[#3)yvew < Yve. Hence Yoew < Yoes = Yoe-
(2) From the ObservationEkZ) Yevw = Yer and the ObservationEk4)’yev < vyevs. Hence Ve = Yevw < Yevs- O

Definition 4.27. A set D C V U E in an M-strong fuzzy graph G is a mixed strong(weak) dominating set of G, if

1. every vertex v € V not in D is strongly(weakly) dominated by at least one edge in D and
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2. every edge e € E not in D is strongly(weakly) dominated by at least one vertex in D.

The mixed strong(weak) dominating set is denoted by msd-set(mwd-set). The minimum scalar cardinality taken over all
msd-set(mwd-set) is called mixed strong(weak) domination number and it is denoted by the symbol s (Ymw)-

Theorem 4.11. For any M-strong fuzzy graph without isolated vertices G,
1. Yyoew < Ymw < Yvew + Yevw-

2. Yoes < Yms < Yoes + Yevs-

Proof. (1)LetS = {v1,v2,...,Pm, €41, €m+2, - - -, €n} De @ Yy — set in an M-strong fuzzy graph G. Replace each
¢ of Sby v; such that O’(Z)j) = y(ej), m+1 < j < nandformthes’. Therefores’ = {v1,v2,...,0m, Vi1, Vms2, -+, On}-
Hence Ypew < Ymw- Also the union of vewd-set and evwd-set forms an mwd-set. Therefore v < Yoew +

Yevw-
(2) Similarly we can prove Yoes < Yims < Yoes + Yevs- Cl

Theorem 4.12. For any M-strong fuzzy graph without isolated vertices G , Ymw < Ym < Yms-

Proof. Let D = {vy,vy,...,Um,€1,€2,...,6n} —— — —(i) be any 7y, — set in an M-strong fuzzy graph G. Letv €
D = v — set. Then v dominates at least one edge e € E — D. By Observation[d](3), v weakly dominates at least
oneedgee € E—D.— — —(ii). Also,lete € D. Then e dominates at least one vertex v € V — D. By Observation
El (2), e weakly dominates at least one vertex v € V — D. — — — —(iii) Hence by (i), (ii) and (iii) every 7,, — set
is a mixed weak dominating set. The scalar cardinality of mixed dominating set < 7,,. — — — —(iv) Hence
Ymw < Ym-

Let S = {vy,v2,...,0m,€1,62,...,64} — — — —(v) be any yus — set. Let v € S = 75 — set. Then v strongly

dominates at least one edge ¢ € E — S. By Observation [4] (1), v dominates at least one edge ¢ € E —S. —
— — —(vi) Also, let ¢ € S. Then e strongly dominates at least one vertex v € V —S. By Observation 4

(4), e dominates at least one vertex v € V — S. — — — —(vii) Hence by (v), (vi) and (vii) every 7yms — set
is a mixed dominating set . The scalar cardinality of mixed dominating set < <,s. — — — —(viii) Hence
Ymw < Ym < Yms- 0

Example 4.4. Consider an M-strong fuzzy graph given in Figure[f]
Yoe — set = {v1,03,05} = Ype = 1.2.

vi(0.2)  e(0.2)  vy(0.3)

e:(0.2) 0 4)3 0.4) ex(0.4) v0.5)
C4(V.

vs(0.7) es(0.6)  vs(0.6)
Figure 6:

Yev — set = {e1,e2} = Yer = 0.5.

Ym — set = {v3,vs5,e1,e2} = v = 1.5.
Yoew — Set = {02} = Yyew = 0.3.

Yeow — Set = {e1,e2} = Yevw = 0.5.

Ymw — set = {vg,e1,e2} = Ymw = 0.8.

Yoves — Set = {01,03,U5} = Ypes = 1.2.

Yevs — set = {eq,e3,€q,67} = Yers = 1.4.
Yms — set = {v3, e1,e,€6,€7} = Yms = 1.8.
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Abstract

In the present paper we introduce some vector-valued statistical convergent sequence spaces defined by
a sequence of modulus functions associated with multiplier sequences and we also make an effort to study
some topological properties and inclusion relation between these spaces.

Keywords: Modulus function, paranorm space, difference sequence space, statistical convergence.
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1 Introduction and Preliminaries

The study on vector-valued sequence spaces was exploited by Kamthan [11], Ratha and Srivastava [18],

Leonard [14], Gupta [9], Tripathy and Sen [26] and many others. The scope for the studies on sequence
spaces was extended on introducing the notion of associated multiplier sequences. Goes and Goes [8] defined
the differentiated sequence space dE and integrated sequence space [ E for a given sequence space E, with
the help of multiplier sequences (k~!) and (k) respectively. Kamthan used the multiplier sequence (k!) see
[11]. The study on multiplier sequence spaces were carried out by Colak [2], Colak et al. [3], Srivastava
and Srivastava [25], Tripathy and Mahanta [28] and many others. Let w be the set of all sequences of real
or complex numbers and let I, ¢ and cy be the Banach spaces of bounded, convergent and null sequences
x = (xy) respectively with the usual norm ||x|| = sup |x,|, where k € IN, is the set of positive integers.
Throughout the paper, for all k € IN, Ey are seminormed spaces seminormed by g and X is a seminormed
space seminormed by q. By w(Ey), ¢(Ex), lw(Ef) and I,(E;) we denote the spaces of all, convergent, bounded
and p-absoluetly summable Ej-valued sequences. In the case E; = C (the field of complex numbers) for all
k € IN, one has the scalar valued sequence spaces respectively. The zero element of Ej is denoted by 6 and
the zero sequence is denoted by 0 = (6y).
The notion of difference sequence spaces was introduced by Kizmaz [12], who studied the difference sequence
spaces loo(A), ¢(A) and cg(A). The notion was further generalized by Et and Colak [4] by introducing the
spaces loo(A"), c(A™) and co(A"). Let w be the space of all complex or real sequences x = (xi) and let m, s be
non-negative integers, then for Z = I, ¢, cp we have sequence spaces

Z(AT) = {x = (x) € w: (Al'x) € Z},

where Ax = (A"x;) = (A" 1x; — A" x;,1) and Alx, = x; for all k € IN, which is equivalent to the
following binomial representation
m
Asmxk = Z(_Dv ( 7:]1 ) Xk+sv-
=0
Taking s = 1, we get the spaces which were studied by Et and Colak [4]. Taking m = s = 1, we get the spaces
which were introduced and studied by Kizmaz [12].

*Corresponding author.
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Definition 1.1. A modulus function is a function f : [0,00) — [0, 00) such that
1. f(x) =0ifand only if x =0,
2. f(x+y) < f(x) + fy) forall x> 0,y >0,
3. f isincreasing,
4. fis continuous from right at 0.

It follows that f must be continuous everywhere on [0, c0). The modulus function may be bounded or un-
bounded. For example, if we take f(x) = 7, then f(x) is bounded. If f(x) = x”, 0 < p < 1, then the
modulus f(x) is unbounded. Subsequently, modulus function has been discussed in ([1], [16], [19], [20], [23])
and many others.

Definition 1.2. Let X be a linear metric space. A function p : X — R is called paranorm, if
1. p(x) >0, forallx € X,
2. p(—=x) = p(x), forall x € X,

3. p(x+y) <plx)+ply), forall x,y € X,

4. if (Ay) is a sequence of scalars with A, — A as n — oo and (x,) is a sequence of vectors with p(x, — x) —
0asn — oo, then p(Ayxy — Ax) — 0as n — oo.

A paranorm p for which p(x) = 0 implies x = 0 is called total paranorm and the pair (X, p) is called a total
paranormed space. It is well known that the metric of any linear metric space is given by some total paranorm
(see [29], Theorem 10.4.2, P-183).

Let p = (py) be a bounded sequence of positive real numbers, let F = ( fi) be a sequence of modulus function.
Alsolett =t = p, ! and suppose u = (uy) is a sequence of strictly positive real numbers. In this paper we
define the following sequence spaces:

Wo(ATF,Q,p,u,t) = {(xk) : xx € Ey for all k € N and there exists ¥ > 0 such that
_ Pk
Iye {fk(qk (p, t"ukAZ’xkr))} —0asn — oo},
W1 (A", F,Q,p,u,t) = {(xk) : x; € E; forall k € N and there exists r > 0 such that

- p
3 Tk [fk(qk(iﬂk A xr — l))} “ L0asn—oolc Ek}

and

Weo (AT, F,Q,p,u,t) = {(xk) : xx € Ey for all k € N and there exists ¥ > 0 such that
—t Pk
sup, & Ly | fulaw (e "' xer)) | < oo}

In the case f; = f and gx = qforallk € IN, we write Wo(AY, f,q,p,u,t), Wi (AT, f,q,p,u,t) and Weo (AL, f,q,p, u, 1)
instead of Wo(A", F,Q, p,u,t), Wi (A", F,Q, p,u,t) and

Woo (A", F, Q, p, u, t) respectively.

Throughout the paper Z denotes any of the values 0,1 and co. If x = (x;) € W1 (A, f,q, p,u, t), we say that x

is strongly 1, + Cesaro summable with respect to the modulus function f and write x; — I W, (AT, f,q,p,u,t);

l'is called the u, limit of x with respect to the modulus function f.

The main aim of this paper is to introduced the sequence spaces Wz (A", F,Q,p,u,t), Z = 0,1 and co. We
also make an effort to study some topological properties and inclusion relations between these spaces.
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2 Main Results

Theorem 2.1. Let F = (fy) be a sequence of modulus functions and p = (py) be a bounded sequence of positive real
numbers. Then the spaces Wz (AL, F,Q, p,u,t), Z = 0,1, co are linear spaces over the complex field C .

Proof. We shall prove the result for Z = 0. Let x = (xx) € Wp(AI', F, Q, p,u,t). Then there exists r > 0 such
that 1 [fk(qk( Pi kukAg"xkr))} "0 as n — oo. Let A € C. Without loss of generality we can take A # 0. Let
p =r(|A])~! > 0, then we have

1 _ p 1 _ P
" [fk(ﬂk(}?k tkukA;")\xk)P)} = P [fk(Qk(Pk t"ukAé”xkr))} . 0 as n — oo.

Therefore Ax € Wo(A',F,Q,p,u,t), forall A € C and for all x = (x) € Wo(A", F,Q, p,u,t). Next, suppose
that x = (x¢), ¥ = (yx) € Wo(AL', F,Q, p, u, t). Then there exists 1, r, > 0 such that

S\H

- Pk
): [fk Tk Pk MkA xk1’1))} — 0 as n— o

and

1 p
n Z [fk(qk(l’k upAy' ykrz))} “ .0 as n— oo,

Thus given e > 0, there exists k1, ko > 0 such that

n

1 _
E Z {fk (qk (pk t"ukA;”xkrl))} P < €Pk, forall k >k

k=1
d
o 1 & —ty m Pk
- ) {fk(qk (P Fugl ykrz))} < epy, forall k > ko.
k=1
Letr = rir2(r1 +12) "' and kg = max(kq, ko). Then we have for all k > ko,
1 Pk
3 [ ax (py Fu AL (xk+yk)r))}
k=1

1 _ _ _ _11Pk
< = ¥ [felar(p wed ) ra(r + 7)™+ fi(ae(py My +12) 71| < ey
k=1
Hence x +y € Wo(Al", F,Q, p,u,t). Thus Wo(A', F,Q, p,u,t) is a linear space. Similarly we can prove that
Wi (AL F,Q, p,u,t) and Weo (AT, F, Q, p, u, t) are linear spaces. O

Theorem 2.2. Let F = (f;) be a sequence of modulus functions and p = (py) be a bounded sequence of positive real
numbers. Then the space Wo(A', F,Q, p, u, t) is a complete paranormed space with paranorm defined by

1 _ Pe\ 1

g(x) = sup <Z ) {fk(qk(p tkukA;”xkr))} k) "
n k=1

where M = max{1, sup py}.

Proof. Let (x(i)) be a Cauchy sequence in Wy(AY, F, Q, p, u, t). Then for a given e > 0, there exists 1y such that
g(xi — xj) < ¢, foralli,j > ng. Thus, we have

1

[Z (fk(qk(p,;t"ukAT(x}; - x{;)r)))pk} M <& forall i,j > np. (2.1)
k=1

= (fk(qk(Pk_tkukAZ’(x;c — x{;)r))) <e, forall i,j > np.

— AM(xi —x]) <, forall i,j>ng, forall ke N.
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Hence (x;()fil is a Cauchy sequence in E, for each k € IN. Since E;'s are complete for each k € IN, so (x;()fil
converges in Ey, for each k € IN. On taking limit as j — oo in (2.1), we have

1

{i(fk(% (i Al (x} — x0)r )))pk}M <e¢, forall i> ny.

= A'(xi —x) € Wo(AI", F,Q, p,u,t).

Since Wy (AL', F,Q,p,u,t) is a linear space, so we have x = x(@ — (x(i) —x) € Wo(AL F,Q,p,u,t). Thus
Wo(AT, F,Q, p,u,t) is a complete paranormed space. This completes the proof of the theorem. O

Theorem 2.3. Let F = (fy) be a sequence of modulus functions and p = (py) be a bounded sequence of positive real
numbers. Then

Wo(AL,F,Q,p,u,t) C Wi (AL, F,Q,p,u,t) C We(AL,F,Q,p,u,t).
Proof. It is easy to prove so we omit the details. O

Theorem 2.4. Let F = (fy) and G = (gy) be any two sequences of modulus functions. For any bounded sequences
p = (px) and t = (ty) of strictly positive real numbers and any two sequences of seminorms Q = (qx), V = (vy), the
following are true:

D) Wz(AL, f,Qu,t) C Wz(AY, fog Qut),

(ii) Wz (AL, F,Q, p,u, t) N WZ(A;”, E,V,p,u,t) C Wz(A',F,Q+V,p,u,t),

(iii) Wz (A", F,Q, p,u, t) N Wz (A", G, Q,p,u,t) C Wz (A", F+G,Q,p,u,t),

(iv) if q is stronger than v, then Wz (A", F,Q, p,u,t) C Wz(A],F,V,p,u,t),

(v) if q is equivalent v, then Wz (A", F,Q,p,u,t) = Wz(A', F,V,p,u,t),

(vi) Wz(ALF,Q,p,u, t) N Wz (AL F,V,p,u,t) # ¢.

Proof. We shall prove (i) for the case Z = 0. Let ¢ > 0. We choose §, 0 < § < 1, such that f(t) < efor0 <t <4
and all k € N. We write y;, = g (qx (p; *uxA"x;r) ) and consider

n

Y o] =YX [fwo)] + ; [fyi)],

k=1 1

where the first summation is over y; < ¢ and the second summation is over y; > ¢. Since f is continuous, we
have

Y )] < ne. 2.2)

1
By the definition of f, we have the following relation for y; > J:

fr) < 2f() %

Hence

Z ] <2671F(1) 2 V. (2.3)
It follows from (2.2) and (2.3) that Wz (A}, f, Q, u,t) C Wz (A, f o g, Q,u, t). Similarly, we can prove the result
for other cases. O

Theorem 2.5. Let f be a modulus function. Then Wz (AT, Q,u,t) C Wz (AL, f,Q,u,t).

Proof. 1t is easy to prove in view of Theorem 2.4(i). O
Theorem 2.6. Let 0 < py < ry and ( ) be bounded. Then
Wz(AS', F,Q,r,u,t) C Wz (AS, F,Q, p,u,t).

Proof. By taking yx = { fx (qk(pk_t" ukA?xkr))} * for all k and using the same technique as in Theorem 5 of
Maddox [15], one can easily prove the theorem. O

Theorem 2.7. Let f be a modulus function. Ifn%mgo % =B >0, then Wi(A]',Q,p,u,t) C Wi (AL, f,Q, p,u, t).

Proof. It is easy to prove so we omit the details. O
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3  ug,-Statistical Convergence

The notion of statistical convergence was introduced by Fast [6] and Schoenberg [24] independently. Over the
years and under different names, statistical convergence has been discussed in the theory of Fourier analysis,
ergodic theory and number theory. Later on, it was further investigated from the sequence space point of view
and linked with summability theory by Fridy [7], Connor [5], Salat [21], Murasaleen [17], Isik [10], Savas [22],
Malkowsky and Savas [16], Kolk [13], Maddox [15], Tripathy and Sen [27] and many others. In recent years,
generalizations of statistical convergence have appeared in the study of strong integral summability and the
structure of ideals of bounded continuous functions on locally compact spaces. Statistical convergence and
its generalizations are also connected with subsets of the Stone-Cech compactification of natural numbers.
Moreover, statistical convergence is closely related to the concept of convergence in probability. The notion
depends on the density of subsets of the set IN of natural numbers.

Definition 3.3. A subset E of IN is said to have the natural density §(E) if the following limit exists:

1
5(E) = lim — ) xe(k),
k=1

where x is the characteristic function of E. It is clear that any finite subset of N has zero natural density and 6(E€) =
1-4(E).

Definition 3.4. A sequence x = (xy) is said to be ug t-statistical convergent to I if for every e > 0,
5({k eEN: q(pk_tkukA’s”xkr -1) > s}) =0.

In this case we write xj, — Z(SZ,t). The set of all ug -statistical convergent sequences is denoted by SZ,t. By S, we denote
the set of all statistically convergent sequences.

Ifg(x) = |x|, uy = py =ty = 1forallk € N and r = 1, then SZ,t is same as S. In case I = 0 we write Sgu,t
instead of SZ,t.

Theorem 3.8. Let p = (py) be a bounded sequence and 0 < h = infpy < pp < suppx = H < oo and let f be a
modulus function. Then

Wi(AY, f,4,p,u,t) C Sy 4

Proof. Let x € W1(A}, f,q,p,u,t) and let e > 0 be given. Let }; and ), denote the sums over k < n with
q(pk_t"ukA;”xkr —1) > eand q(pk_tkukA’s”xkr — 1) < g, respectively. Then

P [l s )]

> =% [Flale mtne - 1))
1
> Sl
1
1 . h
> - ;mm ([f(S)} / [f(s)]H)
> %’{k <t q(p Mudlx —1) > e} min ([(2)]", [£(0)]").
Hence, x € SZ,t' -

Theorem 3.9. Let f be a bounded modulus function. Then SZ/t C Wi(AY, f.q9,p,u,t).

Proof. Suppose that f is bounded. Let € > 0 and let } 1 and ), be the sums introduced in the Theorem 3.1.
Since f is bounded, there exists an integer K such that f(x) < K for all x > 0. Then
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=
1=

[Fa(p M~ 1) ™

-~
Il
—_

IN

3 (Z[Falpc b warar—0)]" + 2 [falry “marne —1)]")
< %Zmax(Kh,KH) + %Z [f(e)]pk
1 2
< max(Kh,KH)%’{k <n: q(p;t"ukATxk -1 > s}‘ + max(f(s)h,f(s)H).
Hence, x € Wi (A", f,q,p,u,t). O

Theorem 3.10. SZ,t = Wi (AL, f,q,p,u,t) if and only if f is bounded.

Proof. Let f be bounded. By Theorems 3.1 and 3.2, we have SZ,t = Wi (AT, f,q,p,u,t).
Conversely, suppose that f is unbounded. Then there exists a sequence (t;) of positive numbers with f(f;) =
k2 fork =1,2,---.If we choose

: 2
—ty ANy — tk/ l:krkzllzl"'
P~ HiBs Xl { 0, otherwise.

Then we have

B

1 —t
R O S (e

for all n, and so x € SZJ but x ¢ Wi(AY, f,q,p,u,t) for X = C, g(x) = |x| and py = 1 for all k € IN. This
contradicts the assumption that SZ,t = Wi (AT, f,q,p,u,t). O
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equations with weak damping terms
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Abstract

This paper deals with the initial boundary value problem for the viscoelastic wave equations
up — A+ [ g1 (F—1) Au(t)dt+u = fi (u,0),
o — Do+ [ g (t—1) Ao (T)dT+ v = fo (1,0)

in a bounded domain. We obtain the global nonexistence of solutions by applying a lemma due to Y. Zhou
[Global existence and nonexistence for a nonliear wave equation with damping and source terms, Math.
Nacht, 278 (2005) 1341-1358].
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1 Introduction
In this paper we consider the following initial boundary value problem

up — Au+ [y g1 (F—1) Au(t)dt+ur = fi (w,0), (x4 €Qx(0,T),
vtt—Aerfotgg (t—71)Av(T)dTt+v = f2(1,0), (x,t) e QA x (0,T),

u(x,t) =v(xt)=0, (x,t) € 9Q2 x (0, T), (1.1)
u(x,0) =ug(x), ur (x,0) =uy (x), x e,
v(x,0) =99 (x), v¢ (x,0) =v1 (x), xe,

where ) is a bounded domain with smooth boundary dQ in R”, n = 1,2,3;and g; (.) : Rt — R*, f;(.,.) :
R? — R are given functions to be specified later.
The single viscoelastic wave equation of the form

utt—Au+/tg(t—T)Au(T)dT+h(ut) =f(u),xeQ, t>0, (1.2)
0

has been extensively studied and many results concerning nonexistence have been proved. See in this regard
[5. 18,19} 117].
The equation (1.2) without the viscoelastic term (i.e., g = 0) can be written in the following form

Uy — Au+h(u) =f(u), xeQ, t>0. (1.3)

The local existence, global existence, and blow up in finite time of solution for (1.3) were established (see
[3L16, 7,110}, [11]] and references therein).

*Corresponding author.
E-mail address: episkin@dicle.edu.tr (Erhan Piskin).
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Agre and Rammabha [2] studied the global existence and blow up of the solution of the problem (1.1) with
gi = 0 (i = 1,2) using the same techniques as in [3]]. After that, the blow up result was improved by Said-
Houari [15]]. Also, he showed that the local solution obtained in [2] is global and decay of solutions [14].

Recently, Han and Wang [4] obtained the local existence, global existence and blow up of the solution of
the problem (1.1) under some suitable conditions. Messaoudi and Houari [12] considered problem (1.1) and
improved the blow up result in [4]], for positive initial energy, using the some techniques as in [15]. Also,
Houari et. al. [16] studied the general decay of the solution of the problem (1.1) by using the Lyapunov
functional method.

In this paper, we consider the problem (1.1) and prove a global nonexistence result of solutions.

This paper is organized as follows. In section 2, we present some lemmas. In section 3, we state the local
existence result. In section 4, we show the global nonexistence of solutions.

2 Preliminaries

In this section, we shall give some assumptions and lemmas which will be used throughout this work. Let
[[-Il and ||.||,, denote the usual L2 (Q) norm and L? (Q) norm, respectively. Firstly, we make the following
assumptions:

(A1) gi : Rt — R™ (i = 1,2) nonincreasing differentiable function satisfying

1—/Ooogi(s)ds:l,»>0.
(A2) gi(t) >0, Vt > 0.
Concerning the functions f1 (1,v) and f; (4,v), we take
fi(u,0) = alu+ 0PV (u+0) + b ul? 0P u,

fo(w,0) = afu+ 0P (u+0) + b |ufP 2 o] o,

where a,b > 0 are constants and p satisfies

-l1<p ifn=12,
{—1<p<1 ifn=3. 1)
According to the above equalities we can easily verify that
u fi (u,0) +0fs (4,0) = 2 (p+2) F (,0), ¥ (1,0) € R, 2.2)
where 1
- 2(p+2) p+2
F (u,v) 2752 [a\u—i—v\ +2b |uv| } . (2.3)
We have the following result.
Lemma 2.1 [12]]. There exist two positive constants ¢y and c¢; such that
_ 0 (12 t2) 20+2) < F < (1) 2(p+2) 2.4
CES) (1uPF2) 4 P2 < (2 < 500 (uPP2) 4 o) (2.4)

is satisfied.
Lemma 2.2 [13]. For any ¢ € C! (R) we have

| [ st-n100@¢ wimar = —3(5'o9p) () + 550 [99I°

Nl —= N =

t
t3g [Eev0 0~ [g@Ivolar.

Lemma 2.3 (Sobolev-Poincare inequality) [1]. Let p be a number with2 < p < co (n=1,2) or2 < p <
2n/ (n—2) (n > 3), then there is a constant C. = C, (), p) such that

lull, < C.||Vul| foru € H} (Q).
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Lemma 2.4 [18]. Suppose that ¢ (t) is a twice continuously differentiable function satisfying

{ P (E) + ' (1) > Copt (), >0,
¥ (0) >0, ¥'(0)>0,

where Cy > 0, & > 0 are constants. Then, ¢ (t) blows up in finite time.

3 Local existence

In this section we state local existence and the uniqueness of the solution of the problem (1.1).
Definition 3.1. A pair of functions (1, v) is said to be a weak solution of (1.1) on [0, T] if

1u,0€C ([o, T); H} (Q)) nct ([O,T);Lz (Q)) ,
ur € L2(Q x (0,T)),v; € L2(Qx (0,T)),
W e L2 (0, T;H 1 (Q) + L2 (Q)) ,
o e L2 (o, T;H 1 (Q) + 2 (Q)) )
where H™! (Q) 4+ L? (Q) is the dual space of H} (Q0) N L? (Q?). In additon, (1, v) satisfies

/ ()dex—/ ()cpdx—l—/ VuVedx

// (g1+Vu) Vgl>dxdr+//u¢dxdT
//fl (1)) pdxdr,

/ ()cpdx—/v1( godx+/wv(pdx
// (g2 % Vo) Vgodxdr+//vgodxdr
- / [ u(@),0(0) gaxie,

for all test functions ¢ € H} (Q) N L% (Q), ¢ € H} () N L? (Q) and for almost all t € [0, T].

Now, we state the local existence theorem that is proved in [4].

Theorem 3.1 (Local existence). Assume that (2.1), (Al) and (A2) hold. Then for any initial data (1, u1) €
H} (Q) x L2(Q)), (vg,v1) € H} (Q) x L? (QQ),, there exists a unique local weak solution (1, v) of problem (1.1)
(in the sense of Definition 3.1) defined on [0, T| for some T > 0, and satisfies the energy identity

t ot
E(t) +/0 (HuT O+ |oe (T)H2) dr — % /0 ((g10oVu) (1) + (850 Vo) (1)) dt

t
3 [ (@ @190 @IF + g2 (0 190 (R e

= E(0)
where E (t) is defined in (4.3).

4 Global nonexistence result

In this section, we prove the global nonexistence of the solution of the problem (1.1). In order to do so, let us
first introduce the following functionals,

J(h = ;(1—/0tg1 (T)dT) IVulP+ (1—/0tg2(r)d1‘) Vol

45l Tu) (6 + (82090 (6]~ [ Flw o) @
Q
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and

1) = (1—/Otg1 (T)dT) IVull? + (1—/0th (T)dT) Vo2

+(810Vu) (£) + (820 Vo) (£) = (p+1) /Q F(u,v)dx. (4.2)

We also define the energy function as follows

£ = (i +mlR) 3 (1- [ s @ar) v+ 3 (1- [ @) vor

[(g10 V) (1) + (320 Vo) ()] - /Q F (u,0) dx, 4.3)

+

N —

where ,
(2o¥) (t) = /0 @(t—r)/ﬂ [¥(t) =Y (1) dxdT.
Finally, we define
W = {(u,v) (u,0) € HY(Q) x HY(Q)), I(1,0) > o} U{(0,0)}. (4.4)

The next lemma shows that our energy functional (4.3) is a nonincreasing function along the solution of
the problem (1.1).
Lemma 4.1. E () is a decreasing function for t > 0 and

E' (1)

IN

— (Nl + 12uIR) + 5 [(5 0 V) (1) + (g5 Vo) (6]
< 0, Vt>0. (4.5)

Proof. Multiplying the first equation of (1.1) by u; and the second equation by v;, integrating over (), and
using (2.5) and the assumption (A1)-(A2), we obtain (4.5).
Theorem 4.1. Under the conditions of Theorem 3.1, assume that initial conditions satisfies

E(0) <0, / (upuq + vovy)dx >0,
o)

t t
+1
max sds,/ sds}gp
{/081() ng() PR —

4(p+2)
then the corresponding solution blows up in finite time. In other words, there exists a positive constant T*
such that lim (||u||2 + ||v||2) — co.
Proof. To apply Lemma 2.4, we define

and

1
9O =3 [ (1w +1of) ax @6
Therefore,
P (t) :/ (uuy + voy) dx, 4.7)
0
and
" (t) = /Q (u% + v%) dx + /Q (uuy + voy) dx. (4.8)

Then, eq (1.1) is used to estimate (4.8) as follows
") = / w2+ 02 ) dx — ([|Vul]> + | Vo
¢ (1) | (u +2t) dx = (Ivulf + 70l
t
+/ / Q1 (t —s) Vu (t) Vu (s) dsdx
0O Jo
t
+/ / g (t—s) Vo (t) Vo (s)dsdx
aJo

—/ (uut+vvt)dx+2(p+2)/ F (u,v) dx. 4.9)
O o)
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We then use Young’s inequality to estimates third and fiveth terms in (4.9);
t
/ / g1 (t—s) Vu (t) Vu (s) dsdx
O Jo
t t
= / / g1 (t—=s)Vu (t)[Vu(s) — Vu (t)| dsdx + (/ g1 (9) ds) [ Vu?
QJo

sivul+ 35 ([ 85) @ovm o+ ([ 0 0as) vul?

/ /t e (t—s) Vo (t) [Vu(s) — Vo (t)] dsdx
O Jo

< 6IVel+ (/ 2 (s )gzow (/ 2 (s ds) Vol

Inserting (4.10), (4.11) into (4.9) to get

IA

and

YO+ = (- erl?) - (1+/Otg1 (5) ds+5) |Vul?
t
—<1+/ gz(s)ds—i—é) \\Vv||2+2(p+2)/013(u,v)dx

(/gl )ds ) (510 9) (1) - </g2 )d5) (g2050) (1),

From the definition of E (¢), it follows that
2 2 2 2/ 1 2 2
< _
IValP +190l? < $Z5E@ + 7= [ Foydx— = (lul? + o)
1
—— [(g10 Vi) (1) + (g20 Vo) (1),

where | = max {fot g1 (s)ds, fot g2 (s) ds} . Substituting (4.13) into (4.12), we have
246 1+1+496
Ve = (35 )(nutn +lol?) -2 (12 )
[ 1+1+496
+l2(pa2)—2 (L / F (u
I 1-1 0
+ 1;”;;5 (/g1 )ds } (g10Vu)(

+ 1—1H_4[—5 (/ (s ds)} (820 Vo) (

At this point we choose § > 0, so that

1+1+6 1 ([t 1+1+6 1 ([
S ([aes)zo L ([aes) 20

Therefore, (4.14) becomes

Py > {2(;}—%—2)—2(1—1”_—;5)]/QF(u,v)dx
T [z(mz)z(ljl”)] (222 + o202
>y (i3 + lelbhts))

where ¢y = 2(;:{2) [2 (p+2)-2 (%)} . Also, from assumption of the theorem y > 0.

(4.10)

@.11)

(4.12)

(4.13)

(4.14)

(4.15)
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Now, Holder inequality are used to estimates ||u||§§5 ﬁ; and ||v||§EZ ﬁ; as follows

1 p+l
/ lul?dx < (/ 2P +2) dx) " (/ 1dx) .
0 o o

W, is called the volume of the domain (), then

2p+2) 25\ )
lellyp 2y = | f Tulmdx | (Wa) ,
and similarly, we have

2(p+2) 2 pt2 1
||v||2(5+2) > (/Q 7] dx) (Wn)—(P+ )

Consequently, we have

')+ () > v (W)~ P [(/Q |u? dx) p+2+ (/Q |v]? dx> pH] . (4.16)

In order to estimate the right-hand side in (4.16), we make use of the following inequality
(X+Y)P <2071 (XP +YP),

X,Y > 0,1 < p < oo, applying the above inequality we have

p+2 p+2 p+2
o—(p+1) (/ |u|2dx—|—/ v|2dx> < (/ |u2dx) +</ |v|2dx> )
(@) O (@] O

Consequently, (4.16) becomes
p+2
2~ (1), ~(p+1) </ |u| dx+/ o] dx)

= 2y (W)Y w*’“(

Y

Y +y' (1)

It is easy to verify that the requirements of Lemma 2.4 are satisfied by
Co=2y(W,) "V >0, a=p+1>0.

Therefore 1 (t) blows up in finite. The proof of Theorem 4.1 is completed.
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Abstract

In this paper, we prove that wheel, closed helm, quadrilateral snake, double quadrilateral snake and gear
graphs are sum cordial graphs.

Keywords: Cordial labeling, Sum cordial labeling, Sum cordial graph.
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1 Introduction

All graphs G = (V(G), E(G)) in this paper are finite, connected and undirected. For any undefined nota-
tions and terminology we follow [3]]. If the vertices or edges or both of the graph are assigned valued subject
to certain conditions it is known as graph labeling. A dynamic survey on graph labeling is regularly updated
by Gallian [4]. Labeled graphs have variety of applications in graph theory, particularly for missile guidance
code, design good radar type codes and convolution codes with optimal autocorrelation properties. Labeled
graphs plays vital role in the study of X-ray crystallography, communication network and to determine opti-
mal circuit layouts. A detailed study on variety of applications on graph labeling is carried out in Bloom and
Golomb [1].

Definition 1.1. A mapping f : V(G) — {0, 1} is called binary vertex labeling of G and f(v) is called the label of the
vertex v of G under f.

The induced edge labeling f* : E(G) — {0,1} is given by f*(e = uv) = |f(u) — f(v)|. Let us denote
v£(0), vf(1) be the number of vertices of G having labels 0 and 1 respectively under f ad ef(0), ef(1) be the
number of edges of G having labels 0 and 1 respectively under f*.

Definition 1.2. A binary vertex labeling of a graph G is called a cordial labeling if |vf(0) — vf(1)| < 1and [ef(0) —
er(1)| < 1. A graph G is called cordial if it admits labeling.

The concept of cordial labeling was introduced by Cahit [2] in which he investigated several results on
this newly defined concept. Also, some new graphs are investigated as product cordial graphs by Vaidya [6].

Definition 1.3. A binary vertex labeling of a graph G with induce edge labeling f* : E(G) — {0,1} defined by
f*(uv) = (f(u) + f(v))(mod2) is called sum cordial labeling if |v¢(0) — vf(1)| < 1and |ef(0) —ef(1)] < 1. A
graph G is sum cordial if it admits sum cordial labeling.

Shiama [B] investigated the sum cordial labeling and proved that path P, cycle C,, star K; ,, etc are some
cordial graphs.

*Corresponding author.
E-mail address: cosmicmohit@gmail.com(M. L. Bosmia), visavaliavijay@gmail.com(V. R. Visavaliya), bhavinramani@yahoo.com (B. M.
Patel).
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Definition 1.4. The wheel graph Wy, is defined as the join of K1 + C,,. The vertex corresponding to Ky is said to be apex
vertex, the vertices corresponding to cycle are called rim vertices. The edges corresponding to cycle are called the rim
edges and edges joining apex and vertices of the cycle are called spoke edges.

Definition 1.5. The helm H,, is the graph obtained from a wheel Wy, by attaching a pendant edge to each rim vertex.

Definition 1.6. The closed helm CH,, is the graph obtained from a helm H,, by joining each pendant vertex to each rim
vertex.

Definition 1.7. The quadrilateral snake Q,, is obtained from the path P, by replacing every edge of a path by a cycle C,.
Definition 1.8. The double quadrilateral snake DQ,, consists of two quadrilateral snakes that have a common path.

Definition 1.9. Let e = uv be an edge of a graph G and w is not a vertex of G. The edge e is sub divided when it is
replaced by the edges ¢ =uwand e’ = wo.

Definition 1.10. The gear graph Gy, is obtained from the wheel W), by sub dividing each of its rim edge.

2 Main Results

Theorem 2.1. The wheel Wy, is a sum cordial graph except n = 3(mod4).

Proof: Let v be an apex vertex and vy, vy, ..., v, are rim vertices for wheel W,,. Then |V(W,)| = n+ 1 and
|E(Wy)| = 2n.
To define f : V(W,) — {0,1}, we consider the following cases,

Forn =0,1,2(mod4)

flv) =0;
F@={ & 1= aoraimots) N SI<"
Therefore,
[n;w, n = 0(mod4);
vr(0) = nzl, n = 1(mod4);
{n—zi_lJ, n = 2(mod4).
[n;rlJ, n = 0(mod4);
vp(1) = nzl, n = 1(mod4);
[n—zi-l"’ n = 2(mod4).
er(0) =ef(1) =n
Therefore,
1, n=0(modd);
vp(0) —vf(1) = { 0, n=1(mod4);
—1, n=2(mod4).

Hence, |v£(0) —v¢(1)| < 1and |ef(0) —ef(1)| < 1. So, wheel Wy, is a sum cordial for n = 0,1 or 2(mod4).

For n = 3(mod4) In order to satisfy the vertex condition for the sum cordial graph it is necessary to assign 0

2n+1
to vertices out of n + 1 vertices. The vertices having label 1 will give rise at least {%l edges

with label 1 and at most {?J edges with label 0 out of 21 edges. Therefore, [ef(0) —ef(1)| > 2.

Hence the edge condition for the sum cordial graph is not satisfied. So wheel W, is not sum cordial for
n = 3(mod4).
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Example 2.1. The wheel W is a sum cordial graph.

0¥ %0

Sum cordial labeling of Wheel Wy
Theorem 2.2. The closed Helm CH,, is a sum cordial graph.

Proof: Let v be an apex vertex and vy,vy,...,v, are rim vertices. We denote the pendant vertices by
0/1,0/2,...,71;[. Then |V(CH,)| =2n+1and |E(CH,)| = 4n.
Define f : V(CH,) — {0,1} by f(v) =1, f(v;) =0, f(v;) =1for1 <i<n.
In view of the above labeling pattern, we have v(0) = n, v¢(1) = n+1, ef(0) = 2n = ef(1). Thus, we get
[04(0) = 04(1)] < 1, [es(0) — ef(1)] < 1.
Hence, CH,, is a sum cordial graph.

Example 2.2. The Closed helm CHs is a sum cordial graph.

1 %1

Sum cordial labeling of Closed helm CHs
Theorem 2.3. The quadrilateral snake Qy, is a sum cordial graph.

Proof: Let vq,vy,...,v, be the vertices and ey, ey, . . ., €,_1 be the edges of a path P,. To construct a quadri-
lateral snake Q; from the path P, we join v; and v;1 to new vertices w; and w; by edges 3/21-71 = v;w;, elzi =
Ui+1w; and e;, = wiw; fori=1,2,...,n—1. Then |V(Qy)| =3n —2and |E(Q,)| = 4n — 4.

To define f : V(Q,) — {0,1}, we consider the following cases,
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n is even
flo))=1:1<i<n
0, 1<i<Z;
w;) =
S T
2
flw)=0:1<i<n—1
3n—-2
Therefore, v¢(0) = =vs(1) and ef(0) =2n —2 =ef(1).
Therefore, [0(0) —vs(1)[ =0 = [ef(0) —ef(1)].
nis odd
flo)=11<i<n
flw)=0,1<i<n-1
oo i<
flw;) = n—1
1, <i<n-1
2
3n—2 3n

Therefore, v¢(0) = [ J, vp(1) = { 2_2—‘ and ef(0) =2n —2 = e¢(1).
Therefore, [v7(0) —v¢(1)| = 1and [ef(0) —ef(1)[ = 0.

Hence, Q, is a sum cordial graph.

Example 2.3. The quadrilateral snake Qs is a sum cordial graph.

Sum cordial labeling of Quadrilateral snake Qs

Theorem 2.4. The double quadrilateral snake DQy, is a sum cordial graph.

Proof: Let vy,vy,...,v, be the vertices and ey, ey, ...,e,-1 be the edges of the path P,. To construct a

double quadrilateral snake DQ; from the path P,, we join v; and v;;1 to new vertices u;, u;-, w; and w; by

u _ u o _ "ouu ow w o_ ! ww _ / P
edges ey, | = vju;, €5, = viquy, ef" = uu;, €5 = vjw;, ey = viqw; and e’ = w;w, fori =1,2,...,n—1.

Then |V(DQ,)| =5n —4and |[E(DQy)| =7n—7.
Define f : V(DQ,) — {0,1} such that

1, i=1or2(mod4); )
) — <1<
f(wi) {o,i:0m3mm@.1—l—”
/ 1, i=3(mod4); )
= . = < <
flui) = f(u;) { 0, otherwise. l<isn
flw)=11<i<n
' 0, i=1or3(modd); .
) = <1<
f(wi) { 1, i=0or2(mod4). L

Therefore,

For even n v¢(0) = ? =vg(1) and ef(0) = {@J’ ef(1) = [@—‘

Therefore, [v7(0) —vf(1)[ < 1and |ef(0) —ef(1)] < 1.



Bosmia, Visavaliya, Patel / Results on Sum Cordial Graphs 179

For odd n

5n—4
, n=1(mod4);
vr(0) = {5n2—4J  ods
[ 7 -‘, n = 3(mod4).

5n—4
, 1 =1(mod4);
vr(1) = [5712—4}  ods
L 5 J, n = 3(mod4).

Also, e¢(0) = w =ef(1).

Therefore, [v7(0) —vf(1)] = 1 and |ef(0) —ef(1)] = 0.
Hence, DQy, is a sum cordial graph.

Example 2.4. The double quadrilateral snake DQs is a sum cordial graph.

0 0 0 0 1 1 0 0

Sum cordial labeling of Double quadrilateral snake DQs

Theorem 2.5. The gear graph Gy, is a sum cordial graph.

Proof: Let W, be the wheel with an apex vertex v and rim vertices be v1,vy,...,v,. To obtain the gear
graph G, subdivide each rim edge of wheel by the vertices uy, uy, ..., u,, where each u; sub divides the edge
vvii1 fori=1,2,...,n —1and u, subdivides the edge v1v,. Then |V (G,)| = 2n + 1 and |E(G,)| = 3n.

To define f : V(G,) — {0,1}, we consider the following two cases,

For even n Define

flo)=1
1, 1<i< g
f(vz) = n .
0, > <i<n
1, iisodd;
flui) = { 0, iiseven.
2n+1 2n+1 3n
Therefore, v;(0) = 5 J, vp(l) = { 5 W, er(0) = 5 = ef(1). Thus, we get |v(0) — vf(1)] <
1, lef(0) —ef(1)] < 1.
For odd n Define
flo)=1
f(o1) =1
1, ifiisodd; . _n+1
= i) = 2 <1<
f@) = fona) = { e s2<i< ]

e . n
Flug) = 1, ifiis odd excepti = > 1<i<n
0, otherwise.
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Therefore, v;(0) = [an—lJf vr(1) = [zn;w and
n
=, ifn=1(mod4);
er(0) =1 A1 o
AL if n = 3(mod4).
Rl
= |, ifn =1(mod4);
AL (mod)
il if n = 3(mod4).

Therefore, [v£(0) —vf(1)] < 1and |ef(0) —ef(1)] < 1.
Hence, the gear G, is a sum cordial graph.

Example 2.5. The Gear Gg is a sum cordial graph.

1e - 20

Sum cordial labeling of Gear Gg

3 Conclusion

We contribute some new results on sum cordial labeling. The labeling pattern is demonstrated by means of
examples. To derive similar results for other graph families and in the context of different labeling problems
is an open area of research.
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Abstract

In the present note we establish Civin-Yood Theorem for locally C*-algebras, i.e. we show that if A be a
locally C*-algebra, and | be its closed Jordan ideal, then | is as well a closed two-sided *-ideals in A.
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1 Introduction

Let A be a C*-algebra, and | be a closed Jordan ideal in A. In 1965 in their paper [2] Civin and Yood proved
among other things that | is a two-sided *-ideal in A.

The Hausdorff projective limits of projective families of Banach algebras as natural locally-convex
generalizations of Banach algebras have been studied sporadically by many authors since 1952, when they
were first introduced by Arens [1] and Michael [8]. The Hausdorff projective limits of projective families of
C*-algebras were first mentioned by Arens [1]. They have since been studied under various names by many
authors. Development of the subject is reflected in the monograph of Fragoulopoulou [4]. We will follow
Inoue [6] in the usage of the name locally C*-algebras for these algebras.

The purpose of the present notes is to extend the aforementioned result of Civin and Yood from [2] to
locally C*-algebras.

2 Preliminaries

First, we recall some basic notions on topological *-algebras. A *-algebra (or involutory algebra) is an algebra
A over C with an involution
A= A,

such that
(a4 Ab)* = a* + Ab*,

and
(ab)* =Db*a*,

foreverya,b € Aand A € C.
A seminorm ||.|| on a *-algebra A is a C*-seminorm if it is submultiplicative, i.e.

labll < flall I,

and satisfies the C*-condition, i.e.
2
[a*all = |lalI,

*Corresponding author.
E-mail address: katza@stjohns.edu (Alexander A. Katz)
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for every a,b € A. Note that the C*-condition alone implies that ||.|| is submultiplicative, and in particular
la* [l = [|all,

for every a € A (cf. for example [4]).

When a seminorm ||.|| on a *-algebra A is a C*-norm, and A is complete in in the topology generated by
this norm, A is called a C*-algebra.

A topological *-algebra is a *-algebra A equipped with a topology making the operations (addition,
multiplication, additive inverse, involution) jointly continuous. For a topological *-algebra A, one puts N(A)
for the set of continuous C*-seminorms on A. One can see that N(A) is a directed set with respect to
pointwise ordering, because

max{ |-l [I-llg} € N(A)

for every |||, [.llg € N(A), where a, p € A, with A being a certain directed set.
For a topological *-algebra A, and |.||, € N(A), a € A,

ker ., = {a € A:llall, =0}

isa *-idealin A, and ||.||, induces a C*-norm (we as well denote it by ||.||,) on the quotient A, = A/ ker ||.||,,
and A, is automatically complete in the topology generated by the norm ||.|,, thus is a C*-algebra (see [4] for
details). Each pair ||.[[,, [|.[[s € N(A), such that

p=u,
«, B € A, induces a natural (continuous) surjective *-homomorphism
u - B — Aa-

Let, again, A be a set of indices, directed by a relation (reflexive, transitive, antisymmetric) ” < ”. Let

{Ax, 0 € A}
be a family of C*-algebras, and gff be, for
=B,
the continuous linear *-mappings
ghiAp — Ag,

so that
Su(Xa) = Xa,

foralla € A, and

giogh =3l

whenever
xXp =1

Let I be the collections { g,,’% } of all such transformations. Let A be a *-subalgebra of the direct product algebra
D(GAAAL/

so that for its elements
Xy = & 5 (xﬁ)/

for all
=B,
where
Xy € Ag,
and
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The *-algebra A constructed above is called a Hausdorff projective limit of the projective family
{Ag, 0 € A},

relatively to the collection
F:{gf:a,ﬁe/\:zxjﬁ},

and is denoted by
11 o
limA

a € A, and is called the Arens-Michael decomposition of A.
It is well known (see, for example [11]) that for each x € A, and each pair &, B € A, such that « < B, there
is a natural projection
7Tﬁ A — Alg ,

defined by
7T (%) = gh(75(x)),

and each projection 71, for all « € A is continuous.
A topological *-algebra (A, T) over C is called a locally C*-algebra if there exists a projective family of
C*-algebras

{AIXI ggl tx/ ﬁ € A}/

so that
A = 1limA,,
um

« € A, ie. Aistopologically *-isomorphic to a projective limit of a projective family of C*-algebras, i.e. there
exits its Arens-Michael decomposition of A composed entirely of C*-algebras.

A topological *-algebra (A, T) over C is a locally C*-algebra iff A is a complete Hausdorff topological *-
algebra in which the topology T is generated by a saturated separating family / of C*-seminorms (see [4] for
details).

Every C*-algebra is a locally C*-algebra.

A closed *-subalgebra of a locally C*-algebra is a locally C*-algebra.

The product 4cp Ay of C*-algebras A, with the product topology, is a locally C*-algebra.

Let X be a compactly generated Hausdorff space (this means that a subset Y C X is closed iff Y N K is
closed for every compact subset K C X). Then the algebra C(X) of all continuous, not necessarily bounded
complex-valued functions on X, with the topology of uniform convergence on compact subsets, is a locally
C*-algebra. It is well known that all metrizable spaces and all locally compact Hausdorff spaces are compactly
generated (see [7] for details).

Let A be alocally C*-algebra. Then an element a € A is called bounded, if

lalle = {sup flally, & € Al € N(A)} < co.

The set of all bounded elements of A is denoted by b(A).
It is well-known that for each locally C*-algebra A, its set b(A) of bounded elements of A is a locally C*-
subalgebra, which is a C*-algebra in the norm ||.||, , such that it is dense in A in its topology (see for example

(4]).

3 Civin-Yood Theorem for locally C*-algebras

Let us recall that a subspace | of an associative algebra A is called a Jordan ideal of A, if for each a € | and

be A,
ab + ba

2
where the multiplication 4 o b thus defined is called symmetric (see [5] for details).
Now we are ready to present the main theorem of the current notes.

=aobe],
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Theorem 3.1. Let (A, T4) be alocally C*-algebra, and (], Ty) be a closed Jordan ideals in A, such that

T] = TAU.
Then (], 77) is a closed two-sided *-ideal of A.

Proof. Letnow (A, 74) be alocally C*-algebra, and let
A =1limA,,
am

« € A, be its Arens-Michael decomposition into a projective limit of a projective family of C*-algebras A, & €
A, built using the family of seminorms ||.||, , & € A, that defines the topology 74. Let

Tyt A — Ay,

« € A, be a projection from A onto A, for each & € A. Each 71, is an surjective *-homomorphism from A onto
Ay, € Al Let
b A — Ag,

be a surjective *-homomorphism from Ag onto Ay, for each pair a, f € A, such that « < . Such family gf,
«, B € A does exist because the family Ay, & € A is projective. Let

Jo = ma(]),

for each &« € A. One can see now that
gk Up) = Ju
because
Ty = gg o 7tg,
foralla < B, a,B € A.
From the fact that | is a closed in 7; topology subspace of A it follows that ], is a closed in ||.||, subspace
of Ay foralla € A.
We show now that J, is a Jordan ideal of A, for each « € A. In fact, let a, € J,, and b, € A, be arbitrary,
and & € A. We select arbitrary a € 71, ! (a,) which is obviously in ], and b € 71, ! (b, ), which is obviously in A.
Because | is a Jordan ideal of A it follows that

__ab+ba

aob >

el

One can see that
7tx(a) = ay and 714 (b) = by.
Thus,

ab + ba ta(ab+ba)  mu(ab) 4 . (ba)

Jo 3 maob) = (A = T :
~ ma(a)a(b) + o (b) e (a)  anby +baan b
- 2 Ty T

Now, applying to each J,, « € A Civin-Yood theorem from [2] we conclude that each J,, # € Ais a
two-sided *-ideal of A,, i.e. for arbitrary a, € J, and b, € A, it follows that a,bs, byas, a; € Ja.
Letnow a € J and b € A be arbitrary elements from | and A respectively. Then for each & € A,

Ju 2 tu(a) 1y (b) = 714(ab),

which implies that there exists a unique element ab € . Similarly we obtain that ba € J.
At the same time for each « € A, even though generally speaking a* exists in A, because

(71a(a))" = 7a(a”) = ay € Ju,

which implies that a* € J. O
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Numerical solution of weakly singular integro-differential equations
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Abstract

In this work, we prove the existence and uniqueness of the solution of weakly singular integro-differential
equations. After some transformations direct numerical schemes using collocation methods are proposed for
any peicewise closed contours.

Keywords: ~ Weakly singular integral equation, singular integral equation, approximation theory, collocation
methods.
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1 Introduction

Singular integro-differential equations with logarithmic kernel arise in different problems of elasticity theory,
aerodynamics, mechanics, elasticity, this kind of equations has gained a lot of interest in many application
fields, in particular their numerical treatment is asked [1]. While several numerical methods for approximating
the solution of Volterra integro-differential equations and Fredholm integro-differential equations are known
[2,4]. On the other hand, the singular integro-differential equations have poor documentation.

It is known that, the most effective methods for the approximate solution of weakly singular integro-
differential equations consists in their reduction to a system of linear algebraic equations by the replacement
of the integral with a proper quadrature sum [5, 6, 7].

Consider the weakly singular integro-differential equation of the form

plto) + = [ In(t—to)g' ()t = fto), (8

where I' designates a smooth-oriented contour; t and fj are points on I and f(t) is a given function on I', the
density ¢(t) is the desired function has to satisfy the Holder condition H(y) [6].
The equation (1) can be put in the form of functional equation

¢(to) + ADg(to) = f(o), (1.2)
with the linear mappings A and D respectively given by

Ap(to) = = [ In(t—to)g(ndt,  Do(t) = ¢'(h). (13)

In this work we prove the existence and the uniqueness of the solution of the equation (1) and solve it
numerically.

Let ¢ > 0 be a sufficiently small number and describe around ¢y a circle centred at ¢y with a radius ¢ this
circle intersects the curve I in the two points ¢; and t; such that the arc lenghts t1ty and tyt; are equal to € and
denoting by I'c this part of I limited by t1¢,.

*Corresponding author.
E-mail address: mostefanadir@yahoo.fr (Mostefa NADIR).
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2 Main results

Theorem: Suppose that the function ¢(t) € W'(T), t and to are points on the smooth-oriented contour T then,
the equation (1) given by

p(t0) + = [ Int = to)g/ (5t = fito),

admits a unique solution for all f(ty) in the given space.

Proof
The integration by parts for the operator AD¢(t() in (2) gives

niADg(ty) = /F_r In(t —to) ¢’ (t)dt

= ¢(t1)In(ty —to) — @(t2) In(t2 — to) — /r_r %dt

= ¢(t) [In(ty — to) — In(t2 — to)] + (¢(t1) — ¢(to)) In(ty — to)
t
+glt) — plto) (2 —t0)— [ Mgy
r-r, t—to

The expansion ¢(t) [In(t; — tg) — In(t, — f)] converges to wig(ty) as € converges to zero, on the other hand
the expansions

(p(t1) — @(to)) In(t] — to) and (@(t2) — @(to)) In(tr — tp) converge to zero as € goes to zero. Hence the
integral becomes

1
ADg(ty)) = el In(t — tg) ¢’ (t)dt
_ 1 [ e
= ¢(to) o rtftodt‘

Therefore the equation (1)
1
plto) + = [ Inlt ~ t0)¢/ (1t = k),
7T Jr

is transformed to the following equation

1 [ o)
2¢(ty) — — dt = f(tp). 24
plto) ~ = [ ot = f() 24
The equation (4) admits a unique solution for all second member, that is to say, the equation (1) admits a
unique solution or all second member.

3 Numerical Experiments

In this section we describe some of the numerical experiments performed in solving the weakly singular
integro-differential equations (1), using collocation methods with the approximation technical in [5,7]. In all
cases, the curve is taking the unit circle and we chose the right hand side f(¢) in such way that we know the
exact solution. This exact solution is used only to show that the numerical solution obtained with the method
is correct.

In each table, ¢ represents the given exact solution of the weakly singular integro-differential equations
and ¢ corresponds to the approximate solution of the equation produced by the approximation method for
singular integral with logarithmic kernel in [5, 7].

Example 1
Consider the weakly singular integro-differential equation on the unit circle I

tog(to) + / In(t — to) @' (t)dt = t3 — t3,
T
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where the function f(fg) is chosen so that the solution ¢(t) is given by

The approximate solution ¢(t) of ¢(t) is obtained by the solution of a system of linear algebraic equations
by the replacement of the integral with a proper quadrature sum.

Points of t Exact solution Approx solution Error

1.0000 1.0000e+000 1.00e+000 +2.07e-014i  3.15e-014
3.68e-001 +9.29e-001i  -7.28e-001 +6.84e-001i  -7.28e-001 +6.84e-001i  3.37e-014
-7.70e-001 +6.37e-001i  1.87e-001 -9.82e-001i  1.87e-001 -9.82e-001i  3.19e-014
-8.44e-001 -5.35e-001i ~ 4.25e-001 +9.04e-001i  4.25e-001 +9.04e-001i  2.86e-014
3.09e-001 -9.51e-001i ~ -8.09e-001 -5.87e-001i  -8.09e-001 -5.87e-001i  2.75e-014
9.98e-001 -6.27e-002i  9.92e-001 -1.25e-001i  9.92e-001 -1.25e-001i  3.25e-014

Table 1. The exact and approximate solutions of example 1 in some arbitrary points
and the error

Example 2
Consider the weakly singular integro-differential equation on the unit circle I’

1
t 1 t—t dt
(to) /n 0) Y

where the function f(fg) is chosen so that the solution ¢(t) is given by

1

o(t) = L

The approximate solution ¢(t) of ¢(t) is obtained by the solution of a system of linear algebraic equations
by the replacement of the integral with a proper quadrature sum.

Points of t Exact solution Approx solution Error

1.0000 3.3333e-001 3.33e-001 -3.70e-007i  5.13e-007
3.68e-001 +9.29e-001i  3.65e-001 -1.43e-001i  3.65e-001 -1.43e-001i  1.64e-006
-7.70e-001 +6.37e-001i  6.41e-001 -3.32e-001i  6.41e-001 -3.32e-001i  1.73e-005
-8.44e-001 -5.35e-001i  7.12e-001 +3.30e-001i  7.12e-001 +3.30e-001i  2.64e-005
3.09e-001 -9.51e-001i ~ 3.70e-001 +1.52e-001i  3.70e-001 +1.52e-001i  1.00e-006
9.98e-001 -6.27e-002i  3.33e-001 +6.98e-003i  3.33e-001 +6.98e-003i  8.75e-007

Table 2. The exact and approximate solutions of example 2 in some arbitrary points
and the error

Example 3
Consider the weakly singular integro-differential equation on the unit circle I

o(to) /lnt—to dt = f’

where the function f(fy) is chosen so that the solution ¢(t) is given by

The approximate solution ¢(t) of ¢(t) is obtained by the solution of a system of linear algebraic equations
by the replacement of the integral with a proper quadrature sum.
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Points of t Exact solution Approx solution Error

1.0000 1.000000e+000 9.99e-001 -1.61e-005i  5.82e-005
3.68e-001 +9.29e-001i  3.68e-001 -9.29e-001i ~ 3.68e-001 -9.29e-001i  5.09e-005
-7.70e-001 +6.37e-001i  -7.70e-001 -6.37e-001i ~ -7.70e-001 -6.37e-001i  5.09e-005
-8.44e-001 -5.35e-001i  -8.44e-001 +5.35e-001i  -8.44e-001 +5.35e-001i  5.09e-005
3.09e-001 -9.51e-001i  3.09e-001 +9.51e-001i  3.09e-001 +9.51e-001i  5.82e-005
9.98e-001 -6.27e-002i ~ 9.98e-001 +6.27e-002i ~ 9.98e-001 +6.27e-002i  5.09e-005

Table 3. The exact and approximate solutions of example 2 in some arbitrary points
and the error

4 Conclusion

In this work we remark the convergence of the method to the exact solution with a considerable accuracy for
the weakly singular integro-differential equations. This numerical results show that the accuracy improves
with increasing of the number of points on the curve. Finally we confirm that this method lead us to the good
approximation of the exact solution.
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Abstract

In this paper, we prove the local attractivity of solutions for a certain nonlinear Volterra type functional
integral equations. We rely on a measure theoretic fixed point theorem of Dhage (2008) for nonlinear D-set-
contraction in Banach spaces. Finally, we furnish an example to validate all the hypotheses of our main result
and to ensure the existence and ultimate attractivity of solutions for a numerical nonlinear functional integral
equation.

Keywords: ~ Measure of noncompactness, fixed point theorem, functional integral equation, attractivity of
solutions.
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1 Introduction

The last three decades witnessed the active area of research in the connotation of measure theoretic fixed
point theory and its applications to the problems of nonlinear differential and integral equations. The novelty
of this approach lies in the advantage that along with existence we obtain some additional information about
some characterizations of the solutions automatically. Local and global stability of the solutions of certain
functional integral equations is discussed via measures of noncompactness by many researchers (see, for
instance, Banas and Goebel [3], Banas and Rzepka [4], Dhage [8]9], Dhage and Ntouyas [13] and the references
therein). Very recently, Dhage [8] derived an abstract fixed point result more general than Darbo [5]] fixed point
theorem using the notion of measures of noncompactness and applied to stability problem of certain nonlinear
functional integral equations. See Dhage and Lakshmikantham [12] and the references therein. Inspired or
motivated by the idea of D-functions that given in the examples of Dhage [10, [11]], we prove in this paper the
local attractivity of solutions for a certain nonlinear Volterra type functional integral equations via Dhage’s
measure theoretic fixed point theorem.

We now consider the following generalized nonlinear functional integral equation (in short GNFIE)

()

o(t)
x(t) =u(t,x(t) + p( A f(t‘,s,x(@(s))ds,/0 g(t,s,x(q(s))ds) (1.1)
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fort € Rt = [0,00) C R, whereu : R" xR - R, f,¢g : R"XxR" xR - R, p: RxR — R and
7v,6,0,17 : Rt — R" are continuous functions.

Notice that the functional integral equation is “general” in the sense that it includes several classes of
known integral equations discussed in the literature (see Banas and Rzepka [4], Dhage [8], Dhage and Ntouyas
[13], O’Regan and Meehan [15]], Krasnoselskii [14], Vith [16], Dhage [7, 18] and the references therein). In this
paper, we intend to obtain solution of GNFIE in the space BC(R",R) of all bounded and continuous
real-valued functions on R*. We use a fixed point theorem of Dhage [8] involving general measures of
noncompactness to prove the existence and ultimate attractivity of solutions of GNFIE under certain new
conditions. The results of this paper are new to the theory of nonlinear differential and integral equations.

2 Auxiliary Results

This section is devoted to presenting a few auxiliary results needed in the sequel. Assume that E is a
Banach space with the norm || - || and the zero element 6. Denote by B|x, r] the closed ball centered at x and
with radius r. If X, Y are arbitrary subsets of E then the symbols AX and X + Y stand for the usual algebraic
operations on those sets. Moreover, we write X, @0 X to denote the closure and the closed convex hull of X,
respectively.

Further, let P,(E) denote the class of all nonempty subsets of E with a property p. Here p may be
p =closed (cl, in short), p =bounded (bd, in short), p =relatively compact (rcp, in short) etc. Thus,
Pe(E), Ppa(E), Peypa(E) and Pyep(E) denote respectively the classes of closed, bounded, closed and bounded
and relatively compact subsets of E.

The axiomatic way of defining the concept of the measure of noncompactness has been adopted in several
papers in the literature. See Akhmerov et al. [2], Deimling [6], Vath [16] and Zeidler [17]. In this paper, we
adopt the following axiomatic definition of the measure of noncompactness in a Banach space given in Banas
and Goebel [3] and Dhage [7, |8].

Definition 2.1. A mapping u : Ppg(E) — R is called the measure of noncompactness in E if it satisfies the following
conditions:

1° The family ker p = {X € Pypy(E) : u(X) = 0} is nonempty and ker p C Pycp(E).
20 u(X) = p(X).

3 (@ X) = p(X).

49 XY= uX) <u().

59 If {X,} is a decreasing sequence of sets in Py pq(E) such that lim u(X,) = 0, then the intersection set Xoo =

n—oo

N Xy is nonempty.
n=1

The family ker p described in 1° is said to be the kernel of the measure of noncompactness u. We refer to
[2, 3 14, 16} [16} [17] for further facts concerning the measures of noncompactness and their properties. Let us
only observe that the intersection set X is a member of the family ker u. Indeed, since y(Xe) < p(Xy) for
any n, we infer that j1(X«) = 0. In view of 1° this yields that X« € ker p.

A measure y of noncompactness is said to be sublinear if
6° u(X+Y) <u(A)+u(B)forall X,Y € Pyy(E), and
7° w(AX) < |A|u(X) forall A € R and X € Pyy(E).

Let E = BC(R™,R) be the space of all continuous and bounded functions on R* and define a norm || - ||
in E by

€] = sup{|x(£)[ : = O}.
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Clearly E is a Banach space with this supremum norm. Let us fix a bounded subset A of E and a positive
real number T. For any x € A and € > 0, denote by wT(x, €), the modulus of continuity of x on the interval
[0, T] defined by

wT(x,€) = sup{|x(t) — x(s)| : t,s € [0, T], |t — 5| < €}.

Moreover, let
wl(A,e) = sup{w!(x,€) : x € A},

wi(A) = lim wT(A,e),

€E—

wo(A) = lim wld (A).
By A(t) we mean a set in R defined by A(t) = {x(t)|x € A} for t € R". We denote diam (A(t)) =
sup{|x(t) —y(t)| : x,y € A}. Finally we define a function y on Py, (E) by the formula

U(A) = wo(A) + limsup diam (A(t)). (2.2)
t—o0
It has been shown in Banas and Goebel [3] that y is a sublinear measure of noncompactness in E. From the
definition of the measure y, it is clear that the thickness of the bundle of functions A(f) tends to zero as ¢ tends
to co. This particular characteristic of u has been utilized in formulating the main existence and attractiivity
result of this paper.

Before going to the key tool used in this paper, we recall the following useful definition introduced by
Dhage [18]].

Definition 2.2. A mapping T : E — E is called D-set-Lipschitz if there exists a upper semi-continuous nondecreasing
function ¢ : Rt — R such that u(7T (A)) < @(u(A) forall A € Pyy(E) with T (A) € Pyy(E), where ¢(0) = 0. The
function ¢ is sometimes called a D-function of T on E. Especially when ¢(r) = kr,k > 0, U is called a k-set-Lipschitz
mapping and if k < 1, then T is called a k-set-contraction on E. Further, if ¢(v) < r for r > 0, then T is called a
nonlinear D-set-contraction on E.

Lemma 2.1 (Dhage [8]). If ¢ is a D-function with ¢(r) < r for r > 0, then limy, ., ¢" () = 0 forall t € [0, c0) and
vice-versa.

Using Lemma Dhage [8] proved the following important result.

Theorem 2.1. Let C be a closed, convex and bounded subset of a Banach space E and let T : C — C be a continuous
and nonlinear D-set-contraction. Then T has a fixed point.

Remark 2.1. Let us denote by Fix(7) the set of all fixed points of the operator 7 which belong to C. It
can be shown that the set Fix(7") existing in Theorem .1| belongs to the family ker y. Indeed, if Fix(7) ¢
ker y, then u(Fix(7)) > 0 and 7 (Fix(7)) = Fix(7). Now from nonlinear set-contractivity it follows that
u(T (Fix(T))) < ¢p(u(Fix(7T))) which is a contradiction since ¢(r) < r for r > 0. Hence Fix (7)) € ker p. This
particular characteristic has been utilized in our study of local attractivity of the solutions of nonlinear integral
equations.

3 Local Attractivity Results

In this section we prove our main existence and attractivity results for the GNFIE (1.1) under some suitable
conditions. We need the following definition in what follows. Let us assume that E = BC(R™,R) and let Q)
be a subset of E. Let 7 : E — E be an operator and consider the operator equation in E,

Tx(t) = x(t) for all t € RY. (3.3)

Below we give an attractivity characterizations of the solutions for the operator equation (3.3) on R™.
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Definition 3.3. We say that solutions of the equation are locally ultimately attractive if there exists a closed ball
B|xo, o] in the space BC(R™,R) for some xg € BC(R™,R) such that, for arbitrary solutions x = x(t) and y = y(t)
of equation belonging to B|xo, o] N Q, we have

lim (x(t) —y(t)) =0. (3.4)

t—o00

In case the limit (3.2) is uniform with respect to the set B[xg, o) N (), i.e., for each € > 0O there exists T > 0 such that
[x(t) —y(t)[ < e (3.5

for all solutions x,y € Blxo,r0] N Q of (3.3) and for t > T, we will then say that solutions of equation are uniformly
locally ultimately attractive on R™.

We consider the following set of hypotheses in the sequel.

(Hp) The functions 1,6, 0,1 : Rt — R™ are continuous and lim;_« () = 0.

(H1) The function u : R™ x R — R is continuous and there exists a continuous and nondecreasing function
¢ : Rt — R" such that

ju(t,x) —u(t,y)| < ¢(]x —yl)
foreacht € R and x,y € R. Moreover, we assume ¢(r) < r for r > 0.

(Hz) The function U : RT — R™ defined by U(t) = |u(t,0)] is bounded with c; = sup,;., U(t).

(Hs3) The function f : Rt x RT x R — R is continuous and there exist a constant k > 0 and a function ¢ as
appears in (Hj) such that

If(ts,x) — f(t,s, )] < ke(|x —yl)
fort,s € R" and x,y € R.
()

(Hs) The function F : RT™ — R defined by F(t) = / |f(t,s,0)|ds is bounded with c; = sup,. F(t).
0 >

(Hs) The function ¢ : R* x R x R — R is continuous and there exist functions a,b : R — R satisfying

|g(t,s,x)| < a(t)b(s)

o(t)
fort,s € R" and x € R. Moreover, tlim a(t) / b(s)ds = 0.
0

—00

(Hg) The function p : R x R — R satisfies the following condition
p(t,t2) = p(t1, )| < [t — 1] + |2 — ]
for all 1,1, ], t, € R. Moreover, p(0,0) = 0.

Remark 3.2. Since the hypothesis (Hy) holds, there exists a constant co > 0 such that co = sup;~qy(t). Similarly,

since (Hs) holds, the function v : R™ — R* defined by v(t) = a(t) fog(t) b(s)ds is continuous and the number
€3 = sup;-q v(t) exists.

Theorem 3.2. Assume that the hypotheses (Hy) — (Hg) hold. Further if there exists a positive solution ro of the
inequality
(14 cok)p(r)+q <7, (3.6)

where q is the constant defined by q = Y.5_, ¢;, then the GNFIE has a solution and the solutions are uniformly
locally ultimately attractive on RT.
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Proof. Now consider the closed ball B[0, o] in E centered at origin of radius (. Define the mapping 7 on E by

()

o(t)
Tx(t) = ultx(0) +p(( [ flts,x(O(s))ds, /0 8(t,5,x(7(5)))ds (3.7)
for t € R*. We shall show that the map 7 satisfies all the conditions of Theorem 3.1 on E.

Step I: First we show that 7 defines a mapping 7 : E — E. Since p,q,v,0 are continuous, 7 x is
continuous and hence it is measurable on R™ for each x € E. As 6(R") C R", we have max;>q [x(0(t))| <
max;>o |x(t)|. On the other hand, hypotheses (Hy) — (H3) and (Hs) imply that

() o(t)
Ta(0) < uttx ) +[p( [ fs xS [ gt xm)ds) - p0,0)|
7(t) o(t)
< (e, x(6) = u(t, 0+ u(t,0) +| [T s x(0)s] + | [ gt xr(s))ds|
o(t)

()
< qv(IX(f)l)Jrlu(t,O)H/O \f(t/SIX(f)(S)))IdSJr/O (¢, s,x(11(s)))|ds

©) ©)

v Y o(t)
< ¢(|x(t)|)+|u(f,0)\+/0 \f(tfsrx(9(5)))—f(t,SfO)\dH/O \f(t,s,0)|d5+/0 a(t)b(s)ds

@(llxl) + U(t) +ky(B)@(llx) + c2 +v(#)
(1 +cok)p(llx]) +4,
for all t € R*. Taking supemum over ¢, we obtain,
ITx[] < (T +cok)p(llx]]) +q <. (38)
From (3.7), we deduce that Tx € E and 7 defines a mapping 7 : B[0, o] — B0, r¢).

<
<

Step II: We show that 7 is continuous on B[0, 7). Let € > 0 be given and let x,y € B[0, ] be such that
lx — y|| < e. Then by hypotheses (Hy) — (Hs)

(1) o(t)
ITx(0) = Ty(t)] < e, x(1) =ty + [p( [ ftsx(06))ds, [ glts,x(r(6)is)
0 0
() o(t)
p([ s yeoenas [ st s yienas)|
Q)
< g(x(t) ~yO) + | [ 15,2601~ £t 5,y(606))s|
o(t)
] [ 8t x5 (b5, v0r(5)) s
0
7(t)
<ol =y + [ 17t x005)) = Ft,5,9(0(5)) s
o(t)
+ [ gt x(ns)) = st 5,w(n(6)lds

o(t)
< @(llx =yl) +ky()o(llx = yl) + 2/0 a(t)b(s)ds
< (14 cok)p(e) + 2v(t)
< (1 + cok)e + 20(t). (3.9)

Since v(t) — 0 as t — oo, there exists T > 0 such that v(t) < ¢, Vt > T. Thus if t > T, then from we have
that
|Tx(t) — Ty(t)| < (3+cok)e.

If t < T, then define a function w = w(e) by the formula
w(e) = sup{|g(t,s,x) —g(t,s,y)| :t,s €[0,T],x,y € [—ro, 10, |x —y| <€} (3.10)

Now ¢(t, s, x) is continuous and hence uniformly continuous on [0, T] x [0, T] x [—rg, rg]. As a result we have
w(€) — 0as e — 0. Therefore, from (3.10),
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|Tx(t) — Ty(t)] < (14 cok)e +o*w(e)
forall t € RY, where ¢* = max{c(t) : t € [0, T|}. Hence, it follows that

|1 Tx—Tyl] < max{(3+cok)e, (1+ cok)e + o w(e)}

— 0 as e — 0.

Hence 7 is a continuous mapping from BJ0, rg] into itself.

Step III: Here we show that 7 is a nonlinear set-contraction on B0, rg]. This will be done in the following
two cases:

CaseI:Let A C B[0,79] be non-empty. Further fix the number T > 0 and € > 0. Since the functions f
and g are continuous on compact [0, T] x [0, T] x [—rg, o], there are constants ¢4 > 0 and ¢5 > 0 such that
|f(t,s,x)] < cqgand |g(ts,x)] <csforallt,s € [0,T] and x € [—rg,9]. Then choosing ¢, T € [0, T] such that
|t — 7| < € and taking into account our hypotheses, we obtain

(1) o(t)
[ Tx(t) =Tx(r)| < fu(t,x(t)) —u(7,x(7))[ + P f(t,5,x(6(s)))ds, (s, x(17(s)))ds
0
(1)

—p( " fr,s, x(0(s)) s /0 §(t,5,x(1(5)))4ds )|

< lu(t, X( )) —u(t,x(1))| + |u(t, x(1)) — u(t, x(7))|
+ A t)f(t,s,x(G(s)))ds— OW(T)f(T,s,x(G(s)))ds
+|f " gt (5)))ds — / " g5, (5)))ds
< o(x )— (D)) + lu(t, x(1)) — u(t, x(7))]
()
+ / f(t,s,x(6(s)))ds — f(t,s,x(0(s)))ds
0
y(t (1)
+/ f(t,s,x(0(s)))ds — f(T,s,x(6(s)))ds
0 0
o(T)
t,s, d
" /m g(t,5,x(1(s)))ds
(1)
| [ (e, x0())ds = g5, x(7(5))ds
< o(x(t) — x(7)]) + [u(t, x(1)) — u(t, x(7))|
()
+/O [f(t,s,x(0(s))) — f(T,5,x(0(s)))|ds
() o(T)
+ L s + / CCEEUCNIE
o(T)
+ [ gt x0r)ds = g5, x(7(5)) s
< o(lx(t) = x(T)) + w'(u,€) + k' (f,€) + csw” (7, €)
+Tw(g,€) +cswl(o,e€),
where
w'(r,e) = sup{|y(t) = ()| : t, T € [0, T], |t — 7| <€},
wl(o,e) = sup{|o(t)—o(T)|:t,T€[0,T],|t—1|<e},
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wl(u,e) = sup{|u(t,x) —u(t,x)|:t,T€[0,T), |t —7| <e|x| <ro},
wl(f,e) = sup{|f(t,s,x)— f(T,5x)]:,T€[0,T], |t — 7| <€ x| <10},
wl(g,e) = sup{|g(ts,x)—g(t,5,x)|:t,T€[0,T],|t—1|<e x| <ro}.

The above inequality further implies that

wT(Tx, €) < q)(wT(x, €))+ wT(u, €)+ cokwT(f,e)
3.11
teswT(7,€) + TwT(g,€) + cswT (o, €). 1D

Since by hypotheses, the functions u, ¢,v,0 and f, g are continuous respectively on [0, T] and [0, T] x
[0, T] x [—rg,70], we infer that they are uniformly continuous there. Hence we deduce that ¢(wT (x,€)) —
0,w"(u,€) = 0,w’(7,€) — 0,wT(f,e) — 0,wT(g,€) — 0ase — 0. Hence from the above estimate (3.11), we
obtain

and consequently
wo(T(A)) =0. (3.12)

Case II: Now for any x,y € A one has:
(t) o(t)
Te0) =Ty < e x(0) — ey @)+ [p( [ ftsx@0ds, [ gl xty9)ee)
(t) o(t)
- /'y s 0N, [ gt v0(s))as)|

y(t)
< e =y + | [ Flesx(0(6) £t y(60)ds
o [ st s gttt
()
< piam (A0) + [ 1F(t,5,x(006)) = £(t5,y(60(5)) s
o(t)
4 [ I8t 2 )ds (e, () ds
0
(1)
< pldiam (A1) +k [ [+(0(5) — y(0()] ds +20(0)
(1)
< q)(diam(A(t)))—i—k/ diam A(6(s))ds + 20(t)
0
(1)
< go(diam(A(t)))+k/ diam (A) ds + 2v(t)
0

< g@(diam (A(t))) + ky(t)diam (A) ds + 2v(t).
As a result of the above inequality we obtain
diam (7 (A(t))) < ¢(diam (A(t))) + ky(t)diam (A) + 2v(t).

Taking the limit superior as t — oo in the above inequality yields

limsup diam (7 (A(t))) < ¢ (hmsup diam (A(t)))

t—oo t—o0

+ klim sup y(t) diam A + 2 lim sup v(f).
t—o0 t—00
Since both the limits, namely lim¢ .. v(t) and lim; . y(t) exist and each one is equal to 0, it follows that
limsup, , v(t) = 0and limsup,_,, y(t) = 0. Hence, from the above inequality, we have

limsup diam (7 (A(t))) < ¢ (hmsup diam (A(t))) . (3.13)

t—o00 t—o00
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Now from the inequalities (3.12), (3.13) and the definition of y it follows that

w(T(A)) = wo(7T(A))+limsupdiam (7 (A(t)))

t—o00

@ (0 + lim sup diam (A(t))>

t—o0

IN

IA

@ (wo(A) + lim sup diam (A(t))) ,

t—o0

or, equivalently,
T (A)) < ¢(p(A)),

(3.14)

where y is the measure of noncompactness defined in the space BC(R*,R). This shows that 7 is a nonlinear
D-set-contraction on B0, rg]. Thus, the map 7 satisfies all the conditions of Theorem 2.2l with C = B0, r¢]
and an application of it yields that 7 has a fixed point in B[0, rg]. This further by definition of 7 implies that
the GNFIE has a solution in B[0, rp]. Moreover, taking into account that the image of B[0, rp] under the
operator 7 is again contained in the ball B[0, 7] we infer that the set 7 (7") of all fixed points of 7 is contained
in B[0, o). If the set 7(7') contains all solutions of the equation (.T), then we conclude from Remark 2.1 that
the set 7(7') belongs to the family ker p. Now, taking into account the description of sets belonging to ker p
(given in Section 2) we deduce that all solutions of the equation are uniformly locally ultimately attractive

on R*. This completes the proof.

4 An Example

As an application, we consider the following nonlinear functional integral equation

2
1 1 B 14t 1

e 2
T+ 5, S-cosx(s)
+/0 exp(—t >1 + | sinx(s)|ds'

forallt € R*.

Let
t

1
pt,t)y=t+t, p(t) =In (1 + 2t> ,0(1) = 241, o(t) = Tr¢ n(t) =t,

i’2

H) = +——
() B+17

u(t,x) = %H In (1 + ;|x(t)> ,a(t) = (1+t)3exp(—t), b(s) = 52,

14t 1
flts,%) <1+t+t2) n( +2x|)’

s2 cos x(s)

1+ |sinx(s)|

forallt,t',s € Rt,and

g(t,s,x)=(1+ t)?’exp(—t)

forallt,s € Rt and x € R. Notice that:

2

O

(4.15)

t
(i) The functions v, 6, 0,7 are obviously continuous and tlim y(t) = im —— = 0. Also ¢ = sup y(t) =

t—oo 1+ 3
2

t
sup ——= ~ 0.441.
tzlg 141

t>0
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(if) For arbitrary fixed x,y € R we have

1
lu(t,x) —u(t,y) = T+t

1 1
In <1+ 2x|) —In (1+ 2|y>‘

1+1 _
< n+?x§mo+yu-yg
142yl 2 143y
1
< In (1+2|x—y|)

= ¢(x—yl).

Therefore, hypothesis (Hj) is satisfied with ¢(r) = In (1 + ;r) <r, forr>0.

(iii) (H2) is satisfied since U(t) = |u(t,0)| = 0 and c; = sup,, [u(t,0)| = 0.

(iv) For arbitrary fixed x,y € R such that |x| > |y| and for ¢ > 0 we obtain

< o(lx—yl),

14t ) 1+ 5]x
n 1 <
1+ 3yl

s~ s = (1371

as in (ii). The case is similar when |y| > |x|. Thus (Hs) is satistied with k = 1 and ¢(r) = In (1 + ;r) <
r, forr > 0.

(v) Next, hypothesis (Hy) is satisfied, since the function F : R*™ — R defined by

7(b) %
F(t):/ \f(t,s,0)|ds:/ 0ds=0
0 0
is bounded with ¢; = sup,( F(t) = 0.
(vi) The function g acts continuously from the set R* x R" x R into R. Moreover, we have
8(t,5,0)| < (1+ 1)  exp(—t) s> = a(t)b(s),
forallt,s € R" and x € R, then we can see that hypothesis (Hs) is satisfied. Indeed, we have

: = - 3 T 2
lim a(t)/ b(s)ds = thm(l +1) exp(—t)/ s°ds
0 - 0

t—o0

1. 3
=3 thj?ot exp(—t) = 0.

Also we have c3 = sup 11‘3 exp(—t) ~ 0.37.
>0 3

(vii) Obviously, hypothesis (Hp) is satisfied.
The inequality
(I+cok)p(r)+g<r
reduces to the form )
(140.441) In <1 + 2r> +037 <r.

It is easily seen that each number r > 0.6 satisfies the above inequality. Thus, as the number ry we can take
ro = 0.6. Note that this estimate of ry can be improved.

Keeping in view the above observations, we find that the functions v, ¢, 6, o, , u, f, g,a and b satisfy all
the conditions of Theoremand hence the GNFIE (4.1) has at least one solution in the space BC(R",R) and
the solutions of the equation (4.1) are uniformly locally ultimately attractive on R" located in the ball B[0, 0.6].
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Remark 4.3. We remark that:

(i) Taking u(t,x(t)) = q(t),p(t,¥') = t+t forall t,#' € R" and for any x € R the generalized nonlinear
functional integral equation (4.1) reduces to the nonlinear functional integral equation considered by
Dhage [8] which, in turn, includes several classes of known integral equations discussed in the literature.

(ii) Taking p(t,t') =, y(t) = tand 6(s) = s for all t,s € R", we retrieve the functional integral equation
studied by Aghajani, Banas and Sabzali [1].

(iii) The authors in [1]] generalized Theorem2.2]under the weaker upper semi-continuity of the D-function ¢
and the requirement of the condition that lim;, .. ¥"(r) = 0 for all f > 0, however to hold this condition,
they needed an additional condition on the function 1 that () < r for r > 0. But in actual practice, it is
very difficult to verify this condition and the authors in [1]] did not provide any example of the function
 illustrating the comparison between two conditions in applications. Moreover, for applications to
the existence result, they assumed an additional condition on the function ¢, namely, supperadditivity
which automatically yields the upper semi-continuity together with the monotone characterization of
the function ¢ and so, the existence theorem for the nonlinear integral equation considered in Aghajani
et.al. [1] follows by a direct application of Theorem 2.2 of Dhage [8].
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1 Introduction and preliminaries

Integral transforms and their inverses (e.g., the Bessel transform) are widely used to solve various
problems in calculus, mechanics, mathemtical physics, and computational mathematics (see, e.g.,[3 8]).

In [7], E.C. Titchmarsh characterized the set of functions in L?(R) satisfying the Cauchy Lipschitz condition
for the Fourier transform, namely we have

Theorem 1.1. Let & € (0,1) and assume that f € L2(R). Then the following are equivalents
1 [[f(x+h)— f(x)”LZ(IR) =0h*)ash — 0,
2. Jajzr |F(A)2dA = O(r—2*) as r — +oo,

where F stands for the Fourier transform of f.

The main aim of this paper is to establish a generalization of Theorem [I.T)in the Bessel transform setting
by means of the Bessel generalized translation. We point out that similar results have been established in the
context of noncompact rank 1 Riemannian symmetric spaces and of Jacobi transform (see [2, [6]).

In this section, we give some definition and preliminaries concerning the Bessel transform. Everywhere
below p is a real number, p > —%.

Let

be the Bessel differential operator. We introduce the normalized Bessel function of the first kind j, defined by

& =T+ 1) T i (5) 2 e (L)

where I'(x) is the gamma-function (see[4]). The function y = j,(x) satisfies the differential equation

*Corresponding author.
E-mail address: m_elhamma@yahoo.fr (Mohamed El Hamma), rjdaher024@gmail.com(Radouan Daher), salahwadih@gmail.com(Salah El
Ouadih).
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Dy+y=0

with the initial conditions y(0) = 1 and y’(0) = 0. The function j,(x) is infinitely differentiable, even, and,
moreover entire analytic.

From we see that
. Jp(z) -1
lim —5— #0
zin() z2 7&
by consequence, there exist c > 0 and r > 0 satisfying
|zl < = ljp(z) = 1| = clz)? (1.2)
From [1I], we have
p(0)| < 1. (1.3)
and
1—jp(x)=0(x?), 0<x <1 (1.4)

Assume that L%(IRQ, p > —%, is the Hilbert space of measurable functions f(x) on R with the finite
norm

o) 1/2
£l = Ifllap = ( /O | f(x)|2x2p“dx)

Given f € L%, (R.), the Bessel transform is defined by

fn) = /Ooo F(O)jp(A)F L, A € Ry.

The inverse Bessel transform is given by the formula

£ = @rpen) 2 [ " A, (DA,

From [3], we have the Parseval’s identity

/ IF(A)PAZPFIIA = 22PT2 (p + 1) / |f(5) P3Pt
0 0

In L%(]RQ, consider the Bessel generalized translation Ty, (see [3, p. 121])

7T
T, f(x) = Cp/o f(\/x2 +h2 - thcost)sinZtht, p> —%, h>0,

where

-1
_ & ) - F(p + 1)
Cp = (/0 sin Ptdt) = 7T(%)T(p+ %)

From [5], we note importants properties of Bessel transform

— ~

(Df)(A) = (=A})f(A). (15)
and

o — o~

(Tuf)(A) = jp(AR)f(A). (1.6)

We define the differences of first and higher orders as
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Apf(x) = Tpf(x) = f(x) = (T = E) f(x)

ARf(x) = By (B f(x)) = (Ty = B)f(x) = i(—l)k’i(f)TLf(X), 1.7)

i=1
where Tgf(x) = f(x), T;lf(x) = Th(T;'lflf(x)), i=1,2,.,kk=12,.. and E is the unit operator in the space
L (R4).
2 Main results
Lemma 2.1. For f € L3(R+). Then

KDY f(x)|? = /0 £ () — 1P F(0) 220 e

Proof From formula (L.5), we have

O f)(t) = (-1 f(1); r=0,1,2,.... 28)
We use formulas and @2.8), we conclude that
TDIf() = (<1 fi () fie); 1 < i < k. (2.9)

Or, from formulas and the image Ai‘lDr f(x) under the Bessel transform has the form

AEDTF(E) = (=1)"(Gp(th) — 1M F ().

By Parseval’s identity, we have the result.

Our main result is as follows
Theorem 2.2. Let f € L%(]R+). Then the following are equivalents
1. ||AfD f(x)|| = O(h*) ash — 0, (0 < a < k)

2. [CHF(H)PRPdE = O(s™) as s — +00
Proof 1) = 2) Suppose that

|ASDY F(x)]| = O(h®) as 7 — 0
From Lemma[2.1 we have

IARD" £ ()2 :/ £ (th) — 1| F(0) PP+t
0
By formula (1.2), we obtain

%4» 2k | Frpy|242p+1 o %4A 22p+1
[ i) ~ 1P e = S [T enpn e

20 20
There exists then a positive constant C such that

IN

1
3 ~
[ #nfmperar

2h

C [ ey (em) — 1P RO ar
0

C hZIX

IN
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Then
2s N
/ i’4r|f(t)‘2t2p+1dt — O(S—Za)
S
foralls > 0.
Moreover, we have

) 2j+1g

/ t4r|f(t)|2t2p+1dt _ 2 t4r|j?(t)‘2t2p+1dt
s j=0 2s

IN

CY (2s)™
j=0
< Cs2,
This proves that
/ ()PP = O(s ) as s — +o.
S

2) = 1) Suppose now that

/ HF() 227 = O(s2%) as s — +oo.

S

We have to show that

| i) 1P PR = 00 ash — o,
0

We write
| i) 1P Fo PR =
where ’
1/h
L= [ (e - 1P PR
and ’

hﬂmﬁmw>1ﬁﬂm¥“%

From formula (L.3), we obtain
I, < 4F / 1 F (1) PP dE = O(h?Y) as h — 0.
1/h

Set
v = [ xIFPray
t
From formula and integration by parts, we have
1/h ‘
e A OB G4
1/h
_th/ tZklp/(t)dt
0

1 1/h
_4)(%) +2kh2k/ t2k7172zxdt
0

IN

AN
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Or, we see that & < k the integral exists. Then

2k
I < thh—2k+21x
V= 2k—2a
< Ch*™

and this ends the proof.
Corollary 2.1. Let f € L%,(]R+), (p> —%), and let

|AFD" f(x)|| = O(h*) as h — 0.
Then

/ F(O)PRPHdE = O(s™ ) as s — 400
S
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Abstract

We give some characterizations of rg-compact, gpr-compact and gpr-connected spaces by utilizing
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1 Introduction

In 1993, N.Palaniappan and K.Chandrasekhara Rao[8], introduced the concept of regular generalized
closed(briefly, rg-closed) sets and regular generalized open (briefly, rg-open) sets in a topological space.
They are also defined regular generalized continuous(briefly, rg-continuous) map and regular generalized
irresolute(briefly, rg-irresolute) map between topological spaces and studied some of their properties. In
1999, Y.Gnanambal and K.Balachandran [5], introduced and investigated the concept of generalized pre-
regular closed (briefly, gpr-closed)sets and generalized pre-regular open (briefly, gpr-open) sets in topological
spaces.Further they introduced gpr-continuous functions, gpr-connected spaces and gpr-compact spaces[6].
A.M.Ai-Shibani[l]] introduced and investigated rg-compact spaces and rg-connected spaces using rg-open
sets.

The purpose of this paper is to characterize these spaces using the well known fact that ” every singleton is
rg-open and hence gpr-open”[3].

Throughout this paper, space X mean topological space (X, 7). For a subset A of X, the closure, rg-
closure,gpr-closure, interior and the complement of A are denoted by cl(A), rg-cl(A),gpr-cl(A), int(A) and
A°€ respectively.

2 Definitions and Basic Properties

Definition 2.1. (i) A subset A of a space X is said to be regular open if A= int(cl(A))and regular closed if
A=cl(int(A))[9].

(ii) A subset A of a space X is said to be pre-open if AC int(cl(A)) and pre-closed if cl(int(A)) CA[Z].

The pre-closure of a subset A of X is the intersection of all pre-closed sets containing A and is denoted by pcl(A).

Definition 2.2. A subset A of a space X is said to be reqular generalized closed (briefly. rg-closed)[8ll if cl(A)CU
whenever ACU, where U is regular open.1t is said to be be regular generalized open (briefly. rg-open) if A€ is rg-
closed.(equivalently FCint(A) whenever FCA and F is reqular closed.

*Corresponding author.
E-mail address: pgchandra07@rediffmail.com (P. Gnanachandra).
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Definition 2.3. The intersection of all rg-closed sets containing a set A is called the regular generalized closure of A and
is denoted by rg-cl(A).

Definition 2.4. A subset A of a space X is said to be generalized pre-reqular closed (briefly. gpr-closed)[5] if pcl(A)CU
whenever ACU, where U is regular open.It is said to be be generalized pre-regqular open (briefly. gpr-open) if A° is
gpr-closed.

The intersection of all gpr-closed sets containing a set A is called the generalized pre-reqular closure of A and is denoted
by gpr-cl(A).

Definition 2.5. Let f: X — Y be a function. Then fis

(i). rg-continuous[8ll if f ~1(V) is rg-closed for every closed set V of Y.

(ii). rg-irresolutel8] if f1(G) is rg-closed in X for every rg-closed set G of Y.
(iii).gpr-continuous[i6] if f ~1(V) is gpr-closed for every closed set V of Y.

Definition 2.6. A collection {Ay: & € V} of rg-open sets in a topological space X is called rg-open cover[1] of a subset
Bof X if BC U{Ay: « € V} holds.

Definition 2.7. A topological space X is called reqular generalized compact(briefly. rg-compact)[1l] if every rg-open
cover of X has a finite subcover.

Definition 2.8. A subset B of X is called rg-compact relative to X [1] if for every collection {Ay: & € V} of rg-open
subsets of X such that BC U{A,: « € V}, there exist a finite subset<y, of 7 such that BC U{As: & € o}

Definition 2.9. A collection {Ay: & € V} of gpr-open sets in a topological space X is called gpr-open coverll6] of a
subset B of X if BC U{A4: & € V} holds.

Definition 2.10. A topological space X is called generalized pre-reqular compact(briefly. gpr-compact)[6]] if every gpr-
open cover of X has a finite subcover.

Definition 2.11. A subset B of X is called gpr-compact relative to X[I6]] if for every collection {Ay: « € V} of gpr-open
subsets of X such that BC U{Ay: & € V}, there exist a finite subset<; of 7 such that BC U{Ay: & € o}

Lemma 2.13. (i). If ACX, then ACrg-cl(A)Ccl(A).
(ii). If ACB, then rg-cl(A)Crg-cl(B).
(iii).If A is vg-closed an ACBCcl(A), then B is rg-closed.

Lemma 2.14. In a topological space X, the following hold:[3]
(i). {x}is rg-open for every xeX.
(ii). rg-cl(A)=gpr-cl(A)=A, for every subset A of X.

Lemma 2.15. For a topological space, the following are equivalent:[6]

(i) X is gpr-connected.

(ii) The only subsets of X which are both gpr-open and gpr-closed are the empty set ¢ and X.

(iii) Each gpr-continuous mp of X into a discrete space Y with atleast two points is a constant map.

Lemma 2.16. In a topological space X, {x} is open or pre-closed for every xe X.[4]

3 rg-compact spaces

A.M.Al-Shibani[Theorem 3.4[1]] established the equivalence of the following statements in any topological
space (X, T).

(i). For each xeX and each open set V in Y with f(x)€V, there exists an rg-open set U in X such that xeU,
f(U)CV.

(ii).For every subset A of X, f(rg-cl(A))C cl(f(A)).

(iii). For every subset B of Y, rg—cl(f’l(B))Qf’l(cl(B)). However the above statements are always true in any
topological space as shown in the next proposition.

Proposition 3.1. If (X, T) is a topological space, then the following hold: (1). For each x€X and each open set Vin'Y
with f(x)€V, there exists an rg-open set U in X such that xeU, AU)CV.

(2).For every subset A of X, f(rg-cl(A))C cl(f(A)).

(3). For every subset B of Y, rg-cl(f"*(B))Cf1(cl(B)).
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Proof. (1). Take U={x}, then by lemma 2.13, U is rg-open and f(U)=f({x})
CV. (2) and (3) follows from the fact that rg-cl(A)=A, for any set A. O

Theorem 3.2. A topological space X is rg-compact if and only if X is finite.

Proof. Let X be a rg-compact space. Since {x} is rg-open for all xeX, {{x}: xeX} is an rg-open cover of X. Since
X is rg-compact, there exists a finite subset X, of X such that XCU{{x} : xeX, }=X,CX. Hence X=X,, which is
finite. Converse is obivious. O

Remark 3.3. A.M.AI-Shibani established that

(1) If X is rg-compact and f:X—Y is rg-continuous and bijective, then Y is compact.

(2) If X =Y is rg-irresolute and B is rg-compact relative to X, then f(B) is rg-compact relative to Y.

But the conditions f:X—Y is rg-continuous, bijective in (1) and f:X—Y is rg-irresolute in (2) are not necessary as shown
in the following theorem.

Theorem 3.4. Let f:X—Y be a map.
(1). If X is rg-compact and f is surjective, then Y is compact.
(2). If B is rg-compact relative to X, then f(B) is rg-compact relative to Y.

Proof. (1) Let £:X—Y be a surjective map. If X is rg-compact, then by theorem 3.2, X is finite. Since f is surjective,
Y=£(X), which is also finite and hence Y is compact.

(2) If B is rg-compact relative to X, then B is a finite subset of X, by Theorem 3.2. Therefore f(B) is also a finite
subset of Y and hence f(B) is rg-compact relative to Y. O

4 gpr-compact spaces

Theorem 4.1. A topological space X is gpr-compact if and only if X is finite.

Proof. Let X be a gpr-compact space. Since {x} is gpr-open for all x€X, {{x}: x€X} is an gpr-open cover of X.
Since X is gpr-compact, there exists a finite subset X, of X such that XCU{{x} : x€X,}=X,CX. Hence X=X,
which is finite. Converse is obivious. O

5 gpr-connected spaces

A topological space (X, T) is said to be gpr-connected [2] if X cannot be written as the disjoint union of two
non empty gpr-open sets.

Theorem 5.1. No topological space is gpr-connected.

Proof. Let (X, T) be topological space.

Case(1): Suppose {x} is open for all xeX. In this case,(X, T) is a discrete space and hence every subset of X is
both gpr-open and gpr-closed. Therefore by lemma 2.14, (X, T) cannot be gpr-connected.

Case (2): Suppose {x} is not open for all xeX. Then {y} is not open for some yeX. By lemma 2.15,{y} is pre-
closed and hence {y} is gpr-closed. Also by lemma 2.13, {y} is gpr-open. Hence {y}is both gpr-closed and
gpr-open.Therefore by using lemma 2.14, (X, T) is not gpr-connected. O

6 Conclusion

In this paper the following results are established:
1.A topological space X is rg-compact if and only if X is finite.
2.A topological space X is gpr-compact if and only if X is finite.
3.No topological space is gpr-connected.
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Abstract

Recently Milovanovi¢ et.al gave a sharper lower bounds for energy of a graph. In this paper similar bounds
for minimum dominating energy and Laplacian minimum dominating energy of a graph are established.
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1 Introduction

The concept of energy of a graph was introduced by I. Gutman [3] in the year 1978. Let G be a graph with
n vertices {v1,vy,...,v,} and m edges. Let |A1| > |Ay] > ... > |A,| be the eigenvalues of adjacency matrix
n

A = (ajj) of the graph. Then the energy of a graph is defined by E(G) = ) _|A;].
i=1
For details on the mathematical aspects of theory of graph energy see the papers [4] 5] and the references
cited there in. The basic properties including various upper and lower bounds for energy of a graph have
been established in [7, 8] and it has found remarkable chemical applications in the molecular orbital theory of
conjugated molecules [2}[6].
Let |p1| > |p2| > [ps] > ... > |un| denotes eigenvalues of Laplacian matrix L = (I;;) of a graph G. Then

n
Laplacian energy is defined by LE(G)=) _ |p; — 27”1

i=1
Recently Milovanovi¢ [9] et.al gave a sharper lower bounds for energy of a graph. In this paper similar
bounds for minimum dominating energy and Laplacian minimum dominating energy of a graph are estab-
lished. Similar bounds for minimum covering energy and Laplacian minimum covering energy of a graph

can also be derived.

2 Preliminaries

Definition 2.1. Minimum Dominating Energy of a Graph: Let G be a simple graph of order n with vertex set V =
{v1,02, ..., vn} and edge set E. A subset D of V is called a dominating set of G if every vertex of V. — D is incident to
some vertex of D. Any dominating set with minimum cardinality is called a minimum dominating set. For the graph G
with minimum dominating set D, the minimum dominating matrix is defined by

1 lf (414 €E
Ap(G) := (ai’:]?), where ”5 =q lifi=jand v;€D

0 otherwise

*Corresponding author.
E-mail address: srsrig@gmail.com (G. SRIDHARA), mr.rajeshkanna@gmail.com(M. R. RAJESH KANNA) and bndharma@gmail.com (B.
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If |A| > |Az| > ... > |Ay| are the eigenvalues of adjacency matrix Ap(G) of the graph, then the minimum Domi-
n
nating energy of the graph G is defined by Ep(G) := Z [l
i=1

Definition 2.2. Laplacian Minimum Dominating Energy of a Graph: If D(G) denotes the diagonal matrix of
vertex degree of the graph G, then Lp(G)=D(G) — Ap(G) is called Laplacian dominating matrix of G. If |p1| >
lp2| > |y3\ > ... > |pn| denotes eigenvalues of matrix Lp(G), then Laplacian minimum dominating enerQy is defined

n
by LEp(G Z
=1

-2

For the basic properties on minimum covering energy, Laplacian minimum covering energy, minimum
dominating energy, Laplacian minimum dominating energy, see the papers [} [10} [11} [12] and the references
cited there in.

3 Milovanovi¢ bounds for minimum dominating energy of a graph

Theorem 3.1. Let G be a graph with n vertices and m edges. Let |A1| > |Az| > ... > |Ay| be a non-increasing order of
eigenvalues of AD( ) and D is minimum dominating set then Ep(G)> /n(2m + |D]) — a(n)(|]A1] — |Au|)? where
a(n)=n[z](1— fH) and [x] denotes the integral part of a real number

Proof. Let a,a1,ay, ...ay, A and b, by, by, ...by, B be real numbers such thata < g; < Aand b < b; < B

n n n
Vi =1,2,...n then the following inequality is valid. ‘nZuibi — Y a (n)(A —a)(B — b) where a(n)=
i=1 i=1 i=1
n[5](1— %[%}) and equality holdsifand only ifa; =ap = ... =a,and by =by = ... = b,.

Ifa; = |Af], by = |Aj|,a=b=|Ay| and A = B = |Aq], then

]néw- (zm) | < alm) (2] = Ma)?

n
But Z\Ai|2 =2m+ |D| and Ep(G) < /n(2m + |D|) [10] then the above inequality becomes

n(2m +|D|) — (Ep(G))? < a(n)(|A1] — [Au])?

ie, Ep(G) = /n(2m -+ |D]) — a(n) (1] — |Au)2
O

The above theorem is also true for the minimum covering energy of a graph. Hence we have the following
result.
Let G be a graph with n vertices and m edges. Let|A;| > |Az| > ... > |A;| be a non-increasing order of
eigenvalues of Ac(G) and C is minimum covering set, then Ec(G)> /n(2m + |C|) — a(n)(|]A1| — |An|)2 where

a(n)=n[%](1 — 1[4]) and [x] denotes integral part of a real number

Theorem 3.2. Let G be a graph with n vertices and m edges. Let [A1] > |Az| > ... > |Ay| > 0 be a non-increasing
2m + |D| + n|Aq||A4]
(1A +[Anl)

order of eigenvalues of Ap(G) then Ep(G) >

Proof. Let a; # 0, b;, r and R be real numbers satisfying ra; < b; < Ra;, then the following inequality
holds.[Theorem 2, [9]]

n
Zb2+rRZa,_ r+R))Y a;b;
i=1
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Put b; = |Ai], a; =1, 7 = |Ay] and R = |A4] then

n n n
YA+ Al o1 < (Al + A YA
i=1 i=1 i=1

ie., 2m+ |D|+ |A||Aunln < (JA1| + |An])ED(G)

2m + |D| + n|Aq||Ay]

Eo(C) = =0T+ D)

This bound is similar for minimum covering energy of a graph.

4 Milovanovié¢ bounds for laplacian minimum dominating energy

Theorem 4.3. Let G be a graph with n vertices and m edges. Let |u1| > |uz| > ... > |uy| be a non-increasing order
of eigenvalues of Lp(G). If D is minimum dominating set then LEp (G >\/2nM — zx( Y(lp1] = |pn|)? — 2m, where

a(n)=n[z](1— %[%}), [x] denotes greatest integer part of real number and M = m + 5 Z(di —c;)>.
i=1
1 val' eD

Herecl-:{ 0 ifo;¢D

Proof. Let a,a1,a;, ...ay, A and b,bq,by, .. .by, B be real numbers such thata < g; < Aand b < b; < B
Vi=1,2,...n then the following inequality is valid.

‘niaibi - i“iibi’ < a(n)(A—a)(B-Db)
i-1 i=1 i=1

Ifa; = |pi| , bi = |pil ,a=b=|py|and A = b = ||
3 2
) lpil* — Zlﬂz 2| < a(n) (] — |ual)?
i=1

n n
But (Y2 <2nM = n2M -(Y_[pi])* < a(n)(Jpa] — [1n])?
i=1 i=1

n
(Il = \/2Mn — a(n) (|| — [pn])2
i=1

_ 2
Since LEp (G 2|l/‘z—7| >Z|Vz’_|7m|

Hence LEp(G >\/2nM—0¢( )(|Pl1|—|7/ln‘) -2m =

Theorem 4.4. Let G be a graph with n vertices and m edges. Let |p1| > |pu2| > ... > |pn| > 0 be a non-increasing

order of eigenvalues of LEp(G) and D is minimum dominating set then LEp(G) > ZM + nlj |l (|V+| Z'_‘ZT;J T;"' — 2m where M =
1 n
1 ifv;eD
+1 — = i
m+ 2liil(d ¢;)?. Here c; { 0 ifo;¢D

Proof. Leta; # 0, b;, r and R be real numbers satisfying ra; < b; < Ra;, then we have the following inequality

Zb2+rRZal_ r+R) Z a;b;
i=1

Put b; = |p|, a; =1,7 = |pp| and R = |p4|
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1

n n n
il Lpa | Y21 < (gl + ) Yo i
=1 i=1 =1

1

n
i, 2M + |pa|lpnln < (Jpal + [pal) Y |1l
i=1

< 2M + n|p| [
= | > - T TP IAa]
e (T E ™)
n n
We know that LEp(G) = Y |pi — 27111 LEp(G)> Y |ui| — ‘277”‘
i=1 i=1
2M + nfpq || pn
= LEp(G) > ——F——"— —2m
p(C) = =T Teal)

O
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Abstract
In this paper we consider the third order nonlinear neutral difference equation of the form
A(rn(Az(xﬂ + ana(n)))lx) +f(nr x'r(n)) =0,

we establish some sufficient conditions which ensure that every solution of this equation are either oscillatory
or converges to zero. Examples are provided to illustrate the main results.
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1 Introduction
In this paper, we establish oscillation criteria for third order nonlinear neutral difference equation of the form
B (7 (@2t £ pu¥o))*) + £, Xe() = 0,1 € No M

where Ng = {ng, no +1, np +2, ...}, and ny is a nonnegative integer subject to the following conditions:

(C1) {rn} is a positive real sequence with } ° ,11/a = oo and « is a ratio of odd positive integers;

C2) {pn} is a nonnegative real sequence with —u < p, < 1for u € (0,1);

C4) {7(n)} is a nonnegative sequence of integers with 7(n) < n such that lim, .. T(1) = oo;

(
(
(
(

)

C3) {o(n)} is a nonnegative sequence of integers with o (1) < n such that lim, .. o(n) = oo;
)
)

Cs) f : Ng x R — [0,00) and there is a nonnegative real sequence {g,} such that f (na”) > Lgy, foru # 0

where L > 0.

By a solution of equation (I) we mean a real sequence {x,} and satisfying equation (I) for all n € INy. We
consider only those solution {x,} of equation (I) which satisfy sup{|x,| : # > N} > Oforall N € Ny. A
solution of equation (1) is said to be oscillatory if it is neither eventually positive nor eventually negative and
nonoscillatory otherwise.

In recent years, much research has been done on the oscillatory behavior of solutions of third order
difference equations, see for example ([11, [2], [3], [4], [5], (6], [Z], (8], [9], [10], [111], [12], [13], [14], [15]) and the
references cited therein.

In ([13], [14]), the authors consider the following third order neutral difference equations of the form

A(ry (Az(xn + pnXn-o))") + qnxzﬂ—r =0, 2)

*Corresponding author.
E-mail address: ayyapmath@gmail.com (G.Ayyappan).
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and
A(”H(Az(xn £ puh(Xn-¢)))") + qnf (Xur1-7) =0, 3)

and established some criteria for the oscillation and asymptotic behavior of all solutions of equations (2) and

®.

In [12], the authors studied the following third order difference equation
A(cnA(dnA(xn + pnXn—k))) + Guf (Xn-m) = en (4)

and established some criteria for the oscillation and asymptotic behavior of all solutions of equation ().
In [15], the authors considered the following third order difference equation

A(an(Az(xn + Puxn—c))*) +quxy =0 (5)

and established some criteria for the oscillation and asymptotic behavior of all solutions of equation (5).

The oscillatory properties of oscillation of equation (1) was studied by the authors in [7], when p, = 0.
Following this trend, in this paper, we establish some new sufficient conditions for the oscillation of all
solutions of equation (I). In Section 2, we present some oscillation theorems and in Section 3, we provide
examples to illustrate the main results.

2 Oscillation Theorems

First we consider the following difference equation

A(rn(A2(xn i pnxg(n)))ﬂé) + f(1, X)) = 0,1 € Ny, ©)

and establish some sufficient conditions for the oscillation and asymptotic behavior of its solutions. We begin
with the following lemma.

Lemma 2.1. Let {x,, } be a positive solution of equation (), then the corresponding function zy, = Xn + pnXg(y) satisfies
only of the following two cases:

(I) z, >0, Az, >0, A%z, > 0;
(II) z4 >0, Azy <0, A%z, >0
for n > ny € Ny, where ny is sufficiently large.
Proof. The proof can be found in [13} 14], and hence the details are omitted. O

Lemma 2.2. Let {x,} be a positive solution of equation (6), and let the corresponding function {z,} satisfies the Case
(IT) of Lemma 2.1. If

[ee] [ee] 1 o 1/0‘
Yy ral = )
n=ng s=n Ts =5
then limy,_co X = limy, 00 2y = 0.
Proof. The proof is similar to that of Lemma 2.2 in [13], and hence the details are omitted. O

Before stating the next lemma, we define

[e0]
Ay = Yl

S=ng

Qn = (1_pr(n))an"f

and
n—1

R, = Y Qs forall n € Ny.

s=nyp
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Lemma 2.3. Let {x,} be a positive solution of equation () and the corresponding z, satisfies Case(I) of Lemma 2.1
Then there exists a positive real sequence {wy} such that

wy > Ry + Z “Ar(s)wgi%/a/ (8)

S=n

. a/(a+1)
lim sup[w, 1A,y ] < ¢ )
for some constant ¢ > 0, and

[ee] (e}
L Qi< 3 AR <o (10)

n=ng n=npy

Proof. Let {x,} be a positive solution of equation (f). Assume that x, > 0, Xo(n) > 0and x(,) > 0 for all
n >ny > ng. Thenz, > x, > 0 and satisfies Case(I) of Lemma[.T} for all n > N > ny. From (6)), we have

A(ra(Dza)*) < —f(1,x7(n))
< —xﬁ(n)an, n>ny. (11)

From the monotone nature of z,,, we have

xn = Zn — pnxa-(n)
or
Xt(n) > (1 - PT(H))ZT(H)‘ (12)

From and (12), we have
Aa(822)%) < —(1 = pr) o L

or

A(ru(A%2,)%)
— = = (= pe(w)Lan- (13)
T(n)
Define by
o
1w, = n(87n) (14)
z
T(n)
Then w, > 0 for alln > nq, and
2, & 2 L%
Aw, = A(rn(“A zn)") . rn;l(A “Zn+l) A(Zi(n))
ZT(n) ZT(n) Z’r(n+1)
Using (13) and (T4) in the last inequality, we obtain
Az%, )
AWy < (1 = Pr() Lin — Wyy1 —a (15)
ZT(n)
By Mean Value Theorem
Az”r‘(n) = uct”‘_lAzT(n),
where z;(,;) <t < zy(,41). Since a > 1, we have
Azi(n) > ocz%})AzT(n). (16)
Using (16) in the inequality (I5), we obtain
Az
Aw, < —Qy — awyq Zrrlm) 17)

T(n)

From the monotonicity property of {Azzn}, we have

n—1 n—1
Azy = Azyy + Z Azzs > Z Azzs

s=ny s=nyp
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or
1
Az, > 2 r‘l/"‘(rs(Azz )ac)l/zx
s§=ng
> (ra(Az,)")V"A
Then
Aze(ny > (Fe(ny (D2Ze(m)) ) “ Ay (18)

Using (18) in the inequality (I7), we get

Awy < —=Qn — aw) 1/ Ay

or

Awy + Qu + awl /" Ay <0, n > N. (19)

Summing the last inequality from N to n — 1, we have

n—1 n—1
wy SwN— Y. Qs — Y. aAygwitl/® for n > N. (20)
s=N s=N

We claim that } 3 \; Qn < oo for all n > N. Otherwise from the inequality (21), we obtain

n—1
wl’l S wN - Z QS/
s=N

and letting limit n — co we obatin w,, — —co, which contradicts the positivity of w,,. Similarly we can show
that

Y Aggwlil/* < oo, (21)
s=N

Now, letting limit as n — oo in (20) we have

[ee] [ee]
Wo —wy+ ) Qs+ ) wArguwyt <0
= s=N

s=N
or
(e}
Wy > R, + Z zxAT(s)w;Ll/“ for n > N. (22)
S=n

Since Q;; > 0 and w,, > 0 for n > N, we have from that Aw, < 0 and lim;, .., w;, = M, for some constant
M > 0. Now from (19), we have

1+1/a
Awn < —&Ar(n) Wy
or
Awy,
~ /e = )
n+1
or
Wn
— > A
T+1/a = “i1(n):
awn+1

Taking limit supreme, we obtain
M > lim sup(w”l/"‘AT(n))

n—oco n+1
or
. a/(a+1
r}l_r}c}o Sup(wnJrlAT(n() )) <c

for some constant ¢ > 0. This completes the proof. O
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Theorem 2.1. Assume that

lim 1nf— Z PRV 4

23
n—o00 Ry, = s+1 ( +1)(0¢+1) ( )

where P = & Aq(y) then every solution of equation (6) is either oscillatory or converges to zero as n — co.

Proof. Assume that {x,} is a nonoscillatory solution of equation (§). Without loss of generality we may assume
that x, > 0, x5(;) > 0and x¢(,;) > O0foralln > ny > ng and the corresponding {z,} satisfies two cases of
Lemma 2.1.

Case(l). Let {z, } satisfies Case (I) of Lemma[2.1] From Lemma 2.3 we obtain (8), then

Wn 1 & 1+1/a
— > 1+ — A
R, ~ +Rn s;na T(S)ws+l
1+1/a
> 1+*ZPSR31%/“(“’S“) - (4)
Rs+1

From the assumption of the theorem, there exists a § > W,

lim 1nf — Z PSR;j_ll/ “> B (25)
h—oo R” s=n
and let
A= nlgifo R,’ (26)

then A > 1. Using (25) and (26) in the inequality (24) we have
A Z 1 +‘B)\1+1/a.

Therefore
o 1

- (oc—i—l) ,B"‘

which is a contradicts to our assumption.

A— ‘B/\1+1/Dc

Then, we get 'B S W]ﬁiﬁﬂ)/“’
If {z,,} satisfies Case(II) of Lemma then by the condition (7) we have lim, .. x, = 0. This completes the
proof. O

Theorem 2.2. Assume that

Tim sup[ “(/,j‘;‘*”(RnHJr Z KA, joll/“)] — oo 27)
s=n+1

then every solution of equation (6)) is either oscillatory or converges to zero as n — oo.

Proof. Assume that {x,} is a nonoscillatory solution of equation (§). Without loss of generality we may assume
that x, > 0, x5,y > 0 and x;(,;) > 0 forall n > n; > np and the corresponding {z,} satisfies two cases of
Lemma 2.1.

Case(l). Let {z,} satisfies Case (I) of Lemma[2.1] From Lemma [2.3] we obtain (8), then

0
wy > Ry + 2 “Ar(s)wgill/lx-
s=n

Since w;, > R,, we have

wy > Ry + Z WA R;Ill/"‘.

Using this in (9), we have

poup 4557 (v 55w 1)] <o

which is a contradiction. If {z, } satisfies Case(II) of Lemma then by the condition @) we have lim;, 0 X, =
0. This completes the proof. O
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Next, we consider the case —y < p;, <0, and the equation (1) takes the form

A (7 (&2 (tn = puXon))*) + f(1, xe() = 0, € No. (28)

Lemma 2.4. Let {x,} be a positive solution of equation and the corresponding {z,,} satisfies Case(I) of Lemma[2.1}
Then there exists a positive function {wy } such that

Wy > Qu+ Y aAwii’", (29)
sS=n
hm sup[wnHA“(/(’;H)} <cg, (30)
for some constant ¢ > 0, and
Qu < o, 2 A Q1% < (31)

Proof. Let {x,} be a positive solution of equation (28). Assume that x,, > 0, Xg(n)y > 0and x¢,) > 0 for all
n > ny > ng. Then z, > x, > 0 and satisfies Case(I) of Lemma[2.1} for all n > N > n;. We have

A(ry(Azy)*) < —xi(n)an, n > nj. (32)
We have two possible cases for z;:
(i) zn >0
(ii) zn < 0.

Case (i). z; > 0, the proof is similar to that of Lemma [2.3]and hence the details are omitted.
Case (ii). z; < 0 eventually for all n > ny > ny > nyp, then we have two cases for x;:

(a) xy, is unbounded,
(b) xy is bounded.

Case (a). Assume that x, is unbounded, then
Xn = Zn = PnXo(n) < —PnXe(n) < Xo(n)- (33)

Since {x; } is unbounded, we can choose a sequence {xy, } satisfying limy_,, x; = co from which limy_,, xn, =
co and max x, = xy, by choosing N large such that o(Ny) > Nj for all Ny > ny. Thus maxx, = xy,. This
contradicts with (83).

Case (b). Assume that {x,} is bounded, and we show that x, — 0 as n — co. Since

lim supz, <0,
n—oo

then we have

lim sup(x,1 + PuXom)) < 0
r}molo sup x; + hm sup PnXoem)y < 0
nlglc}o sup x; — u nlgrolo sup Xy < 0
(1—p) lim supx, < 0.
n—oo
This shows that x;, — 0 as n — co. This completes the proof. O
Theorem 2.3. Assume that
14+1/a x
A, mf o E BQL" > e (34)

where Py = aAv(y) then every solution of equation is either oscillatory or converges to zero as n — oo.
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Proof. The proof is similar to that of Theorem 2.1|and hence the details are omitted. O

Theorem 2.4. Assume that

. a/(a+1) > 1+1/ .
Jim sup [ A% (Quen + S:; 1“Ar<s)QsL ] = (35)

then every solution of equation is either oscillatory or converges to zero as n — oo.

Proof. The proof is similar to that of Theorem 2.2]and hence the details are omitted. O

3 Examples

In this section, we present some examples to illustrate the main results.

Example 3.1. Consider the third order difference equation

A(H(AZ (xn + %xn_z))3> + mxiﬁg =0, n

Herery = n, p, = %, n = (Hl)lw, « =30(n)=n—-2, t(n) =n—3and L = 1. It is easy to see that all
conditions of Theorem[2.1|are satisfied. Hence every solution of equation (36) is either oscillatory or converges to zero as

n — oo,

Y

1. (36)

Example 3.2. Consider the third order difference equation

A (%AZ (xn + 1xn,z

1
> )) + mxn_1 =0, n>1. (37)

Here r,, = %, Pn = %, Gn = ml)lw' «=10(n) =n-2,t(n) =n—1and L = 1. It is easy to see that all
conditions of Theorem[2.2)are satisfied. Hence every solution of equation (87) is either oscillatory or converges to zero as
n — oQ.

Example 3.3. Consider the third order difference equation
1
A3 (xn - gxn_1> +nx, =0 n>1 (38)
Herer, =1, py = %, gn=n,a=10n)=n—-1, t(n) =n—2and L = 1. It is easy to see that all conditions of
Theorem [2.3|are satisfied. Hence every solution of equation is either oscillatory or converges to zero as n — oo.

Example 3.4. Consider the third order difference equation
1
A3 (xn - Exn_l) F12%, 5 =0, n>1. (39)

Herery, =1, pp = %, gn=12, a =10(n) =n—-1, t(n) =n—2and L = 1. It is easy to see that all conditions of
Theorem 2.4 are satisfied. Hence every solution of equation (39) is either oscillatory or converges to zero as n — oo. In
fact {x,} = {(—1)"} is one such oscillatory solution of equation is oscillatory or converging to zero.

We conclude this paper with the following remark.

Remark 3.1. It would be interesting to extend the results of this paper to the equation (1) when 3>, rl% < oo.
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