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An adaptive integration scheme using a mixed quadrature of three

different quadrature rules

Debasish Das,”*Pritikanta Patra” and Rajani Ballav Dash’

@b Department of Mathematics, Ravenshaw University, Cuttack-753003, Odisha, India.

Abstract

In the present work,a mixed quadrature rule of precision seven is constructed blending Gauss-Legendre
2-point rule, Fejer’s first and second 3-point rules each having precision three.The error analysis of the mixed
rule is incorporated.An algorithm is designed for adaptive integration scheme using the mixed quadrature
rule.Through some numerical examples,the effectiveness of adopting mixed quadrature rule in place of their

constituent rules in the adaptive integration scheme is discussed.
Keywords: Gauss-Legendre quadrature, Fejer’s quadrature, mixed quadrature and adaptive integration scheme

2010 MSC: 65D30, 65D32. (©2012 MJM. All rights reserved.

1 Introduction

In this article, we consider the following problem. Given a continuous function f(x) over a bounded
interval [a,b] and a prescribed tolerance €, we seek to find an approximation Q(f) using a mixed quadrature

rule to the integral
b
1) = [ fixas (1

so that

1Q(f) —I(f)l <e (1.2)

This can be done following adaptive integration scheme (AIS)[1] [2] [3]].

Conte and Boor[3] evaluated real definite integral (1.1) in the adaptive integration scheme using Simpson’s
% rule as a base rule.They fix a termination criterion for adaptive integration scheme using Simpon’s %
two panel rule and Simpson’s % four panel rule (composite rule). Recently, R.B.Dash and D.Das[7] [8] [9]
constructed some mixed quadrature rules and fix the termination criterion for adaptive integration using
the mixed quadrature rule and evaluated successfully various real definite integrals. Mixed quadrature [5]
[e] 171081 [©] [10] [11] means a quadrature of higher precision which is formed by taking the linear/ convex

combination of two or more quadrature rules of equal lower precision.

*Corresponding author.
E-mail address: debasisdas100@gmail.com (Debasish Das), pritikanta@yahoo.com (Pritikanta Patra), rajani_bdash@rediffmail.com (Rajani
Ballav Dash)
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The idea of mixed quadrature was first given by R.N. Das and G. Pradhan (1996) [5], who constructed
a mixed quadrature rule of precision 5 blending Simpson’s % rule with Gauss- Legendre 2-point rule, each
having precision 3. Evaluating some real definite integrals on the whole interval, they showed the superiority
of the mixed quadrature rule over their constituent rules. N. Das and S.K. Pradhan(2004)[6] derived a mixed
quadrature rule of precision 7 by taking a linear combination of Simpson’s % rule,Simpson’s % rule and Gauss-
Legendre 2-point rule, each having precision 3. They also showed the superiority of the mixed quadrature
rule over their constituent rules by evaluating some real definite integrals in the whole interval method.

In this paper, we have constructed a mixed quadrature rule of precision 7 by mixing Gauss-Legendre 2-
point rule[4] with Fejer’s first and second 3-point rules[2] [10] each having equal precision (i.e. precision 3)
for approximating some real definite integrals in the adaptive integration scheme. The construction of mixed

quadrature rule is outlined in the following section.

2 Construction of the mixed quadrature rule of precision seven

A mixed quadrature rule of precision seven is constructed by using the following three well-known

quadrature rules.

(i) Gauss- Legendre 2-point rule
(ii) Fejer’s first 3-point rule

(iii) Fejer’s second 3- point rule

The Gauss-Legendre 2-point rule (Rgy, (f)) is

b 1
1) = [ fedx= [ fxxr~ Reia(f) = F(-—2) + F(5) 23)
The Fejer’s first 3-point rule (R By (f))is
b 1 _

)= [ fwir= [ @R () = SAACY) +1050) + 475 24

The Fejer’s second 3-point rule (R2F3 (f))is

b 1 2 1 1

1) = [ feode= [ fdx~ Ray (1) = SU()+£0) + £ =) 5

Each of these rules (2.1), (2.2) and (2.3) is of precision 3. Let Egr,(f), E1F3 (f), E2F3 (f) denote the errors in
approximating the integral I(f) by the rules (2.1), (2.2) and (2.3) respectively.

Then,

I(f) = RGLZ (f) + EGLZ (f) (26)
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I(f) = Rig, (f) + Exg, (f) 2.7)

I(f) = Rop, (f) + E2, (f) (2.8)

Assuming f(x) to be sufficiently differentiable in —1 < x < 1, and using Maclaurin’s expansion of function

f(x), we can express the errors associated with the quadrature rules under reference as

EGLZ (f) = 5!8x9f(iv) (0) + 7!4X027f(m> (0) + %f(w’ii) (O> + .

Erp, (f) = =5z fU0(0) = §F0(0) — gz ) (0) —

Ea, (f) = 3051/ (0) + 527 f0(0) + g2 f T (0) + ...

Now multiplying the Eqs (2.4), (2.5) and (2.6) by 27, 32 and -24 respectively, then adding the results we

obtain,

I(f) = 35(27Ra1, (f) +32R1,, () — 24Ra. () + % (27EcL, (f) +32E1,, (f) — 24Ea. ()

I(f) = Rery15,2, (f) + EcLy15,2p, (f) (2.9)

Where .
Rery15,2, (f) = £(27RGL2 (f) +32Rq, (f) — 24Ra; (f)) (2.10)

And .
EcLytp2q, (f) = £(27EGL2 (f) +32E1, (f) — 24E2, (f)) (2.11)

Eq.(2.8) expresses the desired mixed quadrature rule for the approximate evaluation of I(f) and Eq (2.9)

expresses the error generated in this approximation.

Hence, .
Eciatr2y, () = g7y ga /™ (0) + - 2.12)

As the first term of Egp,q £25 (f) contains 8" order derivative of the integrand, the degree of precision of the
mixed quadrature ruleis 7. It is called a mixed type rule as it is constructed from three different types of rules

of equal precision.

3 Error analysis of the mixed quadrature rule

An asymptotic error estimate and an error bound of the rule (2.8) are given in theorems 3.1 and 3.2

respectively.
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Theorem-3.1

Let f(x) be a sufficiently differentiable function in the closed interval [—1,1]. Then the error Egy, £ 25, (f)

associated with the mixed quadrature rule R¢p,1 £25 (f) is given by

|EGL21F3ZF3 (f)l = 9!x135|f(viii) (0)]
Proof The proof follows from the Eq (2.10).

Theorem 3.2

The bound for the truncation error EGL21F32F3 (f)y =1(f) — RGL21F32F3 (f) is given by

INA
S8

Ecryrp2p, (f) < 1

whereM = max_q1<y<1|f@ (x)|

Proof

Egr,(f) = 5!§9f(iv)(’71)/ m € [-1,1]

Eyp (f) = —si2 /), € [-1,1]

Eap, (f) = s f " (1), 13 € [-1,1]

Ecistr2e, (f) = 35[27EG1, (f) + 32E1,, (f) — 24E2;, (f)]

= 5!2x435 W) (1) — 5!1x635 () (112) — 5!335f(iv)(’73)

LetK = maxxe[,1,1]|f(i”)(x)| and k = minxe[,lllﬂf(i”) (x)| . As f(?)(x) is continuous and [~1,1] is compact,
there exist points b and a in the interval [~1,1] such that K = f(®)(b) and k = f(®)(a). Thus

EGL21F32F3 (f) < 512X435 ) (b) - 511x635 () (a) — ﬁf(iv) (a)

= 5255 [f () — 1) (a)]
b (v
= 175 Jy f7) (x)dx
1

= 15(b— a)f©) () for some § € [~1,1] by mean value theorem.

Hence by choosing |(b —a)| <2

we have EGL21F32F3 (f) < %|(b—a)||f(v)(§)\ < %
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Where M = max_1<y<1 \f(v) (x)]

4 Algorithm for adaptive quadrature routine

Applying the constituent rules (Rgy, (f), R1F3 (f), R2F3 (f)) and the mixed quadrature rule (RGL21F3 2, ),
one can evaluate real definite integrals of the type I(f) = [ ah f(x)dx in adaptive integration scheme. In the
adaptive integration scheme, the desired accuracy is sought by progressively subdividing the interval of
integration according to the computed behavior of the integrand, and applying the same formula over each
subinterval. A simple adaptive strategy is outlined using the mixed quadrature rule (Rg Ly1p25, (f)) in the

following four step algorithm.
Input: Function F : [4,b] — R and the prescribed tolerance € .
Output: An approximation Q(f) to the integral I(f) = fah f(x)dx such that |Q(f) —I(f)| <e.

Step-1: The mixed quadrature rule (Rg Ly1r, 25, (f)) is applied to approximate the integral I(f) = | ub f(x)dx .

The approximate value is denoted by (Rgr,1 5,2, [a,0]).
Step-2 : The interval of integration [a,b] is divided into two equal pieces, [a,c] and [c,b]. The mixed

quadrature rule (Rgy,1 525, (f)) is applied to approximate the integral I (f) = [ f(x)dx and the approximate
value is denoted by (RGL21F32F3 [a,c]). Similarly, the mixed quadrature rule (RGL21F32F3 (f)) is applied to

approximate the integral I(f) = [ Cb f(x)dx and the approximate value is denoted by (Rgr,1 52, [c,b]) .

Step-3l(RGL21p32p3 [a,c] + (RGL21p32p3 [c,b]) is compared with (RGL21p32p3 [a,b]) to estimate the error in

(ReLy1p,2p, 18, €] + (ReLy15,2p, €, b))

Step-4: If |estimated error| < § (termination criterion) then (RGL21p32p3 [a,c] + Rery1p,25, [c,b]) is accepted as

an approximation to I(f) = [ : f(x)dx . Otherwise the same procedure is applied to [a,c] and |[c, b], allowing
each pieces a tolerance of 5. If the termination criterion is not satisfied on one or more of the sub intervals,
then those sub-intervals must be further subdivided and the entire process repeated. When the process stops,

the addition of all accepted values yields the desired approximate value Q(f) of the integral I(f) such that

Q(f) 1Al < e

N:B: In this algorithm we can use any quadrature rule to evaluate real definite integrals in adaptive

integration scheme.
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5 Numerical verification

Table 5.1:

Comparative study among the quadrature rule Rgg,(f ),RlF3 (f)

and

229

R (f)

for approximation of some real definite integrals without using adaptive integration scheme

Approximate Value (Q(f)) by

Integrals Exact Value I(f) Rer, (f) R1F3 (f) R2F3 (f)
L(f) = [y pigdx 7~ 3.14159265358 | 3.14754 | 3.1379 | 3.14336
L(f) = [y $225dx 0.4761463020 07939 | 02752 | 0.5673
L(f) = [ (sindx)e 2*dx 0.1997146621 02398 | 0.2955 | 0.3898
14(f) = Joou Zzdx 1.6 15116 | 1.620 | 1.5419
I5(f) = J7 ﬁdx 4.4713993943 39753 | 49022 | 4.4155
Is(f) = fzin sin(L)dx 11140744942 14263 | 0.8665 | 1.2698
I(f) = i (x® + x + 1)cosxdx | 2.038197427067 2.0366 | 2.0389 | 2.0375
Is(f) = Jo qdx 4.8998922 46016 | 5.0588 | 4.7760
Io(f) = [y e ¥ dx 0.7468241328 0.7465 | 0.7469 | 0.7467
Lo(f) = [y 13(x —x%)e” 2 dx | -1.5487883725279 | -0.5999 | -1.7966 | -0.8318
Li(f) = [y vVax — x2dx n 3.1844 | 3.1312 | 3.1683
Lo(f) = [{[2+sin(2y/x)|dx | 8.1834792077 8.2627 | 8.1420 | 82171
Ia(f) = fy Thiadx 0.8669729870 0.8595 | 0.8715 | 0.8646
La(f) = [y sin(y/x)dx 0.6023373578 0.6097 | 0.6005 | 0.6069

Table 5.2:

Comparative study among the quadrature/mixed quadrature rules (Rgp,( f),RzF5 (f) and

RaLy1p 2y, (f)) for approximation of integrals (table 5.1) without using adaptive integration scheme

Approximate Value (Q(f)) by

Integrals Exact Value I(f) Rer,(f) | Rag (f) RéLy1p,25, (f)

1
L(f) = J, 1:362 dx T~ 3.14159265358 | 3.14106 | 3.14147 | 3.1415979
L(f) = 03 Si:”_i’z‘dx 0.4761463020 0.4415 0.4659 0.4751
IL(f) = f03(sin4x)e*2xdx 0.1997146621 0.3913 0.2326 0.1878

-1 1
L(f) = Joos ix 1.6 1.5667 1.5844 1.5905
I5(f) = foz ﬁdx 4.4713993943 4.6629 4.5628 4.5209
Ie(f) = fzi sin(1)dx 11140744942 1.1304 1.0498 1.0219
I;(f) = f0§ (x? + x + 1)cosxdx | 2.038197427067 2.03810 | 2.03817 | 2.03819762
Is(f) = 05 efldx 4.8998922 4.8862 4.8968 4.90003
Iy(f) = fol e dx 0.7468241328 0.746814 | 0.746822 | 0.74682421
Lo(f) = f04 13(x — x2)e~ 2dx | -1.5487883725279 | -1.1196 | -1.43307 | -1.5350
Li(f) = f02 Viax — x?dx us 3.1560 3.1492 3.1468
Iip(f) = f16 [2+sin(2/x)]dx | 8.1834792077 8.1882 8.1847 8.1836

T

Liz(f) = Jo 1+1x4 dx 0.8669729870 0.8675 0.8670 0.866965
Lu(f) = fol sin(/x)dx 0.6023373578 0.6048 0.6036 0.6032

Rgr,(f):Gauss-Legendre 3-point rule

Ry, (f): Fejer’s second 5-point rule
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Table 5.3: Comparison of the results following from the Gauss-Legendre 2-point rule, Fejer’s first 3-point rule

and Fejer’s second 3-point rule for approximating integrals using the adaptive integration scheme

Approximate value (Q(f)) by
Integrals (Rer, (f)) #steps | (Ryp, (f)) #isteps | (Ra, (f)) #steps
L(f)= f01 1_:_17619( 3.141592690 17 3.141592653573 | 15 3.14159265359 | 15
L(f) = 60’ 5111?25 dx 0.47614627 41 0.476146256 35 0.476146332 35
I(f) = fg’ (sin4x)e*2xdx 0.199714693 51 0.199714686 43 0.19971459 39
Li(f) = f01.04 \/de 1.59999986 39 1.6000001 35 1.59999986 31
I5(f) = foz szlr —dx 4.471399346 53 4.471399461 49 4.471399326 43
Ie(f) = zin sin(%)dx 1.114074589 51 1.114074448 43 1.114074503 41
I;(f) = fog (xz +x+ 1)cosxdx | 2.0381974132 | 23 2.0381974183 17 2.0381974106 15
Is(f) = 05 e"le dx 4.899892102 43 4.899892237 39 4.899892026 29
I(f) = fol e dx 0.7468241276 | 15 0.746824114 13 0.746824120 11
ho(f) = [F13(x — x%)e Fdx | 15487882018 | 57 | -1.5487884508 | 51 115487882663 | 47
I (f) = JZv/Ax — x2dx 31415929475 | 45 3141592395 | 37 3141592855 | 39
In(f) = [2+sin(2y/x)dx | 8.1834793329 | 31 8.18347908 27 | 8183479317 | 25
Lis(f) = fol l-&x‘* dx 0.8669729661 | 15 0.86697299 15 0.866972942 13
La(f) = fol sin(y/x)dx 0.602337696 29 0.602337112 25 0.602337592 25

N:B:The prescribed tolerance(e)=0.000001

# Steps: No. of Steps
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Table 5.4: Comparison of the results following from the Gauss-Legendre  3-
point rule, Fejer's second 5-point rule and mixed quadrature rule Rgry £ 25, (f) for
approximating integrals (given in table 5.3) wusing the adaptive integration scheme
Approximate Value (Q(f)) by
Integrals (Rgr, () #steps (RQF5 (f) #steps | (Rgr,1 52, (f) #steps
L(f) = fol 1f7dx 3.14159265347 | 7 3.141592651 | 3 3.141592653589621 | 3
L(f) = 03 ilﬁ’z‘ dx 0.4761463032 | 15 0.4761463085 | 11 0.4761463008 5
L(f) = f03(sin4x)e‘2xdx 0.1997146667 | 19 0.1997146587 | 13 0.1997146616 9
Li(f) = fol 04 ﬁdx 1.599999987 17 1.599999985 | 13 1.599999998 9
I5(f) = foz xliidx 4.4713993946 | 17 4.471399387 | 15 4.471399396 11
Ie(f) = fzin sin(1)dx 1.114074506 21 1.114074477 | 19 1.114074495 11
I;(f) = fog (x? + x + 1)cosxdx | 2.0381974267 | 7 2.0381974227 2.03819742776
Is(f) = gexxildx 4.8998921534 | 13 4.8998921579 4.899892158 3
Iy(f) = fol e % dx 0.7468241324 | 3 0.7468241327 0.7468241329 1
Lo(f) = f; 13(x —x%)e"2dx | -1.5487883665 | 21 -1.548788353 | 13 -1.5487883721 9
Li(f) = foz Vix — x2dx 3.1415928159 | 25 3.1415928990 | 19 3.141592813 19
Iip(f) = ff 24 sin(2y/x)]dx | 8.1834792212 8.1834792108 | 9 8.1834792081
Lia(f) = f01 1+%alx 0.8669729873 | 7 0.886972987 | 7 0.8669729873
ha(f) = f01 sin(/x)dx 0.602337586 17 0.602337475 | 17 0.60233758 15

N:B:The prescribed tolerance(e)=0.000001
All the computations are done using ‘C’” Program[8].

6 Conclusion

We observe from Tables-5.1 and 5.2, that the mixed quadrature rule gives more accurate result in

comparison to their constituent rules. Gauss-Legendre 3-point rule and Fejer’s second 5-point rule when

integrals (I} — I14) are evaluated without using adaptive integration scheme. Tables-5.3 and 5.4, reveal that

when these integrals are evaluated using the adaptive integration scheme, the mixed qudrature rule reduces

the number of steps to achieve the prescribed accuracy and gives more accurate result in comparison to the

their constituent rules, Gauss-Legendre 3-point rule and Fejer’s second 5-point rule.
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1 Introduction

Labeling of discrete structures is a one of the potential area of research due to its potential applications. The
optimal linear arrangement concern to network problems in electrical engineering and placement problems
in production engineering can be formalized as a graph labeling problems as stated by Yegnanaryanan and
Vaidhyanathan [13]. A dynamic survey on different graph labeling schemes with an extensive bibliography
can be found in Gallian [2].

In this paper, the term “graph” means finite, connected, undirected and simple graph G = (V(G), E(G)) with
p vertices and g edges. For standard terminology and notation we refer to Balakrishnan and Ranganathan [1].

Definition 1.1. A graph labeling is an assignment of numbers to the vertices or edges or both subject to certain
condition(s).

Definition 1.2. A function f is called graceful labeling of graph if f : V(G) — {0,1,2,3, ...,q} is injective and the
induced function f* : E(G) — {1,2,...,q} defined as f*(e = uv) = |f(x) — f(y)| is bijective. A graph which admits
graceful labeling is called a graceful graph.

Most of the graph labeling techniques trace their origin with graceful labeling which was introduced
independently by Rosa [7] and Golomb [4]. A variant of graceful labeling termed as edge graceful labeling is
introduced by Lo [6].

Definition 1.3. A graph G = (V(G),E(G)) is said to be edge graceful if there exists a bijection f : E(G) —

{1,2,3,...,q} such that the induced mapping f* : V(G) — {0,1,..,p — 1} defined by f*(v) = Y  f(vo;)
vv,€E(G)

(mod p) is bijection.

Lo [6] derived a necessary condition for a graph to be edge graceful and also investigate edge graceful
labeling of many graph families. Wilson and Risking [12] proved that the cartesian product of any number of
odd cycle is edge graceful. All trees of odd order are edge graceful was conjunctured by Lee [5]]. Shiu, Lee
and Schaffer [8] investigated the edge gracefulness of multigraphs. Gnanajothi [3] introduced and studied
line graceful labeling in her Ph.D. thesis which is little weaker than edge graceful labeling.

*Corresponding author.
E-mail address: samirkvaidya@yahoo.co.in (S K Vaidya), nirang_ kothari@yahoo.com(N ] Kothari).
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Definition 1.4. A mapping f : E(G) — {0,1,2,..., p} is called line graceful of graph with p vertices, if induced

function f* : V(G) — {0,1,2,..., p — 1} defined by f*(v) = Z f(vv;) (mod p) is bijective.
v0;€E(G)

Definition 1.5. The triangular snake T, is obtained from the path P, by replacing every edge of a path by a triangle C3

Definition 1.6. A vertex switching G, of a graph G is the graph obtained by taking a vertex v of G, removing all the
edges to v and adding edges joining v to every other vertex which are not adjacent to v in G.

Definition 1.7. The helm H,, is the graph obtained from a wheel Wy, by attaching a pendant edge to every rim vertex.

Definition 1.8. The fan f, is a graph on n + 1 vertices obtained by joining all the vertices of P, to a new vertex called
the center.

Vaidya and Kothari [9, [10} [11] have investigated many results on line gracefulness of graphs in various
contexts while this paper is focus on line gracefulness on the graph obtained by switching of a vertex.

2 Main results

Proposition 2.1. [13] If the graph is line graceful then its order is not congruent to 2 (mod 4).

Theorem 2.1. Switching of a pendant vertex in path P, is line graceful except n = 2 (mod 4).

Proof. Let vy, vs,...,v, be vertices of path P,. Let G, be the graph obtained by switching pendant vertex v of
P,. Without loss of generality let the switched vertex be v,,. We note that |V (G,)| = nand |E(Gy)| = 2n — 4.
Define edge labeling f : E(G,) — {0,1,...,n — 1} as follows.

Case 1: n = 0 (mod 4)

for odd i
i1 fori<i<
s _ 2 S1>3
for even i
Vi1 — 42 for2<i<n-3
f(viviy1) 3
f(op—2v,-1) :%+2
f(vn;) =0 forl<i<n-2
Case 2: n =1 (mod 4)
for odd i
4l for1<i< Lﬁj
. _ 2 S>3
f(oviyg) = { # for {%" <i<n-3
for even i
f(vivi1) :”TZ for2<i<n-3
f(vn—2vn71) =2
f(vyv;) =0 forl<i<n-2
Case 3: n = 3 (mod 4)
for odd i
Bl for1<i< 15]
o — 2 =t =12
f(UlUl+1) { % fOI' "%“ S l S n—2

for even i
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f(vivitq) =52 for2<i<n-—3
f(On-2051) =[5]+3
f(onv;) =0 forl<i<n-2

Case 4: n =2 (mod 4)
In this case |V(Gy)| = n =2 (mod 4).
Then according to Proposition[2.1] G, is not line graceful.
In view of above defined edge labeling function will induce the bijective vertex labeling function f* : V(G,) —
{0,1,..,n =1} such that f*(v) = Y f(e) (mod (n)) for n =0,1,3 (mod 4). Hence we proved that graph
ecE(Gy
Gy obtained from switching of pendzgmt) vertex in path P, is line graceful except n = 2 (mod 4).
O

IMustration 2.1. Switching of vertex vg in path Pg and its line graceful labeling is shown in figure 2.

figure 2
Theorem 2.2. Switching of vertex in cycle Cy, is line graceful except n = 2 (mod 4).

Proof. Let vy,vy,...,0, be the vertices of cycle C, and Gy, be the graph obtained by switching of vertex v;
of cycle C,,. Here without loss of generality, we have switched the vertex v;. Note that |V(Gy,)| = n and
|E(Gy, )| = 2n — 5. Define edge labeling f : E(Gy,) — {0,1,...,n — 1} as follows.

Case 1: n = 0 (mod 4)

f(rv;)) =0 for3<i<n-—-1

for odd i
flowip) =5 for3<i<n-3
for even i
i for2<i<1
oy =] 2 Ut
f(viviy1) {£+1 forg <i<n-2

fOn-1vn) = f(on—20p-1) +2
Case 2: n =1 (mod 4)

f(vyv;)) =0 for3<i<n-1

for odd i
f(vivit1) :HTl for3<i<n-2
for even i
i for2<i< LEJ
H H = 2. - - 2
f(vvi41) { Pl for[4]<icno3
f(vn—lvn) =2

Case 3: n = 3 (mod 4)

f(v1v;)) =0 for3<i<n-1
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for odd i

for even i

Case 4: n =2 (mod 4)
In this case |V (G, )| = n = 2 (mod 4).
Then according to Proposition 2.1 Gy, is not line graceful.

In view of above defined edge labeling function will induce the bijective vertex labeling function
f*:V(Gy) — {0,1,..,n — 1} such that f*(v) = Y f(e) (mod (n)) for n = 0,1,3 (mod 4). Hence we
ecE(Gy,)
proved that graph G, obtained from switching olf vertex v in cycle C, is line graceful except
n =2 (mod 4). O

Ilustration 2.2. Switching of vertex vy in cycle Co and its line graceful labeling is shown in figure 3.

Theorem 2.3. For n > 3, switching of a rim vertex in wheel Wy, is line graceful except n = 1 (mod 4).

Proof. Let v be a apex vertex, vq,vy,...,v, be rim vertices of W, and Gy, be the graph obtained by switching
a rim vertex v, of W,. Here without loss of generality, we have switched vertex v1. Observe that |V (Gy,)| =
n+1and |E(Gy,)| = 3n — 5. Define edge labeling f : E(G,,) — {0,1,...,n}. as follows.

Casel:n =4

The graph G,, and its line graceful labeling is shown in figure 4.

figure 4
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Case2:n =6
The graph G,, and its line graceful labeling is shown in figure 5.

figure 5

Case 3: n = 0,2 (mod 4)

f(ov;)) =i+1 for2<i<mn

floiny) = 0 for2<i<n-2
P 711 fori=n—1
Floro) [0 for3<i<n—4,i=n-1
P 711 n-3<i<n-2
Case 4: n = 3 (mod 4)
flov;)) =i—-1 for2<i<m

f(no) =0 for3<i<n-1

for2<i<[4]+1

f(vvip1) =0

for [%W+2§i§n—l

1 foreveni
fleivin) _{ 0 foroddi

Case 5: n =1 (mod 4)

In this case |V(Gy,)| =n+1=2(mod 4).

Then according to Proposition 2.1 G,, is not line graceful.

In view of above defined edge labeling function will induce the bijective vertex labeling function

f*:V(Gy) — {0,1,...,n} such that f*(v) = Z f(e) (mod (n+1)) forn = 0,2,3(mod4). Hence we
ecE(Gy,)

proved that for n > 3, the graph G,, obtained fromlswitching of a rim vertex v in wheel W, is line graceful

except n = 1 (mod 4). O

Illustration 2.3. Switching of vertex vy in cycle Wqy and its line graceful labeling is shown in figure 6.
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figure 6

Theorem 2.4. Switching of apex vertex in helm H,, is line graceful for all n.

Proof. Let v be a apex vertex, vy,vy,...,v, be rim vertices and uy, uy, . .., u, be pendant vertices of helm H,,.
Gy be the graph obtained from switching apex vertex v of helm. Observe that |V(G,)| = 2n+ 1 and
|E(Gy)| = 3n. Define edge labeling f : E(Gy) — {0,1,...,2n} as follows.

flou;)) =n+1
f(viviz1) =0 forl<i<n-1
f(onv1) =0
for odd n
floju;)) =|5]+i forl<i<n
for even n
flo;)) =3 +i forl<i<n

In view of above defined edge labeling function will induce the bijective vertex labeling function f* : V(Gy) —

{0,1,...,2n} such that f*(v) = Y f(e) (mod(2n+1)). Thus we proved that graph G, obtained by
ecE(Gy)
switching apex vertex of helm admits line graceful labeling for all n. O

Illustration 2.4. Switching of apex vertex v in helm Hy and its line graceful labeling is shown in figure 7.

figure 7

Theorem 2.5. Switching of vertex having degree 2 in fan f, is line graceful except n = 1 (mod 4).
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Proof. Let v be the apex vertex and vy, vy,...,v;, be the vertices of f,. Let G, denotes graph obtained by
switching of a vertex v; having degree 2 of f,,. Note that |V (Gy,)| = n +1and |E(Gy,)| = 3n — 5.

We define f : E(Gy,) — {1,2,...,n+ 1} as follows.

Case1: n = 0,2 (mod 4)

f(vo;) =n for2<i<n

fvjviy) =0 for2<i<n-1
i—2 fori=23,4

flere) _{i—l for5<i<n

Case 2: n = 3 (mod 4)

f(vv;) =[4] for2<i<n
=0 for2<i<n-1

L [ i—-2 for3<i<5+|%]
f(o100) _{ i—1 for6+ |4 <i<mn

Case 3: n =1 (mod 4)
In this case [V(Gy, )| =n+1=2(mod 4).
Then according to Proposition 2.1 G,, is not line graceful.
In view of above defined edge labeling function will induce the bijective vertex labeling function
f*:V(Gy) — {0,1,..,n} such that f*(v) = Y f(e) (mod (n+1))forn = 0,2,3(mod4). Hence we
ecE(Gy,)
proved that the graph G,, obtained by switchingl a vertex of degree 2 in fan f, is line graceful except
n=1(mod 4).
O

Illustration 2.5. Switching of vertex vy in fan f11 and its line graceful labeling is shown in figure 8.

3 Concluding Remarks

Edge gracefulness and line gracefulness of a graph are independent concepts. A graph may posses one or
both of these or neither as mentioned below.

o (5,1 is edge graceful as well as line graceful.
e P, is neither edge graceful nor line graceful for n = 2 (mod 4).
o Cy, is not edge graceful but line graceful.

e Triangular snake T, is edge graceful only for n = 3 while it is line graceful for all n.
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Abstract

In this paper, Hermite-Hadamard-Fejer type inequalities for quasi-convex via fractional integrals are ob-
tained.
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1 Introduction

The following definition for convex functions is well know in the mathematical literature:
A function f : I — R, @ #I C R is said to be convex on I if inequality

flix+(A-Hy) <tf(x)+ (1 -1 f(y)
holds forall x,y € I and ¢ € [0, 1].

The inequality
a+b 1t fla)+ f(b)
< < =" .
F(50) <5t [ Fooan < L5 (1)

which holds for all convex functions f : [2,b] — R, is known in the literature as Hermite-Hadamard'’s
inequality. More details, one can consult ([1]-[11]).

In [3], Fejer established the following Hermite-Hadamard Fejer inequality which is the weighted general-
ization of Hermite-Hadamard inequality.

Theorem 1.1. Let f : [a,b] — R be convex function. Then the inequality

b b b
f(a—;b)/g g(x)dxé/a f(x)g(x)dXSf(a);f(b)/ﬂ g(x)dx (1.2)

holds, where g : [a,b] — R is nonnegative, integrable and symmetric to (a +b) /2.

We recall that the notion of quasi-convex functions generalizes the notion of convex functions. More ex-
actly, a function f : [a,b] — R, is said quasi-convex on [g, b] if

fAx+ (1 =A)y) <sup{f(x),f(y)},Vxy € [ab]
forall x,y € [a,b] and A € [0, 1](see [10]).

*Corresponding author.
E-mail address: erhanset@yahoo.com (Erhan SET).
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Furthermore, there exist quasi-convex functions which are not convex (see [5]]).
In [8] Ozdemir et. al. represented Hermite-Hadamard’s inequalities for quasi-convex functions in frac-
tional integral forms as follows:

Theorem 1.2. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b. If |f'| is quasi convex on [a, b] and
« > 0, then the following inequality for fractional integrals holds

‘f(a);f(b) _ 2r((boa _+a1)) % (B)+ T f (a)] (1.3)

s (175 ) swp {17 @)

In [9] Set et. al. obtained the following lemma.

f o)}

7

Lemma 1.1. Let f : [a,b] — R be a differentiable mapping on (a,b) witha < b and let ¢ : [a,b] — R. If f',g €
L [a, ], then the following identity for fractional integrals holds:

(1.4)

2 2

(50 sy 8@+ T 8 ®)] = [Ty G0 @+ 12y G0 0
b

1 /
= /uk(t)f(t)dt

«)

where ,
(s —a)*1g(s)ds, te {a, #)

b
—/ (b—s)"""gls)ds, te |%tb).

In [11] Iscan proved the following lemma.

Lemma 1.2. Let f : [a,b] — R be a differentiable mapping on (a,b) and a < b with f' € L{a,b]. Ifg: [a,b] — Ris
integrable and symmetric to (a + b) /2 then the following equality for fractional integrals holds

FOITO )+ 18 @] - [ () )+ () (@) 5

b t b
- w5/ [/ =5ty ds— [ <s—a>“g<s>ds]f’<t>dt

with a > 0.
We give some neccessary definitions and mathematical preliminiaries of fractional calculus theory which
are used throughout this paper.

Lemma 1.3. ([6],[7])For 0 < a < 1and 0 < a < b, we have
la* — b%| < (b—a)~.

Definition 1.1. Let f € L [a,b]. The Riemann-Liouville integrals |5, f (x) and J;_ f (x) of oder & > 0 with a > 0 are
defined by

B@ =g [ o0 O > a

and

1 b .
RS0 =g [ =0 e x <
respectively, where T («) is the Gamma functions by T (a) = [5° e~ "t*~1dt and ]2+f (x) = Ig,f (x) = f (x).

In this paper, motivated by the recent results given in [11]], [9] , we established Hermite-Hadamard-Fejer
type inequalities for quasi convex functions via fractional integral.
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2 Main result

Throughout this paper, let I be an interval on R and let || g||[ b = SUPE (t), for the continuous function
P be(ab]

g:[ab] - R

Theorem 2.3. Let f : I — R be a differentiable mapping on I° and f' € L[a,b) witha < b and g : [a,b] — R is

continuous. If | f'|" is quasi convex on [a, b], q > 1, then the following inequality for fractional integrals holds:

2.6)
7(50) [y s )+I’E‘u§b)+g(b)} ey G @ I G 0]
a+1 1
e (sue {17 @I 0]}
with a > 0.
Proof. Since is |f'| is quasi-convex on [a, b] , we know that for ¢ € [a, b]
v o (b=t t—a \| AN RN
Fol = (b_awb_ab)\ <sup {|f' @|",|f' )]} @7)

Using Lemmau 1.1, Power mean inequality and the quasi-convex of |f’|7, it follows that

]f(”*b) T8 ()+I<%) 20 - [ty 0@+ 1 1 0]
</ / s—a)* g(s)ds dt)lé (/a;b /at(s—a)“’lg(s)ds |f’(t)|th>}]
(/ /f(bs)“‘lg(s)ds l

a+b

IN

£ (1)) dt)

Hg” ath b ot
< ILWZ)]</a /u(s—a)”‘_lds dt
x (/5 /t(sa)”‘_lds ]f’(t)|th>q
18111zt 4] oo -3
i (][ emoraa)
X (/: /b(b s)* 1ds| | ’(t)|th>q
a+1 7% 1
< a+1 (2““ 1 ) (Sup{|f/(g)ql f/(b)|ff}>q
v % b %
{gll[,;]m (/a (t—a)“dt> + 18l fage 4] co (/b (b—t)”‘dt) }
- 1 ( )0¢+1 1_% (b _ a)ﬂHrl %
T Tla+1) \ 22 (a+1) 204 (a4 1)
< (1815 5t10 + 18l s 1,0) (s {17 @171 @)
(b= a)" 18l )00 , , 1
S Tarnrais Cw{lf @l el
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where it is easily seen that

a+b
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ok t b b
/ /(sfa)“_lds dt = / / (b—s)" Lds|dt
a a # t

(b_a>tx+1

20t (w4 1)
Hence, the proof is completed.

Corollary 2.1. Ifwe choose g(x) = 1 and o = 1 in the inequality (2.6), then we have

/abf(x)dx—f( ) (Sup{‘f/ @\ 1f (b)’q})

We can state another inequality for g > 1 as follows:

a+b b—

2

a

1
< q

b—a

Theorem 2.4. Let f : I — R be a differentiable mapping on I° and f' € L[a,b] witha < b and g : [a,b] — R is
continuous. If | f'|1 is quasi convex on [a, b], q > 1, then the following inequality for fractional integrals holds:

() [y ¢
(b — )”1 181leo
2% (acp+1)ﬁ I'(x+1)

2.8)
a+b

@+ I 3] = [Ty U@+ T () 0)]

£ ®)'})

<=

q

7

(sup {|£ (@)

1,1 _
whereerq 1.

Proof. Using Lemma Holder’s inequality and the quasi convexity of |f|7, it follows that

(57 Ve s

a+b

o

(5")-

@+ 8 O] = [Ty G0 @+ Iy () 0)]

b
= F(la) {/ / (s—a) T (s)ds||f (D]t
b b
+/M /t (b—s)""tg(s)ds yf'(t)|dt}
1 Gt X PP [ e / i
< T (a) (/ﬂ /ﬂ(S—a) 1g(s)ds dt) (/,1 ’f (t)‘th>
1 b b . P % b / %
+F(DC) (/ﬂ}rb /t (b—5s) 1g(s)ds dt) (/a;h |f (t)|th>
181lco 1a ozt [ f55 | pt b
= r(b](/ /ﬂ(s—a)“ds) (/ |f’<t>|th>
181l oo ot bo| b L !
+r&fh]<ﬁw | s tas ) (/;bU%ﬂWdQ
Igle ( 0—ayrt N7 [( 2 !
= T (a) ( P (wp + 1) al ) [(/a sup{|f f (b)|q}dt>

([

2

ﬂww}m>
S (sup {lr @

sup{|f

)zx+1

18leo (0 —
20 (ap+ DYPT (w+1
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Here we use

bt P b b P
/ / (s —a)* Lds| dt = / / (b—s)*"lds
a a # t

atb
b—

[ lrora < s {if @

(b o a)Dép+l
207+ (ap +1) P

dt =

q

IN

f )7}

7

q

N

Nf @)}

[rwre < s {lr @

Hence the inequality is proved.
Corollary 2.2. If we choose g (x) = 1 and a = 1 in the inequality (2.8), then we have

|b1aA5fWNU—f<a;beé = (sup {1f' (@)

o] ARG

Theorem 2.5. Let f : I — R be a differentiable mapping on 1° and f' € L[a,b] with a < b. If |f'| is quasi convex

on [a,b] and g : [a,b] — R is continuous and symmetric to (Hb) , then the following inequality for fractional integrals
holds:
IO (g 0+ T 0] - [ () 0)+ - () @) 29)
2(b—a)"*! 1 , ,
(i + 1))r ( |f|1) (1 - z) sup {|f' (a)|,|f' (B)[}
with & > 0.
Proof. From Lemma we have
T (g )+ g @) = 12 () )+ - () @] @10)
b t b
ﬁ / / (b—s)""'g(s)ds — /t (s—a)* ' g(s)ds| £ (t)]dt.
Since |f’| is quasi convex on [, b], we know that for t € [a,b]
If ()] =|f < ! +bbb>‘§sup{|f’(a) "(b)]} (2.11)

and since g : [4,b] — R is continuous and symmetric to (a + b) /2 we write
b a+b—t
/ (s—a)* lg(s)ds = / (b—s)""g(a+b—s)ds
t a
a+b—t
/ (b—s)""1g(s)ds.
a

Then we get

(2.12)
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A combination of (|2.10|D, (ﬁ.llh and(|2.12|D, we get

’f( );ﬂb) Jarg ) +Jy-g (@] = [J3+ (f8) (b) + Jy- (f8) (a)] (2.13)
b a+b— t
<t </ bs)“‘lg@\ds) (sup {|1" @11 ©)]}) at
t
tta fo ([ 0= s 0] s (17 @1 )
< l8llesup {IF @], 1" (D)}

T («)

X /a2 (/ta+b_t’(b—s)“l‘ds> dt—i—ﬁ: </ﬂibt‘(b—s)"‘1‘ds> dt]

181l sup {1f" ()], 1f" (B)[}
I'(a+1)

atb b

x /2 [(b—t)“—(t—a)“]dt+ﬁ+b [(t—a)“—(b—t)“]dt].

Since
/aa;b (b— ) dt = /; (t—ayde = ‘ng(f:l)— 1 o
and
/fb (t—a)*dt = /ib (b—t)"dt = m (2.15)

2

Hence, if we use (2.14) and (2.15) in (2.13), we obtaion the desired result. This completes the proof.

Remark 2.1. In Theorem([1.5} if we take g (x) = 1, then inequality (2.9), becomes inequality of Theorem[1.2}

Theorem 2.6. Let f : [ — R be a differentiable mapping on I° and f' € L[a,b] witha < b. If |f'|7, ¢ > 1, is quasi

convex on [a,b] and g : [a,b] — R is continuous and symmetric to (Hh) , then the following inequality for fractional
integrals holds
a)+ f(b
(D) (g 0+ T @] - [ () 61+ - () @] @16

q

b a+1 / / %
o (1) e {Ir @111 @17})

where o > 0.
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Proof. Using Lemma (1.2} Power mean inequality, (2.12) and the quasi convexity of |f’|7, it follows that

(P s 0+ g @) = 12 () @)+ - (£) @) @17)

1 b 1-5
ey (/ ‘”)

a+b—t
| o= tgsas If @m)

a+b—t
(/t ’(b —s) g (s)‘ ds) dt

IN

a+b—t
/ (b—s)"" g (s)ds
t

IN
=1
g#—\
S~—
| e— |
a\

20— ) gl /
(oc+1§l"(v¢fl) (1_21“> (sup {1 (@)

where it is easily seen that

a+b

/aT (/ta+bt ‘(bs)“‘1’d5> dt+/; (/ﬂibt ’(bs)"‘_l’ds> dt
- A (s

Hence if we use (2.14) and (2.15) in 2.17), we obtain the desired result. This completes the proof.
We can state another inequality for g > 1 as follows:

Theorem 2.7. Let f : I — R be a differentiable mapping on 1° and f' € L{a, bl witha < b. If |f'|", g > 1,is
quasi convex on [a,b] and g : [a,b] — R is continuous and symmetric to (a + b) /2, then the following inequality for
fractional integrals holds

(i)
‘ (W> a8 (0) +T5-8 (@)] = [Jz+ (f8) (0) + Ji- (f3) (a)] ‘
2r I8l (b —a)*" 1\7 NPT
) 1 T ’ b 2.18
_(OCP+1)P1"(04+1)< 2P> (sup {I£' @)|",1F ®)}) 218)
with a > 0.
(i)
‘ (W> Ures ©)+Ji-g (@] = [z (£9) (0) + Ji- (f8) (@)] ‘
I8l (b —a)* " / / .
s oirary @Oy -

(@p+1)PT (a+1)
forO0 <a <1,wherel/p+1/q=1.
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Proof. (i) Using Lemma Hoélder’s inequality, (2.12) and the quasi convexity of |f’|7, it follows that

(PO g0+ g g 00) - [ () 0+ - () @) @20

N g
dt) (/b |f’(t)|"dt>

a+b—t
_/ (b—5)*"g(s)ds
t

IN
—
S
~
a\
<>

ah b v
S FiatD (ft'r‘”l) (/ﬂ [(bt)“(ta)“]pdt+/a;b [(ta)"‘(bt)“]pdt>
b i
x(ﬂ wp{V%Mq,f%wV}>
b— q)%t! 1 1 %
- Hg|f~°((a+f)) (/0 [(1—t)”‘—t"‘]pdt+/; [t“—(l—t)"‘]”dt)
x (sup {|f @] [ ®)]"})’
b— g)*t! 1 1 7
< |g”;°((a+f)> (/0 [(1—1)" — 7] dt+/§ [P — (1 —1)*] dt)
x (sup {|f" @], £ ®)|"})"
27 gl (b — @)+ 1\7 AP
< (15 Jf (b :
- F(a+1)(0¢p+1)P( 2") (SUP{V @[ 17 ®) })

Here we use

(11" =] < (1 —1)" -
fort e {O, %} and

[ —(1-0)*P <P — (11"

fort € [%, 1} which follows from (A — B)7 < A7 — Bf forany A > B > 0 and g4 > 1. Hence the inequality
(2.18) is proved.

(ii) The inequality (2.19) is easily proved using the inequality (2.20) and Lemma|[T.3}
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Abstract

In this paper, the authors introduced and investigated the general solution of system of quartic functional
equations

faty+z)+flxty—2)+flx—y+2)+flx—y—-2)
=2f(x+y) +fx—y)+flx+2)+ flx—2)+ fly+2)+ fy —2)]
—4[f(0) + fy) + f(2)],
fBx+2y+2z)+ fBx+2y —z)+ f(B3x —2y +z) + f(Bx — 2y — z)
—720f(x +y) + flx — )]+ 18[f(x +2) + fx — 2)] + 8Ly +2) + fly - 2)]
+144f(x) — 96/ (y) — 48f (2),
flx+2y+3z) + f(x +2y —3z) + f(x — 2y +3z) + f(x — 2y — 3z)
—8IF(e+ 1) + f(x — )] 8L (x +2) + Flx—2)] + P2y +2) + fly - 2)]
—48f(x) —96f(y) + 144f(2).

Its generalized Hyers-Ulam stability using Hyers direct method and fixed point method are discussed.
Counter examples for non stable cases are also given.

Keywords: Quartic functional equation, Generalized Hyers-Ulam stability, fixed point
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1 Introduction

One of the interesting questions in the theory of functional analysis concerning the stability problem of
functional equations had been first raised by S.M. Ulam [28] as follows: When is it true that a mapping
satisfying a functional equation approximately must be close to an exact solution of the given functional
equation? For very general functional equations, the concept of stability for functional equations arises when
we replace the functional equation by an inequality which acts as a perturbation of the equation. Thus the
stability question of functional equations is that how do the solutions of the inequality differ from those of the
given functional equation?

In 1941, D. H. Hyers [9] gave an affirmative answer to the question of S.M. Ulam for Banach spaces. In
1950, T. Aoki [2] was the second author to treat this problem for additive mappings. In 1978, Th.M. Rassias
[20] succeeded in extending Hyers” Theorem by weakening the condition for the Cauchy difference controlled
by ||x]|? + ||[y||*, p € [0,1), to be unbounded.

*Corresponding author.
E-mail address: balamurugankaliyamurthy@yahoo.com(Balamurugan), annarun2002@yahoo.co.in(Arunkumar), p.ravindiran@gmail.com
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In 1982, ].M. Rassias [18] replaced the factor ||x||P + ||y||” by [|x||P||ly||? for p,q € R. A generalization
of all the above stability results was obtained by P. Gavruta [8] in 1994 by replacing the unbounded Cauchy
difference by a general control function ¢(x,y).

In 2008, a special case of Gavruta’s theorem for the unbounded Cauchy difference was obtained by Ravi
et. al., [25] by considering the summation of both the sum and the product of two p— norms. The stability
problems of several functional equations have been extensively investigated by a number of authors and there
are many interesting results concerning this problem (see [1, 5,16} 7,10, [11} [12} [15} 21} 23]) and reference cited
there in.

The quartic functional equation

F(x+2y)+ F(x —2y) + 6F(x) = 4[F(x +y) + F(x — y) + 6F(y)] (1.1)

was first introduced by J.M. Rassias [19], who solved its Ulam stability problem. Later PK. Sahoo and J.K.
Chung [26], S.H. Lee et. al., [13] remodified ].M. Rassias’ equation as

fx+y)+ f2x—y) =4f(x +y) +4f(x —y) +24f(x) — 6f(y) (1.2)

and obtained its general solution.
Also the generalized Hyers-Ulam-Rassias stability for a 3 dimensional quartic functional equation

g§2x+y+z)+gx+y—z)+82x —y+2z)+g(—2x+y+z)+16g(y) +16g(z)
=8lgx+y) +8(x —y) +glx+z) +glx—2)]+2[g(y +2) +g(y —2)] +328(x) (1.3)
in fuzzy normed space was discussed by M. Arunkumar [3]. Several other types of quartic functional
equations were introduced and investigated in [4} 16, 22 24, 27].

In this paper, the authors introduced and investigated the general solution of system of quartic functional
equations

fxty+)+flx+ty—2)+fx—y+z)+f(x—y—2)
=2[f(x+y)+flx—y)+f(x+2)+ f(x—2)+ f(y+2) + f(y — 2)]
—A[f(x) + f(y) + f(2)], (1.4)

fBx+2y+2z)+ fBx+2y—z)+ f(Bx -2y +z)+ f(Bx — 2y — 2)
=72[f(x+y) + fx =]+ 18[f(x +2) + f(x —2)| +8[f(y +2) + f(y — 2)]
+144f(x) —96f(y) — 48f(z), (1.5)

f(x+2y+3z)+ f(x +2y —3z) + f(x =2y +3z) + f(x — 2y — 3z)
=8[f(x+y) + flx =)+ B[f(x +2) + f(x = 2)| + 72[f(y +2) + f(y — 2)]
—48f(x) — 96f (y) + 144f(z). (1.6)

Its generalized Ulam - Hyers stability using Hyers direct method and fixed point method are discussed.
Counter examples for non stable cases are also given.

In Section 2, we proved the general solutions of (T.4), and are provided.

In Section 3, the generalized Ulam - Hyers stability of the functional equation (1.5) using Hyers direct
method is investigated.

In Section 4, Counter examples of non stable cases are provided.

The generalized Ulam - Hyers stability of the functional equation using another substitutions is given
in Section 5.

Also, the generalized Ulam - Hyers stability of the functional equation (1.5) using fixed point method is
present in Section 6.

2 General Solutions of (1.4), and

In this section, the general solutions of (1.4), (1.5) and (1.6) are given. Throughout this section, let X and Y be
real vector spaces.
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Lemma 2.1. [13]] If a mapping f : X — Y satisfies the functional equation forall x,y € X, then f : X — Yis
quartic.

Proof. Let f : X — Y satisfies the functional equation for all x,y € X. Setting (x,y) by (0,0) in (1.2), we
get £(0) = 0. Again setting x by 0 in (T.2), we reach

for all y € X. Therefore f is an even function. Replacing y by 0 and y by 2x in (I.2), we obtain
fx)=24(x)  and  f(3x) =34 (x)

respectively, for all x € X. In general for any positive integer a4, we have

flax) = a*f(x)
for all x € X. Hence f is quartic. O

Theorem 2.0. If the mapping f : X — Y satisfies the functional equation forall x,y € X, then f : X — Y
satisfies the functional equation forall x,y,z € X.

Proof. Let f : X — Y satisfies the functional equation for all x,y € X. Replacing (x,y) by (y,z) in (1.2),
we get

fQy+z2)+f(2y—z) =4f(y+2) +4f(y —2z) — 6f(2) + 24f(y) (2.1)
for all y,z € X. Replacing z by x + z in (2.T)and using evenness of f , we obtain
fx+2y+z)+ f(x—2y+z)=4{f(x+y+2z)+ f(x —y+z)] —6f(x+2z)+24f(y) (2.2)
for all x,y,z € X. Replacing z by —z in , we get
flx+2y—z)+ fx =2y —z) =4[f(x+y—2)+ f(x —y —2)] - 6f(x —2) +24f (y) (2.3)
forall x,y,z € X. Adding and @2.3), we reach
fx+2y+z)+ f(x—2y+2z)+ f(x+2y —z)+ f(x —2y — 2)
=4[f(x+y+z)+fx—y+z)+flx+y—2z)+ fx -y —z)]
—6[f(x+z)+ f(x —2)] +48f(y) (24)

for all x,y,z € X. Interchanging y and z in (2.4), we get

fx+y+2z) + f(x —y+2z2)+ f(x +y —2z) + f(x —y — 22)
=4lf(xty+)+fle—y+z)+fx+y—2)+ flx—y—2)]
—6lf(x +y) + f(x —y)] +48f(2) (2.5)
for all x,y,z € X. Interchanging x and z in and using evenness of f, we have

fx+y+z)+fx—y+z)+f2x+y—z)+ f(2x —y—2z)
=4f(x+y+2)+fx—y+2)+ flx+y—2)+ flx—y—2)]
—6[f(y+2)+ fly—2)] +48f(x) (2.6)
for all x,y,z € X. Replacing y by 2y in and using and (2.T), we arrive
f@x+2y+z)+ f(2x—2y+z)+ f(2x+2y —z) + f(2x — 2y — 2)
=4[f(x+2y+2)+ f(x =2y +z) + f(x +2y —2) + f(x — 2y — 2)]
—6[f(2y +2) + f(2y — 2)] +48f(x)
=l6[f(x+y+2)+flx—y+2)+ flx+y—2)+ flx—y—2)

—24[f(x +2) + flx —2)] = 24[f(y +2) + f(y — 2)]
+48f (x) +48f(y) + 36f(2) (2.7)
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forall x,y,z € X. Replacing z by 2z in and using and (2.1), we obtain

f@2x 42y +2z)+ f(2x — 2y +2z) + f(2x + 2y — 2z) + f(2x — 2y — 2z)
=16[f(x+y+2z)+ f(x —y+2z)+ f(x +y —22) + f(x — y — 22)]
—24[f(x +2z) + f(x — 2z)] — 24[f(y + 2z) + f(y — 22)]
+48f(x) +48f(y) +36f(2z) (2.8)

for all x,y,z € X. With the help of Lemma[2.T we desired our result. O

Theorem 2.0. A mapping f : X — Y satisfies the functional equation forallx,y € Xifandonlyif, f : X =Y
satisfies the functional equation forall x,y,z € X.

Proof. Let f : X — Y satisfies the functional equation for all x,y € X. Replacing y by x +z in (1.2) and
evenness of f, we obtain

fBx+z)+ f(x—z)=4[f(2x +2z) + f(2)] +24f(x) —6f(x + z) (2.9)

for all x,z € X. Replacing z by —z in and using evenness of f, we get

fBx—z)+ f(x+2z) =4[f(2x —z) + f(2)] + 24f (x) — 6f (x — 2) (2.10)
forall x,z € X. Adding and and using (1.2), we arrive
fBx+2z)+ f(Bx—2z) =9[f(x+2z)+ f(x —z)] + 144f(x) — 16f(2) (2.11)

for all x,z € X. Replacing z by y + z in 2.11), we have
fBx4+y+z)+fBx—y—2z)=9[f(x+y+2z)+ f(x —y—2z)]+144f(x) — 16f(y + 2) (2.12)
forall x,y,z € X. Replacing z by —z in 2.12), we get
fBx4+y—z)+fBx—y+z)=9[f(x+y—2)+ f(x —y+2z)]+ 144f(x) — 16f(y — 2) (2.13)
forall x,y,z € X. Adding and and using Theorem 2.0, we have
fBx+y+z)+fBx—y—z)+fBx+y—2z)+ fBx —y+2z2)
=9fx+y+z)+tflx—y—z)+flx+y—2)+flx—y+2z)]
—16[f(y +z) + f(y — z)] +288f(x)
=18[f(x+y)+ flx =y +18[f(x +2) + f(x — 2)] + 2[f(y + 2) + f(vy — 2)]
+252f(x) — 36f (y) — 36f(2) (2.14)

for all x,y,z € X. Replacing y by 2y in and using [2.1), we arrive (L.5) as desired.

Conversely, assume that f : X — Y satisfies the functional equation for all x,y,z € X. Setting
x =y =z = 0in (L.5), we obtain f(0) = 0. Replacing (x,y,z) by (0,0,x) in (I5), we reach f(—x) = f(x) for
all x € X. Setting x = z = 0 in (1.5), we have f(2y) = 2*f(y) forally € X. Settingy = z = 0in , we get
f(3x) = 3*f(x) for all x € X. In general for any positive integer a, we obtain f(ax) = a*f(x) for all x € X.
Replacing (x,y,z) by (0,x,y) in and using evenness of f, we reach as desired. O

Theorem 2.0. If f : X — Y satisfies the functional equation ({I.5), then there exists a unique symmetric multi - additive
function Q : X x X x X x X — Y such that

f(x) = Q(x,x,x,x)
forall x € X.

Proof. By Theorem 2.0} if f : X — Y satisfies the functional equation (L.5), then f : X — Y satisfies the
functional equation for all x,y € X. By Theorem 2.1 of [13]], we desired our result. O

Corollary 2.0. If the mapping f : X — Y satisfies the functional equation forall x,y,z € X, then f : X —Y
satisfies the functional equation forall x,y,z € X.
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Corollary 2.0. If the mapping f : X — Y satisfies the functional equation forall x,y,z € X, then f : X — Y

satisfies the functional equation forall x,y,z € X.

Hereafter, through out this paper, let we consider G be a normed space and H be a Banach space. Define a

mapping Df : G — H by

Df(x,y,z) = fBx+2y+2z)+ f(Bx+2y —z) + f(Bx — 2y + z) + f(Bx — 2y — z)
—72[f(x+y) + f(x —y)] = 18[f(x +z) + f(x — z)]
=8[f(y+2z)+ f(y—z)] — 144f(x) + 96 (y) + 48f(2)

forallx,y,z € G.

3 Stability results of (1.2): Direct method

In this section, the generalized Ulam - Hyers stability of the quartic functional equation (1.5) is given.

Theorem 3.0. Let j = +1and  : G® — [0, 0) be a function such that

lim ¥ (6”fx, 6"y, 6”fz) _
n—oco 64nj

forall x,y,z € G. Let f : G — H be a function satisfying the inequality

IDf(x,y,2)[ < ¥ (x,y,2)
forall x,y,z € G. Then there exists a unique quartic mapping Q : G — H which satisfies and

o £ 6k x
Ifx) -l <5 L (64k].>
=

where § (x) and Q(x) are defined by

§(x) =9 (x,x,x)+ %zp (x,0,x) + %w (0,x,0)

and

Q(x) = lim f(6"x)

Nn—o0 64”j

forall x € G, respectively.
Proof. Replacing (x,y,z) by (x,x,x) in (3.2), we get

[ f(6x) + f(4x) = 97f (2x)[| < ¢ (x, x, x)
for all x € G. Again, replacing (x,y,z) by (x,0, x) in (3.2), we obtain

1f(4x) — 8f(2x) — 128f (x)[| < %4) (x,0,x)

for all x € G. Finally, replacing (x,y,z) by (0,x,0) in (3.2), we have

1
1f(2x) = 16f(x)l| = ;¢ (0, x,0)
for all x € G. It follows from (3.6), (3.7), and that

1£(6x) = 1296 (x)]|
= [|f(6x) + f(4x) — 97f(2x)— f(4x) + 8f (2x) + 128f (x) + 89f (2x) — 1424f (x)]|
< [[f(6x) + f(4x) = 97f (2x)[| + [|f (4x) — 8f(2x) —128f (x)[| + 89| f(2x) — 16f(x)

<¢(x,x,x)+ %l[) (x,0,x) + i—glp (0,x,0)

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)
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for all x € G. Dividing the above inequality by 1296, we obtain

where

1 89
3(x) =9 (x,20,%) + 59 (x,0,%) + 9 (0,x,0)
for all x € G. Now replacing x by 6x and dividing by 6* in (3.10), we get

f(6%x)  f(6x)|| _ §(6x)
|18 _sien) gt -
for all x € G. From (3.10) and (3.11), we obtain
f(6°x) fl6x) f f(6x)
H - o < |25 [
1 6x
<X {§<x> " 5(64 )] (3.12)
for all x € G. Proceeding further and using induction on a positive integer 1, we get
f(e" 1= §(6"x)
1262 - 0 < s Lo (313)
1 & §(6k)
STl
64 = 6%k
for all x € G. In ord h f th J°2) | eplace x by 6"x and dividing b
or all x € G. In order to prove the convergence of the sequence can (» Teplace x by 6™x and dividing by
"M in , for any m,n > 0, we deduce
fe"Mx)  f(6™x) 1 (6" - 6™Mx)
‘ Ghlrtm)  ghm || T gam an— —f(6"x)
1" §(6k+mx)
< 64 ;} GAk+m)
1 ® 5(6k+mx)
< 67}(;) Ga(k+m)

n
forall x € G. Hence the sequence { f (664nx) } is a Cauchy sequence. Since H is complete, there exists a mapping
Q : G — H such that
n
o) = im £89 v iea

n—oo 64n
Letting n — oo in (3.13), we see that holds for all x € G. To prove that Q satisfies (1.5), replacing (x,y, z)
by (6"x,6"y,6"z) and dividing by 6*" in (3.2), we obtain

1
6411

f(6"(Bx+2y+2))+ f(6"(Bx +2y —z)) + f(6"(3x — 2y +z)) + f(6" (3x — 2y — z))
= 72[f(6"(x +y)) + f(6"(x —y))] = 18[f (6" (x +2)) + f(6" (x — 2))]
= 8[f(6"(y+2)) + f(6"(y — ))i—144f(6” x)

+96£(6"y) +48f(6"2) | < 64n P(6"x,6",6"2)

forall x,y,z € G. Letting n — oo in the above inequality and using the definition of Q(x), we see that
QBx+2y+2z)+QBx+2y—2z)+QBx —2y+2z) + Q(Bx — 2y — z)
=72[Q(x +y) + Q(x = y)] +18[Q(x +2) + Q(x — 2)] + 8[Q(y +2) + Qy — 2)]
+144Q(x) —96Q(y) — 48Q(2).
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Hence Q satisfies for all x,y,z € G. To prove that Q is unique, let R(x) be another quartic mapping
satisfying and (3.3), then

HQ&%~M@H:6%HQ®”0—R%%M

Sé%{MXWXVaﬂWXM+Mf®%0*R%“NG

_ 2 & E)
S5 L gt
—0 asn— oo

for all x € G. Thus Q is unique. Hence for j = 1 the theorem holds.
Now, replacing x by ¢ in , we reach

x X x x 1 /x x 89 x
— )| < -z Zw(Z0 =2 - =z .
|7~ 12067 (3) | <9 (55 5) + 29 (5:05) + 79 (0.50) (3-14)
for all x € G. The rest of the proof is similar to that of j = 1. Hence for j = —1 also the theorem holds. This
completes the proof of the theorem. O

The following Corollary is an immediate consequence of Theorem concerning the Ulam-Hyers [9],
Ulam-TRassias [20], Ulam-GRassias [18] and Ulam-JRassias [25]] stabilities of (1.5).

Corollary 3.0. Let p and s be nonnegative real numbers. Let f : G — H be a function satisfying the inequality

o,

o {1xlIE + lyll* + 11213, s£4;
Df(x,y,z)| < (3.15)
IDFCy <3 el 1yl 211, 35 £ 4

o LIl Pyl + {1l + [yl + 1|z}, 3s # 4
forall x,y,z € G. Then there exists a unique quartic function Q : G — H such that

_r
433 =1’

IF) - el < { g5 6.16)

ol |x[|*
4‘33_335|

forallx € G.

4 Counter examples for non stable cases of

Now, we will provide an example to illustrate that the functional equation (1.5) is not stable for s = 4 in
condition (if) of Corollary 3.0} Let ¢ : R — R be a function defined by

W(x) = { uxt, if x| <1

U, otherwise

where p > 0is a constant, and define a function f : R — R by

ol n
flx) = 2 1p(664nx) forall xelR.
n=0
Then f satisfies the functional inequality
(488 x 68
Df(xy2)) < EEZEM (ot 4yt 4 ety @)

for all x,y,z € R. Then there do not exist a quartic mapping Q : R — R and a constant ¥ > 0 such that

If(x) — Q(x)] < x|x|* forall xeR. 4.2)
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Proof. Now
fi_ 1296
dn 1295

n=0

Z 64n|
Therefore, we see that f is bounded. We are going to prove that f satisfies (4.1).

If x = y = z = 0 then (4.1) is trivial. If |x|* + |y|* + |z|* > 1 ; then the left hand side of (4.1) is less than

4 8 1
%. Now suppose that 0 < |x|* + [y|* + |z|* < o Then there exists a positive integer k such that

1
GAk 1) < |JC|4 + \y|4 + \2\4 < el (4.3)

1
61z < - and consequently

1 1
h k—1 = gk—1 -

so that 6 x<6,6 y<6, e

651 (3x + 2y + 2),6F 1 (Bx — 2y + 2), 65 1 (Bx + 2y — 2), 661 (Bx — 2y — 2),

6k_1(x + y),6k_l(x -y, 6k_1(x + z),6k_1(x —z),
6 (y+2),6" (y—2),60"(x),6(y), 6 (z) € (-1,1).
Therefore foreachn = 0,1, ...,k — 1, we have
6"(3x+2y+2z),6"(3x —2y+2z),6"(3x +2y —z),6"(3x — 2y — z),
6"(x+y),6"(x—y),6"(x+2),6"(x—2z),
6" (y+2),6"(y - 2),6" (x),6" (), 6" (2) € (~1,1).

and

P6"(Bx+2y+2)) + (6" (Bx+2y —z)) + P(6"(Bx —2y +z)) + (6" (3x — 2y — 2))
= 72[p(6"(x +y)) + (6" (x —y))] — 18[1h(6" (x +z)) + (6" (x — 2))]
—8[Y(6"(y +2)) + (6" (y —2))] — 1449(6" (x)) + 961 (6" (y)) + 481 (6" (z)) = 0

forn =0,1,...,k— 1. From the definition of f and .3), we obtain that
‘f(3x+2y+z) 4 f(Bx 42y —2)+ f(3x — 2y +2) + f(3x — 2y — 2)
=72[f(x+y) + flx —y)] = 18[f(x +2) + f(x —2)] = 8[f (v +2) + f(y — 2)]
~ 144f(x) + 96f (y) + 48f(2)|

POe"Bx+2y+2z)) +p(6"(Bx+2y —z)) + (6" (Bx — 2y +z2)) + P(6" (Bx — 2y — z))

<Y
—72[p(6" (x +y)) + (6" (x —y))] — 18[(6" (x +2)) + (6" (x — 2))]
—8[yp(6"(y +2)) + (6" (v — 2))] — 1449 (6" (x)) + 969 (6" (y)) + 48#’(6"(2))‘
- L Gl
= 72[p(6" (x +y)) + (6" (x —y))] — 18[¢(6" (x +2)) + (6" (x — 2))]
—8[p(6" (v +2)) + (6" (y — 2))] — 1449(6" (x)) + 969 (6" (y)) + 484](6"(2))‘
© 1 1296 6° x 488
<), S8 =488 x o < 95

P6"Bx+2y+2))+ (6" (Bx+2y —z)) + P(6"(3x — 2y +2)) + Y(6" (3x — 2y — 2))

(el + [yl + [21%).

1
Thus f satisfies forall x € Rwith 0 < |x[* 4 |y[* + |z|* < o
We claim that the quartic functional equation (1.5) is not stable for s = 4 in condition (ii) of Corollary .0]

Suppose on the contrary that there exist a quartic mapping Q : R — R and a constant x > 0 satisfying {.2).
Since f is bounded and continuous for all x € IR, Q is bounded on any open interval containing the origin and
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continuous at the origin. In view of Theorem Q must have the form Q(x) = cx* for any x in R. Thus, we
obtain that

F(x)] < (e + el |x|*. (4.4)

But we can choose a positive integer m with mu > x 4 |c|.

Ifx e (O,ém%l) ,then 6"x € (0,1) foralln =0,1,...,m —1. For this x, we get

= mux* > (k4 |c|) x*

hgk

6" m—1 6" 4
f) = O"’(64,f‘) = o)

which contradicts (4.4). Therefore the quartic functional equation (1.5) is not stable in sense of Ulam, Hyers
and Rassias if s = 4, assumed in the inequality condition (i7) of (3.16). O

A counter example to illustrate the non stability in Condition (iii) of Corollary Let s be such that
0<s< %. Then there is a function f : R — R and a constant A > 0 satisfying

4-8s
3

45 | 4s
IDf(x,y,2)| < Alx|3 [y |z] (4.5)
forall x,y,z € Rand
up 1@ _ ws)
x40 |x|

for every quartic mapping Q : R — R.

Proof. If we take

[ xtInjx|, if x#0,
f(x)_{o, if x=0.

Then from the relation ([.6), it follows that

f () = Q)| o f (n) = Q(n)]

sup > sup
x40 x* neN n|*
n#0

[n*In|n| —n* Q (1)

= sup 1 =sup [In|n| —Q(1)| = co.
nelN ‘7’1| nelN
n#0 n#0

We have to prove (4.5) is true.
Case (i): If x,y,z > 0in then,

[fBx+2y+2z)+ fBx+2y —z)+ f(Bx — 2y +z) + f(Bx — 2y — z)
—72[f(x+y) + fx—y)] = 18[f(x +2) + f(x —2)] = 8[f(y +2) + f (y — 2)]
144 (x) + 96£(y) + 48f (2)|
=|(Bx+2y+2z)In|3x+2y +z| + Bx+2y — z) In |3x + 2y — z|
+ (Bx =2y +2z)In|3x — 2y + z| + (Bx — 2y — z) In [3x — 2y — z|
—72[(x+y)Infx +y[+ (x —y) In|x —y]]
—18[(x+z)In|x+z|+ (x —z)In|x — z|]
—8[(y+2)Infy+z|+(y—2)Inly - z|]
—144(x) In |x| + 96(y) In |y| + 48(z) In|z||
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Set x = u,y = v,z = w it follows that

|fBx+2y+z)+ f(Bx+2y—z)+ f(Bx — 2y +z) + f(3x — 2y — 2)
—T20f(x +) + F(x - )]~ 8[f(x +2) + Flx — 2)] — 8[f(y +2) + f(y — 2)]
—144f(x) + 96f () + 48f (2)|
=|(Bx+2y+z)In|3x+ 2y +z| + 3x +2y — z) In|3x + 2y — z|
+(Bx —2y+z)In|3x =2y +z| + (Bx =2y — z) In |3x — 2y — z|
—72[(x+y)In|x+y|+ (x —y)In|x - y|]
—18[(x+z)In|x+z|+ (x —z) In|x — z|]
—8[(y+z)Inly +z[+ (y —z) Iny — 2]
—144(x) In |x| +96(y) In |y| + 48(z) In |z||
= |(Bu+2v+w)In|3u+2v+ w| + (3u+2v — w) In|3u + 2v — w|
+ Bu—-2v+w)In|3u —2v+w|+ (3u —2v — w) In |3u — 20 — w|
—72[(u+v)Inju+v|+ (u—v)Inju —v|]
—18[(u+w)In|ju+w|+ (u —w)In|u —w|]
—8[v+w)Injv+w|+ (v—w)In|v—w|]
—144(u) In |u| +96(v) In |v| + 48(w) In |w||
lfBu+2v+w)+ fBu+2v—w)+ fBu—2v+w)+ f(Bu —2v —w)
— 720f(u+0) + f(u —0)] = 18[f (1 +w) + f (1 — )] = 8[f(0+ w) + f(0 - w)]
—144f(u) +96f(v) + 481 (w)|

< Mlul oI Jwl = = Alx|¥ Iyl ¥ |25

For the Cases:

the proof is similar to that of Case (i). O

Now, we will provide an example to illustrate that the functional equation (1.5)) is not stable for s = %

in condition (iv) of Corollary The proof of the following example is similar to that of Example El Let
¢ : R — R be a function defined by
uxt, if x| < %
Ylx) = 4u

—, otherwise

where y > 01is a constant, and define a function f : R — R by

o (6" x
flx) = Z%)¢(64n ) forall xeRR.
n—=
Then f satisfies the functional inequality
488 x 6° x 4 4 44
IDF(y,2)| < S (el + a2 @7)

forall x,y,z € R. Then there do not exist a quartic mapping Q : R — R and a constant ¥ > 0 such that

If(x) —Q(x)| < 1<|x|4 forall xeRR. (4.8)



260 Balamurugan et al./ Solution and stability...

5 Stability results of using various substitutions

In this section, the generalized Ulam-Hyers stability of (1.5) using various substitutions is investigated. The
proofs of the following theorems and corollaries are similar to that Theorem 3.0and Corollary 3.0} Hence the
details of the proofs are omitted.

Theorem 5.0. Let j = =1 and i : G> — [0,00) be a function such that

4Mx, 4"y, 41
lim ¥ 42) 5.1)

n—o00 44nj

forall x,y,z € G. Let f : G — H be a function satisfying the inequality

IDf(x,y,2)[ <9 (x,y,2) (5:2)
forall x,y,z € G. Then there exists a unique quartic mapping Q : G — H which satisfies and
kj
L e s
— <
£ = QW < 5755 X~ 53)
=7
where T (x) and Q(x) are defined by
1
S(x) = Ev,b (x,0,x) + 4y (0,x,0) (5.4)
and .
— i [ #7%)
Qx) = lim = o (55)
forall x € G, respectively.
Corollary 5.0. Let p and s be nonnegative real numbers. Let f : G — H be a function satisfying the inequality
O,
IDf(xy,2)l < § e Al + 1yl +1lz]]°}, s#4L (5.6)
p {IxIFIyIFzIE + {Hx 1P + [yl + (12l } ), 3s #4;
forall x,y,z € G. Then there exists a unique quartic function Q : G — H such that
5p
2144 — 1|’
1) - QI < | S 67
=) 2/4% — 45 ’
5pl|x]1*
2[44 — 4535
forallx € G.
Theorem 5.0. Let j = +1and i : G> — [0, 0) be a function such that
3Mix, 3y, 31
lim ¥ 37%3y,3%2) (5.8)
n—oo 34nj

forall x,y,z € G. Let f : G — H be a function satisfying the inequality

IDf(x,y,2)| < ¥ (x,y,2) (59)
forall x,y,z € G. Then there exists a unique quartic mapping Q : G — H which satisfies and

1 & 9 (3900
.34

”f(x) -QM)| < 434 k;j T (5.10)
where Q(x) is defined by ‘
Q(x) = lim 1375 (5.11)

n—oo 34”j

forall x € G.
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Corollary 5.0. Let p and s be nonnegative real numbers. Let f : G — H be a function satisfying the inequality

o,
IDf(x,y,2) < { o {Ix[1° + [yl +[1z1]°}, s#4
o Ll PIyIF I+ {1l + [yl + 112l 3s # 4

forall x,y,z € G. Then there exists a unique quartic function Q : G — H such that

p
43t =1y

1) - QU < 5

pllx|I*
4[3% —3%|

forallx € G.

Theorem 5.0. Let j = +1and ¢ : G3 — [0, 00) be a function such that

lim ¥ (2", 2"y, 2"z) —

n—oo 24nj

forall x,y,z € G. Let f : G — H be a function satisfying the inequality
IDf(x,y,2)|l < o (x,y,2)
forall x,y,z € G. Then there exists a unique quartic mapping Q : G — H which satisfies and

1 & 9(029x,0)

428 LT oW
k===

1f(x) = Q)| <

where Q(x) is defined by

0(x) = lim {270

n—0o0 24nf

forall x € G.

Corollary 5.0. Let p and s be nonnegative real numbers. Let f : G — H be a function satisfying the inequality

0,
IDf(x,y,2)] < { o {I1xll® + 1yll* +[1z[ [}, s# 4
o {IxIFHy Iz + {1 + gl + 1zl )}, 3s # 4

forall x,y,z € G. Then there exists a unique quartic function Q : G — H such that

P

4ty

£ - QU < gat 5

ol |x[|*
4|24 _235|

forallx € G.

6 Stability results of (L.2): fixed point method

261

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

In this section, we apply a fixed point method for achieving stability of the functional equation (1.5)) is present.

Now, first we will recall the fundamental results in fixed point theory.

Theorem 6.0. (Banach’s contraction principle) Let (X,d) be a complete metric space and consider a mapping T : X —

X which is strictly contractive mapping, that is
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(A1) d(Tx, Ty) < Ld(x,y) for some (Lipschitz constant) L < 1. Then,
(i) The mapping T has one and only fixed point x* = T(x*);
(ii)The fixed point for each given element x* is globally attractive, that is

(A2) limy_eoT"x = x*, for any starting point x € X;
(iii) One has the following estimation inequalities:

(A3) d(T"x,x*) < 127 d(T"x, T"*1x),¥V n >0,V x € X;

(A4) d(x,x*) < ﬁ d(x,x*),¥V x € X.

Theorem 6.0. [14] Suppose that for a complete generalized metric space (Q),6) and a strictly contractive mapping
T : QO — Q with Lipschitz constant L. Then, for each given x € Q) either

d(T"x, T" 'x) =c0 ¥V n2>0,

or there exists a natural number ng such that

(FP1) d(T"x, T"1x) < oo forall n > nyg ;

(FP2) The sequence (T"x) is convergent to a fixed point y* of T

(FP3) y* is the unique fixed point of T in the set A = {y € Q) : d(T"x,y) < oo};
(FP4) d(y*,y) < t27d(y, Ty) forally € A.

Hereafter throughout this section, let us consider G and H to be a normed space and a Banach space,
respectively.

Theorem 6.0. Let f : G — H be a mapping for which there exists a function i : G3 — [0, 00) with the condition

1
lim — ¢ (tFx, thy, tFz) = 0 (6.1)
k— 00 Tl4k 1 1 1
where
6 if i=0;
Tl—{é if i1, (6.2)
such that the functional inequality
IDf(x,y,2)| < ¥(xy,2) (6.3)
forall x,y,z € G. If there exists L = L(i) such that the function ® : G — [0, 00) defined by
x
¥ =5 (3)
where
1 89
g(x) = l/) (X,X,X) + Elp (X,O,X) + le (O,X,O)
has the property
L
¢(x) = - ¢ (Tx). (6.4)

forall x € G. Then there exists a unique quartic mapping Q : G — 'H satisfying the functional equation and

I1f(x) = Q)| <

T2 (6.5)

forallx € G.

Proof. Consider the set
I'={p/p:G —H, p(0) =0}

and introduce the generalized metric on T,

d(p,q) = inf{K € (0,00) :[| p(x) —q(x) || < K®(x),x € G}.
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It is easy to see that (T, d) is complete.
DefineY : I' — I' by
1
Yp(x) = p(ux),
’fl.

forallx € G. Now p,g €T,
d(p,q) < K= | p(x) —q(x) | < Ke(x), x € G,

=

1
< gKé(Tix),x cg,

1

1 1
(i) = —a(T)

i i

1 1
gP(Tix) - gq(fix) < LK®(x),x € G,
i i

= [ Yp(x) = Yq(x) [ < LK®(x),x € G,
=d(Yp,Yq) < LK.

=

This implies d(Yp,Yq) < Ld(p,q), forall p,q € T. i.e., T is a strictly contractive mapping on I' with Lipschitz
constant L.
It follows from , we arrive
1£(6x) —129f (x) || < §(x) (6.6)
where

1 89
§(x) = ¢ (x,%,%) + 59 (x,0,%) + 9 (0,%,0)
for all x € G. It follows from that

’Vﬁw‘ﬂﬂufi? 6.7)

forall x € G. Using for the case i = 0 it reduces to

6x
1789 - st < 130w
forall x € G, ‘
ie, d(Yf, f)<L=d(Yf f)<L=L""<co. (6.8)
Again replacing x = £ in (6.6), we get
x X
012961 () <5 () (69)
forall x € G. Using for the case i = 1 it reduces to

) = 1208f (3)] < 2

forall x € G, ,
ie, d(f,Yf)<1=d(f,Yf)<1=L""<c0. (6.10)

From and (6.10), we arrive '
d(f,Yf) < L'

Therefore (FP1) holds.
By (FP2), it follows that there exists a fixed point Q of Y in I such that
k
Q@):hm'ﬂzg% V xeg. (6.11)
k—o0 Ti

We have to prove Q : G — M is quartic. Replacing (x, y,z) by (t¥x, ¥y, T¥z) in (6.3) and dividing by Ti4k, it
follows from that

1

k k k
V(@6 TYT2)
i

1 ko k. ok
K HDf(Ti YLhY T Z)H <
:
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for all x € G. Letting k — oo in the above inequality and using the definition of Q(x), we see that

DQ(x,y,z) =0

i.e., Q satisfies the functional equation forallx,y,z € G.
By (FP3), Q is the unique fixed point of Y in the set

A={QeT:d(f,Q) <o},
such that
1f(x) = Q)| < K&(x)
for all x € G and K > 0. Finally by (FP4), we obtain

1
A(f,Q) < T d(f,Yf)

this implies

1-i
AF,Q) < 5
which yields
1)~ QU < £y
1-L
this completes the proof of the theorem. O

The following corollary is an immediate consequence of Theorem [6.0]concerning the stability of (T.5).

Corollary 6.0. Let f : G — H be a mapping and there exist real numbers p and s such that

o,

o {I1xl1* + Iyl + 1] s 44
Df(x,y,z)| < 6.12
e R S NP 3 £ 4 (612)

p Iyl + {H1x ] + [yl + (12l } ), 3s #4;

forall x € G. Then there exists a unique quartic function Q : G — H such that

950
4164 — 1|’
10501 |x|*
4l6* — 65|

pllx|*
\64 763s|’
109p||x||**

[f(x) = Qx)[l < (6.13)

forallx € G.

Proof. Setting

0,

o LIl + [yl + [z},

ollxlFllylP11z[F,

p LIyl 12l1® + 1l + [y [P + [1=[1} -

Y(xy,z) =
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for all x € G. Now,

L
ik

l
P k k k
S LIl + Dty 11l

1 ko k. ok
V(G Ty, Tz) = lp .
T *kHT x| Pl k] 1Tz,

Z

Y k k k k k k
L (Pl Bkl + ikl + k)P + 12l >}

—0as k — oo,
—0as k — oo,

—0as k — oo,
— 0as k — oo.

Thus, is holds.
But we have ®(x) = (%) where §(x) = 9 (x,x,x) + 14 (x,0,x) + %4 (0,x,0) has the property &(x) =

L
— @ (7x) forall x € G. Hence

o
95p
oot
o/ Ll
S0
4650
Now,
95p
4. T .
1050 s - ®(x),
Tix||®,
iq,(—r,x): 4.65- T4H i || _ s 4(1,( )’
! ' LH x|, 35 49 (x),
635 . 4 35 4@(9(7)
109p 3s
WH x|

Hence the inequality ( . 6.4) holds either, L = 6% ifi = 0and L = 6* if i = 1. Now from (6.5), we prove the
following cases for condition (7).
Case:l L=6*ifi =0

647" 95
£ =~ QI < T g ) = gz
Case2 L =6*ifi=1
(64" —95p

1f () = QU < =5 ®(x) = A —6h

Also the inequality holds either, L = 6% fors < 4ifi = 0and L = 6*~° for s > 4if i = 1. Now from
(6.5), we prove the following cases for condition (if).
Case:3 L=6°"*fors <4ifi=0

1-0
69 105p] x|
_ ) ey — 105pllx[]°
[f(x) = Q)| < 166D o(x) = Ao
Case:dd L=6*5fors >4ifi=1

4-5\1-1 s
If(x) - Q) < (f;_sm) — DellF
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Again the inequality (6.4) holds either, L = 635~ for 3s < 4if i = 0 and L = 6*73° for 3s > 4if i = 1. Now
from , we prove the following cases for condition (ii7).
Case:5 L = 6> for3s < 4ifi =0

(6(35‘4)) 1-0

_ ol
[f(x) = Qx| < mq’(x) T
Case:6 L = 6% for3s > 4ifi=1
ga-3s\171 x|[38
176 - Q) < E) o) - AT
The proof of condition (iv) is similar to that of condition (iii). Hence the proof is complete. O
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Abstract

In this paper, we introduce the notion of fi-open sets in generalized topological spaces. Further, we
introduce the notions of interior, closure, boundary, exterior and study some of their properties. In addition,
we introduce the concepts of fi-T; (i = 0,%,1,2) spaces are characterized them using ji-open and ji-closed
sets.

Keywords: ~ fi-open, fi-closed, fi-interior, fi-closure, ji-boundary, fi-exterior and fi-T; (i = 0, %, 1,2).
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1 Introduction

Generalized topologies were introduced by A. Csaszar. Further, he defined the concepts of u-open sets
and their corresponding interior and closure operators in generalized topological spaces. Also, he obtained
and studied the notions of y-semi-open sets, y-preopen sets, yu-a-open sets and y-p-open sets in generalized
topological spaces. In this paper in section 3, we introduced the concept of fi-open sets, which is analogous
to u-semi-open sets and introduced the notion fiO(X) which is the set of all ji-open sets in a generalized
topological space (X, u). Further, we introduced the concepts of fi-interior, ji-closure, fi-boundary and jfi-
exterior operators and studied some of their fundamental properties. In section 4, we introduced the notion
of fi-T; spaces (i = 0, %, 1,2) and characterized fi-T; spaces using jfi-closed and fi-open sets.

2 Preliminaries

We recall some basic definitions and notations. Let X be a nonempty set and exp(X) the power set of X.
We called a class # C exp(X) a generalized topology (briefly, GT) if @ € u and the arbitrary union of elements
of u belongs to y [4]. We called the pair (X, ) a generalized topological space (briefly, GTS). For a generalized
topological space (X, i), the elements of y are called p-open sets and the complements of p-open sets are
called p-closed sets [4]. For A C X, we denote by ¢, (A) the intersection of all p-closed sets containing A, i.e.,
the smallest p-closed set containing A [7]; and by i, (A) the union of all y-open sets contained in 4, i.e., the
largest p-open set contained in A [7]. It is easy to observe that i, and ¢, are idempotent and monotonic, where
v : exp(X) — exp(X) is said to be idempotent iff A C B C X implies v(y(A)) = y(A) and monotonic iff
Y(A) € 7(B) [2]. According to [9], let i be a generalized topology on X, A C X and x € X, then (1) x € ¢, (A)
if and only if MN A # @ for each M € p containing x; (2) ¢, (X \ A) = X\ iy(A) and (3) cu(cu(A)) = cu(A).
A subset A of a generalized topological space (X, y) is said to be y-semi-open (resp. p-preopen, p-a-open,
u-p-open) if A C ¢, (i, (A)) (resp. A Ciy(cu(A)), A Cin(cu(in(A))), A C cu(in(cu(A))). The complement of

*Corresponding author.
E-mail address: saravana_13kumar@yahoo.co.in (D. Saravanakumar), kalaivani.rajam@gmail.com(N. Kalaivani).
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a p-semi-open (resp. y-preopen, p-x-open, ji-B-open) set is said to be p-semi-closed (resp. p-preclosed, y-a-
closed, y-p-closed) [4]. For A C X, we denote by c;, (A) the intersection of all y-semi-closed sets containing A,
i.e., the smallest yi-semi-closed set containing A [7]]; and by is, (A) the union of all y-semi-open sets contained
in A, i.e., the largest p-semi-open set contained in A [7]. According to [9], let  be a generalized topology on
X, AC Xand x € X, then (1) x € ¢5,(A) if and only if M N A # @ for each y-semi-open set M containing x;
(2) cs, (X\A) =X\ Is, (A) and (3) Csy (Csy (A)) = Csy (A).

3 ji-open sets

Definition 3.1. Let (X, ) be a generalized topological space. A subset A of X is said to be a fi-open set, if there exists a
p-open set U of X such that U C A C cs, (U). The set of all fi-open sets is denoted by fiO(X).

Example 3.1. Let X = {a,b,c} and y = {@,{a}}. Then fi-open sets are {D, X,{a}, {a, b}, {a,c}}.

Theorem 3.1. Let (X, u) be a generalized topological space, A be a subset of X. If A is fi-open in (X, u) if and only if
A C s, (iu(A)).

Proof. If A is a fi-open of X, then there exists a py-open set U such that U C A C ¢, (U). Since U is fi-
open, we have that U = i,(U) C i,(A). Therefore A C ¢, (U) C ¢s,(iu(A)) and hence A C cs, (iu(A)).
Conversely, assume that A C ¢, (iu(A)). To prove that A is a ji-open set in (X, p). Take U = i,(A). Then
in(A) € A Ccs,(iu(A)). Hence Ais fi-openin (X, p). O

Theorem 3.2. Let (X, p) be a generalized topological space, A be a subset of X. If A is a p-open set in (X, u), then A is
fi-open in (X, ).

Proof. If A is a p-open set in (X, ), then A = i, (A). Since A C ¢;,(A), we have that A C ¢, (i (A)). Then by
Theorem 3.1 A is fi-open in (X, y). O

Remark 3.1. The following example shows that the converse of the above theorem need not be true.

Let X = {a,b,c,d} and y = {0, X,{a}, {b},{a,b}}. Then A = {a,b,d} is a ji-open set in (X, u) but not y-open.

Theorem 3.3. Let (X, p) be a generalized topological space, A be a subset of X. If A is a fi-open set in (X, ), then A is
u-semi-open in (X, p).

Proof. If A is a fi-open set in (X, p), then by Theorem 3.1 A C ¢;, (i (A)). Since every p-closed set is p-semi-
closed and ¢s, (iu(A)) is a least pi-semi-closed set containing i, (A), this implies that cs, (i (A)) C cu(in(A)).
Therefore A C ¢, (i, (A)) and hence A is a p-semi-open set in (X, p). O

Remark 3.2. The following example shows that the converse of the above theorem need not be true.

Let X ={a,b,c,d} and y = {@,{a},{a,b},{b,c},{a,b,c}}. Then A = {a,d} is a y-semi-open set in (X, u) but not
ji-open.

Theorem 3.4. Let {Ay : a € ]} be the collection of fi-open sets in a generalized topological space (X, p). Then |J,¢; Ax
is also a fi-open set in (X, y).

Proof. Since A, is ji-open, then there exists a p-open set U, of X such that Uy C A C ¢, (Uy). This implies
that Upej Ux € Upej Aa € Uaej 65, (Ua) C cs, (Uyej Un) since union of all p-open sets is pi-open. Therefore
Uxej A is a fi-open set in (X, ). O
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Remark 3.3. If A and B are two fi-open sets in (X, p), then A N B need not be fi-open in (X, p).

(i) Let X = {1,2,3,..,n}and p = {0, X} U{M C X | M = X —{i} forsome i € X}. Take A = X — {1} and
B = X — {2}. Then A and B are fi-open sets in (X, p) but ANB = X — {1,2} is not ji-open in (X, ).

(ii) Let X = R, with the usual topology. If A =[-1, 0] and B = [0, 1], then A and B are fi-open sets in (X, u) but
AN B = {0} is not fi-open in (X, p).

Theorem 3.5. Let A bea fi-open set in (X, p) and B be any set such that A C B C cs,,(iy(A)). Then B is also a fi-open
setin (X, ).

Proof. If A is a fi-open set in (X, ), then by Theorem 3.1 A C ¢, (ix(A)). Since A C B, this implies that
¢s, (iu(A)) € ¢s, (iu(B)). By hypothesis B C ¢, (iu(A)) C cs, (iu(B)) and hence B C cs, (iy(B)). This shows that
Bis a fi-open set in (X, p). O

Definition 3.2. Let (X, ) be a generalized topological space. A subset A of X is called fi-closed if its complement X \ A
is fi-open.

Theorem 3.6. Let (X, u) be a generalized topological space, A be a subset of X. Then A is fi-closed in (X, ) if and only
ifis, (cu(A)) C A.

Proof. If Ais a fi-closed set in (X, p), then X'\ A is fi-open. Therefore X \ A C ¢s, (ix(X \ A)) (by Theorem 3.1)
=5, (X \ cu(A)) = X\ is, (cu(A)). This implies that is, (c (A)) C A. Conversely, suppose that is, (ci (A)) C A.
Then X\ A C X\ is,(cu(A)) = cs,(X\ cu(A)) = cs, (iu(X \ A)). Therefore X \ A is fi-open set in (X, p) and
this shows that A is fi-closed set in (X, y). O

Theorem 3.7. Let (X, p) be a generalized topological space, A be a subset of X. If is,(F) € A C F, then A is fi-closed
in (X, u) for any p-closed set F of (X, ).

Proof. Letis,(F) C A C F where F is p-closed subset of X. Then X\ F C X\ A C X\ i, (F) = ¢5,(X \ F). Let
U= X\F. Then U is p-openand U C X\ A C cs,(U). This implies that X \ A is a fi-open set in (X, y) and
hence A is a fi-closed set in (X, ). O

Remark 3.4. The converse of the above theorem need not be true.

In Example 3.1 for the fi-closed set {b}, does not exist any y-closed set in (X, y).

Theorem 3.8. Let (X, u) be a generalized topological space, A be a subset of X. Then (i) is, (cu(A)) is fi-closed;
(ii) cs, (iu(A)) is fi-open.

Proof. (i) Obviously is, (cu(is, (cu(A)))) C is, (cu(cu(A))) = is, (cu(A)). Hence is, (cy (A)) is fi-closed.
(ii) Follows from (i) and Theorem 3.1. O

Theorem 3.9. Let {Ay : « € ]} be the collection of fi-closed sets in a generalized topological space (X, ). Then
Naej Aa is also a fi-closed set in (X, p).

Proof. Let Ay be fi-closed in (X, p). Then X'\ A, is fi-open. By Theorem 3.4 [J,¢;(X \ Aq) is also fi-open. This
implies that (J,e; (X \ Ax) = X'\ [\yej Aa is fi-open and hence (¢ Aq is fi-closed in (X, p). O

Definition 3.3. Let (X, u) be a generalized topological space, A be a subset of X. Then fi-interior of A is defined as
union of all fi-open sets contained in A. Thus iz(A) = U{U : U € fiO(X)and U C A}.
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Definition 3.4. Let (X, ) be a generalized topological space, A be a subset of X. Then fi-closure of A is defined as
intersection of all fi-closed sets containing A. Thus cz(A) = N{F : X\ F € iO(X) and A C F}.

Theorem 3.10. Let (X, p) be a generalized topological space, A be a subset of X. Then (i) iz (A) is a fi-open set contained
inA;

(i) cz (A) is a fi-closed set containing A;

(iii) A is fi-closed if and only if ci(A) = A;

(iv) A is fi-open if and only if iz (A) = A;

(?J) iﬂ(iﬁ (A)) = iﬁ(A)}

(vi) ci(ca(A)) = ca(A);

(vii) ig(A) = X\ ca(X\ A);

(viii) cg(A) = X\ ig(X\ A).

Proof. (i) Follows from Definition 3.3 and Theorem 3.4.

(ii) Follows from Definition 3.4 and Theorem 3.9.

(iii) and (iv) Follows from Definition 3.5, (ii) and Definition 3.4, (i) respectively.

(v) and (vi) Follows from (i), (iv) and (ii), (iii) respectively.

(vii) and (viii) Follows from Definitions 3.2, 3.4 and 3.5. O

Theorem 3.11. Let (X, p) be a generalized topological space. If A and B are two subsets of X, then the following are
hold:

(i) If A C B, then iz(A) C in(B);
(ii) If A C B, then ¢z (A) C cu(B);
(iii) iz (AU B) = iz(A) (B)

U
(iv) ca(AN B) = ca(A) Nz (B
(v) Zﬂ(A n B) - lﬂ(A) n Zﬁ(B)
(vi) Cﬁ(A U B) 2 Cﬁ(A) U Cﬁ(B

Proof. (i) Follows from Definition 3.3 and 3.4 respectively.
(ii) Follows from (i), Theorem 3.4 and (ii), Theorem 3.9 respectively.
(iii) Follows from (i) and (ii) respectively. 0

Theorem 3.12. Let (X, p) be a generalized topological space, A be a subset of X. (i) If A C is, (cu(A)), then cz(A) C

isy(CV(A));
(i1) Ifcsﬂ(iy(A)) C A, thenig(A) 2 csy(iy(A)).

Proof. (i) Since c(A) is the least fi-closed set containing A and Theorem 3.8(i) shows that is,(c,(A)) is
fi-closed. Therefore c(A) C is, (cu(A)).

(ii) Since i (A) is the greatest ji-open set containing A and Theorem 3.8(ii) shows that ¢;, (i, (A)) is fi-open.
Therefore i (A) 2 cs, (iu(A)). O

Definition 3.5. Let (X, ) be a generalized topological space. A subset A of X is called fi-regular if it is both fi-open
and fi-closed. The class of all fi-reqular set of X is denoted by fiR(X).

Remark 3.5. If A is a ji-regqular set in (X, p), then X \ A is fi-reqular in (X, p).

Proof. Follows from Definition 3.5. O

Definition 3.6. Let (X, u) be a generalized topological space and A be a subset of X. Then ji-boundary of A is denoted
by bd;(A) and is defined as bd; (A) = cz(A) Ncp(X\ A).
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Theorem 3.13. For a subset A of X, bd;(A) = @ if and only if A is fi-regular in (X, p).

Proof. Let bdp(A) = @. Then cz(A) Ncp(X\ A) = @. This implies that c;(A) € X\ cp(X\ A) = iz(A)
(by Theorem 3.10(vii)). Therefore c;(A) = A = iz(A) and hence A is both ji-closed and fi-open in (X, p).
Conversely, assume that A is fi-regular. Then A is both fi-closed and fi-open. This implies that c;(A) =
A = iz(A) = X\ ca(X\ A) (by Theorem 3.10(vii)). Since X \ cz(X\ A)Ncz(X\ A) = @, we have that
ci(A)Nep(X\ A) = @. This shows that bd;(A) = @. O

Theorem 3.14. In any generalized topological space (X, ), the following are equivalent:
(i) X\ bda(A) = in(A) Uig(X\ A);

(it) ca(A) = ig(A) Ubds (A);

(i) bd (A) = ca(A) Nep(X\ A) = ca(A) \ ia(A).

Proof. (i) = (ii). From (i) X \ bdz(A) = ia(A) Uiz(X \ A) implies that bd;(A) = [X \ iz(A)] N [X\iz(X\ A)].
Therefore iz(A) U bdz(A) = [in(A) U (X \iz(A))] N [iz(A) Uca(A)] = XnNca(A) = ca(A). Hence
ci(A) = in(A)Ubdu(A).

(ii) = (ii). From (i) cz(A) \ iz(A) = [iz(A) Ubdz(A)] \ iz(A) = bdp(A) ... (*1). Also from (ii)
XNcp(A) = ig(A)Ubdz(A) implies that [iz(A) U (X \iz(A))] N [in(A) Uca(A)] = ia(A) Ubds(A) implies
that iz (A) U [ca(X\ A) Nca(A)] = ia(A) Ubdn(A). Therefore bd;(A) = ca(A) Nca(X\ A) ... (*2). From (*1)
and (*2), we have that bd; (A) = ci(A) Nca(X\ A) = ca(A) \iz(A).

(iii) = (). From (iii), we have that
X\ bdg(A) = X\ [ca(X\ A)Ncp(A)] = [X\ca(X\A)]U[X\ca(A)] = in(A)Uizg(X\ A). Therefore
X\ bd(A) =ia(A)Uig(X\ A). O

Theorem 3.15. For a subset A of generalized topological space (X, ), we have the following conditions hold:
(i) bdg(A) = bda (X \ A);

(it) bd(A) = ca(A) \in(A);

(i1i) bd (A) Nig(A) = ©;

(iv) Cﬁ(A) = Zﬁ(A) U bdﬁ(A),

(v) bdy(in(A)) C bdu(A);

(vi) bdp(cp(A)) C bdu(A);

(vii) X\ bdz(A) = i(A) Uig(X\ A);

(viii) X = ig(A) Uig(X\ A)Ubd;(A).

Proof. (i) By Definition 3.6, we have that
bdp(A) = ca(X\ A)Necp(A) = ca(X\A) Nep(X\ (X \ A)) = bdp(X\ A). Therefore bd;(A) = bd (X \ A).

(ii) By Definition 3.6, we have that bd;(A) = cz(A) Nca(X\ A) = ca(A) \ (X \ ca(X\ A)) = ca(A) \iz(A)
(by Theorem 3.10 (vii)). Therefore bd;(A) = ca(A) \ iz(A).

(iii) By Definition 3.6, we have that bd;(A) Niz(A) = (ca(A) \ iz(A)) Niz(A) (by (ii)) = ©. Hence
bdﬁ(A) N l‘g(A) =Q.

(iv) Follows from (ii) and Theorem 3.14.

(v) By Definition 3.6, we have that
bdp(in(A)) = cp(X\ ig(A)) Nep(in(A)) = calea(X\ A)) Nea(in(A)) = ca(X\ A) Nea(in(A)) (by Theorem
3.10 (vi)) € ca(X\ A) Ncp(A) = bdp(A). This shows that bd (iz(A)) C bdz(A).

(vi) By Definition 3.6, we have that bdj(cz(A)) = ca(X \ ca(A)) Nca(ca(A)) = calin(X\ A)) Nca(A) (by
Theorem 3.10 (vi)) C ¢ (X \ A) Nci(A) = bd;(A). Therefore bd(ci(A)) C bdz(A).
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(vii) Follows from (iv) and Theorem 3.14.

(viii) Using (vii) (X \ bdp(A)) U bdz(A) = [ig(A) Uig(X \ A)] U bds(A). This implies that
XZZﬁ(A)Ulﬁ(X\A)Ubdﬁ(A) O

Theorem 3.16. Let A be a subset of generalized topological space (X, ). Then (i) A is fi-open if and only if AN
bdz(A) = ©;
(it) A is fi-closed if and only if bd; (A) C A.

Proof. Let A be a fi-open set in (X, ). Then X\ A is fi-closed and c;(X \ A) = X\ A. Also A # c;(A). By
Definition 3.6 ANbd;(A) = AN (ca(A)Nca(X\A)) = ANcag(An(X\A) = AnN® = @. Thus
ANbd(A) = @. Conversely, assume that ANbd;(A) = @. Then AN (cz(A) Nca(X\ A)) = @. This implies
that ANcu(X\ A) = @and hence c; (X \ A) € X'\ A. Therefore c;(X \ A) = X\ A. This shows that X \ A is
fi-closed in (X, ) and hence A is fi-open in (X, u).

(ii) Let A be a fi-closed set in (X, u). Then A = c;(A). Since bdz(A) = (ca(A) Nca(X\ A)) C ca(A) = A.
Therefore bd;(A) C A. Conversely, let bd;(A) € A. Then bd;(A) N (X \ A) = @. By Theorem 3.15 (i)
bdz(X\ A)N(X\ A) =@. By (i) X\ Ais fi-openin (X, u). Hence A is fi-closed in (X, u). O

Definition 3.7. Let (X, u) be a generalized topological space and A be a subset of X. Then fi-exterior of A is denoted
by ext(A) and is defined as ext(A) = in(X \ A).

Theorem 3.17. Let A and B be two subsets of generalized topological space (X, y). Then (i) ext;(AUB) C exty(A) U
extz(B);

(ii) bdi(AUB) = ci(AUB) Ncp(X — A) Nep(X\ B);

(iii) bdz (AN B) = (bd(A) Ncu(B)) U (bdn(B) Nca(A)).

Proof. By Definition 3.7, we have that
ext;(AUB) = iz(X\ (AUB)) = iz((X\A)N(X\B)) C izg(X\A)Nizg(X\ B) (by Theorem 3.11 (v)) =
exty(A) Uextz(B). Hence ext; (AU B) C exty(A) Uext(B).

(i) By Definition 3.6, we have that bd;(A U B) = ci(AUB)Nc(X\ (AUB)) =
ci(AUB)Nca((X\A)N(X\B)) = ca(AUB) Nca(X\ A) Ncp(X\ B) (by Theorem 3.11 (iv)). Hence
bdﬁ(A U B) = Cﬁ(A U B) ﬂC‘g(X\A) ﬂCﬁ(X\B).

(iii) By Definition 3.6, we have that bd;(A N B) = cu(A

(ca(A) Nea(B)) N (ca(X\ A)Uca(X\B)) = ((ca(A) Nca(B)) Nea(X\ A)) U ((ca(A) Neca(B)) Nea(X\ B)) =
((ca(A) Nea(X\ A)) Nea(B)) U (ca(A) N (ca(B )ﬁcy( \B))) = ca(AUB) Nca(X\ A) Nep(X\ B). Hence
bdﬁ(AUB)ZCﬁ(AUB)ﬂCﬁ(X\A)ﬂCﬁ(X\B) O

NB)Nep(X\ (ANB) =

Theorem 3.18. For any two subsets A and B of generalized topological space (X, ), we have the following conditions
hold:

(i) extp(X \ extz(A)) = ext(A);

(ii) exty (AN B) = exty(A) Uexty(B).

Proof. (i) By Definition 3.7, we have that ext; (X \ ext(A)) = ig(X\ (X \ ext(A))) = in(extz(A)) = extp(A).
Hence ext; (X \ extz(A)) = extz(A).

(ii) By Definition 3.7, we have that
ext;(ANB) = iz(X\ (ANB)) = iz((X\A)U(X\B)) = iz(X\ A)Uiz(X\ B) (by Theorem 3.11 (iii) =
exty(A) Uextz(B). Hence ext; (AN B) = ext(A) Uext(B). O
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4 Separation axioms

Definition 4.8. A generalized topological space (X, ) is called a fi-Ty space if for each pair of distinct points x,y € X,
there exists a fi-open set U such that either x € Uandy ¢ Uory € Uand x ¢ U.

Definition 4.9. A generalized topological space (X, y) is called a fi-Ty space if for each pair of distinct points x,y € X,
there exists a fi-open sets U and V contain x and y respectively such that y ¢ Uand x ¢ V.

Definition 4.10. A generalized topological space (X, ) is called a fi-T; space if for each pair of distinct points x,y € X,
there exists a fi-open sets U and V such that x € Uandy € Vand UNV = @.

Definition 4.11. Let (X, u) be a generalized topological space and A be a subset of X. Then A is called a
fi-generalizedized closed (briefly fi-g.closed) set if cz(A) C U whenever A C U and U is a fi-open set in (X, p).

Remark 4.6. From Definition 4.4, every fi-closed set is fi-g.closed set. But, the converse need not be true.

Definition 4.12. A generalized topological space (X, ) is called a ﬁ—T% space each fi-g.closed set of (X, ) is fi-closed.

Theorem 4.19. Let (X, p) be a generalized topological space. Then for a point x € X, x € cu(A) if and only if
VNA#Qforany V € jiO(X) such that x € V.

Proof. Let Fybe thesetofally € X such that VN A # @ forany V € fiO(X) and y € V. Now, we prove that
ci(A) = Fo. Let us assume x € ¢;(A) and x ¢ Fy. Then there exists a fi-open set U of x such that UN A = @.
This implies that A C X\ U. Therefore c;(A) € X\ U. Hence x ¢ ci(A). This is a contradiction. Hence
ci(A) € Fy. Conversely, let F be a set such that A C Fand X\ F € fiO(X). Let x ¢ F. Then we have that
x € X\ Fand (X \ F) N A = @. This implies that x ¢ Fy. Therefore Ffy C F. Hence Fy C cz(A). O

Definition 4.13. Let (X, p) be a generalized topological space and A be a subset of X. Then A is fi-g.closed if and only
if ca({x}) N A # @ holds for every x € c;(A).

Proof. Let U be any ji-open set in (X, ) such that A C U. Let x € c;(A). By assumption there exists a
point z € ¢z({x}) and z € A C U. Therefore from Theorem 5.1, we have that U N {x} # @. This implies
that x € U. Hence A is a fi-g.closed set in X. Conversely, suppose there exists a point x € c;(A) such that
cp({x})NA = @. Since c;({x}) is a fi-closed set implies that X \ ¢z ({x}) is a fi-open set. Since A C X \ cz({x})
and A is fi-g.closed set, implies that c;(A) € X\ cz({x}). Hence x ¢ ¢z (A). This is a contradiction. O

Theorem 4.20. Let (X, p) be a generalized topological space and A be a subset of X. Then ci({x}) N A # O for every
x € c;i(A) ifand only if cz(A) C kerz(A) holds, where kerz(E) = N{V : V € jiO(X) and E C V'} for any subset E
of X.

Proof. Let x € c;(A). By hypothesis, there exists a point z such that z € ¢;({x}) and z € A. Let U € iO(X)
be a subset of X such that A C U. Since z € U and z € cz({x}). By Theorem 4.2, we have that U N {x} # @,
this implies that x € ker;(A). Hence ¢z (A) C kerz(A). Conversely, let U ba any fi-open set such that A C U.
Let x be a point such that x € c;(A). By hypothesis, x € ker;(A) holds. Namely, we have that x € U, because
A C U and U is fi-open set. Therefore c;(A) C U. By Definition 4.4 A is fi-g.closed. Then by Theorem 4.2
ca({x}) N A # @ holds for every x € c;(A). O

Theorem 4.21. Let (X, p) be a generalized topological space and A be the fi-g.closed set in (X, p). Then cz(A)\ A
does not contain a non empty fi-closed set.
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Proof. Suppose there exists a non empty ji-closed set F such that F C c;(A) \ A. Let x € F. Then x € cz(A),
implies that FN A = cz(A) N A 2 ci({x}) N A # @ and hence F N A # @. This is a contradiction. O

Theorem 4.22. For each x € X, {x} is fi-closed or X \ {x} is ji-g.closed.

Proof. Suppose that {x} is not fi-closed. Then X \ {x} is not ji-open. This implies that X is the only fi-open set
containing X \ {x} and hence X\ {x} is ji-g.closed. O

Theorem 4.23. A generalized topological space (X, u) is a ﬁ—T% space if and only if for each x € X, {x} is fi-open or
fi-closed.

Proof. Suppose that {x} is not fi-closed. Then it follows from the assumption and Theorem 4.5, {x} is fi-open.
Conversely, let F be a fi-g.closed set in (X, u). Let x € ¢z (F). Then by the assumption {x} is either fi-open or
fi-closed.

Case(i): Suppose that {x} is fi-open. Then by Theorem 4.1, {x} N F # @. This implies that c;(F) = F.
Therefore (X, u)is a ﬁ-T% space.

Case(ii): Suppose that {x} is fi-closed. Let us assume x ¢ F. Then x € c¢;(F) \ F. This is a contradiction.
Hence x € F. Therefore (X, p) is a ﬁ—T% space. O

A space (X, p) is ji-T if and only if for any x € X, {x} is fi-closed.

Proof. Follows from Definitions 2.14 and 4.2. O

Remark 4.7. (i) From the Theorems 4.5, 4.6 and 4.7, we have that every ﬁ—T% space is fi-Ty, every fi-Ty space is ﬂ—T%
and every fi-T, space is fi-T.

(ii) Let X = {a,b,c,d} and u = {@,X,{a},{b,d},{c,d},{a,b,d},{a,c,d},{b,c,d}}. For the distinct points
a,k € X, where k € {b,c,d}, there exists a fi-open set {a} but which is not contain k; the pair b,c € X, there exists a
fi-open set {b,d} but which is not contain c; the points b,d € X, there exists a fi-open set {c,d} but which is not
contain b; more over for the points ¢, d € X, there exists a fi-open set {a, b,d} but which is not contain c. This implies
that (X, p) is a fi-Ty space. Also {b,c},{a,b,c} are fi-g.closed sets but not fi-closed. Then by Definition 4.5 (X, u) is
not a ﬁ—T% space.

(iii) Let X = {a,b,c}, y = {@,X,{a},{b},{a,b},{a,c}}. Then the fi-g.closed sets @, X,{b},{c},{a,c},{b,c} are
all fi-closed. This implies that (X, u) is a ﬁ—T% space. Also for the point ¢ € X, we have that two fi-open sets {a,c} and
X but these sets containing the distinct point a. By Definition 4.2 (X, y) is not a ji-Ty space. Then (X, u) is a ﬁ—T%
space but not fi-Ty.

(iv) Let X = {a,b,c}, p = {0, X, {a},{a,b},{a,c},{b,c}}. For the distinct points a,k € X, where k € {b,c}, there
exists fi-open sets {a} and {b, c} containing a and k respectively such that a ¢ {b,c} and k & {a}. Also for the distinct
points b,c € X, there exists fi-open sets {a,b} and {a,c} containing b and c respectively such that b ¢ {a,c} and
c & {a,b}. This implies that (X, u) is a fi-T; space. More over for the distinct points b,c € X, there does not exist
disjoint fi-open sets. By Definition 4.3 (X, ) is not a ji-T, space. Then (X, u) is a ji-Ty space but not fi-T.
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Abstract

This paper is concerned with the existence results of mild solution for an impulsive fractional order
stochastic differential equation with infinite delay subject to nonlocal conditions. The results are obtained
by using the fixed point techniques and solution operator generated by sectorial operator on a Hilbert space.
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1 Introduction

Recently, fractional differential equations have been proved to be valuable tools in the modeling of many
phenomena in various fields of engineering, physics, economics and science. Fractional models have various
applications such as nonlinear oscillations of earthquakes, viscoelasticity, electrochemistry, seepage flow in
porous media, and electromagnetic, etc. There has been a significant development in fractional differential
equations since last few years for more details one can see the papers ([7],[8],[9],[11],[14],[15],[19]) and
references cited therein.

The deterministic systems often fluctuate due to environmental noise due to this reason it is important and
necessary for researcher to study these systems. These systems are modeled as stochastic differential systems.
In many evolution processes impulsive effects exist in which states are changed abruptly at certain moments
of time. Therefore the stochastic differential equations with impulsive effects exist in real systems and provide
a more accurate mathematical model. For more details one can see the papers ([16],[17],[18]) and references
therein.

Further, if we combine the stochastic differential equation with a nonlocal initial condition strengthens
the model even further. These fact motivate us to study such model in this paper. The basic tools are
used in this paper including fixed-point techniques, the theory of linear semi-groups, results for probability
measures, and results for infinite dimensional stochastic differential equations. The results are important
from the viewpoint of applications since they cover nonlocal generalizations of integro-differential stochastic
differential equation arising in various fields such as electromagnetic theory, population dynamics, and heat
conduction in materials with memory, for more detail one can see the papers ([6],[13],[16]],[23]],[24],[25]) and
references therein.

In [4] Bahuguna, considered the following problem

{M’(f) + Au(t) = f(t,u(t),u(by(t),u(b2(t)),..., u(bu(t)), t € (0,T],
h(u) = ¢o on[—1,0],

*Corresponding author.
E-mail address: mohdnadeem jmi@gmail.com (Mohd Nadeem), jay.dabas@gmail.com(Jaydev Dabas).
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and found the existence, uniqueness and continuation of a mild solution on the maximal interval of existence.
The author also proved some regularity results under various conditions. Chauhan et al. [5] considered the
following semi-linear fractional order differential equations with nonlocal condition

4

;?x(t) + Ax(t) = f(t,x(t),x(ar(t)),..., x(am(t))),t € [0, T], t #t;,
x(0) +g(x) = x0, Ax(t;) = Li(x(t;)),

and discussed the existence and uniqueness results of solutions using the applications of classical fixed point
theorems.

Balasubramaniam et al. [2] studied the existence of solutions for the the following semi-linear neutral
stochastic functional differential equations

dlx(f) + E(t, (1), x(01(1)), ..., x(bu()))] = Ax(D)dt + G(t, x(£), x(ar(£)), ..., x(an(t)))dw(t), t € ] = [0,0],
x(0) = xo+g(x),

where A is a infinitesimal generator of an analytic semigroup of bounded linear operators T(t),t > 0, on
a separable Hilbert space. By using fractional power of operators and Sadovskii fixed point theorem, the
authors established the existence of mild and strong solutions.

Sakthivel et al. [22] considered the following impulsive fractional stochastic differential equations with
infinite delay in the form

{D‘t"x(t) = Ax(t) + f(t, i, Bix(t)) + o (t, xt, Bax(£) %5 £ € [0, T], £ # 1y,
Ax(t) = I(x(t)), k=1,2,...,mx(t) = ¢(t), ¢(t) € By,

and studied the existence results of mild solutions and established the sufficient conditions for the existence
of mild solutions by using fixed point techniques.

Motivated by the works of these author’s ([2]],[4],[5],[22]), we study the existence of mild solutions of the
following semi-linear stochastic fractional functional differential equation of the form:

‘Dix(t) = Ax(t)+ f(t,xt,x(a1(t)),..., x(am(t)))
dw(t
+o(t, xt, x(ar(t)),. ..,x(am(t)))#,t e t#t, (1.1)
Ax(ty) = I(x(t,)),k=12,...,p, (1.2)
x(H)+g(x) = ¢(t), t € (—00,0], (1.3)
where | = [0, T] and “Df denotes the Caputo’s fractional derivative of order « € (0,1). A: D(A) C H — His
a closed linear sectorial operator defined on a Hilbert space (H, || - ||). The functions f, ¢ are given and satisfy

some assumptions to be defined later. We assume that x; : (—00,0] — H, x¢(s) = x(t +5s),s < 0, belong to
an abstract phase space 8. Here 0 < to < t; < --- <t < t,y < T I; € C(H,H),(k =1,2,...,p), are
bounded functions, Ax(t) = x(t;) — x(t; ), x(t]) = limy,_,o x(tx + 1) and x(t; ) = lim,_,o x(tx — h) represent
the right and left-hand limits of x(t) at t = t;, respectively, also we take x(t; ) = x(f;).

The nonlocal condition ¢ : H — H is defined as g(x) = 2}’?:1 cxx(ty) where cx, k = 1,...,p, are given
constants and 0 < t; <t < --- < t, < T. Such nonlocal conditions were first introduced by Deng [10]. The
initial data ¢ = {¢(t),t € (—o0,0]} is an Fp-measurable, Bj-valued random variable independent of w(t)
with finite second moments.

To the best of our knowledge, the existence and uniqueness of mild solution for the system —
with non local condition is an untreated topic yet in the literature and this fact is the motivation of the present
work.

Our work is divided in four sections, Second section provides the basic definitions and preliminaries
results which are used in proving our main results. In the third section, we state and prove the existence
results of the considered problem in this the paper. The fourth section includes examples.

2 Preliminaries

Let H, K be two separable Hilbert spaces and £L(IK,H) be the space of bounded linear operators from K
into H. For convenience, we will use the same notation || - || to denote the norms in H, K and £(KK,H), and
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use (-, -) to denote the inner product of H and K without any confusion. Let (Q), F, { F; };>0,IP) be a complete
filtered probability space satisfying that F( contains all P-null sets of 7. W = (W;);>¢ be a Q-Wiener process
defined on (Q), F, { 7 }+>0, P) with the covariance operator Q such that TrQ < co. We assume that there exists
a complete orthonormal system {e; };>1 in KK, a bounded sequence of nonnegative real numbers A such that
Qe = Ake, k=1,2,..., and a sequence of independent Brownian motions {Sy }r>1 such that

(w(t),e)x = Y vAr(er e)cBilt), e €K, t >0,
k=1

Let £ = CZ(Q%]K, H) be the space of all Hilbert Schmidt operators from Q:K to H with the inner product
< @9 > o= Tr[pQy+].

Now, we introduce abstract space phase 9B;,. Assume that /i : (—00,0] — (0, 00) with [ = ffoo h(t)dt < oo,
a continuous function. An abstract phase B, defined by

B, = {¢:(—00,0] = H, forany a >0, (E|¢(#)|*)!/? is bounded and measurable function on[—a, 0] with

0
$(0) = 0 and ./_0o h(s) sup (E|¢(8)2)"/2ds < co}.

5s<6<0
If 93, is endowed with the norm
0 2\1/2
I9llm, = [ _h(s) sup (Elp(®)P)!%ds, ¢ € B,
- s<6<0

then (By, || - ||, ) is a Banach space ([20],[21]).
Now we consider the space

B, = {x:(—oo,T] = H such that x|}, € C(Ji,H) and there exist
x(t}) and x(t, ) with x(t;) = x(t; ), xo = ¢ € By, k=1,2,...,p},

where x|}, is the restriction of x to Jx = (t, tx41],k = 0,1,2,..., p. The function || - ||£B; to be a semi-norm in
- itis defined by
Ixlls; = lIglls, + sup (Ellx(s)[*)!/2,x € B},

s€[0,T]

Lemma 2.1. ([2]]) Assume that x € 98, then for t € ], x; € ®B;,. Moreover,

0
l(15||x(t)||2)1/2 <1 sup (EHX(S)||2)1/2 + [|x0||s,, where I = / h(s)ds < oo.
se[0,t] -

Definition 2.1. The Reimann-Liouville fractional integral operator for order « > 0, of a function f : R — R

and f € L'(R*, X) is defined by

A0 = F0, IO = i [ (=1 f0s, a0,

where I'(-) is the Gamma function.

Definition 2.2. Caputo’s derivative of order « > 0 for a function f : [0,00) — R is defined as

DEF() = iy o (=9 A s =3 2700,

n—a)

forn—1<a<n neN.If0<a<1,then

D{f(t) = 1"(11—oc) '/O.t(t — s)—af(l)(s)ds.

Obviously, Caputo’s derivative of a constant is equal to zero.
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Definition 2.3. A two parameter function of the Mittag Lefller type is defined by the series expansion

k 1 yaﬁy

ad z
Eupl(2) = kz‘m 271 Jo pv —

d]l,DC,B>OZEC

where c is a contour which starts and ends at —oo and encircles the disc |p| < |z\% counter clockwise. The
most interesting properties of the Mittag Lefller functions are associated with their Laplace integral

A1 o\ gp — AP 1
/0 e Mt Ea,ﬁ(wt) th_w,ReA>wa,w>0.

Definition 2.4. [12] A closed and linear operator A is said to be sectorial if there are constants w € R, 6 €
[%, 7], M > 0, such that the following two conditions are satisfied:

ey Low) = A EC: A # w,larg(A —w)| <6} C p(A),
2) [R(A, AL (x) < Mf%,/\ € Yiow):

Definition 2.5. [1] Let A be a closed and linear operator with the domain D(A) defined in a Banach space X.
Let p(A) be the resolvent set of A. We say that A is the generator of an a-resolvent family if there exist w > 0
and a strongly continuous function T, : Ry — £(X), where £(X) is a Banach space of all bounded linear
operators from X into X and the corresponding norm is denoted by |||, such that {A* : ReA > w} C p(A)
and -

(A*T—A)" 1 = /0 MT,(H)xdt, Red > w,x € X,

where T, (t) is called the a-resolvent family generated by A.

Definition 2.6. [11] Let A be a closed and linear operator with the domain D(A) defined in a Banach space X
and & > 0. We say that A is the generator of a solution operator if there exist w > 0 and a strongly continuous
function S : Ry — L£(X), such that {A% : ReA > w} C p(A) and

(o)
AR - A)1 = / MSy(H)xdt, Red > w,x € X,
0

where S, (t) is called the solution operator generated by A.

Theorem 2.1. [26](Schauder fixed point theorem) If U is a closed , bounded, convex subset of a Banach space
X and the mapping T : U — U is completely continuous, then T has a fixed point in U.

Definition 2.7. A measurable F;— adapted stochastic process x : (—oo, T| — H is called a mild solution of the
system - if x(0) = ¢(0) — g(x) € By, on (—00,0], Ax|i=, = Ic(x(t, ),k =1,2,...,p, the restriction of
x(-) to the interval [0, T)\ty, ..., tp, is continuous and x(t) satisfies the following fractional integral equation

Su(t)(¢(0) —g(x)) + fo Ta(t =) f (s, x5, x(a1(s)), .., x(am(s)))ds
+ Jo Ta(t = s)o (S X5, X(a1(s)), - -, x(am(s)))dw(s ) te[0,t],
Salt = t1)[x(ty) + h(x(ty))] +ﬁ Ta(t =5)f (s, x5, x(a1(s)), - ., x(am(s)))ds

x(t) = § + [y Tult =8)o(s, x5, x(a1(5)), ., x(am(s)) Jdw(s), te(ty bl (24

Sa(t —tp)[x(ty) + Ip(x(t;))] + ft; Tou(t—5)f(s,xs,x(a1(s)), ..., x(am(s)))ds

+fjp To(t — $)o (s, x5, x(a1(5)), ..., x(am(s)))dw(s), te (tp, T),
where
_L Atya—1/yag -1 _L Atryay -1
sa(t)_Zm,/re VTN = A) A, Tu(t) = 5 [ M- A)hay,

are called analytic solutions operator and a—resolvent family and T  is a suitable path lying on } ¢ ,, for more
details one can see [11]].
Further we introduce the following assumptions to establish our results:
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(HO) If « € (0,1) and A € A*(6p, wp) then for any x € H and t > 0 we have || T, (#)|| < Me“! and ||S,(¢)| <
Ce“'(14t*1), w > wp. Thus we have

ITa(t)]| < Mr and [|Su(t)]| < 71 Ms,
where M = supgs > || Ta(t)[| and Mg = SUPy>s>T Ce“t(1 + t1=%)(for more details, see [12]).
(H1) There exist a constants Lg > 0, such that E||g(x) — g(y)[|3; < Lellx — y|I3;.

(H2) The nonlinear maps f : | x B, x H” - Hand 0 : ] x B, x H" — L(K,H) are continuous and there
exist constants L fr L, such that

m
Lelllp = 9ll%s, + 3 Ellxi — villf),
i=1

m
Lolllp = ¢ll%s, + ) Ellxi — yillf),
i=1

IN

E||f(t/ q)/x1/x2/' . ‘/xm) _f(t/lpz]/lz]/ZI- . /]/M)H%—I

IN

EHU(t/ (P/ X1, X2, . /xm) - U(t/ q)/ylryZI .. /ym)”ZL(IK,]H)

forall (x1,x2,...,%m) and (y1,Y2,...,ym) € H" ,t € Jand @, € By,

(H3) The functions I, : H — H are continuous and there exists L; > 0, such that

El|Ze(x) — L)1 < LeEllx — s,

x,y€H, k=12,...,p, L =max{L;} > Lq.
3 Existence and uniqueness of solutions

Theorem 3.2. Let the assumptions (H0)-(H3) are satisfied and

20 T20¢ -1

. T
0= 3M§(1+L)+3M%a f(l+m)+3M2 —Lo(l+m)| <1,

then the problem (1.1)-(1.3) has a unique mild solution x € Hon J.

Proof. First we convert the problem — into a fixed point problem. Consider the operator P : B; — B},
defined by

Sa(t)(9(0) — g(x)) + fo To(t —s)f(s, x5, x(a1(s)), ..., x(am(s)))ds

+ [y Tu(t —s)o (s xs, x(a1(s)), ..., x(am(s)))dw(s ) t e [0,t],
Sa(t —t1)[x(t; ) + I (x(t)))] +ft To(t —s)f(s,x5,x(a1(s)), ..., x(am(s)))ds
(Px)(t) = { + [y, Talt = 5)o(s, x5, X(a1(s)), - ., X(an(s)) ) dw(s), t € (ty,ta],

Sa(t = tp)[x(ty) + L (x(5))] + fi) Ta(t =) f(s, %, 2(a1(5)), ..., ¥(am(s)) )ds
+ fttp Tu(t —8)o (s, x5, x(a1(s)), ..., x(am(s)))dw(s), te (tp, T].

Let y(.) : (—oco, T] — H be the function defined by

_Jo(t), te (—oo,0] B
y(t) = {0, el then yo = ¢.

Foreachz: ] — Hwithz |, € C(Jy, H),k =1,...,pand z(0) = 0, we denote by Z the function defined by

__ {0, t € (—o0,0]

z(t), te].
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If x(-) satisfies the system (2.4), then we can decompose x(-) as x(t) = y(t) + z(t), which implies x; = y; + z
for t € J and the function z(-) satisfies

Su(B)((0) ~ (¥ +2)) + Ja Talt —)f(5,ys + 2o y(@i(5)) +Z(@(s)),
oy (an(s)) +Z(an(s)))ds + [} Tult =)o (s, vs + 2,
Y(@1(8) + Z@1(5)), .. ylan(3)) + Z(om(s))dun(s), te[0,t],
Sult = t)ly(t) +2(0) + Lly(t)) +Z()]
oy = | T =975 Zoy(01(9) 201 (5D an () + ()
Tt = )0 (s, s + 20 y(01(5)) + Z(@1(6)), -, Y(am(s)) + Z(an(s)))dw(s), ¢ € (b1, 1],
Sult— t)ly(t) +2(t5) + L(y(ty) +2(t5)]
I Talt = )£ (5,5 + 2o y(@1(8) + Z(@1(5)), - y(an(s)) + Z(an(s)))ds
I Talt = )05, 35 + 20, y(@1(5)) + 2(@1(5)), -, y(an(s)) + Zam(s))dw(s), ¢ € (1, T)

Set B}/, such that zg = 0 and for any z € B}/, we have
1 1
Izl = [|zollss,, +sup(Elz()|%)2 = sup(E||z(#)]|?)2.
te] te]

Thus (B, || - H’BZ) is a Banach space. Define an operator N : B} — B}/ by

8
JY(am(s)) +Z(a m(s ds+f0 Ta(t s)a(s,ys—l—is,
(s)), - y(am(s)) +z(am(s)))dw(s), te[0,t],
D)2+ Ly(t) +2(8)]
—s)f(s,ys +zs,y(a1(s)) +2(a1(s)), - .., y(am(s)) + Z(am(s)))ds
—5)o(s,ys +2s,y(a1(s)) +Z(ar(s)), ..., y(am(s)) +Z(am(s)))dw(s), t€ (t1,ta],

a1(s)), - Y (am(s)) + Z(am(s)))dw(s), t € (tp,T].

In order to prove existence results, it is enough to show that N has a unique fixed point. Let z,z* € B}
then for t € [0, t1], we have

E|[(N2)(t) = (Nz)(Dllfs < 3E[Sa(1)[8(y +2) — g(y +Z)] I
+3E|| /Ot Ta(t =8)[f (s, ys +2Z5,y(a1(s)) +2(a1(5)), -, y(am(s)) +Z(am(s)))
—f (8,5 + 2, y(a1(5)) +Z* (a1(5)), - .., y(am(s)) + 2" (am(s)))]ds |
+3E|| /Ot Ta(t =)o (s, ys +2s,y(a1(s)) +Z(a1(s)), - -, y(am(s)) +Z(am(s)))
—0(s,ys + 25, y(ar(s)) + 2" (a1(s)), - (

by applying assumptions, we have

20 200—1

* Y o T o2 L
E[[(N2)(t) = (N2") (1) [lfy < (3M§Lg+3M%?Lf(l+m)+3M%T

— 1Lg(l +m))|z — z*||2%;l,.
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For t € (1, 1], we have
ENN2) () — (N (O < 3EISa(t— )z -
4B [ Tt = 5) (75,5 + Zo
5y Y1 ($) + 2 @), y(an(s)) 2 ) s
BB [ Tt = 5)lo(5, 35+ Zory(n (6) + 2 (9), ., ¥ (5)) + Z(an(5))
05,45 + 7 y(01(6)) + 2 (@1(5)) - Y an(5)) + 2 (an($)) ()]

Z'(ty )+ hy(ty) +2(t) — hi(y(t
(

S, Ys + Zs,

by applying assumptions, we obtain

20 200—1

EI(N2)(1) ~ (N2) O < GMB(1+La) + 38B Le(I 4 m) + 38— Lo(l+m))l}z — 2" 3.

Similarly, for ¢ € (£,, T], we have
EINZ) () — (N O} < BE[Sa(t— 1)) — 2 () + L(y(ty) +2(5)) — L(y(ty) + 2 (55 )1
+3E] / Tu(t = $)£(5,ys + Zo y(@1(5)) + Z(@1(5)), .., y(au(s)) + Z(an(s)))
—f (5,5 + 2 y(@1()) + 2 (@1()), -, y(am(s)) + 2 (an(5))) sl
+3E| /tf Tu(t = 9)[0(5, s + 2o, y(@1(5)) + 2(@1()) ., y(@n(s)) + Z(am(s))
(5,5 + 2, y(01(5) + 2 (01(5)), -,y (an(5)) + (@ (s)))do(s) [y,
by applying assumptions, we have

20 200—1

EN(N2)(t) ~ (N2) I < (BFR(1+Ly) + 38— Ly(1 4+ m) + 3883

%2
2o Lo+ m))z — 2" [y

Thus for all t € [0, T], we estimate
) ~ < T2rx ~ T21x71 )
ENNE) = (=)0l < {301+ L)+ 388 L1+ m) 38 L1 m) I =y,
< Oz

Since ©® < 1 as in the Theorem 8.2} therefore N is a contraction. Hence N has a unique fixed point by Banach
contraction principle. This completes the proof of the theorem. O

The second result is proved by using the Schauder fixed point theorem. For this we take the following
assumptions

(H4) There exist a constants M; > 0, such that E||g(x)||3; < M.
(H5) The functions I; : H — H are continuous and there exists My > 0, such that E|| Iy (x)||3; < Ms.
(H6) f,o:] x B, x H" — H are continuous and there exits constants M3, My, such that

E|lf(¢, qo,xl,xz,...,xm)H%{ < M;3, E|o(t, ¢, x1,x2,.. .,xm)H%{ < M.

Theorem 3.3. Let the assumptions (H3)-(H6) are satisfied then the impulsive stochastic differential equation
(1.1)-(1.3) has at least one mild solution.
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Proof. let us consider the space B, = {y € B/ : ||y|| < r}. Itis obvious that B, is closed convex and bounded
subset of %Z . Consider the operator N : B, — B, defined by

Su(t)(@(0) = 8(y +2)) + fy Talt = 5)f(s,ys + Zs, y(a1(s)) + Z(a1(5)),
e Y (@m(s)) +Z(am(s)))ds + [y Tu(t—s)o(s, ys + Zs,
Y@ () + Z@1(5), -, y(@n(s)) + Z(an(5)))du(s), te(on],
St —t)[y(ty) +2(ty) + h(y(ty) +2z(t))]
Tt = )£ (5,95 + Zs,y(@1(5)) + Z@1()) -, y(an(5)) + Z(an(s)))ds
(Nz)() = +fttl To(t =)o (s,ys + zs,y(a1(s)) +z(a1(s)), ..., y(am(s)) +z(am(s)))dw(s), te€ (t,ta],
Sult—tp)[y(t,)) +2(t,) + L (y(t,) +2(t,))]
LTt = )5,y + 2o y(@(s) + Z(@(5)), . y(an(s)) + Zan(s)))ds
L Tt =)o (s, s 2, y(@1(5)) + 2@ (5)), -, y(an(s)) + Zan(5)dols), ¢ € (1, T].

First we shall show that N is continuous, for this let {z"}°° ; be a sequence in B, such that limz" — z € B,.
When t € [0,t1], we have

E[[(N2")(H) = (N2)(Dllfs < 3E[Su(t)g(y +2") — gy +2) &y

43| [ Talt = 9)[f s+ Zy(an(5)) 47

Then for t € (t;,t;11],where i =1,2,...,p, then we have

E[[(N2") (1) = (N2)(D)llfs < BE|ISult = 1)[Z" (1) — 2(7) + L(y(t;)

43| [ Talt = 9)[f(5 v + 2oyl (5)

Since the functions f,o, g and I;,i = 1,2,..., p, are continuous, hence lim, .« E|[ (Nz")(t) — (Nz)(t)||3; — 0.
This implies that the mapping N is continuous on B,.

Now we show that N maps bounded set into bounded sets in B,. Let z € B, then we have E||(Nz)(t)||2; <
M, fort € (tj,ti;1],i=0,1,2,..., p- Then for t € [0, 1], we have

El(N2)(D)llfs < 3E[Sa(8)[9(0) + (v + 2]l

. /Ot Ta(t —5)[f(5,ys + 25, y(a1(s)) +2(a1(5)), ..., y(am(s)) + Z(am(s))))ds | §s
$SE| [ Tult = 5)lots, s+ 25 y(@n(5) +2(@r(5)), .., ylan(s)) + Zlam(s)) (o)
< SR+ My + 30 M+ 38 L M
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Fort € (t;,ti41],i=1,2,...,p, then we have

E(N2) ()t < BENSa(t = t)[y(t7) +2(67) + Lly(t7) + 2(67)] |5

+3E|| /: Tu(t = 8)[f (s, ys +Zs,y(a1(s)) + Z(a1(s)), - .., y(am(s)) + Z(am(s)) ds|

+3E]| /t_t Tu(t =) [0(s,ys +Zo, y(a1(5)) +Z(a1(s)), - .., y(am(s)) +Z(am(s)))]dw(s) | fx

20 T2a -1

~ ~- T ~

It proves that N maps bounded set into bounded sets in B, for all sub interval t € (¢;,t;11],i =1,2,...,p.
Finally, we show that N maps bounded set into equi-continuous sets in B,. let I1,1; € (t;,tj41],t; <13 <l <
tiy1,i=0,1,2,...,p,z € B;, we obtain for t € [0, t1]

ENNZ) (1)~ (N () < 3B 184002 — Su)io + 8y + D] By

+3E|| /0 [Tu(l2 —s) = Tu(ly — 8)][f (5, ys +Zs,y(a1(s)) +Z(ai(s)),. ..,

0 (5)) + 2 (D)l + 3] [ [Ttz =5) = Tafly =)

X105, + 2o y(01(5)) + 2@ (9), -yl (5)) + Zlan(5)) o)

3[My -+ E[Sa(02) — S + 3MSE] [ [Tallz —) ~ Tully — )l

IN

+3M,E|| /Ot[T,x(lz — ) = Tu(l — 9)] -

Fort € (t;,ti41],i=1,2,...,p, we have

E||(Nz)(l2) — (N2)(h) I

IN

BEN[Sa(l2 = ) = Sull = )]t ) +2() + Ly(t) + =267 )]s
40| [ [Tl =) = Tully = 9)JLf (5, + 2, y(01(5)) + 21 (5)), ..
an(5)) + Z(an(5)))ds B +3E) [ Tl —5) = Tally —9)]

*[0(s, s +Zs, y(a1()) +Z(a1(5)), - ., y(am(s)) +Z(am(s)))]dw(s) |,
3[Mz + r]E||[Su(l2 — t;) — Sa(l — t:)] 1 + 3M3E|| /t [Tu(l2 = 5) = Tu(l = 9)]IIfs

IN

FIMGE] [ [Tl —) = Talh — )]

Since Ty (t) and Sk (t) are strongly continuous its implies that limy, ,;, |[[Sa(l> — ti) — Su(l1 — t;)][|3; = 0
and limy, ,;, [|[Ta(l> — t;) — Ta(lh — #,)]||}; = O This implies that N is equi-continuous on all subintervals
(ti, tiv1],i = 1,2,...,p. Thus by Arzela -Ascoli theorem, it follows that N is a compact operator. Hence N
is completely continuous operator. Therefore, by Schauder fixed point theorem, the operator N has a fixed
point, which in turns implies that — has at least one solution on [0, T]. This completes the proof of the
theorem. O

4 Example
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Example 4.1. Consider the following nonlocal impulsive fractional partial differential equation of the form

£y 2 1t
30 u(t,x) = @ u(t,x) + %/ H(t,x,s —1)Q1(u(s, x),u(ay(s),..., u(an(s)))ds
+ {215 /joo V(x5 — 1) Qa(u(s, ), u(ar(s), ..., u(am(s)))ds d“;i”, (4.5)
u(t,0) = u(t,1)=0, t>0, 4.6)
u(t,x) + i cru(x, ty) = ¢(tx),t € (—00,0],x €[0,m], 4.7)
k=1
Au(t)(x) = é[;qi(ti—s)u(s,x)ds,x € (0,7, 48)

where % is Caputo’s fractional derivative of order 0 < q < 1,0 < t; < tp < --- <t < T are prefixed numbers,
¢ € By,. Let H = L2[0, 7] and define the operator A : D(A) C H — H by Aw = " with the domain D(A) :=
{w € X : w, w'are absolutely continuous, w” € H,w(0) =0 = w(m)}. Then

Aw = Y2 n?(w, wy)wn,w € D(A), where wy(x) = \/%sin(nx),n € N is the orthogonal set of eigenvectors

of A. It is well known that A is the infinitesimal generator of an analytic semigroup (T (t))s>o in H and is given by
T(Hw =) e*”Zt(w, wy)wy, forall w € H, and every t > 0.

The subordination principle of solution operator (Theorem 3.1 in [3l) implies that A is the infinitesimal generator
of a solution operator {Sy (t) }>0. Since Sy(t) is strongly continuous on [0, 00), by uniformly bounded theorem, there

exists a constant M > 0, such that ||Su(t) || gzy < M, for t € [0, T]. Let h(s) = e%,s < Othenl = fi)ooh(s)ds =1
and define

0
[¢llm, = [_B() sup [1g(8)]12ds.

0€s,0]
Hence for (t,¢) € [0, T] x By, where ¢(0)(x) = ¢(6,x), (0,x) € (—o0,0] x [0, 7t]. Set u(t)(x) = u(t, x),
f(t g uar(t)),... ulan(t))))(x) = 25/ H(t, x,0)Q1(¢(0, u(a1(t)), ..., u(an(t)))(x))do,
ot u@r(B) - u(an ) = o [ V(30O 1l (1) ..., ulan(1))())ee,
KO = 5[ a-0p0)x0,
glx) = ) cxulx, ty).
k=1
Then with these settzngs the equatzons ([@5)-[.8) can be written in the abstract form of equations ({I.I)-(L.3). Further
we have here Lf = 25,L(7 = 25,L =: T =1,1= %,MT =1, MS =53 Landm =2.In this formulation of the problem

we can verify the assumptions of Theorem (B-2). We get the value of condition in Theorem (3.2) as © = .73 < 1. This
implies that there exists a unique mild solution u on [0, 1].

Example 4.2. Here we consider the following non-trivial problem

2 —t
%u(i x) = aayzu(t,x) + 25:_ o /t H(t,x,s —t)[Q1(u(s, x),u(ay(s),...,u(am(s))) + ;]ds
L / V(t, x5 — )[Qa(u(s, x), u(al(s),...,u(am(s)))+;}dw(s) 49)
u(t,x) = u(t,m)=0,t>0, (4.10)
u(t,x) + i cr(x, ty) = ¢(t,x), t € (—00,0], x €0, 7], (4.11)
k=1
Aul - = sin(A[u(E 0, 0<t<1,0<x<7, 412)

=3 9™\ 2
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where q € (0,1). In the perspective of Example 1 we set

et
Flbpular (1)), o ()3 = s [ HE 0@ O u(an(0), . ulan () () + Lo,

ot uan(®), . o (£ () = g [ V(8% 8)[Qa9(0, u(ar (1)) ., ulam(8)(2)) + e,

Then with these settings the equations [@.9)- can be written in the abstract form of equations (I.I)-(T.3). Hence
the our problem @.9)-(@.12) have a unique mild solution on [0,1].
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The main aim of the present paper is to establish a curious summation formula involving recurrence rela-
tion of Gamma function .

Keywords: Gauss second summation theorem ,Recurrence relation, Prudnikov.

2010 MSC: 33C05, 33C20, 33D15, 33D50 , 33D60. (©2012 MJM. All rights reserved.

1 Introduction

Generalized Gaussian Hypergeometric function of one variable is defined by
ai,an, .- ,a ; o
AFp v ! z | =Y (a1)k(@2)k - - (aa)xz* a
bl,bz,--~ /bB . k=0 (bl)k(bZ)k(bB)kk'

4

where the parameters by, by, - - - , bp are neither zero nor negative integers and A, B are non-negative inte-
gersand | z |=1

Contiguous Relation is defined by

[ Andrews p.363(9.16), E. D. p.51(10)]

a, b; ] a+1,b; a,b+1;
(a—0) 2k R azFl[ o z}szl{ . z} (2)

7 7 7

Gauss second summation theorem is defined by [Prudnikov., 491(7.3.7.5)]

i ab; 1 1—-(11+b+1) T 1)
2P| aiper 2] = (3)
| T2 () (%)
2(b=1) 1 (by (atbtl
_ 200 res W
I(b) T(*5)
In a monograph of Prudnikov et al., a summation theorem is given in the form [Prudnikov.,
p-491(7.3.7.8)]
ja a, b ; 1 \/E ( 2 ) + 2 r(%) (5)
21 - 51 =
Ht 2 r(sh st - T re)
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Now using Legendre’s duplication formula and Recurrence relation for Gamma function,
the above theorem can be written in the form

a b ;1] _ 200l [ rG) 20T resgt) | r(tR)
°Fy a+b—1 . E = (b o1 + 5 + R} (6)
B (b) r(5) {T(a)} r(sh)
Recurrence relation is defined by
I(S+1) = $T() -

2 Main summation formula

a, b; 1 b I“(ﬂ+b2+48)
2hi | e 5| = 23 23
2 (a=b)T®)| IT {a—b-2A}] | IT {a—b+2¥}]
A=1 Y=1
(L
lrgﬁg {8388608(—216862434431944426122117120000 + a?® + 559843369263277204857421824000b
2

—569545783776841112218710835200b° + 3502009617829942269780688896005°
—130274290623536732525341704192b* + 38258159328821814810743144448b°
—73925475021673064400452321285° + 1278328901424788437956820992b”
—1473851361521235095081451526° + 16541594137308004947263488b°
—1217098252828610199584768b'° + 93319246373147360817152b'! — 4520782665435130478592b'2
+242909449904204187648b'% — 7797274383016572928b'* + 295577121333620992b"°
—6177274611310592b'° 4 163279973416448b"7 — 2112944531328b'8 + 37538840592b"°
—2686414726%° 4 2948968b>! — 8648b°* + 47> + 23a%?(—24 + 47b) + 253a%1 (568 — 752b + 705b°)
+1771a%%(—13248 + 28952b — 10152b% + 6063b°) + 2534 (10651312 — 18378880 + 18307440b°
—2910240b° + 1242915b*) + 480748 (—48160896 + 111412560b — 59317760b* + 36701360b°
—3314440b* + 1077193b°) + 437a"7 (35335680512 — 68886941952b + 71068775952b% — 18381075840b°
+8004372600b* — 465347376b° + 119568423b°) + 74294 (—110280732672 + 264410732032
—172039726464b> + 108639162192b> — 16625231040b* + 5446950696b° — 220741704b°
+45987855b7 ) + 1485845 (2365174520192 — 4965191440384b + 5236842909696
—1725798706176b° + 758786681184b* — 76810158336b° + 19719592224h° — 588644544b7 + 1011732816°)
+874a"* (—1409491500899328 + 3463171135496576b — 2549281676298240b> + 16286065203200005°
—326241761038080b* + 106997067614688b° — 76994706355206° + 1590811880160b” — 364223811605°
+5227286185b7) + 46a'3(772492387032024064 — 1706132584134203392D + 1825151909639889024b7
—7002515117325619206° + 308859506811100160b* — 41720602570934784b° + 106442606216184005°
—572668731075840b + 96968519441640b% — 1756368158160b° + 212227819111b'°)
+598a'2 (—1415643061687443456 + 3539464620490595328b — 2837813317389384704b>
+1823283877135639168b — 433637769393797120b* + 1416482300904540165°
—13801291695856896b° + 2815337632560096b” — 117555258659520b° + 16518224344600b°
—242546078984b'0 + 24805848987h'1) + 241 (8336146548751502379008
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—19110879531730263293952b + 20623641739160852121600b> — 8803708000865147375616b°
+3877040498846657697152b* — 630933569726210070528b° + 1592903927766898606085°
—11738492743825376256b” 4 1950421219324385808b% — 650538693003513605°
+7649418238997392b'0 — 92873098607328b'! + 8061900920775b'2)
+22a'%(—12318426342334540333056 4 31189294080015037855744b — 26643664822555271921664b>
+17140623788483946063872b° — 4605072082300887901184b* + 14921884605075904185605°
—177180979433782351872b° + 35548416593321988096b7 — 20524949894696881921°
+281304925678327408b° — 7668336833158144b'0 + 758463638626512b'! — 7739424883944b 2
+5705345267015'3) + 224° (164573150471956455718912 — 388241091264007637073920b
+420943316891085447997440b> — 194683884826863646556160b° + 85278443565011756866560b*
—15861465348367839070208b° + 3948145039255526734976b° — 357922456741054965760b”
+58142553453809144320b% — 2703140922913516800b° + 308127143096167824b'°
—69941469321568000"! + 583323319956520b'% — 50714180151206™3 + 3169636259456'4)
+22a®(—1794419261680900851892224 + 4584366935603738318766080b
—4114251545048432952852480b7 + 2640794540104311940581376b° — 778226828495277913989120b*
+249266337772945624175616b° — 34151179297906370239488b° + 6714896930011659811968b”
—4807696348114463232006° + 64026820139834140160b° — 2449850955905578368b'°
+233377227411710928b"'! — 4479970542016320b'2 + 315039984628920b'% — 2360832524280b'4
+124599494337b'%) + a7 (347649718060675616799195136 — 838882082577028634028015616b
+910822905671321377263845376b% — 448673507687430886271483904b°
+194828024586480427411873792b* — 40139945352469260322013184b°
+9816269459458694551068672b° — 1035093445173598250778624b7 + 163773463835797810765056b°
—9507758473057537904640b° + 1046292644614417620992b'0 — 33543815778321598464b'!
+2675398056697299648b'2 — 44004970534863360b"° + 2602500541819200b'* — 16977685938048b1°
+751616304549b'0) + a®(—2436468094409369161115369472 + 6263040594757311926167928832h
—5848486988767053581851295744b% + 3733541278446785126654017536b°
—1184188234508519054509670400b* + 3736510192269365184700825605°
—57174017531600230727811072b° + 10975982455244081771618304b”
—920520158677719502915584b° + 118626675019529327475968b° — 5703526377919620050944b'°
+520823675966042701824b'" — 14201827298789125632b'% + 947443730648350656b'3
—135030820152883200' + 668046217895616b'0 — 3826410277704b"° + 140676848445b'7)
+4°(13311549776672286362560364544 — 32711559967534938612352155648b
+35464011035200609536911081472b% — 18392078988954334205143154688b°
+7891021782941046181484429312b* — 17648779860737159141818368004°
+4224685979357381183751372800° — 50111992196873469323575296b"
+7690160291401572696950784b° — 526300747131570952679424b° + 556436412823346195345925™°
—2254723506020816523264b'! 4 171002161902726342656b'> — 4017063029686619136b'3
+223281440905959744b' — 2784340493839872b'° + 114245678291448b'° — 578784747888b"
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+17417133617b'8) + a* (—55053024365598449590377381888 -+ 142044977238750609063203045376b
—137077990719062800861023436800b> + 867607117241531840156485550085°
—29240401716693618871160012800b* + 9055639018840596931534258176b°
—1515481756258497614495416320b° + 282841276651081614820990976b”
—26859572569417039346319360b° + 3332660266936043603056640b°
—190033682028660149368832b'° + 16535976570423823189248b'! — 573130879234289725440b*2
+36015944570559027200b'% — 737043756023662080b' + 33885424088126016b'°
—372890329765440b1° + 12527300511720b'7 — 5648800092068 + 1362649145b6'%)
+43(165020589921079405558156492800 — 411610098505191809379748282368b
+444320342901862871586922561536b% — 240640522263922110933453766656b°
+101643072715132417602424406016b* — 24347580368876167133346660352b°
+5679836270384155287099801600b° — 741920115370433100621545472b7
+109848794149157432560799744b% — 85662222738550293209088005°
+864659016160210118774784b'0 — 41800643016639985786880b " + 2991812117724256942336b '
—89845526485916487680b'3 + 4650290892979978240b'* — 83728552007841792b'°
+31475548635708006¢ — 30798996193920b'7 + 831387500720b'8 — 33542132806 + 62891499b°°)
+a?(—334579316086154168723570688000 + 864548080425026367554322432000b
—858014569647562727164653600768b> 4 5365434377306838219821678592006°
—190477895841886852481443430400b* + 57637354507041387641790529536b°
—10406128775890004696560041984b° + 1877582322927794908763521024b”
—197661445831681191815577600b% + 23453086420144706587299840b°
—1533547764773194725654528b'0 + 126112680824475795320832b" ! — 5247383586349278087168b'>
+307487912205751326976b"> — 8093782952810557440b'* + 341481867848146944b"°
—5458828464945024b'° + 164912278071984b"7 — 1444736263680b'® + 304742548006
—110443608%° + 153393962 ) + 1(404913773986418277702696960000
—1022531955622549936145222860800b + 1095505011472615290568578170880b>
—616231254291188275591639990272b° + 255052972994161204371394658304b*
—64865795499271462272381222912b° + 14657673560084855811375890432b°
—2080501687036857250211692544b” + 2949625723206816860521758725°
—25677211257278696652472320b° + 2451531478102328114786304b'°
—136847793704700345286656b'! + 9138388985836193208320b'? — 331765554383021232128b 3
+15765373619992310016b0'* — 367721195189587968b"> + 12439930291235328b1°
—178105159009536b'7 + 4212252152528b'® — 332491385600 + 5248211766%° — 17123040

b+1
(%)
a+1

2
+404913773986418277702696960000b — 334579316086154168723570688000b>

+165020589921079405558156492800b° — 55053024365598449590377381888b*
+133115497766722863625603645445° — 24364680944093691611153694725°

+162156% ))} - {8388608(—216862434431944426122117120000 + 47q%
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+347649718060675616799195136b7 — 394772237569798187416289281b°
+3620609310383042025816064b° — 271005379531359887327232b™° + 16672293097503004758016b*!
—846554550889091186688b'% + 35534649803473106944b'3 — 1231895571786012672b'
+35141763021012736b'> — 819275563020288b' + 15441692383744b'7 — 2315094270728
+2694781936b" — 234622086 + 143704b! — 552b%% + b + 1081a%%(—8 + 15b)
+11891a%! (248 — 144b + 129b%) + 11891a° (22592 + 44136b — 9288b° + 52891°)
+118914'%(3156912 — 2796160b + 25628006 — 282080b° + 114595b*) + 2053948 (—102874752
+205085552b — 70341120b* + 404784806 — 2750280b* + 848003b°) + 2053947 (7949752832
—8671559424b + 8029226256b* — 1499537280b° + 609927480b* — 28179792b° + 6849255b°)
+3491634a'%(—17691664384 + 35627859456b — 156340404487 4 90145716006° — 1067954880b*
+327198696b° — 10958808b° + 2152623b ) + 410784 (7195509064064 — 8951779424256
+8313011048448b% — 2038282097664b° + 824904427872b* — 67781793024b° + 16262871072b°
—413303616b7 + 66731313b%) + 2162a'* (—3606509890386944 + 7292032201661568b
—3743655389829120b% + 2150920857067520b° — 340908305283840b* + 1032754120749125°
—62456438553600° 4 1203746781600b” — 24023272680b° + 3225346795b7)
+2162a'3(112354047134229504 — 153453077882988544b + 142223826182123648b>
—41556672750192640b° + 16658623760665600b* — 18580310035553285° + 4382255923442881°
—20353825409280b” + 32057722765206° — 51605548720b° + 5805624231b'°)
+1222a'2(—3699494816231694336 + 7478223392664642560b — 4294094587847199744h>
+2448291422032943488b° — 469010539471595520b* + 139936302702722048b°
—11621789933542656b° + 2189360111863584b” — 806541341443206% + 105017291645205°
—139334981544b'° + 131946005256 ) + 94411 (992757940139865540608 — 1455827592603195162624b
+1341624264090168035328b% — 444687691666382827520b° + 175914644366210884992b*
—23986420276817197056b° + 5540677403894071296b° — 356849104024697856b”
+54620202160187664b% — 1636928005398400b° 4 177512766487056b'° — 1976023374624b"
+157807422279b'2) + 10344 (—1177077613954168471552 + 2370920191588325062656b
—1483121629374462984192b + 836227288356102629376b° — 183784992290773838848b*
+53813966423921295488b° — 5515982957369071616b° + 1011888437731545088b”
—52124488423522944b° + 65558966616205920° — 163156102833152b'0 + 14795779959376b1
—140273264248b'% + 944146970953 + 1034a” (15997673246912964165632
—24832892898722143764480b + 22681901760294687221760b> — 82845476536315564032005°
+3223075693361744296960b* — 508994919856451598336b° + 1147259913148252683521°
—9195124248604968960b” + 1362272768932641280b° — 57513636657734400b° + 5985211184645264b'°
—125829534430080b'! + 95530929962006'2 — 781363010400 + 4418421785h™4)
+9448(—1567926980341739462852608 + 3137899705539166872895488b
—2102781338634906295910400b% + 1168604193076142899582976b° — 285740133717202546237440b*
+81810215865974177627136b° — 9792767645507654286336b° + 17422708918701894762247
—112520552828210841600b% + 13607831659402140160b° — 480371167748224896b'°
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+41498323815412464b"'! — 747851539131840b'2 + 47452679726760b'% — 338650650360b'*
+15991836267b'%) + 4747 (27198487264357200807591936 — 44265993341209728727908352b
+39948560062293508697096192b% — 15785534369583682991947776b°
+6017899503214502442999808b* — 1066212599933478070714368b° + 233531541600937910034432b°
—22023264790927622356992b” + 3143143243835245018368b% — 167538171240493813760b°
+166396843628315688960'0 — 499510329524484096b'! + 35820678814275264b'2
—560484289989120b'3 + 29582331558720b* — 186086822016b"° + 7269016485b¢)
+47a°(—157288244726963966809473024 + 311865394895422464071827456b
—221406995231702227586383872b> + 120847580220939474193612800b°
—32244292686351013074370560b* + 8988693573100811029258240b°
—1216468458119153845272576b° + 208856797009759458533376b7 — 15985658394764683941888b°
+1848067890715352939776b° — 82935777607302377472b'° + 6778314586242121728b'!
—175599413491966464b' + 1041778699137120063 — 143177390115840b™* + 6233908537536b"°
—34891279128b° + 1111731933b") + 474°(814003389974932230015811584
—1380123308495137495157047296b + 1226326691639178460463628288b>
—518033624869705683688226816b° + 192673170613629721947537408b*
—37550595448376934344294400b° + 7950021685679500392980480b° — 854041390478069368553472b7
+116677860234144760252416b% — 7424515694980690628608b° + 6984711942801487065605°
—26848237009625960448b'! + 1802247693491308544b'2 — 40832930175808512b"3
+1989690150962496b'* — 24281815586304b'° + 860965887672b'° — 4326740496b" + 110171633b'8)
+47a*(—2771793417522058138837057536 + 5426658999875770305774354432b
—4052721188125252180456243200b% 4 2162618568407072714945200128b°
—622136206738162103641702400b* + 167894080488107365563498496b°
—25195494351245086266163200b° + 4145277118861285689614336b7 — 3642763878063003001651206°
+39917569328303375554560b° — 2155565655545096464384b'° + 164980446759432242432h™
—5517348640372142080b'% + 302288027942778880b'3 — 6066708492495360b'* + 239873457638976b15
—2627847689280b'° + 7442363460007 — 338989640b' + 6690585b'%)
+47a%(7451084293255196318682316800 — 13111303282791239906205106176b
+11415817824057102595365273600b> — 5120011111998342785818165248b°
+1845972589875599659907416064b* — 3913208295522198767051735045°
+79437048477591172907532288b° — 95462448444134231121592327
+1236116593240316227506176b° — 91128626940234047324160b° + 8023270709503123689472b'°
—374625872377240313856b'! + 23198377841002387712b'% — 685352543397826560b"°
+30285151037440000b'* — 545572705880064b" + 17171922040944b'° — 1709048966406
4375369016068 — 156657600 + 228459b%°) + 4742 (—12117995399507257706781081600
+23308617265374793416352727040b — 18255629141437504833290502144b>
+9453624317060912161423884288b° — 2916552994022612784277094400b*
+754553426280864032700235776b° — 124435893378022416635133952°
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+19379210758964284622635008b” — 1925819872150330318356480b° + 1970372972681676565094400°
—12471502682898212388864b'° + 877601776134504345600b'" — 36106646038273447936b 2
+1786318890285848832b'3 — 47405791172014080b™ + 1655510892601344b'> — 27193258040448b1°
6607884061925 — 6066818560b'° + 985485600 — 38253662 + 3795b%!)
+47a(11911561048154834145902592000 — 21755999055798934811600486400b
+18394640009043114203283456000b> — 87576616703232299868031549441°
+3022233558271289554536235008b* — 695990637607126353454301184b°
+133256182867176849492934656b° — 17848554948447417745276928b7
+2145873884750686021550080b° — 181729872506556766289920b° + 14599244037453847506944h'°
—813228916243840991232b"! + 45034039213901617152b'% — 1669831890854752256b '
+64400246221787392b'* — 1569634349387776b'° + 41793772941824b'® — 6405019921925'7

+11394897360b'8 — 9893312067 + 10909366%° — 4048b*! 4 23b°%)) }] (8)

3 Derivation of the summation Formula

“”’THS and z = % in equation (2), we get

a+1,b; 1]_bzplla,b+1; 1]

Putting ¢ =

ab ; 1

(a—"b)2h [ a+b+48 . 2] =a2b1 | gipias 2 atb+48 . o
2 7 2 4 2 4

Now involving the derived formula [Salahuddin et. al. p.12-41(8)], the summation formula is obtained.
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Invariant solutions and conservation laws for a three-dimensional K-S
equation

Reza Dastranj," Mehdi Nadjafikhah”* and Megerdich Toomanian®

?Department of Mathematics, Karaj Branch, Islamic Azad University, Karaj, Iran.

b School of Mathematics, Iran University of Science and Technology, Narmak, Tehran 1684613114, Iran.

Abstract

In this paper, we study three-dimensional Kudryashov-Sinelshchikov (K-S) equation, which describes
long nonlinear pressure waves in a liquid containing gas bubbles. Firstly, We find the symmetry groups
of the K-S equation. Secondly, using the symmetry groups, exact solutions which are invariant under a three-
dimensional subalgebra of the symmetry Lie algebra are derived. Finally, by adding Bluman-Anco homotopy
formula to the direct method local conservation laws of the K-S equation are obtained.

Keywords: Three-dimensional Kudryashov-Sinelshchikov equation, Lie symmetry analysis, Invariant solution,
Conservation laws.
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1 Introduction

A liquid with gas bubbles has many applications in nature, technology and medicine. An extended
equation for the description of nonlinear waves in a liquid with gas bubbles was introduced in [1]. Extended
models of nonlinear waves in bubbly liquid were considered in [2]. In this study we consider the following
equation

1
Uy + ”?g + Uy — AUyxx + Uxxxx + E(”yy + ”zz) =0, (1~1)

where A is parameter. This equation was introduced by Kudryashov-Sinelshchikov in [3]. This nonlinear
equation is for a description of long nonlinear pressure waves. By using Painlevé test, it is shown that the K-S
equation is not Painlevé integrable. Bifurcations and phase portraits for the equation were discussed in [4].

To find solutions to nonlinear partial differential equations, the study of their symmetry groups is one
of the powerful methods in the theory of nonlinear partial differential equations. Then, the corresponding
symmetry groups will be used in construction of exact solutions and mapping solutions to other solutions.

In the study of partial differential equations, the concept of a conservation law plays a very important role
in the analyze of essential properties of the solutions, particularly, investigation of existence, uniqueness and
stability of the solutions.

This work is organized as follows. In Section 2, we present group classification of the K-S equation. Section
3 is devoted to reductions to ordinary differential equations and exact solutions. In Section 4, the conservation
laws associated to the equation are obtained via direct method. The conclusions are presented in Section 5.

*Corresponding author.
E-mail address: r.dastranj@kiau.ac.ir (Reza Dastranj), m_nadjafikhah@iust.ac.ir (Mehdi Nadjafikhah),
toomanian@tabrizu.ac.ir(Megerdich Toomanian).
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2 Group classification of the K-S equation

In this section we completely classify the Lie point symmetries of the K-S equation in terms of A. For the
non-extended transformations group of equation (1.1) the infinitesimal generator X is given by

X = &t x,y,z,u)ot + T(t,x,y,z,u)0x + &/ (t, x,y,z,u)dy + E(t,x,y,2,u)dz + 1(t, x,y,z,u)du. (2.2)
The fourth prolongation of X is

X(4) =X+ ni(l)aui + -+ 171(;41) auili2i3i4, (2.3)

21314
where
7Y = D — (Digjuj,  ij=1,..4 (2.4)

andfor!=1,2,--- ,kwithk>2,i;=1,2,---,4

K _ (k=1)
Uiliz"'ik - Dikﬂillé'-'l’k,l - (leg,])ulllzlkfl,]/ (2‘5)
where D; is the total derivative operator defined by
D; = dx; + u;0u + ul-]-au]- B i=1,..,4 (2.6)

with summation over a repeated index.
The vector field X generates a one parameter symmetry group of K-S equation if and only if

1
(X(4> [L[tx + M?C —+ Ulyy — Auxxx + Uxxxx + *(Hyy —+ uZZ)]) ’ =

2
1
(e + 20 2 0 3 )+ 12) = A0+ 1) | =00 27)

For more details see [5], [6].
Calculating the needed terms in (2.7) and spliting with respect to partial derivatives with respect to t, x, y,

and z and various power of u, we can find the determining equations for the symmetry group of the equation
(1.1). We study two cases: A =0,A # 0.

Case A. A #0
Here, we find the following determining equations:
G=h=5=0=0=0=8,=8==0=58==8:=h=0,
=8 =8 =1 =1y =1zy =Nz =1u=0,§ = ’7&? = —§§,§f = _g,)z{/g; = - (2.8)

So we have

E=c1, F=-fily—fHz+f(), §F=flt)+coz
F=hHht)—cy, 1=—f0y-fr()z+fi(t), 2.9)

with f1(#), f2(t), f3(t) arbitrary functions and c1, ¢, arbitrary constants. Thus the K-S equation admits an
infinite-dimensional symmetry Lie algebra spanned by

Xp=0dt, Xo=—ydz+20y, Xeo= f3(H)0u+ fa(t)dx,
Xeo = —Yfy (DU — yf1(DIx + f1(1)Ay, Xeo = —2f5 (1)0u — 2f5(1)0x + fo(t)0z, (2.10)

where f1(t), f2(t), f3() are arbitrary functions.
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CaseB.A =0

Here, we find the following determining equations:

=8 =8=8=8,=8,=5.=8§=0
§y:gzzzgyzgizgi:szﬂtuzﬂyy:?]yu:Uzyzﬂzzzﬂzuzﬂuuzor

3 1
=58 = a0, = —onw § = -5, 8 =5 = —nw 5 = 55,5 = & (2.11)

So we have
S=atta §=Tx-fiy- A0+ HO, §=Lytort i),
F= oyt 2t hl), 1=-fy-f0z- Lus fi) 12)

with f1(t), f2(t), f3(t) arbitrary functions and ¢, ¢, c3 arbitrary constants. Thus the K-S equation admits an
infinite-dimensional symmetry Lie algebra spanned by

3¢
2
Xp = —ydz+ 20y, Xeo = fo(1)0u+ f3(1)0x, Xeo = —yfy (£)0u — yf (£)3x + f1(t)dy, (2.13)

X1 =0t X = —zfg(t)au - zfé(t)ax + f2(t)9z, Xeo = uou — —ot — gax — yoy — z0z,

where f(t), f2(t), f3(t) are arbitrary functions.

3 Invariant solutions

Here, we use the results of the group classification in the previous section for the construction of exact
solutions of the K-S equation. We search for solutions invariant under a three-dimensional subalgebra of the
Lie algebra (2.13). Then equation is reduced to a fourth-order ordinary differential equation. Solving this
equation we find exact solution for the K-S equation[6} [7} [8} 9]. We choose the following three vector fields:

X1 = 2ydu + 2tydx — t20y, Xp = 2z0u + 2tz9x — t20z,
3t

X3 = udu — Eat - %ax — Yoy — zoz. (3.14)

These vector fields generate a three-dimensional subalgebra of the symmetry Lie algebra (2.13). We construct
an exact solution of equation (1) which is invariant under these three vector fields: X;(I) = X,(I) = X3(I) = 0.
From X;(I) = 0, we obtain four invariants } = t, [, =z, J3 =u—x/t,J4 = y2 + tx. Now, we rewrite X, and

X3 in terms of [1,J,J3 and J4:

3
Xo = —J30) +2J720)s, X3 = —Ehah — J20]2 + J30]3 — 2]49]4. (3.15)

Since the common solution I(t, x, v, z, u) is defined as a function of the invariants J1,/5,/3 and J4 of X, it must
be a solution to the differential equations

ol ol 3 0l ol ol ol
2 2
L4 2P =0, X3(I)=—2fi— — Jo— — Ja=—— —2J4=—— = 0. 3.16
The equation X;(I) = 0 gives the three invariants Ky = J1,Ky = J3,Ks = J4 + ]%. Again we express these
invariants as new variables. Writing X3 in terms of Ky, K, and K3, we obtain

Xo(I) = =]

X3 = —%KléKl + K0Ky — 2K30K3. (3.17)

From X3(I) = 0 two invariants I[; = K%/3K2, L= K1_4/3K3 are found.
The invariant solution is given by I; = ®(I;), where ¢ is a function to be determined [7], [8]. Thus

x 24 fx+ 22
Yo T T

£ (
u_
t £3

). (3.18)
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From we have
U=t39(5) + % (3.19)
y?+tx 422
where 6 = s Substituting u in the K-S equation (with A = 0) we obtain

"

" 2 !’ !
® +<1>(q>+§5)+q>2+3q» = 0. (3.20)

A solution which arises from the above equation is

2 2
+ix+z
$=-35=-3(L 215 (3.21)
3
Therefore the exact solution ) -
-3 st
-V +; +3tx) (3.22)

for the K-S equation is obtained.

4 Conservation laws

There are many methods to investigate conservation laws, such as Noether’s method, the direct method,
etc. Here, we present the direct method [10} 11} 12} [13].

Consider a differential equation P{x; u} of order k with n independent variables x = (x!,...,x") and one
dependent variable u, given by

Plu] = P(x,u,0u,. ..,8ku) =0. (4.23)

A multiplier A(x,u,9u,...,0'u) provides a conservation law A[u]P[u] = D;¢'[u] = 0 for the differential
equation P{x; u} if and only if

Ey (A(x, u,au, ...,o'U)P(x, U,aU, .. .,akU)) = (4.24)

for arbitrary functions U(x), where Ej; is the Euler operator with respect to U defined as

Ey=9U— DU+ ...+ (~1)°D;, ... D;aU (4.25)

iq...05"
Since the K-S equation is of Cauchy-Kovalevskaya form with respect to x, y, and z, it follows that multipliers
providing local conservation laws for equation (1.1) are in the form A = §(¢ x,y,z U, o, . ..,aill),l =
1,2,... and we can obtain all of its nontrivial local conservation laws from multipliers. Consequently, A =
§(t,x,y,z,U,0:U, ..., BQU) is a conservation law multiplier for the equation if and only if

1
Ey [5(1‘, X, Y,z, u,o:, ... ,ailI) (utx + u32( + Ulyx — AlUyxx + Usexxx + E(Uyy + Uzz)):| =0 (426)

for an arbitrary function U(t, x, y, z).
We look for all multipliers in the form A = §(¢, x,y,z, U, 0Uy, Uy, OUpyt, dUpyt ) for the equation(l). Thus,
the Euler operator is taken to be

Ey =0U—D;oU; + ...+ (-1)*D;, ... D;,0U;, ,, (4.27)
and the determining equations become
1
Eyl§(t,x,y,2,U,0U;, ..., oUs) (Usy + U2 + Ullyy — AUyy 4+ Uprx + 5 (Uyy + Uzz))] = 0 (4.28)

where U(t, x, v, z) is arbitrary function. Equation (4.28) split with respect to Uy, Uy, . .., Uxxxx to provide the
over-determined equations:
Sy +8§
gyyyy = _(2§zyyz + gzzzz)r gyxy = 8z, Stx = _%/ Sxx =8u = §ut = gll” = §um - §utm =0.
(4.29)



300 Reza Dastranj et al. / Invariant solutions and conservation laws...

Solving the equations (4.29), we find the infinite set of local multipliers

= (filt,z—iy) + folt,z +iy))x + f3(t,z — iy) + fa(t,z +iy) —
b
2 /y / (D1(f1)(t, =2ib + iy + z) + D1 (f2)(t, 2ia — 2ib + iy + z))dadb, (4.30)

where f1, f2, f3 and f are arbitrary functions. We study two cases: fi(r,s) = fa(r,s) = f3(r,s) = fa(r,s) =r+s

and fi(r,s) = fa(r,s) = f3(r,s) = fa(r,s) = exp(r +5s).

Case A

By setting f1(r,s) = fa(r,8) = f3(r,s) = fu(r,s) = r+s into (4.30), we have T = 2(t +z)(x + 1) — 2y2. Applying
Bluman-Anco homotopy formula [10, 11} [12], we find conserved components &t &%, ®Y, and 9% with respect to
multiplier §:

21(t+2)(x+1) y}ux,

[

B{H—z J(x+1) y}uux—[(t+z)u+((t+z)(x+1)—yz)ux}u—z[x—kl}u—
2[(t+z)(x+1) y])tuxx+2[(t+z)(x+1)—yz}uxxx—i-Z{H—z}/\ux—2{t+z]uxx,
|

=2 } [H—z x+1)—y2}uy,

P = —[x+1}u+ [(t+z)(x+1) —yz} Us. (4.31)
So we obtain the following local conservation law of the K-S equation:

Dy (2[(t+2)(x +1) = yPJux ) + Dx (3[(¢ +2)(x +1) = y2Juez = 2[(t +2)(x +1) = y2) Aotz —
[(t+2)u+ ((t+2)(x+1) =y up]u —2[x + Nu +2[(t+2)(x + 1) — y*]thgnx +
20t + z]Auy — 2[t +z]uxx) + Dy (Z[y]u +[(t+2z)(x+1) — yz]uy) +

DZ( —[x+1u+[(t+2z)(x+1) —yz]uz> =0. (4.32)

Case B

By setting f1(r,s) = fa(r,s) = f3(r,s) = f4(r,s) = exp(r + s) into (#.30), we have:

1
§=(x—iy+ 5) exp(t+z—iy)+ (x +iy+1)exp(t +z +iy), (4.33)
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Applying Bluman-Anco homotopy formula, we find conserved components $/,$*,$¥, and $* with respect to
multiplier §:

ot — [(xfiy+%)exp(tJrzfiy)+(x+iy+1)exp(t+z+iy)}ux,

P = [(x—iy—s—%)exp(t—I—z—iy)+(x+iy+1)exp(t+z+iy)}uux—
%[exp(t—kz—iy)+exp(t+z+iy)}u2+)\{exp(t+z—iy)+exp(t+z+iy)}ux—

:(x—iy+%)exp(t+z—iy)+(x+iy+1)exp(t+z+iy)]u—

r A
(Ax—/\iy+§+1)exp(t+z—iy)—|—(/\x+)xiy+)x+1)exp(t+z+iy)}uxx+

) 1 ) . )
{(x — iy + 5) exp(t+z—iy)+ (x+iy+1)exp(t+z+ zy)} Uyxx,

Y = é:(x—iy+§)exp(t+z—iy)—(x+iy+2)exp(t+z+iy)}u+
%[(x—ier%)exp(tJrzfiy)+(x+iy+1)exp(t+z+iy)}uy,

9 = —%[(x—iy—s—%)exp(t—l—z—iy)+(x+iy+1)exp(t+z+iy)}u+
%[(x—iy—i— %)exp(t—kz—iy) + (x+iy+1)exp(t+z+iy)]uz. (4.34)

So we find the following local conservation law of the equation (L.1):

Dy®' + Dx®* + D, ®¥ + D,%* = 0. (4.35)

5 Conclusions

In the present paper, we investigated the Lie point symmetries, exact solutions and conservation laws of
the K-S equation. We derived exact solutions which are invariant under a three-dimensional subalgebra of
the symmetry Lie algebra. We obtained the conservation laws of the K-S equation by adding Bluman-Anco
homotopy formula to the direct method.
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Abstract

Semi-invariant submanifold of a trans Sasakian manifold has been studies. In the present paper we study
semi invariant submanifolds of a nearly trans hyperbolic Sasakian manifold. Nejenhuis tensor in a nearly
trans hyperbolic Sasakian manifold is calculated. Integrability conditions for some distributions on a semi
invariant submanifold of a nearly trans hyperbolic Sasakian manifold are investigated.

Keywords: ~ Semi-invariant submanifolds, nearly trans hyperbolic Sasakian manifold, Gauss and Weingarten
equations, integrability conditions, distributions.
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1 Introduction

The study of geometry of semi invariant submanifold of a Sasakian manifold has been studied by Bejancu [1]
and Bejancu and Papaghuic [4]. After that a number of authors have studied these submanifolds ([3],[5],[12]).
Latter on, Oubina [8] introduced a new class of almost contact Riemannian manifold known as trans Sasakian
manifold. Upadhyay and Dube [13] have studied almost contact hyperbolic (f, g, 7, §)-structure. Shahid
studied on semi invariant submanifolds of a nearly Sasakian manifold [14]. Matsumoto, Shahid, and Mihai
[10] have also worked on semi invariant submanifolds of certain almost contact manifolds. Joshi and Dube
[15] studied on Semi-invariant submanifold of an almost r-contact hyperbolic metric manifold. Gill and Dube
have worked on CR submanifolds of trans-hyperbolic Sasakian manifolds [7].

2 Preliminaries

Nearly trans hyperbolic Sasakian Manifolds: Let M be an n dimensional almost hyperbolic contact metric
manifold with the almost hyperbolic contact metric structure (¢, §,4,g) where a tensor ¢ of type (1,1), a
vector field §, called structure vector field and 7, the dual 1-form of is a 1-form § satisfying the following

P*X =X-7(X)§, &(X,§) =n(X), 2.1)
P& =0, 7o¢p=0, 7 =-1 (22)
g(PX,PY) = —g(X,Y) —n(X)n(Y) (2.3)

for any X,Y tangents to M [6]. In this case

8(PX,Y) = —g(X, 9Y) (2.4)

*Corresponding author.
E-mail address: shamsur@rediffmail.com (Shamsur Rahman), aarrjjuummaanndd@gmail.com(Arjumand Ahmad).
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An almost hyperbolic contact metric structure (¢, §,7,¢) on M is called trans-hyperbolic Sasakian [7] if and
only if

(Vx)Y = a[g(X,Y)E = (V)¢ X] + B8 (X, Y)§ — n(Y)$X] (2.5)
for all X,Y tangents to M and «, 8 are functions on M. On a trans-hyperbolic Sasakian manifold M, we have
Vx§ = —a(@X) + B[X —1(X)§] (2.6)

a Riemannian metric g and Riemannian connection V. Further, an almost contact metric manifold M on
(¢, 8 1,8) is called nearly trans-hyperbolic Sasakian if [9]

(Vx)Y + (Vy§) X = a[2g(X,Y)§ — 1 (Y)¢X — (X)¢pY] = Bn(X)pY +1(Y)¢X] 2.7)

Semi-invariant submanifolds: Let M be a submanifold of a Riemannian manifold M endowed with a
Riemannian metric §. Then Gauss and Wiengarten formulae are given respectively by

VxY = VxY +1(X,Y) (X,YeTM) 2.8)
VxN = —ANX+ VN  (NeT+M) 2.9)

where V, V and V+ are respectively the Riemannian, induced Riemannian and induced normal connections
in M, M and the normal bundle of T+ M of M respectively, and / is the second fundamental form related to A

by
g(h(X,Y),N) = g(ANX,Y) (2.10)

Moreover, if ¢ is a (1,1) tensor field on M, for XeTM and NeT+M we have

(Vx¢)Y = (VxP)Y — ApyX — th(X,Y)) + ((VxF)Y + h(X, PY) — fh(X,Y)) (2.11)
(Vxp)N = ((Vxt)Y — AfnX — PANX)) + ((Vxf)N + h(X,tN) — FANX)) (2.12)
where
$X = PX +FX (PXeTM,FXeT+M) (2.13)
¢N =tN + fN (tNeTM, fNeT+ M) (2.14)

(VxP)Y = VxPY — PVxY, (VxF)Y =V4FY-FVxY
(Vxt)N = VxtN —tV%N, (Vxf)N=VxfN - fViN

The submanifold M is known to be totally geodesic in M if & = 0, minimal in M if H = trace(h)/dim(M) = 0,
and totally umbilical in M if h(X,Y) = g(X,Y)H.

For a distribution D on M, M is said to be D-totally geodesic if for all X, YeD we have h(X,Y) = 0. If for
all X,YeD we have h(X,Y) = g(X,Y)K for some normal vector K, then M is called D-totally umbilical. For
two distributions D and ¢ defined on M, M is said to be (D, ¢)-mixed totally geodesic if for all XeD and Yee
we have h(X,Y) = 0.

Let D and & be two distributions defined on a manifold M. We say that D is e -parallel if for all Xee and
YeD we have VxYeD. If D is D-parallel then it is called autoparallel. D is called X-parallel for some XeTM
if for all YeD we have VxYeD. D is said to be parallel if for all XeTM and YeD, VxYeD.

If a distribution D on M is autoparallel, then it is clearly integrable, and by Gauss formula D is totally
geodesic in M. If D is parallel then the orthogonal complementary distribution D~ is also parallel, which
implies that D is parallel if and only if D+ is parallel. In this case M is locally the product of the leaves of D
and D+.

Let M be a submanifold of an almost contact metric manifold. If {eTM then we write TM = {&} @ {€}+,
where () is the distribution spanned by § and {§} is the complementary orthogonal distribution of {§} in
M. Then one gets

P§=0=F§, noP=0=noF, (2.15)
P2+tF=—-1+n®§ FP+fF=0, (2.16)
fP+Ft=—1, tf+Pt=0 (2.17)
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A submanifold M of an almost contact metric manifold M with §eTM is called a semi-invariant submanifold
(Bejancu, [1]) of M if there exists two differentiable distributions D! and DY on M such that

(1) TM =D'e Do {&},
(2) the distribution D! is invariant by ¢, that is, ¢(D'!) = D! and
(3) the distribution DY is anti-invariant by ¢, that is, ¢(D°) C T+ M.

For XeT M we can write
X =D'X + DX +5(X)§ (2.18)

where D! and D are the projection operators of TM on D! and DY, respectively. A semi-invariant
submanifold of an almost contact metric manifold becomes an invariant submanifold ([2], [11]) (resp.
anti-invariant submanifold ([2], [11]) if DY = {0} (resp. D = {0}).

3 The Nijenhuis tensor
A hyperbolic contact metric manifold is said to be normal ([6]) if the torsion tensor N vanishes:

N'=[p,¢]+dp®§=0 (3.19)

where [¢, ¢] is the Nijenhuis tensor of ¢ and d denotes the exterior derivatives operatoer. In this section we
obtain expression for Nijenhuis tensor [¢, ¢] of the structure tensor field ¢ given by

[0, 91(X,Y) = (Vox)Y = (Vor$) X) = ¢((Vx¢)Y — (Vy)X) (3.20)
in a nearly trans hyperbolic Sasakian manifold. First, we need the following lemma.
Lemma 3.1. In an almost hyperbolic contact metric manifold we have
(Vy¢)pX = —p(Vy¢)X — (Vyn)X)§ —n(X)Vy§ (3.21)

Proof. For X, YeTM, we have

(Vy@)pX = —¢?Vy X — p(Vyp) X + VyX — (Vyn)X)E — 1(VyX)§ — 1(X)Vy§
= -y X +1(VyX)3 = ¢(Vyp) X + VyX — (Vy)X)E = (VyX)§ — (X

<}
><
U

which gives the equation (3.21). O

Now, we prove the following theorem
Theorem 3.1. In a nearly trans-hyperbolic Sasakian manifold the Nijenhuis tensor [¢, ¢] of ¢ is given by

[#,91(X,Y) = 49(Vy@) X +2d5(X, YV)§ + (X)VyE = n(Y)Vx§ (322)
+Hag(¢X, V) + (a+ P)n(Y)9?X + 3(a + By (X)9?Y

Proof. Using Lemma 3.1 and 7o¢ = 01in (2.7) we get

(Vox@)Y = ¢(Vy@) X + (Vy) X) + 1(X)VyT +208(¢X, Y)T — (a+ B)y (Y)¢?X (3.23)
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Thus

) = ¢((Vxp)Y — (Vy¢)X)
)5 — (Vyn) X)E] +n(X)VyE
B (Y)$*X — n(X)$?Y]
=4¢9(Vyd) X — 2[a(28(X,Y)T
= (Y)9pX —n(X)pY — B(1(X)pY +5(Y)¢
+2dn (X, V)E+n(X)Vy§ —n(Y)Vx3
+4ag (X, Y)E — (a + B) [ (Y)§? X — (X)§?Y]
= 4p(VyP) X + 2017 (Y)$* X + 2an (X)$*Y — Bl (X)$Y +1(Y)$X]
+2dn(X, V)5 +1(X)Vy§ —n1(Y)VxE
+4ag (X, Y)E — (a + B) [ (Y)? X — (X)¢?Y]
= 4p(VyP) X +2(a + B (Y)$*X +2(a + B)n(X)$*Y +2dn(X,Y)§
+7(X)VyE —1(Y)VxE +4ag(¢pX,Y)E
—(a+ B (Y)P*X + (a + B)y(X)¢*Y]
[0, $1(X,Y) = 4p(Vydp) X +2dn (X, Y)§ +n(X)VyE — 1 (Y)Vx§
+4ag(pX, Y)§ + (a + By (Y)$*X + 3(a + By (X)p*Y

[, 91X, Y) = (Voxd)Y = (Vgy
=20(Vy@)X —20(Vx¢)Y + [((Vxyy
—(a

$)X
)Y
V)V +4ag(9X, ¥)§ — (a +

X)]

which implies the equation (3.22). From Equation (3.22), we get
n(NY(X,Y)) = 3dy(X,Y) — 4ag(X, ¢Y) (3.24)
In particular, if X and Y are perpendicular to §, then (3.22) gives

[, PI(X,Y) = 4p(Vyd)X —2(y[X,Y])§ (3.25)

4 Some basic results

Let M be a submanifold of a nearly trans-hyperbolic Sasakian manifold. Using (2.11), (2.13) in (2.7) for
X,YeTM, we get

(VxP)Y + (VyP)X — ApyX — ApxY — 2th(X,Y) + (VxE)Y (4.26)
+(VyF)X + h(X,PY) 4+ h(Y, PX) — 2fh(X,Y)
= a2¢(X,Y)§ —n(Y)PX —n(Y)FX — n(X)PY — n(X)FY]
—B[(X)PY + 5(X)FY + 5(Y)PX + 5(Y)FX]

Consequently, we have

Proposition 4.1. Let M be a submanifold of a nearly trans-hyperbolic Sasakian manifold. Then for all X,YeTM we
have

(VxP)Y + (VyP)X — ApyX — ApxY —2th(X,Y) (4.27)
= 208(X,Y)§ = (a + B) (1 (Y)PX + 11(X) PY)
and
(VxE)Y + (VyF)X 4+ h(X,PY)+ h(Y,PX) —2fh(X,Y) (4.28)
—(a+B)n(X)FY +1(Y)FX]
forall X, YeTM.
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Now we state the following proposition.
Proposition 4.2. Let M be a submanifold of a nearly trans-hyperbolic Sasakian manifold. Then
Vx¢Y +Vy¢pX — p[X, Y] =2((VxP)Y — Apy X — th(X,Y)) (4.29)
+2((VxF)Y + h(X,PY) — fh(X,Y)) + 2ag(X,Y)?)
—(a+B)((Y)PX+3(X)PY) — (a+ B)(n(Y)EX + 1 (X)FY)

Consequently,
PIX,Y] = Apy X + ApxY 4+ 2th(X,Y) — 2ag(X,Y)§ (4.30)
—(a+B)(n(Y)PX +n(X)PY — VxPY — VyPX +2PVxY
F[X,Y] = =V%FY — VEFY — h(X, PY) — h(Y, PY) + 2fh(X,Y) (4.31)

—(a+ B)((Y)FX + n(X)FY) +2FVxY
The proof is straightforward and hence omitted.

Proposition 4.3. Let M be a semi invariant submanifold of a nearly trans-hyperbolic Sasakian manifold. Then
(P,§,1,8) is a nearly trans-hyperbolic Sasakian structure on the distribution D' & {§} if th(X,Y) = 0 for all
X,YeD! @ {E}.

Proof. From D! @ {§} = ker(F) and (2.16) we have P> = I — 7 ® § on D! @ {&}. We also get P§ = 0,7(3) =
2,7 0P = 0.Using D' @ {g} = ker(F) and th(X,Y) = 0in 4.27 we get

(VxP)Y + (VyP)X =2ag(X,Y)§ — (a + B)(n(Y)PX + (X)PY), (4.32)
forall X, Y eD! & {g}. O
This completes the proof.

Theorem 4.2. Let M be a semi invariant submanifold of a nearly trans-hyperbolic Sasakian manifold. We have (i) if
D @ {Z} is autoparallel then

ArxY + Apy X +2th(X,Y) =0, VX, YeD?® {§} (4.33)
(i) if D' @ {&} is autoparallel then
h(X,PY)+h(PX,Y) = 2fh(X,Y) VX,YeD!® {&}. (4.34)

Proof. Inview of (4.27) and autoparallelness of D° & {} we get (1), while in view of (4.28) and appropriateness
of D! @ {§} we get (ii). In view of Proposition 4.3 and Theorem 4.2(ii), we get O

Theorem 4.3. Let M be a submanifold of a nearly trans-hyperbolic Sasakian manifold with §eTM. If M is invariant
then M is nearly trans-hyperbolic Sasakian. Moreover

h(X,PY)+h(PX,Y) = 2fh(X,Y) =0, X,YeTM.

5 Integrability Conditions

Integrability of the distribution D! @ {Z}: We begin with a lemma

Lemma 5.2. Let M be a semi-invariant submanifold of a nearly trans-hyperbolic Sasakian manifold. For X, YeD' & {&}
we get

FIX,Y] = —h(X,PY) — h(PX,Y)+2FVxY +2fh(X,Y) (5.35)
or equivalently

—h(X,PX) + FVxX + fh(X,X) =0 (5.36)
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Proof. Equation (5.1) follows from D! @ {Z} = ker(F) and (4.6). Equivalence of (5.1) and (5.2) is obvious. In
view of (5.1) and D' @ {Z} = ker(F) we can state the following theorem. O

Theorem 5.4. The distribution D' @ {Z} on a semi-invariant submanifold of a nearly trans-hyperbolic Sasakian
manifold is integrable if and only if

h(X,PY)+h(PX,Y) =2(FVxY + fh(X,Y)) (5.37)
Now, we need the following

Definition 5.1. ([16]) Let M be a Riemannian manifold with the Riemannian connection V . A distribution D on M
will be called nearly autoparallel if for all X, YeD we have (VxY + VyX)eD or equivalently Vx XeD.

Thus, we have the following flow chart ([16]):

Parallel = Autoparallel = Nearly autoparallel,

Parallel = Integrable,

Autoparallel = Integrable, and

Nearly autoparallel + Integrable = Autoparallel.

Theorem 5.5. Let M be a semi-invariant submanifold of a nearly trans-hyperbolic Sasakian manifold. Then the
following four statements

(a) the distribution D' & {&} is autoparallel,

(b) h(X,PY) +h(PX,Y) =2fh(X,Y), X,YeD'® {E},

(c) h(X,PX) = fh(X,X), XeD'® {E},

(d) the distribution D' & {&} is nearly autoparallel,

are related by (a) = (b) < (c) = (d). In particular, if D' @ {&} is integrable then the above four statements are
equivalent.

The proof is similar to that Theorem 4.4 of [16].
Let X, YeD! @ {&}. Using (2.1) and (2.13) in (3.19) and we get

NO(X,Y) = [¢pX,¢Y] — P[¢pX, Y] — F[¢pX,Y] — P[X, ¢Y] (5.38)
—F[X, Y]+ [X, Y]+ 7([X, Y] +2dn ® §

On the other hand from equation (3.23) we have

(Voxp)Y = ¢(Vy@) X + (Vym)X)T +n(X)VyE + 2a8(9X, Y)T — (a + )y (Y)§*X
which implies that
(Vox¢)Y = (Vor@)X = p((Vy$)X = (Vx¢)Y) + 2d5(X, V)T + 7 (X)U'Vy§ (5.39)
+(X)UOV YT +n(X)h(Y, §) — n(Y)U'VxT — n(Y)UVxT
—1(Vh(X,8) = (a+B)(n(Y)§*X —n(X)§?Y)
Next we easily can get
P(Vy¢)X = ¢(Vy§X) — ¢*(VyX) (5.40)
= P(Vy¢X +h(Y,¢X)) = (Vy X +7VyX)§

so that

P((Vy9)X — (Vx§)Y) = (VydpX — Vx9Y) + [X, Y] — ([X, Y])§ (5.41)
+E(Vy¢X — Vx¢Y) + ¢(h(Y,pX) — h(X, 9Y))
In view of (5.39) and (5.41) we get
NO(X,Y) = 4dy @ 4 2[X, Y] = 25([X, Y]))§ + 2P[Vy$pX — Vx¢Y] (5.42)
+2F[VypX — Vx¢Y] +2¢(h(Y, §X) — h(X, ¢Y)) + n(X)U'Vy§
+(X)UOVYE + 1 (X)h(Y, ) — 1 (NU'VXE - 1 (V)UVxE
—1(Nh(X,§) = (& + B)(n(V)$*X — n(X)9?Y)
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Theorem 5.6. The distribution D' & {§} is integrable on a semi-invariant submanifold M of a nearly trans-hyperbolic
Sasakian manifold if and only if for all X, YeD' @ {&}

NY(X,Y)eD' @ () (5.43)
2(h(Y,¢X) — h(X,9Y)) = —n(X) (U Vv + fR(Y,§)) + n(Y)(9UVXE + fh(X,5)) (5.44)

Proof. Let X,YeD! @ {&}. If D! @ {&} is integrable, then (5.43) is true and from (5.42) we get

0 = 2F(Vy¢pX — Vx¢Y) +2¢(h(Y,pX) — h(X,¢Y) + n(X)UVyE
+(X)h(Y,§) —n(U'VXE —(Y)h(X,§)

Applying ¢ to the above equation, we get

0= —2U%Vy¢pX — VxpY) +2(h(Y,$pX) — h(X,$Y) + 1(X)pUVyE
+n(X)th(Y, §) + n(X) fh(Y,§) — n(Y)U VX — n(Y)th(X, §) — n(Y) fh(X,§)

Hence taking the normal part we get (5.44).
Conversely, let (5.43) and (5.44) be true. Using (5.44) in (5.42) we get

0 =2U"[X, Y] +2F(Vy¢pX — Vx¢Y) +20(h(Y,$X) — h(X,pY) + n(X)U°VyE
+(X)h(Y,§) —n(VU'VXE — n(Y)h(X, )

Applying ¢ to the above equation and using (5.44) we get pU°[X, Y] = 0, from which we get U°[X, Y] = 0,
and hence D! @ {g} is integrable.

If M is a trans-hyperbolic Sasakian manifold then for all XeD! @ {g} it is known that #(X,§) = 0 and
UV x§ = 0. Hence in view of the previous theorem we have O

Corollary 5.1. . If M is a semi-invariant submanifold of a trans-hyperbolic Sasakian manifold, then the distribution
D' @ {&} is integrable if and only if for all X, YeD' @ {&}

h(X,9Y) = h(Y,¢X)
Integrability of the distribution D° @ {g}:
Lemma 5.3. Let M be a semi-invariant submanifold of a nearly trans-hyperbolic Sasakian manifold. Then
3(ArxY — ApyX) = P[X,Y], X,YeD?@ (%) (5.45)
Proof. Let X,YeD® @ {§} and ZeTM. We have

—ApxZ+ VX = Vz¢pX = (Vz¢9)X + ¢(VzX)
= —(Vx¢)Z —n(X)¢Z —(Z)pX + ¢V zX + ¢ph(Z, X)

so that
Ph(Z,X) = —AgxZ + V5 ¢X + (VxP)Z + 1(X)pZ + n(2)pX — VX
and hence we have
8(Ph(Z,X),Y) = —g(ApxY, Z) = 8((Vx¢)Y, Z)
On the other hand
8(Ph(Z,X),Y) = —g(h(Z,X),9Y) = —g(ApyX, Z)
Thus from the above two relations we get

3(Apy X, Z) = g(ApxY, Z) + 8((Vx$)Y, Z) (5.46)
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For X, YeD? @ {Z} we calculate (Vx¢)Y as follows. In view of
VxpY — VypX = ApxY — Agy X + Vx¢pY — VX
and
Vx¢Y = Vy¢X = (V@)Y — (Vy )X + ¢[X, Y]

we have

(Vx)Y — (Vyp)X = ApxY — Agy X + VoY — VX — ¢[X, Y]
which gives
(Vx@)Y =1/2(ApxY — AgyX + VY — VX

—¢[X, Y] = (Y)pX — 1(X)pY)

Using this equation in the equation (5.46) we get (5.45).
In view of D? @ {§} = ker(P), this lemma leads to the following

Theorem 5.7. Let M be a semi-invariant submanifold of a nearly trans-hyperbolic Sasakian manifold. Then the
distribution D° ® {&} is integrable if and only if

ArxY = ApyX  forallX,YeD? @ {&}

Integrability of the distribution D%: We calculate the torsion tensor N (Y, X) for Y, XeD". It can be verified
that

P((Vx)Y — (Vy9)X) = —[X, Y]+ 7([X, YDE + p(AgpxY — Apy X) + (VY — Vi9X)  (547)
(Vox¢)Y = (Voyd) X = [X, Y] = ¢p(AgxY — Apy X) — (VY — Vi 9pX (5.48)

Using (5.13), (5.14) and (5.11) we get for Y, XeDY
NYY,X) = —2[X, Y] +2/3¢P[X, Y] + 2¢(V¢pY — Vi $X) (5.49)

Theorem 5.8. The distribution D° is integrable on a semi-invariant submanifold M of a nearly trans-hyperbolic
Sasakian manifold if and only if

NO (Y, X)eD? e D! X,YeDO (5.50)
ArxY = ApyX X, YeDO (5.51)

Proof. If D° is integrable, then in view of (5.48) and (5.49), the relation (5.50) and (5.51) follow easily.
Conversely, let X, YeDP and let the relation (5.50) and (5.51) be true. Then in view (5.48), we get P[X,Y] =0
and in view of (5.49), we get

0=g(& N'Y(Y, X)) = g(,2[Y, X]).
Thus [X, Y]eD. .
Non-integrability of the distribution D

Theorem 5.9. Let M be a semi-invariant submanifold of a nearly trans-hyperbolic Sasakian manifold with « # 0. Then
the non-zero invariant distribution D' is not integrable.

Proof. If D! is integrable then for X, YeD! it follows that d(X,Y) = 0 and [¢, ¢](X,Y)eD'. Therefore, for
XeD! in view of (3.24), we get

0 = 7([¢, (X, PX) + 2d1 (X, PX)3)
= n(NY(X, PX) = 4ag(¢X, PX) = 4ag(PX, PX),

which is a contradiction. O
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Abstract

For a graph G = (V,E), a bijection g from V(G) U E(G) into {1,2,...,|V(G)| + |E(G)|} is called
(a, d)-edge-antimagic graceful labeling of G if the edge-weights w(zy) = |g(x) + g(y) — g(zy)|,zy € E(G),
form an arithmetic progression starting from ¢ and having a common difference d. An (a, d)-edge-antimagic
graceful labeling is called super (a, d)-edge-antimagic graceful if g(V(G)) = {1,2,...,|V(G)|}. Note that the
notion of super (a, d)-edge-antimagic graceful graphs is a generalization of the article “G. Marimuthu and M.
Balakrishnan, Super edge magic graceful graphs, InfSci.287( 2014)140-151”, since super
(a,0)-edge-antimagic graceful graph is a super edge magic graceful graph.We study super
(a, d)-edge-antimagic graceful properties of certain classes of graphs, including complete graphs and
complete bipartite graphs.

Keywords: Edge-antimagic graceful labeling, Super edge-antimagic graceful labeling.
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1 Introduction

We consider finite undirected nontrivial graphs without loops and multiple edges. We denote by V (G)
and E(G) the set of vertices and the set of edges of a graph G, respectively. Let |V (G)| = p and |E(G)| = ¢
be the number of vertices and the number of edges of G respectively. General references for graph-theoretic
notions are [2, 24].

A labeling of a graph is any map that carries some set of graph elements to numbers. Kotzig and Rosa [15,
16] introduced the concept of edge-magic labeling. For more information on edge-magic and super edge-
magic labelings, please see [10].

Hartsfield and Ringel [11] introduced the concept of an antimagic labeling and they defined an antimagic
labeling of a (p, ¢) graph G as a bijection f from E(G) to the set {1,2, ..., ¢} such that the sums of label of the
edges incident with each vertex v € V(G) are distinct. (a, d)-edge-antimagic total labeling was introduced by
Simanjuntak, Bertault and Miller in [22]. This labeling is the extension of the notions of edge-magic labeling,
see [15, 16].

For a graph G = (V, E), a bijection g from V(G) U E(G) into {1,2,..., |[V(G)| + |E(G)|} is called a (a, d)-
edge-antimagic total labeling of G if the edge-weights w(zy) = g(z) + g(y) + g(zy),zy € E(G), form an
arithmetic progression starting from a and having a common difference d. The (a,0)-edge-antimagic total
labelings are usually called edge-magic in the literature (see [8, 9, 15, 16]). An (a, d)-edge antimagic total
labeling is called super if the smallest possible labels appear on the vertices.

All cycles and paths have a (a, d)-edge antimagic total labeling for some values of ¢ and d, see [22]. In [1],
Baca et al. proved the (a, d)-edge-antimagic properties of certain classes of graphs. Ivanco and Luckanicova
[13] described some constructions of super edge-magic total (super (a,0)-edge-antimagic total) labelings for

*Corresponding author.
E-mail address: yellowmuthu@yahoo.com (G. Marimuthu), krishnaswetha82@gmail.com(P. Krishnaveni).
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disconnected graphs, namely, nCy U mPy and K; ., U K1 ,. Super (a, d)-edge-antimagic labelings for P, U
Poi1,nP U P, and nP, U P, ;2 have been described by Sudarsana et al. in [23].

In [7], Dafik et al. proved super edge-antimagicness of a disjoint unionof m copies of C,,. For most recent
research in the subject, refer to [3, 14, 17, 19, 20, 21].
We look at a computer network as a connected undirected graph. A network designer may want to know
which edges in the network are most important. If these edges are removed from the network, there will be a
great decrease in its performance. Such edges are called the most vital edges in a network [5, 6, 12]. However,
they are only concerned with the effect of the maximum flow or the shortest path in the network. We can
consider the effect of a minimum spanning tree in the network. Suppose that G = (V, E) is a weighted graph
with a weight w(e) assigned to every edge e in G. In the weighted graph G, the weight of a spanning tree
T,w(T) is defined to be Y w(e) for all e € E(T'). A spanning tree T in G is called a minimum spanning tree if
w(T) < w(T") for all spanning trees 7" in G. Let g(G) denote the weight of a minimum spanning tree of G if G
is connected; otherwise, g(G) = co. An edge e is called a most vital edge (MVE) in G if (G —¢) > g(G—¢’) for
every edge ¢’ of G. We have a question : Is there any possibility to label the vertices and edges of a network G
in such a way that every spanning tree of G is minimum and every edge is a most vital edge in G? The answer
is ‘yes’.

To solve this problem Marimuthu and Balakrishnan [18] introduced an edge magic graceful labeling of a
graph.

They presented some properties of super edge magic graceful graphs and proved some classes of graphs
are super edge magic graceful.

A (p, q) graph G is called edge magic graceful if there exists a bijection g : V(G) UE(G) — {1,2,...,p+ ¢}
such that |g(z) + ¢g(y) — g(zy)| = k, a constant for any edge zy of G. G is said to be super edge magic graceful

ifg(V(G)) =1{1,2,...,p}.

An (a,d)-edge-antimagic graceful labeling is defined as a bijective mapping from V(G) U E(G) into the
set {1,2,3,...,p + ¢} so that the set of edge-weights of all edges in G is equal to
{a,a+d,a+2d,...,a+ (¢ — 1)d}, for two integers a > 0 and d > 0.

An (a,d)-edge-antimagic graceful labeling ¢ is called super (a,d)-edge-antimagic graceful if
g(V(@)) ={1,2,...,p}and g(E(G)) = {p+ 1,p+2,...,p + q}. A graph G is called (a, d)-edge-antimagic
graceful or super (a,d)-edge-antimagic graceful if there exists an (a, d)-edge-antimagic graceful or a super
(a, d)-edge-antimagic graceful labeling of G.

Note that the notion of super (a, d)-edge-antimagic graceful graphs is a generalization of the article ‘G.
Marimuthu and M. Balakrishnan, Super edge magic graceful graphs, Inf.Sci.,287( 2014)140-151", since super
(a,0)-edge-antimagic graceful graph is a super edge magic graceful graph.

In this paper, we study super (a,d)-edge-antimagic graceful properties of certain classes of graphs,
including complete graphs and complete bipartite graphs.

2 Complete graphs
Theorem 2.1. If the complete graph K,,,n > 3, is super (a, d)-edge-antimagic graceful, then d < 1.

Proof. Assume that a one-to-one mapping f : V(K,) U E(K,) — {1,2,...,|V(K,)| + |E(K,)|} is a super
(a, d)-edge-antimagic graceful labeling of complete graph K,,, where the set of edge-weights of all edges in
K,isequalto{a,a+d,...,a+ (|JE(K,)| — 1)d}.

The maximum edge-weight a + (|E(K,,)| — 1)d is no more than ‘1 +(n-1)— ("2j - 1) ‘

2
2_
Thus, a + (|E(K,)| — 1)d < 22=p=2.

n?—n—2 n?—n-—2
< .
a+< u )d . @1)
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The minimum edge-weightis [1 +n — (n 4+ 1)] = 0.
Therefore,
a=0 2.2)

From (1) and (2) we get 0 +d (”2’2"’2) < "2’2"’2. Hence d < 1. O
Theorem 2.2. Every complete graph K,,,n > 3 is super (a, 1)-edge-antimagic graceful.
Proof. For n > 3, let K, be the complete graph with V(K,) = {z; : 1 < ¢ < n} and
n—1
E(K,) = U{ziziy;, : 1 < 5 < n — i}. Construct the one-to-one mapping
i=1
2

f:V(K,)UE(K,)— {1,2, ce e g} as follows:

If1<i<n,then f(z;) =i lf1<j<n—-land1<i<n-—j

j
then f(z;z;4;) =nj+i+ > (1 —k).Itis a routine procedure to verify that the set of edge-weights consists of
k=1

the consecutive integers {O, 1L,2,..., @ - 1} which implies that f is a super (0, 1)-edge-antimagic graceful
labeling of K. O

An example to illustrate Theorem 2.2 is given in Fig. 1

1 5 2

10 // AN

4 3
7
Fig. 1 A (0, 1)-super edge-antimagic graceful completegraph.

3 Complete bipartite graphs

Let K, ,, be the complete bipartite graph with V(K,, ,) = {z; : 1 <i <n}U{y; : 1 <j<n}and E(K,,) =
{zsyj:1<i<nand1l <j<n}.

Our first result in this section provides an upper bound for the parameter d for a super (a,d)-edge-
antimagic graceful labeling of the complete bipartite graph K, ,,.

Theorem 3.1. If a complete bipartite graph K, , n > 2, is super (a, d)-edge-antimagic graceful, then d = 1.

Proof. Let K, ,,n > 2 be a super (a,d)-edge-antimagic graceful graph with a super (a, d)-edge-antimagic
graceful lableing g : V(K ,) U E(K, ) — {1,2,...,2n +n?} and W = {w(zy) : 2y € E(Kn )} = {a,a +
d,a+2d,...,a+ (n? — 1)d} be the set of edge-weights.

The sum of all vertex labels and edge labels used to calculate the edge-weight is equal to

n n n n n4 o n2
ny gz +n)y g(y) =YD gl = — (33)
i=1 j=1 i=1 j=1
The sum of edge-weights in the set W is
n2
Z w(zy) = 7(2(1 +d(n® — 1)) (3.4)
Y€ E(Kn,n)

The minimum edge-weight a = |1 + 2n — (2n + 1)| = 0. Therefore a = 0.
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nd_pn2

—n% — (2 + d(n® — 1)).

Combining (3) and (4) we get,

Henced =1 forn > 2.

Theorem 3.2. Every complete bipartite graph K, ,,n > 2 is super (a, 1)-edge-antimagic graceful.

Proof. Define the bijective function g : V(K,, ,,) U E(K, ») — {1,2,.
following way:

V(En)| +E(K, )|} of K in the

glx;))=ifor1<i<n

gly;)=n+jfor1<j<n

j—i
g(ziy)) =G —i+2n+i—1+Y (1—-k)forl<i<nandi<j<n
k=0
nf4+n : = ‘
g(ziy;) = 5 +(Z*j+1)n+]*1+2(171€)f01‘1§]§TL*1
k=0

andj+1<7<n.

Let A = (a;;) be a square matrix, where a;; = g(z;) + g(y;),1 <i<nand 1 <j<n.
The matrix A is formed from the edge-weights of K, ,, under the vertex labeling:

[n+2 n+3 n+4 n+5 n on+1 7
n+3 n+4 n+5 n+6 2n+1 2n+2
n+4 n+5 n+6 n4+7 2n+2 2n+3

A=| n+5 n+6 n+7 n+8 2n+3 2n+4
2n 2n+1 2n+2 2n+3 n—2 3n—1
| 2n+1 2n+2 2n+3 2n+4 3n—1 3n ]

It is not difficult to see that the labels of the edges x;y; form the square matrix B = (b;;), where b;; = g(z;y;),

forlgign,lgjgnandt:'”z%“,rzﬁ—k?n:

2n+1 3n+1 an 5n — 2 t—2 t
n2+5n+1 on+2 3n+2 4dn +1 t—4 t—1
2
2

n’47n ndhn 49 2n 43 3n+3 t—17 t—3
B nzggn_2 n2~57n+1 n242,5n+3 n+4 t—11 t—6

r—9 r—4 r—7 r—11 3n—1 4n —1

r r—1 r—23 r—=6 n+t—1 3n

The vertex labeling and the edge labeling of K, ,, combine to give a total labeling where the edge-weights of
edges z;y;,1 <i<nand 1 < j <nare given by the square matrix C = (¢;;) which is |[A — B|.

We are setting p = ”2% and g = n?.

[(n—1 o2n — 2 3n—4  4n—7 p—2 p—-1 ]
niidned g9 -3 3n—5 p—5 p—3
2 2
n +gn—8 n -H;n—ﬁ n—3 n —4 p— 9 p— 6
2 2 2
C _ n +72n—14 n +52n—10 n —0—377,—8 n— 4 p— 14 p— 10
q—2 q—>5 qg—9 q— 14 1 n
g1 q—3 q—6 q—10 ngn g |
We can see that the matrix C is formed from consecutive integers 0, 1,2,...,n? — 1. This implies that the
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labeling g : V (K, ) U B(K,, ) — {1,2,...,n% 4+ 2n} is super (0, 1)-edge-antimagic graceful.

Figure 2 illustrates the proof of the above theorem.

1

Fig. 2 A (0,1)- super edge-antimagic graceful completebipartite graph.

4 Conclusion

In the foregoing sections we studied super (a, d)-edge-antimagic graceful labeling for complete graphs and
complete bipartite graphs. We have shown a bound for the feasible values of the parameter d and observed
that for every super (a, d)-edge-antimagic graceful graph,d < 2.There are many research avenues on super
(@, d)-edge-antimagic gracefullness of graphs.

If a graph G is super (a, d)-edge-antimagic graceful,is the disjoint union of multiple copies of the graph G
super (a, d)-edge-antimagic graceful as well? An example of super (a, d)-edge-antimagic graceful disconnected
graph is given in Figure 3.

1 11 2 4 14 5 7 17 8

Figure 3. A super edge-antimagic gracefulness of disconnected graph.

To find the solution for the above question, We propose the following open problem.

Open Problem 4.1. Discuss the super (a, d)-edge-antimagic gracefulness of disconnected graphs.
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Abstract

In this paper we establish a result that every quasi-weak commutative Boolean-like near-ring can be
imbedded into a quasi-weak commutative Boolean-like commutative semi-ring with identity. Key words:

Quasi-weak commutative near-ring, Boolean-like near-ring.
Keywords: Quasi-weak commutative near-ring, Boolean-like near-ring.
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1 Introduction

The concept of Boolean-like ring was coined by A.L.Foster[1]. Foster proved that if R is a Boolean ring
with identity then ab(1-a)(1-b) = 0 for all a,b € R. He generalized the concept of Boolean ring as Boolean-like
ring as a ring R with identity satisfying (i) ab(1-a)(1-b) = 0 and (ii) 2a = 0 for all a,be R. He also observed that
the equation ab(1-a)(1-b) = 0 can be re-written as (ab)? - ab? a?b +ab =0. He re-defined a Boolean-like ring as
a commutative ring with identity satisfying (i) (ab) - ab?> a?b +ab =0 and (ii) 2a = 0 for all a,b € R. In 1962
Adil Yaqub [8] proved that the condition ‘commutativity “is not necessary in the definition of Boolean-like
rings. He proved that any ring R with the conditions (i) (ab)? - ab® a?b +ab =0 and (ii) 2a = 0 for all a,b € R is
necessarily commutative.

Ketsela Hailu and others [4] have constructed the Boolean-like semi-ring of fractions of a weak
commutative Boolean-like semi-ring. We have coined and studied the concept of quasi-weak commutative
near-ring in [2]. In this paper we define Boolean-like near ring (right) and prove that every quasi-weak
commutative. Boolean-like near ring can be imbedded into a quasi weak commutative semi ring with
identity.

2 Preliminaries

In this section we recal some definitions and results which we use in the sequal.

*Corresponding author.
E-mail address: ggrmoorthy@gmail.com (G. Gopalakrishnamoorthy), amrishhanda83@gmail.com(S.Geetha).



G.Gopalakrishnamoorthy et al. / On Quasi-weak Commutative... 319

2.1. Definition

A non empty set R together with two binary operations + and - satisfying the following axioms is called a
right near-ring

(i) (R,+) is a group

(ii) - is associative

(iii) - is right distributive w.r.to +

(ie) (atb)c=a-c+b-cVab,ceR

2.2. Note

In aright near-ring R,0a=0VaeR.
If (R,+) is an abelian group, then (R,+, - ) is called a semi-ring.

2.3. Definition

A right near-ring (R,+, - ) is called a Boolean-like near ring if
(i)2a=0VaeRand
(ii) (a+b-ab)ab=ab Vab e R

2.4.Remark

If (R,+, - ) is a Boolean-like near ring,then (R,+) is always an abelian group for 2x = 0 V x € R implies x = -x V x
€ R. We know, a group in which every element is its own inverse is always commutative.

2.5. Definition [5]

A right near ring R is said to be weak commutative if xyz = xzy V x,y,z € R

2.6. Definition [8]

A right near ring R is said to be pseudo commutative if xyz = zyx V x,y,z € R

2.7. Definition [2]

A right near ring R is said to be quasi-weak commutative if xyz = yxz V x,y,z € R

2.8. Definition

Let R be a right near ring. A subset B R is said to be multiplicatively closed if a,b € B implies ab € B.

3.Main results

3.1. Lemma

In a Boolean-like near ring (righty Ra-0=0VaeR
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Proof:

Since R is Boolean-like near ring, (a+b-ab)ab =ab ¥V ab e R
Taking a=0, we get

(0+b-0b)0b=0b

(ie)b-0=0

Thusa-0=0VaeR.

3.2. Lemma

Let R be a quasi-weak commutative right near ring R. Then (ab)” = a"b" V a,b € R and for alln >1.

Proof:

LetabeR.
Then (ab)? = (ab) (ab) = a (bab)
= a (abb) ( quasi weak)
(ab)? = a%b?
Assume (ab)” = a b™
Now (ab)("*1) = (ab)™ ab
=a" b™ ab
=a" (ab™b)
— am+1bm+1

Thus (ab)™ = a™ b™ V a,b € R and for all integer m> 1.

3.3 lemma

Let R be a quasi-weak commutative Boolean like near-ring.Then
a’b + ab?> = ab +(ab)* VabeR.

Proof:

a?b + ab? = aab + abb
= aab + bab
= (a + b)ab
=(a+b ab + ab)ab
=(a+b ab)ab + (ab)?
a?b + ab? = ab + (ab)? ( R is Boolean-like near-ring )

3.4 Lemma

In a quasi-weak commutative Boolean like near ring (R,+, .),
(@a+a®)(b+b*)c=0Vab,ceR.
Proof:

(a+a%)(b+b?)c={a(b+b?) +a>(b+b*)}c
=a(b +b?)c+a(b+b?)c
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=(b +b?)ac + (b +b?) a%c (Ris quasi-weak commutative )
={(b+b)a+ (b+b*)a*}c

={ba + b%a + ba® + b*a}c

={ba + ba + (ba)? + b*a®} (using Lemma 3.3)

= {ba + ba + b*a* + b?a®} (using Lemma 3.2)

={2ba + 2b*a*}

= 0 (R is Boolean-like near-ring).

3.5 Lemma

In a quasi-weak commutative Boolean like near ring R, (a-a?) (b-b?)c=0Vab,ceR.

Proof:

(a-a?)(b-b?)c={a(b—b?) —a?(b—b*)}c
=a(b-b?)c-a%(b-b?)c
=(b-b?)ac-(b-b?) a’c( quasi-weak commutative )
={(b—b*a— (b—b*)a*}c
={ba — b%a — ba® — b?a’}c
={ba — ba — (ba)? — b*a*}
= {ba — ba — b*a* — b?a®} (using Lemma 3.3)
=0

3.6 Lemma

321

Let R be a quasi commutative Boolean like near-ring.Let S be a commutative subset of R which is

multiplicatively closed.Define a relation N on Rx S by (r1 ,51) ~ (r2 ,52)if and only if there exists an element s

€ S such that (rys; - r251)s = 0.Then N is an equivalence relation.

Proof:

(1) Let (r,s) e Rx S. Since rs-rs =0,
we get (rs-rs )t=0 for all t € S.
Hence ~ is reflexive.

(i) Let (r1,51)~(r2,52). Then there exists an element seS such that
(r1,81-12,81)s=0. So (rp,81-11,872)s = 0.
This proves ~ is symmetric.

(iii)  Let (r1,81)~(r2,52) and (r2,82)~(r3,83).
Then there exists p,qe S such that
(r182-1281)p=0 and (r283-1352)q = 0.
So s3(r152-1251)p=0=51(r253-1352)q (By Lemma 3.1)
= (1152-1251)s3p=0=(1253-1352)s1q(R is quasi-weak commutative)
= (1182~ 1281)s3pq=0=p(r283-1382)s1q
=>(1152-1251)s3pq=0=(r253-1352)ps1q(R is quasi-weak commutative)
=>(r152-1251)53Ppq=0=(r253-1352)s1 pq(R is quasi-weak commutative)
= (r18283-125153)pq=0=(r28351-135281)Pq
= (115253~ 25153 +25351-I35251) pq = 0.
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= (1153 Sp-125153+125153-135152)pq=0.(S is commutative)
= (r153-1351)52pq=0

= (r183-1351)r=0 where r = s pge S.

This implies (r1,s1)~(13,53).

Hence ~ is transitive.

Hence the Lemma.

3.6 Remark

We denote the equivalence class containing ( 1,s)e R x Sby £ and the set of all equivalence classes by S™!R.

3.8 Lemma

Let R be a quasi weak commutative Boolean like near-ring. Let S be a commutative subset of R which is also
multiplicatively closed. If 0¢ S and R has no zero divisors,then

(r1,81)~ (rp,82) if and only if rysp=rpsy.

Proof:

Assume (r1,51)~ (r2,87).Then there exists an element seS such that (rysy-1281)s=0.
Since 0¢S and R has zero divisors,we get(rysy-rp51)= 0.

(i.e) rysp = 1287

Conversely assume r{sy = 157.

Then rys; - rps1 = 0 and so (r1s»-12s1) s = 0 for all seS.

Hence (r1s1) € (r287).

3.9 Lemma:

Let R be a quasi weak commutative Boolean like near-ring. Let S be a commutative subset of R,which is also
multiplicatively closed.

Then (i) £ = 2 = Z= I for all reR and for all s,teS.

(i) & = ’S—s,/ for all reR and for all s,s’ € S.

(iii) £ = % for all s,;s” € S.

(iv) If 0eS,then S~!R contains exactly one element.

Proof:

The proof of (i),(ii) and (iii) are routine.

(iv) Since 0€S , (r1s; - 151)0 = 0 V%,;—; eSIR.
and so = 2.
Then S~!R contains exactly one-element.

3.10 Theorem:

Let R be a quasi weak commutative Boolean like near ring.Let S be a commutative subset of R which is also

multiplicatively closed. Define binary operation + and on S~!R as follows :

rn T2 _11S2t1281
5 ts = o, ~and
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r . rp_nr
S1 52 $152

Then S~!R is a commutative Boolean like semi-ring with identity.

Proof:

/ /
Let us first prove that + and - are well defined. Let % = :—} and %::—% Then there exists t;, t€S such that
1 2
(rys)-rispt=0......... 1)
and (r2s5-158)t=0......... (2)
1o/ ! o/ ! o/
Now/[(r1s2+1251)s755-(r]55+155])s152 ]t 12
=[r1528 ) +12518] 851 S551S2-15815152] tytn
=[r18] 50851815285 +1255515] 1552518 [ti to
! / li !/ / li
=[(r18]-1751)5255+(r285-1552)s18] |t1 to
!/ / ! li / !/
=(1‘1$1-I‘151)tl5252t2+(1'282-1‘252)t251Sltl
! /
=0 spsytr + 0 - 5181t
=0

! ol ! o
r182+128 115y +158
Hence 152147251 _1%277%

5182 5/155

;o
(i.e) %+%=;—1+:—§
Hence + is well defined.
From (1) we get
(r1 S,l -1"1 s1)ty t2r28/2=0
tytp(r18]-1]51)r25,=0 (quasi weak commutative)
tytp(r18]12-1]5112)55=0
(r18]12-1]5112)8ht1 =0 (S is commutative subset)
(rls’lrzsfz—r’lslrzs'z)tlt2=0
(r11p8] 851128185t th=0
1128 Shty tr-rj1281SHt 1o =0 ... ...... 3)
From (2) we get
(r285-158)toty 151 =0
(r285-155)t1 tor)51=0 (S is commutative subset)
t1tp(r285-1557)r]51=0 (quasi weak commutative)
t1to (rp8h 1] -1rhs01) )81=0
(12851158017 )ty tps1=0 (quasi weak commutative)
(12851 -15so17 )81t =0 (S is commutative subset)
(12851 51-15571]51)t1 £ =0
(rpr)shs1-151)5251)t1 =0 (quasi weak commutative)
(r]rashs1-1 158251 )t =0 (quasi weak commutative)
r)125185ty tr-1) 155157t tp=0(S is commutative subset)......... 4)
(3) + (4) gives
rlrzs’l S’ztl tz—r’lr’zsl sptitp=0
(r1128] 551 158182)t1 tr=0
This means Z,% = 2 :z
Hence is well-defined.
We note that %+:—§=%=(”%L”)s

=@ (by lemma 3.9)......... 5)
Claim:1(S™!R,+)is an abelian group.
Let 11,2 13 ¢ S7IR.

$1782783

Then
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Np(yBy=r1y 12534138y
s1 52+53)_51( 5253 )
_ 115083 +(r253+7352)s1
- 515253
__118283+7125351+¥38251
- 515283
., 3 7152+72S1
Also(sl+52)+s3—( ) )
__(’152-+7251)53-%’35152
515283
_ 1rlsp534195351 4135152
- 518283

B2+ 2)=(+2)+2
So +1is assoc1at1ve.

For any e R,we have

ry 0 _r+0_r
s+s_ s s

Also ? +1= 0=t
Hence 5 is the additive identity of £ €S IR forallr € R
Clearly + is commutative.
Thus (R,+) is an abelian group.
Claim:2 - is associative.
no (2 ray2rreray_ni(rars)
Now (52 5377 81 V52537 s1(s283)
—(nn)rs
(s152)s3
—(a 2 3
So - is associative.
Claim:3 - is right distributive with respect to +.

Let 11,2, 3 ¢ S7IR.

S] /52 /53
o, 2y.73 r1Sp+7251y. 13
Now (51 + 52) 53 _( 5152 ) s
_TSor3 18173
- 515283
Sor113+S1707" : 1
=% (quasi weak commutative)
15253

_S2rr3 . S11213 :
=5rs5s T 51505, (using (5))
_Sarr3 , Si7ar3

T 535153 | 515253

—nrs 1213

Ts183 | 5283

=n . m3 ,n.n

Ts1 s3 s2 83

This proves right - distributive law.

Claim:4 S™!Ris a Boolean-like ring.
It is already proved in claim 1 that
2($)=0forall £ eS™IR
Leta= 71 and b rz be any two elements of SIR Let t € S be any element.
Now by Lemma 3.5
(a- az)(b bz) t=
(71 ’1 )(Vz 3 )t -

52 53
. ,2 2 2.
[ﬁ(i'é)'é(g'l)]t—o

1’ T
SE-DEHE D=0

82 53 82 3

(:—; :l) t(g :%)rlt 0(quasi weak commutative)

[(Lz_ﬁ r_(ra_ Vz ]t 0

$2 53751 V52 52 2

2
7’252—7‘2 ﬂ_ 128y — 7’2 7’71 —
(2272 222 ) D=0

2 22
[(rzszz "2 )%—( r2522 "2 )Ll]t=0 (using Lemma 3.9)
2 2

2
12821181 —1571S1 7252}’ 7’ 1’
[( S%s% 2 ) 1 271 ]t 0
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2 2
72118281 —1511S SoTot: —T 7
[(B )22 52+ t=0(quasi weak commutative)
5251 551

2 2 2

[( 72715251 727’151 527271 +}'21’1 ]t 0
558 SZS2 5252 5252
2 1 2 1 2 1 271

[ba — b2a — ba + b2 2]t=0
=ba =b?a - ba? + b2a?
=b?a + ba? - (ba)? (using Lemma 3.2)
ba = ba(b+a-ba)
This proves S~IR is Boolean-like near ring.

Claim :5 multiplication in S™!R is commutative
Let i1, 22 be any two elements of S~ IR.
n o ra_nry_ 7'1 128 Yzi’ls
Then 3 - 2=2=01020 V seS 2o (quasi weak commutative)
7'27‘1S

T 57818
=121 (4si
=55 (using Lemma 3.9)

Hence multiplication in S~'R is commutative.

(S is commutative subset)

Claim:6 Existence of multiplicative identity in S™IR
Let S ~IR be any element.

S _1s _r

Thenl 8="12="
r_sr _r
AISOg sT 35 " s

Hence £ € S~ R is the multiplicative identity of S ~!R
Thus SR is a commutative Boolean-like near-ring with identity.

3.11 Theorem

S~!R is quasi-weak commutative near-ring.

Proof:

Leta = rl b=32 = 2 2be any three elements of S -IR
no. Yz . 73 r1r2r3

Now abc =S S Tues

=212 (R is quasi-weak commutative)
15253
=211 (S js commutative)
525153
=hnrts

525183

Then abc = bac Va,b,c e S ~IR.
This proves S!R is quasi-weak commutative near-ring.

3.12 Theorem

Let R be a quasi-weak commutative Boolean-like near ring.Let S be a commutative subset of R which is
multiplicatively closed. Let 0 s €S. Define a map f;: R— S ~! R as f5(r)="2 V re R. Then f; is a near-ring
monomorphism.
Proof:
Letri;,meR.
Then f; (r1+r2)=(”t772)5=@
="124+22(By (5) of Theorem 3.11)
= f(r1) + f(r2)
Alsofs (r; -1y ) = rlms

r1r25
32
_11pss
52
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_T1(sr28)
= 2
_ns . IS

1= . 22>(quasi weak commutative)

=fs(r1)£5(r2)
Also fy(ry) = f5(r)= 22="2°
> 22520
- bnd g

= 152k

= (1-2)=0

n_n
:>s_s

Hence f; is a monomorphism

3.13 Theorem

Let R be a quasi-weak commutative Boolean-like near-ring. Then R be embedded into a quasi-weak
commutative. Boolean like commutative semi ring with identity.

Proof:

Follows from Theorem 3.11 and 3.12.
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Abstract

A right near-ring N is called weak Commutative,( Definition 9.4 Pilz [9] ) if xyz = xzy for every x,y,z € N.
A right near-ring N is called pseudo commutative ( Definition 2.1, S.Uma and others [10] ) if xyz = zyx for
all x,y,z € N. A right near-ring N is called quasi weak commutative near-ring if xyz = yxz for every x,y,z ¢ N
[4]. In [4], we have obtained some interesting results of quasi-weak commutative near-rings. In this paper we

obtain some more results of quasi weak commutative near-rings.
Keywords: Quasi-weak commutative near-ring, Boolean-like near-ring.
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1 Introduction

Through out this paper, N denotes a right near-ring ( N,+,.) with atleast two elements.For any non-empty

subset A of N,we denote A - {0} = A*.The following definitions and results are well known.
Definition:1.1

An element a ¢ N is said to be
1.Idempotent if a2 = a.

2.Nilpotent, if there exists a positive integer k such that a* = 0.

Result: 1.2 (Theorem 1.62 Pilz [9])

Each near-ring N is isomorphic to a subdirect product of subdirectly irreducible near-rings.
Definition: 1.3

A near-ring N is said to be zero symmetric if ab = 0 implies ba = 0,where a,b € N.

Result: 1.4

*Corresponding author.

E-mail address: ggrmoorthy@gmail.com (G. Gopalakrishnamoorthy), amrishhanda83@gmail.com(S.Geetha).



328 G.Gopalakrishnamoorthy et al. / On Quasi-weak Commutative...

If N is zero symmetric, then
Every left ideal A of N is an N-subgroup of N.
Every ideal I of N satisfies the condition NIN C 1. (i.e) every ideal is an N-subgroup. N* I* N* C I*.

Result: 1.5

Let N be a near-ring. Then the following are true.

If A is an ideal of N and B is any subset of N,then ( A:B ) = {ne N such that nB C A} is always a left ideal.
If A is an ideal of N and B is an N-subgroup,then (A : B) is an ideal.

In particular if A and B are ideals of a zero-symmetric near-ring, then

(A :B)isanideal.

Result: 1.6

1. Let N be a regular near-ring, a ¢ N and a = axa,then ax,xa are idempotents and so the set of idempotent
elements of N is non-empty.
2. axN = aN and Nxa = Na.

3. Nis S and S'near-rings.
Result: 1.7 (Lemma 4 Dheena [1] )

Let N be a zero-symmetric reduced near-ring. For any a,b ¢ N and for any idempotent element e ¢ N, abe =

aeb.

Result: 1.8 ( Gratzer [6] and Fain [3])

A near-ring N is sub-directly irreducible if and only if the intersection of all non-zero ideals of N is not zero.
Result: 1.9 (Gratzer [6])

Each simple near-ring is sub directly irreducible.

Result: 1.10 ( Pilz [9])

A non-zero symmetric near-ring N has IFP if and only if (O : S) is an ideal for any subset S of N.
Result: 1.11 ( Oswald [8])

An N-subgroup A of N is essential if AN B = {0} ,where B is any N subgroup of N,implies B = {0}.
Definition: 1.12

A near-ring N is said to be reduced if N has no non-zero nilpotent elements.

Definition: 1.13

A near-ring N is said to be an integral near-ring,if N has no non-zero divisors.

Lemma: 1.14

Let N be a near-ring If for all a ¢ N,a? = 0 =-a = 0,then N has no non-zero nilpotent elements.

Definition: 1.15
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Let N be a near-ring. N is said to satisfy intersection of factors property (IFP) if ab =0 anb =0 foralln e N,

where a,b ¢ N.
Definition: 1.16

1. Anideal I of N is called a prime ideal if for all ideals A,B of N, AB is subset of I = A is subset of I or B is
subset of I.

2. Tis called a semi-prime ideal if for all ideals A of N, A? is subset of I implies A is subset of I.

3. Iis called a completely semi-prime-ideal,if for any xe N, x2 eI = x e L.

4. A completely prime ideal,if for any x,y e N, xy eI = xeloryel

5. N is said to have strong IFP,if for all ideals I of N, ab € I implies anb €I for all n e N.

Result: 1.17 (Proposition 2.4[10])

Let N be a Pseudo commutative near-ring. Then every idempotent element is central.
Result: 1.18[4]

Let N be a regular quasi weak commutative near-ring. Then
1. A=A, for every N sub-group A of N

2. N is reduced

3. N has (*IFP)

Result: 1.19[4]

Let N be a regular quasi weak commutative near-ring. Then every N sub group is an ideal N = Na = Na? =
aN =aNaforallae N

Result: 1.20[4]

Let N be a quasi weak commutative near-ring. For every ideal I of N, (I:S) is an ideal of N where S is any

subset of N.
Result: 1.21[4]

Every quasi weak commutative near-ring N is isomorphic to a sub-direct product of Sub-directly irreducible

quasi weak commutative near-rings.

2. Main Results:
Lemma: 2.1

Let N be a regular quasi weak commutative near-ring.

Then

(i) PNQ = PQ for any two N-subgroups P,Q of N.

(ii) P = P? for every N-sub group(ideal) P of N.

(iii) If P is a proper N-subgroup of N,then each element of P is a zero divisor.
(iv) Na Nb = Na N Nb = Nab for all a,b ¢ N.

(v) Every N-subgroup of N is essential if N is integral.

Proof:
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(i) Let P and Q be two N-subgroups of N.

Then by Result1.19[4] they are ideals.

Hence PQ C P and PQ C Q.So PQ C PNQ.

Let a e P N Q.Since N is regular,there exists b ¢ N such that

a =aba = (ab) a ¢ (PN)Q C PQ.

Hence PNQ = PQ.This completes (i).

(ii) Taking Q = P in (i) we get P = P2.

(iii) Let P be a proper N-subgroup of N.

Let 0 # a ¢ PNow by(ii) Na = ( Na )? = NaNa.

Therefore for every n £ N,there exists x,y € N such that na = xaya.
Hence ( n-xay )a = 0.If a is not a zero divisor,then n-xay = 0.

(i.e) n =xay e NPN CP.

Hence N = P, contradicting P is a proper ideal of N.So a is a zero divisor of N. This proves (iii).
(iv) Since Na and Nb are N-subgroups,

Na N Nb = Na Nb. ( by(i) )

Since Na € N, Na N N = Na = Nan Na =Na Na

CNaN-=NaN.
and Na is an ideal implies Na N = ( Na )N C Na
=NanN.

Therefore Na =Na NN =Na N.

This implies that Nab = (Na )b = ( Na N )b = Na Nb = Na N Nb.
This proves (iv).

(v) Let P be a non-zero N-subgroup of N.

Suppose there exists an N-subgroup Q of N such that PNQ = {0}.
Then by (i) PQ = {0} and since N is an integral near-ring Q = {0}.
This proves (v).

Theorem:2.2

Let N be a regular quasi weak commutative near-ring and P be a proper N-subgroup of N.Then the
following are equivalent

(i) P is a prime ideal.

(ii) P is a completely prime ideal.

(iii) P is a primary ideal.

(iv) P is a maximal ideal.

Proof:

(i)= (i)

Let P be a proper N-subgroup of N.

Assume P is prime.Let ab ¢ P

By Lemma 2.1(iv)

NaNb =Nab C NP CP.

Also by Result1.19[4],Na and Nb are ideals of N.

Since P is prime, Na Nb C P implies Na C P (or) Nb C P.

Since N is regular,there exists X,y € N such that a = axa and b = byb.
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If Na C Pthen a = axa e NaCP or if Nb C Pthenb =byb e Nb C P.
(i.e) aeP or beP and hence P is completely prime.

(ii) = (i) is obvious.

(i)= (iii)

Let a,be N.By Lemma 2.1(iv) Nab = Nan Nb.

Since Na N Nb = Nb N Na, Nab = Nba for all a,b ¢ N.

Hence for all a,b,c ¢ N.

Nabc = Nacb = Nbca = Nbac = Ncab = Ncba.

Suppose abc € P and ab ¢ Pby (ii) ceP.

Again suppose abc e P and ac ¢ P.

Since N is regular,acb e Nacb € NP C P

Thus acb = (ac)b eP implies beP (by(ii)).

Continuing in the sameway, we can easily prove that if abceP and if the product of any two of a,b,c doesnot
belong to P then the third belongs to P:

This proves (iii).

(iii)= (i)

LetabePand a ¢ .

Since N is regular a = axa for some xe N.

We shall first prove that xa ¢ P.

Suppose xa ¢ P, then a = axa = a(xa) e NP C P,which is a contradiction.
Therefore xa ¢ P.

Also x(ab) e NP CP.Thus xab ¢ P and xa ¢ P.

As P is a primary ideal of N,bk eP for some integer k.Now bk eP
implies be/P P.But by Result1.18[4] v/P = P.So be P.

This proves (ii).

(i) = (iv)

Let ] be an ideal of N such that P C ] C N.

Suppose P = ] there is nothing to prove.

So,assume P C J.We shall prove that ] = N.

Let a ¢ J\ P.Since N is regular there exists x € N such that a = axa.
Then a = (xa)a = xa? (quasi weak commutative).

So, for all n ¢ N, na = nxa? and this implies (n-nxa)a=0.

Since NhasI C Pwe getn-nxa)ya=0forallyeN.
Consequently, N(n-nxa ) Na = N0 ={0}.

If b = (n-nxa ) then NaNb = Nab = {0} CP.

Since P is a prime ideal and Na and Nb are ideals in N, Na C P or Nb CP.
If Na C P, then a = axa ¢ P which is a contradiction.

Hence Nb C P C]J.

Since N is regular,there exists y € N such that b = byb, (i.e) b = (by)b e NbC J.
(i.e)b=n-nxae].Sinceae], nxaenJ CJ. (By Lemma 1.4)
Therefore ne J.Hence ] = N.So P is maximal.

(v) = (i) is obvious.
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This completes the proof of the theorem.
Theorem:2.3
Any quasi-weak commutative near-ring N with left identity is commutative.
Proof:
Let a)b e N and e € N be the identity.
Then ab = abe = bae ( quasi weak commutative ).
=ba
Hence N is commutative.
Theorem : 2.4
Let N be a subdirectly irreducible quasi weak commutative near-ring.
Then either N is simple with each non-zero idempotent element is an identity or the intersection of the
non-zero ideals of N has no non-zero idempotents.
Proof:
Let N be a subdirectly irreducible quasi weak commutative near-ring.
Suppose that N is simple.
Let e e N be a non-zero idempotent element.
Then by Result1.8[4] N has IFP.By Theorem1.20 [4], (O:e) is an ideal.
Since e ¢ (0:e) and N is simple, we get (0:e) = {0}.

2 _ene = ene - ene = 0 for all ne N.

Hence ( ene - en )e = ene
This implies (ene - en ) £ (0: e) = {0}.
Hence ene - en = 0.
(i.e)ene=en------ 1)

Also since N is quasi weak commutative,

ene=nee=ne’=ne------ )

(1) and (2) givesne=en -- - - -- (3)

Also (ne-n)e=ne’-ne=ne-ne=0forallneN.
This impliesne-n=0------ 4)

(3) and (4) gives

ne = en = n. Hence e is an identity of N.

Suppose N is not simple.

Let I be the intersection of non-zero ideals of N.Since N is subdirectly irreducible, we have I # {0}.

Suppose that I contains a non-zero idempotent e.

We claim that e is a right identity.

If not,there exists neN such that ne # n.

Hence ne - n # 0.Since (ne - n )e = 0.

We have ne - n ¢ (0:e) and hence (0:e) is a non-zero ideal of N.

Therefore I C (0:e).Hence ecI C (0:e)

(i.e) e € (0:e).This contradiction leads to conclude that e is a right identity of N. Hence for all neN, n = ne ¢ NI
CL

This implies that I = N,again a contradiction.Hence the intersection of the non-zero ideals of N has no
non-zero idempotents.

This proves the theorem.
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Theorem:2.5

Let N be a regular quasi weak commutative near-ring.

Then the following are equivalent

(i) N is subdirectly irreducible.

(if) Non-zero idempotents of N are not zero divisors.

(iii) N is simple.

Proof:

(i) = (i)

Let ] be the set of all non-zero idempotents in N which are zero divisor too.We shall prove that | is empty.If |
is not empty, letI=nN {(0:e)/ec]}.

Since N is sub-directly irreducible, I # 0 by Result1.8([6],[3])

LetO#acel
Since N is regular,there exists an element beN such thata=aba -- - - - - @)
Also ab,ba are idempotents.Since 0 # ael, ae=0forallee] ------ (2)

Then (ae )b =0.

Since N is zero symmetric b( ae ) = 0.

(i.e) (ba )e = 0.Hence ba is a zero divisor and so ba ¢J.

So by (2) a(ba) = 0.

This is a contradiction as a # 0.Hence J is empty.

(i) = (iii)

Let I be a non-zero ideal of N and 0# x el.

Since N is regular,there exists yeN such that x = xyx - ---- - ©))

Also yx is an idempotent element of N.

Therefore for every neN, nx = nxyx.

(i.e) (n-nxy )x = 0.Since N has IFP, ( n-nyx )yx = 0.By (ii) n-nxy = 0

(i.e) for every neN, n =nxy e NIN C L.

Thus N C LThis proves that N has no non-trivial ideal of N.

So N is Simple.

(iv) = (i)

This follows from the Result 1.9.

Corollary:2.6

Let N be a regular quasi weak commutative near-ring.Then N is subdirectly irreducible if and only if N is a
field.

Proof: By theorem 2.4 and 2.5 every non-zero idempotent is an identity.
Since N is regular,

a =aba for somebeN------ 1)

a=(ba)a

That is inverse exists for every a ¢ N.

Hence N is a field.The converse is obvious.

Theorem:2.7

Let N be a regular quasi weak commutative near-ring.Then N is isomorphic to a subdirect product of fields.

Proof:
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By Result1.21[4] N is isomorphic to a subdirect product of subdirectly irreducible quasi weak commutative
near-rings Ni’s, each Ny is regular and quasi weak commutative. Then the proof follows from the above
corollary.

Corollary:2.8

Let N be a regular quasi weak commutative near-ring.Then N has no non-zero zero divisors if and only if N

is a field.

Proof:

Follows from the theorem.
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Abstract

A mathematical model for electrically conducting flow of Herschel-Bulkley fluid through a uniform tube
of multiple stenoses has been studied. Analytical solutions of resistance to the flow and wall shear stress have
been calculated. It is found that the resistance to the flow increases with the heights of the stenoses, power
law index, volumetric flow rate, radius of the plug core-region and yield stress, but decreases with induced
magnetic field and shear stress. It is also observed that the wall shear stress is increasing with the heights of
the stenoses and radius of the plug core-region.

Keywords: Multiple stenoses, Herschel-Bulkley fluid, Magnetic field.
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1 Introduction

Diseases in the blood vessels and in the heart, such as heart attacks and strokes, are the major mortality
worldwide. The underlying cause for these events is the formation of lesions, known as atherosclerosis. These
lesions and plaques can grow and occlude the artery and hence prevent blood supply to the distal bed. Plaques
with calcium in them can also rupture and initiate formation of blood clots (thrombus). The clots can form as
emboli and occlude the smaller vessels that can also result in interruption of blood supply to the distal bed.
Plaques formed in coronary arteries can lead to heart attacks and clots in the risk factors for the presence of
atherosclerotic lesions.

Hence the formation of stenosis/ atherosclerosis is found to be largely responsible for the cause of several
vascular diseases. Thus a proper knowledge of the flow characteristics of blood in such blood vessels may
lead to better understanding of the development of these diseases. This in turn may help in proper diagnosis
of such diseases and design and development of improvised artificial organs.

In view of this, a number of researchers have studied different aspects of blood flow analysis in arteries.
Young [1], Lee and Fung [2],Padmanabhan [3] have studied the flow of blood in stenosed artery by considering
blood as a Newtonian fluid. Blood behaves cerebral circulation can result in a stroke. There are number of
differently when flowing in large vessels, in which Newtonian behavior is expected and in small vessels
where non-Newtonian effects appear Buchanan et al.[4], Mandal[5],Ismail et al. [6], Radhakrishnamacharya
[7]. In small vessels blood behaves like a Herschel-Bulkley fluid rather than Power law and Bingham fluids

*Corresponding author.
E-mail address: kaipa_maruthi@yahoo.com(K. Maruthi Prasad) bhuvanarachamall@gmail.com(R.Bhuvanavijaya),umal40276@gmail.com
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Chaturani and Samy [8]. But the blood can be regarded as magnetic fluid in which red blood cells are magnetic
in nature. Liquid carries in the blood contain magnetic suspension of the particle Tzirtzilakis [9].

The MHD principles may be used to de accelerate the flow of blood in a human arterial system and is useful
in the treatment of certain cardiovascular disorders and in the diseases which accelerate blood circulation like
hemorrhage and hypertension etc. Das and Saha [10].

The effect of magnetic field on blood flow has been analyzed by treating blood as an electrically conductive
fluid Chen [11]. Ogulua and Abbey [12] studied the effects of heat and magnetic field on blood through
constricted artery. Shaw et al. [13] have shown the influence of the externally imposed body acceleration
on the flow of blood through an asymmetric stenosed artery by considering blood as Casson fluid. Bali and
Awasti [14] Studied the effect of an externally applied uniform magnetic field on the multi-stenosed artery.
Sankar and Lee [15] have shown the effect of magnetic field in the pulsatile flow of blood through narrow
arteries treating blood as Casson fluid. Recently Lokendra Pramar et al. [16] studied the role of magnetic field
intensity through overlapping stenosis. Bhargva et al. [17] Showed that the magnetic field can be used as a
flow control mechanism in medical applications.

With this motivation, a mathematical model on the effect of magnetic field on Herschel-Bulkley fluid
through a uniform tube with two stenoses is developed. Expressions for the velocity, resistance to the flow
and wall shear stress have been calculated by assuming that the stenosis to be mild. The effects of various
parameters on these variables have been investigated

2 Mathematical Formulation

Consider the steady flow of an electrically conducting Herschel Bulkley fluid through a tube of uniform cross
section with two stenoses. Assuming that the flow is axi-symmetric and the stenosis over a length of the artery
have been developed in axi-symmetric manner. Let the length of the tube is L, the magnitude of the distance
along the artery over which the stenosis is spread out be L;, the locations of the stenosis be indicated by d; and
the maximum heights of the stenosis J; (where i=1,2). Here we consider the transverse magnetic field since
the bio-magnetic fluid (blood) is subjected to a magnetic field. The schematic diagram is shown in Figure -1.
The cylindrical polar coordinates (z,1,0) is chosen so that the z -axis coincides with the axis of the tube
The radius of the cylindrical tube is given as

1 0<z<d;

R |1 ROtcsEE-d-3) d<z<dn

T — = =1 ] di+L1<z<dp 21
1—072(1+C052L—7;(E—d2—%)) dy <z<dy+1Lp
1 dy+L, <z<L

Where R(z) is the radius of the tube with stenosis ,Rg(z) is the radius of the tube without stenosis, 7, is the
radius of the plug flow region.

The basic momentum equation governing the flow is (Rekha Bali et al. [13])

__ __—,0H

(7Tr2) + HoM(52) =0 2.2)

A 0z

op 1
oz T

9
o

Where T,; is the shear stress for Herschel Bulkley fluid, is given by

_ —ou L _

Ty = (?)” + Ty, if T > To (2.3)
ou e _
5= 0,if Trz < 7To (2.4)

where 7,Z denote the radial and axial coordinates respectively, 77y magnetic permeability, M magnetization,
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H magnetic field intensity, P pressure,i is the velocity of the fluid, T, stress, Ty yield stress.

When T,, < T i.e. the shear stress is less than yield stress, there is a core region which flows as a plug
(FIG.1), and Eq. (2.4) corresponds to vanishing velocity gradient in that region. However the fluid behavior
is indicated whenever T,, > Tj.

The boundary conditions are

Ty, 15 finiteatt? = 0 (2.5)

=0, at7 =h(z) (2.6)

Introducing the following non-dimensional quantities

oz = 0 — R(Z) — P _ T — Trz ) Q g H

Z=-,6=—,R(2) = , P = , T = s Trz = K= CH=1

I R (2) R wUL/RE " w(U/Ro)” ™ u(U/Ry) (mR3U) Ho
(2.1)

Where Hj is external transerverse uniform constant magnetic field.
Using the non-dimensional scheme the governing equations from (2.1)-(2.6) can be written as
The radius of the cylindrical tube is given as

1 OSZ Sdl
R(:) 1—‘52—1(1+C052L—711(z—d1—%)) d<z<di+1,
7= = 1 di+L1<z<dy (2.7)
0

1—‘52—2(1+C032L—72T(z—d —%)) dy <z<dy+1Ly

1 do+1,<z<L
p 19 9H

Where 3
—ou .

Te= (=) + T if 12>

ou .
g = 0, lf TTZ < TO (29)

The following restrictions for mild stenoses (MARUTHI PRASAD et al. [7]), are supposed to be satisfied.

0; < min(Ry, Rout)

51' < Li/

where Ryut=R(z) atz = L

Here L;,0; (i=1, 2) are the lengths and maximum heights of the two stenoses. (The suffixes 1 and 2 refer to the
first and second stenosis respectively).

The boundary conditions (2.5) and (2.6) becomes

Ty1s finiteatr = 0 (2.10)
u=0,atr = h(z) (2.11)
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3 Solution

The solution of equation (2.8) under the boundary conditions (2.10) and (2.11), the velocity is obtained as

W (p — F)k 2t \k+1 7 2 \k
=~ ) ap—pn) G ap—p)
(k+1) (r=f) (r=f)
Where 3—5 =P f (%—Ij) =F k= % Using the boundary condition (2.9), the upper limit of the plug flow
region (i.e. the region 0 < r < rq ) for which 7,z < 7 is obtained as

H}, for ro<r<h (3.1)

n= PZTOF) (3.2)
Using the condition that 7,z = 13, at r=h,
%)::—::T,for0<f<1 3.3)
Taking r=r( in Eq. (3.1), the plug core velocity
k
Uy = W( —%O)kﬂ, for0<r<rg (3.4)
The volume flow rate is defined by
Q=72 / " prdy + / " urd,) (3.5)
0 ro
On integrating,
Q= A((k+2) (k+3) (1= 2) " —2(k+3) (1= )2 +2(1 - 1)) (3.6)

5 (63) (pfp)k

where A = 2% (k+1) (k+2) (k+3)

FromEq.(3.6),P — F = 2QF[(k+1) (k+2) (k+3)]¢ T 3.7)

Rk 2) (k+3) (1= )T 2k +3) (1— )P 21— Syt

dp _ 2QF[(k+1) (k+2) (k+3)] ¢
2R (ke 2) (k4+3) (1— ) = 2(k+3) (1 - )2 4 2(1 — )kiBYE

When k=1,H=0 and 19 — 0 Eq. (3.8) reduces to the results of YOUNG [1] .
The pressure drop Ap across the stenosis between z=0 to z=1 is obtained by integrating Eq. (3.8), as

+F (3.8)

Ap:/l( 2QF[(k+1) (k +2) (k+3))F
O (e 2) (k+3) (1- ) T <2k +3) (1 - ) 201 - )R

+F)dz (39

The resistance to the flow,], is defined by

b / 20F[(k+1) (k+2) (k + 3)]¥
Q QD etk 2) (+3) (1 ) —2k+3) (- ) 20 -

the pressure drop in the absence of stenosis (h=1) is denoted by APy, is obtained from Eq. (3.9).

+F)dz (3.10)

APN:/l 2QF[(k + 1) (k +2) (k +3)]
O L (k+2) (k+3)(1— o) = 2(k+3) (1 — )2 12(1 — rg)k+31

+F)dz  (311)
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The resistance to the flow in the absence of stenosis is denoted by Ay is obtained from Eq. (3.10) as

Lo _ APy _ 20K [(k+1) (k+2) (k +3)]*
N=N

l/l( 1
© QJ {(k+2)<k+3)(1—ro)k+l—2(k+3)(1fro)k+2+2(1,r0)k+3}f

+F)dz  (3.12)

The normalized resistance to the flow denoted by

A

A= E (3.13)
And the wall shear stress
T, = Ed—p (3.14)
LY '

4 Results

The expressions for velocity (u), core velocity(up), volumetric flow rate (Q) ,resistance to the flow (A) and
wall shear stress(tj,)are given by the equations (3.1,3.4,3.6,3.13,3.14). The effects of various parameters on the
resistance to the flow ((1)) , wall shear stress (7;,) have been computed numerically by using mathematica 8.1
and results are shown graphically in Fig.2-14, by taking d1=0.2,d,=0.6,L1=L,=0.2,L=1.

It is observed that the resistance to the flow increases with the heights of the stenosis (d1,07) (fig.2-10).It can
be seen from the fig 2-3 that, the resistance to the flow increases with the power law index (k=1/n) along with
the heights of the primary and secondary stenosis (d1,0,).It is interesting to note that the increase in resistance
is significant only when the height of the second stenosis exceeds the value 0.02.

From, Fig.7 & 8 it is observed that the resistance to the flow increases with volumetric flow rate (Q), radius
of plug core region (rp) (Fig.9 & 10) and yield stress (1p) (Fig.11).

It is interesting to observed that the resistance to the flow decreases with the increase of the magnetic
field (H) (Figs.4 & 5), and it is also seen that resistance to the flow is more in non-Newtonian fluid than the
Newtonian fluid (Fig.6).

The effects various parameters on shear stress are shown in (Figs. 12-14). It is noted that the wall shear
stress is increasing with the heights of the stenoses and the radius of the plug-core region.

5 Conclusion

A mathematical model for electrically conducting flow of Herschel-Bulkley fluid through a uniform tube of
multiple stenoses has been studied. It is observed that the resistance to the flow increases with the heights
of the stenoses, power law index, volumetric flow rate, radius of the plug core-region and yield stress, but
decreases with induced magnetic field and shear stress. It is also observed that the wall shear stress is
increasing with the heights of the stenoses and radius of the plug core-region.

ey =iy, = Kt
—THE'E%,. SR a——w—ﬁ\

[} L " [ i

1 i 5 i

1K i

1h . lr_? o 'Iy

Figure 1: Schematic diagram of multiple stenosed artery
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Figure 2: Variation of impedance A with 8, for different k (d1=0.2,d,=0.6,H=0.2,L1=L,=0.2,1.=1,0=0.1,6;=0.0,9=0.2)
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Figure 3: Variation of impedance A with 6, for different k (d1=0.2,d,=0.6,H=0.2,L1=L,=0.2,L=1,Q=0.1,6;=0.01,r9=0.2)
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Figure 4: Variation of impedance A with 6, for different H (d1=0.2,d,=0.6,H=0.2,11=L,=0.2,L=1,0=0.1,k=2,6,=0.0,r9=0.2)
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Figure 6: Comparison of magnetic field effect on Newtonian and non-Newtonian fluids.
(d1=0.2,d,=0.6,L1=L,=0.2,L=1,0=0.1,H=0.2,6,=0.01)
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Figure 7: Variation of impedance A with 6, for different Q (d1=0.2,d»=0.6,H=0.2,L.1=L,=0.2,L=1,k=2,ry=0.2,61=0.0)
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Figure 8: Variation of impedance A with §; for different Q (d,=0.2,d>=0.6,H=0.2,L1=1,=0.2,L=1,k=2,ry=0.2,6;=0.01)

1130 [
L12s|
1120 |
1115 |

1.110 ¢

0.00 0.02 0.04 0.06 0.08 0.10

1.130¢

1.125¢

= 1.120}

1.115;

1.110y¢

0.00 0.02 0.04 0.08 0.08 0.10
0y

Figure 10: Variation of impedance A with 6, for different ry (d=0.2,d,=0.6,HH=0.2,L;=1,=0.2,L=1,k=2,6;=0.01,0=0.1)
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Figure 11: Variation of impedance A with 6, for different 1y (d1=0.2,d,=0.6,H=0.2,L1=L,=0.2,L=1,k=2,6;=0.0,0=0.1,73,=1)
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Figure 13: Variation of wall shear stress 1, with J; for different J, (r9=0.02,k=2,0=0.01)
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Abstract

In this article, Hermite-Hadamard Inequalities for L(j)-convex functions are analyzed. S(j)-convex
functions which is founded upon B~!—convexity concept, are defined and for this functions,
Hermite-Hadamard Inequalities are investigated. On some special domains, concrete form of inequalities are
denoted.
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1 Introduction

Integral inequalities have played an important role in the development of all branches of mathematics.
Also, Hermite-Hadamard inequalities are one of the integral inequalities. Recently, Hermite-Hadamard
inequalities and their applications have attracted considerable interest. Hence the Hermite-Hadamard
inequalities have been studied for varied families of functions which are obtained by many authors. (e.g. [1],
[51, [6], etc.)

In this paper, we examine Hermite-Hadamard Type Inequalities for L(j)-convex functions. L(j)-convex
functions are founded upon the B-convexity concept in R’} [2]] (Section 3). In section 4, S(j)-convex functions
which is related to B! —convexity concept are defined. After, for this family of functions, Hermite-Hadamard
Type Inequalities are analyzed (Section 5). Additionally, different examples about both cases are discussed and
studied.

2 L(j)-convex Functions

The sets which are given the following forms, are discussed to define the L(j)-convex functions [2]. For all
z€eRY, o
No(z)={z€R} :0<z; <z, i=1n}
N;(z) = {:17 eRY, 1 2z; <x; and z;25 < 2wy, Vi :1,7} ,j=1,n.

Ny (2) is closed, convex and radiant set, N; (z) (j = I,n) are closed, convex and co-radiant sets [4].
Using these sets, (n + 1) relations are defined as follows ([2]): for z,y € R"}

=0y & x € Ny (y)
=z yeyeN;(z), J

Il
-
3
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=;,J = 0,n are partial order relation on R , (see [4]).
We can write Minkowski functions according to N; (y) (y eERY,, j= 0,7) sets and < j order relations.
Fory € R, Ny (y) is radiant set and <, is coordinate-wise order relation hence Minkowski gauge is

KNy (y) (x) == inf{a > 0:2 € aNy(y)} =inf{a > 0: 2= 0y} .
Let us show this function with [, ,,, namely
loy () == Ny (y) (2) rzeRY,.
For j =1,nand y € R}, the sets N; (y) are co-radiant, thus Minkowski co-gauges are defined by
UN,(y) (7) == sup{a:z € aN; (y)} = sup {a : ayjjx}
we denote these functions with /; ,,, namely
ljy (7) = vn,(y) (2) , reRY,.

Remark 2.1. Let y € R"  and j = 1,n. Then the sets N; (y) coincides with the intersection of the cone

Vj(y):{meRi:xi<xj (izl,n)}
Yi Y5

and the half-space
H;(y) ={z eR":z; >y;}.
Using the cone V; (y), l;,, can be shown another form. If x € V; (y), then

by () = SuP{a : O‘yiﬂ"} =sup{a:ay; <a;} = ngJ

J

If z ¢ V; (y), then for all @ > 0 the inequality ay<;x does not hold therefore [; , () = 0. Consequently,
i Vs
(@)= 0 CETW)
0, x¢Vi(y)
For j = 0, n, let us analyze the convexity with respect to the family of functions L(j) = {l;, : y € R7, }.

Definition 2.1. Let j = 0,n. A function f : R, — Ry = RU {+oo} is an IPH(j) function if f is positively
homogeneous of degree one and increasing according to order relation < ;.

Theorem 2.1. Forall j =0,nand y € R}, ; ,, functions are IPH(j) functions.
Proof. For j =0
lo,y(Ax) =inf{a>0: Az € aNy (y)} =inf {a > 0: Az=<, 0y}

= inf {a >0: xjo%y} = Ainf{a’ > 0:2=,0'y} = Moy (@) .

Forj=1,n

ljy (Ax) =sup{a: Az € aN; (y)} =sup {a : ayjj)\a:}

= sup {a : %yjjx} = \sup {o/ : o/yjja:} =Ny ().
Namely, /; , (j = 0,n) are positively homogeneous of degree one.
Now, let us prove that the functions I, (j =0,n) are increasing. Let j = 0. If z1<,z, then
{a>0:z=<y0y} C {a>0:21=,0y} and hence Iy, (z1) < loy (z2). For j = 1,n, if T1=,72, then
{a >0: ayjjxl} C {a >0: Otyjng} and thus I , (z1) < 1, (22). O

Following theorem can be proved using Corollary 2.6 in [2].
Theorem 2.2. The function f : R} | — R is L(j)-convex function (j = 0,n) if and only if f is IPH(j) function.

Moreover, some important properties of IPH(j) functions are given, in [2].
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3 Hermite-Hadamard Type Inequalities for L(j)-convex Functions

We begin with the following theorem which has an important role in Hermite-Hadamard Type Inequalities
for L(j)-convex functions [2].

Theorem 3.3. For j = 1,nand p: R} — R, the following statements are equivalent:
(i) p is an IPH(j) function.
(i) p(z) = Ap (y) for all Vz,y € RY | and X > 0 such that \y=<;z.
(iii) p () > ljy () p (y) forallVa,y € R .

We can obtain Hermite-Hadamard Type Inequalities for L(j)-convex functions as a corollary of the above
theorem.

Corollary 3.1. Let D C R}, p : D — R be a L(j)-convex function and integrable function on D. Then, for all
y € D, we have

p(v) /D Ly () di < /D p(z) d. (3.1)

Let us investigate Hermite-Hadamard Type Inequalities via Q(D) sets given in [6].
Let D C R"}, be bounded and hold condition of ¢/ (intD) = D. We denote by Q(D) the sets of all z* € D

such that )

) /D ljoe (z)dz =1 (3.2)
where A (D) = [, dx

Theorem 3.4. Let p be L(j)-convex function defined on D and integrable on D. If Q(D) is nonempty, then one has the
inequality:

e L ) dae
m*ztggmp(z ) < A(D)/Dp( )d (3.3)

Proof. If p (z*) = 400, then by using p(x) > [, (z) p(y), it can be shown that p cannot be integrable. It

conflicts integrable of p. So p (z*) < +o0. From Theorem [3.3|(iii), for all = € D
p(2) = Lo (2)p (7).

Since z* € Q (D), by

p(z*) =p(z*) ﬁD) /D lj o (z)dz
1

ity [ p e @ e < s [ p e

Remark 3.2. As it is clear that, for each x* € Q (D), inequality

. 1
pe") < 55 [ p@da 64

is hold. If we get p () = 1 4+ (), is an equality.
Let p be a L(j)-convex function defined on D C R’} , and be integrable on D. For all z,y € D, the inequality
p(x) = iy (2)p (y)

is hold. Hence,
p(y) < vz (y)p(2) 3.5)

where

=L 2 oweVily _ ) E y¢intVi(a)
W @ T s, wgVily) | o, yeintV(x)

The following theorem can be proved, using the inequality (3.5).
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Theorem 3.5. Let D C R% , p: D — Ry be an integrable, L(j)-convex function and D N intV; (y) = 0. Then, the
following inequality holds:

/D p(x)dz < p(y) /D o5 (@) d (3.6)
forally € D.

Examples:

On some special domains of R? |, Hermite-Hadamard Type Inequalities for L(j)-convex functions have
been implied with concrete form.

Firstly, for D C R%, and every y € D, let us derive computation formula of the integral [}, ; ,, (z) da.

Let D C R | and y = (y1,y2) € D. Then,onR2 |

x x x x
Vl(y){$€R3_+:2<l}’ VQ(y){xeRi+5l<2}

Y2 Y1 Y1 Yo
and
?717 HASS V ﬂ, xTr € V
hy(@)={ » W, @y =] w 2(v)
0, r ¢ Vi(y) 0, v ¢ Va(y)

Let V¥ (y) (j = 1,2) be the complement of V; (y) (j = 1,2). Therefore, with the above assumptions, we can
separate the region D into two regions: D; (y) = DV (y) and D \ D; (y) = DV} (y). Thus, we have

/ Ly (x)de = / Ly (z)dx + / Ly (z)dz
D Dj(y) D\D;(y)

; 1
:/ x—]dJH—/ Odx = —/ xjdz.
Dj(y) Yi D\Dj;(y) Y5 JD;(y)

Example 3.1. Consider the triangle D defined as
D:{(ml,xg) ER3+:O<331 <a,0< 29 §U$1}~

Fory € D, D; (y) would be as follows:

Dl(y)Z{xED:O<x1 <a, O<x2§y2x1}
Y1

Dg(y):{a:ED:0<x1§a, y—2x1 <x2§vx1}.
Y1

For j = 1; we deduce that:

Yo

1 1 [* [V
/ ll,y(x)da::—/ xldmz—/ /
D Y1 JD,(y) Y1 Jo Jo

Hence, for the given region D, the inequality will be as follows:

1
3
1 y2 a
J)ldl‘gdl‘l = .
yi 3

3y3
p(Y1,92) < — /p(x1>$2)d$1d$2~
a y2 Jp

For j = 2; we have

Y1

1 a 2.2 .2 3
_ 1 v2_<yz> Py = LU
2y2 Jo Y1 2y2y7 3

Then, for the same region D, the inequality is as follows:

1 1 a VI
/lz,y (z)dr = — Izdwzf/ / Tadradry
D Y2 JDs(y) Y2 Jo Ju2zi
2

( )< 6y 12 / ( ) dyd
PWi1,Y2) S w75 5 o7 pP(x1,T2)axr10T2.
a3 (v?y? —v3) Jp
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Let’s derive the set Q(D) for the given triangular domain D. Since A (D) = %, y* € D is element of Q(D) if and
only if, for j = 1;

forj =2

Figure 1. In case of j = 1, the set Q(D) for triangular domain D
Example 3.2. Let the triangular region D be as follows:
D ={(z1,22) €Y, : 2L+ 2 <1}

In this region, for y € D, the sets D; (y) (j = 1,2) are as following forms:

abys Y1 a

D =zeD:0<p < ——— Z“a<z1<a— -z
1) { P ay by oy o b 2}

b b
Dg(y):{xeD:O<x1ay1, y29€1<$2<b—m1}~

ays +by1 w1 a

If j = 1, then we have

axg

abyo
1 1 [amttn [0
/ll,y (z)dx = — xlda::—/ ” yl/ z1dridTo
D Y1 JD,(y) Y1 Jo vz

Y2

1 [eatEn an 2 v\’ . a®bys [(ab —a)®y2 — b%y?
R (a — —) — [ = r5dre = 3 .
2y1 Jo 6y1 (ay2 + by1)

T‘
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For j = 2; we get

bml

1 au2+bI/1 T Ta
/ loy (x)dx = —/ Todx = / / rodxodry
Y2 D2( ) Y2 9211

Lo [0\ (\?] ., e [(ba—b)7yt a3
[P ()l
2y2 Jo a 9 6y2 (ay2 + by1)

Thereby, in D, to j = 1; the inequality is

6y1 (ays + by1)®
adbys [(ab - a)2 Y3 — be%]

P (y1,y2) < / p(x1,22) dr1dee
D

for j = 2; the inequality is

6y2 (ay2 + byl)3
b3ay, [(ba — b2yl - a2y§]

P (y1,y2) < / p(z1,x2) dzrdxs.
D

Let us construct Q(D) for the given region D. Since A (D) = %, if we get j = 1, then we obtain

a?y; [(ab—a)* (43)° = 0° ()’

y €Q(D) 1
3yi (a3 + byp)’
also, if we get j = 2, then we have
byi |(ba—b)° (47)° — a2 (43)°]
y eQD) = =1.

3y5 (ays + by)”
Example 3.3. Now, let us get a rectangular region D which is defined as follows:
D = {(z1,22) €ERY, :z1<a, zo <b}.

In this type region, it can be two cases: For y € D
1) 2 < b
y
2) y%
1) Let &

‘v: vV |
SRS

g g Under this condition, the sets D; (y) will be:

Di(y)=92z€D:0<x; <a, 0<x2§%$1

Dy(y)=32€D:0<x; <a, %x1<x2§b .

Hence, for j = 1; we have

1
/zl,y@)dz,/ e
D Dl(y) hn

3
Y2 2 a~y2
a:da?dx /( )xdx:
/l27y — .Z‘Qd.l?_ / / $2d1‘2d$1
yg D2( ) y2 yzwl
a

1 b2 22,3
=50 b — (y2> m% dry = 3yiba = yoa” a2 %29
y2 Jo Y1 6y1y2

for j = 2; we obtain
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By taking into account these, becomes following inequalities: for j = 1;

3y}
a3y2

P (y1,y2) < / p (21, 22) dzdas
D

forj =2
Py y)<76y%y2 /p(x r2) dr1idz
1,92) > 1,42 1 2.
3y2b2a — y3a® Jp

Let us derive the set Q(D). Since A (D) = ab, then while j = 1;

. . 3b(yp)’
Yy EQ(‘D)@Z/2: 5121)
while j = 2;
1
. ) (y3)° '\’
D =20

2) Now, let us consider the second case. Namely, let % > 3 Therefore, we have that
D (y) = xeD:Z—;xQSmlga, 0<za<b
Dg(y): ’IEDSO<ZL’1§%IQ, 0< a9 <by.

To j = 1; we have
1 1 b a
liy(x)de=— ride = — z1dzidTs
D Y1 JD,(y) Y1 Jo ST

1t ? 3y3a®b — by}
= — a* — (Zh) z2 | doy = Pt i 5 i,
2y1 Jo Yo 6y1Y5

Thereby, in this case, the inequality is

p( y)<6yly§/p(w o) dryde
Y1, Y2 = 32a2b — b3y? /) 1,722 147T2.

In case j = 2, we get

1
/ la,y (z)dx = / loy (x)dx = 7/ Todx
D Da(y) Y2 JDy(y)

yiz

I ) I b3
= —/ / e Todridry = — &xgd:cg = —y;
y2 Jo Jo y2 Jo Y2 3y3

Thus, the inequality will be as follows:

3 2
p(y1,y2) < 7b3y2 p (x1, 22) dridas.
Y1 Jp

By taking into account both cases, Q(D) becomes as follows: for j = 1;

b 3b (y¥)*
Q(D)Z{y*GDiyi o= Sél)}U

1
L U
a’ 72 3a? — 6yia

IN

y*eD:

S|
\Y

forj=2;

QD)={y eD:?

<
% N %

1
b Wt \?

<2 — (2 27

=N <3b3a2 — 6y3 U

2
) v b . 3a(y3)
{y eD: ﬁ P Y = b22 .

Y



Ilknur Yesilce et al. / Hermite-Hadamard Inequalities... 353

Example 3.4. We shall now consider the case where the set D is part of the disk defined as
D = {(z1,22) € RZ | 2} +23 <r?}.

Fory € D, the set Dy (y) is combination of

VY2 + s Y

DT(y){zGD:O<x1§ T 0<1:2<yx1}

and

D;‘*(y):{xEDzryl<$1<r70<x2< 7"2—30%}.

VY + Y3

Namely, D1 (y) = D5 (y) U Di* (y). The set Dy (y) will be as follows:

Dz(y)z{xeD:O<x1§ Th y2x1<x2< 7"2—33%}.

y1 erz Y1

To j = 1; we have

1 1
/ll,y / r1dx = —/ xldm—i——/ r1dx
yl Dl(y) Y1 Jpi(y) Y1 J Dy (y)

rzfml
\/le/ $1d$2d$1+*/ / r1dzadry
yl Y1
y1+y2
1 Yy r 3
- wﬁﬂ%CQQ)d1+ mv@;:%qugglﬁiga
I 2 2
y1 Jo (1 o 3y1V/v3 + 3
y1+y3

In this case, for the given region D, the inequality will be following form:

14 / +
p(y1,92) < 31 v / (w1, 2) dridxs.
Y2
To j = 2; we obtain that
1 Tz_rl
/ loy (x)de = — Todr = — [V yl“’? / Todxodxy
D Y2 JDy(y) Y2 82,

2 3
y1+y2 < (1 y2> 2> _ L1
A% + 5 |z | dry = —————
2y2 yi) ! 3y2v/y3 + Y3

and by using the equality above, the inequality will be as follows:

L=V Il g2 vi 3 / (21, 29) dz1das.

)y Y2
p(y1,92) < Tgyl

Since A(D) = ’TTTZ, let us give the conditions for becoming elements of the set Q(D). For j = 1; we have

2
37 (1) (W) + (5)°)
For j = 2; we get
12

37 (y3)” (1) + (13)°)”
Remark 3.3. From Theorem 3.5} the right hand side of Hermite-Hadamard Inequalities can be also analyzed for concrete
domains. But, in this case, D N intV; (y) = 0 is required because of integrability of the function ¢, ,, on D.
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Example 3.5. As in the Example[3.1} we discuss the triangle
D= {(xhxz) 6Ri+:0<m1 <a,0< x9 SWC1}~

If j = 1, then D NintVy (y) # 0 for Vy € R3 . Thus, from Theorem the right hand side of Hermite-Hadamard
Inequalities for L(1)-convex functions is not obtained.
Let j = 2. It is obvious that D NintVs (y) = O < yo > vyy. From Theorem [3.5) we have

X
/p($17x2)d1'1d$2 Sp(yhyz)/ 2 dzydas.
D D Y2

2
/Edl‘ldl‘g / / l‘gdl‘gdl‘l 7/ dxl
D Y2 6y2

for all y € D which satisfy the condition y2 > vy (namely, y on the long side of the triangle) and all p that are
L(2)-convex, integrable on D, the inequality

Since

2 3
/ p (21, ) daydas < ——p (y1,72)
D 6y2

is hold, or since A(D) is area of triangular domain, we obtain the inequality

1

va
B <= .
A(D) /Dp(ﬂf?uxz)dxldﬂh < 3y2p(y1,y2)

4 S(j)-convex Functions

Firstly, let us recall the definition of B~!—convex set [3]:
Definition 4.2. A subset M of R”;  is B~ —convex if for all x1,29 € M and all t € [1,00) one has txq Az € M.
Here, A is the greatest lower bound of x4, z9, that is,
x1 Axg = (min{zy 1,221}, ....min{x1 »,2n}) -

For every z € R’} ,, R’} | can be written as the combination of (n + 1)-parts which are given with the
following forms:

My (2 {x€R++ zi<wmziy, 1=1 n}
Mj {JJGR’L+.$JSZJ and mjzlgzjmi,W:Ln}.

The sets M; (z) (j = 0,n) are closed and convex sets. The following theorem gives construction of the sets
M; (z) (j =0,n).

Theorem 4.6. My (z) is co-radiant, B~ —convex set and M; (z) (j = 1, n) are radiant, B~'—convex sets.

Proof. Let us show that M (z) is co-radiant, namely x € My (z), A > 1 = Az € My (z). Since z € M (2),
then z; <w; (i =1,n). A > 1,502 <z; < Az; (i = 1,n). Consequently, we have Az € M (2).

Now, let us prove that My (z) is B~!—convex. Let z,y € M, (z), t € [1,). Hence, for Vi = 1,n, we have
z; < x; and z; < y;. By using these inequalities; since z; < x; < tz; and z; < y;, we obtain z; < tx;Ay;, i = 1,n.
We have shown that tz Ay € My (2).

And now, we have to see that M; (z) (j = I,n) areradiant. Let z € M; (z) and 0 < X < 1. Since z € M; (=),
wehave z; < z; and x;2; < zj2;, i = 1,n. 0 < XA < 1sothat A\z; < z; < z; then Az; < z;. Also, A > 0, hence
we can derive Az, z; < zjA\z;, i = 1, n. By taking into account both cases, Az € M (z).

Finally, let us show that M; (z) are B~'—convex. Let z,y € M; (z),t € [1,00).

x € M; (2) & z; <zj and % < zjxg, i=1,n
yeM;(z) ey <z and y;z < zjy;, i =1,n.

There are two possible cases: for ¢ € [1,00)
I) itcanbe tz; < z;. In this case, from y; < z;, we obtain tx; Ay; < z;.
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II) let tz; > z;. Again, since y; < z;, we have tx; A y; < z;. Hence, we deduce that tx; A y; < z;.
In second part, for z € R"} ,

(tl’j A yj) Z; = t(lszl' A Yjizi S t:cizj A Yizg = (tSCZ A yi) Zj.
Thus, we have shown that tz Ay € M; (2). O
The (n + 1)-relations according to M, (z) (j = 0,n) can be given by

T <0y Sy E M(v)
r=;ye e M;(y), ji=1n.

Let us see that <;, (j = 0,n) are partial order relations.
Theorem 4.7. <, (j = 0,n) are partial order relations.

Proof. Let j = 0. < is coordinate-wise order relation, namely,
r<soyey—ccRY .

So that < is a partial order relation.

Letj =1,n.

Firstly, we show that < (j = 1,n) are reflexivity. For all z € R | and all j = 1,n, then z; < x;. Also, for
alli =1,n, we have z;z; < z;z;. Consequently, z <; .

Let us show that <; (j = 1,n) are antisymmetric: Let z, 2 € R},  <; z and 2 <; . We deduce that

—_

r<;2 & x; <z and zj2; < 7Ty, i=
z<;2 & 2z <z; and zjm; <752, i =

,n

—_

;M.

From the first part, for j = 1,n, we get z; = z;.
By using this equality and the second part, for all i = 1, n, since

Tz < ZjTi = 24 <z
2% < Tjz; = T < 2z

thus, itis z; = z;.

Accordingly, we obtain z = z.

Now, we have to prove that <; (j = 171) are transitive. Let z,y,2 € R’ | = <; y and y <; 2. Hence, we
have that

r<;y & x; <y; and z;u; < T, i=1,n
Y2 & y; <z and y;z; < 2y, i=1,n.

Since z; < y; < z;, then we obtain
Zj S Zj- (47)

Taking into account that the above inequalities hold, we have that

2y <yizs = 2y (Yi2) < yixs (y2:) < iz (259:)
x;2; (i) < x:25 (Y;9:)
Tjzg < 254 (48)

From @) and , we have z % z. The theorem is proved. O

Now, we can write Minkowski functions according to M; (z) (z € R, j = 0,n) sets and <, partial order
relations. For z € R |, since that M (z) is co-radiant;

Uio(z) () :=sup{a: x € aMy (2)} = sup {a: az <o v}
then, we denote this function with s .,

80,2 (%) = Vnge(2) (2) rzeRY,.
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For z € R" | and j = 1, n; by taking into account that M; (z) are radiant sets; Minkowski gauge of M; (z) are
Ptz (2) i=inf{a > 0: 2 € aM; (2)} =inf{a>0: 2 <; az}.
Let us denote this function with the following notation

Sje (@) = pag () (7)), weRY,.

The sets M; (z) (j = 1,n,z € R, ) can be written as the intersection of the cone
Uj(z)—{xGRﬁ_F:xjgwii—l,n}
Zj Zi

and the half-space
H;j(z) ={x e R" : z; < z;}.

The functions s; . can be denoted the following form, if we use the cone U; (z).

B j—; , xzeU;(z)
552 () = { - v g Uj— ). (4.9)

Let us analyze convexity with respect to the family of functions S(j) = {s;.: 2 € R} },j = 0,n.

Definition 4.3. Let j = 0,n. A function f : R’ | — Ry is an IPH[j] function if f is positively homogeneous of
degree one and increasing according to order relation <.

Theorem 4.8. Vj = 0,nand Vz € R" |, s; . are IPH[j] functions.

Proof. Let us show that s; . are positively homogeneous of degree one.
For j = 0, we have that

50,z (Az) =sup{a: Az € aMy (2)} =sup{a: az <o Az}
= sup {a cozp < Axy, i = 1,7} = sup {)\a' oz < a0 = 1,7}

=Asup{a’: &'z <0 2} = Asp. ().
For j = 1,n, we get

- () = inf (> 0: Az € alf; (4]} = inf {a > 0 Ar <; a2}
=Ainf{a' > 0:2 x5 'z} = Xsji. (2).

Let us prove that s; . are increasing according to <; (j = 0,n).

Let j = 0 and 1 <o 2. Then, we have {a: az <o 1} C {a: az <o z2}. From properties of supremum,
we obtain that s¢ , (x1) < sg,. (z2).

Letj = 1,n and 21 <; 2. Hence, we have {a > 0: 22 5j az} C {a > 0: 21 <; az}. Consequently, we
obtain Sj.z (1‘1) S Sj.z (1‘2) O

Now, let us give the following theorem which can be easily proved via Corollary 2.6 in [2].
Theorem 4.9. For j =0,n, f : R — Ry is S(j)-convex function if and only if f is IPH[j] function.
The following theorem implies some properties of IPH[j] functions.

Theorem 4.10. Let j = 1,nand f : R" | — Ry bean IPH[j] function. Then following statements are hold:
(i) f (x) > 0 forall z € R .
(i) If f (x*) = 400 where x* € R | then f (x) = 400 on the set

{x € R, : 3IXA >0 such that Az* < x}
(iii) I f (2*) = O where z* € R} then forallz € {x € R} : IXN >0, = <; A\z*}, f (z) =0.

Proof. (i) Letz € R% . Because 1z <; z, we have 3 f (z) = f (%) < f (z). Therefore f (z) > 0.

(i) Let z € R"} | be a point such that there exists A > 0 with the property Az* <; x. Then f (z) > f (Az*) =
Af (2*) = +o0.

(iii) Let 2 € R% | and let there be A > 0 such that  <; Az*. Thus, we have that 0 < f(z) < f(\z*) =
Af (z*) =0. O
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5 Hermite-Hadamard Type Inequalities for S(j)-convex Functions

Let us prove the following theorem which has an important role in Hermite-Hadamard Type Inequalities for
5(j)-convex functions.

Theorem 5.11. For j = 1,nand p : R" | — Ry, the following statements are equivalent:
(i) p is an IPH[j] function.
(it) Forall v, z € R% | and X\ > 0 such that x <; Az, we have p (x) < Ap (2).
(iti) For all x,z € R}, , we have p (x) < s; . (x) p(2).

Proof. i = ii) Since p is an IPH[j] function, for all A > 0, we get z <; Az. Hence p (z) < p (Az) = Ap(2).

it = 1) The monotonicity of p follows from (ii) with A = 1. We now show that p is positively homogeneous.
Let z = Az with A > 0. Then by (ii), we have p (z) = p(A\z) < Ap(z). Because = = A\~'z, we conclude that
p(2) < A~1p (x). Thus p(A2) = Ap (2).

it = 4it) If p(2) = 0, wehave 0 < p(z) < s;.(x)p(z2) = 0forall z. Letp(z) > 0Oand A > Obea
number such that z <; Az. Applying (ii), we conclude that % < A It follows from the definition of s; . that
sj.» () =inf {\ > 0 : x %, Az}, therefore % < s (z).

i1 = i) follows directly from the definition of s; .. O

If we use the above theorem, then we can deduce the Hermite-Hadamard Type Inequalities for S(j)-convex
functions.

Corollary 5.2. Letp: D — R, D C R} | bea S(j)-convex function and integrable function on D where D C U;(z).
Then, for all z € D, the following inequality holds:

/Dp(w) de <p (z)/ s (x) de. (5.10)

D

Proof. 1t is proven from Theorem 5.17] (iii) and (4.9). O

Let’s analyze the inequality (5.10) via sets Q(D).
Let D C R}, be bounded and satisfy condition ¢l (intD) = D. Q(D) consist of all point 2* € D such that

1
D) /D Sz (x)de =1,

here A (D) = [, dz.
We can give a theorem about the set (D) and Hermite-Hadamard Type Inequalities of S(j)-convex
functions.

Theorem 5.12. Let p be a S(j)-convex function defined and integrable on D. If Q(D) # 0, then one has the inequality:

1
_ z)dr < inf z*
A(D)/me < inf pla)

Proof. If p(2*) =0, from p (x) < s+ () p (¢*) we have p (z) = 0. Thus, let p (z*) > 0. Forallz € D,
p(2) < sja- () p (")

is hold. Because z* € @ (D), we have
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For every z* € Q (D), the inequality

115 pe) e <pe) (511)

A(D)
is hold. If we take p (z) = s . (7), the inequality will be turn equality.
Let p be a S(j)-convex function defined and integrable on D which is closed, bounded and connected set.
Forall x, z € D, we have
p(x) < 85z (2)p(2).
Hence, below inequality is obtained:
P () ¥ja (2) <p(2)

where

Vja (2) =

| :{ 3710 ={ s 2 Eintl; (@) (5.12)

8% (T) 0, x¢U(z) 0, zeimntl(x)
In this case, we can write second part of the Hermite-Hadamard Type Inequality for S(j)-convex functions.

Theorem 5.13. Let D C R}, p : D — R, be S(j)-convex and integrable on D. Then, for all = € D, we have the
inequality:

p(Z)‘/D’L/)j’Z (x)dacg/Dp(x) dx (5.13)

Examples:
On the same domains in previous section, Hermite-Hadamard Inequalities for S(j)-convex functions can
be also considered. For example, let us discuss triangular domain in Example[3.1}

Example 5.6. Let
D:{(ml,x2)6R1+:0<x1§a, O<x2§vx1}.

D C Uj(z) is necessary in order to the inequality can be written on this region.

When j =1, forall z € R%_itis D ¢ Uy(z). Hence, from Corollaryfor S(1)-convex functions, the right part
of Hermite-Hadamard Inequalities can not computed on this domain.

Let j = 2. This is obvious that D C Us(z) < 29 > vzy. From , we obtain

€T
/ p (21, 22) drrdee < p (21, 22) / 2 day d,.
D D ?2
When the right integral is calculated, for all z € D satisfying the condition zo > vz, (thus, z is on the hypotenuse of the
triangle) and for all p that is S(2)-convex, integrable on D, we have

1

A(D) /Dp(zl,xg) dridre < ;}—Zp (21, 29)

where A(D) is area of the triangular domain.

For the same domain, if we apply the Theorem then we can estimate the left part of Hermite-Hadamard
Inequality.

Let j = 1. From (5.13), we have

p(Zl,Zz)/ Y1,z (I17I2)dw1dl’2§/p(zl,xz)dfvldﬂﬂz
D D

and from (5.12), we obtain

3
/ U1, (21, 22) derdae = Q.
b 327

Thereby, the inequality is

3
L?S/p(l'l,l'g)dl'ldl'g.
321 D

Let j = 2. The left part of the Hermite-Hadamard Inequality is

p(21,22)

p(zlaz2)/ Vo, ($17$2)d$1d$2S/p(ﬂﬁl,@)dwld%z
D D
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Since, with a simple calculation, we obtain

a® (z%vQ — z%)

62720

/ Va5 (21, x2) driday =
D

and from above inequality, we have

a® (zfv2 - z%)

p (21, 22) 672 < /Dp(xl,xg)dxldxg.
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Abstract

By making use of the operator B¢ defined by the generalized Bessel functions of the first kind, the au-
thors introduce and investigate several new subclasses of starlike, convex, close-to-convex and quasi-convex
functions. The authors establish inclusion relationships associated with the aforementioned operator. Some
interesting corollaries and consequences of the main inclusion relationships are also considered.
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1 Introduction, Definitions and Preliminaries

Let
U={z:2€C and |z <1}

be the unit disk in the complex z-plane. Also let A be the class of functions f of the form:

f2) =2+ ana2"t, (1.1)
n=1

which are analytic in U and satisfy the following normalization condition:

J(0) = f(0) 1 =0.

Let S denote the subclass of A consisting of all functions which are univalent in U. We denote by $*(a), K(a),
C(#,a) and C*(5, o) the familiar subclasses of A consisting of functions which are, respectively, starlike of
order « in U, convex of order « in U, close-to-convex of order 5 and type o in U and quasi-convex of order 3
and type « in U. Thus, by definition, we have (for details, see [4} 16} [7, [11]))

zf'(2)

S*(a)::{f:feA and %<M>>a (0§a<1;z€U)},

2f"(2)
f'(z)

K(a)::{f:feA and %(14— )>a (O§a<1;zeU)},

*Corresponding author.
E-mail address: harimsri@math.uvic.ca (H. M. Srivastava), selvaal826@gmail.com(K. A. Selvakumaran), sunil_a_purohit@yahoo.com(S. D.
Purohit).
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zf'(2)
9(2)

C(ﬂ,a):—{f:fGA,geS*(a) and §R< >>ﬂ (0§a,ﬂ<1;z€U)}

and

(2f'(2))

C*(ﬁ,a)::{f:feA,gE/C(a) and §R< 700 >>ﬁ (O§a,ﬁ<1;z€U}.

It is easily observed from the above definitions that
f(z) € K(a) = zf'(2) € S*(a)

and
f(z) €C*(B,a) <= 2f'(2) € C(B, ).

For f € Agivenby and g(z) givenby g(z) = 2+ ., bpt12" !, the Hadamard product (or convolution)
of f and g is defined by

(f*9)(2) =2+ Y anpibn12" = (g% f)(z) (2 €D).

n=1

The generalized Bessel function of the first kind of order p is defined as a particular solution of the follow-
ing second-order differential equation (see, for details, [1]]):

22w (2) + bzw' (2) + [cz® — p* + (1 = b)plw(z) =0 (b,c,p € C) (1.2)

and has the familiar representation given by

o} EIPAY) p 2n+p
o) =3 T (3) (2€0). 1)

n=0 (p+n+ H?l)

The series in permits a unified study of the Bessel, the modified Bessel and the spherical Bessel functions.
The following cases are worthy of note here.

1. Taking b = ¢ = 1 in (1.3), we obtain the familiar Bessel function of the first kind of order p defined by
(see [1)18,12])

WA= e ()T e Ly
P _nzon!-F(p+n+1) 2 : ’ '
2. Putting b = 1 and ¢ = —1in (L.3), we get the modified Bessel function of the first kind of order p defined
by (see [1,112])
o) 1 2 2n+p
I(z) = Zn'rwnm(?) (€ C). (15)

3. Letting b = 2 and ¢ = 1 in (L.3), we have the spherical Bessel function of the first kind of order p defined

by (see [1]) s
, 7 > (=" 2\ “"TP
apl2) = \/;gn!'F(p+n+3/2) (2) (€0 (1.6)

Recently, Deniz et al. [3] considered the function ¢, ; .(z) defined, in terms of the generalized Bessel func-
tion wy p..(2), by

b+1 _
punel?) =2 (4 1) 2 0 (v)

= (o)™ 2t b+1 _
=z+ > =p+—— 75 :={0,—1,-2,--- )
z + —~ 4n . (V)n 7’7,' 14 p + 2 ¢ 0 {07 Y 9 } 9 (1 7)

where ()),, denotes the Pochhammer symbol (or the shifted factorial) defined by

Mo=1 and (An=AA+DA+2)--A+n—1) (neN:={1,2,3-)}
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Subsequently, by using the function ¢, ; .(z), Deniz [2] introduced the operator B as follows:

X \n n+1
BE) = epnele) < 1) =2+ 30 GBI e, (18)
n=1 n :
It is easy to verify from that
2(BSaf(2)) =vBif(2) — (v = 1)Bi, f(2), (1.9)

where )
v=p+——¢Z.

In fact, the operator By given by (1.8) provides an elementary transform of the generalized hypergeometric
function, that is, we have

Bl f(z) = zoF1 (7;u;—§ z) * f(2)

and .
Puc (—1 z) =zoF1(—;v;2).

In the present article, we investigate various inclusion relationships for each of the following subclasses
of the normalized analytic function class .4, which are defined by means of the generalized Bessel function of
the first kind (see also [9] and [10] for inclusion relationships for various other function classes). Indeed, for
ceC,veR\Zy and 0 £ a < 1, we write

S;’C(a) ={f:feA and BLf(z) eS"(a) (z€TU)},
Koe(a):={f:fe A and Bf(z) e K(a) (z€U)},

Coe(Bya):={f:feA and B f(z)eC(B,a) (ze€U)}
and
Coo(Ba):={f:feA and Bjf(z) €C"(B,a) (z€U)}.
We also note that
f(2) € Kyela) = 2f'(2) € S} () (1.10)
and

f(z) €C) (B,a) <= z2f'(z) € CLe(B, ). (1.11)

In our investigation of the inclusion relationships involving the function classes S}, .(«), K, c(a), Cu (83, )
and C; (8, @) given by the above definitions, we shall make use of the following Miller-Mocanu lemma.

Lemma 1.1. (see Miller and Mocanu [5]) Let ©(u, v) be a complex-valued function, such that
0:D—-C (D cCx0Q),

C being the complex plane. Also let
u=1u; +tuy and v = vy + ivy.

Suppose that the function ©(u, v) satisfies each of the following conditions:
(i) ©(u,v) is continuous in
(i) (1,0) € D and R(O(1,0)) > 0;

(iii) R(O(iug,v1)) < 0 for all (iug,v1) € D such that vy < —1(1 + uj).
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Let
G(z) =1+ prz+p2z° + -+

be analytic (regular) in U such that
d(z)#£1 and (4(z2),2¢9'(2)) €D (z € ).
I
R(6(s(:).50() ) >0 (=€),
then

R(p(2)) >0 (z € U).

2 Inclusion Relationships

Our first set of inclusion relationships is given by Theorem 2.1 below.

Theorem 2.1. Let fe A, ce C,v e R\ Zyanda+v>1 (0= a<1). Then
f € Ss,c(a) - f € 8:+1,c(a)
or, equivalently,
S:,c(a) C S;Jrl,c(a)'
Proof. Let f € S} .(a) and set
Z(B§+1f(z))/
Bz§+1f(z)
where ¢(z) is given by (1.12). From (1.9) we get

—a=(1-a)¢(z),

L Bif(:) _ 2(Bpnf(@)
BfB) . ot U

By combining (2.13) and (2.14), we obtain

7B§f(z) _ 1 —a)p(z)t+a+v—
Bf,Jrlf(z) B V[(l Jo() +ot 1]-

363

(1.12)

(2.13)

(2.14)

(2.15)

Now, by applying the logarithmic differentiation on both sides of (2.15) and multiplying the resulting equation

by z, we have

2(Bof(2)  2(B f(2) N (1— )2/ ()

Bof(z)  Bif(2) I-a)p(z)+a+tv—1
which, in view of [2.13), yields
(Bf(2) (1—)2¢/(2)

—a=(1-a)p(z) +

Bef(z) (1-a)p(z)+a+v—1

Upon taking
u=¢(z) =u; +iug and v =2¢'(z) = vy + ivg,

if we define the function O(u, v) by

(1-a)v
l-a)ut+a+v—1

O(u,v) = (1 — a)u+

then we observe that ©(u, v) is continuous in

o= (o z2z5)) v

(2.16)
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and (1,0) € D, with ®(6(1,0)) > 0. Also, for all (iuz,v1) € D such that v; £ —%(1 + u3), we have

1—a)n
ROz v1)) =R ((1 - a)(iug +)a tu— 1)
_ I-a)(la+v—1)n
(a+v—12+(1-a)ul
1 (1—a)(a+v—1)(1+ud)
2 (a+v—-12+(1-a)u3
<0,

A

which shows that ©(u, v) satisfies the hypotheses of the above Miller-Mocanu Lemma. Therefore, we have
R(p(2)) >0 (z€U).

Thus, by making use of (2.13) and (2.16), we find that f € S, .(a). This completes the proof of Theorem
21 O

Theorem 2.2. Let fe A, cc C,veR\Zyanda+v>1 (0= a<1). Then
fekcla) = fekt1.(a)

or, equivalently,
]C%C(Oé) C ICV+1,C(OL).

Proof. Applying (1.10) and Theorem 2.1} we observe that

feRcla) = BJf(2) € K(e)
< 2 (B;f(2)) € §*(a)
<= B} (2f'(2) € ()
= 2f'(2) € 5] ()
= 2f'(2) € §)41.(a)
< B, (2f'(2) € §7(a)
> 2(By1f(2)) € 8™(a)
< By1f(2) € K(a)
= felt1,(a),

which evidently proves Theorem 2.2} O
Theorem 2.3. Let fe A, ce C,v e R\ Zyanda+v>1 (0= a<1). Then

felclfa) = felCii18,a) (028<1)

or, equivalently,
Clac(ﬁa Oé) C Cu+1,c(ﬁ7 a)-

Proof. Let f € C,(8,a). Then, in view of the definition of the class C, (3, «), there exists a function g €

S, .(a) such that
%(%) >0, (05p<1; z€U).

We now let
!
2(By .1 f(2))

B9 8= (1-0)¢(2), (2.17)
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where the function ¢(z) is given by (1.12). Now, making use of the identity (.9), we also have

2(Bef(2)) _ Be(z1'(2))
Bgg(2) Bgg(2)

z(B§+1(Zf’(Z))> (v - DB (21(2)
z(B,ng(z))/ + (v = 1)Bg,19(2)
(Boaler )

Bﬁﬂg(z)

+ (v -1)

B$+1(Zf/(z)) ' Z<B§+1g(z))/ L -1
By 119(2) <B§+lg(z) + 1) : (2.18)

By Theorem 2.1} we know that
g€ S:,c(a) =gc S;+1,c(a)7

so that we can set .
Z(Blcl+1g(z))
——— 2 = (1—-a)q(z) + a, (2.19)
B§+1g(z) ( Ja(z)

where
R(q(z)) >0 (z € U).

Upon substituting from and into 2.18), we have
sy P(EAGIE)) | Boas) T+ - 0la - pec) + o

Beg(z) (1-a)g(z)+a+rv—-1 ’ (2.20)
By logarithmically differentiating both sides of with respect to z, we have
(Baler )
B o) (1=0)2¢'(z) + [(1 = a)q(z) + o - [(1 = B)é(2) + 7],
which, in conjunction with (2.20), yields
2Bif@) (1-B)2¢/(2)

The remaining part of our proof of Theorem [2.3]is much akin to that of Theorem[2.1] Therefore, we choose
to omit the analogous details involved. O

Theorem 24. Let fe A, ce C,v eR\Zyanda+v>1 (0= a<1). Then
feC(B,a) = feCl.(5,a)

or, equivalently,
Che(Bs @) C Chy (B, @)
Proof. Applying and Theorem[2.3] we observe that
feCola) = Byf(z) € C*(B, )
= 2 (B;f(2) € C(B,)
> B} (2f'(2)) € C(B,q)
— 2f'(2) € C,c(B, )
= 2f(2) € Cuy1,c(B, @)
— Bl (2f'(2)) € C(B, @)
= 2 (B, f(2)) €C(B,)
— B f(2) €C*(B,a)
— feCi1.(8,0),
which evidently proves Theorem 2.4} O



366 H. M. Srivastava et al. / Inclusion Properties for Certain Subclasses of Analytic Functions...

3 Remarks and Observations

As already discussed in Section|[I} the study of the generalized Bessel function of the first kind permits a uni-
fied study of the Bessel, the modified Bessel and the spherical Bessel functions. By specializing the parameters
in the operator BS, we obtain the following new operators associated with the Bessel, the modified Bessel and
the spherical Bessel functions (see, for details, [2]):

e Choosing b = ¢ = 1 in (L.8), we obtain the operator 7, : A — A associated with the Bessel function,
which is defined by
Tof(2) = @p1a(2) % 1(2) = [zpr@ - 1)21*”/2 Jo(V2)| + 1(2)

n+1
an+1 2"
=2+ Z 4n — (3.22)

e Taking b = 1 and ¢ = —1 in (1.8), we obtain the operator Z, : A — A associated with the modified
Bessel function, which is defined by

T,(2) = opa1(2) % f(2) = [QPr(p + 1) L(VE)] £ ()
an+1 n+1
:z+z4np+1 — (3.23)

o Letting b = 2 and ¢ = 1 in (1.8)), we obtain the operator 9, : A — A associated with the spherical Bessel
function, which is defined by

0 () = @paa(2) # J(2) = [w—%pﬂ“r (o+3) " itva] + 12

B & ng 1 omtl
- 2:: p+3/2 n! (3:24)

Our main results (Theorems 2.7 to 2.4) can thus be applied with a view of deducing the following conse-
quences.

Corollary 3.1. Let fe A, pe R\ Z anda+p>0 (0 a<1). Then

feSpila) = feSi ()
or, equivalently,
Tpf(z) €S*(a) = [f(2) € Sppnala) (neN\{1}).
Corollary 3.2. Let fe A, pe R\ Z anda+p>0 (0= a<1). Then
fekpiii(e) = feKppa1(a)
or, equivalently,
Tpf(z) €Kla) = [(2) € Kprnala) (neN\{1}).
Corollary 3.3. Let fe A, pe R\ Z anda+p>0 (0L a<1). Then
feChi(B,a) = feCp21(fa) (0=5<1)
or, equivalently,
Tpf(2) €C(B,0) = [(2) €Cprna(Bia) (neN\{1}).
Corollary 34. Let fe A, pe R\Z anda+p>0 (0= a<1). Then

feCii(Ba)= feC,,(8,0) (0=5<1)
or, equivalently,

Ipf(z) €C(B,0) = [f(2) €Chppi(Ba) (neN\{1}).

Finally, we remark that similar results can be obtained involving the operators 7,, and Q, by specializing
the parameter in Theorems to Numerous other applications and consequences of our main results
(Theorems [2.1] to and their aforementioned consequences (Corollaries [3.1] to can indeed be derived
similarly.
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