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Common fixed point theorems in intuitionistic menger spaces using CLR
property

Leila Ben Aoua®* and Abdelkrim Aliouche?

“bLaboratory of dynamical systems and control, Department of Mathematics and Informatics, Larbi Ben M’hidi University, Oum El Bouaghi, 04000, Algeria.

Abstract

We use the notion of CLR property to prove some common fixed point theorems for weakly compatible
mappings in intuitionistic Menger spaces. Our theorems generalize and improve theorems of [5], [6], [Z], [8],
[101], [20] and [28].

Keywords: ~ Common fixed point, intuitionistic Menger space, weakly compatible mappings, CLR property,
JCLR property.
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1 Introduction

There have been a number of generalizations of metric spaces. One of such generalization is a probabilistic
metric space, briefly, PM-spaces, introduced in 1942 by Menger [21]]. In the PM-space, we do not know exactly
the distance between two points, but we know probabilities of possible values of this distance. This space was
developed by Schweizer and Sklar [26} 27]. Modifying the idea of Kramosil and Michalek [15], George and
Veeramani [9] introduced fuzzy metric spaces which are very similar to Menger spaces. Recently, using the
idea of intuitionistic fuzzy set, see Atanassovas [2] and [3], which is a generalization of a fuzzy set, see Zadeh
[32], Park [24] introduced the notion of intuitionistic fuzzy metric spaces as a generalization of fuzzy metric
spaces due to George and Veeramani [9]. Kutukcu et. al [17] introduced the notion of intuitionistic Menger
spaces as a generalization of Menger spaces.

Jungck [13] introduced the notion of compatible mappings in metric spaces. Mishra [22] extended the
notion of compatibility to probabilistic metric spaces and this condition has been weakened by introducing
the notion of weak compatibility by Jungck [14].

Sintunavarat and Kumam [31] introduced the concept of CLR property. Very recentlly, Chauhan et. al
[4] introduced the notion of JCLR property. The importance of these properties is that we don’t require the
closedness of subspaces for the existence of fixed points.

The purpose of this paper is to prove common fixed point theorems for weakly compatible mappings in
intuitionistic Menger spaces using these propertirs. Our theorems generalize and improve theorems of [5],
(6], [71, [8], [10], [20] and [28].

2 Preliminaries

Definition 2.1 ([26]). A binary operation * : [0,1] x [0,1] — [0, 1] is a continuous t-norm if * satisfies the following
conditions.
a) * is commutative and associative,

*Corresponding author.
E-mail address: leilabenaoua@hotmail.fr (Leila Ben Aoua), alioumath@yahoo.fr(Abdelkrim Aliouche).
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b) * is continuous,
cax1l=aforallac|0,1],
d) a x bc « d wherever ac, bd and a,b,c,d € [0,1].

Examples of t-norms are a « b = min {a,b} and a x b = ab.

Definition 2.2 ([26]). A binary operation § : [0,1] x [0,1] — [0, 1] is a continuous t-conorm if { satisfies the following
conditions.

a) ¢ is commutative and associative,

b) ¢ is continuous,

c)aQ0=aforalla € [0,1],

d) aQb > cQd wherever a > ¢, b > dand a,b,c,d € [0,1].

Examples of t-conorms are aQ)b = max{a, b} and a0b = min{1,a + b}.

Remark 2.1. The concepts of triangular norms (t-norms) and triangular conorms (t-conorms) are known as the
axiomatic sketlons that we use for characterizing fuzzy intersection and union respectively. These concepts were
originally introduced by Menger [21]] in his study of statistical metric spaces.

Definition 2.3 ([26]]). A distance distribution function is a function F : R — Ry which is left continuous on R,
non-decreasing and infycg F (t) = 0, sup, g F (t) = 1. We will denote by D the family of all distance distribution
0, if t0

functions and by H a special element of D defined by H(t) = { i L0

If X is a non-empty set, F : X x X — D is called a probabilistic distance on X and F (x,y) is usually
denoted by Fy,.

Definition 2.4 ([17]). A non-distance distribution function is a function L : R — Ry which is right continuous on IR,
non-increasing and inf;cr L (t) = 1, sup,c L (t) = 0. We will denote by E the family of all non-distance distribution
1, if t0

functions and by G a special element of E defined by G(t) = { 0, if t>0

If X is a non-empty set, L : X x X — E is called a probabilistic non-distance on X and L (x,y) is usually
denoted by Ly,.

Definition 2.5 ([17]]). A triplet (X, F, L) is said to be an intuitionistic probabilistic metric space if X is an arbitrary set,
F is a probabilistic distance and L is a probabilistic non-distance on X satisfying the following conditions for all x,y,z
€ Xandt,s >0

1) Fyy (t) + Lyy (8) 1,

2) Fyy (0) =0,
3) Fyy (t) = lifand only if x = y,
4) Fyy (t) = Fyx (1),

(

5)If Fyy (t) = 1and Fy; (s) = 1, then Fy; (t+5) =1,
6) Ly, (0) =1,

7) Lyy (t) = 0ifand only ifx = y,

8) Lay (t) = Lyx (t),

9 IfLyy (t) =0and Ly, (s) = 0, then Ly, (t +5) = 0.

Definition 2.6 ([17]). A 5-tuple (X, F,L,*,Q) is said to be an intuitionistic Menger metric space if (X, F,L) is an
intuitionistic probabilistic metric space and in addition, the following inequalities hold for all x,y,z € X and t,s > 0,
1) ny (t) * Fyz (S) Fy; (t +S)/
2) ny (t> <>Lyz (5) Lz (f + S)/
where x is a continous t-norm and  is a continous t-conorm.

The functions Fyy and Ly, denote the degree of nearness and the degree of non-nearness between x and y
with respect to f respectively.

Remark 2.2. In intuitionistic Menger space (X, F,L,*,), Fyy is non-decreasing and Ly, is non-increasing for all
x,yeX
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Remark 2.3 ([17]). Every Menger space (X, F, x) is an intuitionistic Menger space of the form (X, F,1 — F, %, {) such
that the t-norm x and the t-conorm ) are associated, see [19], that is xQy =1 — (1 — x) * (1 —y) forany x,y € X.

Remark 2.4. Kutukcu et al. [17] proved that if the t-norm * and the t-conorm of an intuitionistic Menger space
(X, F,L,*,Q) satisfy the conditions

sup (txt) =1and inf ((1—-t)0(1—1)) =0,
te(O,l) tE(O,l)

then (X, F, L, *,$) is a Hausdorff topological space in the (€, A) topology, i.e., the family of sets
{Ux(e,A), e >0,A € (0,1], x € X}
is a basis of neighborhoods of point x for a Hausdorff topology T 1), or (€, A) topology on X, where
Uy (e,A) ={y € X: Fyle) >1—Aand Ly, (e) < A}.

Example 2.1 ([17]). Let (X, d) be a metric space. Then the metric d induces a distance distribution function F defined
by Fyy(t) = H(t —d(x,y)) and a non-distance distribution function L defined by Ly,(t) = G(t —d(x,y)) for all
x,y € Xandt > 0. Therefore, (X, F,L) is an intuitionistic probabilistic metric space induced by a metric d. If the
t-norm x is defined by a x b = min{a, b} and the t-conorm  is defined by aOb = min{1,a + b} forall a,b € [0,1],
then (X, F,L,*,Q) is an intuitionistic Menger space.

Remark 2.5 ([17]). Note that the above example holds even with the t-norm a x b = min{a,b} and the t-conorm
aQb = max{a, b} and hence (X, F, L, %, ) is an intuitionistic Menger space with respect to any t-norm and t-conorm.
Also note that, in the above example, t-norm * and t-conorm < are not associated.

Remark 2.6. Every an intuitionistic fuzzy metric space (X, F, L, %, Q) is an intuitionistic Menger space by considering
F:XxX = Dand L:X x X — E defined by Fy,(t) = M(x,y,t) and Ly,(t) = N(x,y,t) forall x,y € X.

Throughout this paper, (X, F, L, %, ) is an intuitionistic Menger space with the following conditions:

lim Fyy (t) = 1and tEToo Ly, (t) =0, forallx,y € Xand t > 0. (2.1)

t——+o0

Definition 2.7 ([17]]). Let (X, F, L, *, ) be an intuitionistic Menger space.
(a) A sequence {x, }, o in X is said to be convergent to a point x € X, if for each t > 0 and € € (0,1), there exists
a positive integer ng = no(t, €) such that for all n > ny

Fyx(t) >1—e€and Ly x(t) <e.

(b) A sequence {xy},cpn in X is called a Cauchy sequence if for all t > 0 and € € (0,1), there exists a positive
integer ng = no(t, €) such that for all n,m > ny

Fyox, (£) >1—eand Ly, () <e.

(c) An intuitionistic Menger space in which every Cauchy sequence is convergent is said to be complete.
Remark 2.7 ([17]). An induced intuitionistic Menger space (X, F, L, *, Q) is complete if (X, d) is complete.

Theorem 2.1 ([17]). Let (X, F,L,*, ) be an intuitionistic Menger space.
A sequence {xy },,cp in X is said to be convergent to a point x € X if and only if

lim Fy, x (f) = 1and nl_%r&(} Ly,x (t) =0, forallt > 0.

n—-+oo
A sequence {x, },,cp in X is called a Cauchy sequence if and only if

lim Fyx, () =1and lim Ly, (t) =0, forallt > 0.

n—+-o00 n—+00
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Lemma 2.1 ([I7]). Let (X,F,L,*,{) be an intuitionistic Menger space and {x,}, {yx} be two sequences in X with
Xp — x and y, — y, respectively. Then
(a)
lim n13£0 Fr,y, (t) > Fyy(t) and lim sup Ly,y, (t) < Lyy(t) forall t > 0.

n—o00
(b) If t > 0is a continuous point of Fyy and Lyy, then
lim Fy,y, (t) = Fxy(t) and nh_r}r; Ly,y, (t) = Lyy(t).

n—o00

Lemma 2.2 ([23])). Let {x,},cp be a sequence in an intuitionistic Menger space with the condition (2.1). If there
exists a number k € (0,1) such that for x,y € X, t > 0andn =0,1,2,...

Fxn+2rxn+1 (kt) Z Fxn+1/xn (t) and an+2/xn+1 (kt) S an+1/xn (t) ’
then {xy} is a Cauchy sequence in X.

Lemma 2.3 ([23]). Let (X, F,L,*,$) be an intuitionistic Menger space. If there exists a number k € (0,1) such that
forallx,y € Xandt >0
Fyy (kt) > Fyy (t) and Lyy (kt) < Ly (t),

then x = y.

Definition 2.8 ([23]]). Two self-mappings A and S of an intuitionistic Menger space are said to be compatible if

nLlToo FAan,SAxn (t) =1and nLlToo LASx,,,SAx,, (t) = OfOT’ allt >0,
whenever {x,} C X such that

lim Ax, = lim Sx, =z forsomez € X.
n— oo n—-—+oo

Definition 2.9. Two self-mappings A and S of an intuitionistic Menger space are said to be non-compatible if there
exists a sequence {x,} in X such that limy_, 4o Fay, - (t) = limu— oo Fsy, -(t) = 1 for some z € X, but for some
t > 0, either limy o0 Fasx, sax, (t) # 1 orlimy— 40 Lasy, sax, (£) # 0 or one of the limits do not exist.

Definition 2.10 ([14]). Two self-mappings A and S of a non-empty set X are said to be weakly compatible (or
coincidentally commuting) if they commute at their coincidence points, i.e., if Ax = Sx for some x € X, then
ASx = SAx.

Remark 2.8. Two compatible self-mappings are weakly compatible, however the converse is not true in general, see [I30],
example 1.

Definition 2.11 ([T, 25]). A pair of self-mappings A and S of an intuitionistic Menger space (X, F, L, *,{) is said to
be tangential or satisfy the property (E.A) if there exists a sequence {x, } in X such that for some z € X
ngrroo Fayx,z(t) = nng Fsy, -(t) = 1and HETOO Layx,.(t) = nng Lsy, -(t) =0 forall t > 0. (2.2)

Remark 2.9. It is easy to see that two non-ncompatible self-mappings of an intuitionistic Menger space satisfy the
property (E.A), but the converse is not true in general.

Definition 2.12 ([18]]). Two pairs (A,S) and (B, T) of self~mappings of an intuitionistic Menger space (X, F, L, *,0)
are said to satisfy the common property E.A, if there exist two sequences {x, } and {y, } in X such that some z € X and
forallt >0

nng FAX"’Z(t) - nng FSX”’Z(t) - ngrrm FBy”’Z(t) - ngrfm FTy”’Z(t) = land
n1—1>r—ir-100 LAx”’Z<t) - n1—1>r—ir-100 Lan,z(t) - n1—1>1—|l:100 LBy”’Z(t) - n1—1>r£oo LTy”’Z(t) =0

If B= Aand T = S in this definition we get the definition of the property (E.A).

Definition 2.13 ([31]]). A pair of self-mappings A and S of an intuitionistic Menger space (X, F,L,*,{) is said to
satisfy the common limit range property with respect to the mapping S ( briefly CLRg property), if there exists a sequence
{xn} in X such that (2.2) holds, where z € S (X).
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Now, we give an example of self-mappings A and S satisfying the CLRg property.

Example 2.2. Let (X, F,L,*,Q) be an intuitionistic Menger space, where X = [0,00), the t-norm x is defined by
axb =min{a,b}, the t-conorm { is defined by aQ)b = max{a, b} and

ny(t) =H(t—|x—yl), Lyy (1) =G(t—|x—yl)

forall x,y € X and t > 0. Define self-mappings A and S on X by: Ax = x +4, Sx = 5x. Let a sequence

1
{xn =1+ } in X. Since limy,—, 1 0o AXxy, = limy,, 1 oo Sx;, = 5, then
nelN*

HETOO FAxn,5(t) = HLITOO stm5(t) =1and
nlil}1m Lax,s5(t) = nlil}1m Lsy,5(t) = 0forall t >0,

where 5 € S (X) . Therefore, the mappings A and S satisfy the CLRg property.

From this example, it is clear that a pair (A, S) satisfying the property (E.A)with the closedness of the
subspace S (X) always verifies the CLRg property.

Definition 2.14 ([12]]). Two pairs (A,S) and (B, T) of self-mappings of an intuitionistic Menger space (X, F, L, *, Q)
are said to satisfy the common limit range property with respect to mappings S and T ( briefly, CLRgT property), if there
exist two sequences {xy } and {y, } in X such that for all t > 0

nl—i>1-‘,l:100 FAx”’Z(t) - nl—i>r-£loo st”’z(t) - ngr-{loo FBy"’Z(t> - n1—i>I-&l?oo FTy"’Z(t) = land
ngl?oo LAx"’Z(t) - ngrfoo Lsx"’z(t) - nLlIJIrloo LBy"’z(t) - nl—l)Too LTy”’Z(t) =0

wherez € S (X) N T (X).
Remark 2.10. If B = A and T = S in this definition we get the definition of CLRg property.

Remark 2.11. The CLRgt property implies the common property (E.A.), but the converse is not true in general, see [5],
example 21.

Proposition 2.1 ([5]). If the pairs (A, S) and (B, T) satisfy the common property (E.A.) and S(X) and T(X) are closed
subsets of X, then the pairs satsfy also the CLRgT property.

Definition 2.15 ([4]). Two pairs (A, S) and (B, T) of self-mappings of an intuitionistic Menger space (X, F,L, *,{)
are said to satisfy the joint common limit range property with respect to mappings S and T( briefly JCLRgt property), if
there exist two sequences {xy } and {y, } in X such that for all t > 0

ngl}rloo FAX"’Z(t) - ngrfm st"’Z(t) - ngrﬂm FBy”’Z(t) - nng FTy"’Z(t) = 1and
ngr—&liloo LAX”’Z(t) - ngr—&{loo Lan,z(t) - n1—1>r—ir-100 LBy"’Z(t) - n1—1>r—ir-10c> LTy"’Z(t) =0

where z = Su = Tu, u € X.
Remark 2.12. If B = Aand T = S in this definition we get the definition of CLRg property.

Definition 2.16 ([11]). Two families of self-mappings { A;} and {S;} are said to be pairwise commuting if
(1) AIA] = A]'AZ', l,] S {1,2,...,7]’[},
(2) SkSl = SlSk, k1 e {1,2,...,1’1},
(3) AiSk = SkAi,i € {1,2,...,m},k € {1,2,...,71}.

3 Main results

Lemma 3.4. Let A, B, S and T be self~mappings of an intuitionistic Menger space (X, F, L, *, () satisfying the following
conditions.

1) The pair (A, S) satisfies the CLRg property or the pair (B, T) satisfies the CLRy property,

2)A(X) CT(X)orB(X)CS(X),
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3) T (X) or S (X) is a closed subset of X.
4) B (yn) converges for every sequence {yy } in X whenever T (y,) converges or A (x,,) converges for every sequence
{xn} in X whenever S (x,) converges.

(14 &Fsx,1y (t)) Fax,y (t) > amin {Fay sy (t) Fay,1y (t) , Fsx By( ) Faxty (1)}
{ FSx,Ty( ) SUpy 1 f,= Ztmln{FAxSx (t1) PByTy [5) }/
SUPy, 4 t,=0t min {FSx,By (t3) Fax Ty (t4)}
(T+ BLsx,1y (1)) Laxpy () < Bmax {Laysx () Lpy,ry (), Lsx By t ) Lax,Ty
LSx,Ty( ) inft +ty= maX{LAx Sx (tl LBy Ty t2 7 }
infy, 4,0t maX {Lsxpy (t3) , Laxty (ta) }

+ min
(3.1)

+ max

forall x,y € X, t > 0, for some o, p > 0and 1 < k < 2. Then the pairs (A,S) and (B, T) satisfy the CLRgy
property.

Proof. Suppose that the pair (A, S) satisfies the CLRg property and T (X) is a closed subset of X. Then, there
exists a sequence {x, } in X such that

lim Ax, = lim Sx, =z, wherez € S (X).
n——+o0o n—r—+4o00

Since A (X) C T (X), there exists a sequence {y,} in X such that Ax, = Ty,. So

lim Ty, = lim Ax, =z, wherez € S(X)NT (X).
n—+4o00 n—+4o00
Thus, Ax, — z, Sx, — z and Ty, — z. Now, we show that By, — z.
Let limy— o0 Fpy, 1 (fo) = 1 and limy—, o Lpy, 1 (to) = 0. We assert that | = z. Assume that [ # z. We
prove that there exists ty > 0 such that

2 2
E, <kfo> > F,; (tp) and L, (kfo) < L, (to). (3.2)

Suppose the contrary. Therefore, for all t > 0 we have

Fa () < Far ) and Loy (1) = L 0. (33)
Using repeatedly ( 3.3), we obtain
2

n

lel (t) > Fz,l <kt> .2 Pz,l (<i) t> — 1 and
n

Lz,l (t) Lz,l (it) <..< Lz,l ((i) i’) — 0;

as n — +oo, this shows that F,; (t) = 1and L, (t) = 0 for all t > 0, which contradicts [ # z and hence (3.2) is
proved.

Without loss of generality, we may assume that ty in (3.2) is a continuous point of F,; and L,;. Since
every distance distribution function is left-continuous and every a non-distance distribution function is right
continuous, (3.2) implies that there exists € > 0 such that (3.2) holds for all t € (ty — €, t). Since F,; is non-
decreasing and L. is non-increasing, the set of all discontinuous points of F,; and L, is a countable set at
most. Thus, when { is a discontinuous point of F,; and L, ;, we can choose a continuous point ¢; of F,; and
F,;in (ty — €, tg) to replace ty. Using the inequality (3.1) with x = x,,, y = y, we get for some ty > 0

v

IN

Fax,,5x, (to) Fy,, 1y, (o), }

1+aF t)) E ¢ > amin{
( Sxn, Tyn ( 0)) Axy,Byn ( 0) stmgyn (to) FAx,,,Tyn (tO)

FSx,l,Tyn (tO
+ min { min {FAxn,an ( ) FBymTyn < )}

min {stan]/n (Zto FAZX” Tyn }



374 Leila Ben Aoua et al. / Common fixed point...

and
L Ax,,sx, (to) LBy, 1y, (f0)
1+ BLsy, 1y, (t0)) Lax, By, (o) < max{ nsSXn Y, Tyn
(1 Plenst (o)) s (1) g Lsx,,By, (to) Lax,, 1y, (fo)
Lan Tyn (tO
+ max max{LAxn,an( ), Ly, 1y, ( )}

max {Lan,Byn (21’0 — £ LAxn,Tyn }

foralle € (O, it()) . Letting n — +o0, we have

2
E,;(to) +aF,; (to) > waF;;(fg) + min {Fl,z (kfo - 8) Fi . (2t — S)} and

2
L, (t) < max {Ll,z (kfo - 8) Lz (2t — 8)}
As ¢ — 0, we obtain
2 2
F.; (to) > F, (kto) and L. (to) < Lz, (kto)
which contradicts (3.2) and so we have z = . Thus, the pairs (4, S) and (B, T) satisfy the CLRgt property. [I
Remark 3.13. The converse of lemma[3.4]is not true in general, see the example[3.3|below.

Theorem 3.1. Let A, B, S and T be self-mappings of an intuitionistic Menger space (X,F,L,*,Q) satisfying the
inequality (3.1) of lemma [B.4] If the pairs (A, S) and (B, T) satisfy the CLRgy property, then (A,S) and (B, T) have
coincidence points. Moreover, if (A,S) and (B, T) are weakly compatible, then A, B, S and T have a unique common
fixed point in X.

Proof. Since the pairs (A, S) and (B, T) satisfy the CLRgt property, there exist two sequences {x,} and {y,}
in X such that

Jim A= lim S6, = lim By, = lim T, ==

wherez € S (X) N T (X). Hence, there exist u, v € X such that Su = Tv = z. Now, we show that Au = Su = z.
As in the proof of lemma[3.4) we can prove that Au = Su = z by putting x = u and y = y, in the inequality
(3.1). Therefore, u is a coincidence point of the pair (A4, S).

Now, we assert that Bv = Tv = z. If z # Bo, putting x = u and y = v in the inequality (3.1), we get for
some tg > 0

. 2
(1 + D‘FSu,TU (tO)) FAu,Bv (tO) > D‘FBv,z (tO) +min {FBU,Z <kt0 - €> /FBv,z (ZtO - 6)} and

2
(14 BLsy,1o (t0)) Lawpo (fo) < max {LBv,z <ka - 6) s LyBo (2t0 — 6)}

foralle € (O, it()). Letting ¢ — 0, we have

2 2
Fz,BU (tO) 2 FZ,B‘U <kt0> and LZ,B‘U (to) S LZ,BU <kt0> ,

which contradicts (3.2) and so Bv = Tv = z. Therefore, v is a coincidence point of the pair (B, T).

Since the pair (A, S) is weakly compatible and Au = Su we obtain Az = Sz. Now, we prove that z is a
common fixed point of A and S. If z # Az, applying the inequality (3.1) with x = z and y = v, we get for
some ty > 0

(1 + ‘XFSZ,TU (tO)) FAZ,BU (tO) > IX(FAZ,Z (t))z + min {FAZ,Z (tO) rFAz,z (tO)}

and
(1+ BLsz, 7o (t0)) Lazpo (t0) < B(Lazz (t0))* +max{Lasz (to), Lasz (to)} -



Leila Ben Aoua et al. / Common fixed point... 375

Hence
FAZ,Z (tO) > FAz,z (tO) and LAz,z (tO) < LAz,z (tO) ’

which is impossible and so Az = z = Sz, which shows that z is a common fixed point of A and S.

Since the pair (B, T) is weakly compatible, we get Bz = Tz. Similarly, we can prove that z is a common
fixed point of B and T. Hence, z is a common fixed point of A, B, S and T. The uniqueness of z follows easily
by the inequality (3.1). O

Remark 3.14. Theorem B.1|improves and generalizes theorem 3.1 of [8].
Now, we give an example to support our theorem

Example 3.3. Let (X, F, L, *,Q) be an intuitionistic Menger space, where X = [3,11[, a* b = min {a, b} and a0b =
max {a,b} with

Foy (1) = H(t — [x —y]), Lxy(t) = G(t—[x—yl)
forall x,y € Xand t > 0. Define the self-mappings A, B, S and T by

(3 xe{3tUlB11] [ 3 xe{3}U]511]
Ax_{lO x € ]3,5] ’Bx_{9 x €]3,5]

Sy — 7 if x€]3,5 x+4 if x€]3,5

le x—2 if xel5 1]

5 i x=3 3 if x=3
Tx—{
[

if xels11

We Take {x, = 3}, {yn =5+ 3[} or {xn =5+ :l}, {yn = 3}. Since

lim Ax, = lim Sx, = lim By, = lim Ty, =3¢e€S(X)NT(X),
n——+oo n—r+00 n—+0o

n—+o00

then, the pairs (A, S) and (B, T) satisfy the property CLRgr. Also,
A(X)={3,10}1]3,9[ =T (X) and B(X) = {3,9} ({7} U3,6]) = S (X).

Thus, all the conditions of theorem |3.1| are satisfied and 3 is a unique common fixed point of the pairs (A,S) and
(B, T).

Remark that all the mappings are even discontinuous at their unique common fixed 3. In this example S (X) and
T (X) are not closed subsets of X.

Lemma 3.5. Let A, B, S and T be self-mappings of an intuitionistic Menger space (X, F,L,*,Q) satisfying the
conditions 1,2,3,4 of lemma[3.4 and

(1 + “FSX,Ty (t)) FAxBy (t) > “min{FAxSx ( )FBy,Ty ( ) FSxB/( )FAx
i Fox1y () /supy 44,2 ymin {Fay sy (t1) , Foxpy (f2)},
min
SUp;, i y,_2, mln {Fay,1y (t3) , Fax1y (ta) } o

}

Ty( )}
(1 + BLsx,1y (t)) Lax,y (t) < pmax {LAx sx (1) Lpy,y (t), Lsx By (t) Lax,m ( )
+max{ LSx,Ty() inf, 1,2, max{Laysx (1), Lsxpy (2}, }

(B,T)

ft3+t4:; max {LB]/;T]/ (t?)) LAX,T] (t4)}
forall x,y € X, t > 0 for some a, B > 0and 1 < k < 2. Then the pairs (A,S) and (B, T
property.
Proof. As in the proof of lemma 3.4} there exists ty > 0 such that (3.2) holds. Using the inequality ( 3.4) with

satisfy the CLRgt

X = Xu, Y = yn and letting n — 400, we have for all € € (0 X )

Fato)  min{15. (Fo—e) | =h (Fo-c),
L,y (tp)  max {0, Ly, < to — 8)} =L, (to - 8)
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As ¢ — 0, we obtain
2 2
Fz,l (tO) 2 Fz,l (kt()) and LZ,l (f,‘o) S LZ,l <kt0)
which contradicts (3.2) and so we have z = I. Thus, the pairs (4, S) and (B, T) satisfy the CLRgt property. [

Theorem 3.2. Let A, B, S and T be self-mappings of an intuitionistic Menger space (X, F,L,*,Q) satisfying the
inequality (3.4) of lemma 3.5 If the pairs (A, S) and (B, T) satisfy the CLRgr property, then (A, S) and (B, T) have
coincidence points. Moreover, if (A,S) and (B, T) are weakly compatible, then A, B, S and T have a unique common
fixed point in X.

Proof. As in the proof of theorem there exist u,v € X such that Su = Tv = z. Now, we show that
Au = Su = z. If z # Au, putting x = u and y = y,, in the inequality (3.4) and letting n — +o00, we have for all

2
S <O, kt0> .

Letting ¢ — 0, we have

2 2
FAu,z (tO) FAu,z (ktO - 8) and LAu,z (tO) < LAu,z (ktO - 8) .

2 2
FAM,Z (to) > FAu,z <kt0> and LAu,z (tO) < LAu,z (kt0> ’
which contradicts (3.2) and so Au = Su = z. Therefore, u is a coincidence point of the pair (4, S).

Now, we assert that Bv = Tv = z. If z # Bo, putting x = u and y = v in the inequality (3.4), we get for
some ty > 0

2
(1JF“PSu,Tv(tO))FAu,Bv(tO) > “PZ,BU( )+PZBU (k 05) and

2
(1 + IBLSu,Tv (tO)) LAu,Bv (tO) < Lz,Bv (kfo - 5)

foralle € (O, it()). As e — 0 we have

2 2
Fz,Bv (tO) > FZ,BZI <kt0> and LZ,Bv (l’o) < LZ,BU <kt0> ,

which contradicts (3.2) and so Bv = Tv = z. Therefore, v is a coincidence point of the pair (B, T).

Since the pair (A4, S) is weakly compatible and Au = Su we obtain Az = Sz. Now, we assert that z is a
common fixed point of A and S. If z # Az, applying the inequality (3.4) with x = z and y = v, we obtain for
some fg > 0

2
(1+0‘FSZ,T7; (tO))FAsz (to) >“(FAZZ to)) 2 4+ min FAzz to) s Fazz (kt())}

and

Hence

{
(1+ BLsz 1o (f0)) Laz,Bo (f0) < B(Lazz (1))* + max {LAZZ to), Lazz <if0) }
|

FAz,z(tO) > min{FAz,z(tO FAzz( ) _FAZZ tO and

LAz,z (tO) < max {LAZZ (tO) LAzz <kt0> } = LAZZ (tO)

which is impossible and so Az = z = 5z, which shows that z is a common fixed point of A and S. Since
the pair (B, T) is weakly compatible, we get Bz = Tz. Similarly, we can prove that z is a common fixed point
of B and T. Therefore, z is a common fixed point of A, B, S and T. The uniqueness of z follows easily by the
inequality (3.4). O
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Remark 3.15. Theorem 3.2]improves and generalizes theorem 3.2 of [8] and theorem 2.1 of [10I.

If B= Aand T = S in theorems[3.T]and 3.2} we obtain a common fixed point for a pair of self-mappings.
Applying theorems and 3.4 we deduce a common fixed point for four finite families of self-
mappings given by the following corollary.

Corollary 3.1. Let {A;}[1;, {B:}7_1, {Sk}h_, and {Ty}] _, be four finite families of self-mappings of an intuitionistic
Menger space (X, F,L,*,Q), where x is a continuous t-norm and { is a continuous t-conorm with A = A1Az...Am,
B = B1By...By, S = 5152....5p and T = T1T»....T; satisfying the inequality (3.1) of lemmaor the the inequality
(3.4) of lemma Suppose that the pairs (A, S) and (B, T) verify the CLRgt property. Then {A;}!",, {Br},_,

{Sk},’::1 and {Th}Z:1 a unique common fixed point in X provided that the pairs of families ({Ai}l'-":1 , {Sk},’zzl) and
({Br};’:1 , {Th}zz1) commute pairwise.

By setting Ay = Ay = ... = Ay = A, By = By = .. =B, =B,5 =5 = ..= Sp = S and
=T, =..=T;,=T in corollary we get thai A, B, S and T have a unique common fixed point in X
provided that the pairs (A™, SP) and (B", T7) commute pairwise.

In the proof of the following lemma, we don’t need to prove the inequality (3.2).

Lemma 3.6. Let A, B, S and T be self-mappings of an intuitionistic Menger space (X,F,L,*,Q) satisfying the
conditions 1,2,3,4 of lemma|[3.4and

t)) FAx,By (t) > amin {FAx,Sx (t) FBy,Ty (t) /FSx,By (t) FAx,Ty (t)}
FSx,Ty (t> ’ supt]thZ:%t max {FAx,Sx (tl) ’ FBy,Ty (fz)} ’ }
SUPy, 4 t,=p¢ Max {FSx,By (t3), Fax1y (t4>}
)) Lax,sy (t) < Bmax{Laxsx (t) Lpy,1y (t), Lsx,By () Laxty (£)}
Lsyry (t),inf, |, 2, min {Laxsx (t1), Lpy1y (£2) },
infy, 4,—ormin {Lsy gy (t3), Lax1y (fa) }

—~

(1 + D‘PSx,Ty
+ min
(1 + ﬁLSx,Ty (

+ max

——

(3.5)

—~

forall x,y € X, t >0, for some a, B > 0and 1 < k < 2. Then the pairs (A, S) and (B, T) satisfy the CLRgy property.

Proof. As in the proof of lemma Axy = z, Sxy, — z and Ty, — z. Now, we show that By, — z. We assert
that I = z. Assume that !/ # z. Using the inequality ( 3.5) with x = x;, ¥ = y, and letting n — 400 we have

foralle € (O, ito)
Fz,l (tO) 1and Lz,l (tO) 0
and so we have z = I. Thus, the pairs (A, S) and B, T) satisfy the CLRgt property. O

Theorem 3.3. Let A, B, S and T be self mappings of an intuitionistic Menger space (X, F,L,*,Q) satisfying the
inequality (3.5) of lemma[3.6]. If the pairs (A, S) and (B, T) satisfy the CLRgT property, then (A, S) and (B, T) have
coincidence points. Moreover, if (A,S) and (B, T) are weakly compatible, then A, B, S and T have a unique common
fixed point in X.

Proof. As in the proof of theorem[3.T] there exist , v € X such that Au = Su = Bv = Tv = z. Therefore, u is a
coincidence point of the pair (A, S) and v is a coincidence point of the pair (B, T).

Since the pair (A, S) is weakly compatible and Au = Su we obtain Az = Sz. Now, we assert that z is a
common fixed point of A and S. If z # Az, applying the inequality ( 3.5) with x = z and y = v, we obtain for
some fy > 0

(1 + aFs 1o (t0>) Faz,Bo (tO) > “(FAZ,Z (tO))z + min {FAz,z (tO) +Fazz (tO)}
and
(1 + :BLSZ,TU (tO)) LAZ,BU (tO) ﬁ(LAz,z (tO))Z -+ max {LAZ,Z (tO) ’ LAz,z (tO)} .
Hence
FAz,z (tO) > PAz,z (tO) and LAz,z (tO) < LAz,z (tO) ’

which is impossible and so Az = z = Sz, which shows that z is a common fixed point of A and S.

Since the pair (B, T) is weakly compatible, we get Bz = Tz. Similarly, we can prove that z is a common
fixed point of B and T by putting x = y = z in the inequality ( 3.5). Therefore, z is a common fixed point of A,
B, S and T. The uniqueness of z follows easily by the inequality (3.5). O



378 Leila Ben Aoua et al. / Common fixed point...

Let ® be the set of all non-decreasing and continuous functions ¢ : (0,1] — (0, 1] such that ¢(t) > t for all
t € (0,1] and ¥ be the set of all non-increasing and continuous functions ¥ : (0,1] — (0,1] such that ¢(t) < ¢
forall t € (0,1].

Lemma 3.7. Let A, B, S and T be self-mappings of an intuitionistic Menger space (X, F,L,*,Q) satisfying the
conditions 1,2,3,4 of lemma 3.4 and

1+“FSxTy t) FAxBy >“min{FAxSx()PByTy() FSxBy AxTy(t
Fgy Ty Supt1+t 2 mln{FAxSx (t) FBy,Ty t2 ’
Sup, mm{FSX By (t3), Fax1y (f4) }
(1+5L5xTy t)) Lax,sy () < ﬁmaX{LAxSx( ) Lpy,Ty (1), LSxBy t ) Lax,Ty (t
1p< { LSxTy() inf, ,, 2, max {Laysy (1) LBy,Ty t2)}, })

inf,, /-2 maX{LSxBy(fs) Lax,Ty (ts)}

(3.6)

-

forall x,y € X, t >0, forsome a, p > 0and 1 < k < 2, where ¢ € ® and ¢ € Y. Then the pairs (A, S) and
(B, T) satisfy the CLRg property.

Proof. It follows as in the proof of lemma O

Remark 3.16. Lemmas and remain true if we assume that the pair (B, T) satisfies the CLRy property,
B(X) C S(X)and S (X) is a closed subset of X.

Theorem 3.4. Let A, B, S and T be self mappings of an intuitionistic Menger space (X,F,L,*, Q) satisfying the
inequality (3.6) of lemmaB.7) If the pairs (A, S) and (B, T) satisfy the CLRgy property, then (A,S) and (B, T) have
coincidence points. Moreover, if (A,S) and (B, T) are weakly compatible, then A, B, S and T have a unique common
fixed point in X.

Proof. As in the proof of theorem z = Au = Su = Bv = Tv. Since the pair (A, S) is weakly compatible and
Au = Su we obtain Az = Sz. Now, we assert that z is a common fixed point of A and S. If z # Az, applying
the inequality (3.6) with x = z and y = v, we obtain for some ty > 0

(1 + ’XPSZ,TU (tO)) PAZ,BU (tO) > ’X(FAZ,Z (to))z +

@ (min {FAz,Z (tp) , min {FAZ,Z (€), Fazz (ito B €> }}>

(1+ BLsz 1o (f0)) Lazo (o) < B(Lazz (f0))* +
o (max { L (o) max {Lacs €), L (Fro =€) ).

foralle € (O, it()). Letting ¢ — 0, we get

and

FAz,z (tO) > @ (minFAz,z (t0>) > FAz,z (tO)
LAz,z (tO) < v (max LAz,z (tO)) < LAz,z (tO)

which is impossible and so Az = z = Sz, which shows that z is a common fixed point of A and S.

Since the pair (B, T) is weakly compatible, we get Bz = Tz. Similarly, we can prove that z is a common
fixed point of B and T by putting x = y = z in the inequality ( 3.6). Therefore, z is a common fixed point of A,
B, S and T. The uniqueness of z follows easily by the inequality (3.6). O

Remark 3.17. Theorem 3.4 improves and generalizes theorem 26 of [5], theorem 3.2 of [6], theorem 3.1 of [Zl, theorems
3.1, 3.2 of [20l] and theorem 1 of [28]].

Remark 3.18. In theorems 3.1} [3.2} B.3|and 3.4} by a similar manner, we can prove that A, B, S and T have a unique
common fixed point in X if we assume that the pairs (A,S) and (B, T) verify JCLRst property or CLR 4 property
instead of CLRgT property.



Leila Ben Aoua et al. / Common fixed point... 379

Remark 3.19. It is easy to see that theorem 3.1 remains true if we replace

sup min {Fsypy, (t3),Faxry (ta)} and inf max {Lgypy (t3), Lax1y (ta)}
t3+ty=2t t34-ty=2t

in the inequality (3.1) by

sup maxX {FSX,B]/ (l’3) /FAx,Ty (t4)} and inf min {LSx,By (i’g) ’ LAx,Ty (t4)}
t3+ty=2t t3+ty=2t

respectively. Also, theorems[3.2)and 3.4 remain true if we replace

sup min {Fpy,1y (t3), Fax,1y (t4)} and inf max{Lpy1y (t3), Laxy (ts)}
ttHtg=2t t3Hta=7t

in the inequalities (3.4) and (3.6) by

sup max {Fpy,, (t3),Fax1y (f4)} and inf , min {Lpy,ry (t3), Laxty (ta)}
t3+t4:%t t3+t4:?t

respectively.

Theorem 3.5. Let A, B, S and T be self-mappings of an intuitionistic Menger space (X,F,L,*, ) satisfying the
conditions of lemma 3.4 or lemma3.5\or lemma|[3.6|or lemma(3.7] If the pairs (A, S) and (B, T) are weakly compatible,
then A, B, S and T have a unique common fixed point in X.

Proof. In view of lemma([3.4} lemma[3.5 lemma[3.6|and lemma[3.7] the pairs (A, S) and (B, T) verify the CLRg
property, therefore there exist two sequence {x, } and {y,} in X such that

lim Ax, = lim Sx, = lim By, = lim Ty, =z,
n—+00 n—+00 n—+-00 n—+00

where z € S (X) N T (X). The rest of the proof follows as in the proof of theorems[3.1}[3.2, .3|and 3.4 O
Remark 3.20. Theorem 3.5]improves and generalizes theorem 28 of [5ll, theorem 3.3 of [Z] and theorem 2.3 of [10].

Example 3.4. We retain A and B and replace S and T in the example 3.3 by the following mappings

Sy = 6 i xel35 9 if xel35]

xerl x—2 if xe€l511)

3 i x=3 3 if x=3
,Tx:{
if xe€l511)
Therefore,
A(X)={3,4} C[3,9]=T(X) and B(X) = {3,5} C [3,6] =S (X).

Thus, all the conditions of theorem 3.3|are satisfied and 3 is a unique common fixed point of the pairs (A, S) and (B, T).
Also, it is noted that theoremcan not be used in the context of this example as S (X) and T (X) are closed subsets of
X.
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Graceful labeling of arrow graphs and double arrow graphs
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Abstract

In this paper we define arrow graph and double arrow graph. We also prove that arrow graphs A2, A3, A)
are graceful and double arrow graphs DA?2 and D A3 are graceful.

Keywords: Graceful labeling, arrow graph, double arrow graph.
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1 Introduction

The graceful labeling was introduced by A.Rosa[l] during 1967. Golomb[2] named such labeling as
graceful labeling which was called earlier as g-valuation. We introduce new graphs which are called arrow
graph(A¥) and double arrow graph(DAF). Kaneria and Makadia[4] introduced step grid graph(St,) and
double step grid graph(DSt,). These two graphs are graceful. They also proved that path union of finite
copies of above graphs, star graph of above graphs, cycle graph of above graphs are graceful.

We begin with a simple, undirected finite graph G=(V,E), with |V| = p vertices and |E| = q edges. For
all terminology and notations we follows Harary[3]. Here are some of the definitions, which are used in this
paper.

Definition 1.1 Graceful labeling

A function f is called graceful labeling of a graph G, if f : V(G) — {0,1, ..., q} is injective and the induced
function f* : E(G) — {1,2,...,q} defined as f*(e) = |f(u) — f(v)| is bijective for every edge e=(u,v)e E(G),
where g = |E(G)|.
1A graph G is called graceful if it admits a graceful labeling.

Definition 1.2 superior vertices
In Graph, P, x P,(grid graph on mn vertices)

v v v

v 1.2 1.3 1,n
1
y Yool Vog v
o1 2,n
v V3)8 V3)3 v
3,1 3n
vm 1 v v vm n
’ m,2 m,3 ’

. . . .
vertices v11,02,1,031, ..., U1 and vertices vy ,, 02 41, V3 11, ..., Un,n are known as superior vertices from both the

*Corresponding author.
E-mail address: kaneria_vinodray_j@yahoo.co.in (V. ]. Kaneria), mahesh jariya@gmail.com(M. M. Jariya) makadia.hardik@yahoo.com (H.
M. Makadia).
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ends .

Definition 1.3 Arrow Graph
An arrow graph Af, with width t and length n is obtained by joining a vertex v with superior vertices of
Py, x P, by m new edges from one end.

Definition 1.4 Double Arrow Graph

A Double arrow graph DA/, with width t and length n is obtained by joining two vertices v and w with
superior vertices of P, X P, by m 4 m new edges from both the ends.

In this paper we introduce gracefulness of arrow graph and double arrow graph. For detail survey of
grpah labeling we refer Gallian[5].

2 Main results

Theorem—2.1: A2 is a graceful graph, where n € N
Proof : Let G = A2 be an arrow graph obtained by joining a vertex v with superior vertices of P, x P, by 2
new edges.
Letu;; (i=1,2;j=1,2,...,n) be vertices of P, X P,.
Join v with ;1 (i=1,2) by two new edges to obtain G. Obviously p = |V(G)| =2n+1and q = |E(G)| = 3n.
We define labeling function f : V(G) — {0,1,2,...,4} as follows,

f(v) =0, f(up1) =1

f(u1,)) = 45553 = ¢-3-1) ;when j = 1(mod 2)

= % —1;whenj=0mod2)Vj=1,2,...,n;

f(uzrj) = f(ulrj,l)—(—l)JZ, V] =23,...,n
1Above labeling pattern give rise a graceful labeling to given graph G.
Ilustration—2.2: Arrow graph AZ and its graceful labeling shown in figure—1

111

Fi qure— 1 Arrow Graph A2 and its Graceful Labeling

Theorem—2.3: A3 is a graceful graph, where n > 2.
Proof : Let G = A3 be an arrow graph obtained by joining a vertex v with superior vertices of P; x P, by 3
new edges.
Letu;; (i=1,23t=1,2,...,n) be vertices of P; x P;,.
Join v with u; 1 (i=1,2,3 ) by three new edges to obtain G. Obviously p = |V(G)| =3n+1and g = |E(G)| =
5n. We define labeling function f : V(G) — {0,1,2,...,4} as follows,

f(v) =0 f(uz1) = 2;

f(u1,/) = 4-3(-1) ;when j = 1(mod 2)

. swhenj=0(mod2)Vj=1,2,...,n—-1;

f(urj) = f(ur,j1)-(—1) -3,Vj=1,2,...,n—1;

f(us ;) = f(u )+(=1), Vi =12,...,.n -1,

f(u1,n) = f(u,0-1)-(=1)" -5

f(uz,n) = f(ugn—1)+(=1)" - 4

f(us n) = f(uz —1)-(—1)" - 6.
1Above labeling pattern give rise a graceful labeling to given graph G.
Illustration—2.4: Arrow graph Ag and its graceful labeling shown in figure—2.
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30 4 25 9 20 15
0 5 27 7 22 12 "
29 5 24 10 19 13

111

Flgu re— 2 Arrow graph Ag and its graceful labeling

Theorem—2.5: A> is a graceful graph, where n > 2.
Proof : Let G = AJ be an arrow graph obtained by joining a vertex v with superior vertices of P5 x P, by 5
new edges.
Letu;; (i=1,2,34,5;t=1,2,... n) be vertices of P5 x P,,.
Join v with u; 1 (i=1,2,3,4,5) by five new edges to obtain G. Obviously p = |V(G)| =5n+1and g = |[E(G)| =
9n. We define labeling function f : V(G) — {0,1,2,...,q} as follows,

f(v) = 0 f(uz,1) = 3 f(ug,1)=4;

f(11,j) = -3 (j-1) ;when j = 1(mod 2)

= %j —2;whenj=0mod?2),Vj=12...,n—-1;

fu;j) = fuy )+ (—1) G vi=3,5,vj =1,2,...,n - 1;

f(ui,j) = f(ui_l,j_l)—(—l)] Vi= 2, 4,‘ V] = 1,2, R (e 1,‘

f(u1,n) = f(u1,n-1)-(=1)" - 6

f(uZ,n) = f(”Z,nfl)"'(_l)n -7

f(uz,n) = f(uz,n-1)-(-1)" - 8

f(ugn) = f(ugn—1)+(—1)" - 10

f(usn) = f(us,n—1)-(—=1)" - 11.
1Above labeling pattern give rise a graceful labeling to given graph G.
Ilustration—2.6: Arrow graph A3 and its graceful labeling shown in figure—3.

0
21 J 026 y 25
Te ¢22 08 021 o)
® ® ® & ®
13 15 16 1 20

Fi qure —3 Arrow graph A5 and its graceful labeling

Theorem—2.7 : DA% is a graceful graph, where n > 2
Proof : Let G = DA2 be a double arrow graph obtained by joining two vertices v, w with P, x P, by 2+2 new
edges both sides.
Letu;; (i=1,2;j=1.2,...,n) be vertices of P, X Py.
Join v with ;1 (i=1,2) and w with u; ,, (i=1,2 ) by 2+2 new edges to obtain G. Obviously p = |V (G)| = 2n+2
and g = |E(G)| = 3n + 2. We define labeling function f : V(G) — {0,1,2,...,q} as follows,

f(V) =0 f(u2,1) =1

f(u1,)) = q-(1531)3 = ¢-3(j-1) ;when j = 1(mod 2)

= % —1;whenj=0(mod?2),Vj=1,2,...,n
f(uzl]‘) = f(ullj,l)—(—l)] -2, V] =23,...,n
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f(ur,n) = f(ur,n—1)-(=1)" - 4
f(uZ,n) = f(uz,nfl)'(_l)n -6
f(w) = f(u1,0)-(—1)"2.

1Above labeling patten give rise a graceful labeling to given graph G.

Ilustration—2.8: Double arrow graph DA?2 and its graceful labeling shown in figure—4.

[\

14 11 7

1 12 4 [0

Flgu 76_4 Double arrow graph DAE and its graceful labeling

Theorem—2.9 : DA? is a graceful graph, where n > 2
Proof : Let G = DA be an arrow graph obtained by joining two vertices v and w with P; x P, by 3+3 new
edges both the sides.
Let u; (i=1,2,3;t=1,2,... n) be vertices of P3 x P,,.
Join v with u;1 (i=1,2,3 ) and w with u; , by 3+3 new edges to obtain G. Obviously p = |V(G)| = 3n + 2 and
q = |E(G)| = 5n + 3. We shall define labeling function f : V(G) — {0,1,2,...,4} as follows,

f(v) =0£(uz1) =2;

f(1,7) = q-3(j-1) ;when j = 1(mod 2)

=3 _ 1;whenj=0(mod2),Vj=12,...,n—-1;

f(u,j) = f(u1j-1)-(=1)/ -3, ¥j=1,2,...,.n =1

f(us ;) = f(uy )+(=1),Vj=1,2,...,n—1;

f(u1,0) = f(u1,0-1)-(=1)" - 8

f(uz,n) = f(ug p—1)+(=1)" -7

f(03,n) = f(u3,n71)’<_1>n -9

f(w) = f(uz,n)-(=1)"
1Above labeling patten give rise a graceful labeling to given graph G.

Ilustration—2.10: Double arrow graph DA% and its graceful labeling shown in figure—5.

33 4 28 9 23 15

2 30 7 25 12 19

32 5 27 10 22 13

Flgur€—5 Double arrow graph DAg and its graceful labeling

3 Concluding Remarks

nWe have introduced new graceful graphs namely arrow graph and double arrow graph. We also proved that
arrow graphs A2 where n € N, A3 A5 where n > 2 are graceful and double arrow graphs DA2 ,DA3 where
n > 2 are graceful. Present work contribute some new results to the theory of graceful graphs. The labelling
pattern is demonstrated by suitable illustration.
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Numerical solution of time fractional nonlinear Schrodinger equation

arising in quantum mechanics by cubic B-spline finite elements
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Abstract

In the present article, we are going to investigate the numerical solutions of time fractional nonlinear
Schrodinger equation which is frequently encountered in quantum mechanics by using cubic B-spline
collocation method. To be able to control the efficiency of the proposed method, some sample problems have
been studied in this article. The outstanding purpose of the paper is to indicate that the finite element
method based on the cubic B-spline collocation method approach can also be suitable for the handling of the
fractional differential equations. At the end, the results of numerical experiments are compared with those of
analytical solution to ensure the accuracy and efficiency of the presented scheme.

Keywords: ~ Finite element method, collocation method, time fractional nonlinear Schrédinger equation, cubic
B-Spline, fractional quantum mechanics.
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1 Introduction

The study of fractional calculus has gained more importance for the formulation of natural phenomena.
This results from the fact that fractional equations instead of integer order differential equations may be used
for a better modeling of natural physics process and dynamic system processes. Moreover, since they have
the memory effects, fractional differential equations can more suitably describe natural processes involving
memory and hereditary characteristics. However, generally speaking, derivation and application of the
analytical solutions of the fractional differential equations is not so easy in most cases. Therefore, obtaining
some reliable and effective methods to solve fractional differential equations has gained more importance in
recent years. Recently, it has increasingly become clear that most of the phenomena in various fields of
science such as engineering, physics, chemistry and many others can be accurately described by
mathematical tools from fractional calculus, that is, the theory of derivatives and integrals of fractional
(non-integer) order [I]. The concept of differentiation and integration to non-integer order dates back very
early in history. In fact, this subject was evident almost as early as the ideas of the classical calculus were
known [2]. Many authors have pointed out that derivatives and integrals of non-integer order are more
suitable for the description of the behavior of various materials. It has also become clear that new
fractional-order models are more adequate than previously used integer-order ones. The increasing number
of fractional derivative applications in many fields of science and engineering clearly shows that there is a
tremendous demand for better mathematical models of real objects, and that the fractional calculus provides
one possible approach on the way to more adequate mathematical modeling of real objects and processes.
Even though there are a few analytical techniques [3] for dealing with the fractional equations, as also

*Corresponding author.
E-mail address: alaattin.esen@inonu.edu.tr (Alaattin Esen), otasbozan@mku.edu.tr(Orkun Tasbozan).
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happens with ordinary (non-fractional) partial differential equations, in many cases the initial condition,
and/or the external force are such that the only reasonable option is to resort to numerical methods.
However, although there have been an increasing number of works on this topic during the last few years
[4-12], this field of applied mathematics is by far much less developed and understood than its non fractional
counterpart [13]. Although there have been many methods applied to solve fractional partial differential
equations, there is still a long way to go in this field. There are several definitions of a fractional derivative of
order a > 0 [14]. The two most widely utilized are the Riemann-Liouville and Caputo. The main difference
between the two is in the order of evaluation. We have just started with recalling the essentials of the
fractional calculus. The fractional calculus is a name for the theory of integrals and derivatives of arbitrary
order, which unifies and generalizes the notions of integer-order differentiation and n-fold integration. Now,
we give some basic definitions and properties of the fractional calculus theory.

Definition 1 [8]. For # € R and x > 0, a real function f(x), is said to be in the space C,, if there exists a real
number p > p such that f(x) = x? f1(x), where f1(x) € C(0,00), and for m € N it is said to be in the space C}/
if f" € Cy.

Definition 2 [8]. The Riemann-Liouville fractional integral operator of order « > 0 for a function f(x) €
Cyu, 4 > —1, is defined as

Jf(x) = r(l) [a=0r e, a0, x>0, () = f(x)

Also we have the following properties:
JUPF(x) = J*HPf (x)
JIPf(x) = JPT*f ()
I'(y+1
Jix = F(txﬁ v +)1) X
Definition 3 [8]. If m be the smallest integer that exceeds «, the Caputo time fractional derivative operator
of order a > 0 is defined as

o*U(x,t) _ { L fot amsls(,ff’s) (t—s)" % ds, m—1<a<mmecN

Crya — T'(m—a)
0 Dt u(x, t) R amggf,t)/ —

The finite element method, especially, has been an important method for solving both ordinary and
partial differential equations. Besides, in this paper, the finite element method is applied to solve fractional
differential equation, namely time fractional telegraph equation. The main idea behind the finite element
method is to divide the whole region of the given problem into an equivalent system of finite elements with
associated nodes and to choose the most appropriate element type to model most closely the actual physical
behavior. Thus, by means of the finite element method, a huge problem is converted into many solvable
small ones. For easy implementation, those elements must be made small enough to give usable results and
yet large enough to reduce computational effort [15]. In this paper, we will use cubic B-spline finite element
method to obtain the numerical solutions of the time fractional nonlinear Schrodinger equation by using the
L1 discretizaton formulae of the fractional derivative as used by Ref.[5].

The Schrédinger equation is one of the fundamental equations arising in physics for describing quantum
mechanical behavior [16)[17]. It is also often called the Schrodinger wave equation and is a partial differential
equation that describes how the wave function of a physical system evolves over time. The fractional
Schrodinger equation is a fundamental equation of fractional quantum mechanics [18]. It was discovered by
Nick Laskin [19} 20] as a result of extending the Feynman path integral from the Brownian-like to Levy-like
quantum mechanical paths. After that, he considered the fractional Schrédinger equation for some particular
cases like fractional Bohratom and one-dimensional fractional oscillator [20]. Some other cases of the
fractional Schrodinger equation were discussed in [8 21H24].

2 Governing Equation

In this study, we will consider the time fractional nonlinear Schrédinger equation as a model given as
follows
ia'VU(x,t) ?U(x,t)

5 7 UG HPUx ) = f(x 1) @.1)
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where

NU(x,t) 1 f _oU(x,T)
” /0 (t—7) " ——=

- d 1
T T o AT 0<T<

is the fractional derivatives given in the Caputo’s sense [3} [14] and i = +/—1. In this paper, for the time
fractional nonlinear Schrodinger equation, we are going to take the boundary conditions of the model problem
(2.1) given in the interval a < x < b as

Ua,t) = n(t), Ubt) =ho(f), t>0 2.2)

and the initial condition as
U(x,0) =g(x), a<x<b (2.3)

In the numerical solution process, to be able to obtain a finite element scheme for solving time fractional
nonlinear Schrodinger equation, we will also discretize the Caputo derivative by means of the so-called L1
formulae [5]:

PR, (s
a0 i = Ty o B U lbn1) = Floa )

where
bl = (k+1)'"7 — k7.

Since U(x, t) is complex valued function, we decompose U(x, t) into its real and imaginary parts R(x,t) and
S(x,t), respectively:
U(x,t) = R(x,t) +iS(x,t). (24)

Substituting (2.4) into @2.1), the complex Eq. (2.T) can be rewritten as a system involving two time fractional
partial dlfferentlal equations:

2
NSeh) _ “;72” — (R(x, )% + 5(x,)2) R(x,t) = — o (x, 1)

(2.5)
TRt 1 PEED | (R(x, 1)2 4 S(x,£)2) S(x,£) = filx, 1).

where — f,(x,t) and f;(x, t) are, respectively, the real and imaginary parts of the f(x, t). Also, we have initial
and boundary conditions of Eq. as follows:

R(a,t) =hy,(t), R(bt)=hy(t), t>0

t
Sa,t) = hi(t), S(bt)=hy(t), t>0 26)

where hy,(t) and hy,(t) are, respectively, the real and imaginary parts of the h;(t) and h, (t) and hy,(t) are,
respectively, the real and imaginary parts of the /(). The initial conditions as

R(x,0) = gr(x), S(x,0)=gi(x), a<x<b. 27)

where ¢,(x) and g;(x) are, respectively, the real and imaginary parts of the g(x).

3 Cubic B-spline Finite Element Collocation Solutions

Before solving Eq. with boundary conditions and initial condition (2.7) by using collocation finite
element method, first of all, we define cubic B-spline base functions. Let us assume that interval [a, b] is
partitioned into N finite elements of uniformly equal length by knots x,;, m = 0,1,2, ..., N such thata = xp <

- < xy =band h = x;;,1 — x;. Cubic B-splines ¢y, (x) , (m = —1(1)N + 1), at knots x,, are defined over
interval [a, b] by [25]

(x - xm72)3/ € [xmfZ/ xm—l]/

h3 + 3]12(9( - xm—l) + 3h(x - xm—l)2 - 3()( - xm—l)3/ X e [xm—lr xm]/

P (x) = 75 ¢ B+ 3K (X1 — %) + 3 (X1 — %)% = 3(xms1 — %)%, € [Xm, Xmy1l,
(Xmi2 — X)3, X € [Xmi1, Xm+2),
0 otherwise.
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The set of B-splines {¢_1(x), po(x), ..., pn+1(x)} forms a basis for the functions defined over [a, b]. Therefore,
an approximation solutions Ry (x, t) and Sy (x, t) can be written in terms of the cubic B-splines trial functions
as:

Ry (x,1) = ENL 6 (6)gn () .
N+1 :
SN(x,t) = X2y Om(£)m(x)
where 6,,(t)’s and 0y, (t)’s are unknown, time dependent quantities to be determined from the boundary
and cubic B-spline collocation conditions. Each cubic B-spline covers four elements so that each element
[Xm, Xm11] is covered by four cubic B-splines. For this problem, the finite elements are identified with the
interval [x;, x;;11] and the elements knots x,, x,,11. Using the nodal values Ry, R, and R}, given in terms of
the parameter dy, (t)
Ry = R(xp, t) = Spy—1(t) +40m(t) + Oy (t),
Ry = R (xm, ) = 3 (=6m-1(t) + 0pia (1)), (3.9)
Rl = R (¥, ) = 5 (01 (£) — 20(8) + bn (1)),
the variation of Ry (x,t) over the typical element [x,, X, 11] is given by

m+2

Y. 5i(t)pi(x)

j=m—1
Using the nodal values Sy, S;n and S; given in terms of the parameter o, (t)

Sm = S(xm, t) = 0p_1(t) + 40 (t) + Opy1(t),

Sy =8 (¥m 1) = §(=0w1(t) + Omia (1), (3.10)

S = 8" (xm,t) = 1% (On-1() = 20m(t) + Ows1 (1)),
the variation of Sy/(x, t) over the typical element [x,, X,,,1+1] is given by

m+2
Sn(xt) =} oj(H)gj(x).
j=m—1

Firstly, if we substitute the global approximations in and its required derivatives and (3.10]) into
Eq.(2.1)), we easily obtain the following set of -th order fractional ordinary differential equations:

(=1 (£) + 40 (t) + Gnr1 () = 1% (Om—1(t) = 20m () + S1 (1))

_'Zm (5m—1(t? + 40m ( )+ 5VVI+1( )) = _fr(x t) (3.11)
(Sm—1(8) +4m (1) + 81 (1)) + 5% (Om—1(t) = 20(t) + Oy (1)) ‘
+Zm (On—1(t) + 40w (t) + Onp1 (t) = fi(x, t)

where * denotes " fractional derivative with respect to time and
Zm=R*+ S

If time parameters &y, (#)’s and its fractional time derivatives d,(t)’s in Eq. (3.11)) are discretized by the Crank-
Nicolson formula, L1 formula, respectively:

5= %(5" 4 o™, (3.12)
_ dry_lé _ (At)_’y et 1—v 1—7y n—k n—k—1
o= R (k1)1 ki) [ork = grkn), (3.13)

and if time parameters 0y, (t)’s and its fractional time derivatives ¢, (t)’s in Eq. (3.11) are discretized by the
Crank-Nicolson formula, L1 formula, respectively:
1

o= E(U” + o, (3.14)

o= Z;lf - At )i [+ )77 — g1 77] [k = g1 (3.15)



Alaattin Esen et al. / Numerical solution of... 391

we obtain a recurrence relationship between successive time levels relating unknown parameters 67,1 (¢) and
oiH(t)
P’l+1 +40.n+1 + U.Tl-‘rl + ( 60 — thZ ) é‘?’l-‘rl (120{ - 4th2 ) 5l’l+1
+(m—aﬁ)%ﬂ al+w-%+ywm+@h@ml
( 120 +4Zyh2a) 6 + (60 + Zyh?a) 87,1 — 2h%af,(x, t)

72177 [( n— k+1 7;:1 l)+4( on— —k+1 0.;11 k) +(0.’1111:rl§+1 0.:1+k)}
(3.16)
SIN 4ot 4 1Y 4 (6 + Zyh?a) 07T + (1m+um2)ﬂl
+ (6a + Zyh?a) 0, ;13__5n L+ 400+ 00+ (—6a — ZyhPa) oty
+ (120 — 4Zyh*a) off + (—60 — Zyh?a) o7ty + 2h%afi(x, t)

n
_ glbl? [(5" —k+1 _(5n k) _,’_4(571 —k+1 (5n k) ((5:1n+k1+1 5:tn+k1)}

where
Zin = (1 (t) + 40 (1) + Spur1 (£)? + (Cm1(t) + 4o (t) + y1 (1))

and
_ ()T2—1)
N 2h2 '

The iterative system consists of 2N + 2 linear equations involving 2N + 6 unknown parameters
(6_1,...,6N+1,0-1,...,0n+1) . In order to be able to obtain a unique solution to these systems, four
additional constraints are needed. Those are obtained from the boundary conditions and their second
derivatives and after that they are used to eliminate §_1, dn41, 0—1, on41 from system . Using the

relations
N+1

2 Om(0)Pm(x)

m=-—1
and

Sn(x,0) = Z T (0)pm (x)
m=—1
together with extra conditions, which can easily be obtained from R"(x,0) = R} (x0,0) and S"(x0,0) =
S%(x0,0), since the second derivatives of the approximate initial conditions shall agree with those of the exact
initial conditions to discard 6_1, éx41, 0_1, On41, We obtain initial vectors 69, and o5, can be respectively
obtained from the following matrix equations:

- a4 - - — 2 -
0 5o Ry — R
1 4 1 0 R4
1 41 3 Ry
1 4 1 ON—-1 Ry_1
L 0 1 5N L RN — ZRY
and
i 6 0 17 (U] 1 So — *S
1 4 1 ] 51
1 4 1 (%) 52
1 4 1 ON-1 SN,21
i 0 6 || on | | Sy — %5% |

which can be solved using an appropriate algorithm. Therefore, the approximate solution functions for R(x, t)
and S(x,t) can be obtained from 6" and ¢ using Eq. (3.16}).
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4 Numerical examples and results

Now, we are going to present a numerical example which support numerical results for time fractional
nonlinear Schrodinger equation are obtained by collocation method using cubic B-spline base functions. The
accuracy of the present method is measured by the error norm Ly

N
L, = ||uexact — UNH2 ~  |h Z ’u]exact _ (UN)/"Z
=0

and the error norm L

Lo = U U = max [upe — (u) |

We are going to consider the time fractional nonlinear Schrodinger equation (2.1)) with boundary
conditions
u,t) =it>, U(1,t)=it>, t>0

and initial conditions as

U(x,00=0, 0<x<1.

The corresponding forcing term f(x, t) is of the form

Flot) = —F(Z;Z_Ty) cos(271x) + (£ — 47282 sin(270x)
+i (1,(2;2_1) sin(27tx) + (t° — 471212) cos(27tx)> .

The exact solution of the problem is given by [8]
U(x,t) = t3(sin(27tx) + i cos(27x)).

A comparison of the analytical solution and numerical solutions obtained for the values of different values
of 1y is given in Tables 1-2. As it is clearly seen from the table, the analytical and numerical solutions obtained
by the present scheme are in good agreement with each other. As the value of v increases, the values of error
norms L, and L« decrease for S(x, t) imaginary part of U(x,t) and increase for R(x, t) real part of U(x, t). In
Tables 3-4, we demonstrate the numerical results for v = 0.5, At = 0.002 and ¢ = 1 and for different number
of divisions of the region. Tables 3-4 clearly show that as the number of division increases, the obtained
numerical results become more accurate. We see this from the decreasing values of the error norms L, and
Leo. In Tables 5-6, we demonstrate the numerical results for v = 0.5, N = 40 and ¢ F=025 and for different
number of At. Tables 5-6 clearly show that as the number of At decreases, the obtained numerical results
become more accurate. We see this from the decreasing values of the error norms Ly and Le. In Table 7, the
error norm L of the present study are better than those in Ref. [8] at ¢ f =1. In Figure 1, we demonstrate the
graphs of numerical solutions obtained for y = 0.50 and N = 40 at different time levels.
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Table 1: The comparison of the exact solutions with the numerical solutions of R(x, t) real part of U(x, t) with
N =40, At = 0.002 and t; = 1 for different values of y and the error norms L; and Leo.

x v =0.1 ¥=03 v¥=07 =09 Exact
0.0 0.000000  0.000000  0.000000  0.000000  0.000000
0.1 0.587513  0.587497  0.587474  0.587460  0.587785
0.2 0.950666  0.950628  0.950542  0.950477  0.951057
0.3 0.950637  0.950580  0.950441 0.950328  0.951057
04 0.587431 0.587362  0.587185 0.587038  0.587785
0.5 -0.000224 -0.000299 -0.000491 -0.000651  0.000000
0.6 -0.587870 -0.587941 -0.588122 -0.588273 -0.587785
0.7 -0.951043 -0.951102 -0.951248 -0.951366 -0.951057
0.8 -0.951018 -0.951057 -0.951148 -0.951218 -0.951057
0.9 -0.587794 -0.587811 -0.587837 -0.587853 -0.587785
1.0 0.000000  0.000000  0.000000  0.000000  0.000000

Ly x 105 0.244241 0.282432  0.388333  0.481627

Lo x 103 0.421466 0476307 0.622788  0.754269

Table 2: The comparison of the exact solutions with the numerical solutions of S(x, t) imaginary part of U(x, t)

with N = 40, At = 0.002 and ¢y = 1 for different values of -y and the error norms L and Leo.

X v=0.1 v=0.3 v=0.7 v=209 Exact
0.0 1.000000  1.000000  1.000000  1.000000  1.000000
0.1 0.809065 0.809048  0.808989  0.808932  0.809017
0.2 0.309182  0.309153  0.309045 0.308944  0.309017
0.3 -0.308704 -0.308741 -0.308876 -0.309001 -0.309017
0.4 -0.808581 -0.808619 -0.808762 -0.808889 -0.809017
0.5 -0.999514 -0.999548 -0.999678 -0.999789 -1.000000
0.6 -0.808572 -0.808599 -0.808703 -0.808785 -0.809017
0.7 -0.308687 -0.308706 -0.308777 -0.308828 -0.309017
0.8 0.309202  0.309191  0.309150 0.309123  0.309017
0.9 0.809078  0.809073  0.809055  0.809045  0.809017
1.0 1.000000  1.000000  1.000000  1.000000  1.000000

L x10° 0299659 0.276193  0.191137  0.132380

Leo x 103 0.485920  0.451507  0.327280  0.232999

Table 3: The comparison of the exact solutions with the numerical solutions of R(x, t) imaginary part of U(x, t)

with v = 0.5, At = 0.002 and ¢ F= 1 for different values of N and the error norms L, and L.

X N =10 N =20 N =40 Exact
0.0 0.000000  0.000000  0.000000  0.000000
0.1 0.563396  0.582546  (0.587484  0.587785
0.2 0.910919 0.942434  0.950586  0.951057
0.3 0.907609 0.941667 0.950514  0.951057
04 0.554170  0.580413 0.587279  0.587785
0.5 -0.014876  -0.003451 -0.000388  0.000000
0.6 -0.582572  -0.587006 -0.588025 -0.587785
0.7 -0.932052 -0.947350 -0.951170 -0.951057
0.8 -0.929195 -0.946693 -0.951101 -0.951057
0.9 -0.574077 -0.585053 -0.587825 -0.587785
1.0 0.000000  0.000000  0.000000  0.000000

L, x 10° 25.493140 5.451631  0.330630

Loo x 103 43.447435 9.389941  0.542810
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Table 4: The comparison of the exact solutions with the numerical solutions of S(x, t) imaginary part of U(x, t)
with ¢ = 0.5, At = 0.002 and t; = 1 for different values of N and the error norms L; and L.

X N =10 N=20 N =40 Exact

0.0 1.000000  1.000000  1.000000  1.000000
0.1 0.816537  0.810582  0.809024  0.809017
0.2 0.333872  0.314208  0.309109  0.309017
0.3 -0.262747  -0.299328 -0.308796 -0.309017
0.4 -0.745014 -0.795588 -0.808678 -0.809017
0.5 -0.928686 -0.985022 -0.999602 -1.000000
0.6 -0.743595 -0.795271 -0.808643 -0.809017
0.7 -0.260341 -0.298783  -0.308736 -0.309017
0.8 0.336396  0.314784  0.309173  0.309017

0.9 0.818142  0.810950 0.809065  0.809017
1.0 1.000000  1.000000  1.000000  1.000000
L, x 10> 44.135685 9.266138  0.240051
Leo x 103 71314360 14.977938 0.399538

Table 5: The comparison of the exact solutions with the numerical solutions of R(x, t) imaginary part of U(x, t)
with v = 0.5, N =40 and ¢ f= 0.25 for different values of At and the error norms L, and L.
At =0.01 At = 0.005 At = 0.0025 At = 0.002 At = 0.001
L, 17777 x1073 0.8377 x 107° 0.3677 x 107> 0.2738 x 103  0.0869 x 103
Lo 29810x 1073 1.3993 x 1072 0.6087 x 107>  0.4506 x 1073 0.1343 x 103

Table 6: The comparison of the exact solutions with the numerical solutions of S(x, t) imaginary part of U(x, t)
with v = 0.5, N = 40 and t; = 0.25 for different values of At and the error norms L; and Leo.
At =0.01 At = 0.005 At = 0.0025 At = 0.002 At = 0.001
L, 27965x107° 1.3264 x 1073 0.5915 x 10~° 0.4445 x 1073 0.1506 x 1073
Lo 45839x1073 21733 x 1073 0.9682 x 1072 0.7273 x 1073  0.2453 x 1073

Table 7: The results obtained of numerical solutions of R(x, t) real part and S(x, t) imaginary part of U(x, t) for
N =40 and At = 0.002 by proposed method in comparison with the in Ref. [8] and exact solution at £y = 1.

v=0.1 v=0.3
Leo Real Part Imaginary Part Real Part Imaginary Part
Present 4.2147 x 10~% 4.8592 x 10~* 47631 x 107* 45151 x 104

8] 2.8536 x 1073 2.1753 x 1073 2.8610 x 1073 2.1771 x 1073
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-1.0 - Real Part -1.0 Imaginary Part
00 02 04 06 08 1.0 00 02 Y o8 08 10

Figure 1: The comparison of the exact(lines) and numerical solutions for v = 0.5, N = 40 and At = 0.002 at
t = 0.5 (stars), t = 0.75 (squares), and t = 1 (triangles).

5 Conclusion

For last words, in the present study, numerical solutions of the time fractional nonlinear Schrodinger
equation encountered in quantum mechanics based on the cubic B-spline finite element method have been
calculated and presented. The time fractional derivative is considered in the form of the Caputo sense. In
this study, the fractional derivative appearing in the time fractional nonlinear Schrédinger equation arising
in quantum mechanics is approximated by means of the so-called L1 formulae. A test problem is worked
out to examine the performance of the present algorithm. The performance and efficiency of the method are
shown by calculating error norms Ly and Le.. The obtained results show that the error norms are sufficiently
small during all computer runs. The obtained results also indicate that the present method is a particularly
successful numerical scheme to solve the time fractional nonlinear Schrédinger equation arising in quantum
mechanics. As a conclusion, in future studies, the method can efficiently be applied to this type of non-linear
time fractional problems arising in physics and mathematics with success. Moreover, the method can also be
applied and tested on a more wide range of other physically important equations.
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Abstract

In this paper, we prove a common fixed point theorem for two weakly subsequentially continuous and
compatible of type (E) for two pairs of self mappings, which satisfying implicit relation in metric spaces, an
example is given to illustrate our results, also we give an application to solve a partial differential equations,
and the study of its generalized Hyers-Ulam stability, our results improve and extend some previous results.
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1 Introduction

The generalization of Banach principle, for more than one mapping was been initiated by Jungck[17],
where he introduced the concept of commuting mappings to establish a common fixed point theorem for
two mappings in metric spaces, Sessa[34] defined the weakly commuting mappings which is a generalization
to the commuting mappings, later Jungck[18] introduced the concept of compatibility mappings in metric
space, it is weaker than the last notions. After that many authors introduced various type of compatibility,
compatibility of type (A),of type (B),of type (C) and of type (P) for two self mappings f and g on metric space
(X, d) respectively in [19], [28],[30] and [29] as follows: the pair{S, T} is compatible of type (A) if

lim d(STx,, T>x,) =0 and lim d(TSxy, S%x,) =0,

n—oo

S and T are compatible of type (B) if

1
lim d(STxy, T2x,) < 7[ lim d(STx,, Sz) + lim d(Sz, szxn)} and
n—co0 2 Ln—oo n—oo
. 17 .. .
Jim d(TSx,, $%x) < 5 [nlgr;o d(TSxy,82) + lim d(T, szn)],

they are compatible of type (C) if

lim d(STx,, T?x,) < 1[lim d(STxy,Sz) + lim d(Sz, T?x,) + lim d(Sz, T?x,)]

n—00 — 3'n—oo n—00 n—00

and
lim d(Tan,Szxn) < %[hm d(TSxy,, Tz) + li_r>n d(Tz, szn) + li_r>n d(Tz, Szxn)],
n (0] n (o)

n—oo n—o00

and said to be compatible of type(P) if
lim d(Szxn, szn) =0,

n—o0

*Corresponding author.
E-mail address: beloulsaid@gmail.com (Said Beloul).
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whenever in the all above definitions, {x,} is a sequence in X such that nlgrolo Sxp, = nh_r};o Tx, = z, for some
ze X.

Aamri and Moutawakil [1] defined two self maps S and T on a metric space (X,d) are said to be satisfy
property (E,A), if there exists a sequence {x, } in X such that

lim Sx, = lim Tx, = z,
n—oo n—oo

for some z in X.

2 Preliminaries

Pant[26] introduced the notion of reciprocal continuity as follows:

Definition 2.1. Self maps S and T of a metric space (X, d) are said to be reciprocally continuous, if ’}gr;o STx, = St

and lim TSx, = Tt, whenever {x,} is a sequence in X such that lim Sx, = lim Tx, = t, for some t € X.
n—oo n—,oo n—,oo

In 2009, Bouhadjera and Godet Thobie [9] introduced the concept of subcompatibility and subsequential
continuity as follows:

Two self-mappings S and T on a metric space (X, d) are said to be subcompatible, if there exists a sequence
{xy} such that

lim Sx, = lim Tx, =z and lim d(STx,, TSx,) =0,
n—oo n—o0 n—o0

forsomet € X

Definition 2.2. The pair {S, T} is called to be subsequentially continuous, if there exists a sequence {x,} in X, such
that lim Sx, = lim Tx, =t, for some t € X and lim STx, = St, lim TSx,) = Tt.
n—00 n—00 n—00 n—oo

Now, as a generalization to the Definition[2.2} define:

Definition 2.3. Let S and T to be two self mappings of a metric space (X,d), the pair {S, T} is said to be weakly
subsequentially continuous (shortly wsc), if there exists a sequence {x, }, such that 1211 Sxy, = lgn Sx, = t, for some
n—oo n—oo

t € Xand lim STx, = St, lim TSx,) = Tt.
n—oo n—oo

Notice that subsequentially continuous or, reciprocally continuous maps are weakly subsequentially
continuous, but the converse may be not.

Definition 2.4. The pair {S, T} is said to be S-subsequentially continuous, if there exists a sequence {x,} such that
lim Sx, = lim Tx, =t, for somet € X and lim STx, = St.
n—o0 n—oo n—oo

Definition 2.5. The pair {S, T} is said to be S-subsequentially continuous, if there exists a sequence {x,} such that

lim Sx, = lim Sx, =t¢, for some t € X and lim TSx, = Tt.
n—,oo n—,oo n—oo

Example 2.1. Let X = [0,2] and d is the euclidian metric, we define S, T as follows:
Sy — 1+x, 0<x<1 Ty — 1—x, 0<x<1
Sl EE, 1<x<2 7T 2-x 1<x<2
Clearly that S and T are discontinuous at 1.

We consider a sequence {x, }, which defined for each n > 1 by: x,, = %,

clearly that lim Sx, = lim Sx, = 1, also we have:
n—oo n—o0

lim STx, = lim S(2— 4) =2 = §(1),

n—s00 n—00 n

lim TSx, = lim T(2+ %) =2#£T(1),

n—oo
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then {S, T} is S-subsequentially continuous, so it is wsc .
On other hand, let {y,} be a sequence which defined or each n > 1 by: y, =1+ %, we have

lim Sy, = nlgr;o Ty, =1,

n—o0

but
. . 2
lim STy, = nlgroloS(l + ;) =1#5(1),

lim TSy, = lim T(4+ %) =1#T(1),

n—oo

then S and T are never reciprocally continuous.

Singh and Mahendra Singh [36] introduced the notion of compatibility of type (E), and gave some
properties about this type as follows:
Definition 2.6. Self maps S and T on a metric space (X,d), are said to be compatible of type (E), if nlgn T?x, =
lim TSx, = St and lim S%x, = lim STx, = Tt, whenever {xn} is a sequence in X, such that lim Sx, =
n—o0 n—oo n——+o0o n—o0

lim Tx, =t, forsome t € X.
n—oo

Remark 2.1. If St = Tt, then compatible of type (E) implies compatible (compatible of type (A), compatible of type (B),
compatible of type (C), compatible of type (P)), however the converse may be not true. Generally compatibility of type
(E) implies compatibility of type (B).

Definition 2.7. Two self maps S and T of a metric space (X,d) are S-compatible of type (E), if
nlgn S%x, = 71lgm STx, = Tt, for some t € X.

The pair {S, T} is said to be T-compatible of type (E), if ILm T%x, = ILm TSx, = St, for some t € X.
n—oo n—oo

Notice that if S and T are compatible of type (E), then they are S-compatible and T-compatible of type (E),
but the converse is not true.

Example 2.2. Let X = [0, 00) endowed with the euclidian metric, we define S, T as follows:

2, 0<x<?2 2 0<x<2
Sx = =7 = Tx = 2 =7 =
x+1, x>2 0, x> 2

1
Consider the sequence {xy, } which defined by: x,, = 2 — p forall n > 1.
lim Sx;, = lim Tx, = 2,
n—o0

n—o0

lim S%x, = lim STxn) =2 = T(2)
n—o0

n—o0
lim T?x, = lim TSxn) =2 = 5(2)
n—oo n—o0

then {S, T} is compatible of type (E).

Let F be the set of all continuous functions F : R§ — RR, which are satisfying:
(Fp) : :F is non decreasing in t; and non increasing in ty, t3, t4, t5, te.
(F,) : :Forallu >0, F(u,u,0,0,u,u)>0.

Example 2.3.

F(t1/ t2/ t3/ t4/ t5/ t6) == tl - max(tZ/ t?)/ t4/ t5) - ,B(tS + t6)/
where w, > 0,and « + 2 < 1.
Example 2.4.

t5 + tg

F(tl/ tZ/ t3/ t4/ t5) = tl - kmax(tz, t3/ t4/ > )/

where 0 < k < 1.
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Example 2.5.
F(ti,to, t3, ta, 15, t6) = t1 — p(max(to, t3, ta, 15, 16)),
where ¢ : Ry — Ry, is increasing function such ¢ (0) = 0 and forall t > 0, ¢(t) < t.
The aim of this paper is to prove the existence and the uniqueness of a common fixed point, for two pairs of
self-mappings in metric space, which satisfying implicit relation, by using the weak subsequential continuity
with compatibility of type (E), due to Singh et al.[36], also to support our results we give an example and an

application, concerning the existence and uniqueness of a solution and the generalized Hyers-Ulam stability of
a Dirichlet problem of partial differential equation, our results generalize and improve some previous results.

3 Main results

Theorem 3.1. Let (X, d) be a metric space, A, B, S are four self mappings a on X such for all x,y € X we have:
F(d(Sx,Ty),d(Ax, By),d(Ax,Sx),d(By, Ty),d(Ax, Ty),d(By, Sx)) <0, (3.1)

where F € F, if the two pairs {A,S} and {B, T} are weakly subsequentially continuous (wsc) and compatible of type
(E), then A, B, S and T have a unique common fixed point in X.

Proof. Since {A, S} is wsc, there exists a sequence {x, } in X such that lim Ax, = lim Sx, =z forsomez € X
n—oo n—oo

and lim ASx, = Az, ligxl SAx, = Sz again {, S} is compatible of type (E) implies that
n—oo

n—o0

lim ASx, = lim A%x, = Sz
n—oo n—oo

and
lim SAx, = lim S%x, = Az,
n—oo n—oo

consequently we obtain Az = Sz and z is a coincidence point for A and S. Similarly for B and T, since {B, T}
is wsc (suppose that it is B-subsequentially continuous) there exists a sequence {yn} such

5, B = 0o, T =1
for some t € X and
lim BTy, = Bt,
n—oo

again{B, T} is compatible of type (E), we get

lim BTy, = lim B%y, = Tt
n—oo

n—oo

lim TBy, = lim T?y, = Bt,
n—oo

n—oo

so we have Bt = Tt.
We claim Az = Bt, if not by using we get:

F(d(Sz,Tt),d(Az, Bt),d(Az,Sz),d(Bt, Tt),d(Az, Tt),d(Bt,Sz)) =

F(d(Az,Bt),d(Az,Bt),0,0,d(Az, Bt),d(Az, Bt)) <0,

which is a contradiction with (F).
Now we will prove z = Az, if not by using(3.1) we get:

F(d(Sxp, Tt),d(Axy, Bt),d(Axy, Sxy),d(Bt, Tt),d(Ax,, Tt),d(Bt,Sx,)) <0,

letting n — oo we get:
F(d(z,Tt),d(z, Bt),0,0,d(z, Tt),d(Bt,z)) =

F(d(z, Az),d(z, Az),0,0,d(z, Az),d(z, Az)) <0,
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which is a contradiction, then z = Az = Sz.
Nextly we shall prove z = ¢, if not by using we get:

F(d(Sxyu, Tyn),d(Axy, Byn),d(Axy, Sx,),d(Byn, Tyn),d(Ax,, Tyn),d(Byn, Sx,)) <0,

letting n — oo we get:
F(d(z,t),d(z,t),0,0,d(z,t),d(t,z)) <0,

which is a contradiction, then z is a fixed point for A, B,S and T. For the uniqueness suppose that there is
another fixed point w and using (3.1) we get:

F(d(Sz, Tw),d(Az, Bw),d(Az, Sw),d(Bw, Tw),d(Az, Tw),d(Bw, Sz)) =
F(d(z,w),d(z,w),0,0,d(z,w),d(z,w)) <0,
which contradicts (F2), then z is unique. O
If A= Band S = T, we obtain the following corollary:

Corollary 3.1. Let (X, d) be a metric space and let S, A : X — X two self mappings such for all x,y € X we have:
F(d(Sx,Sy),d(Ax, Ay),d(Ax, Sx),d(Ay, Sy),d(Ax, Sy),d(Ay, Sx)) <0,

where F € F, assume that the pair { A, S} is wsc A-subsequentially continuous and A-compatible of type (E), then A
and S have a unique common fixed point in X.

If we combine Theorem B.1| with Example 2.3 we obtain:
Corollary 3.2. For four self mappings A, B, S and T on metric space (X, d) such for all x,y € X we have:
d(Sx, Ty)) < amax{(d(Ax, By),d(Ax, Sx),d(By, Ty),d(Ax, Ty)) + Bd(By, Sx)),
where w, B are nonnegative numbers such a 4+ 2 < 1, assume that the following conditions hold:
1. {A, S} is A-subsequentially continuous and A-compatible of type (E),
2. {B, T} is B-subsequentially continuous and B-compatible of type (E),
then A, B, S and T have a unique common fixed point.
If we combine Theorem .1 with Example 2.4} we obtain:
Corollary 3.3. For four self mappings A, B, S and T on metric space (X, d) such for all x,y € X we have:

d(Ax, Ty) +d(By, Sx) )
2 4

d(Sx, Ty)) < kmax{(d(Ax, By),d(Ax, Sx),d(By, Ty),

where 0 < k < 1 if the four mappings satisfying:
1. {A, S} is A-subsequentially continuous and A-compatible of type (E),
2. {B, T} is B-subsequentially continuous and B-compatible of type (E),
then A, B, S and T have a unique common fixed point.
If we combine Examplewith Theorem we obtain the following corollary:

Corollary 3.4. Let (X, d) be a space metric and let A, B, S and T self mappings on X such for all x,y € X we have:
d(Sx,Ty)) < ¢(max{(d(Ax, By),d(Ax,Sx),d(By, Ty),d(Ax, Ty),d(By, Sx)),

where ¢ : Ry — Ry, is increasing function such §(0) = 0 and for all t > 0,9 (t) < t.
If the following conditions are satisfied:

1. {A,S} is S-subsequentially continuous and S-compatible of type (E),
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2. {B, T} is T-subsequentially continuous and T-compatible of type (E),

then A, B, S and T have a unique common fixed point.

Now we can obtain the same result in Theorem ??, by using the subsequential continuity with
compatibility of type (E) as follows:

Theorem 3.2. Let (X, d) be a space metric and let A, B, S and T be four self mappings on X such for all x,y € X we
have:

F(d(Sx,Ty)),d(Ax,By),d(Ax, Sx),d(By, Ty),d(Ax, Ty),d(By, Sx)) <0,
where F € F if the four mappings satisfying:

1. {A, S} is subsequentially continuous and S-compatible (or A-compatible) of type (E),

2. {B, T} is subsequentially continuous and B-compatible (or T-compatible) of type (E),

then A, B, S and T have a unique common fixed point.
Proof. It is similar as in proof of Theorem 3.1} O

Example 3.6. Let X = [0,1] and d is the euclidian metric, we define A, B, S and T by

x, 0<x<l 1-x, 0<x<}
et ’ - -2 — 4 - — 2
Ax {2, 2<x<1 Bx {1, 2<x<1
1 1 x+1 1
=5 0<x<5 0<x< 5
Sx =< 2’ -7 =2 Tx = 3 =4 =2
g {o, lax<i g {}L, lax<i
We consider a sequence {x, } which defined for each n > 1 by:
1 1
1 1 . . .
Xn = 5 — 3, clearly that nlglgo Ax, = 5 and nlgr.}o Sx, = 5 also we have:
lim ASx, = A L
Mim ASx, = A(3)
1 1
= S —) = —
(2) 2/
then { A, S} is A-subsequentially continuous and A-compatible of type (E), on the other hand consider a sequence defined
1 1 1 1
i _1_ -n . . T _ 4+ . o 1y e .
by: yy = 5 —e ", forall n > 1.1t is clear that nh_I}}oB]/” = nlgi(}o Txy = z,andr}l_rgQ BTy, = B(Z) = T(z) =5 this

yields that { B, T} is B-subsequentially continuous and B-compatible of type (E).
For the contractive condition, we have the following cases:

1. Forx,y € [0, 1], we have
1 1 2
d(Sx, Ty) = £|2y —1| < 3[2y = 1| = 3d(By, Ty)
2. Forx € [0,%] and y € (},1], we have

1 1 2
d(Sx, Ty) = 1 < 5= §d(3% Ty)

3. Forx € (3,1 and y € [0, }], we have

d(Sx,Ty) = 2 (y+1) < :%d(Ax,Sx)

N
NI =

4. For x,y € (},1], we have

A(5x,Ty) = 7 < 5 = 2d(By, Ty)

OIS,

Consequently all hypotheses of Corollarywith k= % satisfy, therefore % is the unique common fixed for A, B, S and
T.
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4 Application

In this section, we will use Corollary 3.4]to assert the existence of the solution for a Dirichlet problem of non
linear partial differential equation, which has been studied by Lazer[23] in complete metric space where he
applied theorem of Matkowski [25], also it has been studied on sobolev spaces in paper[7].

Let () be a bounded domain in R"” with sufficiently smooth border 9(), consider the following problem:

{ —Au = f(tu(t)),

where f is continuous function on Q) x R, suppose that C(Q, R) is the set of continuous functions from Q) to
R. It is clear that the space C(Q), R) endowed with the metric

Vu,v € C(Q,R),d(u,v) = max|u —v|,

is a complete metric space.
It is clear and is well know in the partial differential equations theory, that under the above conditions the
problem (4.2)) equivalent to the following integral equation:

u(t) = /Q G(t, u(s))f (s, u(s)ds, 4.3)

where G is the Green function associated to the Laplace operator.
We recall for the following definitions:

Definition 4.8. A function ¢ : Ry — Ry is said to be a comparison one if it is increasing and ¢ — 0asn — oo,

as a consequence for the last definitions, we have for all t > 0, ¢(t) < t, ¢(0) = 0 and ¢ is continuous at 0.
Many authors study the stability in the sense of Hyers-Ulam and generalized Hyers-Ulam for the functional
equations (for example see[16]) also for the integral equations and differential equations(see[3]).

Definition 4.9. The equation is said to be generalized Hyers-Ulam (Hyers-Ulam-Rassias) stable if there exists a
comparison function P : Ry — Ry such for each € > 0 and each u satisfying the inequality

u() = [ G(t)f s u()ds| <,
there exists a solution u* : Q) — X of [#.3), such that
[u(t) =u(B)]] < ¢(e), vt € I,
If p(t) = ct, for each t > 0 with ¢ > 0, then we said the equation has a Hyers-Ulam stability.
Theorem 4.3. Assume that:
1. feC(OXR,R)

2. there exists a continuous functions 0 : QO — Ry such

sup/ 0(s)G(t,s)ds <1,
teq 7O

3. there exists a comparison function ¢ : R — R such forall s € Q and u,v € C(Q, R), we have
[f(s,u(s)) = f(s,0(s))| < 0(s)op(Ju —2l),

then the problem have a unique solution.

In additionally if the function ¢ : R4 — Ry such ¢(t) = t — ¢(t) is bijective, then the problem (4.2) is
generalized Hyers-Ulam stable.
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Proof. . Consider the mapping:
Tx(t) :/QG(s,u(s))f(s,u(s))ds,

since f is continuous on into ,then T : C(QQ,R) — C(Q,R), i.e T is a self mapping on C(Q, R), and so the
problem have a solution if and only if the self-mapping T have a fixed point in C(Q, R).

T is continuous, then {id; g ), S} (id the identity in the space C (Q), R)) is subsequentially continuous and
compatible of type (E), further we have:

| Tu(t) — To(t)| = |/QG(t,S)(f(S/M(S)) — f(s,0(s)))ds| <

[ 16 (F(su(s)) = £5,0()lds < gl —ol) [ [G(1,5)0(6)]ds
< ¢(lu—v|) < p(max(d(u,v),0,d(v, Tv),d(u, Tv),d(Tv,u)),

consequently all the hypotheses of Corollary 3.4 (with A = B = S = id;g)) hold, then T have a unique
fixed point and so the problem have a unique solution.
For the stability, putting ¢(t) =t — ¢(t), we get

d(u,u*) < d(u,Tu) +d(Tu, Tu*) <

< d(u, Tu) + (Ju —u)

then

d(u, | < =1 (d(u, Tu)) < 9~ '(e),
consequently the problem has a generalized Hyers-Ulam stability. O
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Abstract

In this paper we present a new cryptosystem which is a combination of RSA variant namely rebalanced
RSA-CRT and general formulation of DGDLP. Its security is depend upon integer factorization problem and
general formulation of DGDLP.
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1 Introduction

The public key cryptography has a major advantage over the symmetric key cryptography. In symmetric
key cryptography, a prior communication of secret key is required. The public key cryptography eliminate the
necessity of sharing secret key. It has own public key which is known by everybody and has corresponding
private key which is known only by the intended recipient. The public key cryptography is based on one-
way trapdoor function, where the encryption rule is easy to compute, but decryption rule is computationally
infeasible without any additional information. Thus the security of public key cryptosystem are based on
the intractability of hard mathematical problems such as integer factorization problem, discrete logarithm
problem etc.

Up to now, most of the public key schemes are based on one cryptographic assumption. Although these
schemes are secure but it is possible that in future efficient algorithms will be developed to break these
assumptions. To enhance security is the major motivation for developing cryptosystems based on multiple
cryptographic assumptions, since it is very unlikely that these assumptions would simultaneously become
easy to solve. In 1988, K. S. McCurley [7] proposed the first key distribution scheme based on two hard
dissimilar assumptions. The scheme is modification of ElGamal cryptosystem. Instated of using an arithmetic
modulus a prime p, he used a modulus n that is a product of two primes. To break the scheme requires
the prime factorization of n and ability to solve DLP. In [6], L.Harn proposed a cryptosystem based on two
cryptographic assumption. To break the cryptosystem requires to solve simultaneously a Diffie-Hellman
problem in a subgroup of Zj, where p is a large prime such that p = 2p’ x ¢’ + 1 and p’,q’ are large primes
which are part of the private key, and to factor (p — 1)/2. After that many public key schemes was developed
which are based on two cryptographic assumptions (for example [9], [4l, [5] etc).

By this motivation, we proposed a public key scheme whose security is based on RSA variant namely
rebalanced RSA-CRT [3] and generalization of GDLP. Rebalanced RSA-CRT is a variant of RSA that enables

*Corresponding author.
E-mail address:  pinkimanigoswami@yahoo.com (Pinkimani Goswami), mmsingh2004@gmail.com (Madan Mohan Singh),
b.bhuyan@gmail.com (Bubu Bhuyan)
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us to rebalanced the difficulty of encryption and decryption. It speed up the RSA decryption procedure.
Generalization of GDLP stated that given a finite group of order n and elements &,y € G, find an integer x
modulo 7 such that #* = v, provided that such an integer exists. In this formulation, it is not required that G
be a cyclic group, and even it is, it is not required to consider generator of the group. Since « is not generator of
the group so a* is not unique, which makes the problem harder to solve than GDLP [8], [4]. In this proposed
scheme, an attacker has to solve simultaneously two generalized GDLP (we call it generalization of DGDLP
or general formulation of DGDLP) and IFP. One advantage of this scheme is that it include non-cyclic groups.
Another advantage is that because of the use of Chinese remainder theorem (CRT), decryption process of the
proposed cryptosystem is fast.

The remainder of this paper is organized as follows. In section 2, we present our cryptosystem. Section 3
is devoted to security of the proposed cryptosystem and in section 4 we deal with its performance. Section 5
is the conclusion of the paper. Throughout the paper all notations are usual. For example the multiplicative
group of Z, is denoted by Z, the Eular’s phi function of # is denoted by ¢ (1) etc.

2 The proposed public key cryptosystem

In this section we present our public key cryptosystem.

Public and private key generation:
A user A, who wants to create a public and private key, have to do the following steps:
1. Choose two large prime p and g of almost same size such that (p — 1,9 — 1) = 2.
2. Compute n = pgand ¢(n) = (p—1)(g —1).
3. Choose two integer dj, and d; such that (dp,p — 1) =1, (dg,g — 1) = 1and d, = d,; (mod 2).
4. Find d such thatd = d, (mod p —1) and d = d,; (mod q —1).
5. Compute e = d~! (mod ¢(n)).
6. Choose a, b such that0 < a,b < ¢(n) — 1.
7. Choose &, 8 € Z;; and compute y; = a® (mod n) and y, = p¥ (mod n)

The public key of A is (1,¢,y1,y2) and the corresponding private key is (a,b, &, B,dp, d;).

Encryption:

The plaintext space is Z,. Suppose that another user B want to send a message m € Z, to A using .A’s public
key. B have to do the following step:

1. Compute ¢ = (myy2)¢ (mod n)

B send to A the encrypted message c.

Decryption:

For the decryption of the message c, .A should do the following steps:
1. Compute dy = a?(") =% (mod n) = =" (mod n) and calculate d (mod n).
2. Compute dy = a?" = (mod n) = a~? (mod n) and calculate d§ (mod n).
3. Compute M, = (d5d5c)% (mod p) and My = (dSdc)™ (mod q).

4. Then using CRT, A recover the plaintext .
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3 Security

The security of this proposed cryptosystem is based on factoring and discrete logarithm problem. A third
party who intercepts the encrypt message ¢ can recover m, by finding the primes factors p and g of n and so
d and next by finding a and b from y; = & (mod n) and y, = ¥ (mod n) where « and B both are unknown.
That is to break this scheme the attacker has to compute prime factorization of n and ability to solve DLP.
The best way to factorized n = pgq is by using the number field sieve method. This method is just depend on
the size of n and it is computationally infeasible to factor an integer of size 1024 bits and above. We consider
the primes p and g in such a way that they resist factorization attack. Also, both d, and d; are atleast 160
bits long to prevent the attack proposed in [3]. Since d is large so it prevent the small-d attacks [2}[10]. The
primes p and g are consider in such a way that DLP is intractable. To find 2 and b, a third party need to solve
two generalization of GDLP (we called it general formulation of DGDLP or generalized DGDLP). The general
formulation of DGDLP does not require that the multiplicative group Z;, be a cyclic group, and so, it is not
required that & and f be generators of the group. Therefore the values of power of « and f are not unique
and hence this problem is harder to solve than GDLP. As « and f§ are not public so it makes the problem more
harder to solve in general.

Note that if an attacker finds easily a method to compute d or factoring 7, then he has still to solve general
formulation of DGDLP. Alternatively, if the attacker can easily solve the general formulation of DGDLP, then
he also has to compute d by factoring n. Thus, in any case an attacker has to solve two hard problem.

Also, if a = 0 = b then y; = 0 = y, and so Rebalanced RSA-CRT cryptosystem is a special case of the
proposed cryptosystem. Hence if there is an oracle that can break the proposed cryptosystem then the oracle
can break Rebalanced RSA-CRT. So, the proposed cryptosystem is atleast as secure as Rebalanced RSA-CRT.

4 Performance analysis

The encryption algorithm for our scheme requires two modular multiplications and one modular
exponentiation. One modular multiplication can be done in advance. Thus, the encryption requires only one
modular multiplication and one modular exponentiation. The decryption algorithm required four modular
exponentiation viz. d, d3, (d‘idgc)dp and (dﬁdsc)dﬂ , two modular multiplication viz. d{d5 and d{d5c and two
applications of extended Euclidean algorithm for computation of (a%)~!, (8*)~! mod n. Thus the decryption
algorithm required one modular multiplication viz. d{d5c and two modular exponentiation viz. (dﬁdgc)dp
and (didic)dﬂ and others can be done in advance. Hence, the encryption scheme is as efficient as the
encryption scheme described in section iv of [5], if both the schemes have same e. Since e is large so
encryption take more time than [5]. Since d, and d; are small so decryption scheme is fast compare to the
decryption scheme in [5]. Also, plain-text and cipher-text is of same length.

5 Conclusion

In this paper we have proposed a public key cryptosystem which is based on rebalance RSA-CRT and
general formulation DGDLP. Decryption of the proposed cryptosystem is faster than decryption of [5]. The
proposed scheme is more secure than rebalanced RSA-CRT.
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Abstract

Firstly by using iterative method, we prove existence and uniqueness of solutions of Cauchy problems of
differential equations involving Caputo fractional derivative, Riemann-Liouville and Hadamard fractional
derivatives with order g4 € (0,1). Then we obtain exact expression of solutions of impulsive fractional
differential equations, i.e., exact expression of piecewise continuous solutions. Finally, four classes of integral
type periodic boundary value problems of singular fractional differential equations with impulse effects are
proposed. Sufficient conditions are given for the existence of solutions of these problems. We allow the
nonlinearity p(t)f(t, x) in fractional differential equations to be singular at t = 0,1 and be involved a super-
linear and sub-linear term. The analysis relies on Schaefer’s fixed point theorem.
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1 Introduction

One knows that the fractional derivatives (Riemann-Liouville fractional derivative, Caputo fractional
derivative and Hadamard fractional derivative and other type see [40]) are actually nonlocal operators
because integrals are nonlocal operators. Moreover, calculating time fractional derivatives of a function at
some time requires all the past history and hence fractional derivatives can be used for modeling systems
with memory.

Fractional order differential equations are generalizations of integer order differential equations. Using
fractional order differential equations can help us to reduce the errors arising from the neglected parameters
in modeling real life phenomena. Fractional differential equations have many applications see Chapter 10 in
[63], books [41}, 163, 66].

In recent years, there have been many results obtained on the existence and uniqueness of solutions of
initial value problems or boundary value problems for nonlinear fractional differential equations, see [[16} 18}
58, 161}162, 64} 71}, 185, 188].

Dynamics of many evolutionary processes from various fields such as population dynamics, control
theory, physics, biology, and medicine. undergo abrupt changes at certain moments of time like earthquake,
harvesting, shock, and so forth. These perturbations can be well approximated as instantaneous change of
states or impulses.These processes are modeled by impulsive differential equations. In 1960, Milman and
Myshkis introduced impulsive differential equations in their paper [56]. Based on their work, several
monographs have been published by many authors like Samoilenko and Perestyuk [67], Lakshmikantham et
al. [B0], Bainov and Simeonov [21],22], Bainov and Covachev [23], and Benchohra et al. [24].

Fractional differential equation was extended to impulsive fractional differential equations, since Agarwal
and Benchohra published the first paper on the topic [20] in 2008. Since then many authors such as in
[8, 27, 130, [39) 42] |43} [46H49] [60] [64, [70, 71}, [84] studied the existence or uniqueness of solutions of impulsive
initial or boundary value problems for fractional differential equations. For examples, impulsive anti-periodic
boundary value problems see [10, 11} 20}!44) 72, 73], impulsive periodic boundary value problems see [69, [79],
impulsive initial value problems see [25}129]159, [68]], two-point, three-point or multi-point impulsive boundary
value problems see [9}[72] [87], impulsive boundary value problems on infinite intervals see [86]].

In [31]], Feckan and Zhou pointed out that the formula of solutions for impulsive fractional differential
equations in [2,[7, 13, [19] is incorrect and gave their correct formula. In [76] [78]], the authors established a
general framework to find the solutions for impulsive fractional boundary value problems and obtained some
sufficient conditions for the existence of the solutions to a kind of impulsive fractional differential equations
respectively. In [75], the authors illustrated their comprehensions for the counterexample in [31] and criticized
the viewpoint in [31} 76, [78]. Next, in [32], Feckan et al. expounded for the counterexample in [31] and
provided further five explanations in the paper.

Recently, in [33) [78, [89], the authors studied the existence and uniqueness of solutions of the following
boundary value problem of impulsive fractional differential equation

CD{, x(t) = f(t,x(t)),t € (ti, ti1],i € Ny,
Ax|t:t,- = Il(x(tz_))/l €N, (11)
ax(0) + bx(T) = xo,

where g € (0,1], DY, is the standard Caputo fractional derivative of order g, Ng = {0,1,--- ,m} and N =
{1,2,---,m}, f : [0,T] xR — R is is a jointly continuous function, Iy : R — R(k = 1,2,---,m) are
continuous functions, and 0 = fg < t1 < -+ < ty < tyyy1 = T, Ax|j=y, = tlirtrk x(t) — tlir? x(t) = x(t]) —
k k

x(t, ) and x(t), x(t; ) represent the right and left limits of x(t) at t = # respectively, a, b, xo a constant with
a+Db # 0. One knows that the boundary condition ax(0) + bx(T) = xg in (1.1) becomes x(0) — x(T) = 2
when a + b = 0, that is so called nonhomogeneous periodic type boundary condition.

Wang and Bai [69] studied the existence and uniqueness of solutions of the following periodic boundary
value problems for nonlinear impulsive fractional differential equation

RLDﬂL ( ) _ /\x(t) f(t x(t)),t S (Or 1} \ {tl}r
hmt1 “x(t) = x(1), (1.2)
)

t—0

lim (t — t1)17%[x(t) — x(t1)] = I(x(t1)),

t—tf
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where & € (0,1], RED? is the standard Riemann-Liouville fractional derivative, A € R, 0 < t; < 1, I €
C(R,IR), f is continuous at every point (t,u) € [0,1] x R. We note that the impulse effects in (1.2) change to

lin}r(t —t)17%x(t) = I(x(t;)) when & € (0,1). The assumptions imposed on f and I are as follows: (i) there
tt]
exists a constant M > 0 such that |f(t,u)| < M and |I(u)] < M forall t € [0,1] and u € R; (ii) there exist
positive constant k, and ! such that |f(t,u) — f(t,v)| < klu —v| and |I(u) — I(v)| < llu —v| forall t € [0,1]
and u,v € R.

One knows that lim (t — )17 ¥[x(t) — x(t1)] = I(x(t1)) becomes lirrl(t — )70 (t) = I(x(ty)) ifa €

ot t—t]

(0,1). So it is easy to know that the results can not be applied to solve the following problem

REDG.x(t) — Ax(t) = f(t,x(1)),t € (0,1] \ {t:},
hmt‘1 *x(t) = x(1), (13)
tlgg(f*fl) x(t) — x(t1) = J(x(h)),

since I(x) = x + J(x) in mentioned problem corresponding to (1.3) may be unbounded. Furthermore, it seems
to be difficult to generalize the method in the proof of Lemma 2.1[69] to the following problem with multiple
impulse point:

RLD&, x(t) — Ax(t) = f(t, x(t)),t € (ti tiza],i=0,1,2,--- ,m,
: 1—a
fim 7% (6) = x(1), (1.4)
Hm (t —t;) =%« (t) — x(t;) = I(t;, x(t;)),i=1,2,- -+ ,m.
t—tF
In a fractional differential equation, there exist two cases: the firs case is D* = Dy, in (1.1) or (1.3),

i.e., the fractional derivative has a unique start point. Recently, Belmekki, Nieto and Rodriguez-Lopez [17]
consider the second case in which D* has multiple start points, i.e., D* = Dy, . They studied the existence

and uniqueness of solutions of the following periodic boundary value problém of the impulsive fractional
differential equation

RED& u(t) — Au(t) = f(tu(t)),t € (b tial, i =0,1,2,---,p,
(

: llfrx —
t1_1>r51+t u(t) =u(1), (1.5)
lim (t— )% [u(t) — u(t;)] = L(u(t)),i=1,2,---,p,
t—tf

wherea € (0,1),0 =1ty <t; <--- <t, <ty =1AER, RLD?+ represents the standard Riemann-Liouville

fractional derivatives, I; € C(R,R)(i = 1,2,---,p), f is continuous at every point (t,u) € (t;t;11] X R for
i=0,1,2,---,p. The assumptions imposed on f and I; are similar to those used in [69].

We observed that in the above-mentioned work, the authors all require that the nonlinear term f is
bounded and continuous, if the impulse functions I, J; are bounded, it is easy to see that these conditions
are very strongly restrictive and difficult to satisfy in applications. We observed that in the above-mentioned
work, the authors all require that the nonlinear term f is bounded and continuous, if the impulse functions
I, Jx are bounded, it is easy to see that these conditions are very strongly restrictive and difficult to satisfy
in applications. Furthermore, there has been few papers discussed the existence of solutions of the periodic
boundary value problems for impulsive fractional differential equations involving other fractional derivatives
such as the impulsive Hadamard type fractional differential equation

Dg,x(t) — Ax(t) = f(t,x(t)), t € (titita],i=0,1,--- ,m, 16
{ Ax(t;) = I(t, x(t;),i = 1,2, ,m, (1.6)

where Df, is the so called Hadamard type fractional derivative of order « € (0,1).
In this paper, we will study the existence of solutions of four classes of impulsive integral type boundary
value problems of singular fractional differential systems. The first one is as follows:

REDG, x(t) — Ax(t) = P( )f( ,x(b),t € (t tia],i = 0,1,
x(l)—%ii%tl_“ x(t) = fo s)G(s, x(s))ds,
lim (t — t1>17 (t> - x(t1> = I(tll (tl))’

+
t—t,

(1.7)
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where

@ 0<a<1,AER, RLD(”)‘+ is the Riemann-Liouville fractional derivative of order «,

b) 0=ty <t <t =1,

(© ¢:(0,1) — Rsatisfy ¢[(,), € L'(0,£1), dl (s, 1) € L (11, 1),

(d) p:(0,1) — IR satisfy the growth conditions: there exist constants k, | with k > —1 and max{—a, —k —
1} <1 < 0such that |p(t)] < (1 —t)!,t € (0,1),

(e) f,G defined on (0,1] x R are impulsive II-Carathéodory functions, I : {f;} x R — R is a Discrete
II-Carathéodory function.

The second one is following

x(1) = lim x(t) = [y ¢(s)G(s,x(s))ds, (1.8)
tlir?* x(t) —x(ty) = I(ty, x(t)),

where

Ho<a<l,AeR, CDE’)‘+ is the Caputo fractional derivative of order a, t; satisfies (b), ¢ : (0,1) — R
satisfy (c), p : (0,1) — R satisfy that there exist constants k,! with k > —1,1 < 0,] < 0 witha+1 > 0,
a+k+1> 0such that |p(t)| < (1 —t)!, t € (0,1),

(g f,G defined on (0,1] x R are impulsive I-Carathéodory functions, I : {#;} x R — R is a Discrete
I-Carathéodory function.

We emphasize that much work on fractional boundary value problems involves either Riemann-Liouville
or Caputo type fractional differential equations see [4-6} [11]. Another kind of fractional derivatives that
appears side by side to Riemann-Liouville and Caputo derivatives in the literature is the fractional derivative
due to Hadamard introduced in 1892 [35], which differs from the preceding ones in the sense that the kernel
of the integral (in the definition of Hadamard derivative) contains logarithmic function of arbitrary exponent.
Recent studies can be seen in [12}, 14} [15].

Thirdly we study the following impulsive integral type boundary value problems of singular fractional
differential systems

1.9
tim (1o L)Hx(t)—x(t ) = I(t1,x(h)) )
et g H 1 1,X\t1)),
where

(h) 0<a<1,AeR, RH Di‘+ is the Hadamard fractional derivative of order «,

D1=ty<ti <t =e¢peLl(le),p:(1e) — Rarecontinuous and satisfy the growth conditions: there
exist constants k, ! with k > —1 and max{—a, —k — 1} < I < Osuch that |p(t)| < (logt)*(1 —logt)!, t € (1,e),

() f,G defined on (1,¢] x R are impulsive III-Carathéodory functions, I : {#;} X R — R is a Discrete
III-Carathéodory function.

Finally we study the following impulsive integral type boundary value problems of singular fractional
differential systems

D x(t) - /\x( ) = ( )f( x(t)),t € (i tiyal, i = 0,1,
x(e )— tgm x(t) =[] ¢( x(s))ds,
lim x(t) — x(tl) =I(t1,x ( ))

:
tt]

(1.10)

where
K o<a<l,AeR,CH D, is the Caputo type Hadamard fractional derivative of order a’
M1=ty<t;<tr=e ¢ € L(1,e)and p: (1,e) — IR satisfies that there exist constants k, [ with k > —1
and max{—a, —k — a} <1 < 0such that |p(t)| < (logt)*(1 —1logt)!, t € (1,e),
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(m) f,G defined on (1,¢| x R are impulsive I-Carathéodory functions, I : {f;} x R — R is a Discrete
I-Carathéodory function.

A function x : (0,1] — Ris called a solution of BVP(1.7) (or BVP(1.8)) if x|, ;,,)(i = 0,1) is continuous,

the limits below exist tlgﬂ(t — )7 x(),i=0,1 (or hrn+ x(t)(i =0,1) and x satisfies all equations in (1.7) (
i t—t;
or (1.8)).
A function x : (1,e] — R is called a solution of BVP(1.9) (or BVP(1.10)) if x|, i) (i = 0,1) is continuous,
1—
the limits below exist lim (log F) : x(t),i = 0,1 (or lim x(#)(i = 0,1) and x satisfies all equations in (1.9)
t—tt ! t—tt

(or (1.10)).

To get solutions of a boundary value problem of fractional differential equations, we firstly define a Banach
space X, then we transform the boundary value problem into a integral equation and define a nonlinear
operator T on X by using the integral equation obtained, finally, we prove that T has fixed point in X. The
fixed points are just solutions of the boundary value problem. Three difficulties occur in known papers: one
is how to transform the boundary value problem into a integral equation; the other one is how to define and
prove a Banach space and the completely continuous property of the nonlinear operator defined; the third
one is to choose a suitable fixed point theorem and impose suitable growth conditions on functions to get the
fixed points of the operator.

To the best of the authors knowledge, no one has studied the existence of solutions of BVP(1.i) (i =
7,8,9,10). This paper fills this gap. Another purpose of this paper is to illustrate the similarity and difference
of these three kinds of fractional differential equations. We obtain results on the existence of at least one
solution for BVP(1.i) (i = 7,8,9,10) respectively. Some examples are given to illustrate the efficiency of the
main theorems. For simplicity we only consider the left-sided operators here. The right-sided operators can
be treated similarly.

The remainder of this paper is as follows: in Section 2, we present related definitions; in Section 3 some
preliminary results are given. In Sections 4, the main theorems and their proof are given. In Section 5, a
mistake happened in cited paper is showed and a corrected expression of solutions is given.

2 Related definitions

For the convenience of the readers, we firstly present the necessary definitions from the fractional calculus
theory. These definitions and results can be found in the literatures [41} 63} 66].
Let the Gamma function, Beta function and the classical Mittag-Leffler special function be defined by

k

=) iy
M) = ™ vy, B(p.q) = Jy w71 (1 =21, Eso(v) = T il

respectively for ,& > 0,p > 0,4 > 0,0 > 0,0 > 0. We note that E; 5(x) > 0 for all x € IR and E; 5(x) is strictly
increasing in x. Then for x > 0 we have E;5(—x) < E;5(0) = %5) < Es5(x).

Definition 2.1. [41]. Let ¢ € R. The Riemann-Liouville fractional integral of order & > 0 of a function g : (¢, ) — R
is given by

158(t) = m [t —s)1g(s)ds,
provided that the right-hand side exists.

Definition 2.2. [41]. Let ¢ € R. The Riemann-Liouville fractional derivative of order « > 0 of a function g :
(¢, +00) — R is given by

RLDE, g(+) = mrgy i Ji = merds,
where x < n < a+1,i.e., n = [a], provided that the right-hand side exists.
Definition 2.3. [41]. Let c € R. The Caputo fractional derivative of order & > 0 of a function g : (¢, +00) — Ris
given by

CD?+3(t) (n ) f (- S)a( r)1+1 ds,
where x < n < a+1,i.e., n = [a], provided that the right-hand side exists.
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Definition 2.4. [41]. Let ¢ > 0. The Hadamard fractional integral of order & > 0 of a function g : [c, +00) — R is
given by

t -1
HIx g(t) = iy Ji (log§)"™ g(s) %,
provided that the right-hand side exists.

Definition 2.5. [41]. Let ¢ > 0. The Hadamard fractional derivative of order « > 0 of a function g : [c, +00) — R is
given by

oot —a—1
RLHDS g(t) = iy (Hh) S (log )" g(s) %,
where x < n < a+1,i.e, n = [a], provided that the right-hand side exists.

Definition 2.6. [38]. Let ¢ > 0. The Caputo type Hadamard fractional derivative of order « > 0 of a function
<t [c, +00) — R is given by

t —a—1 n
CHDY, g(t) = gy JY (108 )" ™" (s£) " g(s)%,
wherex < n < a+1,ie,n = [a], provided that the right-hand side exists.

1
Definition 2.7. Wecall F : |J (¢;,ti11) X R — IR an impulsive I-Carathéodory function if it satisfies
i=0
() t — F (¢, u) is measurable on (t;,t;,1)(i =0,1) foranyu € R,

(ii) u — F (t,u) are continuous on R forall t € (t;,t;11)(i=0,1),
(iii) for each r > O there exists M, > 0 such that

|F (t,u)| < My, t € (tj,tiyr),|ul <r (i=0,1).

1
Definition 2.8. Wecall F : |J (¢;,ti11) X R — IR an impulsive II-Carathéodory function if it satisfies
i=0

()t — F (t, (t — t;)* ') is measurable on (t;, t;11)(i = 0,1) forany u € R,
Gi) u — F (t, (t — t;)* Lu) are continuous on R for all t € (t;,t;11)(i = 0,1),
(iii) for each r > 0O there exists M, > 0 such that

[F(t (t—t)" ") | < Myt € (ti, tin), lul <7, (i=0,1).

—_

Definition 2.9. We call F : |J (¢;,ti+1) X R — IR an impulsive III-Carathéodory function if it satisfies
i=0

a—1

@) t—F (t, (log %) u> is measurable on (t;,t; 1)(i =0,1) forany u € R,

-1
(i) u — F (t, <log %>”‘ u) are continuous on R forall t € (t;,t;,1)(i =0,1),
(iii) for each r > O there exists M, > 0 such that

‘F (t (1ogf)“_1u>‘ < Myt € (b ti), [ul <r,(i=0,1)
s I >~ rr irti+1)s =1y ,L)-

Definition 2.10. We call I : {t;} x R — R an discrete I-Carathéodory function if it satisfies
() u — I (t,u) are continuous on IR,
(ii) for each v > O there exists M, > 0 such that |I (t1,u)| < M,, |u| <r.

Definition 2.11. Wecall I : {t;} X R — IR an discrete II-Carathéodory function if it satisfies
Du—1 (tl, t‘i‘_lu) are continuous on IR,
(ii) for each v > O there exists M, > 0 such that ‘I (tl,ti‘_lu) ’ < My, |ul <.

Definition 2.12. Wecall I : {t;} x R — IR an discrete III-Carathéodory function if it satisfies
@Du—1I (tl, (logt;)* ! u) are continuous on R,

(ii) for each v > O there exists M, > 0 such that ‘I (tl, (log t)* ! u) ’ <M, |u| <.
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Definition 2.13. [57].Let E and F be Banach spaces. A operator T : E — F is called a completely continuous operator
if T is continuous and maps any bounded set into relatively compact set.

The following Banach spaces are used:
(i) Let a < b be constants. C(a,b] denote the set of all continuous functions on (a,b] with the limit lim x(t)

t—at
existing, and the norm ||x|| = sup |x(¢)|;
te(a,b)
(ii) Let a < b be constants. Cy_,(a, b] the set of all continuous functions on (a, b] with the limit lim (t —a)'~*x(t)

t—at
existing, the norm ||x||1_, = sup (t —a)=%|x(t);
te(a,b]
(i) Let 0 < a < b. LCy_,(a,b] denote the set of all continuous functions on (a,b] with the limit

lim (log %)1_0‘ x(t) existing, and the norm ||x|| = sup (log %)1_“ |x(t)].
b=t te(ab)

Let m be a positive integer and Ny = {0,1,2,--- ,m},0 =ty < t; < --- < by, < ty41 = 1. The following
Banach spaces are also used in this paper:

PuCi_a(0,1] = {x :(0,1] = R: x|, 1 € Cioalti tia] :i € N }

with the norm

IIXII—Ilelpmcl_a—maX{ sup (f—ti)l“Ix(t)I:ieNo},

te(titipal
PuC(0,1] = {x (0,1 = R: x|y, € Clti tiga] :i € No }
with the norm

[x[| = [Ixp,c01 :max{ sup |x(t)|:i€ INO}'

te(titiv]

Letl=ty) <t <--- <ty <tys1 = e. Wealso use the Banach spaces

X|(t,,,4] € C(ti tipa],1 € Ny,

there exist the limits
1—a .
lim <log %) x(t),i € Ny

t—tt

LPyCi_y(le) =¢x: (e~ R:

with the norm

¢ 1—«a .
|lxl| = [lxllLp,c, , = maxq sup (108 Ti) |x(t)],i € No ¢,

b (titiv]
PuC(1,¢] = {x :(Le] = R: x|y, € Cltitis)i € No }

with the norm

||x||:]|x]|pmczmax{ sup ]x(t)|,i€lN0}.

te(titiv]

3 Some preliminary results

In this section, we present some preliminary results that can be used in next sections for get solutions of
BVP(1.i)(i=7,8,9,10) respectively.

3.1 Basic theory for linear fractional differential equation

Lakshmikantham et al. [51-54] investigated the basic theory of initial value problems for fractional
differential equations involving Riemann-Liouville differential operators of order g4 € (0,1). The existence
and uniqueness of solutions of the following initial value problems of fractional differential equations were
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discussed under the assumption that f € C,[0, 1]. We will establish existence and uniqueness results for these
problems under more weaker assumptions see (Al)-(A4) in the sequel.

Lety € R,F,A:(0,1) — Rand B,G : (1,¢) — R are continuous functions. We will consider the following
four classes of initial value problems of non-homogeneous linear fractional differential equations:

{ ;fr& x((f))_:;}( )x(t) +F(t), t € (0,1), (3.1.1)
{ Zr;‘%ﬁ@(; i(;),x(t) +F(t), t € (0,1), (3.1.2)
e
{ tc;g%(,;)(t)_;,za(t)x(t) +G(t), t€(Le), (3.1.4)

To get solutions of (3.1.1), we need the following assumptions:

(A1) there exists constants k; > —1,; < 0with [; > {—a, —a —k;} (i = 1,2), M4 > 0 and Mg > 0 such
that |A(t)| < Mat1(1 — ) and |F(t)| < Mpth2(1 —t)2 forall t € (0,1).

Choose Picard function sequence as

(PO(t) =1, te (Or 1}/

Pu(t) =1+ Jo SEE T [AG)gu1(5) + F(s)lds b € (0,1, n=1,2,--.

Claim 1. ¢, € C(0,1]. One sees ¢y € C(0,1]. Then ¢, is continuous on (0, 1], together with

L |E(s)|ds

|A )|ds + fo

UO zx A(s)o(s) + (s)}ds‘ < ||x||f(;f(

_)a—1
< Jy CEE S [Mallsh (1 5)'s + Mpska (1 — s)'2)ds

tS+]2

“ids + Mg [ ¢ T sh2ds

h

< Maly| fy s

vc+ll 1

0 whidw + Mprtketh fl (—w)*+21 wk2dw

= My |tethath (@)

_ ky+1; Bladl ki +1 ko415 Bla+lp ko +1
= My|nt*t 1+17(“r(1“)1 )+MPt“+2+27(“r(2“)2 )—>Oast—>0+,

we see that lir(?+ ¢1(t) exists. So ¢ € C(0,1]. By mathematical induction method, we can prove that ¢, €
t—

C(0,1].
Claim 2. {¢,} is convergent uniformly on (0, 1]. In fact we have for ¢ € (0,1] that

91(t) = go(D)] = | fy T [A(s)go(s) + F(5)]ds|

< MA|11|ft(tsia k(1 —s)hds + Mr fg (t—s k2 (1 — 5)lads

nz+l rxl
<MA|’7|ft(t57)1 fuds + Mg [ 1= Sr(+)2 shads

_ +k1+1q Blatly ki +1) +ko+1, Blatl kp+1)
= My|y|t*Tath T(a) + Mgttt T(w) .
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So
[#2(0) = 91()] = |Jg T A1) = ol

t(t—s)*1 B(a+1q,k+1 B(a+lpkp+1
< fo (tr?t)x) MAskl(l _5)11 (MA|17|S“+k1+ll (Hr(la)ﬁ ) 4 Mpsttheth (Wrr(za)ﬁ )) ds

2 (t— s“’l ! a2k +1y Blatl ki +1)

T(a)
s)tht gtk +kp+1 Blatlp ko +1)
FMAMp Jo S st Bl ds

= | \MZ p20+2ky+21 Blatly k1) Blatlya 2k 1 41)
UARLY} T'(a) T'(«a)

2a+ky+ho+1y+1p Blatlokot1) Blathatky thotl+1)
+M Mgt T(0) ()

Now suppose that

918 = 4y-2(0)] < frl e [T Bleshinliet s

. o , j—1 o .
j-1 a+(j—1)k;+hko+(j—1)1; +1p Blatlp ko +1) B(atly iatiki+hky+(i—1)l++1)
+M1 Mpti*U 1 ] 1 (@) [ |1 () .

We get that
951(5) = ¢i(8)] = | o Crii—AG)gy(5) — 91 (s)]ds

£ (t—s)v1 J iaiky ity o Blact it (i 1)k il 41
Sfo ( rtzi) My <|’7|MAS]DC+] 10 T (atly e #(a)) 1+l +1)

i=0

- o . j—1 — -
-1 _ — B b jo+1 B Ih, k1+k -1 +1+1
—Q—M{q Mpsiat(i=Dktke+(i-1)h+l (06+r(2a)z+ ) Hl (atlyiatiky +ho+(i—1)l+1+ )) shi(1—s)hds

T'(a)

i=0

t—s)*+h—1 B(a+! ky+ili+1
< fO ( Si“)( ; My <|11|M] gjatiki+il H (“+1la+l(_(a)) 1+il+1)

. o , -1 o .
+M{;1Mpsfo‘*(]*l)kl*kZ*(]*l)ll“2 B(Hrl(z:;zﬂ) I B(Hllrmﬂkﬁrk(g(l1)11+lz+1)> sk1ds
=1

F+L (D)t (i4+1)kg 4+ (7+1)1 I B(a+1,ia+(i+1)k; +il+1)
§|77|MA U+ Da+(j+1)ki+(j )111;% 1 ) 170

+M] MptUtDatiki+hketil+h B(Dé-ii_l(z ko +1) I—[ B(atl, 106+lk1-*i_k(i-;-(l Dh+h+1)
i=1

From the mathematical induction method, we get for every n = 1,2, - - - that

i1 (t) — pu(t)] < |77|Mﬁ+1t(”+1)"‘+("+l)k1+(”+1)11 ﬁ B(l’é+11,i0¢+1(j(z)1)k1+i11+1)
i=0

n . )
n (n4+1)a+nky +ky+nly +1p Batlp ka+1) Bath iatiki+ho+(i—1)h+lp+1)
+Mj Mt T Al T(a)

i=

n o )
+1 B(a+1y i+ (i+1)ky+il;+1)
S e
1=

+M" M B(a+lky+1) ﬁ B(a+ll,ia+ik1+k2+(z’—1)ll+lz+1)’t c[0,1].

@) AL M)
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Consider
Z Uy = Z |17|Mn+1 H B(a+ly, wc+(1+1)k1+111+1)
n=1 n=1 i=0 O
te ot B(a+lko+1) 5 Blatlyiatiky+ky+(i—1)l+l+1)
I = B MaMe T I

One sees for sufficiently large n that

Ut :MAB(Hll/(nﬂ)wrgn)ﬂ)kl+(n+1)11) My fo x)eth =Ty (ntDat (et Dk + (1)l gy
n u

< My foé(l _ x)vc+ll71x(n+l)a+(n+1)k1+(n+l)lldx + My f(sl (1 . x)szrllfldx with é € (011)
4 -1 1 1)k 1)1 M I

< My fO (1 _ x)oc+1 dxsmtDa+(m+1)k+(n+1)h + F,?l(goﬁl

< Df\iz?l5(n+l)a+(n+1)k1 (n+1)h 4 Df\_/{_AlycHl

For any € > 0, it is easy to see that there exists 6 € (0,1) such that ff—”}lé“ﬂl < 5. For this J, there exists
an integer N > 0 sufficiently large such that &(5(”“)"‘*(”H)kl+(”“)ll < §foralln > N. So0 < = <

5+ 5 =eforalln > N. It follows that nhm ”"—“ = 0. Then Z uy is convergent. Similarly we get Z vy is
n=1 n=1
convergent. Hence

Po(t) + [¢1(t) — po(B)] + [@2(t) = pr ()] + - - + [pn(t) = Pua(B)] +--- £ € [0,1]

is uniformly convergent. Then {¢,(t)} is convergent uniformly on (0, 1].
Claim 3. ¢(t) = hm 4)n( ) defined on (0, 1] is a unique continuous solution of the integral equation

x(t) = 7+ iy Jo (£ = 5)* [A(s)x(s) + F(s)lds, t € (0,1]. 1 (3.15)

Proof. By ¢(t) = 1_1>rJrr1 ¢n(t) and the uniformly convergence, we see ¢(f) is continuous on [0,1] by
n (o]

definging x(t)|;—p = lim x(t). From
t—=0"

‘fot i CLA(S)pn1(s) + E(s))ds — [2 = 5 “[A(S)gu1(s) + F(s))ds

< Mullpn—1 — Pm— 1||f)f L S 1(1—5)11‘15

B(a+Iq,k1+1
< Mal|¢n1 — ¢m_1||t“+k1+h%

< Mallpn-1— Pm- 1||m—>0asm,n—>+oo,

T(a)
it follows that o
o) = lim ¢u(t) = tm_[n+ f; E5—[A(s)ga-1(s) + F(s))ds|
=+ tim[3 C [A()gn(5) + Fs)lds

n——+

a—1
=1+ Jy S [As)¢(s) + F(s)) ds.
Then ¢ is a continuous solution of (3.1.5) defined on (0, 1].
Suppose that ¢ defined on (0, 1] is also a solution of (3.1.5). Then

a—1

() =1+ fy S [A()p(s) + F(s))ds, £ € (0,1].




Yuji Liu et al. / Periodic boundary value problems for IFDEs 433

We need to prove that ¢(t) = 1(t) on [0, 1]. Then
[$(8) = 9o(t)] = | fo “H—AS)9(s) + F(s)lds

atky+1; Blatl ki +1) atky+1, Blatl kp+1)
< M'MAt i T(a) + Mpt* 2T T(a) .

Furthermore, we have

(1) = 91(8)] = |3 LEi— A(S)[9(5) — gols)]ds

2 202k +21; Batl ki +1) Batl a+2ky+1+1)
< [ | M £ E =Es T(a)

20+ky+hy+1y+1p Blatl ko +1) B(at+l a+ki+kp+1+1)
+M s Mt (&) Tla .

Now suppose that

S o BV
[9(8) = 41 (D] < g My e T] Bt rrlt et
1=

1 L ,
+M] lM piat(i—Dky+kp+(j—1)l+1 Blatlo ko +1) ]H Blathiatikythot(i=1)h+h+1)

@) At Iw)

Then

[(6) = 950 = | Jo LTi—A)(s) — ¢y (s))ds

+1,(j+1 1)k 1)l B(a+1yia+(i+1)ky +il;+1
< [y M U+ D G Dk G4 DR IH:O (ath,i &“)) 1+l +1)

+M14Mpt(]+1)a+]k1 tko+jl+lo B(ﬂc+rlal;z+1) I B (a1, ia+iky ?ﬁg(zfl)lﬁlﬁl)_
i=1

Hence
|l[)(t) _ ( )‘ < |17|Mn+1 (n+1)a+(n+1)ky+(n+1)I ﬁ “+11/i“+§i(23)k1+i11+1)

i=0

+M:14MFt(n+1)lX+nk1+k2+n11+12 B(a+lp ko +1) ﬁ B(atly iatiky+kp+(i—1)l1+1p+1)

Tlw) A% ()

n . . .
+1 B(a+1,ia+(i+1)ky +il; +1
< |gMETT (ath 1(_(a)) 1+il+1)

i=0

n
+MZMFB(“+I2’]{2+1) I B(a+1yintiky+ko+(i—1) +1p+1) foralln =1,2,-

T'(a) i T'(a)

Similarly we have

n o .
limoo |17|MZ+1 H B(a+ll,za+lgz(—;)l)k1+lll+1) —0,
=

lim MnM B(a+lp,kp+1) H B(atlyintiky+ho+(i=1)h+b+1) _ 0
i Tw) At I(w) :

Then LIT ¢n(t) = ¢(t) uniformly on (0,1]. Then ¢(t) = (t). Then (3.1.5) has a unique solution ¢. The
n o

proof is complete.

Theorem 3.1. Suppose that (A1) holds. Then x is a solution of IVP(3.1.1) if and only if x is a solution of the integral
equation (3.1.5).
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Proof. Suppose that x € C(0,1] is a solution of IVP(3.1.1). Then lirél+ x(t) = nand ||x|| = r < +oo, From
t—

(A1), we have

Ut (tr?ia 1 (s)x(s) + F(s) ds‘ < ||x||ft (t— s |A |ds+ft (t— s)a \F(s)|ds

< Jo LEE— [Marsh (1= 5)t + Mps2 (1 — s)2)ds

+12

< MA]’fO tsi)s dS+MFfO W kzds

a+12

wh dw 4+ Mpt*tketh f 7) wh2dw

— MArta+k1+ll f EZ;“

_ atky+1 Blatly ki +1) atky+1, Blatlp kp+1)
= Mpurt*mh ) + Mt () .

-1

Sot — fot (t}?g; [A(s)x(s) + F(s)]ds is defined on (0,1] and

-1

A(s)x(s)ds = lim [ Lok " F(s)ds = 0.

(X

lim fo

t—=0+ "‘ t—0+

Furthermore, we have for t1, t, € (0,1] with {; < t; that

IS <f1;(i3)”” [A()x(5) + F(s)lds — [ el [A(s)x(s) + F(s)]ds)

2 (2 A(s)x(s) + F(s)ds + fy =l A s)x(s) + F(s) s

—_ t]

< Myr [fff s (1 o) 4 for (== igh (1 - )hs]

+Mp [ :12 (fz;(?;_l Sk2<1 _ S)lzds + fOtl (h *s)w_ll_(;()tzis)a_l Skl(l — S)lzd5:|

< Myr [ f2 L skds - [ (1) b (1 — ) ds]|

4+ Mg [ t (fz—lfz‘;lzfl skds + f(]tl (151—S)"‘711_(—06()1‘2—S)"‘f1 k2 (tr — S)lzds}

a1 a I atl
= Myr [té”‘l*’l I Qo gy 4 [ 0 s — i1 gl klds}

Fky+1 1—q)xth-1 k t t zx+12 -1 ko t (¢ a+ly—1 k
+Mp {“ ’ zflg( Ty —whadw + [ M —shads — [t 22— slads

_ atki+h 1 (I—w)*th=t g
= Myr [tz f% T @ dw
t
atky+l 1 Q—w) etk pR (Lmw)dthl e
+t1 fO T(a) whdw tZ f() T(a) wdw
atly—1
w)* 2 wk2 dw

(3.1.6)
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)ac+l2

a+ky+1
+y et 1 8 (@)

1
e _op)atlp—1

1 et -1
= Myr {f?kﬁll Jiy g —whdw
t2

_oat+l—1
+|tlf+k1+ll _ t026+k1+11|3(a-;l(1‘;];1+1) _ t026+k1+11 fé (1 Z;E(X) 1 wkldw:l

)DH»Iz*

M {"‘*"2“2 Ju Utr 2w dw

+| t’f+k2 +h t02¢+k2+12 | B(atlpko+1)

atky+1 (1—w)*+h~1
r(,x) t2 2 Zfl

r(“)wkldw} —0ast — t.

a—1

So t +— fot (t}a) [A(s)x(s) + F(s)]ds is continuous on (0, 1] by defining

o= Jim [T AG)x(s) + F(s)lds.

Jy Y55 AGs)x(s) + F(s)]ds|

We have I8, CD3, x(t) = I%, [A(t)x(t) + F(t)]. So

Jy Y5 TAG)x(5) + F(s)lds = I3 [A(Hx() + F(8)] = 1§, CDg. x(1

= fot % (ﬁ Jo (s —w) ™ (w )dw) ds interchange the order of ingrals

= r(tx fo f )41 (s — w) ~*dsx’ (w)dw use =% =y

= r(lX fo fo (1 —u)* 'u=*dux'(w)dw by B(a,1 — a) = T@ri-o)

= Otx/(w)dw =x(t) — lim x(t) = x(¢t) — .

t—0t

Then x € C(0, 1] is a solution of (3.1.5).
On the other hand, if x is a solution of (3.1.5), together Cases 1,2 and 3, we have x € C(0,1] and lim x(t) =

t—=0+
1. So x € C(0,1]. Furthermore, we have

D x(t) = i [y (t—s)=%x/(s)ds

a—1

= it ot =97 (n+ J3 ST [A@)x(w) + Flw)Jdw) ds

= i Jate =97 (Ji ST (AGw)x(w) + Fw)ldw) ds
B {u Jo =9 etz (o (s = @) "0~ [Aw)x(w) + F<w>1dw)/ds}
— ey | (=9 ety s = ) 0 AGw)xw) + Fw)d],

F =) fi (= 9) gy Jo (s — )0 [A(w)x(w) + F(w)dwds]
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=M [fo e C ~- "‘)[A(w)x(w)JrP(w)]dwds}/ by (3.1.6)

= r(ll—a) ﬁ [fot f;(t —5)"%(s —w) "= ds[A(w)x(w) + F(w)]dw}/ by chenging the order of integrals

— rirr [Jo (= 0t MdulAGw)a() + Fleo)ldo] by 2 =

= [fof [A(w)x(w) + F(w)}dw]/ by B(1—a,a) = (1 — a)T(a) = A(t)x(t) + E(t).
So x € C(0,1] is a solution of IVP(3.1.1). The proof is completed. O

Theorem 3.2. Suppose that (A1) holds. Then (3.1.1) has a unique solution. If there exists constants ko > —1,1; <0
with ly > {—«, —a —ky}, Mp > 0 such that |[F(t)| < Mptf2(1 — £)2 for all t € (0,1), then the following special
problem

CDE x(t) = Ax(t) + E(t), t € (0,1],
lim x(t) =9 (3.1.7)
t—0+
has a unique solution
x(t) = nEq1 (AtY) +f0 ) E 0 (A(t — 5)*)F(s)ds, t € (0,1]. (3.1.8)

Proof. From Claims 1, 2 and 3, Theorem 3.1 implies that (3.1.1) has a unique solution. From the assumption
and A(t) = A, itis easy to see that (A1) holds with k; = I; = 0 and ky, [ mentioned. Thus (3.1.7) has a unique
solution. We get from the Picard function sequence that

1

Pu(t) =1+ A fy CEi pua(s)ds + [y ri F(s)ds

-1

=1 +yA [y s (¢ S) Lds + A2 fo r(“) N (5}2(42;71 Pn—2(w)dwds

—g)a—1 (g_gp)a-1 _g)a-1
—i—/\f(;E (tr(i) ( r(i) F(w)dwds—i—fot (tr(i) F(s)ds

a—1 —7 a—1
=n+ (,x+1) A2 f5 J F(zc) - r&?) dsy—2(w)dw

)a—l a 1

A fE S (tr?f)w L dsF (w)dw + [y U F(s)ds

a—1

—u ur—1
=1+ F(a—i—l)ta + A2 [y (t—w)> 1 [} (1r8) Ty A2 (w)dw

1 a—1 a—1

A fy (8 —wy2t [ O Lf(;) duF (w)dw + [y Sl F(s)ds

=1 (1 + (a+1)) +A? fo r 4’11 2(w)dw + [y (¢ —s)* (/\S(;:?a + ﬁ) F(s)ds

noc 1 n—1
=y Z F)]L‘]xtjrl + Al fO F ) dw +f0 (Z lf\] )) F(S)ds
LN t 2 N(t—s
= E ]oct+1 + Jo(t—9)* <Z iy (]+1; ) ) F(s)ds
— NEu1 (M) + [o (£ — 8)*  Enq(A(t — s)*)F(s)ds.

Then we get (3.1.8). The proof is complete. O
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To get solutions of (3.1.2), we need the following assumptions:

(A2) there exists constants k; > —a, [; < 0withl; > {—a, —a —ki},l > max{—«a, —1 —k}, My > 0and
Mg > 0 such that |A(t)| < Mat*1(1 — £)h and |F(t)] < Mpth2(1 — )2 forall t € (0,1).

Choose Picard function sequence as

¢o(t) = yt*~1, t € (0,1],

Pu(t) = 71+ fy CEEZAG) pua(s) + F(s)lds, £ € (0,1],n=1,2, -

Claim 1. ¢, € C1_,(0,1]. Since ¢p € C1_,(0,1], then ¢; is continuous on (0, 1], together with

tl—l)t

Jy SR TAG)go(s) + F(5))ds|

— tl—tX

I “}EZS” [A(s)s* 15" o(s) + F(5))ds|

< fo Fuc MA|;7|S"‘ Ik (1 — s)h + Mpsk2 (1 — s)2]ds

zx+l zx+l 1
t(t— s 1 a+k1—1ds+tl aM ft (t— s 2~ Skzds

1—
< HMalyl [ @

_ ky+1 Blatl,a+k 14ky+1, Blatlp kp+1
—MA|17|t“+1+1%+MFt+2+2%—>0a5t—>0+,

we see ¢ € C1_,(0,1]. By mathematical induction method, we can prove that ¢, € C;_,(0,1].
Claim 2. {t — t!7%¢,(t)} is convergent uniformly on (0, 1]. In fact we have for t € (0, 1] that

21 (8) — go(8)] = | fy CEATAG)u(s) + F(s)lds|

e L[Malnlsh (1= s)l + Mps¥2(1 — s)2]ds

a+12 1

skids + Mptt =2 [ (=2 skads

+h

< || Mati= [ tsrT

_ kq -+l +1 B(atl ki +1) ky+lp+1 B(atlp kp+1)
— |77|MAt1 1 W"’M}:tz 2 W

So

E%1ga(t) = 1(1)] = | fo SHE—AG)[9(s) — go(s))ds

— 11,k Iy k
S tl o Ot (t ?)) MAskl(l _ S)ll (|77|MAsk1+11+1B(a"}(lt;)l“rl) + MFSkz+lz+1 B(“"’}(Z;()Z“Fl)) ds

a+ll ! 2k1+11+1 B(at+ly ki +1) ds

T(a)

< [yIME e [ =

T—a t (=)0 g kol +1 Blathk+1)
+MAMFt a fo TS 1 272 Tds

_ 2 (2ky+214+2 B(atly k1+1) B(a+ly, 2k +114+2)
= || M5t
T'(a) I'(a)

ky+ho+1y+1p+2 BlatD ko+1) B(a+ly ki +ky+1+2)
+My Mgt Ta T(w) .
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1 ga (1) = @2(0)] = | f3 ek A [92(5) — 1 (5))ds|

t(t— B(a+1y,k+1) B(a+ly,2k; +1 +2
< - ucf ( s) MAs (175)11 <|11|Mf452k1+211+2 (ﬂé+r(1“)1+) (et lr(le)+ 1+2)

+MAM[.‘Sk1 +ky+li+1+2 B(“‘;’(Z;Z;Z"'l) B(“+11/2§§3+k2+12)> ds

3 1—a [t (t= s““l ! 3k1+211+23(“+11rk1+1) B(a+1,2+2k1+1)
< [y M3 fi L @ ) ) ds

1
+M2M - aff (t—s a+)1 1 2k1+k2+ll+lz+2B(a+l(zak)z+1) B(atly, kll(—:j;2+12+2)ds

M3 3k+3h+3 Blatluki+1) Blatly 2k +11+2) Bath 3k +21+3)

= |n|nm T(a) T(a) T(a)

" fo Mpt2kitha+2h 143 B(ochFlal;z+l) B(a+l, kll(t(l§2+lz+2) B(a+l;, 2k1r+(1;2)+11+12+3)

0gu(8) = ¢a(D)] = |y Cr A9 (s) — ¢als))ds

< fl-a fo ) (1 . s)ll (|11|Mf’453k1+311+3 B(a+rl(1£1+1) B(a+ll,r2(l;1)+ll+2) B(a+11,1331(<;;r211+3)

2 2ky+ky+211+15+3 B(a+lp ko+1) B(a+1q kg +ko+1+2) B(a+ly,2ky +ko+11+1+3)
+ My MFs T(a) @) o) ds

4 ,1—n [t (= s)"“”l -1 4k1+311+3B(a+l1,k1+1) B(a+11,2k1+11+2) B(a+1y,3ky+211+3)
< [n| M4t 0 T T(a) T(a) T() ds

+]\/13]\/1 - "‘ft (t— s a+11 1 3k1+k2+211+lz+33(“"}12 Jo+1) B(a+1y,ky+kp+1p+2) B(a+ll,2k1+k2+ll+lz+3)d

(@) T(a) T(a) s

— | |M4 t4k] +4ll +4 B(lX+ll,k1+1) B(Dé+l],2k1+l]+2) B(Dé+ll,3k]+zl]+3) dSB(IX+l],4k]+3l]+4)
M4 T(a) T(a) T(«) T(«)

+M3 M t3k1+k2+3ll+lz+4 B(a+1p,kp+1) B(a+1q kg +ko+1p+2) B(a+1y,2ky +kp+11+1p+3) B(a+1y,3ky+ko+211 +1,+4)
AVIE T(a) T(a) T'(a) T(a) :

Similarly by the mathematical induction method, we get for every n = 1,2, - - - that

n—1 . , .
19 (8) = g ()] < [y Mg T Bt

M IMp =Dk kot (n— 1)11+lz+n3(0¢+lz,kz+1) H B(a+l, 1k1+kz-*1:§1)1)11+12+1+1)
T'(a ®

< |y ”ﬁl B(atly, (i+1)ki +ily +(i+1))

i=0 T(@)

+MZ_1MP B(lX+lz,k2+1)

B(a+1Liki+hko+(i—1)l +lp+i+1)
bk 1t Db+t 4 e, q],

I'(«)

~. =
L=

Similarly we can prove that both

[(a) ’

Eoun Z |;7|Mn n_ B(a+1y,(i4+1)ky il +(i+1))

o0 oo n—1 . . .
_ n—1 B(a+1p,kp+1) B(a+1iky+hky+(i—1)1 +lp+i4+1)
L on= X My Me=ry = T T()

n

are convergent. Hence

Ho%0 (1) + 1741 (£) — o (5)] + 1 [pa(t) — pr(E)] + -+ + £ [u(t) — pu_r(t)] + -+, £ € [0,1]
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is uniformly convergent. Then {t — t!~%¢,(t)} is convergent uniformly on (0, 1].
Claim 3. ¢(t) = t*! gr_{l t!=%¢, (t) defined on (0,1] is a unique continuous solution of the integral
n (e o]

equation

x(t) = et 4 fy Gk A(s)x(s) + F(s)]ds, t € (0,1]. (3.1.9)

Proof. By 1_1>rJrr1 t=%p, (t) = t'=*¢(t) and the uniformly convergence, we see ¢(t) is continuous on (0, 1].
n o

From
tl —K

I3 T LAGH )+ FE)lds = J§ T A pn1(5) + FOLs

a—1

< Mallpn-1— P[5 fy (t}a) sk1(1 — s)hs*1ds

S a+ll

<MAH(P71 l_(Pm ]||t1 afOtT 0‘+k]71ds

B(atlyatk
< Mallpn-1— ¢m_1||t“+k1+11%

< Mallpn—1— Pm— 1||M—>Ounif0rmlyasm,n—>+oo,

we know that
a—1

9(t) = 71 lim #1709, (1) = lim [p+ #1707 S [A()ga-a(s) + F(s)]ds]

n—o00 n——+o0o

a—1

- 1 1 1-
=nqt* 1+t lim ¢ “fo

n—+o00 r "‘

[A(s)Pn—1(s) + F(s)]ds

a—1

=+ Jo UL [AG)¢(s) + F(s)] ds.

Then ¢ is a continuous solution of (3.1.9) defined on (0, 1].
Suppose that ¢ defined on (0, 1] is also a solution of (3.1.9). Then

t —s a—1
¥(t) = gt* ! —I—/O %[A(s)gb(s) + F(s)]ds, t € [0,1].
We need to prove that ¢(t) = (t) on (0,1]. Then

A= p(r) — go(r)| = 12| [

ki 41341 B(atly kg +1) ko+1p+1 B(atl ko 4+1)
< || Mytth o) + Mpt*ath T

SR AG)P(S) + F(s)lds|

Furthermore, we have

Hop(t) — o (1) = t17¢

Jy L5 AGS) [9(5) — os)]ds|

2 2ky+21+2 Blatly ki +1) B(a+ly, 2k +11+2)
< | M T T(«) T ()

ki +ko+1q +1,+2 Blatly ko+1) B(atl ki +k2+lz+2)
+M 4 Mgt T(w) Ta)

By mathematical induction method, we can get that

(1) = gu(D)] = 87| fo CEE=AG)[9(s) — g1 (5)ds|

< |n|M prkinly+n H B(atl, (l+1r)é<;)+lll+(l+1))

n—1 . . .
n—1 (n—1)ky+kp+(n—1)ly +lp+n Blatl kp+1) B(a+1iki+ko+(i—1)l1+1lp+i+1)
+My " Mrt ) Hl T(a) :
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Hence
n—1 . : :
1— B(a+1y,(i+1)ky+ili+(i+1))
HoS1g(0) = gu ()] < Iyl TT Bt
+Mn 1M (0(+l(2p§2+1) nﬁl B(ﬂc+l,l'k1+k2~l¢:g:;51)ll+lz+i+1), foralln =12 ---.
i=1

Similarly we have Lnr t1=%p, (t) = t1=*¢(t) uniformly on (0,1]. Then ¢(t) = (t) on (0,1]. Then (3.1.9) has
n [eo)

a unique solution ¢. The proof is complete.
Theorem 3.3. Suppose that (A2) holds. Then x € C1_,(0,1] is a solution of IVP(3.1.2) if and only if x € C1_,(0,1]
is a solution of the integral equation (3.1.9).

Proof. Suppose that x € C;_,(0,1] is a solution of IVP(3.1.2). Then t — t!~%x(t)is continuous on (0, 1] by
defining H=%*x(t)|;—o = lir(gl+ t17%x(t) and ||x|| = r < +o00. So by £ = u, we get
t—

. S(a — _ —&x—1..1—a
slg(l)l+ Jo (s —w) " *x(w )dw_sli%l o (s — w) w Lo *x(w)dw
= lim ¢'"*x(¢) [, (s — w) "w* 'dw by mean value theorem of integral, ¢ € (0,s)

= lim &% (&) fOl(l —u)"u*du = yB(1 —a,a).

From (A2), we have

tl—Dé

S A)x(s) + Fls s

— ¢l

I “}EZS’l [A(s)st 15 4x(s) + F(s)Jas|

< fo r “ MArs“ Tsk1(1 —s)h 4+ Mpsf2 (1 — s)R2]ds

)zx+2 1

<t1 “pM rft (t— s +11 a+k1—1ds+t1 pcM ft (t—s kst

— a+ki+1 B(“+ll/“+kl) 1+ky+1p B(“+12/k2+1)
= MAI’t T(a) +M1:t T(®) .

Sot— = t (t S TA(s)x(s) + F s)]ds is defined on (0, 1] and
)

lim £ [ L0 [A(s)x(s) + F(s)]ds = 0. (3.1.10)

t—0t

Furthermore, we have similarly to Theorem 3.1 that t — fo r(i) : [A(s)x(s) 4+ F(s)]ds is continuous on (0, 1].

Sot — tl—@ fo (= S“) [A(s)x(s) + F(s)]ds is continuous on [0, 1] by defining

zx—l

Fo o SRR TAG)x(s) + F(s))ds|

= lim 1~
=0 0+ Jo 5 "‘

[A(s)x(s) + F(s)]ds. (3.1.11)

We have I8, REDE, x(t) = I8, [A(t)x(t) + F(t)]. So

I U;?gj)"l [A(s)x(s) + F(s)]ds = I8, [A(£)x(t) + F(t)] = & REDE, x(t)

:fot (trs(:,)x [ T(i—w) (fo s—w)™" w)dw)/} ds
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- UO F(zx+1)r 7 (oG (w)dw) ds]/
= M= :(t —5)* [ (s — w) " x(w)dw]y +a fy(t—5)* [7(s - w)f"‘x(w)dwds}/

B !
= 7“17“)1”““) —t* lim [i(s — w) "*x(w)dw + a fot(t —s)* L 0 (s— w)“x(w)dwds}

s—0t

M !/
= m @ fot fut)(t—s)""l(s —w)’“dsx(w)dw} - mt”‘ Ulim [5(s — w) *x(w)dw

s—0T

_ / a—1 z
= 7“1 NCE)) [ fo fo (1—u)® "‘dux(w)dw] — m lim 5 (s — w) *x(w)dwby 52 = u

s—0+t

/ o
= |:f(; x(w)dw:| = X(t) - r(lta)l T(« )UB( 06) = X(t) — 1’]tﬂ‘_1.
Then x € C;_,(0,1] is a solution of (3.1.9).

On the other hand, if x € C;_,(0,1] is a solution of (3.1.9), together with (3.1.10)-(3.1.11) implies

lim t!=%x(t) = 5. Furthermore, we have
t—=0+

RLDE& x(t) = 1 g (fo )ds)

a—1

Jat =97 (5% 4 f7 702 A w)x() + F(w)dw) ds)

-1

(

- F(ll—a) (’7 hot 75)_%“_1‘15) + iy i ) (fo “f (S}Z‘Q; [A(w)x(w) +F(w)]dwds)/
(
(

R =t + s (oS =) s A ) x(w0) + Fw)ldo)

S J @ =) Aw)x(w) + F(w)]dw)' — A(D)x(t) + F(8).

So x € C1_4(0,1] is a solution of IVP(3.1.2). The proof is completed. O

Theorem 3.4. Suppose that (A2) holds. Then (3.1.2) has a unique solution. If A(t) = A and there exists constants
ky > —1,1) < Owith Iy > {—a, —1 —ky} and M > 0 such that |F(t)| < Mpt?2(1 — )2 forall t € (0,1), then
following special problem

REDE x(t) = Ax(t) + F(t), t € (0,1],

t—0t

has a unique solution
x(t) = gT(a)t* TEq o (AtY) + fo Y E o (A(t —8)%)F(s)ds, t € (0,1]. (3.1.13)

Proof. From Claims 1, 2 and 3, (3.1.2) and Theorem 3.3 has a unique solution. From the assumption and
A(t) = A, one sees that (A2) holds with k; = I; = 0 and ky, [, mentioned. Thus (3.1.12) has a unique solution.
We get from the Picard function sequence that

)a—l

Pu(t) = i A fo LRl i (s)ds + fy Ul F(s)ds

o

s s + A2 [y Ui fo O, (o) duods

=t Ay (t=s)

+A fo (= ng LG FTE%‘ F(w)dwds + [, = (= S F(s)ds
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20—1 —s)a-1 (s
= gt BETS 02 [t U ot L, o)

_eya—1 _ a—1 a1
AL [ (trii) (s rb(ui) dsF(w)dw + [, %F(s)ds

3 — na—1 n—1
= (@) 2 m A Jo iyt fy (£ = s)° <Z i >> e
o n s)/«
=yl (a)t* ! Z T /}fl +fo (Z I( ]t+1)j) ) F(s)ds
— (@)1 Eg o (M%) + [ (t — 8)8 1 Eq o (A(t — 5)*) F(5)ds.

Then we get (3.1.13). The proof is complete. O

To get solutions of (3.1.3), we need the following assumptions:

(A3) there exists constants k; > —a, [; < Owithl; > {—a, —a — k1 }, [ > max{—«a, —1+kp}, Mg > 0 and
Mg > 0such that |B(t)| < Mp(logt)¥1(1 —logt)" and |G(t)| < M¢(logt)*2(1 —logt) forall t € (1,e).

Choose Picard function sequence as

fo(t) = n(logt)*~", t € (Le],
ou(t) = (l0g )"+ s [1 (log 1) [B(s)gu1(5) + Gs)] %, t € (Lel,m = 1,2,
Claim 1. ¢, € LCy_,(1,¢]. Infact, ¢p € LC1_,(1,¢] and

J1 (1og 1) [B(s)gho(s) + G(s)] 2

(logt)'~*

< (logt)!—* flt (log é)“_l [Mg|y|(logs)*~1(logs)¥1 (1 —logs)" + Mg(logs)k2(1 — logs)IZ]%

< (log )1 =*Mp|y| [} (log 1) (logs)*k1-14 4 (log )1 =* Mg [} (log £)* """ (logs)k2 %

= Mg|n|(log t)“+k1+llB(oc + 11,k + &) + Mg (log )" Fi+hB(a + 1, kp +1) — Oast — 07,

weknow thatt — f1 (log £)* " [B(s)¢o(s) + G(s)] % is continuous on (1, e] and thrél (log t)! =% (t) exists.

Then ¢ € LC1_, (1, e}. By mathematical induction method, we can show ¢, € LCy_,(1,¢].
Claim 2. {t — (logt)'~*¢,(t)} is convergent uniformly on (1,¢]. In fact we have for t € (1, ¢] that

Ji (log ) [B(s)¢o(s) + G(s)] %

(log £)'~*[¢1 (t) — go(t)| = gy (log ) *

< ﬁ(log t)l-« flt (log g)a_l [|[7|Mp(logs)¥1 (1 —logs) + Mg(logs)k2(1 — logs)lﬂ%
)1 a+l—1 ky ds
< M‘MBF (logt fl ( s) (logs) 5

a—1
+Mcr(a) (log t)'~ afl (log £)* ™" (logs)*2(1 — logs) &
= ‘U‘Mg(log t)lelJflw + Mc(log t)szrlerl w'

[14

T'(«)

So

J1 (1og 1) B(s) [ (s) — po(s)]

(log )'*[¢2(t) — P1(t)| = p(y (log )¢

< (log ) [} (log )" ™" Ma(logs)"t (1 — logs)'t (|| Mp(logs)kt+h1 Blethititl
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B Iy ko +1
+ Mg (log s)ketht1 (a+r(z“>z+ )) %

2 2ky 421, +2 B(at1 k1 +1) B(a+1y,2ky+14+2)
< |77|MB(log t)2k1+2h F(lzx)l 1F(al) 1

B(a+lpko+1) B(a-+lq,ky+ko+1o+2
+MBMG(IOgt)k1+k2+ll+ZZ+2 ( 1_(20()2 ) B(ath ll(a)z 212)

I3 (og ) B(s)[a(s) — ¢ (5)]ds

(1og )= [p3(t) — ga(1)| = s (log 1)1~

_ +1—-1 B I,ki1+1) B 11,2k +11+2
< iy (log )1 fY (log £)" """ M (logs)¥t (|| M3 (logs)Pa+2+2 Blashubitl) Bleth 20 th +2)
+MpM (log s)fitheth+h+2 B(a+rl(z£z+1) B(a+ll,kr1(4;1;z+lz+2) ) %

3 3ky 431143 Batly ki +1) B(atly,2k; +13+2) B(a+ly 3k +21+3)
< || Mg (log )11 T(a) T(a) T(a)

2 2ky+ky+21+1p+3 B(a+lpkp+1) B(a+1yky+ko+1p+2) B(a+ly,2ky +hkp+11+1+3)
+M5Mc (log t)“1 ) ) Ta) )

Ji (108 4)" " B(s)[gs(s) — ga(s))ds|

(log )'*[pa(t) — ¢3(t)| = gy (log)'*

Jk1+1) B(a+1y,2k1+11+2) B(a+11,3k14+211+3)

B -1 !
<y (logt)!® [ (log £)* ™" Mp(logs) (|| M} (log s)%i 3 +3 Bletht (@ T

2 2k +ky+21; +1+3 B(atlp ko +1) B(atly ki +hkp+1b+2) Ba+h,2ki+ko+l1+b+3) \ ds
+MpMg(logs) T(a) Ta) T(a) 5

4 4ky 441 +4 B(atly ki +1) B(atly 2k +1+2) B(a+ly 3k +211+3) 5 B(a+ly 4k +31;+4)
< |n|Mg(logt) T(a) T(a) () ds T(«)

3 3k +ky+3l+1,+4 B(a+1p,kp+1) B(a+ly k1 +ko+1+2) B(a+1y,2ky+ko+11+15+3) B(a+11,3ky+ko+211+1+4)
+MpMg(logt) T(x) T(«) T(a) () ’

Similarly by the mathematical induction method, we get for every n = 1,2, - - - that

n—1 . , .
(108 )!~*1gn() = g1 (£)] < [y Mlog ey srien [T Bulisppe)

1 Vo (D) 1o Bl ko +1) "I Bkl kg ko + (i1l o i+1)
—O—Mﬁ MG(log t)(n Y1 +ky+(m—1)h+lr+n r(zw)z 11;[1 1,1K1 2r(“) 1+

n—1 . ) .
= |77|M§ I_IO B(“+ll’(l+11)é<;;‘lll+(l+1))

1=

_ Batlpko+1) "= B(atl,iky+ko+(i—1)ly +lp+i+1
+Mg 1MG (“ra‘)z )11;[1 (a1 iky 2rg;))1 211 ),te(l,e}.

Similarly we can prove that both

—+o0 “+o0 n—1 . . .
B(a+1y,(i+1)kq +ily+ (i+1

ZWZZWMEH ( 1( 12(01) 1+( )),

n=1 n=1 i=0

E" o — E" M1 Btk +1) ”ff B(atl,iky tkot (i—1)1y +lp+i+1)

= =B G T () 4 T(«)

are convergent. Hence
(log 1) "o (t) + (log ) ~*[g1(t) — po(£)] + (log 1) "2 (t) — pr(B)] + -+ + (log ) ™[ (t) = pu—1 ()] + -+,

t € (1,¢] is uniformly convergent. Then {t — (logt)! %@, (t)} is convergent uniformly on (1, ¢].
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Claim 3. ¢(t) = (logt)*~! 1_1)1_{1 (logt)'~*¢,(t) defined on (1,e] is a unique continuous solution of the
n [ee]

integral equation

x(t) = nlog )* ' + 5 Ji (log H% 1 [B(s)x(s) + G(s)]%, t € (1,¢]. (3.1.14)

Proof. By 1_1)1_{1 (logt)'=*¢, (t) = (logt)!~*¢(t) and the uniformly convergence, we see ¢(t) is continuous
n 0o
n (1,e]. From

(log )1 | f} (log £)" " [A(s)gn-1(s) + — Ji (log £)" 7 [B(s)gm-1(s) + G(s)] 2

< Ml|gn1 — ¢u1l|(log )1~ [; (log £)" " (log )"t (logs)* 14
< Mg|[¢n1 — -1l (log !~ [ (log £)* " (log s)r+hi 1

< Mg |pn—1 — pn1l/(log t)* 1 +hB(a + Iy, & + ky)

< Mp||¢pn-—1 — ¢m—1||B(a + I, & + k1) — 0 uniformly as m,n — +oo,

we know that

9(t) = (log )" 1 lim (log#)1 ="y (t) = lim |+ (log#)! "5 [} (log £)" " [B(s)pu-1(s) + G(s)] %]

n——+4o00

=n(logt)*~! + (logt)*~1 nlirfw(logt)l_“ flt (log é)ail [B(s)p,—1(s) + G(s)]%

= n(log )" 1 + s 1 (log £)* " [B(s)(s) + G(s)] &

Then ¢ is a continuous solution of (3.1.14) defined on (1, ¢].
Suppose that ¢ defined on (1, ¢] is also a solution of (3.1.14). Then

¢ a—1 s
P(t) = n(log )1 + F(la)/l <logt> B(s)9(s) + G2t e (1,6]

S

We need to prove that ¢(t) = i(t) on (1,¢]. Then

(log )1 [ (£) — go(t)| = (log )1~ | [} (log £)* " [B(s)y(s) + G(s)| &

< |y|Mp(log t)k1+11+1 B(M}l(ll;’;ﬁl) + Mcg(log t)kz+lz+l B(a-ii_l(zé(k)z-i-l)‘

Furthermore, we have

-1

B(s)[y(s) — ¢o(s)] &

(log )!~*|9(t) — ¢ (1)] = (log )5 | [y (log £)*

2 2k 421742 B(a+1y, k1 +1) B(a+11,2k; +11+2)
< || Mg (log #)= T2 ==l Ty

B I, ko+1) B 11,k +ky+1o4+2
+MBMG(108 t)k1+k2+ll+lz+2 (D“;(ZDC)Z+ ) (“+ 1 11(‘;)24’2 )

By mathematical induction method, we can get that

(log 1)~ 1(t) = ¢ (1) = (log 1)~ 5 | { (1og )" B(s)9(5) — g1 ()]s
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kbl "o B(act, (4 1)ky il + (i41))
< Iy M (g )it T Bleshlieposth

=1 B(atiky +ho+(i—1) +l+i+1)

T'(a)

_i_MgflMG (log t) (n=1)ky+kp+(n—1)l1+I+n B(’X‘}%;k)Z‘Fl)

e

< yiMz nljl B(a+lll(i+1l“)é(;)—i_ill+(i+l))

r(;l)llJrleriJrl), foralln=1,2,---.

n—1 ;
—i—MgflMG B(“‘ii—‘l(zﬂ/Ck)Z’i’l) I B(a+1,iky+kp+(
i=1

Similarly we have 1—1>T (logt)! ¢, (t) = (logt)'~*y(t) uniformly on (1,e]. Then ¢(t) = (t) on (1,e]. Then
n o]
(3.1.14) has a unique solution ¢. The proof is complete.

Theorem 3.5. Suppose that (A3) holds. Then x € LCy_,(1, e] is a solution of IVP(3.1.3) ifand only if x € LC1_,(1, ]
is a solution of the integral equation (3.1.14).

Proof. Suppose that x € C;_,(0,1] is a solution of IVP(3.1.3). Then t — (logt)'~*x(#)is continuous on (1, ¢]
by defining (log )!~%x(t)|;=1 = lim+(log £)1=*x(t) and ||x|| = r < +o0. So
t—1

lim [} (log =) “x(w)%@ = lim [ (log3) * (logw)* ! (log w)'*x(w) v

s—1t s—1+ w

= lim (log&)'~*x(¢) J; (log £) ™" (log w)*~'4% by mean value theorem of integral, ¢ € (1,s)

s—1t

= lim (log&)'~*x(¢) fy (1 —u)~*u~ldu by $EL =

s—1+ logs
=7B(1—a,a).

From (A3), we have

(log £)1=* | [} (log )" " [B(s)x(s) + G(s)] %

< (log )1~ [{ (log 1)~ [Mpr(logs)* " (logs)" (1 — log ) + Mg (logs)*2(1 — logs)™2] &

1—a t pyath-1 atky—1ds 1—a t pyath—1 ky ds
< (log t)!=*Mgpr [; (log %) (logs)*thi—1e 4 (logt)! ~*Mg ] (log ) (logs) 4
= Mpr(log t)* M +hB(a + I, ky + &) + Mg (log t)"PFthB(a 4 15, ky + 1).

Sot — (log#)'~* [/ (log é)a_l [B(s)x(s) + G(s)] % is defined on (1, ¢] and

lim (log )1 [ (log £)* " [B(s)x(s) + G(s)]% = 0. (3.1.15)

t—1+

Furthermore, we have similarly to Theorem 3.1.1 that t — flt (log g)’kl [B(s)x(s) + G(s)] % is continuous on
(1,e].Sot — (logt)!=# flt (log g)%l [B(s)x(s) + G(s)] % is continuous on [1, ] by defining

= lim (log#)'~* [ (log £)* " [B(s)x(s) + G(s)] &.

(logt)!=® f1t (log é)a_l [B(s)x(s) + G(s)] 2 =1 1+
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We have H1% RLED® x(+) = HI% [B(t)x(t) + G(t)]. So

riy i (10 £)* T [B(s)x(s) + G(s)]% = HI, [B(H)x(t) + G(¢)] = F 12, RLH DX x(1)
= ﬁ f1t (log é)ail ﬁs (fls (log %)_a x(w)%w)/ %
= r(al+1) T(I—a) [f1 (log 5 ) (ff (log 5) “x(w )Ww) ds]

-1 - !
+a ff (log )" [} (log 3) " x(w) 42 ]

—a t

= ot [(bg DY (log 5) " x(w) &2 .
s s w s w !

= F(l—rx)ll"(a—i—l)t [(logt)“slirﬂ Ji (log )" x(w) %y + "‘fl f (log £)*~ (log )" d?x(w)d?u}

!/
= mt [(logt)* nB(1 — &, ) + ucfltB(oc,l — oc)x(w)%"]

= x(t) — p(log t)*~!

Then x € LC;_,(1, ¢] is a solution of (3.1.14).

On the other hand, if x is a solution of (3.1.14), together with Cases 1, 2, 3 and (3.1.15) implies
lir{1+ (logt)!=%x(t) = 5. Then x € LC;_,(1, ¢]. Furthermore, we have by Definition 2.5 that
t—

RLED®, x(t) = ﬁt (flt (log )™ x(s)%)/
= ot [ Gog ) ™ (nogs)* * + i i (log 3)* " [A(w)x(w) + F(w)]42) &)’
= ﬁt {17 [ (log £)™" (logs)“’l%}/

it [l S (08 5)° ™ [AG)x(w) + F(wﬂ%”%]'

__1
= I’(lfa)t[UB(l )] +r1 m) [
/
= risat [y Y BO — &) [B(w)x(w) + G(w)]‘%’]
= B(t)x(t) + G(t).
So x € LCy_4(1, €] is a solution of IVP(3.1.3). The proof is completed. O
Theorem 3.6. Suppose that (A3) holds. Then (3.1.14) has a unique solution. If B(t) = A and there exists constants

ky > —1,1, < OQwithly > {—a, —1 — ko } and Mg > Osuch that |G(t)| < Mg(logt)®2(1 —1logt) forall t € (1,e),
then following special problem

RLEDE x(t) = Ax(t) + G(t), t € (1,¢],
" Dyx(t) = (_) (5), te (1el (3.117)
lim (logt)' ~*x(t) =y
t—=0+
has a unique solution

x(t) = T («) (log )" 'Eqa(A(log t)") + [} (log £)" " Eaa (A (log 1)) G(6)%, te (1] (31.18)

Proof. From Claims 1, 2 and 3, (3.1.14) has a unique solution. From the assumption and B(t) = A, one sees
that (A3) holds with k1 = [ = 0 and k», [ mentioned in assumption. Thus (3.1.17) has a unique solution. We
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get from the Picard function sequence that

¢n(t) = n(logt)*~ T+ /\ f1 (IOg ) o Pn-1(s)ds + ﬁ flt (log é)

=n(logt)* ' + T 2) flt (logé) (logs)"‘ 1ds + r f1 (log § ) B T(la) fls (log %)%1 4’n—2(w)dﬁw%

a—1 s \&— w ds x—1 S
—I—% I (log t) ﬁ (log £)* " G(w) e ds 4 ﬁ Ji (log 1)* " G(s) %

o 1 20—1 2 1 a1
= yllogt)* 1+ LB 4 5 1 [, (10 )" iy (l0g 3)" ! £9u-a(w)

-1 sya—1 s w a—1 5
+ﬁ flt fat; (log £)* (log )" r(la) LG(w) % + r(l,x) flt (log )" G(s)%

] o
= yT(a)(log t)* ! z That

x—1 dw t M( s
) f (log £)* & + ﬁ Ji (log £)*" < LT (]t+1s))a)> F(s) %

=
N

1 B Nilog t)i® a—1 [ 1 /\féj
 orteyog = £ s o 1 o) (£ i ) et

— T (a)(log t)¥ 1Eq o (A(logt)®) + fl (log £)* " Eun (/'\ (logé)“) G(s)L.
Then we get (3.1.18). The proof is complete. O

To get solutions of (3.1.4), we need the following assumptions:

(A4) there exists constants k; > —1, I; < 0 with [; > {—a,—a —k;}, Mg > 0 and Mg > 0 such that
|B(t)| < Mg(logt)¥1(1 —logt)" and |G(t)| < Mg(logt)*2(1 —logt)® forall t € (1,e).

Choose Picard function sequence as

po(t) =1, t € (1],
n(t) =1+ g Ji (log )" [B)gu1(s) + G % e (Len=12.
Claim 1. ¢, € C(1,¢]. Since ¢y € C(1,¢], then ¢, is continuous on (1, ¢] and

i (108 )" [B(s)go(s) + G(s))%

< J{ (log £)* ™" [Mj]y|(log )" (1 — log s)1 + Mg (logs)*2(1 — logs)’2] &

< Mpln| f{ (log £)* " (logs)"1 (1 — logs) &

+Mg [ (log £)* ™" (log s)*2(1 — log s)2 &

= Mply|(log t)* ™ 1+ B(a + Iy, k1 + 1) + Mg (log t)* ™2t 2B(a + 1, ky +1) — Oas t — 07,

we get that 111}1+ $1(s) exists. Then ¢; € C(1, e]. By mathematical induction method, we see that ¢, € C(1,¢].
t—

Claim 2. ¢, is convergent uniformly on (1, e]. In fact we have for t € (1, ¢] that

91(8) = 90(8)] = |y Ji (10 £)" " [B(s)go(s) + G(s)) %

<

-1
iy Ji (log £)* ™ [Mly|(log s)¥1 (1 — logs)h + Mg (logs)®2(1 — logs)"2] %
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h-1 -1
< M Ji (log £)* 7 (logs)1 % + Mo s fi (log )77 (logs)f2 s

= |57/ M (log t)a+k1+ll B(“ﬂ}l(lﬂfc’;hq) + Mg(log t)zx+k2+lz B(“Jrrl(zé";zﬂq)‘

92(8) = 91(8)] = |y Ji (1og £)" ™" B(s)[1(5) — pos)] &

<

iy Ji (log £)" ™" [Mi(log s)"t (1 — logs)'t (|| M(logs)®hith Blethutl)
+Mg (logs)““‘frlz B(“Jrrl(sz)frl) ) ds

o S

t +11-1 Blatl k41
51 (logé)"‘ ! (10g5)“+2k1+11%%

-1 B(atlpky+1
+MpM¢g < I"(la) f1t (logé)“ ' (logS)"Hrkﬁkﬁlz7“‘?@»er )%

— 2 2kq 421, 42 B(a+11,k1+1) B(a+1y,a+2ky+1+1)
= |n|Mgz(logt)= 11 rga)l 1 r(“)l 1

+MpMc (log t)2¢x+k1 +hy+l+1p B(“*}lf&k)ﬁl) B(atly, “4}1&4)*24-124-1)

and

193(6) = 92(0)] = [y i (log 1) BLs)als) — g ()]

(o

< 7 Ji (1084)" " Mp(log s)"t (1 — logs)"t (| M5 (log s)%1-+21-+2 Bletfha ) Blecthad Bty )

+Mp M (log s)2a+k1 +ky+1y+1p Blatlp ko +1) Ba+ly,atki+kp+1+1) ) ds

T'(a) T(a) s
+h-1 B(a+1y ki +1) Batly,a+2k+1+1
|’7|M f1 ( é)a ' (108)52H3k1+2h . F(llx)l | Bl ]ar(,x)l : )%

2 atl—1 20+2kq +ko+11 +1, B(a+1p,kp+1) B(a+ly,a+ki+ko+lr+1) ds
M MGr fl( S) (log 5)22+2k1+hath+ly B( %)2 ) Blath r(a)z 2 )s

_ 3 3a+3ky +31; B(atly ki +1) B(a+l a+2ki+1+1) Ba+ly, 2043k +21+1)
= [|Mp(logt) T(a) () ()

2 3a+2kq +ky+21; +1, Blatlo ko +1) Ba+ly,atky+ko+lp+1) Batly 2a+2ki +kp+1 +1o+1)
+MgMc (log t) T(w) ) T(a) :

95(6) = 95(0)] = |y Ji (log 1) B(s)[9a(5) — pa(s)] %

B pya+h—1 34k, +31 Blatlyky+1) B(ath,a+2ki+14 +1) B(ath,2a+3k;+21+1) ds
f1 (log ) (logs) T(a) ) ) s
M3Mg ot pyat+l—1 3a-+3k; +ky+21; +1p Blatb ko+1) B(a+ly,atky+ko+lp+1) Batl 20+2ki +hko+l+b+1) ds
+~e” Ji (log§) (logs) Ta) () T(a) 5
4 dn+4ky 441, B(atly k1) B(atly,a+2ky 41 +1) B(atly,2a+3ki +2114-1) ds B(a+ly,3a+4k+31+1)
< [17|Mg(logt) () T(a) T(a) s T(a)

B(a+1p,kp+1) B(a+ly,a+ky+ky+1p+1) B(a+lq, 2a+2k1+k2+11+12+1)
() I'(a) ()

+M%Mc (lOg t)40¢+3k1 +ko+3l1+1p

B(a+11,3a+3ky +ky+211 +1p +1)
I(a)
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Similarly by the mathematical induction method, we get for every n = 1,2, - - - that

|(Pn(t) _ (Pn—l( )| < |17|M” (log t)na+nk1+nll H (a+ly, 1a+lSZD-1-)1)k1+zll+l

-1 kot (1) 1, Blat b ko +1) "I B(actLiatiky Hho+(i—1)l 1o +1
+Mjp Mg (log t)et(n=Dkitkat(n=1)h+1 (a r(2“)2 ) 1;[1 (at1intiky r(za)(l )+l +1)

n B(ﬂt-Hl i+ (i41)kp+il +1
< |77|M L T(@)

n—1 (a+12k2+1) (D(+l,i0¢+ik1+k2+(l’*1)ll+lz+l)
My MG P Lot te (1.

Similarly we can prove that both

+o0 +o0 n—1
. n B(a+ly, za+(z+1)k1+lll+1
Youn= Y |n|Mj I1 B (@)

and

Z Uy = Z Mn 1M B(a—l—l(zak)z-‘rl H B(a+l, 1a+zk1+1£<(2;;(1 1) 41 +1)

are convergent. Hence

00 (1) + 7 pa (1) — po(D)] + 74 [a(8) — pr (D] + -+ + £ [pu(t) — pua(B)] + -+t € (1,¢]

is uniformly convergent. Then {¢,(t)} is convergent uniformly on (1, e].
Claim 3. ¢(t) = hT ¢n(t) defined on (1, e] is a unique continuous solution of the integral equation
n——+00

x(0) =1+ g Jf (108 9)" " [BE)¥(s) + G % (3119)

Proof. By nETw ¢n(t) = ¢(t) and the uniformly convergence, we see ¢(t) is continuous on (1, e]. From
i (0g 1)* T [B(s)gu1(5) + G(s)]2 — f{ (1og 1) [B(s)pw-1(s) + G(s)] &
< Mg|[gn1 = pm-1]| Ji (log §)" " (logs)*1(1 — logs) &
< M|t — gua | Ji (1og )™ (logs)a &

B 11,k +1
< Mg||pu_1 — fn1]| (log £)+ah Blethdasl)

tx+ll k1+1)

< Mpl|pn—1 — Pm— 1|| — 0 uniformly as m,n — +oo,

we know that

p(t) = lim gu(t) = Tim[y+ s f{ (1og )" [Bs)gu 1(5) + G(s)] %]

n—00 n—-+4o0o

=71+ iy Ji (log £)" " [B(s)(s) + G(s)] %

Then ¢ is a continuous solution of (3.1.19) defined on (1, ¢].
Suppose that ¢ defined on (1, ¢] is also a solution of (3.19). Then

¢ a—1 s
w0 =1+ i [ (log2) 1B + It e (el

S
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We need to prove that ¢(t) = i (t) on (0, 1]. Now we have

! (log )" [B(s)¢(s) + G(s)] &

[(t) — ¢o(t)] =

< |y|Mp(log t)zx-s—kl-s-ll B(lx-}l(ll;’;ﬁl) + Mc(log t)zx-s-kz—s-lz B(tx-;l(zl;’;zﬂ) )

Furthermore, we have

J1 (log 1) B(s)[(s) — go(s)] %

() — o)) = iy

2 2k 4217 +2 B(a+1y k1 +1) Ba+1y,a+2ky+11+1
< |n|M5(log t)=1 =1+ ( rga)l ) B( 1F(0¢)] 1+1)

B bLkr+1) B Iy,a+ky+ko+1p+1
+Mjp M (log t)2a+k1+k2+ll+l2 (M}(za)z-*- ) Blatly Mi_(z-;- 2tltl)

By mathematical induction method, we can get that

Flog DY TV BS)[(5) — u_1(s)]

|l[)( ) (Pn =

n—1 . . .
k 1 B(a+1y,in+(i4+1)k+il1+1
< |17|Mg(10g t)noc+n 1+nly H ( 1 I“((rx) k1 +ily

—1 . . .
n—1 nat (n—1)k; +ko+(n—1)l +1p Blatl ko +1) " BlatLiatiky+ky+(i—1)l+1+1)
< . B(oc—i—ll i (i4+1)kq il +1
|77|M Lo T()
n—1 B(atlko+1) " —1 B(a+1in+iki+kp+(i—1)l1+1p+1)
My MR TT TS b e (1),

Similarly we have grf ¢n(t) = P(t) uniformly on (1,e]. Then ¢(t) = ¢(¢t) on (1,¢]. Then (3.1.19) has a
n e}

unique solution ¢. The proof is complete.

Theorem 3.7. Suppose that (A4) holds. Then x € C(1,e] is a solution of IVP(3.1.4) if and only if x € C(1,e] isa
solution of the integral equation (3.1.19).

Proof. Suppose that x € C(1,e] is a solution of IVP(3.1.4). Then t — x(t)is continuous on [0, 1] by defining
x(t)|t=0 = li%}r x(t) and ||x|| = r < +0co. One can see that
t—

Ji (log £)" " (log s)1 (1~ log )1 < [{ (log 1) " (log )1 & by %] = u
= (log t)a+k1+11 fol (1- u)zx+ll—1 ukidy < (log t)uc+k1+11 fol (1- u)oc+ll—1 Wk du

= (logt)* ™ M*hB(a + 11,k +1).

From (A4), we have for t € (1,e] that

1 (1og 1) " [B(s)x(s) + G(s)] &

< fl ( s) MBr(logS)kl(l — logs)h + MG(IOgs)kz(l _ logs)IZ]
S MBT' flt (log é)‘x_l (logs)kl (1 _ logs)ll %

Mg ! (log £)* " (logs)*2 (1 — log )24
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= Mpr(logt)* ThB(a + 1,k +1)
+Mg (log t)¥ 2B (a + I, ko +1).

Sot— flt (log é)a_l [B(s)x(s) + G(s)]£ is defined on (1, ¢] and

lim [! (log1)*™" [B(s)x(s) + G(s)]% = 0. (3.1.20)

t—1t

Furthermore, we have similarly to Theorem 3.1 that t — flt (log g)a_l [B(s)x(s) + G(s )] is continuous on
(0,1].So t — [/ (log é)a_l [B(s)x(s) + G(s)] % is continuous on [0, 1] by defining

J{ (log 1)* " [B(s)x(s) + G(s)]£| =0, (31.21)

t=1

One sees that
t a—1 - 4 logs—1
Jo Qog £)" " (log ) ™" & by erpoel = u
= fol (1—uw)* P u%du =T(1 — a)T(a).

We have by Definition 2.6 and HI;"Jr CHDZ x(t) = HI{‘Jr [B(£)x(t) + G(t)]. So

i (log 1) [A(s)x(s) + F(s)] & = HI%, [B(£)x(t) + G(1)]

t -1 -
= ity i 08 )" |7ty 7 (log )" wr' ()] &

a—1 s s\ — s
=l Ji (og )" [ i (o 5) “x'<w>dw} .

= Ji ¥ (w)dw = x(t) = lim x(t) = x(t) — 7.

t—1+

Then x € C(1,¢] is a solution of (3.1.19).
On the other hand, if x € C(1,e] is a solution of (3.1.19), together with (3.1.20) implies lirlr}r (t) = 1.
t—

Furthermore, we have that
CHDY x(t) = ﬁ flt (log £) ™" sx/(s)4s
- 1 w)’
= riy Ji (log 2) ™ (n+ 1y Jf (108 )" [B(w)x(w) + Gw)) 42 ) ds

= i i (log D)™ (ks i (log 3)* " [B(w)x(w) + G(w)] %) ds

Ji (tog )" (e Ji (log ) [B(w)x(w) + Gw)] &)’ ds)

* (log £)" ! [B(w)x(w) + G(w)] 2|

wl
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T (tog ) [B(w)x(w) + Glao) s

Ji 15 (og )™ (tog £)* " £ [B(w)x(w) + G(w)]4] by (22 = u

flt fol (1 —u) *u*1du[B(w)x(w) + G(w)]d—w}/ by B(1 —a,a) =T(1 —a)l(a)

w

So x € C(1, ¢] is a solution of IVP(3.1.4). The proof is completed. O

Theorem 3.8. Suppose that (A4) holds. Then (3.1.4) has a unique solution. If B(t) = A and there exists constants
ky > —1,1, < Qwithly > {—a, —a« — kp} and Mg > 0 such that |G(t)| < Mgt*2(1 —t)2 forall t € (1,e), then
following special problem

CHDE x(t) = Ax(t) + G(t), t € (1,¢],
{ lim x(t =7 (3.1.22)
t—=1+
has a unique solution
x(t) = nEa1(A(log t)®) + [} (log £)" " Eua (A (log 1)") G(s)%, t € (1,¢]. (3.1.23)

Proof. From Claims 1,2 and 3, Theorem 3.7, (3.1.4) has a unique solution. From the assumption and A(t) = A,
one sees that (A4) holds with k; = I; = 0 and kp, I, mentioned. Thus (3.1.22) has a unique solution. We get
from the Picard function sequence that

“lGE)%

Pu(t) =1+ Ak [{ (10g 1) g 1(5)% + s i (log £)
=+ nAphy i (og )" L+ A2 [ (log 1)} (log £)* T o (w) &

a—1 sya—1 w ds a—1 s
Aty Ji (log ) [ (log )" Gw) & 4 s [} (log £)* G(s) %

=+ TIEIS 22 T (l0g 1) (l0g )" g a(w)

Aty Jo S (log £)* " (log )71 LF(w) L + L ff (log )" T F(s) &

20—1
= (14 5080 ) + 2y Y (log )™ gua(w) %

20—1 : -1
+A 213() Jo (log )™ G(w) &2 + r(lfx) Ji (log )™ G(s)%

1 1 M(lo
o5, sy (£ 40 oo
— 7Eg1(A(log t)%) + [} (log £)* " Eqa (A (10g§)“> G(s)%.
Then we get (3.1.23). The proof is complete. O

Theorem 3.9. (Schaefer’s fixed point theorem). Let E be a Banach spaces and T : E +— E be a completely continuous
operator. If the set E(T) = {x = 6(Tx) : for some 6 € [0,1],x € E} is bounded, then T has at least a fixed point in E.
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3.2 Exact piecewise continuous solutions of FDEs

In this section, we present exact piecewise continuous solutions of the following fractional differential
equations, respectively

CDE x(t) = Ax(t) + F(t), t € (t;,ti11],i € Ny, (3.2.1)
REDE x(t) = Ax(t) + F(t), t € (ti, tisa],i € No, (3.2.2)
RLEDE x(t) = Ax(t) + G(t), t € (si,si41],i € Ny, (3.2.3)
and
CHDE x(t) = Ax(t) + G(1), t € (si,si41],i € No, (3.2.4)

where A e R, 0=ty <t < - <ty <tyy1=1in(B21)and 3.22)and 1 =ty <t < - <ty < tui1=e
in (3.2.3) and (3.2.4). We say that x : (0,1] — R is a piecewise solution of (3.2.1) (or (3.2.2) if x € P,,C(0,1] (or
Py C1-4(0,1] and satisfies (3.2.1) or (3.2.2). We say that x(1,¢] — R is a piecewise continuous solutions of
(3.2.3) (or (3.2.4)) if x € LP,,C1_4(1,¢], (or LP,,C(1,¢]) and x satisfies all equations in (3.2.3) (or (3.2.4)).

Theorem 3.10. Suppose that F is continuous on (0,1) and there exist constants k > —1and 1 € (—a, —a — k,0]
such that |F(t)| < (1 —t)! forall t € (0,1). Then x is a piecewise solution of (3.2.1) if and only if x and there exists
constants ¢;(i € INy) € R such that

j t _ .
x(t) = ¥ coBy1(A(t—to)") + [o(t =) Eau(A(t —5)*)F(s)ds, t € (tj,tj41],j € No. (3.2.5)

v=0

Proof. Firstly, we have for t € (t;,t;,1] that

‘fg(t—s)“*lEa,a(A(t—s) ds’ < [H(t =) LBy g (A(t — 5)%)| E(s)|ds
< fo Y B0 (A(t —5)%)sK(1 —s)'ds
+oo ,
= ]+1 fo —5)%sK(1 —s)lds
o atl-1 wj ok
SZ(QTfot_S) (t —s)Yskds
j=
— Z T ]+ “)tvz-&-a]-&-k—i-lf w)ac+ocj+l—1wkdw

T A 1 _
<L gt [ (1= w) T Twkdw = B o (A#)B(a + Lk +1).

Then fo )* 1By o (A(t — s)¥)F(s)ds is convergent and is continuous on [0, 1]. If x is a piecewise continuous
solution of (3 2 5), then we know that x € P,,C(0,1] and lim+ x(t)(i € INp) exist. Now we prove that x satisfies
tst

i

differential equation in (3.2.1). In fact, for t € (#;,t;11](i € INp), we have that

i-1 .
CDE, x(t) = ﬁ Jo(t—s)=x/(s)ds = ﬁ jgo ftj’“(t — )7/ (s)ds + f;(t —5) 7%/ (s)ds
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/
= [Z ft’“ < Y exEu1(A(s — t0)*) + [5 (s = 0)* 1 Eaa(A(s — v)"‘)F(v)dv) ds

+ fé(t —5) (xio cxBa1 (A(s — 1)) + [o (s “E, f(A(s — U)“)F(U)d?}) ds}

i-1 4 j '
= i zoft;“a—s)“[zocma,wus—tm“)] ds

. !
+ﬁ fti(t —s5)7% L;O cxEy1(A(s — tK)"‘)] ds

e i (=) [ (s = 0)* " Eaa(A(s — 0)*) F(0)do]'ds

1

o

i

] _ +oo A (5—t, )M !
P ftﬁl ¢ LEO r((rsmxﬂ)] ds

i +0 amie 4 yma !
+ﬁK§0CK fti(t—S)_a |:m§0 %] ds

+°° m 12
+r(1lfa) =T océnJrl fo [ Jo (s —v)*tmelE(v)do] ds
i-1 ] + m ti
= r( Z E 21 r(/\mﬁn S (=) 7%(s — tx)™1ds
]: : =
m l
F(l ) Z FTnaaA-&-l ZOCK fti(t_s (s — t)m1ds + Z A"Dg. gimH)F( t)
m= K= m=0

]H

+oo m i— B -
(11704) L r(Amqu‘l E ): Cr(t— )" t/jtﬁ (1—w) " *w" 4w
- —tx

m i _ 1 _ _ +oo
P L e X aelt— b S (1= w)tw o+ E AR
= —fx m=

400 — i1t
_ 1 Ao . ma—ao = tx _ —a, ma—1
= iy mgl OTESY 2 c(t — te) Z ft (1—w) *w dw
= =" =g

fK

l"(l ) Z r(mm”‘;\+1 Z Cx(t*t vlm zxftl yx 7w)—zxwma—1dw

[

i m 1 _q Am=1(p_g)a(m—1)
+r(1c—a) mgl F(Tnaa/\ﬂ) Jo1= w"dw + f(t) + A fo = 1 —s)" 1%1:(5)‘15

i1
m _ 1 _ _
1 ) Z 1")1\1107?1 goc,((t—t,()"”‘ * Jo (1 —w) ™ w™ tdw

m g am—1p m—1)
T "rlrzﬂcoc)\+1 o = ldw + f(t) +/\fo :1 -7 (r(aZ) F(s)ds

= Ax(t) + EF(t).

We have done that x satisfies (3.2.1) if x satisfies (3.2.5).
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Now, we suppose that x is a solution of (3.2.1). We will prove that x satisfies (3.2.5) by mathematical
induction method. Since x is continuous on (#;, t;;1] and the limit lim x(t)(i € Np) exists, then x € P,,C(0,1].
bt

For t € (tg,t1], we know from Theorem 3.2 that there exists ¢y € IR such that
x(t) = coEq 1 (AMt") + fot(t —8)¥ 1B, 0 (A(t — 8)%)F(s)ds, t € (to, t1].

Then (3.2.5) holds for j = 0. We suppose that (3.2.5) holds forall j = 0,1, - - - ,i. We derive the expression of x
n (ti11,ti12]. Suppose that

x(t) = &(t) + Z cjEu1 (A(t )+ fo ) Enu (At —$)*)F(s)ds, t € (tij1,tital. (3.2.6)
=0

By CD6‘+x(t) —Ax(t) = f(t),t € (tiy1,tin], we get

F(b) +Ax(t) = “D§,x(t) = gy oy (E—5)~%x'(s)ds

= rim (io féﬂl(t—s)—axl(s)ds—I—féﬂ(t—s)—ax/(s)dS)
=

v

= lZ fﬂ“ (Z coBu1 (A(s — t0)*) + [o (s — u)* T Eau(A(s — u)"‘)F(u)du) ds
J

+ f;ﬂ(t —s) (@(s) + i coEy1(A(s —t)") + fo B, (A(s — u)“)F(u)du) ds]

v=0

= CD:‘+ qD( )+ r 1 o) [Z ftﬁl i’—S <i Can,l(/\(S_tv)a)> ds
)

i+1 =0

+ (=) (éochM(A(stv)a)) ds+ [ (=) (fs(s 1EM()\(su)"‘)F(u)du)'ds]

i ‘. '
= CD%, Ot + iy [Z Y oco )7 (t—5)7" <Z riuff) ) ds

i+1 j=00v=0

- Z o Jiy (E=9)7" (ji: Nr((s"“fl);a)/dsl

i [ =) (o s = 10 Baa(As — w)*) Fu)du)' ds)
CD?L@( )+ ri L—ioéocv ftim(t_s)w (E: W) ds

* Ll e (ffi’ “H) d

ey (=91 (Jo (s = )" Eaa (A(s — ) F(u)du) |

+(1—a fo (t—5)"" [o(s —u)* TBaa(A(s — u)"‘)F(u)duds}/
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= Cpe _1 L = b1, N—afa —1
Dt:H(I)(t) + I'(1—a) L‘;m;o Coy l; (%) ft], (t S) (S tv) ds
: 1
+ Z o Z r ) ftl+1 (s —t,)" " 1ds
/
trew {( %) Z F(IX(]H 7 Jo Jutt = (s—u)“f*“dsF(u)dJ
i oo At a(i-1) tip1—to
CD:ﬁr q)(t) —l— Z Cy Y, Z 7) r_j;y’v (1 —w)f"‘w“"fldw
i+1 =0 ] 0= t]ﬁﬁ)
i +oo
o B MR (1)t )
v=0 =1

+o0 . , ; '
ey | (1) T iy (0= 0 [0 (1= )0 o )

_Cpa d p Al(t—tv)® H—l vtu a—1
Dt’th)( )+ g Z Co E r(m) fo w) “w dw
i Al(t—ty) '
+ZEOCU El %IHH w(1—w) “wmldw] [Z ra]+1 fo )" F(u )d”}
] 400 o
=D @) + it [i o & Ll sl O w“"_ldw}
i+1 =1
/
Z r(a]+1 fo ) E( )d“]
—Cpx P(t d by A (t=to)*( oc] 1r(w)du
i ()+ZC'I/Z F((L 1)+1 +ZI‘ fO ()
i+1 v=0 =1

= F(t) + Ax(t) + ‘D, @(t) — AD(t).

1+1

It follows that CD;’; 1dD(t) — AD(t) =0forall t € (tj;1,ti12]. By Theorem 3.2, we know that there exists ¢; 1 €

i+
R such that ®(t) = ¢;11Ey1(A(t —tip1)") for t € (ti4q,ti42]. Substituting ® into (3.2.6), we get that (3.2.5)
holds for j = i + 1. Now suppose that (3.2.5) holds for all j € INy. By the mathematical induction method, we

know that x satisfies (3.2.5) and x|, , 4] is continuous and hm x(t) exists. The proof is complete. O
st}

Theorem 3.11. Suppose that F is continuous on (0,1) and there exist constants k > —1and 1 € (—a, —1 —k,0]
such that |F(t)] < t5(1 —t)! forall t € (0,1). Then x is a solution of (3.2.2.) if and only if there exists constants
ci(i € INp) € R such that

X(t) = ¥ colt — to)* T Eaa(A(t — to)*) + [o (t = 5)¥ 1Ean(A(t —5)¥)F(s)ds, t € (tj,tj1],j € No. (327

Proof. Fort € (t,ti41](j € No), similarly to the beginning of the proof of Theorem 3.10 we know that

tl—lX

fg(t—s)"“lEM(A(tfs)”‘)F(s)ds’ < [y (t =)  TEqa(A(t —5)%)|F(s)|ds

<t ”‘f Y T By (A(t —8)*)s5(1 —s)'ds
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=l 2 T (]+1 fo S)“jsk(l _ S)lds
<# E reme Jo (£ =) (¢ = 5)stds
— fl-a Z 7 (]+1)0c) ttx+4x]+k+lf w)vc+ocj+l—1wkdw

00 i
< tl-a v r(()]ﬁl])a) patk+l fol(l . w)a+l—1wkdw _ t1+k+lEa,a()\ta)B([X +Lk+ 1).
j=0

So t1—¢ fot(t — 8)* 1B, 4 (A(t — 5)%)F(s)ds is convergent and is continuous on [0, 1].

If x is a solution of (3.2.7), we have x € P,,C;_,(0,1]. It follows for t € (t;, ;1] that
RLD& x(t) [fo (t—s) “x )ds}
k=0

i-1 4 j
=t ['Zo = ( L ex(s = 1)" Ean(A(s = 1))
]:

+ Ji (s = )" Eaa(A(s — 0)%)f (0)do) ds]’
BT {ftf(t‘s)_“ (Z r(t = 1)*  Ea(A(s — 1))

k=0

+ [3(s = 0)* 1Ewa(A(s — 0)*)F(0v)dv) ds]’

] /
vy lj x— A (s—ty
N ﬁ L;o Kgo cx ftf]H (t—5)7"(s — tx) ! Z (md))dsl

1 !
! t /\m —t)am
L [E -t £ ]

/
00 AM (g—p)am
+r(11—v<) |:f t— S fo mg() r(a((smj_)l))F(U>dUdS:|
+oo /
= it | ey I s o]
i 1
+r(1 ) l:z Cx Z T )r\rH»l ft f—i' )a+am—1d5:|

s (s—p)atam—1

!/
+r(1 «) LE (=) [ (r(a(),ﬁl))F(v)dvds}

/
+oo m i— - H—he
- [ )» r tx();ﬂjtl ) Z (t - tK le Z ft i tK 1 - w)awa+am1dw]

]KW

] I
i { ) Z Cie(t—)® /):Jrl ft ,K (1— wtx+am1dw]
m=0x=0
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a (S v atam—1

Tt ot o (s— '
1—06) |:m§O/\ fO fv(tfs) Imdsp(v)dv]

+00 i—1 ti—tx

/
- ﬁ [mzo Wmﬂ)) ,EO et — 1) Jo (1= w)“w'H’mldw}

—+00
oo { ) ZZ cr(t — @ m+1) fz fK (1 —w) *w*r*m=1dy
+OO m !
+m§OCi(t— yam a)r‘nﬂ fo "‘w”‘*"‘m‘ldw}
1 +0oo Am ¢ P ‘Xm _n wttam=1 d r d !
T mEO Jo( ha T(am 1) 4wE (0)dv
_ 1 il w ¢ t am A oc-i—txm—ld /
T I(1-w) KEOCK mEO( ) T(a(m+1)) fO w w
1 . w ¢ t' am A a+1xm—1d '
oy |G mgo( — )" () fo fw w
1 to /\m t P zxm i tanm— 1 d P d !
traw | 2 A" ol Jo (1= w) = ey dwF (0)do

il 1t A T-w)am1)]
= rmw [Z e B =) ety T

+o0 m _ /
+r {Cimgo(t_ti)a l"(vc()r\n—&-l))r(l a%fugi;()mﬂ))}

+00 m — !
+r(11_4x) [mz r(a();n“))r(l a%{izq()wrl)) fot(tv)"‘mF(v)dv}

= Z Cx ): (i’ _ tK)otm 1(Dém)/\"l Zo:o(i’ _ ti)amflw

T'(am)

+OQ m
* ;1 (??;)n);) Jo(t = 0)¥"~1F(v)dv + F(t)

= F(t) + A iocK(t—tK)“‘lEa,a(A(t—tK) ) + z Tt Jo (£ = o)~ 1F(v)do
=F(t)+A i et —te)* T Ega (A(t — t)® +Af0 ) Ey o (A(t — 0)%)F(v)do
k=0

= Ax(t) + F(t),t € (t;, tipq]-

It follows that x is a solution of (3.2.2).

Now we prove that if x is a solution of (3.2.2), then x satisfies (3.2.7) and x € P,,C1_,(0, 1] by mathematical
induction method. By Theorem 3.4, we know that there exists a constant ¢y € IR such that

(1) = cot* VB u (M) + [ (t — 8)8  Equ(A(t — 5)*)F(s)ds, t € (to, t].

Hence (3.2.7) holds for j = 0. Assume that (3.2.7) holds for j = 0,1,2,--- ,i < m, we will prove that (3.2.7)
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holds for j = i + 1. Suppose that
x(t) = @(t) + ¥ cj(t — )" Eaa(A(t—t)") + fot(t — )" Ey o (A(t —8)*) f(s)ds, t € (tip1,tiya].

Then for t € (t;11,t;12] we have

!

F(t) + Ax(t) = REDg x(t) = ﬁ Léo ft§f+1(t — ) *x(s)ds + ft;l(t —s) *x(s)ds

k=0

= [ﬁ f]“( s)~" (i (s — 1) T Eaa(A(s — £)%)
+ 5 (s = 0)* Eqa(A(s — v)¥)F(0)dv) ds

t _ k _
+ fti+1(tL -5 (cp(g) + L ot = t)* Ena(A(s = t)")

k=0

55— 0 Ea (A5 — 0} E(0)0) ]

i ]
RLD‘t"+ d(t) + ﬁ L;O fti’“ (t—8)"% Y cx(s — t)* TEya(A(s — tc)*)ds

+ [ (=97 5 cul(t — b)) B a(A(s — t)*)ds

k=0
/
F =) 5 (s —0)* TBaa(Als —v)“)l—"(v)dvds} .
Similarly to the proof of Theorem 3.10 we can get that

F(t) +Ax(t) = RED§, x(t) = F(t) + Ax(t) + KDY, @(t) — Ad(t).

i+1

So RLD"‘ D(t) — AD(t) = 0 on (ti41,ti+2]. Then Theorem 3.4 implies that there exists a constant ¢;;1 € R

1+1
such that ®(t) = ¢;y1(f — ti41)" " Baa(A(E— ti41)") on (fig1, ti1o]. Hence
i+1
x(t) = X cj(t— tj)”‘flEa,,X(/\ (t—1)%) + fO Y E o (A(t—8)%) f(s)ds, t € (tiy1, tiga)-
=0

By mathematical induction method, we know that (3.2.7) holds for j € INg. The proof is complete. O

Theorem 3.12. Suppose that G is continuous on (1, e) and there exist constantsk > —landl € (—a, —1 —k, 0] such
that |G(t)| < (logt)¥(1 —logt)! forall t € (1,e). Then x is a solution of (3.2.3) if and only if there exists constants
ci(i € Np) € R such that

x(0)= ¥ (@) (log )" Eux (1 (10g:£)")

v=0

(3.2.8)
-1 ,
+ flt (log )" Eqa ()\ (logé)“) G(s)%,t e (tj, tjs1],j € No.
Proof. For t € (t,t;411](j € INp), similarly to the beginning of the proof of Theorem 3.10 we know that

(logt)l—= flt (log g)a_l Enn ()\ (log g)a> G(s)%

< (logt)l—= flt (log é)%l Enu (/\ (log é)’x> (logs)k(1 — logs)l%

+atl-1 1
< (log)!~* Z iy i (log £ (log s)F & by 1255 = w
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+00 L —
= (log )17 T iy (log )k [ (1 — )™ whd
1=0
< (log )y (A (log 1)") fy (1= )" whdw
= (log 1)+ E, ()\ (log g)“) B(a+Lk+1).
So [ (log é)“_l Euu (/\ (log é)a> G(s)% is convergent for all t € (1,¢] and
lirﬂ(log t)l-« flt (log g)'xil Enu (A (log é)a) G(s)4 exists.
t—

If x is a solution of (3.2.8), we have x € LP,,C;_,(1,e]. By using Definition 2.5, it follows for t € (t;,t;11]
that

—u /
REHDY x(t) = iyt [ff (log 1) x(s)%}
i-1 _ j 1 i
= it [ o) (o o5 2) " s (3 2
07 (g 3)* ™ B (1 (10g ) G ) &

0oty ((Eyere) om ) s (3 s )

=
~

m‘%
—_
~

+ 7 (1083)" ™ Euu (A (0 3)") Glu)

ot |0 5 e g ) o £)” e (3 8 )") #

j=02=0
) £ e og )™ (1og )" Eue (1 (5 )") &

_ _ !
+ J{ (1log £) ™ J; (log )" Eau (A (log 3)") Glu) 2] .
One sees that
_ -1
ftj (log i) * (log %)“ Enu (A (log %)a) %

ak+oa—1 1 —logty
= ¥ty i o) (log ) oy e

— 1 S| 1 - mc+acfld
Z r K+1 ) (Ogt ) flogriflogfv ( _w) w w

logt—logty

and

Jir (1o )" (1og )" Eua (1 (108 ))&

+oo logt;q—logty

_ K t aK log t—log ty o - ak+a—1
= &) M) (log )" funigh” (1= )™

log t—log ty
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Similarly
Ji (108 5) ™ Eaa (A (1o 1)") J; (log )" " Eua (4 (log 5)") Glu) s
= i Ji (0g ©)" " Eua (A (log £)") (log 3)" " Exa (1 (log 3)") £G(u) 4
= 1 (108 £ iy o (1= w0) ™ wee G ) 4

So

R 1 i—1 +o00 2K , ax i loi; f,+t llflotgtv . ;

LH o; og to - _
D%+X(t) I )t I (06) E OCU E ; 71_( CZsH) (]Og tv) 2 flogtg logi (1 ZU) wtae—14
= K=

j=v logt—Togty

@ L 60 ¥ ey (108 )" Sl (1 - ) 0l
=0 k=0 r( (K+l ) logtlflogty
1t log 1 ax+a—1y4 du /
+ go Ji (log )™ K+1 T(a(k+1)) Jo fw wG(u) 5

i aK 400 ax « ” !

" i +o0 ak—1 400 _ X u
= F(t) +t [r(t ) Ug ; <logt ) +K§1 [} (log £)™ ! F&K)G(u)du}

= /\X(t) + F(t),t S (tir ti+1]'
It follows that x is a solution of (3.2.3).

Now we prove that if x is a solution of (3.2.3), then x satisfies (3.2.8) and x € LP,,C;_,(1, ] by mathematical
induction method. By Theorem 3.6, we know that there exists a constant ¢y € IR such that

x(t) = co(logt)* Eyq(A(log t)%) + f1 (log & )‘H Ey o (A (g)“) E(s)ds,t € (to, t1]-

Hence (3.2.8) holds for j = 0. Assume that (3.2.8) holds for j = 0,1,2,--- ,i < m, we will prove that (3.2.8)
holds for j = i + 1. Suppose that

x(t) = ®(t) + Zl‘, col' () (log é)“_l Eur (/\ (log é)“)

v=0
-1
+ flt (log £)*"" Eqa (/\ (log é)'x) G(s)%,t € (tir1,tiya).
Then for t € (t;11,t;12] we have

/

F(t) + Ax(t) = RLHDY x(t) = 1.(1 ) lZ ft’“ (log £) ™" x(s)% —I—ft]+1 (log £) ™" x(s) %
J
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- £ s (0 (52 s (052
+ J5 (1og 3)" ™" Eaa (A (log 3)") Gu) % ) 2

#05, og)™ (96)+ £ eor(@) (tom )" Ean (3 (08 2)")

v=0

07 (og )" Eua (1 (083)") G0 %) &)

fti'm (log )™ (Z col' () (bg%)a_l Ene ()\ (log%)a)

- RLD?% D(t) + r(llﬂx) l

i
i+1 j=0
+ 7 (log 3)" " Eaa (A (10g £)*) Gy ) &
+ Ji, (log )™ (zéo el (@) (10g £)" Eaa (A (log £ )")

— /
+ J; (log £)* " Eua (A (log 3)") G(u) ) ] .
Similarly to above discussion we can get that

F(t) + Ax(t) = REIDY x(t) = F(t) + Ax(t) + READY, @(t) — AD(1).

i+1

So RLH DY, ®(t) —A®(t) = 0on (41, ti+2]. Then Theorem 3.6 implies that there exists a constant ¢;1 € R

i+1
x—1 i3
such that ®(t) = ¢;1 1T (a) (log ﬁ) Eup ()& (ﬁ) ) on (ti11,ti12]. Hence
i+1 x—1 i3
— t +t
x(t) = vgo cpl' () <log tp) Enu (/\ <log tp) )
-1

+ flt (log £)* " Exa (/\ (log é)“) G(s)%,t € (tiy1, tisal.

By mathematical induction method, we know that (3.2.8) holds for j € INy. The proof is complete. O

Theorem 3.13. Suppose that G is continuous on (1,e) and there exist constants k > —land | € (—a, —a + k, 0] such
that |G(t)| < (logt)¥(1 —logt)! forall t € (1,e). Then x is a piecewise solution of (3.2.4) if and only if x and there
exists constants c;(i € INg) € IR such that

j o o— o .
X(t) = % coan (A (1og é) )+ J! (log 1Y Eya (A (log t) )G<s)%,te (i tialj€Ng.  (329)

Proof. Fort € (t,tj;1](j € No), similarly to the beginning of the proof of Theorem 3.12 we know that

| (log )"~ Eaa (A (108 £)") G(s)%

< (log t)* ™ Ey o (A (log ﬁ)“) B(a+1,k+1).
So [ (log é)'x_l Enn (/\ (log é)“) G(s)% is convergent for all t € (1,¢] and

s

lim [/ (log é)“il Euu (A (log é)“) G(s)% exists.

t—1+
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If x is a solution of (3.2.9), we have x € LP,,C(1,e]. By using Definition 2.6, it follows for t € (t;, t;,1] that

CHDE, x(t) = iy Ji (logh) ™" sx/(s) %
(1—a)

+ J; (log £)* " Eua (A (log 3)") G(u)di‘)/dS}
~ it Lz £ o (o) (Ean (1 (105 £)"))
+Ué0 Co ftf (log )™ (Ea,l (/\ (log %)N))/ds

+ i (og )™ (J (10g %) " Eua (A (10g 3)") c<u>d;’)’ds] :

One sees that

t £y s V49 t py—a (£ g )
fti (log £) (Ea/l (/\ <logg> )) ds = fti (log £) <K§0r(”"‘+1) <logg> ) ds

A xa—1 400 A a(x—
Z F((iﬂ;é()Jrl) f (log ) -« (1og %) ds = Kgl F((;;D:c)+1) (logé) ff tv (1- w1dw
and
i - ayy/ too K ax—1 w B
Ji (og )™ (Buw (A (log ) ) ) ds = I 5 (log ) Juyhrs” (1)l
K= logt—logty
Similarly

!

Ji (10g )™ (5 (10g:3)" " Eaa (A (log 3)") Glu)d4 ) ds

it [ 108 )" (I 082"~ Fu (1 105 3)°) G004

= 5 | log )™ ( (log £)* " Eua (A (l0g:2)°) Gl %)

— s N— o u /
+(1—a) f{ (log £) ™ [; (log £)" " Equ (4 (log £)") Gla) 4%
e o s\ ak+a—1 g du !

Z ;<+1 T(a(xk+1)) fl f (108 ) " (log ;) TG

e K oK — _ !
- [ ity i Gog )" i (1) "t auG )

K=

P<>+tz T [ (log 1) fy (1 )t wA e G (u)
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So
. a—1 loig tHll—log ty
CH _ IIK ogt—logt —u —1
D%—%—x(t) - ( Z E Co E T 1XK+1 (log ty ) logti—logtyv (1 - w) wﬂlK dw
=00v=0 k=1 Tog t—Tog fy
d i (ra) A" (e we— 1
+ Lo &ty (log ) ft W (1—w dw
v=0 k=1 [

+E(t) +t Z Fagery Ji (10g £) " fy (1 —w) ™" G (u) 4

= Ax(t) + E(t),t € (; tipr).

It follows that x is a solution of (3.2.4).
Now we prove that if x is a solution of (3.2.4), then x satisfies (3.2.9) and x € LP,,C(1, ¢] by mathematical
induction method. By Theorem 3.8, we know that there exists a constant ¢y € IR such that

x(t) = coEaa(A(log )*) + [! (log £)* " Ega (A(g)“)F(s)ds,te(to,tl].

Hence (3.2.9) holds for j = 0. Assume that (3.2.9) holds for j = 0,1,2,--- ,i < m, we will prove that (3.2.9)
holds for j = i + 1. Suppose that

x(t) = ®(t) + i CoEan (/\ (log i)a) + flt (logé)l"_1 Enu (/\ (logé)‘x> G(s)%,t € (tit1, tita)-

Then for t € (t;11,t;12] we have

!/

E(t) +Ax(t) = “HDY.x(1) = g [-io S log )™ ¥ (e)ds + | (log )" x’(s)ds}
]:
e | 0 ) (o (3 (108 £)") - )" e (1 00)%) G )

; _ i o 1 !
+ ffm (log £)™* (CID(S) + ZEOCUEM (/\ <log %) ) + J7 (log £)* Eau (/\ (logﬁ)“) G(u)dj") ds} :
Similarly to above discussion we can get that

F(t) + Ax(t) = MDYy x(t) = F(t) + Ax(t) + FDs, (1) — Ad(#).

1+1

So MDY, @(t) — AD(t) = 0 on (11, ti12]. Then Theorem 3.8 implies that there exists a constant ¢;;; € R

1+1

4
such that ®(t) = ¢; 1 1Eq (A (ﬁ) ) on (tj1,ti1o]. Hence

i+1 14 -1
X() = Y cobua (1 (10 £)") + J1 (log )" Exa (1 (108 1)") G52, € (t101, b,
v=0
By mathematical induction method, we know that (3.2.9) holds for j € INy. The proof is complete. O

3.3 Preliminary for BVP(1.7)

In this section, we present some preliminary results that can be used in next sections for get solutions of
BVP(1.7). For ease expression, denote

Sup(t,s) = (t—5) " Ega(A(t —5)%),

A=-1+ r(a)éa,)\(ll 0) + r(DC)Z(Sa//\(tl,O)éa,)\(l, tl)'
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Lemma 3.1. Suppose that A # 0and o : (0,1) — R is continuous and satisfies that there exist numbers k > —1 and
max{—a, —k — 1} <1 < 0such that |o(t)| < t*(1 —t)! forall t € (0,1). The x is a solutions of

RLD& x(t) = Ax(t) = o(t),t € (tj,tisa],i = 0,1,
x(1) — lir%tl_"‘x(t) = ay, 11m 1 (- t) % x(t) — x(t) = Iy (3.3.1)
t— St

ifand only if x € PyC1_,(0,1] and

T2l Ty — ()80 (1, t)Io — fo dan(1,8)(s)ds
—T(a)3y 0 (1, 11) [ (5M(t1,s)a(s)ds] + [o ant,s)o(s)ds, t € (0,1],
PO [ay — P()3r (L 1) o = fo ua(L,s)o(s)ds

x(t) = (3.3.2)
T (@80 (1, 11) f3* 0 (b, )0 (s)ds | + 222 [T()o, 1 (11, 0)ag

+(T(2)d4,2(1,0) = 1)Ip —T(a)dy2(t1,0 fo wr(1,8)o(s)ds

(0 ()61 (1,0) — 1) [ %(tl,s)a(s)ds} + [y dap(t,s)o(s)ds, t € (ty,1].
Proof. Let x be a solution of (3.3.1). By Theorem 3.11, we know that there exist numbers Ay, A; € IR such that
x(#) = AoT (@) Egu (AF) + [ (t — ) "Equ(A(t —5)*)o(s)ds, t € (to, 1] (3.3.3)

and
x(t) = AT (a)t¥ TEy o (M%) 4+ AT (&) Eg o (A(t — £1)%) (£ — £1)* !
(3.34)

+ fo Y E 0 (A(t —8)*)o(s)ds, t € (t, ).

Note Eq,t(0) = gy It follows from the boundary conditions and the impulse assumption in (3.3.1) that
Aol (&) Ega(A) + A1T (@) Ena (A (1 — £1)*) (1 — t1)* 7
+ Jy (1= )" Eaa(A(1 = )" (s)ds — Ag = ag,
Ay — [Aor(“)t'f*lEa,a()\f’f) + foH (1 = 8)¥  Egu(A(t — S)“)J(S)ds} = .
Then
Ay =} [ao —T(@)(1 = 1) Eaa(A(L = 11)*) g — f5 (1 = 8)*  Eqa(A(1 — 5)*)c(s)ds
~T(w) (1= 1) Eaa(A(L = 1)) [y (1 = )" Eaa(A(k — 5)")o(s)ds |
A1 = & [T Ean (M0 + (T(@) Exa(A) = 1)o (33.5)
(@)t Ega (AL [i (1 —8)* Eqa(A(1 — 5)%)o(s)ds
+(T(@)Ea(A) = 1) fo! (1 =) Ena(A(ts = 5))o(s)ds] .

Substituting Ap, A; into (3.3.3) and (3.3.4), we get (3.3.2) obviously.

On the other hand, if x satisfies (3.3.2), then x|, and x|, 1) are continuous and the limits }irré Hax(t)
—
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and t11nt1 (1 —t1)!=*x(t) exist. So x € P;C;_,(0,1]. Using (3.3.5), we rewrite x by
—h

AT (@) Eg o (AF) + [ (E— ) Equ(A(t — 5)*)0(s)ds, t € (0, 1],
x(t) = AOF( )t"“lEM(/\t"‘) + AT () Eqa(A(t — 1)*) (£ — )81
+f0 VL E 0 (A(t —8)%)o(s)ds, t € (t,1].

Since ¢ is continuous on (0,1) and |o(t)| < t*(1 — t)!, one can show easily that x is continuous on
(ti, ti41](i = 0,1) and using the method at the beginning of the proof of this lemma, we know that both the

limits lirn+ t1=%x(t) and 1irr}r (t —t1)17*x(t) exist. So x € P;C;_,(0,1]. Furthermore, by direct computation,
t—0 t—t]

we have x(1) — Pn& t1=%x(t) = ag, and linl(t — 1)1 %x(t) — x(t1) = Ip. One have from Theorem 3.12 easily
— t—t]

for t € (to, t1] that D§, x(t) = Ax(t) + o(t) and for t € (t1, t2] that
RLya 1 t —u !
Dy x(t) = riay [fo(t —s) x(s)ds}
- ﬁ [ Otl (t—s)7* (Aol (a)s* 1Eq 0 (As™) + fos(s —w)* 1Ey 0 (A(s — w)")o(w)dw) ds

+ ffl (t—5)7% (AT ()5 1Eqa(As®) + ArT () Ega(A(s — t1)*) (s — )%

+ Jo (s = w)* g (A(s — w)*)o(w)dw) ds)'

= r( [Aor w) [3(t—5) "% T Eq 0 (As®)ds + AT (a ft (t—8)“Ena(A(s — t1)%) (s — t1)*1ds
/
T fO (t=s) fo “Ea(A(s — w)“)U(ZU)dwds} .
One has by variable transformation w = tl and B(1 —a,ja+a) = W that

+o0 i )
JE (=) Eaa(A(s = t1)*)(s — 1) ds = ]-Eo iy Jiy (= )7 (s — )t ds

i e (t—t)
; ]+1 )(t_fl ]“ fo (1 —w) *whr® ldw = Zo r]a+11) I'(1—a).

Then

RLD8‘+X( ) =

« 400 4 joc
AoT () z rﬁj;;l) (1-a) +A1r<a)]§0 T (1 —a)

F(l o)

+o0 : 4
+]§O o) Jo J(t = 5)7%(s — w)/*+*Adso (w)dw

F( o) I'(ja+1) T'(ja+1)

+o00 400 . i
Aol () Lr M1 — ) + AT (a) r MUt)TE] )
j= =
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/
+ 2 r(a(]+1 ) fO )]‘X fOl(l — u)_“uja+a—1dMU(W)dw1 by i:% =u
It N (t—ty)
= g | Aol (@) Z I“/)at-i-l) (1_“)+A1F(“)j§o F((jtx—i-ll)) I(1-a)
/
+ Z r]a+1 fo (w)dwr (1 —0‘)]
+00 ;i ; /
AT () Z r?;fil +AT(@) T Mub) z i (¢ — )i (w)du
]:

= Ax(t) + o (t).

So x is a solution of (3.3.1). The proof is completed. O

For ease expression, denote for a function H : (0,1) x R — R that Hy(t) = H(t,x(t)). Define the nonlinear
operator T on P;C;_,(0,1] for x € P;C1_,(0,1] by

PO [ 11 p(5) Ga(5)ds — T ()8 r (1 1) Ee() = Jy S (1,5)p(s) fuls)ds

—mwaﬂuxnﬁ?@mn»wwvxwwyaﬁaﬁﬁwmgﬂwnﬁxe<am,
HSa 80) [ (1 p(5)Gs)ds — T@)oaa (1 )T {E1) = fy o (L5)p()fels)ds

—r<a>5a,A<1,t1>fgl5,1,A<t1,s>p<s>fx<s>ds}+w[r Sun(t1,0) L o ds

+(T (@), (1,0) = 1)Lx(t1) =T (@) a(t1,0) fy Gun(1,5)p(s) fu(s)ds

F D@30 (1,0) = 1) i 60, (t1,5)p(s) fe(5)ds] + [ 80 (t,5)p(5) fels)ds, £ € (1,1].

Lemma 3.2. Suppose that (a)-(e) hold, A # 0, and f,G are impulsive II-Carathéodory functions, I a discrete
II-Carathédory functions. Then x € P;Cy_,(0,] is a solution of BVP(1.7) if and only if x € PyC1_,(0,1] is a fixed
point of T, T : PyC1_4(0,1] — P1C1_4(0, 1] is well defined and is completely continuous.

Proof.  Step (i) Prove that T : P,,C1_,(0,1] — Py C1—4(0,1] is well defined.

It comes from the method in Theorem 3.12 that Tx|(y,}, Tx|(, 1)(i = 0,1) are continuous and the limits
yn& t1=%(Tx)(t) and lin}r(t — t1)17%(Tx)(t) exist. We see from Lemma 3.3.1 that x € P;C;_,(0, 1] is a solution
- t—t]

of BVP(1.7) if and only if x € P;Cy_,(0,1] is a fixed point of T in P;C;_,(0, 1].

Step (ii) We prove that T is continuous.

Let x, € P1C1_4(0,1] with x, — xp as n — +oco. We can show that Tx, — Tx( as n — o0 by using the
dominant convergence theorem. We refer the readers to the papers [65, 77, [81]].

Step (iii) Prove that T is compact, i.e., prove that T(Q) is relatively compact for every bounded subset
Q C PC1_4(0,1].
Let Q) be a bounded open nonempty subset of P;C;_, (0, 1]. We have

[|x]| = max{ sup (t—t)17%|x(t)] i = 0,1} <r < 4o, (x,y) € Q. (3.3.6)
te

(titi1]

Since f, G are impulsive II-Carathéodory functions, I ia a discrete II-Carathéodory function, then there



468 Yuji Liu et al. / Periodic boundary value problems for IFDEs

exists constants M r My, Mg > 0 such that
f(x(®)] = |f (& (=) 1t =) % (t)) | < My, t € (b, ti4q],i = 0,1,
|G (t,x(t))| < MG,t S (tir fi+1],i =0,1, (337)

I (t1,x(t1))| = [I(t1, ¥ 1t} "x(t1))| < M.

This step is done by three sub-steps:
Sub-step (iiil) Prove that T(Q) is uniformly bounded.
Using (3.3.2) and (3.3.7), we have for t € (0,#;] that

F0] (T) ()] < HOEa ) []] ][y Mo + T ()80 (1, 1) | My

+f0 (1—s)*1 Z rv )))Mfs (1—s)lds

—O—F(oc)éa//\(l,tl)fotl (t; —s)* ! Z A tlvfl))Mfs (1—s)ds

+ V(p_ o\&v
—O—Mftl”" ZEO ?(éévj)l)) fot(t —5)aH—1gkgs

< HEa A8 11161 |, Mg + T ()80, (1, £1) | My

= [A]
+Mf Z e )fO av+a+l 1 kds
+I(a) Mgy ,2(1,11) Z FatorD) fo (tp —s)rotati=lskgs

—+o0
_ AP t -1k
—‘r-Mftl o UEO Tl TT)) fO (t _ S)m}+n¢+ 1S ds

2 2(1_.ya—1
S r(“)ll¢‘|‘[l\l‘3aﬁ(|/\‘)MG + r(a‘) Ea,a(||)‘[|\)‘ (1 tl) ‘Ml

«)? 3(1_t, ya—1atk+l
+ (F(a)Ea/,{«l(/\l)z 4 @ E:x,lx(‘/\|)|/(\1| b)) +Ea,A(|/\|)) B(a+1k+1).

For t € (t1,t;], we have similarly that

(t— 1)1 )(Tx) (1)] < D@Eeall2D 1161, Mg + T(a) (1 — 11) 2 Ena (A ) My

1Al

+ E F(a(v-i—l fO 1 —S thraJrl 1g kdst

+r( )(1—t1)"‘ 1Eu¢a(|}\‘) Z l“(uc(v—i—l) fO zxv—i—a—i—l 1 kdst
o HlEea QO [T () Ena (ADI9] Mo

+oo v
+(T(@)Eaa(JA]) + 1)M; +T ()8 Equ(|A]) L oy Jo (1= s)sreri=Tskds vy
=

+(0()Eqa(JA]) +1) z rtey i (k=)o -lgkdo M
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+Mf(t* tl) —u Z r(“(v+1 fo tis)av—&-tx—&-l 1 de

< Haa ) [}1]|; Mg + T(2) (1 — 1) Exa(IA)M
+Ena(|A])B(a + 1k + 1) My

T (@) (1 — t) R E L (JA])?B(0 + Lk + 1)Mf]

+ L0l T ()~ Eqa (A1l 1 Mg

+(T(@)Ena(|A]) + 1)Mp +T(a)t{  Enu(|A])*B(a + 1k + 1) M
(T (&) Ena(JA]) + 1) Ey (A B + LK + 1)Mf}

+M(t = t) T E L (JA)B(a+ 1k + 1)

M@ Eua (Al TP Ena (Aol
= ( At Al Mg

F(@)?Eaa(A)2(0—1)" | T@)(T(@)Exa (1A +1) Eqa(]A])
+( A + A ) Mi

T(0)Eau([A)? | T(@)?Eaa(ADPA—t)* 1 T(a)2Ean(JA)%H
+< ar ot VI

2 ja+-k+1
+r(‘)‘)(r("‘)Ea,a(lA“)X‘l)Ea,a(MD 51 + Ea,a(/\|)) B(IX + l,k + 1)Mf

From above discussion, we get

&) Eau 2 o0
T < [H Bl HoP 4)1} )

P()2Ean (A2 | T(0)(T(0) Eaa (M) +1) EneJA])
* [ N [A] ] My

(3.3.8)

C()Eun(A)? | D@ Eua (IMP(A=t) 1 L) Ena (A7
+< A 7 Y

2 j0+-k+1
+ H T e (Rt DEn (R Ea,a(AI)) B(x+ Lk +1)M;.

From above discussion, T(Q}) is uniformly bounded.
Sub-step (iii2) Prove thatt — (t —t;)!7*T(Q) is equi-continuous on (t;,t;,1](i = 0,1).

Let
R (= 1)1 (T (1) (), £ € (8 ],
(t=t:) " (Ti(x,y))(H) = { lim (£ — £)1%(Ty (x,y)) (£), t = t;.
t—tt
Then t — (t —t;)'=%(Tx)(t) is continuous on [t;,t;;1]. Let sy < s; and sy, € [fo,t1]. By AscoliCArzela
theorem on the closed interval, We can prove that

‘5% “(Tx )(51)*52 “(Tx)(s )‘%0unoformlyasslﬁsz

and for s, < s1 and s1, 52 € (#1, 1], we have

](sl — 1) (T (s1) — (52 — t1)1%(Tx) (52)‘ — 0 unoformly as s; — s,.
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Then t — (t —t;)17*T(Q) is equi-continuous on (t;,t;,1](i = 0,1). So T(Q) is relatively compact. Then T is
completely continuous. The proofs are completed. O

3.4 Preliminary for BVP(1.8)

In this section, we present some preliminary results that can be used in next sections for get solutions of
BVP(1.8).

Lemma 3.3. Suppose that E,1(A) —1 # 0and o : (0,1) — R is continuous and satisfies that there exist numbers
k> —landl < Owithl € (max{—a, —a — k},0] such that |o(t)| < t*(1 —t) forall t € (0,1). The x is a solutions
of

CDE x(t) — Ax(t) = o(t),t € (ti, tis1],i = 0,1,

(3.4.1)
x(1) = limx(t) = ap, lim x(t) —x(t) = Iy
t—0 t—tf
if and only if x and

EE:;l((/\A)t )1 [ao E,1(A(1—1t1)") ] —fo ar(1,8)0( )ds}
—i—fo wA(ts)o(s)ds, t € (0,t]

x(t) = (3.4.2)
Eiff(%tf)l {uo — Eqd(A(1 = 1)) o — fy Sap(1,5) (s)ds}

FE i (At — 1)) o + [y S (E,5)0(s)ds, t € (t1,1].
Proof. Let x be a solution of (3.4.1). We know by Theorem 3.10 that there exist numbers Ay, A; € R such that
(1) = AgEn1 (MY) + [5 6, (t,5)a(s)ds, t € (to, 1] (3.4.3)
and
x(t) = AgEq1 (M%) + A1Eg 1 (A(t — )% +f0 (t —8)* TEy o (A(t — 5)¥)o(s)ds, t € (t,ta]. (3.4.4)

Note E,1(0) = 1. It follows from (3.4.3), (3.4.4), the boundary conditions and the impulse assumption in
(3.4.1) that

A0Eu1(A) + A1Eg1 (A1 —1)%) + fo ) E (A1 —8)%)o(s)ds — Ag = ag,
A= .
Then
Ao = iy [0 = Bt (A1 = )T — f (1= 5)*  Eaa(A(1 = 5))r(s)ds ] (3.4.5)

Substituting Ap, A; into (3.4.3) and (3.4.4), we get (3.3.2) obviously.

On the other hand, if x satisfies (3.4.2), then both x|, and x|(, 1) are continuous and the limits 1irré x(t)
—

and thrrtl x(t) exist. So x € P;C(0,1]. Using (3.4.5) and A; = Iy, we rewrite x by
—ih
AgE 1 (M) + [ (t = 8) T Eqa(A(t —5)%)o(s)ds, t € (0, 1],
x(t) =
AQE1 (M) + AtEg i (A(E— 1)) + [3 (t = 8)8 Equ(A(t —5)*)o(s)ds, t € (f1,1].

Since ¢ is continuous on (0,1) and |o(t)| < t*(1 — t)?, one can show easily that x is continuous on (t;, t;1](i =
0,1) and using the method at the beginning of the proof of this lemma, we know that both the limits liré}r x(t)
t—

and hm x(t) exist. So x € P;C(0,1]. Furthermore, by direct computation, we have x(1) — }in& x(t) = ap, and
t—>t -
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hm x(t) — x(t1) = Ip. One have easily from Theorem 3.2.1 for t € (to, 1] that CD8‘+x(t) = Ax(t) + o(t) and

tst]
fort € (ty, tp] that

CD'X s)ds
1 o) fO )

= iy Jo (E= )" (AoEe1(As") + 5 (s = )" 1 Eqa (A(s — w)*)o(w)dw)  ds

i o (¢ * (AgEn1(As%) + A1Eq1(A(s — 1)%) + [o (s — 0)* 1Equ(A(s — w)®)o(w)dw)' ds
= s fa = 9) " (Bua (AsY) ds + s [ (= 5) ™ (Ba (A(s — t1)%)) ds
s Jo(E=9) 7 (Jo (s —w)* 1EM<A<s—w>“>a<w>dw)’ds
At (¥ _ /d W ju /d

rray Jo(t =) EO | 4t ft1 EO Flasn (5 — 1) s

+o0 , !
+ s Jolt—s)7" ( Jo (s —w)*! Eo Wfﬂ))(s — w)f"‘a(w)dw> ds

A °° %Y i— A R (@pu i
- r(l_o j= IX—H fO (t—s) s tds + T(l—]a) jg F((’;gc—&-l ftl (£ =s)7"(s — )" tds
+ B - , ,
+F(11—oc) frt ]+1 ) fo “(Jo (s —w)* (s —w)*o(w)dw) ds

W ajma (1 %Y a1 e
r(1 a) Z l"jgc—&—l t fo (1= w) it 1dw—|—r1 ) ; Z F%H (t— 1) o (1 —u)~"*ul®"1du

. /
1 ) Z e ]+1 [(jo+ o) fot(t—s)_“ <Igi+“0(s)) ds
One has by B(1 — «, ja) = 1"(1—_067)1;%) that

T (wj)Ai [(1—a)L(j
“D.x(t) = mity X whent " H e

(aj)\J W T(1— +
1 uc) Z 1“7;-4—1 (t—t1)Y~ G Di)) ’+ Z NEDS, (11” aU(t))

Hoo .
= AAQEy 1 (M*) + AAE 1 (At —1)%) +o(t) + LT )ulgia(t)
j=1

= /\AOEa,l(/\ta) + )\AlEa,l()\(t — t1)a) + 0’ —|- A fO a 1E,X,x()\(t — S) )O'(S)ds

= Ax(t) +o(t).

So x is a solution of (3.4.1). The proof is completed. O
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Define the nonlinear operator Q on P;C(0, 1] by Qx for x € P;C(0, 1] with

alw UO ds — Eq1(A(1 — 1)) Le(01) — [ a0 (1,5)p (s)fx(s)ds}

+ fé Sur(t,5)p(s) f(s)ds, t € (0,11],
(Qx)(t) =

a]

£ [y #(9)Gx(5)ds = Eaa (AL = 1)) L(t1) = fo 600 (1,5)p(s) fu(5)ds |

FE 1 (A(E— 1)) o + [y Sar(t,5)p(s) fx(s)ds, t € (t1,1].

Lemma 3.4. Suppose that (b), (c), (f)-(g) hold, E,1(A) —1 # 0 and f, G are impulsive I-Carathéodory functions,
I a discrete I-Carathédory function. Then x € P1C(), 1] is a solution of BVP(1.0.8) if and only if x € PyC(0,1] isa
fixed point of Q, Q : PyC(0,1] — Py C(0, 1] is well defined and is completely continuous.

Proof. The proof is similar to that of Lemma 3.2 and is omitted. O

3.5 Preliminary for BVP(1.9)

In this section, we present some preliminary results that can be used in next sections for get solutions of
BVP(1.9). For ease expression, denote

0un(ts) = (1og1)" " Eua (2 (l0g1)"),

Ar = —1+T(a)oga(e t1) +T(@)%00(t, 1)an (e, 1).

Lemma 3.5. Suppose that A1 # 0 and o : (0,1) — IR is continuous and satisfies that there exist numbers k > —1
and 1 < 0 with | > max{—w«, —k — 1} such that |o(t)| < (log t)k (1—1log t)lfor all t € (1,e). The x is a solutions of

RLHD®, x(t) — Ax(t) = o(t),t € (tj, ti11],i = 0,1,

. N1 (3.5.1)
x(e) — lim (log)' ™ x(t) = aq, Jim (log £) " x() —x(t1) = I
ifand only if x € LPC1_,(1, ] and
%’;\(u)[ao_r( )thx\(el f] Qa)\es) ( )ds
+T(w)eua (e 1) J)! Qa,A(fLS)U(S)?} + Jo qua(t5)o(s)E,t € (1,1],
%/IA(“) {ﬂo —T(a)oa (e, 1)Ip — [} 0 (e 5)o(s) L
()= +T(@aua(e,1) i ety s)o(s) ] (352)

+ Rt (1(4) g, 4 (1, 1)ap — (1~ T(a)un(e, 1) o

T (@)0u (1, 1) J§ 0 (e,5)0(s) % + (1= T(@)aua(e,t)) [ 0unltr,s)o(s)%]

+ Jo Gua(ts)o(s) 2, t € (1,e].

Proof. Let x be a solution of (3.5.1). We know from Theorem 3.12 that there exist numbers Ay, A1 € R such
that

x(t) = AoT(@)0a (8, 1) + [{ 0an(t,5)0(s) %, t € (to, 1] (35.3)

and
x(t) = AoT(@)0ap (1, 1) + AT (@)0gr (t 1) + [{ 0 (t,s)o(s)E, 1 € (1, 2. (3.5.4)
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It follows from (3.5.3), (3.5.4), the boundary conditions and the impulse assumption in

Note E ,(0) = F(luc)'
(3.5.1) that
(=14 T(@)eua(e 1)) Ao +T(a)aw(e, 1) A1 = ag — [} aule,5)o(s) %,

—T(@)0un (h1, 1) Ao+ Ay = Io — [{V gua(tr,5)0(s) 2.

Then
Ag= A {ﬂo —T(@)aua(e, 1)lo — [ 0un(e,5)o(s) % +T(@)ouale, 1) [ Qualts, s)o(s)E
(3.5.5)

A = 2 [T(@)@u(t1,1)a0 — (1 = T(@)ga(e 1)) Io

—T'(a)oan(t1,1 f1 0u,A(€,8)0 (S)% + (1 =T(a)oux(e t1)) fltl Qﬂl,)\(tlls)o-(s)d?} .

Substituting Ag, A into (3.5.3) and (3.5.4), we get (3.5.2) obviously.

On the other hand, if x satisfies (3.5.2), then x|, and x|y . are continuous and the limits
lim+(log £)1=*x(t) and lirrk(logt —log t1)!~*x(t) exist. So x € LP;C1_,(1,¢]. Using (3.5.5), we rewrite x by
t=1 t—t]

AOF(“)Q&,A(tr 1) + f1t Qa,A(t,S)U(S)%,t € (0, t1],
x(t) =
AT (@) @u (1) + AT (@)0aa (t 1) + J{ Gua (t5)0(5) %, t € (11, 1].
Furthermore, by direct computation, we have x(e) — lirln+(log ) *x(t) = ag, and lim+(log t—logty) ~%x(t) —
t— bt
(t1) = lp. One have from Theorem 3.2.3 easily for t € (to, t1] that RMDS, x(t) = Ax(t) + o(t) for t € (to, t1].

For t € (t1,t,], we have by Definition 2.5 that
¢ -~ /
MDY x(t) = r(1t—a) (fl (log 5) ax(s)%)

= iy [ (og 1) ™" (AT (@)aua(s,1) + f; o (s w)er(u) &) &

+ fy (log 1) ™" (AT (@)gun(s,1) + AT (@)Qun (5, 1) + f; Qua(s,u)or(u)de ) |

= @) Ao Ji (log £) " eua(s, )% + [ (log ) ™ [7 ewals, u)ou) 4 &

= r(1ia) [F

_ /
@)A1 [}, (log 1) " gua (s t) %]
du

) A i (l0g £) " 0up (s D% + [ [ (log §) ™" Quals, u) o) &

= {1‘
t P\ —& ds /
) Ay ftl (log ) " Qaals, tl)?}

One finds that
fu (logg) “Q“//\(S'”)dss = fu (logé) : (log ) Ez %ﬁg)@i

a1 logs—1
Z I( ]+1)a)f (log )" (log 3 )a] b 18?2 1Z§Z =w

= Z I ]+1)a) (log ;; )a] fo “rw

+o0 i —o)T (e (7
r( _a)]z T(Ga+1) +1) (log )" by B(1 —a,a(j+1)) = W
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So
RLHDiﬁrx(t) = 71"(1t—rx) T'(a)Al(1—a) 2 F]:x+1) (logt)
+ 7/
(0] . B{/
AT 8 i Qo) o0 @m0 £ it (o )|
) A 1 A i—1
= [ OZr]aH)(lgta] + o) +1 flzrﬁﬂ (log Y™ o(u)
A ()N aj—1
+H L it (g ) ]=Aaw+au»
So x is a solution of (3.5.1). The proof is completed. O

Define the nonlinear operator R on LP;C;_,(0,1] for x € LP;C;_,(0,1] by (Rx)(t) by
HOGAD T 11 9 (5) Ga(s)ds — T(@)aua (e DI(t) = Jf 0ua(e,s)p(s) fls) &
+NWm@Uﬁ@MmW$M®ﬂ

+ﬁ%MWW@h@%JHLM

QM (t1) [fo s)ds — T(a)0x (e, 1) Ix(t1) — [ 0an(e,s)p (S)fx(S)%
+WWm&Dﬁ@M%W@M@ﬂ
+%ﬁ\(t'tl) { QD‘A tl’ fO dS - (1 - F(“)le,/\(e/ tl)) Ix(tl)

~T(@)eun(t1,1) J§ 0an(e,8)p(s) fx(5)% + (1= T(@)oun(e 1)) [ Qan (b1, 8)p (S)fx(S)?]

+ i aua(£:5)p(s) fe(s) %, t € (1e].

Lemma 3.6. Suppose that (h), (i) and (j) hold, Ay # 0, and f,G are impulsive III-Carathéodory functions, |
a discrete III-Carathédory function. Then R : LPyC1_,(1,e] — LP1C1_4(1, €] is well defined and is completely
continuous.

Proof. The proof is similar to that of the proof of Lemma 3.2 and is omitted. O

3.6 Preliminary for BVP(1.10)

In this section, we present some preliminary results that can be used in next sections for get solutions of
BVP(1.10).

Lemma 3.7. Suppose that E,1(A) —1 # 0and o : (0,1) — R is continuous and satisfies that there exist numbers
k> —landl < Owithl € (max{—a, —a — k},0] such that |o(t)| < (logt)*(1 —1logt)! forall t € (0,1). The xisa
solutions of
CHDY, x(t) — Ax(t) = o(t),t € (ti, tiy1],i = 0,1,
(3.6.1)

x(e) — lim x(t) = ap, lim x(t) —x(t1) =Dy
t=1+ t—tf
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if and only if x € PC(1, e| and
«1(A(log )®
Eag R L2 — Eat (A1 = log 1)) o — [ 00 (e5)0 ()%
a—1 « s
+ [ (log H)* ™ Eqa ()\ (log i) ) o(s)%,t € (0,4],

x(t) = (3.6.2)
Eag QU980 g — Eea (A(1 = logt1)) o — [} dua(e,)o(s) 2]

+Eqn ()t <log %)a) Ip+ [ (log %)a_l Eux ()\ (log g)a> o(s)%,t € (ty,e].

Proof. Let x be a solution of (3.6.1). We know by Theorem 3.13 that there exist numbers Ay, A; € R such that
x(t) = AoEu1(A(log £)*) + [} (log 1) Ean (A (10g 1)) o(s)%, £ € (1o, 1] (3.6.3)

x(t) = AgEq1(M(logt)*) + A1Eq1(A(logt —log t1)%) + [} 0ua(t,5)o(s)%, t € (ty, o). (3.6.4)
Note E,1(0) = 1. It follows from (3.6.3), (3.6.4), the boundary conditions and the impulse assumption in
(3.6.1) that
AoEa1(A) + A1Eg1(A(1 —log t1)%) + [{ Ga (e, 5)0(s)ds — Ag = ag, Ay = Io.
Then
Ay = W {ao —Ep1(A(1 —logty)*)]p — ff 5“/,\(6,5)0(5)%} . (3.6.5)
Substituting Ag, A; into (3.6.3) and (3.6.4), we get (3.6.2) obviously.

On the other hand, if x satisfies (3.6.2), then x|(; ;) and x|, 1) are continuous and the limits lim+ x(t) and
! ! t—1

hrn x(t) exist. So x € P;C(1,e]. Using (3.6.5) and A1 = Iy, we rewrite x by

>t

-1
AoEy1(A(logt)®) + fl (log )" Eqn ()\ (logé)a) o(s)%,t € (1,4)],
x(t) =
ApEy1(A(logt)*) + A1Ey 1 (A(logt —log ty)* +f1 wA(t,8)o(s )%,t € (ty,¢€].
One have from Theorem 3.2.4 easily for t € (to, t;] that ¥ D%, x(t) = Ax(t) 4+ o(t) and for t € (t1, t,] that

CHDR. x(t) = gy Ji (log £) " /()%
_ _ !
= miay i (10g ) ™" (A1 (Allogs)®) + [ (10g3)" ™" Eua (A (log 3)") o(u)e ) &

- s u ! s
+ﬁ fttl (log i) (AOEall(/\(logs)“) + A1Eq1 (/\ (logt ) ) +f1 wr (s, u)o (u)du) %

= Ax(t) +o(t).

So x is a solution of (3.6.1). The proof is completed. O

Define the nonlinear operator | on LP;C(1,¢| by (Jx) by

Eog OB | fy p(5)Gx(s)ds — Eaa (A(1 = log 1)) x(t1) = [ (e, 5)p(s) fuls) &
+ [ (log 1) Eqe (/\ (log 1)") p(s)fx(s) %, £ € (0,1],

Eg ) [y () Gals)ds — Eaa (A(1 —log )" Lx(t1) — [ b (e,8)p(s) fi(s) 2]

+Eus (A (108 g)“) Le(t) + Jf (log £)" " Ena (A (log 1)) p(s)fu(s) 2, £ € (1]

Lemma 3.8. Suppose that (k), (1) and (m) hold, E, 1(A) —1 # 0, and f, G are impulsive I-Carathéodory functions,
I a discrete I-Carath6dory function. Then R : LPyC(1,e] — LP;C(1, e] is well defined and is completely continuous.

Proof. The proof is similar to that of the proof of Lemma3.2 and is omitted. O
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4 Solvability of BVP(1.7)-BVP(1.10)
Now, we prove that main theorems in this paper by using the Schaefer’s fixed point theorem [57].

(B1) there exists nonnegative a constant Iy, nondecreasing functions b, B,B : [0, +o0) — IR, bounded
continuous functions ¢, ¢ : (0,1) — IR such that

[f(8 (E =) 1) = p(8)] < b(|x]), t € (ti,ti1],i=0,1,x € R,
IG(t, (t— £)*1x) — p(t)| < B(|x|),t € (t;,tir1],i = 0,1,x € R,

[I(ty, 5 x) — I] < B(|x]),x € R.

Let
SO T 1 p(s)p(s)ds = T(@)Gua (L t)Io = fo Sua(1,5)p(s)p(s)ds
—T()d 0 (L, 11) fy! 5a,A<t1,s)p<s>¢(s>ds} + Jo Sun(t,5)p(s)(s))ds, t € (0, 1],
w {f()l(p(s)tp(s)ds— I'(a)dan(1,t1)]1 fo aA(1,8)p(s)p(s)ds
O(t) =

me@mﬁmmm@wmhwﬁﬁ%ranbk

+(T()8,1 (1,0) = ) Ip =T ()3 (11,0) fy S (1,5)p(s)p(s)ds

D@7 (1,0) = 1) i 60, (t1,5)P(S)P(S)s] + f3 8 (1,5)p()p(s)ds, € (11, 1].

Theorem 4.14. Suppose that (a)-(e), (B1) hold, A # 0. Then BVP(1.7) has at least one solution if there exists a rg > 0

such that
A1B(ro-+]|P|)+A2B(ro+||P)+Asb(ro+IPl) - 4 (4.1)
) 4

where , ,
_ T@Ewa(ADI$lh | T(@)*Ean(AD$l1
A= [A] + | AJE ’

 T(Ean(A? | T()(() Eqa (M) +1)Eaa([A])
A2 = TNt T A '

(T@EL (A | TPE (AP (-t 6 TP B (A4
A3—< At e VY

2 ja4-k+1
+r("‘)(F("‘)Ea,a(|)\|‘)X|1)Ea,a(|)‘|) 51 + Ea,tx(|/\|)) B(OL + l,k—‘r 1)

Proof. From Lemma 3.1, Lemma 3.2, the definition of T, x € P;C;_,(0, 1] is a solution of BVP(1.7) if and only
if x € P;C1_,4(0,1] is a fixed point of T in P;C;_,(0,1]. Lemma 3.2 implies that T is a completely continuous
operator.

Forr > 0, denote Q) = {x € P;C1_,(0,1] : ||[x — ®|| < r}. For x € O, we get ||x|| < ||x — D]+ ||P|| <
r + ||®|| Then (B1) implies that

f(tx(t) — ()] = (¢ (= 1)t — 1) *x(t)) — p()] < b(I(t—t:)'*x(1)])
b([|x[]) < b(r+[|@[]), t € (ti, tia],i = 0,1,
Gt x(8)) —(8)| < B(|[x[]) < B(r+ |[®|]), t € (£, tia],i = 0,1,

|1(t1, x(t1)) — Io| < B(||x[[) < B(r + [|®|]), t € (0,1).
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By the definition of T and the method used in Step (iiil) in the proof of Lemma 3.2, we have

v, 2 0,0 2
I Tx|| < {r(a)Ea'ﬁ\/\)WHl + I'(a) E‘A‘E\?L) 4’1} B(r+[|®]))

T(@)?Ea(A)? | T(@)(C(@)Eaa(A)+DEaa(A) ] 7
+ [T + K B+ |}

F(@Eea (M) | T@)Eaa(ADP(A-t)" 1B T(@)2Ey (A4
+< L [ —— A

2 ja+-k+1
PGIUGLC e R sl Ea,a<|A|>) Bla+1k+1)b(r + [|®]])

= A1B(r + [|®l]) + A2B(r + [|®|[) + Asb(r + ||®]]).

From (4.1), there exists a constant ry > 0 such that A1B(rg + ||®||) + A2B(ro + ||®@]|) + Aszb(ro + ||®||) < 7o.
Choose () = {x € P;C1_,(0,1] : ||x — ®@|| < rp}. For x € 9Q), we see easily that x =# A(Tx) forall A € [0,1].
In fact, if x = Tx for some x € dQ and A € [0,1], then rg = ||x|| = A||Tx|| < ||Tx|| < A1B(ro + ||P]]) +
ApB(rg + ||®@|]) + Asb(ro + ||®|]) < 7o, a contradiction. So Lemma 3.9 implies that T has at least one fixed
point in (). Then BVP(1.7) has at least one solution. The proof is complete. O

Theorem 4.15. Suppose that A # 0,0 > 0, ()| < By, |¢(t)| < by forallt € (0,1) and b(x) = byx?, B(x) = Byx?
and B(x) = Bx? in (B1). Then BVP(1.7) has at least one solution if one of the following item holds:

(1) 0 €[0,1);

(i) 0 = 1 with A{B+ AyBr+ Asb < 1;

(iii) 6 > 1 with (A1B1 + AyBy + Asby)(A1By + As|lo| + Asby) < (6-1)°1

9o

Proof. 1t is easy to see that & € P;Cy_,(0,1]. By using the method in Step (iii2) in the proof of Lemma 3.2,
we get ||®|| < AyBy + Az|Ip| 4 Azby. By Theorem 4.1, we know that BVP(1.0.7) has at least one solution if
there exists rg > 0 such that (4.1) holds.

When 6 € [0,1), we have

inf
re(0,4-00)

A1 B(r+||®[])+A; B(r+]|P|]) + Asb(r+||®]|)
r

= inf < 1.

re(0,4c0)

A By [r+[@][1°+ A2 Ba [r+[| P[]+ Asby [r+] @[] _ 0
T

Then Theorem 4.1 implies that BVP(1.7) has at least one solution.
When 6 = 1, we have from A;B 4+ A,Br + Azb < 1 that
inf AlB[VH\¢|H+A2§[V;H\©|I]+A3b[r+H¢|H <1
r€(0,+00)

Then there rg > 0 such that (4.1) holds. Then Theorem 4.1 implies that BVP(1.7) has at least one solution.
When 6 > 1, it is easy to see that (A1By + AyBq + Asb1)(A1By + Az |lo| + Asby) < (9_919)671
(A1B1 + AB1 + Asby)||®]| < (9*91#' Choose ry = %. It is easy to check that

implies that

A1By (ro-+]|®])"+A2By (ro-+|P[) + Asby (o +|P[)° 4
) —

Then Theorem 4.1 implies that BVP(1.7) has at least one solution. The proof of Theorem 4.2 is complete. O

Remark 4.1. (i) When « € (0,1), G(t,x) = 0, and replace 1(t1,x) in (1.0.7) by 1(x) — x, we see that BVP(1.7)
becomes BVP(1.3). According Theorem 4.2, BVP(1.3) has at leat one solution if both f and I are bounded.

(ii) When « € (0,1), one chooses G(t,x) = 0, f(t,x) = 1+#>+ (t —t;)!*x for t € (t;,t;1](i = 0,1),
0=ty <t =1 <ty=1andI(t;,x) = 0, then BVP(1.7) becomes BVP(1.3) with I(x) = x. According Theorem
4.2, BVP(1.3) has at least one solution. But The results in [[69]] can not be applied.
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Theorem 4.16. Suppose that (b), (c), (f), (§) hold, E1(A) —1 # 0, and
(B2) there exist nondecreasing functions b, B, B : [0, +00) +— IR such that
[f(&x)] <b(lx]),t € (0,1),x € R,
|G(t,x)| < B(|]x]),t € (0,1),x € R,
|I(t1,x)| < B(]x]),x € R.
Then BVP(1.8) has at least one solution if there exists ro > 0 such that

1 (ADL4 ] Ep1 (ADEgs (1D -
ST B(ro) + ((EoElBafml + B (1AD) Blro)

(42)
o (BBl 4 B (JAD)) Be 4 LK+ 1)b(ro) < ro.

Proof. From Lemma 3.3, Lemma 3.4 and the definition of Q, x € P;C(0,1] is a solution of BVP(1.8) if and only
if x € P1C(0,1] is a fixed point of Q. Lemma 3.4 implies that Q is a completely continuous operator. From
(B2), we have for x € P;C(0,1] that

(& x(O)] <b([x(8)]) < b([[x]]),t € (0,1),
Gt x(8))] < B([[x]]), £ € (0,1),

[1(t1, x(t1))| < B(||x]])-

We consider the set O = {x € P;C(0,1] : x = A(Tx), for some A € [0,1]}. For x € O3, we have for t € (g, 1]
that

1(QN)(1)] < 2t (11l B(I]]) + Eat (ADB(l])

+ Z a v+l) fo (1 —s)*@ta=1sk(1 —s)ldsh(||x||)

+ Z Fatoray Jo (F =) 165 (1 = s)ldsb([x]])

s\,;;l—“'l,mw lx[[) + Eq1 (A B(|x]])

FEaa(IA))B(a + Lk +1)b(|[x][)] + Eaa([A[)B( + 1k +1)b([[x]])

«, Al) a, (JA]) «, Al)
= Eg ORIk B ) + Ee Pt A ()

+ (%EM(IM) + Ea,a(IAI)) B(a+1k+1)b(||x]]).

For t € (t1,t;], one has that
[(Q)(0)] < SR B([|x]]) + (Eaf20Bai2 4 By (121)) B(l11)

o, /\ o0 )\
+ (EepP2eat D B (JAD)) Ba+ L+ 1)b([]))-

It follows that

] = M| Tx|| < [Tl < Bl By + (Eeg 20t 4 p (1)) B 1)

 (EualPDEaAD 4 By (1])) Ba 4+ LK+ 1)b(][x])-
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From (4.2), we choose () = {x € P;C(),1] : ||x|| < rp}. For x € Q), we get x # A(Tx) for any A € [0,1] and
x € Q).

As a consequence of Schaefer’s fixed point theorem, we deduce that Q has a fixed point which is a solution
of the problem BVP(1.8). The proof is completed. The proof of Theorem 4.3 is complete. O

Theorem 4.17. Suppose that (h), (i), (j) hold, A1 # 0, and
(B3) there exist nondecreasing functions b, B, B : [0, +o0) — R such that
[f(t, 57 1x)| < b(|x]),t € (t, ti1],i=0,1,x €R,
IG(t,t*"1x)| < B(|x]),t € (t,ta],i=0,1,x € R,
|I(t1,t‘i‘_1x)\ < B(]x]),x € R.

Then BVP(1.9) has at least one solution if there exists a constant ro > 0 such that

B1B(rg) + B2B(rg) + B3b(ro) < ro, (4.3)

where

_ T@EaalADl | T()EwallA)2lIgll (log )™
By = A + A :

[(0)?Exa((A)? | T(®)Eaa(|A]) |1—F(Dc)(1—log tl)“flEa,a(‘/\m

B p—
2 T TAT] ’

_ r(”‘)Ea,a(‘/\‘)z r(“)ZEa,zX(‘MP(lOgtl)(HkH r("‘)zEtx,a(‘/\Ds(log’v‘l)ai1
By = (MR + IS + A

&) B, 211-T(a)(1— a=1 - a+k+1
+r( )Eaa (JA)?[1-T (%) (1 l<|>[g\1t‘1) Ea(|A])](log 1) —|—E,XI,X(|/\|)> B(a+1,k+1).

Proof. From Lemma 3.5, Lemma 3.6 and the definition of R, x € LP;C;_,(1, ] is a solution of BVP(1.9) if and
only if x € LP;C1_,(1, ] is a fixed point of R. Lemma 3.6 implies that R is a completely continuous operator.

From (B3), we have for x € LP;C;_4(1, ¢] that
FE )] = |f (¢t (og )" (10g 1) ™ (1)) < b (| (1og 1) ™ x(8)]) < b(I[xI),t € (titina)i = 0,1,
G(t, x(t))] < B(|[x[]),t € (1),

[I(t1, x(t1))| < B(||x]])-

We consider the set O = {x € LP{C;_4(0,1] : x = A(Rx), forsome A € [0,1]}. For x € ), we have for
te (to, tl] that

[(log#)!~* (Rx) (1)| < "2 0B {1161 (] x]) + (@) B (1) B )
+ J5 (10g£)" " Ean (2 (10g £)") (logs)* (1 — logs)! &b(|x[|)

(@) Eaa(N) J{ (1og2)" v (1 (10g2)") (logs)5(1 — logs)' (|

+ (log )™ 1 (10g £)" " Eua (1 (log £)") (logs)*(1 ~ logs)! b (] ]))
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< Tl (110}, B(Jx][) + T(@) Exa (V) Ix]])

too v e av+a+1—
+ L ity Ji (10g €)™ (log ) b (]Ix1))
wvt+a+1—1
HTWE () T iy S (log ) (logs)*4=b(( ||

70‘—&-00 v -1
+(0g )" L oy i (log )™ (logs) a(]Ix]))
< L e [}1]| B(][x]]) + T (&) Eua (A)B( )
+Zr Ay Jo (1= @)™ wkdaob (| |x])

to v —
FT(@)Ea(d) & Sty (log t1)* a1 [1(1 — )™ wkduwb(|[x]|)
V=

_a v -
+(og '™ &y (log ) 54 fy (1= )™ wkdwb(||x]))
=l

< D@L (D0l | |y][) 4 P Eea (M) (]

2 3 i3
+ (”"‘)Egj(“ + TP Eual]) oy 70 +E,x,,x(|A|)> B(+Lk+1)b(||x]]).

For t € (t1,t], one has that
](logta)” (Rx)(t)] < TP A [}y B([]]) + T () Ena (| A1 B |]])
FEan(JADB(@ + Lk +1)b(]|x|]) + T(a) Ena (JA])2(log t1)* B + 1, k + 1)}
L8 e LA 1 () (1og 1) B (IA1) 1 B(I|]]) + |1 = T (@) (1~ log 1)~ Eqa (1A1)] B(||]])
+T(a)(log t1)* ' Egu (JA])?B(a + Lk + 1)b(]|x]|)

+[1=T(a)(1 ~logt1)* ' Exa(|A])] (log t1)* H En o (|A])B(a + 1,k + 1)b(]|x] I)}

£\1e atk+1
+(log £) " (log )"+ Eg (JA])B(a+ Lk + 1)b( x|

o0 2 an 2 1 ot
< (Mep Dl TP En APl gt

T(a)2Ens (JA)? | T(@)Eaa(JA])|1-T(2)(1-logt1)* ' Ega(|A])
(B 1-Te)t togt SEED

P(@)Eaa (M2 |, T Eua(A)(log#)**4*! | T(a)*Eua(1A)* log)*"
+( AT ATl Al

201 _ “lo a—1 o o a+k+1
e en AT gt B DRSNS 1, (101 ) B+ L+ Db 1)

= B1B(||x||) + B2B(|[x]]) + Bsb(]|x]).
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It follows that
[Jx[| = Al[Rx|| < [[Rx|| < B1B(||x|[) + B2B(||x|]) + Bsb(]|x]]).

From (4.3), we choose () = {x € LP;C1_,(0,1] : ||x|| < ro}. For x € 9Q), we get x # A(Rx) for any A € [0,1].
In fact, if there exists x € 9Q) such that x = A(Rx) for some A € [0,1]. Then rg = ||x|| = A||Rx|| < ||Rx|| <
B1B(rg) + B2B(rg) + Bsb(ro) < ro, a contradiction.

As a consequence of Schaefer’s fixed point theorem, we deduce that R has a fixed point which is a solution
of the problem BVP(1.9). The proof is completed. The proof of Theorem 4.4 is complete. O

Theorem 4.18. Suppose that (k), (1), (m) hold, E, 1(A) —1 # 0, and
(B4) there exist nondecreasing functions b, B, B : [0, +00) — R such that

[f(t,x)] <b(|]x]),t € (t;,ti1],i=0,1,x € R,
|G(t,x)| < B(|x]),t € (t;ta),i =0,1,x € R,
[I(t1,x)| < B(]x]),x € R.

Then BVP(1.10) has at least one solution if there exists a constant ro > 0 such that

Ey1(|A Eq1(|A])? —
LA BUo) + (£ + Eaa (A1) Blo)
(4.4)
w1 (A
+(%+Eaa(|/\| ) Dé+l,k+1)b(7‘0) < 190.
Proof. From Lemma 3.7, Lemma 3.8 and the definition of J, x € LP;C(1,e] is a solution of BVP(1.10) if and
only if x € LP;C(1,¢] is a fixed point of R. Lemma 3.8 implies that | is a completely continuous operator.
From (B4), we have for x € LP;C(1,¢] that
Lf(&x(O)] <b(x(B)]) <b([|x[]),# € (ki tia],i = 0,1,
Gt x(1)] < B(|[xI),t € (Le),

[1(ty, x(t2))| < B([[x]])-

We consider the set ) = {x € LP;C(0,1] : x = A(Jx), for some A € [0,1]}. For x € 3, we have for t € (tg, t1]
that

())<= 111 B xI1) + Eat (ADB(Ix]])
py v e e\ xu+a+l— s
+ 3 oy Ji (108 €)1 (logs) (] x])

Pt -1
+ L atory S (og )" (logs) (i)

< ST Bl + i Bl

+(%+EM(IAI)) (+Lk+1)b(]]x]])

For t € (t1,t;], one has that
() ()] < Ed DI B ) 4 (el 4 By (A1) B( ]

2
(5 + B (1A)) Bla+ Lk +1)b(][x])).
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It follows that

x|l = A[Rx|| < [|Rx]| < Slrdel () x])) + (20 + Ear (M) BO )

2
+ (% + Ea,a(IAI)) B(a+1,k+1)b(||x]]).

From (4.4), we choose Q) = {x € LP;C(0,1] : ||x|| < ro}. For x € 0Q), we get x # A(Jx) forany A € [0,1]. In
fact, if there exists x € dQ) such that x = A(]Jx) for some A € [0,1]. Then

ro = 1xl] = AllJal| < |17l < BB B(rg) + (2B + B, (1AD)) Bro)

2
T (% + Em(IAD) B(a+1,k+1)b(rg) < ro,

a contradiction.
As a consequence of Schaefer’s fixed point theorem, we deduce that R has a fixed point which is a solution
of the problem BVP(1.10). The proof is completed. The proof of Theorem 4.5 is complete. O

5 Applications

In [33} 78] [89], authors studied the existence and uniqueness of solutions of BVP(1.1). It was proved in [33]

, 1%7} and L >0
such that |f(¢,x)| < L(1+ |x|X] foreacht € [0,T] and x € R. Then BVP(1.1) has at least one solution. It seems
that the solvability of BVP(1.1) is not related to the impulse function I. For periodic boundary value problem,

this is not true. For example, the following problem

that if f is a jointly continuous function and there is a constant A € {0, 1-— H for some p € (1

CDO+x( ) =1,t € (t;,ti11]),i € No, x(0) = x(T), Ax(t;) = I; > 0,i € Ny,

1
has no solution. In fact, from Theorem 3.10 and CDéer(t) = 1,t € (t,ti41], we get that there exist constants

co(i € INp) such that x(t) = Z cj+ r2t1//2) By x(0) = x(T), we know ¢y = Z ¢+ % From Ax(t;) = I,
we see that ¢; = I;. Thus Z I + 2(T1 //22) = 0, a contradiction.

Consider the followmg perlodlc boundary value problem of fractional differential equation

CDg x(t) = p()f(t,x(1), £ € (ti tia],i = 0,1,
Ax(t1) = byx(tr) + I(t1, x(t1)), (5.1)
x(0) = x(T) + fy ¢(s)G(s,x(s))ds,

where tg = 0 < t; < tp = T, by € Rwithb; # 0,¢ : (0,T) — Rwith ¢ € L'(0,T), p: (0,T) — Riis

continuous and there exist numbers k > —1,1 € (—a, —a — k,0] such that |p(t) < t*(T —t)! forall t € (0, T),

f:(0,T] x R+ Risall-Carathéodory function, I : {t;, }, xIR — IR is a discrete II-Carathéodory function.
If x is a solution of (5.1), then by Theorem 3.1, we see that there exist constants ¢, ¢; such that

x(t) = 2q+& I () f(s,x(3))ds, € (b tigal, i = 0,1.

By x(0) = x(T) + fOT (s)G(s,x(s))ds, wegetco = co+c1 + fOT (T;(SDET] p(s)f(s,x(s))ds + f0T<p(s)G(s,x(s))ds.
Socp = — fOT (T;(si;_l (s)f(s,x(s))ds — fOT<p(s)G(s,x(s))ds. By Ax(t1) = bix(t1) + L1 (t1, x(t1)), we get ¢q =
by (co + [ %p(s)f(s,x(s))ds) +1(ty,x(t1)). The g = — [} %p(s)f(s,x(s))ds — A1k, x(h)) —
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_o)a—1
%foT (Tr(sgz) p(s)f(s,x(s))ds — - fo x(s))ds. So

—gd%%iWW@am@_%wwwm—%k”ﬁzﬂmvaamm

_% foT4’(5) ))ds + ft (= S p(s)f(s,x(s))ds,t € (0,t1],

—ﬁ”%ﬁ*m»ﬂ <»m——<m<hn—@+%>T”S p(s)f (s, x()ds

1

— (14 4) Jo #(5)G(s,x())ds + fy Crh=p(s)f (s, x(s))ds, t € (11, T).

It is easy to show that if x satisfies above integral equation, then x is a solution of (5.1).
Define the operator T : P;C(0, T] — P;C(0, T| by

—g@%%$¥@v< ©(s))ds — g1t x(0) = g o TR p(9)f (s, x(s)ds

-1

fO dS + fO F 0c p(s)f(s,x(s))ds,t € (0/ tl]/

a—l

—(?ﬁﬁ%iﬂgﬂ&mﬂws_fum (1) = (1+ &) o Sri—p(s)f(s,x(s))ds

— (14 ) J) o (5))ds + fy CELp(s) (s, x(s))ds, t € (11, T].

Theorem 5.19. T : P;C(0, T] — PyC(0, T] is well defined and is completely continuous. x is a solution of mentioned
problem (5.1) if and only if x is a fixed point of T in PyC(0, T}.

Proof. 1t follows from Theorem 3.10 and the details are omitted. O
Theorem 5.20. Suppose that there exist nondecreasing functions b, B, B : [0, +00) — R such that
|f(t,x)] <b(]x]),t €(0,1),x €R,

|G(t,x)| < B(|x|),t € (0,1),x € R,

|I(t1,x)| < B(|x|),x € R.
Then problem (5.1) has at least one solution if there exists ro > 0 such that

(1+ 1) B(ro) + 1B (r0)
(5.2)

gtk 1\ Ttk etk

Proof. In fact, for x € PyC(0,T], we have |f(t,x(t))| < b(||x||),|G(t,x(t))| < B(|x||) and |I(t1,x(t1))] <
B(]|x||) forall t € (0, T]. Then

T2l < (1+ Y0 ) B(lll) + 2 BClx)

gtk Ttk etk
+ <1W) +(1+ &) T + T ) B(x + 1,k +1)b(]|x[]).
The remainder of the proof is similar to the proof of Theorem 4.3 and is omitted. O

Example 5.1. Consider the following problem

RLDE, x(t) — Ax(t) = t~3(1 — )5 (2 + arctan x(£)), € (t;, ti11],i = 0,1,

x( ):tlggg Hvx(t), (5.3)
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wherea € (0,1),0 =t

0 < % =1t < tp =1, A € Rare fixed constant. Corresponding to BVP(1.7), we have ¢(t) = 0
G(t,x) =0and I(t1,x) = 0.

It is easy to see that (a), (b) and (c) hold. p(t) = t_%(l — t)_% satisfies (d) with k = —; l =—z. f(t,x) =
t2 + arctan x. One sees that f, G, I satisfy (e). Choose ¢(t) = t?, (t) = 0 and Iy = 0. Then (B1) holds with
B(x) = B(x) = 0 and b(x) = Z. Thus by Theorem 4.1, we know BVP(5.3) has at least one solution since there
exists a constant rp > 0 such that (4.1) holds obviously.

According to the results in [69], BVP(5.3) can not be solved since the nonlinearity
p(H)f(t,x) = t’%(l - t)_%(t2 + arctanx) is unbounded and the impulse function I(x) = x is also
unbounded.

Example 5.2. Consider the following BVP

RLDR, x(t) — Ax(t) = t4(1 — )75 (2 + =) (D) L€ (bt i =01,
6

x(1) = flim £70x(0) = fysmH(1=s) 0ls+ /= BTG ds, 5.4)
lim (t —t1)'7%x(t) — x(t) = 8 + ¢/t “x(t1),

+
t—t]

wherea € (0,1),0 =1ty < % =1t <ty =1, A € Rare fixed constant.

1

Corresponding to BVP(1.7), we have ¢(t) = t 2(1 — t)’%, G(t,x) = t+ /(t—t)1" x| and

I(t;,x) = 8 + V/x. It is easy to see that (a), (b) and (c) hold.p(t) = _i(l - t)_% satisfies (d) with
k=—11=-1 f(t,x) =12+ Y t—t I-ay, One sees thatf G, I satisfy (e). Choose ¢(t) = 2, ¢(t) = t and
Iy = 8 Then (Bl) holds with B(x \/ |x],B(x) = ¢/x and b(x) = ¢/x. Thus by Theorem 4.1, we know

BVP(5.4) has at least one solutlon since there ex1sts a constant rp > 0 such that (4.1) holds obviously.

Example 5.3. Consider the following BVP

»N»—‘

CDR x(t) = 3 (1— ) 5 Y/x(b),t € (b, tia],i = 0,1,
x(0 ) x(1) = fls—z(l—s) 5 3/x(s)ds, (5.5)
Ax(t) = x(t7) — x(t1) = x(t1) +8,

wherea € (0,1),0 =1y < % =t < tp = 1are fixed constant.

Corresponding to BVP(5.1), we have ¢(t) = £ (1- t)_%, G(t,x) = ¢/xand I(t1,x) = 8. It is easy to see
that (a), (b) and (c) hold.p(t) = t’%(l - t)’% satisfies (d) withk = 1 ,1 = —1 f(t,x) = ¢/x. One sees that
f,G, I satisfy (e). Then (B1) holds with B(x) = ¥/]x|,B(x) = 8 and b(x) \f Thus by Theorem 5.0.2, we
know BVP(5.5) has at least one solution since there exists a constant o > 0 such that

1/25/6 tw+k+l 1 1
(1+ Tl ){‘/7+|bl+< ) (2+W)W B(a+1Lk+1) YR < 1.

holds obviously.

Example 5.4. Consider the following periodic boundary value problem

CDIX (t) = (t) te (tl/tz+1] i € Ny,
{ (() N (T() = (5.6)

where 0 = tg, < ) < -+ <ty <ty =T, a € (0 1), : (0, T) — IR satisfies that there exist constants k > —1
andl € (—a, —a — k, O] such that [r(t)] < (T —t)! forall t € (0,T), b; € R(i € IN). Then BVP(5.6) has a unique

solution if and only if Z b; H (1+b;) #0.
i=

) —x(t1) = bix(t;),i € N,
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By Theorem 3.10, we see that there exist constants c;(i € INg) such that

i —s)e1 .
x(t) = ‘ZOCZ‘ +f (tr(,l) r(s)ds, t € (ti, ti1],i € No.
]:

By x(0) = x(T), we get

So

m _g)a—1
Lo=- Jo Trth—r(s)ds. (5.7)
By Ax(t;) = bix(t1), we get
_ oc 1
(Z cj —l—fo tr(sar(s)ds> .

Then

i=co+ ft] L);lr(s)ds,

6 _ . i (t—s)*"! ;
p= }21 bij +co+ o ) r(s)ds,i € N.
]:

Thus

%:lﬁ(l—i—b)co—i—z H (14 by) ft L lx) r(s)ds.
b=l j=00=j

Substituting c; into (5.7), we get

igl bi <IH (]‘ + b )CO + i H 1 +bz; ft 1 tx) r(s)ds) = — fOT (T;(s;;_lr(s)ds.

=1 j=00=j

i—1
It is easy to see that if (5.6) has a unique solution if and only if f b; ZH (1+ b]-) £ 0.
=1 j=1
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Some results for the Jacobi-Dunkl transform in the space L*(R, A, g(t)dt)
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Abstract

In this paper, using a generalized Jacobi-Dunkl translation operator, we prove an analog of Titchmarsh'’s
theorem for functions satisfying the Jacobi-Dunkl Lipschitz condition in L*(R, A, g(t)dt), & > B > 5, a #
-1
T-
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1 Introduction

Titchmarsh'’s [[10]], Theorem 85] characterized the set of functions in LZ(IR) satisfying the Cauchy-Lipschitz
condition by means of an asymptotic estimate growth of the norm of their Fourier transform, namely we have:

Theorem 1.1. [10] Let € (0,1) and assume that f € L?(R). Then the following statements are equivalents:
(@ |f(t+h) = f(t)| =0(h*), as h—0,

7 2 _ -2
(b /W FOPAA =00 2), as 1 — oo,

where fstands for the Fourier transform of f.

In this paper, we prove in analog of Theorem [1.1| for the Jacobi-Dunkl transform for functions satisfying

the Jacobi-Dunkl Lipschitz condition in the space L?(IR, A, g(t)dt). For this purpose, we use the generalized
translation operator. Similar results have been established in the context of non compact rank one Riemannian
symetric spaces [9].
In section 2 below, we recapitulate from [[1],[2],[3],[5]] some results related to the harmonic analysis associated
with Jacobi-Dunkl operator A, g. Section 3 is devoted to the main result after defining the class Lip(J,2,«, B)
of functions in Li, 8 (R) satisfying the Lipschitz condition correspondent to the generalized Jacobi-Dunkl
translation.

2 Notation and Preliminaries
The Jacobi-Dunkl function with parameters («, ), « > > %1, o %1, is defined by the formula:
PP (x) — 8% (x) ifA e C\{0},
1 ifA =0,
with A2 = p? +p? p=a+p+1and ¢i’ﬁ is the Jacobi function given by:

oP(x)=TF ("*”‘ P 1, —(sinhx)z) ,

2 2
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where F is the Gausse hypergeometric function (see [1],[6] and [7]).
l/):"\"5 is the unique C*-solution on R of the differentiel-difference equation

{ Ayl =iA, A€C,
U =1,

where A, g is the Jacobi-Dunkl operator given by:

Ay pU(x) = dz;{lix) + [(2a +1) cothx + (28 + 1) tanh x] x w :
The operator A, g is a particular case of the operator D given by
_dU(x)  Ax) (UE) -U(=x)
Du(x) = ix A(x) % 2 ’
where A(x) = |x[**™B(x), and B a function of class C* on R, even and positive. The operator A g

corresponds to the function
A(x) = Ay p(x) = 2°(sinh |x[)2*1 (cosh |x| )2 L.

Using the relation
d ap, .\ wr+p? a+1,8+1
() = - Jo s sinh @) P (),

the function wﬁ‘;ﬁ can be written in the form below (see [2]])

0B, N ap A . a+1,6+1
P (x) = @7 (x) + l4(¢x ey sinh(2x) ¢y, (x), x€R,

where A2 =2+ 0%, p=a+p+1

Denote L s(R) = Li,ﬁ(R Ag p(t)dt) the space of measurable functions f on R such that

1/2
11z ) = </]R |f(t)|2Aa,5(t)dt> < +o0.

Using the eigenfunctions tpi’ﬁ of the operator A, g called the Jacobi-Dunkl kernels, we define the Jacobi-Dunkl

transform of a function f € Li,ﬁ(lR) by:

FupfO) = [ FOBPOAp0E, ACR,
and the inversion formula

0= [ FapfO$5(0do(2),

where N
do(A) = Ty, o (A)dA.
) 871/AZ — p?|Cy g (/A2 — p?)]| R\J-p((})
Here, ‘
207 T (o + 1T (i ‘
Caplp) = (& + DI (ip)  aec\iN),

T(3(p+iu))T(3(a = p+1+in))
and IIg\j_, .| is the characteristic function of R\| — p, p[.

Denote L2(R) = L?(R,do(A)).

The Jacobi-Dunkl transform is a unitary isomorphism from Li, 8 (R) onto L2(R), i.e.,

Il = HfHLi/ﬁ(]R) = [FapHll2(w)-

2.1)
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The operator of Jacobi-Dunkl translation is defined by:
TJW%ﬁ@ﬂﬂwﬁﬁx Vx,y €R, (2.2)

where 1/;‘,’5 (z), x,y € R, are the signed measures given by
Kop(x,y,2)Agp(z)dz if x,y € R,
wProy
Wy =1 5, ify =0,
dy ifx=0,
here, é, is the Dirac measure at x. And,
T
Ka,ﬁ(x, y,z) = M“/ﬁ(sinh(|x|) sinh(|y|) sinh(|z|))*2“1[1xry X /0 po(x,y,2)
X (8o(x,y,2))4 1 sinf gas,
&yZ[IﬂlwﬂM IO Tl = [yl [x] + lyl],
1-

pg(x,y,z) = x/z+azxy+azyxi
cosh x+coshy—coshzcosf .
0 sinh x sinh y , if Xy 7& 0,
VzeR,0€[0,7],0y,.=
0, if xy =0,

g6(x,y,2) = 1 — cosh? x — cosh? y — cosh? z ++ 2 cosh x cosh y cosh z cos 6,
t, ift>0,
t+ =
0, ift<0,

2720 (a41)

and,

VrG-pree ) 4P
Myp =
0 if o = B.
In [2]], we have
Fep(Tuf)(A) = 3P () Fop(f)A), A eR. 23)
For a > >!, we introduce the Bessel normalized function of the first kind defined by:
= (D))
W@ =T ) L o ey 2€C
Moreover, we see that
'U
iy P %0

by consequence, there exists C; > 0 and # > 0 satisfying

2l < 7 = lja(z) =11 = G2 (2.4)
Lemma 2.1. The following inequalities are valids for Jacobi functions goZ’ﬁ (t):
© g <1,

@ 1= g ()] < P2+ 7).
Proof. (See [8], Lemma 3.1, Lemma 3.2).

Lemma 2.2. Leta > > 5 2 e L. Then for |v| < p, there exists a positive constant Cy such that

11— 9%, ()] = Cal1 — ja(ut)].

Proof. (See [4], Lemma 9).
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3 Main results

In this section we introduce and prove an analog of Theorem 1.1. Firstly we have to define, for functions in
L‘Z‘(’ 8 (R), the conditions of Cauchy-Lipschitz related to the Jacobi-Dunkl translation operator given in

Definition 3.1. Let 6 € (0,1). A function f € Lﬁ/ﬂ(]R) is said to be in the Jacobi-Dunkl-Lipschitz class, denoted by

Lip(6,2,a, B), if _
INWALgf | = O(h°), as h—0,

where N, = T, + T_j, — 21, 1 is the unit operator in the space Lf‘,ﬁ(lR) andm =0,1,2, ...

Lemma 3.3. For f € Li,ﬁ(]R)' then

INAZSFI = 4 [ A1 00 1P| Fopf (Do (1)
Proof. Since F g(Aypf)(A) = iAFy5(f)(A), we have
Fup(NISHA) = A" F ()N, m=0,1,2, .. (3.5)
We us formulas2.3]and 3.5 we conclude that

Fap(NoALf)(A) = " (P () + 93P (=h) —2)A" Fy g (£) (M),

Since N
a,p _ap . . a+1,8+1
UP ) = g ) +i Sy sinh(2h) gy (),
wB, g\ wpy g\ . A . a+1p+1,
Py (—h) = Pu (—h) 14(06+1) smh(Zh)q)y (=h),
and (p?j’ﬁ is even (see [2]), then

Fup (NG AL F)(A) = 20" (9P () — DA Fy g (£) (A).
Now by Parseval’s identity (formula[2.1), we have the result.

Theorem 3.1. Let f € Li,ﬁ(R)' Then the following statements are equivalents:

(i) fe€Lip(s,2ua/pB),

(ii) /erAZm\fw(f)m)Fda(A):ou%), as 7 — oo

Proof. (i) = (ii). Assume that f € Lip(é,2,a, 8), then we have
INyARgfll = O(K), as h— 0.

From Lemma[3.3) we have
INAGFIE =4 [ 3011 — g )L o F) 1) P ()
By[2.4and Lemma[2.2 we get:

2 &B 132 2 22
Jy g P AP Fp (N 1) o) 2 GRS |

Ui n
2% I <A<q

B AP" Fop () (A)[Pdo (A).

From % <Al < %wehave
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Take h < %, then we have 2h? > C3 = C3(7).
So,

2myq B2 2 >222/ 2m 2
[y ooy I P PIE (O Pao0) 2 GG [, A\ Fup(P)A) P (1),

Y 2h=

There exists then a positive constant C such that
[, P FGDNPAo(A) < C [ 4211 = g () PIF () () Pdo(A) < O,
H<M<q ' R '
Forall0 < h < %, then we have
A2 M)Pdo(A) < Cr? :
L pea X Fes ()P (0) < €, r oo

Furthermore, we obtain
/\Zm .F )\ Zd )\ — o / /\Zm f' )\ Zd A
/IMZr FuplF)A)Fdo(2) 1;) ir<|A|<2i+tr [Fap(F)(A)[Fde(A)

C 2(21‘,,)—26
i=0

< Cr 2,

IN

This proves that
/‘ | A2 F g (F)(V)Po(A) = O(r %), as r— .
Al>r

(ii) = (i). Suppose now that
A2 Fo s (F) (V) Pdo(A) = O >
Alsr | Fop(F)(M)[do(A) =O0(™), as r— oo,

and write

SR = o W PIF (NP ) = [ 21— g ) PIFup(f) (V)P ()

o
nE

A1 = @i ()P Fu p(£) (V) P (2).

1
h

Using the inequality (c) of Lemma[.1] we get

/w> A1 = g (1) 2| Fup(F)(V) o (1) < 4 A" Fop(f) (D) Pder(A).

1
(A=

Then

/\M>l A2 (1= g ()P Fup(F)(V)Pder(A) = O(h), as h— 0, (3.6)

h

Set

P = [ T ) P ),
An integration by parts gives:
Y 2y2m 2 I T IV
| R EG(NWPRe() = [T 2% (1)dr
- —x2¢(x)+2/0 Ap(A)dA
Y 11-26
< 2 /0 O(A1-2)dA
= O(x2¥).
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From Lemma 2.1, we get

Juey = AP OPIF Do) < [ 2= g 011 )P )

1
h

= /w@ AP (2 + 02 )2 | Fop(£) (1) Pder(A)
< g AT ()P (1)
= O(hzh—Z—O—Z(S)‘
Hence,
/wSl 21— gy ()P Fop () (V) P (A) = O(). 57)

Finally, we conclude from[.6land [3.7] that

[ A= P ) PIF s () (0 o ()

v
/A|<,£ e

= O(h*)+O(Kh*)
= O(h?).

And this ends the proof.

Corollary 3.1. Let f € Li’ﬁ(IR), and let

INWAYgf|l = O(K), as h—0,

Then
Jyo, | Fp(NQPd(3) = O62"2), a5 7= o
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Stability of traveling fronts in a population model
with nonlocal delay and advection
Li Liu?, Yun-Rui Yang®* and Shou-Peng Zhang”
@School of Mathematics and Physics, Lanzhou Jiaotong University, Lanzhou, Gansu-730070, P.R. China.
Abstract

In this paper, we are concerned with the stability of traveling fronts in a population model with nonlocal
delay and advection under the large initial perturbation (i.e. the initial perturbation around the traveling
wave decays exponentially as x — —oo, but it can be arbitrarily large in other locations). The globally
exponential stability of traveling fronts is established by the weighted-energy method combining with
comparison principle, including even the slower waves whose wave speed are close to the critical speed.
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1 Introduction

In this paper, we consider a population model with nonlocal delay and advection

ou %u ou oo
Yl D@ - Ba +d(u(t,x)) = s/ioo b(u(t—r,x—y+Br))g(y)dy, t>0,x€R (1.1)
with the initial condition
u(s,x) =up(s,x), se€[-r0], x €R, (1.2)

which describes the population growth of a single-species population dynamics with two age classes and a
fixed maturation period living in a spatial transport field(see [5} 24} 26]]). Here, u(t, x) denotes the total mature
population in time t > 0 and at location x € R, D > 0 is the diffusion rate for the mature, ¢ > 0 is the impact
of the death rate of the immature. r > 0 is the mature age of the species, which is the so-called time delay,
« > 0 represents the effect of the dispersal rate of the immature and satisfies « < rD, B € R is the velocity of
the spatial transport field and g(y) is the heat kernel

1 2t
$y) = = with | sty =1.

Lastly, d(u) and b(u) denote the death and birth rates of the mature, respectively, and satisfy the following
hypotheses:

(A1) There exist u_ = 0 and uy > 0 such that d(0) = b(0) = 0, eb’(0) > d'(0) > 0, d(u4+) = eb(u+), and
0<eb(uy)<d(uy);

(Ap) For0<u <uy,d"(u) >0,b"(u) <0,and d(u),b(u) € C?[0,u4].

*Corresponding author. E-mail address: lily1979101@163.com.
fSupported by the NSF of China (11301241), Science and Technology Plan Foundation of Gansu Province of China (145RJYA250),
Institutions of higher learning scientific research project of Gansu Province of China (2013A-044).
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Particularly, the birth function b(u) can be taken as the following three important types

_ —auf _ pu _ pu(l—%) 0<u<K
bl(u) = pue ’ bZ(u) - 1—|—au‘7' or b3(u) - { 0, u>K

a,p,q >0, (1.3)

where K > 0 represents the carrying capacity and p > 0 is the effect of varying the birth rate. When g =1,
b1(u) is the so-called Nicholson’s birth function, b, (1) is the Monod function and b3 (u) is the nonlinear term
of Logistic model.

On the other hand, when B # 0, by taking the death rate of the mature population as d(u) = éu, 6 > 0,
reduces to the following reaction-advection-diffusion model with nonlocal delayed effect in [5]

2 )
2—1; — DgTZ — Bg—l; +ou = s/:o b(u(t—r,x —y+Br))g(y)dy, t>0, x €R. (1.4)
When B = 0, can be reduced to all kinds of reaction-diffusion models with nonlocal delay, such as
So, Wu and Zou's age-structured population model(where d(u) = éu,é6 > 0, see[19]), Nicholson’s blowflies
model(where d(u) = éu, § > 0, b(u) = by(u) with g = 1, see [12, [13, [15]), Al-Omari and Gourley’s age-
structured population model(where d(u) = su® and eb(u) = pe~""u, f >0, v > 0, see [1]]), and so on.

Recent years, there have been extensively investigations on the stability of traveling waves for various
reaction-diffusion equations with nonlocal delay and the issue of the stability of traveling waves become more
interesting and important, please refer to [2H5] 18, 9} 111518, 21, 23} 24] and references therein. One of the most
effective methods for the stability of monostable waves is the weighted energy method used and developed
by Mei(see [11H16]). For example, Mei[13] [15] established the exponential stability of monostable waves for
the Nicholson’s blowflies equations with nonlocal delay by the weighted energy method combining with the
comparison principle. Motivated by Mei’s idea, Wu’s[24] established the exponential stability of the traveling
wavefronts in monostable reaction-advection-diffusion equations with nonlocal delay, but it is only for the
faster waves(i.e. the noncritical speed). More recently, by the weighted energy method combining with the
comparison principle and the Green function technique, Mei[15} [16] proved the stability for the noncritical
waves including the slower waves whose wave speed are close to the critical speed and even for the critical
waves of when B = 0. As aresult, here we are interested in the stability of traveling waves of the reaction-
advection-diffusion equation for all faster waves including those slow waves by the weighted energy
method combining with the comparison principle, which recovers and improves Wu[24] stability results.
By constructing a non-piecewise weighted function concerning with the critical speed [20, 27, 28] which is
different from Mei[14} [16], the difficulty caused by the nonlocality can be overcome, some energy estimates in
the weighted L? space is first established, and the energy estimates in the H' space is thus built up. Finally,
we prove the globally exponential stability of traveling fronts of (1.I). The stability of critical waves is our
pursuit in another subsequent paper [10].

The rest of this paper is organized as follows. In Section 2, we introduce some preliminaries and state our
main result on the stability of traveling fronts. In Section 3, we prove the main result after establishing the
boundedness of solutions , the comparison principle and some energy estimates.

2 Preliminaries and Main Result

Throughout this paper, C > 0 denotes a generic constant, C; > 0 (i = 1,2, ...) represents a specific constant.
Let I be an interval. L*(I) is the space of the square integrable functions defined on I, and H*(I)(k > 0) is

the Sobolev space of the L?—functions /(x) defined on the interval I whose derivatives %h(x) (i=1,2,..k)

also belong to L2(I). L},(I) denotes the weighted L” —space with a weight function w(x) > 0 and its norm is
defined by

il = ( frocomcoras)’.

HE (1) is the weighted Sobolev space with the norm given by

”hHH]zﬁ; = (l_io/IZU(X)ldd;lh(x)%ix)z
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Let T > 0 be a number and B be a Banach space. We denote by C([0, T]; B) the space of the B—valued
continuous functions on [0, T]. L2([0, T]; B) is the space of the B—valued L?—functions on [0, T]. The
corresponding spaces of B—valued functions on [0, o) are defined similarly.

From (A1), it is not difficult to verify that has two constant equilibria #+ and from (A;) we know
that u_ is unstable and u . is stable. A traveling wavefront of connecting with u_ and u is a monotone
solution in the form of u(t, x) = ¢(x + ct) with a speed ¢ and satisfies the following differential equation

(e~ B)9'(2) ~ D9 (?) +(9) = & ["Z b(p(E — y + (B —)r))g(y)dy, 05
p(£o0) =1,
where ¢ = x—|—ct,<pl = ‘;—‘g.
By using the monotone iteration technique as well as the upper and lower solution method as in [5-
7,121, 122], the existence of traveling wavefronts of can be obtained in a similar way as follows.

Proposition 2.1. (Existence of traveling wavefronts) (see[21] 22} 24].) Assume that (A1)-(Az) hold. Then there

exist a minimum wave speed (is also called the critical wave speed) ¢ = cx + B, where
cx = cu(v,a,6,D,d'(0),b'(0)) € (0,24/D(eb'(0) —d’(0)) is the the critical wave speed of traveling wavefront of
when B = 0, and a corresponding number A, = A (Cy) > 0 satisfying

A(As,ci+B) =0, A, ce+ B)|pon, =0, (2.6)

9
il
where

A(A,€) = Fo(A) — Ge(A) = &b (0)e™* ~Me=B)r _[(c — B)A — DA% +d'(0)), 2.7)

such that for all ¢ > c, + B, the traveling wavefront ¢(x + ct) of connecting with u_ and u exists. Furthermore,
(As, s + B) is the tangent point of Fe(A) = &b (0)e*» MBI gud G.(A) = (c — B)A — DA% + d'(0), i.e., for
¢ = ¢y + B, it holds that

eb! (0)e™ M ~Mer — ¢ A, — DA +4d/(0), 2.8)

and for ¢ > ¢, + B, there exist two numbers depending on c: Ay = Aq(c) > 0and Ay = Ay(c) > 0 as the solutions to
the equation F,(A;) = G¢(A;), i.e.,

eb/ (0)e™N N tNBr — A, BA; — DA24+d'(0), i=1,2 2.9)
such that

Fo(A) < Ge(A) for Ay < A< Ay,
and particularly
Fo(As) = Ge(Ay)  for Ay < Ay < Ag.
Now, we define a weight function as

—2Ax
7

w(x)=e x €R,

where A, = A, (Cy) is the positive constant determined in Propositio and it satisfies 575 = E*Z—BB <A <
&B = & as shown in[25]. Obviously, w(x) — +o0 as x — —co and w(x) — 0 as x — +oco.

Next, we are going to state our main result about the stability of the traveling wavefront of (1.1 and (1.2).

Theorem 2.1. (Nonlinear Stability). Let d(u) and b(u) satisfy (A1)-(Az). For a given traveling wavefront ¢(x + ct)
of with ¢ > ¢, + B and ¢p(+o0) = uy, if c satisfies

e (=B~ DR 1d(0)
Ay —DAZ 4+ 4'(0) 7

(2.10)

the initial data holds u_ < ug(s,x) < uy for (s,x) € [—r,0] X R, and the initial perturbation is ug(s, x) — ¢(x +
cs) € C([—r,0]; HL(R)), then the solution of and satisfies u(t, x) — ¢(x + ct) € C([0,0); HL(R)), and

u_ <u(t,x) <uy, for (t,x) € Ry xR,
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1 = ) (D)l ) < Ce ™, £ >0,

for some positive constant .
In particular, u(t, x) also converges asymptotically exponential to the wavefront ¢(x + ct) in the L™ —norm:

sup |u(t,x) — p(x +ct)| < Ce ™, t>0.
x€R

Remark 2.1. (i) When o« — 0in g(y), by the property of the heat kernel, we have lim,_, f u(t—r,x —
¥))g(y)dy = b(v(t —r,x)), then the nonlocal equation (1.1)) is reduced to a reaction—advection diffusion
equation with local delay. So the result of this paper also includes the stability of traveling fronts of
with local nonlinearity.

(ii) Obviously, the condition @2.10) is equivalent to & < 75 In CAZ;\):ﬂ; /@f‘ dt(a(l)’)(o)

and d, but both A, and c. are related to a. For given «, we need the wave speed c to be large shown
cA—AB—DA24d'(0) .
cxAx—DAZ+d'(0)
suff1c1ently large This ensures « is sufficiently large as well When c is suff1c1ently close to the critical
2
CAZ;/E*_BD )2/-\% ;,_(d )(0) < 1, which means «
needed to be sufficiently small. Thus, when « is small enough, we may obtain the stability for those

slower waves with the speed ¢ € (c. + B,2+/D(eb’(0) — d’(0)) + B).

. Here & is independent of ¢, D

as in (2.10). Conversely, when c is sufficiently large, one can easily verify that 7 In

wave speed ¢ = ¢« + B, then one can recognize that 55 Ln

3 Proof of asymptotic stability

As shown in [11]] , we can similarly prove the global existence and uniqueness of the solution for the initial
value problem and ([.2). In order to prove our stability result we also need to prove the following
boundedness and establish the comparison principle for and (L.2), which can be proved similarly as
shown in [9] 11, [12}114}[15], here we omit them.

Lemma 3.1. (Boundedness). Let the initial data satisfy
u_ =0 <up(s,x) <uy, for (s,x) € [-r,0] x R. (3.11)
Then the solution u(t, x) of the Cauchy problem ([L.1) and (1.2) satisfies
u_ <u(t,x) <uy, for (t,x) € [0,00) x R. (3.12)

Lemma 3.2. (Comparison principle). Let i(t, x) and u(t, x) be the solutions of and with the initial data
i (s, x) and uy(s, x), respectively. If

u_ <uy(s,x) <iip(s,x) <uy, for (s,x) € [-r,0] X R, (3.13)

then
_ <u(t,x) <a(tx) <uy, for (t,x) € [0,00) x R. (3.14)

In what follows, we are going to prove the main result, Theorem by means of the weighted-energy
method combining with comparison principle.
For given initial data u(s, x) satisfying

u_ =0<up(s,x) <uy, for (s,x) € [-r,0] X R,

let
Uy (s, x) = max{ug(s, x), p(x + cs)}, for (s,x) € [-r,0] x R. (3.15)
Uy (s,x) = min{ug(s, x),p(x +cs)}, for (s,x) € [-r,0] x R. '
so
u_ < Uy (s,x) <up(s,x) < U, (s x) <uy, for (s,x) € [-r,0] X R, (3.16)

u_ < Uy (s,x) < p(x+cs) < Uy (s,x) <uy, for (s,x) € [-r,0] x R. (3.17)
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Define U (t,x) and U~ (t, x) as the corresponding solutions of Eq.(T.I) with respect to the initial data Uy (s, x)
and U, (s, x), respectively, i.e.,

{agf - Da;xu; - Ba};;i +d(U*) = efj:f b(U*(t—r,x —y+ Br))g(y)dy, t>0,x €R, (3.18)
U#(s,x) = Uy (s,x), (s,x) € [-r,0] xR.
By the comparison principle, it follows that
u_ <U (t,x) <u(t,x) <U(t,x) <uy, for (t,x) € Ry xR, (3.19)
u_ <U (t,x) < p(x+ct) <U(tx) <us, for (t,x) € Ry x R. (3.20)

In order to prove the stability of the traveling wavefronts presented in Theorem we also need the
following three steps as shown in [9, [14H16].
Step 1. The convergence of U™ (,x) to ¢(x + ct).

Let¢ :=x+ctand

o(t,&) == U"(t,x) —p(x+ct), vg(s,&):= Uy (s,x) — p(x+cs), (3.21)

then by and (3.20), we have
o(t,&) > 0and vy (s, &) > 0. (3.22)

From Eq.(1.I) and (A;) , it can be verified that v(t, ¢) defined in (3.21) satisfies (by linearizing it at 0)

vt + (¢ — B)vg — Dugs + d'(0)v — b’ (0) f;o o(t—r,&—y+ (B—c)r)g(y)dy
=-Qi(t8) +e [ T Qut—1,&—y+ (B—o)r)gly)dy + [d'(0) — &' (¢(&))]v

o , (3.23)
+e TS (@ —y+ (B—c)r) =V (0)]ot —1,& —y+ (B—c)r)g(y)dy
= ]1(tr§) + ]2(t/€) + I3(t/§> + ]4(t,(:), (t,@) € Ry X R,
with the initial data
Z)(S,('f) - Z70(:;/(’;{)' (S,(:) € [77’10] X R
where
Qi(t,¢) =d(¢+0) —d(¢p) —d'(¢)o. (3-24)
with ¢ = ¢(&) and v = v(t,§).
Qa(t =15 —y+(B—c)r) =b(¢+v) —b(¢) —V'(¢)o. (3.25)
withgp =¢(—y+ (B—c)r)andv =v(t—r,i —y+ (B—c)r).
Multiplying by e?"'w(&)v(t, &), we obtain
{%ezytwvz}t + ez?‘t{%wv2 — Dwovg }¢ + De? wof + De?'w'vog
c—B v 2ut, 2
+{- T +d'(0) — u}e*two
—+00
—eew(@)o(t,E(0) [ ot =1, —y+ (B—crgy)dy
= M@)ot () + Ra(t8) + Js(t,8) + La(t,2)]. (326)

By the Cauchy-Schwarz inequality xy < x? + }Iyz, we have

/ D /
D' vox| = De*w|vg - v v| < DePtwo? + — 2 v 2w?,
Z g g
w 4 w
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then is reduced to
{%e wvz} —i—ez"t{ 2Bwv — Dwovg } ¢
B w' D w
< ©0) - 22y
+o0
—sezﬂfw@)v(t, P (0) [ olt—rg—y+(B-c)g)dy
< M@)o, ) (4 E) + T2(4,6) + Ja(t,) + Ja(t,8)]- (3.27)

Integrating (3.27) over R x [0, t] with respect to ¢ and t, and noting the vanishing term at far fields,

B .
£ Pwo —Dwvv¢}|§ =0,

{

because \/wv € H'(R), this implies, by the property of Sobolev space H!(R), that (v/wv)|s—1c = 0 and
(Vwog)|e=+00 = 0. Thus we further have

o0l + [ [ (B0 4 2a(0) 20— 2 (L) a(@)ol (s, g
—2¢b'(0) / / /62“310 (s, &v(s—r,¢+ (B—c)r —y)g(y)dydids
o005 +2 [ [ ow0(@)a(s, ) (4E) + a(6,8) + Jo(1,8) + Ja(t, Oldcds.

IN

(3.28)

We now turn to estimate the third term on the left-hand-side of (3.28). First of all, by changing variables :
E—y+(B—c)r—=¢&s—r—s,y—y wehave
:
(O [ [ [ @i s —rg+ (B —y)g(y)dydzds
t—r
= VO [ [ [ 0@ty + e~ Byrd(s 0)g(v)dydzds
_ 2ury T ousp [ w4y +(c—B)r) 2
= 2w(0) [ [ L T s (€)o7 s, ¢
2ury O [ opsp [ W& +y+(c—B)r) 2
1 (0) [ [ [ S g )yl e, s
2ury C ol oousp [ Wty (c—B)r)
2w (0) [ [ ol | T s )yl @) s, €)dcds

veny(o) [ [ e[ HEXTELZB oty @)ods, ¢)agas.

IN

(3.29)

Again, using the Cauchy-Schwarz inequality we obtain

o(s,8)o(s 1, + (B—c)r—y)| < Lo(s,8) + 21,7v2<s —r,E+(B-c)r—y) (3:30)
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for any positive constant 77, which will be specified later, and using (3.29), we have

20/0) [ [ [ o(s =, + (B~ ¢)r — y)g(y)dydgds|
< @O [ [ [ +;v<s—r¢+< —c)r = )lgly)dydgds|
= enb'(0) /// Mg ¢(y)dydéds

+Eb/ /O/R/Rezysw (s—r,&+ (B—c)r—y)g(y)dydéds
< e/(0) [ [ @) [ s)vles ¢)dcds

o [ [ el [ @EHYH (=B
FEO) [ [ L[ T gy @) s, €
0 _
o) [ [ el [ HERLE LB gty e, 631
Substituting (3.31) into (3.28) leads to

€2W||U(f)||i§7+/Ot/ReZP‘SBq,y,w(C)w(C)vz(S,é)dgds
2ury,! —
< ool + =0 /_Or [t PR EZI oy iyt e)ds, ¢ agas

w({)

42 [ [ (@)o(s, (8 + 12(8,8) + Is(1,8) + Ja(t,£)ddds (332)

where
Bunn(@) = Ayal@) 2 2@ - 1p(0) [ LELELZE g,

(3.33)

where
w' , D w .,
Apw(G) = —(c—B)- o +2d'(0) — E(E)
—enb'(0) /Rg(y)dy
_ eb’ (0) / w(é + yw—zé)c — B)T’) g(y)dy (3.34)

Using Taylor’s formula for the nonlinearity Q1(¢,¢), Q2(t —r,{ —y + (B — ¢)r), and noting (A2), we have
Qi(t,¢) = d(¢+v) —d(¢) —d'(¢)v = d"(¢1)v* > 0.
Qalt 1,6~y + (B—c)r) = b(p+0) — (@) — b ($)o = b"(§2)e? < 0

for some ¢1, ¢ € [§, ¢ + v], namely,
]1(t/§) <0 and ]2<t,§) <0

Notice that d’(u) is increasing and V' (u) is decreasing from (A;) and the fact v(t,¢) > O(see (3:22)), which
implies

d'(0) —d'() <0 and b'(¢) —b'(0) <0 for¢p >0,

namely,

J3(t,5) <0 and J4(t,¢) <0,
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which leads that
2 [ [ @a(@yols, O)a(,8) + 12(6,8) + Js(1,8) + Ja(t,©)ddds <0 (3.39)
On the other hand, since w e—2M:((c=B)r+y) and using the fact
w(G+y+(c—B)r) 40A2—2M, (c—B)r
dy = ™ ,
0 (@) 8(y)dy
it follows that

et 0 [ s [ WE+y+(c—B)r) )
) [ e T g )yl ()eR (s, s
_ Eb/((;)ezw /_Orezus/R64“)‘%72)‘*(675”@0(6)0%(5,C)dé‘ds
. &(0) 5y 40A2 =2, (c—B)r 0 2us 2
T [ [ ew@pehis eydeds

—r JR

IN

0
c [ o) ds. (3.36)
—r w

Applying (3.35) and (8.36) in (3.32), we then obtain

2 o(t) L2+/ /e”SBWw Yoo (8)02(s, &)deds
< oo @I +C [ lloo(s) By s (3:37)

Next, we will prove By, () > 0 by selecting the numbers 7, . For that purpose, we need the following
lemma.

Lemma 3.3. Let 77 = ¥V~ (c=B)r Then
Ar],w(g) 2 Cl > 0/ 6 €R (338)

for some positive constant C.

Proof. Notice that 77 = 2443 =A+(c=B)r _g(F) = ¢=2M+¢, z;/(( )) = —2A, and [} §(y)dy = 1. We may obtain

Aal®) = (= B)- 2+ 200) = F (L2 —ent'(0) [ gly)ey
— 2(c— B)A. +24'(0) — 2DA2 — eyb' (0) — /17(0) ghet=2A (= B)r
= 2[(c— B)A, +d'(0) — DA2 — enb'(0)]
= 2[(c— B)A, +d'(0) — DA2 — &b/ (0)e2*A: ~As(c=B)r
= 2[(c = B)A, +d'(0) — DA% — eb/ (0)* —+(c=B)rpall)
> 2[(c— B)As +d'(0) — DA — gb/ (0) ™V —Awer i)
= 2[((c = B)A +d'(0) = DA2) = (s +'(0) — DAD)e™ ) by @B)

v oy (€= B)AL +d/(0) —=DAZ
2eide +4'(0) — DA = — ¢

=: C > 0.[by@T0), see Remark.1](ii)).] (3.39)

This completes the proof. O
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Lemma 3.4. Let yq > 0 be the unique solution of the equation
Cy = 2u +enb’ (0) (" —1) (3.40)

IfO < p <y, then
Byuw(§) > Ca >0, §E€R (3.41)

Proof. Applying (3.39) to (3.33), it can be examined that

Byuw(l) > Ci—2u— Eb;?(m(ez”r -1 /R w(é +yw+(§()c — B)r)g(y)dy

C1—2u — €b;7(0) (EZW o 1)8404/\%—2A*(C—B)r

= Cy—2u—enb (0)(e" —1)

= >0, forO<pu <. (3.42)
This completes the proof. O

Applying to (337), and dropping fot Jr € By uw(E)w(Z)v*(s,£)déds, we then immediately

establishes the first basic energy estimate as follows which is crucial for our main stability result.

Lemma 3.5. It holds that
0
ezﬂtHU(t)Hi%) <C <Hvo(0)||%%u +/7r ||vo(s)|%%]ds> , t>0. (3.43)

Similarly, differentiating Eq. (3:23) with respect to ¢, and multiplying it by e?#!w(&)ve(t, &), and integrating
the resultant equation over R x [0, ] with respect to ¢ and ¢, then by using (3.43) in Lemma we can obtain
the second energy estimate as follows.

Lemma 3.6. It holds that
0
oz (1)1 < C <||vo(0)|§ﬂu +/_r Hvo(s)Hézluds), t>0. (3.44)

Therefore, (3.43) and (3.44) imply the following fact.
Lemma 3.7. It holds that

0
o)1y < e (@) 1y + [ Io)IEyds), 120 (345)

Notice that w(¢) — 0as & — oo, we can not conclude H}(R) < C(R). However, for any interval
I = (—oo,&] for some large & > 1, there is the Sobolev’s embedding result HL (I) < C(I), which can
be combined with (3.45) and be given the following L™ — estimate.

Lemma 3.8. It holds that
0 2
suplo(t,£)| < Ce (oo + [ Ieu(s) Byas) ", ¢0, 6.46)
I:GI w —7r w
for any interval I = (—o0, §,] with some large &, > 1.

However, we need the L*— convergence in in the whole space (—oo, +c0). Thus, we are going to
prove the convergence at § = +oco.

Lemma 3.9. It holds that
lim |o(t,&)| < Ce 2!, t>0, (3.47)

§—r+oo

where py > 0 and py satisfies d' (uy) — pp — eb’ (uy )et2" > 0.
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Proof. From Eq.(L.), it can be verified that v(t, &) defined in satisfies
vt 4 cvg — Dvge — Bog +d' (¢(8) )v
+o0
e [ V@@ -yt (B-or)e(t—rE—y+(B-orgy)dy

= Qe[ Qlt-rE -yt (B on)slydy

= (o) +(t¢), (t¢) € Ry xR (3.48)
As shown in proving (B.39), J1(t, &) < 0and J(t,&) < 0, above equation is reduced to

0t + cvg — Dvgs — Bug +d' (¢(&))v

ot /::0 b(¢(C—y+ (B—c)r))o(t—r,§ —y+ (B—c)r)g(y)dy <0. (3.49)

Taking limits as § — +o0, and noting that vg(t, +-00) = 0, vgz(t, +00) = 0 by the fact that the boundedness of
o(t,¢) forall ¢ € R, and [*2 ¢(y)dy = 1, we obtain

%v(t,oo) +d' (uy)o(t,00) — b’ (uy)o(t —r,00) <O0. (3.50)

Multiplying (3.50) by e#2(u; is a positive constant to be specified later) and integrating it over [0, ], we then
have

t t t
/ e”zs%v(s,oo)ds +d (uy) / eM2°v(s, 00)ds — eb’ (u) / eM"?°v(s —r,00)ds < 0. (3.51)
0 0 0

For the first term in (3.51), we get
t d t
[ e £-vls,c0)ds = el=fut,00) — 00(0,0) — iz [ e2u(s,c0)ds. (3.52)

0 0
By the change of variable s — r — s for the third term in (3.51), we obtain

t

b (uy) / eM'2°v(s — r,00)ds
0

t—r
= eb'(uy) / e'2(57)p(s, 00) ds

r

t
< eb’(u+)eW/ eM'2°v(s, 00)ds

—r

= /(e

—r

0
= sb’(qu)e”ﬂ/

—r

Substituting (3.52) and (3.53) into (3.51), we have

t
et25p (s, 00)ds +e”27/ e2%u(s, 00)ds|
0

t
e"2°vy (s, 00)ds —l—e}‘zrsbl(qu)/ eM2%v(s, 00)ds. (3.53)
0

t
ef2'o(t,00) + [d' (u4) — po — b’ (uy )’ / v(s,00)eM?°ds < Cs, (3.54)
0

where C3 = vg(0,00) + &b’ (1 )et?" f?r vo (s, 00)et2°ds. Moreover, by (A1), we can obtain d’ (1) — &b’ (u4) > 0.
Then, there exist pp > 0 such that d’ (1) — up — eb’(u4 )et2" > 0, and therefore (3.54) yields

o(t,00) < Ce 12,
This completes the proof. O

Combining Lemma 3.8/and Lemma 3.9} and taking 0 < p < min{y, ji>}, we prove the L®— convergence
in Theorem.1]for all ¢ € R, i.e.,

Lemma 3.10. If holds that

sup [UT (t,x) — p(x +ct)| < Ce ™, t>0, (3.55)
X€ER
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where 0 < p < min{uy, o }.
Step 2. The convergence of U™ (t,x) to ¢(x + ct).
Let{ :=x+ctand

v(t,§) = ¢(x+ct) —U (t,x), vo(s,&) = p(x+cs) — Uy (s,x). (3.56)
As shown in the process of Step 1, we can similarly prove the convergence of U™ (,x) to ¢(x + ct), i.e.,

Lemma 3.11. It holds that

sup |U™(t,x) — ¢p(x +ct)| < Ce M, t>0. (3.57)
XE€R

for 0 < p < min{py, u2}.

Step 3. The convergence of u(t, x) to ¢(x + ct).
In this step, we are going to prove Theorem 2.1} namely,

Lemma 3.12. It holds that

sup |u(t,x) — p(x +ct)| < Ce ™, t>0,
XER

for 0 < p < min{py, u2}.

Proof. Since the initial data satisfy Uy (s, x) < ug(s,x) < Uy (s, x), by Lemm it can be proved that the
corresponding solutions of and (L.2) satisfy U~ (t,x) < u(t,x) < U"(t,x), (t,x) € R4 x R. Thanks to
LemmaB3.10} LemmaB.11} we have the following convergence results:

sup |UF(t,x) — ¢p(x +ct)| < Ce ™, t>0.
XER

Using the squeeze Theorem, we finally prove

sup |u(t,x) — p(x +ct)| < Ce ™, t>0.

XER

This completes the proof. O

As a final remark, we consider a reaction-advection-diffusion equation with nonlocal delay (see [21} [24])

W = DAu+ B3 + f(u(t,x),§+S(u)), t>0,x€R,
(3.58)
u(s,x) =up(s,x), s€[-r0], x €R,
which is a  generalized version of the model (L.1) in the case  where
S(u) = b(u), f(u,v) = —d(u)+ev, §(t,x) = Ju(x +Bt)é(t —r), r > 0 is the time delay and
x2
Ju(x) = —A—e¢~ % . Under appropriate assumptions, the exponential stability of noncritical traveling fronts of

Véanw
(3.58) can be obtained similarly as in this paper, including even the slower waves whose wave speed are

close to the critical speed, which recovers and improves Wang and Wu's stability results [21] 24] for the
noncritical waves. Particularly, the spreading speed and its coincidence with the minimal wave speed(i.e. the
critical speed) can be established for (3.58) in the same way as Zhao’s [20} 27, [28].
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1 Introduction

Let # be the class of functions analytic in the open unit disc U = {z € C: |z| < 1}. Let H (a,m) be the
subclass of H consisting of functions of the form f (z) = a + a,, 12" ! + 4222 + -
Let A, be the class of functions analytic in the open unit disc U = {z:| z |< 1} of the form

f(z) =2 + i anypz"P (p>1). (1.1)

n=1

and let A = A;.
For the functions f(z) of the form and g(z) = zF 4+ Y5 byypz" P, the Hadamard product (or
convolution) of f and g is defined by

(f*8)(z) =27+ }_ anipbuypz"".

n=1

Let f(z) and g(z) be analytic in U. Then we say that the function f(z) is subordinate to ¢(z) in U, if there
exists an analytic function w(z) in U such that |w(z)| < |z| and f(z) = g(w(z)), denoted by f(z) < g(z). If
¢(z) is univalent in U, then the subordination is equivalent to f(0) = ¢(0) and f(U) C g(U).

In our present investigation, we shall also make use of the Guassian hypergeometric function

o ab z  ala+1)b(b+1) 22
2hila b6 2) =1+ o+ =y g
(12)

:ZM% (a,b,ceC, with c¢Z; ={0,-1,-2,...})

where the Pochhammer symbol (x) is defined, in terms of the Gamma function I', by
(x) F(x+k) (1 ifk=0
FTTT) e+ D)(x+2) ... (x+k—1)  ifke N={1,2,...}.

*coesponding author.
E-mail address:pamc9439@yahoo.co.in (Chellian Selvaraj), gtvenkat79@gmail.com (Ganapathi Thirupathi).
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Definition 1.1. Let o« > Qand §, v € R, then the generalized fractional integral operator Ig’zﬁ " of order a of a function

f(z) is defined by
z7%F oz
If)‘f Tf(z) = W/o (z—1)*1 LR (oc +B, vl — i) f(t)dt, (1.3)

where the function f(z) is analytic in a simply - connected region of the z - plane containing the origin and the
multiplicity of (z — t)*~1 is removed by requiring log(z — t) to be real when (z — t) > 0 provided further that
f(z) =0(z|)¢,z—=0 for €>max(0,f—7)—1. (1.4)
Definition 1.2. Let 0 < a < 1and B, v € R, then the generalized fractional derivative operator ]g,’zﬁ "V of order a of a
function f(z) is defined by
AT S afﬁ/z e a1yl wlt
Joi ' f(z) = F(l—oc) e {z ; (z—1t) 2B (B—a,1—71—a;1 . f(t)dt

= PR

where the function f(z) is analytic in a simply - connected region of the z - plane containing the origin, with the order
as given in (L 4)and multiplicity of (z — t)* is removed by requiring log(z — t) to be real when (z —t) > 0.

(1.5

Definition 1.3. For real number o (—oo < o < 1), B(—o00 < B < 1) and a positive real number vy, the fractional
operator U ﬁ 7. 1 Ap — Ay is defined in terms OfI0 P and I'X B by

> (1+p)u(l+p+7—B)u ¥
u = napz TP 1.6
R iy W By e (1.6

which for f(z) # 0 may be written as
{T(Hpﬁ) (L+pty—o) ﬁ]gzﬁ " f(2); 0<a<l1

a, B,y
uO,z -

T(1+p) I (1+p+7—B)

1+ 14p+ B, .
((1-€P)ﬁf)(l(+p£77ﬁ)a PL P f(2); if —eo<a <O

where ]g,’f "V f(z) and Iy g,ﬁ "V f(z) are, respectively the fractional derivative of f of order a if 0 < a < 1 and the
fractional integral of f of order —w if o < < 0.

Recently, using the operator Ug f "7, Ahmed S. Galiz []], introduce the linear operator 4)21/313 fApy— Ap
by

mLAf(2) = 2P pri+An]™ (1+p)a(Q+p+7—B)n ntp
%ﬁv =z —l—nz;l[ o ( ) An+pZ (1.7)

L+p=PBm(l+p+7y—a)
wherem € Ng =INU{0},/>0,A>0and p € N.

The above operator generates several operators studied by many authors such as El - Ashwah and Aouf
[4], Selvaraj and Karthikeyan [21], Dziok - Srivastava operator [6], Salagean [19], Goyal and Prajapat [7] and
others.

From (1.7), we can easily verified that

e (¢;"g$f< )) = (oD AL f(2) — [p(1 = A) + 1] g (2). 18)
On differentiating (1.8), we get
Az (¢Zf’é;§f(2))/ = (p+0) (e F@) — I+ 1+ (1= pA] (9l f(2)) 19)

m, A .

We note that the operator Gy g 152 generalization of several familiar operators and we will show some of

the interesting special cases:

(1). If m = 0,0« = A, B = uand v = 7 then the operator is reduced into the well - known fractional
differintegral operator I{,‘ (u, 1) which was introduced and investigated by Goyal and Prajapat [7].

(2). If wetakem =0, &« = A, B = p and v = 5 = 0 then the operator is reduced into the known fractional
differintegral operator Qé,‘. It was studied by Patel and Mishra [17] and also in [18].

3). ¢ i 3 p-1= Qﬁ p (B > —p), where Q“ B,p s the Liu - Owa operator (see in [11]] and [3]). Also putp =1,
it is well known Jung - Kim - Srivastava operator [8].

4). 4)0 { 6‘ p-1= = Jg,p (B> —1), where Jj , is the Bernardi integral operator (see [5]).
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2 Definitions and Preliminaries
We denote by P the class of functions x(z) given by

x(z) =1+cz+cz>+---, (2.10)
which are analytic in U and satisfy the following inequality Re {x(z)} > 0 forz € U.

Definition 2.4. A function f € A, is said to be in the class S;”'bl’/\ («, B, v; ) if it satisfies the following subordination
condition;
/

z (055 f(2)

1—|—1 M—l < P(z) (zeU;p eP) (2.11)
b m,l,A

qua,ﬁ,fyf(z)

where (and throughout this paper unless otherwise mentioned) the parameters p, v, A, b and [ are constrained as

follows:
peEN,beC"=C\{0},yeR, B<p+1l, —o<a<y+p+1 and A>0.

For the sake of conveniance, we set

1 1+ Az i
S;:’b’)\ (D‘/ ,B/ e HBZ) = S;’f’b’/\ (lX, AB/ ’)/;A/ B) (_1 S B<A S 1)

ForA:l—%”,B: —1, we have

syt (oc, B, 1il— 2;7, B= —1> =S B (0<n<1).

In order to estabilish our main results, we shall require the following known lemmas:

Lemma 2.1. [I0] Let the function §(z) be analytic and convex(univalent) in U with (0) = 1. Suppose also that the
function ¢(z) given by

P(z) =1+ 2" + ck+1zk+1 + - (2.12)
is analytic in U. If
$(z) + 114’;7(2) <9(z) (Rv)>0;v#0;z€U), (2.13)
then .
#(2) <a() = (= [Ty < pe),

and q(z) is the best dominant of (2.12).

Lemma 2.2. [26] Let y be a positive measure on the unit interval [0, 1]. Let g(z, t) be a complex valued function defined
on U x [0, 1] such that g(0, t) is analytic in U for each t € [0, 1] and such that g(z, 0) is y integrable on [0, 1] for all
z € U. In addition, suppose that Re {g(z, t)} > 0, g(—r, t) is real and

1 1
Re{g(z, t>} > oy (H<r<iielo).

1
If G is defined by G(z) = /0 g(z, t)du(t), then

1 1
Re{G(z)}z ) (z| <r<1).

Lemma 2.3. [15] Let ¢ be analytic in U with ¢(0) = 1 and ¢(z) = 0for 0 < |z| < 1and let A, B € C with A # B,
|B| <1.

v(A

v(A—B) T_B) + 1’ < 1. If ¢ satisfies

(i). Let B # 0and v € C* = C \ {0} satisfy either

—1‘ <1lor

z¢'(z) - 1+ Az
vp(z) 1+ Bz’

(2.14)

then
A-—B

p(z) < 1+ BZ)U(T),
and this is best dominant.
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(ii). Let B=0and v € C* = C\ {0} be such that [vA| < 7. If ¢ satisfies (2.14), then

plz) < %

and this is the best dominant.
Lemma 2.4. [12]] Let x, T € C. Suppose that ¢ is convex and univalent in U with ¢(0) = 1 and Re(x¢p + T) > 0. If
the function g is analytic in U with g(0) = 1, then the subordination

z8'(2)

W < ¢(z) (zeU)

8(z) +
implies that
8(z) <9(z)  (zeU).

Lemma 2.5. [20] Let the function g be analytic in U with g(0) = 1 and Re {g(z)} > 1. Then, for any function F
analytic in U, (g % F) (U) is contained in the convex hull of F(U).

Lemma 2.6. [25] For real and complex numbers a, nand c (c & Z,)

/01 71— )N (1 — k) e = F(n)ll:((cc)—n) oF (a, n;c;z)  (Re{n}, Re{c} >0), (2.15)
2F (a,m;6z) = (1—2) "k (a, c—n;c; zil) . (2.16)

Motivated by the concept of Aouf et. al. [2], Huo Tang, Guan Tie Deng and Shu Hai Li [24] and Selvaraj
et. al. [22], in this paper, we investigate some inclusion relations and other interesting properties for certain
classes of p - valent functions involving an integral operator.

3 Inclusion Relationship

Theorem 3.1. Let m € Ng = NU{0},! > 0,A >0,b = by +iby # 0, tano = %andlp € P with
Im(p) < (Re(yp) — 1) coto. Then

Syt (w Bovy) € Syt (w Bviy) (3.17)
Proof. Let S;’I‘ZL YA (a, B, v; ) and suppose that
LA !
1|2 (s f(2)
8(zx) =1+ Mq ,  (zeU) (3.18)

A
p¢Z1, B, fyf(z)
where g is analytic in U with ¢(0) = 1. In view of and (3.18), we obtain

1,1L,A
$u g " f(2)

LA

¢Zf /S, ’yf(z)
Differentiating (3.19) both sides with respect to z, and using (3.18), we get
1A !

2 (b f )

(p+1) =Abp(g(z) — 1)+ (p+1). (3.19)

1 Azg'(z)
1o | NPT | = g(z) + . (3.20)
b pel ) ST Nop(sz) —1) +p+1
Since Re(Abp(y(z) —1) +p+1) > O0for Im(¢) < (Re(¢) — 1) coto and where tano = l%' so applying Lemma
to (3.20), it follows that g(z) < (z), thatis f € S;:f’bl’)‘ (a, B, 1;9). O
. 1+ Az, .
Taking 1(z) = T Theorem 3.1} we have the following corollary.

Corollary 3.1. Letm € Ng=INU{0},1>0,A>0,b=0b;+iby #0and -1 < B < A <1, then
8;'?;1’1’/\ (a, B, 1;A, B) C S;'f’hl’)‘ (a, B, 1; A, B).

Remark 3.1. Ifweput m = 0,0« = A, B = y and v = 1, then this result is reduced into the class of functions
M?,(y, 1;7; ¢) which is studied by [24].
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4 Convolution properties
Now, we derive certain convolution properties for the function class S”:,‘/bl Ma, B, 1Y)

Theorem 4.1. Let f € ng’bl’)‘ (a, B, v;¥). Then

f(z)= [z”-exp (bp /OZ lp(éd(?)_ldC)] *

4.21
e (P T U Bl a2l
p+I I+ p)u(l+p+7 =B '

n=1

where w is analytic in U with w(0) = 0 and |w(z)| <1 (z € U).

Proof. Let f € 8;1';’)‘ (a, B, v;¢). From (2.11

A !
z ( Zﬁrvf (Z)>
P2 f (@)
where w is analytic in U with w(0) = 0 and |w(z)| < 1 (z € U). By virtue of {£.22), we can easily find that

= [p(w(z)) = 1]bp+p (4.22)

M p_ [plw(z) —1]bp (4.23)
tgaf@ :

Integrating (4.23), we get

m,l,A
log (‘Pmﬂ)) Y RCCEIRIL

zP
(4.24)
1A ? [p(w(@) —1]
= 4>Zfﬁ,7f(z) =zl exp {bp./o Td@’
Then, from and ([#24), we deduce that the required assertion of the Theorem 4.1} O
Corollary 4.2. Let f € Sg'bl’)‘ (a, B, v; A, B) with =1 < B < A < 1. Then
Z — —
fz) = [Zp exp (bp / (A B)(gu(a:)) L déﬂ .
0
. i (p+l+An>’" Atp=Pn(tp+y—On uip)
n=1 p+1 (I+p)n(l+p+7—PBn
where w is analytic in U with w(0) = 0 and |w(z)| <1 (z € U).
Theorem 4.2. Let f € Ay andp € P. Then f € S;”’b[')‘ («, B, v; ) if and only if
1 > p+l+/\nr(n+p)(1+p)n(1+p+7—ﬁ)n
— < x| pzf + 2P
4 {f (p ,;1{ p+I (A+p=B)n(l+p+7—an w25)
; - +14+An\ " A+p—B)n(l+p+7y—a) .
—p [(bp(e®) —1) +1| x | 2P + <P ) - 2" 0
plope) -1 +1] < L5 A+ a0t p+7— P 7
(z€U;0< 6 <2m).
Proof. Suppose that f € S;”’bl’)‘ (a, B, ;). We know that 1i holds true, which implies that
/
z (g f(2) .
141 M—l £p®)  (zeU;0< 6 <2m). (4.26)

b\ pellf(2)
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One can easily verify that, from (4.26)

1 ! :
3z (@) —p[eve) - D] erpife 20 Gevo<o<a. @)
On the otherhand, we find from that

I, A P S [p+l+An]" (n4+p)(A+p)u(l+p+7— B "
(wpara) =r+ L [ S iy ey Ca o 29

Combining (T.7), and (#.28), we can easily get the convolution property [#.25) asserted by Theorem
O

n=1

5 Some properties of the operator gbm LA

m,l,A
a B,

Theorem 5.1. Let ¢ > 0, vy € R, p € N\ {1}, =1 < B < A < 1 and the function f € Ay satisfies the following

Now we discuss some properties of the operator ¢

subordination: , )
1A m+1,1,A
(eranf@) (a5 @) 14 Az
(1—-0) pop +0o p— <1+Bz' (z € U). (5.29)
Then ,
1A
(eranf(2)) 14 Az
where
!
o) = 4+(1-4)+B2)7" oA (LU +15)  forB#0, 6531
1—|—km+p+1Az forB=0.
is the best dominant of (5.30). Furthermore,
fesyy ™t (a B,v;0) (5.32)
where
s A (1-4) =B 2B (LLER+15E)  forB #£0,
1+ kU/\ileJrlA forB =0.
The result is best possible.
Proof. Let
1A !
P g0 f ()
g(z) = 7< i fe) , (5.33)

pzPt

where g is of the form (2.12) and is analytic in U. Differentiating (5.33) with respect to z and making use of
(1.9), we get

m, 1A ! m+1,1,A !
o (eirf@) ., (s @) o)+ 2 )
pzP~1 pzP~1 -8 p+1
1+ Az

1+ Bz’

(z e U)

Applying Lemma2.1]and Lemma 2.6} we have
l !/
(erinf(2)

P <)
p+l P;rl z ;{’7*1,1 1+ At
= %ot s )
!
_JA+(1-8)a+B)t SR (LU +Ll)  forB#O
p+l
1+km+p+1Az forB =0.
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This proves the assertion (5.30) of Theorem 5.1} Next, inorder to prove the assertion (5.32), it suffices to prove

that
inf {Re(yp(z))} = 9(-1).

|z]<1

Indeed, we have
1+Az _ 1-— Ar

Rel+Bz‘1—Br (2l =r<1)
Setting
14+ Alz +1 pil_
G(z,¢) = 1 +B§z and  dv({) = %@W g (0<g<,

which is a positive measure on the closed interval [0, 1], we get

¥ = [ GG Q).

Then
11— AZr
Re{(z)} = [ T=5erd(@ = (=) (el =r <)

Letting r — 17 in the above inequality, we obtain the assertion (E.32:. Finally, the estimate (5.32) is best
possible as 1 is the best dominant of (5.30). This completes the proof of the theorem. O

Theorem 5.2. Let f € ng’bl’)‘ (a, B, ;) (0<m<1),then

m,l,A ! m+1,1,A !
. (1_0)(¢a,ﬁ,7f<z>) +(7(“’Jﬁr’17 ) C en)

pzP~1 pzP~1
where X
+ 12+ (cAk)Z — oAk | *
R = {\/(” ) (pJ(rl) ) } . (5.34)

The result is best possible.

Proof. Let f € S™ A «, B, v;1), then we write
p,b U

(o2 f ()

pop 1 =7+ (1—n)u(z) (z e U) (5.35)

where u is of the form (2.12) and is analytic in U. Differentiating (5.35) with respect to z, we have

1A ! 1LA !
BRI PR CFR0) Y (oghr@) | u(z) + PG (5.36)
1—1 pzf~! pzt! g (p+1) '
Applying the following well-knowing estimate [9]:
|zu'(2)| 2krk
Re{uz)} S1-& (Fl=r<b
in (5.36), we have
m,1,A ! m+1,1,A !
1 Re (1 - 0-) <(Pa,ﬁ,')/f(z)) + (¢p¢,ﬂ,'y f(Z)) _
1—7 pzP~1 pzP~1 g
(5.37)

20\ krk
> Re {M(Z)} <1 - (P + l)(l _ er)) !
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such that the right hand side of (5.37) is positive, if r < R, where R is given by (6.34). In order to show that
the bound R is best possible, we consider the function f € A, defined by

LA !
‘Pm,s f(z) 1+2F
(“pzll)—ﬂ”l—’?h_zk O=y<lzev)
Note that
A ! 1,1, !
1 (1-0) (4’21,&7]((2)) +a( trx”;v f(z)) b (D=2 20Kk 0 (5.38)
1—7 pzp 1 pzr T L O P I B ‘
forz = Re'F. -

For a function f € Ay, the generalized Bernardi - Libera - Livingston integral operator F,, is defined by

ctp /Z c—1 = ctp +
F, =P [ dt = (2P + Y —— Lt
@)= S [T = (24 L R () 59)
=zPoF(Lc+pc+p+12) * f(2) (c>—p;ze )
From and (5.39), we have
!/
2 (@0 AEp(F(2))) = (c+ Pp i f(2) = cglig MR p(£(2) (5.40)
Theorem 5.3. Let f € SZf’bl’A («, B, 7; A, B) and F, , be defined by . Then
1A !
(eraiFep () 14 Az
pzP~1 <0(z) < 1+ Bz’ (4D
where
44 (1—A) (1+Bz)~! ,F (1 1; B ;B ) forB £0
0(z) =< ° b PO R T TR ’ (5.42)
1+ g Az forB=0.
is the best dominant of . Furthermore,
A !
Re (4’25,71:6,;7(]((2))) S
pzrt g
where
4+(1—A)(1—B)*1 F(1 1-”—+C+1-i) B #0
— B B 2 1 7 7 k 7 B—1 for 7é 7
1+ g Az forB =0.
The result is best possible.
Proof. Let
1A !
K(z) = (¢“'ﬁ'”Fc”’(f<Z))) (z € U) (5.43)
e . .

where K is of the form (2.12) and is analytic in U. Using (5.40) and (5.43) and differentiating the resulting
equation with respect to z we have

m,l,A !
(ergnEep(F2)) Ky K@) 144z
sz*1 o z p+c 1+Bz’

The remaining part of the proof is similar to that of Theorem [5.T|and so we omit it. O
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Theorem 5.4. Let f, ¢ € A, satisfy the following inequality:

m, I, A
Re (W) >0 (zeU).

zP
If
m,l, A
5 f(2)
Pupaf )1 (z € U)
m,l,A
¢a,[3,'yg Z)
then
z (0455 f(2)
Re ( :;f; ) >0 (]z] < Ri;z € U),
(pa,’ﬁ:'yf(z)
where )
—3k+ /9K +4p(p+ k) \*
Ry =
2(p+k)
Proof. Let
o= AN
#528(2)
=+,

519

(5.44)

(5.45)

where g(z) is analytic in U with g(0) = 0 and |g(z)| < |z|¥. Then, by applying the familiar Schwarz Lemma

[14], we have q(z) = z"x(z), where x is analytic in U and x(z) < 1.
From (5.45),

L, _am,l,
G f(2) = olgis(@) [1+2%(2)|
Differentiating (5.46) logarithmically w.r.t z, we have

(enr@) = (ns@) | )+

oranfE) eiis(2) 1+ 2 (2)

Letting
m,l, A
7k Z)
w (Z) = ¢a’ﬁ,Z’;g<

where w is in the form (2.12) is analytic in U, Re {w(z)} > 0 and

(zeU),

LA !
2(5h3@)  zwi(a)

e )

then we have

LA !
re) ZOE5AE) | | jawfa)) | e +2x' )
orgfz) | w(z) 14 zkx(2)
Using the following known estimates [9],
W'(z)| _ 2krk1 kx(z) + zx'(z)
< d = 1),
‘w(z) T 1+2z8x(z) |~ 1—7k (gl =r<1)

in (5.48), we have
A !
z ( Zfﬁ,a,f(z)) S P- 3krk — (p +k)r2k
N

which is certainly positive, provided that » < Ry, where R; is given by (5.44).

Re

(5.46)

(5.47)

(5.48)

(5.49)
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Theorem 5.5. Let f € 8;”’171')‘ («, B, 7v; A, B) and g € A, satisfy the following inequality:

Re {gz(i)} > % (zeU) (5.50)

then (f * g)(z) € Sl’:’bl'A (a, B, 1; A, B).
Proof. We have
m,l,A / m,l,A I
WU OE) WO s@
sz sz zP

where g satisfies 5.50|) and %igj is convex in U. By using 1i and applying Lemma we get the required
assertion of this theorem. O

Theorem 5.6. Let ¢ € C* and A, B € C with A # B and |B| < 1. Suppose that

‘ﬁ(p+l)(A—B) ‘19(;9+l)(A—B)

— <
B 1‘1 or

+1’ <1,ifB#£0,

‘ﬁ(erlA)

T A' < 7,ifB =0.

If f € Ap with (,bzlé,)y‘f(z) # 0forallz € U* = U \ {0}, then

A
Pipy ) 144z
m,l, A = 14+ Bz’
Pa,p0f (2) bz

o B,y
m,l,A 4
implies <¢""’S’Z}f(z)) < g1(z). where
(14 B2)" "% forB £0,
81(z) = 8(p+1) 4
e x forB =0,
is the best dominant.
Proof. Let
m,1,A ¢
5 (2)
o(z) = (“/ﬁfz'; (z e U). (5.51)

Then ¢ is analytic in U, ¢(0) = 1 and ¢(z) # 0 for all U. Taking the logrithamic differentiation on both sides
of (5.51) and using the identity (1.8), we obtain

A B 1ea
p+1)e(z) ¢Z1,'ﬁlf$f(z) 1+Bz’

Now the assertions of Theorem B.6] follows from Lemma 2.3 O
Taking B= —1and A =1—2#,0 < 7 < 1in Theorem[5.6, we get the following corollary:
Corollary 5.3. Let ¢ € C* satisfies either

219(P+l)(177)1‘<1 or ’219(p+l)(111)+1 <1
A = A =

If f € A, with ™M f(z) £ 0 for all z € U*, then

B,y
A,
Re ‘PZZE% "f(z) 1+ Az
wpafe) | T
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implies

o)
TPt <a)
where

—20(p+1)(1—1)

g1(z) = (1-2z) x
is the best dominant.

Theorem 5.7. Let o > 0,e >0, —1 < B < A < 1 and the function f € A, satisfies the following subordination:

m, A m, 1, A !
v f(z $ug o f(2)
¢,ﬁ,7f()+0_( a, B,y ) _<1—0—AZ

(1-0) 7 P 1+ B2 (z e U). (5.52)
Then )
m,l,A €
s by (Z)
Re {W > ot (5.53)
zP
where

5:{g+(1_g)<1_3>1 2F1(1,1;%+1;%) forB #0,

1+ ﬁA for B =0.
The result is best possible.
Proof. Let

m,l,A
G(z) = Pa.1 12 ’Z”;f(z), (5.54)

where G is of the form (2.12) and is anlytic in U. Differentiating with respect to z, we get

m, 1A m,1,A !
5 f(z $ug o f(2) /
(1-0) zx,ﬁ,zf;f( )—|—¢7< Dc,ﬁ,';_l ) :G(z)+UZG (2)
pZ
1+ Az
1+ Bz’ (zeT)

Now, applying similar steps invoved in Theorem 5.T|and using the elementary inequality
Re {Q} > Re{O}" (Re{Q} > 0;x € N),
we obtain the required result. O

Remark 5.2. Taking m = 0 and the choices of «, p and -y , this subclass is reduced into the class S;‘IH(A, B) which is
studied by A. O. Mostafa and M.K.Aouf [13]].

References

[1] Ahmed S. Galiz, On a Certain Subclass of Multivalent Analytic Functions Associated with a Generalized
Fractional Differintegral Operator, International Journal of Mathematical Analysis, Vol. 9, 2015, no. 8, 365
- 383.

[2] M. K. Aouf, A. O. Mostafa, A. M. Shahin, S. M. Madian, Applications of differential subordinations for
certain classes of p-valent functions associated with generalized Srivastava-Attiya operator, J. Inequal.
Appl, 2012, 2012:153, 15 pp.

[3] M.K. Aouf, T.M. Seoudy, Some properties of a certain subclass of multivalent analytic functions involving
the Liu-Owa operator, Comput. Math. Appl., 60 (2010) 1525?535.

[4] R. M. El-Ashwah, M. K. Aouf, Differential subordination and superordination for certain
subclasses of p-valent functions, Math. Comput. Modelling, 51 (2010), no. 5-6, 349-360.
http:/ /dx.doi.org/10.1016/j.mcm.2009.12.027



522 Chellian Selvaraj and Ganapathi Thirupathi / On certain classes of multivalent ...

[5] S. D. Bernardi, 1969, "Convex and starlike univalent functions”, Trans. Amer. Math. Soc., 135, 429-446.

[6] J. Dziok, H. M. Srivastava, Classes of analytic functions associated with the generalized hypergeometric
function, Appl. Math. Comput., 103 (1999), no. 1, 1-13.

[7] S. P. Goyal, J. K. Prajapat, A new class of analytic p-valent functions with negative coefficients and
fractional calculus operators, Tamsui Oxf. |. Math. Sci., 20 (2004), no. 2, 175-186.

[8] Jung, Il Bong; Y. C. Kim, H. M. Srivastava, 1993, “The Hardy space of analytic functions associated with
certain one-parameter families of integral operators”, |. Math. Anal. Appl., 176 ,no. 1, 138-147.

[9] TH. MacGregor, Radius of univalence of certain analytic functions, Proc. Am. Math. Soc., (1963), 14, 514-
520.

[10] Sanford S. Miller, P. T. Mocanu, Differential subordinations, Theory and applications, Monographs and
Textbooks in Pure and Applied Mathematics, 225. Marcel Dekker, Inc., New York, 2000. xii+459 pp. ISBN:
0-8247-0029-5.

[11] Liu, Jin-Lin; Owa, Shigeyoshi. 2004, "Properties of certain integral operator”, Int. . Math. Sci., 3 , no. 1,
69-75.

[12] S.S. Miller, P.T. Mocanu, On some classes of first order differential subordinations, Michigan Math. J., 32
(1985) 185795.

[13] A. O. Mostafa, M. K. Aouf, Some subordination results for p - valent functions associated with
differintegral operator, Journal of Fractional Calculus and Applications, Vol. 5(1) Jan. 2014, pp. 11-25.

[14] PT. Nehari, Conformal Mapping, McGraw-Hill, New York (1952).

[15] M. Obradovic, S. Owa, On certain properties for some classes of starlike functions, J. Math. Anal. Appl.,
(1990) 145, 357-364

[16] DZ. Pashkouleva, The starlikeness and spiral-convexity of certain subclasses of analytic functions. In:
Srivastava, HM, Owa, S (eds.) Current Topics in Analytic Function Theory, pp. 266-273. World Scientific,
Singapore (1992)

[17] J. Patel, A.K. Mishra, On certain subclasses of multivalent functions associated with an extended
fractional differintegral operator, J. Math. Anal. Appl., 332 (2007) 109?22.

[18] J.K. Prajapat, R K. Raina, New sufficient conditions for starlikeness of analytic functions involving a
fractional differintegral operator, Demonstratio Math., 43 (1) (2010) 805?13.

[19] Salagean, Grigore Stefan, Subclasses of univalent functions, Complex analysis?ifth Romanian-Finnish
seminar, Part 1 (Bucharest, 1981), 362-372, Lecture Notes in Math., 1013, Springer, Berlin, 1983.
http://dx.doi.org/10.1007 /bfb0066543.

[20] R. Singh, S. Singh, Convolution properties of a class of starlike functions, Proc. Am. Math. Soc.,(1989) 106,
145-152.

[21] C. Selvaraj, K. R. Karthikeyan, Differential subordination and superordination for certain subclasses of
analytic functions, Far East |. Math. Sci., (F]MS), 29 (2008), no. 2, 419-430.

[22] C. Selvaraj, O. S. Babu and G. Murugusundaramoorthy, Some Subclasses of p-Valent Functions Defined
by Generalized Fractional Differintegral Operator -1I, |. Ana. Num. Theor., (2015) 3, No. 1, 39-45

[23] H. M. Srivastava, A. A. Attiya, An integral operator associated with the Hurwitz-Lerch zeta function and
differential subordination, Integral Transforms Spec. Funct., 18 (2007), no. 3-4, 207-216.

[24] Huo Tang, Guan-Tie Deng, Shu-Hai Li, Certain subclasses of p-valently analytic functions involving a
generalized fractional differintegral operator, . Eqyptian Math. Soc., 22 (2014), no. 1, 36—44.

[25] ET. Whittaker, GN. Watson, A Course of Modern Analysis: An Introduction to the General Theory of
Infinite Processes and of Analytic Functions; with an Account of the Principal Transcendental Functions,
4th edn. Cambridge University Press, Cambridge (1927)

[26] DR. Wilken, J. Feng, A remark on convex and starlike functions, J. Lond. Math. Soc., Ser., (1980) 2, 21,
287-290.

Received: July 11, 2015; Accepted: August 23, 2015

UNIVERSITY PRESS
Website: http:/ /www.malayajournal.org/



Malaya J. Mat. 3(4)(2015) 523-529

Malaya MIM

Journal of an international journal of mathematical sciences with
Matematik computer applications... 2iperiongeicr
www.malayajournal.org IS‘S‘N . ;319-37:6

Total eccentricity index of some composite graphs

Nilanjan De®* , Anita Pal’ and Sk. Md. Abu Nayeem®

“Department of Basic Sciences and Humanities (Mathematics), Calcutta Institute of Engineering and Management, Kolkata - 700 040, India.
bDepartment of Mathematics, National Institute of Technology, Durgapur - 713 209, India.

¢Department of Mathematics, Aliah University, Kolkata - 700 156, India.

Abstract

The total eccentricity index of a graph G is the sum of eccentricities of all the vertices of G. In this paper, we
first derive some sharp upper and lower bounds of total eccentricity index of different subdivision graphs and
then determine some explicit expression of the total eccentricity index of the double graph, extended double
cover graph and some generalized thorn graphs.
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1 Introduction

Let G = (V(G),E(G)) be a connected graph with number of vertices |V (G)| = n and number of edges
|E(G)| = m. For any two vertices u, v € V(G), the distance between u and v, denoted by d (1, v), is defined as
the number of edges in the shortest path connecting u and v. The eccentricity of a vertex v, denoted by e (v), is
the largest distance of v and any other vertex u of G. The degree of a vertex v is the number of vertices adjacent
with the vertex v. A vertex v is called well-connected if deg;(v) = n — 1, i.e., it is adjacent to any other vertex
of G. A number of topological indices based on vertex eccentricity are already subject to various studies.
The total eccentricity index of G is defined as {(G) = Y,cv(g)€c(v). Similar to this index, Dankelmann
etal. [3] and Tang et al. [16] studied average eccentricity of graphs. Fathalikhani et al. in [12]], studied total
eccentricity of some graph operations. In [7], the present authors present total eccentricity of the generalized
hierarchical product graphs. As usual, let K;;, Sy, Cy, Ki,n denote the complete graph with n vertices, the
star graph on (n + 1) vertices, the cycle on 1 vertices and the complete bipartite graph with (m + n) vertices
respectively. In this paper, we first find some sharp upper and lower bounds of total eccentricity index of
different subdivision graphs and then determine some explicit expression of the total eccentricity index of the
double graph, extended double cover graph and some generalized thorn graphs.

2 Total eccentricity index of subdivision graphs

In this section, we derive sharp upper and lower bounds of total eccentricity index of four types of graphs
resulting from edge subdivisions, such as S(G), R(G), Q(G) and T(G). For different study of these subdivision
graphs see [11), 17, [18]. For a given graph G, the line graph L(G) is the graph whose vertices are the edges
of G and two vertices of L(G) are adjacent if and only if the corresponding edges are adjacent in G. The
subdivision graph S(G) of a graph G is the graph obtained by inserting an additional vertex in each edge of
Gsothat |V(S(G))| = |[V(G)| + |E(G)|and |[E(S(G))| = 2|E(G)|.

*Corresponding author.
E-mail address: de.nilanjan@rediffmail.com (Nilanjan De), anita.buie@gmail.com (Anita Pal), nayeem.math@aliah.ac.in (Sk. Md. Abu
Nayeem).
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Lemma 2.1. [[18] Let G be a connected graph. Then
(i) For each v € V(G), e5(¢)(v) = 2¢6(v),
(i) For each e € E(G), 2e1c)(e) < eg(c)(e) < 2epg)(e) + 1.

Theorem 2.1. Let G be a connected graph. Then
(1) §(5(G)) < 28(L(G)) +24(G) + [E(G)],
(i) £(S(G)) = 2¢(L(G)) +24(G).

Proof. From definition of S(G), we have

((s8(G) = ) e

veV(S(G))

= ) ¢ )+ YL esc
UEV(G) ecE(G)

= L 2c(@)+ ) escle
veV/( G) eeE(G)

= Z 8S(G

e€E(G)

Now using Lemma 2.1} the above sum ) ¢g(g)(e) is bounded aboveby 2 Y. &1 )(v) +|E(G)|and
ecE(G) veV(G)
bounded below by 2 ). &1 (v). This completes the proof. O
veV(G)

As explained in [18], the equality attains in Theorem 2.7 when the eccentricities of all the vertices attained
at the vertices of degree one (including trees). Therefore the following corollary follows.

Corollary 2.1. Let G be a connected graph such that eccentricity of each vertex is attained just at a pendant vertex.
Then §(S(G)) = 20(L(G)) +24(G) + [E(G)|.
Example 2.1. Let S, and P,(n > 1) be star and path on n vertices respectively. Then we have, {(S,) = 2n — 1 and

1

3,2 ;
n- — sn when n is even
1 21,

C(Pn) = {

3,2 1 1 :
in° —sn— g, whennisodd.

(i) Since L(S,) = Ky ,,, the total eccentricity index of subdivision graph of star graph is given by

§(8(Sn)) = 20(L(Sn)) +28(Sn) + |E(Sn)| = 7n = 5.
(ii) Since S(Py) = Pyy—1,L(Py) = Py_1, |E(Py)| = n — 1 so the total eccentricity index of subdivision graph of
path graph is given by
C(S(Pu)) = 20(L(Pu)) +20(Pa) + |E(Pu)| = 3n® — 4 + 1.
The triangle parallel graph of a graph G is denoted by R(G) and is obtained by replacing each edge of G
by a triangle, so that |V(R(G))| = |V(G)| + |E(G)| and |E(R(G))| = 3|E(G)].

Lemma 2.2. [[18] Let G be a connected graph. Then
(i) For each v € V(G), ec(v) < eg(g)(v) < eg(v) +1,
(ii) For each e € E(G), eg(g)(e) = ep(g)(e) + 1.

Theorem 2.2. Let G be a connected graph. Then
() {(R(G)) < G(L(G)) +¢(G) + |[V(G)[ + |E(G)],
(ii) {(R(G)) = ¢(L(G)) +¢(G) + [E(G)].

Proof. From definition of R(G), we have

IRG) = Y., ere@= Y @+ Y, erele):

veV(R(G)) veV(G) e€E(G)
Using LemmaP.2l we have {(G) < Y eg(g)(v) < 3(G) +[V(G)land Y egg)(e) = {(L(G)) + [E(G)|.
veV(G) e€E(G)

Combining these, the desired result follows. O
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Like previous corollary, the equality attains in Theorem when the eccentricities of all the vertices
attained only at the pendent vertices. So the following corollary follows.

Corollary 2.2. Let G be a connected graph such that eccentricity of each vertex is attained only at a pendant vertex.
Then,

¢(R(G)) = ¢(L(G)) +¢(G) + [E(G)]-
Example 2.2. Similarly using the last corollary the total eccentricity index of triangle parallel graph of star graph and
path graphs are given respectively as
(i) {(R(Sn)) = C(L(Sn)) +(Sn) + [E(Sn)| = 4n — 3.
(ii) {(R(Pa)) = C(L(Pn)) + £ (Pa) + [E(Pa)| = 3n(n—1).

Another subdivision graph, the line superposition graph Q(G) of a graph G is obtained by inserting a new
vertex to each edge of G and then by joining each new vertex to the end vertices of the edge corresponding to
it, so that [V(Q(G))| = [V(G)[ + |E(G)| and [E(Q(G))| = 3|E(G)[ + |E(L(G))]-

Lemma 2.3. [18]] Let G be a connected graph. Then
(i) For each v € V(G), eg(c)(v) = ec(v) +1,
(ii) For each e € E(G), epg)(e) < eg(g)(e) < epgle) +1.

Theorem 2.3. Let G be a connected graph. Then
(1) £(Q(G)) < ¢(L(G)) +¢(G) + [V(G)| +[E(G)],
(i) {(Q(G)) = ¢(L(G)) +¢(G) + [V(G)]-

Proof. Using definition of Q(G), we have

QG =Y. eu@= Y @+ Y ol

veV(Q(G)) veV(G) e€E(G)
From Lemma 2.3, we have Y. ¢g()(v) = {(G) +|V(G)| and {(L(G)) < ¥ eggle) < ¢(L(G)) +
veV(G) ecE(G)
|E(G)|. From where, the desired result follows.

Similarly, we get the following corollary.

Corollary 2.3. Let G be a connected graph such that eccentricity of each vertex is attained only at a pendant vertex.
Then

¢(Q(G)) = 4(L(G)) + 4(G) + [V(G)| + [E(G)-
Example 2.3. The total eccentricity of line superposition graph of star graph and path graph are given by

(1) {(Q(Sn)) = C(L(Su)) +&(Sn) + |V(Su)| + [E(Sn)| = 5n — 3.

(ii) L(R(Pn)) = C(L(Pn)) + £ (Pa) + [E(Pa)| = 3n(n—1).

For the total graph T(G) of a graph G, any two vertices being adjacent if and only if the corresponding
elements of G are either adjacent or incident, so that |V (T(G))| = |V(G)| + |E(G)|and |E(T(G))| = 2|V(G)| +
[E(L(G))-

Lemma 2.4. [18]] Let G be a connected graph. Then
(i) For each v € V(G), eG(v) < e1(g)(v) < eg(v) +1,
(ii) For each, e ) (e) < ep(g)(e) < epgy(e) + 1.

Theorem 2.4. Let G be a connected graph. Then
() {(T(G)) < (L(G)) +E(G) +[V(G)| + [E(G)],
(i) §(T(G)) = ¢(L(G)) +¢(G).

Proof. From the construction of R(G), we have

(TG = Y, erg@= Y erg@+ Y ercgle).

0eV(T(G)) veV(G) ¢€E(G)

Now similar to the previous theorem, using Lemma we have {(G) < ) ep)(v) < ¢(G)+[V(G)]
veV(G)
and {(L(G)) < ¥ er(g)(e) < G(L(G)) + |E(G)|. Combining, the desired result follows. O
ecE(G)
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Corollary 2.4. Let T be a tree. Then
¢(T(T)) = Z(L(T)) + ¢(T) + |E(T)|.

Proof. Since for any tree T, v € V(G), er(r)(v) = er(v) and, ep()(e) = er(e) + 1. O

Example 2.4. From the above corollary the total eccentricity of the total graph of star graph and path graph are given by
() (T (Sn)) = C(L(Su)) +(Sn) + [V(Su)| + [E(Sn)| = 5n — 3.
(i6) {(T(Pa)) = G(L(Pn)) +§(Pa) + [E(Pa)| = 3n(n = 1).

3 Total eccentricity index of double graph and extended double cover

In this section, we derive total eccentricity index of double graph and extended double cover graph. The
double graph of G denoted by G*, constructed by making two copies of G and for each vertex u; € V(G)
there are two vertices x; and y;in V(G*), so that for any edge u;u; € E(G) there will be two edges x;y; and x;y;
including the edges x;y; and x;y; in G*. Different applications of double graph of a graph ware investigated
in [2,9,[10} [14].

Theorem 3.5. The total eccentricity index of the double graph G* is given by {(G*) = 2{(G) + 2||n — 1| 5 where,
|n — 1||; the number of vertices with eccentricity one i.e. of degree (n —1).

Proof. From the definition of double graph it is clear eg-(x;) = eg«(y;) = eg(v;), when eg(v;) > 2 and
e+ (x;) = eg+(yi) = eg(vi) +1 =2, when e (v;) = 1. Thus the connective eccentric index of double graph G*
is

0(G*) = isc*(xi) + iec*(yi) =2 [ Z {eg(v;) +1} + 2 2]
=1 i=1 ec(vi)>2 eg(vi)>1

where, ||n — 1| ; the number of vertices with eccentricity one i.e. of degree (n —1). O

From the above result the following corollary is obvious.
Corollary 3.5. If G does not contain any well connected vertices then {(G*) = 2{(G).

Example 3.5. Let Gy, be the double graph of P,. Then the total eccentricity index of Gy, is given by

g(GZn) =

Sn®—n , ifniseven

%nz —n— 1%, ifnisodd.

The extended double cover was introduced by Alon [1]] in 1986. Let G be a simple connected graph with
vertex set V = {v1,0y,...,v,}. The extended double cover of G, denoted by G**, is the bipartite graph with

bipartion (P, Q) where P = {x1,x3, ..., x,} and Q = {y1,¥2, ..., ¥»} in which x; and y; are adjacent if and only
ifi =j.

Theorem 3.6. The total eccentricity index of the extended double cover G** is given by {(G**) = 2{(G) + 2n.
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Proof. 1f G is a graph with n vertices and m edges then from definition of extended double cover graph G**
consists of 2n vertices and (n + 2m) edges and eg+(x;) = eg«(y;) = eg(v;) +1, for i = 1,2,,n. Thus the
connective eccentric index of double graph G** is

G = iSG**(xi)+é€G**(yi)

22{5(; )+1}

= 2§( ) +2n

as desired. 0
Example 3.6. (i) Let Hp, be the extended double cover of P,. Then the total eccentricity index of Hp, is given by

%n2 + §n when n is even

é(HZn) = {

+ 3p— l, when n is odd.

(ii) Since the extended double cover of K, is Ky, so from Theorem|[3.6|it can be verified that

C(Ky") = 20(Kn) +2n = 4n = C(kun)-

4 Total eccentricity index of generalized thorn graphs

Now we determine total eccentricity index of two special types of graphs Gk, and Gp,, (see [[15]), named as
generalized thorn graph as the thorny graph are special cases of these graphs. Let Gk, be the graph obtained
from G by attaching t complete graph of order p i.e. K, at every vertex of G. Let the vertices of G are denoted

by v1,vy,..., 0. Also the vertices attached to the vertex v; are denoted by Ug) ,vg), Ul(:n) ;1 =1,2,..,k r =

1,2,..,t. Now we find the total eccentricity index of this graph Gg,. Let the vertex v; is 1der1t1f1ed with
(;)z =1,2, k7 =1,2,., L.
Theorem 4.7. For any simple connected graph G the {(Gk, ) and {(G) are related as
0(Gk,) = (pt —t+1)¢(G) + k(2pt — 2t +1)
(2) where G, is the graph obtained from G by attaching t complete graphs at each vertex of G.

Proof. From the construction, the eccentricities of the vertices of G, are given by

SGKP (Z)i) = 8G(Z)l‘) +1,fori=1,2,...,k;

€6y, (vl(jr)) =eg(v;)+2,fori=1,2,.,kj=1,2,.,.mr=1,2,..¢t

Therefore the total eccentricity index of Gk, is given by

p=1 ¢
é(GKp) = ZSGK Ui +ZZZ€GKP 1]
i=1 j=1r=1
k k p—1 ¢
= Zi{ +1}+212121{SG ;) +2}
i= i ]

k

ec(vi) +k+t(p—1) ) {ec(v) +2}
i=1

{1+t(p—1)}2(G) +k+2kt(p—1)

I
= 1

as desired. O
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Any edge (u,v) of a graph G is called a thorn if and only if, either deg-(u) = 1 or deg;(v) = 1. The t-
thorny graph G’ is obtained from G by attaching t thorns at each and every vertices of G. This type of graphs
were introduced in [13] and for different eccentricity based topological indices of thorn graphs see [446] [§].
Since the thorn of a graph can be treated as Kj , so it is easy to show that by substituting p = 2 in (2), we get
the total eccentricity of the t-thorny graphs as follows, which already derived in [7].

Corollary 4.6. [7] The total eccentricity index of the t-thorn graph G' is computed as follows
7(Gh = (t+1)¢(G) +n(2t +1).

Next, we construct another graph denoted by Gp,, by attaching t paths of order m (> 2) at each vertex
v;,1 <i < p of G. The vertices of the r-th path attached at v; are denoted by vl(l), l(zr), v( r), i=12,.,pr=

im’

1,2,..,t. Let the vertex 01(1) is identified with the i-th vertex v; of G. Clearly the resulting graph Gp, consists

of {(m — 1)t + p} number of vertices.
Theorem 4.8. For any simple connected graph G the {(Gp,,) and {(G) are related as
Z(Gp,) = {t(m — 1) +1}Z(Gp,) + % (3m2 —5m + 2) +k(m —1)
(3) where Gp,, is the graph obtained from G by attaching t paths each of length m at each vertex of G.
Proof. From the construction of Gp,,, eccentricities of the vertices are given by
€Gp,, (v;) =eg(v;) + (m—1),fori=1,2,...,k

SGPm( z(]r)) =eg(v))+m+j—2fori=1,2,..,kj=12,.,mr=12.,t

Therefore the total eccentricity index of Gp,, is given by

k k m t
(Gp,) = Y ec, @)+ Y Y e, (@
i=1

i=1j=2r=1
k k m t
= Y {ec@)+(m-1)}+3 ) ) {ec(o:) +m+j—2}
i=1 i=1j=2r=1
= 4k eg(vi) +k(m—1)+kt(m—1)(m —2)+t(m iec +kt2]

i=1

{t(m—1)+1}7(Gp, ) + k(m — 1) {t(m — 2) + 1} + kt {mm“) _ 1}

I
—

from where the desired result follows. O

Again, the thorn of the graph can be treated as P,, so by substituting m = 2 in (3) we can obtain the

Corollary

5 Conclusion

In this paper, first we derive some sharp upper and lower bounds of total eccentricity index of different
subdivision graphs and then apply those results to find total eccentricity index of some particular graphs.
Then we determine some explicit expression of the total eccentricity index of the double graph, extended
double cover graph and some generalized thorn graphs; from where we get the total eccentricity of the
t-thorny graphs or f-fold bristled graph. For further study, total eccentricity index of some other graph
operations can be computed.
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Abstract
In this paper we study the behavior of the solution of the following rational difference equation

ax2_, +bx, x>,

Xpy1 = n=201,..,

2 2
Xy Xy yx5

where the parameters a,b,c and d are positive real numbers and the initial conditions x_¢, x_;41,...,x_1 and
X are posistive real numbers where t = max{r,k,[}.

Keywords: stability, rational difference equation, global attractor, periodic solution.

2015 MSC: 39A10. (©2015 MJM. All rights reserved.

1 Introduction

In the past two decades, the study of Difference Equations has been growing continuously. This is largely
due to the fact that difference equations appear as mathematical models describing real life situations in
probability theory, queuing theory, statistical problems, stochastic time series, combinatorial analysis,
number theory, geometry, electrical network, quanta in radiation, genetics in biology, economics, psychology,
sociology, etc. Moreover, difference equations also appear in the study of discretization schemes for
nonlinear differential equations. The need for a discretization of nonlinear differential equations arises from
the fundamental realization that nonlinear systems generally do not have analytic solutions expressible in
terms of a finite representation of elementary functions. In fact, now it occupies a central position in
applicable analysis and will no doubt continue to play an important role in mathematics as a whole. Our
objective in this paper is to investigate the global stability character, boundedness and the periodicity of
solutions of the rational difference equation

ax2_, +bx,_x2_,

Xy = n=0,1,.., 1.1
i cx%l_r—i-dxn_lx%_k (L.

where the parameters 4,b,c and d are positive real numbers and the initial conditions x_¢, x_4;1,...,x_1 and
X are positive real numbers where t = max{r, k,1}.

Recently there has a lot of interest in studying the global attractivity, the boundedness character and the
periodicity nature of nonlinear difference equations for example ([1l, [2], [3], [4], [5], [6], [7], [8], [9]).

Many researchers studied qualitative behaviors of the solution of difference equations for example; in
[5] Elabbasy et al studied the global stability character, boundedeness and the periodicity of solutions of the
difference equation
_ MXp+ ﬁxnfl + YXn—2
~ Axy +Bx,_1+Cxyn’

Xn41

*Corresponding author.
E-mail address: aelsadanyl@yahoo.com (A.A. Elsadany)
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Elabbasy et al. [4] analyzed the global stability, periodicity character and gave the solution of special cases of

the difference equation
_ dxnflxnfk
Xp+1 = Xy — b + a.
Wang et al. [24] studied the global attractivity of equilibrium points and the asymptotic behavior of the

solutions of the solutions of the difference equation

AXp—1Xn—k
a4+ bx,_s+ cxp_t

Xn+1 =

Saleh and Baha [17] investigated the behavior of nonlinear rational difference equation

:an + YXn—k

Xpi1 = .
"1 Bxy + Cxy g

Yan, Li and Zhao [26] studied boundedeness, periodic character, invariant intervals and the global asymptotic
stability of the all nonnegative solutions of the difference equation

oL W + bx,_k
1T AT By,

See also  ([1Q], [0, 120, [131,[14],[150,[16],[17],[18])). Other  related results can be found in
([190,[201, [210,[220,[23], 1241,[251, 1271, 12811291, 1301, [31],[32]).Let us introduce some basic definitions and some
theorems that we need sequel.

Let I be some interval of real numbers and let

frr =,

be a continuously differentiable function. Then for every set of initial conditions x_j, x_f41,...,x0 € I, the
difference equation
Xpi1 = F(xnxp_1, . Xyx), n=0,1,.., (1.2)

Definition 1.1. ({13l [16])(Equilibrium Point) A point x € I is called an equilibrium point of Eq.(T.2) if
Y= P57, %),

Definition 1.2. ([13], [16])The difference equation (1.2) is said to be persistence if there exist numbers m and M with
0 < m < M < oo such that for any initial conditions x_y, x_j1,....,Xx_1, %o € (0, c0) there exists a positive integer N
which depends on the initial conditions such that

m<xg <M foralln > N.
Definition 1.3. ([13l], [16]]) Stability

(a) The equilibrium point x of Eq.(T-2) is called stable (or locally stable) if for every e > 0 there exists § > 0
such that || xo — x ||< § implies || x, — x ||< € for n > 0. Otherwise the equilibrium x is called unstable.

(b) The equilibrium point x of Eq.(T-2) is called asymptotically stable (or locally asymptotically stable) if it
stable and there exists ¢ > 0 such that || xp — x ||< -y implies

lim || x, — x ||=0.
n—oo

(c) The equilibrium point x of Eq.(T:2) is called globally asymptotically stable if it is asymptotically stable,
and if every x,

lim || x, — x ||=0.
n—oo

(d) The equilibrium point x of Eq.(T.2) is called globally asymptotically stable relative to a set s C RF*1 if

it is asymptotically stable, and if for every xq € s,

lim || x, — x ||=0.
n—oo
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(e) The equilibrium point x of Eq.(T.2) is said to be a global attractor with basin of attraction a sets C R**1
if
limx, = x
n—oo

for every solution with xq € s.

Theorem 1.1. ([13l], [16] )Assume p,q € R. Then a necessary and sufficient for the asymptotic stability of the difference
equation

Xp4+2 + PXpy1 +GxXn = 0, n=0,1,... (1‘3)

is that
lpl<l+g<2

Theorem 1.2. ( [13], [16])Assume that p,q € Rand k € {0,1,....}. Then
lpl+lal<1
is a sufficient condition for the asymptotic stability of the difference equation
Xpt1 +pxn+qx,—r =0, n=01,... (1.4)
Theorem 1.3. ([13l], [16])Assume py, ......, px € Rand k € {1,2, .....}. Then the difference equation
Xpak + P1Xnak—1 F e + prxn =0

is asymptotically stable provided that

Remark 1.1. ([12], [13l)The Linear equation

m
Xpi1— Xn+ Y piXn_k, =0, n=0,1,2,.. (1.5)
i=1

where p1, ....., pm € (0,00) and ky, ......ky, are positive integers, is asymptotically stable provided that
m
Z kipi <1
i=1

([12], [13])Periodicity (a) A sequence {x,}>_ _, is said to be periodic with period p if

Xntp =Xy forn > —k. (1.6)

The theory of Full Limiting Sequences was indicated in [15]. The following theorem was given in [5].

Theorem 1.4. ([12], [13])Let F € [I*1, 1] for some interval I of real numbers and for some non-negative integer k,
and consider the difference equation

Xn+1 = F<xnr Xpp—1-eer xnfk)r (1.7)
Let Iy be a limit point of the sequence {x,, }>__. Then the following statements are true.
(i) There exists a solution {Ly}5- o, of Eq.(U7), called a full limiting sequence of {x,}$°__,, such that Ly = Iy,
and such that for every N € {..., —1,0,1, ...} Ly is a limit point of {x,, }>__,.
(ii) For every ig < —k, there exists a subsequence {x;}° _ of {xn}5__ such that

Ly = lim x,,. N forall N > ij.
1—00
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2 Local Stability of the Equilibrium Point
In this section we investigate the local stability character of the solutions of Eq.(TL1).
Eq.(LI) has an equilibrium points are given by
x = f(x,x)
2 _3
ax +bx
- 2 3
cx +dx
a+bx
c+dx
ey . = b—ct/(b—c)?+4ad
Then Eq.(TT) has an equilibrium points x = ——Y—5————.
Let f : (0,00)> — (0,00) be a function defined by
au? + bow?
flu,v,w) = i + dow?’ (2.8)
Therefore it follows that )
_ 2uvw*(ad — bc)
Jult o) = “Cr o
u?w?(ad — be)
foli 0 0) = = G
2u?vw(ad — be)
foltr20) = =Taa s qowry
we see that
- — =, 2(ad—1bc
fulx, x,x) = (7_) = —¢o,
(c+dx)?
- = = ad — bc
fo(x,x,x) = —% = —q,
(c+dx)?
- = = 2(ad — bc
fol(x,x,x) = —(7_) = —0p.
(c+dx)?
Atx = w, onehas (c +dx)? = L(b+c+ /(b —c)? + 4ad).
Thus
- - = 8(ad — bc
fulx,x,x) = ( ) = —0o,
(b+c++/(b—c)?+4ad)
- = 4(ad — bc
folx,x,x) = — ( ) =0,
(b+c++/(b—c)?+4ad)
- = = 8(ad — bc
fw(x/ X, x) = - ( ) = —(C).
(b+c++/(b—c)?+4ad)
Then the linearized equation of Eq.(T.T) about is x is
Ynt1 + CoYn—r + C1Yn—1 + C2Yp—k =0 (2.9)

Theorem 2.5. Assume that

20| (ad —bc) |< b+c+ /(b —c)? + 4ad.

Then the positive equilibrium point x = CRARVAC e L W of Eq.(1.T)) is locally asymptotically stable.
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Proof. It follows by Theorem 13| that, Eq.(L.T) is asymptotically stable if
lcol+leil+]ex[<

8(ad — be) 4(ad — be) 8(ad — bc)

or

\+|(

(b+c++/(b—c)?+4ad) [+ (b+c++/(b—c)?+4ad)

20 | (ad —bc) |< b+c+ 1/ (b—c)? + 4ad.

The proof is complete.

3 Existence of Periodic Solutions

In this section we study the existence of prime period two solutions of Eq.(1.1).

Theorem 3.6. (i) Let 1,1, k odd, then Eq.(1.T) has a prime period two solution forall a, b, c,d € R*.
(ii) Let v,k even, I odd, then Eq. has a prime period two solution forall a, b, c,d € RT.

Proof. We will prove the theorem when Case (i) is true. The proof of Case (ii) is similar.
First suppose that there exists a prime period two solution

O 7 Y 77 A

of Eq.(L3).
We see from Eq.(L.1) that
_ap?+bp® _a+bp
Cocpr+dpd c+dp’
and
_ag*+bg®  a+bg
g’ +dg®  c+dg
Then
cp+dp*> =a+bp
and

cq+dg® =a+bg
Subtracting from gives
c(p—q)+d(p* —q*) =b(p — ).
Since p # g, it follows that

b—c
pt+q= p

Also, since p and g are positive, (b — ¢) should be positive.

Again, adding and yields
c(p+q) +d(p* +47) = 2a+b(p+q).
It follows by (3.12), and the relation
pPP+q = (p+q)?—2pqg forall pgeR,

that
__f

It is clear that p and g are two real distinct roots of quadratic equation given by:
dt? —(b—c)t —a=0,

foralla, b,c,d € RT.

b+c++/(b—c)?+4ad)

<1,

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
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Second suppose that a, b, ¢, d € RT.We will show that Eq.(L.T) has prime period two solutions.

Assume that
(b—c)++/(b—c)?+4ad

p= 2 /
and
~(b—c) = /(b—c)%+4ad
= 24
Therefore p and g are distinct real numbers.
Set

X—t = prx—t+l - q/' X1 = P/xo - q
We wish to show that
xp=x_1=p and xp =x9 =4.

It follows from Eq. that
o a+bp
1= c+dp P

Similarly we see that
X2 = (.

Then Eq.(I.I) has the prime period two solution

e p/ q/ p/ q/ s

where p and g are distinct roots of a quadratic equation and the proof is complete. O

4 Global Attractor of the Equilibrium Point of Eq.(1.1)

In this section we investigate the global attractivity character of solutions of Eq.(1.1).

Lemma 4.1. For any values of the quotient ¢ and g, the function f(u, v, w) defined by Eq.[Q.8) is monotone in each of
its three arquments.

Theorem 4.7. The equilibrium point x of Eq.(L.1) is global attractor if one of the following statments hold:
(i) ad > be and 4c(5)* — 4a(4)® > —(b+c)(2)*
(ii) ad < be and 5d(2)* — 4b(2)% > —a(4)2.

Proof. Let {x,}5__, be solution of Eq.(I.I) and again let f be function defined by Eq.(2.8).

We will prove the theorem when Case (i) is true. The proof of Case (ii) is similar. In case of (i), when
ad > b, the function f(u, v, w) is non-decreasing in u and non-increasing in v, w. Thus from Eq., we see
that

o axa_, +bx, ;x> _, P axy_, +b(0) a
T2 dx, 2, TN T a2 (o)
Then .
Xy < o= H forall n > 1. (4.15)
ax2_, +bx,_ x>, - ~a(0) + bx, x5,
Xn+1 > d 2 Z Xn41 = 0 d >
CXyyp T AXy X5 c(0) + Xp—1X, g
b
> P =h forall n>1. (4.16)
Then from Eq.(.15) and Eq.(4.16), we see that
b a
0<h:E§anE:H forall n > 1.

let {x,}° , be solution of Eq.(L.T) with

I =liminfx, and S =limsup.
=0 n—co



536 E. M. Elabbasy et al. / Qualitative behavior of rational difference...

We want to show that I = S.
Now it follows from Eq.(L.I) that

I>f(LS,9),

or
2 3
and so
al> + S — cI® < dIS3. (4.17)

Similarly, we see from Eq.(L.I) that
S < f(S,LI),

or
aS% + b3
~ ¢S24 413’
and so
aS? + bI® —¢S® > ds PP (4.18)

Therefore it follows from Eq.@.17) and Eq.(4.18) that
al* +bI*S* — ¢’ < dPPS® < aS* + bI°S? — ¢S°
c(I° — 8°) +bI2S*(I — S) —a(I* — $*) >0,

if and only if
(I—S)[c(I*+I3S + 1282 + IS® + §*) + bI2S? — a(I + S)(I> + S?)] > 0,

andso I > Sif
o(I* + PS + IPS? + 1S® + S*) + bI?S* — a(1 + S)(I*> + S?) > 0. (4.19)

Inequality can be written as:
c(I* + BS+ 183 4+ 8*) + (b +¢)I2S? —a(I 4 S)(I> + $%) > 0.
To prove Inequality [.19), let us consider
T=c(I* + PS+ 183 4+ 8*) —a(I + S)(I* + 5?)

Then, one has

T > 4c(g)4—4a(g)3
> —(b+o)(2)!
> —(b+c)I%S?,

and so it follows that

Therefore

This complete the proof. O
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5 Boundedness of Solutions of Eq.(1.1)

In this section we study the boundedness of solutions of Eq.(L.1)
Theorem 5.8. Every solution of Eq.(L.1)) is bounded and persists.
Proof. Let {x,}__, be a solution of Eq.(L.I). Then

ax2_, +bx,_ x>,

Xn+1 =
ex?_, 4 dx,_ X3,
2 2
axy,_, " bx, x5,
ex2_, 4dx, X3 , ox2_ +dx, x3
2 2

< ax,_, bxn,lxnfk

= 2 2
Xy dxy Xy

. a+b
c d

Thus xy < %—i—% = Mforall N > 1.
Let there exists m > 0 such that xy > m for all N > 1. Taking xy = ]/LN/ then one has

cvr A+ dy, iy,

I by,
2
Cyifr + d]/n—l]/n,k
ay?_ + by,_y? ay?_, + by, _y?
Yoa—r Yn—1Y5, _k Yoa—r Yn—1Y5,
2

< C]/%,r + dy”*lynfk

B ayglfr bynflyfl,k

_ ¢ d

oa b

Thus xy = yLN > % = ﬁ =mforall N > 1. Hence, m < xjy < M forall N > 1. O
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Abstract

This paper aims to study the existence and uniqueness of solutions of fractional integro-differential
equations in Banach spaces by applying a new generalized singular type Gronwall’s inequality, fixed point
theorems and Holder inequality. Example is provided to illustrate the main results.
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1 Introduction

This paper deals with the existence and uniqueness of solutions of boundary value problems (for short
BVP) for fractional integro-differential equations given by

‘D*x(t) = f(t,x(t),(Sx)(t)),t € ] =1[0,T],a € (0,1], 1)

ax(0) +bx(T) =¢, '

where D* is the Caputo fractional derivative of order a, f : | x X x X — X is a given function satisfying
some assumptions that will be spec1f1ed later and a,b, c are real numbers with a + b # 0 and S is a nonlinear
integral operator given by (Sx)(t) = [, k(t,s,x(s))ds, where k € C(J x | x X, X).

The ordinary differential equations is considered the basis of the fractional differential equations. In the
last few decades, fractional order models are found to be more adequate than integer order models for some
real world problems. For more details about fractional calculus and its applications we refer the reader to the
monographs of Hilfer [6], Kilbas et al. [8], Miller and Ross [9], Podlubny [10], Samko et al. [11] and the
references given therein. Recently, some fractional differential equations and optimal controls in Banach
spaces were studied by Balachandran and Park [2], El-Borai [3], Henderson and Ouahab [4], Hernandez et al.
[5], Wang et al. [14] and Wang et al. [15[16]. Very recently, Karthikeyan and Trujillo [7] and Wang et al. [13]
have extended the work in [1]] from real line R to the abstract Banach space X by using more general
assumptions on the nonlinear function f. Our attempt is to generalize the results proved in [1} 7, 13].

This paper is organized as follows. In Section 2, we set forth some preliminaries. Section 3 introduces
a new generalized singular type Gronwall inequality to establish the estimate for priori bounds. In Section
4, we prove our main results by applying Banach contraction principle and Schaefer’s fixed point theorem.
Finally, in Section 5, application of the main results is exhibited.

*Corresponding author.
E-mail address: th.sabri@yahoo.com (Sabri T. M. Thabet), mbdhakne@yahoo.com(Machindra B. Dhakne).
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2 Preliminaries

Before proceeding to the statement of our main results, we set forth some preliminaries. Let the Banach space
of all continuous functions from ] into X with the supremum norm ||x||e := sup{||x(t)|| : t € J} is denoted

by C(J, X). For measurable functions m : | — RR, define the norm [|m||»(;r) = (f] |m(t)|Pdt> 1< p < oo,
where L7 (], R) the Banach space of all Lebesgue measurable functions m with [|m/||»(; ) < co.

Definition 2.1. The Riemann-Liouville fractional integral of order « > 0 of a suitable function h is defined by

1

() = /ﬂt(t — §)*Th(s)ds,

where a € R and T is the Gamma function.

Definition 2.2. For a suitable function h given on the interval [a,b], the Riemann-Liouville fractional derivative of
order « > 0 of h, is defined by

(DR, h)(t) = % (i) / (= 5)" o Un(s)ds,

n—u)

where n = [a] + 1, [a] denotes the integer part of .

Definition 2.3. For a suitable function h given on the interval [a,b], the Caputo fractional order derivative of order
« > 0 of h, is defined by

(D%, 1) (t) = r(l) / (£ = 510 (5)ds,

n—uo

where n = [a] + 1, [a] denotes the integer part of «.

Lemma 2.1. (I8 [I7]) Let « > O; then the differential equation “D*h(t) = 0, has the following general solution
h(t) =co+cit +cot> + -+ cp1t" 1, wherec; € R, i =0,1,2,...,n — 1, where n = [x] + 1.

Lemma 2.2. ([I8,[17]) Let « > 0, then
I*(°D*h)(t) = h(t) + co + c1t + cat> 4+ - -+t L,
forsomec; € R,i=0,1,2,...,n—1, where n = [a] + 1.

Definition 2.4. A function x € C'(], X) is said to be a solution of the fractional BVP if x satisfies the equation
‘D*x(t) = f(t x(t), (Sx)(t)) a.e. on ], and the condition ax(0) + bx(T) = c.

For the existence of solutions for the fractional BVP (1.1), we need the following auxiliary lemma.
Lemma 2.3. Let f : | — X be continuous. A function x € C(], X) is solution of the fractional integral equation

1

x(t) = I_(a)/ot(t—s)"‘_lf(s)ds— !

—3 {1"(boc) /OT(T —8)* 1 f(s)ds — c}, 22)

if and only if x is a solution of the following fractional BVP

{CD“x(t) =f(t),te]=[0,Tl,a € (0,1], 2.3)

ax(0) + bx(T) = c.

Proof. Assume that x satisfies fractional BVP (2.3); then by using Lemma[2.2]and Def. 2.1} we get

x(t) +co = I’(loc) /Ot(t —8)* " 1f(s)ds,
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where ¢y € R, that is: t
1 _
x(t) = ) /0 (t —5)*"1f(s)ds — co. (2.4)

By applying boundary condition ax(0) + bx(T) = ¢, we have

(a+ bb)l"(oc) /O.T(T =) f(s)ds — a i b’

Now, by substituting the value of ¢ in (2:4), we obtain

o =

1

x(t) = O] /Ot(t —5)* 1 F(s)ds — (CFDN0) :)r(a) /OT(T —5)* 1 (s)ds + ﬁ.

Conversely, it is clear that if x satisfies fractional integral equation (2.2), then fractional BVP (2.3) is also
satisfied. [

As a consequence of lemma[2.3) we have the following result which is useful in what follows.

Lemma 2.4. Let f : [ x X x X — X be continuous function. Then, x € C(], X) is a solution of the fractional integral
equation

x(t) = r(la) /ot(t — ) 1f(s,x(s), (Sx)(s)) ds -
- e [ T ), s0)is ]

if and only if x is solution of the fractional BVP (L.I).
Lemma 2.5. (Bochner theorem) A measurable function f : ] — X is Bochner integrable if || f|| is Lebesgue integrable.

Lemma 2.6. (Mazur theorem, [12]) Let X be a Banach space. If U C X is relatively compact, then conv(U) is relatively
compact and cono(U) is compact.

Lemma 2.7. (Ascoli-Arzela theorem) Let S = {s(t)} is a function family of continuous mappings s : [a,b] — X. If
S is uniformly bounded and equicontinuous, and for any t* € [a,b], the set {s(t*)} is relatively compact, then, there
exists a uniformly convergent function sequence {s,(t)}(n =1,2,...,t € [a,b]) in S.

Lemma 2.8. (Schaefer’s fixed point theorem) Let F : X — X be a completely continuous operator. If the set E(F) =
{x € X : x = nFx for some y € [0,1]} is bounded, then, F has fixed points.

3 A generalized singular type Gronwall’s inequality

Before dealing with the main reslts, we need to introduce a new generalized singular Gronwall type inequality
with mixed type singular integral operator.
We, first, state a generalized Gronwall inequality from [15].

Lemma 3.9. (Lemma 3.2, [15]) Let x € C(], X) satisfies the following inequality:

t T t
Ix(Ol <a+b [ x(@) a0 +c [ x(©)|2a0+a [ |xo]}a0
T
+e/0 ||x9||§4d9,t €],

where A, A3 € [0,1], A2, A4 € [0,1),a,b,c,d,e > 0 are constants and
lxollp = supg<s<g |x(s)||. Then there exists a constant L > 0 such that

[x(®)] < L.

Using the above generalized Gronwall inequality, we can obtain the following new generalized singular
type Gronwall inequality.
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Lemma 3.10. Let x € C(J, X) satisfies the following inequality:
T
Il < a+b/ 1 x(s) s +c (T —5) 1 x(s)]| s
0

T
b [ 0= s s e [T =) s,
(3.6)

where . € (0,1],A € [0,1— %)for some 1 < p < 1, ||xs|p = SUpg< o<, ||X(T)| and a,b,c,d,e > 0 are
constants.Then, there exists a constant L > 0, such that

lx(t)]| < L.
Proof. Let
1L, [x(n) <1,
t) =
v = i, Il o1
Using and Holder inequality, we get
lx(®)]l < Iy ()]
t T
<(a+1)+b / (=) ly(s) s+ [ (T =) ly(s) s
1 T 1 A
[ (6= sy yelids e [T =)y s

S(a+1)+b(/0t(t— ”‘1ds> </ llv(s) 7’3 )”p]
+c (/OT(T—S)’”(“‘”ds); (/ ly(s )IlpldS)pp

t T
llyslly [ (6= s el [ (T =5 as

pla-1)
S(a+1)+b<(t)+1> /||y )17 ds

1
TP(a=1)+1 Po,T Ap
+C<W> / [y ()17~ ds

T
+dHySHB +e||]/5||B( )

Bé

< (a+1) +dly 3= +€||ys||3( ]

Tp(a=1)+1 ? t Ap
AT ] /OIIy(S)IIHds

1

Tp(a71)+1 Po,T Ap

where 0 < -5 p 7 <L
Hence, by lemmathere exists a constant L > 0, such that ||x(#)|| < L.

4 Main results

For convenience, we list hypotheses that will be used in our further discussion.
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e (H1) The function f : | x X x X — X is measurable with respect to t on | and is continuous with respect to
xon X. .
e (H2) There exists a constant a1 € (0, «) and real-valued functions mq (t), my(t) € L% (J,R), such that

£ (£ x(8), (Sx)(8)) = f(£,y(8), (Sy) (Ol < ma(8) (I1x(£) = y(B)]| + 1Sx(£) — Sy(B)]]).,

Ikt 5,x(s)) = k(t,s,y(s)) | < ma(t)][x(s) = y(s)I,
foreachs € [0,t],t € Jand all x,y € X.

1
e (H3) There exists a constant ap € (0,a) and real-valued function h(t) € L%(]J,R), such that
£ (£, x(t), (Sx)(t))|| < h(t),foreacht € J,and all x € X.
For brevity, let M = ||mq +mymyT|| 1 and H = [|h]| 1
La

1(JR) L% (IIR)
e (H4) There exist constants A € [0,1 — %) forsomel < p < Ta and Ny, N > 0, such that
I (8, x(8), (Sx) ) ]| < Np(1+ [x(B)I* + [[(Sx) (D)),
k(t s, x(s)) Il < Ne(1+ [[x(s)[1"),

foreachs € [0,t],t € Jand all x € X.
e (H5) For every t € ], the set
Ky = {(t—5)*"1f(s,x(s),(Sx)(s)) : x € C(], X),s € [0,#]} is relatively compact.

Now, we are in position to deal with our main results.

Theorem 4.1. Assume that (H1)-(H3) hold. If

M Tv™ Ib|
Qur = ) (=) (1 + |a+b|> <1. 4.7)

Then, the fractional BVP (L.1) has a unique solution on J.

Proof. By making use of hypothesis (H3) and Holder inequality, for each t € ], we have
t t
/O H(f*S)"‘_lf(s/x(S)/(Sx)(S))IIdSS/(f*S)”‘_lllf(SIX(S)r(SX)(S))HdS
< / ) h(s)ds
a1 l-ay /ot o
< (/ (t—s)F “2ds> (/ (h(s)) ds)
0 0
1—062
<

N—n
g
- (’X D‘Z)l oy
0 1 2%}
Thus, |(t —s)* 1f(s,x(s), (Sx)(s))| is Lebesgue integrable with respect to s € [0,t] for all t € ] and

x € C(J,X). Then, (t —s)*"1f (s, x(s), (Sx)(s)) is Bochner integrable with respect to s € [0, ] forall t € | due
to lemma 2.5

N

a—1
—(t—s)T" i

Hence, the fractional BVP (1.1)) is equivalent to the following fractional integral equation

x(1) = r(l) [ =9 5165, (531 5)) s
T (4.8)
~ i T (sx(e), (53) () s — ],
Now, let B, = {x € C(], X) : ||x]|c < 7}, where
r> HT™ ™ + 1o «_ HT" ™ + el (4.9)
T T(a) (=)t Ja+bl o T(a)($2) e et bl :
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Define the operator F on B; as follows:

(F0 = gy [ (=315, 5(6), (509
(4.10)
- alﬂ [r(b“) /OT(T —5)* 1 (s,x(s), (Sx)(s) ) ds — c},t e]J.

Clearly, the solution of the fractional BVP is the fixed point of the operator F on B,. We shall use the
Banach contraction principle to prove that F has a fixed point. The proof is divided into two steps.

Step 1. F(x) € B, for every x € B,.
For every x € B, and § > 0, by (H3) and Holder inequality, we have
I(F(x)) (£ +6) = (F(x)) (1)l

= Hr(lw /OWOH =5)* f(s,x(s), (Sx)(s))ds
_F({X) /Ot(t—s)“‘lf(s,x(S)/(Sx)(S))dS

)= (- S)"“l} £ (s,x(s), (Sx)(s)) Ilds

IN
—_
53\_.*
+
<,
\
wn

T'(a)
+ T(la) ./tw(t +0—5)" £ (s, x(s), (5x)(s)) s
< r(loc) ot[(t+(5 — )" = (t =) "h(s)ds
1 t+0 1
T, s TR
1

1;—& 1;—& 17062 1;—& 17062 I;_i 1*0(2

H —61 t49)t—= H ti=n2 H ol-x

< r(lx) a—ap + ( txfzcz - r(a) a—ay + r(a) x—ay :
170(2 170(2 170(2 170(2

It is obvious that the right-hand side of the above inequality tends to zero as § — 0. Therefore, F is

continuous on J, that is, F(x) € C(J, X). Moreover, for x € B, and all t € ], by using , we have

rs [ =9 1 (s x(5), (52) ) s

T(a) Jo T

ol T (s, x), (52)(5) s +
|a+b[T(a) Jo T

< r(llx) /Ot(t — o) (s)ds

+ L/T(T—s)“_lh(s)dswL el
la+b|T(a) Jo la+b|

< r(la) (/Ot(ts)l“‘»fzds)l_az (/Ot(h(s))“lzds>a2

i 1-ay
e (fa-ote) T ([Toe)

ICEC) (B

IN

|c|
la + b

N
QU
1)
~__
=
N
+
o
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HT® Ib| HT® Ic|

< +
_r(a)(%)lﬂxz \a+b| ()(’i‘:gi)lﬂxz |a + b|

<r.

Thus, ||F(x)||e < r and we conclude that for all x € B, F(x) € B,, thatis, F : B, — B,.

Step 2. F is contraction mapping on B;.
For x,y € B, and any t € ], by using (7), (H2) and Holder inequality, we have

I(EG)E = F@) O
t
< Fag o =9 I x(6), (50)(5)) = £(5,3(6), () 3)) | s

|b| T x—1
e o T A6, (59)(6) — £(5v(s) (59)(5) | d

< Fw [ =) )~y + 1(50)6s) ~ (Sy)(s) s

|b| T a—1
+W/o (T — )"y (s) (lx(s) =y ()l + [[(Sx)(s) — (Sy)(s)|l)ds

< vy o =9 )

(|x s)|| —|—/ |k(s, T, x(T)) —k(s, T, y(T ||d1')

L T -
+|a+b|F(a)/() (T — )% Ly (s)

X (|x(s) —y(s)| + /OS |k(s, T, (7)) —k(s, T, y(7))|| dT)
< vy o 9 )

< (16) = yls) + [ ma(s) Ix(o) vt ) s
M',f"r() s )
< (1) = v+ [ male) [(7) — y(o) ) s

<t t(f_s) () (1% = ylleo + m2(5) Tl = yeo) s

|a+|lf||l"( >/ (T = 5)* " 1 () (I1x = ylleo + ma(s)Tllx = yllos) ds

”x yHoo 1-aq t 1
/ (t— sl 1ds /(ml(s)—i—ml(s)mz(s)]")alds
0
|b| T fi;ld 1-aq
+|a+b|r<a>(/o 7 -9fias)
T Lo\
x (/O (my(s) +my(s)ma(s)T) ™ ds>
a—ag \ 1= N
< Ml =yl (70} Mibx e (T
=" T(a) T4 la+ b|T(a) e

M T 1+ |b|
I'(a) ()t |a+ b

= Qu1l[x = Yllo-

+

(5]

<

1% = ¥lleo-
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Thus, we have

IF(x) = F(W)lleo < Qa,7[|x = Ylloo-
Since O, r < 1, F is contraction. By Banach contraction principle, we can deduce that F has a unique fixed

point which is the unique solution of the fractional BVP (1.1). O

Our second main result is based on the well known Schaefer’s fixed point theorem.
Theorem 4.2. Assume that(H1), (H4) and (H5) hold. Then the fractional BVP has at least one solution on | .

Proof. Transform the fractional BVP into a fixed point problem. Consider the operator
F:C(],X) — C(J, X) defined as (#.10). It is obvious that F is well defined due to (H1), Holder inequality and
the lemma[2.5]

For the sake of convenience, we subdivide the proof into several steps.
Step 1. F is continuous operator.
Let {x,} be a sequence such that x, — x in C(J,X). Then for each t € ], we have

[ (F(xn))(t) = (F(x)) ()|
< 1"(104) /Ot(t — )21 £ (s, xn(s), (Sxn)(s)) — f(s,x(s), (Sx)(s))|| ds

+ |a+bb||1"@c) /OT(T—S)"‘_1 £ (s, xn(s), (Sxn)(s)) — f(s,x(s), (Sx)(s)) || ds

<1700 (590 = £ 0, (S gy (¢ =) s

‘b| T a—1
+ £ Coxn(), (Sxn) () = £(x (), (S2) () o, W/o (T —s)*ds
< IO (850)0) ~ £ 50,0
+ £ Coxn (), (S20) () = £ 20, (52)0)) | |a+bb||FM)7¢;

TIX
Srwm(”my)\\ﬂ xu(2), (Sx) () = £ (x(), (S0 () |-

Taking supremum, we get

||Fxn — Fx|oo

TOC
<ty (1 g ) G (830 0) = F(x0 50O

since f is continuous, we have

|[Fx; — Fx|lco — 0 as n — oo.

Therefore, F is continuous operator.

Step 2. F maps bounded sets into bounded sets in C(], X).
Indeed, it is enough to show that for any #* > 0, there exists a I > 0 such that for each
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X € By = {x € C(J,X) : ||x]|o <5*}, wehave |Fx|leo < 1.
For each t € |, by (H4), we get

mnmxwlSFSLWU—QWWV@JSXS@“»WS
. - c
ol Jo (T Il (S0 s+ 2o
Sﬁb%@_M1MO+W@W+M“WHW
b [N I+ S0+ L
< o [Ny (1 I+ [ G x(0) e ) s

b T e
o b T

x Ny (1 + [|x(s)||* + /OS |k(s, T, x(T)) ||dT) ds + |a—T—b|
(

1 ¢ _ s
SFMLAU_”“”%<L+M@HA+AZWO+MerMm)¢
0| T a
o b T

Ny (1 I+ [Nl ol ) s+ 1
1

t
< — _ o)1 A A
—u@A“ $)* T INg (14 [[x |5 + Ni(1 + [|x[|5%) T)ds

|| T a
+m+bwmyé(T*” 1

Cc
N1+ [ + N+ )T + L

< Nf<1+(’7;)(/;>(1+NkT) /t(i’ )a lds
(1+(;7*) (14 N, T) |b|

['(a)|a+ b |a + bl
Np(1+ (7)) (1 + N T) 4
(a

~—

+

‘ ~~

—
~—

~ 2

N+ A+ NDII TS | e
I'(a)|a+ 0| x  |a+Db

|b] ™ " "
S mrn) Tarn VA 0)DA+NT) +

where

p= (14 2 DN+ () (4 M) +
la+b[) T(w+1)"/
Thus, we have
I(F(x))(£)|| <!and hence |[Fx[lo < 1.

Step 3. F maps bounded sets into equicontinuous sets of C(J, X).
Let0 <t; <, <T,x € By+. Using (H4), again we have
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= r(luo ./Otl [(tz—s) L (t—s)* 1] Np (14 [|lx(s)[I* + 11 (Sx)(s)1])
+ r(la) /tf(fz—s)“ NP+ [lx(8) |2+ [[(Sx)()])
< i [ [ =9 = (= N (Ul + N1+ ) T) s
+ r(la) :(tz — ) INF (T4 [|x 1% + Ne(1+ [[x[| &) T)ds
*\A t
= ne (’71")(&))(1 L /0 {(fz =) —(t — S)'X*l} ds
*\A t
* Nf(l - (ﬂf)(a))(l D) /t1 (tp — S)mflds
Nf(1+ (7")") (1 + N T)

= Tt 1) (5= 1)

As t; — ty, the right-hand side of the above inequality tends to zero and since x is an arbitrary in By, F is
equicontinuous.

Now, let {x,},n =1,2,... be a sequence on By, and

(Fxn)(£) = (Fuxn)(£) + (F2x0)(T), £ € ],

where

(Frxq)(t) = I—'(llx) /Ot(t — S)ailf(s,xn(s), (an)(s))ds,t €],
(Ban)(T) = —Wb)m) /OT(T—S)“*lf(s,xn(s), (Sxu)(s))ds + HCW

In view of hypothesis (H5) and lemma[2.6] the set co77oK is compact. For any t* € ],

= F(lﬂé)/o <t* — S)uilf(sl xn(S>, (an)(s))ds

F(loc) ]HOOZ t; (t* — i;:)alf (i;:,xn(i;:)/ (an)(ilt:)>
- Fago

(Frxn)(t7)

where

it* it* it* it*

Gn = lim Z (t — ) lf (k’xn(k)'(sx”)(k)> :

Now, we have {(Fix,)(t)} is a function family of continuous mappings Fix, : ] — X, which is uniformly
bounded and equicontinuous. As convK; is convex and compact, we know (, € convKj. Hence, for any
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t* € ] = [0,T], the set {(Fix,)(t*)}, is relatively compact. Therefore by lemma 2.7} every {(Fix,)(t)}
contains a uniformly convergent subsequence {(Fix,,)(t)},k = 1,2,..., on J. Thus, {Fix : x € By} is
relatively compact. Similarly, one can obtain {(Fx,)(t)} contains a uniformly convergent subsequence
{(Bxy,)(t)},k=1,2,...,0on J. Thus, { bx : x € By} is relatively compact. As a result, the set {Fx : x € B« }
is relatively compact.

As a consequence of steps 1-3, we can conclude that F is continuous and completely continuous.

Step 4. A priori bounds.
Now it remains to show that the set

E(F)={x € C(J,X) : x = nFx forsome 5y € [0,1]},

is bounded
Let x € E(F), then x = yFx for some 7 € [0,1]. Thus, for each t € ], we have

x(t) =1 (r(l) [ =9 s x(6), (53)(9)ds

- (a+bb)r(w) /OT(T — )" 1 f (s, x(s), (Sx)(s))ds + a—T—b) .

Using (H4), for each t € ], we have

<0l < IE@)O
< iy o =Ny (1 I [N+ () P ) s

.
e b T

< N, <1 I+ [N+ |x(T)|)‘)dT> ds +

1
I'(w)

.
e b T

C
X N (1+ ()| + Ni(1+ el ) T)ds + —LL

|c|
|a + b

<

[ =9 N (1 I+ N1+ [ [T s

|a + b
< FIEZ) /Ot(t —5)* lds + FIEZ) /Ot(t — )" H|x(s)||Mds
- I\g(Nak)T /Ot(t—s)“‘lds+ I\E(NJ)T /Ot(t—s)“‘l\lxsllﬁds
T
i Jy 7o
bt T s
T
|Lb'+N£|¥'EZ>/O (T —5)"ds
+ |Lb|+N5|¥’EZ> /()T(T_S)a_l|‘x5||§ds+ |a|—T—|b|
_ NyT® N NyNT*H N |b|NsT® N |b|NgNT*+1 N Ic|
“T(a+1)  T(a+1) la+bT(a+1) |a+0bT(a+1) |a+D|

Nf ! a— ‘b|Nf T o
i L= s+ s [Tt )
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NANT gt BINGNGT T
o o M slds + s [T =) s

By lemma[3.10} there exists a N > 0 such that ||x(t)|| < N, t € J.

Thus for every t € ], we have ||x||c < N. This show that the set E(F) is bounded.

As a consequence of Schaefer’s fixed point theorem, we deduce that F has a fixed point that is solution of
fractional BVP (L.I). O

5 Examples

In this section, we give one example to illustrate the usefulness of our main results.

Example 5.1.

1 e x(t (s+]x(s)])
{CDZX(t) = 15 (1+x\x(t)| + fo 2+ts fj\x( )|)ds> te e (0], (5.11)
x

where o > 0 is constant.

Take X7 = [0,00),J; =[0,1] andso T = 1.
Set

s+ [x(s)]
(24121 +x(s)])

Fle (0, 520(0) = 1 (O + (59)(0)) a5, 3(5) =

Let x1,x2 € C(J1,X1) and t € [0,1], we have

1
(2+1)?

(1 =) (Jxa(s)] = [xa(s)])
(1 [x1(s) (1 + [x2(5)])

< (e - ()

< () -l

|k1(t,S, X1 (S)) - kl(t/ S, XZ(S))‘ <

and

|fr(tx1(8), (Sx1)(8)) — fa(t x2(t), (Sx2) ()|

et (| |u(t)] a(1)]
i (‘1+Tx1<t>| = T 0| T[S0 - <Sx2><t>\)
e ()] — [x2(8)]
=7 ((1+|x1<t>)(1+|x2<t)|) +!<5x1><t>—<8x2><t>)>

e—at

() — 0| + |52~ (sx)0))

IN

Also, for all x € C(J1, X1) and each t € J;, we have

o0t s+ |x(s)]
|f1(t,x(t),(5x)(f))| < 1+t (‘1+|x |‘ 2+t )2(14 |x(s)])

S)=()5

.

IN
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Forte J;,B € (0, %),we have
e 1 1
m(t) = S5~ € LE(J1,R), ma(t) = } € LF (Jy, R), h(t

5 e*tft 1 5 e—m‘
=(3)5% € LF(J,R dM=| (3
(4) 2 (J1,R) an | (4) 2 ||L%(MR)

Nl—=

Choosing some ¢ > 0 large enough and g = } € (0, }), one can arrive at the following inequality

_l"z(\g)(§—1>11 <1+;> <1

Q

N|—
N,
i

,_.
i

All the assumptions in Theorem [£.T] are satisfied, and therefore, the fractional BVP has a unique solution
on h.
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Abstract

In this paper, the authors investigate the Hyers - Ulam - Rassias stability and ]J. M. Rassias mixed type
product- sum of powers of norms stability of a orthogonally generalized quadratic functional equation of the
form

fnx+y)+f (nx —y) = nlf (x+y) + f (x =) +2n(n = 1) f(x) = 2(n = 1)f(y),
where f : A — B be a mapping from a orthogonality normed space A into a Banach Space B, L is
orthogonality in the sense of Ratz with x | y forall x,y € A.

Keywords: ~ :Hyers - Ulam - Rassias stability, ]. M. Rassias mixed type product - sum of powers of norms
stability, Example, Orthogonally quadratic functional equation, Orthogonality space, Quadratic mapping.
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1 Introduction

The stability problem of functional equations originated from the following question of Ulam[19]: Under what
condition does there exist an additive mapping near an approximately additive mapping? In 1941, Hyers [8]
gave a partial armative answer to the question of Ulam in the context of Banach spaces. In 1978, Th.M. Rassias
[14] extended the theorem of Hyers by considering the unbounded Cauchy dierence.

The idea of generalized Hyers-Ulam stability is extended to various functional equations like additive
equations, Jensen’s equations, Hosszu’s equations, homogeneous equations, logarithmic equations,
exponential equations, multiplicative equations, trigonometric and gamma functional equations .

It is easy to see that the quadratic function f(x) = kx? is a solution of each of the following functional
equations

fx+y)+ flx—y) =2f(x) +2f(y), (1.1)
fx+y+z2)+fx)+fy)+f(z)=flx+y)+fy+2)+ flz+x), (1.2)
fx—y—2)+fx)+fy)+fz)=flx—y)+ fy+2)+ f(z—x), (1.3)

fx+y+z)+ fx—y+z)+ flx+y—z)+ f(x —y—z) = 4f (x) +4f (y) +4f(2). (14)

So it is natural that each equation is called a quadratic functional equation. In particular, every solution of the
quadratic equation is said to be quadratic function. It is well known that a function f between real vector
spaces is quadratic if and only if there exists a unique symmetric biadditive function B such that f(x) = B(x, x)
for all x(see [1,19]). The bi-additive function B is given by

B(vy) = 4[f(x +y) ~ f(x—y)] 15)

*Corresponding author.
E-mail address: shckravi@yahoo.co.in (K. Ravi), sureshs25187@gmail.com(S. Suresh).
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A Hyers-Ulam-Rassias stability problem for the quadratic functional equation was first treated by F. Skof
for functions f : A — B where A is a normed space and B is a Banach space (see [17]). Cholewa [2] noticed
that the theorem of Skof is still true if relevent domain A is replaced by abelian group. Czerwik [3] proved the
Hyers-Ulam-Rassias stability of the equation (L.T).

In 1982-1984, .M. Rassias [12}[13] proved the following theorem in which he generalized the Hyers stability
result by presenting a weaker condition controlled by a product of different powers of norms.

Theorem 1.1. [12,[13]] Let f : E — E’ be a mapping from a normed vector space E into a Banach space E' subject to
the inequality

If(x+y) = f(x) = FWI < e llx]P flyll

forall x,y € E, where € and p, q are constants with e > 0and r = p 4+ q # 1. Then the limit

L(x) = lim f2"x)

n—oco 2N

exists forall x € Eand L : E — E' is the unique additive mapping which satisfies

€
1) = LI < 5= 2l
for all x € E. If, in addition, for every x € E, f(tx) is continuous in real t for each fixed x, then L is linear.

The above-mentioned stability involving a product of different powers of norms is called Ulam-Gavruta-
Rassias stability. Later, ].M.Rassias [15] discused the stability of quadratic functional equation

flmx+y) + f(mx —y) = 2f (x +y) +2f (x — y) +2(m* = 2) f(x) — 2f (y)

for any arbitrary but fixed real constant m with m # 0;m # £1;m # ++/2 using the mixed powers of norms.
Now we present the results connected with functional equation in orthogonal space. The orthogonal
Cauchy functional equation

flx+y)=f(x)+fy)x Ly (1.6)

in which L is an abstract orthogonally was first investigated by S. Gudder and D. Strawther . R. Ger and J.
Sikorska discussed the orthogonal stability of the equation in [Z]. The orthogonally quadratic functional
equation (1.1) was first investigated by F. Vajzovic [20] when X is a Hilbert space, Y is the scalar field, f is
continuous and L. means the Hilbert space orthogonality. This result was then generalized by H. Drljevic [4],
M. Fochi [5], M.Moslehian [10, 11]] and G. Szabo [18].

Definition 1.1. A vector space X is called an orthogonality vector space if there is a relation x L y on X such that
(i) totality of L for zero: x L 0, 0 L xforallx € X;
(ii) independence: if x L yand x,y # 0, then x,y are linearly independent;
(ii1) homogeneity: if x Ly, then ax L by forall a,b € IR;
(iv) the Thalesian property: if P is a two-dimensional subspace of X ; then
(a) for every x € P thereexists 0 #y € Psuchthat x L y;
(b) there exists vectors x,y # Osuchthat x L yand x+y L x —y.
Any vector space can be made into an orthogonality vector space if we define x L 0,0 L x for all x and for non zero
vector x, y define x L y iff x, y are linearly independent. The relation L is called symmetric if x L y implies thaty L x
forallx, y € X.

Definition 1.2. The pair (x, L) is called an orthogonality space. It becomes orthogonality normed space when the
orthogonality space is equipped with a norm.

Definition 1.3. Let X be an orthogonality space and Y be a real Banach space. A mapping f : X — Y is called
orthogonally quadratic if it satisfies the so called orthogonally Euler-Lagrange (or Jordan - von Neumann) quadratic
functional equation

flxty) + flx —y) = 2f(x) +2f(y) (1.7)
forall x,y € Xwithx L y.
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In this paper, we obtain the general solution of new quadratic functional equation

flnx+y)+ f(nx—y) = nlf (x +y) + f (x =y)] +2n(n = 1) f(x) = 2(n = 1) f(y) (1.8)

and study the Hyers - Ulam - Rassias stability and J. M. Rassias mixed type product-sum of powers of norms
stability in the concept of orthogonality.

Definition 1.4. A mapping f : A — B is called orthogonal quadratic if it satisfies the quadratic functional equation
(T:8) for all x,y € A with x Ly where A be an orthogonality space and B be a real Banach space.

Through out this paper, let (A, L) denote an orthogonality normed space with norm || - ||4 and (B, || - ||5)
is a Banach space. We define

D f(x,y) = f(nx+y)+ f(nx—y) (1.9)
—n[f (x+y)+f(x—y)—2n(n-1)f(x) +2(n—1)f(y).

forallx,y € Awithx L y.
Now we proceed to find the general solution of the functional equation (L.8).

2 The General Solution of the Functional Equation

In this section, we obtain the general solution of the functional equation (1.8). Through out this section, let X
and Y be real vector spaces.

Theorem 2.2. Let X and Y be real vector spaces. A function f : X — Y satisfies the functional equation

fnx+y)+ f(nx—y) =n[f (x+y) 21
+f(x=y)+2nn-1)f(x) =2(n = 1)f(y)

forall x,y € X if and only if it satisfies the quadratic functional equation

flety)+ fx —y) = 2f(x) +2f(y) (22)
forall x,y € X.
Proof. Suppose a function f : X — Y satisfies (2.1). Putting x = y = 0in (2.1), we get f(0) = 0. Let x = 0 and
y=0in , we obtain f(—y) = f(y) and f(nx) = n*f(x), respectively. Setting (x,y) = (x,x +y) in ,

we obtain

fn+Dx+y) + f(n = V)x —y) = n[f(2x +y) + f(=y)] +2f (nx) = 2nf(x) (23)
forall x,y € X. Replacing y by —y in and adding the resultant with (2.3), we obtain

F(n+1)x+y) + F((n+ D)x—y) + F((n = Dx +) + f((n—Dx —y) 24)

=nlfQx+y) + fQx—y)]+2n[f(x+y) + f(x =yl + 2[f(x +y) + f(x —y)]
+2nf(y) +4f (nx) —4nf(x)

forall x,y € X. Settingn = n+1,n = n — 1 and n = 2 respectively in (2.T), we obtain the following equations

f((n+Dx+y)+ f((n+1)x —y) (2.5)
= (n+D[f(x +y) + fx —y)] +2n°f(x) + 2nf (x) = 2nf(y)

fln=Dx+y)+f(n—=Dx—y)=n-D[f(x+y) + f(x —y)] (2.6)
+ 21 f(x) — bnf(x) + 4f (x) — 2nf (y) + 4f(y)
fQx+y)+f2x—y) =2[f(x+y) + f(x —y)| +4f(x) — 2f(y) (27)

for all x,y € X. Substitute 2.5), (2.6) and 2.7) in 2.4), we arrive 2.2).
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Conversely, assume f satisfies the functional equation [2.2). Letting (x,y) by (0,0) in (2.2), we get £(0) = 0.
Putting x = 0 in (2.2), we obtain f(—y) = f(y) forally € X . Thus f is an even function. Substituting (x,)
by (x,x) and (x,2x) in (2.2), we get

f(2x) = 4f(x), f(3x) = 9f (%) (238)

respectively for all x € X. Setting (x,y) = (nx +y, nx —y) in (2.2), we obtain
flnx+y) + fnx—y) = 20 (x) + 2f (y) 29)
for all x,y € X. Multiplying by 1 and subtracting the resultant from .9), we arrive 2.1). O

3 Hyers - Ulam - Rassias Stability of

In this section, we present the Hyers - Ulam - Rassias stability of the functional equation (1.8) involving sum
of powers of norms.

Theorem 3.3. Let y and s(s < 2) be non-negative real numbers. Let f : A — B be a mapping fulfilling

ID f (e y)llp < p Il + [yl 3.1)
orall x,y € A with x L y. Then there exists a unique orthogonally quadratic mapping Q : A — B such that
y Y q g y4q pping
1£0) = QW < 55—y Il (32)
forall x € A. The function Q(x) is defined by
. nkx
Q) = Jim L5 63)
forall x € A.
Proof. Replacing (x,y) by (0,0) in (3.1) we get f(0) = 0. Setting (x,y) by (x,0) in (3.1), we obtain
p g\x,y) by g g (X, y) Dby
|F(nx) = n2f ()| < Bl (34

forall x € A. Since x L. 0, we have

n

|22 — )

H
; < ) %1% (3.5)

for all x € A. Now replacing x by nx and dividing by n? in and summing resulting inequality with ,
we arrive

(n?x n’
|22 - 5| < e {1+ 22 et 9
for all x € A. In general, using induction on a positive integer n we obtain that

fr) A
—f@)| =53 Il 3.7)

| (n2)k f 5 212 = (n2)t I

i oyt s

<-= X
an t;() (le)t H ||A

for all x € A. In order to prove the convergence of the sequence { f(1n*x)/(n?)¥} replace x by n"x and divide
by (nZ)m in @), for any k, m > 0, we obtain

f(nms) g 1 [|f(eme)
(nZ)(k+m) o (nZ)m (nZ)m (le)k _f(n X)
B
1 k—1 st s
S (n2>m2‘u? t:ZO (ZZ)t ||1’l xHA
(o) 1 s
<o Yy Il (38)
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As s < 2, the right hand side of tends to 0 as m — oo for all x € A. Thus {f(n*x)/(n?)¥} is a Cauchy
sequence. Since B is complete, there exists a mapping Q : A — B such that

Q(x) = lim fl'x) Vx € A.

Letting k — oo in @), we arrive the formula for all x € A. To prove Q satisfies , replace (x,y) by
(n*x, nky) in and divide by (1n2)* then it follows that

e I ) £ =) = (G 9) = £ (=)

—2n(n—1)f(n*x) —2(n — 1)f(”k1/>||3 < (ng)k {anx

s
k
n
Wty

W

Taking limit as # — oo in the above inequality, we get

[Q(nx +y) + Q(nx —y) —n[Q(x +y) — Qx —y)]
—2n(n—1)Q(x) +2(n — 1)Q(y)HB < 0.

which gives
Qnx +y) + Q(nx —y) = n[Q(x +y) — Qlx —y)] +2n(n = 1)Q(x) - 2(n - 1)Q(y)

by taking limit as k — oo in (3.7), we obtain
| £() = Qs < 55—y Il (39)

for all x,y € A with x L y. Therefore Q : A — B is an orthogonally quadratic mapping which satisfies
. To prove the uniqueness: Let Q' be another orthogonally quadratic mapping satisfying and the

inequality (3.2). Then
06~ 5 = e[ () ~@ ()],

< o (10 02) — £ @)y + [ () — @ () )

— 0 ask — o

IN

115

for all x € A. Therefore Q is unique. This completes the proof of the theorem. O

Theorem 3.4. Let y and s(s > 2) be nonnegative real numbers. Let f : A — B be a mapping satisfying for all
x,y € Awithx L y. Then there exists a unique orthogonally quadratic mapping Q : A — B such that

IF () = Qg < 5y Il (310)
forall x € A. The function Q(x) is defined by

Q(x) = lim ()" f (=) (3.11)

forall x € A.

Proof. Replacing x by 7 in , the rest of the proof is similer to that of Theorem 3.1. O
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4 J.M. Rassias Mixed Type Product - Sum of Powers of Norms Stability
of

In this section, we discuss the J.M. Rassias mixed type product - sum of powers of norms stability of the
functional equation (I.8).

Theorem 4.5. Let f : A — B be a mapping satisfying the inequality

1D £ Cells < w105+ il + 1l Dyl } (4.1)
forall x,y € A where y and s are constants with, y,s > 0and s < 1. Then the limit
o f (nkx>
Q(x) = klg];{o 7(1/12)1( (42)

exists for all x € A and Q : A — B is the unique quadratic mapping such that
K
[f(x) = Qx)[lp < 202 — ) x| (4.3)

forall x € A.
Proof. Letting (x,y) by (0,0) in (&.1), we get f(0) = 0. Again substituting (x,y) by (x,0) in (4.1), we obtain

|29 — | < e ey (@

for all x € A. Now replacing x by nx and dividing by n? in and summing resulting inequality with ,
we arrive

f n’x n2s
Vs < e i 3
B
for all x € A. Using induction on a positive integer k, we obtain that
f (nkx) p Kl t
1| e T (%) I3 w
| (n2)k ; 2n? t;:) n? A

ns t 2%
v (%) el
for all x € A. In order to prove the convergence of the sequence { f(1*x)/4*} replace x by n"x and divide by
(n?)™ in , for any k, m > 0, we obtain

IA
3=
(agh

) | | £ ()
(nZ)(k+m) B (nZ)m - (nZ)m (I’ZZ)k 7f(7“l X)
B
1 u k=1 7,25 t .
< e - m
_(n%mbﬂg%(nz)|m I
U - 1 2s
S5z ;}W %1% (4.7)

As s < 1, the right hand side of @) tends to 0 as m — oo for all x € A. Thus {f(n*x)/(n?)¥} is a Cauchy
sequence. Since B is complete, there exists a mapping Q : A — B such that

nkx
Qx) = kh_)n;o f((nZ)k) Vx € A.

Letting n — co in [@.6)), we arrive the formula (#2) for all x € A. To show that Q is unique and it satisfies (L.},
the rest of the proof is similar to that of theorem 3.1 O
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Theorem 4.6. Let f : A — B be a mapping satisfying the inequality @) for all x,y € A where y and s are constants
with, u,s > 0and s > 2. Then the limit

. x
Q(x) = lim () £ () 48)
exists forall x € Aand Q : A — B is the unique quadratic mapping such that
1760 = Q) < 5ty 1% 9)
forall x € A.
Proof. Replacing x by 3 in @, the proof is similar to that of Theorem 4.1. O

Now we will provide an example to illustrate that the functional equation (1.8) is not stable for s = 2.

Example 4.1. Let ¢ : X — X be a function defined by

¢m_{ww,wwl (+.10)

U otherwise

where y > 0 is a constant and we define a function f : X — Y by

= @(n"x
flx)=13, o 5 m) “.11)
m=0 (f’l )
forall x € X. Then f satisfies the functional inequality
2712 2 2
P (FGey)ll < =7y # Ixl” + llyll”) (4.12)
forall x,y € X. Then there exist any quadratic mapping Q : X — Y satisfying
1£() = QG < mllx|1* (4.13)
for x e X.
Proof. From the equation (4.10) and (4.11) , we obtain
2 p(n"x > n?
fs ¥ 0 -y <) @14
m=0 k=0
for all x € X. Therefore we see that f is bounded. We are going to prove that f satisfies (4.12).
If (Htz + Hy||2) > 1 then the left hand side of is less than
2n?
(n—1)
. Now we suppose that 0 < ||x||* + [|y||* < 1. Then there exist a positive integer k such that
1 ) , 1
Py < lx 1"+ llyll” < pos (4.15)

for all x € X. so that
n?¥|x||? < 1,n%|y|* < 1

and consequently, 7 1|x|| < 1, n* |y < 1, n* Y x+y| < 1, " Yx—yl| < 1, iF Ynx+y| <1,
nk||nx —y|| < 1forallm €0,1,2,...k—1

n | < Ly < 1L e (Il <1
n (e =yl < 1" (nx+yll) < L0 (Inx—yll) < 1.
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forallx € {0,1,2,...k —1}.

BEIEDS % "

m=k
2n(n+1) n?
S <n2—1> K
21/12 2 2
<
< == (=P + Ilyl?)

Thus f satisfies the inequality (4.12) Let us consider the an orthogonally quadratic mapping satisfying
Q: X — Y and a constant # > 0 such that

2
1£(x) = QM) < llx]
for all x € X.Since f is bounded,Q is also bounded on any open interval containing the origin zero. we have

Qx) = cx?

for all x € X and C is constant.Thus we obtain

£ = el < i)
1FG < el + ) %12 (4.16)

for all x € X. But we can choose a positive integer

p,pu > 1+ |c|
.Ifx e (O, npl—,l>, then n”x € (0,1) forall m = 0,1,...,p — 1. For this x, we get f(x) = Y, ‘/’(T’:;;x) >
m 2
Yoo % = py||x||2 > (174 |c|) || x||? which contradicts (4.16). Therefore the functional equation (1.8) is

not stable in sense of Ulam, Hyers and Rassias if s = 2, assumed in the inequality (4.16).
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Abstract

Intuitionistic fuzzy set, involving membership, non-membership and hesitancy consideration present
mathematically a very general structure. Because of these considerations it is possible to define several
operations / compositions of these sets. In the existing literature ten different operations on such sets are
defined. These ten operations on intuitionistic fuzzy sets bear interesting properties. In this paper we have
identified and proved several of these properties, particularly those involving the operation A — B defined
as standard intuitionistic fuzzy implicational with other operations.

Keywords:  Intuitionistic fuzzy sets, equality, intuitionistic fuzzy implication, operation intuitionistic fuzzy
H-ideal.
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1 Introduction

Intuitionistic fuzzy sets (IFS) as a generalization of fuzzy sets [7], was introduced by atanassov [1,2], it
assigns to each element degrees of membership, non-membership hesitancy. Some results x, with intuitionistic
fuzzy sets based on operations(denoted by U, N, &, ®, ®, O, *, @, #, $ ) have been established in [1, 2, 3,4, 5
and 6]. The paper is organized as follows: In section 2 some basic definitions related to intuitionistic fuzzy set
theory are presented. In section 3 results associated with standard intuitionistic fuzzy implication are proved.

2 Preliminaries

An algebra (X; *,0) of type (2,0) is called a BCI-algebra if it satisfies the following conditions:
M) (¥x,y,2 € X)(((x 1) * (x2)) * (2 y) = 0),
() (¥x,y € X)((x* (x+y)) +y = 0),

(I (Vx € X)(xxx=0),
(V) Vxr,ye X)(xxy=0,yxx=0=x=1y).

We can define a partial order " <’ on X by x < y if and only if x * y = 0. Any BCI-algebra X has the following
properties:

(al) (Vx € X)(x*0 = x).

(@2) (Vx,y,z € X)((xxy) xz = (xx2) xy).

*Corresponding author.
E-mail address: ragavanshana@gmail.com (C. Ragavan).
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@) (VryzeX)(x<y=x*xz<yxz,zxy <zxXx).

A mapping pt : X — [0,1], where X is an arbitrary nonempty set, is called a fuzzy set in X. For any fuzzy set
pin X and any t € [0, 1] we define two sets U(y;t) = {x € X|u(x) >t} and L(y;t) = {x € X|u(x) < t}, which
are called an upper and lower t-level cut of y and can be used to the characterization of . As an important
generalization of the notion of fuzzy sets in X, Atanassov[1,2] introduced the concept of an intuitionstic fuzzy
set (IFS for short) defined on a nonempty set X as objects having the form A = {< x,ua(x), As(x) > |x € X},
where the functions p4: X — [0,1] and A4 : X — [0,1] denote the degree of membership (namely p4(x))
and the degree of non-membership (namely A 4(x)) of each element x € X to the set A respectively, and
0 < pa(x)+Aa(x) < 1forall x € X. Such defined objects are studied by many authors (see for Example
two journals: 1. Fuzzy Sets and Systems and 2. Notes on Intuitionistic Fuzzy Sets) and have many interesting
applications not only in mathematics (see Chapter 5 in the book [3]). For the sake of simplicity, we shall use
the symbol A = {X, ua, A} for the intuitionistic fuzzy set A = {< x, pa(x),Aa(x) >: x € X}.

A nonempty subset A of a BCI-algebra X is called an ideal of X if it satisfies:

(11) 0 € A,
(12) (Vx,ye X)(Vye A)(xxyec A= xc A).

A nonempty subset A of a BCI-algebra X is called H-ideal of X if it satisfies (11) and (12) (Vx,y € X)(Vz €
A)((xx(y*z)),yec A=xxz€ A)

Definition:2.1
AnIFS A ={< x,pa(x),Aa(x) >: x € X} in a BCI-algebra X is called an intuitionistic fuzzy ideal of X if it

satisfies:(Vx € X)(#4(0) > pa(x),A4(0) < Aa(x)) and

(Vx,y € X)(na(x) = min{pa(x*y), pa(y)}),
(Vx,y € X)(Aa(x) <max{Aa(xx*xy),Aa(y)}.

3 Intuitionistic fuzzy H-ideals

In what follows, let X denotes a BCl-algebra unless otherwise specified. We first consider the intuitionistic
fuzzification of the notion of H-ideals in a BClI-algebra as follows.

Definition:3.1. [1,2]:

An intuitionistic fuzzy set A in a finite universe of discourse X = {xq,x2,x3, X4, - - X, } is given by A = {<
ta(x),Ap(x) > x € X}, Where g : X — [0,1] and A4 : X — [0,1] such that 0 < pa(x) +Aa(x) < 1. The
number i 4 (x) and A 4 (x) denote the degree of membership and non-membership of x € X to A, respectively.
ForeachIFS Ain X, if t4(x) =1 — pa(x) — Aa(x),x € X, then 74 (x) represent the degree of hesitance of x to
A, IT4(x) is called Intuitionistic index. Obviously, when 74 (x) =0,i.e, A4 (x) =1 — p4(x) for each x in X, then
the IFS set A becomes fuzzy set. Thus, fuzzy sets are the special cases of IFSs. For studying sets, there is need
to consider relations and operations, which in the study of Intuitionistic fuzzy sets are defined as follows.

Definition:3.2

AnTFS A = {< x,pa(x),Aa(x) >: x € X} in X is called an intuitionistic fuzzy H-ideal of X if it satisfies
(Vx € X)(pa(0) = pa(x),Aa(0) < Aa(x)) and

(Vx, ¥,z € X)(pa(x*z) > min{pa(x* (y*2)), pa(y)}),
(Vx, 5,z € X)(Aa(y*x) <max{Aa(x = (y*2)),Aa(y)})

Definition:3.3 Set Operators on Intuitionistic Fuzzy Set
Let IFSs(X) denotes the family of all IFSs (X) on the universe, g(x): x € X}
1. AUB={< X, max{pa(x), up(x)}, min{As(x), Ap(x)} >:x € X}

2. ANB={< X, min{pa(x), up(x)}, max{Aa(x),Ap(x)} >: x € X}
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3. AC={< X, ua(x),Aa(x) > x € X}

4. A@B={< X, Lua(x) + up(x)], 3[Aa(x) + Ap(x)] >: x € X}

5. A$B = { < X, Vua@)pup(x), \/Aa(x)Ap(x) >: x € X}

- 2up(x).pp(x) 2Ma()Ap(x) .
6. A#D = { < X () I rasl) Y € X }

_ (s Aa@tAa)
7. AxB= { <X a0 1] s A 1] X € X}

8. AwB = { < X, () + () — pa()ps(x), Aa(x) Ap(x) > x € X}

9. A®@B={< X, pa(x)+ pup(x),Aa(x) +Ap(x) —Aa(x)Ap(x) >:x € X}

10. Hamacher Union Function

_ i)+ () - (us ()
Haus(x) = BT R - Where 7y 20

11. Hamacher Intersection Function

Hacw (%) = S et sy - Where 7 2 0
12. Bounded Difference: pacp(x) = Max{0,ua(x) — pup(x) : x € X}
13. Bounded Product: praqp(x) = Max{0, ua(x) + pup(x) —1:x € X}
14. Bounded Sum: paqp(x) = Min{1, ua(x) + pup(x) : x € X}

15. Simple Disjunctive Sum:
Hawp(x) = Max{Min{pa(x),1 — pp(x)}, Min{l —pa(x), pp(x) : x € X}
16. Disjoint Sum: paap(x) = [pa(x) — pp(x)|

Example 3.1. Let X = {0,1,2,3,4} be a BCI-algebra with the following Cayley table:

OOl Oo| W
SN N OO

= O RO

—=ININ OO

R WIN RO *
B WIN R OO

We define an intuitionistic fuzzy set A = < X, g, A4 >in X by A

X |0 1 2 3 4
Ha | 77 | 66 | 43 | 43 | .66
Ag | 22| 33| .54 | .54 | .33

By routine calculation, we know that A = < X, 4, A4 > is an intuitionistic fuzzy H-ideal of X.

We define an intuitionistic fuzzy set B = < X, ug,Ap > in X..

X |0 1 2 3 4
up | .78 | b1 | .57 | .51 | 51
Ap | 21 | 45 | 41 | 45 | 45

565
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By routine calculation, we know that B = < X, yg, Ap > is an intuitionistic fuzzy H-ideal of X. Then A and
B are intuitionistic fuzzy H-ideal Of X.Obviously, the union (A U B) is not an intuitionistic fuzzy H- ideal of
X,

Sincex=3,y=4,z=0.

= pa(x*z) = min{pg(x (y*2)),na(y)}

> Ha(3+0) = min{jua(3+ (4 0)), pa(4)}

= 1a(3) = min{pa(34),1a(4)}

= 1a(3) > min{pa(2), 1A (4)}

= 043 > Min{0.43,0.66}

= 0.43 > 043

And pp(3) = min{pp(2), up(4)}

= 0.51 > Min{0.57,0.51}

= 0.51 > 0.51

Now paup(3) = Min{paup(2), paus(4)}

= Max{0.43,0.51} > Min{Max{0.43,0.57}, Max{0.66,0.51} }

= 0.51 > Min{0.57,0.66}

= 0.51 # 0.57

= Aa(x) < Max{Aa((x+2) * (y+2)), A4 (1)}

= Aa(3) < Max{AA(2),Aa(4)}

= 0.54 < Max{0.54,0.33}

= 0.54 < 0.54

And Ag(x) < Max{Ap((x*2)  (y *2)), Ap(y)}

= Ap(3) < Max{Ap(2),Ap(4)}

= 045 < Max{0.41,0.45}

= 0.45 < 045

Now Aaup(3) < Max{Aaup(2), Aaus(4)}

= Min{0.54,0.45} < Max{Min{0.54,0.41}, Min{0.33,0.45}}

= 0.45 < Max{0.41,0.33}

= 045 £ 041

Example 3.2. Let X = {0,1,2,3,4} be a BCI-algebra with the following Cayley table:

I E=l k=l =) K= Ne})
OININO|O|

Slm| OOl

—=INN| OO -

B WIN| =] O] %
R WIN| =[O

We define an intuitionistic fuzzy set A = < X, p4, A4 > in X.

X [0 [1 [2 [3 [4
ua | 771 66| 43| 43 66
Aa | 2233 54| 54 33

By routine calculation, we know that A = < X, 4, A4 > is an intuitionistic fuzzy H-ideal of X.
We define an intuitionistic fuzzy set B = < X, ug,Ap > in X .

X |0 1 2 3 4
up | .78 | b1 | .57 | .51 | b1
Agp | .21 | 45| 41 | 45| 45

By routine calculation, we know that B = < X, yip, Ap > is an intuitionistic fuzzy H-ideal of X. Then A and
B are intuitionistic fuzzy H-ideal Of X. Obviously, the intersection (A N B) is an intuitionistic fuzzy H- ideal
of X,

Sincex=3,y=4,z=0.
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= pa(x*z) > min{pa(x* (y*z)),pa(y)}
= 1a(3%0) > min{us(3* (4%0)),ua(4)}
= p1a(8) > min{pa(3*4),ua(4)}

= 1a(3) > min{pa(2),pa(4)}

= 0.43 > Min{0.43,0.66}

=043 > 043

And pp(3) > min{yup(2), up(4)}

= 0.51 > Min{0.57,051}

= 0.51 > 0.51

Now pang(3) = Min{pang(2), pans(4)}

— Max{0.43,051} > Min{Min{0.43,0.57}, Min{0.66,0.51} }
= 0.43 > Min{0.43,051}

=043 > 0.43

= Aa(x) < Max{Aa((x*z) * (y*z)),Aa(y)}

= Au(3) < Max{Aa(2),Aa(4)}

= 0.54 < Max{0.54,0.33}

= 054 <0.54

And = Ap(x) < Max{Ap((x*z)* (y*z)),Ag(y)}
= Ap(3) < Max{Ap(2),Ap(4)}

= 0.45 < Max{0.41,0.45}

=045 <045

Now Aang(3) < Max{Aang(2), Aans(4)}

= Max{0.54,0.45} < Max{Max{0.55,0.51}, Max{0.33,0.45}}
— 0.54 < Max{0.54,0.45}

= 0.54 < 0.54

Example 3.3. Let X = {0,1,2,3,4} be a BCI-algebra with the following Cayley table:

= O =N
R O|Oo|Oo|IOo|l W

SN OO

=INN OO =

B WIN| =] O] %
B WIN| =[O O

We define an intuitionistic fuzzy set A = < X, yq,A4 >in X by A

X |0 1 2 3 4
Ha | 77 | 66 | 43 | 43 | .66
Ag | 22| 33| .54 | 54| .33

By routine calculation, we know that A = < X, u4, A4 > is an intuitionistic fuzzy H-ideal of X.

We define an intuitionistic fuzzy set B = < X, yg,Ap > in X..

X |0 1 2 3 4
up | .78 | .51 | .57 | .51 | 51
Ap | .21 | 45| 41 | 45| 45

567

By routine calculation, we know that B = < X, g, Ap > is an intuitionistic fuzzy H-ideal of X. Then A and B

are intuitionistic fuzzy H-ideal Of X. Obviously, then A @ B is not an intuitionistic fuzzy P- ideal of X,

Sincex=3,y=4,z=0.
= pa(x*z) >min{pa(x = (y*2)),pa(y)}
= 1a(3%0) > min{pa (3% (4%0)),pa(4)}
= pa(3 )zmm{m(3*4)rw)x )}

= 1a(3) = min{pa(2), pa(4)}
= 0.43 > Min{0.43,0.66}
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=043 > 043

And pp(3) > min{pp(2), pp(4)}

= 051 > Min{0.57,0.51}

=051 > 0.51

Now paaep(3) > Min{pasp(2), tass(4)}

= pa(3) + up(3) — pa(3).up(3) = Min{pa(2) + up(2) — pa(2).up(2), ua(4) + pup(4) — pa(4).us(4)}
= 0.7207 > Min{0.7549,0.8334}

= 0.7207 \é 0.7549

= Aa(x) < Max{Aa((x*z) * (y*z)),Aa(y)}

4 /\A(?’) < MHX{AA(Z),)\A(él)}

= 0.54 < Max{0.54,033}

=054 <054

And Ap(x) < Max{Ap((x*z)* (y*z)),Ag(y)}
= Ap(3) < Max{Ap(2),Ap(4)}

= 045 < Max{041,045}

=045 <045

Now A4p(3) < Max{Aaep(2), Aass(4)}

= Aa(3)AB(3) < Max{A4(2)Ap(2),Aa(4)Ap(4)}
= 0.243 < max{0.2214,.1485}

0.243 ﬁ 0.2214

Example 3.4. Let X = {0,1,2,3,4} be a BCI-algebra with the following Cayley table:

R WIN| =IO %
B WIN =R OO
=ININOIO| -
Bl o|l~=ol N
R OO Oo|IOo|l W
SININ| OO

We define an intuitionistic fuzzy set A = < X, g, Ag >in X

X (o [1 [2 [3 [4
ua | 77 66| 43| 43 66
Aa | 22733 54| 54 33

By routine calculation, we know that A = < X, u4, A4 > is an intuitionistic fuzzy H-ideal of X.
We define an intuitionistic fuzzy set B = < X, ug,Ap >in X .

X |0 1 2 3 4
up | .78 | b1 | .57 | 51 | .51
Ap | 21 | 45| 41 | 45 | 45

By routine calculation, we know that B = < X, g, Ap > is an intuitionistic fuzzy H-ideal of X. Then A and
B are intuitionistic fuzzy H-ideal Of X. Obviously, then A ® B is not an intuitionistic fuzzy H- ideal of X,

Sincex=3,y=4,z=0.

= pa(x*z) = min{pg(x* (y*2)), na(y)}

= 1a(3%0) > min{jis (3% (4 0)), 14 (4)}

= 1a(3) = min{pa(34),1a(4)}

= a(3) > min{pa(2), 1A (4)}

= 043 > Min{0.43,0.66}

=043 > 043

And jig(3) > min{up(2), up(4)}

= 0.51 > Min{0.57,0.51}

= 0.51 > 0.51

Now pagp(3) > Min{paep(2), hazp(4)}
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= uaB)up(3) > Min{pa(2)up(2), na(4), 1up(4)}
= 0.2193 > Min{0.2551, 0.3366}

= 0.2193 }_4 0.2451

= Aa(x) € Max{Aa((xs2) % (y+2)), Aa(y)}
= Au(3) < Max{Aa(2),Aa(4)}

= 0.54 < Max{0.54,0.33}

= 0.54 <0.54

And Ap(x) < Max{Ap((x*z)* (y*z)),Ag(y)}
= Ap(3) < Max{Ap(2),Ap(4)}

= 0.45 < Max{0.41,0.45}

= 0.45 <045

Now )\A®B (3) < MﬂX{AA®B(2)rAA®B (4)}

= Aa(3) +AB(3) —Aa(3)Ap(3) < Max{Aa(2) +Ap(2) —A4(2)AB(2),A4(4) + Ap(4) —

= 0.747 < Max{0.7286,0.6315}
= 0.747 £ 0.6315

Example 3.5. Let X = {0,1,2,3,4} be a BCI-algebra with the following Cayley table:

* 0112|134
0j0j0j0|0]|O0
1/1/]0{1|0]0
2121210102
3132|102
4141114 |11|0

We define an intuitionistic fuzzy set A = < X, a4, A4 > in X.

Aa(4)Ap(4)}

X [0 [1 [2 [3 [4
ua | 771 66 | 43| 43 66
Aa | 22| 33| 54| 54 33

By routine calculation, we know that A = < X, u4, A4 > is an intuitionistic fuzzy H-ideal of X.

We define an intuitionistic fuzzy set B = < X, yg,Ap > in X..

X |0 1 2 3 4
up | .78 | .51 | .57 | .51 | b1
Ap | .21 | 45| 41 | 45| 45
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By routine calculation, we know that B = < X, g, Ap > is an intuitionistic fuzzy H-ideal of X. Then A and
B are intuitionistic fuzzy H-ideal Of X. Obviously, the hamacher union is not an intuitionistic fuzzy H- ideal

of X,
Sincex=3,y=4,z=0.
= pa(xxz) =min{ps(x* (y x2)), A( )}
= pa(3%0) > min{pa(3* (4%0)),na(4)}
= 1a(3) = min{pua(3%4),pua(4)}

= 1a(3) = min{pa(2), pa(4)}
= 0.43 > Min{0.43,0.66}

= 0.43 > 043

And pp(3) > min{pp(2), up(4)}

= 0.51 > Min{0.57,0.51}

= 0.51 > 0.51

Now yAU3(3) > Min{yAUB(Z), yAU3(4)} and Y= 0.46
= 0.6839 > Min{0.7183,0.7972}

= 0.6839 # 0.7183

= Aa(x) < Max{As((x#2) * (y*2)), Aa ()}

= Aa(3) < Max{Aa(2),Aa(4)}
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= 0.54 < Max{0.54,0.33}

= 0.54 < 0.54

And Ap(x) < Max{Ap((x*z)* (y*z)),Ag(y)}

= Ap(3) < Max{Ap(2),Ap(4)}

= 045 < Max{0.41,0.45}

= 0.45 <045

Now Aup(3) < Max{Aaup(2),Aaup(4)} and ¥ = 0.46
= 0.7095 < Max{0.692,0.6000}

= 0.7095 £ 0.6925

Example 3.6. Let X = {0,1,2,3,4} be a BCI-algebra with the following Cayley table:

k=l k=] E =) R} Ne})
OININO| O

Bl OoO|~Rr|OIN

=INNOIO| -

B WIN| = O] %
B WIN|=ROo|O

We define an intuitionistic fuzzy set A = < X, 4, A4 > in X.

X [0 [1 [2 [3 [4
ua | 77| 66| 43| 43 66
Aa | 2233545433

By routine calculation, we know that A = < X, 4, A4 > is an intuitionistic fuzzy H-ideal of X.
We define an intuitionistic fuzzy set B= < X, ug,Ap >in X .

X |0 1 2 3 4
up | .78 | .51 | .57 | .51 | .51
Agp | 21| 45| 41 | 45 | 45

By routine calculation, we know that B = < X, ug, Ap > is an intuitionistic fuzzy H-ideal of X. Then A
and B are intuitionistic fuzzy H-ideal Of X. Obviously, the hamacher intersection is an intuitionistic fuzzy H-
ideal of X,

Sincex=3,y=4,z=0.

= pa(xxz) > min{pa(x (y*2)),pay)}

= 1a(3x0) > min{pa(3 (4x0)), pa(4)}

= 1a(3) = min{ua(34),1a(4)}

= pa(3) = min{pa(2), pa(4)}

= 0.43 > Min{0.43,0.66}

=043 > 043

And pp(3) = min{pp(2), up(4)}

= 0.51 > Min{0.57,0.51}

= 0.51 > 0.51

Now HANB (3) > Min{yAmB (2), HANB (4)} and Y= 0.46

= 0.2574 > Min{0.2816,0.3697}

= 0.2574 # 0.2816

= Aa(x) < Max{Aa((x#2) * (y#2)), Aa(v)}

= Aa(3) < Max{A4(2),Aa(4)}

= 0.54 < Max{0.54,0.33}

=054 <054

And Ap(x) < Max{Ag((x*z)* (y=z)),Ag(y)}

= /\3(3) < Max{/\g(2),)\3(4)}

= 0.45 < Max{0.41,0.45}

=045 <045
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Now A4np(3) < Max{Aanp(2),Aanp(4)} and v = 0.46
= 0.1845 < Max{0.2585,0.1845}
= (0.1845 < 0.2585

Example 3.7. Let X = {0,1,2,3,4} be a BCI-algebra with the following Cayley table:

* 0112|134
0/{0(0|0]0]|0O0
111(0(1]0/|0
21212(0]0]2
31312102
414]1(4|1]0

We define an intuitionistic fuzzy set A = < X, uq,A4 >in X

X [o [1 [2 [3 [4
ua | 77|66 | 43| 437 66
Aa | 2233 54| 54 33

By routine calculation, we know that A = < X, u4, A4 > is an intuitionistic fuzzy H-ideal of X.
We define an intuitionistic fuzzy set B = < X, ug,Ap > in X..

X |0 1 2 3 4
up | .78 | .51 | .57 | .51 | .51
Ap | .21 | 45| 41 | 45| 45

By routine calculation, we know that B = < X, ug, Ap > is an intuitionistic fuzzy H-ideal of X. Then A
and B are intuitionistic fuzzy H-ideal Of X. Obviously, the bounded difference is not an intuitionistic fuzzy
H-ideal of X,

Sincex=3,y=4,z=0.

= pa(xxz) > min{pa(x* (¥ +2)), pay)}

= Ha(30) > min{ps(3+ (4%0)),1a(4)}

= pa(3) 2 min{p(3+4),ua(4)}

= pa(3) 2 min{px(2), pa(4)}

= 0.43 > Min{0.43,0.66}

= 043 > 0.43

And pp(3) > min{up(2), up(4)}

= 0.51 > Min{0.57,0.51}

= 0.51 > 0.51

Now paep(3) = Min{paes(2) Haes(4)}

= 0 > Min{0,0.15}

=0>0

= Aa(x) < Max{Aa((x+2) * (y+2)), A4 ()}

= Au(3) < Max{A4(2),Aa(4)}

= 0.54 < Max{0.54,0.33}

= 0.54 < 0.54

And Ap(x) < Max{Ag((x+2) * (y+2)), As(y)}

= Ap(3) < Max{Ap(2), Ap(4)}

= 0.45 < Max{0.41,0.45}

= 045 <045

Now Apep(3) < Max{Ase5(2), Aaes(4)} and v = 0.46

= 0.45 < Max{0.13,0}

= 0.45 £ 0.13

Example 3.8. Let X = {0,1,2,3,4} be a BCI-algebra with the following Cayley table:



572 C. Ragavan et al. / Some new results on...

B WIN| =] O %
| WIN =IOl O
=ININ OO
Sl Oo|l—R|OIN
OO o|Oo|W
OININO|O|

We define an intuitionistic fuzzy set A = < X, g, Aq >in X

X [0 [1 [2 [3 [4
ua | 77| 66| 43| 43 66
Aa | 2233545433

By routine calculation, we know that A = < X, 4, A4 > is an intuitionistic fuzzy H-ideal of X.
We define an intuitionistic fuzzy set B = < X, ug,Ap > in X .

X [o [1 [2 [3 [4
ug | 78 | 51| 57 | 51 | 51
Ap | 21 | 45| 41| 45 | 45

By routine calculation, we know that B = < X, ug,Ap > is an intuitionistic fuzzy H-ideal of X. Then A
and B are intuitionistic fuzzy H-ideal Of X. Obviously, the simple disjunctive sum is an intuitionistic fuzzy
H-ideal of X,

Sincex=3,y=4,z=0.

= pa(xxz) > min{pa (v (y +2)), 1a(y) }

= A3 %0) > min{a(3 * (4%0)), 1a(4)}

= 1A(3) > min{jus(3 % 4), jua(4))

= 1a(3) = min{pua(2), na(4)}

= 043 > Min{0.43,0.66}

= 0.43 > 0.43

And pp(3) = min{up(2), up(4)}

= 0.51 > Min{0.57,0.51}

= 0.51 > 0.51

Now pagp(3) = Min{paes(2), nacs(4)}

Max{Min{0.43,0.49}, Min{0.57,0.51} } >

Min{Max{Min{0.43,0.43}, Min{0.57,0.57}, { Max{Min{0.66,0.49}, Min{0.34,0.51} }

= Max{0.43,0.51} > Min{Max{0.43,0.57}, Max{0.49,0.34} }

= 0.51 > Min{0.57,0.49}

= 0.51 > 0.49

= Aa(x) < Max{Aa((x+2)  (y+2)), Aa(y)}

= Aa(8) < Max{Aa(2),Aa(4)}

= 0.54 < Max{0.54,0.33}

= 0.54 < 0.54

And Ag(x) < Max{Ag((x2) * (y+2)), Ag(y)}

= Ap(3) < Max{Ap(2),Ap(4)}

= 045 < Max{0.41,0.45}

= 0.45 < 045

Now Apep(3) < Max{Aaep(2), Aasp(4)}

Max{Min{0.54,0.55}, Min{0.46,0.45} } <
Max{Max{Min{0.54,0.59}, Min{0.46,0.41}, { Max{Min{0.33,0.55}, Min{0.67,0.45} }

= Max{0.54,0.45} < Max{Max{0.54,0.41}, Max{0.33,0.45} }

= 0.54 < Max{0.54,0.45}

= 0.54 < 0.54

Example 3.9. Let X = {0,1,2,3,4} be a BCI-algebra with the following Cayley table:
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* 0112|134
0/{010j0]0]|O0
111(0(1]0/|0
21212(0]0]2
31312102
414]1(4|1]0

We define an intuitionistic fuzzy set A = < X, pa,Aq >in X

X [0 [1 [2 [3 [4
ua | 771 66 | 43| 43 66
Aa | 227 33| 54| 54 33

By routine calculation, we know that A = < X, 4, A4 > is an intuitionistic fuzzy H-ideal of X.
We define an intuitionistic fuzzy set B= < X, up,Ap >in X .

X (o [1 [2 [3 [4
ug | 78| 51| 57| 51 51
Ap | 21 | 45| 41| 45 | 45

By routine calculation, we know that B = < X, up, Ap > is an intuitionistic fuzzy H-ideal of X. Then A and
B are intuitionistic fuzzy H-ideal Of X. Obviously, the bounded product is an intuitionistic fuzzy H- ideal of
X,

Sincex=3,y=4,z=0.

= pa(rz) > mingpua (o (v +2)), 1a(y)}

— 1a(3%0) = min{jia(3+ (4+0)), pa(4)}

= 1a(3) > min{ji (35 4), 1 (4)}

= 1a(3) = min{pa(2), ua(4)}

= 0.43 > Min{0.43,0.66}

= 0.43 > 043

And pp(3) = min{up(2), up(4)}

= 0.51 > Min{0.57,0.51}

= 0.51 > 0.51

Now pawg(3) = Min{pacp(2), hacs(4)}

= Max{0,—0.06} > Min{Max{0,0}, Max{0,0.17} }

= 0 > Min{0,0.17}

=0>0

= Aa(x) < Max{Aa((x*z) % (y*z)),Aa(y)}

= Aa(3) < Max{Aa(2),Aa(4)}

= 0.54 < Max{0.54,0.33}

= 0.54 < 0.54

And Ap(x) < Max{Ap((x*z)* (y*z)),Ag(y)}

= Ap(3) < Max{Ap(2),Ap(4)}

= 0.45 < Max{0.41,0.45}

= 0.45 <045

Now Apep(3) < Max{Aacgp(2), Aacp(4)}

= Max{0,—0.01} < Max{Max{0,—0.05}, Max{0,—0.22}}

= 0 < Max{0,0}

=0<0
Example 3.10. Let X = {0,1,2,3,4} be a BCI-algebra with the following Cayley table:
*x10]1]12]|3]|4
0/0(0j0]0]|O0
171]0{1/0]0
21212(0]|0]2
313[2(1]0]2
414/1(4|1]0




574 C. Ragavan et al. / Some new results on...

We define an intuitionistic fuzzy set A = < X, uq,A4 >in X

X [0 [1 [2 [3 [4
ua | 771 66| 43| 43 66
Aa | 2233 54| 54 33

By routine calculation, we know that A = < X, u4, A4 > is an intuitionistic fuzzy H-ideal of X.
We define an intuitionistic fuzzy set B = < X, ug,Ap > in X .

X0 [1 |2 [3 [4
ug | 78 [ 51| 57 | 51 | 51
Ap | 21 | 45 | 41 | 45 | 45

By routine calculation, we know that B = < X, g, Ap > is an intuitionistic fuzzy H-ideal of X. Then A and
B are intuitionistic fuzzy H-ideal Of X. Obviously, the bounded sum is not an intuitionistic fuzzy H- ideal of
X,

Sincex=3,y=4,z=0.

= Ha(x*z) > min{pa (v (y *2)), 1a(y) }

= pa(3+0) > min{pus (3 (40)), ua(4)}

= pa(3) = min{pa(3+4),1ua(4)}

= 1a(3) = min{pua(2), ua(4)}

= 0.43 > Min{0.43,0.66}

=043 > 043

And pp(3) = min{up(2), up(4)}

= 0.51 > Min{0.57,0.51}

= 0.51 > 0.51

Now pagp(3) = Min{paes(2), nacs(4)}

= Min{1,0.94} > Min{Min{1,1}, Min{1,1.17}}

= 0.94 > Min{1,1}

=094 #1

= Aa(x) < Max{Aa((x+2) * (y+2)), A4 (1)}

= Aa(3) < Max{A4(2),Aa(4)}

= 0.54 < Max{0.54,0.33}

= 0.54 <0.54

And Ap(x) < Max{Ag((x+2) * (y+2)), Ap(y)}

= Ap(3) < Max{Ag(2),Ap(4)}

= 0.45 < Max{0.41,0.45}

= 0.45 <045

Now Auep(3) < Max{Aazp(2),Aacs(4)}

= Min{1,0.99} < Max{Min{1,0.95}, Min{1,0.78}}

= .99 < Max{.95,0.78}

= .99 £ .95

Example 3.11. Let X = {0,1,2,3,4} be a BCl-algebra with the following Cayley table:

k=l k=] E=) R} N¢})
OININ OO

Sl Oo|l—R|OIN

—=ININO|IO| -

= WIN| = O] *
W= OO

We define an intuitionistic fuzzy set A = < X, uq,A4 >in X

X |0 1 2 3 4
Ha | 77 | 66 | 43 | 43 | .66
Ag | 22 33| 54| .54 | .33
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By routine calculation, we know that A = < X, 4, A4 > is an intuitionistic fuzzy H-ideal of X.

We define an intuitionistic fuzzy set B = < X, ug,Ap > in X..

X |0 1 2 3 4
up | .78 | .51 | .57 | .51 | .51
Ap | .21 | 45| 41 | 45| 45

575

By routine calculation, we know that B = < X, up, Ap > is an intuitionistic fuzzy H-ideal of X. Then A and

B are intuitionistic fuzzy H-ideal Of X. Obviously, then A@B is not an intuitionistic fuzzy H- ideal of X,

Sincex=3,y=4,z=0.

= pa(xxz) > min{pq(x* (y*2)),paly)}
= 1a(3%0) = min{pa (3 (4%0)),pa(4)}
= 1a(3) 2 min{pua(3x4),pa(4)}

= 1a(3) = min{pa(2), 1ua(4)}

= 0.43 > Min{0.43,0.66}

=043 > 0.43

And pp(3) > min{pp(2), up(4)}

= 051 > Min{0.57,0.51}

= 0.51 > 0.51

Now pa@p(3) = Min{paas(2), taes(4)}
— 0.47 > Min{0.5,0.585}

= 047 # 0.5

= Aa(x) < Max{Aa((x*2z)* (y*2)),Aa(y)}
= Aa(3) < Max{A4(2),Aa(4)}

— 0.54 < Max{0.54,033}

=054 <0.54

And Ap(x) < Max{Ap((x*z) * (y xz)),Ap(y)}
= Ap(3) < Max{Ap(2),Ap(4)}

= 045 < Max{0.41,0.45}

= 0.45 < 0.45

Now A sag(3) < Max{Aaeg(2), A aep(4)}
= 0.495 < Max{0.475,0.393}

= 0.495 £ 0475

Example 3.12. Let X = {0,1,2,3,4} be a BCl-algebra with the following Cayley table:

x| 0]1]2]3]4
0j0f0j0fO0|O
1/1/0(1{0/|0
212|12(0]0]2
313[2(1(0(2
414|1(4]1]0
We define an intuitionistic fuzzy set A = < X, g, Aq >in X

X |0 |1 |2 |3 |4

Ha | 77 | 66 | 43 | 43 | .66

Ag | 22| 33 | 54 | 54 | .33

By routine calculation, we know that A = < X, 4, A4 > is an intuitionistic fuzzy H-ideal of X.

We define an intuitionistic fuzzy set B = < X, ug,Ap >in X .

X |0 1 2 3 4
up | .78 | b1 | .57 | .51 | 51
Ap | 21 | 45 | 41 | 45 | 45
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By routine calculation, we know that B = < X, i, Ap > is an intuitionistic fuzzy H-ideal of X. Then A and
B are intuitionistic fuzzy H-ideal Of X. Obviously, then A$B is not an intuitionistic fuzzy H- ideal of X,

Sincex =3,y =4,z=0.

= palxxz) > min{py(x* (y+2)), pay)}

= #a(3+0) > min{jia(3 (4% 0)), ua(4)}

= 1a(3) > min{pa(3+4),ua(4)}

= 1a(3) = min{pua(2), na(4)}

= 043 > Min{0.43,0.66}

=043 > 043

And pp(3) = min{pp(2), up(4)}

= 0.51 > Min{0.57,0.51}

= 0.51 > 0.51

Now pias5(3) = Min{pagp(2), 1asp(4)}

= 0.4682 > Min{0.4950,0.5801}

= 0.4682 # 0.4950

= Aa(x) < Max{Aa((x2) * (y ¥ 2)), A4 (1)}

= Aa(3) < Max{A4(2),Aa(4)}

= 0.54 < Max{0.54,0.33}

= 0.54 <0.54

And Ap(x) < Max{Ap((x+2)  (y+2)), Ap(y)}

= Ap(3) < Max{Ap(2),Ap(4)}

= 045 < Max{0.41,0.45}

= 045 £ 0.45

Now Augp(3) < Max{Aas5(2), Aasp(4)}

= 0.4929 < Max{0.4705,0.3853 }

= 0.4929 £ 0.4705

Example 3.13. Let X = {0,1,2,3,4} be a BCl-algebra with the following Cayley table:

Il K=l =) K<) N} JE})
OINNOO|

Sl lOolRr|O| N

—=ININ OO

W= O] %
B WIN R OO

We define an intuitionistic fuzzy set A = < X, g, Aq >in X

X [0 [1 [2 [3 [4
ua | 77| 66 | 43| 43| 66
Ag | 22 33| 54| 5433

By routine calculation, we know that A = < X, 4, A4 > is an intuitionistic fuzzy H-ideal of X.
We define an intuitionistic fuzzy set B = < X, ug,Ap > in X.

X |0 1 2 3 4
up | .78 | b1 | .57 | 51 | 51
Ap | 21| 45| 41 | 45| 45

By routine calculation, we know that B = < X, up, Ap > is an intuitionistic fuzzy H-ideal of X. Then A and
B are intuitionistic fuzzy H-ideal Of X. Obviously, then A#B is not an intuitionistic fuzzy H- ideal of X,

Sincex=3,y=4,z=0.

= pa(xxz) > min{pa (v (y +2)), 1a(y)}

= #a(3%0) > min{ps (3 * (4+0)),pa(4)}

= pa(3) Z min{pa(3+4),pa(4)}

= pa(3) = min{pa(2), ua(4)}
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— 0.43 > Min{0.43,0.66}

=043 > 043

And pp(3) = min{up(2), up(4)}

— 0.51 > Min{0.57,051}

= 0.51 > 0.51

Now ja4p(3) = Min{jasp(2), ass(4)}

= 0.4665 > Min{0.4902,0.5753}

= 04665 # 0.4902

= Aa(x) < Max{Aa((x*z) * (y*z)),Aa(y)}
= Au(3) < Max{Aa(2),Aa(4)}

— 0.54 < Max{0.54,0.33}

= 0.54 <054

And Ap(x) < Max{Ap((x*z)* (y*z)),Ag(y)}
= Ap(3) < Max{Ap(2),Ap(4)}

= 0.45 < Max{0.41,0.45}

= 045 <045

Now Aaup(3) < Max{Aasp(2), A asp(4)}

= 0.4909 < Max{0.4661,0.3807 }

= 0.4909 f 0.4661

Example 3.14. Let X = {0,1,2,3,4} be a BCl-algebra with the following Cayley table:

* 0112|134
0/{010j0]0]|0O0
1/1/]0|1(0]0
21212(0]|0]2
313(2(1]|0]2
41411141110

We define an intuitionistic fuzzy set A = < X, u4,A4 >in X

X [0 [1 [2 [3 [4
ua | 771 66 | 43| 437 66
Aa | 2233545433

By routine calculation, we know that A = < X, 4, A4 > is an intuitionistic fuzzy H-ideal of X.

We define an intuitionistic fuzzy set B = < X, ug,Ap >in X .

X |0 1 2 3 4
up | .78 | .51 | .57 | .51 | 51
Ap | .21 | 45| 41 | 45 | 45
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By routine calculation, we know that B = < X, up, Ap > is an intuitionistic fuzzy H-ideal of X. Then A and

B are intuitionistic fuzzy H-ideal Of X. Obviously, then A * B is not an intuitionistic fuzzy H- ideal of X,

Sincex=3,y=4,z=0.

= pa(x*z) Zmin{pa(x* (y*2z)),pa(y)}
= ua(3%0) > min{pa(3*(4%0)), ua(4)}
= 1a(3) > min{ps(3+4),na(4)}

= p1a(3) = min{p(2), pa(4)}

= 0.43 > Min{0.43,0.66}

=043 > 043

And pp(3) = min{p(2), 1p(4))

= 0.51 > Min{0.57,0.51}

= 0.51 > 0.51

Now 4.5(3) > Min{pa.p(2), pasp(4)}
= 0.3854 > Min{0.4015, 0.4376}
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= 0.3854 }_4 0.4015

= Aa(x) < Max{Aa((xx2) * (y*2)),Aa(y)}
= Aa(8) < Max{Aa(2),Aa(4)}

- 054 < Max{0.54,0.33}

= 0.54 <054

And Ap(x) < Max{Ap((x*z)* (y*z)),Ap(y)}
= AB(3> < Max{/\B(Z),)\B(4)}

= 0.45 < Max{0.41,0.45}

=045 <045

Now Au.p(3) < Max{Aa.p(2),Aasp(4)}

= 0.3982 < Max{0.3888,0.3395}

= 0.3982 ﬁ 0.3888.
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Abstract

In this paper, we obtain solutions of some multiple series identities involving bounded multiple sequences.
We also derive hypergeometric forms of these identities involving Kampé de Fériet double hypergeometric
function, Srivastava’s triple hypergeometric function.

Keywords: ~ Pochhammer Symbol; Bounded Sequences; Multiple Series Identities; Srivastava’s triple double
Hypergeometric Function ; Kampé de Fériet double Hypergeometric Function.
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1 Introduction

Pochhammer’s Symbol
The Pochhammer’s symbol or Appell’s symbol or shifted factorial or rising factorial or generalized factorial
function is defined by

b(b+1)(b+2)---(b+k—-1); if k=1,23,---
(b,k)—(b)k—r(llj(;m— 1 ;i k=0 (11)
k! ; fb=1k=1,23,---

where b is neither zero nor negative integer and the notation I' stands for Gamma function.

Generalized Gaussian Hypergeometric Function[17,p.42(1)]
Generalized ordinary hypergeometric function of one variable is defined by

ai,dap, - 04 ; - .
& (a)i(an)g - (an)gz
. by,by,---,bg ; T kgo (b1)k(b2)g - - - (bp) k!
or . o
AFs o z | = afp P z | = i ((aa))izt (1.2)
(bB) ; (b])le ; k=0 ((bB))kk!

where denominator parameters by, by, - - - , bp are neither zero nor negative integers and A, B are non-negative
integers.

If A < B, then series 4 Fp is always convergent for all finite values of z(real or complex).

If A = B+ 1, then series 4 Fp is convergent when |z| < 1.

o =4((7)), ((574),
*Corresponding author.
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(o= 0((H52), ((252), T

i=1
where m =0,1,2,3,...

Kampé de Fériet's General Double Hypergeometric Function[17,p.63(16); see also 16]

In 1921, Appell’s four double hypergeometric functions Fj, F, F3,F4 and their confluent forms
Dy, $y, D3, ¥4, ¥y, E1, Ep were unified and generalized by Kampé de Fériet.

We recall the definition of general double hypergeometric function of Kampé de Fériet in slightly modified
notation of H.M.Srivastava and R.Panda:

( ) (bB) (dD) 7 0 b )) ((d )) XMy
pA:BD %,y _ Z ((@4))min ((b8)),, ((dD)), y'
EGH (€E>:(gG);(hH) . m,n=0 ((eE))m+n ((gG))m ((hH))n m!n!

4

(13)

where for convergence
(i) A+ B<E+G+1, A+D<E+H+1 ;x| <oo, |y| < oo, or

(i) A+B=E+G+1, A+D=E+H+1, and

1 _1
x| A=+ |y|@-B <1 Jf E<A
max {|x|,|y|} <1 Jif E> A

Srivastava’s Triple Hypergeometric Function[17,p.69(39,40)]
In 1967, H. M. Srivastava defined a general triple hypergeometric function F (3) in the following form

(aa) = (bp); (dp); (ee) : (86); (hn); (IL);
(mu) = (nn); (pp); (ag) = (rr); (ss); (tr);

((aA))i+j+k ((bB)) i ((dD))]'+k ((ee))rri ((86)); ((hH))j (L) ¥yl 2
oo ()i ()i ((pP))jgx ((4Q))kys ((rR)); ((s5)); ((fr)) it jEK!

F® X, Y, 2

Some Series Identities
We recall the following identities which are potentially useful in the series rearrangement techniques.

oo m+n—1

iz Z Y(m, n, r) ii‘l’(o,n+r+l,r)+ii
m=0

n=0 n=0r=0 m=0n=0r

ngk:

Y(m+r+1,n, r)+
0

agk
agk

£y

m=

0 00 m+n 0 0 0o
Z::;;T(m,n,r):n;; m+r,n,r)+mZ:;;

where {¥(m,n, )} o are suitably bounded double and triple sequences of essentially arbitrary(real or
complex) parameters respectively.

Ym+1, n+r+1, r+m+1) (1.5)

<)
Il
o
Il

n=0r=0

(m,n+r+1, r+m+1) (1.6)

HMS
HM8

Some Useful Indefinite Integrals
Whenm =0,1,2,3,---, then

/sinhz’” 0do = { _(é)m(_l)g)smhgcosw mZ; (1)’(_?;) sintt” @ } + {9 (D" () } + Constant (17)
m r— 5)r
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3)msinh 6 cosh 6 "=} 2r 0(%
/coshszdG _ | (z)msinhcos Y (1)7?8}1 G D L AC2IT Q- (1.8)
(Dm = G (Dm
—1)m m (1), (—=1)"sinh® 6
/sinhzmHGdG = (D ( ;) cosh® Z (G)r (Z1)7st + Constant (1.9)
(j)m r=0 (1)7
. . m (1 2r
/coshzmH 6do = (1)m381nh9 ) (3)r cosh™ 6 + Constant (1.10)
. (j)m r=0 (1)

Above formulas (1.7)-(1.10) can be verified for m = 0,1,2,3,... and it is the convention that the empty sum

-1
Y. F(r) is treated as zero.
r=0

2 A family of multiple-series identities

Theorem 1. Let { A}y, ,—o be a suitably bounded double sequence of arbitrary complex numbers, then

Z ZAmn(/‘ Sll‘lh2m+2n9d9>y 'f’l'

m=0n

i i % m+n( y)"(=z)" ZSlnh'ycosh'y 5 2/\0 " (3)usr (1) (—2)" (zsinh? 7)"

(m+n)! m! n! =01 (ntr (2)nr 3)r

_l’_

sinhycoshy & & & § 1), (—y)™ (—z)" (y sinh?
+ Y '; Y Z Z ZAm+r+ln 2)m+n+r( )r (=y)" (= 3) (y 7))
=0n=07=0 Q) mtntr (2mtr (3)r (L

(
n yzsinh® y cosh 7 i 5 Z s +l(%)m+n+, (2)m4r (ysinh? 4)™ (—z)" (zsinh? )"

4 m=0n=0r= ' (3)m+n+r( )m+r(2 n+ ( )

provided that each of the series involved is absolutely convergent.

(2.1)

Theorem 2. Let { Ay, }<°

mn—o be a suitably bounded double sequence of arbitrary complex numbers, then

Z Z Amn</ cosh2m+2”9d9> Y 'i'

m=0n=

2 + z" z sinh 7y cosh (3 1), 2" (zcosh? )"
_ Z 2 Jm4n Y™ 'Y i 2 ZAOnJrrH (3)n+r (Dr 2" ( ; ) n
m=0n=0 (m + n)! mtn! n=0r= Dntr @ntr (3)r

sinhycoshy & & & 3 1), y™ z" (y cosh? )"
4 ysinhy WZZZAm+r+1,n(2)m+n+r()ry (v 7)

2 m=0 =0 r—0 @ mintr Qmar (3)r (D

yzs1nh'ycosh3'y i 2 EA : ) (%)m+n+r (2)m+r (y cosh? )™ 2" (z cosh® )" (2.2)
m+1n+r+ .
m=0n=0r= (3)m+n+r(%)1n+r(2)n+r(2)m

provided that each of the series involved is absolutely convergent.

Theorem 3. Let { Ay}

mn—o be a suitably bounded double sequence of arbitrary complex numbers, then

= z"
Z Amn (/ 51nh2m+2n+1 9d9> :;{n' -

(o)
)y
m=0n=0
»
n=0

+

> l —_ m (__ n .nhz r
= coshy 2 ZAWI-HVL Jmtntr (2) (=y)" (—2)"(ysinh” )
m=0

r=0 (%)m+n+r( Yy 17!
zsinh? ycoshy & & & (2 intr (3) sy (ysinh? )" (=2)" (zsinh? 7)"
+ f Z Z ZAm,n+7+1 5 | -
m=0n=0r=0 (f)m-»-n-&-r( )n+r (2)m+rm‘
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_ Z ZAmn m+n( y)m (_Z)n (2‘3)

m=0n= (2)m+nm!n!

provided that each of the series involved is absolutely convergent.

Theorem 4. Let { Ay n}

mn—o be a suitably bounded double sequence of arbitrary complex numbers, then

Z ZAmn</ Cosh2m+2"+19d9)y Z
m! n!

m=0n=0

.
e tnir (3),y™" 2" (y cosh® )

= sinhy 03 3 Ay D EEONTY)
m=0n=0r=0 (j)m+n+y (1)m+rn'r‘

| zsinhy cosh? y i i i D msnir (3) sy (ycosh?y)" 2 (zcosh® 7)"
- A mn+r+1

3 m=0n=0r= (%)m+n+r (Z)n—l—r (2)m+r m
provided that each of the series involved is absolutely convergent.

3 Derivations

Suppose left hand side of (2.1) is denoted by “T” and using the integral (1.7), then we get

& @it sinhycoshy (D (1) (=1)"H (<1)7 y" 2" (sinh® 1)’
m;oﬂz:o r:zo . (Umrn (D (D) (3)s "

(Boren (<17 g 2"

+72 ZAmn G

Koo (1) pypy m! !

0o 00 1 n+r+1 7 o+l qinta2 r
= — sinh’y C()Sh'}’ E E AOn+r+1 (2>n AR ( )r ( ) ( ) ° <Sl 7) -

n=0r=0 (1)n+r+l (1)n+r+1(%)r
; R ($)mrntre1 (1)p (—1)mEmtr L ()7 ymtrdd 2t (ginh? )7
—sinh y cosh y Apgria, _
mgogrgo e (D mtnsr+1(Vmrr1(Dn(3)r
. SRR (D mtntriz (D (—1)mHntre2 (—qymertl
—sinh y coshy Ay, 1 X
m;m;)r:ZO e (1)m+n+r+2(1)m+1<1)n+r+l
y merl L+r+1 (sinhz ,Y)m+r+1 Ly i Z A (%)m_m ( 1)m+n ym 2N
m,n
(%)m+r+1 —0n=0 (1)m+n m!n!
_ zsinhycoshy i i Aoirst (3)ntr ()r (=2)"(z sinh® )"
- n+r
2 #=07=0 (2)ntr (2nr(3)r

+

ysmhq/cosh'y - %)m+n+r (Dr (=)™ (—Z)”(ysinhz 7)
n;ogrzfm*’“” Qener@mer WD),

zsinh® ycoshy & 2 2 sinh? )" (—z)"(z sinh? )"
_|_y 4’7 Y Z Z ZAm+1n+r+1(2)m+n+r( )m+r (]/ ) (5 ) ( ) %
m=0n=0r= (3)m+n+r(2)m(2)n+r(§)m+r

i i % Jin (=)™ (=2)"

(1) oy m! 1!

which is the right hand side of (2.1).

Similarly we can derive (2.2) to (2.4) by means of series identities (1.5) and (1.6).
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4 Hypergeometric generalizations of integrals and their solutions

Setting Amn = ((((‘Zf;;%ﬁzEEZE)))):(((%;)))):, in theorems (2.1) to (2.4), using some algebraic properties of

Pochhammer symbol and multiple power series in hypergeometric notations given by (1.2) to (1.4), we get
the analytical solutions of following integrals.

(@)t (d) 25 (8)) 7
T _AD;G
/ Fgohy ysinh? 6, zsinh?6 | dé
0 d
(bj)?zl : (ej)f:1 ; (hj)jil ;

A 1, D . G . : A <
iy B (@)P 15 ()8, 2 sinhy coshy [T (a) T1(s:)
i R
(bj)}g:y 1: (ej)]E:1 7 (hj)]‘H:1 7 2 H (bi) TT(h;)

%’ (1+ aj)]A:y (1 +g]')](-3:1 :1;1,1
X ngg:;()l’az —z,z sinh2 v +
2,2, (1+bply, A+l 3
A D
y sinhy coshy ll;Il(ﬂi) i:l(di)

X
T B E

2T1(bi) T1(es)
i=1 =1
%, (1+ aj);qzl:: ——(1+ d]')jzl :1 ;(gj)jczl;l, 1 ;
« F3) -y, -z ysinhz'y +
2, (1+ b]-)lezz ——(1+ ej)le,Z:f;(hj)jzl;% ;
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i - 1]; i=1 «
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i

g
—_
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—_
~
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« F®) . ysinh?9, —z, zsinh? | +
57 (1+b>] 1° *l <1+h>] 1’ (])]Ezl;i;i 7

ADiG 1, (”j)j:lz (dj)j.;l ; (gj)](‘;:1 7
+Fg i EH X . . " Y, —z (4.3)
2 ()i (e s ()izy

” . (”j)f:l : (dj)]'.;1 ; (gj)]'Gzl ;
/0 cosh 6 Fg:gl’f ; . ycosh?6, zcosh?6 | df
(b])] 1° (e])] 1 (h])]:l 7

1, (a]-)jzl.. —,—,(d]')jzl :1 ’(gj)]'c;:lf 7 7
= sinhy F®) y, z, ycosh®y | +
5, (b)) Py =1, (ep) i)y —

A G
z sinh 9y cosh? 7y T1(a:) T1(gi)

=1 1=

—_

=+ i a0 X
311 (bi) H (hz)
i=1 i=1
2, (1 +ﬂj)f:1==—;(1 +gj)jG:1 ;311
xF® ycosh®y, z, zcosh? v (4.4)

provided that each of the series as well as associated zntegmls involved are convergent.

These solutions are not found in Ramanujan’s notebooks[11-13], Five notebooks of B. C. Berndt[5-9], Three
volumes of R. P. Agarwal[1-3] and other literature[4;10;14,15] on special functions.
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Further results on nonsplit dom strong domination number
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Abstract

A subset S of V is called a dom strong dominating set if for every vertex v € V — S, there exists uq, up € S
such that u1v, upv € E(G) and d(u;) > d(v). The minimum cardinality of a dom strong dominating set is
called the dom strong domination number and is denoted by 7,45(G). A dom strong dominating set S is said
to be a non split dom strong dominating set if the induced subgraph (V — S) is connected. The minimum
cardinality of a non split dom strong dominating set is called the non split dom strong domination number of
a graph and is denoted by ,,545(G). The connectivity x(G) of a graph G is the minimum number of vertices
whose removal results in a disconnected or trivial graph. In this paper, we find an upper bound for the sum
of nonsplit dom strong domination number and connectivity of a graph and characterise the corresponding
extremal graphs.

Keywords: Nonsplit dom strong domination number and connectivity.
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1 Introduction

In this paper we consider simple and undirected graphs. The sets V and E are the vertex set and the edge
set of the graph G respectively. The connectivity x(G) of a graph G is the minimum number of vertices
whose removal results in a disconnected or trivial graph. The degree of a vertex u in G is the number of
edges incident with u and is denoted by d(u). The minimum and maximum degree of a graph G is denoted
by 6(G) and A(G), respectively. For terminology we refer to Chartrand and Lesniak [1].

A vertex dominates itself and its neighbors. A set S C V is a dominating set of G if every vertex of G is
dominated by some vertex in S. The minimum cardinality of a dominating set is called the domination
number of G and is denoted by (G). A subset S of V is called a dom strong dominating set if for every
v € V —§, there exists uy, up € S such that uyv, upv € E(G) and (1) > (v). The minimum cardinality of a
dom strong dominating set is called the dom strong domination number and is denoted by 745(G). The
nonsplit dom strong domination number was introduced by G.Mahadevan etal. [5]. A dom strong
dominating set S is said to be a non split dom strong dominating set(NSDSD-set) if the induced subgraph
(V —S) is connected. The minimum cardinality of a non split dom strong dominating set is called the non
split dom strong domination number of a graph and is denoted by 7,545 (G).

Several authors have studied the problem of obtaining an upper bound for the sum of a dominating
parameter and a graph theoretic parameter and characterized the corresponding extremal graphs. In [6], the
authors found an upper bound for the sum of the domination number and connectivity of graphs and
charecterized the corresponding extremal graphs. Motivated by the above, we find an upper bound for sum

*Corresponding author.
E-mail address: drgmaha2014@gmail.com (G. Mahadevan), math.renuka@gmail.com(K.Renuka) choshi71@gmail.com (C.Sivagnanam).
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of the nonsplit dom strong domination number and connectivity of graphs and characterize the
corresponding extremal graphs. Also we characterize the graphs with this sum is greater than or equal to
2n — 4.

2 Preliminaries

Theorem 2.1. [1] For any graph G, x(G) < 6(G).
Theorem 2.2. [5] 2 < 7,54(G) < n.
Theorem 2.3. [5] For any connected graph G, v,s4s(G) = n if and only if G is a star.

Notation 1. C,,(Py) is the graph by attaching the end vertices of Py path graph to any one vertex of the cycle graph.
Ky (Py) is the graph by attaching the end vertices of Py path graph to any one vertex of the complete graph.
Cn(Py, Py, 0,...) is the graph by attaching an end vertex of Py path graph to any one of the vertex C,, and attaching the
end vertices of Py, path graph to another vertex of Cy. Ky, (Py, Py, 0,...) is the graph by attaching the end vertex of Py
path graph to any one of the vertex K, and attaching the end vertices of Py, path graph to another vertex of K.
Ky (u(Py, Py),0,...) is the graph obtained from K, by attaching the end vertices of P, and P, path graph to
u € V(G) which is one of the vertex in K,, graph. K,,(Py, Py, .. .) is the graph obtained from K,, by attaching the every
end vertices of Py, Py, ... of path graph to every vertex in K, graph. K, (mDPy) is the graph obtained from K, by
attaching the m times Py path graph to any one vertex of K.

3 Main Results

Theorem 3.1. For any connected graph G, v,545(G) + «(G) < 2n — 1 and the equality holds if and only if G is a
complete graph of order 2.

Proof. ypsas(G) +x(G) <n+d< n+n—-1=2n—-1.
Let ¥,54s(G) +x(G) = 2n — 1. Then 7,,445(G) = n and ¥(G) = n — 1 which gives G is a star as well as a
complete graph. Hence G = Kj. The converse is obvious. O

Theorem 3.2. For any connected graph G, v,s4s(G) + x(G) = 2n — 2 ifand only if G = K3 or Ky,

Proof. Let y545(G) + x(G) = 2n — 2. Then there are two cases to consider.
(D)Vnsas(G) =nand k(G) = n — 2 (ii) Y545 (G) =n—land x(G) =n — 1
Case 1.7,,44s(G) =nand x(G) =n —2
Since 7,545(G) = n, G is a star and hence x(G) = 1 which gives n = 3. Thus G = Kj ,.
Case 2.7,54s(G) =n—1land k(G) =n—1
Since k(G) = n —1,G is a complete graph, this gives v,¢4s(G) = 2. Then n = 3 and hence G = Kj. The

converse is obvious.
O

Theorem 3.3. For any connected graph G, 7v,s45(G) + x(G) = 2n — 3 if and only if G = Ky or Ky —e or Ky,3 0r C4
Proof. Let y545(G) + x(G) = 2n — 3. Then there are three cases to consider.
(D)Ynsas(G) = nand k(G) = n— 3 (i) 64 (G) = n—1and x(G) = n — 2 (iii)y,s4s(G) = n—2and k(G) =n—1
Case 1.7,,44s(G) =nand x(G) =n —3

Since ,545(G) = n we have G is a star and hence x(G) = 1 which gives n = 4. Thus G = K 3.

Case 2.7,54s(G) =n—1land x(G) =n —2

Since k(G) = n—2wehaven —2 < §(G). If 6 = n— 1 then G = K,;, which is a contradiction. Hence
0(G) = n—2. Then G = K, — Q where Q is a matching in K,. Then 7,¢s(G) < 3. If 7,545(G) = 3 then
n = 4 and hence G is isomorphic to either C4 or K4 — e. If 7,55 = 2 then n = 3 and hence G = K; 5, whichis a
contradiction.

Case 3.7,54s(G) =n—2and k(G) =n —1
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Since k(G) = n —1, G is a complete graph. Since 7,555(Ky) = 2 we have n = 4. Hence G = K4. The
converse is obvious.
O

Theorem 3.4. For any connected graph G,y,s4s(G) + «(G) = 2n — 4 ifand only if G = Ks or
Ky 4 0r Pyor K3(1, 0, 0) or Cs+ e or Ks — Q where Q is the maximum matching in Ks or the graph obtained from
Ky 3 by joining the vertices of degree three by an edge.

Proof. Let y545(G) + k(G) = 2n — 4. Then there are four cases to consider.
(D)Ynsds(G) =nand x(G) = n—4 (i) Y545 (G) = n—1and k(G) = n — 3 (iii) Y1545 (G) = n —2and x(G) = n—2
(iV)Ypsds (G) =n—3and xk(G) =n — 1

Case 1.7,4s(G) =nand x(G) =n — 4
Since ¥,54s(G) = n we have G is a star and hence x(G) = 1 which gives n = 5. Thus G = Kj 4.

Case 2.7,54s(G) =n—1land x(G) =n—3

Since kx(G) = n—3wehaven —3 < 4.1f 6 = n — 1 then G = K,, which is a contradiction. If § = n — 2
then G = K, — Q where Q is a matching in K,,. Then 7,53(G) < 3. If 9,545(G) = 3 then n = 4. Hence
G = Ky — e or C4. For these two graphs «(G) # n — 3 which is a contradiction. Hence 6(G) = n — 3. Let
S ={uy,uy, ..., u,_3} be the minimum vertex cut of Gand let V— S = {y1,y2,y3}.

Subcase 2.1. <V — S >=Kj

Let us assume < S > be connected. If | S |= 1 then G is isomorphic to K; 3 which is a contradiction. If
| S |= 2 then G is isomorphic to the graph obtained from Kj 3 by joining the vertices of degree 3 by an edge.
Let| S |> 3andletd(uy) > d(u;),i=1or 3. Then {uy, uy, y1, y2} is a NSDSD-set of G. Hence 7,555 < 4.
Then n < 5 which is a contradiction.

Subcase2.2. <V —-S >=K{UK;,

Let y1y2 € E(G). Then y3 is adjacent to all the vertices of S and y1, ¥, are not adjacent to at most one vertex
of S. Let us assume d(y1) = n — 2. Suppose (S) is disconnected. Then | S |< 3.If | S |= 2 then G is isomorphic
to Cs +e. If | S |= 3 then we get the graphs with 7,455 < 4 which is a contradiction. Suppose (S) is connected.
Ifd(u;) <n—2foralliand | S |> 2 then {y1, y2, y3} is a NSDSD-set of G which is a contradiction. If | S |=1
then G is isomorphic to Py. Let u; € S such thatd(uy) =n—1. If | S |> 3then V — {y1, y»} is a NSDSD-set
of G which is a contradiction. If | S |= 1 then G is isomorphic to C3(1, 0, 0). If | S |= 2 then we obtain the
graphs with 7v,,5455(G) # n — 1.

Suppose d(y1) =d(y2) =n—3.1If | S |> 3 then V — {y1, y2} is a NSDSD-set of G which is a contradiction.
If | S |= 2 then we obtain the graphs with 7,4s(G) + «(G) # 2n — 4

Case 3.7,4s(G) =n—2and x(G) =n—2

If «(G) =n—2,thenn —2 < §(G). If 6(G) = n —1 then G = K, which is a contradiction and we have
J(G) = n—2. Then G = K, — Q where Q is the matching in K,,. Then 7,,44s(G) < 3.If 7,44s(G) = 3 then
n =5 Hence Gis Ks — Q.If | Q |= 1then G = K5 — Q where Q is a matching in K5 with | Q |= 2. If
Ynsds(G) = 2thenn = 4. Thus G = Ky —eor Cy

Case 4.7,,54s(G) =n—3and k(G) =n —1
If «(G) = n—1, then G 2 K,, on n vertices. But 7,,44s(G) = 2 then n = 5 and hence G = K5. The converse
is obvious.
U
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Spectrum of fuzzy prime filters of a 0 - distributive lattice
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Abstract

Stone’s topology on the set of fuzzy prime filters of a bounded 0 - distributive lattice is introduced and
many properties of this space of fuzzy prime filters are furnished.

Keywords: fuzzy sublattice, fuzzy filter, fuzzy prime filter, 0-distributive lattice.
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1 Introduction

For topological concepts which have now become commonplace the reader is referred to [5] and for lattice
theoretic concepts the reader is referred to [4]. Venkatanarasimhan [15] has studied the Stone’s space of prime
filters for a pseudocomplemented lattice. The concept of a O-distributive lattice introduced by Varlet [13] is a
generalization of a distributive lattice and a pseudo-complemented lattice. A 0-distributive lattice is a lattice
L with 0 in which foralla,b,c € L,aAb =0 =aAcimpliesa A (bV c¢) = 0. In [9], [2] authors have studied
Stone’s topology on set of prime filters of a 0 - distributive lattice. Such a study of prime spectrum plays an
important role in the field of lattice theory.

Fuzzy set theory introduced by Zadeh [16] is generalization of classical set theory. After the inception
of the notion fuzzy sets, Rosenfield started the pioneering work in the domain of fuzzification of algebraic
objects viz fuzzy groups [11]. Many researchers have applied this concept to mathematical branches such as
semi-group, ring, semi-ring, field, near ring, lattice etc. In particular while fuzzifying the notions in lattice
theory, Bo et al [3] and Swami et al [12] have laid down the foundation for fuzzy ideals, fuzzy filters of a
lattice. In [10], we have introduced and studied spectrum of L - fuzzy prime ideals of a bounded distributive
lattice. In this paper our aim is to introduce Stone’s topology T on the set of fuzzy prime filters X of a bounded
0 - distributive lattice L and study many properties of the space Fspec (L) = (X, T). Mainly we prove Fspec (L)
is compact and it contains a subspace homeomorphic with the spectrum of L which is dense in it. If L and L’
are isomorphic bounded 0 - distributive lattices, Fspec (L) and Fspec (L’) are homeomorphic.

2 Preliminaries

In this article we collect basic definitions and results which are used in subsequent sections.
Let L = (L, A, V) be a bounded lattice.

Definition 2.1. A fuzzy subset of L is a map of L into ([0,1], A, V), where a A\ B = min(a, B) and a V p = max(x, p)
forall «, B € [0,1]. Let y be a fuzzy subset of L. For « € [0,1], the set o = {x € L: p(x) > a} is called a - cut (or a
- level set) of .

Definition 2.2. A fuzzy subset y of L is said to be a fuzzy sublattice of L if for all x,y € L, u (x N\y) A (xVy) >
p(x) A p(y)-
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Definition 2.3. A monotonic fuzzy sublattice is a fuzzy filter of L. Here  is monotonic means p(x) < u(y) whenever
x <yinlL.

Definition 2.4. The smallest fuzzy filter containing fuzzy subset u of L is called fuzzy filter generated by y and is
denoted by (u). Here by a fuzzy subset o contains a fuzzy subset y we mean u(a) < o(a), Va € L and will be denoted
byu Co.

Definition 2.5. A proper fuzzy filter of L is a non-constant fuzzy filter of L.

Definition 2.6. A proper fuzzy filter of L is said to be a fuzzy prime filter of L if for any x,y € L, u(xVy) <
px) Vi (y)

Result 2.1. A fuzzy subset y of L is a fuzzy filter of L if and only if u(x Ay) = u(x) A u(y).

Result 2.2. A fuzzy subset y of L is a fuzzy prime filter of L if and only if u is a homomorphism from (L, A, V) into
([0,1], A, V).

Result 2.3. A fuzzy subset y of L is a fuzzy filter of L if and only if each level set y, is a filter of L, ¥V « € [0, 1] such
that p, # @.

Result 2.4. If u is a fuzzy subset of L, then
(u) = {o | oisafuzzy filter of L, u C 0} .
Also X[s) = (xs), where S C L.

Result 2.5. A non-constant fuzzy filter y of L is a fuzzy prime filter of L if and only if each level set y, is a prime filter
of L; V « € [0,1] such that p, is a proper filter of L.

Result 2.6. A non-empty subset P of L is a prime filter of L if and only if xp is a fuzzy prime filter of L.

Result 2.7. ([3]) Let L and L' be two lattices and f : L — L' an onto homomorphism. Then
(i) If w is a fuzzy sublattice (ideal, filter) of L then f(u) is a fuzzy sublattice (ideal, filter) of L' where f(u) is defined as

f(u)(y) = sup{p(x): f(x) =y,x € L} forally € L';

(ii) If v is a fuzzy sublattice (ideal, prime ideal, filter, prime filter) of L' then f~'(v) is a fuzzy sublattice (ideal, prime
ideal, filter, prime filter) of L where f~1(v) is defined as

F W) (x) = v(f(x)) forall x € L.

Result 2.8. Let L, L’ be two bounded lattices. Let f : L — L' be a lattice isomorphism. If y is a fuzzy prime filter of L,
then f () is a fuzzy prime filter of L' and =1 (f (n)) = p.

3 Spectrum of fuzzy prime filters

Now onwards L will denote a bounded 0 - distributive lattice. Let £ denote the set of fuzzy prime filters of L.
For each y € X, we assume that y (1) = 1. For a fuzzy subset 6 of L define V (0) = {p € X |0 C u}. If
0 = X{qy then we denote V(6) by V (a).

At the outset we prove some properties of V' (.).
Theorem 3.1. Let 0 and o be fuzzy subsets of L.
1. If6 C o, then V (o) C V (0).
2.V(o)uV(8) CV(rno).
3.V (0) =V ((68)
4. V(0) =Q@and V(1) = %.
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Proof. Proof of (1) follows by definition of V' (.).

(2) Wehavec N6 C candoc N6 C 0. By using (1) we get V(0) C V(cnf)and V(6) C V(cN6). Hence
V(e)uV(0) CV(rn§).

(3) As 8 C (0), again by (1) we get V((#)) € V(0). Let uy € V(0) then & C pu. Therefore
N{ceX :0Co} C pthatis (f) C p. Thus u € V ((f)) proving that V () C V ((#)). Combining both
inclusions we get V (6) = V ((6)).

@VO)={peX:xq Cput={pne€X:u(0) =1} Asp € X and our assumption that y(1) = 1 it follows
V (0) =@. Againby assumption that (1) = 1Vu € Eweget V(1) = {p € Z: x;qy Cput={p € Z:pu(1) =1}
=Y. O

Remark 3.1. Let F(L) be the set of all fuzzy subsets of L and o(X.) be the power set of X.. Then V (.) defines a function
V: F(L) — @ (X) suchthat V (0) = {u € £ |0 C u}. Clearly it is not an injective map as V (6) =V ((8)).

Theorem 3.2. Let I and | be filters of L. Then V (x1) UV (x7) =V (xiny)-

Proof. By Theorem (2) we have V (x;)) UV (x;) € V(xinx;) = V(xin). Let p € V(xiny). Then
Xiny € pimplies p(x) = 1forallx € IN]. If x; € pand x; £ p, then there exist x € I and y € | such that
p(x) # land u (y) # 1. But I and ] being filters we have x Vy € IN ] so that pt (x Vy) = 1. As u is a fuzzy
prime filter of L, by ResultP.2} y (xVy) = p (x) V u (y) = 1 thatis p (x) = 1 or u (y) = 1; which contradicts
to the choice of x and y. Hence either x; C p or xj C p. Therefore y € V (x1) or u € V () and consequently
peVxn)UV(xy). Thus V (x;Nxj) €V (x1) UV (x;) and the result follows. O

Theorem 3.3. If {0; | i € A} (A is any indexing set) is a family of fuzzy subsets of L, then V (IJ{6; |i € A})=
N{V () [ie A}

Proof. We have

er(U{(MieA}) — J{bilieA}Cu
= 0;Cu VieA
— pnevV() VieA
— pue({V () |icA}.
This sows that V (U {6; | i € A}) =N{V (6;) |i € A}. O

Remark 3.2. Unlike in a crisp case {V (0) | 6 is a fuzzy subset of L} does not offer a system of closed sets for a
topology on the set X though V (I {6;|i € A}) = N{V (0;) |i € A} (where A is any indexing set) holds. This happens
as V (o) UV (0) # V (0 NB) for some fuzzy subsets 6 and o of L.

Theorem3.4. 1. V(a) UV (b)=V(aVb),VabelL

2.V(xe) =N{V(a) |a€E} ; VECL.

Proof. (1) Lety € V(a)UV (b). Thenpu € V(a)oru € V(b). If u € V(a), then u(a) = 1. As p is a fuzzy
filter, u (aVb) > p(a) = 1thatispu(aVvb) = 1. Butthen y € V (aVb) so that V(a) C V(aVb). Similarly if
ueV(b), theny € V(aVvb). Therefore V(b) C V(aVb). Hence V (a) UV (b) CV (aVb). Letp € V(aVb)
then yi (a V b) = 1. j being a fuzzy prime filter, by ResultR.2), 1 (a V b) = p (a) V i (b). Thus either y (a) = 1 or
u(b) =1thatisy € V(a)orpu € V(b)sothaty € V(a) UV (b). Thus V (aVvb) C V(a) UV (b). Combining
both the inclusions, (1) follows

2) AsE = U{a|acE}, wehave xz = U {x{a} lae E}. Therefore V (xg) = V (U {x{a} lae E}) -
N{V (a) | a € E} (By Theorem[3.3). O

Theorem 3.5. Let B = {X (a) | a € L} where X(a) = X ()({a}) = X \ V(a). Then B constitutes a base for the
open sets of some topology on X.
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Proof. By Theorem[3.1} (4), we have X (0) =X\ V(0) =X\ @ = X. Therefore

L=J{X () |aeL} (1)
Leta,b € L. Then

peX@nXx®) < pe(E\V()nE\ (V()))
— puei\ (V(uVv()
— peX\V(aVvb) (by TheoremB3.4(1))
< pueX (avb)
Thus
X(@)NX((b)=X(aVDb) (2)
From (1) and (2) it follows that 98 forms a base for a topology on . O

Let T denote the topology with base B on X. The topological space (¥, T) is called fuzzy prime spectrum of L
and is denoted by Fspec (L).

Theorem 3.6. If L is a chain or a finite lattice, then B = T.

Proof. Any open set O in Fspec(L) is expressed as O = |J{X(a) |a € A C L}. By assumption, [A) = [t) for

some t € A. Hence

O=U{X(@)|acACL} = Z\[{V(a)|acA}
= X\ V(xa) (byTheorem[PB.4(2))
= X\V (X[A)) (by Theorem[3.1)(3))
= Z\V (X[t))
= Z\V()
= X(t)
Thus any open set O = X (t) for some f € L imply T C 8. But always we have 8 C 7. Hence B8 = 7. O

Theorem 3.7. The space Fspec (L) is a compact space.

Proof. Consider an open cover {X (a) |a € A C L} of ¥ consisting of basic open sets. Therefore

L o= J{X(a) |ae A}
— Ui\ V(@) lae 4}
— S\ {V(@) |ac A}
= X\ V(xa) (byTheorem.4} (2))
= X\V (X[A)) (by Theorem[.1} (3))

Therefore V (X[A)) =0 €))
If [A) C L, then as every proper filter of a 0 - distributive lattice is contained in a prime filter (see [14]) there
exists a prime filter P of L containing [A). Hence Xia) € xp and xp is a fuzzy prime filter of L (by Result.
Thus xp € V (X[ A)) = @ (by (1)); a contradiction. This proves that [A) = L. This results into 0 € [A) and
consequently 0 = a1 Aap A... Aay;nisfinite,a; € A Vi=12,...,n LetS = {ay,ay,...,a,} C A. Then
by using (1) and the fact that [A) = L = [S) wehave V (xs) =V (X[s)) =V(x)=V (X[A)) =0

Therefore

U{X(@)|i=12 ...,nanda; €S} = [J{Z\V(a)|i=12 ...,nandg; € S}
= 2\ ({V()|i=12 ...,nand a; € S}
= Z\V(xs)

= $\0=x
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This shows that {X (a;) |a; €S, i=1,2, ...,n}is a finite subcover of the basic open cover {X (a) |a € A} of
X. Hence Fspec (L) is compact. O

Theorem 3.8. A subset F of X is closed in Fspec (L) if and only if there exists F C L such that F =V (xr)

Proof. Let F = V (xr) for some subset F of L. Then F = V (x¢) =N {V (a) | a € F} (by Theorem[3.4] (2)). As
V(a) is a closed set in Fspec (L), we get F is closed in Fspec (L).
Conversely suppose F is a closed set in Fspec (L). Then X \ F is open in Fspec (L) and therefore we have

L\ F J{X (a) |a € F} forsome F C L

— UE\V@ laeF)
— S\ N{V(@) laeF}
= Z\V(xr) (byTheorem[.4} (2))

Thus F = V (xr) for some F C L. This completes the proof.

Theorem 3.9. Let o denote the set of all prime filters of L. Then the set H = {xp | P € p} is dense in Fspec (L).

Proof. By ResultR.6f H C %. Let u € ¥\ H. Let X (a) be a basic open subset of Fspec(L) containing .
Then the 1 - level subset i1 = {x € L | (x) =1} is proper and hence a prime filter of L (By Result 2.5).
p € X (a) =2X\V(a)imply u (a) # 1so thata & y; thatis x;, (a) = 0 # 1. This gives x;,, € X (a). Aspisa
prime filter of L, x;,, € H. Thus any X (a) containing y contains a point of . Thus every member of X\ H is
a limit point of #. Hence H = X which proves the result. O

Remark 3.3. The subspace H of Fspec (L) is homeomorphic with the prime spectrum p (the set equipped with Zariski
topology) under the homeomorphism f : ¢ — H defined by f (P) = xp; VP € p.

Theorem 3.10. For any subset U of ¥, the closure of U i.e. U = V (xp), where F = "\ {pu1 | u € U}.

Proof. Let o € U. Alsoif xr (x) = 1 then x € F and by definition of F we have x € 07 (since ¢ € Uf). But then
o (x) = 1 which gives xr C 0. Thus ¢ € V (xr). This proves that i/ C V (xr). As V (xr) is a closed set we get
U CVI(xr) _ o

Now let y € V(xp). f y € U, then p € U and we get V (xr) € U . Otherwise suppose X (a) be a basic
open set containing y. Then y ¢ V (a) so that y (a) # 1. Aspu € V (xr) we get xr(a) # 1. Thusa ¢ F =
N{o1 | o €U} imply o (a) # 1 for some o € U. Therefore x(,; £ o and consequently o ¢ V ()({H}) = V(a)
that is ¢ € X (a). Thus any basic open set X(a) containing y contains a point ¢ of /. Therefore y is a limit
point of U. Thus u € U. Hence V (xr) C U . Combining both the inclusions the result follows. O

Corollary 3.1. Forany yu € %, {u} =V (xu,) and for u,0 € &, {u} = {0} if and only if yy = 6;.

Proof. {u} =V (xy,) follows by Theorem
Suppose {1} = {0}. Then V (x;,) = V (xp,) (by Theorem .

Now
acmy = xu(a)=1
= @) =1;VoeV(xu)
= o@)=1VoeV(xy) ... (sinceV(xu,) =V (xe,))
= Xo (a) =1 (aSX91 € V(X91))
= a€b

This shows that 1 C ;. Similarly we can prove 6; C ;. Therefore y; = 6.
Conversely suppose 1 = 0. Then xu, = xo, =V (X)) = V (xe,) = {1} = {6} (by Theorem. O
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1
b
C
a
0
L
Figure 1:

This result suggests that for a 0 - distributive lattice L the space Fspec(L) need not be Ty - space. To verify
this consider the 0 - distributive lattice L as depicted by the Hasse diagram in Figure

Define y = {(0,0.2),(a,0.4),(b,0.8),(c,1),(1,1)} and 8 = {(0,0.3),(a,0.5),(b,0.7),(c,1),(1,1)}. Then u
and 0 are fuzzy prime filters of Li.e. u,0 € Fspec(L). Clearly, u # 0. But u; = 61 = {c,1}. Hence by Corollary
we have {y} = {0}. This shows that Fspec(L) is not a Ty - space.

Theorem 3.11. Let L and L' be bounded 0 - distributive lattices and let f : L — L’ be a lattice homomorphism. For
each y' € Fspec (L) define f* : Fspec (L") — Fspec (L) by f* (u') = f~' (4'). Then

(1) f* is a continuous mapping.

(ii) If f is surjective, then f* is injective.

Proof. By Result.7], f* is well defined map.
(i) For any basic closed set V (a) in Fspec (L) where a € L we have

fHV (@) = { € Fspec

= V(xipay) = V(f@)

which is a closed set in Fspec(L’). Thus inverse image under f* of a basic closed set in Fspec (L) is a closed
setin Fspec (L). Hence f* is continuous.

(ii) Let f be surjective and p’, 8’ € Fspec (L) such that f* (u') = f* (¢'). Then
(F () ) = (F(0) () s vxel = (F1() @) =(F()) @ vxeL

= W(f(x)=0(f(x)) VxeL
- ‘u/:9/

This proves f* is an injective map. O

Theorem 3.12. If f : L — L’ is an isomorphism, then Fspec (L) is homeomorphic to Fspec (L').

Proof. By hypothesis, the functions f* : Fspec (L) — Fspec (L) defined by f* (¢') = f~'(4') and g* :
Fspec (L) — Fspec (L') defined by g* (1) = f (1), are well defined and inverses of each other (see Result[2.7]
and Result2.8)). Further, analogous to the proof in theorem 3.17, it can be proved that they are continuous. [



Y. S. Pawar & S. S. Khopade / Spectrum of fuzzy prime... 597

References

[1] P. Balasubramani and P. V. Venkatnarsimhan, Characterizations of O-distributive Lattices, Indian |. pure
appl. Math., 32(3) (2001), 315-324.

[2] P. Balasubramani, Stone topology of the set of prime filters of a O-distributive lattice, Indian J. Pure and
Appl. Math., 35(2) (2004), 149-158.

[3] Bo Yuan and Wangming Wu, Fuzzy ideals on a distributive lattice, Fuzzy sets and systems, 35 (1990), 231 -
240.

[4] G. Gritzer, Lattice Theory - First concepts and Distributive Lattices, Freeman and Company, San Francisco,
(1971).

[5] Kelly J.L., General Topology, New York, Van Nostrand, 1969.

[6] Klir George J. and Bo Yuan, Fuzzy Sets and Fuzzy Logic: Theory and Applications, Prentice Hall of India
Put. Ltd.,New Delhi, 110001, (1997).

[7] Koguep B.B.N., Nkuimi C., Lele C., On Fuzzy prime ideals of lattice, SJPAM,, 3 (2008), 1-11.
[8] Y. S. Pawar, 0-1 distributive lattices, Indian |. Pure and Appl. Math., 24 (1993), 173-179.

[9] Y. S. Pawar and N. I. Dhanshetti, Stone’s Topology for 0 - distributive lattices, Journal of Indian Math. Soc.,
59 (1993), 79-86.

[10] Pawar Y. S. and Khopade S. S., Spectrum of L - fuzzy prime ideals of a distributive lattice, Fuzzy Systems
and Mathematics, 27(1) (2013), 12-19.

[11] Rosenfeld A., Fuzzy Groups, Journal Mathematical Analysis and Applications, 35 (1971), 512-517.

[12] Swamy U. M. and Raju D. Viswanadha, Fuzzy ideals and congruence of lattices, Fuzzy Sets and Systems,
95 (1998), 249-253.

[13] Varlet]., A generalization of the notion of pseudo-complementedness, Bull. soc. Liege., 37(1968), 149-158.
[14] P. V. Venkatanarasimhan, Pseudo-Complements in Posets, Proc. Amer. Math. Soc., 28(1) (1971), 9 - 17.

[15] P. V. Venkatanarasimhan, Stone’s Topology for Pseudocomplemented and Bicomplemented Lattices,
Trans. Amer. Math. Soc., 170 (1972), 57-70.

[16] L. A. Zadeh, Fuzzy sets, Inform. and Control,, 8 (1965), 338-353.

Received: July 01, 2015; Accepted: September 02, 2015

UNIVERSITY PRESS

Website: http:/ /www.malayajournal.org/



Malaya J. Mat. 3(4)(2015) 598-606

Malaya @
10f [RECE. . - , SRS
Journal o an international journal of mathematical sciences with XL
Matematik computer applications... \(..m o
SdICINarls p Lpp Mg &
www.malayajournal.org |S§N : 2319-3;};6

Periodic boundary value problem for the graph differential equation and

the matrix differential equation

J. Vasundhara Devi®* S.Srinivasa Rao” and 1.S.N.R.G.Bharat®

@b GVP-Prof.V.Lakshmikantham Institute for Advanced Studies, Department of Mathematics, GVP College of Engineering, Visakhapatnam-530 048, India.

Abstract

A network can be represented by graph which is isomorphic to its adjacency matrix. Thus the analysis of
networks involving rate of change with respect to time reduces to the study of graph differential equations
and its associated matrix differential equations. In this paper we develop monotone iterative technique for
graph differential equations and its associated matrix differential equations using Periodic boundary value
problem.

Keywords: ~ Graph differential equation, Matrix differential equation, coupled lower and upper solutions,
monotone iterative technique.
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1 Introduction

It is a well established fact that a graph represents interconnections in a physical or a biological system and
a graph that varies with time models physical phenomena that are time dependent. Such systems naturally
arise in all disciplines of knowledge including social sciences. In [1,2] the concept of the derivative of a
graph was considered and graph differential equations(GDEs) were introduced. In [2] a solution of the
graph differential equations was obtained by developing monotone iterative technique [3] for initial value
problems(IVPs) of the corresponding matrix differential equations(MDEs). In [4] the concept of a pseudo
graph was introduced and a graph was used to study prey predator problem. The idea of using MDEs to
study the corresponding GDEs is justified by the existence of an isomorphism between graphs with n-vertices
and n X n matrices.

In this paper, we obtain a solution for the periodic boundary value problem(PBVP) of a GDE by studying
the corresponding PBVP of the MDE. Using the approach used in [5] we develop a sequence of monotone
iterates which are solutions of a sequence of IVPs of linear matrix differential equations. We develop
different types of iterative sequences as in [6,7] using the iterative scheme given in [8] to obtain the monotone
sequences. Next, we show that the sequence converges to a solution of the PBVP and that the corresponding
graph function is a solution for the considered PBVP for a GDE.

2 Preliminaries

In this section, we give certain definitions,notations,results and preliminary facts related to GDEs that are
required to study the main results in the problem.

Definition 2.1. Pseudo simple graph: A simple graph having loops is called as a pseudo simple graph.

*Corresponding author.
E-mail address: jvdevi.lias@gvpce.ac.in (J. Vasundhara Devi).
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Let v1,vy,...vn be N vertices,where N is any positive integer. Let Dy be the set of all weighted directed
pseudo simple graphs D=(V, E). Then (Dy, +, .) is a linear space w.r.t the operations + and . defined in [1,2].

Let the set of all corresponding adjacency matrices be Ey. Then (Ey, +,.) is a matrix linear space where
'+ denotes matrix addition and ' denotes scalar multiplication. With this basic structure defined, the
comparison theorems, existence and uniqueness results of a solution of a MDE and the corresponding GDE
follow as in [2].

Definition 2.2. Continuous and differentiable matrix function:

(1) A matrix function E : I — R"*" defined by E(t) = (e;;())nxn is said to be continuous if and only if each
entry ei]-(t) is continuous for alli,j = 1,2,...,N where e;; : [ — RR.

(2) A continuous matrix function E(t) is said to be differentiable if and only if each entry ¢;;(t) is differentiable
foralli,j =1,2,...,N. The derivative of E(t) (if exists) is denoted by E’ and is given by E’(t) = (egj)NxN.

Definition 2.3. Continuous and differentiable graph function: Let D : I — Dy be a graph function and
E: I — R™" be its associated adjacency matrix function. Then

(1) D(t) is said to be continuous if and only if E(t) is continuous.

(2) D(t) is said to be differentiable if and only if E(t) is differentiable.

If for any graph function D the corresponding adjacency matrix function is differentiable then we say that
D is differentiable and the derivative of D (if exists) is denote by D’.

Consider the initial value problem
D' =G(t,D), Dlty) =Dy @.1)

Let E, Eg be adjacency matrices corresponding to any graph D and the initial graph Dy.

Then the MDE is given by
E'=F(tE), E(t)=Eq 22)

where F(t,E) is the adjacency matrix function corresponding to G(t,D).

Definition 2.4. Any continuous differentiable matrix function E(t) is said to be a solution of (2.2)), if and only

if it satisfies ([2.2)).

Definition 2.5. By a solution of GDE (2.1), we mean the graph function D(t) corresponding to the matrix
solution E(t) of the MDE ([2.2)).

In order to obtain a solution of (2.1)), we use the corresponding adjacency MDE. As there exists an
isomorphism between graphs and matrices, the graph function corresponding to the solution obtained for
the MDE will be a solution of the corresponding GDE.

Definition 2.6. Let {E;} be a sequence of matrices and E be a matrix. Then E,, converges to E if and only if
given € > 0 there exist n > N such that |[E, — E|| < ffl foralln > N. This means en; — ¢;; forall1 <i,j < N.

Definition 2.7. Consider two matrices A and B of order N. We say that A < B if and only if a;; < b;; for all
i,j=12,...,N.

Definition 2.8.

Let D and D; be two graphs. Let e}j(t) be the weight of the edge joining the vertex v;tov;, i,j=1,2,..,n
in Dy and elz]-(t) be the weight of the edge joining the vertex v; to v;, i,j = 1,2,..,n in D, then we say that

D; < D; if and only if eil]- < eiZj'

Theorem 2.1.

If {U,(t)} € C'[I,R"™"] is a sequence of equicontinuous and equibounded multimappings defined on an
interval I, then we can extract a subsequence that converges uniformly to a continuous multimapping U(t) on
L

With the necessary preliminaries in place, we proceed to the next section to develop the main results.
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3 Main results

In this section, we obtain a solution for the PBVP for GDE through the solution of the PBVP for MDE.
Consider the PBVP for GDE given by

D' = Gi(t,D) + Gy(t,D), D(0) = D(T), (3.3)

where G1, G, € C[I x Dy, Dy| and I=[0,T].

The graphs G; and G, generate two matrix mappings Fj, F, € C![I x R™",R"*"] such that the weight
of the edge joining the vertex vy to the vertex v;, k,I = 1,2,..,n is given by efk(t), for i = 1,2 that is,
(€1 (t) ) nxn is the weight matrix corresponding to the graph G; and is denoted by F; = (e}, (t))nxx. Further, let
E(t) = (e (t)) be any arbitrary matrix function corresponding to any arbitrary graph function D(t) and then
consider the following MDE corresponding to GDE as

E' = F(4E)+E(t,E), E(0)=E(T), (34)
where Fy, F, € C[I x R™*", R""],

We next proceed to gives several possible notions of lower and upper solutions relative to MDE .

Definition 3.9. Let Vi, Wy € CY[I, R"*"]. Then Vi, Wy are said to be
(a) natural lower and upper solutions of (3.4)) if

Vé < Fl(t, V()) + Fz(t, Vo), V()(O) < VQ(T) (3.5)
Wé > Fl(t, W()) —|—F2(t, W()), WQ(O) > W()(T), tel )
(b) coupled lower and upper solutions of Type I of if
Vi < Fi(t Vo) + FBa(t, Wo), Vo(0) < W(T), (3.6)
Wy > Fi(t, Wo) + R2(t, Vo), Wo(0) > Wo(T), t€[; '
(c) coupled lower and upper solutions of Type II of if
Vo < Fi(t, Wo) + Ex(t, Vo), Vo(0) < Vo(T), (37)
Wé > Fl(t, Vo) +F2(f, Wo), WQ(O) > Wo(T), tel; )
(d) coupled lower and upper solutions of Type III of if
Vi < Fi(t, Wo) + Fa(t, Wo), Vo(0) < Vo(T), (3.8)
W(/) > Fl(t, V(]) +P2(t, V(]), WQ(O) > W()(T), tel )

We observe that whenever Vy(t) < Wy(t), t € I, if F;(t, E) is nondecreasing in E for each t € I and F,(t, E)
is nonincreasing in E for each t € I, the lower and upper solutions defined by and reduce to @
and consequently, it is sufficient to investigate the cases and (3.7).

We prove the following lemma that deals with developing the MIT for the equation (3.4)).

Lemma 3.1. Let P € C[I,R"*"] such that P'(t) < 0 and P(0) < 0 then P(t) <0
Proof. Consider the linear matrix differential equation
P’(t) =M(t)P+H(t), P(0)=0

Whose unique solution is given by

t
P(t) = eME—)Ip0) + [ MU H(s)ds

to

Then by hypothesis, we get, P(t) < 0
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Theorem 3.2. Assume that

(A1) Vo,Wy € CYIL,R™"] are coupled lower and upper solutions of Type I relative to with
Vo(t) < Wo(t), tel

(Ay) Fi, F, € C[I x R"™",R"*"| , F\(t, E) is nondecreasing in E for each t € I and F,(t, E) is nonincreasing in E for
eacht € I;

(As) Fy and F, map bounded sets into bounded sets in R"*".

Then there exist monotone sequences {Vy,},{Wy} in R"*" such that V,, — p,W, — R where (p,R) are the
coupled minimal and maximal solutions of (3.4)), that is, they satisfy

o' = Fi(t,p) + Ba(t,R), p(0) = p(T),
R'=F(t,R) + F(t,p), R(0)=R(T).

Proof. For each n > 0, consider the initial value problems

Vi1 =F(6Va) + B(E W),  Vuga(0) = Vi (T), (3.9)
Wy/1+1 = Fl(tr Wn) + FZ(tr Vn)/ Wit (0) = Wn(T)/ (3.10)

where V(0) < W(0).

Our aim is to prove that the solutions of (3.9)) and ({3.10]) satisfy the relation,
Vo<WV <<V <Wy<..<Wy<W, tel. (3.11)

Since V}, is the coupled lower solution of Type I of (3.4]), we have, using the fact V; < W and the nondecreasing
character of F,
Vo < Fi(t, Vo) + B (t, Wo).

Also from we get forn =0,
Vll = Pl(t/ VO) +P2(t/ WO)/ (312)
V1(0) = Vo(T). (3.13)
Clearly equations (3.12)), (3.13)) have a unique solution denoted by Vi (t),t € I. Now we show that V) < V; on
L. Set P(t) = Vy(t) — V4(t),
Pl(t) < Fl(i’, Vo) + Fz(i’, W()) —F (t, V()) — Fz(t, Vo) <0

and P(0) = Vp(0) — V4(0) < Vo(T) — Vo(T) < 0. Then by Lemma 3.2, we get P(t) < 0. Thus Vp < V; on L
A similar argument shows that W; < Wy on L. For the purpose of showing V; < Wj, consider ([3.12]), (3.13)
along with
W{ = F(t, Wy) + E(t, V), (3.14)
W1 (0) = Wo(T). (3.15)
Put P(t) = Vl(t) — Wl(t), then Pl(t) =F (t, Vo) + Fz(t, WO) —F (t, Wo) — Fz(t, V()). Since Vp < Wp on I, using
the monotone nature of F; and F, gives

P'(t) <0 and P(0) = V;(0) — W1(0) = Vo(T) — Wp(T) < 0. Therefore by Lemma 3.2, we get P(t) < 0. Thus
V1 < Wj on L. Hence

Vo<V <W; <Wp, on 1. (3.16)
Assume that forj > 1,
Vii<Vi<W;<W; g, onl (3.17)
Then we will show that
Vi<Vipn < Wi < W, on (3.18)

To do this consider,
Vi =Fi(t,Vi-1) + B(t, Wj_1), (3.19)
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V;(0) = Vj1(T), (3.20)

Vig =L V) + E(LW), (321)

Vj1(0) = V(7). 622)

Now we show that V() < Vit1(t) on L Consider P(t) = Vi(t) — Vi)

Then P,(i’) = Fl(t, Vj—l) + Fz(t, W]'_1> — Fl (t, V]) — Fz(t, W]>, Now using the fact that Vj—l S Vj, W] S Wj—lr
and the monotone nature of F; and F,, we obtain P'(t) < 0 and P(0) = V;(0) — V;;1(0) = V;_1(T) — V;(T)
< 0. Again by using Lemma 3.2, we get P(t) < 0. Thus V; < Vj,; on L Similarly we get W;,; <W; onL.

Next we show that V;; < W, t € I. We have from , (3.10)

V'/+1 =h (t/ ‘/j) + FZ(t/ W])r I/]'Jrl (O) = ‘/](T)/ (323)
)

Wiy = F(t W)+ E(t V), W;31(0) = Wi(T). (3.24)

Set P(t) = Vj1(t) — Wiy1(t), then P'(t) = Fi(t,V;) + B2(t, W;) — Fi(t, W;) — Fx(t,V}), Arguing as earlier we
conclude P'(t) < 0and P(0) = Vj1(0) — W;j1(0) = Vi(T) — W;(T) < 0. By Lemma 3.2, we get P(t) < 0.
Thus Vi1 < Wi onl

Hence follows and consequently, by induction ([3.18}) is valid for all n. Clearly the sequences {V,, },{W,}
are uniformly bounded on L

To show that these sequences are equicontinuous, consider for any s > ¢, where f,s € I,

Val0) = Vi) = [Va(0) + [ (&, Vo2 (€)) + Fal &, W+ (£)))d
V) = [ (F@Va1(@)) + G Waa ()]
= | [ (B Ve 1(0) + (& W1 (€)1
- [ (RE Vi (@) + B(E Wa-1(0))dd

<1 [ (B& Vi a (@) + B W (@)
< M|t —s|.

Here we utilized the properties of integral, together with the fact F; and F, are bounded and {V;,},{W,} are
uniformly bounded. Hence {V;,(t)} is equicontinuous on I. The corresponding Ascoli’s Theorem, Theorem
2.9, gives a subsequence {V, } which converges uniformly to p(t) € R"",t € I, and since {V,(t)} is
nondecreasing sequence, the entire sequence {V,,(t)} converges uniformly to p(¢) on L

Similar arguments apply to the sequence {W,(t)} and we obtain W,,(t) — R(t) uniformly on I. It therefore

follows, using the integral representation of (3.9), (3.10) that p(t), R(t) satisfy
o'(t) = F(t,p(t) + E2(t,R(t),  p(0) = p(T);

R'(t) = F(t,R(t)) + B(t,p(t)), R(0) = R(T).

and that
VOSPSRSWQ, tel

Next we claim that (p, R) are coupled minimal and maximal solutions of (3.4), that is, if U(t) is any solution

of (3.4)) such that
Vo <U<W,, onl, (3.25)

then
W<p<ULRLSW,y, onl. (3.26)

Suppose that for some n,
Ve <U<W, onl (3.27)
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Then we have using the monotone nature of F;, F, and (3.4)
U' = F(t,U)+ FE(t,U) > F(t,V,) + R(t,W,), U0)=U(T).

Vi1 = Fi(t, Vi) + B2(E,Wy), Vg (0) = Viu(T).

Now we show that V. < U on L Set P(t) = Vi1 (t) — uft),
P'(t) = Fu(t, Va) + Ba(t, Wa) — Fi(t, Vi) — Ba(t, W) < 0and P(0) = V;41(0) — U(0) = Vio(T) — U(T) < 0.
Then by Lemma 3.2, we get P(t) < 0. Thus V11 < U on I. Similarly W,,,1 > Uon 1.

Hence by induction (3.27) is true for all n > 1. Now taking the limit as n — oo, we get (8.26), proving the
claim. The proof is complete.

In the following theorem we use a different set of iterative scheme to form the existence a result for the
MDE (34).

Theorem 3.3. Let the hypothesis of Theorem 3.4 hold with Vi < Wy on 1. Then the iterative scheme given by

Vi =F(tWa) + EB(t, Va), (3.28)
Vit (0) = Wn(T)‘ (3.29)
and
Wy 1 (t) = Fi(t, Vi) + Fa(t, Wa), (3.30)
Wn+1(0) = Vu(T). (3.31)

yield alternating sequences { Vay,, Woy, 11} converging to p and {Why,, Vo, 11} converging to R uniformly on I such that
the relation
Vo <Wp < S Vo S Wopg SU S Vg S W, <. SV < WG (3.32)

holds on I. Further p and R are coupled minimal and maximal solutions of Type II for the MDE ((3.4)).

Proof.

Clearly the IVPs 1|§.ZS|), (|3.29|), 1[§.30|i and (3.31)) have unique solutions for each n = 0,1, 2, ... denoted by
Vit1(t) and Wy, (t) respectively. Setting n = 0 in the iterative scheme we obtain that V; and W; are solutions
of the IVPs for MDEs given by

Vi = Fi(t, Wo) + Ea(t, Vo), (3.33)
V1(0) = Wo(T), (3.34)
and
Wi (t) = Fi(t, Vo) + Fa(t, Wo), (3.35)
Wi (0) = Vo(T). (3.36)

First we show that Vj < Wj on 1. Set P(t) = Vy(t) — Wy (t), then P’'(t) < 0, due to the fact that Vj < W,
and F; and F, are monotone in E. Also P(0) < 0. Then by Lemma 3.2, we get P(t) < 0. Thus V) < Wy onL A
similar argument shows that V; < Wy, W; < Vi onlL Thus, Vo <W; < V; <Wpon L

We now proceed to prove that Vg < W) <V < W3 < V3 < W, < V; < Wyon I To do this, set n = 1in

[B-28), (3.29) then
V3 = Fi(t, W1) + Bx(t, V1), V2(0) = Wi(T). (3.37)

Now we show that Wy < V, on J. Put P(t) = Wy (t) — V,(t), then by using Vy < Wy and monotone nature of
F; and F,, we arrive at P'(t) < 0 and also P(0) < 0. Hence by Lemma 3.2, we get P(t) < 0. Thus W; < V, on
I. Working in a similar fashion we shows that W, < Vj on L.

To prove V, < W3, setn = 1in (3.28]), (3.29)) and n = 2 in ((3.30)), (3.31)) then
V2/ = Fl(t/ Wl) + FZ(t/ Vl)/
V2(0) = Wi (T).

and
W3 = Fi(t,V2) + F(t, Wa),
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W2(0) = Vo(T).

We now proceed to prove that V, < W3 on I. Consider P(t) = V,(t) — W3(t). Since Wy < V,, Wy < V3 onl1
and using the monotone nature of F; and F,, gives P'(f) < 0 and also we get P(0) < 0. Then by Lemma 3.2,
we have P(t) < 0. Thus V, < W3 on I. Working in a similar fashion we shows that W, < V; on I. Working as
earlier, it can be easily shown that W3 < V3 on L.

Now assume that the relation holds for some integer n = k such that

Wok—1 < Vo < Wopp S U < Vg < Wy < Vg (3.38)

To apply mathematical induction we need to prove that

Wakg1 < Vaggo < Wopyg S U < Vopy3 < Wy < Vopyq on L (3.39)
For this, setn = 2k + 1 in , and n = 2k in , . Then,
Vara = Fi(t Waiy1) + Ea(t, Vagy1), Vaii2(0) = W1 (T). (3.40)
and
Woii1 = Fi(t, Vo) + B2 (t, War),  Wogey1(0) = Vo (T). (3.41)

Further, we show that Vy;,» < Wy 3 on I. Set P(t) = Vo, 2(t) — Woy3(t). Then P/(t) < 0, due to the fact
that Wy < V,, W, < V; and monotone nature of F; and F,. Also P(0) < 0. Applying by Lemma 3.2, we get
P(t) <0.Thus V, < W3 on L Similarly, Vor 3 < Wor o, Wor o < Voiyq allhold on 1.

Thus we are in a position to apply mathematical induction and claim that the relation holds. Working
as in Theorem 3.3, we can show that the sequences {Vz,}, {Van+1}, {Wan}, {Way11} are equicontinuous and
uniformly bounded. Thus from Theorem 2.9, which is the Arzela-Ascoli Theorem, we conclude that they are
uniformly convergent and that V5, — p, Wy,,41 — p and Wy, — Rand V,,,11 = Rasn — oo.

The proof is complete if we show that p and R are coupled minimal and maximal solutions of the MDE
. This follows by considering the corresponding Hukuhara integral and using the properties of uniform
continuity of F; and F, and uniform convergence of the sequences { Vo, }, {Wa, 41} and {Va,11}, {Wan}. As
the details are routine, we omit them and the proof of the theorem is complete.

Now in order to extend our results to GDEs, we define the various notions of lower and upper solutions
of and use the results obtained earlier to obtain solutions of the PBVP (3.3)).

Definition 3.10. Let Xo, Yy € C![I, Dy] be graph functions then we say that Xo and Y are
(a) natural lower and upper solutions of (3.3)) if

X} < Gi(t, Xo) + Ga(t, Xp), Xo(0) < Xo(T). } (3.42)

Yé > Gl(t,Yo) + Gz(t,Yo), Y()(O) > Y()(T), tel
(b) coupled lower and upper solutions of Type I of if

X} < Gi(t, Xo) + Ga(t, Yo), Xo(0) < Xo(T), } (3.43)

Yé > Gl(t,Y()) + Gz(t,Xo), Yo(O) > Yo(T), tel;
(c) coupled lower and upper solutions of Type II of (3.3)) if

Xy < Gi(t, Yo) + Ga(t, Xo), Xo(0) < Xo(T), }

3.44
Y, > Gi(t, X0) + Ga(t, Yo), Yo(0) = Yo(T), t € I (3.44)

(d) coupled lower and upper solutions of Type III of if

X) < Gi(t, Yo) + Ga(t, V), Xo(0) < Xo(T), } (3.45)

Y(l) > Gl(t,X()) + Gz(f,Xo), YO(O) > Y()(T), tel

Theorem 3.4. Assume that
(A1) Xo, Yo € CY[I, Dy are coupled lower and upper solutions of Type I relative to (3.3)) with Xo(t) < Yo(t), t € I;

(A2) G1,G, € CY[I x Dy, Dy, G1(t, E) is nondecreasing in D for each t € I and Gy(t, D) is nonincreasing in D for



J. Vasundhara Devi et al. / Periodic boundary value problem for... 605

eacht € I;
(As) Gy and Gy map bounded sets into bounded sets in Dy .

Then there exists solutions G, (t) and Gr(t) where (G,, Gr) are the coupled minimal and maximal solutions of

, that is, they satisfy
G;)(t) = Gq(t, Gp) + Ga(t, Gr), GP(O) = GP(T),
G}{(t) = Gl(f, GR) + Gz(t, Gp), GR(O) = GR(T),

Proof.

Consider the given graph differential equation . and its corresponding MDE is .
By hypothesis we have that Xy, Y; are coupled lower and upper solutions of type I of GDE . with Xy (t) <
Y(](f),i’ el
By using the isomorphism that exists between graphs and matrices we note that corresponding to X, Yy €
C[I, Dy] there exists Vy, Wy € C![I, R"*"] such that V; and Wy are coupled lower and upper solutions of MDE
with Vp(t) < Wy(t),t € I. Hence hypothesis (A;) of Theorem 3.3 holds.
Now here G;(t,D) € C[I x Dy, Dy] is nondecreasing in D and there exists F;(t,E) € C[I x R"*", R"*"]
which is nondecreasing in E and similarly F,(t, E) is nonincreasing in E for each t. Therefore the hypothesis
(Az), (A3) of Theorem 3.3 holds. Clearly F; and F, map bounded sets into bounded sets. Since G; and G, map
bounded sets into bounded sets.

Thus we conclude that there exists p(t), R(t) € C[I, R"*"] such that (p(t), R(t)) are the coupled minimal
and maximal solution of the MDE (3.4)). By using isomorphism between are obtained that there exist
Go(t),Gr(t) € C'[I, Dn] such that (G,(t), Gr(t)) are the coupled minimal and maximal solution of GDE

B.3).
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Abstract

The objective of this paper is to investigate some k-odd sequential harmonious labeling of graphs. In
particular, we show that k-odd sequential harmonious labeling of double quadrilateral snakes (2(),-snakes)
for each z > 1. We also prove that, 2m(@),-snakes are k-odd sequential harmonious labeling of graphs for each
m,x > 1. Finally, we present some examples and verified to illustrate proposed theories.

Keywords: Labeling, Harmonious, k-odd sequential harmonious, Double quadrilateral snake.

2010 MSC: 34G20. (©2012 MJM. All rights reserved.

1 Introduction

All the graphs in this paper are finite,simple and undirected.The symbols V' (G) and E(G) denote the vertex
set and the edge set of a graph G.

The cardinality of the vertex set is called the order of G. The cardinality of the edge set is called the size of
G. A graph with p vertices and ¢ edges is called a (p, ¢) graph.

Definition : 1.1

If the vertices are assigned values subject to certain condition(s) then it is known as graph labeling.
Definition : 1.2

A graph G is said to be harmonious if there exist an injection f : V(G) = {0,1,2,--- ,2¢ — 1} such that the
induced function f* : E(G) ={0,1,2,--- ,2q — 1} defined by f*(uv) = (f(u) + f(v))( mod g — 1) is a bijection
and f is said to be harmonious labeling of G.

Definition : 1.3

An odd sequential harmonious labeling if there exist an injection f from the vertexset V to {0,1,2,--- ,2¢—
1} such that the induced mapping f* from the edge set E to {1, 3,5,--- ,2¢ — 1} defined by

fH(uww) = f(u)+ f(v), if f(u)+ f(v)iseven
Jf(u)+ f(v) +1, if f(u) + f(v) is odd are distinct.

A graph G is said to be an odd sequential harmonious graph if it admits an odd sequential harmonious
labeling.

*Corresponding author.
E-mail address: manonmani_velu@yahoo.com (A. Manonmani), savithiri7965@gmail.com(R. Savithiri).
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Definition : 1.4

For any integer £ > 1, A labeling is an k-odd sequential harmonious labeling if there exist an injection f
from the vertexset V to {k — 1,k,k +1,--- ,k + 2¢ — 2} such that the induced mapping f* from the edge set
Eto{2k—1,2k+1,2k+3,---,2k + 2q — 3} defined by

) = §7@ 1), f(u) + (o) is even
f(u) + f(v) +1, if f(u) + f(v) is odd are distinct.

A graph G is said to be an k-odd sequential harmonious graph if it admits an k-odd sequential harmonious
labeling.

In this paper, we investigate Double Quadrilateral Snakes on k-odd sequential harmonious labeling of
graphs. Throughout this paper, k¥ denote any positive integer > 1. For brevity, we use k-OSHL for k-odd
sequential harmonious labeling.

2 Main Results

Definition : 2.1

The Quadrilateral snake @), is obtained from the vy, v2,vs3...,v, by joining v; and v;11 to new vertices
ug;—1 and ug,. That is, every edge of a path is replaced by a cycle Cy.

Definition : 2.2

Let @, be the Quadrilateral snake is obtained from the path vy, vs, v3, - - - , v,,. Then the double quadrilateral
snake D(Q,) is obtained from @, by adding new vertices w1, ws,ws, - - , Wa2,—2 and new edges v;wq;_o for
2 < 1 Snand’w%,1 Wi , Vi Woi—1 for 1 SZS n — 1.

Theorem : 2.3
Double quadrilateral snake is a k-odd sequential harmonious graph for each z > 1.

Proof. Let 2Q); - snake be a double quadrilateral snake.

Let the vertices of 2Q, be {v; : 1 <i<n}U{u;: 1 <i<2n—2}U{w;:1<i<2n—2}.

The edges of 2Q); be {Uﬂ)i+1 1 <1 < n-— 1} U {’LL21;1UQ1‘ 1 <1< n-— 1} U {wgi,lwgi 11 <11 <
n—1}U{vjugi—1:1 <i<n—1}U{vug—2:2<i<n}U{vwy_1:1<i<n—1}U{vwy_2:2<i<n}
which are denoted in Fig.2.3(a).

uy u; Uz e Uzp 2

2 Won-2

Fig.2.3(a) : D(Qy) with ordinary labeling

We first, label the vertices of D(Q,,) as follows,
Define f: V(DQu){k — 1k, k+1,---  k+2q— 2} by
fvi)=3i—1+k 1<i<n

flu)=3i—2+k 1<i<2n—2
Flw)=3i—k+1 1<i<2n—2
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Then the induced edge labels are

f+(UiUi+1) = 2i+2k+1 l<i<mn—1 f+(w2i_1w2i) =6i—2k+1
[T (ugiciug) = 4i—2k+1 S [T (viugi—1) = 6i +2k — 1

FT(viugi_o) =6i +2k +1 2<i<n

f+(UiUI2i,1)=6’L'+2k+3 1<i<n—-1

Fr(viwe;_2) =6i +2k — 3 2<i<n

Clearly, the edge labels are odd and distinct, f*(E) = {2k — 1,2k + 1,2k + 3,--- , 2k + 2¢ — 3}. Hence, the
graph D(Q,) is a k-odd sequential harmonious graph. O

EXAMPLE : 2-OSHL of D(Q3) is shown in Fig.2.3(b).

Fig.2.3(b) : 2-OSHL of 2(Q3)

Theorem : 2.4
Double m-quadrilateral snake is a k-odd sequential harmonious graph for each m, 2z > 1.

Proof. Let 2m@), -snake be a double m-quadrilateral snake.
Let the vertices of 2mQ, be {v; : 1 <i<n}U{u;: 1 <i<2n—-2}U{u} :1<i<2n -2} U{u?:1<i<
2n—2}U{w; 1 <i<2n—2}U{w! :1<i<2n—-2}uU{w?:1<i<2n—2}.

The edges of 2mQ, be {vivit1 : 1 < i < n—1}U{ugi—qug : 1 <i <n—1}U{ud,_qul;, 1 1 <i <
n—1tU{ud_ju3; 1 <i<n—1}U{wy_qwsy:1<i<n-—1}U{wl_jwl :1<i<n-—1}U{ws_ w3 :
1<i<n—-1}U{vug1:1<i<n—-1}U{v}ud, ;:1<i<n—-1}U{viu3;_;:1<i<n—1}U{vug_s:
2<i<nju{viul, ,:2<i<n}u{viud,_,:2<i<n}U{vwey_1:1<i<n—1Hvlwl, ;:1<i<
n—1Hv?w3, ;:1<i<n—-1}U{vwy_2:2<i<n}U{viwl, ,:2<i<n}u{v?ws,_,:2<i<n}, which
are denoted in Fig.2.4(a).

We first, label the vertices of 2m(Q,) as follows,

Define f: V(2mQu){k — 1,k k+1,--- .k +2¢q— 2} by

fv;))=4i—6+Ek 1<i<n

flu) = 4i—4+k flw)) =4i+k—1
fluh)= 4i+44+kp 1<i<2n—2Q f(w)=4i+k+1
flul)= 4i—-2—k fw?) =4i—k+1

Then the induced edge labels are
f+(vivi+1)=8i+2k—|—3 1<i<n-1

FH(ugiqugi) = 8i+ 4k — 1 FH (wai_ywa;) = 6i — 2k — 1
Fr(ub_qul) =8i—dk+1p 1<i<n—1{ fH(wh_ wh) =6i—2k+3
FH(ug_yufy) = 8i — 4k + 3 FH(wd_ w?,) = 8i — 2k + 3
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Fig.2.4(a) : 2m(Qy) with ordinary labeling

f+('l)i7.l,27;,1) =8 + 4k — 3 f+(1}iw2i,1) =& + 2k —3
Froub ) =2i+2k+3p 1<i<n—1{ fH(vwl,_|) =8 —2k—3
[T (vu3;_y) =2i+2k — 3 frvw3,_ ) =10i —2k +1
T (viugi—2) =20+ 2k — 1 fH(viwgi_o) = 10i — 2k — 1
Frviud;_y) =4i+2k+1p 2<i<nQ ft(vwl_,) =10i + 2k + 1
fr(viud;_o) = 4i+2k —1 [ (vw3,_y) =10i + 2k — 1
Clearly, the edge labels are odd and distinct, f*(E) = {2k—1,2k+1,2k+3,--- ,2k+2¢q—3}. Hence, the graph
2m(Q,) is a k-odd sequential harmonious graph. O
EXAMPLE:

2-OSHL of 6(Q3) is shown in Fig.2.4(b)

3 7 7 111 [ 15 19 283 973

Fig.2.4(b) : 2-OSHL of 6(Qs3)
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