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Reliability Measure of an Integrated H/W and S/W System with

Redundancy and Preventive maintenance

Ashish Kumar*

Department of Mathematics, Manipal University Jaipur, Jaipur-303007, Rajasthan, India.

Abstract

The purpose of the study is to evaluate the reliability measures of an integrated h/w and s/w system
with the concepts of redundancy and preventive maintenance. A stochastic model is developed considering
two-identical units of the system- one unit is initially operative and other is in cold standby. In each unit h/w
and s/w work together and may fail independently from normal mode. There is a single server who visits
the system immediately to h/w repair and s/w up-gradation. The preventive maintenance of the system
(unit) is conducted by the server after a maximum operation time. The failure time of h/w and s/w follows
negative exponential distribution while the distributions of preventive maintenance, h/w repair and s/w
up-gradation times are taken as arbitrary. The semi-Markov process and regenerative point technique is
adopted to derive expressions for various measures of system effectiveness. The behaviour of some important
reliability measures has been observed graphically giving particular values to various costs and parameters.

Keywords: Integrated h/w and s/w System, Redundancy, H/w Repair, S/w Up-gradation, Preventive Maintenance, Maximum Operation

Time and Reliability Measures.

2010 MSC: 90B25, 60K10. ©2016 MJM. All rights reserved.

1 Introduction

Now a day’s integrated h/w and s/w systems are of growing importance because of their use in almost
all academic, business and industrial sectors. The continued operation and ageing of these systems gradually
reduce their performance, reliability and safety. Therefore, a major challenge to the engineers and researchers
is to develop such systems which can produce failure free services to the users with least cost. The method of
redundancy has been used in many industrial systems not only to attain better reliability but also to reduce the
frequency of failure up to a desired extent. Goel and Sharmal'l and Singh!? discussed stochastically the two
unit standby system under different repair policies of the server. But the technique of redundancy has not been
used much more in case of integrated h/w and s/w systems. A few researchers including Malik and Anand !
obtained reliability measures for a computer system by taking a redundant unit in cold standby. Further, it
is proved that preventive maintenance can slow the deterioration process of operating system and restore
them in a younger age or state. Thus, the method of preventive maintenance can be used to improve the
performance of these systems. Recently, Malik and Kumarl* investigated a reliability model for a computer
system conducting preventive maintenance after a maximum operation time.

To strengthen the existing literature, here reliability measures for an integrated h/w and s/w system are
obtained by introducing the concepts of redundancy and preventive maintenance. A stochastic model is
developed considering two-identical units of the system- one unit is initially operative and other is in cold
standby. In each unit h/w and s/w work together and may fail independently from normal mode. There

*Corresponding author.
E-mail address: ashishbarak2020@gmail.com (Ashish Kumar)
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is a single server who visits the system immediately to h/w repair and s/w up-gradation. The preventive
maintenance of the system (unit) is conducted by the server after a maximum operation time. The failure time
of h/w and s/w follows negative exponential distribution while the distributions of preventive maintenance,
h/w repair and s/w up-gradation times are taken as arbitrary. The semi-Markov process and regenerative
point technique is adopted to derive expressions for various measures of system effectiveness such as mean
time to system failure, availability, busy period of the server due to preventive maintenance, busy period
of the server due to h/w repair, busy period of the server due to software up-gradation, expected number
of software up-gradations and expected number of visits of the server. The behaviour of some important
reliability measures has been observed graphically giving particular values to various costs and parameters.

Notations

No The unit is operative and in normal mode

Cs The unit is cold standby

a/b Probability that the system has hardware/software failure

AL /A2 Constant failure rate of hardware/software

&0 Constant rate of Maximum Operation Time

Pm/PM The unit is under preventive Maintenance/under preventive maintenance
continuously from previous state

WPm/WPM The wunit is waiting for preventive Maintenance/waiting for preventive
maintenance continuously from previous state

HFur/HFUR The hardware is failed and is under repair/under repair continuously from
previous state

HFwr/HFWR The hardware is failed and is waiting for repair/waiting for repair continuously
from previous state

SFurp/SFURP The software is failed and is under up-gradation/under up-gradation
continuously from previous state

SFwrp/SFWRP The software is failed and is waiting for up-gradation/waiting for up-gradation
continuously from previous state

h(t)/H(t) pdf/cdf of software up-gradation time

g(t)/G(t) pdf/cdf of repair time of the hardware

f(t)/F(t) pdf/cdf of the time for preventive maintenance of the unit

qi(t)/QU(t) pdf/cdf of passage time from regenerative state i to a regenerative state j or to a
failed state j without visiting any other regenerative state in (0, ¢]

pdf/cdf Probability density function/ Cumulative density function

g () 7 QUkr (1) pdf/cdf of direct transition time from regenerative state i to a regenerative state j
or to a failed state j visiting state k, r once in (0, ¢]

ui(t) Probability that the system up initially in state S; € E is up at time t without
visiting to any regenerative state

W;(t) Probability that the server is busy in the state S; up to time ‘t’ without making any
transition to any other regenerative state or returning to the same state via one or
more non-regenerative states.

mj Contribution to mean sojourn time (y;) in state S; when system transit directly to
state S; so that y; = /Z.mif and m = [ tdQ;;(t) = —ql*]-/(O)?

5/© Symbol for Laplace-Stieltjes convolution/Laplace convolution
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Transition Probabilities and Mean Sojourn Times

Simple probabilistic considerations yield the following expressions for the non-zero elements

pij = Qij() = /%’j(t)dt

as
01 _ M w_ Jiar
p - A 7 P - A 7
bA
P03 — fZA , PlO — f*(A>,

110 _ M[l *f* (A)] _ p12.10’ p1.12 — %[1 7](*(14)] — p13.12,

pld = Jou [1— f*(A)] = p'14, P20 — g*(A),

o bA
}729 — fL[l _g* (A)] — P21‘9/ P27 — fZA [1 _g* (A)] — P23'7/

A A
P06, po = E ) = s,
P =1"(s), p® =1"(s),
P73 = g (s) = pB2 = p, pl02 — fr(g),
1Ll — 2 (s), p123 = (o)

where A = [ aA + [,bA 4+ [ a.
It can be easily verified that

pOL 4 p02 4 p03 = pl0 o pld 110 4 112 20 4 27 4 29 4 28
= 30 4 p35 43Il 4 36 = pA 52 63 T3

102 _ 111 _ 123
=p =P

— plo + p12.10 + p11.4 + p13.12 — p20 + p21.9 4 P22’8 4 P23.7

= 30 4 pPLIT 4 325 4 336

The mean sojourn times (y;) is the state S; are u

1 1
”O_fla/\+f2bA+f0a’ m_fla/\—i—fzb)\-i-foac-i-a'
B 1 B 1
H2 = JLaA+ [,bA+ [ja+6 s = fLaA+ oA+ [ya+ [B
/ 1 / 1 ! 1
Vl:&' }4225, ]/‘3:3

(1.1)

(1.2)

(1.3)

(1.4)

The states Sg, S1, Sz and S3 are regenerative states while S4, S5, Se, S7, Ss, So, S19, S11 and Sqp, are non-
regenerative states. Thus E = {S, S1,S2,S3}. The possible transition between states along with transition

rates for the model is shown in Fig. ?2.
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Figure 1:

Reliability and Mean Time to System Failure (MTSF)

Let ¢;(t) be the cdf of first passage time from the regenerative state i to a failed state. Regarding the failed
state as absorbing state, we have the following recursive relations for ¢;(t):

pi(t) = ZQi,j(t) +®¢;(t) "’;Qi,j(t)/ (15)
j

where j is an un-failed regenerative state to which the given regenerative state i can transit and k is a failed
state to which the state i can transit directly. Taking LST of above relation (1.5) and solving for ¢ (s). We have

R*(s) = 1%430(5) (16)

The reliability of the system model can be obtained by taking Laplace inverse transform of (1.6).
The mean time to system failure (MTSF) is given by

o 1—go(s) N
MTSF = fim ~—0%0 = 7L (1.7)

where N' = pg + po1 i1 + pozptz + +posps and D = 1 — po1p1o — pozp20 — Posp3o-

2 Steady State Availability

Let A;(t) be the probability that the system is in up-state at instant ‘t’ given that the system entered
regenerative state i at t = 0. The recursive relations for A;(t) are given as

Ailt) = Mi(e) + L (H©A (1) 28)
J

where j is any successive regenerative state to which the regenerative state i can transit through # transitions.
M, (t) is the probability that the system is up initially in state S; € E up at time t without visiting to any other
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regenerative state, we have is

My(t) = ef(a)\1+b/\2+ao)t/ M (f) = ef(a)x1+h)\2+ag)t[—_'(t),
My (t) = e~ (Mt ey, My (1) = e~ (PMrtbhatan) HE), (29)

Taking LT of above relations (2.8) and solving for Ajj(s). The steady state availability is given by

N>

Ap(o0) = !l_l‘)l’éSAO (s) = Dy’ (2.10)
where
Ny = po[(1 — p11.4){(1 — p228) (1 — p336) — P23sp325} — p1210{ (1 — p336) 219 + par11p2ss}

— p1z2ipaopses + (1 — pos)psset] + i [poi{(1 — p22s) (1 — p3se) — p23zp3es}

+ po2{ (1 — p336)p219 + p31.11P237} + pos{p21.9p3es + (1 — p22s)P3ze ]

+ m2[po1{p1210(1 — p3ze) + p1312p325}t + po{ (1 — paze) (1 — p114) — p31.11pP1312}

+ pos{psr11p1210 + (1 — p11.4)p32s}] + uslpoi{piz.10p237 + pi312(1 — pa2s) }

+ po2{ (1 = p11.4)p237 + p21op1za2} + po3{(1 — p228) (1 — p11.14) — P219P12.10}]
and

Do = po[(1 — p11.4){(1 — pa2s) (1 — p336) — P237p32s5} — p1z10l (1 — pase)paro + parii1pasz}
— piza2{pa19psas + (1 — pa2s)pase ] + [Por{(1 — p22s) (1 — ps3e) — p237paas}
+ po2{ (1 — p336)p219 + P31.11p237} + posipa1opsas + (1 — pa2s)psse}]
+ [po1{p1210(1 — pase) + p1312pa25}t + poa{(1 — paze) (1 — p114) — par11p1a12}
+ pos{psriipizio + (1 — pira)paast] + [por{piz10p237 + p1312(1 — p2os)}
+ po2{ (1 = p11.4)p237 + P219p1312} + po3{ (1 — pa2s) (1 — p11.14) — p219p12.10}]

Busy Period Analysis for Server

Let BlP (1), BlR(t) and BiS(t) be the probability that the server is busy in preventive maintenance, hardware
repair and software up-gradation of the system (unit) at an instant ‘t’ given that the system entered state i at
t = 0. The recursive relations for B (t), BX(t) and B? (t) are as follows:

ﬁm:mm+2#w@ﬁm (2.11)
BR(t) ) + qu] HOBJ(t) (2.12)
B (t )+ un H©B; (t) (2.13)

Where j is any successive regenerative state to which the regenerative state i can transit through » transitions.
W;(t) be the probability that the server is busy in state S; due to PM, h/w repair and s/w up-gradation of the
system up to time ¢ without making any transition to any other regenerative state or returning to the same
via one or more non-regenerative states. Taking LT of above relations (2.11) to (2.13) and solving for B} (s),
B(’)‘R(s) and B(’;S (s). The time for which server is busy due to preventive maintenance, h/w repair and s/w
up-gradation respectively is given by

NY NE N3
, B} = 11msB R(s) = =2 and Bj = limsBy°(s) = —>

B} = lim sB;" =3,
0 sg%s 0 () D2 D» 5—0 D
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where

NY = Wi (0)[po1{(1 — pa2s) (1 — p3ss) — P237P325} + Poat (1 — psas)paio + par11p2ss}

+ pos{p219P325 + (1 — pazs)pase}] (2.14)
N§ = W3 (0)[po1{p1210(1 — p3se) + P1312P325} + poo{ (1 — pase) (1 — p114) — par11p1z12}

+ pos{psriipizio + (1 — p11a)ps2s}] (2.15)
N3 = W3 (0)[por{p1210P237 + P1312(1 — p228)} + poa{ (1 — p11.4) 237 + poropizin}

+ pos{(1 — p22s)(1 — p11.14) — p219pP12.10}] (2.16)

Expected Number of S/w Up-gradations

Let RP(t) be the expected number of software up-gradations by the server in (0,t] given that the system
entered the regenerative state i at = 0. The recursive relations for Rf (t) are given as

RS(t) = ZQ}?(t)@[(sj +RE(1)]. (2.17)
]

Where j is any regenerative state to which the given regenerative state i transits and J; = 1, if j is the
regenerative state where the server does job afresh, otherwise 6; = 0.

Taking LST of relations (2.17) and solving for R3 (s). The expected numbers of s/w up-gradations per unit
time are given by

R3(c0) =1lim R = =% (2.18)
S
Where D, is already mentioned.
Nf = [por{pi210p237 + p1312(1 — p228) } + po2{ (1 — p11.4)p237 + P219p13.12}
+ po3{(1 — p2s)(1 — pi1.14) — p219P12.10}]

Expected Number of Visits by the Server

Let N;(t) be the expected number of visits by the server in (0, ¢] given that the system entered the regenerative
state i at t = 0. The recursive relations for N;(t) are given as

Ni(t) = QY (H®[6) + Nj(#)] (2.19)
]

Where j is any regenerative state to which the given regenerative state i transits and §; = 1, if j is the
regenerative state where the server does job afresh, otherwise §; = 0. Taking LST of relation (2.19) and solving
for Ny(s). The expected number of visit per unit time by the Ny(s) server are given by

No(c0) = limsNy(s) = &, (2.20)
s—0 D
where
N5 = [(1 = p11.4){(1 — p2s)(1 — p336) — p237P325} — P12.101(1 — p336)P21.9 + P31.11P23.7}
- P13.12{P21.9P32.5 + (1 - Pzz.s)ﬁs&eﬂ
Profit Analysis

The profit incurred to the system model in steady state can be obtained as

P = KgAg — K1BY — K3BY — K3B3 — K4Bj — K5Np (2.21)
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Ko = Revenue per unit up-time of the system

Kj = Cost per unit time for which server is busy due preventive maintenance
Ky = Cost per unit time for which server is busy due to hardware failure

K3 = Cost per unit time for which server is busy due to software up-gradation
Ky = Cost per unit time s/w up-gradation

K5 = Cost per unit time visit by the server

3 Conclusion

By considering a particular case g(t) = e~ %, h(t) = Be P! and f(t) = ae™™, the numerical results some
reliability measures are obtained for the system under study. The graphs for mean time to system failure
(MTSF), availability and profit are drawn with respect to preventive maintenance («) rate for fixed values
of parameters as shown respectively in Figures 4, ?? and ??. It is revealed that MTSF, Availability and profit
increase with the increase of PM rate («) and h/w repair rate (). But the value of these measures decrease
with the increase of maximum operation time (). Thus finally it is concluded that a system in which chances
of h/w failure are high can be made reliable and economical to use

(i) By taking one more unit in cold standby.
(ii) By conducting PM of the system after a specific period of time.

(iif) By increasing h/w repair rate in case preventive maintenance of the system is not conducted after a
maximum operation time.

MTSF Vs. Preventive Maintenance Rate (a)

00=5,$=10,0=2.1,A1=.7,A2=.5,a=.3,b=.7 ,

*

¥ * /\ a0=5,=10,0=3.1,A1=.7,A2=.5,a=.7,b=.3

MTSF

a0=5,8=10,6=2.1,A1=.7,A2=.5,a=.7,b=3

a0=10,=10,0=2.1,11=.7,A2=.5,b=.3,a=.7

Preventive Maintenance Rate (a)

Figure 2:
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Availability Vs. Preventive Maintenance Rate (a)
a0=5,=10,0=2.1,A1=.7,12=.5,a=.3,b=.

7
a0=5,3=10,0=3.1,A1=.7,A2=.5,b=3,a=V ,
7 * :

Availability

) 00=5,3=10,0=2.1,A1=.7,\2=.5,b=.3,a=.
w 7
a0=10,=10,0=2.1,A1=.7,A2=.5,b=.3,a
=7
Preventive Maintenance Rate (a)

—>

Figure 3:

Profit Vs. Preventive Maintenance Rate (a)

a0=5,8=10,0=2.1,A1=.7,A2=.5,a=.3,b=.7

a0=5,8=10,0=3.1,A1=.7,A2=.5,a=.7,b=.3 . _ -
K0=5000,K1=150,K2 . *
£  =350,K3=50,k4=500, . Y,
S  K5=100 ¥
[-N
//(/
/ T a0=5,8=10,0=2.1,A1=.7,A2=.5,b=.3,a=.7

a0=10,=10,0=2.1,11=.7,A2=.5,b=.3,a=.7

Preventive Maintenance Rate(a)

Figure 4:
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Abstract

In this paper we prove existence and approximations of the solutions for initial value problems of non-
linear hybrid fractional differential equations, using the operator theoretic technique in a partially ordered
metric space proved by Dhage.
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1 Introduction

In this paper we prove existence and approximations of the solutions for initial value problems of nonlin-
ear hybrid fractional differential equations. Consider the following initial value problem of fractional differ-
ential equations,

B
CD“(x(t)f(tl,:((tt)’)xm)> = g(t,x(t)), te]:=[0,T], (1.1)

where “D* denotes the Caputo fractional derivative of order , 0 < & < 1, IP is the Riemann-Liouville frac-
tional integral of order B, and f : ] x R — R\ {0}, g, % : ] x R — R are given continuous functions.

Fractional differential equations have aroused great interest, which is caused by both the intensive de-
velopment of the theory of fractional calculus and the applications of physics, mechanics and chemistry engi-
neering [22]23]. For some recent development on the topic see [1H9] and the references cited therein. For some
recent results on hybrid fractional differential equations we refer to [7], [10], [20], [24], [25] and the references
cited therein.

The origin of the problem lies in the initial value problems of first order quadratic differential equa-
tions with ordinary derivative wherein only existence of the solutions is proved using classical hybrid fixed
point theorem of Dhage [11]. The problem considered here is general in the sense that it includes the
following three well-known classes of initial value problems of fractional differential equations.

CaseI: Let f(t,x) = land h(t,x) = Oforallt € ] and x € R. Then the problem reduces to standard

*Corresponding author.
E-mail address: bcdhage@gmail.com (B. C. Dhage), bdhage4791@gmail.com(S. B. Dhage), sntouyas@uoi.gr (S. K. Ntouyas).
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initial value problem of fractional differential equation

{ ‘D*x(t) = g(t,x(t)), t€]:=[0,T],
(1.2)

x(0) = 0.

Case IL: If h(t,x) = Oforallt € J and x € R in (L.I), we obtain the following quadratic fractional
differential equation,

. x(t) _ —
D <f(tx(t))) = g(t,x(1), te]:=10,T], (1.3)
x(0) =0.

Case IIL: If f(t,x) = 1forallt € J and x € R in (L.I), we obtain the following interesting fractional
differential equation,

(1.4)

“D¥[x(t) — IPh(t, x(1))] = g(t,x(t)), t€J:=[0,T),
x(0) = 0.

Therefore, the main result of this paper also includes the existence as well as approximations of solutions
of above mentioned initial value problems of fractional differential equations as special cases. Again our
approach here in this paper is different than that employed in the related paper of Dhage [11]].

In the present paper we prove the existence and approximations of the solutions of problem under
weaker partially compactness and partially Lipschitz type conditions via Dhage’s iteration method [14]. Very
recently, Dhage’s iteration method has been applied in [14-16, 18,19] to nonlinear ordinary differential equa-
tions for proving the existence and algorithms of the solutions.

We recall the basic definitions of fractional calculus [22) 23] which are useful in what follows.

Definition 1.1. The fractional integral of order q with the lower limit zero for a function f is defined as

(1) = r(lq) /Ot (tf(ss))l—qu' £>0, q>0,

provided the right hand-side is point-wise defined on [0,00), where T'(+) is the gamma function, which is defined by
I(q) = [, t7 e "dt.

Definition 1.2. The Riemann-Liouville fractional derivative of order g > 0, n —1 < q < n, n € IN, is defined as
n
DLAO = g (d) fo -9 s
where the function f(t) has absolutely continuous derivative up to order (n —1).
Definition 1.3. The Caputo derivative of order q for a function f : [0,00) — R can be written as
n—1 k
‘DIf(t) = DI <f(t) -y k!f<k>(o)> , t>0, n—1<g<n.

k=0

Remark 1.1. If f(t) € C"[0,c0), then

(n)
‘DIf(t) = F(nl— ) /Ot (ti(s)q(i)lnds =1, t>0,n—1<g<n.

Lemma 1.1. For q > 0, the general solution of the fractional differential equation “Dx(t) = 0 is given by
x(H) =co+cit+...+c,1t"1,

wherec; € R, i=1,2,...,n—1(n=[q] +1).
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In view of Lemmal[l.1} it follows that
17°DTx(t) = x(t) +co+crt + ... 4+ cuqt" L, (1.5)

forsomec; € R, i=1,2,...,.n—1(n=[g]+1).

The rest of the paper will be organized as follows. In Section 2 we give some preliminaries and key fixed
point theorems that will be used in subsequent part of the paper. In Section 3 we discuss the main existence
and approximation result for initial value problems of fractional differential equations (.I). An illustrative
example is also discussed.

2 Auxiliary Results

Unless otherwise mentioned, throughout this paper we let E denote a partially ordered real normed linear
space with the order relation < and the norm || - || in which addition and scalar multiplication by positive real
numbers are preserved by <. A few details on such partially ordered normed linear spaces appear in Dhage
[12] and the references therein.

Two elements x and y in E are said to be comparable if either the relation x < or y < x holds. A non-
empty subset C of E is called a chain or totally ordered if all elements of C are comparable. We say that E is
regular if for any nondecreasing (resp. nonincreasing) sequence {x,} in E such that x, — x* as n — oo, we
have that x;, = x* (resp. x, = x*) for all n € IN. Conditions guaranteeing the regularity of E may be found in
Heikkild and Lakshmikantham [21]] and the references therein.

We need the following definitions in the sequel.

Definition 2.4. A mapping B : E — E is called isotone or nondecreasing if it preserves the order relation =<, that
is, if x < y implies Bx < By forall x,y € E.

Definition 2.5 (Dhage [12]). A mapping B : E — E is called partially continuous at a point a € E if fore > 0
there exists a 6 > 0 such that ||[Bx — Ba|| < e whenever x is comparable to a and ||x — a|| < . B called a partially
continuous on E if it is partially continuous at every point of it. It is clear that if BB is a partially continuous on E, then
it is continuous on every chain C contained in E.

Definition 2.6. A non-empty subset S of the partially ordered Banach space E is called partially bounded if every chain
Cin S is bounded. A mapping B : E — E is called partially bounded if B(C) is bounded for every chain C in E. B is
called uniformly partially bounded if all chains B(C) in E are bounded by a unique constant. B is called bounded
if B(E) is a bounded subset of E.

Definition 2.7. A non-empty subset S of the partially ordered Banach space E is called partially compact if every chain
Cin S is compact. A mapping B : E — E is called partially compact if B(C) is a relatively compact subset of E for
all totally ordered sets or chains C in E. B is called uniformly partially compact if B(C) is a uniformly partially
bounded and partially compact on E. B is called partially totally bounded if for any totally ordered and bounded
subset C of E, B(C) is a relatively compact subset of E. If B is partially continuous and partially totally bounded, then
it is called partially completely continuous on E.

Definition 2.8 (Dhage [12]). The order relation < and the metric d on a non-empty set E are said to be compatible if
{xn }neN is a monotone, that is, monotone nondecreasing or monotone nonincreasing sequence in E and if a subsequence
{Xn }neN of {xn}nen converges to x* implies that the whole sequence {xy, } e converges to x*. Similarly, given a

partially ordered normed linear space (E, <, || - ||), the order relation < and the norm || - || are said to be compatible if <
and the metric d defined through the norm || - || are compatible. A subset S of E is called Janhavi if the order relation
< and the metric d or the norm || - || are compatible in it. In particular, if S = E, then E is called a Janhavi metric or

Janhavi Banach space.

Clearly, the set R of real numbers with usual order relation < and the norm defined by the absolute value
function | - | has this property. Similarly, the finite dimensional Euclidean space R" with usual componentwise
order relation and the standard norm possesses the compatibility property.
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Definition 2.9 (Dhage [12]). A upper semi-continuous and nondecreasing function ¢ : Ry — Ry is called a D-
function provided {(0) = 0. Let (E, =, || - ||) be a partially ordered normed linear space. A mapping T : E — E is
called partially nonlinear D-Lipschitz if there exists a D-function ¢ : R — R such that

ITx =Tyl < 9(llx—yl) (2.6)

for all comparable elements x,y € E. If (r) = kr, k > 0, then T is called a partially Lipschitz with a Lipschitz
constant k. Furthermore, if P(r) < r,+ > 0, T is called a partially nonlinear D-contraction on E.

Let (E, =, || - ||) be a partially ordered normed linear algebra. Denote
E" = {x € E| x = 6, where 6 is the zero element of E }

and
K={E" CE|uveE" forall u,ve€ E"}. (2.7)

The elements of the set K are called the positive vectors in E. Then following lemma is immediate.
Lemma 2.2 (Dhage [12]). If uq, up,v1,vp € K are such that uy < vy and up = vy, then uquy < v10;.
Definition 2.10. An operator B : E — E is said to be positive if the range R(B) of B is such that R (B) C K.

The Dhage iteration method is embodied in the following hybrid fixed point theorem proved in Dhage
[13] which are useful tools in what follows. A few other such hybrid fixed point theorems appear in Dhage
[12,13].

Theorem 2.1 (Dhage [14]). Let (E, =, || - ||) be a regular partially ordered complete normed linear algebra such that
the order relation < and the norm || - || in E are compatible in every compact chain C of E. Let A,B : E — K and
C : E — E be three nondecreasing operators such that

(a) A and C are partially bounded and partially nonlinear D-Lipschitz with D-functions 1 4 and ¢ respectively.
(b) B is partially continuous and uniformly partially compact,
(c) M a(r) +e(r) <r, r> 0, where M = sup{||B(C)|| : Cis a chain inE}, and

(d) there exists an element xg € E such that xq < AxoBxg + Cxq or
Xo = AXO BXO + CXO.

Then the operator equation AxBx + Cx = x has a solution x* in E and the sequence {x,} of successive iterations
defined by x,11 = Ax,Bx, + Cx,, n =0,1,... converges monotonically to x*.

Remark 2.2. The compatibility of the order relation < and the norm || - || in every compact chain of E is held
if every partially compact subset S of E possesses the compatibility property with respect to < and || - ||. This
simple fact is used to prove the desired characterization of the positive solution of the problem (1.1) on J.

3 Main Existence Result

The equivalent integral form of the problem (1.1) is considered in the function space C(], R) of continuous

real-valued functions defined on J. We define a norm || - || and the order relation < in C(J,R) by
[[x]| = sup [x(#)] (3.8)
tef
and
x <y <= x(t) <y(t) (3.9)

for all t € J. Clearly, C(J,R) is a Banach space with respect to above supremum norm and also partially
ordered w.r.t. the above partially order relation <. It is known that the partially ordered Banach space C(],R)
is regular and a lattice so that every pair of elements of E has a lower and an upper bound in it. It is known
that the partially ordered Banach space C(J,R) has some nice properties w.r.t. the above order relation in it.
The following lemma follows by an application of Arzella-Ascoli theorem.
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Lemma 3.3. Let (C(J,R), <, || - ||) be a partially ordered Banach space with the norm || - || and the order relation <
defined by and respectively. Then || - || and < are compatible in every partially compact subset of C(],R).

Proof. The proof of the lemma is given in Dhage and Dhage [? ]. Since the proof is not well-known, we give the
details of proof. Let S be a partially compact subset of C(J,R) and let {x, },cy be a monotone nondecreasing
sequence of points in S. Then we have

a(t) < 0f) < <xlh) < -

foreacht € J.

Suppose that a subsequence {x,, }ren of {X }nenN is convergent and converges to a point x in S. Then the
subsequence {xy, (f) }ren of the monotone real sequence {x;(f)},cN is convergent. By monotone characteri-
zation, the whole sequence {x,(t)},eN is convergent and converges to a point x(¢) in R for each t € J. This
shows that the sequence {x, },cN converges to x point-wise in S. To show the convergence is uniform, it is
enough to show that the sequence {x;(f)},cn is equicontinuous. Since S is partially compact, every chain
or totally ordered set and consequently {x,},cn is an equicontinuous sequence by Arzeld-Ascoli theorem.
Hence {xy, },eN is convergent and converges uniformly to x. As a result, || - || and < are compatible in S. This
completes the proof. O

We need the following definition in what follows.

Definition 3.11. A function u € C'(],R) is said to be a lower solution of the problem if

cDa<uu>—zmwnuu»

ftu(t))

u(0) <0.

) <g(tu(t)), te], "

Similarly, an upper solution v € C'(],R) to the problem is defined on ], by the above inequalities with reverse
sign.

We consider the following set of assumptions in what follows:
(A1) There exists a constant My > O such that 0 < f(t,x) < My forallt € Jand x € R.
(Ap) There exists a D-function ¢ such that
0<f(tx) = f(ty) <P(x—y)
forallt € Jandx,y € R, x > v.
(A3) There exists a constant M, > 0 such that 0 < h(t,x) < My, forallf € Jand x € R.
(A4) There exists a D-function w such that
0 <h(t,x) = h(t,y) <w(x—y)
forallt € Jand x,y € R, x > y.
(As) The function g(t, x) is monotone nondecreasing in x for each t € J.
(Ag) There exists a constant Mg > 0 such that 0 < g(t,x) < Mg forallt € Jand x € R.

(A7) The problem has a lower solution u € C!(J,R).

The following lemma is useful in what follows and may be found in Kilbas et.al. [22] and Podlubny [23].

Lemma 3.4. Suppose that 0 < « < 1and functions f, g, h satisfy problem (.T). Then the unique solution of the hybrid
fractional integro-differential problem is given by

_q\B-1 _a—1
x(t) :/Ot %h(s,x(s))ds—i—f(t,x(t))/(f Ur&))g(s,x(s))ds, te. (3.10)
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Proof. By Lemma|L.1]we have

x(t) — IPh(t, x(t)) /t (t—s)* 1
fbx(t))  Jo T(a)

where ¢y € R. Since x(0) =0, f(0,0) # 0, it follows ¢y = 0. Thus holds. This completes the proof. [

g(s,x(s))ds + co,

Theorem 3.2. Assume that the hypotheses (A1)-(Ay) hold. If

™ TP
Mgr(a +1) ) + r(g+1)

then the problem has a solution x* defined on | and the sequence {x,}"°_, of successive approximations defined by

w(r) <r,

t _o\B-1 t —s a—1
X1 (t) :/0 (tr(sg)h(s,xn(s))ds—i-f(t,xn(t))/o (trw))g(s,xn(s))ds, (3.11)

forall t € R, where x1 = u, converges monotonically to x*.

Proof. By Lemma the problem (1.1)) is equivalent to the nonlinear integral equation

x(t) —/t wh(s x(s))ds + f(¢ x(t))/t(t”)“l (s,x(s))ds, t € ] (3.12)
Tl S Ty ST R |
Set E = C(J,R). Then, from Lemma[3.3it follows that every compact chain in E possesses the compatibility
property with respect to the norm || - || and the order relation < in E.
Define the operators A, 3, and C on E by
Ax(t) = f(t,x(t), t €], (3.13)
t
Bx(t) = r(la)/o (=) Lg(s,x(s))ds, t € ], (3.14)
and . .
Cx(t :—/ t—s)P (s, x(s))ds, t e ]. (3.15)
(8= Ty Jo =) s x(s))

From the continuity of the integrals, it follows that A, B and C define the maps A,B : E — K and
C: E — E. Then, the problem is equivalent to the operator equation

Ax(t)Bx(t) + Cx(t) = x(t), t€]. (3.16)

We shall show that the operators A, B and C satisfy all the conditions of Theorem 2.1] This is achieved in
the series of following steps.

Step I: A, B and C are nondecreasing operators on E.
Let x,y € E be such that x > y. Then by hypothesis (A;), we obtain

Ax(t) = f(t, x(t)) = f(£,y(t)) = Ay(t),

for all t € J. This shows that .4 is nondecreasing operator on E into E. Similarly, we have by (As),

Bx(t) = r(lw/()t(t—s)*—lg(s,x(s))ds
> i 9 e s
= By(t),

for all t € J. This shows that B is nondecreasing operator on E into itself. The proof that C is nondecreasing
operator on E into itself is similar.
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Step II: A and C are partially bounded and partially D-contraction on E.
Let x € E be arbitrary. Then by (A1),
[Ax(8)] < [f(tx(1)] < My,

forall t € J. Taking supremum over t, we obtain || Ax|| < My and so, A is bounded. This further implies that
A is partially bounded on E.

Next, let x, vy € E be such that x > y. Then,

[Ax(t) = Ay(8)] = [f(t, x()) = f(ty()] < p(|x(5) —y(B)]) < (llx = y]).

Then, || Ax — Ay|| < ¢(|]x —y||) for all x,y € E with x > y and hence A is a partially D-Lipschitz on E with
D-functions ¢(r), which further implies that A is a partially continuous on E.
Also we have

[Cx(t)]

/0 (t rS)f (s, x(s))|ds

(t—5)P
Mh/o r(z&)

IN

< My—,
= T+ 1)
which means that C is bounded and further partially bounded on E.
Next, let x, vy € E be such that x > y. Then,

exo-cut = [ I s a(60) — s wts) s
o I(p) ' '
TB
< —yl)).
< etz
p
Hence C is a partially D-Lipschitz on E with D-functions 1"(,8’11—0—1)(0(7)' which further implies that C is a

partially continuous on E.

Step III: B is a partially continuous operator on E.

Let {x,} be a sequence of points of a chain C in E such that x, — x for all n € IN. Then, by dominated
convergence theorem, we have

lim Bx,(t) = Hw[ /( — ) g(s, xn(s)) d }

1 et [
= m/() (t—2s) [Jg{}og(s,xn(s))ds} ds
= I%M/()t(t—s)“_lg(s,x(s))ds
= Bx(t),

for all t € J. This shows that {Bx, } converges to Bx pointwise on J.

Next, we will show that {Bx,} is an equicontinuous sequence of functions in E. Let t1, t; € ] be arbitrary
with t; < t;. Then

[Bra(t2) — Bxu(t)| < r(luo S 102 =57 = (1 =) g5, 0 (5)) s
s [ = gt e as
(- 1),
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Consequently,
|Bxy(ty) — Bxy(t1)| = 0 as t, = h

uniformly for all n € IN. This shows that the convergence Bx, — Bx is uniformly and hence B is a partially
continuous on E.

Step IV: B is a partially compact operator on E.

Let C be an arbitrary chain in E. We show that B(C) is a uniformly bounded and equicontinuous set in E.
First we show that B(C) is uniformly bounded. Let x € C be arbitrary. Then,

1t o
B0l < oy [ (= (s x(E)]ds
TlX

Mgr(a+1)

for all t € J. Taking the supremum over t, we obtain ||Bx|| < r for all x € C. Hence B(C) is a uniformly
bounded subset of E. Next, we will show that B(C) is an equicontinuous set in E. Let t1,t, € | be arbitrary
with t; < t,. Then,

Bx(t) ~ Bx(t)| < —

BRIO] /otz (b2 =) = (1 = )" ] [3(s, x(s)) | s

ey | =9 st (e s

Mg o o
m(tz — 1)

Thus we have that
|BX(1’2) — Bx(t1)| —0 as th)—H
uniformly for all x € C. This shows that 5(C) is an equicontinuous set in E. Hence B(C) is compact subset of
E and consequently B is a partially compact operator on E into itself.

Step V: D-functions ¢ and w satisfy the growth condition My 4(r) + e (r) <r, r > 0,.

We have
T Th
a+1)4>(r) + 1ﬂ(ﬁ_H)w(r) <r,

MpA(r) +e(r) = Mg

by assumption.
Step VI: u satisfies the operator inequality u < AuBu + Cu.

Since the hypothesis (Ag) holds, u is a lower solution of defined on J. Then,

cu u(t>_lﬁh(t/u(t))
D ( Ftul) ) < g(t,u(t)), (3.17)
satisfying,
u(0) <0, (3.18)
forall t € J.

Integrating (3.17) from 0 to ¢, we obtain

t — 5 -1 t —5 a—1
utt) < [ LT uoas + floue) [ g uo)s (319)

r'(B) o I'(a)
for all t € J. This show that u is a lower solution of the operator inequality u < AuBBu + Cu.
Thus, the operators 4, B and C satisfy all the conditions of Theorem in view of Remark 2.9 and we
apply it to conclude that the operator equation AxBx + Cx = x has a solution defined on . Consequently the

integral equation and the problem (1.1) has a solution x* defined on | and the sequence {x,} of successive
approximations defined by (3.11) converges monotonically to x*. This completes the proof. O
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Example 3.1. Given a closed and bounded interval | = [0,1] in R, consider the initial value problem of quadratic
fractional nonlinear integro-differential equation,

cpl/2 , te]:=10,1],

12 (3.20)

x(t) — I*/2(arctanx(t)) | 2+ tanhx(¢t)
f(t, x(t)) -

where °D'/? denotes the Caputo fractional derivative of order 1/2,and f : ] x R — R\ {0} is a function defined by

1, if x<0,
flt,x) = x ,
1+ T if x>0.
2 4 tanh x s
If we take h(t,x) = arctanx and g(t,x) = — fort € Jand x € R, then it is easy to check that

4t3/2 t1/2

RENCAR N

the conditions of Theorem 3.2|are satisfied with the lower solution u defined by u(t) = te].

Therefore, the problem (3.20) has a solution defined on [0, 1].
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Abstract

The concept of an edge pair sum labeling was introduced in [3]. Let G (p,q) be a graph. An injective
map f : E(G) — {%£1,£2,---,+q}is said to be an edge pair sum labeling if the induced vertex function
f*:V(G) = Z — {0} defined by f*(v) = Y. f (e) is one- one where E, denotes the set of edges in G that are

ecEy

incident with a vertex v and f*(V(G)) is either of the form {:tkl, +ky, - -, :I:k%} or{j:kl, +ky, -, tkpa }

2

U{:tk ) } according as p is even or odd. A graph with an edge pair sum labeling is called an edge pair sum

graph. In this paper we prove that the shell graph and butterfly graph with shell order are edge pair sum
graphs.

Keywords: Edge pair sum labeling, edge pair sum graph, shell graph, butterfly graph.
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1 Introduction

Throughout this paper we consider finite, simple and undirected graph G = (V(G), E(G)) with p vertices
and g edges. G is also called a (p, q) graph. We follow the basic notations and terminologies of graph theory
as in [2]. A graph labeling is an assignment of integers to the vertices or edges or both, subject to certain
conditions. There are several types of labeling and for a dynamic survey of various graph labeling problems
with extensive bibliography we refer to Gallian [1]. Ponraj et.al introduced the concept of pair sum labeling
in [13]. An injective map f : V(G) — {£1,+£2,...,£p} is said to be a pair sum labeling of a graph G(p, q) if
the induced edge function f, : E(G) — Z — {0} defined by f.(uv) = f(u) + f(v) is one-one and f.(E(G)) is
either of the form {j:kl, +ko, ..., :I:k% }} or {:I:kl, +ky, ..., j:qu;l } U {:I:k# } according as g is even or odd.

Analogous to pair sum labeling we define a new labeling called edge pair sum labeling [3] and we [4-12]
establish that the path, cycle, star graph, P, UKy, Ci UK, if n is even, triangular snake, star graph, bistar,
complete bipartite graphs, ky,, jelly fish, Y-tree, theta graph, spider graphs, ladder graph, WT(n : k),
subdivision of spokes in wheels, N quadrilateral graph, wheel graph, double triangular snake, flower graph,
one point union of cycles, the perfect binary tree, shadow graph, total graph and P? are edge pair sum
graphs. In this paper we prove that the shell graph and butterfly graph with shell order are edge pair sum
graphs.

We use the following definitions in the subsequent sequel.

Definition 1.1. A shell S, is the graph obtained by taking (n-3)concurrent cords in a cycle Cy,. The vertex at which all
the chords are concurrent is called the apex. The shell is also called fan f,,_;.

*Corresponding author.
E-mail address: jeyajeyanthi@rediffmail.com (P. Jeyanthi), rajanvino03@gmail.com(T. Saratha Devi).
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Definition 1.2. A multiple shell is a collection of edge disjoint shells that have their apex in common. Hence a double
shell consists of two edge disjoint shells with a common apex.

Definition 1.3. A bow graph is a double shell in which each shell has any order.

Definition 1.4. A butterfly graph is a bow graph with exactly two pendant edges at the apex.
2 Main results

Theorem 2.1. The shell graph S, is an edge pair sum graph.

Proof. Let G be a shell graph.

Define V(G) = {u,v;: 1 <i< (n—1)} and

E(G)={e;=uv;:1<i<(n—1);e;=0w;11:1<i< (n—2)} are the vertices and edges of the graph G.
Define an edge pair sum labeling f : E(G) — {£1,+2, £3,...,£(2n — 3) } by considering two cases.
Case(i). nisevenandn > 6.

Define f(ean) = 2,f(e%) =1,

forl <i< 74 fe) = —(n+1-2i), flegy;) = (3+2i),

f(ei):—(2n—3—2i) andf(e’n+2 .)=(n—1+2i),
fle, o) =—4=—f(e, )andf(em):—&

For each edge label f, the mduced vertex label f* is calculated as follows:

fru) = =3=—=f"(vup), ff(vuz) = =7 = =f"(0vy), f*(v01) = =81 = 6) = —f*(vn1),

for 1 < i < (%% f*(v144) = (—4n + 5+ 6i) and f*(v,1+z+l) = (n+ 7+ 6i).
f*(V(G)) = {+£3,£7,£(3n —6),+(n+13), £(n +19), £=(n + 25), ..., =(4n — 11)}

Hence f is an edge pair sum labeling.

The example for the edge pair sum graph labeling of S¢ is shown in Figure 1.

Figure 1

Case(ii). nisoddandn > 6.

Subcase (a). n = 3.

If n = 3 the shell graph becomes C3 and proved that C3 admit edge pair sum labeling [3].
Subcase (b). n = 5.

Define f(e1) = =2, f(e2) = —1, f(e3) =3, f(e;) = =7 = —f(e3), f(ey) = 4and f(e,) = —5.
For each edge label f, the induced vertex label f* is calculated as follows:

f1(u) = =1 = —f*(02), f*(v1) = =9 = —*(v3) and f*(0) = —2.

Then f* (V(G)) = {£1, 49} U{—2}. Hence f is an edge pair sum labeling.

Subcase (c). n > 7.

Define f (e, ) —1, f(e T3):—2 f(enH) 3,

forl <i< f( ) = (n=20), flewgs ) = ~(3+20), 6) = (20 ~3—20) and f(¢) ) = ~(n +2),

flewa) = =6 = —f(€,2), f(¢n) = 4and f(€).5) = —10.

n-1 nil
2 2

-3
2
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For each edge label f, the induced vertex label f* is calculated as follows:

fru)=—6=—f(0un), ff(vnp) =12, f(0us) =9 = —f*(0u), f*(01) = B =7) = —f*(vp-1),
for1 <i< "7 f*(vy4,;) = (4n —7 — 6i) and f*(vn%gﬂ«) = —(n + 8 + 6i). From the above vertex labeling we
get f*(V(G)) = {£6,£9,£(B3n —7), £(n +14), £(n +20), £(n +26), ..., £(4n — 13) } U{ —12}.

Hence f is an edge pair sum labeling.

The examples for the edge pair sum graph labeling of S5 and S7 are shown in Figures 2 and 3 respectively.

Figure 2 Figure 3

Theorem 2.2. The butterfly graph with shell order m and m (order excludes the apex) is an edge pair sum graph.

Proof. Let G be a butterfly graph with shells of order m and m excluding the apex.
Define V(G) = {wo, wy, wo,v;,u; : 1 <i < m}and

E(G) = {e; = wowy, e, = wowy, e; = wott; and epy 14 = wov; : 1 < i < m, ey = Ujtdiq
and e3;;_14; = v;v;41 1 1 <i < (m — 1)} are the vertices and edges of the graph G.
Define an edge labeling f : E(G) — {£1,£2,43, ..., £4m}.

Define f(e/l) = 1,f(e,2) = -2,

for1 <i<mf(e;) = (2+2i) = —f(eapy_1+:) and

forl <i < (m—1) flewss) = (2i+1) = —Flesu14).

For each edge label f, the induced vertex label f* is calculated as follows:

frwo) = =1 = —f*(w), f*(w2) = =2, f*(u1) =7 = —f*(v1),

forl <i<(m—2) f*(uy4;) = (8+6i) = —f*(v14;) and

fr(um) = (4m +1) = —f*(om).

Then we get f*(V(G)) = {1, 47, £(4m + 1), £14, £20, +26, ..., £(6m — 4) } U{ —2}.
Hence f is an edge pair sum labeling.

The example for the edge pair sum graph labeling of graph G with m = 5 is shown in Figure 4.




208 P. Jeyanthi, T. Saratha Devi / Edge pair sum labeling...

Figure 4
O

Theorem 2.3. The butterfly graph with shell order m and 2m (order excludes the apex) is an edge pair sum graph for m
is even.

Proof. Let G be a butterfly graph with shell order m and 2m excluding the apex.

Define V(G) = {wo,wl,wz,vZ 1<i<mu;:1<i<2m}and

E(G) = {el = Wow, e, = Wowo, &; = wol; : 1 <1< 2m, eppyy = ujttyy;: 1 <i < (2m—1),

eam14i = wou; : 1 <i<m,esy 11 =00i11:1<i<(m—1)} are the vertices and edges of the graph G.
Define an edge labeling f : E(G) — {+1, 42, £3, ..., £6m} by considering two cases.

Case(i). m=2.

Define f(e1) =3 = —f(e4), f(e2) =5 = —f(e3), f(es) =2 = —f(e7), f(eo) =1,

fles) =7 = —f(es), flero) = 9,f<61) — —8and f(e)) = 6.

For each edge label f, the induced vertex label f* is calculated as follows:

fr(w) = =8 =—f"(u2), f*(wz2) =6 = —f*(u3), f*(wo) = =2 = —f*(02),

f*(ul) =5= —f*(u4) and f*(v1) =16.

Therefore we get f*(V(G)) = {2, £5, £6, £8} |U{16}. Hence f is an edge pair sum labeling.

Case(ii). m > 4.

Define f(e}) = —(5m —2), £(¢h) = (5m — 4), f(ean) = 1,

for1 <i<mf(e;) = (2i+1)and f(eyr;) = —(2m+3 —2i),

for1 <i<(m—1) f(eym+i) = (m—242i) and f(ezy1;) = —(3m —2 —2i),

for1 <i <% f(egp—1+i) = (2m +1+2i) and f(€9m 144) = —(Bm +3 —2i),

for1 <i <% —1 f(esy_14i) = 2i andf(e%flﬁ) —(m —2i) andf(ell%il) = (4m+1).

For each edge label f, the induced vertex label f* is calculated as follows:

frlw) = —(6m=2) = —f*(un), f*w) = Gm—4) = —f(unsa), fw0) = -2 = —f*(0g41),
Four) = (m+3) = —f* (),

for1 <i<(m—2) f*(u14;) = @m+1+6i)and f*(uy414i) = —(8m — 5 — 6i),

for1 <i< M2 f*(vyy;) = (2m+5+6i) and f*(vy14,) = —(5m —1—6i),

fr(v1) = (2m+5) = —f*(vm) and f*(vn) = 8m.

Then f*(V(G)) = {£2,£(2m + 5),j:(5m —2),£(5m — 4),£(m + 3),£(2m + 7),£(2m + 13), £(2m +
19), ..., (8m — 11), +(2m +11), +(2m +17), £ (2m + 23), ..., £ (5m — 7)} U{8m}.

Hence f is an edge pair sum labeling.

The example for the edge pair sum graph labeling of graph G with m = 4 is shown in Figure 5.

Figure 5
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Theorem 2.4. The butterfly graph with shell order m and (2m+1) (order excludes the apex) is an edge pair sum graph
for m is odd.

Proof. Let G be a butterfly graph with shells of order m and 2m + 1 excluding the apex.

Define V(G) = {wo,wl,wz,vl 1<i<mu;:1<i<(2m+1)}and

E(G) = {el = wowl,ez =wowy,e; = wou; : 1 <i< (2m+1), exp14i = Uity : 1 <i < 2m,

eami1+i = Wov; = 1 <i<m,e5p 14 =041 :1 <i<(m—1)} are the vertices and edges of the graph G.
Define an edge labeling f : E(G) — {+1, £2,43, ..., £(6m +2)}.

Define f(e}) = (5m +3) = —f(ey),

for1 <i<(m+1) f(e) =1,

for1<i<m f(em+l+i) = —(m +1-— l), f(€2m+1+i) = 2(771 +1+ Z) and f(63m+l+i) = —(477’1 +4— 21),
for1 < i< ML flegprs) = (m+1+1) flems ;) = (252 —i),

flesmi1si) = 2(2m +1+1i)and f(611m+1Jr ) = —(5m +3 —2i) and

f(ew) =-2(m+1).

For each edge label f, the induced vertex label f* is calculated as follows:

fr(wr) = (5m+3) = —f*(w2), f*(w0) = —(m+1) = —f*(tps1), £*(u1) = (2m+5) = —f* (1),
for1 <i<(m—1) f*(u14;) = 4m+7+5i) and f*(up14;) = —(9m +7 — 5i),

for1 <i< ™33 f*(vy,;) = (9m + 8+ 5i) and f* (Omp ;) = — (Bl _5)),

f*(v1) = 5m+6) = —f*(vm) andf*(vaH) = —Z(m +1).

Then f*(V(G)) = {£(m + 3),£(m + 1),£(2m + 5), ( + 6),+(4m + 12), +(4m + 17), £(4m +
22), ..., £(9m +2), £(9m + 13), £(9m + 18), +(9m + 23), ..., £(BuE  Y{—2(m +1)}.

Hence f is an edge pair sum labeling.

The example for the edge pair sum graph labeling of graph G with m = 3 is shown in Figure 6.

Figure 6
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Abstract

We study of a quasistatic frictional contact problem between two thermo-electroelastic bodies with
adhesion. The temperature of the materials caused by elastic deformations. The contact is modelled with a
version of normal compliance condition and the associated Coulomb’s law of friction in which the adhesion
of contact surfaces is taken into account. We establish a variational formulation for the model and we prove
the existence of a unique weak solution to the problem. The proof is based on a classical existence and
uniqueness result on parabolic equalities, differential equations and fixed point arguments.

Keywords: thermo-electroelastic materials, Adhesion, Coulomb’s law of friction, Normal compliance, Fixed
point.
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1 Introduction

The adhesive contact between deformable bodies, when a glue is added to prevent relative motion of the
surfaces, has received recently increased attention in the mathematical literature. Analysis of models for
adhesive contact can be found in [1} 4, (9, [12] and recently in the monographs [Z,[8]. The novelty in all these
papers is the introduction of a surface internal variable, the bonding field, denoted in this paper by g, it
describes the point wise fractional density of adhesion of active bonds on the contact surface, and some times
referred to as the intensity of adhesion. Following [2], the bonding field satisfies the restriction 0 < g < 1,
when B = 1 at a point of the contact surface, the adhesion is complete and all the bonds are active, when
B = 0 all the bonds are inactive, severed, and there is no adhesion, when 0 < B < 1 the adhesion is partial
and only a fraction 8 of the bonds is active. The aim of this paper is to study the quasistatic contact in thermo-
electroelastic materials. For this, we use an thermo-electroelastic constitutive law with long-term memory
given by

ol = Al (e(uh),0") + /Otgf(t —s,e(u’(s)),0%(s)) ds — ()" E‘ ("), (1.1)

where u’ the displacement field, o/ and &(u’) represent the stress and the linearized strain tensor, respectively,
0 represents the absolute temperature and &' represents the damage field. Here Q' is the relaxation operator,
and A’ represents the thermo-elasticity operator with damage. E(¢‘) = —V¢' is the electric field, £
represents the third order piezoelectric tensor, (£)* is its transposition. In this paper we study a quasistatic
Coulomb’s frictional contact problem between two thermo-electroelastic bodies with long-term memory. The
contact is modelled with normal compliance where the adhesion of the contact surfaces is taken into account
and is modelled with a surface variable, the bonding field. We derive a variational formulation of the problem

*Corresponding author.
E-mail address: hat_olsz@yahoo.com
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and prove the existence of a unique weak solution. The paper is organized as follows. In section[2] we describe
the mathematical models for the frictional contact problem between two thermo-electroelastic bodies with
long-term memory. The contact is modelled with normal compliance and adhesion. We introduce some
notation, list the assumptions on the problem’s data, and derive the variational formulation of the model. We
prove in section [3] the existence and uniqueness of the solution, where it is carried out in several steps and is
based on a classical existence and uniqueness result on parabolic equalities, differential equations and fixed
point arguments.

2 Problem statement and variational formulation

Let us consider two thermo-electroelastic bodies with long-term memory, occupying two bounded domains
O, 02 of the space ]Rd(d = 2,3). For each domain Qf, the boundary ' is assumed to be Lipschitz continuous,
and is partitioned into three disjoint measurable parts T, IS and Fg, on one hand, and on two measurable
parts T and Fi, on the other hand, such that measl"f > 0, measT, > 0. Let T > 0 and let [0, T] be the time
interval of interest. The Qf body is submitted to fé forces and volume electric charges of density 5. The
bodies are assumed to be clamped on I'{ x (0, T). The surface tractions fﬁ acton T4 x (0, T). We also assume
that the electrical potential vanishes on T x (0, T) and a surface electric charge of density qg is prescribed
on l"ﬁ x (0,T). The two bodies can enter in contact along the common part I} = I3 = T'3. The bodies is in
adhesive contact over the surface I's. The mechanical problem may be formulated as follows.

Problem P. For ¢ = 1,2, find a displacement field ul: Qf x (0,T) — RY, a stress field ¢! : Qf x (0,T) —
54, an electric potential field qoé Ol x (0,T) — R, a temperature 6t . Qf x (0,T) — R, a bonding field
B:T3x (0,T) — R and a electric displacement field D’ : Qf x (0, T) — R? such that

ol = Al (e(uh),0) + /Oth(t —s,e(u’(s)),0°(s)) ds — ()" E'(¢"), in Q' x (0,T), (2.2)
D' = &% (u’) + G (E'(¢")), inQ'x(0,T), (2.3)
0" —xfnet = @' (of, e(u’),0") + o' InQf x (0,T), (2.4)
Divel! + f5 =0 inQ! x (0,T), (2.5)
divD! —g§=0 inQ’x(0,T), (2.6)
u' =0 on I’f x (0,T), 2.7)
c'vl = fL onT4x (0,T), (2.8)
ol = 02 =, where o, = —py([uy]) + 1 B*Ry([uy]) onTszx (0,T), (2.9)
0'.1r = —012[. =07,
HtTr + 'yT,BZRT([uT})H < pupv([uv]),
||0'T + ’YT,BZRT([uTDH < upv([uy]) = [uc] =0, onT3x(0,T), (2.10)

loe + e B2 Re([u=]) || = ppv([w]) = FA > 0
such that o + ”yTﬁZRT([uT]) = —Afuy]

.B = _(,B(YV(RV([MV]))Z‘F'YT |RT([”T])|2) _Sa)Jr onTl3 x(0,T), (2.11)
' =0 onT.x(0,T), (2.12)
D'’ =¢5 onT} x (0,T), (2.13)
,9'¢
K5t A0 =0 onT!x (0,T), (2.14)
u’(0) = uf, 0°(0) =65 inQ), (2.15)
‘B(O) = 'BO on F3. (2.16)

” o

Here and below $% denotes the space of second order symmetric tensors on RY, whereas ”.” and ||.|| represent
the inner product and the Euclidean norm on 8% and R?, respectively; v' is the unit outer normal vector on T,
and r = max{r,0} denotes the positive part of 7, equations (2.2) and 2.3) represent the thermo-electroelastic
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constitutive law with long term-memory. Equation represents the energy conservation where @ is a
nonlinear constitutive function which represents the heat generated by the work of internal forces and p' is a
given volume heat source. Equations and are the equilibrium equations for the stress and electric-
displacement fields, respectively. Next, the equations and represent the displacement and traction
boundary condition, respectively. Condition represents the normal compliance conditions with adhesion
where 7, is a given adhesion coefficient, p, is a given positive function which will be described below
and [uy] = ul + u2 stands for the displacements in normal direction, in this condition the interpenetrability
between two bodies, that is [u,] can be positive on I's.

L if s<—I, v iffo| <L,
Ry(s) =< —s if —L<s<0, R(v)= i L (2.17)
0 if s>0. o iflol> L.

Here L > 0 is the characteristic length of the bond, beyond which it does not offer any additional traction

(see, e.g., [9]). Condition (2.10) are a non local Coulomb’s friction law conditions coupled with adhesive,

where [u;] = ul — 42 stands for the jump of the displacements in tangential direction. Next, the equation

represents the ordinary differential equation which describes the evolution of the bonding field and it
was already used in [1], see also [12} [14] for more details. Here, besides v,, two new adhesion coefficients
are involved, y; and ¢,. Notice that in this model once debonding occurs bonding cannot be reestablished
since, as it follows from .11), 8 < 0. and represent the electric boundary conditions. The relation
represent a Fourier boundary condition for the temperature on I'*. Finally the functions ug, 8y and B¢ in

[2.15)-(2.16) are the initial data.

We now proceed to obtain a variational formulation of Problem P. For this purpose, we introduce
additional notation and assumptions on the problem data. Here and in what follows the indices i and j run
between 1 and d, the summation convention over repeated indices is adopted and the index that follows a
comma indicates a partial derivative with respect to the corresponding component of the independent
variable. Let H' = L*(Q")4, H{ = H'(Q")?, #' = [*(Q"), H| = {7’ = (¢) € H'; divt’ € H'}. The
spaces H', H{, H" and H{ are real Hilbert spaces endowed with the canonical inner products given by

(MZ,U[)Hz = /Q[ ul oldx, (uz,vé)Hf = /QE ue.vedx+/m Vul.Voldx,

I (— I (— : C Myivr 4
= . = . 1 .Di
(0%, T") gy /04‘0 Tdx, ((r,r)Hf /Qtﬁ de+/0/dv¢r v T'dx

and the associated norms ||. || ¢, ||HH{, ||l 44¢, and HHH{ respectively.
We introduce for the bonding field the set

Z = {g € L®(0,T; L*(T3)); 0 < ¢(t) <1 ¥t € [0,T), ae. on r3},
and for the displacement field we need the closed subspace of H{ defined by
vi= {vz € Hf; ol = 00n1"§}.
Since measI'{ > 0, the following Korn’s inequality holds (see [7]) :
le(@) I3 = el [l Vo' € VY (2.18)
Over the space V! we consider the inner product given by
(u, ’Ué)vg = (s(uz),s(vé))ﬂg, vu', o' e VY, (2.19)

and let [|.||» be the associated norm. It follows from Korn’s inequality (2.18) that the norms |. || H and |||

are equivalent on V¢. Then (V¥,||.||) is a real Hilbert space. Moreover, by the Sobolev trace theorem and
[.19), there exists a constant ¢y > 0, depending only on Qf, T and I's such that

1220 < collo’llye Vo € VY. (2.20)
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We also introduce the spaces
Ef=12(QY), E/=HYQY), W= {M e E; ¢! =0on rﬁ},
w' = {D' = (Df); Df € 1(Q)"), divD" € [2(Q) } .
Since measT > 0, the following Friedrichs-Poincaré inequality holds:
IV e > CFHI/)Z”Hl(Qf) vy e W, (2.21)

where cr > 0 is a constant which depends only on QF, T'Y. Over the space W', we consider the inner product
given by

(0" 9 ) \we = [ Vol . Vpldx 2.22)

and let |[.[|,y¢ be the associated norm. It follows from 2.21) that ||.|| ;1 () and ||.[|}y¢ are equivalent norms on
W and therefore (WY, ||. ||y¢) is areal Hilbert space. The space W is real Hilbert space with the inner product

(DY, @), = /Qg DZ.CDde—i—/Q[ div D. div ®‘dx,

where div D! = (Df ;), and the associated norm ||. |, .
In order to simplify the notations, we define the product spaces

V=V'xV? H=H'xH? Hy = H x H, H=H' x H?, H1 = H] x 13,
Eo=E} x E3, By = E} x E2, W = W x W2, W = W! x W2,

The spaces V, E;, W and W are real Hilbert spaces endowed with the canonical inner products denoted by

(., .)V, (., ')El’ (., -)W and (., )W
In the study of the Problem P, we consider the following assumptions:

The thermo-elasticity operator A* : QO x 8¢ x R — 8 satisfies:

(a) There exists L 4+ > 0 such that :¥¢y, &, € S r1,1 €R,

|AL(x,81,m1) — Al(x, 85, 12)| < L (81— Gl +

lr1—rl), aexeQ (2.23)
(b) The mapping x — A’(x, & ) is measurable in Qf, V& € S%,r € R.
(c) The mapping x — A’(x,0,0) belongs to H’.

The relaxation function Q°: Qf x (0,T) x 8% x R — & satisfies:

(a) There exists Lge > Osuch that :v¢;, &, € 8,1 €R,
1Q%(x,£,81,11) — Q' (x,1,85,12)| < Lo (61— &l +
|1 —12|), forallt € (0,T), ae. x¢€ Q.

(b) The mapping x — Q'(x,t,&,r) is measurable in Q),
forany t € (0,T), ¢ € st reR.

(c) The mapping t — Q’(x,t,&,r) is continuous in (0, T),
forany ¢ € S reR, ae xe Ol

(d) The mapping x — Ql(x,t,0,0) belongs to H!,VE € (0,T).

(2.24)

The energy function 0’ : 0f x 5% x 8% x R — R satisfies:

(a) There exists Lge > 0 such that :V#,1,,81,8, € S a1, 00 € R,
10" (x, 171, &1, 1) — O (x,71, 83, 2) | < Lot (I —mol+
& — &+ v —az]), ae.xeQl

(b) The mapping x — ©%(x,#, &, &) is measurable on Q, (2.25)
forany 5,& €S%and « € R,

(c) The mapping x + ©%(x,0,0,0) belongs to L2(Q),

(d) ®(x,7,& ) isbounded forall,& € $%,x € R ae. x € QF.
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The piezoelectric tensor £ : Qf x 89 — R satisfies:
(a) Ex,T) = (efjk(x)gk), VT = (7)) € S ae.x el
(b) ef].k = efk]. cL®(Q), 1<1i,j,k<d.

The electric permittivity operator G : QOF x R — R?, satisfies:
(a) G'(x,E) = (bi(x)E)), bf; = b, bj; € L®(QF), 1<ij<d.
(b) There exists mge > 0 such that :

G'EE > my|Ef?, VEER?, ae.x € Q.

The normal compliance function p, : I's x R — Ry satisfies:

(a) There exists L, > 0 such that :¥ry, 7 € R,
|pv(x,71) — pu(x,12)| < Ly|r1 — 12|, ae. x € T3.
(b) (pu(x,711) — pu(x,12))(r1 —72) >0, Vry,rm €R, ae x €T5.
(c) The mapping x — py(x,r) is measurable onT3, Vr € R.
(d) py(x,7) =0, forall r <0, a.e. x € ['3.

The forces, tractions have the regularity
£ € C(0, T; L2(Q")9), £, € C(0,T;L*(T5)"),
gh € C(0,T;L(QY)), g € C(O, T;LA(TY)), p' € C(0, T L2()),

The adhesion coefficients v, v and ¢, satisfy the conditions

Yo, ve € L®(T3), € € L*(T3), 1v, 77,60 > 0, ace. onT.

The energy coefficient xjy and the microcrack diffusion coefficient x' satisfies :

K€>0, x> 0.

Finally, the friction coefficient and the initial data satisfy:

wel®Tz), wu(x)>0 ae onlsy,
ub e V¢, 65 € EY, Bo € L2(I'3), 0 < By < 1, ace. on I,

We define the mappings f = (f!,£2) : [0,T] — V,q = (¢',4°) : [0, T] — W, by

forallv eV,

2 2
(£(), 0)y = 6_21/0[ fé(t)vfdx—i—ﬁ;/ré £ (t)0" da,

2 L 4 z 14 4
(@08 = 1 [ ab(OF dx =1 [ ah(0)2"aa

€ Wand t € [0, T], and note that conditions (2.29) imply that
f€C(0,T;V), g€ C(0, T;W).

We introduce the following continuous functional a¢ : E; X E; — R by

2 { { 4 2 l {2l
20(2,¢) :EKO/WW Ve dx+€;)x0/ﬂg &da.
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(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

Next, we define the four mappings j,g : L2(T3) x VXV — R, j,c : VXV — R and jirt VXV = R,

respectively, by

jaa(B,,0) = [ (=BR[] o] + B2 Re([uc]) [o]) da,

3

je(w,0) = [ pullu))[ov]da

o) = [ plfue]) o] de

(2.37)
(2.38)

(2.39)
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By a standard procedure based on Green'’s formula we can derive the following variational formulation of the
contact problem 2.2)-2.16).

Problem PV. Find a displacement field u = (u!,u?) : [0,T] — V, a stress field o = (¢!,0?) : [0,T] — H,
an electric potential field ¢ = (¢!, ¢?) : [0, T] — W, a temperature § = (8,62) : [0, T] — E;, a bonding field
B:[0,T] — L®(T3) and a electric displacement field D = (D', D?) : [0, T] — W such that, for a.e.t € (0,T),

ol = Al(e(u’),0") + /O'tgf(t —s,e(u’(s)),0%(s)) ds — ()" E*(9"), (2.40)
D' = &% (u") + G' (E'(¢")), (2.41)
2
¢ O — e(u e +7 u(t),v—u e (u(t), v
g(v ce(07) —&(u' (1))gye + jaa (B(t), u(t), v —u(t)) + jpr (u(t), v) 242)
—jpr (), u(t)) + juc(u(t), o —u(t)) = (f(t),o —u(t))y, Vo €V,
2
Ve Er, Y (6°(H) —p'(1),6 ) 12(qr) +a0(6(H),€) =
) =1 (2.43)
O e ué 14 4
L (0 0 et 0),8'0).8)
2
Y (€l (1) + G (E'(9' (1)), V9') , = (~a(t),9)w, Yo € W, (244)
(=1
pt) = —(ﬁ(t)(%(Rv([uu(tﬂ))z +7c [Re([u()])1*) = Ea)+, (245)
u(0) = up, 6(0) = 6o, B(0) = po. (2.46)

We notice that the variational Problem PV is formulated in terms of a displacement field, a stress field, an
electrical potential field, a temperature, a bonding field and a electric displacement field. The existence of the
unique solution of Problem PV is stated and proved in the next section.

Remark 2.1. We note that, in Problem P and in Problem PV, we do not need to impose explicitly the restriction
0 < B < 1. Indeed, equation guarantees that B(x,t) < Bo(x) and, therefore, assumption shows that
B(x,t) < 1fort > 0,ae x € I's. On the other hand, if B(x,ty) = 0 at time to, then it follows from that
B(x,t) = 0 forall t > to and therefore, B(x,t) = O for all t > to, a.e. x € T's. We conclude that 0 < B(x,t) < 1 for all
t€[0,T], ae x €Ts.

First, we note that the functional j,; and jy. are linear with respect to the last argument and, therefore,

jad(ﬁ/ u,—v) = _jad(ﬁ/ u/v)/

) ] (2.47)
jue(w, —v) = —juc(u,v).
Next, using and b) imply
Jue(u1,02) = jue(u1,01) + jue (42, 91) — juc(12,v2) < 0. (2.48)
Similar manipulations, based on the Lipschitz continuity of operators R,, Rr show that
lad (B, u1,0) = jaa (B, w1, 0)| < cllur —malv]lo]lv. (2.49)
Next, using 2.39), 2:28)(a), keeping in mind (2:20), we obtain
jrr(u1,02) = jpr(u1,01) + jr (2, 01) — jpr (2, 02) (250)

< C%LvHVHLw(rg,)Hul —uwllv|v1 — o2y

3 Main Results

The main results are stated by the following theorems.
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Theorem 3.1. Assume that (2.23)—(2.32) hold. Then, there exists yy > 0 depending only on Qf, 1"{, T g, I's, pv, pr, and
A, € = 1,2 such that, if ||| < po, then Problem PV has a unique solution {u, o, 9,0, B, D}. Moreover, the solution
satisfies

uecC(0,T;V), (3.51)

@ € C(0, T; W), (3.52)

B € WV®(0,T;L?(T3)) N Z, (3.53)
o€ C(0,T;H), (3.54)

0 € L2(0,T; E;) N H'(0, T; Ey), (3.55)
D € Wv(0, T, W). (3.56)

The proof of Theorem [3.1is carried out in several steps and is based on the following abstract result for
variational inequalities.
Let X be a real Hilbert space, and consider the Problem of finding # € X such that:

(Au,v —u)x +j(u,v) — j(w,u(t)) > (f,o—u)x Yo € X. (3.57)

To study problem (3.57) we need the following assumptions: The operator A : X — X is Lipschitz continuous
and strongly monotone, i.e.,

(a) There exists L4 > 0 such that
|Auy — Aup | x < Lallug —uaf[x Vuy,up €X,

(b) There exists m 4 > 0 such that (3:58)
(Auy — Aup, uy —up)x > mal|lug —up||x Yuy,uy € X.
The functional j : X x X — R satisfies:
(a) j(u,.) is convex and I.S.C. on X forall u € X.
(b) There exists m; > 0 such that
) " : , (3.59)
jlur,v2) — j(u1,01) + j(u2,v1) — j(u2,v2)
< mjlluy —wo||x[lo1 —va2llx Yuy,up,v1,02 € X.
Finally, we assume that
fex. (3.60)

The following existence, uniqueness result and regularity was proved in [13} p.51].

Theorem 3.2. Let (3.57)-(.60) hold, and m; < m 4. Then:
1. There exists a unique solution u € X of Problem (3.57).

2. If, moreover, uy and uy are two solutions of corresponding to the data f, f» € X, then there exists ¢ > 0
such that

g —u2lx <cllfi — fallx- (3.61)

We turn now to the proof of Theorem which will be carried out in several steps and is based on
arguments of nonlinear equations with monotone operators, a classical existence and uniqueness result on
parabolic inequalities and fixed-point arguments. To this end, we assume in what follows that (2:23)-(2.32)
hold, and we consider that C is a generic positive constant which depends on Qf, Ff, 1"{, I's, pv, Pz, Al gt of,
&t Yvr Y1, o, (/)é, Kg, x’, and T with ¢ = 1,2. but does not depend on t nor of the rest of input data, and whose
value may change from place to place.

In the first step. Let A € C(0, T; Ey) and consider the auxiliary problem.

Problem PV, . Find 0, : [0, T| — Ey, such that

Y71 (83() = AL(E) = p'(£),6") 1a(qae) + a0(6} (1), &) = 0, VG € Eo, (3.62)
0,(0) = 0. (3.63)
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Lemma 3.1. There exists a unique solution 6, to the auxiliary problem PV, satisfying (3.55).

Proof. Furthermore, by an application of the Poincaré-Friedrichs inequality, we can find a constant ¢y > 0 such
that

Aﬂ
/Q[ Ve + 22 /r[ 122da > ¢ /Q[ ¢2dx, VEeEl, =12
0

Thus, we obtain
ay(¢,8) > aillgllE,, V¢ € Ey,

where ¢; = xomin(1, ¢p)/2, which implies that ag is E; —elliptic. Consequently, based on classical arguments
of functional analysis concerning parabolic equations, the variational equation has a unique solution 6,
satisfying 0, (0) = 6y and the regularity (3.55). O

In the second step. Let (A1) € C(0,T;Eg x V), we use the 6, obtained in Lemma [3.1{and consider the
auxiliary problem.

Problem PV .Findu, :[0,T| =V, .10, T] — W, and : [0, T] — L2(T3) such that
(A7) Ay Py A1

i( ul),68), e(2') —e(u! (1))

¢
1 H

Y4
ity (£),0 = 1y (8)) + oty (8),0) — oty (£), 1, (1) G64
+(7](t)'v ( ))V > (f(t),'() - u/\ﬂ(t))V/ YoeV,
Y (5f€(uf,,(f HngZ(%,( ), V') e = (—a(t), p)w, Vo €W, (3.65)
By (1) == (B, () (R ([, () + 7 [Rellay ()] ) —22) (3.66)
u,, (0) = o, By, (0) = o. (3.67)

We have the following result

Lemma 3.2. (1) There exists py > 0 depending only on Qf, F{, Fg, I's, pv, pr, and A 0 = 1,2 such that, if
|\;{!3< po, then Problem PV(, .\ has a unique solution {u,, , ¢, ,B, } which satisfies the regularity (3.51)-
13.53).

(2) If uy and uy are two solutions of and (3.67) corresponding to the data (A1,11), (A2, 172) € C(0,T; Eg X V),
then there exists ¢ > 0 such that, for t € [0, T],

lu1(£) — w2 (B)llv < cllm(t) —m2(B)]lv- (3.68)

Proof. We apply Theorem 3.2l where X = V, with the inner product (-, -)y and the associated norm ||.||y. Let
t € [0, T]. We use the Riesz representation theorem to define the operator A : V. — V by

2

(Au,v)y = Y (Al(e(u"),8)), e(v")) 0, (3.69)

(=1

forall u,v € V, and define f; € X and the functionj: V x V — R by

£, = £(t) — (1), (3.70)
jw,0) = juc(w,0) +j,(u,0), YuveV. (3.71)

Assumptions (2.23) imply that the operators A satisfy conditions 1D

It follows from 2.2 |D (232), 2:38) and [2.39) that the functional j, ( , satisfies condition (3:59)(a). We use
again (2.48), 2.50) and (3.7) to find

j(u1,02) — j(uy,v1) + j(uz,v1) — j(u2,v2)

< Ly l|pll oyl — mallvllor — v2llv - Vay, up, 01,02 €V,

(3.72)
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Using now we find that (3.64) and (3.68) is a direct consequence of Theorem 3.2} Let now t,t; €
[0, T], an argument based on (2:23), €. 49|D and (2.50) shows that
o, (11) =, (R2) lv < c([[A(t1) = A(R2) I + [l (1) — n(t2) v + [1£(t1) — £(£2) [lv)- (3.73)

Keeping in mind that f € C(0, T; V) and recall that (A, 17) € C(0, T; Eg x V), it follows now from (8.73) that the
mapping u, satisfies the regularity (3.51).
Let us consider the form G: W x W — R,

2
Gl ) =Y (G'Ve' V') Yo, peW. (3.74)
=1

We use 2:27), 2:22), 2:27) and (3.74) to show that the form G is bilinear continuous, symmetric and coercive
on W, moreover using (2.34) and the Riesz representation Theorem we may define an element w,, : [0, T] — W
such that

2
(w,, (), P)w = (q(t), P)w + ;(5é€(uf,1(t))/v¢€)m Vo e W,t € (0,T).

We apply the Lax-Milgram Theorem to deduce that there exists a unique element ¢, (t) € W such that

Gl (1), 9) = (w,, (1), P)w VP e W. (3.75)

It follows from that ¢, is a solution of the equation (8.69). Let t;,t, € [0, T}, it follows from (3.65)
that

o, (1) = @, (2)[lw < C(ll,, (11) = w, (B2)[lv + ll9(t1) — 4(t2)lIw)- (3.76)

Now, from (2.29), (3.76) and u, € C(0,T; V), we obtain that ®,, € C(0, T; W).
On the other hand, we consider the mapping H,, : [0, T] x L%(T3) — L2(T3),

Hy, () = = (B0 (Rullay, ()P +7e |Rel, (0D ] —&4)

forallt € [0, T] and B € L?(T3). It follows from the properties of the truncation operator R, and R, that H 18
Lipschitz continuous with respect to the second variable, uniformly in time. Moreover, for all B € L?(T'3), the
mapping t — H, (t, B) belongs to L*(0, T; L%(T3)). Thus using the Cauchy-Lipschitz theorem (see [12} p.48],
we deduce that there exists a unique function g, € WL (0, T; L2(T3)) solution of the equation (3.66). Also,
the arguments used in Remark show that 0 < B, (t) < 1forallt € [0,T], a.e. onI's. Therefore, from the
definition of the set Z, we find that §, € Z. This completes the proof . O

In the third step, let us consider the element

A, A)(8) = (AN, A) (1), A*(,A) (1)) € V x Eq, (3.77)
defined by the equations
2
(A (1, )(1), v Z ((EVE(gy,)r () e + jaa By, (1), 1y, (1), 0)
—i—[é (/Ot ol (t - s,s(ufv (s)),05(s)) ds, e(v£)>w, Vo ev, (3.78)
A2(5,7) = (@1(0'1’7,8( ),6%), @ (a2, e(u?, ),eﬁ)), (3.79)

. 0 o« .
where the mapping o Ay 18 given by

ol = Al (elul ),69) + [ @'t s, (5)),655))ds — (£)°E' (o). (3.80)
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Lemma 3.3. The mapping A has a fixed point (1*,A*) € C(0,T;V X Ep).

Proof. Let (71,A1), (12,A2) € C(0,T;V x Ep) and denote by 6;, u;, ¢;, p; and o, the functions obtained in
Lemmas[3.1} 3.2and the relation (8:80), for (17,A) = (17, A;),i = 1,2. Let t € [0, T]. We use (2:26), (2:37) and the

definition of R,, R;, we have

2
AT (1, A1) (£) = AL (12, A2) (DI < ; 1) Vi(t) = (E) Vh(t)I[3,+

2t
2/0 1QF (£ — s, e(uf(s)), 65 (s)) — Q (£ — s, e(uh(s)), 04(s)) |3, ds
=1

+CI|BT ()R ([10 (D)]) = B3 (E) Ry (20 (DD 1T
+CIIBI(ORe ([u12(D)]) = B2 (R (2 (][I 72r, -

—_

Therefore,
t
AT (71, A1) (8) = A (2, A2) (1) Iy < C(/O 1 (s) — u2(s)) [ ds +

[ 16165) = @)1, ds + 191 (6) — o2y + 1815 - ﬁz<t>||i2(r3)). (3.81)

By similar arguments, from 8.79), 8.80) and (2.25) it follows that

1A% (1, A1) (8) = A% (2, A2) (D[, < C(||u1(t) —m()|ly
t
+/O loe1(s) — 2(5)) |3 ds + [101(¢) — 62(1)) I, +
t
[ 1019 0a(6)) 1, s+ g (6) - 9200 ) 65
It follows now from and that
1A G, M) () = A2, A2) (D[, < C<||u1(t) — w0y
Jns) - ua(s)) |3 ds + [101(t) — 62(1)) I, + ox(s) - 62(s)) 1%, ds
* 0 0
Hloa() = 20 + 181 (0~ B2 g, ) 6.89)
Also, from the Cauchy problem we can write

B0 =0~ [ (i) (R ([uan ()2 + e [Re (e ()2 — e0) s
and then
1810 B2(0) e <€ ] B1 9)R (le (5] B (5) Ryt 51l
+C [ 1819 Re sz (DD = b2(6) [Rellze D 3

Using the definition of R, and R and writing 81 = 1 — B2 + B2, we get

||131(t) - ﬁ2(t)HL2(r3) < C(/Ot 1B1(s) — ﬁz(S)HLZ(r3)d5 + /Ot ||”1(S) - ”2(S)|‘L2(r3)dds). (3.84)

Next, we apply Gronwall’s inequality and from the Sobolev trace theorem we obtain

t
IB1(8) = Ba®) ey < € [ (o) = ma(s) 3. (3.85)
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We use now (3.65), (2.21)), 2.26) and (2.27) to find

lp1(t) = @2(1)|[5y < Cllaea (1) — u2 ()15 (3.86)

From (3.62) we deduce that
(61 — 02,01 — 02)E, +ao(61 — 02,601 — 62) + (A1 — Ap, 01 — 92);50 =0.

We integrate this equality with respect to time, using the initial conditions 6;(0) = 6,(0) = 6y and inequality
00(91 — 65,60 —6) >0, to find

1 t
Sl161(t) = 62(0)|F, < /0 (A1(s) = Aa(s), 01(s) — 02(5)) ¢, ds,
which implies that

ln(6) = 621, < [ 10(s) = Aa(o) s+ [ 6n(s) — 62(5) 3, s
This inequality combined with Gronwall’s inequality leads to
t
l6x(t) — 02(1) 1, < C/O 1A1(5) = Aa(s) [, ds ¥t € [0, T). (3.87)

We substitute (3.68)), (3.85)-(3.86) in (3.83) to obtain

1A G71, A1) () = A2, A2) (D) g, < C/Ot 1071, M) () = (2, A2) () 1§, -

Reiterating this inequality m times we obtain

mom

cnr
IA™ (171, Av) = A" (12, A2) €0 1w wEg) <

[ (71, A1) — (72, AZ)H%(O,T;VXEO)’

Thus, for m sufficiently large, A™ is a contraction on the Banach space C(0, T; V x Ey), and so A has a unique
fixed point. O

Let (7*,A*) € C(0,T; V x Ey), be the fixed point of A, and denote

e = Uy Q= Qs P =P B =0, (3.88)
ol = Al (e(ul) N+/dtﬁamnﬂmw%wwﬂ%» (3.89)
D = E%(ul) + G"(E'(91))- (3.90)

We use : Al(y*,A*) = n* and A2(57*,A*) = A¥, it follows:

2
(™ (t Z ((EVE(@L(1), €(0")) 10 + jaa(Bs (1), w4 (t),0)
+ i </t Q' (t —s,e(u’ (s)),0%(s)) ds, e(vf)> , Yo ev, (3.91)
=1 \70 H!
AL(t) = @f(oi(t),s(ui(t)),eﬁ(t)), (=1,2. (3.92)

Existence. We prove {us, o, @+, 04, B, Dy } satisfies 2.40)-(2:46) and the regularites (3.5]] . Indeed, we
write 8.64) for (7,A) = (*, A*) and use (B.88) to f1nd

2
Y (Al (), 60), e(0") — e(ui(t)) g + jue(a (1), 0 — (D) + jgr (12 (1), 0) (3.93)

/=1
—Jjfr(ue(t),uc () + (17 (t), 0 — us(t)))v = (£(t), 0 — us(t))v, Vo € V.
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Substitute (3.91) in (3.93) to obtain

2
Y (A (e(u),05), £(0°) — e(us(1)))gye

oy ( [ Q= s elu ()),6405), ) s, (o) - s(ufi(t)))w

Fad (B (£), 1 (£), 0 — 1 (£)) + Juc (1 (1), 0 — w0 (£)) + (1 (£), )
2

—jpr (e (5),us(8) = 3 ((E)EX(9L(1)), e(0") — e(ui(t))) e

(=1
> (f(t),v—u(t))y Yo €V aet€]0,T], (3.94)

and we substitute (3.92) in (3.62) to have

~
[y

2

2 2
;(%(f)rég)mnf) +ag(65(t),§) = L (AL()) +0°(D,8°) 12y (3.95)
forall¢ € Ey, ae.t € (0,T).
We write now (3.66) for (17,A) = (1*,A*) and use to see that
2

2
Y (G'EY(@L(1), V') e +€):<Efs<ufi(t)),V¢f)He = —(q(t), 9)w, (3.96)
=1

/=1
forall¢ € W, ae. t € (0, T). Additionally, we use Uyppeye I (3.66) and to find
Bo(6) =~ (B0 Rl )2 + 3¢ Re e O)) —e2) 697)

a.e.t € [0, T]. The relations (3.93)-(8.97), allow us to conclude now that {u,, o«, ¢, 0, B+, D+ } satisfies (2.40)—

(2.45). Next, the regularity (3.51)-(3.53) and (8.55) follow from Lemmas[3.1]and [3.2] Since u., ¢« and 6.
satisfies (3.51), (3:52) and (3.59), respectively, It follows from that

oy €C(0,T; H). (3.98)

For £ = 1,2, we choose v = u + ¢ in (3.94), with ¢ = (¢',¢?), ¢* € D(QY)? and ¢~ = 0, to obtain
Divel(t) = —fi(t) Vte[0,T], £=1,2, (3.99)

where D(Q) is the space of infinitely differentiable real functions with a compact support in Qf. The

regularity (3.54) follows from (2.29), 3.98) and (3.99). Let now t1,t, € [0, T], from 2.21), 2.26), 2.27) and

(3.90), we conclude that there exists a positive constant C > 0 verifying

ID+(t1) = Du(t2) [l < C ([l (t1) = @ (B2) [lw + 1w (t1) — u(£2)[[v) -
The regularity of u, and ¢. given by and implies
D. € C(0,T; H). (3.100)
For ¢ = 1,2, we choose ¢ = (¢!, $?) with ¢! € D(Q)? and ¢>~* = 0in and using we find
divD.(t) = gh(t) Vte[0,T], £=1,2. (3.101)
Property follows from (2.29), (3.100) and (3.10T).

Finally we conclude that the weak solution {u., 0., ¢+, 0+, B+, D+ } of the problem PV has the regularity
(3.51)-(3.56), which concludes the existence part of Theorem 3.1}

Uniqueness. The uniqueness of the solution is a consequence of the uniqueness of the fixed point of the
operator A(.,.) defined by (3.78)-(3.79) and the unique solvability of the Problems PV, and PV O
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Abstract

In this paper, we investigate the stability of nth order linear ordinary differential non-homogeneous
equation with initial conditions in the Hyers-Ulam-Rassias sense.
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1 Introduction

In 1940, S.M. Ulam while he was giving talk at Wisconsin University, he proposed the following problem:
Under what conditions does there exist an additive mapping near an approximately additive mapping? for
details see [18]. A year later, D.H. Hyers in [4] gave an answer to the problem of Ulam for additive functions
defined on Banach spaces. Let E; and E; be two real Banach spaces and f : X; — X5 be a mapping. If there
exist an € > 0 such that

If(x+y) = flx) = f(y)ll <e

for all x,y € Xj, then there exist a unique additive mapping g : X; — X, with the property

1f(x) =gl <e

Vx € Xj. A generalized solution to Ulam’s problem for approximately linear mappings was proved by Th.M.
Rassias in 1978 [13]. He considered a mapping f : E; — E; such that t — f(tx) is continuous in ¢ for each
fixed x. Assume that there exists ¢ > 0 and 0 > p < 1 such that

If(x+y) = fx) = FWI < 6 (Ix]1”+ [lyll7)

for any x,y € E;. After Hyers result, many mathematicians have extended Ulam’s problem to other functional
equations and generalized Hyers result in various directions, see ([2], [5]).

Soon-Mo Jung [17], investigated the Hyers-Ulam stability of a system of first order linear differential
equations with constant coefficients. Miura et al [11]], proved the Hyers-Ulam stability of the first-order linear
differential equations of the form v/ () + g(t)y(t) = 0, where g(t) is a continuous function, while Jung [14],
proved the Hyers-Ulam stability of differential equations of the form ¢()y/(t) = y(t). Furthermore, the result
of Hyers-Ulam stability for first-order linear differential equations has been generalized in ([15], [16], [19]).

A.Javadian, E. Sorouri, G.H. Kim and M. Eshaghi Gordji [6], investigated generalized Hyers-Ulam stability

*Corresponding author.
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of the second order linear differential equations of the form y” + P(x)y’ + g(x)y = f(x) with some conditions.
Maher Nazmi Qorawani [10], investigated Hyers-Ulam stability of second order linear differential equations
of the form z” + p(x )z + (q( ) — a(x)) z = 0 and nonlinear differential equations of the form z + p(x)z’ +

g(x)z = h(x) |z|l3 O 4Xsgnz with initial conditions. Li and Yan [§], investigated the Hyers-Ulam
Stability of nonhomogeneous second order Linear Differential Equations of the form y" + p(x)y’ + g(x)y +
r(x) = 0 under some special conditions. Pasc Gavruta, Jung, Li [3]], investigated the Hyers-Ulam stability for
second order linear differential equations with boundary conditions of the form " + B(x)y(x) = 0. Jinghao
Huang, Qusuay H. Algifiary, and Yongjin Li [7], proved the generalized superstability of nth order linear
differential equations with initial conditions of the form y(" (x) + B(x)y(x) = 0. Recently, M.L. Modebei,
0.0. Olaiya, I. Otaide [12], investigated generalized Hyers-Ulam stability of second order linear ordinary
differential equation y” + B(x)y = f(x) with initial condition.

In this paper, we investigate the Hyers-Ulam-Rassias Stability of nth order linear ordinary differential
equations with initial condtions

Y+ By (x) = f(x)
y(a) =y'(a) =y"(a) = .. =y (a) =0,
where y € C"[a,b], € Cla,b] and f : [a,b] — R continuous.
Let (X, ||.||) be a real or complex Banach space with a,b € R where —oco < a < b < 0, € be a positive real
number. Let y : (a,b) — X be a continuouus function. We consider the following differential equation

ne
Wy =Y Py®(t), tel (1.1)
k=0
and the following differential inequality

n—1
’y(’”(f) - Y Pyt
k=0

tel 1.2)

and

)| <olt), tel (1.3)

n—1
|y(")(t) - Y By®
k=0

Definition 1.1. The equation is said to have the Hyers-Ulam stability for any € > 0, there exist a real number
K > 0 such that for each approximate solution y € C" (I, X) of there exist a solution yo € C" (I, X) of with

ly —yo| < Ke Vtel (1.4)

Definition 1.2. The equation (u is said to have the Hyers-Ulam-Rassias stability if there exist 6, € C (R, Ry),
such that for each approximate solution y € C" (1, X) of (L.3) there exist a solution yo € C"(1, X) of (L.1) with

ly —yo| < 0,(t) Vtel (1.5)
Definition 1.3. The equation y™ (x) 4+ B(x)y(x) = 0 has the Hyers-Ulam stability with initial conditions y(a) =
y'(a) = ... = y"V(a) = 0, if there exists a positive constant K with the following property: For every € > 0,y €
Cla,b), if

‘y(")(X) + ﬁ(x)y(X)‘ <e (1.6)
and y(a) = y'(a ) y( U(a) = 0, then there exists some z € C"[a,b] satisfying Z(") + B(x)z(x) = 0 and
z(a) =z (a) ~Y(a) = 0, such that

y(x) —z(x)[ < Ke.
We need the following Lemma to prove our main results.

Lemma 1.1. (Generalized Replacement Lemma) Suppose that g : [a,b] — R is a continuous. Then

Sp— Sp— S; S _ \n—1
/ 1/ ’ /2/1/ s)dsdsyds;...ds, 1 —/ xs)l)'g(s)ds,VxE [a,]]

The details of the proof we can see [[1]].
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b—a)y Then

Theorem 1.1. If max |B(x)| <

Y @)+ B)y(x) = 0 (17)
has the Hyers-Ulam stability with initial conditions
y(@)=y'(a)=..=y" V(@) =0 (1.8)
where y € C"[a,b], p € Cla,b] and f : [a,b] — R continuous.

Proof. For every € > 0, By using the Taylor formula, we have

y(x) =y(a)+y' (x—a)+ ..+

n!

Thus

()

()| = ‘y ) —ay
< max ‘y(”)(x)’ (b ;'a)n Vx € [a,b],
then . .
maxy(x)] < =" [max |y (x) ~ B(x)y(x) + B)y ()|
Now using (T.7), we obtain
maxy(x)| < U= [emaxy) (x) - B(x)y()] + max |B(x) | max y )]
< O OO e )] maxy(x)].

Lety = ((b—a)"max|B(x)|) /n!, K= (b—a)"/ (n!(1—n)).Itis easy to see that zo(x) = 0 is a solution of

vy (x) — B(x)y = 0 with initial conditions (1.8).
ly — zo| < Ke.
Hence (1.7) has the Hyers-Ulam-Rassias stability with initial conditions (1.8). O

2 Main Result

In this section, we shall prove the Generalized Hyers-Ulam-Rassias Stability of the IVP
g™+ By (x) = f(x) (2.9)

y@)=y'(a)=y"(@a) =..=y" V(a) =0, (2.10)
where y € C"[a,b], B € Cla,b] and f : [a,b] — R continuous.

n!

Theorem 2.2. Suppose |B(x)| < M where M = W, ¢ : [a,b] — [0,00) in an increasing function. The equation

2.9) has the Hyers-Ulam-Rassias stability if for 0, € C (R4, Ry) and for each approximate solution y € C"|a,b| o
Yy Y ) pp y
(2.9) satisfying
[y = Bx)y(x) = ()] < () @11)

there exist a solution zg € C"[a, b] of 2.9) with condition such that

y(x) = z0(x)] < 0p(x). (212)
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Proof. From (2.11) we have that

—g(x) <y — B(x)y(x) — f(x) < @(x).

Integrating from a to x, and applying condition (2.10) we have

~ [ ots)as <y ) //% (s = [ fs)ds < [ g(s)ds.

On further integration and also applying condition (2.10) we have

/ K / §)dsdsy < 42 / / B(s)y(s)dsds,
/ / F(s)dsdsy < / / s)dsds:.

Continuing the process finally we can get,

Sn—1 Sn 52 51
—/ / / / / s)dsdsy ...ds,
a a
Sp—1 Sp—2 Sp B3|
/ / / / / B(s)y(s)dsds: ... ds,_1
Sp—1 S2 51
—/ / / / / s)dsdsy ...ds, 1
a Ja Ja .
Sp—1 Sp—2 S2 S1
g/ / / / /(p s)dsdsy ...ds,_1.
a a a

Now applying Lemma (L.I), we obtain

¥ (x —s)"1 ¥ (x —s)n1 (x —s) 1
- [ ees <yt - [Ty - [Ty

IN

(n—1)!

Hence we have

x _ o\n—1
S/a (?n _S)l)! (s)ds.

x _ o\n—1
) = [ S B+ fls)as

If we choose z(x) such that it solves equation with (2.10) such that

x _ \n—1
zol) = [ C= (B0 + f(s)as),

thus we estimate

x _ o\n—1
()~ 20(x)| < Jy(x) - /a S (B (s + f(s)as)

(n

wishds + fds) — [ (p(e)zn(syds + )| ds
n—l e (n—1)!
ly(x) — zo(x)] _/a xn_fl ds+/ ’ )y (s) — zo(s)]| ds.
Now applying and Theorem[L.1} we get

(x — s)"’1 X (x —s)"t

() —20(0)] < [* gl + 1B [ lv(s) 2ol ds

x —s)t 1 X (x —s)n1
) =20 < [ G s m [T B ) - (o)1 s

(s)ds
/ (x=s)" 1(p(s)ds.

227

(2.13)
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Applying Gronwall’s inequality, we have

X _ \n—1 X _ o\n—1
\y(x)—zo(x)lé/u ()En—S)l)'(P(S)dseXp{M./a ()En—S)l)!ds}

y(x) =200l < /ax (x__S):)!l(P(S)ds exp {M [(’C—”)"} }

(n n!
)nfl

) ~z0x) <c [ w(p@ds

with

and the proof is completed.
Remark: Note that as x — b, then the above system considered is Hyers-Ulam stable. O

Conclusion

We obtained the Hyers-Ulam-Rassias stability of nth order linear ordinary differential nonhomogeneous
equation with initial conditions. Hyers-Ulam-Rassias stability guarantees that there is a close exact solution
of the system.
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Abstract

In this paper, we obtain new generalizations for Hermite-Hadamard inequality by using Riemann-
Liouville fractional integral and new type convex functions.
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1 Introduction

Let f : I C R — R be a convex mapping defined on the interval I of real numbers and 4,b € [ witha < b.
The following double inequality:

b
f(”;“b) < biaaff(x)dxg M (1.1)

is known in the literature as Hermite-Hadamard inequality for convex mappings. Note that some of the
classical inequalities for means can be derived from (1.1) for appropriate particular selections of the mapping

f.

It is well known that the Hermite-Hadamard’s inequality plays an important role in nonlinear analysis.
Over the last decade, this classical inequality has been improved and generalized in a number of ways; there
have been a large number of research papers written on this subject, (see, [3, 5] 12} 13 [15] [16} 18] 20]) and the
references there in.

Definition 1.1. ([9]) A function f : I C R — R is said to be convex on I if inequality

f(ta+ (1—1)b) <tf(a)+ (1—1t)f(D), (1.2)
holds for all a,b € I and t € [0,1].

It is remarkable that Sarikaya et al. [11] first give the following interesting integral inequalities of Hermite-
Hadamard type involving Riemann-Liouville fractional integrals.

Theorem 1.1. Let f : [a,b] — R be a positive function with 0 < a < band f € Ly [a,b].If f is a convex function on
[a,b], then the following inequalities for fractional integrals hold:

F(550) = 300 o) + I ) < L0 S0 13)

with « > 0.

*Corresponding author.
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Definition 1.2. ([IZ]) Let s € (0,1]. A function f : I C Ry = [0, 00) — R is said to be s—convex in the second sense if

f(ta+ (1 —1t)b) < tf(a)+ (1 —1)°f(b), (1.4)
holds for all a,b € I and t € [0,1]. This class of s—convex functions is usually denoted by K2.

Definition 1.3. ([I0]) Let (0,1) € J C R, I C R be an interval, and h : I — Ry is said to be h—convex if the
inequality

flta+ (1 —1t)b) <h(t)f(a)+h(1—1t)f(D). (1.5)
Definition 1.4. ([1,18l[17]) Let f € Ly[a, b]. The Riemann-Liouville fractional integral J%, f (x) and J;_ f (x) of order
« > 0 are defined by

Ja U (0] = plg Jo (e =0 (Dt x>a (1.6)
and

Ji [ ()] = m Je(t =0 1f ()t x <b (17)
respectively. Where T (a) = [ e™“u®~'du is Gamma function and ]2+f(x) = ]S,f(x) = f(x).

We give the following properties:

JUPLF (O] =TPf(H], a>0,8>0, (1.8)
JUPIF M =TPI*[f(H)], a=0,p>0. (1.9)

Definition 1.5. ([2l]) A function f is said to be in the Ly (a, b) space if

: :
oo,y =4 £ fls, = ([ 101 ar) <o 1< p <o, (1.10)

and for the case p = oo
|[flle = ess sup [f(t)]. (1.11)
a<t<b

Our goal in this paper is to state and prove the Hermite-Hadamard type inequality for convex functions. In
order to achieve our goal, we give an important identity and then we prove some integral inequalities by
using this identity.

In order to established main results, we first give following generalized definition.

In paper ([6]), («, B,a,b) —convex functions are defined as solutions f of the functional inequality

fla(t)x+B(t)y) < a(t) f(x)+b(t)f(y)

where 0 # T C [0,1] and «,B,4,b : T — R are given functions. We introduce a definition of
(n,m, hy, hy, ¢) —convex functions.

Definition 1.6. Let ¢ : [a,b] C R — [a,b]. A function f : I C Ry — R, hy,hy : [0,1] — Ro, m,n € (0,1]. Then
f is said to be (n,m, hy, hy, @) —convex if the inequality

f(ntg (a) +m(1—t)p (b)) < nhy (t) f(g (a)) + mha(t) f (9 (b))- (1.12)
holds for all a,b € I and t € [0,1]. If the inequality reverses, then f is said to be (n,m, hy, hy, ¢) —concave on I.
Taking ¢ (x) = x, hy (t) =t, hy(t) =1 —tand m = n = 1 in Definition 1.6, we obtain Definition 1.1,
flta+ (1 —16)b) <tf(a)+ (1—1)f(D).
Taking ¢ (x) = x, hy (t) = t and hy(t) = 1 — t in Definition 1.6, we obtain (1, m)—convex functions in ([19]),
f(nta+m(1—1t)b) < ntf(a)+m(1—t)f(b).

Taking ¢ (x) = x, hy (t) = tP and hy(t) = 1 — * in Definition 1.6, we obtain (8, a, 1, m)—convex functions in
(140),
f(nta +m(1—t)b) < ntPf(a) +m(1—t%)f(b).

The following Lemma will be used to established our main results:
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Lemma 1.1. ([T4]) Let f : I — R be a differentiable mapping on (a,b) with a < b. If f' € Ly [¢(a), ()] for
¢(a), (b) € I, then the following equality for fractional integrals holds:

f(¢(a)) + f(o(b)) T(a+1) . .
2 "~ 2(p(b) — ¢(a))” [](P(a)+f(¢(b)) + ](p(b)*f((/)(a))}

(1.13)

_ M J 11— 0% — ) F(tp(a) + (1~ Dg(b))d.
0

Proof. It suffices to note that

I

1
Of (1 =) =] f'(tp(a) + (1 — t)p(b))dt

|
o,

1
(1 =1)" f'(tp(a) + (1 - t)g(b))dt + Of (—t%) f'(tg(a) + (1 = t)p(b))dt

=L+

By integration by parts, we get

_ (wy flt0@) + (0= Do(t)) | o
b o ela)— )

) N N P
= o) — @ el =gl | 1 fte@+ 1= teb))dl

1
Off"‘_lf(tip(a) + (1= t)o(b))dt
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@(b) — ¢(a)

Multiplying the both sides by 5

, we obtain lemma which completes the proof. O

2 Main results

Theorem 2.1. Let I be an interval a,b € I with0 < a < band ¢ : I — R a continuous increasing function. Let
f: I C R — R be a differentiable function on I°. If f' € Ly ([p(a), p(b)]) for ¢(a), ¢(b) € I, n,m € (0,1] and
hi,hy : [0, l] — Ry, then

(2.14)
< O 202) (1 (900) oyl (70 ).
Proof. From Lemma 1.1 and (n,m, hy, hy, ¢) —convexity of |f’|, we obtain
f(9(a)) + f(e(b)) [(at1) « "
LD IO P [ (8 + T Fl9@)]|
—o(a) 1
< PRLZ0 1 ] (tgla) + (1= g e)
= ‘P(b) Ofl\ (1—1)% — | f’(ntq)gla)—l—m(l—t)@;b))‘dt
1
< PO fa e (n] (22) i+ (42 e )
_ 1/2
:M{Oﬂl—w ] (o7 (222 il 5 0 |1 (222, )
1 gy (2@ (@b
R T G A )]thrm)dt},
where
7 1—1)" — ] dt = } [tﬂ‘—(l—t)"‘]dt:l_z%
‘Of I 172 a+1’
which completes the proof. O

Corollary 2.1. Under the assumptions of Theorem 2.1 with hy(t) = h(t), ha(t) = h(1 —1t), , then the following
inequality holds

LWV LoD P (g ot + i Flota)]

()

2 2(g(b) — @(a))"
< ¢(b) — ¢(a)2 21" 171]] o <
‘f +f( (b))  T(x+1) - [](D;J(a)*'f((P(b)) +]Z§(b)_f(go(a))H

- 2 a+1

Furthermore, if n = m =1, then

()
2(p(b) — ¢(a

_ola _nl—a
< PO PO 22 (1 (9@ + If (90D
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Corollary 2.2. Under the assumptions of Corollary 2.1 with hi(t) = h(t) = t°, n = m = 1, then the following
inequality holds

Flo@) +flel) T+ 1, a
2 ST oy s £ (08D + iy Fop(a)]|

o a _nl—ua
< PO P2 2L (1 (pl@)] + I (90))).

Specially, x =s =n =m =1, then

Flola)+rlo) 1
2 90— 9@ gy

< POZ2@ (51 (i) 4 IF (p0))])

Theorem 2.2. Let I be an interval a,b € I with0 < a < band ¢ : I — R a continuous increasing function. Let
f : I C R — R be a differentiable function on I°. If f* € Ly ([p(a), ¢()]) for ¢(a), ¢(b) € I, n,m € (0,1] and
hy,ho - [0, 1] — Ry, then

f((a)) + f(o(b)) T(x+1) . )
’ 2 = 3090) = gl Vo@D + 5 Flo(a)] ]

S

Proof. From Lemma 1.1, Holder inequality, and the (1, m, h1, hy, ¢) —convexity of |f'|?, we obtain

(2.15)

¢(a)
)

+m||hyl|

q f'<"’,§f>>H}.

F(

f(¢(a)) + f(e(b)) T(a+1) )
‘ 2 2(p(b) — ¢(a))® [ o)+ f(@(0)) + I(p(b)*f((P(a))} ‘

<M}|(1_t — 1] [f'(tp(a) + (1 — t)@(b))| dt
0

m

< gD(b);(P(ﬂ) fl |(1 7t)tx —tlx‘
0

f’(nt@ +m(1—1t) ¢(b) ) ’ dt

1 a
< PO Fia g o) i 01X s 0] L2
1/p 1/q
< 90) ol {(j\(l_tf—twf) ( [t ) |71 £2) th>

1 Vp 74
" (H(l—t t“|Pdt) (fm"lhz o
0 0

R ONAR
f(m)‘ dt)
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00) = 0@ [ (410 pe_ ) : 9(b)
§22{<{K1—t)—4|Pm> [nHM|qf( qf(1n)H

+m|[h]

¢(a)
)

1/p
< ) {<1f/2[(1—t) )P [ - (- m)
0 1/2
[ty B |l (22 ]}

1

1/p
[ T=6" =] dt+ [ [#9 = (1- )] ‘”)

IN
P
=

N |
BS)
&
——
/N
—
~
N

0 1/2
["thu F& )> +m|[hell, f“%]}
< 20290 {{apzﬂ (1= )} [t 2 me f’<$))H}

where
1/2 xp ap d 1 ap ap d 1 1
1—1t)"" —t t= P —(1—t t= -7,
[l —erjae= | - -na= i (1 55)
which completes the proof. O

Corollary 2.3. Under the assumptions of Theorem 2.2 with hy(t) = h(t), ha(t) = h(1 —1t), , then the following
inequality holds

‘f@@»+f@®ﬂ [(a+1) [

2 2(g(b) — ¢(a))"

< 20-el0) th{afﬂ(wiﬁ}w(

Furthermore, if n = m = 1, then

V f((D [(a+1)

TS (0(8)) + Iy (oa)]

£ | 28 ).

+m (5
m

+ (I3 £ ) + T30l

_ a 1/
< POy {2 (1= ) b 0 Gl 41 o)

Corollary 2.4. Under the assumptions of Corollary 2.3 with hy(t) = h(t) = t°, n = m = 1, then the following
inequality holds

‘fWWD+fWWD [(a+1)
2 2(p(b) — ¢(a

< o9 (N2 (Y 0 et + 1 o)

Specially, 0 =s =n =m =1, then

555 [ F00) + Ty Flol@)]|
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Corollary 2.5. Under the assumptions of Corollary 2.4 with hy(t) = h(t) =t, n = m = 1land ¢(x) = x,, then the
following inequality holds

‘f(a) ;f(b) B ZF(;“_JF;)Z [, £ (b) + Ig‘f(aﬂ‘

() G () @i e

Specially, x =s =n =m =1, then

f(a)+ f(b) 10
‘ 5 _(b—a) ff(x>dx

a

<O (N2 I @i .
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Intersection graph of subgroups of some non-abelian groups
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Abstract

The intersection graph of subgroups of a group G is a graph whose vertex set is the set of all proper
subgroups of G and two distinct vertices are adjacent if and only if their intersection is non-trivial. In this
paper, we obtain the clique number and degree of vertices of intersection graph of subgroups of dihedral
group, quaternion group and quasi-dihedral group.

Keywords: Intersection graph, subgroups, non-abelian groups.
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1 Introduction

There are several graphs associated with algebraic structures to investigate some specific properties of
algebraic structures. Among them the intersection graphs have its own importance, which have been studied
in the literature over the past fifty years. In 1964, Bosak [1] initiated the study of the intersection graphs
of semigroups. Later, Csdkdny and Polldk [5] defined the intersection graph of subgroups of finite group.
Followed by this, Zelinca investigated the intersection graph of subgroups of a finite abelian group [Z]. In the
recent years, several interesting properties of the intersection graphs of subgroups groups have been obtained
in the literature, see for instance [2], [4], [5], [6] and the references therein.

Let G be a group. The intersection graph of subgroups of G, denoted by .#(G), is a graph with all the proper
subgroups of G as its vertices and two distinct vertices in .# (G) are adjacent if and only if the corresponding
subgroups have a non-trivial intersection in G.

Let G be a simple graph. The degree of a vertex v in G, denoted by degs(v) is the number of vertices to
which v is adjacent. A cligue of G is a complete subgraph of G. The clique number of G is the is the cardinality
of a largest clique in G and it is denoted by w(G).

For a positive integer n, T(n) denotes the number of positive divisor of n; o (1) denotes the sum of all the
positive divisors of n.

The aim of this paper is to find the clique number and degree of vertices of the intersection graph of
subgroups of dihedral group, quaternion group and quasi-dihedral group.

We will use the following result of Chakrabarty et al. in the subsequent section.

Theorem 1.1. ([3]) Let n = p]'p5?% ... pZ", where p;’s are distinct primes and o; > 1. If H is a proper subgroup of Z,,
with |H| = pi’l pi’z ...pii’, then deg sz (H) =t(n) = [] (#+1)-3.
j{iviz,. ir}

2 Properties of .7 (D), .Z(Qn), ¥ (QD2x)

First, we start with the dihedral group. The dihedral group of order 2n (n > 3) is defined by
D, = (a,b|a" =b*>=1,ab=ba ).

*Corresponding author.
E-mail address: rrajmaths@yahoo.co.in (R. Rajkumar), pdevigri@gmail.com(P. Devi).
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The subgroups of D;, are listed below:
(i) cyclic groups Hj, := (a¥) of order r, where r is a divisor of 7;
(i) cyclic groups H} := (a'b) of order 2, wherei =1,2,...,1;
(iii) dihedral groups H] := <a%,aib> of order 2r, where r is a divisor of n, 7 # 1,nand i = 1,2,..., 1.

The number of subgroups of D,, listed in (i), (ii), (iii) are T(n) — 1, n, o0(n) — n — 1 respectively and so the total
number of proper subgroups of D, is T(n) + o(n) — 2.

Theorem 2.2. Let n > 3 be an integer with n = p'py* ... pi*, where p;’s are distinct primes and a; > 1, and let

- pﬁil piiZ . ,,pfr"’ be a divisor of n. Then

n n .
(1) degj(Dn)(HS) = T(”) +U(ﬂ) —n— 3 - H (0(] + 1) - Z E, w”leres = W’

JE{i1,i,dr } dls iy Piy = Piy
d#1
() foreachr # 1,nandi=1,2,...,7, deg](D”)(H{) =1(n)4+o(n)—n—2— { 1 }((Xj +1);
j¢{i1iz,...ir

(3) foreachi=1,2,...,n, degj(Dn)(H}) =1(n)—2.

Proof. (1): First we count the number of subgroups listed in (i) to which Hj is adjacent in .#(D;). Here

(a) = Z,, so by Theorem [L.1} H} is adjacent with 7(n) — || (#j + 1) — 2 subgroups of Z, including
j{irin v}
Z,. Clearly H)) is not adjacent with all the n subgroups of Dj, listed in (ii). Finally, we count the number of
subgroups listed in (iii) to which Hj is adjacent. For every divisord # 1 of s = W, Hj is not adjacent
Piy Pig” Py
with Hfl, i=12,..., % ; Hj is adjacent with each of thﬁ remaining proper subgroups of D, listed in (iii). The
total number of such subgroupsiso(n) —n—1— Z 7 Summing up all these values gives the degree of H)).
dls
d#1

(2): Foreachr # 1,nandi = 1,2,...,%, Hj is the maximal cyclic subgroup of H} and so the number of
subgroups listed in (i) to which H; is adjacent is the same as the number of subgroups listed in (i) to which
Hj], is adjacent including Hj. The number of such subgroup is 7(n) — H (#j +1) — 1. Among the
jE{iviz, v}

subgroups of Dy, listed in (ii), H] has exactly r subgroups as its subgroups and so H] is adjacent with only
these subgroups in the list. Finally, we count the number of subgroups listed in (iii) to which H; is adjacent.
For every divisor | of r, Hj is intersect with H. ll ; for every divisor d of s, (d,r) = 1 and so by chinese remainder
theorem there exist an integer, let it be t such that H} is a subgroup of both H! and Hf. So H{ adjacent with all
the subgroups of D,, listed in (iii). The total number of such subgroups is o(n) — n — 1. The degree of is just
the sum of these three values.

(3): Foreachi = 1,2,...,n, the order of H} is 2. The number of subgroups of D, contains H} is T(n) — 2 and
H} is not intersect with remaining proper subgroups of D, since order of H} is prime. This completes the
proof. O

k
Theorem 2.3. Forn >3, w(.#(Dy)) =co(n) —n—1+] a;
i=1

Proof. Take A := C; UCy, where Cy := {H] | r | n,r # 1,n,i = 1,2,...,%} and C; := Uf{@r) |r|nr#1
with r has every prime divisor of n as a factor}. Clearly A is a maximal clique and |A| = |C1| + |C2| =

k
(0(n) —n—1) 4+ ] Jai. Let B be another clique different from .A. Then B should contains either (a¥), for
i=1
some r | n, r # 1 and r does not contains all the prime divisors of n or (a'b), for some i = 1,2,...,n. If B
contains the subgroup (av), for some r | n, ¥ # 1 and r does not contains all the prime divisors of 7, then let
pj be the prime divisor of n which is not a divisor of . Here G has at least two subgroups of order 2p; and so
we cannot take the subgroups of order 2p; in B. It follows that |B| < |A|. If B contains the subgroup (a'b), for
somei=1,2,...,n,then (a'b) adjacent with 7(n) — 2 and so we cannot take o'(n) — t(n) + 1 subgroups in B.
It follows that | B| < |.A|. This completes the proof. O
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Next, we consider the quaternion group. For any integer n > 1, the quaternion group of order 4n, is
defined by
Q= (a,b|a2n =b* =10 =4a"ab = ba*l).
The subgroups of Q, are listed below:
(i) cyclic groups Hy, := <a% ), of order r, where r is a divisor of 2n;
(ii) cyclic groups H;; := <aib) of order 4, wherei =1,...,n;
(iii) quaternion groups H;, := <a%, aib> of order 4r, where r is a divisorof n,i =1, ...,

n
7

The number of subgroups of Q, listed in (i), (ii), (iii) are T(2n) — 1, n, 0(n) —n — 1 and so the total number of
proper subgroups of Q, is T(2n) + o(n) — 2.

Theorem 2.4. Let n > 1 be an integer with n = p{'py* ... p,%, where p;’s are distinct primes and o; > 1, and let

r= piil piiz e piﬁr” be a divisor of .

(1) If ris even, then deg 4, (Ho,y) = T(2n) +0(n) — 3 — [T (a+1)
jé{ilfizv"i?}

. n
(2) Ifrisodd, then degﬂ(Qn)(HO,,) =t(2n)+o(n)—n-3— ] (aj+1) - ) 'L where s = ‘*11+

i {insinenis} dls P P2 b
d#1
(3) Foreachi=1,..., %, deg s(q, (Hiy) = T(2n) +o(n) =3~ J] (&+1)
jE{ivip, v}
(4) Foreachi=1,...,n, deg ;g (Hip) = t(2n) +o(n) —=3— ] (aj+1), where a;’s are powers of odd
e {in iniv}

prime factors of n.

Proof. (1)-(2): First we count the number of subgroups listed in (i) to which Hy, is adjacent. Here (a) = Z,,,
by Theorem Hy, adjacent with 7(2n) — ]  («j 4 1) — 2 subgroups of Z,, including Z,,. Now we
j¢{i1in,...ir}
consider the following two cases:
Case a: 7 is even. Here Q; has an unique subgroup of order 2 and so every subgroup of even order in Qj are
adjacent with each other, so Hy, is adjacent with (1) — 1 subgroups of Q, excluding Q, listed in (ii), (iii).
This completes the proof of part (1).
Case b: r is odd. Clearly Hy, is not adjacent with all the n subgroups of Qj listed in (ii), since order of Hj ,
is 4. Finally we count the number of subgroups listed in (iii) to which Hy, is adjacent. For every divisor
d#1lofs= w, Hy, is not adjacent with H; 4,i = 1,2, ..., ; Hp, is adjacent with remaining proper
1" Ik
subgroups of Q, listed in (iii). The total number of such subgroups is (1) —n —1 — Z g This completes
d
b
the proof of part (2).

(3): Foreachi =1,..., %, Hy, is the maximal cyclic subgroup of H;, and so the number of subgroups listed
in (i) to which H;, is adjacent is the same as the number of subgroups listed in (i) to which Hy, is adjacent
including H . The number of such subgroupsis t(n) — ] (aj+1) — 1. Also Qy, has a unique subgroup

JE{inin,ir }
of order 2 and so H; , is adjacent with all the subgroups listed in (ii), (iii), since order of subgroups of O listed

in (ii), (iii) is even. The total number of such subgroups is ¢ (1) — 1. This completes the proof of part (3).

(4): Since Qy has an unique subgroup of order 2, so H; ; is adjacent with all the subgroups listed in (ii), (ii).
Also H; 1 is adjacent all the even order subgroups of Qj listed in (i). But H; ; is not adjacent with an odd order
subgroups of Qy, listed in (i). The number of such subgroups is 7(2n) + o(n) — ] (aj+1) —2, where

i {i1 i, .ir }
a;’s are powers of odd prime factors of n. This completes the proof of part (4). O

Theorem 2.5. Let n > 1 be an integer and 2n = 2%1p5?% ... pz", where p;’s are distinct primes and «; > 1. Then
k
w(F(Qn)) =c(n) +ag [ J(xi+1) - 1.

i=2
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k
Proof. Let A be the set of all even order subgroups of Q.. Then |A| = o(n) + a1 [ [(a; +1) —1and Ais a
i=2
maximal clique in .# (Q,). Let B be another clique different from .A. Then B should contains <a27n ), for some
an odd divisor r of 1, r # 1. Then B cannot contain the subgroups of order 4. It follows that |B| < |.A|. This
completes the proof. O

Finally, we consider the quasi-dihedral group. For any positive integer &« > 3, the quasi-dihedral group of
order 2%, is defined by

QD = (a,b | a® " =b* =1,bab~! = a® " 1).
The proper subgroups of QDo are listed below:
a—1
(i) cyclic groups Hj = (aZi ), where r is a divisor of 271, r # 1;
(ii) the dihedral group H%%z = (4, b) = Dy > and the dihedral subgroups H! of Hf“iz, where 7 is a divisor
of 202, r £ 202 e {1,2,... 22},

7

(iff) the quaternion group Hy s = (a%,ab) 2 Q,.3 and the quaternion subgroups H; , of H, a3, where r is
adivisor of 27, r #2473 i € {1,2,..., B},

r

The number of subgroups of QDy« listed in (i), (ii), (iii) are T(Z“’l) — 1,241 1,242 _ 1 and so the total
number of proper subgroups of QDo« is & + 3(2% 72 — 1).

Theorem 2.6. If x > 4, then

(1) for each divisor r of 2*~ 1, r # 1, deg s (g, (Hp) = &+ pe=1_ 4.

(2) for each divisor r of 22, r #1,i=1,2,..., L;z, degﬂ(QDza) (Hf) = a+ 2071 4y — 4,
(3) for each divisor r of2“’3, r#1,i=1,2,.., L;z, degﬂ(QDza) (Hiy) = a + 20-1_ g,
(4) fori=2,2%,...,272, deg s op,,\(H}) =& — 2

(5) fori=1,3,...,2%73, deg s (op,.) (Hi1) = &+ 201 _ g

Proof. The only maximal subgroups of QD5 are Hg“_l , the dihedral subgroup H%“_z and quaternion subgroup
Hj ou-3. Here HS is a subgroup of all the subgroup of QD other than Hil, i =222 ..., 2% 2 also no
subgroups listed in (i), (iii) are adjacent with Hil, i =222 ..., 22 Tt follows that deg %(QDza)(H(r)) =
a+3(2*72 —1) —2%2 -1 = a + 2% 1 — 4. Proofs of parts (3) and (5) are similar to the above.

Next, we count the number of subgroups of QDy« to which HJ is adjacent. By the above argument H; is
adjacent with all the subgroups listed in (i), (iii) and the dihedral subgroups of H%%z ; also H} has r subgroups
of order 2 as its subgroups and so Hj adjacent with these subgroups, so deg (p,, ) (H) = a + 3(2°2-1) —
(2*2—r)—1=a+2*14+r—4

Finally, we count the number of subgroups of QD+ to which H} is adjacent. Note that deg 7(QDy) (H}) =
deg s p,) (H}) + 1, since order of H! is 2, and it is not a subgroup of any subgroups of Hiu3; H%Dﬁz is also
a vertex of .#(QDo«). So by Theorem 3), we have degj(QDza)(H}) = 7(272) =1 = a — 2. Hence the
proof. O

Theorem 2.7. Fora >3, w(.#(QDx)) = a + 2571 3.

Proof. Let A be the set of all subgroups of QDy« other than (ba'), i = 2,22, ..., 22, Clearly A is a maximal
clique in .#(QDo«) and |A| = a +3(2%72 —1) —2%2 = a + 2% 1 — 3. Let B be another clique in .# (QDp:).
Then B contains exactly one subgroup of the form (ba), i = 2,22, ..., 2% 2. Tt follow that |B| < |.A|, since for
one cyclic subgroup in B, we take more than one quaternion subgroups in A. This completes the proof. [
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Abstract

In this article, we first established some new results on composition of weighted Stepanov-like pseudo
periodic function of class r under a uniform continuity condition with respect to L? norm. And then, we
proved the existence and uniqueness of weighted pseudo periodic solutions to a semi-linear functional
differential equation with finite delay under Stepanov-like nonlinear term.

Keywords: ~ Weighted Stepanov-like pseudo periodic function of class 7, LP norm, differential equation with
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1 Introduction

The periodic, almost periodic and almost automorphic solutions to differential equations can profoundly
characterize the asymptotic behavior of the corresponding dynamic systems, which have gained great
attention by many scholars [10, 17, [18]. Particularly, the concept of weighted pseudo periodicity was
introduced in [3]]; Xia presented the notion of weighted Stepanov-like pseudo periodicity in [20]. In order to
investigate differential equations with delay, Xia in [21] further studied new types of functions so called
weighted pseudo periodic of class r, weighted Stepanov-like pseudo periodic of class r, respectively. For
more details on this topic, we refer to [1} 2} |4, 5] [7, 1THI5| [19] 25| 26] and references therein.

The main purpose of present paper is to make a further investigation on the composition results for
weighted Stepanov-like pseudo periodic function of class r. Considering the space of weighted Stepanov-like
pseudo periodic function of class r with an integral norm coming from L” norm, we first prove a new
composition theorem for weighted Stepanov-like pseudo periodic function of class r under a uniform
continuity condition with respect to the L” norm suggested by [16]. And then, we apply the obtained results
to prove the existence and uniqueness of weighted pseudo periodic solution to the following semi-linear
delay differential equation with a weighted Stepanov-like pseudo periodic nonlinear term

u'(t) = Au(t)+ f(t,uy), t€R, (1.1)

where A is the infinitesimal generator of a Cp-semigroup (T (t));>0, us € B is defined by u;(6) = u(t + 0) for
6 € [—r,0], r is a no-negative constant, f and B are specified in the later.

The rest of this paper is organized as follows. In Section 2, we recall some basic definitions, lemmas, and
preliminary results which will be used throughout this paper. In Section 3, we establish some new results
on composition of weighted Stepanov-like pseudo periodic function of class r under a L” norm uniform
continuity condition. In Section 4, we prove the existence of pseudo periodic mild solutions to the existence
and uniqueness of weighted pseudo periodic solutions to the equation (1.1) under Stepanov-like nonlinear
term. An example is also given to illustrate the main results.

*Corresponding author.
E-mail address: 1318434313@qq.com
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2 Preliminaries

Let (X, || - ||) and (Y, || - |[y) be two Banach spaces and IN, R stand for sets of natural numbers and real
numbers, respectively. To facilitate the discussion below, we further introduce the following notations:

- BC(R, X) (respectively, BC(R x Y, X)): The Banach spaces of bounded continuous function from R to X
(respectively, from R x Y to X) with the sup norm.

- LP(IR, X): The space of all classes of equivalence (with respect to the equality almost everywhere on R)
of measurable function f : R — X such that ||f|| € LP(R, R).
. Lfo (R, X): The space of all classes of equivalence of measurable function f : R — X such that the
restriction of f to every bounded subinterval of R is in L7 (IR, X).

- B: The space C([—7,0],X) endowed with the sup norm ||¢|| on [—7,0].

Definition 2.1 ([21]). A function f € C(R,X) is said to be anti-periodic if there exists a w € R\ {0} with the
property that f(f +w) = —f(t) forall t € R. The least positive w with this property is called the anti-periodic
of f. The collection of such functions is denoted by Py (R, X).

Definition 2.2 ([21]). A function f € C(IR,X) is called to be periodic if there exists a w € R\ {0} such that
f(t+w) = f(t) forall t € R. The least positive w with this property is called the periodic of f. The collection
of those w periodic functions is denoted by P, (R, X).

Let U denote the set of all functions p : R — (0, c0), which are locally integrable over R such that p > 0
almost everywhere. For a given T > 0 and for each p € U, we set u(T,p) := [ _TT p(t)dt. Thus the spaces of
weights U, and Up are defined by

Uy = {p eU: lim u(T,p) = oo},
T—o0

U := {p € Uy : pis bounded and tin]lgp(t) > O} .
€

For a given p1, p» € Uw, we define respectively

1 T
Vv T/ e 7 == su 6 dt,
(Tfrpvpa) = s /4 <Ge[t_r;ﬂ||f( )II)pz

1 T
WPPy(R, X, o1, p2) = {f € BC(R ) Jim s [0 lpa(0)dt = o},-

1 T
WPPy(R,X,,r,01,02) := {f € BC(R,X) : lim 7/ ( sup |f(9)|>

T—oo u(T,p1) J-T 0et—r,t]

-02(t)dt =0} ;

: 1T
WPPy(R x Y, X, 1,01,02) := {f € BC(R,X) s lim s / . (9 P ]If(9)||>
1) = Elt—rt

-p2(t)dt = 0 and uniformly inu € Y }
= {f € BC(R,X) : 7lim V(T, f,r,p1,p2) = 0 uniformly in u € Y} .
—00

Definition 2.3 ([21]]). Let p1,02 € Uw. A function f € C(R,X) is called weighted pseudo anti-periodic for
w € R\ {0} if it can be decomposed as f = g + ¢, where ¢ € Pyap(R,X) and ¢ € WPPy(R, X, p1, p2). Denote
by WPPp (R, X, p1,p2) the set of such function.

Definition 2.4 ([21]). Let p1,02 € U. A function f € C(R,X) is called weighted pseudo periodic for w €
R\ {0} if it can be decomposed as f = g+ ¢, where g € P, (R, X) and ¢ € WPPy(R, X, p1,p2). Denote by
WPP,(R,X, p1,p2) the set of such function.
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Definition 2.5 ([21]). Let p1,p2 € Uw. A function f € C(RR, X) is called weighted pseudo anti-periodic of class
rfor w € R\ {0} if it can be decomposed as f = g + ¢, where g € Py (R, X) and ¢ € WPPy(R, X, 7, 01, 02).
Denote by WPPWP(]R, X, 1, p1, p2) the set of such function.

Definition 2.6 ([21]). Let p1,p2 € Uw. A function f € C(RR,X) is called weighted pseudo periodic of class r
for w € R\ {0} if it can be decomposed as f = g+ ¢, where ¢ € P, (R,X) and ¢ € WPPy(R, X, 1, p1,p2).
Denote by WPP, (R, X, 7, p1, p2) the set of such function.

Remark 2.1 ([21]). If » = 0, then the weighted pseudo anti-periodic function of class r reduces to the
weighted pseudo anti-periodic function, the weighted pseudo periodic function of class r reduces to the
weighted pseudo periodic function.  That is, WPPuap(RR,X,0,01,02) = WPPusp(R,X,p1,02), and
WPP,(R,X,0,01,02) = WPP,(R, X, p1, 02).

Let || - ||, denote the norm of space L?(0,1;X) for p € [1,00), we give the following definitions.

Definition 2.7 ([6,[17]). Let p € [1,c0). The space BS? (IR, X) of all Stepanov-like bounded functions, with the
exponent p, consists of all measurable functions f : R — X such that f* € L* (R, L?(0,1;X)), where f? is the
Bochner transform of f defined by f?(t,s) := f(t +s),t € R,s € [0,1]. This is a Banach space with the norm

41 1/p
Il = 1 anany =sup ([ IFCIPdT) = sup 2+
teR \/t teR

For p1, p2 € Uw, we list the following weighted ergodic space in BSP (R, X):

T 0 5
R(T, f,r,p1,02) = ﬂ(Tl,pl)/TPz(t) (9 S[:I_P . (/6 " 1 f2() 117 ‘dS) ) dt,

1T
SPWPPy(R, X, 7, p1,02) := {f € BS"(R,X) : Tlgl;om/_sz(t)

(9:[?—13,t] </99+1 ||f(5)||pd3> ;> dt = o}

— 00

SPWPPy(R x Y, X,r,p01,02) := {f € BSP(R,X) : Tlim R(T, f(-,u),r,01,02)
—00
= O uniformlyinu € Y}.

Definition 2.8 ([21]). Let p1, 02 € Uw. A function f € BSP(X) is said to be Stepanov-like weighted pseudo
anti-periodic of class r (or SP-weighted pseudo anti-periodic of «class r) if there exist
¢ € SPWPPy(R,X,r,p1,p2) such that ¢ = f — ¢ satisfied g(t + w) + g(t) = 0 a.e t € R. Denote by
SPWPPuap(R, X, 1,01, 02) the collection of such function.

Definition 2.9 ([21]). Let p1, 02 € Uw. A function f € BSP(X) is said to be Stepanov-like weighted pseudo
periodic of class r (or SP-weighted pseudo periodic of class r) if there exist ¢ € SPWPPy(R, X, 1, p1,p2) such
that ¢ = f — ¢ satisfied ¢(t + w) — g(t) = 0 a.e t € R. Denote by SPWPP,(R,X,r,p1,p2) the collection of
such function.

3 Results on composition theorem

The main aim of this section is to establish some new results on composition of weighted Stepanov-like
pseudo periodic function of class r. We first list the following “uniform continuity condition” with respect
to the L” norm for a function h: R x X — X with h(-,u) € L (R,X) for each u € X, which was initially
adopted in [16]:
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(A1) For any & > 0, there exists o > 0 such that x,y € LP(0,1,X) and ||x — y||, < o imply that

1h(t 4+ x()) =h(t+-y())p <& tER.
Definition 3.10 ([21]]). Let p1, 02 € Ue. The function p; is said to be equivalent to p;(i.e. p1 ~ pp) if /% € Ug.
From arguments in [21]], we know that the notation “~” is a binary equivalence relation on Us. For a
given weight p € U, its equivalence class can be denoted by cl(p) = {0 € Uw : p ~ 0}. Itis clear that

U = Upeum cl(p).
Let p € U, T € Rbe given, and define p” by p*(t) = p(t + 1) for t € R. Denote [22]

Ur ={p € U : p ~ p" for each T € R}.

In view of [21], we know the conclusion that for p;,0o € Ur and infrsg z g"; ;; = & > 0, the space

(WPP,(R,X,1,01,02), | - |le) is @ Banach space with sup norm.
Using similar ideas as in [8, 9] 23} 24], one can easily show the following result.
V(T/pl)

#(Tp2)
pseudo periodic function of class r is unique.

Lemma 3.1. If p1, 02 € Ur and infr = 6y > 0, then the decomposition of weighted Stepanov-like

Lemma3.2. Let f € BSP(R,X), 1,02 € Us, supy- ki) < oo, then f € SPWPRy(R, LP(0,1,X), 7,1, p2) if

and only if for every e > 0,
1

lim —— / £ -dt =0,
T—co U(T,01) JM(T,ef) pa(t)

1
where M(T,¢, f) = {t €-T,T]: SUPge i1 4 < 99+1 Hf(g)”l’ds) r> g}.

Proof. Sufficiency: From the statement of lemma it is clear that || f||s» < oo and for any € > 0, there exist Ty > 0

such that T > Ty,

1 €

T Nt < ———, M = )
w(T,p1) /M(T,s,f) pa(t)at < — 7= 1 f1lsv
Thus
1
1 T < 0+1 )p
u(T,01) su s)||Pds t) | dt
u(T,p1) /—T (Ge[tpm] /9 £ ()l P2 ))
1
1 0+1 )p
w(T,p1) /M(T,s,f) (Qe[tpr/t] (/9 ()l p2( ))
1
1 6-+1 1
+ — su s pds> A | dr
w(T,p1) /[—T,T]\M(T,s,f) (ee[t}:,t] (/9 1£(s)l 02( ))
M ¢ T
< — Bdt + —— #)dt
~ u(T,p1) /M(T,g,f) Pa(t) u(T, 1) /7TP2( )
Me P T
< t)dt
- M +1 + u(T,01) /_TPZ( )
V(T/P2)
§S+Su — ‘e
T>13 V(szl)
So

] 1 T 0+1 %

Elt—rt
thatis f € SPWPPy(IR,LP(0,1,X),7, 01, p2)-
Necessity: Suppose on the contrary that exist g > 0, such that

—
_— t)dt
R (T, p1) Jgreo py P2
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does not converge to 0 as T — oo, then there exist § > 0 such that for each n,

H(Tl, p1) /M(Tn,so,f) pa(t)dt > 6, for some Ty > 1.
Then
1 T 0+1 L
W L (9:[;111,@ ([ 1) pzm) i
1 6+1 1
- m -/M(Tn,go,f) (9:[?}2,4 (/9 ||f(5)||pd5) Pz(ﬂ) dt
> ﬁ /M(ngo,f) pa(b)dt
> €od,
which contradicts the fact that f € SPWPPy(IR, LP(0,1,X),7,p1,p2), and the proof is complete. 0

Lemma 3.3 ([16]). Let i be the function in (A1), and x: R — X with x(R) compact. For ¢ > 0, there exist a
finite set {x;}}" ; C x(R) such that

[A(t+ -, x(t+))llp <e+m sup [|h(t+ -, xcllp, tER.
1<k<m

Next, we establish main composition results for weighted Stepanov-like pseudo periodic function.

Theorem 3.1. Assume that p1,p2 € U, ¥ > 0, f = g+ ¢ € SPWPP,(R x X, X,7,01,02), h = h1 +hy €
SPWPP, (R, X, 1, p1,p2) with b1 (R) compact, g(t + w) — g(t) = 0, hy(t + w) — h1(t) = 0. Assume g satisfies
(Al), ¢ satisfies (A1) and {f(-,z) : z € K} is bounded in SPWPP, (R, X, r,p1,p2) for any bounded K C X,
then f(-,h(-)) € SPWPP,(R, X, 1, p1,02).

Proof. Let Hy(t) = g (t,h1(t)), Ha(t) = f (t,h(t)) — f (t,h1(t)), H3(t) = ¢ (¢, h1(t)), t € R. Then

f(&h(8) =g (&, () + £ (&, (1) — £ (£ (1) + ¢ (£ 1 (t)) = Hi(t) + Ha(t) + Hz ().

Since
gt+w m(t+w)) =gt h(t+w)) =gt mh(t)),
we have
Hi(t+w)— Hy(t) = 0.

Thus we need only to prove Hy, H3 € SPWPPy (R, L?(0,1,X),7,01,02)-

It is easy to see that H, € BSP (R, X) since {f(-,z) : z € K} is bounded in SPWPP, (R, X, 1, p1, p2) for any
bounded K C X. Noticing that f satisfies (A1) since g and ¢ satisfy (Al), for ¢ > 0, let ¢ > 0 be given by (A1),
then

[H2(t+)llp = [If(E+ - h () = f(E+ - m())llp <e for [t + )] <o

This implies that Mr.(Hy) C Mry(hy) by the notation defined in Lemma Meanwhile since h, €
M

SPWPPy(R, LP(0,1,X),7, p1,02), supr-. bi722)

< oo by Lemma

1
lim L / P - dt = 0.
T o) Doy P2

Thus
lim # / 02
e f(T, 01) JM(TeHy)
which shows that H, € SPWPPy (IR, LP(0,1,X),7, p1,p2)-
For ¢ > 0, let 0 be given by (Al) with ¢, in view of Lemma there is a finite set {x;}}*; C h1(R) such
that fort € R,

() -dt =0,

[p(t -+ a(t+ Dy <etm sup [g(t+- %l tER,
1<k<m
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SO

lp(t, I ()lly <e+m sup [lp(t,xelly <€ R.
1<k<m

Since ¢(+,x) € SPWPPy(R,LP(0,1,X),7,p1,p2), foreach x € X, thereis T > Ty, 1 < K < m,

1 T 0+1 b
ROT g ) m o0 = oo [ (9:[3% ([ ot molas) ) palt) -

€

< —.
m

Then for T > Ty,

I = ! ! up o (s, hy(0 d % d
R(T,Hs,r,pq, = , r t) - dt
( 3,7,01,02) u(T,p1) ./_T Ges[t,,,t] (/9 llp(s, h1 ()| 5> p2(t)

L " ot xllrds)”
<e+m su 7/ su (/ S, X Ps)
1§k£m u(T,p1) J-1 Ge[tg,t] 0 4 ¢

p2(t) - dt
= e+ mR (T, ¢(-,xx),7,01,02)
= ¢ + m - i
m
= 2¢.
This yields that
lim R(T, Hs,7,01,02) = 0.
T— o0
That is H3 € SPWPP)(IR, LP(O, 1,X),r,p1,p2)- The proof is complete. O

According to Theorem 3.1} we can obtain the following corollaries.

Corollary 3.1. Assume that p1,02 € Ueo,¥ > 0, f = g+ ¢ € SPWPPWP(]R x X, X,r,01,02), h = hy +hy €
SPWPPuap(R, X, 7, 01,02) with i1 (R) compact. g(t +w) + g(t) =0, hi(t +w) + hy(t) = 0. Assume g satisfies
(A1), ¢ satisfies (Al) and {f(-,z) : z € K} is bounded in SPWPPyu,(R x X, X, 1, 01,02) for any bounded
K C X, then f(-,h(-)) € SPWPPuap(R, X, 7,01, 02).

Corollary 3.2. Assume that p;,00 € Usr > 0, f = g+ ¢ € SPWPP,(R x X, X,7,01,02),
h € WPP,(R,X,r,p1,02). Assume g satisfies (Al), ¢ satisfies (A1) and {f(-,z) : z € K} is bounded in
SPWPP, (R, X, 1, p1, p2) for any bounded K C X, then f(-, h(-)) € SPWPP, (R, X, 1, p1,02)-

Corollary 3.3. Assume that p1,00 € Uw,t > 0, f = g+¢ € SPWPPyu,(R x X, X,7,01,02),
h € WPPuap(R,X,7,01,02). Assume g satisfies (A1), ¢ satisfies (A1) and {f(-,z) : z € K} is bounded in
SPWPPuap(R, X, 1, 01,02) for any bounded K C X, then f(-,h(-)) € SPWPPuqp(R, X, 7,01, 02).

4 Weighted pseudo periodic mild solution

In this section, we deal with weighted pseudo periodic mild solutions to the problem (1.1). We list the
following basic assumptions:

. T, T,
(A2) p1,p2 € U, infrs ZET% > 0 and sup;- ZET“;?; < o

(A3) The operator T(t) generated by A is exponentially stable, that is, there exist constants M, ¢ > 0 such
that || T(t)|| < Me  for t > 0.

(A4) f € SPWPP,(R,X,r,p1,02), and there exist a positive constant Ly such that for ; € B, i = 1,2,
If(t 1) = f(E2)llp < Lellgr — g2 »-
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Let g > 1 such that % + % = 1. Denote

qc

Under the condition (A3), we give the following definition.

1
eqc—l q @
aO—M< ) , tX:tXQZE k.
k=1

Definition 4.11. A function u: R — X is said to be a mild solution to the problem (1.1} if

t
u(t) :/ T(t — s)f(s, us)ds,

forallt € R.

Lemma 4.4. Let p1,p2 € Ur,u € SPWPP,(R, X, 7,01,p2), then u; belongs to SPWPP,, (R, 8,7, p1,02).

Proof. Suppose that u = a + B, where a € P,(R,X) and B € SPWPPy(RR, X, r,p1,02), then u; = a; + B and
at € Py(R,B,1,01,02). On the other hand, for T > 0, we see that

1
1 T 0+1 r
1 sup sup Iﬁ(s+T)||’7dS> pa(t)dt
u(T,p1) /—T (Ge[t ] </9 T€[-1,0]

r

< (eei“%,t] (/ " IB)17ds) :’> oa(t)dt
<[ (ee[f‘if’w ([ |ﬁ<s>|Pds)’1’

- s ([ tecpas) ;’) oa()dt

<t [ (95?% ([ tgepas) ;) palt + )i

1 T 6+1 L
* T (9:[;13” ([ ipiras) )pzmdf

u(T,p1)  w(T+r,p1)

Ty 041 ; pa(t+7)
[+ (95?3,“ (o) ) 20" iy

1 T 6+1 L
* o L (9:[?% ([ 1poiras) )pzmdf.

The fact p1, 02 € Ur implies that there exists 7 > 0 such that
pt+r) o opalt—r) o pat—r)

n®) = T =T e =

ForT >,
"T—r T+r
u(T+r,0) = / p1(t)dt + p1(t)dt

J—=T—r T—r

T—r T+r
<[ ewdr+ [ pioat
—T—r —T+r

T T
:/_Tpl(t—r)dt—i—/_Tpl(t—i—r)dt
< 2np(T, p1),



250 Shan Zheng. / Weighted Stepanov-like...

then

1
1 T 0+1 ’
u(T,p1) /—T (ee[tpr,t] </9 re[}r)ﬂ] ot ! ) ) =
1
2172 T+r ( 0+1 )p
s I (95?‘1,@ [ 186l a(t)
1
1 T 0+1 P
‘M(T,Pl) -/—T (ges[?pr,t] (/6 Hﬁ( )” ) PZ( )

Note that § € SPWPPy(R,X,1,p1,02), p1,p2 € Ur, then py € SPWPP(R,B,7,p1, p2). Therefore u; €
SPWPP, (R, B, 1,01, 02). -

From the proof of Lemma [#.4} we can easily deduce the following corollary.

Corollary 4.4. ([21, Lemma 2.14]) Let p1,02 € Ur,u € WPP,(R,X,7,p1,p2), then u; belong to WPP, (R,
%r 7,01, PZ)

Lemma 4.5 ([21]). Let ¢, — ¢ uniformly on R where each ¢, € WPPy(R,X, 7,01, p2),01,02 € U, if
Supr- Vgilg < oo, then ¢ € WPPy(R, X, 1, p1,02)-

Lemma 4.6. Assume that (A2)—(A3) hold, if ¢ € SPWPP, (R, X, 7, p1,p2), then

(Tp)(t) = [w T(t—s)¢(s)ds € WPP,(R,X,r,p1,p2).

Proof. By ¢ € SPWPP, (R, X,r,p1,02), we let ¢(s) = ¢1(s) + ¢2(s), where ¢, € SPWPPy(R, X, 1, p1,02) and
Pp1(t+w) —¢1(t) =0ae. t € R, then

t
(09)(t) = [ T(t—s)pn(sds+ [ T(t—5)gals)ds = (Tagn) (1) + (Cagp) (1)

First, we show that I'y¢, € WPPy(R, X, , p1, p2). Consider the integrals

()= [T (o)

—n

Fixn € N and t € R, we have

1%t 4 1) = X0 < [* ITE)@alt+1-5) = ga(t =) ds

t—n+1
<M [ ligals+ 1) = a(s) s
t—n+1 %
<m ([ s 1) - ga(o)les)

In view of ¢ € L (R,X), we get

loc

t—n+1

lim [¢2(s +h) — ¢o(s)|[Pds = 0,
h—0Jt—n

which yields limy, .o || X, (t + h) — X, (t)||. This means that X, () is continuous.
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By Holder’s inequality, one has

X0 < [* ITE)ga(t = 5)]ds
< [7 Mol -5 as
< Me 0 [ (i - ) as

t—n+1
< Me=0 D [T gas)llds
t—n

1

t—n+1 ?

< e 0 ([T o)
t

< Me U D]| ¢ |p.

Since

> el M
Y Me <= D|gy]|sp < ] —5 llpallsp < +o0,
n=1 —e

it follows that } ;> ; X, (f) converges uniformly on R. Let X(t) = Y_;" ; X, (t) for t € R. Then
t
X(t) = (Tagpo)(t) = [ T(t—s)pa(s)ds, t €R.

It is obvious that X(#) € BC(IR, X). So, we only need to show that

. 1 T
%ﬂom/qu(t) ( sup )||X(9)||> dt = 0. (4.2)

Oe(t—rt

In fact, by Holder’s inequality,
"
1Xn(®)]] < / Mt —s)|ds
n—

. pt—n+1
<M [ lga(s)lds

- t—n+1 i
<it( [ emeras)

for some constant M > 0, then
e 1% (0] )
—_— o (t su t
u(T, p1) pr ee[t}z,i) !

~ 1

M T ( 6—n+1 )p
< - t su s)||Pds dt,
< o | (96[3/” L e )

and hence X,, € WPPy(R, X, r,p1,p2) since ¢ € SPWPPy(R,X,r,p1,p2). By Lemma the equation
holds, whence T'¢ € WPPy(R, X, 1, p1, p2)-
From ¢ (t + w) — ¢1(t) = 0 a.e. t € R, one has

t+w
(T1r) (t+ w) = /_ T(t+w — )¢ (s)ds = (T1gn)(£), ae. t € R.
Hence I'¢ € WPP, (R, X, 7, p1,p2). This completes of the proof. O

Theorem 4.2. Let conditions (A2)—(A4) hold, then the problem has a unique weighted pseudo periodic
mild solution if aLf < 1.
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Proof. Define F : WPP,(R, X, r,p1,02) = WPP,(R,X,r,p1,p2) as (Fu)(t) = ffoo T(t—s)f(s,us)ds.

If u € WPP,(R,X,r,p1,02), by Corollaryand Corollary f(s,us) € SSWPP, (R, X,r,p1,p2). Owing
to Lemma it is not difficult to see that F(WPP, (R, X, 7, 01,02)) € WPP,(R, X, r,01,02).

For any u,v € WPP, (R, X, r,p1,p2), we have

IFu6) = (Fo) Ol = | [ Tl= (s ) = fls, 000

| T (= s ) = £t =s,000)) ds
< Mko_il (/kkle—mdsy (/kkl £ (s, us) f(s,vs)vﬂds)’]’

=0 Y e | f(t+k =2+ upp o) — fE+k—2+",
k=1

Vpyk—2+-) Hp

=alf(t+k=2+  uppas) = fE+Hk =24 004024 )|lp
<aLgllupik2v. — Orsk2v-llm
<alflu(t+k—2+-)—o(t+k—2+")|

=aLgllu -0,

then F is a contraction since aLy < 1. By the Banach contraction mapping principle, F has a unique fixed
point in WPP,, (R, X, 1, p1, p2), which is the unique WPP,, mild solution to the problem (1.1). O

Corollary 4.5. Assume that conditions (A2), (A3) and the following condition (A4') are satisfied:

(A4") f € SPWPP,4,(R,X,r,01,02), and there exist a positive constant L, such that for ¥; € B, i = 1,2,
p P10 p f P
If(t 1) = f(E2)llp < Lellgr — g2 »-

Then the problem (1.1) admits a unique weighted pseudo anti-periodic mild solution provided that aL, < 1.
p q & p P p f

Example 4.1. Consider the partial differential equation which was inspired by [21]

d e 0
&u(tlg) = @”(tlg) +a0(t)”(tf§) + /—r al(s)”(t+sf‘:)r (t/é‘) e,

u(t,0) =u(t,7) =0,

(4.3)

where ag € WPP, (R, X, r,01,02), 01 = €', 020 = 1+ t2.
Let X = (L?([0, ], R), || - || ;2) and define the operator A on X. By Au = u” with

D(A) = {ueX:u" e X,u(0) =u(m) =0}.

It is well-known that A is the infinitesimal generator of Cy-semigroup (T(t));~o on X such that ||T(t)| < e~
forevery t > 0.
Define the function f : R X 8 — X by

FE4)(©) = a($(0.0) + [ a(o)(s, 2,

then the equation (4.3) can be rewritten as an abstract system in the form (1.1), where u(t) = u(t, -). Moreover,

we can show
0
10 < llaol 7 ([ 2(e)ds), e m

In view of Theorem [4.2} the equation has a unique weighted pseudo periodic mild solution whenever
laoll+ (/7 (J°, a2(s)ds) < 1.
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Abstract

The aim of this paper is to study the dynamics of fishery resource system in an aquatic region consisting
of two zones. One zone is free for fishing and other is restricted for any kind of fishing. In the proposed
harvesting model, a modified effort function E is considered, which depends on the density effect of fish
population. The criteria for local stability, global stability and instability are established for the proposed
system. The theoretical results obtained are illustrated with numerical simulations in the last section.
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1 Introduction

Renewable resources like fishery, forestry and oil exploration are important sources of food and materials
which play an important role for the survival and growth of biological population. The continuous and
unplanned harvesting /exploration of these resources may lead to the extinction of the resources and it will
further effect the survival of biological population. Therefore, its conservation and management are
important fields to be analyzed through research. During the last few decades, there has been a considerable
interest in modeling the dynamics of fishery resource systems [1} [2, 5H10].

Chaudhuri [5] in 1979 explained the problem of combined harvesting of two competing fish species and
showed that the open-access fishery may possess a bionomic equilibrium which drives one species to
extinction. Biological and economic interpretations of the results associated with the optimal equilibrium
solution are discussed. Kitabatake [8] in 1982 studied a dynamical model for fishery resources with
predator-prey relationships based on observational data for Lake Kasumigaura, Japan. He showed that the
extensive use of diesel-powered trawling, which enables the large-scale catch of prey species in comparison
with the traditional method of sailing trawling, may lead to the extinction of predator as well as prey species.

Mesterton-Gibbons [9] in 1996 described a technique to get the optimal harvesting policy for a Lotka-
Volterra ecosystem of two interdependent populations, when the harvest rate is proportional to harvesting
effort. The author explained that if two species coexist in the absence of harvesting, one species may be
driven to extinction, if it is more catchable than the other. Fan and Wang [7] in 1998 examined the exploitation
of single population modeled by time-dependent Logistic equation with periodic coefficients. Pradhan and
Chaudhuri [10] in 1999 explained the dynamic reaction model of a fishery consisting of two competing species,
each of which obeys the logistic law of growth. The authors use capital theoretic approach to formulate the
dynamical system consisting of the growth equations of the two-species and fishing effort. Then they studied
the existence of its steady states and their stability using eigen value analysis. Dubey et. al. [6] in 2002
explained that both the equilibrium density of fish population as well as the maximum sustainable yield
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increase as resource biomass density increase. The authors use Pontryagin’s maximum Principle to discuss
the optimal harvesting policy. Dubey et. al. [1]] in 2003 proposed and analysed a mathematical model to study
the dynamics of fishery resource system in an aquatic environment consisting of two zones: a free fishing
zone and a reserve zone where fishing is not allowed. Here the authors obtained biological and bionomic
equilibria of the system and showed that, even if, fishery is exploited continuously in the unreserved zone,
fish population can be maintained at an appropriate equilibrium level in the habitat. Dubey and Patra [2]
in 2013 proposed a dynamical model and analyzed the effect of the population on the resource biomass by
taking into account the crowding effect. An appropriate Hamiltonian function is contructed for the discussion
of optimal harvesting of resource which is utilized by the population using Pontryagin’s Maximum Principal.
The aim of this paper is to study the dynamics of fishery resource system in an aquatic region consisting of two
zones. One zone is free for fishing and other is restricted for any kind of fishing. In the proposed harvesting
model, a modified effort function E is considered which depends on the density effect of fish population.
The criteria for local stability, global stability and instability are established for the proposed system. The
theoretical results obtained are illustrated with the help of numerical simulations in the last section.

2 The Model

Consider a fishery resource system consisting of two zones: a free fishery zone and a reserve zone where
fishing is not allowed. Let x(t) be the biomass density of fish population inside the unreserved zone and y/(t)
be the biomass density of same fish population inside the reserved zone at time ¢. If the fish population of
reserved and unreserved zones are allowed to migrate within the zones, Dubey et. al. [1]] in 2003 proposed
and analyzed a mathematical model to study the dynamics of fishery resource system which is governed by
following autonomous system of differential equations:

dx X

i rx(1— E) —ox + opy — gEx,

d

d% =sy(1— %) + 01x — 0y, 21)

where x(0) > 0,y(0) > 0. In this model r and s are the intrinsic growth rates of fish subpopulation inside
the unreserved and reserved areas respectively; K and L are the carrying capacities of fish species in the
unreserved and reserved areas respectively; 07 is migration rate of fishes from unreserved area to reserved
area and o3 is migration rate of fishes from reserved area to unreserved area; g is catchibality coefficient of fish
species and E is the total effort applied for harvesting the fish species in the unreserved zone.

In this case the fishing effort E is simply taken as a function of t i.e. E = E(t), which do not address the inverse
effect of fish abundance on fishing effort. That is, it do not address the fact that higher the density of fishes,
lesser the amount of effort needed to catch unit harvest. In order to overcome this deficiency, Idels and Wang
[11] proposed a modified effort function which is a function of t as well as x and is given by

B(t,x) = o)~ B o, 2

where « > 0, 8 > 0 are continuous functions of ¢. Incorporating (2.2), we get the following modified version
of the model (2.1) as:

dx r x o1x oYy qux

' = X 1 - 7, ) + - 7

at A L A T R

dy  _ _Y _

il sy(1 L) + o1 x — 0oy. (2.3)

The parameters v, s, 4, 01,02, K and L are all assumed to be positive constants. It is to be noted that, if there is
no migration of fish population from reserved area to unreserved area (i.e. 0o = 0) and ﬁ (r—o; —qa) <0,
then x < 0. Similarly, if there is no migration of fish population from unreserved area to reserved area (i.e.
o1 = 0) and s — 0p < 0, then y < 0. Hence throughout our analysis we assume that

1-gf>0,r—01—qa >0ands—oy > 0. (2.4)
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Lemma 2.1. All the solutions of system (2.3) which initiate in %] are uniformly bounded.
Proof: We define a function

w(t) = x(t) +y(t). (2.5)
The time derivative of along the solution of system is

gf The = gty
e - —qa— 2 L 9802 \»
= 4r(l—q[3)(r+(1 qaB)y — qa — qo1 p) +4S(s+17+1—q,[3)
P— ]/l.

Applying a theory of differential inequality (Birkhoff and Rota, [3] in 1982), we obtain
0 <w(x(t),y(t)) < %(1 —e ")+ w(x(0),y(0)e ",

and fort — 00,0 < w < % This proves the lemma.

3 Dynamical Behavior of the System

The dynamical behavior of a system is studied at equilibrium points and equilibrium points of model
are obtained by solving % = y = 0. There are two feasible equilibrium points for the system (@2.3), namely
(i) Eg = (0,0), which is trivial equilibrium point and (ii) E* = (x*,y*), which is endemic equilibrium state,
where x*, y* are positive solutions of following algebraic equations:

oy = qax+opx —rx + %xz, (3.6)
ox = oy—sy(l— %) (3.7)

Substituting the value of x from equation @) into equation , we get a cubic equation in y as ay® + by? +
cy +d = 0, where

. rs2
- K122’
p = o)
KLo?
e a2 S
¢ = glemaP-Splr—a-g),
1
d = —(r—o —qu)(s—o)—o0n.
(%]

The above equation has a unique positive solution y = y*, if the following inequalities hold:

L R U
Ko, (s—m) < oL (r—op —qu), (3.8)
(r—o —qu)(s— o) < 0107. 3.9)

After getting the value of y*, the value of x* can be easily computed from (3.7). It may be noted that for x* to
be positive, we must have
0 + ﬁ > S.
L
We now investigate the dynamical behaviour of system (2.3) at equilibrium points. The general variational
matrix corresponding to the system is given by

r o 2rx 0O 4« (%)
w= 179 (—gBk 1-qp  1-qp 1-gp
(%] S —
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At Ey(0,0), keeping in view equation , we note that all the eigen values of variational matrix are positive.
Therefore, the trivial equilibrium Ej is unstable. At E*(x*,y*), using the Routh-Hurwitz criteria, it is easy to
check that all eigenvalues of the variational matrix corresponding to E* have negative real parts, and hence
E* is locally asymptotic stable in XY plane. This implies that we can find a small circle with center E* such
that any solution (x(t),y(t)) of system (2.3), which is inside the circle at some time t = to, will remain inside
the circle for all t > t and will tend to (x*,y*) as t — oo.

Theorem 3.1. The nontrivial equilibrium E* is globally asymptotically stable with respect to all solutions
initiating in the interior of the positive quadrant.
Proof: Consider the following positive definite function about E*:
* * X y*o-z * * y
V=@x—x"—xIn— )+ —F—Wy—y —yln=). 3.10
( pra il cpmpy Pl Uk A A ) (3.10)

Differentiating V with respect to time t along the solutions of model and after some algebraic
manipulation, we get

av r

@~ Ak
This shows that ‘fj—‘t/ is negative definite and hence by Liapunov’s theorem on stability [14], it follows that the
positive equilibrium E* is globally asymptotically stable with respect to all solutions initiating in the interior
of the positive quadrant.
The above theorem implies that in an aquatic environment consisting of two zones, if one zone is reserved
where fishing is not allowed and fish population are harvested only outside the reserved zone, then in both
the reserved and unreserved zones fish species settle down to their respective equilibrium levels, whose
magnitude depends upon the intrinsic growth rates of fish species, their migration coefficients and carrying
capacities. This implies that fish populations may be sustained at an appropriate equilibrium level even after
continuous harvesting of fish populations in unreserved zone.

*)2 S y*O'z

12 02 * * 2
_Zm(y_y) —W(x y—y'x)” <O0. (3.11)

Theorem 3.2. System (2.3)) cannot have any limit cycle in the interior of positive quadrant.
Proof: Let

1
H(x,y) = xT/'

rx x o1x oy qox
h x/ - - 3] + - 7
1) T—p' K T Togp TTogp T-gp
ha(x,y) = sy(l-— %) + o1x — ooy.

Clearly H(x,y) > 0 in the interior of the positive quadrant of XY plane. Then we have,

0 0 1 ro oy 1[s  o»px
0 = —(Hh —(Hh)=———— |+ 2| — = |-+ 5 )
(y) ax( 1)+8y( 2) (1—-4qB)y {K xz} X {L+ y? <0
This shows that é(x, y) does not change sign and is not identically zero in the positive quadrant of XY-plane.
Then by Bendixson-Dulac criterion, the system has no closed trajectory and hence there is no periodic

solution in the interior of the positive quadrant of XY-plane.

4 Numerical Simulation

In order to investigate the dynamics of the model (2.3) with the help of computer simulations, we choose the
following set of values of parameters (other set of parameter may also exist):

r=09, K=100, 04 =03, 4=001, =1, 0p =04, a =50, s =0.5, L =100 (4.12)
with initial conditions x(0) = 50 and y(0) = 50. For this set of parameters, the conditions for the

existence of the interior equilibrium are satisfied. This shows that the endemic equilibrium point E*(x*, y*)
exists and is given by

x* = 62.3954

y* =71.9978.
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Thus the interior equilibrium point E*(x*, y*) is locally asymptotically stable and Theorem [3.1) implies that
non-trivial equilibrium E* is globally asymptotically stable with respect to all solutions initiating in the
positive quadrant. The behavior of x and y with respect to time ¢ is plotted in Figure 1 for the set of values of
parameters chosen in (#.12). From figure 1, we observe that the density of both populations settle down at
their equilibrium levels, if the initial populations chosen are greater then 35. Now, we choose another set of

80+

60} i
//

40t

20+

o

0 5 10 15 20

lower line — x population upper line — i population

Figure 1: Plot of x and y verses t for the values of parameters given in (12).

values of parameters as follows:
r=09, K=100, 0y =01, 4=001, =1, 0o =04, « =50, s = 0.5, L =100 (4.13)

with same initial values.
For the set of values of parameters given in (4.13), the behavior of x and y with respect to time f is plotted in
Figure 2. It may be noted that the positive equilibrium E*(x*, y*) exists and it given by

x* = 65.5747,y* = 47.5698.

It may be checked that in this case (for the values of parameters given in (#.13), the conditions and

80|

60 /k

40

20|

Figure 2: Plot of x and y verses ¢ for the values of parameters given in (4.13)
lower line — x population upper line — i population

are satisfied. Then Theoremshows that E*(x*,y*) is locally as well as globally asymptotically stable in the
interior of the first quadrant. It may be noted that if o4 (migration rate from unreserved area to reserved area)
decreases then the population inside reserved area will settle down to lower equilibrium point as we get in
Figure 1 and Figure 2. In Figure 3, we have plotted the behavior of x and y with different initial values for
set of parameters given in (#.12). Figure 3 shows that all the trajectories starting from different initial points
converge to the point E*(62.3954,71.9978). This shows that E*(62.3954,71.9978) is globally asymptotically
stable. This justifies our result in the theorem 3.1 that the system is globally asymptotically stable with
respect to all the solutions initiating in the interior of the positive quadrant. It is to be noted here that « and



260 Bhanu Gupta and Amit Sharma / Harvesting Model for Fishery ...
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Figure 3: Global stability of E*(x*,y*).

a =40
a =30
a =20

Figure 4: Plot of x verses time f for different values of «, the other values of parameters being same as given

in {12,

are important parameters governing the dynamics of the system. Therefore, we have plotted the behavior of
x and y with respect to time for different values of « in Figure 4 and Figure 5.

From Figure 4, we note that as the value of « decreases, the value of x increases. Similarly, the figure 5 implies
that the value of y increases as the value of « decreases.

5 Conclusion

In this paper, a mathematical model representing harvesting of fishery resources with reserve area and
modified effort function has been proposed. It has been assumed that the aquatic ecosystem consists of two
zones: one free fishing zone and other reserved zone where fishing is strictly prohibited. It has been assumed
that fish populations are growing logistically inside and outside the reserved zone and they migrate from
reserved zone to unreserved zone and vice verse. Using stability theory of ordinary differential equation, it
has been proved that the interior equilibrium exists under certain condition and it is globally asymptotically
stable. It has been shown that the system under consideration does not have any limit cycle. It has been
further found that if a reserved zone is created in an open-access fishery region where fishing is not allowed
and harvesting of fish population is permitted only outside the reserved zone, the fish populations settle
down at the respective equilibrium levels inside as well as outside the reserved zone.
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120

100

40

20

a =40
a =30
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Figure 5: Plot of y verses time t for different values of «, the other values of parameters being same as given
in (4.12).

References

[1] B. Dubey, P. Chandra and P. Sinha, A Model for Fishery Resoure with Reserve Area, Nonlinear Analysis:
Real World Applications, 4 (2003), 625-637.

[2] B. Dubey and A. Patra, A Mathematical Model for Optimal Management and Utilization of a Renewable
Resource by Population, Journal of Mathematics, (2013).

[3] G. Birkhoff and G.S. Rota, Ordinary Differential Equations, Ginn, Boston, (1882).

[4] ]J. Chattopadhyay, A. Mukhopadhyay and P.K. Tapaswi, A Resourced based Competitive System in Three
Species Fishery, Nonlinear Student, 3 (1996), 73-83.

[5] K.S. Chaudhuri, A bioeconomic model of harvesting a multispecies fishery, Ecol. Model, 47 (1) (1979),25-
47.

[6] B. Dubey, P. Chandra and P. Sinha, A Resource Dependent Fishery Model with Optimal Harvesting
Policy, J. Biol. Systems ,10 (2002), 1-13.

[7] M. Fan and K. Wang, Optimal Harvesting Policy for Single Population with Periodic Coefficients, Math.
Biosci., 152 (1998), 165-177.

[8] Y. Kitabatake, A Dynamic Predator-Prey Model for Fishery Resources: a case of Lake Kasumigaura,
Indian Environ. Planning, A 14 (1982), 225-235.

[9] M. Mesterton-Gibbons, A Technique for Finding Optimal two Species Harvesting Policies, Ecol. model.,
92 (1996), 235-244.

[10] T. Pradhan and K.S. Chaudhuri, A Dynamic Reaction Model of a two Species Fishery with Taxation as a
Control Instrument: a Capital Theoretic Analysis, Ecol. Model., 121 (1999), 1-16.

[11] L. V. Idels and M. Wang, Harvesting Fisheries Management Srategies with Modified Effort Function,
International Journal of Modelling, Identification and Control.

[12] M. ]. Murray, Mathematical Biology I: An Introduction, Springer, Berlin Heidelberg, New York, 2002.

[13] E. Brauer and C. Castillo-Chavez, Mathematical Models in Population Biology and Epidemiology,
Springer-Verlag, 2000.



262 Bhanu Gupta and Amit Sharma / Harvesting Model for Fishery ...

[14] J. L. Salle and S. Lefschetz, Stability by Lyapunov’s Direct Method with Applications, Academic Press, New
york, London, 1961.

Received: August 31, 2015; Accepted: March 15, 2016

UNIVERSITY PRESS

Website: http:/ /www.malayajournal.org/



Malaya J. Mat. 4(2)(2016) 263-270

Malaya 0
L MM - - | 2550,
Journal o an international journal of mathematical sciences with NS
Matematik computer applications... Mﬂ:.(mmf

Matematik

www.malayajournal.org

ISSN : 2319-3786

Inverse Fourier Transform for Bi-Complex Variables

A. Banerjee®,* S.K.Datta”,! and Md. A. Hoque®*
?Department of Mathematics, Krishnath College, Berhampore, Murshidabad 742101, India,
b Department of Mathematics, University of Kalyani, Kalyani, Nadia 741235,India,
“Sreegopal Banerjee College,Bagati, Mogra, Hooghly 712148, India.

Abstract

In this paper we examine the existence of bicomplexified inverse Fourier transform as an extension of its
complexified inverse version within the region of convergence of bicomplex Fourier transform. In this paper
we use the idempotent representation of bicomplex-valued functions as projections on the auxiliary complex
spaces of the components of bicomplex numbers along two orthogonal,idempotent hyperbolic directions.
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1 Introduction

In 1892, in search for special algebras, Corrado Segre [11] published a paper in which he treated an infinite
family of algebras whose elements are commutative generalization of complex numbers called bicomplex
numbers, tricomplex numbers,.....etc. Segre [11]] defined a bicomplex number ¢ as follows:

¢ = x1+i1Xp +ipx3 + i1ipXxy,

where x1, xp, x3, x4 are real numbers, i% = z'% = —1 and iyip = ixi. The set of bicomplex numbers, complex

numbers and real numbers are respectively denoted by C,, C; and Cy . Thus
Co ={C: 8 =x1+i1x2 +ixx3 +i1ixs 1 X1, X2, %3, %4 € Co}
ie,Cr = {(: =2z1+ixzp: Zl(z X1+ ilxz),ZQ(Z X3 + i1x4) € Cl}.

There are two non trivial elements ¢; = H% and e, = 1_% in C, with the properties ¢2 = e1,¢5 =

ey,e1-6p = ey-ep = 0and e; +e; = 1 which means that e; and e; are idempotents alternatively called
orthogonal idempotents. By the help of the idempotent elements e; and e, any bicomplex number
& = ag + i1ay + ipap + iyigaz = (ag + iyay) +ip(ap +i1a3) = z1 + iz
where ag, a1,az,a3 € Cy,, z1(= ap + i1a1) and za(= ap + ija3) € Cq can be expressed as
§ =1z1+iz2 = 161 + (22

where 61(: Z1 — ilzz) € Cq and 52(: zZ1 + i122) € Cy.

2 Fourier Transform
Let f(t) be a real valued continuous function in (—oo, co) which satisfies the estimates

[f(H)] < Crexp(—at),t >0,a >0
and |f(t)| < Coexp(—pt),t <0,8>0. )

* E-mail address: abhijit.banerjee.81@gmail.com (A.Banerjee)
fsanjib_kr_datta@yahoo.co.in (S.K.Datta)
imhoque3@gmail.com (Md.A.Hoque)
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Then the bicomplex Fourier transform [2] of f(t) can be defined as

Flw) = FLF(D) = /j; exp(iswt) f(1)dE, w € Ca.

-~

The Fourier transform f(w) exists and holomorphic for all w € Q) where

Q= {w =ag+ia +iray +iriaz € Cy : —o0 < ag,az < oo,

—a+ |ap| <ap < B—|ag| and 0 < |ay| < #}

o~

is the region of absolute convergence of f(w) (see the figure 1 in the appendix).

2.1 Complex version of Fourier inverse transform.

We start with the complex version of Fourier inverse transform and in this connection we consider a

continuous function f(t) for —oco < t < oo satisfying the estimates (1)) possessing the Fourier transform fl\ in
complex variable wi=x; 4 i1x7 i.e.,

Fi(wr) = / o:oexp(ilwlt) F(b)dt

- /j:o exp(i1xit){exp(—xat) f(t) }dt = p(x1, x2).

In fact, one may identify ¢(x1,xp) as the Fourier transform of g(t) = exp(—xaf)f(f) in usual complex
exponential form [1} [6].
Towards this end, we assume that f(t) is continuous and f’(t) is piecewise continuous on the whole real

line. Then ]?1((01) converges absolutely for —a < xp < f and

filwn) | <o

which implies that
l | exp(ijrt) f(£)|dt
= [ lexp(iix)g(t)lat

:/jo Ig(£)]dt < oo,

The later condition shows g(t) is absolutely integrable. Then by the Fourier inverse transform in complex
exponential form [[1} (6],

() = % /oo exp(—iyx1t)P(x1, x2)dxq

—00

which implies that

1 [ .
f(t) = 2—/ exp(xat) exp(—ipxqt)dp(x1, x2)dxy.
7T J—oco

Now if we integrate along a horizontal line then x; is constant and so for complex variable wi=x1 + i1x2
(which implies dw; = dx1), the above inversion formula can be extended upto complex Fourier inverse
transform

£lt) = % /°° exp{—i1 (x1 + irx2)E}p(x1, X2 )1

—00

1 0o+i1Xp —~
= o [ exp(—iwnt) i (wn)dan
7T J —oco+iixy
1 x1+i1Xp ~
= — lim exp(—ijwit) fi(w)dws. 2)

27T x;—00 —x1+i1x
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Here the integration is to be performed along a horizontal line in complex wi-plane employing contour
integration method.

We first consider the case Im(w;) = xp > 0.We observe that fl(wl) is continuous for x > 0 and in
particular it is holomorphic (and so it has no singularities) for 0 < x, < . We now introduce a contour I'g
consisting of the segment [—R, R] and a semicircle Cg of radius |wi| = R > B with centre at the origin. Then
all possible singularities (if exists) of f(w;) must lie in the region above the horizontal line x, = B . At this
stage we now consider the following two cases:

Casel:We assume that fl (w1) is holomorphic in xp > B except for having a finite number of poles wik) for
k =1,2,..n therein (See Figure 2 in Appendix). By taking R — oo, we can guarantee that all these poles lie

(

inside the contour I'g. Since exp(—ijw;t) never vanishes then the status of these poles w1k> of fi(cwy) is not
affected by multiplication of it with exp(—ijwit).Then by Cauchy’s residue theorem,

lim . exp(—i1w1t)f1 (w1 )da)1
R—00., T'r

=2mi; Y. Res{exp(—ijwit)fi(w): wy = wgk)}. (3)
Im(wik))>0

Furthermore as x; > 0, we can get |exp(—ijwit)| < 1 for w; € Cg only when t < 0. In particular for
t <o,

~ 0
M(R) = max |fi(w:)| = max | / exp(irwrt) f(£)dt]
w1 €CR w1€Cr J—o0

0
<C / ] tidt| = C —
<G max | [ exp{(B-+irwn)t)dt| = Cp max |z

1
<C; max —————
wieCg B+ ir|]wr]

where we use the estimate[l} Now for w;| = R — oo, we obtain that M(R) — 0. Thus the conditions for
Jordan’s lemma [10] are met and so employing it we get that

lim exp(—iywrt) fi (w1 )dw; = 0. 4)
R—00 JCp
Finally as,
lim exp(—iywrt) fi (wy )dawy
R—00 JT
R+i1xp

exp(—ilwlt)ﬁ (wl)dwl

:/C exP(—i1w1f)J?1(wl)dwl+/

7R+i] X2
then for R — oo, on using (3) and () we obtain that

00+i1X2 . ~
/ exp(—iyw1t) f1(wy)dwq

—oo+i1Xp

= 27ti; Res {exp(—ijwit) fi(w) : wy = w%k)} fort <0

and so

f(t)=ir ), Res {exp(—irwrt) fi(wr) : wy = w%k)} fort < 0.
Im(wgk))>0

Case II: Suppose fl (w1) has infinitely many poles wgk) fork =1,2,..nin x, > B and we arrange them in

such a way that w%l) < |w§2) | < |w§3) |..... where wgk) | = c0ask — oo. We then consider a sequence of contours

I'x consisting of the segments [— xgk) +i1xg, xgk) + i1x7] and the semicircles Cy of radii ry = cugk) | > B enclosing
the first k poles wgl), wgz), w%s), ....... wgk) (See Figure 3 in Appendix).Then by Cauchy’s residue theorem we get

that
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27wy ), Res {exp(—iywrt) fi(ws) : wy = wgk)}

Im(wik))>0

= /1" exp(—i1w1t)]?1 (w1)dwy

= / exp(—iywit) fi(w )daw

+11XZ
+/ exp —11w1t)f1(w1)dw1 5)

+11XZ

Now for t < 0, in the procedure similar to Case I, employing Jordan lemma here also we may deduce that

lim exp(—ilwlt)fl(wl)dwl =0.

i |—s00 /CR

Hence in the limit |w§k)| — oo ( which implies that |x§k)| — 00), (EI} leads to

00-4-11Xp . —~
/ exp(—llwlt)fl (a)1)da)1

—oo+i1 X2

=2mi; ), Res {exp(—iywrt) fi(wr) : wy = wgk)} fort <0

and as its consequence

f(H)=i1 ). Res {exp(—irwnt) fi(wr) : wy = wik)} for t < 0.
Im(wik))>0

Thus for x, > 0, whatever the number of poles is finite or infinite, from the above two cases we obtain the
complex version of Fourier inverse transform as

f(t)=i ), Res {exp(—ijwrt) fi(wy) : wy = wik)} fort < 0. (6)

Im(wik) )>0

We now consider the Case Im (w7) = x, < 0. The complex valued function ]?1 (w1) is continuous for x, < 0 and
holomorphic in —a < x» < 0. Introducing a contour I, consisting of the segment [~R’, R'] and a semicircle

Cl of radius w;| = R’ > a with centre at the origin, we see that all possible singularities (if exists) of fl (w1)
ok

must lie in the region below the horizontal line x, = —« . If @y ) fork = 1,2... are the poles in x, < &, whatever

the number of poles are finite or not for R’ — oo, in similar to the previous consideration for x, > 0 we see
that for t > 0 the conditions for Jordan lemma are met and so

f(H)=—i1 ), Res {exp(—iywrt) fi(ws) : wy = wgk)} fort > 0. (7)
Im(w§k>)<0
We then assign the value of f(t) at f = 0 fulfilling the requirement of continuity of it in —co < t < 0. This
completes our procedure in complex w; plane.
Similarly in wy (= y; + i1y2) plane the complex version of Fourier inverse transform of f,(w,) will be

1 y1+ity2

f(t) = 5= lim / exp(—irwat) fo(ws)dws ®)

27 1= Jyr tiry

where the integration is to be performed along the horizontal line in w, plane. Employing the contour
integration method, we can obtain that

f(ty=ir Y. Res{exp(—ijwst)fo(ws): wy = wgk)} fort <0
Im(wgk))>0

=—i1 ) Res {exp(—iywat) folwy) : wy = wék)} fort >0 )

Im(wék) )<0

and the value of f(t) at t = 0 can be assigned fulfilling the requirement of continuity of it in —co < t < co.
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2.2 Bicomplex version of Fourier inverse transform.

o~

Suppose f(w) is the bicomplex Fourier transform of the real valued continuous function f () for —co < t < oo
where w = wiey + wrey and f(w) = fi(wi)e; + fa(wy)ep in their idempotent representations. Here the

symbols wy, wo, f1 and f, have their same representation as defined in section 2.1. Then f(w) is holomorphic
in
Q={w=(x1+i1x2)e1 + (y1 +i1y2)e2 € Ca
= < X, Yp < B,—00 < x1,y1 < 0} (10)

Now using complex inversions[2]and[8} we obtain that
f() = f(H)er + f(t)er
1 , = 1 . =
=[x ./01 exp(—irnt) fy(wn)derler + 5 [ exp(=irwnt) fa(wn)dwsles

2
1 . ~ ~
= 5 |, el + @)t {filwner + flw)er}d(wier +wrer)
1 . ~
= 5 [ exp{=ir(whf(w)dw an
where
Dy ={w=x1+i1x € C(i1) : —00 < x1 < 00, —a < xp < B},

Dy ={w=y1+i1y2 € C(ir) : =00 <y1 <00, —a <y < B}

and D be such that D; = P;(D), Dy = P>(D). The integration in Dj and D are to be performed along the lines
parallel to x; -axis in w; plane and y;-axis in w, plane respectively inside the respective strips —a < x; < 8
and —a <y < B. As aresult,

D={weCy:w=wie; +wrer = (x1 +i1x2)e1 + (y1 + i1y2)ea} (12)
where —oco < x1,y1 < 00, —& < x2,y2 < B. In four-component form D can be alternatively expressed as

X1 +y1 . X+ Y2
) +11 5
—00 < x1,1 < 00, —a < x2,Y2 < B}

2—X2 .. X1— Y1
/ +l1127y,

DI{WGCzi 5 5

+ip

Conversely, if the integration in D is performed then the integrations in mutually complementary
projections of D namely Dy and D; are to be performed along the lines parallel to xj-axis in w; plane and
y1-axis in w; plane respectively inside the strips —a < x2,y2 < B by using the contour integration technique.
So using2|and|[8] we obtain that

o || expl—i(wn)flw)dw
1
= o

~5= [, exp(—hrt)fi(w)dwile + 5= [ exp(—iwat) o(wn)dwnles

2

/D exp{—i1(wier + wrex)t}{ fi(wr)er + fo(wa)es td(wier + woes)

1 jootiix . ~ 1 footity . ~
= [—/ exp(—iwit) fi(wr)dwr]es + [—/ ~exp(—ijwat) fo(wy)dws]er
27T J —cotiyxy 270 J—cotiry,

= f(t)er + f(t)ea = f(t)

which guarantees the existence of Fourier inverse transform for bicomplex-valued functions.
In the following, we define the bicomplex version of Fourier inverse transform method.

-~

Definition 1. Let f(w) be the bicomplex Fourier transform of a real valued continuous function f(t) for —oco < t < oo

~

which is holomorphic in 12.The Fourier inverse transform of f(w) is defined as

£0) = 5 [ ewpl-ir(wn) flw)dw

where D is given by[12} On using|6][7|and 9| this inversion method amounts to
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fty=ier L Res{exp(—irwnt)fi(wr) s wr = wf)

Im(wék))>0

+ie; ), Res {exp(—iywot) folwy) : wy = wék)} fort <0 (13)

Im(wék))>0
and R L
f(t) = —irey Res {exp(—ijwit) fi(wr) s wy =@y }
Im(wik))<0

—ie; ) Res {exp(—ijwat) fa(wy) : wy = wgk)} fort > 0. (14)

Im(wék))<0

We assign the value of f(t) at t = 0 fulfilling the requirement of continuity of it in the whole real line (—oc0 <
t < o).
The following examples will make our notion clear:

Example 2. 1.If f(w) = -2 for a>0 then

a2+w?
~ 2a
W) = ——,
fi(wr) poy
~ 2a
Wy) =5
fZ( 2) llz—i-(U%

and in each of w; and w; planes the poles are simple at i1a and i1a . Now employing[I3|and [14} for t < 0
we obtain that

f(t) = i1e1 Res {exp(—ilwlt) Wy = iltl}

a2+w%

2a
+i1e0 Res {exp(—ijwot) —— : wyr = 114
162 Res {exp( 12)a2+w% » = ia}

= ijer{—iy exp(at)} +irex{ —iy exp(at)} = exp(—alt|)
and fort > 0,

2a
t) = —ije; Res {exp(—ijwit) —= : w1 = i1a
f(t) 161 Res {exp( 11)a2+w% 1= ia}

—ijep Res {exp(—ijwyt) twy =ia}

a2 + w3
= —ije1{iy exp(—at)} —irex{ir exp(at)} = exp(—alt|).

-~

Now for the continuity of f in the real line, we find f(0) = 1. Thus the Fourier inverse transform of f(w)
is f(£) — exp(—alt]).
Example 3. 2. If

-~

flw)

—

1 1
== — — —] for T,wp >0
2w+wy+d w—wo+

then in each of w; and wy plane the poles are at (wy — 171) and (—wq — 171) . For both the poles the imaginary
components are negative and so the poles are in lower half of both the planes. In otherwords, no poles exist
in upper half of w; or w; planes and as its consequence f(f) = 0 for t < 0. Now att > 0,

. . -~ i
f(f) = —1e Res {exp(—llwlt)fl ((Ul) LW = —Wwo — %
) ) ~ i
—ireq Res {exp(—ijwit) fi(wr) : w1 = wp — %
. . - i
—i1ep Res {exp(—ijwat) fa(ws) : wy = —wp — %
i

—i1es Res {exp(—i1w2t)f2(w2) Wy = wo — T
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1 t . .1 t .
= —11€1§GXP(—T)9XP(116000 thery eXP(—f) exp(—iywot)

1 t . o1 t .
— 11625 exp(—f) exp(ijwot) + 11€2§ exp(—f) exp(—ijwot)

1 t . o1 t .
= —115 exp(—T) exp(iywot) + 115 exp(—?) exp(—ijwot)

= exp(—%) sin(wot).

Finally, the continuity of f(t) in the whole real line implies that f(0) = 0.
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1 Introduction and Preliminaries

In the philosophy of mathematics intuitionism is an approach where mathematics considered to be purely
the result of the constructive mental activity of human rather than the discovery of fundamental principles
claimed to exist in an objective reality.Intuitionistic sets and Intuitionistic points are introduced by D.Coker
[3] in 1996. This concept is originated from the study of zadeh [7] who introduced Intuitionistic fuzzy set in
the year 1965. This concept is the discrete form of Intuitionistic fuzzy set and it is also one of several ways
of introducing vagueness in mathematical objects. After coker introduced Intuitionistic set and Intuitionistic
topology several papers were published in intuitionistic fuzzy topology. It is known that filters are used to
define convergence and hence limits. In this paper, we defined filters based on intuitionistic sets and derived
various properties of intuitionistic filter.

Definition 1.1. [3] : Let X be a nonempty fixed set. An intuitionistic set (IS for short) A is an object having the form A
=< X, Al, A% =~ where Al and A? are subsets of X satisfying A' N A% = ¢. The set Al is called the set of members of

A, while A? is called the set of non members of A.

Definition 1.2. [3] : Let X be a nonempty set. Let A = < X, AV A - and B =< X, B, B2 = be an intuitionistic sets
on X and let {A; : i € J} be an arbitrary family of 1S’s in X, where A’ = < X, A;', A? = .Then

(1) ACBiff A C Bland B2 C A2
(2 A=Biff ACBand BC A.

B) UA;j==<X UALNA? .
4 NA =<X,NAYUA? -
(5) X==<X,X,¢ >~

6) p=<X, ¢, X ~.

*Corresponding author.
E-mail address: rajiarul2000@gmail.com (R.RajaRajeswari), sugunadevi06@gmail.com(K.Suguna Devi), durgapugal@gmail.com (N.Durga
Devi).
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2 Intuitionistic filter

In this chapter we introduced intutionistic filters and study some of its basic properties.

Definition 2.3. An intuitionistic filter (Zx for short Jon a nonempty set X is a family of IS’s in X satisfying the
following axioms :

(Zr): ¢ ¢Lr

(Zry): IfFEZrand HDF then H € Tr.

(Zr3): IfFeIrand He Iy  then FNH € Ir.

In this case the pair (X, Lr) is called an intuitionistic filter.

Example 2.1. Let X = {a,b} and consider the family Tr = {X, A1, Ay} where Ay = <X/{a},{b}-,
Ay = <X {a},¢>.Then (X, Tr) is an intuitionistic filter on X .

Example 2.2. Let X = {a,b,c} and consider the family Tr = {X, A1, Ay} where Ay = < X{a,b},¢ =,
Ay = < X Ab,c},p>. It is not an intuitionistic filter on X as < X, {a,b}, ¢ = N <X, {b,c}, ¢ = =< X, {b}, ¢ >
which does not belong to Ix and hence axiom (L x3) is not satisfied.

Result 2.1. Let {F; : i € [} be a family of intuitionistic filters on X .Then Njc| F; is an intuitionistic filter on X .

Proof. Let F; = {< X, F!,F% =: i € ]} be any nonempty collection of intuitionistic filters on X.
Let F=N{F:i€J}.
To prove that F is an intuitionistic filter on X.
Since each F; is an intuitionistic filter on X, < X, X,¢ > € F; for all i.
Hence < X, X,¢ = € N F,.
= <X, X¢ €< F.
Therefore F is nonempty.
(i) Since < X, ¢, X = ¢ F; for alli €].
Therefore < X, ¢, X = & Ny F;i = F.
(ii) Let < X, A, A%2 = € Fiforalliand < X, B!, B2 = D < X, Al, A% ~.
Since each F; is an intuitionistic filter on X.
= < X,B!, B2~ c Fforalli.
= <X,B!, B>~ €N F=F.
(iii) Let A= < X, AL,A2 -~ ¢ FandB= < X, B ,B> = ¢ F.
= <X, Al,A%? = c Fiforalliand < X, B!, B> = € F; for all i.
As each F; is an intuitionistic filter on X.
Therefore by Axiom (Zr3) < X,A' " B!, A2U B? = € F; foralli.
Hence ANB e F.
Therefore N;¢; F; is an intuitionistic filter on X . O

Corollary 2.1. Union of intuitionistic filters need not be an intuitionistic filter and it is Justified by the following
example.

Example 2.3. Let X ={a,b}. Zr1 ={< X, ¢, {a} =, < X, {a}, ¢ =, < X, {b},¢ =, < X, {b}, {a} -, < X, X, ¢ >,
< X, ¢0,¢ >} and ITr, = {< X,¢,{b} =, < X, {a},¢ =, < X, {b},¢ -, < X, {a},{b} - < X, X, ¢ >,
< X, 9,0 -} Tri UZpy ={=< X, ¢,{a} =, < X, ¢,{b} =, < X, {a}, ¢ =, < X, {a},{b} -, < X, X, ¢ >,
<X, 9,0 -, <X, {b},¢ -, < X,{b},{a} >} is not a intuitionistic filter as it does not satisfy the Axiom IF3.

Definition 2.4. A family F; = {< X,F!,F? =: i € ]} of intuitionistic sets in X satisfies the finite intersection
property(FIP for short)if every finite subfamily {F; : i = 1,2,.n} of F; = {< X, !, F;* =: i € ]} satisfies the condition
m,?1:11:1' 7& gb

Theorem 2.1. Let X be a nonempty set. Let C = {< X, KYLK? =i = 1,2, 3,...n} be a nonempty family of

intuitionistic sets of X.Then there exists a intuitionistic filter on X containing C iff C has finite intersection property.

Proof. Suppose that C = {< X,K;!,K;? =:i =1,2,3,...n} has finite intersection property.
Let G = {B : B is the intersection of finite subfamily of C}
As C has finite intersection property , it follows from definition, < X, ¢, X >~ ¢ G.
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Consider the collection Zr = {A; =< X, A;!, A;? =: A; contains a member of G }.

By the construction of Zr,we have < X, NK;!, UK;?> = C <X, Al A2 -

= NK;' C A;'and A CUK2.

SonN Kl‘l - Kl‘l - Ail and Al‘z - Kiz - UK,’Z,

That is Kil - Ailand Al'2 - K,‘z.

Hence < X, Kil, Kiz - C <X, Ail, Aiz —

Therefore C C Zr.

To prove that Zr is an intuitionistic filter on X.

Axiom (Zry ) : By the construction of Zr, we have <X, NKL, UK? = C <X, ALA? -
= NK;' € A;' and A;?> C UK;? and < X ¢, X = & G. (by the finite intersection property)
Hence < X,¢p, X >~ ¢ Lr.

Axiom (Z7,): Let < X, A}, A2 = € Tr.

= <X, A1LA2 =D <X, NK L UK .

If <X, Ayl, A2 = D < X, Ay, Ai? then <X, Ay, Ax2 = D < X, N Kyl UKp? >
Therefore < X, Ay!, Ay = € Tr.

Axiom (Zr3): Let < X, A1Y, A2 - € Zrand < X, Al A% - € Ir

To prove that < X AN A, AP U Ay - € Ir.

Since < X, A1}, A;2 = € Trand < X, Ay}, A2 = € I7.

So that both < X, A1}, A1? = and <X ,A,', A,? = contains some members of G say
<X, A1LA2 =D <X, NKLUK? =, < X, A28, A2 D <X, NKy!, UKS = Where < X, N K1, U K2 >~
and < X, N Ko, UKy? = € G.

Since <X, N K3, UK;? = and < X, N Kx!, UKy? = € C.

= <X, NK, UK?=N=<XNK!'UK?=€C

= <X, NKHNNK?Y), (UK UUK? =eC,

But < X, A1}, A2 = D <X, N K;', UK? = and < X,Ax!, Ax2 D <X, N Ky!, UKy? >~

= <X, A1, A2 = N < X,ALAS = D <X, NK}, UK = N <X, N K}, UKy? =

= <X, A" N AL, AP U A - D <X, (NKHN(NKY), (UK U (UK?) =

= <X, (NKHNNKY, UKHUUK?) = C<X,Al N Al A2U A -

= (NKH)N(NK?) C Al nAland A2 U A3 C(UK?) U (UKR?) =

Thus <X ,A;' N A}, A1 U A% = € T5.

Therefore Zr is an intuitionistic filter on X containing C.

Conversely, Let Zr be an intuitionistic filter on X containing C .

ThenZr DCDOG.

Now Zr being an intuitionistic filter on X, < X ,¢, X = € Zr.

So < X, X = ¢ G.

Again < X, N;—1" K1, UK? = # < X ¢, X =

Therefore C must have finite intersection property. O

Remark 2.1. The intuitionistic filter Zr as defined in Theorem 2.1, is said to be generated by C and C is said to be a sub
base of Tx.

By Theorem 2.1, we have C is a sub base for Zr < C has F.I.P.

Also the intuitionistic filter T obtained above is the coarsest intuitionistic filter which contains C.

Because, if Trq is any other intuitionistic filter containing C ,then Ix1 must contain all finite intersections of
members of C and their supersets.

Hence Ir1 D Ir.

This implies Zr is coarsest of all intuitionistic filters on X which contains C.

Theorem 2.2. Let Zr be an intuitionistic filter on a nonempty set X and A = < X, Al, A? = be an intuitionistic set
in X.Then there exists a intuitionistic filter Tr1 finer than Tx such that < X, Al, A? = € Tz ifand only if < X, A,
A2 =N <X G, G?~ # foreveryG=<X,G!, G?>~ € Ir.

Proof. Let ANG # ¢ for every G € Zz.

LetC={ANG:GeIr}.
We need to show that C has F.I.P.
Let {AN(G; =< X, G, G/ =):i=1,2,3,...n} be a collection of finite number of members of C .
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Then N {AN(G; =< X,G,G?>):i=1,23...n} =AN{NG;:i=1,2,3,..n}.

Butby Axiom IF3 N {G;:i=1,2,3..n} € Zr.

Therefore N1 {ANG;:i=1,2,3..n} = AN Gwhere G=N{G,; :i=1,2,3...n} # $ by hypothesis .

Thus C has finite intersection property and hence by Theorem 2.1, there exists an intuitionistic filter say
Zr1 on X which contains C.

Let G be any member of Zr so that A N G # ¢ is a member of C.

Also as shown above Zr is an intuitionistic filter on X which contains C.

Hence A N G is also a member of Zr;.

ButGDANGETZr .

Therefore by Axiom (Zr,), G € Zr;.

SinceGeZr=Gelr.

Therefore Zr C Zr .

i.e Zrq is finer than Zx.

Conversely, let Zr1 be an intuitionistic filter on X and A € Zrq and Zr C Zr;.

Let G be any arbitrary member of Zr.

Since Zr C Zr1, we have G € Zx;.

Also itis given that A € Zr.

Hence ANG € Zx,.

Further AN G # ¢. O

3 Supremum and infinimum of intuitionistic set of intuitionistic filters

Definition 3.5. Let M7 r be a nonempty collection of intuitionistic filters on a nonempty set X such that
Mzy={Tr; =< X,F!,F?* = and T; is an intuitionistic filter on X}. Then L; is said to be the
supremum of Mz r if and only if
(a) L, is finer than every other intuitionistic filter in M1 r.

(b) If Ip;* is any other intuitionistic filter on X, which is finer than every other intuionistic filter in Mz r,
then Tr; is coarser than Ip; .

Definition 3.6. : Let M1 r be a nonempty collection of intuitionistic filters on a nonempty set X such that
Mzr={Tr; == X,E',E? = and Tr, is an intuitionistic filter onX}. Then T; is said to be
the infinimum of Mz r if and only if
(a) L, is coarser than every other intuitionistic filter in Mz x .
(b) If Zx} is any other intuitionistic filter on X, which is coarser than every other intuionistic filter in Mz r,
then Zr; is finer than T ]_‘11.

Remark 3.2. : If Mz is any nonempty class of intuitionistic filters on X, then infinimum of M7y always exists
because we know that there is at least one intuitionistic filter {< X, X, ¢ =} on X which is coarser than every member
of M1 x . Also supremum of M7 z may or may not exist as will be clear from example given below.

Let X = {a, b, c} on which we have the following intuitionistic filters. Try = {< X, X, ¢ >},

Ir,={<XX, ¢+ <XA{ab}, o=}, Irz={<XX, ¢, <X,{bc},¢>},

Ira={<XX, ¢~ <X A{a,c}, ¢ >},

Irs={<XX, ¢~ <X {a}, ¢~ <X {ab}, ¢~ <X {ac} ¢ >}and

Ire={<XX, ¢ <X A{b}, ¢~ <X {a,b}, ¢~ <X {bc},¢>}.

Let My7r ={Zr1,Zro,Lrs, Lry} clearly Try is the infinimum of Myz r, as it is the only intuitionistic filter

on X which is coarser than every member of M7 r. But on the other hand M1 z has no supremum as there is

no intuitionistic filter in M1 z which is finer than each member of M7 r.

Again let Moz r ={Zr>,Zr3,Zre}-

Clearly Tr is the finest of all intuitionistic filters in My r and it is coarsest of all intuitionistic filters on X which

are finer than every member of Mz r.Therefore Lrgq is supremum of Moy r and it is a member of Moz .

Theorem 3.3. : Let M1z = {F; : i € J} be a nonempty collection of intuitionistic filters on a nonempty set X. Then
M7z has a supremum if and only if the collection of all Intuitionistic subsets of X in the union of members of Mz
has the finite intersection property.
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Proof. Let Zr = U {F; : i € J} have the finite intersection property.
By Remark 2.1, there exists the coarsest intuitionistic filter on X containing Zr and
let that intuitionistic filter as Zr .
But Zx is finer than every member of Mz~ .
Thus Z £ is the coarsest intuitionistic filter on X which is finer
than every member of M7 7 .
Hence by Definition 3.5, Zr4 is a supremum of M7z .
Conversely, Let M7 r has a supremum say < X, F 1 F2y .
By Definition 3.5, < X, F 1 F2 » is the coarsest of all intuitionistic filters on X which are finer
than every member of Mz r .
That is Zr is the coarsest of all intuitionistic filters on X such that Zr D U {F;:i € J}.
Therefore U {F; : i € ]} must have finite intersection property. O

4 Intuitionistic filter base

Definition 4.7. Let X be a any nonempty set. An intuitionistic filter base(Lr 3 for short) on X is a nonempty family
L rp of intuitionistic subsets of X satisfying the following axioms :

(@) <X, ¢, X>¢Lrp.

(D) IfA€lrgand B € Irp, then there exists C € Zrgsuchthat ANB D CorCCANB

Example 4.4. Let X ={a,b,c,d}. Then {< X, {a},¢ =, < X, {a,b}, ¢ -, < X, {a,c}, ¢ >,
< X,{a,b,c},{d} =, < X,{a,b,d},¢ >} is an intuitionistic filter base in X.

Remark 4.3. : Trp has finite intersection property.
Remark 4.4. Every intuitionistic filter is an intuitionistic filter base.

Theorem 4.4. : Let Zrp = {< X,G;!,G? =: i € J} be a family of intuitionistic subsets of a set X.Then Lry3 is an
intuitionistic filter base on X if and only if the family L r consisting of all those intuitionistic subsets of X which contain
a member of Lr g is an intuitionistic filter on X.

Proof. By definition of Zr , each member of Zr g is also a member of Zr.
So that Zrz C T and as Zrp is an intutionistic filter baseie < X, ¢, X - ¢ Irp .
Therefore < X, ¢, X = ¢ Zr.
Let Zr = {< X,F',F? =: i € |} be an intuitionistic filter on X.
We need to show that Zr 5 is an intutionistic filter base on X.
By Axiom (Zr), wehave < X, ¢, X = ¢Zrand Zrp C If.
Hence < X, ¢, X = € Trp.
Thus condition (a) for Zx g is satisfied.
Nowlet < X, Fi', F;2 = and < X, ', K2 = € Trp
thenas {< X,G',G? =:ie ]} C{< X,FL,F?~:ie ]}
It follows that < X, Fi!, F2 = and < X, h!, K% = € Tr = < X, i N B!, {2 U K2 = € Zr by Axiom IF3
and hence by the definition of Zr, there exista < X, Gl,G?-€T B
such that < X, GL,G? - C <X, F' N K, F2UR? -
Thus corresponding to < X, ELE?2-and <X, B, B2>-€T FB
there existsa < X, G!, G2 -~ € Irp
suchthat < X, G1,G2 = c <X, ' N K, {2 UR? ~.
Hence condition (b) for Z x5 to be an intuitionistic filter base is also satisfied.
Conversely, Let Zr be an intutionistic filter base on X.
We need to show that Zr = {< X, F;!, F? =} is an intuitionistic filter on X.
By condition (a) of intuitionistic filter base < X, ¢, X > & Zrp.
Hence < X, ¢, X > ¢ Ir as I is the collection of all those intuitionistic subsets of X
which contains a member of Zr .
Againlet < X, A1, A% = € Tr and < X, B!, B> = D < X, AL, A? ».
Then by definition of Zx, A contains a member of Zr 5 say < X, Gl, G? .
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Therefore < X, G!, G2 = C < X, A!, A2 = and < X, A}, A2~ C <X, B!, B? - .

Hence < X, G}, G2 = c <X, B!, B2 >and < X, B!, B2 = € .

Hence Axiom (Zz,) is satisfied.

let <X, B!, F2>=and <X, B!, B2 - € Zr so that there exist members < X, G, G? =€ Zrpand
<X, Gy!, Go? = € IFB such that < X, G}, G2 = € < X, i, Fj% = and

<X, Gl G =C <X, R, R~

Hence <X, Gi! NGl G2UG? = Cc <X ANk, F2UR? ~.

Since < X, Gll, G12 > and < X, G21, G22 >~ € Zrp and Trg is a intutionistic filter base on X,

so by condition (b) of intutionistic filter base < X, GiL, G2 -N=<X G, G2 ==

<X, G'NG,G2UG?-=<X,GY, G2 - say also belongs to Zrg.

Hence < X, G}, G2~ Cc <X, F' N KL, F?PUR?>or <X, ' NEKE!, F2UE? -

contains a member of Zrp.

So that < X ,F;' N K, 2 U E? = € Zr whenever < X, i, ;2 = and < X, ', K% = € Tr.

Thus Axiom (Zr3) is satisfied.

Hence 75 is an intutionistic filter on X and is known as the intuitionistic filter generated

by the intuitionistic filter base Zr g and Zrp is a subfamily of Zr. O
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Abstract

In this paper, we present new generalizations for some integral results related to Hardy inequalities. For our results,
some recent results of Hardy type and other interesting inequalities of integer order of integration can be deduced as some
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1 Introduction

The classical integral inequality of Hardy is the following [4] :

/xp(/f dt) dx<< )/fl" (1.1)

where p > 1, x > 0, f is a nonnegative integrable function on [0, co[. The constant %  is the best possible.
During the past decades, the inequality has been developed and applied in almost unbelievable ways. This
inequality plays an important role in analysis and its applications, see [1H3} 6-11} 13} [15][18] and the references
therein.

Let us recall some results that have motivated our work and have been reported in the previous literature. We
begin by [12], where N. Levinson established the following generalization:

/ab <F§cx))pdx < <pl>p/abfp(t)dt, (1.2)

where f > 0on [a,b] C [0,00[,p > 1,and F(x) = [ f(
Then, W.T. Sulaiman [17] presented the followmg smular Hardy inequality:

p/ab (I:(xx))pdxg(b—a)p/ab (f(xx))pdx—/a (1—7) FP(x)dx (1.3)

Recently, B. Sroysang [16] presented the following generalized result

p/ab Fic( iz < / fp /ab (x;iqa)pf”(x)dx. (1.4)

The important integral results presented very recently in the paper of S. Wu et al. [14] is another motivation
for us. For our results, some inequalities of this reference can be deduced as some special cases. We also
generalise some results obtained by the authors of [16, [17].

*Corresponding author.
E-mail address: zzdahmani@yahoo.fr (Z. Dahmani)
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2 Preliminaries

In this section, we present some preliminaries that will be used to prove the main results [5].

Definition 2.1. The Riemann-Liouville fractional integral operator of order a > 0, for a continuous function f on [a, b]

is defined as

]s‘[f(t)}:r(la)/ﬂt(t—ﬂ”‘1f(T)dT,o¢>0,a<t§b, 25)

where T (« fe uyr=lgy,

For a > 0, B > 0, we have the following properties:

JeT Lf O] = T P £ (1) (2.6)
and
JRIE LF () = Ja s [f (). 27)
For the expression 2.5), when f(t) = (t — a)¥, we get:
T — a)l = M(t — )t e [a,b), 2.8)
Fort = b, we put
b
PO =g [, 0- T F @ 29)

3 Main Results

Throughout the paper, all functions are assumed to be positive and all the integrals appear in the inequalities
are exist and finite.

Theorem 3.1. Lef 17 be a nonnegative real number, and let f > 0and ¢ > 0 on [a,b] C [0,00[. If x;(“;;” is non-
increasing, then for all p > 1, & > 0, the fractional inequality

/h (Js‘f (x))” i
a \ 8(x)
/11— %)
= (a(p—1) —P—I—%)W*l(l %4-0() (3.10)
" {(b_“)a(p_%_;g (15 [(g%(b—ﬂm)p(b_a)l—;])
—Ja [(%(b —a+n) i (b a)lJrzx(pfl)pr
is valid.
Proof. We have:
/ <m; () )> A (3.11)
p—1 1— p
/ g’ (/ LAY ><t—a>p2<t—a>p2”dt) i,
Thanks to the fractional Holder inequality [4], we obtain:
b o p
/ ( ;Ei?)) P T (3.12)




A.Khameli et al. / New inequalities of Hardy type

It yields then that
bR ()
/a (]g(xgc> o
< o [ ew [ (6o poe-oTa)
X /ux(x t)“‘l(t—a)f’ldt)pldx
— o [t [(a-oroe-o a) (Js%x—a)rf)pl dx
Therefore,
(]gf X )
< -y /g (+=3)-1
T T(a)IP1(1 - 1+zx
x / ((x ey (- a)r’ldt) dx.
This is to say that

INCopl

1
I )?; 1(< 1)+a) / b (x<_ y )p<xfl>“(p‘”‘l‘“5
x/ax <(x—t)“1f”(t)(t—a)ppd)dx

rri(1—1) blx—a+n)’ a(p-1)-1-p+1
r(a)rr’—l(l},m)/( 3(x) ) e

x/ax <(x—t)"‘_1f”( Vt—a) T dt) dx.

IN

xX—a+n

Since S OR is non-increasing and with the change of integration order, then we can write

PO

“1(1_1 .
/-1 p) /b(t—a+17>p(b_t)a—lfp(t)(t_a)pp

T(@)IP1(1— 1 +a) Ja 8(t)

x (/tb(x—a)“(” D-1- P*pdx> dt.
[ () =

-1y
Y @)1=y +a)(a(p—1) —p+

) /ub (t_gtzt)M)p S
x ((b —a) " PP (- a)"‘(”””*%) dt.

Consequently,

5)
)pT
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(3.13)

(3.14)

(3.15)

(3.16)

(3.17)
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Therefore,
N HECIA
A ¢(x) )
rr—1(1 - %)
3.18
(€(p—1) —p+ PT@IP 11— 1 +a) (3.18)
<[ (Y - ey
b t— 4
- (551 (b—t)"‘1fp(t)(t—a)“(P1)P+1]_
It follows that

1) o

rr=1(1 -1
= 1 - 1 (3.19)
(@(p=1) —p+ H)IP1(1 -1 +a)
X {(b - “)Mpil)iw%]{? [(g(:;(b —a+ n))p (b— a)’”#]
f(®)

—J5 (S —a+m) @—arrer-vr]].

O

Remark 3.1. Putting « = 1 in Theorem 3.1, we obtain Theorem 3.1 of [14].
Corollary 3.1. Let f be a nonnegative function on [a,b],a > 0and 0 < y < a. Then for all p > 1,a > 0, we have

[ (£ Y

a xX—a-+ 77
rr-1(1 -1
—t : (3.20)
(a(p=1)—p+ )" 11—y +a)

(0= g (-0 ) < (7 @6 - ey .

Remark 3.2. Putting « = 1 in Corollary 3.1, we obtain

/ﬂb(x—a—i—n)p (/axf(t)dt)pdx

p N -ty
< (p_1> [/u P (1) (1 (b_a)l_;>dt] (3.21)
<

(L)p /ubf”(t)dt.

Moreover, it is clear that for 0 < y < a, we have

[ () s [ (M)pdx (3:22)

Hence, the inequality implies Levinson inequality (T.2).

We prove also the following theorem.
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Theorem 3.2. Let f > 0and g > 0on [a,b] C [0, oo[ such that g is non decreasing, then forall p > 1,4 > 0, > 0,
we have

b (Jaf (x))"
| St
1
(ap —a+1)IP 1 (a+1) (3.23)
% —a ap—a+l ra fp(b) B fP(b) —a ap—a+1
oo Gy )~ (G -]
Proof. We have:
b x p
/a = gj;((;c))) dx= | &7(x) (/a r(lw) (xf)"‘_lf(t)dt> dx, (3.24)
and then,
P (JEf (x)P
i
b 1 11P
< [le [t o' e 629
Therefore,
/ah (]g;; ((;C)) P i (3.26)
X x p—1
< /abg_q(x) l(r(la)/ (x—t)"‘_lfp(t)dt> (F(la)/ (x—t)"“ldt> ]dx.
Hence, we can write
/H i f((;? P (3.27)
FP Ta+1) / g’ </ t)a_lfp(t)df) (x —a)*P~Vdy.
Since g is non decreasmg and with the change of integration order, we obtain
/,,b ( ZJ;((;)))pdx (3.28)
b b
= F(tx)l"r’—ll (x+1) /{/7 g ()b - t)“ilfp(t)dt/t (x — a>a(pil)dx-
Therefore,
b (Jaf (x))”
| St
b
(ap—a+ 1)rza)rnl(a 1) / SOICEURE0 (3.29)
% {(b _ a)zxp*wrl - a)wfm} it
This implies that
P JEf (x)P
| S
: (3.30)

(ap—a+1)IP Ha+1)
(oot (o) - | (5w) -7 ))
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Remark 3.3. (i) : Applying Theorem 3.2 for &« = 1, we obtain the first part of Theorem 3.5 in [14].
(ii) : Taking & = 1, g(x) = x in Theorem 3.2, we obtain Sroysang inequality (L.4).
(i) : Tuking & = 1, g(x) = x, p = q in Theorem 3.2, we obtain Sulaiman inequality (1.3).

The third main result is given by the following theorem.

Theorem 3.3. Let f > 0and ¢ > 0on [a,b] C [0, co[ such that g is non decreasing. Then, forall0 < p < 1,q > 0,
x> 0, we have

/ b U“;f;((;)) P i (3.31)
- _ 1\ap—a+1
(ap — a —fl;gﬂ)—l(oc +1) [( 112(:1) - Iap + 1)]Zp+lfp(a) - (- ”>apa+1]gfp(ﬂ)}

Proof. Using the weighted reverse Holder inequality, we obtain

b (2 (x))"
[

rvl(a)/;g_q(x) l(/ax(xt)“_lfp(t)dt); (/;(xt)“_ldt)l_;rdx
= o [ [([ o) g o 632

Therefore, we have

v

b (Jaf ()P
/ﬂ e (3.33)

r(t%)F”‘ll(oz +1) /abgqm(’C —a)*P=1 (/ﬂx(x - t)"‘lfp(t)dt> dx.

Thanks to the non decreasing of ¢ and with the change of the order of integration, it yields that

b X
S i rres ARG EETA ([ =0t ax
Consequently,
[
a gq X
1 a . + .
> T b ¢ 00w (./b (x —a)? 1>dx) dt
1 - .
B r(“)r”‘l(“+1)(ap—a+1)/b g ) (a—1* P () (3.35)
X [(t — g)txpﬂx+1 B (b B a)apfa+l:| At
Therefore,
b Uaf ()"
/a T (3.36)
1

(ap —a+1)T(a)TP 1 (a+1)
[(b—a)w=ett [P (a — 5 =1g(b) fP (1)t

— [ a =D Ib) () (=)ot
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and then,
b (Jaf (x)?
o
—4(p —1)ap—a+l " . .
(apwf 1)§p)—1<a+1> ( r)ox) (ap+1)]," " fP(a) = (b — )P i 7 (a) |
This ends the proof. O
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Abstract

We consider the nonlinear wave equation in a bounded domain with a time varying delay term in the
weakly nonlinear internal feedback

(|”t|7_2ut)t — Ayu — /Otg(t —s)Au(s)ds + u1p(ue(x, t)) + pop(ue(x, t —t(t))) =0,

we study the asymptotic behavior of solutions in using the Lyapunov functional , we extend and improve the
previous result due to [30] ,

Keywords: Energy decay; viscoelastic term ; time varying delay term.
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1 Introduction

In this paper we investigate the decay properties of solutions for the initial boundary value problem of a
nonlinear wave equation of the form

(|ut|7—2ut)t — Ayu — /Otg(t —s)Au(s)ds + prp(ue(x, b)) + pop(ue(x, t —t(t))) =0, in Qx]0, +oo,

u(x,t) =0, on I'x]0, 400/,

u(x,0) = ug(x), ur(x,0) = uq(x) in Q,

ur(x, t—1(0)) = fo(x, t —1(0)), in Qx]O,T(O)([, |
1.1

where Q) is a bounded domain in R", n € IN*, with a smooth boundary 0Q) = T, 7(t) > 0is a time varying
delay, y1 and p; are positive real numbers, and the initial data (u, 11, fo) belong to a suitable function space.
In absence of delay (1> = 0), the problem of existence and energy decay have been extensively studied by
several authors (see [31, [5], [6l, [9], [12], [13], [17], [23]) and many energy estimates have been derived for
arbitrary growing feedbacks (polynomial, exponential or logarithmic decay). The decay rate of the energy
(when t goes to infinity) depends on the function ¢ and on the function H which represents the growth at the
origin of 1.

Time delay is the property of a physical system by which the response to an applied force is delayed in its effect
(see [25]). Whenever material, information or energy is physically transmitted from one place to another, there
is a delay associated with the transmission. Time delays so often arise in many physical, chemical, biological
and economical phenomena. In recent years, the control of PDEs with time delay effects has become an
active area of research, see for example [1l, [26], [28] and the references therein. In [7l, the authors showed
that a small delay in a boundary control could turn such well-behave hyperbolic system into a wild one and

*Corresponding author.
E-mail address: ferhat.a@yahoo.com
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therefore, delay becomes a source of instability. However, sometimes it also can improve the performance of
the systems (see [26]).
To stabilize a hyperbolic system involving input delay terms, additional control terms will be necessary (see
[18], [191, [27]). For instance in [18] the authors studied the wave equation with linear internal damping term
with constant delay (i linear, T(t) = const in the problem (1.1)). They determined suitable relations between
u1 and yp, for which the stability or alternatively instability takes place. More precisely, they showed that the
energy is exponentially stable if y» < p; and they also found a sequence of delays for which the corresponding
solution of (1.1) will be instable if y > y;. The main approach used in [18], is an observability inequality
obtained with a Carleman estimate. The same results were obtained if both the damping and the delay are
acting in the boundary. We also recall the result by Xu, Yung and Li [27], where the authors proved a result
similar to the one in [18] for the one-space dimension by adopting the spectral analysis approach.
The case of time varying delay in the wave equation has been studied recently by Nicaise, Valein and Fridman
[22] in one-space dimension and in the linear case (i linear in problem (1.1) and proved an exponential
stability result under the condition

po < V1-— dyll

where the constant d satisfies
T(t)<d<1, Vt>0.

In [21] Nicaise, Pignotti and Valein extended the above result to higher-space dimension and established an
exponential decay.

Our purpose in this paper is to give an energy decay estimate of the solution to problem (1.1) for a weakly
nonlinear damping and in the presence of a time varying delay term.

In this article, we use some technique from (see [3]), [30]) and [31]).to give energy decay estimates of solutions
to the problem (1.1) for a nonlinear damping and a time varying delay term. To prove decay estimates, we
use a suitable energy and Lyapunov functionals and some properties of convex functions. These arguments
of convexity were introduced and developed by Lasiecka et al. [4], and [13], and used by Liu and Zuazua [15I,
Eller et al [8].

2 Preliminaries and main results

In order to state and prove our results, we need some assumptions, as well as, some lemmas.
First assume the following hypotheses
(H1) g¢:R* — RT is abounded C! function satisfying

¢(0) >0, 1 —/ g(s)ds=1<1,
0

and there exists a non-increasing differentiable function: ¢ : R; — R4 such that ¢/(t) < —&(t)g(t).

(H2) ¢ : R — R is a non-decreasing function of the class C(IR) such that there exist €1, c1, c; > 0 and a
convex and increasing function H : R — IR of the class C'(IR) N C?(]0, o) satisfying H(0) = 0, and H
linear on [0,€1] or (H'(0) = 0 and H” > 0 on |0, €1]), such that

crls| < [ip(s)] < cals| if |s| > ey, 22

S+ (s) < H '(sy(s)) if [s| <er. 2.3)

¥ : R — IR is an odd non-decreasing function of the class c! (IR) such that there exist ¢3, a1, 2 > 0
19’ (s)] < e 2.4)

a sp(s) < G(s) < wz s(s), 25)

where

with [ satisfying
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2
'y—lg%, ifn>2,
¥—1< oo, ifn<2.

(H3) 7 is a function such that

T € W¥*([0,T]),VT >0, (2.6)
O<p<t(t)<my, Vt>0, (2.7)
() <d<1, Vt>0, (2.8)

where 1y and 17 are two positive constants.
(H4) The weight of dissipation and the delay satisfy:

< D(](l—d)
H2S (i —ad) '

We now state some Lemmas needed later.

Lemma 2.1 (Sobolev-Poincaré’s inequality). Let g be a number with 2 < q < 400 (n = 1,2) or 2 < g <
2n/(n —2) (n > 3). Then there exists a constant c. = c«(Q), q) such that

lully < cllVull2 for € Hy(€).

Lemma 2.2. [30]. Forany ¢ € C}(R) and ¢ € H'(0, T), we have

/;/Qg(t’S)g"("’s)"’f("'”d"ds - 33 ((gw)(ﬂ + /(fg(s)dsl(PII%) =8¢l + (809)(t),

where .
(g09)(t) =/0 g(t—S)/QM)(x,s)—qo(x,t)|2dxds,
and
||¢|I%:/Q|(p(x,s)|2dx.

Lemma 2.3. [30]. For u € H}(Q)), we have

2

/Q (/Otg(t — ) (ulx, t) — u(x,s))ds) dx < (1—1)A(g0Vu)(t), (2.10)
where ,
(goVu)(t) = /0 g(t—s) /Q lu(x,s) —u(x,t)|*dxds,
and c2 is the poincaré constant and | is given in (H1).
We introduce, as in [18], the new variable
z(x,p,t) = ue(x, t —t(t)p), x€Q, pe(0,1), t>0. (2.11)

Then, we have
T(B)ze(x, 0, 1) + (1 — T (£)p)zp(x,p,t) =0, in Q x (0,1) x (0, +00). (2.12)
Therefore, problem (1.1) is equivalent to:

t

(|ut\7’2ut)t — Ayu— /0 g(t —s)Au(s)ds + uyp(ue(x, 1)) + pop(u(x, t — t(t))) = 0, in Ax]0, +oo],
T(t)ze(x,0,t) + (1 = T (H)p)zp(x,p0,t) =0, in 1x]0,1[x]0, +oo],

u(x,t) =0, on 002 x]0, +oo|

z(x,0,t) = us(x, 1), on x]0, +oo],

u(x,0) = ug(x), us(x,0) = uy(x), inQ,

z(x,p,0) = fo(x, —p7(0)), in 1x]0,1].

(2.13)
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where ¢ satisfies
pa(l— 1) p1 — dapy
— < —_— 2.14
a1(1—d) ¢ < %) 219
We define the energy associated to the solution of the problem (2.13) by:

B0 = T ol + 5 (1- [ ss) 1ui +€0e0) [, [ Getmpndodz, @19
Lemma 2.4. Let (u,z) be a solution of the problem (2.13). Then, the energy functional defined by (2.15) satisfies
E'() < = (1 = ()2 — pana) [ () dx
B =7 (O)m1 — a1 =) [ 201, 0p(a(x1,0) dx

(8'oVu)(t) — Qg(f)l\Vu(f)Hz

—~

(2.16)
+
<

o NI

Proof. Multiplying the first equation in (2.13) by u;, integrating over () and using integration by parts, we get

Zdt (||ut||7+ ||Vu||2) —l—m/ utlp(ut)dx—l—yz/ P(z(x, 1, t))ue(x, t)dx = 0. (2.17)

We multiply the second equation in (2.13) by ¢(¢)(z) and integrate over Q2 x (0,1), to obtain:

T t)AAl Zth(Z(X,P/t))dpdx = — / / —T ( (x 0, ))dpdx (218)

Consequently,

& (cor [ [ cttnn doe)

1 9 , 1
=€) [} [ 550 -TORCEEp O dpdx 4 )e) [ | Glelwpi)dxdp.
= &) [ (G(z(x,0,1)) ~ G(a(x,1,0)) dx + EOT' (1) [ Gla(x,1,1))) dx
1
+a0r(t) [ [ Gl o 1) dxdp.
From (2.17), (2.18), lemma 2.2 we get
E(1) <~ (u —~ 8(0ea) | unplun) dx (01— 7'(1)) [ Glz(x,1,0) dx a0

— 2 [ (0901, 0) dx -+ 3 (0Vu)(0) — 280 [Va(0) 3

Let us denote by G* the conjugate function of the convex function G, i.e., G*(s) = sup, g, (st — G(t)). Then
G* is the Legendre transform of G, which is given by (see Arnold [2], p. 61-62)

G*(s) =s(G) "' (s) = G[(G") ()], Vs 20 (2.21)
and satisfies the following inequality
st < G*(s) +G(t), Vs, t>0. (2.22)

Then, from the definition of G, we get

Hence

G (p(z(x,1,1))) = z(x, 1, O (2(x, 1, 1)) — G(2(x,1,1))

(2.23)
< (1 m)z(x, 1L, O)p(z(x L1)).
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Making use of (2.19) and (2.22), we have
E'(0) < = (i —&(Haz) [ wp(u)dx—(H)(1 7' (1) [ Glz(x,1,))dx
12 [ (Glu) + G (p(z(x,1,1))) dx
+ 5 (govu)(6) — 28O V()3
From (2.5) and (2.22), we obtain
E'() < = (n = ()2 — pana) [ () v
—(EMA =T (t)ar — pa(1 — ) /szlt z(x,1,t)) dx
+3(g0Vu)(6) — 28 Va3

Then, by using (2.8) and (2.14), our conclusion follows.

3 Asymptotic Behavior

In this section we prove the energy decay result by constructing a suitable Lyapunov functionnal.

We denote by ¢ various positive constants which may be different at different occurrences.
Now we define the following functional

L(t) = ME(t) + ep(t) + ep(t) +€l(t),
where
(1) :/Qu|ut|7*2utdx,
- —/Q|ut|7_2ut /Otg(t—s)(u(t) — u(s))dsdx,
and

1
= 2070 G(z(x, 0, 1) )dpdx.
| [e (2(x, p, £))dpdx

We need also the following lemma

Lemma 3.1. . Let (1,z) be a solution of problem (2.13), then there exists two positive constants A1,Ay such that

ME(t) < L(t) < LE(H), t=0,
for M sufficiently large .

Proof. Thank’s to the Holder and Young's inequalities, lemma 2.1, we have

/ ulus |V 2updx < Cg/ |u|7dx+€/ |ut\ldx
Q Q Q

< Cel|Vully +elluelly

< CeE3(t) + ceE(t)

< CE'T (0)E(t) + ceE(t),

/ ulug| " updx > —CE/ |u|7dx—e/ |y Tdx
o) o) 0

> —Ce||Vully — ellusll
> —C.E(t) — ceE(t)
> —C.E'T (0)E(t) — ceE(t),

(2.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)
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and

_ ’/ |ut|7_2ut/tg(t—s)(u(t)—u(s))dsdx

loee1 + 2/ (/ (t—s) u(t)—u(s))ds)zdx

1
2
3 (1m0 + =2 [t =5)I7u(e) = Vu(s) s
1
<3
0

IN

IN

IN

(el + (1 = 2 (g0vu) (1)),
it follows from (3.28) that Vc >

(1)) = e 270G (2(x, p, 5) ) dkdx

<c// z(x,p,s))dpdx.

Hence, combining (3.30)-(3.33). This yields

|L() — ME(#)[ =

() +el(t)
= (0)E(t) + ceE(t)ellut||y +e(1—1)c3(g0Vu)(t)

+c/0/01 G(z(x,p, t))dpdx.

)+

ep(t
< CcE

Where
|L(t) — ME(t)| < csE(t),

where c5 = max(cy,¢a, c3,c4). Thus, from the definition of E(t) and selecting M sufficiently large,

B2E(t) < L(t) < B1E(H).
Where 1 = (M — ec5), B» = (M + ecs). This completes the proof.

Lemma 3.2. Let (u,z) be the solution of (2.13). Then it holds

at? 2
2 1

B2 a1, 1) B+ e+ L )

Proof. We take the derivative of ¢(t). It follows from (3.26) that

d _
00 = [ (a2 + ],

using the problem (2.13), then we have

d t
G0 =7 = 1Vul3 + [ [ (=) Vuls) Vu(tdsdx

—pz [ 9oL )u(dx = [ pluu(t)dx

we estimate the third term in the right hand side of (3.39) as follows

t
/QVu(t)/O g(t—s)Vu(s)dsdx

IN

t 2
19u+ 5 [ ([ st =)1vu(6) = Tu(o)] + [Tu(o))ds ) d

_ 12 (1+Ha-1
2

< DD 3 +

(goVu)(t),

_1\2
i (t) < ((1+l)(1 l) +(V1+V2)’X ) ”v ||2+ (1 )(gOVM)( )

289

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)
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for the forth and fifth term in (3.39), Holder and Young’s to get

‘/Q () udx

1
< acg|Vull3 + o le ()13, (341)

and

(z(x,1,t))udx

1
< acd||Vul3 + L llp(z(x,1,6)3. (342)

Let A = l in (3.40) and using (3.41), (3.42), then (3.40) becomes

d 1+ =124 (u1 + p2)ac 1—1
dptn < o (LHDIZDE RO IRE ) ougz 4 LD v
(3.43)
€
+ B2 9001, ) B + el + S o) 5.
This completes the proof. O
Lemma 3.3. . Let (u,z) be the solution of (2.13). Then ¢(t) satisfies
¢/(t) < (14201 =D?2) | Vull3 — (g0 — o) el
0)c2
gl + SO o n
(3.44)

+ %(1 =D (2(a+1) + ) (goVu)(t)

1
+ch(l—Z)Zyz/nlpz(z(x,l,t))dx.

Proof. Now Taking the derivatives of ¢(t), using the problem (2.13), we obtain

?'(0) == [ (™m0, | gt — ) (u(t) — u(s))dsdx

= 2 [ =)~ wtedsty — ([ ge)as ) [t

= [ 7uto) ([ 5= 9)(vu) - Vao)ds )

= [ ([ st =ovaeos) ([ st =5)(Tute) — Vuts))as ) a (3.45)
b (o)) [ gt =) (u(t) — u(s))dsd

+ / Hap(z(x, 1, t>> / g(t =) (u(t) — u(s))dsdx

|ut|7 2y g (t—s) —u(s))dsdx — tg(s)ds uldx.
0 Q

Next we will estimate the right hand side of (3.45), using Holder, Young’s inequalities and (H1) to have

/Q Vu (/Otg(t —s)(Vu(t) — Vu(s))ds) dx

1 (3.46)
< avul3 + LD (govu o),
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and

/Q </0tg(t - S)Vusds> </fg(t —5)(Vu(t) — Vu(s))ds> dx

t
(/gt—s (|Vu(t %ds) dx

/0 gt —8)|Vu(t) — Vu(s)|ds

(

sz
S

(=)

2
dx

—~

1
+f/
44

e}

t

2
g(t—s)(|Vu(t) — Vu(s |+!Vu()|)ds> dx

9
S5~
S—

+i</()tg(t—s )// (t—8)(|Vu(t)| — Vu(s) *dsdx
t 2
<« /Q Ogt—s |Vu(t) u(s)|ds> dx

201~ 2|Vt + 2 (1~ ) (g0Vu) ()
< 2a (1~ 1P| Vu(t) |} + (204 +30) A= DoV,

where g is positive, continuous and g(0) > 0, for any fj, we have

t t
/ g(s)ds > /Og(s)ds =g0, Vt>1ty,
0 0

then we use (3.48) to get

/Q\utp—zut/otg'(t_s)(u(t)_u(s))dsdx— (/Otg(s)ds>/ﬂu?dx

0)c2
< ][] + B (—govu) (1) — golluel,

’ /MI’D ut/ (t—s)(u(t) —u(s))dsdx

<yt 3+ 22002 (govay )

and
= a0 [ ) (u0) — u(s) s

_ 2
<2 [ (a1, 0)ax - 2005

A substitution of (3.49)-(3.51) into (3.47) yields

goVu)(t).

¢'(H) < a (14200= 1) | Vul - (30— ) e}

() 3+ 5% (gova

%(1—1)( (2 +1) +2) (g0Vu) (1
2(1 1) /1[) 2(x,1,1))

Lemma 3.4. . The functional defined by (3.28) can be estimated by

d _cg(t)

40
G0 < 2100 - 5

where Ty, Ty are some positive constant.

I Gl (1, )+ 2 )
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(3.47)

(3.48)

(3.49)

(3.50)

(3.51)

(3.52)

(3.53)
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Proof. Differentiating (3.28) with respect to t and using the second equation in (2.13), we have

%S [ tye Tt // (x, 0.t deX}
= e Tt // z(x,p,t))dpdx — (t) B/ (¢ // z(x,p,t) dpdx-

+(1t el [ [ (00, 0)dpts

)
(t)e -l // z(x,p,t))dpdx — &(t) pT // z(x,p,t) dpdx—

= |&(t)
g (3.54)
+ e [ [ 5= P0G )i
< —2pe ) [ [ G dpdx+¢<t>jt> [ Gz, )
+ T(lt) [C(t) /Q[G(z(x,O, ))dx — G(z(x,1, t))}dx]
<2001 - 2 [ Gate1,0)x+ L i) B
O

Theorem 3.1. . Let (H1) — (H4) hold. And uy € H}(Q), u3 € L?(Q), fo € L*(Q x (0,1)) be given. Then the
solution of the problem (2.13) is global and bounded in time. Furthermore, we have the following decay estimates:

E(t) < wiHy Ywat +ws), VE>0,
where

1o
£ = /t e (3.55)

Proof. . First, we prove T = oo, it is sufficient to show that I|[Vu/||3 is bounded independently of t. We have
from (2.15)
E(0) > E(t) > I||Vull3.

Then the energy is uniformly bounded.
Hence we conclude from lemma 3.2, lemma 3.3 and 3.4 that

dfjigt) < {AZA — %’EL(‘)X)C%} (g oVu)(t) + {e (VZ(L‘_Z) (2(1x +1)+ 2+ 12_l>> } (goVu)(t)

—{e(-a— -0+ A+D)) = (u +p2)ac?) } [ Vul} - e(g0 — & — 1) ]

~ My | up(ue)dx — Me, /Qz<x, L0 dr+ Lyl + S pw)B 35
2 1—1 2
e {00 B yaa 1, 0)E - 26 | [ e TG e p, )i
e—27(t)

— €

| GEx L dx+ = / 2(x,0,1))dx — o g(6)[Vu(t) 3

T

Choosing carefully e sufficiently small and M sufficiently large and put

M eg(0)cZ) _
{2 4a =10 >0,

{?‘2(;{;” <2(0¢+1)+c§+12—l>}:’71>o'

{0-a= =D+ +D) = (m+macd} = >0,
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{go—a—1}=n3>0,
then (3.56) takes the form

d%it) < —0eE(t) + e%(goVu)(t) +ecllp(ur)f3,

where 0 is positive constant, setting

e
AM=—, A =", A3 = €c,
1 B> 2 5 3

the last inequality becomes

dl;iit) < —AE(8) + Ap(g0Vu) (£) + Asllw(ur)||3,

multiplying (3.58) by &(t) we get

2D < X2 E0) + Mg (1) (s0Vu) (1) + Mg (1) (o) 2
< ~AME(OE() — Mg (1) (8 0V u) (1) + AsE (D] p(u) B
<~ (D) — cE (1) + AsE (0l p(un) B,

we consider the following partition on I'y
On={xeu|>e}, OQp={requ|<e},
then it is clear that F = L(t) 4 c(t)E(t) is equivalent to E(t), then
Fi(8) < —ME(OE() + AsE(B) |pulf vt > to,
from (2.2) and (2.3), it follows that
[ V) Pex < oy [ arllpCa) Bk <~ E (1),
012 Qll
case 1: H is linear then, according to (H1)

! !
cils| < |g(s)] < calsl, Vs,

and so

l[Jz(S) < c&sgb(s), Vs.

293

(3.57)

(3.58)

(3.59)

(3.60)

(3.61)

H is linear on [0, €']. In this case one can easily check that there exists ]/1/1 > 0, such that |(s)| < ;4/1 |s| for all

Is| < ¢, and thus

Jo e Pz < i [ wp(u)dx <~ (1),

(3.62)

using (3.61), (3.62) and the fact that & (t) < 0, it is clearly that ¢ = L(£)&(t) 4 c(u1 + yll)E equivalent to E(t)

then, from (3.60) produces
t
E(t) < co—cJo &s)ds — H! </0 C(s)ds) .

(3.63)

case2: H (0) = 0 and H' > 0on [0, e/] since H is convex and increasing H~! is concave and increasing by

Jensen’s inequality

Jo Nn)Pax < [ H (i)

_ 1
< |QpH? (M“tlp(ut)dx>

< cH Y (=cE (1)),

(3.64)
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then using (2.1), (3.62) and (3.64) we get

S tptuPdx = [ ) Pdx+ [ gtu) P
< Hiluttp(ut)dan/Q uptp(ug)dx

O (3.65)
S 012 I‘Iﬁ1 ( urp(uy dx) / urpus dx
Ol (gupuds ) + [ wplu)
< cH N(=cE (1)) = c&()mE (1),
itis clearly F = L(t) + cpq E(t) equivalent to E(t) therefore (3.65) becomes
F'(t) < MEBE() + cH Y(=CE (1)), Vt >t (3.66)
Let us denote by H* the conjugate function of the convex function H, i.e.,
H* = sup (st — H(t)). (3.67)
teR
Then H* is the Legendre transform of H which satisfies the following inequality
st <H"+H(t), Vs t>0, (3.68)
and
H' = s(H)"\(s) = HI(H) ()], Vs 2 0, (3.69)
the relation (3.69) and the fact that H' (0) = 0 and (H') !, H are increasing function yield
H*(s) < s(H)s), Vs>0, (3.70)

using the fact that E <0, H >0, H' > 0 we derive €9 > 0 small enough we find that the functional F
defined by

Fi(t) = H (eoE(t))F(t) + c3E(t), (3.71)

satisfies, for some v1, 1, > 0

F (f) < E(f) <k (t), (3.72)
taking the derivative of (3.71)

"

Fy(t) = eoE (1)H" (eoE(t)) (H (oE(t))F(t) + c3E(t)) + H' (e E(t N L'(t) + e E (1) + 3 (1)

< —ME H (eoE(t)) + GH (€oE(t))H (= E'(£)) + ¢3¢ E (1)
H (eE(t)) + GH*(H (eoE(t))) — GE(t ( )+ c3E (1) (3.73)
H'(eoE(t)) + eoGE(HE(t) (H (€0E(t))) — GE(DE (1) + c3E (1)

)
)E'

IN
|
>
—_
/\Q/\

(
(

ININA

where Hy(t) = tH (egt) we can observe from lemma 3.1 that L(t) is equivalent to E(t). So, Fy(t) is also
equivalent to E(t). By the fact that Hj is increasing we obtain

Fi(t) < —E&(t)HaFy (1), Vt > 0. (3.74)
Noting that H H , we infer from (3.74)

[FL()H(Fi(1))] > e&(t), vt > 0. (3.75)
A simple integration over (0,t) yields

Hy(E(0) 2 ¢ [ 86)ds + Hi(R(0)) (3.76)
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exploiting the fact that H !is decreasing , we infer

t
A < (¢ [ e+ mRO), 677)
the equivalence of L, F; and E, yields the estimate
t
E(t) < H! (c/ &(s)ds + Hy (Fy (o))). (3.78)
0
Which completes the proof. O
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On the Spectral Expansion Formula for a Class of Dirac Operators
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Abstract

This paper deals with a problem for the canonical Dirac differential equations system with piecewise
continuous coefficient and spectral parameter dependent in boundary conditions. The resolvent operator is
constructed. The completeness theorem for eigenvector functions is proved. The spectral expansion formula
with respect to eigenvector functions is obtained and Parseval equality is given.

Keywords: Dirac operator, completeness theorem, expansion formula.
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1 Introduction
Consider the following boundary value problem generated by Dirac differential equations system
By + Q(x)y = Ap(x)y, 0<x<m (1.1)
with boundary conditions

Uy (y) == b1y2 (0) + bay1 (0) — A (bsy2 (0) + bay1 (0)) =0,
(1.2)

Ua(y) = c1y2 (71) + cayn (70) + A (eay2 (70) + cayn (7)) = O,

(% 1) aw- (P W), (),

p(x), q(x) are real measurable functions, p(x) € L(0, ), g(x) € Lp(0, 1), A is a spectral parameter,

where

and 1 # a > 0. Let us define k1 = b1by — bobs > 0, ko = c1c4 — coc3 > 0.

In the finite interval, the spectral properties of Dirac operators by different aspects are examined by many
authors, for example [1l, [2], [3], [4], [5], [6], [7], [8], [9], [10], [11], [12], [13] and etc. In the case of p(x) # 1,
the solution of Dirac system was investigated in [5], in this work the representation of this solution has not
operator transformation. The asymptotic formulas of eigenvalues and eigenfunctions of Dirac operator with
discontinuous coefficient p(x) were studied in [1]. Numerical computation of eigenvalues of Dirac system
was worked in [11]], [12]. Moreover, the theory of Dirac operators was comprehensively given in [6], [10].

This paper is organized as follows: in section 2, the operator formulation of the boundary value problem
(T1),(T.2) and the asymptotic formula of eigenvalues of the problem (T.1),(T.2) are given. In section 3, we prove
completeness theorem of eigenfunctions. The expansion formula with respect to eigenfunctions and Parseval
equality are obtained.

*Corresponding author.
E-mail address: ozge.akcy@gmail.com (O. Akcay), hanlar@mersin.edu.tr(Kh. R. Mamedov).
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2 Preliminaries

An inner product in Hilbert space H, = L ,(0, 71; C?) & C? is given by

v,2) = [{n@HE +1n @20 e (0 ds+ C1am+ v @3

where

Z3
Z4

Let us define the operator L:

yi(x) z1(x)
Y= yZ(x))er, z=| 29 | cn,

I(y)
b1y2 (0) + b2y1(0) )
— (e1y2 (1) + c2y1 (7))

with domain

D(L) = {¥ | Y = (y1(x), y2(x),y5,y4)" € Hy, y1(x),y2(x) € AC[0, 7],

¥ = bay2 (0) + bay1 (0), ya = caya (1) + cayr (7), 1(y) € Lo, (0, C2) }
where ,
W) =5y {BY' +O(x)y}-
Consequently, the boundary value problem (L.1),(1.2) is equivalent to the operator equation LY = AY.
Lemma 2.1. The following properties for the operator L are valid:
o The eigenvector functions corresponding to different eigenvalues are orthogonal,

o The eigenvalues are real valued.

Let ¢ (x,A) = < Z;;Ei’ﬁ; ) and ¥ (x,A) = ( ii;gi’g ) be solutions of the system 1| satisfying the

. )\bg, - b1 o —C1 — )\C3
“”(O’A)_(bz—m)’ ‘/’(””\)_( oAey )
The characteristic function of the problem (L.1),(1.2) is defined by

AA) = Wlp(x, A), (x, A)] = @2(x, M1 (x, A) — 91(x, A)ipa(x, A), (24)

where W[g(x,A), p(x, A)] is Wronskian of the vector solutions ¢(x,A) and ¢(x,A). The Wronskian does not
depend on x. It follows from that

A(A) = bap1 (0,A) + b1 (0,A) — A (baypy (0, A) + b3p2 (0,1)) = Uy ()

initial conditions

AAN) = =192 (1, A) = 21 (1, A) = A3 (70, A) + cay (7, M) = —Ua (@) -

Moreover, the zeros A, of characteristic function coincide with the eigenvalues of the boundary value problem
(1.1),(1.2). The function ¢(x, A,,) and 1 (x, A,,) are eigenfunctions and there exist a sequence B, such that

Y(x, An) = Bu@(x,Au),  Pn # 0. (25)
Definition 2.1. Norming constants of the boundary value problem (L), are defined as follows:

T 1
= [ {d0An) + @B A f () + - [baga(0, M) + bagn O M) +

1
+ o [c392(7T, An) + caqpi (T, /\n)]z. (2.6)
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Lemma 2.2. [[7] The following relation is valid:
anPn = A(Ay), 2.7)
where A(A) = £A(M).
Now, as a different from other works, the system (1.1) has p(x) discontinuous coefficient. This coefficient

influences the form of the solution of the equation . Therefore, the solution of the equation (1.1)) has the
integral representation (not operator transformation) as follows (detail in [5]): Assume that

7T
|10 dx < 4o

is satisfied for Euclidean norm of matrix function Q)(x). Then the integral representation of the solution of
equation (1.1) satisfying the initial condition E(0, A) = I, (I is unite matrix) can be represented

1(x)
E(x,A) = e A1) 4 /} ( )K(x,t)e*)‘Btdt,
—u(x

where

X, 0<x<aqg,
TOR

x—aa+a, a<x<m,

and for a kernel K(x, t) the inequality

/”(x) K (x, 8)| dt < 7™ —1,
—u(x)

x) = [0 ds
holds.

Using this integral representation, the following lemma is proved:

Lemma 2.3. [[7] The solution ¢(x,A) = ( #1(x,4) ) has the following integral representation

¢2(x,A)
o1 (x,A) = (Abz— bl)cosAy x) + (Abg — by) sin Au (x) +
+ (/\b3 — bl |: 11 X t cos At+ A12 (x f) sm)xt] dt+
+ (Aby — bz Fm x,t)sin At — Ay (x, ) cos /\t} dt, 2.8)
@2 (x,A) = (Abz—by)sinAu (x) + (by — Abg) cos Ap (x) +

)
p) [ ~ .
+ (Abs — by) /o { 21 (x,1) cos At+ Agp (x,t) sin At] dt+

221 (x,t)sin At — App (x,t) cos )\t} dt, (2.9)

where

and Al] (.X,.) €Ly (0/ 7T), ;11] (X,.) €Ly (0/ 7'[), AZ] (xl') €Ly (O 7-[) AZ] ( ) €L (0/ ﬂ)’j =12
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Moreover, using and 2.9), as |A| — oo uniformly in x € [0, 71], the following asymptotic formulas
hold:
¢1(x,A) = A (bzcos Au (x) + bysinAp (x)) + O (e“’”)“”(">) , (2.10)

92(x,1) = A (bssin Ap (x) — by cos Ap (x)) +O (el mH)). 2.11)

Lemma 2.4. [7l] The eigenvalues Ay, (n € Z) of the boundary value problem (L.1),{1.2) are in the form

Ap = ;\n + €n,
where ) )
~ 1 C304 — C403 7T
Ap = — arct
" [n+ 7 an<bsf13+€4b4>} p ()

and {e, } € l. Moreover, the eigenvalues are simple.

3 Completeness Theorem

Firstly, we construct the resolvent operator and then we prove the completeness theorem of the
eigenfunctions of the problem (1.1), (1.2). The expansion formula respect to eigenfunctions is obtained and
Parseval equality is given.

Lemma 3.5. If A is not a spectrum point of operator L, then the resolvent operator exists and has the following form

vx) = [ R DA0p(Ot + o) + By, o)
where
o1 [ ENeA), <z
R =50 | ST, to (313)

here @(t, A) denotes the transposed vector function of ¢(t, A).

f(x)
= x) = Alx) o construct the resolvent operator of L, we solve
Proof. Let F(x) = ( }‘z ) € D(L), f(x) = ( Fo(x) ).T truct th lvent operator of L, 1

the following problem
By +Q(x)y = Ao (x)y+p(x) f (x) (3.14)

b1y2 (0) + bay1 (0) — A (b3y2 (0) + bay1 (0)) = f3,
(3.15)

c1y2 () + oy (1) + A (eayz (1) + cayr (7)) = —fa.

By applying the method of variation of parameters, we want to find the solution of problem (T.1), which
has a form

y(x,A) = c1(x, A)p(x, A) + Co(x, A)p(x, A). (3.16)
Then, we get the equations system
cr(x, A)p(x, A)Bo(x, A) = P(x, A)p(x)f (%),

c2(x,A)@(x, M) B (x,A) = ¢(x, A)p(x)f(x).
Using this system, we have

e ) = a(mA) = 557 [ B ASOe(0d (3.17)

ca(x,0) = 20,0) = 557 [ 2L MDD (3.18)



O. Akcay / On the Spectral Expansion Formula for a Class of Dirac Operators 301

Substituting the expression (3.17) and (3.18) into (3.16), we find

¥(x,2) = 1(mA)g(x,A) + e 0,)9(x ) + [ Ralx ) fOp(D),

where
_ 1 [ yxAetA), <y

Rl t) = =37 { oL NP(tA),  E> 1.

Taking the boundary conditions (3.15), we have
__f1 __f3

Consequently,

_[" fa f3

v ) = [ RAGe OFOp(d+ 590 \) + 5700

is obtained. O

Theorem 3.1. The system of the eigenfunctions {¢(x,An)}, (n € Z) of boundary value problem (1.1),(1.2) is complete
in Ly, (0, 71;C?) & C2.

Proof. Taking into account and that (x,A,) = AEXA””) ¢(x,Ay). Using (3.12), 3.13I) and this equality,
we get

Res w(x,0) = —-o(v a0 { [ aors (o0 — 5 - 5} 319)

A= n
Let F(x) € Ly,(0, 77;C?) & C? be such that

(F(0, p(x,An)) = [ AF It + - fa lbaga (0,0) + bugn (0,1)] +

1
i [c392 (70, An) + caqpr (1, An)] = 0.
It follows from the boundary conditions and that

b3 (0, An) + bagy (0, M) = —kq

and .
32 (71, An) + caq1 (71, An) = _l?z‘
n

Thus,
fa

(F(x),9e ) = [ 9(t M) f (Dot~ f = 4 =0
is found. From here and , Resy—,,y (x,A) = 0 is obtained. Hence, y(x, A) is entire function with respect
to A for each fixed x € [0, 7] . The following inequality is similarly obtained as in ([8], Lemma 1.3.2)
[AQ)] > [AP® Csexp(|ImA| () (3.20)
which is valid in the domain
Gs:={A:[A=Ay| =6, n=0,%1,+2..},

where J is a sufficiently small positive number. Taking into account the inequality (3.20) and the following
equalities (see [1])

lim max exp (— [ImA| u(x)) ‘ /0 “at ) f(t)p(t)dt' —0, (321)

[A| =00 0<x<7

lim max exp (— [ImA| (u(7) — p(x)))

[A| =00 0<x<7T

I lﬁ(t,?\)f(t)p(ﬂdt‘ —o, (3.22)

we have
lim max |y(x,A)| =0.

[A]—o0 0<x<T

Consequently, y(x,A) = 0. From (3.14) and (3.15), F(x) = 0 a.e. on (0, 77) is obtained. O
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Theorem 3.2. Let F (x) € D(L). Then the following expansion formula holds:

fx) = ). angp(x,An), (3.23)
f3= _f; an [b392 (0, An) + bagr (0,An)], (3.24)
fa= _i an [b392 (70, An) + bagr (71, An)], (3.25)

where

an = (F(x), 9(x, An)) -

o7

The series converges uniformly with respect to x € [0, 7). The series — converges in Ly 4 (0, 71; C?) ® C? for
F(x) € Ly, (0, 7t; C?) & C? and Parseval equality

IF)>= Y aulanf® (3.26)
n=—oo
is valid.

Proof. Since ¢(x,A) and i(x, A) are solution of the problem (L.1)),(L.2),

V) = o) [ { =g s a0 | o

~agg ) [ {5 MB N0 | 0+ gt )+ Fpnn)

can be written. Integrating by parts and using the expression of Wronskian

V5 ) = =3 () = 32(5.2) + 06 ) + 9 ) (627)

is obtained, where

2(x,A) = A(l)\) {1p(x,)\) /O (6, VBF (Dt + o(x, A) /x” B(t, )BF (£)dt+

X T

+ (1) [ M7 O + 95, ) [T B0}
It follows from and that

lim max |z(x,A)| =0, A€ Gs. (3.28)

[A] =00 0<x<7T

Now, we integrate y(x, A) with respect to A over the contour I'y with oriented counter clockwise as follows:

1
Iv(x) = 5 j{_ y(x, A)dA,
N

1 C3b4 — C4b3>) 7T us }
I'n=<A:|A| = N—i—arctan( + ,
N { A ( T bscs +csby ) ) p(m)  2u(m)

N is sufficiently large natural number. Applying residue theorem, we have

where

N
In(x) = HEN Res y(x,4)
B N 1 T N f4 N f3
S M 2O R BIOLCL R Wi v LEZOES W v 1C20)
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On the other hand, taking into account the equation (3.27))

N
fx) =Y ang(x,An) +en(x) (3.29)
n=—N
is found, where
1 1
en(x) = ~5 7{"1\, Xz(x,/\)d)\
and
1 /7
m=— [ gt A FOp(0

From (3.28), limy_,comaxo<x<x |€n(x)| = 0. Thus, by going over in (3.29) to the limit as N — oo the expansion
formula (3.23) with respect to eigenfunction is obtained. Since the system of {¢(x,A,)}, (n € Z) is complete
and orthogonal in L ,(0, 71; C?) @& C?, Parseval equality (3.26) is valid. O
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Abstract

In this paper, we obtain the general solution and the generalized Ulam-Hyers stability of the 2-variable
k-AC mixed type functional equation

f(x+ky,z+kw)+ f(x —ky,z — kw)
= Rlf(x+yz+ o)+ flx—yz—w)] +20 - F)f(x,2).
for any k € Z — {0, 41} in a-Serstnev Menger Probabilistic normed spaces.

Keywords: Generalized Hyers-Ulam-Rassias stability, k-AC mixed type functional equation, a-Serstnev Menger
Probabilistic normed spaces.

2010 MSC: 39B55, 39B52, 39B82. (©2012 MJM. All rights reserved.

1 Introduction

Menger introduced probabilistic metric space in 1942 [16]]. A probabilistic normed space (PN space) is a
natural generalization of an ordinary normed linear space. Such spaces were first introduced by Serstnev in
1963, (see, [28]). Alsina et al. generalized the definition of PN space [1]. This definition became the standard
one and has been adopted by all researchers, who after them have investigated the properties of PN spaces.
In this article, we adopt the new definition of a-Serstnev PN spaces (or generalized Serstnev PN spaces) given
in the paper [14] by Lafuerza-Guillén and Rodriguez.

The problem of Ulam-Hyers stability for functional equations concerns deriving conditions under which,
given an approximate solution of a functional equation, one may find an exact solution that is near it in some
sense. The problem was first stated by Ulam [30] in 1940 for the case of group homomorphisms, and solved by
Hyers [9] in the setting of Banach spaces. Hyers result has since then seen many significant generalizations,
both in terms of the control condition used to define the concept of approximate solution ([2} [7, 22]]) and in
terms of the methods used for the proof ([4, 16} (8, 10} 29]). Many interesting results concerning this problem
can be found, for example, in [11H13}[15] 17420, 23] 24].

The stability of generalized mixed type functional equation of the form

flx+ky) + f(x —ky) = R[f(x +y) + f(x = )] +2(1 = k) f(x) (1.1)

*Corresponding author.
E-mail address: shckravi@yahoo.co.in (K. Ravi), rjamche31@gmail.com (R. Jamuna), matina@stats.ucl.ac.uk (Matina J. Rassias),
zhangyanhui@th.btbu.edu.cn (Yanhui Zhang), rskishorekumar@yahoo.co.in (R. Kishore Kumar).
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for fixed integers k and k # 0, £1 in quasi-Banach spaces was introduced by M. Eshaghi Gordji and H. Khodaie
[5]. The mixed type functional equation is having the property additive, quadratic and cubic.

J.H. Bae and W.G. Park proved the general solution and investigated the generalized Hyers-Ulam stability
of the 2-variable quadratic functional equation

fx+yz+w)+ f(x—y,z—w) =2f(x,z) +2(y, w). (1.2)
The functional equation has solution
f(x,y) = ax® 4 bxy + cy? (1.3)
The general solution and generalized Hyers-Ulam stability of a 3-variable quadratic functional equation
fx+yz+wu+o)+ f(x—y,z—w,u—0) =2f(x,z,u)+2(y,w,0) (1.4)
was discussed by K. Ravi and M. Arun Kumar [25]. The solution of is of the form
f(x,y,z) = ax* + by* + cz* + dxy + eyz + fzx (1.5)

Very recently, M. Aruk Kumar et al., introduced and investigated the solution and generalized Ulam-Hyers
stability of a 2-varibale AC-mixed type functional equation

fx+y,2z4+w)— f2x—y,2z—w) =4[f(x+y,z+w) — f(x—y,z—w)] —6f(y,w) (1.6)
having solutions
f(x,y) = ax + by (1.7)
and
f(x,y) = ax® + bx*y + cxy? + dy® (1.8)

in Banach spaces [3] and Quasi-Beta normed space [21].
Following the same approach, in this paper, we investigate the general solution and establish that
generalized Ulam-Hyers stability of the 2-variable k-AC mixed type functional equation

f(x+ky,z+kw) + f(x — ky,z — kw)

=Rlf(x+y,z+w) + f(x —y,z—w)] +2(1 = k) f(x,2) (1.9)
having solutions
f(x,y) = ax + by (1.10)
and
flx,y) = ax® + bey + cxy2 + dy3 (1.11)

for fixed integers k with k # 0, +1 in a-Sestnev (or generalized Serstnev) Menger Probabilistic normed spaces.

AT is the space of distribution functions that is, the space of all mappings F : RU {—o0, 00} — [0,1] that is
non-decreasing, left-continuous on R and such that F(0) = 0 and F(+c0) = 1. D" is a subset of AT consisting
of all functions F for which lim F(x) = 1. The space AT is partially ordered by the usual point-wise ordering

X—>+400
of functions. The maximal element for A™ in this order is the distribution function €y given by

" 0,ift <0
€ =
0 Lift>0

Definition 1.1. [26]27] A triangle function is a mapping T : AT x AT — A" such that, forall F,G,H,K in AT,
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Moreover, a triangle function is continuous if it is continuous in the metric space (A™, ds).
Typical continuous triangle functions are

r(F,G)(x) := ilfg T(F(s),G(t)) (1.12)
and
tr+(F,G)(x) := Hi?ix T*(F(s),G(t)) (1.13)

forall F,G € At and all x € R. Here, T is a continuous t-norm and T* is the corresponding continuous t-conorm, i.e.,
both are continuous binary operations on [0, 1] that are commutative, associative, and non decreasing in each variable;
T has 1 as identity and T* has 0 as identity. Also T*(x,y) =1—-T(1 —x,1 —y).

Definition 1.2 (PN spaces redefined [1]). A PN space is a quadruple (V,v, T, T*), where V is a real vector space, T
and T are continuous triangle functions such that T < T*, and the mapping v : V. — AT satisfies, for all pand qin 'V,
the conditions:

(N1) vy = eq if, and only if, p = 0 (6 is the null vector in V);
(N)V peV,v_p=1rp

(N3) vpyq > T(vp,vy);

(N4) ¥V a€[0,1], vy < T*(v,xp,v(l,,x)p).

A PN space is called a Serstnev-space if it satisfies (N1), (N3) and the following condition:

(S) vap(x) = v, <|ax|> (1.14)
holds for every o # 0 € R and x > 0.

If T = tr and T = Tp+ for some continuous t-norm T and its t-conorm T*, then the PN space (V,v, Tr, Tr+) is
called Menger PN space (briefly, MPN space), and is denoted by (V,v, T).

Let ¢ : [0,+00] — [0, +o0| be a non-decreasing, left-continuous function with ¢(0) = 0, ¢(+o0) = +oo and
¢(x) > 0 for x > 0. Let ¢ be the (unique) quasi-inverse of ¢ which is left-continuous. § is defined by $(0) =
P(+00) = +ooand p(t) = sup{u : ¢p(u) < t} forall 0 < t < +oo. It follows that (¢ (x)) < x and p(P(y)) < yfor
all x and y.

Definition 1.3. [14] A quadruple (V,v, T, T*) satisfy the

(¢—95) vap(x) =vp <4><¢|(Ax|)>) (1.15)

forallx € RY, p € Vand A € R\{0} is called a ¢-Serstnev PN space (generalized Serstnev space).
If p(x) = x'/* for a fixed positive real number a, the condition (¢ — S) takes the form

(=% ) =y (137 116)

for every p € V, for every x > 0and A € R\{0}.
PN spaces satisfying the condition (a — S) are called a-Serstnev PN spaces.

Definition 1.4. Let (V,v, T) be a PN space and {x, } be a sequence in V. Then {x,} is said to be convergent if there
exists x € V such that
lim vy, () =1 (1.17)

n—o0

forall t > 0. In this case x is called the limit of {x,}.

Definition 1.5. The sequence {x,} in (V,v, T) is called a Cauchy sequence if, for every € > 0 and 6 > 0, there exists
a positive integer ng such that v(x, — xp,)(8) > 1 — € for all m,n > ny. Clearly, every convergent sequence in a PN-
space is Cauchy. If every Cauchy sequence is convergent in a PN-space (V,v,T), then (V,v, T) is called a probabilistic
Banach space (PB-space).
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2 General Solution

Through out this section let U and V be real vector spaces and we present the solution of (1.9) using Lemma

ETIR2R3

Lemma 2.1. If f : U?> — V is a mapping satisfying and let ¢ : U? — V be a mapping given by

g(x,x) = f(2x,2x) — 8f(x, x)

forall x € U then
2(2x,2x) = 2g(x, x)

forall x € U such that g is additive.
Proof. Letting (x,y,z,w) by (0,0, 0,0) in (1.9), we get

£(0,0) =0
Setting (x,y,z, w) by (y, x, w, z) in (1.9), we obtain

fly+kx,w+kz)+ f(y — kx,w — kz)
=Rlf(x+yw+2)+fy—xw-2)]+2(1-)f(zx)

forall x,y,z,w € U.
Replacing (x,y,z,w) by (x, —y,z, —w) in (2.21), we get

f(—y+kx,—w+kz)+ f(—y — kz, —w — kz)

=R[f(x =), (w=2)) + f—y — %, —w—2)] +2(1 = k) f (%)

forallx,y,z,w € U.
From (2.21) and (2.22) we arrive at

fly+kx,w+kz)+ fly —kx,w—kz) + f(—y + kx, —w + kz)
+f(—y —kx,~w—kz) = ¥[f(x +y,w+2) + fly — %0~ 2)
+fx—yz—w)+ f—y—x —w—2)] +4(1 - K)f(z2)

Now, letting (x,y,z,w) by (0,y,0,y) in (2.23), we obtain
202 = 1[f(y,y) + f(=y,—y)] =0
which implies
fwy)=—f(-y,—v)

forally € U.
Replacing (x,y,z,w) by (x, x, x, x) in (1.9), we get

f((1+k)x, (T+k)x)+ f((1—k)x, (1 —k)x)
= K2 f(2x,2x) +2(1 — K*) f(x, x)

for all x € U. Now, replacing x by 2x in (2.25), we have
FA+k)x,2(1+k)x) + f(2(1 —k)x,2(1 —k)x)
= k> f(4x,4x) +2(1 — k*) f(2x, 2x)
for all x € U. Again replacing (x,y, z, w) by (2x, x,2x, x) in (1.9), we obtain

f(2+k)x, (2+k)x)+ f((2—k)x, (2 —k)x)
= k*f(3x,3x) + K> f(x, x) +2(1 — k?) f(2x, 2x)

(2.18)

(2.19)

(2.20)

.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)
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forall x € U.
Replacing (x,y,z, w) by (x,2x,x,2x) in (1.9), we get

F((X+2k)x, (1+2k)x) + f((1 —2k)x, (1 — 2k)x)
= k*f(3x,3x) — K2f(x, x) +2(1 — K?) f(x, x) (2.28)
for all x € U. Replacing (x,y,z, w) by (x,3x, x,3x) in (1.9), we obtain
F(1+3k)x, (1+3k)x) + f((1 —3k)x, (1 —3k)x)
= k> f(4x,4x) — K2f(2x,2x) +2(1 — k*) f(x, x) (2.29)

for all x € U. We substitute (x,y,z,w) by ((1+k)x,x,(1+k)x,x) in and then (x,y,z,w) by ((1 —
k)x,x, (1 —k)x,x) in (1.9) to obtain
F((+2k)x, (1+2k)x) + f(x,x) = K2 F((24+K)x, (2 4+ k)x)
+ K2 f (kx, kx) 4+ 2(1 = K2) F((1 +K)x, (1 +k)x) (2.30)

and
F((1=2k)x, (1 —2k)x) + f(x,x) = K2 f((2—K)x, (2 — k)x)
— K2 f (kx, kx) +2(1 = K3 f(1 = k)x, (1 —k)x) (2.31)
for all x € U. Then, by adding to (2.31), we have
F((1+2k)x, (142k)x) + F((1 —2k)x, (1 —2k)x) +2f(x, x)

=f((24Kk)x, (2+k)x) +f((2—k)x, (2—k)x)
+2(1 =) [f(1+k)x, (1+k)x) + f((1 —k)x, (1 —k)x)] (2.32)
for all x € U. Now, substitute (x,y,z,w) by ((1+ 2k)x,x, (1 + 2k)x,x) in (1.9) and (x,y,z,w) by ((1 —
2k)x, x, (1 —2k)x, x) in to obtain
FUL+3k)x, (1+3k)x) 4+ f(1+k)x, (14+k)x)
=K f(2(14+K)x,2(1 +k)x) + k> f (2kx, 2kx)
+2(1 = K2) F((1 +2k)x, (1 + 2k)x) (2.33)

and
F((1=3k)x, (1 —3k)x) + f((1—k)x, (1 —k)x)
= K f(2(1 —k)x,2(1 — k)x) — k> f (2kx, 2kx)
+2(1—K2) (1 —2k)x, (1 — 2k)x) (2.34)

for all x € U. Now, adding (2.33)) to (2.34), we have,

F((1+3k)x, (14 3k)x) + F((1—3k)x, (1 —3k)x) + £((1+k)x, (1+k)x)
+ (1 =Kk)x, (1 —k)x) = K2 f(2(1 +k)x,2(1 + k)x)
+Rf(2(1 = k)x,2(1 — k)x)

+2(1 = E2)[f((142K)x, (14 2k)x) + f((1 — 2k)x, (1 — 2k)x)] (2.35)
for all x € U. From 2.25), 2.27), 2.28) and (2.32), we arrive at
f(3x,3x) = 4f(2x,2x) — 5f(x, x) (2.36)

for all x € U. From 2.26), 2.28), 2.25), 2.29) and (.35), we have
f(4x,4x) = 2f(2x,2x) +2f(3x,3x) — 6f(x, x) (2.37)
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forall x € U. Using in , we obtain
f(4x,4x) = 10f(2x,2x) — 16f(x, x) (2.38)

for all x € U. From (2.38), we establish

f(4x,4x) — 8f(2x,2x) = 2f(2x,2x) — 16f(x, x) (2.39)
for all x € U. Using in (2.39), we get our desired result. O

Lemma 2.2. If f : U? — V be a mapping satisfying and let h : U> — V be a mapping given by
h(x,x) = f(2x,2x) —2f(x,x) (2.40)
forall x € U then
h(2x,2x) = 8h(x, x) (2.41)
forall x € U such that h is cubic.

Proof. Proceeding as in Lemma[2.7] it follows from (2.38)

f(4x,4x) —2f(2x,2x) = 8f(2x,2x) — 16f(x, x) (2.42)
for all x € U. Using in (2.42), we arrive at our desired result. O

Remark 2.1. If f : U> — V be a mapping satisfying let g,h : U? — V be mappings defined by and
then

Fx2) = (%)~ 8(x,%)) (2.43)
forall x € U.
Lemma 2.3. If f : U? — V is a mapping satisfying and let t : U — V be a mapping given by
t(x) = f(x,x) (2.44)
forall x € U, then t satisfies
x4+ ky) +t(x —ky) = KP[t(x +y) + t(x —y)] +2(1 — K*)t(x) (2.45)
forall x,y € U.
Proof. From and (2:44), we get
t(x +ky) +t(x —ky) = f(x+ky,x +ky) — f(x —ky, x — ky)

=P[f(x+y,x+y)+ f(x—y,x—y)] +2(1 - k) f(x,x)
= K[t(x +y) + t(x — y)] +2(1 — K*)t(x)

forallx,y € U. O

3 Stability Results : Direct Method

In this section, we investigate the generalized Ulam-Hyers stability problem of (1.9) using direct method.
Let U be a real linear space and (Y, v, 1r) be a a-Serstnev MPB space. Now, we define a difference operator
Af :U* = Yby

Af(x,y,z,w) = f(x+ky,z +kw) + f(x —ky,z — kw) — K*f(x + v,z + w)
—Ff(x—y,z—w) —2(1 - k) f(x,2) (3.46)

¥ x,y,z,w € U, where f : U> — Y is a mapping.
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Theorem 3.1. Let f : U? — Y be a mapping for which there exist a function & : U* — D™ with the condition

llm TT [g(zrnxlzmylzmzlzmw) (2mat), g(zmxlzmygmzrzmw) (2<m_3)a_1 t)i| = 1 (347)

m—oo

such that the functional inequality

VAf(x,y,2,w) (t) > Cxy,zw (t) (3.48)

forall x,y,z,w € U, t > 0and « > 0. Then there exists a unique 2-variable additive mapping A(x,x) : U> — Y

satisfying and

Vf(Zx,Zx)—Sf(x,x)—A(x,x)(t) > N (3.49)
where
(n+1) (n+1) 4 _ n n
Alx,x) = Tim £ (21 x 2 ) — 8(2"x,2"x) (3.50)
n—oo n
® =lim; 0Py =1
i (3.51)
P, =17 [TT(zn—lx)(t),ch_1:| , forn>1
@ = Ty () (352)
and

_ k2rxt
T () = 70 ( 7r | 7 | 77 Sranxan) ( 2aon ) -

k2% k% — 1|%¢ e
C((1=2k)x,%,(1-2K)x,%) —a )T C((142k) x5, (142K)x,%) — )

K2 (K2 — 1| K2 — 1]
‘:(x,x,x,x) T ;T 6(2x,2x,2x,2x) T ’

K2 [k2 — 1]t K2t
g(x,3x,x,3x) 3 ALY O A Y g(x,x,x,x) 2452 |’

K2 |k? — 1]%¢ e
C((1-k)xx,(1—k)x,x) T oie ) )T C((1+K)x,x,(14K) ) T odox

K[k — 1)% K2 — 1]t
‘:(x,Zx,x,2x) (242"‘> ) > ’ g(Zx,x,Zx,x) (|242a) ) > ’ (3-53)

forallx € U, t > 0and o > 0.

Proof. Letting (x,y,z,w) by (x, x, x,x) in (3.48), we obtain

VE((4K)x, (14k) %)+ £ ((1—k)x, (1—K)x) —k2 £ (2x,25) —2(1—k2) £ (x,x) (t)
> () (t), VX el t>0. (3.54)

It follows from that

V(214K %, 2(14K) X)+ £ (2(1—K)x,2(1—k)x) — k2 f (4 4x) —2(1—K2) f (2x,2x) ()
> Cloxpxpx2x) (1), VX €Ut > 0. (3.55)

Replacing (x,y,z,w) by (2x, x,2x, x) in (3.48), respectively, we have

VE((24K)x,(24K)x)+ £ (2—k)x, (2—k)x) —k2 £ (3x,3x) —k2 £ (x,%) —2(1—k2)  (2x,2x) (t)
> G(oxxoxx)(t), VX €Ut >0. (3.56)
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Setting (x,y,z, w) by (x,2x, x,2x) in (3.48) gives

V(1420 %, (142K) )+ F((1—2K)x, (1—2K) ) —k2 £ (3, 35)—K2 f () —2(1—=k2) f () ()
> g(x,Zx,x,Zx)(t)/ VxeUt>0. (3.57)

Replacing (x,y,z,w) by (x,3x, x,3x) in (3.48), we obtain

V(143K %, (143K) x)+ £ ( (1—3K)x, (1—3K) ) — K f (4 dx)+K2 £ (226,2) —2(1—R2) f () (F)
§x3xx3x(>/vxeu/t>0- (3.58)

Replacing (x,y,z,w) by ((1+k)x,x, (1+k)x, x) in (3.48), respectively, we get

V(1425 %, (142K)x)+ F (x,) =K £ (24K) %, (2k) ) =R £ (ke e ) —2(1—k2) £ (140K, (1K) ) (F)
2 C(1+0)xx 14k (), VX € Ut > 0. (3.59)

Replacing (x,y,z,w) by ((1 —k)x,x, (1 —k)x, x) in (3.48), respectively, one gets

VE((1=2k) %, (1=2K) )+ £ (x,) =K £ (2— k), (2—k) ) 4R f (ke ) —2(1—k2) £((1—k)x, (1=k) ) (F)
> C((1—k)xx,(1-k)xx) (), VX € U, £ > 0. (3.60)

Replacing (x,y,z, w) by ((14 2k)x, x, (1 + 2k)x, x) in (3.48), respectively, we obtain

V(143K %, (143K) )+ £ ((14K) x, (1-0k) ) —k2 £(2(1-0k) 3,2 (14+K) x)—K2 F (2K, 2Kx) —2(1—k2) £ ((14-2K)x, (14-2k)x) (£)
2 g((1+2k)x,x,(l+2k)x,x)(t)/ Vxelt>0. (3.61)

Replacing (x,y,z,w) by ((1 —2k)x, x, (1 — 2k)x, x) in (3.48), respectively, we have

VE(1=3k)x,(1—3K)x)+ F (1—k)x, (1—k) x) —k2 £ (2(1—K)x,2(1— k) x) k2 f (2kx,2kx) —2(1—k2) £((1—2k) x, (1—2k) x) (t)
> g((l—zk)x,x,(l—Zk)x,x)(t>/ Vxelt>0. (3.62)

Thus it follows from (3.54), (3.56), (3.57), (3.59) and (3.60) that

Vi (3x,3x) —4f (2x,2x)+5f (x,x) (t)

kZ/xt kZa k2 — 1]«
2 1T <TT <TT <g(x,x,x,x) <232“) s g((l—k)x,x,(l—k)x,x) (23|>) ’

K2R — 1)t K22 — 10t
T g((l—&-k)x,x,(l—l—k)x,x) 23 /g(x,Zx,x,Zx) 3

|k? — 1|t
C(zx,xrlex) T ’ Vxe U,t > 0and a > 0. (363)

Also, from (3.54), (3.55), (3.57), (3.58) (3.61) and (3.62), we have

V#(4x,4x) =2 (3x,3x) —2f (2x,2%)+6 f (x,x) (t)
k2t k2% k2 — 1]%¢
> 1T (TT (TT <C(x,2x,x,2x) (232“) s C((172k)x,x,(172k)x,x) <|23|>> ’

K2 (k2 1)8¢ K2 [k2 — 1)8
L5 C((l+2k)x,x,(1+2k)x,x) 273 rC(x,x,x,x) 273

k> — 1%t k2% |k2 — 1|t
Tr <§ (2x,2x,2x,2x) <|22|> + € (x,3%,%,3%) (’22|>) , (3.64)

forallx e U,t > 0and a > 0.

Finally, by using (3.63) and (3.64), we obtain

Vi (ax x) 10 (22,22) +16f (x,2) (£) = Tr(x) (F) (3.65)
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where,

Tr(x) (1)

K2t K22 — 12t
=Tr\Tr|Tr|Tr g(x,Zx,x,Zx) 4o |7 g((l—Zk)x,x,(l—Zk)x,x) T4 ’
k2|2 — 15t K [k2 — 1)t
T é’ (1+42k)x,x,(1+2k)x,x) T % rg(x,x,x,x) T ’
K2 — 1]o K22 K2 — 1)t

T é’ 2x,2x,2x,2x) 23 ’ g(x,3x,x,3x) T ’

k2t k2% (k2 — 1|%¢

x X,X,X) 2422o¢ ’ g((l—k)x,x,(l—k)x,x) W ’

K2 (R2 — 1| K2R (K2 — 1|0
T g((l—l—k)x,x,(l—i—k)x,x) YT /é(x,2x,x,2x) T odox ’

k> —1|%¢
g(zx/xlzx,x) W ’ Vxe U,t > 0and a > 0. (366)

5

Let g : U? — Y be a function defined by

g(x,x) = f(2x,2x) — 8f(2x,2x) forallx € U. (3.67)
From (3.69), we conclude that
Vi o (1) 2 T (2°0) 2 Try (1), Y € Ut > 0and o> 0 (3.68)
which implies that
Vg(2£+21ﬁrzlé+lx) _setsaty () > T )(2(”“)%) (3.69)

forallx € U, t > 0, « > 0 and ¢ € IN. From the inequalities and we use iterative methods and
induction on n and apply defined sequence in (3.51) and (3.52) to prove our next relation

Vi () > T [Tz 1) (8), @u1| Yx e Ut >0anda > 0. (3.70)
So
vg(Z”’*”x,Zer”x) _ g(2Mx2myx) (t) Z T |:f.T(2(m+H )(zmat) @(m+n)71:| (371)
om+n 2m

for all non negative integers m and n and for all x € U, ¢ > 0. By assumptions (3.71) shows that the sequence
{g(znécinz“)} is a Cauchy sequence in Y for all x € U. Since Y is a a-Serstnev MPB, it follows that the sequence
{g(znginznx)} converges for all x € U. Therefore, one can define the function A(x, x) : U?> — Y by

L g(2"x,2"x)
Ax,x) = lim &————

n—oo

forall x € U. (3.72)

Now, if we replace (x,y,z, w) by (2"x,2"y,2"z,2"w) in (3.48), respectively, then it follows that

VAg(Z"X,Z”Z,Z"Z,Z”w) (t) = 1/Af(2”+1x,2”+ly,2"+1z,2"+1w) 8Af(2"x,2"y,2”z,2”w) (t)
2! on - o7

-1 ~3)a—1
> 1T [UAf(Z"“x,2”+1y,2"+1z,2"+1w) (2" 18), vap(ans 2y 2nz 20y (20 t)}
> 71 |Epustnsty it 201 (27T, Sy 20 (21 | (373)

forall x,y,z,w € U, t > 0and « > 0. Bylettmgn — o0 in (3.73), wehavevAA xyzw)(t) =1forallt > 0and
so AA(x,y,z,w) = 0. Hence A satisfies (1.9) for all x,y,z,w € U. To prove ( , if we take the limitas n — oo
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in (3.70), then we can get (3.49). Finally, to prove the uniqueness of the additive function A subject to (3.49),
assume that there exists another 2-variable additive mapping A’ which satisfies (3.49) and (1.9), then

VA(x,x)—A (x,x) (t) = VA(2”2);;2"X) 7A’(2’;z,2”x) (t)

= VA(@2rx,21x)—A!(2"x,2"x) (2")
> VA(21x,21x) —g(21x,21x) +g (2,20 x) — A! (2,21 x) (zmxt)

> lim 7r |71 | Froe1) (27, @ | Tr [T (2771, @ (3.74)

which tends to 1 as n — oo for all x € U. So we can conclude that A = A’. This completes the proof of the
theorem. O

Theorem 3.2. Let f : U? — Y be a mapping for which there exist a function & : U* — D with the condition

Tim T [ & gy 2z ) (278), € g g ez ) (207D, | (3.75)

such that the functional inequality is satisfied for all x,y,z,w € U, t > 0and o > 0. Then there exists a unique
2-variable cubic mapping c(x,x) : U?> — Y satisfying and

Vf(Zx,Zx)—Zf(x,x)—c(x,x)(t) 2 ¥ (3.76)
where

F Dy, 2(141) x) — 2 (21, 2" )

c(x,x) = nlgrolo o (3.77)
{\if =l o ¥, = 1 7%
¥ = T [Fre 1y (220, ¥ 1
Y1 = Ty (22), Vx €Ut > 0,a >0, (3.79)
where Try)(t) is defined as in Theorem
Proof. By the similar approach as in the proof of Theorem 3.1} we can obtain
Vi (4x 4x) ~10f (2x,22) +16f(x,x) (£) = Tr(x)(t), Vx € U, t > 0.
Let h: U? — Y be a function defined by
h(x,x) = f(2x,2x) —2f(x,x), forall x € U (3.80)
Thus from (3.69), we have
Vaaan () = Fri) (2%%t) > Tp()(22*t), Vx € U,t > 0,0 > 0 (3.81)
which implies that
Vit+lyoltly)  n@lx2ly) () > ?T(fo) (23@“)%) (3.82)
B 230
forallx € U,t > 0, > 0and ¢ € IN. Thus it follows from and (N3)
Vit () 2 T [T 10 (2240), @y 1|, Vx € Uit > 0,8 > 0, (3.83)

2

In order to prove the convergence of the sequence {%} if we replace x with 2"x in 3.83|), then we get

= 2
Vipantmypntmy) — pomymy) (t) > 17 {TT(2"+"1*17:) (2( n+3m)at)r q>n+m} (3-84)
23(n+m) 23m
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for all non-negative integers m and nand Vx € U, t > 0, a > 0.
Since the right hand side of the inequality tends to 1 as m and n tend to infinity, by assumptions, the

sequence {%} is a Cauchy sequence in Y for all x € U. Since Y is a a-Serstnev MPB, one can define the

function c(x, x) : U?> — Y by

n n
c(x,x) = lim h(2"x,2"x) x3,2 x)

forall x € U. (3.85)
Now, if we replace (x,y,z, w) by (2"x,2"y,2"z,2"w) in (3.48), respectively, then it follows that

V An(2nx,2my 212 210) (t) - VAf(2n+1x,2n+1y’2n+lz,2n+lw) ZAf(Z"X,Zny,ZnZ,an) (t)

23n 23n 231

3na—1 3n—2)a—1
> Tr |:1/Af(2”+]x,2’7+]y,2"+12,2“+1w) (2 t), VAf(Z”X,Z”y,Z”z,Z”w) (2( ) t):|

2 TT |:(:(2n+1x/2n+1y/2n+1zlzn+lw) (237106—1 t), C(Z"x,Z”y,Z"z,Z"w) (2(3n_1)a_1t):| (386)

forall x,y,z,w € U, t > 0 and a > 0. By letting n — oo in (3.86), we find that vac(x - ) (t) = 1 forall t >0,
which implies Ac(x,y,z, w) = 0 and so c satisfies for all x,y,z,w € U. To prove (B3.76), if we take the
limit as n — oo in (3.83), then we get (3.76). The rest of the proof is similar to the proof of Theorem 3.1} This
completes the proof. O

Theorem 3.3. Let ¢ : U?> — D be a function with the conditions given in and and f : U> = Y bea
function which satisfies forall x,y,z,w € Uand t > 0. Then there exists a unique 2-variable additive mapping
A : U? — Y and a unique 2-variable cubic mapping C : U*> — Y satisfying such that

1/f(x,x)—A(x,x)—C(x,x)(t> =
Tim 77 71 (Trp1 (32771, @y 1 ) 71 (T D130, 9, )| (3.87)
forallx € U, t > 0and a > 0, where @y, Tr(y(t) is defined as in Theoremand Y, is defined as in Theorem

Proof. By Theorems and there exist a unique 2-variable additive function Ap : U> — Y and a unique
2-variable cubic function Cy : U?> — Y such that

Vi (2x,2x)—8f (x,6)— Ag (x,) () = P (3.88)
and
Vf(2x,2x)—Zf(x,x)—Cg(x,x)<t> > "Tr, VxelU,t>0. (389)
Thus it follows from (3.88) and that
Vf(x,x)Jr%Ao(x,x)féco(x,x)(t)
2T {Vf(Zx,Zx)78f(x,x)7A0(x,x) (30‘2“_1 t)/ Vi (2x,2x) =2 (x,x)—Co (x,x) (Baza_lt)} (3.90)

forallx € U, t > 0 and « > 0. Thus we obtain by letting A(x,x) = —LAp(x,x) and C(x,x) = LCo(x, x)
for all x € U. This completes the proof of the stability of the functional equation in a-Serstnev MPN
spaces. O
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Abstract

Separation axioms in ideal topological spaces are discussed in the literature. In this paper we define the
separation axioms in ideal topological spaces in a new way which is more natural than the previous versions
and discuss some properties. Also we discuss the relationship of our definition with other definitions and
prove some results in the context of separation axioms in ideal topological space. We show a property that
holds in ideal topological theory which does not hold in the classical theory of topology; and also we show a
property that holds in the classical theory that does not hold in the ideal topological theory.
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1 Introduction

Anideal on a set X is a nonempty collection Z of subsets of X which is closed under finite union such that
if Aisin Z, then all subsets of A are also in Z. In 1944 Vaidyanathaswamy[12] introduced the concept of ideals
in topological spaces. Later the concepts were further studied and discussed by Kuratowski[8], Noiri[3] (5]
and many others[2} 6, 9]. If Z is an ideal on a topological space (X, T'), then we can construct a topology on X,
called *-topology, denoted by 7*. The triplet (X, T, Z) is called an ideal topological space.

In 1995, Dontchev[2] introduced the notion of I-Hausdorff space and Abd El-Monsef[1] developed the
notion of quasi-I-Hausdorff space in 2000. Later Nasef[9] has improved the concepts of [-Hausdorff space
and quasi- I-Hausdorff space. Further, Hatir and Noiri[4] introduced semi-I-Hausdorff space which is weaker
than Hausdorff space.

In the above stated, and in many other works, these concepts were developed using notions like Z-open,
semi-Z-open, quasi Z-open and so on. But a theory highlighting the topology 7" induced by an ideal Z
was developed in [11]]. In[1T], several ideals on the same topological space (X, 7 ) were considered and the
relationship among the topologies generated by these ideals were discussed.

In this paper we define a concept called .#-Hausdorffness, in the context of ideal topological spaces
slightly different from the definition available in the literature[2]. Also we define regular, normal spaces in
the context of ideal topological spaces and prove certain results similar to results available in classical theory.
We also prove that the intersection of two .#-Hausdorff topologies is an .#-Hausdorff topology, in contrast
to the classical result which states that the intersection of two Hausdorff topologies need not be a Hausdorff
topology. Further we show that the product of two .#-Hausdorff spaces need not be an .#-Hausdorff space,
in contrast to the classical result which states that the product of two Hausdorff spaces is a Hausdorff space.

In Section 2 we recall some definitions and results from the literature and prove certain results which we
need in the sequel; in Section 3 we define and discuss Hausdorffness in ideal topological spaces; in Section 4

*Corresponding author.
E-mail address: suriyakalaks@gmail.com (S. Suriyakala), msrvembu@yahoo.co.in (R. Vembu).
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we define and discuss regularity and normality in the context of ideal topological spaces and finally we give
some concluding remarks.

2 Preliminary Definitions and Results

Let us start with the definition of an ideal in a topological space.

Definition 2.1. [12] Let X be any set. An ideal on X is a nonempty collection I of subsets of X satisfying the following.
i. fA,BeZ, then AUB €T
ii. fA€Zand BC A, then B € T.

If (X, T) is a topological space and T is an ideal on X, then the triplet (X, T, T) is called an ideal topological space or
ideal space.

Throughout this paper X, 7 and Z will denote, respectively a nonempty set, a topology on X and an ideal
on X. If (X, T) is a topological space and x € X, T (x) denote the collection {U € T /x € U} of all open sets
in (X, T') containing x. We denote the complement of A in X by A°. If X is any set, by &?(X) we denote the
collection of all subsets of X and call it as the power set of X. The definitions and results which are not stated
explicitly are as in [10].

A closure operator on a set X is a function from £ (X) to 2(X), taking A to A, satisfying the following
conditions: @ = @, A C A, A = Aforall A, and for any A and B, AUB = A U B. The above four conditions
are called Kuratowski closure axioms [7]. If “—” is a closure operator on a set X, F is the family of all subsets
A of X for which A = A, and if T is the family of complements of members of F, then T is a topology on
X and A is the T -closure of A for each subset A of X. This topology is called the topology generated by the
closure operator “ —”

Definition 2.2. [8] For any subset A of X, define

AE“I,T) ={xeX/UNA¢&TforeveryU € T(x)}.

Let A= AU A?I e Then “ — " is a Kuratowski closure operator which gives a topology on X, called the topology
generated by I, and is denoted by Tz. This topology is also called *-topology or ideal topology.

Let (X, T') be a topological space. Then the following results hold trivially.
i fZ ={0},thenTz =T.
ii. If A €Z,then A* = @ and A is closed in (X, 77).

iii. If A is closed in 77, then A(*I ) C A.

-
iv. If 7y C 7, are two ideals on X then 77, C 7z,.

Now we prove a result which we use in the sequel.
Theorem 2.1. Let (X, T") be a topological space. Let T and T, be two ideals on X. Then Tz,nz, = Tz, N Tz,.

Proof. Since the intersection of two ideals is an ideal, 77,7z, is meaningful. AsZ; N1, C 7y and 7y N1, C 1o,
we have Tz,n7, C Tz, and T7,nz, € Tz,. Therefore T7,~7, C Tz, N Tz,.

Conversely, let us assume that V' € 7z, N7z, and let A = V. Then A is closed in 77, N 7z, and hence A
is closed in TIl and A is closed in 7}2. This implies that Ajll,T) C A and AZ‘I%T) C A. We aim to prove that A
is closed in 77,7z, It is enough to show that AE*I] Ty T) C A. Assume that x ¢ A. This implies that x ¢ Ale, -
and x ¢ AZFIz, - Then there exist open sets U and V in T containing x suchthat UNA € Z; and VN A € T5.

Letustake G=UNV.Clearly x € Gand G € 7. Also
GNA=UNV)NA=UNA)N(VNA) eI NI,

Thus there exists an open set G € 7 (x) such that GN A € Z; NZ,. Therefore x ¢ AZ‘I T and hence
12/

A(*IlﬂIQ,T) C A. This implies that A is closed in 77,~7,. Thus Tz, N Tz, C Tz,nz,- O
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We note that this result is not true in case of intersection of infinitely many ideals. If {Z,} is a collection of
ideals on (X, T'), then we have only 7nz, € N7z,. The equality holds if and only if (X, 7") is an Alexandroff
space[l11} Theorem 3.3].

3 Hausdorff Spaces in Ideal Topological Spaces

In this section we define Hausdorff space in the context of ideal topological spaces, compare it with the one
available in the literature and prove some results. We start with the definition of Z-open sets and Hausdorff
spaces in the context of ideal topological spaces given by Dontchev[2].

Definition 3.3. [3] Let (X, T,Z) be an ideal topological space. A subset A of X is said to be Z-open if A C int(A*).

Definition 3.4. [2] An ideal topological space (X, T ,Z) is called Z-Hausdorff if for every two distinct points x,y of X,
there exist disjoint Z-open sets U,V in (X, T ) such that x € Uandy € V.

According to this definition, if (X,7) is a topological space and if Z = Z(X), then (X, T) is not Z-
Hausdorff even if (X, 7') is Hausdorff. Indeed, if A is any subset of X, then A € Z and hence A* = @ which
implies that no set other than the empty set is Z-open; so one cannot find two disjoint Z-open sets containing
two distinct points. Furthermore, the set X = {1},cn U {0} under the usual metric of R is a metric space and
hence it is Hausdorff; but when Z = {@}, X is not Z-Hausdorff. Example 3.1 in [4] shows that an Z-Hausdorff
space need not be Hausdorff. So an Z-Hausdorff space need not be a Hausdorff space and a Hausdorff space
need not be an Z-Hausdorff space according to the definition available in the literature.

However, according to the theory of Z-Hausdorff space we are going to develop in this paper, every
Hausdorff space is an Z-Hausdorff space and there are Z-Hausdorff spaces which are not Hausdorff space. To
avoid confusions in the notations we write .#-Hausdorff instead of writing 7-Hausdorff in the new sense.

Definition 3.5. Let (X, T') be a topological space and L be an ideal on X. Then (X, T ) is said to be .#-Hausdorff with
respect to the ideal T if for every pair of distinct points x and y in X, there exist two open sets Uy and Uy in T such that
xel,yelandhNly € 1.

From the very definition itself, it follows that every Hausdorff space is .#-Hausdorff whatever be the ideal
Zonitas® € Z;if X = {1,2}, T = {9, X,{1}} and Z = {@,{1}}, then X is .#-Hausdorff with respect
to Z whereas it is not Hausdorff in the classical sense. Thus the class of .#-Hausdorff spaces is strictly larger
than the class of Hausdorff spaces. Whenever there is no ambiguity we just write .#-Hausdorff leaving the
tail “with respect to the ideal Z”.

In view of the discussion below Definition [3.4} there are many .#-Hausdorff spaces in our context which
are not Z-Hausdorff space according to Definition Example 3.1 in [4] shows that an Z-Hausdorff space
need not be an .#-Hausdorff space in our context. From this we conclude that our definition of Hausdorffness
is different from, and more natural than, the one available in the literature.

Theorem 3.2. Let (X, T,Z) be an ideal topological space. Then X is .#-Hausdorff with respect to T if and only if the
following holds:

If x,y € X with x # y, then there exist sets V1, Vo € T and Iy, Iy € T suchthatx € V1 — L,y € Vo — I
and (Vl — 11) N (Vz — 12) el

Proof. Assume that X is .#-Hausdorff. Let x, y € X such that x # y. Since X is .#-Hausdorff, there exist open
sets V1 and V,in T such thatx € V, y € V and Vi NV, € Z. By taking I; = I, = @ we see that the statement
holds.

To prove the converse, let x,y € X such that x # y. Then there exist sets V1,V, € T and 1, I, € Z such
thatxe Vi — I,y € Vo — L and (Vi — 1) N (Vo — L) € Z. We claim that Vi NV, € 7.

As (Vl - 11) N (V2 - 12) = (Vl N Vz) - (Il U 12), we have

VinV,=[(Vi—h)N(Va=L)]u[(VinVz) N (I UL)].

Since I1, I, € Z,wehave LU, € Z. Since (ViNW)N (L UL) C (LUL)and (V; —L)N (Vo — 1) € Z, we
have V1NV, € Z. Thus X is .#-Hausdorff. O
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If Zisanidealonaset X andif Y C X, thenZy = {ANY /A€ Z}isanidealonY.

Theorem 3.3. If (X, T) is an . -Hausdor{f space with respect to the ideal Z and if Y C X, then (Y, Ty) is .#-Hausdorff
space with respect to the ideal Ty where Ty is the subspace topology on Y inherited from T.

Proof. Let y1, y2 € Y be such that y; # y,. Since X is .#-Hausdorff, there exist open sets Gy, G, in 7 such
thaty; € G1,y2 € Goand G1 NGy € Z. Let H = YN Gy and Hy = Y N Gy. Then H; and H; are open sets
in Ty containing y; and y; respectively. As H; N Hy = (G1 N Gy) NY, we have H; N Hy € Zy. Therefore Y is
#-Hausdorff with respect to the ideal Zy. O

In the crisp topological theory, the intersection of two Hausdorff topologies on a set X need not be
Hausdorff. That is, if 77 and 7, are two Hausdorff topologies on X, then 77 N 7, need not be Hausdorff. But
if 71 and 7, are Hausdorff topologies on a set X and if there exists a topology 7 and two ideals Z; and Z, on
X such that 71 = 7z, and 7 = 7Tz,, then 71 N 73 is a Hausdorff topology on X (See Theorem.

First we give a necessary and sufficient condition for a space (X, 7") to be .#-Hausdorff with respect to an
ideal Z.

Theorem 3.4. Let (X, T) be a topological space and T be an ideal on X. Then (X, T) is #-Hausdorff if and only if
(X, T7) is Hausdorff.

Proof. Let x and y be two distinct points in an .#-Hausdorff space (X, 7). Then there exist open sets U
and Vin 7 such thatx € U,y € Vand UNV € Z. Letus take U; = U— (UNV)—{x}) and Uy =
V—-((UNV)—{y}). Clearly x € Uy and y € Up. SinceUNV € Z, (UNV) — {x} € Z; therefore it is closed
in 77 and hence Uj is open in 77. Similarly U, is open in 77. Thus we get two open sets U; and U, in 77 such
that x € Uy, y € Uy and Uy N U, = @. Therefore, (X, 77) is Hausdorff.

Conversely, let x and y be two distinct points in (X, 7). Since (X, 77) is Hausdorff, there exist open sets U
and Vin Tz suchthatx € U,y € Vand UNV = @. As U € Tz, U° is closed in 77 and hence (U)* C U°.
Since x ¢ U, we have x ¢ (U°)*. Thus there exists U; € 7T containing x such that U; N U° € Z. Let
L =y NUC Clearly x € Uy — I; C U. Similarly there exists Uy € 7T and I, € Zsuchthaty € U — L, C V.
Since UNV =@, wehave (U; — L) N (U — L) = @. It follows that Uy N U, € I} U I, and hence U; NU, € 7.
Thus we get open sets Uy and U in 7 such that x € Uy, y € Uy and Uy NU, € Z. Therefore (X, T) is
#-Hausdorff. O

Theorem 3.5. Let Z; and I, be ideals on (X, T). If (X, T') is .#-Hausdorff with respect to Z; and I, then (X, T) is
& -Hausdorff with respect to the ideal T; N 1.

Proof. Let x and y be two distinct points in (X,7). By Theorem (X,7z,) and (X, 7z,) are Hausdorff.
Since (X, Tz,) is Hausdorff, as in the proof of Theorem there exist Uy, Vp € T and I, J; € Z; such that
xel—hL,yeVi—Jiand (U — L) N (V= J1) = @. Similarly there exist Uy, Vo € T and I, J, € Z such
thatx e Uy — L,y € Vo — Jo and (UZ*IZ)H (Vz*]z) = Q.

Let Wiy = UjNlyand Wy, = Vi NV, Clearly x € Wi, y € Wy and Wi, W, € T. LetI = (I] Uh) N
(LUJ). Sincel C hUJ;and I C LU J,, we have I € Z; NZ;. We claim that Wy NW, € Z; NZ,. As
(LI1 —Il)ﬂ(Vl —]1) = @ and (Uz—lz)ﬂ(VZ—fg) =@, wehave 1 NV; C HUJjand U, NV, C LU J5.
Since W1 N W, = (U7 N'Vy) N (U N V,), we have Wy N W, C I and hence Wy N W, € 77 NZ,. Therefore (X, T)
is .#-Hausdorff with respect to the ideal Z1 N Z,.

O

Theorem 3.6. Let 71 and T, be Hausdorff topologies on a set X. Let there be a topology T and two ideals Ty and T, on
X such that Ty = Tz, and T, = Tz,. Then Ty N T, is a Hausdorff topology on X.

Proof. Since Ty = Tz,, T2 = Tz,, by Theorem (X, T) is #-Hausdorff with respect to the ideals Z; and 7.
Also by Theorem (X, T) is .#-Hausdorff with respect to the ideal Z; N Z;; by Theorem (X,Tz,n1,) 18
Hausdorff. By Theorem Tz,nz, = Tz, N T1,. Therefore (X, Tz, N Tz,) is Hausdorff. In other words, 7; N 7>
is a Hausdorff topology on X. O

If o7 and & are collections of subsets of X and Y, then the collection & x Z = {Ax B/ A € «/,B € #}
is called the product of &7 and . If Z; and I, are ideals on X and X5, then Z; X 7, need not be an ideal on
X; x Xp. Indeed, if X = {1,2,3},Z = {®,{1},{2},{1,2} },thenZ x Zisnotanidealon X x X as {(1,1),(2,2)}
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is not in Z x Z whereas {(1,1)},{(2,2)} are in Z x Z. However with ideals Z; on X and 7, on Y we can
associate an ideal Z; ® 7, on X X Y in a natural way. The ideal Z; ® 75 is in fact the smallest ideal containing
7, x I, which can be obtained as the intersection of all ideals containing 77 x Z,.

It is well known that the product of two Hausdorff spaces is a Hausdorff space in crisp topological theory.
But this is not true in ideal topological theory. That is, if (X1, 77) is .#-Hausdorff with respect to the ideal Z;
and (X, 7>) is #-Hausdorff with respect to the ideal 7, then (X; X Xp, 71 x 72) need not be .#-Hausdorff
with respect to the ideal Z; ® 7 as seen in the following example.

Example 3.1. Let X1 = {1,3}, Xo = {1,4}; let Ty = {D, X1, {1}}, To = {©D, Xo, {1} }; then Ty and T, are topologies
on Xy and Xp; let Ty = {@,{1}}, I, = {@, {1}}; then I, and I, are ideals on X7 and X. Clearly the product topology
T1 x T5 is the collection

{0, X1 x X, {(1, D },{(1,1), (L4}, {(1,1), 3,1}, {(1,1),(1,4),(31)}}

and the ideal Ty ® T is the collection {@,{(1,1)}}. As we cannot separate the points (1,4) and (3,4), X1 x Xy is not
& -Hausdorff with respect to the ideal T; @ 1.

We note an interesting observation in the comparison of Hausdorff theory between the crisp and ideal
topological theory. One point sets in Hausdorff spaces are closed in crisp theory whereas it is not so in the
theory of ideal topology. For example, if X = {1,2,3}, T = {9, X, {1},{1,2}} and Z = {®, {1}, {2}, {1,2}},
then {1}, {2} are not closed in (X, T); but X is .#-Hausdorff with respect to Z.

4 Regular and Normal Spaces

Now we define regular and normal space in the context of ideal topological spaces and prove some results.

Definition 4.6. Let (X, T") be a topological space and Z be an ideal on X. Let singleton sets be closed in X. Then (X, T)
is said to be ¥ -regular with respect to the ideal T if given x € X and a closed set B not containing x, there exist two
open sets Uy and Uy in T such that x € Uy, B C Upand Uy NUp € I.

As @ € I, every regular space is .#-regular with respect to the ideal Z whatever be the ideal Z. An
#-regular space with respect to an ideal Z need not be regular. For example, any uncountable set X with
cocountable topology is not regular; but it is .#-regular space with respect to the ideal Z where Z = 2 (X).

In Theorem 3.4 we have proved that a space (X, T) is .#-Hausdorff with respect to the ideal Z if and only
if (X, 7T7) is Hausdorff. But in the case of regular spaces it is not so. That is, if (X, T') is .#-regular with respect
to an ideal Z, then (X, 77) need not be regular. For example, in R with usual topology, let Z be the collection
of all subsets of {1, 3, %, -+ }. Since R with usual topology is regular, it is .#-regular with respect to the ideal
Z; but it is not Tz-regular because we cannot separate the point 0 and a closed set {1, %, %, .-+ }. However,
(X, T7) is regular if the following additional condition is satisfied.

C1: Forany A € 7 and x ¢ A, there exists U in 7 such that x € U and UNA=0Q.

Theorem 4.7. If (X, T') is .7 -reqular with respect to the ideal T and if C1 holds, then (X, T7) is regular.

Proof. Let F be closed in 77 and x ¢ F.

Suppose F is closed in T, by .#-regularity, there exist Uy, Uy € T suchthatx € Uy, FC Upand U1 NUp €
7. If needed replacing U; by U; N F°, wecanassume U1 NF =@. Let [ =U; NUy, Vi =Ujand Vo = Up — L.
Since INF = @and F C Uy, F C V,. Clearly V; NV, = @. Thus we obtained two open sets Vi, V; in Tz such
thatx € V3, F C Va and V3 NV, = @. Hence (X, 77) is regular in this case.

Now we prove the general case. Since F is closed in 77, we have F (*z, n S F and hence x ¢ F (2, - Then
there exists U € T (x) suchthat UNF € Z. Let = UNFand F; = F — I. Clearly UNF; = @. Let F, be the
closure of F; with respect to 7. Since x € U and UN F; = @, we have x ¢ F,. Therefore F, is closed set in
T such that x ¢ F,. By the particular case discussed above, there exist V1, V, € Tz suchthatx € V4, F, C V;
and VNV, = @. Since x ¢ I € 7, by the condition C1, there exists an open set U € 7T such that x € U and
UNI=Q®.Letustake W; = Uand W, = U". Alsox € W, I C Wo and Wy N W, = @. Let G; = V; N W; and
Gy = VL UW,. Clearly x € Gy and G1 NGy = @. Since F, C V, and I C W,, we have F C G;. Thus we get
open sets G, Gy in 77 such that x € Gy, F C G, and G; N Gy = @ and hence (X, 77) is regular. O
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We can weaken condition C1 by the following condition:
C2: Forany A € Tand x ¢ A, thereexist U,V € Trsuchthatx e U, AC Vand UNV = .

Theorem 4.8. If (X, T) is .#-reqular with respect to the ideal T and if C2 holds, then (X, T7) is regular.

If x ¢ I € Z, by the condition C2, there exist Wy, W, in Tz such that x € Wy, I C Wy and Wy NW, = @.
Replacing the sets W; and W5 in the proof of Theorem 4.7|by these W; and W,, we get the proof.

If U is a set that exists in condition C1, then U and U serve as the open sets in condition C2. Thus C2 is
weaker than C1. The following example shows that C2 is strictly weaker than C1.

Example 4.2. Let X = {1,2,3,4},7 = {0, X, {1}, {2}, {1,2}} and T = {@,{1},{2},{1,2}}. Let A = {2},
x = 3. As the only open set containing x in T is X, condition C1 is not satisfied whereas it is easy to verify that
condition C2 is satisfied.

The following theorem can be proved analogous to Theorem 3.2}

Theorem 4.9. Let T be an ideal on (X, T). Then X is .#-regular with respect to L if and only if the following holds:
If x € X and a closed set B not containing x, then there exist sets V1,V, € T and I, I € I such that x €
i—L,BCV,—DLand (Vl 711) N (Vz *12) e

Theorem 4.10. Let Zy and I, be ideals on (X, T). If (X, T) is .7 -regqular with respect to Iy and I, then (X, T ) is
J-regular with respect to the ideal Ty N I.

Proof. Let x € X and B a closed set in (X, 7') not containing x. Since X is .#-regular with respect to Z;, there
exist two open sets Uj, V1 in T such that x € Uy, B C Vj and U; N Vp € Z;. Similarly there exist two open sets
Up, Voin T such thatx € Up, BC Vaand Up NV, € Iy LetU = Ui NUpand V = V4NV, Clearly x € U
and BC V.SinceUNV = (U3 NV;)N(UxNV,), wehave UNV € T3 NZ,. Thus there exist two open sets U,
Vin T suchthatx € U, B C Vand UNV € Z3 NI, and hence (X, T) is .#-regular with respect to the ideal
1N I,.

O

Theorem 4.11. Let (X, T,Z) be an ideal topological space. If X is an % -reqular space with respect to Z and if Y C X,
then (Y, Ty) is #-reqular space with respect to the ideal Ty where Ty is the subspace topology on'Y inherited from T

Proof. Let A be a closed set in (Y,7y) and x ¢ A. Since A is closed in Y, we have A = Y N F where F
is closed in X. As F is closed in X and x ¢ F, there exist Uy, U, in 7 such that x € U;, F C U, and
UiNnyeZ LetVy =YNUyand V, = YN U,. Clearly x € V4, A C V, and V4, V; are open sets in Ty. As
ViNnV, = (U;NUp) NY, wehave V1 NV, € Zy. Therefore Y is .#-regular with respect to the ideal Zy. O

Theorem 4.12. Every .¥-regular space is % -Hausdorff space with respect to the same ideal.
Now we define normal space in the context of ideal topological spaces and prove some results.

Definition 4.7. Let (X, T") be a topological space and T be an ideal on X. Let singleton sets be closed in X. Then (X, T)
is said to be .7 -normal with respect to the ideal I if given two disjoint closed sets A and B, there exist two open sets U
and Uy in T such that A C Uy,BC Upand U1 NU, € Z.

As @ ¢ 1, every normal space is .#-normal space with respect to the ideal Z whatever be the ideal Z on
X. The converse is not true. For example, any infinite set X with cofinite topology is not normal; but it is
#-normal space with respect to the ideal Z where Z = 2(X).
The following theorem can be proved analogous to Theorem 3.2}

Theorem 4.13. Let (X,T,Z) be an ideal topological space. Then X is .%-normal with respect to T if and only if the
following holds:

If A and B be two closed sets such that AN B = @, then there exist sets V1,V, € T and 11,1, € 1 such that
ACV,—1,BCV,—1Iand (V1 —Il)ﬂ(VZ—Iz) el

The following theorem can be proved analogous to Theorem [4.10]
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Theorem 4.14. Let 7y and I, be ideals on (X, T). If (X, T) is #-normal with respect to Iy and I, then (X, T ) is
& -normal with respect to the ideal 1y N 1,.

Theorem 4.15. Every .#-normal space is .#-regular with respect to the same ideal.

Theorem 4.16. Let (X,T,Z) be an ideal topological space. If X is an .#-normal space with respect to Z and if Y is a
closed subset of (X, T), then (Y, Ty) is .#-normal with respect to the ideal Iy where Ty is the subspace topology on Y
inherited from T.

Proof. Let Y be a closed subset of X and let A and B be disjoint closed sets in (Y, 7y). Then A and B are
disjoint closed sets in (X, 7). By .#-normality, there exist U, Uy in 7 such that A C U;, B € U and
UiNnteZ LetVi =YNU;and V, = YN U,. Clearly A C Vi, B C V, and Vj, V; are open sets in Ty. As
VinV, = (U;NnUy) NY, wehave V4 NV, € Zy. Therefore Y is .#-normal with respect to the ideal Zy. O

Conclusion

We defined and discussed the separation axioms in ideal topological spaces in a new way which is more
natural than the previous versions. We proved a property that holds in ideal topological theory which does
not hold in the classical theory of topology and also established a property that holds in the classical theory
which does not hold in the ideal topological theory. This makes the ideal topological theory interesting and
independent. Many concepts available in the classical theory may be discussed using the theory developed in
this paper.
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Abstract

A set F of a graph G(V, E) is an edge dominating set if every edge in E — F is adjacent to some edge in
F. An edge domination number 7' (G) of G is the minimum cardinality of an edge dominating set. An edge
dominating set F is called a cototal edge dominating set if the induced subgraph (E — F) doesnot contain
isolated edge. The minimum cardinality of the cototal edge dominating set in G is its domination number
and is denoted by 'ylcot(G). We investigate several properties of cototal edge dominating sets and give some
bounds on the cototal edge domination number.

Keywords: Edge domination number, cototal edge domination number.
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1 Introduction

Let G(V,E) be a graph with p =| V | and g =| E | denoting the number of vertices and edges respectively.
All the graphs considered here are finite, non-trivial, undirected and connected without loops or multiple
edges.

The degree of a vertex u is denoted by d(u). The degree of an edge e = uv of a graph G is the number
defined by deg(e) = degu + degv — 2. The minimum(maximum) degree of an edge is denoted by &' (A'). The
induced subgraph of X C E is denoted by (X). For a real number x, | x| denotes the greatest integer less than
or equal to x and [x] denotes the smallest integer greater than or equal to x. An edge independence number
B1(G) is defined to be the number of edges in a maximum independent set of edges of G. A vertex of degree
one is called a pendant vertex. An edge incident to pendant vertex is called the pendant edge. Let (1(G)
be the set of all pendant edges of G. As usual, Py, C, and K, are respectively the path, cycle and complete
graph of order p. Ky, is the complete bipartite graph with two partite sets containing m and n vertices. Let
t > 3,n > 1 be two integers. We denote by W} the graph C; + K, as a generalized wheel. Note that for
n =1,W} = Ky + C,_1 is a wheel. B, is a graph obtained by joining the centres of two stars Kj , and Kj
by an edge called as Bistar or double star. The subdivision graph of a graph G, denoted by S(G), is a graph
obtained from G by deleting every edge uv of G and replacing it by a vertex w of degree 2 that is joined to u
and v.

Let G(V,E) be a connected graph. A subset S of V is called a dominating set of G if every vertex in
V — S is adjacent to at least one vertex in S. The concept of edge domination was introduced by Mitchell and
Hedetniemi [5, [7].

Definition 1.1. A subset F of E is called an edge dominating set of G if every edge not in F is adjacent to some edge
in F. The minimum cardinality of an edge dominating set of G is called an edge domination number and is denoted by

*Corresponding author.
E-mail address: anupamasb6@gmail.com (Anupama S.B.), ypombub@yahoo.co.in(Y. B. Maralabhavi), vmgouda@gmail.com(Venkanagouda
M. Goudar).
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Definition 1.2. A dominating set D of G is a cototal dominating set if the induced subgraph (V — D) has no isolated
vertices. The cototal domination number 7y.ot(G) of G is the minimum cardinality of a cototal dominating set.

This concept was introduced by Kulli, Janakiram and Iyer in [6]. Any undefined term or notation in this
paper can be found in Harary [4]. We need the following Theorems for our study on cototal edge domination
number.

Theorem 1.1. [3] For every n, ’Y’i’),n =n.

Theorem 1.2. [2] For any connected graph G of even order p, 7(G) = p/2 if and only if G is isomorphic to K, or
K .
p/2,p/2

In this paper, we determine the relation among the graph parameters, like edge independent number,
maximum edge degree and cototal edge domination number of a graph. We have also derived some relations
to determine cototal edge domination number of graph obtained by adding end edges to cycle, cartesian
product, subdivision of graphs, corona and join of graphs.

Definition 1.3. A set F C E(G) is said to be cototal edge dominating set if F is an edge dominating set and induced
subgraph (E — F) has no isolated edges. The minimum cardinality of cototal edge dominating set in G is the cototal edge
domination number and is denoted by 7.,;(G) of G.

2 Main results

We list out cototal edge domination number of some standard graphs.
Theorem 2.1.
1. For any spider G, the cototal edge domination number, y.,,(G) = | (G)|.
2. For any octopus G, the cototal edge domination number, 'ylcot(G) =|0(G)| + 2.
3. For any generalized wheel W', with t > 3,7, (W!") = [t/2].
4. For any wheel Wy, withn > 3, 'yéot(Wn) = [n/2].
Theorem 2.2. For any path P, with p > 5, the cototal edge domination number,
/ 51 +2 ifp=1(mod3),
Vaor (Pr) = { 5] +1 ifp=0or2(mod3).
Proof. Let Py : v1,0y,...,vp be any path and let ¢; = v;v; 1 be an edge. Let
S if p = 2(mod3),

S1=9SU{ep 1} if p = 0(mod3),
SU{ep_1,ep2} if p=1(mod3).

be an edge set where 5 = {e¢j : j = 3k + 1 for 0 < k < [§] —1}. Clearly S is an edge dominating set and the
induced subgraph (E — S1) has no isolated edges. Therefore |S;| will be the cototal edge dominating set with
minimum cardinality. Hence the proof. O

Theorem 2.3. For any cycle C,, with p > 3, the cototal edge domination number,

| 51 iy =0(mod3),
Yeot(Cp) = 5] +1  if p = 1(mod3),
|B]+2 ifp=2(mod3).
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Proof. Let Cp : v1,02,...,0p be any cycle and let ¢; = v;v; 1 be an edge. Let

51 =

S if p=0or 1(mod3),
SU{ep} if p=2(mod3).

be an edge set where S = {¢j : j = 3k + 1 for 0 < k < [§] — 1}. Clearly S is an edge dominating set and the
induced subgraph (E — S1) has no isolated edges. Therefore |S1| will be the cototal edge dominating set with
minimum cardinality. Hence the proof. O

Theorem 2.4. For any complete graph K, with p > 3 vertices, the cototal edge domination number, 'Y;ot(Kp) = 5]

Proof. Let S be a maximum matching of K,. We know that the edge independence number $;(G) of a graph
G is the maximum cardinality of an independent set of edges. Furthermore for an integer p > 3 and integers
m and n with 1 < m < n, we have B1(K,) = |5]. Clearly S is an edge dominating set. Also the induced
subgraph (E — S) has no isolated edges. Therefore S is a cototal edge dominating set of K.

%ot(K]ﬂ) = |S|/
|2
=1/
Hence the proof. 0

Corollary 2.1. Let G bea graph obtained from K, by adding the pendant edges to the vertices of K,. Then the cototal
edge domination number,

! ! '7/ (Kp) if p is even,
’)/cut(G ) = fOt 4 fp }
Yeot (Kp) +1  if pis odd.

Theorem 2.5. For any complete bipartite graph Ky, , with 2 < m < n the cototal edge domination number, 'y/wt(Km,n)
=m.

Proof. Let v be any vertex on K, ,such that deg(v) = min(m,n). Let S be the set containing all the edges
incident on v. It is clear that S is an edge dominating set. Also the induced subgraph (E — S) does not contain
an isolated edge. Thus S is a cototal edge dominating set and the minimal cardinality |S| of S will be the
cototal edge domination number. Thus

Yeot Kmn) < 18],
= deg(v).

Therefore 'ylwt(Km,n) = m. Hence the proof. O

Theorem 2.6. Let F be a cototal edge dominating set of a connected graph G with p > 5 vertices. Then every pendant
edge e = uv with degree(support vertex) = 2 is in F.

Proof. Let e = uv be a pendant edge with degree of support vertex v is 2. Suppose e ¢ F and e; € N(e).
Since F is a dominating set we have e; € F. Also the induced subgraph (E — F) contains an isolated edge, a
contradiction. Therefore every pendant edge with degree of support vertex equal to two, is in F. Hence the
proof. O

The following Theorem gives a sharp upper bound for the cototal edge domination number of G.
Theorem 2.7. For any connected graph G with §(G) > 2, the cototal edge domination number, y.,,(G) < p1(G).

Proof. Let G be a graph with 6(G) > 2. Let S be an edge independent set in G such that |S| = 1(G). Clearly
every edge e; € E — S is adjacent to atleast one edge of S. Hence S is an edge dominating set. Since 6(G) > 2,
the induced subgraph (E — S) is connected. Therefore S is a cototal edge dominating set. Hence 7.,;(G) <
B1(G). Hence the proof. O

Let S = {el,ez,- . -es} be a set of non-adjacent edges to e. The characterization of all graphs for which
’y’cot(G) = g — A’ seems to be a difficult problem. In the next Theorem, we characterize few graphs for which

’ycot(G) =4- A
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Theorem 2.8. Let G be a graph with 6(G) > 2 and e = uv with d(u), d(v) > 3 be an edge with maximum degree.
Then 7, (G) < 9 — 2(G).

Proof. Let e = uv be an edge with maximum degree. Let E; = {ey, ey, - - ¢, } be the set of edges adjacent
to e. Then F = E — E; is an edge dominating set and since §(G) > 2 the induced subgraph (E — F) has no
isolated edges. Therefore F is a cototal edge dominating set of G. Hence |F| < |E| — |E1|. Therefore 'ylmt(G) <
q — A'(G). Equality holds in the following cases:

Casei) S=0.
Let e = uv be an edge with maximum degree. Since d(u), d(v) > 2, the induced subgraph (E — {e}) has
no isolated edges. Because there are no non-adjacent edges to e and all the edges in G are dominated by
{e}. Therefore F = {e} is a cototal edge dominating set. Hence

')/lcot(G) =4q— A/(G)

Caseii) |S| =1.
Let e = uv be an edge with maximum degree. Since there is only one edge e; not adjacent to e, we get
F = {e} U {e1} as an edge dominating set. Also (E — F) has no isolated edges. Therefore F is a cototal
edge dominating set. Hence 7.,,(G) = g — A'(G).

Hence the proof. O

Corollary 2.2. If degree of each vertex in (S) is one and for all w — {u, v} in V(G), the other end vertices of the edges
not in S are either u or v then
’Ycot(G) =q- A (G) -1

O

Let e = uv be an edge satisfying d(e) = q — 1. Let A be a family of graphs isomorphic to Kj ,, B, s, where
r,s > 3, the graphs formed by adding P; to B, s such that end vertices of P5 is u and v or the graph G " formed
by adding P; to B, s and removing pendant edges adjacent to u or adjacent to v or both of B, ;. Few graphs
which belong to G or G" are shown in Figure Now we have the following Theorem.

Figure 1: Illustration for the family H

Theorem 2.9. The cototal edge domination number of H is one if and only if the graph belongs to H.

Proof. The inequality 1 < 7.,;(#) is obvious. If there exists an edge ¢ = uv € H where d(e) = g — 1 then
Yeot(H) = 1. Assume 1,,,(#) = 1. Then F = {e;} is a minimum cototal edge dominating set of G. Since F
is a dominating set of G, e; must be an universal edge which belongs to the family H. If e ¢ H then there
is a possibility where the induced subgraph (E — F) contains an isolated edge. It is a contradiction to the
definition of cototal edge dominating set. Therefore e € H. Hence the proof. O
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The following Theorem relates 'ylmt of few standard graphs G with their
subdivision graph S(G) in terms of vertices.

Theorem 2.10. For any path Py, v, (Pp) + Y01 (S(Pp)) < p +3.

Proof. Let S be the 'Y/cot set of P,. Therefore by Theorem

7;0t(PP) = |S‘ (2.1)

Let S’ be its 7., set of subdivision of Py. Then by Theoremwe get
Yoot (5(pp)) — |S'| that is

Ed if p = 0(mod3),
/ 2p : —
Yeot (S(Pp)) = {?J +2  if p=1(mod3), 2.2)
{%J +1 if p=2(mod3).

Consider a particular case where p = 1(mod3). Adding equations and , we get

')’cot(P]ﬂ) +’Ycot(s(PP)) = |S‘ + |S ‘r

- 5]+ %)+

<p+3.
The other two cases are obvious. Hence the proof. O
Theorem 2.11. For any Cycle C,, ’y’cot(Cp) + 'ylcotS((Cp)) <p+2
Proof of this Theorem is similar to the Theorem .10l
O

The corona G = H o Kj is a graph constructed from a copy of H, where for each vertex v € V(H), a new
vertex v’ and a pendant edge o0 are added. The following Theorem gives a sharp bound for the cototal edge
domination number of (Gp, o Gp, ).

Theorem 2.12. Let G be a connected graph with py vertices and Ky, be any star. The cototal edge domination number
of the corona of G and Ky, , is given by Yoot (GO Kip,) = p1-

Proof. Letu; € Vy for1 <i < p; be a vertex set of G and v be a support vertex of Ky j,. Let S = {u;v : Yu; € G}
be an edge set in the corona (G o Ky p,). Then S is a minimum edge dominating set of (G o Ky p, ). Clearly the
induced subgraph (E — S) does not contain any isolated edge. Hence S = {ej,ez---¢p,} is a cototal edge
dominating set with minimum cardinality. Therefore

’yéot(G o K1,5,) = p1- Hence the proof. O

Theorem 2.13. Let G1(p1,41) and Gy(p2,q2) be two connected graphs. The cototal edge domination number of the
corona of Gy and Gy, is given by 'y,mt(Gl 0 Gy) < p1+ p1|#2]. Equality holds if G is either a cycle or a complete

graph.

Proof. Letu; € Vy for1 < i < pjandletv; € V; for 1 < j < p; be the vertex set of G; and G; respectively.
Let S = {u;vx : Vu; € Gy and any one vertex vy € V,} be an edge set in the corona (G o G). Let Eq be an
edge dominating set for the graph G,. Then set S along with p; copies of E; in the corona will form an edge
dominating set F of (G; o Gy). Clearly (E — F) doesnot contain isolated edges. Therefore

Yeot(G10Ga) < [S| + p1(|E1l),
i)

Hence the proof. O
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For disjoint graphs G; and Gy, the join G = G; + G; is the graph with V(G) = V(G;) U V(G;) and
E(G) = E(G1)UE(Gy)U{uv: u € V(Gy) Av € V(Gz)}. In the following Theorem we give the result on the
join of two paths.

Let ¢ = 2p; — py be a constant used in the Theorem below.

Theorem 2.14. Let Py, and Py, be any two paths of order py, pa respectively. Then the cototal edge domination number,

P2 pi—| %)

Ry B2l ore >0,
'.)’/colf(PP]_‘_sz)S [2“ _"2 g —‘ f

p1 + B2 fore <0.

Proof. Let Py, and Py, be the two paths labelled in order as ujejuzes - - -y, 1
! ! !
ep,—1Up, and vie ey <+ vy, 1€

Case i) Suppose ¢ > 0.
Choose an edge set Ey = {u;vy; : 1 <i < [B]}. Then |E

|
_|R
path up,, up 1, -, U in order such that |E;| = [%1 . Then E; U E; forms a cototal edge dominating

pr—10p2 respectively. Let us consider the following cases:

= [ B ]. Let E; be the set of alternate edges in the

-

set in the join of the two paths Py, and Py,. Thus
Yeot (Ppy + Ppy) < |E1| +[E2l,
p2
p2 pi— 7]

< |2 £ -2

<[5+ P
Case ii) Suppose |¢| < 0.
Choose an edge set E; = {u;0; : 1 < i < p1} then |E;| = pi. Let E, be the edge dominating set of the path
U2p, 41, * * Up, in order such that |E’2| = VJZ_TZPW Thus El1 U E/2 forms a cototal edge dominating set in the join
of the two paths Py, and Py, . Thus

!/ ’ !/
chot(Ppl + sz) S |El‘ + |E2|r

Pz—zzplw.

Hence the proof. O

§P1+[

In the following Theorem we give the result on the join of two cycles.

Theorem 2.15. Let Cp, and Cp, be any two cycles of order p1, p respectively. Then the cototal edge domination number,
k2
(2] + [7701 (22 HlJ fore >0,

Yeot (Cpy +Cpy) <
p1+15] fore < 0.

Proof. Let Cp, and Cy, be the two cycles labelled in order as, ujequzes - - - ip,

ep, 11 and vle/lvze/z e vpze;,2 v respectively. Let us consider the following cases

Case i) Suppose ¢ > 0.

Consider the edge set E; = {u;juy;1 : 1 < i < [E]}. Let E; be the set of alternate edges in the path
Vl_(;%z“l-‘

I S IR v in order such that |E;| = . Then E; U E, forms a cototal edge

dominating set in the join of two cycles C,; and Cp,. Thus
Yeot (Cpy + Cpy) < |Ex| + |Eal,
p2
P2 p—[71+1

< |22 LS S

<[5+ F=
Case ii) Suppose |¢| < 0.
Choose an edge set Ey = {101 : 1 < i < p;} then |E;| = py. Let E, be the edge dominating set in the path
V2p,, V2p,+1,* * * Up, in order such that |E’2| = [172%2;711 Thus E’1 U E,2 forms a cototal edge dominating set in the
join of the two cycles Cy,; and Cp,. Thus

! ! !
'Ycot(cpl + CPz) S |E1| + |E2|/

P2—2P1]

Spﬁ[ 3



Anupama S.B. et al. / Cototal Edge Domination ... 331

Hence the proof. 0

In the following two Theorems we are adding K to a cycle C,. For an edge ¢ = uv of a graph G with
deg(u) = 1and deg(v) > 1, we call e an end edge and u an end vertex.

Theorem 2.16. Let G be the graph obtained by adding k end edges uyv; for j =1,2,- - -k to a cycle C, where uy € Cp

and {v1,vy, - - - vk} & Cp. Then the cototal edge domination number, 'y/wt(G/) =[£].

Proof. Let Cp : uq,uz, - ,up be a cycle with p vertices and G be the graph obtained by adding k end edges
{urv1, 10y, - - - uyvi } such that uy € Cp and {vy,vy,- - - vk} & Cp. Lete; = u;u;,1 be an edge on cycle.
LetS={ej:j=3l+1for0<1<|§|—1}and

IE if p = 0 or 2(mod3),
! SU{ep 2} if p=1(mod3).

be an edge set on S. Then S; is an edge dominating set and the induced subgraph (E — S1) doesnot contain
isolated edges. Therefore S; is a cototal edge dominating set and |S;| will be the cototal edge domination
number for the graph G'. Hence the proof. O

Theorem 2.17. Let G’ be the graph obtained by adding k end edges u;v; to a cycle Cp with d(u;) > 3 where u; € Cy,
fori=1,2,---p,v; & Cpforj=1,2,- - -k. Then the cototal edge domination number, 'y;ot(G/) =[]

Proof. LetCp : uq,up,- -+ ,upbeacycleand G be the graph obtained by adding k end edges u,;v; where u; € Cp
fori=1,2,---pandv; ¢ Cpforj=1,2,-- -k Lete; = u;u; 1 be an edge of G.
LetS={ej:j=2l+1for0<I<|5]—1}and

5 - SU{ey,—1} if p =0(mod2),
' SU{upvi}  if p = 1(mod2).

be an edge set of G'. Then S is an edge dominating set and the induced subgraph (E — S1) doesnot contain
isolated edges. Therefore S; is a cototal edge dominating set and |S1| will be the cototal edge domination
number for the graph G'. Hence the proof. O

The following corollary is the immediate consequence of the above Theorems.

Corollary 2.3. Let G’ be the graph obtained by adding k end edges u;vj to a cycle Cp of order p > 3 in any manner then
from the above Theorems, we

get [§] < 7.4(G) < [51.

3 Cartesian product of independent cototal edge domination number

In this section we define a new parameter “Independent cototal edge domination number” of a graph. An
edge dominating set F is called an independent edge dominating set if no two edges of F are adjacent [1]. An
independent edge domination number 'y; (G) of G is the minimum cardinality taken over all independent edge
dominating sets of G. The cototal edge dominating set is said to be an independent cototal edge dominating
set if the induced subgraph (F) is an independent edge set.

The cartesian product of G and H, denoted G x H, has vertex set V(G) x V(H). Two vertices (1,v), (1, v),
in V(G) x V(H) are adjacent if either u = u' and v0' € E(H), orv = v and uu’ € E(G). The graph P, x P,
has m copy of the graph P, in m columns. Let ’y:»cot(Pn X Py) denotes the size of minimum independent
cototal edge dominating set of two paths (P, x P, where n < m. In the next Theorem, we calculate 'y;ot for
the product of two paths P; and Py,.

Theorem 3.18. Let P be a path of length 3 and Py, be any path with m > 3. Then independent cototal edge dominating
number of the product of these two paths, «;,,,[P3 X Py] = m.

Proof. Consider the independent edge set
S = {{(1,2 +3K),(1,3+3K)}, {(2,1+3k), (2,2 +3K)},{(3,2+3k), (3,3 + 3k)} /k = 0,1,2--- [ 2] — 1}, as
shown in Figure[2]
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Case ii)

Case iii)
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Figure 2: Cartesian product of P3 x Py

Let m = 0(mod3).

Then S is an independent edge dominating set and the induced subgraph (E — S) of P; x P, has no
isolated edges. By Theorem S is an independent cototal edge dominating set of P3 x P;, with
minimum cardinality. Therefore |S| = m.

Let m = 1(mod3).

Then S; = SU{(1,n),(2,n)} is an independent edge dominating set and the induced subgraph (E — 51)
of P3 x Py, has no isolated edges. By Theorem[1.1} S; is an independent cototal edge dominating set of
P53 x Py, with minimum cardinality. Therefore |S1| = |S| + 1 = m.

Let m = 2(mod3).

Then S, = SU {{(2, n—1),3,n—-1)},{(1,n),(2, n)}} is an independent edge dominating set and the
induced subgraph (E — Sy) of P3 x Py, has no isolated edges. By Theorem Sy is an independent
cototal edge dominating set of P3 x P, with minimum cardinality. Therefore |S;| = |S| +2 = m.

Thus 7;.,,[Ps X Pu] = m. Hence the proof. O

In the next Theorem, we generalize 'y,wt for the product of two paths P, and Py,.

Theorem 3.19. Let P, be a path with n vertices and Py, be any path with m vertices where n < m. Then independent
cototal edge domination number of the cartesian product of two paths,

e if m = 0(mod3),

icot P X Pu] =
Yicot [P X P {P%n"+1 ifm = 1or2(mod3).

Proof. Consider an independent edge set as shown in Figure 3]
If i is odd, then

o [Uimtaen  {G,3642),(3643)} k=01, %] -1,
Ui:2,4,~~-n71 {(l,3k + 1), (l,3k + 2)} : k = O, 1, e L%J — 1

If i is even, then

Case i)

Case ii)

5 — Ui:1,3,~~~n—1 {(l,3k + 2), (l, 3k+ 3)} k= 0, 1, ce L%
Uiz24,.n {(G,3k+1),(,3k+2)} :k=0,1,--- | %

Let m = 0(mod3).
Then S is an independent edge dominating set and the induced subgraph (E — S) of P, x P, has no
isolated edges. Thus S is an independent cototal edge dominating set of P, X Py,. Therefore

’yicot[Pn x Pm] < |S|/
L
- 3
Let m = 1(mod3).
Let us discuss the following subcases.
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»—8
H—-
*+——9
4
*—4

I [ ]

Figure 3: Cartesian product of P, X Py,

1. nis an odd number.
Let 51 = {{(Lm)/ (me)}/ {(3rm)/ (4,111)}, e {(Tl - Z,m),

(n—1,m) }} Then F; = SU S; is an independent edge dominating set and the induced subgraph
<E — F1> of P, x Py,. Thus |F1| < |S‘ + |51|

2. nis an even number.
Let o = {{(1,m), (2,m)}, {3,m), (4,m)}, - {(n—2,m),

(n—1,m) }} Then F, = SU S, is an independent edge dominating set and the induced subgraph
(E — F) of P, X Py, has no isolated edges. Thus |F,| < [S|+ |Sz].

Combining the above two subcases, we conclude that F; and F, form an independent edge dominating
set of P, X Py in both the cases respectively. Therefore

n
7;cot[Pn X Py < |S1USy| + \‘EJ’
<

nm
5]+t
Let m = 2(mod3).

For n > 4, we can partition the set of m columns of P, x P into B;,i = 1,2,--- L%j blocks at the
beginning and two columns at the end. The set S will dominate B; blocks. In addition we dominate m
and m — 1 columns by a set isomorphic to Sg as shown in Figure@ Letn =4q4+1:1<q< [§],0<1<
3. Consider the following two cases to find Sg

i) Ifg=1thenSg = {R;:0<1<3}
ii) Ifq>1thenSR:{(L%Jfl)Ro+Rl:0§l§3}

Therefore S3 = S U S is an independent edge dominating set and the induced subgraph (E — S3) of P, x
Py, has no isolated edges. Thus S3 is a independent cototal edge dominating set of P, x Py,. Therefore,

’Yicot[Pn X Pm} < |S3|/
< |S[+ ISkl

<[]
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Figure 4: Sg

Hence the proof. O

Now let us study few more bounds on cartesian product of two cycles.

Theorem 3.20. Let C3 be a cycle of order 3 and Cy, be any cycle of order m. Then independent cototal edge dominating
number of the cartesian product of two cycles,

m if m is even,

- [C3 x Cp] =
Vicot [C3 m] {m_|_1 if m is odd.

Proof. Consider an independent edge set.
s={{(1,2k=1), 2,2k = 1)}, {220, 3,20)} : k=1,2,--- [%]}.

Case i) Suppose m is an even number.
Then S is an independent edge dominating set and the induced subgraph (E — S) of C3 x C,, has no
isolated edges. Thus S is an independent cototal edge dominating set of C3 x Cy,. Therefore |S| = m.
Case ii) Suppose m is an odd number.
Then S; =SU { (3,1),(3,m) } is an independent edge dominating set and the induced subgraph (E — 51)
of C3 x Cy; has no isolated edges. Thus S; is an independent cototal edge dominating set of C3 x Cy,.
Therefore |S| = m + 1.

Hence the proof. O

Theorem 3.21. Let Cy4 be a cycle of order 4 and C,, be any cycle of order m where m > 4. Then independent cototal
edge dominating number of the cartesian product of two cycles, 'y;-wt [Cy X Cp) < m+[F].
Proof. Consider an independent edge set
s={{(1,2k=1), 2,2k~ 1)}, {(2,26), (3,200} 1 k=12, [4]}
and the set,
] {(4,21‘ ~1), (4,21')} if m = 0(mod2),
a {(4,21' ~1), (4,21')} U {(3,m), (4,m)} if m = 1(mod2),
fori=1,3,---|%]. Then SUS; is an independent edge dominating set and the induced subgraph (E — (S U
S1)) of C4 x Cy, has no isolated edges. Thus S U S; is an independent cototal edge dominating set of C4 X Cy,.
’Yi'cot[c‘l x Cm] < |S U Sl|/

<me[2].
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Hence the proof. 0

Now let us study few more bounds for independent cototal edge dominating number on cartesian product
of a path, cycle and complete graph.

Theorem 3.22. Let Ps be a path with 3 vertices and C,, be any cycle with m vertices where m < 3. Then independent
cototal edge dominating number of the cartesian product,
m if m = 0(mod3),

iP5 X C] <
’chot[ 3 m] = {m+1 me =1or 2(m0d3).

Proof. Partition the set of m columns of P; x C,, into B; blocks for m > 6.Forj =1,2,- - - LmT_3J,

s {Ui—l,3 {(,3j-2),(0,3j—-1)},
U= {37 -1),(3))}

R, R, R,
Figure 5: R;

Case i) m = 0(mod3).
Then S U Ry, (as shown in Rp of Figure [5) is an independent edge dominating set and the induced
subgraph (E — (SURy)) of P3 x Cy, has no isolated edges. Thus S U Ry is an independent cototal edge
dominating set of P x Cy,. Therefore

'Yicot(Pl’) X Cm) < |S UR0|/
nm

< — =m.

=73 m

Case ii) m = 1(mod3),
Then S U R; (as shown in R; of Figure 5) is an independent edge dominating set and the induced
subgraph (E — (SUR;)) of P3 x Cy, has no isolated edges. Thus S U R; is an independent cototal edge
dominating set of P3 x Cy,. Therefore

’Yicot[PC’? X Cm] < |S| U |R1|/

<5

<m+1.

Case iii) m = 2(mod3),
Then S U R; (as shown in R, of Figure [p) is an independent edge dominating set and the induced
subgraph (E — (SURy)) of P3 x Cy, has no isolated edges. Thus S U R; is an independent cototal edge
dominating set of P; x C,. Therefore

7icot[P3 X Cm] < |S‘ + |R2|/
nm

< [71,

<m+1.

Hence the proof. O
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Theorem 3.23. Let Py, be a path with n vertices and Ky, be any complete graph with m vertices where n < m. Then
independent cototal edge domination number of the cartesian product,

/ m
’Yicot[PYl x Km] < n{ZJ.
Proof. Consider the following two cases,

Case i) m is an even number.
Consider the set

s= U {(i,l),(i,z)},{(i,3),(i,4)},- . {(i,m—l), (i,m)}.

i=1.2,-n

If m is even then by Theorem edge domination number of the Ky, is %. Here we have n copies of
K. Also S is an independent edge dominating set and the induced subgraph (E — S) of P, x K, has no
isolated edges. Thus S is an independent cototal edge dominating set of P, x Kj,. Therefore |S| = n(%).

Case ii) m is an odd number.
Let us discuss the following subcases:

1. If n is an odd number, then

o [V {ED.G2E{63 G L {Gm =2, Gm -1
Umzano1 {62003} { @4, 05 - {Gm = 1), Gm)}.

2. If n is an even number, then
o JUm {28636 b {Gm—2), Gm -1}
Uczaon {6263} {64,058, {Gm=1),G,m)}.

If m is odd then by Theorem edge domination number of the Ky, is lesser than 7. Here we have
n copies of Ky,;. Also S is an independent edge dominating set and the induced subgraph (E — S) of
P, x Ky has no isolated edges. Thus S is an independent cototal edge dominating set of P, x Ky,.
Therefore |S| < n|%].

Combining the above two cases, we obtain the following result.

'Y;'cot[Pn x K] < ”V;J

Hence the proof. O
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