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Abstract

In this study, we dealt with the natural lift curves of the fixed centrode of a non-null curve .Furthermore,
some interesting result about the original curve were obtained, depending on the assumption that the natural
lift curves should be the integral curve of the geodesic spray on the tangent bundle T (S?) and T (H3) .
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2010 MSC: 51B20, 53B30, 53C50. ©2012 MJM. All rights reserved.

1 Introduction

Thorpe gave the concepts of the natural lift curve and geodesic spray in [12]. Thorpe provied the natural
lift @ of the curve a is an integral curve of the geodesic spray iff « is an geodesic on M. Caliskan at al. studied
the natural lift curves of the spherical indicatries of tangent, principal normal, binormal vectors and fixed
centrode of a curve in [11]. They gave some interesting results about the original curve, depending on the
assumption that the natural lift curve should be the integral curve of the geodesic spray on the tangent bundle
T (S?). Some properties of M-vector field Z defined on a hypersurface M of M were studied by Agashe in
[1]. M-integral curve of Z and M-geodesic spray are defined by Caliskan and Sivridag. They gave the main
theorem: The natural lift @ of the curve a (in M) is an M-integral curve of the geodesic spray Z iff a is an
M-geodesic in [5]. Bilici et al. have proposed the natural lift curves and the geodesic sprays for the spherical
indicatrices of the the involute evolute curve couple in Euclidean 3-space. They gave some interesting results
about the evolute curve, depending on the assumption that the natural lift curve of the spherical indicatrices of
the involute should be the integral curve on the tangent bundle T (S?) in [3]. Then Bilici applied this problem
to involutes of a timelike curve in Minkowski 3-space (see [4]). Ergiin and Caliskan defined the concepts of
the natural lift curve and geodesic spray in Minkowski 3-space in [7]. The anologue of the theorem of Thorpe
was given in Minkowski 3-space by Ergiin and Caligkan in [7]. Caligkan and Ergiin defined M-vector field
Z, M-geodesic spray, M-integral curve of Z, M-geodesic in [6].The anologue of the theorem of Sivridag and
Caliskan was given in Minkowski 3-space by Ergiin and Caliskan in [5]. Walrave characterized the curve with
constant curvature in Minkowski 3-space in [12]. In differential geometry, especially the theory of space curve,
the Darboux vector is the areal velocity vector of the Frenet frame of a spacere curve. It is named after Gaston
Darboux who discovered it. In term of the Frenet-Serret apparatus, the darboux vector W can be expressed as
W = 1T + B, details are given in Lambert et al. in [8].

In this study,we studied the fixed centrode curve of a curve and characterized the curve if the natural lift
of the fixed centrode curve is an integral curve of the geodesic sprays.

*Corresponding author.
E-mail address: mustafacaliskan@gazi.edu.tr (Mustafa Caliskan), eergun@omu.edu.tr (Evren Ergiin).
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Let Minkowski 3-space R} be the vector space R® equipped with the Lorentzian inner product g given by
§(X,X) = —x3 + 23 + 23

where X = (x1,x2,x3) € R3. A vector X = (x1,%,%3) € R® is said to be timelike if ¢ (X, X) < 0, spacelike
if ¢ (X, X) > 0 and lightlike (or null) if g (X, X) = 0. Similarly, an arbitrary curve a = a (t) in R} where tis
a pseudo-arclength parameter, can locally be timelike, spacelike or null (lightlike), if all of its velocity vectors

« (t) are respectively timelike, spacelike or null (lightlike), for every t € I C R. A lightlike vector X is said to
be positive (resp. negative) if and only if x; > 0 (resp.x; < 0) and a timelike vector X is said to be positive
(resp. negative) if and only if x; > 0 (resp. x; < 0). The norm of a vector X is defined by || X||;; = /|8 (X, X)],
[9].

The Lorentzian sphere and hyperbolic sphere of radius 1 in R} are given by

$2 = {X = (x1,%2,%3) € R} 1 ¢(X,X) = 1}

and
H2 = {X = (x1,x2,13) €R® 1 g(X,X) = —1}

respectively,[8].The vectors X = (x1,x2,x3), Y = (y1,¥2,¥3) € R} are orthogonal if and only if ¢ (X, X) = 0,
[9]-
Now let X and Y be two vectors in R}, then the Lorentzian cross product is given by

X XY = (x3y2 — X2Y3, X1Y3 — X3Y1, X1¥2 — X2Y1) , [2].

We denote by {T (t), N (t), B (t)} the moving Frenet frame along the curve a. Then T, N and B are the tangent,
the principal normal and the binormal vector of the curve «, respectively.

Let « be a unit speed timelike space curve with curvature x and torsion 7. Let Frenet vector fields of & be
{T, N, B}. In this trihedron, T is timelike vector field, N and B are spacelike vector fields.For this vectors, we
can write

TxN=B, NxB=-T, BxT=N,
where x is the Lorentzian cross product, [2]. in space R} Then, Frenet formulas are given by
T =xN, N =T + 1B, B= —1N, [13].

The Frenet instantaneous rotation vector for the timelike curve is given by W = tT + «B.
Let « be a unit speed spacelike space curve with a spacelike binormal. In this trihedron, we assume that T
and B are spacelike vector fields and N is a timelike vector field In this situation,.

TxN=B, NxB=T, BxT=-—N,

Then, Frenet formulas are given by

T =N, N = xT + 1B, B = TN, [13].

The Frenet instantaneous rotation vector for the spacelike space curve with a spacelike binormal is given by
W = 1T —«B.

Lemma 1.1. Let Xand Y be nonzero Lorentz orthogonal vectors in R3. If X is timelike, then Y is spacelike, [10].
Lemma 1.2. Let X and Y be pozitive (negative ) timelike vectors in IR3. Then
g(XY) < [X| Yl

whit equality if and only if X and Y are linearly dependent, [10].
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Lemma 1.3. i) Let X and Y be pozitive (negative ) timelike vectors in R3. By the Lemma 2, there is unique nonnegative
real number ¢ (X,Y) such that
8(X,Y) = [[X[[[Y]| cosh ¢ (X, Y)

the  Lorentzian  timelike — angle  between X and Y is  defined to be ¢(X,Y).
ii) Let X and Y be spacelike vektors in R that span a spacelike vector subspace. Then we have

g (X, V)] < (XYY
Hence, there is a unique real number ¢ (X, Y) between 0 and 7t such that
8 (X, Y) = [[X[[[[Y]|cos ¢ (X, Y)

the  Lorentzian  spacelike — angle  between X and Y is defined to be ¢(XY).
iii) Let X and Y be spacelike vectors in RS that span a timelike vector subspace. Then we have

g (X Y) > XYl
Hence, there is a unique pozitive real number ¢ (X,Y') between 0 and 7t such that
18 (X, V)| = [IX[|[[Y][ cosh ¢ (X, Y)

the  Lorentzian  timelike — angle  between X and Y is  defined to be ¢(X,Y).
iv) Let X be a spacelike vector and Y be a pozitive timelike vector in R3. Then there is a unique nonnegative reel
number ¢ (X,Y) such that

g (X Y)[ = [X][|[Y]sinhg (X,Y)

the Lorentzian timelike angle between X and Y is defined to be ¢ (X,Y) , [10].

Theorem 1.1. Let « be a unit speed timelike space curve. Then we have
1. ¥ = 0 if and only if a is a part of a timelike straight line;
2. T = 0ifand only if a is a planar timelike curve;
3. T = 0and x =constant > 0 if and only if u is a part of a orthogonal hyperbola;

4. x =constant > 0, T =constant # 0 and |t| > « if and only if « is a part of a timelike circular helix,

a(s) :% (\/ﬁsmcos (\/Ks) , K sin (\/Ks))
with K = T2 — «2;

5. k =constant > 0, T =constant # 0 and |t| < x if and only if a is a timelike hyperbolic helix,

1

— 3 2

a(s) =X (K sinh (\/ES) ,VT2Ks, k cosh (\/KS))
with K = x> — 1%

6. k =constant > 0, T =constant # 0 and |t| = « if and only if a can be parameterized by

a(s) = % (K253 + 65, 3xs2, KT53>

[13].

Theorem 1.2. Let a be a unit speed spacelike space curve with a spacelike binormal. Then we have

1. T = 0and x =constant > 0 if and only if « is a part of a orthogonal hyperbola;
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2. x =constant > 0, T =constant % 0 if and only if w is a part of a spacelike hyperbolic helix,

a(s) :% (,KCOSh (\/Es) , MS,KSinh (\/ES))

with K = k2 + 72, [13].
Theorem 1.3. Let « be a unit speed spacelike space curve with a timelike binormal. Then we have

1. T = 0and x =constant > 0 if and only if « is a part of a circle;

2. k =constant > 0, T =constant # 0 and |t| > « if and only if a is a part of a spacelike hyperbolic helix,
1
— - V2 V/
a(s) =% (K sinh (\/Es) , V1?Ks, x cosh ( Ks))

with K = 12 — x2;

3. « =constant > 0, T =constant # 0 and |t| < « if and only if a is a part of a spacelike circular helix,
1
= — 2 1
a(s) X (\/T Ks, x cos (\/Es) , K sin (\/ES))
with K = 2 — 1%
4. x =constant > 0, T =constant # 0 and |t| = x if and only if « can be parameterized by
_1 3 _.23 2
a(s) = g (KTS , —K“s” + 6s,3Ks )

13].

2 The Natural Lift of the Fixed Centrode of a Non-null Curve in
Minkowski 3-Space

Definition 2.1. Let M be a hypersurface in RS and let « : I —+ M be a parametrized curve. « is called an integral
curve of X if

o (a(t)) =X (a(t)) (forallt €1)

where X is a smooth tangent vector field on M, [9]. We have

™ = T, =
M e pM = x (M)

where TpM is the tangent space of M at P and x (M) is the space of vector fields of M.

Definition 2.2. For any parametrized curve w : I — M, w : I — TM given by

7 () = (a(),a() = ()l
is called the natural lift of « on TM.Thus, we can write

de d /- .

3 = 3 (FOla) =Dy a0
where D is the Levi-Civita connection on R3 ,[7].

Definition 2.3. A X € x (TM) is called a geodesic spray if for V.€ TM X (V) = +eg(S(V),V)N ,where
e=¢(N,N),[7].
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Theorem 2.1. The natural lift ® of the curve w is an integral curve of geodesic spray X if and only if « is a geodesic on
M,[7].

Definition 24.  (Unit Vector Cc of  Direction W for Non-null Curves):

1. For the curve o with a timelike tanget, 6 being a Lorentzian timelike angle between the spacelike binormal unit
-B and the Frenet instantaneous rotation vector W.

(DIf x| > |T|, then W is a spacelike vector. In this situation, from Lemma 1.3 iii) we can write

k = ||W]| cosh®
T = ||W|sinh6

IW[? = g(W,W) = K2 — 72 and C = ﬁ = sinh 0T + cosh 0B, where C is unit vector of direction
W.
(i)If |x| < |t|, then W is a timelike vector. In this situation, from Lemma 1.3 iv) we can write

= ||W| sinh@
= ||W| cosh®

F‘]

w2 =  —gWW) =  —(2-t%) and C =  coshdT + sinh0B.

2. For the curve o with a timelike principal normal, 0 being an angle between the B and the W, if B and W spacelike
vectors that span a spacelike vektor subspace then by the Lemma 3 ii) we can write

= ||W| cosf
T = ||W]sin6
|W|]> = g (W,W) =2+ 12 and C = sinOT — cos 6B.
3. For the curve a with a timelike binormal, 0 being a Lorentzian timelike angle between the —B and the W.
(DIf x| < |T|, then W is a spacelike vector. In this situation, from Lemma 3 iv) we can write
= ||W] sinh6
T = ||W] cosh@

HWH2 =¢(W,W) =12 —x?and C = — cosh 8T + sinh 6B.
(i)If |x| > |t|, then W is a timelike vector. In this situation, from Lemma 3 i) we have

= ||W| cosh®
T = ||W]sinh6

|W|]> = —g (W, W) = — (12 — x?) and C = — sinh 8T + cosh 6B.

Let D, D and D be connections in IR3, 52 and H3 respectively and ¢ be a unit normal vector field of 5
and H3. Then Gauss Equations are given by the followings

DxY = DxY+eg(S(X),Y)E
DxY = DxY+eg(S(X),Y)E,

where e = g (,¢) and S is the shape operator of S? and Hj .

Let a¢ be the fixed centrode of the motion described by the curve a. Then the curve is given by ac = C (s)

and C = %,Where W being the Darboux vector.
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We have investigate how « must be curve satifying the condition that ¢ is an integral curve of the geodesic
spray, where & is the natural lift of the curve «c.
(i) Let « be a unit speed timelike space curve.

(a) Let W is a spacelike vector. If @ is an integral curve of the geodesic spray, then by means of Theorem
21

Da‘clx.c = 0

thatis

D,.ac = D,X'CD"C +¢g (S (ac),ac) &

Dy.ac =€ (S (ac), ac) C
where € = ¢ (¢,¢) and ¢ = C. Since T, N, B are linearly independent, we have 6 =Qort=x=0.

Corollary 2.1. If the natural lift &c of ac is an integral curve of the geodesic spray on the tangent bundle T (S?) then
w is a part of a timelike hyperbolic helix,

a(s) = (K sinh (\/ES) ,VT2Ks, k cosh (\/Ks))

Rl

with K = x2 — 72

(b) Let W is a timelike vector. If @¢ is an integral curve of the geodesic spray, then by means of Theorem
21

that is

D - ac= Ba‘c‘x.C +eg (S (ac),ac) &

acr

D,.tc =€ (S (ac) ,ac) C
where ¢ = ¢ (¢,¢) and ¢ = C. Since T, N, B are linearly independent, we have 9 =0ort=%x=0.

Corollary 2.2. If the natural lift Xc of ac is an integral curve of the geodesic spray on the tangent bundle T (H3) then
w is a part of a timelike circular helix,

a(s) = % (\/ﬁs,xcos (\/Izs) , K sin (\/Rs))

with K = 7% — 2.

(ii) Let « be a unit speed spacelike space curve with a spacelike binormal.
W is a spacelike vector. If w¢ is an integral curve of the geodesic spray, then by means of Theorem 2.1

a'ClXC:O

that is

ac =D, oc+eg (S (ac),ac) ¢

acF

D, «c =¢g (S (ac),ac)C

ac

where ¢ = ¢ (¢,¢) and ¢ = C. Because T, N, B are linearly independent, we have 9 =Q0ort=x=0.
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Corollary 2.3. If the natural lift &c of ac is an integral curve of the geodesic spray on the tangent bundle T (S?) then
w is a part of a spacelike hyperbolic helix,

a(s) = % (K cosh (\/ES) ,VT2Ks, k sinh (ﬁs))

with K = x2 + 2.

(iii) Let « be a unit speed spacelike space curve with a timelike binormal.

(a) Let W is a spacelike vector. If ¢ is an integral curve of the geodesic spray, then by means of Theorem
21

DMCOL'C = 0

that is

Daépa'c = Da‘c"‘.C +¢g (S (ac),ac) &

D,.oc=¢g (S (ac) ,ac)C
where ¢ = ¢ ({,{) and ¢ = C. Because T, N, B are linearly independent, we have 0 =00rt=rx=0.

Corollary 2.4. If the natural lift &c of ac is an integral curve of the geodesic spray on the tangent bundle T (S?) then
« is a part of a spacelike hyperbolic helix,

(K sinh (\/Es) , \/'1'271(5, K cosh (ﬁs))

| =

a(s) =
with K = 72 — %2,

(b) Let W is a timelike vector.If @ is an integral curve of the geodesic spray, then by means of Theorem 2.1

thatis

D, %c = I_)dcoc'c +¢g (S (ac),ac) &

D, ac=¢g (S (ac) ,ac)C
where ¢ = ¢ (¢, ) and ¢ = C. Since T, N, B are linearly independent, we have 9 =0orTt=%x=0.

Corollary 2.5. If the natural lift ¥ of ac is an integral curve of the geodesic spray on the tangent bundle T (H3) then
« is a part of a spacelike circular helix,

a(s) = % (\/ﬁS,KCOS (\/Es) , K sin (\/Es))

with K = x2 — 72,
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Example 2.1. Let a (s) = (cosh (\/Li) , \/ii’ sinh (\/ii)) be a unit speed spacelike hyperbolic helix with

H
—~
¥2)
~—
I

Tangent indicatrix of «.
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Principal normal indicatrix of «.

TS
KX
EAX VS

%%

-

Binormal indicatrix of «.
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Fixed cenroid of w and its natural lift curve.
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Abstract

In this paper, we obtain the general solution and the generalized Ulam-Hyers stability of the 2-variable
k-AC mixed type functional equation

f(x+ky,z+kw)+ f(x —ky,z — kw)
= Rlf(x+yz+ o)+ flx—yz—w)] +20 - F)f(x,2).
for any k € Z — {0, 41} in a-Serstnev Menger Probabilistic normed spaces.

Keywords: Generalized Hyers-Ulam-Rassias stability, k-AC mixed type functional equation, a-Serstnev Menger
Probabilistic normed spaces.
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1 Introduction

Menger introduced probabilistic metric space in 1942 [16]]. A probabilistic normed space (PN space) is a
natural generalization of an ordinary normed linear space. Such spaces were first introduced by Serstnev in
1963, (see, [28]). Alsina et al. generalized the definition of PN space [1]. This definition became the standard
one and has been adopted by all researchers, who after them have investigated the properties of PN spaces.
In this article, we adopt the new definition of a-Serstnev PN spaces (or generalized Serstnev PN spaces) given
in the paper [14] by Lafuerza-Guillén and Rodriguez.

The problem of Ulam-Hyers stability for functional equations concerns deriving conditions under which,
given an approximate solution of a functional equation, one may find an exact solution that is near it in some
sense. The problem was first stated by Ulam [30] in 1940 for the case of group homomorphisms, and solved by
Hyers [9] in the setting of Banach spaces. Hyers result has since then seen many significant generalizations,
both in terms of the control condition used to define the concept of approximate solution ([2} [7, 22]]) and in
terms of the methods used for the proof ([4, 16} (8, 10} 29]). Many interesting results concerning this problem
can be found, for example, in [11H13}[15] 17420, 23] 24].

The stability of generalized mixed type functional equation of the form

flx+ky) + f(x —ky) = R[f(x +y) + f(x = )] +2(1 = k) f(x) (1.1)

*Corresponding author.
E-mail address: shckravi@yahoo.co.in (K. Ravi), rjamche31@gmail.com (R. Jamuna), matina@stats.ucl.ac.uk (Matina J. Rassias),
zhangyanhui@th.btbu.edu.cn (Yanhui Zhang), rskishorekumar@yahoo.co.in (R. Kishore Kumar).
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for fixed integers k and k # 0, £1 in quasi-Banach spaces was introduced by M. Eshaghi Gordji and H. Khodaie
[5]. The mixed type functional equation is having the property additive, quadratic and cubic.

J.H. Bae and W.G. Park proved the general solution and investigated the generalized Hyers-Ulam stability
of the 2-variable quadratic functional equation

fx+yz+w)+ f(x—y,z—w) =2f(x,z) +2(y, w). (1.2)
The functional equation has solution
f(x,y) = ax® 4 bxy + cy? (1.3)
The general solution and generalized Hyers-Ulam stability of a 3-variable quadratic functional equation
fx+yz+wu+o)+ f(x—y,z—w,u—0) =2f(x,z,u)+2(y,w,0) (1.4)
was discussed by K. Ravi and M. Arun Kumar [25]. The solution of is of the form
f(x,y,z) = ax* + by* + cz* + dxy + eyz + fzx (1.5)

Very recently, M. Aruk Kumar et al., introduced and investigated the solution and generalized Ulam-Hyers
stability of a 2-varibale AC-mixed type functional equation

fx+y,2z4+w)— f2x—y,2z—w) =4[f(x+y,z+w) — f(x—y,z—w)] —6f(y,w) (1.6)
having solutions
f(x,y) = ax + by (1.7)
and
f(x,y) = ax® + bx*y + cxy? + dy® (1.8)

in Banach spaces [3] and Quasi-Beta normed space [21].
Following the same approach, in this paper, we investigate the general solution and establish that
generalized Ulam-Hyers stability of the 2-variable k-AC mixed type functional equation

f(x+ky,z+kw) + f(x — ky,z — kw)

=Rlf(x+y,z+w) + f(x —y,z—w)] +2(1 = k) f(x,2) (1.9)
having solutions
f(x,y) = ax + by (1.10)
and
flx,y) = ax® + bey + cxy2 + dy3 (1.11)

for fixed integers k with k # 0, +1 in a-Sestnev (or generalized Serstnev) Menger Probabilistic normed spaces.

AT is the space of distribution functions that is, the space of all mappings F : RU {—o0, 00} — [0,1] that is
non-decreasing, left-continuous on R and such that F(0) = 0 and F(+c0) = 1. D" is a subset of AT consisting
of all functions F for which lim F(x) = 1. The space AT is partially ordered by the usual point-wise ordering

X—>+400
of functions. The maximal element for A™ in this order is the distribution function €y given by

" 0,ift <0
€ =
0 Lift>0

Definition 1.1. [26]27] A triangle function is a mapping T : AT x AT — A" such that, forall F,G,H,K in AT,
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Moreover, a triangle function is continuous if it is continuous in the metric space (A™, ds).
Typical continuous triangle functions are

r(F,G)(x) := ilfg T(F(s),G(t)) (1.12)
and
tr+(F,G)(x) := Hi?ix T*(F(s),G(t)) (1.13)

forall F,G € At and all x € R. Here, T is a continuous t-norm and T* is the corresponding continuous t-conorm, i.e.,
both are continuous binary operations on [0, 1] that are commutative, associative, and non decreasing in each variable;
T has 1 as identity and T* has 0 as identity. Also T*(x,y) =1—-T(1 —x,1 —y).

Definition 1.2 (PN spaces redefined [1]). A PN space is a quadruple (V,v, T, T*), where V is a real vector space, T
and T are continuous triangle functions such that T < T*, and the mapping v : V. — AT satisfies, for all pand qin 'V,
the conditions:

(N1) vy = eq if, and only if, p = 0 (6 is the null vector in V);
(N)V peV,v_p=1rp

(N3) vpyq > T(vp,vy);

(N4) ¥V a€[0,1], vy < T*(v,xp,v(l,,x)p).

A PN space is called a Serstnev-space if it satisfies (N1), (N3) and the following condition:

(S) vap(x) = v, <|ax|> (1.14)
holds for every o # 0 € R and x > 0.

If T = tr and T = Tp+ for some continuous t-norm T and its t-conorm T*, then the PN space (V,v, Tr, Tr+) is
called Menger PN space (briefly, MPN space), and is denoted by (V,v, T).

Let ¢ : [0,+00] — [0, +o0| be a non-decreasing, left-continuous function with ¢(0) = 0, ¢(+o0) = +oo and
¢(x) > 0 for x > 0. Let ¢ be the (unique) quasi-inverse of ¢ which is left-continuous. § is defined by $(0) =
P(+00) = +ooand p(t) = sup{u : ¢p(u) < t} forall 0 < t < +oo. It follows that (¢ (x)) < x and p(P(y)) < yfor
all x and y.

Definition 1.3. [14] A quadruple (V,v, T, T*) satisfy the

(¢—95) vap(x) =vp <4><¢|(Ax|)>) (1.15)

forallx € RY, p € Vand A € R\{0} is called a ¢-Serstnev PN space (generalized Serstnev space).
If p(x) = x'/* for a fixed positive real number a, the condition (¢ — S) takes the form

X

(w—S) vap(x) =1y <|A|“> (1.16)

for every p € V, for every x > 0and A € R\{0}.
PN spaces satisfying the condition (a — S) are called a-Serstnev PN spaces.

Definition 1.4. Let (V,v, T) be a PN space and {x, } be a sequence in V. Then {x,} is said to be convergent if there
exists x € V such that
lim vy, () =1 (1.17)

n—o0

forall t > 0. In this case x is called the limit of {x,}.

Definition 1.5. The sequence {x,} in (V,v, T) is called a Cauchy sequence if, for every € > 0 and 6 > 0, there exists
a positive integer ng such that v(x, — xp,)(8) > 1 — € for all m,n > ny. Clearly, every convergent sequence in a PN-
space is Cauchy. If every Cauchy sequence is convergent in a PN-space (V,v,T), then (V,v, T) is called a probabilistic
Banach space (PB-space).
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2 General Solution

Through out this section let U and V be real vector spaces and we present the solution of (1.9) using Lemma

ETIR2R3

Lemma 2.1. If f : U?> — V is a mapping satisfying and let ¢ : U? — V be a mapping given by

g(x,x) = f(2x,2x) — 8f(x, x)

forall x € U then
g(2x,2x) = 2g(x, x)

forall x € U such that g is additive.
Proof. Letting (x,y,z,w) by (0,0, 0,0) in (1.9), we get

£(0,0) =0
Setting (x,y,z, w) by (y, x, w, z) in (1.9), we obtain

fly+kx,w+kz)+ f(y — kx,w — kz)
=Rlf(x+yw+2)+fy—xw-2)]+2(1-)f(zx)

forall x,y,z,w € U.
Replacing (x,y,z,w) by (x, —y,z, —w) in (2.4), we get

f(—y+kx,—w+kz)+ f(—y — kz, —w — kz)

=R[f(x =), (w=2)) + f(—y — %, —w—2)] +2(1 = k) f (%)

forallx,y,z,w € U.
From and (2.5) we arrive at

fly+kx,w+kz)+ f(y —kx,w —kz) + f(—y + kx, —w + kz)
+f(—y —kx,—w—kz) = [f(x +y,w+2) + fly — x,w —z2)
+fx—yz—w)+ f—y—x ~w—2)] +4(1 - K)f (%)

Now, letting (x,y,z,w) by (0,y,0,y) in (2.6), we obtain
202 = 1[f(y,y) + f(=y,—y)] =0
which implies
fwy)=—f(=y,—v)

forally € U.
Replacing (x,y,z,w) by (x, x, x, x) in (1.9), we get

f((1+k)x, (T+k)x)+ f((1—k)x, (1 —k)x)
= K2 f(2x,2x) +2(1 — K*) f(x, x)

for all x € U. Now, replacing x by 2x in (2.8), we have
FA+k)x,2(1+k)x) + f(2(1 —k)x,2(1 —k)x)
= k> f(4x,4x) +2(1 — k*) f(2x, 2x)
for all x € U. Again replacing (x,y, z, w) by (2x, x,2x, x) in (1.9), we obtain

f(2+k)x, (2+k)x)+ f((2—k)x, (2 —k)x)
= k*f(3x,3x) + K> f(x, x) +2(1 — k?) f(2x, 2x)

.1)

2.2)

2.3)

(2.4)

(2.5)

(2.6)

2.7)

(2.8)

(2.9)

(2.10)
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forall x € U.
Replacing (x,y,z, w) by (x,2x,x,2x) in (1.9), we get

F((X+2k)x, (1+2k)x) + f((1 —2k)x, (1 — 2k)x)
= k*f(3x,3x) — K2f(x, x) +2(1 — K?) f(x, x) (2.11)
for all x € U. Replacing (x,y,z, w) by (x,3x, x,3x) in (1.9), we obtain
F(1+3k)x, (1+3k)x) + f((1 —3k)x, (1 —3k)x)
= k> f(4x,4x) — K2f(2x,2x) +2(1 — k*) f(x, x) (2.12)

for all x € U. We substitute (x,y,z,w) by ((1+k)x,x,(1+k)x,x) in and then (x,y,z,w) by ((1 —
k)x,x, (1 —k)x,x) in (1.9) to obtain
F((+2k)x, (1+2k)x) + f(x,x) = K2 F((24+K)x, (2 4+ k)x)
+ K2 f (kx, kx) 4+ 2(1 = K2) F((1 +K)x, (1 +k)x) (2.13)

and
F((1=2k)x, (1 —2k)x) + f(x,x) = K2 f((2 = Kk)x, (2 — k)x)
— K2 f (kx, kx) +2(1 = K3 f(1 = k)x, (1 —k)x) (2.14)
for all x € U. Then, by adding (2.13) to (2.14), we have
F((1+2k)x, (142k)x) + F((1 —2k)x, (1 —2k)x) +2f(x, x)

=f((24Kk)x, (2+k)x) +f((2—k)x, (2—k)x)
+2(1 =) [f(1+k)x, (1+k)x) + f((1 —k)x, (1 —k)x)] (2.15)
for all x € U. Now, substitute (x,y,z,w) by ((1+ 2k)x,x, (1 + 2k)x,x) in (1.9) and (x,y,z,w) by ((1 —
2k)x, x, (1 —2k)x, x) in to obtain
FUL+3k)x, (1+3k)x) 4+ f(1+k)x, (14+k)x)
=K f(2(14+K)x,2(1 +k)x) + k> f (2kx, 2kx)
+2(1 = K2) F((1 +2k)x, (1 + 2k)x) (2.16)

and
F((1=3k)x, (1 —3k)x) + f((1—k)x, (1 —k)x)
= K f(2(1 —k)x,2(1 — k)x) — k> f (2kx, 2kx)
+2(1—K2) (1 —2k)x, (1 — 2k)x) (2.17)

for all x € U. Now, adding (2.16)) to (2.17), we have,

F((1+3k)x, (14 3k)x) + F((1—3k)x, (1 —3k)x) + £((1+k)x, (1+k)x)
+ (1 =Kk)x, (1 —k)x) = K2 f(2(1 +k)x,2(1 + k)x)
+Rf(2(1 = k)x,2(1 — k)x)

+2(1 = E2)[f((142K)x, (14 2k)x) + f((1 — 2k)x, (1 — 2k)x)] (2.18)
for all x € U. From 2.8), 2.10), @.1T) and @.15), we arrive at
f(3x,3x) = 4f(2x,2x) — 5f(x, x) (2.19)

for all x € U. From @.9), ¢.11), 2.8), and (2.18), we have

f(4x,4x) = 2f(2x,2x) +2f(3x,3x) — 6f(x, x) (2.20)
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forall x € U. Using in (2.20), we obtain
f(4x,4x) = 10f(2x,2x) — 16f(x, x) (2.21)

for all x € U. From (2.21), we establish

f(4x,4x) — 8f(2x,2x) = 2f(2x,2x) — 16f(x, x) (2.22)
for all x € U. Using in (2.22), we get our desired result. O

Lemma 2.2. If f : U? — V be a mapping satisfying and let h : U> — V be a mapping given by
h(x,x) = f(2x,2x) —2f(x,x) (2.23)
forall x € U then
h(2x,2x) = 8h(x, x) (2.24)
forall x € U such that h is cubic.

Proof. Proceeding as in Lemma[2.7] it follows from (2.27)

f(4x,4x) —2f(2x,2x) = 8f(2x,2x) — 16f(x, x) (2.25)
for all x € U. Using in (2.25), we arrive at our desired result. O

Remark 2.1. If f : U — V be a mapping satisfying let g,h : U> — V be mappings defined by and
then

Fx2) = (%)~ 8(x,%)) (226)
forall x € U.
Lemma 2.3. If f : U? — V is a mapping satisfying and let t : U — V be a mapping given by
t(x) = f(x,x) (2.27)
forall x € U, then t satisfies
x4+ ky) +t(x —ky) = KP[t(x +y) + t(x —y)] +2(1 — K*)t(x) (2.28)
forall x,y € U.
Proof. From and (227), we get
t(x +ky) +t(x —ky) = f(x+ky,x +ky) — f(x —ky, x — ky)

=P[f(x+y,x+y)+ f(x—y,x—y)] +2(1 - k) f(x,x)
= K[t(x +y) + t(x — y)] +2(1 — K*)t(x)

forallx,y € U. O

3 Stability Results : Direct Method

In this section, we investigate the generalized Ulam-Hyers stability problem of using direct method.
Let U be a real linear space and (Y, v, Tr) be a a-Serstnev MPB space. Now, we define a difference operator
Af :U* = Yby

Af(x,y,z,w) = f(x +ky,z+kw) + f(x —ky,z —kw) — K f(x + y,z + w)
— K f(x—y,z—w)—2(1-k)f(x,2) (3.1)

¥ x,y,z,w € U, where f : U> — Y is a mapping.
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Theorem 3.1. Let f : U? — Y be a mapping for which there exist a function & : U* — D™ with the condition

llm TT [g(zrnxlzmylzmzlzmw) (2mat), g(zmxlzmygmzrzmw) (2(M—3)0¢—1t)i| = 1 (32)

m—oo

such that the functional inequality

VAf(x,y,z,w)(t) > Cryzw(t) (3.3)

forall x,y,z,w € U, t > 0and « > 0. Then there exists a unique 2-variable additive mapping A(x,x) : U> — Y

satisfying and

Vf(Zx,Zx)—Sf(x,x)—A(x,x)(t) > N (3.4)
where
(n+1) (n+1) ) _ N, oh
Alx,x) = lim f(2 x,2 x) —8f(2"x,2"x) (35)
n—o00 on
® =lim; 0@y =1
o (3.6)
D, =17 [TT(zn—lx)(t),ch_1:| , forn>1
@ = Tr(y) (1) (3.7)
and

_ k2rxt
T () = 70 ( 7r | 7 | 77 Sranxan) ( 2aon ) -

k2% k% — 1|%¢ e
C((1=2k)x,%,(1-2K)x,%) —a )T C((142k) x5, (142K)x,%) — )

K2 (K2 — 1| K2 — 1]
‘:(x,x,x,x) T ;T 6(2x,2x,2x,2x) T ’

K2 [k2 — 1]t K2t
g(x,3x,x,3x) 3 ALY O A Y g(x,x,x,x) 2452 |’

K2 |k? — 1]%¢ e
C((1-k)xx,(1—k)x,x) T oie ) )T C((1+K)x,x,(14K) ) T odox

k2| k2 — 1|%¢ k2 — 1|t
‘:(x,Zx,x,2x) (242"‘> ) > ’ g(Zx,x,Zx,x) (|242a) ) > ’ (3-8)

forallx € U, t > 0and o > 0.

Proof. Letting (x,y,z,w) by (x,x,x, x) in (3.3), we obtain

VE((4K)x, (14k) %)+ £ ((1—k)x, (1—K)x) —k2 £ (2x,25) —2(1—k2) £ (x,x) (t)
> () (t), VX el t>0. (3.9)

It follows from that

V(214K %, 2(14K) X)+ £ (2(1—K)x,2(1—k)x) — k2 f (4 4x) —2(1—K2) f (2x,2x) ()
> Cloxpxpx2x) (1), VX €Ut > 0. (3.10)

Replacing (x,y,z,w) by (2x, x,2x, x) in (3.3), respectively, we have

VE((24K)x,(24K)x)+ £ (2—k)x, (2—k)x) —k2 £ (3x,3x) —k2 £ (x,%) —2(1—k2)  (2x,2x) (t)
> G(oxxoxx)(t), VX €Ut >0. (3.11)
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Setting (x,y,z, w) by (x,2x, x,2x) in (3.3) gives

V(1420 %, (142K) )+ F((1—2K)x, (1—2K) ) —k2 £ (3, 35)—K2 f () —2(1—=k2) f () ()
> g(x,Zx,x,Zx)(t)/ VxeUt>0. (3.12)

Replacing (x,y,z,w) by (x,3x, x,3x) in (3.3), we obtain

V(143K %, (143K) x)+ £ ( (1—3K)x, (1—3K) ) — K f (4 dx)+K2 £ (226,2) —2(1—R2) f () (F)
2 g(x,3x,x,3x)(t)/ VxeUt>0. (3.13)

Replacing (x,y,z,w) by ((1+k)x,x, (1 + k)x, x) in (3.3), respectively, we get

V(1425 %, (142K)x)+ F (x,) =K £ (24K) %, (2k) ) =R £ (ke e ) —2(1—k2) £ (140K, (1K) ) (F)
2 C(1+0)xx 14k (), VX € Ut > 0. (3.14)

Replacing (x,y,z,w) by ((1 —k)x,x, (1 — k)x, x) in (3.3), respectively, one gets

VE((1=2k) %, (1=2K) )+ £ (x,) =K £ (2— k), (2—k) ) 4R f (ke ) —2(1—k2) £((1—k)x, (1=k) ) (F)
> C((1—k)xx,(1-k)xx) (), VX € U, £ > 0. (3.15)

Replacing (x,y,z, w) by ((1+ 2k)x, x, (1 + 2k)x, x) in (3.3), respectively, we obtain

V(143K %, (143K) )+ £ ((14K) x, (1-0k) ) —k2 £(2(1-0k) 3,2 (14+K) x)—K2 F (2K, 2Kx) —2(1—k2) £ ((14-2K)x, (14-2k)x) (£)
> g((1+2k)x,x,(l+2k)x,x)(t)/ Vxel,t>0. (3.16)

Replacing (x,y,z,w) by ((1 —2k)x, x, (1 — 2k)x, x) in (3.3), respectively, we have

VE(1=3k)x,(1—3K)x)+ F (1—k)x, (1—k) x) —k2 £ (2(1—K)x,2(1— k) x) k2 f (2kx,2kx) —2(1—k2) £((1—2k) x, (1—2k) x) (t)
> g((l—zk)x,x,(l—Zk)x,x)(t>/ Vxelt>0. (3.17)

Thus it follows from (.9), 3.11), (3.12), (3.14) and (B.15) that

Vi (3x,3x) —4f (2x,2x)+5f (x,x) (t)
k2t k2% k2 — 1|%¢
2 1T <TT <TT <g(x,x,x,x) <232“) s g((l—k)x,x,(l—k)x,x) (23|>) ’

K2R — 1)t K22 — 10t
T g((l—&-k)x,x,(l—l—k)x,x) 23 /g(x,Zx,x,Zx) 3

|k? — 1|t
C(zx,xrlex) T ’ Vxe U,t > 0and a > 0. (318)

Also, from (3.9), (3.10), (3.12), (3.13) (3.16) and (3.17), we have

V#(4x,4x) =2 (3x,3x) —2f (2x,2%)+6 f (x,x) (t)

kZat kZa k2 — 1%t
> 1T (TT (TT <C(x,2x,x,2x) (232“) s C((172k)x,x,(172k)x,x) <|23|>> ’
K22 K2 — 1)t K22 K2 — 1)t
L5 C((l+2k)x,x,(1+2k)x,x) 273 rC(x,x,x,x) 273

k> — 1%t k2% |k2 — 1|t
Tr <§ (2x,2x,2x,2x) <|22|> + € (x,3%,%,3%) (’22|>) , (3.19)

forallx e U,t > 0and a > 0.

Finally, by using (3.18) and (3.19), we obtain

Vi (ax x) 10 (22,22) +16f (x,2) (£) = Tr(x) (F) (3.20)
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where,

Tr(x (f)

K2t K22 — 12t
=Tr\Tr|Tr|Tr g(x,Zx,x,Zx) 4o |7 g((l—Zk)x,x,(l—Zk)x,x) T4 ’
k2|2 — 15t K [k2 — 1)t
T é’ (1+42k)x,x,(1+2k)x,x) T % rg(x,x,x,x) T ’
K2 — 1]o K22 K2 — 1)t

T C 2x,2x,2x,2x) 23 ’ g(x,Sx,x,B:x) 273 ’

k2%t k2% (k2 — 1|%¢

x X,X,X) 2422o¢ ’ g((l—k)x,x,(l—k)x,x) W ’

K2 (R2 — 1| K2R (K2 — 1|0
T g((l—l—k)x,x,(l—i—k)x,x) YT /g(x,2x,x,2x) T odox ’

k> —1|%¢
g(zx/xlzx,x) W ’ Vxe U,t > 0and a > 0. (321)

5

Let g : U? — Y be a function defined by

g(x,x) = f(2x,2x) — 8f(2x,2x) forallx € U. (3.22)
From (3.:20), we conclude that
Vaan (o (1) > Tr(o(24) > Try (1), Vx € Uyt > Oand a > 0 (3.23)
which implies that
Ug(2£+21;:/rzlé+lx) _setsaty (t) > T %) (3.24)

forallx € U, t > 0, > 0and ¢ € N. From the inequalities (3.23) and we use iterative methods and
induction on # and apply defined sequence in (3.6) and (3.7) to prove our next relation

Vi () > T [Tz 1) (8), @u1| Yx e Ut >0anda > 0. (3.25)
So
vg(Z”’*”x,Zer”x) _ g(2Mx2myx) (t) Z T |:f.T(2(m+H )(zmat) @(m+n)71:| (326)
om+n 2m

for all non negative integers m and n and for all x € U, ¢ > 0. By assumptions (3.26) shows that the sequence
{%} is a Cauchy sequence in Y for all x € U. Since Y is a a-Serstnev MPB, it follows that the sequence
{g(znginznx)} converges for all x € U. Therefore, one can define the function A(x, x) : U?> — Y by

L g(2"x,2"x)
Ax,x) = lim &————

n—oo

forall x € U. (3.27)

Now, if we replace (x,y,z, w) by (2"x,2"y,2"z,2"w) in (3.3), respectively, then it follows that

v Ag(2n x,2"z,2"z,2”w) (t) =V Af(2"+1 X,2n+ly’2n+l zon+1 w) 8 Af (21 x,21y 217 21 ) (t)
2 on - o7

-1 —3)a—1
> Tr [UAf(Z”“x,2”+1y,2”+1z,2"+1w) (2™ t)/VAf(Z"x,Zﬂy,Z"z,Z"w) (2(" Ja t)}
Z Tr |:§2n+1x,2n+1y,2n+lz,2n+1w(znlxilt), gZ”x,Z”y,Z”Z,Z”w(2(n73)a71t):| (328)

forall x,y,z,w € U, t > 0and a > 0. Bylettmgn — oom , we have Vpp(yy-0)(t) = 1forallt >0
and so AA(x,y,z,w) = 0. Hence A satisfies (1.9) for all x,y,z,w € U. To prove @ if we take the limit as
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n — oo in (3.25), then we can get (3.4). Finally, to prove the uniqueness of the additive function A subject to
(3.4), assume that there exists another 2-variable additive mapping A’ which satisfies and (1.9), then

VA(x,x)—A (x,x) (t) = Vanxanx)  Al@rx2tx) (t)
21 21

= VA(@2rx,21x)—A!(2"x,2"x) (2")
> VA(21x,21x) —g(21x,21x) +g (2,20 x) — A! (2,21 x) (zmxt)

> lim 7r |71 | Froe1) (27, @ | Tr [T (2771, @ (3.29)

which tends to 1 as n — oo for all x € U. So we can conclude that A = A’. This completes the proof of the
theorem. O

Theorem 3.2. Let f : U? — Y be a mapping for which there exist a function & : U* — D with the condition

nzl_I)r})o T [‘:(2’”x,2my,2mz,2’"w) (23mlxt)r g(me,Z’”y,Zmz,me) (2(3"171)“71’5)/ } (3.30)

such that the functional inequality is satisfied for all x,y,z,w € U, t > 0and a > 0. Then there exists a unique
2-variable cubic mapping c(x,x) : U?> — Y satisfying and

Vf(Zx,Zx)—Zf(x,x)—c(x,x)(t) 2 ¥ (3.31)
where

F Dy, 2(141) x) — 2 (21, 2" )

c(x,x) = nlgrolo o (3.32)
{\if =l o ¥, = 1 53
| ——— [TT(Z,HX) (22”%),?,1_1}
Y1 = Ty (22), Vx €Ut > 0,a >0, (3.34)
where Try)(t) is defined as in Theorem
Proof. By the similar approach as in the proof of Theorem 3.1} we can obtain
Vi (4x 4x) ~10f (2x,22) +16f(x,x) (£) = Tr(x)(t), Vx € U, t > 0.
Let h: U? — Y be a function defined by
h(x,x) = f(2x,2x) —2f(x,x), forall x € U (3.35)
Thus from (3:20), we have
Vaaan ey () = Tr) (20 > T (221), VX € Ut > 0,0 > 0 (3.36)
which implies that
Viattieatte nateat () = Trgey (2EFD%) (3.37)
B(+1) 237
forallx € U,t > 0, > 0and ¢ € IN. Thus it follows from and (N3)
Vit () 2 T [T 10 (2240), @y 1|, Vx € Uit > 0,8 > 0, (3.38)

2

In order to prove the convergence of the sequence {%} if we replace x with 2"x in 3.38|), then we get

= 2
Vpgantmyontmy)  p(amyomy) (t) > Tr |:TT(2n+m—lx) (2( n+3m)at),q>n+m:| (339)
23(n+m) 23m
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for all non-negative integers m and nand Vx € U, t > 0, a > 0.
Since the right hand side of the inequality tends to 1 as m and n tend to infinity, by assumptions, the

sequence {%} is a Cauchy sequence in Y for all x € U. Since Y is a a-Serstnev MPB, one can define the

function c(x, x) : U?> — Y by

n n
c(x,x) = lim h(2"x,2"x) x3,2 x)

forall x € U. (3.40)
Now, if we replace (x,y,z,w) by (2"x,2"y,2"z,2"w) in , respectively, then it follows that

V An(2nx,2my 212 210) (t) - VAf(2n+1x,2n+1y’2n+lz,2n+lw) ZAf(Z"X,Zny,ZnZ,an) (t)

23n 23n 231

3na—1 3n—2)a—1
> Tr |:1/Af(2”+]x,2’7+]y,2"+12,2“+1w) (2 t), VAf(Z”X,Z”y,Z”z,Z”w) (2( ) t):|

2 TT |:(:(2n+1x/2n+1y/2n+1zlzn+lw) (237106—1 t), C(Z"x,Z”y,Z"z,Z"w) (2(3n_1)a_1t):| (341)

forall x,y,z,w € U, t > 0 and a > 0. By letting n — oo in (3.41), we find that vac(x - ) (t) = 1 forall t >0,
which implies Ac(x,y,z, w) = 0 and so c satisfies for all x,y,z,w € U. To prove 3.31), if we take the
limit as n — oo in (3.38), then we get (3.31). The rest of the proof is similar to the proof of Theorem 3.1} This
completes the proof. O

Theorem 3.3. Let & : U?> — DV be a function with the conditions given in and @ and f : U?> — Y bea
function which satisfies forall x,y,z,w € Uandt > 0. Then there exists a unique 2-variable additive mapping
A : U? — Y and a unique 2-variable cubic mapping C : U*> — Y satisfying such that

1/f(x,x)—A(x,x)—C(x,x)(t> =
Tim 77 71 (Trp1 (32771, @1 ) 7r (T 130, ¥, )| (3.42)
forallx € U, t > 0and a > 0, where @y, Tr(y(t) is defined as in Theoremand Y, is defined as in Theorem

Proof. By Theorems and there exist a unique 2-variable additive function Ap : U> — Y and a unique
2-variable cubic function Cy : U?> — Y such that

Vi (2x,2x)—8f (x,)— Ag (x,) () = @ (3.43)
and
Vf(2x,2x)—Zf(x,x)—Cg(x,x)<t> > "Tr, VxelU,t>0. (344)
Thus it follows from and that
Vf(x,x)Jr%Ao(x,x)féco(x,x) (t)
2T {Vf(Zx,Zx)78f(x,x)7A0(x,x) (30‘2“_1 t)/ Vi (2x,2x) =2 (x,x)—Co (x,x) (Baza_lt)} (3.45)

forallx € U, t > 0 and a > 0. Thus we obtain (3.42) by letting A(x,x) = —%Ag(x,x) and C(x,x) = $Cy(x, x)
for all x € U. This completes the proof of the stability of the functional equation in a-Serstnev MPN
spaces. O
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Abstract

In this paper, we investigate some properties of harmonic univalent functions of complex order using
multiplier transformation.Such as Coefficient bounds, extreme points, distortion bounds, convolution
conditions and convex combination are determined for functions in this family. Further, we obtain the
closure property of this class under integral operator. Consequently, many of our results are either extensions
or new approaches to those corresponding to previously known results.
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1 Introduction

A continuous function f = u 4+ iv is a complex- valued harmonic function in a complex domain () if both
u and v are real and harmonic in Q). In any simply-connected domain D C (), we can write f = h + g, where
h and g are analytic in D. We call i the analytic part and g the co-analytic part of f. A necessary and sufficient
condition for f to be locally univalent and orientation preserving in D is that |h’(z)| > |¢’(z)| in D. See Clunie
and Sheil-Small [3].

Denote by Sy the family of functions f = h + g which are harmonic, univalent and orientation preserving
in the open unit disc i/ = {z : |z| < 1} so that f is normalized by f(0) = h(0) = f,(0) —1 = 0. Thus, for
f =h+3 € Sy, the functions h and g analytic U can be expressed in the following forms:

hz)=z+ Y mz", g(z) = Y b2k (|bn] < 1),
k=2 k=1

and f(z) is then given by

flz)=z+ i leZk + i byzk (|b1] < 1). (1.1)
k=2 k=1

We note that the family Sy of orientation preserving, normalized harmonic univalent functions reduces
to the well known class S of normalized univalent functions if the co-analytic part of f is identically zero, i.e.
g=0.

Also, we denote by TSy, the subfamily of Sy consisting of harmonic functions of the form f = h + g such
that & and g are of the form

hz)=z— ) |alz", g(z) =Y |bel2-. (12)
s p

*Corresponding author.
E-mail address: kvijaya@vit.ac.in (K. Vijaya), kthilagavathi@vit.ac.in(K. Thilagavathi) and nmagi2000@yahoo.co.in (N. Magesh)
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In [3] Clunie and Sheil-Small, investigated the class Sy as well as its geometric subclasses and its
properties. Since then, there have been several studies related to the class Sy and its subclasses. In particular,
Avci and Zlotkiewicz [2]], Silverman [9]], Jahangiri [5} 6] and others have investigated various subclasses of
Sy and its properties. Furthermore, Yalgin and Oztiirk [11] and Murugusundaramoorthy|[7] have considered
a class TS5, (y) of harmonic starlike functions of complex order based on a corresponding study of Nasr and
Aoulf [8] for analytic case. (see [4}[13]).

For f € S the differential operator D" (n € Np) of f was introduced by salagean for f =h +3
Jagangiri et al[] defined the modified salagean operator of f as

D"f(z) = D"h(z) + (=1)"D"g(z) (1.3)
D"h(z) =z + i K'az*, D"g( Z k" bk, (1.4)
k=2

Next,for functions f € A Cho and Srivastava defined Multiplier transformation.For f = h + g given by (1) we
define the modified Multiplier transformation of f.

I0f(z) = D°f(2) = h(z) +g(2) (1.5)
_ D% (z) + D'f(2)
L f(z) = o (1.6)
I3f(z) = L(I; ' £(2)), (n € No) (1.7)
z) =z wmaz ”Oo )by 2k 1.8
) +k222(1 ) e k:Zl k (1.8)

Also if f is given by (1) then we have
3f(2) = f% (§1(2) + §2(2)) 5 H(91(2) + 92(2)) = B (91(2) * - (91(2) 48+ (92(2) = -(92(2)))  (19)

n—times n—times n—times

Where * denotes the usual Hadamard product or convolution of power series and

7(1+7)27722 ()7(771) 77Z2

ya
NG = apyazr 29 = drpa-ae (1.10)

By specializing the parameters 7y and n we obtain the following operators studied by various authors for
feA
()Iof(z) = D"f(2) (i) I} f(2) (i) If = I"f (2) (111)
Motivated by the earlier works of [4, [7, [11H13] now we define the class of harmonic convex functions of
complex order in the following definition.

Definition 1.1. For0 <y < 1,0 <A < 1Zw) orA > 1+“r and b € C\ {0}, let SCy (b, y, A, n) denote the family
of harmonic functions f € Sy of the form which satisfy the condition

R (1 +% (]gr((;) )) > 9, (1.12)

F(z2) = M2 (I'h(z))" — 28(118(2))”) + (A + 1)22 (I (h(z))"
+(1-41)22(11g(2))" +2(I0h(2)) + (1 — 2M)z(I"g(z))’

where

and
G(z) = M2(15(h(2))" + 22(158(2))") +2(15(2)) + (24 = 1)z(Ig(2))
for z € U. Further, we define the subclass TSCy (b, 7y, A, n) of SCy(b, 7y, A, n) consisting of functions f = h+ § of the
form (L.2).
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We observe that for b = 1 the class was introduced and studied by first author with Oztiirk [12], the class
SCx(1,7,0,0) = SCy(7) is given in [5, 6] and SC#(1,0,0,0) = SCy see [2].

In this paper, we investigate coefficient conditions, extreme points and distortion bounds for functions
in the families TSCy (b, v, A, n). We also examine their convolution and convex combination properties and
neighborhood result. Further, we obtain the closure property of this class under integral operator. We remark
that the results so obtained for these general families can be viewed as extensions and generalizations for
various subclasses of Sy, as listed previously in this section.

2 Main results

3 Coefficient inequalities

Our first theorem gives a sufficient condition for functions in SCy (b, vy, A, n).

Theorem 3.1. Let f = h + g be so that h and g are given by (L1). If

- "(kA — A +1)[(k—1) + [b] (1 -

Z B A6 )

P (T—=7)[b]
i #)nk(k/\—F/\—l)[(k‘Fl)—|b|(1_7)]|bk| <2 (3.13)
P> (1—2)p|

wherea; =1, 0< <1, 0< AL ﬁ orA> ﬁ . Then f € SCx (b, v, A, n) and f is sense preserving, univalent
harmonic in U.

Proof. We show that f € SCy (b, v, A, n). We only need to show that if (3.13) holds then the condition (1.12) is
satisfied. In view of the condition (1.12) takes the form

0 (K ymk(kA—A+1)[(k—1)+b(1— (K1) k(kA+A—1)[(k+1)—b(1— .
(1-y)+ £ IO lEnn iy, 2 - § e eyl 2
R k=1 _pltAR)
1+ Z( L)k(kA = A+ 1)]a | % + E(k Lynk(kA+ A —1)|be| £ 1+ B(2)
k=2 =
Setting

1+A(z) 14+w(z)
1+B(z) 1-w(z)

we will have RG> 0if |w(z)] < 1,

1+B(z)
__A(z) - B(z)
“@ = T AD+BE)
—y+ Z (’{iz)nk(k/\f/\Jrl) [[(kfl)erb(lf’r)] _ 1} |ak\zk_1

_kﬂl(#)nk(k/\-f—/\ 1) [w +1} e

2- 7+ z( Lyr(k — A +1) [EDRI=D] 4 q] gy 261

M8

k_ (#)nk(k/\-l—/\—l) [[(k+1> bh(l 7) ] Ib |z

This last expression is bounded above by 1 if and only if

o k(ﬁ%)“(m—ﬂwk—m|b|<1—v>]| ‘
[b] K

k=2

o k(A + A —1)[(k+1) — |b|(1—
. (157" (kA + |)b[|(+) 1b|( 7)}|bk‘§(1_7)-




Thilagavathi et al. / Harmonic convex functions of complex order... 365

Or, equivalently
o k(FEL)" (kA = A +1)[(k—1) + [b](1 = 7)]
||
= (1=7)[b]
YA+ A = 1)[(k+1) - [b](1— 7)]
*Z = bl <2
If z; # zp, then for A > m or0 <A< %
OXO: by (2K — 25)
fe)—f)| o [se)-sE)|_, | =t
h(z1) =h(z2) | — (z1) —h(z2)| S ok k
(21 -22) + E () - 2)
& & k(EE)" (kRAH+A-1)[(k+1)~[b](1—7)]
§k|bk‘ g = (T=)0] |bk|
- 2 s k()
— _ 1 ! — — -
e e Ml e
Z 0/
which proves univalence. Note that f is sense preserving in i, for 0 < A < + 5 or A> = +7 This is because
W) = 1- ZkIﬂkIIZIk_1 >1- ) klag
k=2 k=2
© k(152)" (kA — A +1)[(k — 1) + [b[ (1 — 7)]
> a
= 2 ( )|b| | k‘
. f (F2)" (kA + A = [(k+1) = [b](1 = 7)] ]
] (1=7)lb|
:>iu%wmmfwmnwwrmwMH
= (1=7)lp| ‘
— , k+7 k-1 '
> k(G )" bl 2177 = g (2)]-
LM
The function
> b
f(z) =z + Z - ( )| | Xka
S R(TE) (kA = A+ 1)[(k = 1) + [b](1 = 7)]
(o) b .
+) k)]l yizk, (3.14)

Tk(EL) (kA + A = 1)[(k+1) = [b](1 = 7)]

where Z | x| + Z lyx| = 1, show that the coefficient bound given by (3.13) is sharp. The functions of the form are
in SCH(b T A, n) because

»
Il

@ (k)" (kA = A+ D[(k = 1) + [b](1 = )] KOED)" (kA + A = D[(k+1) = [b](1 = 7)]
E( A= ol A=l W
=14+ Y b+ Xl =2
k=2 k=1
O
Theorem 3.2. Let f = h + g be so that h and g are given by . Then f € TSCy (b, v, A, n) if and only if
o k(5EL)" (kA — A +1)[(k—1) + b](1 -
5 ()" ( +D[(k—1) + bl( 7)]|ak|
Pt} (1=7)[p]
00 k(J) (KA +A=1)[(k+1) = |b|(1 =)
+y q [)!bl ]|bk| <2, (3.15)
k=1

wherea; =1, 0 <y <1, O<)\<—or/\> andbeC\{O}
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Proof. The 'if part’ follows from  Theorem upon noting that the functions
TSCy(b,v,A,n) C SCy(b,7,A,n). For the ‘only if’ part, we show that f € TSCy(b,y,A,n). Then for
z = re!? in U we obtain

R (56 1) )

00 k(EELY 1 (A — A1) [(k—1)+b(1—7) © k(Y1) (RA+A=1)[(k+1)=b(1—7)]
1)z~ 3 M) a2 — 3 M by

— % k=2 =
z— z k(D) (kA = A+ 1) ||zt + z k(A2)m (kA + A — 1) by 2

o k(KT )m (kA —A+1)[(k—1)+b(1— 0 k(E2y1 A+ A1) [(k+1)—b(1—
(1_7)_];2( )" b)[( )+b(1—7)] ‘akvk,l_kzl (2" ( b)[( )—b( 7>]\bk|rk*1

z— Z k( ) (kA — A+ 1) |ag|rk—1 + Z k(l—W) (KA + A — 1) |bg|rk—1

> >0,

The above inequality must hold for all z € U/. In particular, letting z = r — 1~ yields the required condition.

O
As special cases of Theorem [3.2] we obtain the following two corollaries.
Corollary 3.1. Let f =h+ g € TSCy(b,v,0,n) if and only if
k k—
i n(10)" (k= 1) +[b](1 - 7)) ] + i n(1:)" [(k+1) = [p|(1 = 7)] b <2
k >~ 4.
i (1—=7)lb] = (1=7)lb] ¢
Corollary 3.2. Let f =h+ g € TSCy(b,v,1,n) ifand only if
k k—
o 1 (757)"[(k = 1) + [b](1— )] > n?(172)" [(k+1) = [b](1—7)]
Z ] + Y b | < 2.
=1 (1=7)lb] = (1=7)lb]
4 Extreme points and Distortion bounds
In this section, our first theorem gives the extreme points of the closed convex hulls of TSCy (b, v, A, n).
Theorem 4.3. Let f = h+ g € TSCy (b, v, A, n) if and only if f can be expressed as
fl@) = ) (Xihi(2) + Yige(2)), z €U, (4.16)
k=1
where h1(z) = z,
he(z) =2 — — (1= 7)lb| & (k=23.)
k()" (kA = A+ D[(k = 1) + [b](1 = 7)]
and . )
(z) =z+ — (1= 7)lb| ¢ (k=1,23,..),
k(7)) (kA +A =1 [(k+1) — [b|(1 = )]
Z(Xk+yk) =1, X >0, Y. >0.
k=1

In particular, the extreme points of TSCyy (b, v, A, n) are {hy } and {gx}.
Proof. For functions f of the form (4.16), we have

fla) = ki (Xhe(2) + Yige(2)
& _)le]

0
= Z X+ Yy) Z—Z

= k()" (kA — /\+1)[(k*1)+|b|(1*7)]

Xka

S (-l -
B A DIk )l
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Then

f K(EE)" (kA = A+ 1)[(k = 1) + [p] (1 = )] (1— )bl N
= (T—=)o] Ky (kA — A+ D)[(k—1) + bl(1—7)] ) "

+ik(’;m"(iam—1>[<k+1>—|b|<1—v>] (1= 7)[b| y
= (1—7)[b| k()" (kA + A = 1)[(k+1) = [B](1 = 7)]

=) X+ ) Yi=1-X<1
k=2 k=1

and so f € clcoTSCy (b, v, A).
Conversely, suppose that f € clcoTSCy/(b, 7y, A, n). Letting

X1=1-) X— Y %
k=2 k=1

where
« _k(ﬁ—m"(m—Ml)[(k—l)+|b\<1—v>1|u| s
‘ (1= )]l T
and
(D) (A + A = D) [(k+1) — |b|(1 —
y, _ K G e )

(1=7)lb]

we obtain the require representation, since

f2) = 2= Y lade + Y el
k=2 k=1
_ . v (1 —7)[b| Xk k
’ Ezkm)"(kA—Hl)[(k—m|b|<1—v>]z
> (1 —)|b|Yy .
Y B A A= D+ 1)~ ol =)
= Y (@)X Yoz (@)Y
k=2 k=1
= <1—2Xk—ZYk>z+th Xk—i-ng
k=1

= ) (Xihe(z) + Yiegr(2)).
=1

O

The following theorem gives the distortion bounds for functions in TSCy (b,y, A, n) which yields a
covering result for this family.

Theorem 4.4. Let f € TSCy (b, 7y, A, n) then

(1—17)b| (24 —1)(F2 )[2 b(l— 7]
|f(z)§(1+b1|)r+r2(2()\+1)[1—0—b(1—7)] 20+ )F -] |b1l>

and

(1—17)|b| (A —1)(3L )[2 b(l— 7))
If(Z)I2(1—|b1)7—72<2(A+1)[1+b(1—7)] 2(A + )[7 — )] |b1|)-



368 Thilagavathi et al. / Harmonic convex functions of complex order...

Proof. Let f € TSCy(b, 7y, A, n), Taking the absolute value of f and then by Theore we obtain

f@] < @+l Y (agl + b

k=2
< @b Y (ol + [bi)
k=2
(1— o] w0 k(L) (kA = A+ 1)[(k — 1) + [b](1 = 7)]
= D s =) (k_z A= '”k‘
k(L) (kA + A = 1)[(k+1) — [b](1 = 7)]
+ be| | 7
=)
(1—7)b| CA=1)(F)"2—b(1—17)]
S T e (R rs) (1‘ = il )
B (1= 7)[b| (A = 1)(F)" 2 = b(1 — )]
= (1+|b1|)r+(2(/\+1)[1+b(1—7)} TRV w1l L
Similarly,
) = <1—|b1|>r—li<|ak|+|bk|>rk
> (1= (b= Y el + b
k=2
(1—7)|b| o k(FEL)" (kA — A+ 1)[(k = 1) + [b] (1 = 7)]
= D s = (kzz A= ]
| K" AV -] Y
=)
(1—7)|b] @A = 1)(EL)"2 - b(1 - )]
= U= s E e =) (1‘ a2 i)
B (1—9)b| (24— 1)(F)"[2—b(1 —7)]
= (1”’1')7(z(A+1)[1+b<1—7)} Toemy e Ul kg

The upper and lower bounds given in Theorem [f.4)are respectively attained for the following functions.

B 1 (1—7)|b] @A = 1)(EL)"2 - b(1 - 7)) _
fle) ==+ 1) (zmmwb(l T AT ) "’”)Zz
and
B 1 (1—7)|b| (A= 1) (F)"2 = b(1 —7)]
@ ==z g (zml)[ub(l T Rl 'bl>zz'

The following covering result follows from the left hand inequality in Theorem .4}

Corollary 4.3. If f € TSCy(b,y, A, n), then

| a- (20~ D)2~ b(1— )]
{W'M<1_2(A+1)[l+b(1—7)]_ 1_2(”1)[1”(1_7)]};)”}.
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5 Convolution and Convex Combinations

In this section we show that the class TSCy« (b, v, A, n) is closed under convolution and convex combinations.

Now we need the following definition of convolution of two harmonic functions. For f(z) =z — ¥ |ax|zF +

Y. |bg|zFand F(z) = z — ¥ |Ak|ZK + X |By|ZF, we define the convolution of two harmonic functions f and F
k1 k=2 k=1
(F*F)(2) = f(2) xF(z) = z— ) lag| | Aclz* + Y [be|[Be 2" (5.17)
k=2 k=1

Using the definition, we show that the class TSCy (b, v, A, 1) is closed under convolution.

Theorem 55. For 0 < 6 < o < 1, let f € TSCy(b,v,A,n) and F € TSCy(b,6,A,n). Then
f*Fe€TSCy(b,v,A,n) C TSCy(b,6,A,n).

Proof. Let f(z) = z — Z |ag |2 + Z |bx|Z and F(z) = z — Z | Ag|zk + Z |Bi|Z* be in TSCy (b, 5, A). Then
the convolution f * F is glven by (5.17). From the assertion that f*Fe€ TSCH(b J,A), we note that |A;| <1
and |By| < 1. In view of Theoremnand the inequality 0 < § < ¢ < 1, we have

oo k(FEX)" (kA — A +1)[(k—1) + [p] (1 - 8)]
kglz (1=0)[p| |ak||Ak‘

o k()" (kA + A = 1)[(k+1) = [b](1 - 8)]
+k:21 (1—5)|b| |kaBk|

o k()" (kA — A+ 1)[(k = 1) + [B] (1 - 8)]

2 o o

L k()" (A + A= 1)[(k+1) — |b|(1—5)]‘b |
& (1= 0[] ¢

= k(ﬁz)"(m“l_)[(kl) R
k=2 (1 =)0

o K(ETYH (kA + A~ 1)[(k+1) — [b](1 — 7)]
L A=)l b

<1

by Theorem f € TSCy(b,v,A). By the same token, we then conclude that f « F € TSCy(b,v, A, n)
C TSCy(b,8, A, n). O

Next, we show that the class TSCy (b, 7, A, n) is closed under convex combination of its members.
Theorem 5.6. The class TSCy (b, y, A, n) is closed under convex combinations.
Proof. Fori=1,2,3,.... Suppose that f;(z) € TSCy(b,, A, n) where f; given by

filz) =z-Y |ﬂi,k|zk +) |bi,k|zk~

k=2 k=1

o0
For ) t; =1,0 < t; <1, the convex combinations of f; may be written as
i=1

itifi(z) =z— i (iti|“i,k|> 2+ i (iti|bi,k|> z*
i i= = \i=1

k=2
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Since,

00 KA —=A+1D)[(k—1 b|(1—
Z =0 + D[(k=1) + [b[(1 = 7)] i
2 =
o k(F2)" (kA +A —1)[(k+1) = [b](1—7)]
; eI bl =1

from the above equation we obtain

o k(DA — A+ D[(k—1) + [b](1 —7)] =
(1) ( (+_)[()b| )+ [b](1 = )] 5 blar

i=1
)" (kA + A =1)[(k+1) = [b](1 = 7)]

s 1+7 o b
o A= Lt
{i T (kA = A+ 1)[(k=1) + [b](1 = 7)]

k=2

a2 i

s k(ﬁ)”(k?h%*l)[(kJrl)*|b|(1*7)1|b‘ |
P (1 =[] "

This is the condition required by (3.14) and so Y t;fi(z) € TSCx (b, v, A, n). O
i=1

6 Class Preserving Integral Operator

In this section, we consider the closure property of the class TSCy/(b, 7, A, n) under the Bernardi integral
operator L[f(z)] which is defined by

c+1

Lolf(z)] = / EI()dE (¢ > ~1).

Theorem 6.7. Let f(z) € TSCy (b, 7, A, n), then Lc[f(z)] € TSCy (b, v, A, n).

Proof. From the representation of L[f(z)], if follows that

cife) - S e L [ g

0 0
_ c+1 / c—1 . o k i i c— oo
- e (a ’glam)dﬁ L 1<k_21|bk§k>d

00 00
= Z— Z Aka + Z Bka,
k=2 k=1
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where Ay = &5 [a| and By = <5 |by|. Hence

o k(FEL)"(kA = A+ 1)[(k—1) +[b](1=7)] fc41
)y =l (gl
(D" A+ A =1[(k+1) = [Bl1 = )] /41
) (c+k'b’“'>
L) (kA = A+ 1)[(k = 1) + [b](1 = 7)]

it
k=1

o k(k

<L T[] e
L

k()" kA + A = 1[(k +1) = [b(1 = )]
(1=7)lb]

since f € TSCy (b, 7, A), therefore by Theorem[3.2} L [f(z)] € TSCy (b, v, 7). O

x| <1,

Remark 6.1. Specializing the parameter, the result discussed in this paper leads many subclasses discussed in [4} 5] [7)
11H13].
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Abstract

In this paper, we study the existence of solutions for g-functional integral equations in Banach space C[0, T|.
The existence and uniqueness of solutions for the problems are proved by means of the Banach contraction
principle.

Keywords: g-functional integral equations; Banach contraction principle; Deviated argument; existence.
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1 Introduction

The quantum calculus or g-difference calculus is an old subject that was first developed by Jackson ([12],[13]),
while basic definitions and properties can be found in [15]. Studies on g-difference equations appeared already
at the beginning of the last century in intensive works especially by F H Jackson [14], R D Carmichael [6], T E
Mason [19], C R Adams [1]], W ] Trjitzinsky [21] and other authors [5].

Recently, g-calculus has served as abridge between mathematics and physics. It has a lot of applications in
mathematics and physics([7]-[9],[17],[22]).

In this paper, we are concerned with the g-functional integral equations

x(0) = () + [ fi (s x(6(6) dys, 1€ [0,T] a

and
X() = g0 + £t [ (s x(@(e) dgs), tEOT 1.2

where ¢ is deviated function. The existence of continuous solutions of the g-functional integral equation (1.1) in
the Banach space CJ0, T] will be proved. The monotonicity of the solution of the equation (1.1) will be studied.
The existence of continuous solutions of the g-functional integral equation (1.2) in Banach space C[0, T] will
be proved.

2 preliminaries

Here, we give the definition of g-derivative and g-integral and some of their properties which is referred
to (2, [15]).

*Corresponding author.
E-mail address: amasayed@gmail.com (A. M. A. El-Sayed), fatmagaafar2@yahoo.com(Fatma. M. Gaafar), ragab_537@yahoo.com (R. O.
Abd-El-Rahman), m.elhadad88@yahoo.com(M. M. El-Haddad).
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Letg € (0,1) and define
-1
(], = qq—l =1+q+q°+ ---+q"!, neR

which is called The g- analogue of n.

Definition 2.1. The g-derivative of a real valued function f is defined by

Dy f(t) = dq;q(tt) - f(”’;i — {(t), Dyf(0) = lim Dyf(t)

Note that lim1 Dyf(t) = f'(t) if f(t) is differentiable.
q—
The higher order g-derivative are defined as
DY f(t) = f(t),  Djf(t) = DyD; ' f(t), neN.

Definition 2.2. Suppose 0 < a < b. The definite g-integral is defined as
b . .
Lf(x) = [ f)dr = 1= Y ¢ flgl).
=0
and

/ﬂb f(x)dgx = /Ob f(x) dgx — /Oa F(x) dyx.

Similarly, we have
LDf(t) = f(t), Iif(t) = LIf7'f(t), neN.

Theorem 2.1 (see [15]). (Fundamental Theorem of g-Calculus)
If F(x) is an antiderivative of f(x), and F(x) is continuous at x = 0, then

b
/ f(x)dgx = F(b) — F(a), 0<a<b<co.
a
Theorem 2.2. (see [4],[15]) For any function f one has

Dyl f(x) = f(x). (2.3)

Theorem 2.3. (see [2]) Let f be a function defined on [a,b], 0 < a < b, and c is a fixed point in [a,]. Assume that
there exists, 0 < vy < 1 such that x" f(x) is continuous on [a,b]. Let

X
F(x) = / F(E) dgt, x € [a,b].
[
Then F(x) is a continuous function on |a, b].
Lemma 2.1. If
t
F(t) = / £(5) dgs, for telab],
0
is continuous, then for every € > 03 > 0, such that tp,t € [0,T], | tp —t1 |< I, then
[F(t2) — F(t)| <e
ie.,
t2 t
|/0 F(s) dgs — /0 () dys| <e.

Lemma 2.2. (see [18]])
(1) If f and g are g-integrable on [a,b], « € R, ¢ € [a,b], then

@ [ 1)+ g dgx = [ F) dgx + [7 g(x) dy,
i) [y wfx)dgx = a [] f(x)dgx,
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i) [} (o) dgx =[5 fx)dgx + [0 f(x) dygx
(2) If | f| is g-integrable on the interval [0, x|, then

[ s < [T 150

(3) If f and g are g-integrable on [0, x], f(x) < g(x), for all x € [0, x], then
/0 fx)dgx < /0 g(x) dygx.

3 Main results

Let X be the class of all continuous functions, x € C[0, T] with the norm

[x[l = sup [x(¢)].
t€[0,T]

First, we study the existence and uniqueness of the solution of the g-functional integral equation (1.1) and
then we proved the monotonicity for the solution.

Consider the g-functional integral equation under the following assumptions
(i) g : [0,T] — Ris continuous.
(i) f1:]0,T] x[0,T] x R — R is continuous.
(iif) f; satisfies the Lipschitz condition
[filts,x) = filt,s,y)| < k(ts) |x —yl.
(iv)
sgp /Ot k(t,s)dss < K

Now for the existence of a unique continuous solution of the g-functional integral equation (1.1) we have the
following theorem.

Theorem 3.4. Let the assumptions (i)-(iv) be satisfied. If K < 1, then the q-functional integral equation has a
unique solution x € C[0,T].

Proof. Define the operator F associated with the g-functional integral equation (1.1) by

Fx(t) = g(t) + /Ot fi(t, s, x(¢(s))) dys.

To show that F: C[0,T] — C[0,T],letx € C[0,T], t1,t, € [0,T], then

Bx(r) — x| = [(2) —g(e) + [ flta, s x@E)gs — [ filhy s, x(@(6)dis
< gl =gl + | [ it s 1@ dgs = [ fults s, 5(9(9) dys
< gl =gl + | [ filta s 1)) dys = [ fults s, 5(9() dys

L[ Al s x@@s = [ filh, s, x(@(6)ds
< gl =gl + [ 1 filka s, x@6)) — filh s, x(0(6)) [ dys

+ |‘/0t2 fl(tlr S, x((P(S)))qu - Atl fl(tlr S, x((P(S)))qu |
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applying Theorem and Lemma (2.T), then we deduce that
F:clo,T] — C[o,T].

Letx,y € C[0,T], we have
t t
Ex(t) = Fy() = 1g(t) + [ it s x(9(s) dys = g() = [ filts s, v(#(s)) dys]

= 1 [ Al s x@6) dos — [ ilh s, v(@(6) ds

< [ 1Al s x@©) — Al s y(0(s) dys
< [ K3 (@) — y9(s)] dys

< M-yl [ ks dys

< Kfx =yl

This means that F is contraction.
Applying Banach contraction principle ([10],[16]), then we deduce that there exists a unique solution x € C[0, T] of
the g-functional integral equation (1.1). O

The following theorem prove the monotonicity for the solution of the g-functional integral equation (1.1).

Theorem 3.5. Let the assumptions (i)-(iv) of Theorem (3.1) be satisfied. If f1(t,s,x(¢(s))) and g(t) are monotonic
nonincreasing(nondecreasing) in t for each t € [0, T|, then the g-integral equation has a unique monotonic
nonincreasing(nondecreasing) solution x € C[0, T].

Proof. Let f,g be monotonic nonincreasing functions in ¢ € [0, T}, then

fort; > H
M) = gl) + [ Al s x06) ds
fy
< gt + [ Al s ©(06) dys
= x(tl).
Hence,

X(tz) < X(fl).

Also, If f1, ¢ are monotonic nondecreasing functions in ¢ € [0, T|, then
fort, > f

W) = gl + [ Alks, x@06) ds

> g(t) + /Otl fi(t, s, x(¢(s))) dgs

X(tl).
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Hence
x(t) > x(t1).

Now, we study the existence and uniqueness of the solution of the g-functional integral equation

K1) = g(0) + fo (6 [ 5o x(0(s)) dys), 1€ [0,T]
Consider the g-functional integral equation under the following assumptions
(i) g :[0,T] — R is continuous.
(i) f»:]0,T] x R — R is continuous.
(iif) f, satisfies the Lipschitz condition
[fa(t,x(8)) = fa(t,y(£))] < K [x(E) —y(E)]-
(iv) g satisfies the Lipschitz condition
18(s,x(£)) = g(s,y(1)] < T|x(t) —y(H)]-

For the existence of a unique continuous solution of the g-functional integral equation (1.2), we have the
following theorem.

Theorem 3.6. Let the assumptions (i)-(iv) be satisfied. If kIT < 1, then the g-functional integral equation has
a unique solution x € CI[0, T].

Proof. Define the operator F associated with the g-functional integral equation (1.2) by

Fx(t) = g() + fat, [ gls, x(9(5)) ds).

To show that F: C[0,T] — C[0,T],letx € C[0,T], t1,t, € [0,T], then

Fx() — Fx(t)l = l(g(t) — () + (alez, [ 805, 3@())ys) — falt, [ g(5,x(0(5))dis)]|
< Igli) — () |+ Ll [ (o2 06))d) — falt, [ 805, 5(0(5))do)
< Lgli) — () |+ Ll [ (o2 (06))d) — falt, [ 05,5050
+ Ut [ (5,5 00))ge) — o, [ 05,5005
ty 1)
< lglt) = g(h) |+ Ifalte, [ 85, x(@(6)dgs) — faltr, [ g(s,x(9(5))dgs)]

ty fy
1 78l x(@6)dgs — [ gl x(9())dgs
applying Theorem and Lemma (2.T), then we deduce that

F:C[0,T] — C[0,T).
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Let x,y € C[0, T|, we have

"t

FxO -] = 150 + flt, [ 8l x06)) ds) = g0) = falt, [ 805, y(9() dys)|

t

= Lt [ 8l x060) ds) — 6 [ g6 v9() )

< k1 [ gl 3@ dys — [ gt w0061 dys
< k[ 1gs 190 — 865 v0)) |dys
t
< K [1E0E) - v(6E) s
< M -yl

This means that F ([10]) is contraction .
Then F has a fixed point x € C[0,T] which proves that there exists a unique solution of the g-functional

integral equation (I.2). O
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Abstract

Eigenvalue of a graph is the eigenvalue of its adjacency matrix. A graph G is reciprocal if the reciprocal
of each of its eigenvalue is also an eigenvalue of G. The Wiener index W(G) of a graph G is defined by

W(G) = % Y. d where D is the distance matrix of G. In this paper some new classes of reciprocal graphs
deD
and an upperbound for their energy are discussed. Pairs of equienergetic reciprocal graphs on every n =

0 mod (12) and n = 0 mod (16) are constructed. The Wiener indices of some classes of reciprocal graphs are
also obtained.

Keywords: Eigenvalue, Energy, Reciprocal graphs, splitting graph, Wiener index.
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1 Introduction

Let G be a graph of order n and size m with the vertex set V(G) labelled as {v1,v2,...,04}. The set of
eigenvalues {A1,Ay,..., A} of an adjacency matrix A of G is called its spectrum and is denoted by spec(G).
Non-isomorphic graphs with the same spectrum are called cospectral. Studies on graphs with a specific
pattern in their spectrum have been of interest. Gutman and Cvetkovic studied the spectral structure of
graphs having a maximal eigenvalue not greater than 2 in [5] and Balinska et.al have studied graphs with
integral spectra in [2]. In [12] some new constructions of integral graphs are provided. Dias in [6] has
identified graphs with complementary pairs of eigenvalues( eigenvalues A1 and A, with A; + A = —1). A
graph G is reciprocal [20] if the reciprocal of each of its eigenvalue is also an eigenvalue of G. The first
reference of a reciprocal graph appeared in the work of J.R. Dias in [6, [Z] and the chemical molecules of
Dendralene and Radialene have been discussed there in. In [20] some classes of reciprocal graphs have been
identified. In [3] reciprocal graphs are also referred to as graphs with property R.

The energy of a graph G [1], denoted by E(G) is the sum of the absolute values of its eigenvalues.
Non-cospectral graphs with the same energy are called equienergetic. In [8 9] [15] some bounds on energy are
described. In [1] and [22} 23] a pair of equienergetic graphs are constructed for every n = 0(mod 4) and
n = 0(mod 5) and in [10] we have extended it for n = 6, 14, 18 and n > 20. In [17] a pair of equienergetic
graphs within the family of iterated line graphs of regular graphs and in [11] a pair of equienergetic graphs
obtained from the cross product of graphs are described. In [[13] a pair of equienergetic self-complementary
graphs on n vertices is constructed for every n = 4k and n = 24t + 1,k > 2, t > 3. A plethora of papers have
been appeared dealing with this parameter in recent years.

The distance matrix of a connected graph G, denoted by D(G) is defined as
D(G) = [d(v;,vj)] where d(v;,v;) is the distance between v; and v;. The Wiener index W(G) is defined by

*Corresponding author.
E-mail address: indulalgopal@gmail.com (G. Indulal) and vambat@gmail.com (A.Vijayakumar).
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W(G) = % de d. The chemical applications of this index are well established in [16, [18].
€

In this paper, we construct some new classes of reciprocal graphs and an upperbound for their energy
is obtained. Pairs of equienergetic reciprocal graphs on n = 0 mod (12) and n = 0 mod (16) are constructed.
The Wiener indices of some classes of reciprocal graphs are also obtained. These results are not found so far
in literature.

2 Some new classes of reciprocal graphs

If A and B are two matrices then A ® B denote the tensor product of A and B. We use the following properties
of block matrices[4].

M N _
P 0 ].Then|5:|M\Q—PM INJ.

Moreover if M and P commutes then |S| = |MQ — PN| where the symbol |.| denotes the determinant.

Lemma 2.1. Let M, N, P and Q be matrices with M invertible. Let S = {

We consider the following operations on G.

Operation 1. Attach a pendant vertex to each vertex of G. The resultant graph is called the pendant join graph of
G.[Also referred to as G corona Ky in [3].]

Operation 2. [19] Introduce n isolated vertices u;, i = 1 to n and join u; to the neighbors of v;. The resultant graph is
called the splitting graph of G.

Operation 3. In addition to G introduce two sets of n isolated vertices U = {u;} and W = {w;} corresponding to
V = {v;}, i = 1 to n. Join u; and w; to the neighbors of v; and then w; to the vertices in U corresponding to the
neighbors of v; in G for each i = 1 to n. The resultant graph is called the double splitting graph of G.

Operation 4. In addition to G introduce two more copies of G on U = {u;} and W = {w;} corresponding to
V = {v;}, i = 1ton. Join u; to the neighbors of v; and then w; to u; for each i = 1 to n. The resultant graph is called
the composition graph of G.

Operation 5. [n addition to G introduce two more copies of G on U = {u;} and W = {w; } corresponding to V = {v;},
i = 1to n. Join w; to the neighbors of v; and vertices in U corresponding to the neighbors of v; in G for each i =1 to n.

Lemma 2.2. Let G be a graph on n vertices with spec(G) = {A1,...,An} and H; be the graph obtained from
Operation i, i = 1to 5. Then

|
spec(Hy) = {
{
{

n
spec(Hy) = { A; A; £ /A2 + 1}
n

spec(Hs) = {Ai, (1 + \6) Ai}

i=1

Proof. The proof follows from Table 1 which gives the adjacency matrix of H;s fori = 1 to 5 and its spectrum,
obtained using Lemma 2.1|and the spectrum of tensor product of matrices.

Table 1
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Graph Adjacency matrix Spectrum
H, {A I} {/\i:i: A$+4}”
[ 0 ’ i=1
A A 11 n
H2 {A 0}_‘4@[1 0} {<&T\@)Ai}i:l
A A A 111 )
Hy [A 0 A|=A®|1 0 1] {7 (12v2) A}
A A O 110
A A 0 .
H, A AT (Ao diz 2241}
01 A
A0 A 101 .
Hs [0 A A|l=A®|0 1 1] {Ai,(liﬁ))\i}i_l
A A A 111

Note: H3 = Hs when G is bipartite.
Theorem 2.1. The pendant join graph of a graph G is reciprocal if and only if G is bipartite.

Proof. Let G be a bipartite graph and H, its pendant join graph. Then, corresponding to a non-zero eigenvalue
A of G, —A is also an eigenvalue of G [4].

By Lemma spec(H) = {A£VATH VZ)‘2+4, A€ spec(G)}. Letw = AvATHE V2A2+4 be an eigenvalue of H. Then

1 2
« Atv/AZid
z(;\—m)
(A+vAT+4) (A - VAT +3)
Z(A—\/m)

is an eigenvalue of H as —A is an eigenvalue of G. Similarly for a = A’fm also. The eigenvalues of H
corresponding to the zero eigenvalues of G if any, are 1 and —1 which are self reciprocal. Therefore H is a
reciprocal graph.

The converse can be proved by retracing the argument. O

Note 1. This theorem enlarges the classes of reciprocal graphs mentioned in [20]. The claim in [20] that the pendant join
graph of C, is reciprocal for every n is not correct as Cy, is not bipartite for odd n.

Definition 2.1. A graph G is partially reciprocal if 5 € spec(G) for every A € spec(G).
Examples:-

e Pendant join graph of any graph.

e Splitting graph of any reciprocal graph.
Theorem 2.2. The splitting graph of G is reciprocal if and only if G is partially reciprocal.

Proof. Let G be partially reciprocal and H be its splitting graph. Let « € spec(H). Then by Lemma 3, & =
(#) A, A € spec(G). Without loss of generality, take & = (%) A. Then % = (%@) 771 Thus % €
spec(H) as G is partially reciprocal and hence H is reciprocal.

Conversely assume that H is reciprocal. Then by the structure of spec(H) as given by Lemma G is partially
reciprocal. O
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Theorem 2.3. Let G be a reciprocal graph. Then the double splitting graph and the composition graph of G are reciprocal
if and only if G is bipartite.

Proof. Let G be a bipartite reciprocal graph. Then A € spec(G) = —A, 1,51 € spec(G). Let H and H’
respectively denote the double splitting graph and composition graph of G. Then using Lemma[2.2]and Table
2 it follows that H and H' are reciprocal.

Table 2
Spec(H) W Spec(H'") W
{-n (1=v2)a} | {-4 (1£v2) 2} | {Ar e vaZ51) {},—Ai (—/\)Z—H}
Converse also follows. O

Illustration: The following graphs are reciprocal when G = Py.

[l

).

11

H,

3 An upperbound for the energy of reciprocal graphs

The following bounds on the energy of a graph are known.

1. [151y/2m + n(n — 1) |det A|* E(G)v/Zmn

2 BIEG)2 +/(n—1) (2m— 425

3. [0] E(G)%m + \/(n —2) (Zm - 8%3) if G is bipartite.

In this section we derive a better upperbound for the energy of a reciprocal graph and prove that the bound
is best possible. A graph of order n and size m is referred to as an (n, m) graph.

Theorem 3.4. Let G be an (n, m) reciprocal graph. Then E(G) < W and the bound is best possible for G = tKj

and tPy.

Proof. Let Gbe an (n
n

Therefore ) |A;| =
i=1 i

m) reciprocal graph with spec(G) = {A1,...,An}.

n n
=Eand ) A? = z%:zm.
i=1 i=1""1

~

1
[Ai]

It
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Now we have [21]the following inequality for real sequences a;, b; and ¢;, 1 <i <mn

n e AN EIANCY
Y aici ) bic; <5 Q) abi+ () a; )b ) ¢
=1 i=1

=1 i i=1 i=1 i=1

Taking a; = |Ai], by = I)%\ and¢;=1Vi=1,2,...,n,

we have [E(G)]? < 1 [n+2m]nand hence E(G) < \/@
When G = tKy, n = 2t,m = t, E(G) = 2t and when G = tPy, n = 4t, m = 3t,
E(G) = 2t/5. -

4 Equienergetic reciprocal graphs

In this section we prove the existence of a pair of equienergetic reciprocal graphs on every n = 12p and
n=16p, p > 3.

Theorem 4.5. Let G be Ky, and F; be the graph obtained by applying Operations 3, 1 and 2 on G and F, the graph
obtained by applying Operations 5, 1 and 2 on G successively. Then F; and F, are reciprocal and equienergetic on 12p
vertices.

. _(p—-1 -1
Proof. Let G = K,. We have spec(Ky) = < 1 p-1 > .
Let G3 be the graph obtained by applying Operation 3 on G. Then by Lemma

spec(Gz) = ( —(r=1 1 (1 = ﬁ) (p=1) B <1 = ﬁ) ) .

1 p—1 each once each p —1 times
Now, let G3; be the graph obtained by applying Operation 1 on G3z. Then by Lemma spec(Gsy)
p—1xy/(p-1)+4 145 (1:4v2) (p- 1)/ { (14v2) (p—1) } 4
2 2 2
each once each p —1 times each once

(1-v2) (p-D)E/{(1—v2) (p-1) ' +4  (1+v2)£y/{ (1+v2) } +4 (1-v2) £/ {(1-v2) } +4
2 2 2
each once each p —1 times each p —1 times

Then

E(Gs1) :\/(p1)2+4+\/§(p1)+\/{(1+\f2) (p—l)}2+4

+\/{(1—\fz) (p—l)}2—|—4+(p—1) \/(1+xf2)2+4+\/(1—\/§)2+4

:\/er\/g(p—lH(P—l) 14+2v41
+\/6(p—1)2+8+2\/(p—1)4—|—24(p—1)2+16

Now, let F; be the graph obtained by applying Operation 2 on Gz;. Then by Lemma[2.2}

E(F;) = V/5E(Gs1). Let Gs; be the graph obtained by applying Operations 5 and 1 on G successively and F,
be that obtained by applying Operation 2 on Gs;. Then we have

E(F) = V/5E(Gs;) = V/5E(G31) = E(F;). Also by Theorem 2, F; and F, are reciprocal. Thus the theorem
follows. O

Lemma 4.3. Let G be a non-bipartite graph on p vertices with spec(G) = {A1,...,Ap} and an adjacency matrix A.
Then the spectra of graphs whose adjacency matrices are
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and H' =

A
A
A are
0

> x O o
N N S S
ST N S N

A
0
r_
F= A
A

{/\i,—)\i,< 13))\1}, and {—)\l

Theorem 4.6. Let G be K. Let Ty and T, be the graphs obtained by applying Operations 1 and 2 successively on graphs
associated with F' and H' respectively. Then Ty and T, are reciprocal and equienergetic on 16p vertices.

N S
HD>OD>D>

0
A
A
A
A

s —Ai (%) )\,}f:l respectively .

Proof. Let the graph associated with F’ be also denoted by F’ and F|, the graph obtained by applying
Operation 1 on F’. Then by a similar computation as in Theorem 5,

E(E) =2 (p—1)2+4+2\/§(p—1)+\l (”*;"/ﬁ> (p—1)2+4

+J (11 ;\/ﬁ> (p—1)7+4+(p—1) N <1l+23\/ﬁ) +4+J (11 23\/@> +4]

and E(Ty) = V5E(F]) = V5E(H}) = E(T»), by Lemma Also by Theorem 2, T and T, are reciprocal.
Hence the theorem. O

5 Wiener index of some reciprocal graphs

In this section we derive the Wiener indices of some classes of reciprocal graphs described in the earlier
section. We shall denote by D(G) = D, the distance matrix of G and d;, the sum of entries in the i*" row of D.
The following theorem generalizes the results in [[14].

Theorem 5.7. Let G be a graph with Wiener index W(G). Let H be the pendant join graph of G. Then W(H) =
AW(G) +n(2n —1).

Proof. We have, W(G) = 1 Z d;.

Let V(G) = {vq, v, .. Un} and let U = {uy, uy, ..., uy} be the corresponding vertices used in the pendant
join of G. Then the distance matrix of H is as follows.

[ 0 d(vy,v2) ..  d(vy,on) 1 1+d(vy,02) .. 1+4d(vy,0,) |
d(vy,v1) 0 1+ d (v, v1) 1
1 1+d(vy,02) ... 1+d(vy,0n) 0 2+d(v1,v2) ... 24d(vy,0,)
L 1 +d(Un,Ul) 2+d(vn,01) 0 ]

since d(v;,uj) =1; ifi=j
=1+4d(v;,v));i # jand
d(uj,uj) = d(u;,v;) +d(v;, v;) +d(vj, u;)
=2+d(v;,v;)
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2di+n
. . 2d, +n
The row sum matrix of H is 2y + 31 —2
| 2d, +3n—2 |
1 [ n n
Then W(H) = 5 l; (2d; +n) + i}; (2d; +3n —2)

= 4W(G) + n(2n — 1). Hence the theorem.

The proof techniques of the following theorems are on similar lines.

Theorem 5.8. Let G be a triangle free (n, m) graph and H, its splitting graph. Then
W(H) =4W(G) +2(m + n).

Corollory 5.1. Let G be a triangle free (n,m) graph and F, the splitting graph of the pendant join graph of G. Then
W(F) = 2[8W(G) +4n® + (m +n)].

Theorem 5.9. Let G be a triangle free (n, m) graph and H, its double splitting graph. Then W(H) = 9W(G) + 4m +
6n.

Theorem 5.10. Let G be a triangle free (n, m) graph and H, its composition graph. Then
W(H) = 9W(G) + 2n? + 4n.
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Abstract

The concept of natural density is generalized. It is proved that the new theory is consistent with the
existing theory in the literature. Many new results were obtained. A theorem analogous to the Riemann’s
theorem on rearrangement of non-absolutely convergent series is proved in the sense of generalized natural
density. Some more possible generalizations are suggested.
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1 Introduction

We know that the set of even natural numbers and the set of natural numbers have same cardinality. In
other words both the sets have equal number of elements and they have the same size. But intuitively we feel
that the set of natural numbers is one half of the set of integers. This intuition is made into a mathematical
concept called natural density [1]. In this paper we generalize this concept and derive some interesting results.
We also suggest some more possible generalizations. Now we give some preliminary concepts which are
available in the literature. As usual we use IN to denote the set of natural numbers and |S| to denote the
cardinality of the set S.

Definition 1.1. Let A C N. Let A(n) = {1,2,...,n} N A for all n € IN. The upper density and the lower density

of A are defined as lim sup % and liﬂ inf @ respectively; they are denoted by d(A) and d(A) respectively. The
n—co °°
|A(m)]|

natural density d(A) of A is defined as nlgr;o = if the limit exists.
A has natural density if and only if d(A) = d(A). We have some classical results:
e For any finite set A, d(A) = 0.
e forany k € N, d(kIN) = % where 1IN is the set of all positive multiples of k.
e the infinite set {n? : n € IN} has density 0.
Further for any subsets A and B of N, if d(A) and d(B) exist, then
o d(A%) =1—d(A).
e for any finite set F,d(A — F) = d(A).

o d(AUB) = d(A) +d(B) — d(ANB).

*Corresponding author.
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o d(kA) = Ld(A), fork € N.
e d(A+c) =d(A) for all constant c € IN where

A+c={a+c/ac A}

o If -
A= u0{22”,22” +1,...,22" 1},
n—

then d(A) = % and d(A) = 1; this shows the existence of a set for which natural density does not exist.

In Section 2, we give a generalization of the concept of natural density and in Section 3, we prove a theorem
very similar to the Riemann’s theorem on rearrangement of nonabsolutely convergent series. This very
interesting theorem suggests us the generalization is a natural one and also that many classical theorems
may have similar interpretations.

2 Generalization of Natural Density

We observe that the expression % is equal to % where X, is the set {1,2,...,n} and that the sets
X, form an increasing sequence of subsets of the natural numbers whose union is the whole set of natural

numbers. This motivates us the following definitions.

Definition 2.2. Let ¢ = { X, } be any sequence of subsets of N such that X1 C X, C X3 C ... and UX,, = IN. Then
€ is called a cover for IN.

We simply write ‘cover’ instead of writing ‘cover for IN’. We define the natural density in a generalized
form in the following definition.

Definition 2.3. The Upper density dy (A) and the lower density do (A) of a subset A of N with respect to a cover €
are defined as

5 ANX ANX

n—o0 | n| n—o00 ‘Xn|

The density dg (A) of A with respect to € is defined as

dp (A) = tim (A0 Xl

n—co |Xn |
provided the limit exists.

If X, = {1,2,...,n}, then we get the theory of natural density which is available in the literature. So the
concept of natural density becomes a particular case of the new concept and the new theory is consistent with
that available in the literature.

If ¢ is any cover for N and if A and B are subsets of IN such that d¢ (A) and d (B) exist, then the following
results follow from the definition.

o dy(N) = 1.

o dy(A°) =1—dy(A) where A° denote the complement of A in IN.
e for any finite set F, dy(F) = 0.

e for any finite set F, dy(A — F) = dy (A).

e dgy(AUB) =dyg(A) +dy(B) —dg(ANB).

Example 2.1. Let A = 2IN. Let X, = {1,2,...,n} and € be the cover {X,}. Then dg(A) is the natural density,
which is equal to §. Let 9 be the cover { X, } where

X, ={1,2,3,...,2n+1,2n+3,...,4n — 1}.

Then the sequence (‘A&ix”o is, %, %, %, ... which converge to % Thatis, dg(A) =

]

QI=
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This example shows that the density of a set may vary as the cover varies. In Theorem .2} we prove that for
any real number a, 0 < & < 1, if A is an infinite set whose complement is also infinite, there is a cover € so
that dy(A) = a.

Let us consider another example.

Example 2.2. Let A = {1,3,5,...} and let € be the cover { X, } where
X, =1{1,23,...,2n,2(n+1),2(n+2),...,4n}.
Then dy (A) is L and dy (2A) = 1.

This example shows that, d (kA) need not be equal to +d« (A) in contrast with the classical result d(kA) =
1d(A). Also it is easy to verify that dy (A + 1) = 3 which shows that, dy (A) need not be equal to dy (A + 1
in contrast with the classical result d(A + ¢) = d(A) for all constant ¢ € IN.

Theorem 2.1. Let A be a subset of IN. Let my < mp < mz < ... be an increasing sequence of natural numbers. Let
Xn={1,2,...,my}and € = {Xy}. Then € is a cover of N and d(A) = d(A) provided d(A) exists.

assumption. As (by) is a subsequence of (a,), dy(A) = nh—I>I<}o by exists and is equal to d(A). O

3 The Major Theorem

In this section, we prove a theorem which resembles the Riemann’s theorem on rearrangements of series.
First we recall Riemann’s theorem on rearrangement of Series: If >4, is a nonabsolutely convergent series
(Xay, is convergent and X|a,| is not convergent) of real numbers and —co < a < B < oo, then there exists a

rearrangement Xb, of a, with partial sum sequence (t,) such that linl> inft, = « and limsupt, = .
n—eo n—00
We now state our main theorem.

Theorem 3.2. If A is an infinite subset of IN whose complement is also an infinite set and o, p € [0,1] with a < B,
then there exists a cover € such that dy(A) = aw and dy(A) = B.

Proof. There exists a sequence of rational numbers in [0, 1] whose limit infimum is « limit supremum is B.
Indeed if, py,p2,... and qq,492,... are sequences of rational numbers in [0,1] converging to « and B
respectively, then the sequence p1, 41, p2, 92, . . . has the required property.

Let a and b be two rational numbers in [0,1]. Let a representation ¥ for a be given. Then we claim that
there exists a representation ’:11—,/ forbsuchthatm < m’andn < n’. If b = 5 is any representation of b, and if

m' = pmn and n’ = gmn, then b = ’;1—,/ is a required representation of b, if at least one of m and n is different

from 1. If m = n =1, then %—Z will be a representation of b with the required property.

We claim that there exists a sequence
my mp ms

, p PR
np nz ng

of rational numbers such that
m<my<myg<..., n<mnm<ny<...,

and m; < n; for all {, so that
. .. m . m
liminf — = x and lim sup —k B.
k—oo Ny k—oo Nk

To prove this claim let a1, ap, a3, ... be a sequence of rational numbers in [0, 1] such that linl infa, = a and
n [

limsupa, = B. Taking a1 and ay as a and b with the representation a; = ':Z—ll in our first claim, we get a
n—o0

representation ay = ’:—22 such that my < my and n; < ny. Taking ap and a3 as a and b with the representation
Ny = :’11—22 in the same claim we get a representation a3 = ':;—33 such that my < m3 and n, < n3. Continuing in
this way, we get a sequence with the required properties.
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Let B = IN — A. Since A and B are infinite subset of IN, we can write the elements of the sets as infinite
sequences:
A:m<am<az<...,andB: by <by<bs<....

Let
Xk = {ﬂl, az,as,... /amk/bll bZ/ ceey bnk—mk}

fork=1,2,3,.... Then ¥ = {X;} is a cover with d,(A) = a and d¢(A) = B. O

Corollary 3.1. If A an infinite subset of IN whose complement is also an infinite set and if x € [0,1], then there exists
a cover € such that dy(A) = a.

Conclusion

The theory developed here can be viewed as way to find the density of a set after assigning some weights to
the natural numbers. If for some k and ¢ in IN, there is an n such that k € X,, and ¢ ¢ X,,, we may consider the
weight of k is larger (or equal) than the weight of £.

Moreover, in the existing literature our intuition that the set of positive even integers is half of the set
of positive integers, is given a mathematical meaning. In the new theory the intuition by which the theory
started fails. This is not an odd one in mathematics.

We started topology generalizing the concept of metric spaces. In the metric space IR, with usual topology
the sequence

11

TV

converges to 0 and only to 0. But the same sequence on R with the topology T = {R,®, {0} } converges to
all real numbers other than 0 and it does not converge to 0, breaking our intuition that the sequence tends
to 0. Likewise our theory also breaks some intuitions. Through this happens, the theory developed in this
work has many similarities with the theory available in the literature of other branches of mathematics like
Riemann'’s theorem on rearrangement of non-absolutely converging series. Some other types of densities and
many open problems were discussed in [2} 3] and some of them can be studied in this new context.

We have discussed a generalization of the concept of natural density by replacing ‘Am{l/zn’s"“’"}l by ‘A‘Qi"‘

[AN{1,23,....n}| P(ANXy)
AL
where A and X,, are subsets of a measure space (X, u#), we can further generalize the concept of natural

density to a very large setup. For example one may take X = IR, the Lebesgue measure on R as y, and {X,, }
as an increasing sequence of sets with finite measure whose union is IR, and obtain new results like the set of
positive real numbers is one half of the set of all real numbers and so on.

1

where {X, } is a sequence of subsets of IN satisfying certain properties. Replacing
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Abstract

In this paper, we shall study a nonlinear fractional differential equation with nonlocal integral boundary
conditions. We have used fixed point theorems and Laray-Schauder nonlinear alternative to study the
existence and uniqueness of solutions to the given equation. In the last, we have given examples to illustrate
the applications of the abstract results.

Keywords: ~ Fractional differential equations, Fixed point theorems, Laray-Schauder nonlinear alternative,
Nonlocal boundary conditions.
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1 Introduction

Fractional differential equations are the generalization of ordinary differential equations to arbitrary non
integer orders. The fact, that the fractional derivative(integral) is an operator which includes integer order
derivatives(integrals) as special cases, is the reason why in present fractional differential equations becomes
very popular and many applications are available. The fractional differential equations are of great importance
because these are more precise in the modeling of many phenomenon, for instance, the nonlinear oscillations
of earthquake can be described by the fractional differential equations. These differential equations are also
very important to describe the memory and hereditary properties of various materials and phenomenon,
this characteristic of fractional differential equations makes the fractional-order models more realistic and
practical than the classical integer-order models. Recent work on fractional differential equations shows an
overwhelming interest in this direction, for instance see [IHI2] and the references cited therein. There have
been many good books and monographs available on this field see [13H17].

On the other hand, the differential equations with a deviating argument are generalization of differential
equations in which we permit the unknown function and its derivative to appear under different values of
the argument. It is very important and significant branch of nonlinear analysis with numerous applications
to physics, mechanics, control theory, biology, ecology, economics, theory of nuclear reactors, engineering,
natural sciences and many other areas of science and technology. For a good introduction see [8] [18H21]] and
references cited therein.

The boundary value problem of fractional differential equations have been one of the hottest problems.
Many problems related to blood flow, chemical engineering, thermo-elasticity, underground water flow,
population dynamics, and so on can be reduced to nonlocal integral boundary problems. As a matter of fact,
there are many papers dealing with the investigations on boundary value problems for some kinds of
fractional differential equation with specific configurations covering theoretical as well as application aspects
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of the subject. In this consequence, Bai and Lu [12] studied the existence of positive solutions for the
fractional boundary value problem using Krasnoselskii’s fixed point theorem and the Leggett-William's fixed
point theorem. They established the criteria on the existence of at least one or three positive solutions for the
boundary value problem. Later on, Kaufmann and Mboumi[4] discussed the existence of positive solutions
for the fractional boundary value problem and provide sufficient conditions for the existence of at least one
and at least three positive solutions to the nonlinear fractional boundary value problem. In [23] Ahmad et. al
investigated a boundary value problem of Riemann-Liouville fractional integro-differential equations with
fractional nonlocal integral boundary conditions using Krasnoselskii’s fixed point theorem. In [7] Yan et. al
studied the boundary value problems for fractional differential equations subject to nonlocal boundary
condition using Banach’s fixed point theorem and Schaefer’s fixed point theorem. In [11I] Zhong et. al
investigated nonlocal and multiple-point boundary value problem for fractional differential equations and
establish the conditions for the uniqueness of solutions as well as the existence of at least one solution. In [9]
Murad et. al investigated the existence and uniqueness of solutions to the nonlinear fractional differential
equation of an arbitrary order with integral boundary condition using Schauder fixed point theorem and the
Banach contraction principle. In [I] Ahmad et. al discussed a new class of fractional boundary value
problems and establish the results using Banach and Krasnoselskii’s fixed point theorem. Authors in [1]] also
studied Riemann-Liouville fractional nonlocal integral boundary value problems in [2] by means of classical
fixed point theorems. In [10] Ntouyas et. al. studied the boundary value problems for nonlinear fractional
differential equations and inclusions with nonlocal and fractional integral boundary conditions and obtained
some new existence and uniqueness results by using fixed point theorems. In [6] Nyamoradi et. al
investigate the existence of solutions for the multipoint boundary value problem of a fractional order
differential inclusion on an infinite interval using suitable fixed point theorems. In [3] Ahmad et. al
investigate the existence of solutions for higher order fractional differential inclusions with fractional integral
boundary conditions involving nonintersecting finite many strips of arbitrary length using some standard
fixed point theorems for multivalued maps. Akiladevi et.al [5] discuss the existence and uniqueness of
solutions to the nonlinear neutral fractional boundary value problem using fixed point theorems. Recently,
Zhao [25] studied triple positive solutions for two classes of delayed nonlinear fractional differential
equation with nonlinear integral boundary value conditions using Leggett-Williams fixed point theorem and
a generalization of Leggett-Williams fixed point theorem.

Motivated by the aforementioned techniques and papers, we have come to the conclusion that, although
the fractional boundary value problems have been studied by many authors, but there is few gap in the
literature on the boundary value problems with integral boundary conditions. In order to enhance the
theoretical knowledge of the above, in this paper we intend to investigate the existence and uniqueness of
solutions to the following Caputo-type fractional differential equation with deviated argument and nonlocal
integral boundary conditions:

{ ‘DT[z(t) — G(t,z(t))] = F(tz(t),z[k(t,z(t))]), 1<vy<2, te(0,1) (L.1)

z(0) =0, z(1)= zxfﬂ z(v)do, 0<t<n<l,

where D7 is the Caputo fractional derivative of order . F, G and k are suitably defined functions satisfying
certain conditions to be stated later and « is a positive real constant. The nonlocal integral boundary condition
z(t) =u [ ”l z(v)dv shows that the integration over a sub-strip (1, 1) of an unknown function is proportional
to the value of the unknown function at a nonlocal point 7 € (0,1) witht <7 < 1.

In this work, our main aim is to establish some existence and uniqueness results for the system
by using fixed point techniques which will provide an effective way to deal with such problems. Most
of the existing articles are only devoted to study of fractional differential equation with nonlocal integral
boundary conditions up until now Caputo-type fractional differential equation with deviated argument and
nonlocal integral boundary conditions, has not been considered in the literature. In this paper, the first
sufficient condition proving existence and uniqueness of the mild solution of is derived by utilizing
Banach fixed point theorem under Lipschitz continuity of nonlinear terms. The second sufficient condition
proving existence of the mild solution of is obtained via Krasnoselskii’s fixed point theorem. The third
sufficient condition is obtained by using Laray-Schauder nonlinear alternative under non-Lipschitz continuity
of nonlinear terms.
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2 Preliminaries

In this segment we discuss some basic definitions of fractional integration and differentiation and some
lemmas which plays an important role in the further sections.

Definition 2.1. [17] For a function f € L'(IR"), the fractional integral of order -y is described by

v _L ! _ \r-1
o+f(t)—r(7)/0(t )" f(v)do, t>0, 7 >0.

Definition 2.2. [13] For a function f € C"~1(R*) N L' (IR™), the Caputo fractional derivative of order vy is described
by

Dy, f(t) = I 1 /Ot(t — )" " (0)do,

m—-y)
wherem —1 < v < m, m = [y] + 1 and [7y] denotes the integral part of the real number y.
Lemma 2.1. [14]] Let g > O, then

DTYDYf(t) = f(t) + Cit" L Cot 72 L+ Cut?
forarbitrary C; e R, i =1,2,...,n,n = [y]+ 1.

Lemma 2.2. For any functions F € C([0,1],R) and G € C([0,1],R), the solution of following linear fractional
boundary value problem

DIzt —G(H)] = F(), 1<y<2, te(01) 22)
z(0) = 0, z(1)= a/l z(v)do, 0<y<l, (2.3)
Ui
is defined by
2() = s | (1= F0)do - 6(0) + 6
+x{000-a-m) 600 - 5 [T 1 F e
' “ ' ’ — )" Y F(u)du ) do
+a/7 g(v)dv+mfﬂ (/O (0 — w) " F(u)d )d } 2.4)
where
A:T—%(l—qz);«éo. 2.5)

Proof. Using Lemma(2.T), the solution z of given by
z(t) = I"F(t) = G(0) + G(t) + Cat + C4, (2.6)

for some constants C1,C, € R.
On applying the boundary conditions (2.3), we get C; = 0 and

v
(1—5(1-7%)

1

{Q(O)(l —a(l—7n))—G(1) — ) /OT(T —0)Y 1 F(v)do

+a /771 G(v)dv + ﬁ /171 </Ov(v — u)Wl]-"(u)du)dv}.

Substituting the values of C; and C; in (2.6), we get (2.4). O

G =
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3 Existence and Uniqueness Results
Let C = C([0,1],R) be the Banach space of all continuous functions from [0, 1] to R equipped with the norm

llz|| = sup |z(t)], zeC.
te[0,1]

Set,
B={zeC:|z(t) —z(v)| < L[t —v|Vtv € [0,1]},

where L is a positive constant.
With the help of Lemma (2.2), we introduce an operator & : 8 — B as

(©)(0) = i [ (=07 F 20 2lk( D))+ (1= 01— ) = 116(0,2(0))

o)+ i{ ~9tna) - r<17) | @ =07 E @z, 2k )
wo [Lozma+ s ([ 0-ur  F 2D )a], 62

where A is given by (2.5). Here note that the boundary value problem (1.1) has solutions if and only if the
operator @ has fixed points.
Now, we introduce some assumptions which are required for the existence and uniqueness of the solution to

boundary value problem (L.1).

(H1) The continuous function k is defined from [0,1] X R to R with a constant L; > 0 such that
|k(t,z) —k(t,x)| < Lg|z — x|.
(H2) The continuous function F is defined from [0, 1] x R x R to R with a constant Ly > 0 such that
| F(t,z,z[k(t,z(t))]) — F(t, x, x[k(t,x(t))])] < Lf(2 + LLy)|z — x|

(H3) The continuously differentiable function G is defined from [0,1] x R to R with a constant Ly > 0 such
that

|G(t,z) = G(t,x)| < Lg|z — x|.

(H4) There exists M; (¢) and M(t) € C such that

| F(t,z,2k(t,2(D)])] < Mu (1),
and
1G(t,2)| < Ma(t).

Theorem 3.1. Suppose (H1) — (H3) hold with 61 = L¢(2 + LLy)p1 + Lgpa < 1, where

- (IA]+ 1) Ml_iﬂﬂ) an = 1 w(l—
yl_l/\I(F(VH) T2 ) dVZ—(1+|A(1+ (1 17)))-

Then the boundary value problem has a unique solution.

Proof. Let SI[Jp] |F(t,0,0)] = Ny, 51[1p] |G(t,0)] = Ny and B, = {z € B : ||z|| < r}, where r > 157251 with
te(0,1 te(0,1

&2 = Nupiy + Najpiz + 11\|((1 —a(1=1)) =1)|G(0,2(0))))-
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Now we will show that ®B, C B,. Forz € B,,0 <t <1, we have

L L PP _
[(Pz)()] < t?ﬁ]{r(’r)/o(t DY F (L z(1),z[k(1,z(1))]) — F(1,0,0) + F(1,0,0)|dl

Hﬁ(l —a(1—17)) —1]|G(0,2(0))| + [G(t,z(t)) — G(t,0) + G(t,0)|
1 4T B
|A|{Q(T z(T ))*g(TrO)‘|‘g(T,0)|+W./O (t—1)7 1|f(l,2(l),2[k(l,z(l))])

_F(1,0,0) + F(1,0,0)|dl + « /1 1G(1,2(1)) — G(1,0) + G(1,0)|dI
1

14

b [ ([ =07 1P 2l 200) - 20,0,0) + F(0,0)ay

< (Lp(2+ LLg)r +N1)V1+(LgT+Nz)ﬂz+‘A|(( —a(1—17)) =1)|G(0,2(0))|

< (Lf(2+ LLg)p1 + Lgpa)r + [Nlﬂl + Nopop + |11\| (T—a(l—mn)) - 1)g(0,z(0))|]
< Sir+6 <.

Thus ®B, C B,. Now forz,x € B, and t € [0,1], we have

loz-ox] < sup {r(l,y) [ =177 20,20k, 20)]) = F O, x(0), L x()Dla

te[0,1

+H0(1,2(0) = 60,500 + 11 {16(7,2(0) - G x(x)
iy ) 7= D20, 2k, 200)) = F (30, k(X))

1 a 1 I -
+a 100200 = G0 x Ot + 1 [ ([ 0=7 17200 2k =)

—f(y,x@/),x[k(y,x<y>>1>|dy) dl}
< [Lf(2+ LLg)p + Lgpa]|z — x|
<

oz — x|.

Since 41 < 1, || Pz — Px|| < |z — x| i.e. P is a contraction mapping. Therefore by Banach contraction principle,
the boundary value problem (1.1) has a unique solution. O

Krasnoselskii combined two main result(Schauder’s theorem and the contraction mapping principle) of
fixed-point theory and gave a new theorem called Krasnoselskii's fixed point theorem. Now we show
existence of solution with the help of Krasnoselskii’s fixed point theorem [24].

Theorem 3.2. (Krasnoselskii fixed point theorem [24] ) Let X be a Banach space and B be a nonempty, closed and
convex subset of X. Let Q1 and Qo be two operators which maps B into X such that

1. Q1x+ Qoy € B, whenever x,y € B,
2. Qq is completely continuous,
3. Qy is a contraction mapping.
Then there exists z € B such that z = Q1z + Q»z.

Theorem 3.3. Let (H1) — (H4) hold with

[ (Lg(2+ LLy)) v a(1—g7tl) 1
( A [rml)* F(7+2)]+Lg[l+|/\(1+a(1_”))D<l'

Then there exists at least one solution on [0, 1] of the given boundary value problem ((1.1)).
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Proof. Let sup |M;(t)| = ||M;]| fori = 1,2, M = max{M;, M»,G(0,2(0))} and B, = {z € B : |z| < r},
t€[0,1]
choose r such that

1
r> |M|[m+m+w<1«<1n>>1 .

Now, introduce the decomposition of the map @ into ®; and ®; on B, for t € [0, 1] such that

(®12) () = 1"(17) /Ot(t— DY 2(1), 2[k(1, (D)),

(®22)(t) = [%(1 —a(1—7)) =1]G(0,2(0)) + G(t (1))

+f\{ ~ G(r,2(1)) - r(lﬂ /OT(T _TUEQ, 2(1), 2[k(, 2(1))])d
1 a /ol -
wa [ G0+ g [ ([ =97 ), 2,20 Dy )

For y, x € B,, we have

1t _ t
[@1z + Dox|| < tzl[éli]{w/o(fl)” 1If(er(l)rZ[k(le(l))])Idl+[W(lﬂx(l*ﬂ))*1]Ig(OIX(0))I

t 1 T _
+|Q(t,x(t))|+w{g(r,x(r))ler/o (7= DY HF @ x(0), x[k(1, x(1))]) lal

va 100 xla+ s [ ([0 ), 2k, Dl |}

([ M [+ [|Mz]|p2 + [|1A|(1 —a(1—17)) =1]|G(0,2(0))|

A

1

[ M]] {m + 12 + W(l —a(l1—17))— 1]

IN

< 7

Thus @,z 4 $rx € By. Now to show @ is continuous and compact. The continuity of F implies the continuity
of ®;. Also

1 t _
@Ol < sup | [ (=070 kDl

te[0,1
[ M|
I(y+1)’

i.e. map ®; is uniformly bounded on B,.
Now, we show that {®1z(t) : z € B} is equicontinuous. Clearly {®;z(t) : z € B,} are equicontinuous at
t=0.Fort<t+h<1,h>0,wehave

| P1z(t+h) — Dz(t)|| < L|| /Hh(t—kh—l)%l}"(l z(1), z[k(1,z(1))])dl
1 1 = Tt ,2(1), ,

= [ = F 20,20k, 0 e
1 t _ -
g G SR e [FA RO TS O

s [ =020, 2 2D

IN

which tends to zero as h — 0, thus the set {®1z(t) : z € B,} is equicontinuous. Therefore by Arzela-Ascoli’s
theorem @, is completely continuous.
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Next we prove that ®; is a contraction. For this

IN

@2z —@ax]| < sup {10(0,2(0) ~ 6t x(0)|+ {102, 2(0)) = Ol x| + s [ (=17

te[0,1]

(120,200, 20)) = F 0,20, <k x D)) +a | H16(,2()) - 61 x(1))\dl

+ﬁ /;71 (/0’(1 )Y F (2, 2[k(y, 2(y))]) —f(y,x(y),x[k(y,x(}/))Dlﬂh/)dl}
(Li@+LL)) [ o a(l—yrt) Lataa- z—x

< (T e et ) e mrea-m) Jeo

< |z —x|

Since § < 1, ||[®yz — Pox|| < |z — x| i.e. Py is a contraction. Therefore by Krasnoselskii fixed point theorem,
there exists at least one solution on [0, 1] of boundary value problem (1.1). O

In our next result we show the existence of solution with the help of Laray-Schauder nonlinear alternative
[22].

Theorem 3.4. (Laray-Schauder nonlinear alternative [22]]) Let U and U denote respectively the open and closed

subset of a nonempty, closed and convex set B of a Banach space X such that 0 € U. Let T : U — B be a continuous
and compact operator. Then either

() T has a fixed point in U, or

(ii) there exists a point u € U such that u = €Tu for some ¢ € (0,1), where U is the boundary of U.

Theorem 3.5. Let the following assumptions hold.

(H5) There exists continuous nondecreasing functions 1, ¥, : [0,00) — (0,00) and 61,0, € L'([0,1],R™) such that
@) 17 (t,z)] < 0391zl + 2],
(i) |G(£,2)] < O2(t)pa(]|z]])-

(H6) There exists a constant P > 0 such that g > 1, where

- ¢<||P|>[ez<1> e <92(1) 4 (@) +a / 1 elmdl))

+|1A| <((1 —a(l-g)-1)+ 92(7)> + “[71 92(1)6”}

Then there exists at least one solution on [0, 1] of the given boundary value problem .

Proof. Clearly the operator ® : 8 — ‘B defined by is continuous. Firstly we show that the bounded sets
in B are mapped into the bounded sets in B by the mapping ®. Forr > 0,let B, = {z € B : ||z|| < r} bea
bounded set in B. Thus for z € B, , we get

l@O < sup { o [ =07 20 20k 0)DId+ [ (1 = a1 =) = UG (0)

t€[0,1]

1 T -
+10(,20) + o {10052+ s [ e =D 20) 20k 20)])
1 a 1 1 _
v [ 10020+ 5 [ (0= 1720, 2, =)Dy )

_ -1
< 1P1(2||r||)/01(1r(2; ()dl+|/1\|(( —a(1— 1)) = 1)|G(0,2(0))| + wa(||r])62(1)
1 (t—1n)r1
For e + i [ e

rapa(lil) [ aa+aelil) [ ([ C 0 way)ar),
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choose (1) < max{y;(2||r]|),G(0,2z(0)), p2(||r||)}, we obtain

I(@2)(1)] < p(r) [eza) e (92(1) T |1A|<el<r> o 1 el<z>dz>)
1 1
+|A|<((1—a(1—17))—1)+92(1’)> —l—zx/’? Bz(l)dl} (3.8)

Next, we will show that @ maps bounded sets into equicontinuous sets in B,. For this, let t1,t, € [0,1] with
t1 < tp and z € B,, then

L (tp —1)7!

I'(7)
(=D

Ahrm)|fUJULdHLdDHHﬂ|gULdﬁ»|

(2~ 1) 1
N 2\A| 1 [(1 —a(1-14))G(0,2(0)) + G(t, 2(1)) +“/q 1G(1,z(1))|dl

+ [T 2,2k )
v ([0 ) 2tk )

t _ -1 _ _ -1 ty _ -1
< %mwﬂé 2 ”Wué“ 2 mmm+A(”memm

At (4 o ) () o))

+oa2) = er(e)palrl) + 2 (1= a1 - pIG 0,2000)

[(@2)(t2) = (P2)(01)]| < /0 [ F (L z(1), z[k(l, 2(D)])|d] + |G (t2, 2(t2)) |

+10(x,2(2))| +apa(lr]) | 1 92<z>d1).

Clearly, the right hand side does not depend on z € B, and tends to zero as f; — t;. Thus by Arzela-Ascoli
theorem, ® is compact and continuous.
Now, suppose z be the solution of the given problem. Then for ¢ € (0,1) and using , we get

=01 = @) 01 < p(lel) o) + 17 (6200) + s Gu() o [ enttan
1 1
+W (((1 — l’é(l - 77)) - 1) + 92(’1’)) + 0(/}7 Qz(l)dl]’
which implies

Izl < w(lz]) [ezm e (92(1) 4 |1A|<91<T> o 1 el<z>dl>)

+|1A| <((1 —a(l—7))—-1) +92(T)) +04/;71 92(1)6”}

Using assumption (H6), we get P such that ||z|| # P.Set V ={z € C: ||z|| < P}.
Here the operator @ : V — C is continuous and completely continuous. For any V, there is no z € dV such
that z = e®z for some ¢ € (0,1). Using Laray-Schauder nonlinear alternative, we conclude that there exists a

fixed point z € V of operator ® and this z is a solution of boundary value problem . O

4 Examples

In this section, we present some examples, which indicate how our abstract result can be applied to the
problem.
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Example(1): Consider the following fractional boundary value problem

c -t H+1| _
Ds/z[z(t)_lfwt2z+<|>z|(+)|} _ W (z )+ 1(() |+1)+2> o
2(0)=0, z(1/4) = [}, z(1

Here v = 3/2, 7 = 1/4, & = 2,71 = 1/2, G(t,z(t)) = —o— LEOED "k 2(4)) =

Tr6e T 2+ 2(|z(£)[ +1) and

(t+7

F(t 20, 2lk(t, 20)) = 1ty (12001 + 1(=(0] + 1) +2). Here A = 7= §(1 = 7?) = ~1/2 £ 0,
Observe that

K(t2(0) ~ K x()] < gle—al,
(el 20 = F e el xOD] < g 12— 31+ () = 10
< %|Z—x|,

—t lz(H)]+1  |x(¢)|+1

Gt 2(1)) — Gt x(t))] < ]

T+16e—t||2+]z()] 2+ |x(b)]
< l|z—x|
= 17 '

Thus assumptions (H1)-(H3) holds with L¢(2 + LL) = 2/49 and Lg = 1/17 and we get 6; = 2210 < 1.
Using Theorem we get has a unique solution.
Example(2): Consider the fractional boundary value problem given by

‘p3/2 [z(t) ~ G s1nz] = 1(1+t)(sinz+sin(tsinz)>, 10)
2(0)=0, z(1/4) = [},z(
Herey =3/2,71=1/4,a =1,71=1/2,G(t,z(t)) = (t+17)2 sinz, k(t,z(t)) = ﬂzx/lth)tsinz and
Ft2(0) 2lk(t, =) = s (sinz +sin(tsinz)) Here A =T — %(1—52) = —1/8 £ 0.
Observe that
k(e 2(0) ~ ke x(0)] < —lz 2,
7t 22k 2(0)]) — F (e x k(b xO))] < plz =],
G(62(0) ~ Glex(®)] < gle—x],
F(tz 2kt z0))] < nz<21+t> — Mi(t),
G < g = Mall)

Thus conditions (H1)-(H4) holds with L(2 + LLy) = 2/ n? and Ly = 1/49 and we get § = .8186 < 1. Clearly
the assumptions (H1)-(H4) of Theorem are satisfied. Therefore (4.10) has at least one solution on [0, 1].
Example(3): Consider the following fractional boundary value problem

CD3/2|:Z() (t+11 (|z|+l)} = t+7 [|z+\sm lz| +1)] +2],
20)=0, =(1/2) = Ji,=0

Here v = 3/2, 1 = 1/4, 0« = 1,7 = 3/4, G(t,z(t)) =

@.11)

t+ll s(|z| + 1), k(t,z(t)) = (t+17)2 sin(|z] + 1) and

F(t,z(t),z[k(t,z(1))]) = (t” [|z|+|sm(|z|+1)+2] Here A =1 — 4(1—17%) =9/32 #£0.
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Observe that
| F(t 2z, z[k(t, z(t))])] < %(ZIZI+3)I
G2 < (2l +1).

From (H5) we get 01(t) = 1, 1 (||zl + | x]) = 45(2|z[ +3), 62(t) = 1 and ¢2(|z[|) = 737 (2] +1). Also

2
© = UMl [ea(t) + 1 (6200) + [ (6s(0) +a | e300

+|11\| (((1 —a(l—g)-1)+ 92(7)) + 04/’]1 Gz(l)dl}

= 9(lIM][)(8.0012).

Using condition g > 1, we found that there exists a constant P such that P > .7274 > 0, therefore
assumptions (H5) and (H6) of Theorem (3.5) are fulfilled. Therefore (4.11) has at least one solution on [0, 1].

5 Conclusion

This paper has investigated the existence and uniqueness of solution to the Caputo-type fractional differential
equation with deviated argument and nonlocal integral boundary conditions. The first sufficient condition
proving existence and uniqueness of the mild solution of is derived by utilizing Banach fixed point
theorem under Lipschitz continuity of nonlinear terms. The second sufficient condition proving existence of
the mild solution of is obtained via Krasnoselskii’s fixed point theorem. The third sufficient condition is
obtained by using Laray-Schauder nonlinear alternative under non-Lipschitz continuity of nonlinear terms.
At last, examples are provided to illustrate the applications of the abstract results.
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Abstract

We obtain interval oscillation criteria for the second-order impulsive delay differential equation
n

(r()@a(¥ (1)) + p(£)Pa(x(t = 7)) + ; qi(t)Pp, (x(t — 7)) =e(t), t > to, t # b,

X(tk+) = akx(tk), x’(tk+) = bkx'(tk), k=1,23,...

The results obtained in this paper extend some of the existing results. We have given some examples to
illustrate our results.

Keywords: Interval oscillation; Impulse; Delay; Mixed nonlinearities.
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1 Introduction

Consider the second-order impulsive delay differential equation with mixed nonlinearities

(F(H)@u (¥ (1)) + PO (x(t = 1) + Y. ()0, (x(t = 7)) = e(t), £ > to, t £ 1,
i=1

(1.1)
x(t;ﬁ) = ax(ty), x/(thr) = bkx’(tk), k=1,2,3,..
where
x(ty) := lim x(¢), x(t}):= lim x(t),
t—t t—t}

1y e pi Xt R) —x(te) oy X+ R) — x ()

x(te) = hli%lf h r X)) = hlim([)1+ h '
@, (s) := |s|* s, T is a non negative constant, {f;} denotes the impulsive moment sequence with 0 < t; <

<o <t <. limg oty =oc0cand tg g —t > Tfork=1,2,3,....
Let | C R be an interval, we define

PLC(J,R) :={h:] — R | his continuous on each interval (f, t;;1),
h(£5) exists and h(t) = h(t; ) forallk € N}.

For given ty and ¢ € PLC([tp — T, to], R), we say x € PLC([ty — T,0),R) is a solution of equation(I.I) with
the initial value ¢ if x(t) satisfies equation(L.1)) for t > to and x(t) = ¢(t) for t € [tg — T, to].

*Corresponding author
E-mail address: vinuthupu@gmail.com (V. Muthulakshmi), ariyanmanju@gmail.com (R. Manjuram)
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A nontrivial solution of equation(I.1) is called oscillatory if it has arbitrarily large zeros; otherwise, it is called
nonoscillatory.

The theory of impulsive differential equations is an important branch of differential equations. The first
paper in this theory is related to V. D. Milman and A. D. Mishkis in 1960 [14]. In recent years the oscillation
theory of impulsive differential equations emerging as an important area of research, since such equations
have applications in control theory, physics, biology, population dynamics, economics, etc. For further
applications and questions concerning existence and uniqueness of solutions of impulsive differential
equation, see for example Lakshmigantham et. al [10] and the references cited therein.

During the last decades, several oscillation results were established for different kinds of impulsive delay
differential equations (see Agarwal and Karakoc [2]). Recently, interval oscillation of impulsive delay
differential equations was attracting the interest of many researchers, see Guo et. al[5, 6] and Li and Cheung
[11]. However, only very few interval oscillation results are available in the literature for ” second order
impulsive differential equations with delay ”. For example, Huang and Feng [8] considered the second order
delay differential equations with impulses

)+ pt) f(x(t—T)) =e(t), t > ty, t £y,
X(tk+) = akx(tk), x’(t;ﬁ) = bkx’(tk), k=1,2,..

and established some interval oscillation criteria which developed some known results for the equations
without delay or impulses [4} 12} [18].
In [B]], Guo et. al considered the second order mixed nonlinear impulsive differential equations with delay

n

(r(D@a(¥' (1)) + po()Pa(x(1)) + Y pi(1) Py, (x(t = 0)) = e(t), t > to, t # T,
i=1

X(TkJr) = akx(rk), xl(Tk+) = bkx/(rk), k= 1,2,...
and obtained some interval oscillation criteria which generalized the results in [13} 15, [17].

In [11], Li and Cheung established some interval oscillation criteria for the second order impulsive delay
differential equations of the form

(PO () + () (x(t = 1)+ Y. (OB, (et = 7)) = e(t), £ = to, £ # 1,

i=1
x(h ) = apx(ty), *(BF) =X (t), k=1,2,...

Motivated mainly by [5} 6] [11], we establish some interval oscillation criteria for equation (1.1). We also
provide two examples to illustrate the effectiveness of our results.

2 Main results

Throughout this paper, assume that the following conditions hold without further mention:
(A1) r(t) € C([to, ), (0,00)) is non-decreasing, p,q;,e € PLC([tg,),R), i =1,2...,n;
(A2) B1 >+ > Bwm>a> Bys1 > -+ > By > 0are constants;
(A3) «isa quotient of odd positive integers, by > a; > 0, k € IN are constants.
let k(s) := max{i: ty < t; < s} and for ¢; < dj, let M; := max{r(t) : t € [¢c;,d;]}, j = 1,2,
Q={we ct [cj,dj] : w(t) #0, w(cj) = w(d;) = 0}, j = 1,2. For two constants ¢,d ¢ {t;} withc < dand a
function ¢ € C([c,d],R), we define an operator ¥ : C([c,d],R) — R by

iy = {o, for k(c) = k(d),

=k
P (t(e)+1)0(0) + Lp Y 1o #(E)e(t), fork(c) < k(d)
where . .
o)1~ T(e)+1 _ b —af
(ai(c)Jrl(tk(c)-&-l - C)“) ’

0(c) =
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where YL = 0ifs > t.
In the discussion of the impulse moments of x(t) and x(t — T), we need to consider the following four
cases for k(c;) < k(d;),

(s1) (e )+T<C]andtk( )+T>d],( 2) tr(c )+T<c]andtk( )+T<d,
(s3) ty k(c )+T>cjandtk( )—|-T>d],( 4) b k(e )+T>c]andtk( )+T<d j=1,2
and the three cases for k(cj) = k(dj),
(S~1) k(c )+T<C]/ (32) tk(d)+T<d], (53) tk( )+T>d j=12.

Combining (s.) with (s%), we can get 12 cases. Throughout the paper, we study equation(L.T) under the case
of combination of (s1) with (s7) only. The discussions for other cases are similar and so omitted.
Let us see some lemmas which will be useful to prove our main results.

Lemma 2.1. [l For any given n-tuple {B1, B2, ..., Bn} satisfying By > -+ > Bm > a > Byp1 > -+ > Bu >0,
there corresponds an n-tuple (41,12, . .., ) such that

n n
Y Bini=a, Yomi<l 0<p<l 2.2)
i=1 i=1

Lemma 2.2. [1l] For any given n-tuple {B1, Ba, ..., Bn} satisfying By > -+ > Bu > a > PBpy1 > - > By >0,
there corresponds an n-tuple (11,12, . . ., 1n) such that

iﬁiﬂi =u, i;ni =1 0<y <L (2.3)
= i=
Lemma 2.3. [[7] Suppose X and Y are non-negative, then
AXYM XA < (A-1)YMA>1 (2.4)
where equality holds if and only if X =Y.
Lemma 2.4. Assume that for any T > to, there exists cj,d; & {ty}, j=1,2suchthat T < c; < dy < ¢y < dpand
p(t),q:(t) >0, t€[c1—1,d1]U[cr—T,da]\{tx},i=1,23,..,n

e()) 0, telo—Td]\t}, 5)
e(t) >0, telen—r1d)\{tr}

If x(t) is a non-oscillatory solution of equation(1.1), then there exist the following estimations of x(t —t)/x(t);

s 1t ST (1),

t—t

t—T t—t
(b) for te(titi+1), >< ,t+T—t )

t_T T (2.6)
() for £ € [ej, teepyaals - ( E— o) )

t_T E— by,
(d) for te (tk(dj),dj]/ > (bk +T*tk( ))

where i = k(cj), ... k(d;) —1,j=1,2.

Proof. Without loss of generality, we assume that x( ) > 0and x(t — T) > 0 for t > t(. In this case the selected
interval of t is [cq, d;]. From equation(l.1) and (2.5), we obtain

n

[r()Pa(x' (1)) = e(t) = p(t)Pa(x(t = 7)) = 1 q:()Dp, (x(t — 7)) <O 2.7)

i=1
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Hence r(t)®,(x'(t)) is non-increasing on the interval [c1, d1]\{t}.
Case(a): t; + 7 <t < t;,q.
Then (t — 7,t) C (t;, t;+1] and hence there is no impulsive moment in (t — 7, t). For any s € (t — 7,t), we have

x(s) —x(t7) = x"(G1)(s — ti), 1 € (ti,s).

Because of the facts that x(t;") > 0, ¢a(x) is an increasing function and r(s)®,(x(s)) is non-increasing on
(ti,tir1), we have

Pu(x(5)) > (' (E0)(s — 1) = HE0u ¥ (G061,

and hence

r(s)Pa(x'(s)) A&
> T(S — ;)"

Since r(s) is positive and non-decreasing, the above inequality becomes

Pu(x(5)) = u(x'(s)(s — 1)), &1 € (t,5)-

Dy (x(s))

Thus, we have
x'(s) 1

< .
x(s) ~ (s—th)
Integrating both sides of the above inequality from ¢ — T to ¢, we obtain

x(t—1) S (t—ti—T

x(t) t—t

) , EE (4T, b)) (2.8)

Case(b): t € (t;,t; + T).
Thent—71 € (f; —T,t;).ie, t; — T < t — T < t; < t < t; + T. Then there is an impulsive moment ¢; in (t — T, t).
Then we have,

x(t) —x(t7) = x"(82)(t = t;), &2 € (ti,t).
Using the impulsive condition of equation(I.T)) and the monotone properties of r(t), ¢u(t) and r(t)da(x'(t)),
we get

(D) o (x! (£
dulx(t) —apx(s) < TBELD gy
= Pa(bix (1)) (t — ;)" (2.9)

= s (;C((:l)) —ui> < Pu <bi3;/((:))(t - ti))

In addition, by mean value theorem on [t; — T, t;|, we have

x(t) —x(t; —7) =x'(G3)T, &3 € (H— T, t;)
and hence, ¢, (x(t;)) > ¢u(x'(&3)T)

By using the monotone properties of r(t), ¢, (t) and r(t)¢ps (x'(t)), we have
Pa(x(t)) = gu(x'(t)T)
x(t) 1 (2.10)
- x(h) "t
From and (2.10), we have,
x(t) _4 ) < bz(t_ tz)
e (S —o) <o ()
= ;‘((tt‘)) < bilt _Tti +7) 2.11)

For some s € (t; — 7,t;), we have

x(s) —x(tj = 1) = x'(84) (s — ti + 1), 4 € (£ — T,5)

N 4)“(X(S)) > }’((:4)4)“(36/((:4))

r() (s—t; + 1)~
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Again by using the monotone properties of 7(t), ¢, (t) and r(t)¢a (x'(t)), we have

Pa(x(5)) = Pa(x'(s)(s — ti + 7))
x'(s) < 1
x(s) ~(s—t+T)

Integrating both sides of the above inequality from t — T to t; where t € (t;,t; + T), we have

=

x(t—1) S tE—t
x(t;) (O

Hence, from (2.11) and (2.12), we have

x(t_T) t_tl . f.
() (bi(t—l—r—ti))’ te (titi+1).

te (t,ti+1). (2.12)

Case(c): t € [c1, t(c,)+1)-
Thent — T € [c1 — T, t(,;)41 — 7] and hence there is no impulsive momentin (f — 7, t).
For any s € (t — 7, t) as in Case(a), we have

Pa(x(5)) > Pa(x'(85) (s — ti(cy)))

By the monotone properties of ¢, () and 7(s) D4 (x'(s)), we have

D, (x' «
@un(s)) = QLD e

Since r(s) is positive and non decreasing, the above inequality becomes

¢ (x(5)) > Pu(x'(8) (5 = tr(ey)))s €5 € (be(ey)rS)

x'(s) 1
- x(5) " G —tiey)

Integrating both sides of the above inequality from ¢ — T to t, we obtain

x(t—1) (k) =T
x(t) t_tk(cl)

> ;b€ fer, tr(e )l

Case(d): t € (tk(dl)/dl}'
Thent—71 € (tk(dl) —T,d, — T]. ie, tk(dl) —T<t—1< tk(dl) <t < tk(dl) + 7. Then there is an impulsive
moment 4y in (f — T, t). Making a similar analysis of Case(b), we obtain

x(t—1) t—tiay)
> , te(t ,dq].
x(t) (bk(d1)<t + T — tigay)) (ti(an) ]

When x(t) < 0, we can choose interval [cp,d5] to study equation(l.I). The proof is similar and hence
omitted. This completes the proof. O

Theorem 2.1. Assume that for any T > to, there exists ¢, d; & {te},j=1,2,suchthat T < c; < dy < ¢y < dpand
holds. If there exists wj(t) € Q(cj,d;), j = 1,2 such that, for k(c;) < k(d;),

/tk(f]-)+1 W(t) t— tk(C]) -7\" dt
¢ / E— e

]

. ti+T t— ¢t 14 ti+1 t—t—T Q
+ ) [ Wi(t) <1> dt + Wi (t) (:) ]
i=k(c;j)+1 ‘/ti ! bi(t+7—1t;) /ti+'r / t—t; (2.13)
b E— tay) ' Z w1
+ W;(t : dt — | (r(t) |wl(t dt
» ”)<mm0+r—w@> [ ewleo]

]

d.
> M]‘PC]] {CU?+1],
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and for k(c;) = k(d;),

dj Wit t—cj : ; " a+1 4> 0 )14
/C_ i(t) W —T()’Wj()’ =, (2.14)

]
where, Wi(t) = Q(t)w;?‘“,j =1,2., and

Q(t) = (p(t) 5" lilm”"q?’(t)lff(t)’”) ,

i=1
then equation (1.1)) is oscillatory.
Proof. To arrive at a contradiction, let us suppose that x(f) is a non-oscillatory solution of equation(1.I).

Without loss of generality, we assume that x(t) > 0 and x(t — ) > 0 for t > ;. In this case the interval
of t selected for the following discussion is [c1,d1]. We define

) = r 2L e o] @15)
It follows that for ¢ # f,
1y — ¥(t—1)  Eliqi(t)gp(x(t—=1)) e(t)] (1)
u(t)——<P(t) (D) 4 ==l A +xa(t)> — au(t) "0 (2.16)

forall t # ty, t > to,and u(t) = %u(tk) forall k € IN.

From the assumptions, we can choose c¢1,d; > ty such that p(t) > 0 and g;(t) > 0 for t € [c; — T,d1],
i=12,...,n,and e(t) < Ofort € [c; — T,d1]. By Lemma 2.1, there exist #; > 0,i = 1,...,n, such that
Yiy Bini = wand 1Ly i < 1.

Define 17 := 1 — Y} ; #; and let

_qle(t)x(t—1 _
ug =1, 1 7( )x”‘((t) ) X 1(1’ - 1),
u; = qflqi(t)x(t_T) xﬁi*l(t—’t), i=1,2,...,n.

xX4(t)

Then by the arithmetic-geometric mean inequality (see Beckenbach and Bellman [3])

n n
Y niui > Hu?i, u; >0,and 7; >0
i=0 i=0

we have
u'(t) < — p(t)w - ,70*770 ﬁnimq?i(t)wx(lgil)’?i(t —T)|e(t) |70 x Wxno(t - 1)
@ r(Hga(x' ()" (1)
~ ) () PREIOICC
(2.17)

Since, by using Lemma(2.2), we have

moxli(t—T) x0Tttt — ) x(t— 1)

@y = @y~ e

i=0

and

n
[Tx® Vit —o)x ot — 1) =x*"1(t - 1),
i=1

the inequality (2.17) becomes

W(t) < - p(t)+ﬂo”°llﬁm""q?"(t)e(f)l”‘)] Xx“ii(_t)T)_rl/i‘(t)ul”‘l’c(f),
= o0 (M) e @19)
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where
Q(t) = <P(f) +ipp ™ ﬁm"’ﬂ?"(f)le(t)l”(’) :

First we consider the case k(c1) < k(d7). In this case the impulsive moments in [c1,d;] are
te(ey)+17 tk(ey)+27 - -+ tk(dy)- Choosing a wi(t) € Oq(c1,dr), multiplying both sides of R2.18) by w§T(t), and
then integrating it from c; to d;, we have

k(dq1)

Yo @) [u(t) — u(t)]

i:k(C1)+1

< (/:(C”H [(w +1) |wi (et (8)| [u(t)] - rl/‘;‘(t) Ju(t)| T/ wi‘“(t)} dt

k(dy)—1

tita . e
+ik(§)ﬂ./ti [(“1) | (B)ewr (8] [u(t)] — W( 7l u(t)| () 1“@)} i
+ t:: ) [(“ +1) wi (et (1) |u(t)] — rl/"f(t) Ju(t)| 1)/ wtlk-i-l(t):l it (2.19)

_ /Cf"“ﬂ“ <x(i<—t)f))aw1(t)dt

() w1 () ]

where Wi () = Q(t)wi .
Letting

afa+1
A=1+ % X = (rlj"(t)) @l (8)] |u(t)] and Y = [ar(£)]*/* ) (1)

14

and then by using Lemma(2.3), we get

(a+ 1) [wd (Dewoh (1) ()] — e [u(B)HO/% (1) < (i) [a (1) (2.20)

T 140

Meanwhile, fort = t;, k=1,2, ...

24
u(tf) = (b’f) u(ty). 221)
s
Then the left hand side of the inequality(2.19) becomes
Y @t —u ) = Y S Rt (). e2)
i=k(cy)+1 i=k(e))+1 i
Substituting (2.20) and 2.22) in 2.19), we get
k(di)  pa_ p
U e
i=k(c1)+1 i

(2.23)
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On the other hand, for t € (¢;_1,t;] C [c1,d1], i =k(c1) +2, ..., k(d1), we have
x(t) = x(tio1) = X' (€)(t —tio1), ¢ € (tip, 1)

In view of x(¢;_1) > 0 and the monotone properties of ¢, (), r(t)¢po(x'(t)) and r(t) we obtain

Pu(x(8)) > Pux' ()Pt — ti1) > :g;w’(tm(t i)
09 (®) _ (@)
PG(D) Tt

=

Lett — t;, it follows that

u(t;) = r(tgﬁz(é:)(;i)) < e = kler) 2, k). (2.24)

Making a similar analysis on (c1, t(,)41], we get

7 (ter)+1) Pa (X (Fr(ep)+1)) M

u(t - < . (2.25)
(ke 1) P (X (tey)41)) (tk(ep)+1 —€1)*
Then from 2.24), (2.25) and (Aj3), we have
k(dq) b — g . 1 k(d1) 1
%wﬁﬁ (t)u(t) < My [ @i (tge)+)0(c) + ) wi ™ (t)e(t)
i=k(c1)+1 i i=k(cy)+2 (2.26)
= Myt et
Hence, from (2.23) and and applying Lemma (2.4), we obtain
tre t—t —-\"
[ wan (=T
C1 t_ tk(Cl)
k(dy) -1 t+T t— ¢t « Tig1 t—t—T @
T (et Y [ e ()]
i:k(czl)+l |: t; ( ) bi(t + T — ti) ti+T ( ) t— i’,‘ (227)

) E~ ) ' & FPUNT S|
+/ Wi (t dt—/ r(t) | ()| dt
t(dy) 1) (bk(dl)(t+7— () A () | (8)]

< MY [t

This contradicts 2.13).

Next we consider the case k(c¢1) = k(d1). By the condition (s7) we know there is no impulse moments in
[c1,d1]. Multipling both sides of @.I8) by w¥ ™ (t), with w as prescribed in the hypothesis of the theorem, and
then integrating it from c; to d;, we obtain

/:1 o (Dt < —/:1 M‘W |u(t)<“+l>/“wq<+1(t)dt—/:1 (x(i(_t)f))“wl(t)dt. (2.28)

Using integration by parts on the left hand side and noting the condition wj (c1) = wi(d1) = 0, we obtain

/d [(vé+1)wi“wi(t)u(t) . |u<t)|<“+”/“w‘i‘“<">}dt‘/jl (X(tT)YWl(”WO‘ )

20 x(t)
It follows that
d1 dl — «
L7 [ 0 et 0] 0] = et 1 o0 [ar = [* (25 winar >0, @30
Letting

a a/a+1 .
7)) eROlu)] and ¥ = (0] o)

1
A:1+04’X:<r1/“
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and applying the Lemma(2.3), we get

[ [roeior - (22) wi] = o @31)

Now to estimate x(xt(_t;) on [c1,dq].

If t € [c1,d1] then t — T € [c; — T,dp — 7] and then there is no impulsive moment in (t — 7,t). For any
t € (t —1,t), we have

x(t) —x(c; — 1) = (&) (t—c1+7T), €€ (c1 — T, 1)

By using the monotone properties of 7(t), ¢, () and (1) D, (x'(t)), we get

pux(t)) > ¢a(x/(§))(f—61+T)=:%%(xl(é))(f—ﬁJrT)“
OEN0)

et = O) (et )

Therefore,
/
x'(t) < 1 .
x(t) " (t—ca+71)

Integrating both sides of the above inequality from ¢ — T to ¢, we obtain

x(t—1) t—acp
= ORE (t_cl +T>, t€ [c1,dh]. (2.32)
From (2.31) and (2.32) we obtain
g t—c \* /et

This again contradicts our assumption.

When x(t) is eventually negative, we can consider the interval [cy,dy] and reach a similar
contradiction.Thus the proof is complete. O

Following Kong [9] and Philos [16]], we introduce a class of functions:
Let D = {(t,5) : to < s < t}, Hy, Hy € C}(D,R). A pair of functions (Hj, Hy) is said to belong to a function
class M, if Hy(t,t) = Hy(t,t) = 0, H1(t,s) > 0, Hy(t,s) > 0 for t > s and there exist h11,hy € Ljo.(D,R) such
that
JdH; (i’, S)
ot

() Hy (1 5), % — n(t,s) (L, 5).

We assume there exists cj, dj, (S]- ¢ {te}, k=12,...,(j=1,2)whichsatisfy T < ¢; < <dy < cp < < dp
for any T > t;. Noticing whether or not there are impulse moments of x(t) in [c;, 4;] and [0}, d;], we should
consider the following four cases,

Moreover in the discussion of impulse moments of x(t — T), it is necessary to consider the following two cases,

(Sl) tk(&j) +1T>6; (gz) tk(&j) +1t<6;, j=12

In the following theorem, we only consider the case of combination of (S;) with (S1). For the other cases,
similar conclusions can be given and hence their proof is omitted.
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For our convenience, we define

1 fr(ep)+1 bE—tge)—T ‘
I, = —— / H; — | dt
Y Hy (511 ]) { ¢ ( ) ( t— tk(c]-)

i=k(cj)+1 i
} B "

* ::5].) Hi(t,c)) <bk(5j)(tt+ti@)tk(5j))> at

_ (zx+11)+1 /f’ r(E)Hy(t,¢;) | (t,¢) | dt}
(2.34)

and
1 o) +T E— b)) ' ) SO
I Hz(dj,f5]){/5j H(dj, t) (bk( )(t+T—tk(5j))> dt + - Hy(dj, t) <f—tk(5])> dt

" tzd)H @ )<bk(d)(tf1t§d—)tk(d))> i

- (a+11)1x+1 /;]r() ’h2 d t ’Hl dt}
(2.35)

where Hi(t,¢;) = Hi(t,¢;)Q(t), Ha(dj,t) = Hy(dj, t)Q(t), (j = 1,2) and

Q(t) = ( ”OHm Tigl(t |’7°> :

Theorem 2.2. Assume that for any T > tg, there exist Cj, d]-, 5 ¢ {ty}, j=1,2suchthatc; < & <dy < ¢y < <
do, and holds. If there exists (Hy, Hy) € H such that
M‘

e [Ha(d), )], j=1,2, (2.36)

O:
o [ ()] + gl ¥
177

HL]' + HZJ > HL
1 (5] /Cj )

then equation(L.1) is oscillatory.

Proof. To arrive at a contradiction, let us suppose that x(f) is a non-oscillatory solution of equation(L.T).

Without loss of generality, we assume that x(f) > 0 and x(t — T) > 0 for t > ty. In this case the interval of ¢

selected for the following discussion is [c1,d1]. Continuing as in Theorem(2.5), we can get (2.18). Multiplying
both sides of (2.18) by Hj (¢, ¢1) and integrating it from c; to d1, we have

0 B
1 Hy(t,c)u ()dt < — 1 TS o |u(t)|(1+a¢)/0¢ it
ri/a(t)

(o] ‘1

_ /fl Hi(t,cr) (W)adt -
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Since the impulsive moments ()1, fx(c;)42/ - - -+ t(s,) ate in [c1, 61, using the integration by parts on the
left-hand side of the above inequality, we obtain

5 ti(c t(e g
/1Hl(t,cl)u’(t)dt: </ “““+/“ AR )Hl(t,cl)du(t)

c1 1 tk(c])+1 tk(51)
k(51)
= Y [u(t) —u(t")]Hy(t,c1) +u(61)H(s1,¢1)
i=k(C1)+1
t(e t(e g
B /k( D+ +/k< v w(t)ha (8, c1 ) Hy (1 ¢1)dt (2.38)
c1 te(ep)+1 by
k(G1)  ga pa
= Y L H(t,c)u(ty) + Hi (81, c1)u(dr)
i—k(e)+1 i
t(e ti(e 6
_ /k(1)+1+/k(1)+2 oy 1 u(t)hl(t,cl)Hl(flcl)dt~
1 tr(e)+1 Fr(e1)

Substituting (2.38) into 2.37), we have

. F_ @ k() pa _ qa
/ Hl(t, Cl) (x( T)) dt < L m L Hl(fi, cl)u(ti) — H; (51, cl)u(él)
Jep X(t) i:k(c])+1 ui (2 39)

5 .
+/c Hi(t,c1) [|h1(t,cl)| [u(t)] — rl/“(t) |u(t>|(l+1x)/tx dt.

Letting

a/a+1

a/a+1
T Ju(h)] and Y = [zx(lx + 1)7(“1)”(0} |1 (t,c1)]",

1
A = 1 -, X =
t 3 [r(t)]1/a+1

and then by using Lemma(2.3), the above inequality becomes

o F— & k() pa _ qa
[ mee) (M) as ¥ S eut) - i@ eut)
o x(t) =)+l i (2.40)

1 o
——— HHy(t 1) [y (t,c1) [T dt.
Ay, O e) (e

_|_

To estimate x(xt(;)T ) , we have to divide the interval [c1, 1] into several sub intervals and by using Lemma(2.4),

we get estimation for the left hand side of the above inequality as follows,
n x(t—1) ) ‘
Hq(t, dt
/C1 1 ( Cl) ( X(t)
tk(cl)'*'l ~ t— tk(cl) — T “
> / Hy(t,e1) | ————— | dt
€ E= Tk(ey)

k(é1)-1 H+T t— ¢t « titq t—t —17\*%
e (Vs [ e (ST
+ L 1[/t 1( Cl)(bi(t+r—ti)> . 1(t,¢1) -

(2.41)
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From (2.40) and (2.41), we have
t t—t \"
k(c])+1 _~ - -
/ VU () [ —R ) ) g
‘1 F=th(er)

k(61)—-1 ti+TH ; t—t “dt tiHH ; t
Uﬁ ilter) <b<t+—t>) o “'“)(

i:k(Cl)-l—l

& t— tk((Sl) : 1 o1 a+1
t, at — ——— t)Hq(t, hq(t, dt
+/tk(‘51) l( Cl) <bk(5l)(t+T_tk(5l)) (1+0‘)1+a /Cl 7’( ) 1( Cl) | i C1)|

k(G1)  pa g
< )y - o EHy(t;, c1)u(t;) — Hi(6, c1)u(01).
i:k(C])+1 i

Multiplying both sides of (2.18) by H;(d1, t) and using similar analysis as above, we can obtain

bes ) +T t—t : (o) +1 b=ty — T
/ Kt ) . k(1) di s [ iy, k(1)
k(é1) b E—= k(o)

o (t‘f'T_tk(cSl)) ) t+T

k(d1)—1 t+T p t—t; "‘d tiy1 . p t—t —
H P t / H | ———
. {/t 2 )(bz’(“rf—ti)) T i 2( )< t—t;

1

i=k(6)+1
ody

Jte(dy) bigay) (E+T =t a+1)

k(di)  pa _ g
< Z Z & : HZ(dlz ti)u(ti) + Hz(dl,él)u(le).
i—kon+1 %

Dividing (2.42) and (2.43) by Hy(d1,c1) and Hy(dj, 61) respectively, and adding them, we get

My 41 < — oua
1ty < ————=
Hi(0,01) i (i %

L1 Kdy) e g
HZ(dl/ (51) i=k

G+
On the other hand, similar to (2.26)), we have

k() pa _ qa

A 1]
Yy, - 7 Hi(ti, cr)u(t;) < Mﬁ’f} [H1(.,c1)]

and

k(di)  pa _ g

a°
Y. Lt Ha(dy t)u(t) < 1\/11'“1’211 [Ha(d1, )]

i=k(e)+1 %

T Hi(ti, c1)u

ti

ti

(i)

)

—Hy(dq, t;)u(t;).

Substituting (2.45)and (2.46)) in (2.44), we obtain a contradiction to the condition (2.36).

When x(t) is eventually negative, we can consider [c, d>] and reach a similar contradiction.

Hence the proof is complete.

Remark 2.1. When « = 1, our results reduces to Theorem(2.2) and Theorem(2.4) of [11]].

Remark 2.2. When T = 0 and a = 1, Theorem(2.5) reduces to Theorem(2.1) of [13].

o
) 4

~ t—t “ 1 dq "
+ Hp(dy,t) < K " ))> dt — ( a1 /5 r(t)Ha(dy, t) [ha(dy, )| dt
1 e

415

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

Remark 2.3. When ay = by = 1forallk =1,2,3,..., 7 = 0and a = 1, our results reduces to Theorem(1) of [17] for

the case p(t) = 1.
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3 Examples

In this section we give two examples to illustrate our main results.

Example 3.1. Consider the impulsive differential equation

(qDIx(x’(t)))’ ~+ o sin td, (x(t — %)) +,),1e—t/2q>[31 (x(t B %))

+ 72 cos? tq)ﬁz (X(t — %)) =sin2t, t > ty, t # ti, (3.47)
x(b) = ax(te), X' (8) = b (t),
where t; = 2k + %T + (—1)i72 (g) , i=12andk=1,2,..

Here,

r(t) =1, p(t) = yosint, g1 (t) = y1e~/2,q2(t) = ypcos’t and e(t) = sin2t, t > ty > 0,
where g, v1 and v, are positive constants. If we choose 179 = 1/2, 1 = 19/2, f = 5/2 and a = 3, then
by Lemma (2.1), we can easily find #; = 1, = 1/4. For any T > 0, we can choose # large enough such that
T<c=2nw+{5 <dy =2nn+%gandcy =2nm+ 5 <dp =2nm+ 27”, then there are impulsive moments
th1 = 2nm+ % in [Cl, d1] and t,p = 2nm + 5% in [CZ/ dg]
Let

w](t) =sin12t € Qj(C]', d]), ] =1,2.

Then we have,
Q(t) = yosint + (1/2)7V2(1/4) V4 (1/4) "V 41/ 4 (e7/2) 491 4 (cos 1) /2| sin 2t |12,

and
Wi(t) = Q)@ (), j = 1,2.
In view of ):fi‘if();)lﬂ = 0ask(cj) +1 > k(dj) —1,j = 1,2, the left hand side of is the following

/tk(c1)+1 Wi (t) (t — tr(ey) — T> ‘ it
¢ F=tk(ey)

R t—t; @ fi F—ti—1\"
T (Y e [ (ST
i=k(c21)+1 [ t l( ) bi(t+T* ti) t+T 1( ) t—t;
d t—ti(ay) ' ! a1
[ ! dt—/ (r(#) | ()Y dt
te(dy) ()<bk(d1)(f+Ttk(d1) o ()]
_ s (t— (2(n —1)7 +57/8) — 7'(/12)3 » (3.48)
N 2nm+rm/12 t—(2(71—1)7'[+57'[/8))
2n7+7/6 t— (2nm + m/8) )3 y [2rET/6 4
+/ Wi (t ar—12t | 12¢) dt
onm47r/8 1) (bn,l(t + /12— 2nt 4 71/8)) mm+m/12 (COS )
/8 t+317/24\° /6 t—m/8 \° L [0,
= Wi(t) | ————~= | dt+ Wilt)| ————== | dt—12 / 12t) dt.
n/12 1) (t+1171/8)> n/8 11 (bn,l(t— 7'(/24)) Jr/12 (COS )
~ [0.0146470 +0.0878’y%/47§/4} +b,3 [0.0000488970 +0.00028117%/4'y%/4} 6487,
On the other hand , the right hand side of
by —af k(d1) pr — g
d k(c1)+1  “k(e1)+1 a+1 i %
whr et — et 4 Wt t‘)—.
e 1 (ke 1) (e 1 (r(ep)+1 = €1)%) i:k(czl:)ﬂ i (af(ti —ti1)")
b,1—a 3
.4 n,1 n,1 (3.49)
= 12(2
sin“12(2n7 + 70/8) (anfl(anc+ /8 — (2nm+ n/lz)))

_ % 3 bn,l_an,l 3
S\ a1 '
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Thus for t € [c1,d4], if we choose ¢, 1 and 7, large enough so that

0.014647¢ + 0.087871/491/* + b~ (0 0000488970 + 0000281117441/ 4) — 6487

(24) (bnl_an1>3 (350)
2 —_ - - 7
7T anll

then will be satisfied.
Similarly for t € [cy, d2], we can get the following condition

0153651 + 0.0264871/473/* + b, (0 0001004470 — 0.0001431/ 4¢3/ 4) — 32407

N 8 3 bus — ano 3 (3.51)
~ \37 Ao ’

Hence by Theorem (2.1) for suitable 7, 1 and 7, equation(3.47) becomes oscillatory.

Example 3.2. Consider the impulsive differential equation

(@al' (1)) + x0p()Pe (x(t = £3)) + a1 ()0, (x(t~ 12))
a2 (), (x(t— 3)) =elt), t 2 to, t # (352)
x(t5) = mex(ts), X' (4) = bex! ()
where xp, k1, and x; are positive constants, and
th1 =2nmw+ /8, typ =2nmw+31/8, t,3 =2nm+137/8 and t, 4 = 2nm +177/8.
In addition let, g1 (t) = et/2, qa(t) = e!/4,

{ e*t, te[2nm+m/12,2nm+1/2),

p(t) =
sin?t, te [2n7 4 37/2,2nmw + 57/2]

and

{ —sin2t, te€ 2nm+m/12,2nm+ /2],
e(t) =

cos’t, t& [2nmw+3m/2,2nm+571/2).

For any ty > 0, we choose n large enough such that ty < 2nmw + 7w/12 and let [c1,d1] = [2nm + 7/12,2nm +
/2], [ca,da] = 2nm+37/2,2nm +57/2], 81 = 2nm + 1/6, 6 = 2n1w+ 57t/3. Then p(t), q(t) and e(t) satisfy
@.5) on [c1,dq] and [cp, dy]. Let Hy(t,s) = Hy(t,s) = (t —s)3 then hy(t,s) = —hy(t,s) = 3/(t —s). Now choose
710 = 1/2, ﬁl :5/2, ﬁz = 1/2,&1’1(210( =1.

Then one can easily find 1 = 3/8, 11, = 1/8.

Q(t) = p() + (1/2)7/2(3/8)>/%(1/8) /a1 B(1)gy (1) e(1)['/2.
Also by a simple calculation, we get

1
Hi(2nm+ £, 2nm+ 5)

/8 t—(2(n—1)m+3m/8) — /12
{ /mwu H(t,2nm+ m/12)Q(¢) ( f— (20— 1) +37/8) ) at

2nm+7/6 t— (2nm+ 71/8)
+ /WM/S Hy(t,2nm + 71/12)Q(t) (bn,l(t + /12 — (2n7 + n/g))) dt (3.53)

I, =

1 2nm+7m/6 2
_ 7/ Hy(t,2nmwt+ 7/12) |hy (¢, 2nt + 71/12))| dt}
2% Jonm+m/12

~ Ko (0.0169 + 0‘; 042) +117/81,1/8 <0.01o1) + 0‘5 411) —4.2971
n,1 n,1
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and
1
H =
VT Hy(2nm + 2nm + F)
2nm4m/84+7/12 t— (2nm+ 71/8) >
Hy(2nt+ /2, dt
{./2nn+n/6 2 /2:t) <bn,l(t+7r/12— (2nmt+ 7/8))

2n+37/8 < t—@2nm+m1/8) — /12
H>(2 2,t dt
* /2nn+n/8+n/12 2207+ 7/2,1) ( t— (2nm + 7t/8) )

2nH/2 t — (2nm+37/8) )
+ Hy(2nm+ t/2,t dt
2nm+37/8 2( /21 (bn,z(H— /12 — (2nm +37/8))

(3.54)

1 2nm+7/2 2
/ Hy(2n7t + 11/2,t) o (207t + 71/2,1)] dt}.
2

a (2)2 nm+m/6
484 1987 134 .0031
~ Ko (2.0198 404843 0.198 ) + 1,3/8,1/8 (0.1597+ 0.1340 , 0.003 ) — 1.0742.
bn,l bn,Z bn,l bn,2

From (3.53) and (3.54), we get

0.5885  0.1987 0.1751  0.0031
1 + 11y ~ Ko (2.0367 + + ) + 11/ 85, 1/8 (0.1698 + + ) —5.3713.  (3.55)
bn,l bn,Z bn,l bn,2

which gives the left hand side of (2.36).
On the other hand, the right hand side of the inequality is

My 5 1
Hy(61,¢1) alHi( e Hi(2nm+m/6,2nm + /12) 1(2n7 + 7/8,2nm + 71/12)
bn,l - al’l,l
- <’1n,1(2n7r+7r/8— (2nmt + 7/12)) (3.56)
~(0.9549) <bn1—”nl) ,
An1
and
M, d 1 \
Hy(dy,61) o (F2(1,.)] (2nmw + 71/2 — 2nm — 7r/6)3( nr+ 7/ nm —3m/8)
bn,Z — a2
. <an,2<2n7'[+37'[/8—2n7-[_ 7/6)) (3.57)
by —
~(0.0805) <nz%2> _
an,2

From (3.56) and (8.57), we have the right hand side of (2.36) as

M; 5 M, d
— Y H;(, )]+ ———Y ' [Hy(dq,.
Hl(éllcl) Cl[ 1( 1)] HZ(d]/é‘]) 51[ 2( 1 )] (358)
by1 — byo — ’
~ (0.9549) (’““’”) + (0.0805) (”2””2) .
an,1 An2
Thus (2.36) is satisfied for j = 1 if
. .1987 1751 .0031
Ko (2.0367 4 00885, 0.198 ) + 1138k, 1/8 (0.1698 UL, 0003>

bu1 by bu1 by (3.59)

by1— b, —
> 5.3713 + (0.9549) (’1'1aa”'1> + (0.0805) (11,201%2) )
i’l,l 71,2

Similarly for [cp, d5], we have

0501 0.004 4302 0.1122
I1; 5 + I =k (0.0887+ 00501 0006> + 171/ 81,178 <2.6583 4 04802, 0 ) —25782.  (3.60)
bn,3 bn,4 bn,3 bn,4
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and
M, 5 M, d
— = Y2[H;(., )| + ——————<Y2[H>(d>,.
Hy (62, ¢2) alHi( ) Hy(d>, 62) 5 (H2(d2,.) (3.61)
~ (1.0742) <b”~°’_””~°’) + (0.0632) (b”‘*_“”‘*) .
an3 oy
Thus (2.36) is satisfied for j = 2 if
" (0‘088” 0.0501 0.0046) POEVIRV: (2.6583+ 04302 , 0.1122)
by b4 bus bya (3.62)

b,3— b4 —
> 2.5782 + (1.0742) (”3“””3> + (0.0632) <n4a”n4) ‘
n,3 n4

Hence, by Theorem (2.2), equation(3.52) is oscillatory if (3.59) and (3.62) hold.

4 Conclusion

In this paper, we have established interval oscillation results for equation (1.1) using Riccati transformation,
some classical inequalities and Kong’s technique. These results extend some well-known results in [11},[13} [17].
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Abstract

We consider an almost r-contact Kenmotsu manifold admitting a semi-symmetric metric connection and
study semi-invariant submanifolds of an almost r-contact Kenmotsu manifold endowed with a
semi-symmetric meric connection. We obtain Gauss and Weingarten formuale for such a connection and also
discuss the integrability conditions of the distributions on a generalized Kenmotsu manifold.

Keywords: Kenmotsu manifolds, almost r-contact structures, semi-invariant submanifolds, semi-symmetric
metric connection, integrability conditions, parallel horizontal distribution.
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1 Introduction

A Let M be an n-dimensional differentiable manifold. The torsion tensor T of a linear connection V in M
is given by
T(X,Y) =VxY—-VyX—[X,Y].

The connection V is symmetric if its torsion tensor T vanishes, otherwise it is non-symmetric. The connection
V is metric if there is a Riemannian metric g in M such that Vg = 0, otherwise it is non-metric. It is well known
that a linear connection is symmetric and metric if it is the Levi-Civita connection. In 1924, A. friedmann and
J. A. Schouten introduced the notion of semi-symmetric linear connection [8]. In 1932, H. A. Hayden [10]
introduced semi-symmetric metric connection in a Riemannian manifold and this was studied systematically
by K. Yano [14]. In 1975, S. Golab studied some properties of semi-symmetric and quarter-symmetric linear
connections [9]. A linear connection V is said to be semi-symmetric if its torsion tensor T is of the form

T(X,Y) =3(Y)X = n(X)Y,
where 77 is a 1-form.

On the other hand, A. Bejancu, introduced the notion of semi-invariant submanifolds [6] or contact
CR-submanifolds [5], as a generalization of invariant and anti-invariant submanifolds of an almost contact
metric manifold and was followed by several geometers in [1} 2} 14 [7, [11] [12]. Semi-invariant submanifolds of
a Kenmotsu manifold immersed in a generalized almost r-contact metric structure was defined and studied
by R. Nivas and S. Yadav [13]. The first author, M. D. Siddiqi and ]. P. ojha studied some characteristic

*Corresponding author.
E-mail address: mobinahmad@rediffmail.com (Mobin Ahmad), malikhaseeb80@gmail.com(Abdul Haseeb) and sheeba.rizvi7@gmail.com
(Sheeba Rizvi)
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properties of semi-invariant submanifolds of a Kenmotsu manifold immersed in a generalized almost
r-contact structure admitting a quarter-symmetric non-metric connection [3].

Semi-symmetric connections play an important role in the study of Riemannian manifolds. There are
various physical problems involving the semi-symmetric metric connection. For example, if a man is moving
on the surface of the earth always facing one definite point, say Jaruselam or Mekka or the North pole, then
this displacement is semi-symmetric and metric [8]

Motivated by the above studies, in this paper we study semi-invariant submanifolds of a Kenmotsu
manifold immersed in a generalized almost r-contact structure admitting a semi-symmetric metric
connection. The paper is organized as follows : In Section 2, we give a brief account of a Kenmotsu manifold
immersed in a generalized almost r-contact metric manifold. In Section 3, semi-invariant submanifolds,
semi-symmetric metric connection are defined and also Gauss and Weingarten equations are obtained. In
Section 4, some lemmas on semi-invariant submanifolds are proved and integrability conditions of certain
distributions on semi-invariant submanifolds are discussed. In the last Section 5, semi-invariant
submanifolds of a generalized Kenmotsu manifold with parallel horizontal distributions for semi-symmetric
metric connection are investigated.

2 Preliminaries
Let M be a (2n + r)-dimensional Kenmotsu manifold with a generalized almost r-contact structure

(¢,8p,1p,g), where ¢ is a tensor field of type (1,1), &, are r-vector fields, #, are r 1-forms and g is the
associated Riemannian metric, satisfying

¢* =a’l+ Zr: 1Tp @ Cp, (2.1)
p=1
Mp(&) =0pg,  P.g € (r):=1,23..1, 2.2)
¢(&y) =0, pe(r), (2.3)
np(¢X) =0, p € (r), (2.4)
(X, ¢Y) +a’g(X,Y) + Y np(X)yp(Y) =0, (2.5)
p=1
1p(X) = 8(X,&p), (2.6)
(Vx¢ Z (V)X — g(X,9Y) Z &, 2.7)
P=
Vg = Z X)&p, 2.8)

where I is the identity tensor field and X, Y are vector fields on M and V denotes the Riemannian connection.

3 Semi-invariant Submanifolds

An n-dimensional Riemannian submanifold M of a Kenmotsu manifold M with an almost r-contact structure
is called a semi-invariant submanifold, if ¢, is tangent to M and there exists on M a pair of orthogonal
distributions (D, D) such that

(i) TM=Da®D* +{g,},

(ii) the distribution D is invariant under ¢, that is, Dy = Dy forall x € M,

(ii) the distribution D is anti-invariant under ¢, that is, ¢D- C T- M for all x € M,
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where T,yM and T M are respectively the tangent and normal space of M at x.
The distribution D (resp., D) can be defined by projection P (resp., Q) which satisfies the conditions

=P,Q>=Q,PQ=QP=0. (3.9)

The pair of distributions (D, Dl) is called the ¢-horizontal (resp., ¢-vertical), if {y € Dy (resp., §x € D,%). A
semi-invariant submanifold M is said to be an invariant (resp., anti-invariant) submanifold if Dy = 0 (resp.,
Dy = 0) for each x € M, we also call M proper, if neither D nor D+ is null. It is easy to check that each
hypersurface of M which is tangent to ¢, inherits a structure of the semi-invariant submanifold of M.

Owing due to the existence of 1-form 7,, we define a semi-symmetric metric connection V in a Kenmotsu
manifold with a generalized almost r-contact structure by

_ r r
VxY=VxY+ ) n,(MX-g(X,Y)) & (3.10)
p=1 p=1
forany X,Y € TM, where V is the induced connection on M. From (2.7) and (3.10), we get
(Vxp)Y = =2 2 1p(Y)9X — g(X, 9Y) 2 Zp- (3.11)
pP=

We denote the metric tensor of M as well as that is induced on M by g. Let V be the semi-symmetric metric
connection on M and V be the induced connection on M with respect to the unit normal N.

Theorem 3.1. The connection induced on the semi-invariant submanifolds of a generalized Kenmotsu manifold with a
semi-symmetric metric connection is also a semi-symmetric metric connection.

Proof. Let V be the induced connection with respect to the unit normal N on semi-invariant submanifolds of
a generalized Kenmotsu manifold with a semi-symmetric metric connection V. Then

VxY = ny—i-m(X,Y), (3.12)

where m is a tensor field of type (0,2) on semi-invariant submanifold M. If V* is the induced connection on
semi-invariant submanifolds from the Riemannian connection V, then

VxY = ViY +h(X,Y), (3.13)

where & is the second fundamental tensor. Now from (3.10), (3.12) and (3.13), we have
r
VxY+m(X,Y) = VY +h(X,Y)+n,(Y)pX — g(X,Y) 2

Equating the tangential and normal components from both the sides of the above equation, we get

WX, Y) = m(X,Y),

,
VxY =VxY + Up(Y)QDX -g(X)Y) Z Cp-
p=1
Thus the connection V is also a semi-symmetric metric connection. O

Now, the Gauss formula for semi-invariant submanifolds of a generalized Kenmotsu manifold with a
semi-symmetric metric connection is
VXY = VXY—F]/Z(X,Y) (3.14)

and Weingarten formula for M is given by
VxN = —ANX + VgN (3.15)

for X,Y € TM,N € T+M, where h and A are called the second fundamental tensors of M and V. denotes
the operator of the normal connection. Moreover, we have

g(h(X,Y),N) = g(AnX,Y). (3.16)
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Any vector field X tangent to M is given as
X =PX + QX +np(X)Gp, (3.17)

where PX and QX belong to the distribution D and D+ respectively. For any vector field N normal to M, we
have

¢N = BN +CN, (3.18)

where BN (resp., CN) denotes the tangential (resp., normal) component of ¢N.

4 Integrability of distributions

Lemma 4.1. Let M be a semi-invariant submanifolds of a generalized Kenmotsu manifold with a semi-symmetric metric
connection. Then

2(Vx9)Y = Vx@Y — Vy¢pX + h(X,$Y) — h(Y,$X) — ¢[X, Y]
foreach X,Y € D.
Proof. Using Gauss formula, we have
Vx¢Y — Vy¢pX = Vx¢pY — VypX + h(X, ¢pY) — h(Y, pX). (4.19)
Also the covariant differentiation yields
VxgY — VypX = (Vx¢)Y — (Vy) X + p[X, Y]. (4.20)
From (4.19) and (4.20), we get
(V@)Y = (Vy¢)X = Vx¢Y — VydpX +h(X,¢Y) = h(Y, $X) — ¢[X, Y]. (4.21)
Using 77,(X) = 0 for each X € D in (3.11), we get
(Vx¢p)Y + (Vyp)X = 0. (4.22)
On adding (4.21) and (4.22), we get the result. O

Similar computations also yields the following:

Lemma 4.2. Let M be a semi-invariant submanifold of a generalized Kenmotsu manifold with a semi-symmetric metric
connection. Then

2(Vx$)Y = —AgyX + Vx¢Y — VydpX — h(Y,$X) — ¢[X, Y]
foreach X € D, Y € D*.

Lemma 4.3. Let M be a semi-invariant submanifold of a generalized Kenmotsu manifold with a semi-symmetric metric

connection. Then
r

PVx¢PY — PAyoy X = ¢PVxY —2 21 1 (Y)$PX, (4.23)
o
QVx¢PY — QApqyX = Bh(X,Y), (4.24)
h(X,pPY) + VxpQY = ¢QVxY + Ch(X,Y) —2 ilnp(y)mx, (4.25)
o
1p(VxpPY) — np(Apoy X) = —28(X, 9Y) (4.26)

forall X,Y € TM.
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Proof. By the covariant differentiation of ¢Y, we have
VxpY = (Vx¢)Y +¢(VxY).
Using (3.14) and (3.17) in the above equation, we get
(Vx®)Y = Vx¢PY + VxpQY — ¢V xY — ph(X,Y). (4.27)
By the use of Gauss and Weingarten formulae and (3.18) in (4.27), we have
(Vx¢)Y = PVx¢PY 4+ QVx¢PY + 11p(Vx¢PY)Ep + h(X, ¢PY) — PAyoy X (4.28)

—QApoy X — ﬂp(A¢QyX)Cp+V ¢QY — pPVxY — pQVxY —Bh(X,Y) — Ch(X,Y).

On comparing (4.27) and (4.28) and equating horizontal, vertical and normal components, we get (4.23), (4.24),
(4.25) and (4.26) respectively. O

Definition 4.1. The horizontal distribution D is said to be parallel with respect to the connection V on M, if VxY € D
for all vector fields X,Y € D.

Theorem 4.2. Let M be semi-invariant submanifolds of a generalized Kenmotsu manifold M with a semi-symmetric
metric connection. If M is §p- horizontal, then the distribution D is integrable if and only if

h(X,¢Y) = h(¢pX,Y) (4.29)
forall X,Y € D.
Proof. Let M be ¢p- horizontal and X, Y € D, then (4.25) reduces to
h(X,¢Y) = pQVxY + Ch(X,Y) (4.30)
from which we get
h(X,9Y) = h(9X,Y) = ¢Q[X,Y].
Thus if M is ¢, horizontal, then we have
h(X,9Y) = h(¢pX,Y).
Hence D is integrable. O

Theorem 4.3. Let M be semi-invariant submanifolds of a generalized Kenmotsu manifold M with a semi-symmetric
metric connection. If M is & ,-vertical, then the distribution D~ is integrable if and only if ApxY = Apy X.

Proof. Let M be {p-vertical and X, Y € D+, then (4.25) reduces to
VxpY = ¢QVxY + Ch(X,Y) -2 Z 1y (Y)9pQX. (4.31)
By using (3.11), (3.15) and (4.31), we get

Vx¢Y = -2 2 np(Y)pX — 2¢(X, ¢Y) 2 &y + ¢PVxY (4.32)
p= p=1
+¢QVxY + Bh(X,Y) + Ch(X,Y).
Since M is {-verticle, Weingarten formula is given by
Vx¢Y = VxoY + Apy X
which by using (4.32) becomes

Vg¢pY = -2 Z p(Y)pX + ¢pPVxY + ¢pQVxY + Bh(X,Y) (4.33)
p=1
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+Ch(X,Y) + Apy X.

From (4.31) and (4.33), we get
¢PVxY = *A(PyX — Bh(X, Y)

Similarly, pPVyX = —AyxY — Bh(X,Y), which gives
(PP[X, Y} = A¢XY — A¢yX.

Thus if M is §,-verticle, we see that [X, Y] € D+, thatis, P[X, Y] = 0 if and only if ApxY = Apy X. O

5 Parallel horizontal distribution
Definition 5.2. A non-zero normal vector field N is said to be D-parallel normal section if
VN =0 for all X € D. (5.34)

Definition 5.3. A semi-invariant submanifold M is said to be totally r-contact umbilical if there exists a normal vector
H on M such that

h(X,Y)=g(¢X,¢Y)H + 2 np(X)h(Y,&p) + 2 np(Y)h(X,&p) (5.35)
p=

for all vector fields X,Y tangent to M.

If H = 0, then the fundamental form is given by

;
Z 1p(X)h(Y, &) + ) mp(V)R(X,Ep), (5.36)
p=1
then M is called totally r-contact geodesic.

Theorem 5.4. If M is totally r-contact umbilical semi-invariant submanifolds of a generalized Kenmotsu manifold M
with a semi-symmetric metric connection with parallel horizontal distribution, then M is totally r-contact geodesic.

Proof. Let M be semi-invariant submanifolds of a generalized Kenmotsu manifold M with a semi-symmetric
metric connection. Then from (4.23) and (4.24), we have

PVx¢PY — PApoy X = PV Y — 22;7p J¢PX,
p=

QVx¢PY — QApoy X = Bh(X, Y).

Adding the last two equations, we have

Vx¢PY — Apoy X = ¢PVxY + Bh(X,Y). (5.37)
Interchanging X and Y in (5.37), we get

Vy¢PX — ApoxY = ¢PVyX + Bh(X,Y). (5.38)
Adding (5.37) and (5.38), we get

Vx¢PY + Vy¢pPX — Apgy X — ApoxY = ¢PVxY + ¢pPVyX +2Bh(X,Y).
Taking inner product with Z, we get
§(Vx¢PY + Vy¢pPX — Apoy X — ApoxY, Z) = §(¢PVxY + $PVyX +2Bh(X,Y), Z).

Splitting the above equation, we get

g(VX¢PY, Z) +g(Vy¢PX,Z) — g(A¢,QyX, Z) - g(A(pQXYr Z) = g(ngVXY, Z)
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+8(¢PVyX, Z) + g[2B(g(¢X, ¢Y)H + 2 ’7p h(Y, ‘:p + Z 77p h(X, gp) Z)].
pr=1

8(Vx@PY, Z) + g(Vy¢pPX, Z) — g(h(X, Z),¢QY) — g(h(Y, Z),$QX) = g(¢PVxY, Z)

Lg($PVyX, Z) +29(9X, ¢Y)g(BH, Z) +2 ilﬂp(X)g(Bh(Y, &), Z) +2 ilﬂp(Y)g(Bh(X, £),2).
p= p=

= ¢(¢PVxY, Z) + g(¢PVyX, Z) — 2a%g(X,Y)g(BH, Z) — 2 Z 7y (X )g(BH, Z)

+2 Z np(X)g(h(Y,Gp), ¢Z) +2 Z 1p(Y)g(h(X,Gp), $Z)

p=1

which by replacing Y by BH and Z by X and then using (5.35), we get

§(Vx¢PBH, X) + ¢(Vpu¢PX, X) — g(X, X)g(H,$QBH) — g(BH, X)g(H, $QX) (5.39)

= g(¢PVxBH, X) + g(¢PVpy X, X) — 24%¢(X, BH)g(BH, X) — 2 Z 1p(X)1,(BH)g(BH, X)

+2 2 1p(X)g(h(BH, &p), $X) +2 2 1p(BH)g(h(X,&p), $X).
p=

For any X € D, we have
¢(X,BH) = g(¢X,BH) = 0.

Taking covariant differentiation along vector X, we get
g(Vx¢X,BH) + g(¢X,VxBH) = 0.
As the horizontal distribution D is parallel, so we have
2(¢X,VxBH) = 0. (5.40)
From (5.39) and (5.40), we get
8(Veu¢PX, X) — g(H,pQBH) = g(¢pPVpnX, X).
For any unit vector X € D, we have
8((Vpn¢P)X,X) + g(¢PVpnX, X) — g(H,pQBH) = g(¢PVpuX, X).
8((Veu¢P)X, X) — g(H,pQBH) = 0. (5.41)

From (5.41), we have

¢(BH,QBH) + ) _ ,(PH)g(¢X, X) = 0.
p=1

Thus we have
provided BH = 0.
Since ¢H € D+, we have CH = 0, hence ¢H =0, thus H = 0.

Hence M is totally r-contact geodesic. O

Remark 5.1. For a generalized Kenmotsu manifold with a semi-symmetric metric connection, we have
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Vxép = V& + Z 1p(Ep) X — 8(X, Ep) Z (5.42)
o ot

— 2PX +2QX.

Equating the tangential and normal components, we have

Vxé&p = 2PX + 20X = 2X, (5.43)
h(X,&) =0, (5.44)
1p(X)E = 0. (5.45)
Also for any X € D, we have
8(ANGp, X) = g(h(X,¢p), N) = 0. (5.46)

Thus if X € D, then An&, € D+ and if X € D+, then An¢p € D.

Theorem 5.5. Let M be D-umbilic (resp., D*-umbilic) semi-invariant submanifolds of a generalized Kenmotsu
manifold M with a semi-symmetric metric connection. If M is &,-horizontal (resp., {p-verticle) , then it is D-totally
geodesic (resp., D--totally geodesic).

Proof. If M is D-umbilic semi-invariant submanifolds of a generalized Kenmotsu manifold M with a semi-
symmetric metric connection with ¢,-horizontal, then we have

h(X,¢p) = g(X,¢p)L (5.47)

which means that L = 0, from which we get #(X,¢,) = 0. Hence M is D-totally geodesic.
Similarly, we can prove that if M is a D*-umbilic semi-invariant submanifold with gp-verticle, then M is
D+ -totally geodesic. O
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1 INTRODUCTION

The recently, Fractional calculus and generalizations is handled much. In especially the issue of fractional
calculus is done various applications. These areas is physical sciences, economics, engineering, medicine and
biological sciences[1 — 8.

In this work, we give some Hermite-Hadamard type inequalities and the results via classical Riemann-
Liouville fractional integrals for Agp—preinvex functions by considering recent studies about this field.

2 Preliminaries

In this section, we will give some definitions, lemmas and notations which we use later in this work.

Definition 2.1. (see[3]) Let f € L [a, b] .The Riemann-Liouville fractional integral |, f and J;_f of order a > 0 with
a > 0 are defined by

J% f (x) = ﬁfax(x—t)“—lf(t)dt ,0<a<x<b

2.1
]Z‘,f(x):ﬁff(t—x)”“lf(t)dt ,0<a<x<b Y
Where T is the gamma function.
Definition 2.2. (see [9]) The incomplete beta function is defined as follows:
By (a,b) = [Ft 1 (1 -1 tat, 2.2)

Here x € [0,1],a,b > 0.

*Corresponding author.
E-mail address: sumeyye_ermeydan@hotmail.com (Stimeyye ERMEYDAN).
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Definition 2.3. (see [10]) A function f : I C R — IR is said to belong to the class MT (1) if f is positive and Vx,y € I
and t € (0,1) satisfies the inequality:

fltx+(1=t)y) < s2=f () + Y F (). 23)

Definition 2.4. (see [11]) A function f : I C R — R is said to belong to the class m — MT (1) if f is positive and
Vx,y € Land t € (0,1), with m € [0, 1] satisfies the inequality:

ftx+m1—t)y) < A5 f (x) + (¥)- (24)

Definition 2.5. A function f : I C R — R is said to a A — MT —convex function or said to belong to the class
A — MT (1) if f is positive and Vx,y € I, A € (0, %] and t € (0,1) satisfies the inequality:

fltxt (1= y) < 5 f () + L2 (). (2.5)

Lemma 2.0. (see [12]) Let f : [a,b] — R be a once differentiable mapping on (a,b) fora < b. If f' € L [a, ], there is
a following equality for fractional integrals

f(a);f(b) M+1 L “ f(D)+ ] f(a)]
_ afo[l_t t“}f’(m—f—(l—t)b)dt.

Lemma 2.0. (see [13]) Let f : [a,b] — R be a twice differentiable mapping on (a,b) for a < b. If f"" € L [a, ], there
is following equality for fractional integrals

fla ) _ fﬁ)a s f (©) + Jj-f (a)]
- o [ g

(2.6)

2.7)

a+1
Lemma 2.0. (see [14]) For t € [0,1] ,we have

1—p"<2l=m —pm form € [0,1],
(1—H">21"m " form e [1,00).

Let R" be Euclidian space and K is said to a nonempty closed in R". Let f : K = R, ¢ : K =+ Randn: Kx K = R
be a continuous functions.

Definition 2.6. ([15]) Let u € K. The set K is said to be p—invex at u according to 1 and ¢ if

u+te'n(v,u) € K (2.8)
forallu,v € Kand t € [0,1].
Remark 2.1. Some special cases of Definition 6 are as follows.

(1) If ¢ = 0, there K is defined an invex set.
(2) If #(v,u) = v — u, there K is defined a ¢p—convex set.
(3)If ¢ = 0and 5(v,u) = v — u, there K is defined a convex set.

Definition 2.7. Let f : I € R — IR be a nonnegative function.Afunction f on the set Ky is said to be A, — preinvex
function according to ¢ and bifunction y and Vu,v € I,t € (0,1) and 0 < ¢ < 7 then

; (1-A)v1-
f (u+te?y (0,u)) < s (0) + B f (). 29)
Remark 2.2. In Definition 7, if A = %, ¢ = 0and n (v,u) = v — u. Definition 7 reduces to Definition 3;
fto+(1=tu) < s f (0) + Y ().
Remark 2.3. By considering Definition 7, if A = 3, ¢ = 0, and n (v,u) = v — u. for m € [0,1], we can write;
< A f o)+ (u).
Remark 2.4. In Definition 7, if ¢ = 0 and (v, u) = v — u. Definition 7 reduces to Definition 5;

flto+(1—Hu) < 52 f (o) + TV (u).

f (mu+te'y (v,mu)) = f(to+m(1—t)u) <
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3 Main Results

Lemma 3.0. Let f : [a,b] — R be a once differentiable mappings on (a,b) witha < b, n(b,a) > 0.If f €
L [a,a+ €97 (b,a)] , then the following equality for fractional integral holds:

f(a)+f(a+e?y(ba)) __ T(atl) « ip «
> e o))" J% f (a+€Pn (b,a)) + (u+ei4’17(b,tl))7f (a) (3.10)

— Zhba) (11— )% — ] f (a+ (1 — t)eiy (b, a)) dt.
Proof. By using Definition 7 and via the partial integration method ,we have following equality.

Jra—o® — %] f' (a4 (1 —t) €97 (b,a)) dt
_ fa >+f (ate'y(ba)) «

e'911(b,a) - e(ba)
1 ’ at+e'Py(ba) . \a—1 d
(ei(p”(b a))“ f (x 11) f(x) X
a+el?y(ba a—1 3.11
by SO (ko () =) f ()| 10
_ f@)+f(ate?y(ba)) T(a+1)
ey (b,a) (eiqzv(b,ﬂ))““
x[ﬁf@%ewﬂwﬂﬂ+laﬁme)fw4.
By multiplying the both sides of (3.2) by w, we have:
fla)+f(ate?yba)  Tatl) | ip «
2 (e"*”?(bﬂ ) Lﬁf (a ey (b a)) * (ﬂ+€"4’r](b,ll))7f (11)
ol .
= CUPA (U1 1) 2] f (a4 (1 — ) e9n (b,a)) dt.
The proof is done. O

Remark 3.5. In Lemma 4, if ¢ = 0 and 17 (b,a) = b — a, Lemma 4 reduces to Lemma 1;

b
W@”> s S ©)+ T3 f (@)
fo [(1—8)" =] f' (ta+ (1 —t)b) dt.
Theorem 3.1. Let I C R — R be a open invex set with respect to bifunction ny : I x I — R where iy (b,a) > 0. Let

f : [0,b] — R be a differentiable mapping. If |f'| is measurable and |f'| decreasing and A, — preinvex function on I
fora > 0and 0 < a < b, then:

ip b, a .
\f”“f“ée”(”)(L;ﬁﬂnw[ﬂﬁf(a+eWn<Aa>)+I“ f@

< IR ()] + 1521 )] (By (2a+3) —By (o 2’2))

Proof. By using Definition 7 and Lemma 4,we have:

f(a)+f(ate'?y(ba)) _ _ I(at1) « i «
‘ v 2 Z(Eiguﬂ(b,a))ﬂ ]ﬂ+f (a +e 77 (br a)) + I(a+ei(pi7(b,ﬂ))7f (ﬂ)
< b (U\1— 5 — || (a+ (1—t) ey (b,a))|dt

1

)0
< €M) |51t ] | (a et (1— £) ey (b,a)) | dt
L= A= I (o (- )iy (b,0) | ]
L0 | (-0~ ] (505 1 @] + S @)1) de
00 (1 @) S )
dt

IN

IN

Npqz(b/u) ‘f, | fO [ 1 - t - t(x:l 2 /tzl—t)
SR )] i (1~ (1= %) gt
ﬁ#£}ﬂ@ﬂ+%%ﬂ@ﬂ(@(%a+%—3

—

+

IN

(a+

)

NI—

7

NI—

1
2
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The proof is done. O

Theorem 3.2. Let I = [a,b] — R be a open invex set with respect to bifunction y : I x I — Rand f : [0,b] — R be
a differentiable mapping and 1 < q < oo. I | f'|" is measurable and |f'|" decreasing and A, — preinvex function on I
for0 <a <bandny(ba) >0 then:

f@)+f(atey(ba))  T(a+1) | i w
2 2(ey(ba))" Joef (a+ e (b,a)) + ](t‘l+ei‘/”7(b,11))7f @)
1

< e 510 @+ 1 (5) 1 o) (522

1,1 _
wherea>0,?—l—ﬁ—1.

Proof. By using Definition 7, Lemma 4 and Ho6lder’s inequality, we have:

f(a)+f<u+ei‘f’17(b a))  T(atl) o ig “
eeoary” [Jarf (@4 W(b'a))H(He"*’rz(bﬂ))*f(a)
S ] | —t“l £ (@ (1= ) elvy (b,a) | e
1 1
< S (a0t =) (1 o+ (0= een ,a)['dr)
1
< l¢,72(ha ( —t“—t“’pdf>p

= =

< (fo (25 1f @1+ 12§f f )7 dt)
el [x1 @)1+ 7 (132) 1F )]
X < 0% [(1—1)" —2P] dt+f1 [P — (1 —1)"P] dt)
ea) 17 @1 4152 7 0T (1)} (3522)7

Here, we (A1 — AZ)P < Af — Ag for any A1 > Ay > 0and p > 1. The proof is done. O

I/\
==

| /\

Theorem 3.3. Let I = [0,b] — R be a open invex set with respect to bifunction j : I x I — Rand f : [0,b] - R
be a differentiable mapping and 1 < q < oo, f' € L [a+ %y (b,a)] . If |f'|" is measurable and |f'|" decreasing and
Ay — preinvex function on I for 0 < a < band 1 (b,a) > 0 then:

fayss (aseon) (ip(ﬁlu) [];gf(welq’n( D)+ aogoan (")H

<2 iy (ba) (520) T [L90 (B, (La+ )~ By (a+11))

+(TA> |f/( ) <B1 (2,tx+ ) B% (vc—l—%,%

1,.1_
whereoc>0,p—|—q 1.

Proof. By using Definition 7, Lemma 4 and Power Mean inequality, we have:

f@+f(até®n(ba)  T(atl) [ « ip « }
2 2(ey(ba))" Jaef (ate ﬂ(b’a))+](a+eiw,7(b,u))’f(a)
SR (1 - ”‘—f“|!f’(a+ (1—t)ei?y (b,a))|dt
r 1-1

< 4,,7 U(fy I —nt —efar)

X(f (=0~ |7 o+ (1= % () ')
<e"4"72<lw>(f0%[(1t) —t“]dt+f1[ 1t)]df>1_q

x (Jo =0 =] |f (a+ (1= )2y (b,0)) | dt)”
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IN

i ,aﬂ
rafba) (2.2 h[l—t—%ﬂcfiV%Nq + LAV 7 ()] ) at

+flﬂ— 0] (s IF @1 + S22 7 (o)) e F

<z hemn 6 (55) T[98 oy (bt ) - (o4 1)
() 4 oy (b 1)y )]

The proof is done. O

Lemma 3.0. Let f : [a,b] — R be a twice differentiable mappings on (a,b) with a < b, 7 (b,a) > 0. If f" €
L [a,a+ €97 (b,a)], then the following equality for fractional integral holds:

f@)+f(a+e?y(ba)) (a1 [ . iy (b, " ] ‘
‘ ? sy Jarf (0o ba) Jaserna) T (3.12)
— %ﬁf Jo [1= Q=0 = 7 @+ (1= 1) Py (b,a)) dt
Proof. By using Definition 7 and Lemma 2, if use twice the partial integration method, we have:
a+17 a+1 .
Iy {1 D } f" (a+ (1—t)e'?y (b,a))dt
(17(17t)“+17t““)f’(u+(17t)e"4’;7(b,a)) !
B (a+1)e (b,a) . (3.13)
+e,-¢,71(bﬂ) J3 A= =] f' (a+ (1 —t) 93 (b,a)) dt
= gt Jo [(L=" =] f/ (a4 (1= 1) e (b,a)) dt
Motivated by Lemma 4, then:
1 fa)+f(ate¥y(ba)) T(a+1)
e’ﬁ”;y(b:a) ey (ba) (eiq’ﬂ(b,a))a+l )
X ]le‘*'f (a + 614)77 (b’a)) + ‘Ea+ei4’17(b,a))_f (ﬂ)
_ f@+f(atep(ba)  T(at1) ’
) (ei‘l’n(b,u))z (ei¢7(h,a))a+2 )
< \Jor f (a+ ey (b,a)) + I?ﬂ+ei¢’7(b,ﬂ))7f @) ) '
By multioli . (e#n(va)’ .
y multipling the both sides of (3.5) by >——, we have:
f@+f(atePyba)  Ta+1) |qa i @
2 (ei‘Pq (ba) ) ]u+f (LI te 4’17 (b’ 61)) + ](u—&-gi(/’q(bra))*f (ﬂ)
i a+1 ® .
4)}7 ) fo [1(12:1 ~ H} f"(a+ (1 —t)e'?y (b,a))dt
The proof is done. O

Remark 3.6. In Lemma 5, if ¢ = 0 and 17 (b,a) = b — a. Lemma 5 reduces to Lemma 2;
b I'(
[0 lﬁ; S f (0) + T3 f (a)]
a+1
= 2a fo [1 = fx)ﬂ ~ +1} f" (ta+ (1 —1t)b)dt.

Theorem 3.4. Let f : [0,b] — R be a differentiable mapping. If |f"| is measurable and |f"| is decreasing and
A — preinvex function on [0,b] for 0 < a < b, n(b,a) > 0and a > 0, then the following inequality for fractional
integrals holds:

fla)+f(ate¥n(ba))  T(at1) o i «
: (o) o] (a+e "(b’a))+](u+ef«w<b,a>)’f(a)

< “"”Zfifi {7 @[z -8Ga+d -5(eri)]
ﬁ%)ww>wf—BGw+%)—Bw+%%ﬂ}
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Proof. By using Definition 7 and Lemma 5, we have:

‘ a)+f ﬂ-';””’?(b“)) " (;qf:;la)) {]ng (a+ €'y (b, a))—i_]’gaJrei‘Pﬂ(h,a))f(a):H

< (o)’ ““*21?**““ £ (0 (1) ey (b,0)) | at

<l 1 i o)

< (el;f’gx(if)) {f”(u)l ( % _n7 dt—fo tz - )"‘*2 dt—fo pa+3 (1—t)7T dt)

(15 )\f” L a-phae— f117 a o %dt—folta+%(1—t)%dt)}
< L) {10 (0)) [~ B (Ba+3) - B(w+%%)
() @[5 -8 (he+3) B+ ]}

The proof is done.

Theorem 3.5. Let f : [0,b] — R be a differentiable mapping and 1 < q < oo. If |f"|7 is measurable and |f"|" is
decreasing and A, — preinvex function on [0,b] for n (b,a) > 0and 0 < a < b, then the following inequality for

fractional integrals holds:

fla)+f(ate?y(ba)) T(a+1) ” i «
: ( 91 (b,a) ) [] f (ﬂ e ¢77 (b,tl)) + ](u+eifl’;z(b,u))7f (a)} ‘

2y (b)) u _
< GOl (-2 (71 @1 + F (152) 17 @)1
1,1 _
whereoc>0,?+§ =1.

Proof. By using Definition 7, Lemma 5 and Holder’s inequality we have:

f@)+f(atey(ba))  T(atl) [ o io « ] ‘

‘ 2 , (e‘(/’ﬂ(bﬂ ) ]‘ﬁf (61 e (b a)) * ](a+ei<l’7](b,a))7f (a)
eiﬁ”iy(b,a)

< ( ) fO

< LAt 61 (o (1= £) €9 (b, 0)) | dt
< el (s 1=t =) (1 a0ty <b,a>>|"dt)q

)
g%(fo[l ) at)’ (fo(zrlf”()lq QAN 7 ())7) )
< P0n” 2 (717 @+ F (32) 1 @)

=

The proof is done.

Theorem 3.6. Let f : [0,b] — R be a differentiable mapping and 1 < q < oo. If |f"|7 is measurable and |f"|" is
decreasing and A, — preinvex function on [0,b] for 0 < a < band 5 (b,a) > 0, then the following inequality for
fractional integrals holds:

fla)+f(atey(ba)) T(at1) it "
2 81('07] bll |: f ( 17 b a ) (ll+€i¢17(b ﬂ))if (ﬂ)
ey (ba 2 ; [f" (a)|?
< LZI00) (1 pmy's (L0 BGa+3)+B(«+31)-3

5]
+(TA) - (h)l [B@“"’ >+B(“+2'2) gbﬁ

1,1 _
whereoc>0,p+q—1.
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Proof. By using Definition 7, Lemma 5 and Power Mean's inequality, we have:

fla)+f(a+e¥n(ba))  T(at1) " i a
: eenGa)y o) (a-+ey (b.a) + ](a+ei‘”’7(b,a))_f )
G SO o (g (1= £ iy (b)) | dt
¢9y(ba -3
S“ﬁl (fo ‘1_ _ ”‘H—t‘”l’dt) q
1
< (fo ]1 S (1—pt o t““‘ " (a+ (1= 1) e (b,0))|"dt)
_1
e'? bu
< Ol (o [1- -t - o] )

By

< (fo [HH)““—M GG I @I+ B 1 )7 )

e?(b,a))* il
= (2(a+1/),) gl_z ) T 1 1
(I (g -y e g ta et o ia)
1
() R (Rt oot o -ntia e a-ntar)’
ey (ba) AL ey
< (G -2 (S (5B (et ) B (x4 5.1)
17 q 1
+(15) O (7B (Lat3)-B+3D))"
The proof is done. O
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Abstract

In this paper we introduce the concept of the global bipartite domination number 7¢,(G) of a connected
bipartite graph G and study some of its general properties. Moreover we determine the global bipartite
domination number of certain classes of graphs.

Keywords: Domination, global bipartite domination, global bipartite domination number.
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1 Introduction

In this paper we consider simple, connected and bipartite graphs. All notations and definitions not given here
can be found in [I} B]. A graph is an ordered pair G = (V(G), E(G)), where V(G) is a finite nonempty set
and E(G) is a collection of 2- point subsets of V. The sets V(G) and E(G) are the vertex set and edge set of G
respectively. The degree of a vertex v in G is the number of edges incident at v. The set of all neighbors of v is
the open neighborhood of v, denoted by N(v). Let P,, Cy, K, and K, ,denote path, cycle, complete graph and
complete bipartite graph respectively. The sudivision of the graph G is the graph S(G) obtained from G by
subdividing each edge of G. The corona G o K;j of G is the graph obtained from G by adding a pendant edge
to each vertex of G. A set A C V(G) of vertices in a graph G = (V, E) is called a dominating set, if every vertex
v € V is either an element of A or adjacent to an element of A. The domination number v(G) of a graph G is
the minimum cardinality of a dominating set in G.

2 Main results

We introduce a new concept, namely, Global Bipartite Dominating Set of a simple bipartite graph. Then we
define the global bipartite domination number of G.

Definition 2.1. Let G be a connected bipartite graph with bipartition (X,Y), with | X| = m and |Y| = n. The relative
complement of G in Ky, , denoted by G is the graph obtained by deleting all edges of G from Ky, , (i.e., Ky \ G). A global
bipartite dominating set (GBDS) of G is a set S of vertices of G such that it dominates G and its relative complement G.
The global bipartite domination number, y¢,(G) is the minimum cardinality of a global bipartite dominating set of G.

Theorem 2.1. For any connected spanning subgraph G of Kun, 7(G) < v (G) < m +n.

Proof. A global bipartite dominating set of G is a dominating set of G and so ¥(G) < 7¢,(G). The set of all
vertices of G is clearly a GBDS of G so, 7¢,(G) < m + n. Therefore 7(G) < v (G) < m +n. O

*Corresponding author
E-mail address: anil@uoc.ac.in (Anil Kumar V.), latheesby@gmail.com (Latheesh Kumar A.R.)
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Remark 2.1. The bounds in Theoremare sharp. For the complete bipartite graph G = K, v¢p(Kmn) = m +n.
For Py, v(Py) = vgp(Ps) = 2. 50 Ky, has the largest possible GBD number. Also the bounds in Theorem|2.1|are strict.
For the graph Ky 3 — e, 7(Kp3 —€) = 2 and g (Ky3 — €) = 4.

Theorem 2.2. If G and G does not contain isolated vertices, then Yep(G) < min{m,n}, where G is a spanning
subgraph of K.

Proof. Let (X,Y) be the bipartition of G with |[X| = m < |Y| = n. Since G and G does not contain isolated
vertices, X is a G.B.D.S. of G. Therefore 74, (G) < m. O

Theorem 2.3. For any positive integers m and n, ygp(Kpn) = m +n.

Proof. Let G be a complete bipartite graph with partitions X and Y. Then uv € E(G) for every u € X and
v € Y. Let G denotes the relative complement of G in Ky, ;. Then G contains m + n isolated vertices. Hence
every global bipartite dominating set of G must contain all vertices of G and so Yeb(G) > slantm + n. Now
V(G) is a global bipartite dominating set of G. Hence ¢, (G) = m + n. O

Theorem 2.4. For a spanning subgraph G of Ky, », a vertex v is in every global bipartite dominating set of G if and
only if v is an isolated vertex in G.

Proof. If |V(G)| < 3, the proof is trivial. So let [V(G)| > 3. If v is an isolated vertex in G, then v is in every
global bipartite dominating set of G. Conversely if v is not an isolated vertex in G, then there exist atleast two
vertices u and w such that u is adjacent to v in G and w is adjacent to v in G.So V(G) \ {v} is a global bipartite
dominating set of G. O

Theorem 2.5. Let G be a connected bipartite graph with partite sets X and Y. Let S = V1 U V, be a GBDS of G, where
Vi CXand Vo CY. Thenif Vi = ¢, then Vo = Y and if V, = ¢, then V1 = X.

Proof. Let S = V3 UV,, where Vi C Xand V, C Y. If V] = ¢, then S C Y. Since G is bipartite, the vertices in Y
are not adjacent and so S 2 Y. Therefore S = V, = Y. Similarly, we can prove thatif V, = ¢ then V; = X. O

Theorem 2.6. Let (X,Y) be the bipartition of a connected graph G. Then X is a GBDS of G if and only if [N (y)| <
|X|, Vy € Y.

Proof. Let X be a GBDS of G. If possible assume that there exists a vertex y € Y such that |[N(y)| = | X|. Then
y is an isolated vertex in @, contradiction to the fact that X is a GBDS of G. Conversely, since G is connected,
X is dominating set of G. So it is sufficient to show that X dominates G also. Let y € Y, then N(y) is a proper
subset of X. So y is adjacent to at least one vertex of X in G. This completes the proof. O

Theorem 2.7. Let G be a connected sub graph of Ky,n. Then v, (G) = m +n — 1if and only if G = Ky,n — e.

Proof. Let G = Ky, — e. where ¢ = uv € E(Kyp). So uv ¢ E(G) and hence uv € E(G). Since G contains
m + n — 2 isolated vertices, every global bipartite dominating set of G contains all vertices of V(G) — {u,v}
and at least one of u and v. Thus

Yeo(G) = m+n—1 @1)
Since V(G) — {u} is a GBDS of G, it follows that
Yeb(G) Sm+n—1 22)

Thus by (1) and (2)we obtain 4,(G) = m +n — 1.

Conversely assume that ¢, (G) = m +n — 1. To prove G = Ky, — e. We observe that vy, (Kin,u) = m +n and
Ygb (Kinn —€) = m +n — 1. Let G be a proper subgraph of Ky, — e containing m + n vertices. Then G contains
atmost m + n — 3 isolated vertices. In that case G contains a path uvw. Then V(G) — {u, w} is a GBDS of G. So
Ygv(G) < m+n — 2. This completes the proof. O

Theorem 2.8. Let G be a graph with bipartition (X,Y). If G has a «y-set S = V4 U V,, where Vi C X and V, C Y then
S isa ygp-set of G if and only if () N(x) € Vaand (] N(y) C V1.
xeV; yeEVS
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Proof. Let (| N(x) C Voand (] N(y) C V;.Since Sis a - set of G, it suffices to show that S dominates the
xeVy yeV2
relative compliment of G. Letu € X.Ifu € (] N(y), thenu € Vi.Ifu ¢ (1) N(y) then u is adjacent to atleast
yGVQ y€V2
one vertex of V; in G. Similarly, we can prove that if v € Y then v € V;, or v is adjacent to atleast one vertex
of V; in G. Conversely, let S dominates G. Let x be an arbitrary vertex in X. If x € (7] N(y), then in G, x is
yeV,
not adjacent to any vertex of V5. Since S dominates G, we can deduce that x € V. If x ¢ ﬂ N(y), then x is
yevs
adjacent to atleast one element of V in G. Hence the proof. O

Corollary 1. Let G be a connected bipartite graph with n vertices, n > 4. Then 4, (G o Kq) = n, where G o Ky denotes
the corona of the graphs G and Kj.

Proof. If G = Kj ,,, the proof is trivial. Otherwise, let (X, Y) be the bipartition of G o Ky. Let S = V; U V,, where

Vi € X and V, C Y, be the set of all pendant vertices of G o Kj. Clearly S is y-set of G o Kj. Also ﬂ N(x)=¢
XGV]

and (1) N(y) = ¢. Therefore the proof follows immediately from theorem O
yevs

Corollary 2. Forn > 10, vg(Py) = v(Py) = [5].

Proof. LetV(P,) ={1,2,3,...,n}.Then X = {x : xiseven,x <n},Y = {y: yis odd, y < n}is the bipartition

of Py.Let Sy = {i:i=1(mod 3),i < n}and S, = {i : i+ 1 = 0(mod 3),i < n}. Then either S; or S is a y-set

of Py. Alsofori=1,2, (] N(x)=¢and (| N(y) = ¢. Thus the proof follows from theorem O
xeS;NX yeSs;NY

Corollary 3. For an even integer n > 10, 7¢,(Cu) = 7(Cn) = [3].
Proof. The proof is exactly similar to corollary [2] O

Theorem 2.9. For any two positive integers a and b with a < b, there exists a graph G such that v(G) = a and
'th(G) =D.

Proof. Consider the graph K;,_, ,, with partite sets W = {wy, w», ..., wp_,} and U = {uq,up,...,us}. Let G be
the graph obtained from Kj,_, , by adding new vertices vy, vy,...,v,and join v; with u; fori = 1,2,...,a. Let
S be a dominating set of G. Since for each i, v; is adjacent to u; only, |S| > a. Now U is a dominating set of G.
So |S| < a. Hence v(G) = a.In G, the vertices w1, Wy, ..., Wy, are isolated. So W is a subset of every Ygp-set
of G. Therefore the set {uy,uy, ..., us, w1, wy, ..., wy_,}isa Yqb-set of G. Hence 'ygb(G) =b.

Figure 1: Graph G with v =2 and g, = 6

Lemma 2.1. If G is an r-regular connected bipartite graph with bipartition (X,Y) then |X| = |Y].

Proof. Each edge in G contributes exactly one to the degree sums r|X| and r|Y|. Therefore r|X| = r|Y| = |E| =
[ X| = [Y]. O

Theorem 2.10. If G is an n — 1-regular bipartite graph, then v, (G) = n.
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Proof. Since G is 1 — 1 regular, G has n components and all of them are P5. So y(G) = 1. Then by theorem
we can find a y-set of G such that it dominates G also. Therefore ,,(G) = n. O

Theorem 2.11. Let G be a healthy spider with 2n + 1 vertices, then g, (G) = n + 1.

Proof. Let S be a y-set of G, then |S| = nand u ¢ S (see Figure 2). So S dominates all vertices except u in G.
So S U {u} is a ygp-set of G. This completes the proof.

Figure 2: Healthy Spider

0
Theorem 2.12. If G is a wounded spider with n + k + 1 vertices, then y¢,(G) = k + 1.
Proof. Observe that v(G) = k+ 1. Also theset S = {1,2,3,...,k,u}isa Ygp-set of G (see Figure 3).
1 2 3 4 5. K
Figure 3: Wounded Spider
O

Theorem 2.13. 7¢,(By) = 4, where By, is the book graph on 2n + 1 vertices.

Figure 4: Book Graph
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Proof. Let the vertices of B, be labelled as shown in figure 4. Then
X ={v,uy,up,...,un}, Y ={u,01,0y,...,0,} is the bipartition of B,. Clearly the set {u, v} is the y-set of By,.
Also {u,v,uy,v1} is a y-set of By,. Therefore 'ygb(Bn) =4, O

Theorem 2.14. 74, (S(Ky)) = n, where S(Ky) is the subdivision of the complete graph K.

Proof. Let X be the set of all old vertices and Y be the set of all new vertices of S(K,). Then (X, Y) is a bipartition
of S(K;). In S(Kj), the degree of each vertex in X is n — 1 and the degree of each vertex in Y is 2. We construct
a y-set of S(Ky) as follows: Let S C X such that |S| = n — 2. Then S dominates all but one vertex u in Y.
Also N(u) = {x,y} and X — S = {x,y}. So SU {u} is a y-set of S(K;). Since S U {u} does not dominate x

~

and y in G, this set is not a yg,-set. So SU {u, v}, where v ¢ N(x) U N(y), is a yg-set of S(Ky). Therefore
7gb(S(Kﬂ)) =n. 0
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Erratum: Certain properties of a subclass of harmonic convex functions
of complex order defined by Multiplier transformations-Malaya J. Mat.
4(3)2016, 362-372
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In the paper entitled Certain properties of a subclass of harmonic convex functions of complex order
defined by Multiplier transformations- Malaya J. Mat. 4(3)2016, 362-372, the presentation of definition of
modified Multiplier transformation of harmonic function f = h + 3 as given below.

I9f(z) = D°f(z) = h(z) +g(z) 1)
_ yD°f(z) + D'f(2)
LfE)="—""7 @)
I f(z) = I,(I} ' f(2)), (n € No) 3)
© k4o e ks
Z):Z+1<:Zz(1+7 4z 4 ( k:Zl )by zk. (4)

Also if f is given by (1) then,
[ f(z) = f%(@1(2) + ¢2(2))Fee ¥($1(2) + 92(2)) = 1ok (¢1(2) % (P1(2) +g + (92(2) x.(2(2))),  (5)

n—times n—times n—times

where * denotes the usual Hadamard product or convolution of power series and

(v — 1)z — y2?
(14+7)(1 —2)?

(14 7)z— 422
L) —z2 2=

is taken from the article by Yasar and S. Yalgin [1].

$1(z) = (6)
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Abstract

In this article, our main concept is B! —convexity that is a new abstract convexity type. For the
B~!—convex sets, Caratheodory’s Theorem which is one of the most important results in convexity theory is
proved and its corollary is given.

Keywords: Caratheodory’s Theorem, B! —convexity, B~! —convex sets, abstract convexity.
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1 Introduction

Caratheodory’s Theorem is the fundamental dimensionality result in convexity theory, and it is the source
of many other results in which dimensionality is prominent. It is used to prove Helly’s Theorem, concerning
intersections of convex sets, as well as various results about infinite systems of linear inequalities.

If S is a subset of R”, the convex hull of S can be obtained by forming all convex combinations of elements
of S. According to the classical theorem of Caratheodory, it is not really necessary to form combinations
involving more than n 4 1 elements at a time. One can limit attention to convex combinations A1x1 + Apx2 +
we + Ay, such that m < n 4+ 1 (or even to combinations such that m = n + 1, if one does not insist on the
vectors x; being distinct).

B~ !-convexity is an abstract convexity type ([BHZ]). In 2012, B~!-convexity is introduced in [I]. Then,
B~!—convex sets and their properties examined in [2,4]. The applications of B~!-convexity to Mathematical
Economy is investigated in [3]. Separation of B~!—convex sets by B~! —measurable maps is studied in [8].

In this paper, we examine Caratheodory’s Theorem for B~! —convex sets. As being in classic convexity, this
theorem is significant in B~! —convexity and it has applications to the Optimization Theory and Mathematical
Economy. Since it is used for proving Helly’s and Radon Theorems which are thought to be examined for
B! —convexity in next studies, we need to express Caratheodory’s Theorem for B~ —convex sets.

The outline of this article is as follows: In Section 2, we recall some definitions and theorems about
B! —convexity. Then, we prove the Caratheodory’s Theorem for B~ —convex sets and its corollary in last
section.

2 B~ !—convexity

Forr € Z~, the map x — ¢,(x) = x?’*1 is a homeomorphism from K = R\ {0} to itself; x = (xq, x2, ..., xn) —
D, (x) = (@r(x1), 9r(x2), ..., 9r(x4)) is homeomorphism from K" to itself.

*Corresponding author.
E-mail address: gabiladilov@gmail.com (G. Adilov), ilknuryesilce@gmail.com (I. Yesilce).
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For a finite nonempty set A = {x(l), x(2) . x(m) } C K" the ®;-convex hull (shortly r-convex hull) of A,

ti—l} .
1

m .
We denote by 4/\1x(’) the greatest lower bound with respect to the coordinate-wise order relation of
1=

x(l),x(z), ...,x(’”) € R”, that is:

iZl\lx(i) = (min {x§1),x§2), . xgm)},..., min {x,(ql),xﬁ,z),..., xﬁlm)})

which we denote Co”(A) is given by

Co'(A) = {cp;l (iticbr(x(i))) St >0,
i=1

s

1

where, x](i) denotes jth coordinate of the point x().
Thus, we can define B~!-polytopes as follows:

Definition 2.1. [1] The Kuratowski-Painleve upper limit of the sequence of sets {Co" (A)},c5 -, denoted by Co™*(A)
where A is a finite subset of K", is called B~-polytope of A.

The definition of B~ l-polytope can be expressed in the following form in
RY, ={(x1,.yxn) ER":x; >0,i=1,2,..,n}.

Theorem 2.1. [1] For all nonempty finite subsets A = {x(l),x(z), ...,x(m)} C R"., we have

Co ™ (A) = lim Co"(A) = Atix® ;> 1, min =1} .
r——oo i=1 1<i<m

Next, we give the definition of B~ !-convex sets.

Definition 2.2. [1] A subset U of K" is called a B~!-convex if for all finite subsets A C U the B~!-polytope Co~(A)
is contained in U.

By Theorem 2.1} we can reformulate the above definition for subsets of R’ , :

Theorem 2.2. [ A subset U of R" , is B~ !-convex if and only if for all xM,x(@) ¢ Uandall A € [1,00) one has
AxM A x(D) e U

Definition 2.3. Given a set S C K", the intersection of all the B~'-convex subsets of K" containing S is called the
B~ !-convex hull of S and is denoted by B~1[S].

3 Caratheodory’s Theorem for B~!-convex Sets
Lemma 3.1. In R, a set of the form [T/, [x;, ;] is a B~ 1-convex set.

Proof. If A C TT [xi,yi] then @, (A) C [T, [xiz”l, yf”l} , from the convexity of a product of intervals we
obtain, after taking the inverse image by @, Co"(A) C [T [x;, ;] and therefore Co™®(A) C [T\L; [x;, vi]. O

We denote by (L),,, the family of nonempty subsets of L of cardinality at most .

Theorem 3.3. (Carathedory’s Theorem) If L is a compact subset of R", | then

Co ()= |J Co>(4)
A€<L>n+1

Consequently, for all subsets L of R"} ,,

B 'L]= (J B'Al= |J Co®(A);
A€<L>n+1 A€<L>n+l

and, if L is compact, B~ [L] = Co=*(L).
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Proof. 1f x € Co~*(L) then there is a sequence (xy,) with x,, € Co™"%(L), Vk € N which converges to x.

r €N
But from Caratheodorys theorem, there is, for each k, a set of points x,l, xi, e xZH

pi, 02, ..., 08 in [1, +-00) such that
ntl o 241
J —
X (Pk) =1

in L and a set of numbers

and
i\ —2r+1 :
_ ] J
q)*fk (xrk) - Z (pk> cI>*’k (xk)
or,fori =1,2,...,n,
1
N AT
o= (b))

j=1

J

Since L is compact we can without loss of generality assume that each of the sequences (x ,
k) keN

j = 1,2,..,n+1 converges in L to a point x/, and also that each of the sequences p{c, j=12.,n+1
converges in L to a point p/ in [1,+o00). Taking into account that all the numbers involved are positive we

have )
ntl o o1\ P! o
lim ( ! x! ) = min { ]x/}
k00 ]; Pk 1<j<n+1 P
moreover

1 ] pr—
13%1:?“ {p } L.
Taking the limit componentwise we obtain x = /\;’illpj x/, with p/ > 1 for all j and min <j<, 41 { pi} =1. We
have shown that x € Co~*(A) with A = {xl,xz, . x”“} C L. The last formula follows from B~1 [A] =
Co~>(A) forall finitesets A, B"! [L] = | Co~*(A) and the first part applied to the finite sets A € (L). [
Ae(L)

Corollary 3.1. If L is a compact subset of R | then B~ [L] is compact.

Proof. 1f L C [T, [a;, bi] then Co~(L) C [T, [x;,yi]; Co~°(L) is therefore compact. The equality B~ [L] =
Co~ (L) concludes the proof. O
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Abstract

In this paper, we use the Riemann-Liouville fractional integrals to establish some new integral inequalities related
to the Chebyshev inequality in the case where the synchronicity of the given functions is replaced by another condition.
This paper generalises some recent results in the paper of [C.P. Niculescu and I. Roventa: An extension of Chebyshev’s

algebraic inequality, Math. Reports, 2013].
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1 Introduction

Let us consider the Chebyshev inequality [10]

b b b
i [ f@g(ds > (bia / f(o:)dm> (bfa / g(x)dx>, (1)

where f and g are two integrable and synchronous functions on [a,b] i.e. (f(z) — f(y)(g(z) — g(y)) > 0,2,y €
[a,b].

Many researchers have given considerable attention to , see [2, @ [7, TTHI3, [15] and the references therein.
For the fractional integration case, it has been proved in [I] that for any synchronous functions f and g on
[a, b], the fractional inequality

JUW) I fg(x) = T f(x)Jg(z),x € [a,b] (1.2)

is valid.

For more information and applications on Chebyshev inequality, we refer the reader to [3, [ [6, [0, T4 [16].

On the other hand, recently in [II], C.P. Niculescu and L. Roventa have proved that for two functions f and
g of the space L>([a,b]), the Chebyshev’s inequality still works by assuming the condition:

(Fe)—— /abf(x)dx)(g(x)— . /:g<x>dx)zo. (1.3)

Tr—a Tr—a

The main purpose of this paper is to establish some new results for by using the Riemann-Liouville
fractional integrals. We present our results in the case where the synchronicity of the given functions is
replaced by another condition that is more general than that presented in [I1]. For our results, Theorem 1 of
[11] can be deduced as a special case.

*Corresponding author.
E-mail address: zzdahmani@yahoo.fr (Z. Dahmani)
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2 Preliminaries

In this section, we present some preliminaries on Riemann-Liouville fractional integration.

Definition 2.1. The Riemann-Liouville fractional integral operator of order o > 0, for a continuous function
f on [a,b] is defined as

JOf(t) = F(la)/t(t—f)alf(T)dT,a>O,a<t§b, (2.4)
Jof () = [,

where T (o) == [~ e "u*"'du.
For o > 0, B > 0, we have the following two properties:
JEILf () =T O (1) (2.5)

and
JEILf () = JZISf (1) (2.6)

For more details, one can consult [J].

3 Main Results
Lemma 3.1. Let f and g be two functions belonging to L°>°([a,b]), then for all x € |a,b],a > 1, we have

e f@)g) (3.7)

- 1 f(s)ds) (2 Jg(@)
(5 [ o) (5=58000)

o (102 t i) (o =0 tat) - = [ (o~ o tg(o)ds ) | at
Proof. We have: ' ' '

/ " H(0) (@ — 0 g(t)dt

(s [—or-tatorms) [ (50 [ w-srtotoris) a 9

= 1w [ (@=or s [ e-aro) (7 [@o o) )a

To integrate by part, let us take the quantities

1 [t o , -1 t o t
u(t) = / (e =9 g5, ut) = / (= 9" gls)ds + gt

t-a (t—a

|

S
|

)

and
t

V() =t f .00 = [ (s—af (s =t - a5~ [ F5)s

a

So, it yields that

/ ") — 0 g(n)dt
s [ “(@ — 57 g(s)ds

[ (S am) (-0 [ ses)] (39



450 Z. Dahmani et al. /

On Chebyshev inequalities without synchro

s conditions

Consequently,
/ ()@ -
() o)
[ ( [~ s>alg<s>ds) (- aser- [ s ar
[ (- 0taw) (e-aro - [ tf(s)ds> it
Theref
F) (@ — gyt
= ([ res) ([ - tateias)
- [(t = (/( o) 9(8)d8> t—a
(o) (- oo - [ reas)]ar
Hen
P — 0 g(t)de

and then,

Consequently, we obtain (3.7).

An immediate consequence of the prev

ious Lemma is the following result:

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
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Theorem 3.1. Let f and g be two functions of the space L*([a,b]) and suppose that for any o > 1 and for
any t,x €la,bl;t < x <b, the inequality

(r01- 25 [ s (=000 - 2 [@= o atsias) 20

1s satisfied.

Then, we have:

I @)

> (2 [ reas) (spm) (3.15)

Remark 3.1. Taking o = 1,2 = b in Theorem 3.1, we obtain Theorem 1 of [11)].

Acknowledgment: The authors would like to give special thanks to Professor M. Kirane who has proposed
the problem.
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Abstract

In this article, an efficient modification of the Picard iteration method (PIM) is presented by using
Chebyshev polynomials. Special attention is given to study the convergence of the proposed method. The
proposed modification is tested for some examples to demonstrate reliability and efficiency of the introduced
method. A comparison between our numerical results against the conventional numerical method,
fourth-order Runge-Kutta method (RK4) is given. From the presented examples, we found that the proposed
method can be applied to wide class of non-linear ordinary differential equations.

Keywords: Picard iteration method, Chebyshev polynomials, Runge-Kutta method, Convergence analysis.
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1 Introduction

Many different approximate methods have recently introduced to solve non-linear problems of differential
equations, such as, variational iteration method ([3], [8], [18]], [19], [22]), Adomian decomposition method ([1],
[10], [23]), homotopy perturbation method ([6], [20]) and spectral collocation method ([6]], [17]). The Adomian
decomposition method provides solutions as a series by employing the so-called Adomian’s polynomials
which are related to the derivatives of the nonlinearities; therefore, these nonlinearities must be analytical
functions of the dependent variables and this has often been ignored in the literature, for the existence
and the uniqueness of solutions to, for example, initial-value problems in ODEs is ensured under much
milder conditions ([4], [14]). However, the decomposition method may be formulated in a manner that
does not require that the nonlinearities be differentiable with respect to the dependent variables and their
derivatives [[15]. Other techniques also require that the nonlinearities be analytical functions of the dependent
variable and provide either convergent series or asymptotic expansions to the solution include perturbation
methods [13]], the homotopy perturbation technique and the homotopy analysis procedure [21].

By way of contrast, iterative techniques for solving a large class of linear or non-linear differential
equations without the tangible restriction of sensitivity to the degree of the non-linear term and also it
reduces the size of calculations besides, its interactions are direct and straightforward. These techniques
include the well-known Picard fixed-point iterative procedure.

In this paper, we present a modification of PIM. This modification depends on the useful properties of the
Chebyshev polynomials. Special attention is given to study the convergence analysis of the proposed method.
Convergence analysis is reliable enough to estimate the maximum absolute error of the solution given by PIM.
To guarantee this study, effectively employ this modification to a certain class of non-linear ODEs. Therefore,
this modification of PIM has been widely used for solving non-linear problems to overcome the shortcoming
of other methods.

*Corresponding author.
E-mail address: mohamedmbd@yahoo.com (Mohamed M. Khader), amr_mahdy85@yahoo.com (Amr A. S. Mahdy).
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The rest of this paper is organized as follows: Section 2 is assigned to the analysis of the standard PIM.
Section 3 is assigned to the convergence study of the proposed method. In section 4, some test problems have
been solved by the modified PIM, to illustrate the efficiency of the proposed method. In finally, the paper ends
with the conclusions in section 5.

2 Picard iteration method

To illustrate the analysis of PIM, we limit ourselves to consider the following non-linear first order ODE in

the type ([5], [9], [16])
u'(x) = Ru+ N(u), u(0)=¢, 0<x<a, (2.1)

here R is a linear bounded operator i.e., it is possible to find a number m; > 0 such that ||[Ru|| < mq||ul].
The non-linear term N(u) is Lipschitz continuous with [N(u) — N(v)| < my |u —v|,Vx € | = [0,4], for any
constant m, > 0.

The PIM gives the possibility to write the solution of Eq.(2.T) in the following iteration formula

1y (x) = u(0) + /0 Ruy_1(7) + N(uy1 (7)) Jdr,  p>1. 22)

The successive approximations up, p > 0, of the solution u(x) will be readily obtained upon using any
selective function ug. The initial values of the solution are usually used for selecting the zeroth approximation
up. In this technique we obtain a sequence of components of the solution u(x). Consequently, the exact
solution may be obtained by using

u(x) = Lim wup(x). (2.3)

p—o0

3 Convergence analysis

In this section, the sufficient conditions are presented to guarantee the convergence of PIM, when applied
to solve non-linear ODEs, where the main point is that we prove the convergence of the recurrence sequence
(121, [12]), which is generated by using PIM.

Lemma 3.1. Let A : U — V be a bounded linear operator and let {u,} be a convergent sequence in U with limit u,
then uy — u in U implies that A(up) — A(u) in V [12].

Now, to prove the convergence of the sequence of solution using the Picard iteration method, we will
rewrite Eq.(2.2) in an operator form as follows

up = Aluy_1], (3.4)
where the operator A takes the following form
Alu] = u(0) —i—/ox[Ru—l—N(u)]dT. (35)
Theorem 3.1. Assume that X be a Banach space and A : X — X is a nonlinear mapping, and suppose that
| Afu] = Al]|| <allu—vl|, VuveX (3.6)

for any constant & = (my +my)a (0 < a < 1) where my, my and a are defined above. Then A has a unique fixed point.
Furthermore, the sequence using PIM with an arbitrary choice of u(0) € X, converges to the fixed point of A and

ol
[lup = ugll < 37— lJur — uoll. (3.7)

Proof. Denoting (C[J], ||.||) Banach space of all continuous functions on | with the norm defined by

[lu()]| = maxu(x)]
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We are going to prove that the sequence {u,} is a Cauchy sequence in this Banach space

l[up —ugll = I?g}‘ | up —uy |

= max | [[R (-1 = ty1) + N(up-1) = Nl 1) | v

X
< max [[IR (-1 = ug-2) |+ IN(tp-1) = N(ug-o)| | a7

X
<max/ my +mo)(Uup_1 —ug_1) | dt
< max [ (my +m2) (1,1 = 1y1)
< alfup_1 — ugll-
Let, p = g+ 1 then
2

g1 — gl < alltg — gl < @ gy — g2 < . < a1 — o]

From the triangle inequality we have

i — gl | < [atgr — gl + g2 — a2ty — 2|

< [al 4+ T 4wl g — ul|

<al[T4+a+a®+ . +aP 17 [Jug — ul|

1—ap—q-1
< “q[?] |11 — o]
Since 0 < « < 10, (1 —aP~771) < 1 then
od
iy =l < =2y = o]l

But ||uq — up|| < 0 s0,as g — co then ||u, — uy|| — 0. We conclude that {u,} is a Cauchy sequence in C[J]
so0, the sequence converges and the proof is complete. O

Theorem 3.2. The maximum absolute error of the approximate solution uy to problem is estimated to be

r?g]x [Uexact — upl < B, (3.8)

where p =

aTa[my ||uo|| + k]
, k= N .
o axINGuo)l

Proof. From Theorem 1 and inequality (3.7) we have

o

[fup —uql| < |1 = o,

1—«
as p — oo then uy — Uyt and
X X
i = wol | = max | ["[Ruo + N(uo) Jdv| < max [[|Ruo] + [N(uo)| | < a [y [[uo]| + ],
xe] 1Jo x€] JO
so, the maximum absolute error in the interval | is

u — Up|| = max |u —uy| < B.
|| exact p|| x€]| exact P| —ﬁ

This completes the proof. O

Our main goal in this paper is concerned with the implementation of PIM and its modification which have
efficiently used to solve a certain class of ODEs. To achieve this goal, at the beginning of implementation of
PIM, we use the orthogonal Chebyshev polynomials to expand the functions in the non-homogeneous term
in the considered differential equation [17].
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4 Solution procedure using the modified PIM

In this section, an efficient modification of PIM is presented by using Chebyshev polynomials.
The well known Chebyshev polynomials [17] are defined on the interval [—1,1] and can be determined with
the aid of the following recurrence formula

Tyi1(z) =22 Ty (z) — Ty_1(2), n=12,...
The first three Chebyshev polynomials are Ty(z) = 1, Ti(z) = z, Ta(z) = 22> — 1.

Theorem 4.3. The error in approximating f(x) by the sum of its first m terms is bounded by the sum of the absolute
values of all the neglected coefficients. If

fm(x) =) e Te(x), (4.9)
k=0
then, for all f(x), all m, and all x € [—1,1], we have
Er(m) = |f(x) = fu(0)| <} lexl- (4.10)
k=m+1

Proof. The Chebyshev polynomials are bounded by one, that is, |Ty(x)| < 1 for all x € [—1,1] and for all k.
This implies that the k-th term is bounded by |ci|. Subtracting the truncated series from the infinite series,
bounding each term in the difference, and summing the bounds gives the theorem. O

For more details about the definition of the Chebyshev polynomials and its properties see ([7], [11], [17]).
Now, in order to use these polynomials on the interval [0,1] we define the so called shifted Chebyshev
polynomials by introducing the change of variable z = 2x — 1. Let the shifted Chebyshev polynomials
T, (2x — 1) be denoted by T;; (x). Then T, (x) can be obtained as follows

Ty1(x) =22x—=1)T;(x) = T, _1(x), n=1,2,... (4.11)

Now, we use the shifted Chebyshev expansion to expand f(x) in the following form
m
fx) = fu(x) = ) e T (%), 4.12)
k=0

where the constant coefficients cj are defined by
2 /1 fx) T (x)
The Joo Vx— 22

Now, the proposed modification will implement to solve the following two initial non-linear ordinary
differential equations.

dx, hy=2 =1 k=1,2,.. (4.13)

Cr =

Model problem 1

Consider the following non-linear ordinary differential equation
u’ (x) 4+ xu'(x) +x2ud(x) = f(x), x€[0,1], (4.14)
where f(x) = (2+ 69(2)6"2 + 223 and subject to the following initial conditions
u(0) =1, u'(0) = 0. (4.15)

The exact solution of this problem is u(x) = e
The procedure of the solution follows the following two steps:
Step 1. Expand the function f(x) using shifted Chebyshev polynomials:
Using the above consideration, the function f(x) can be approximated by eight terms (m = 8) of the shifted
Chebyshev expansion as follows

fe(x) =~ 2.00232 — 0.358488 x + 18.0328 x* — 86.4534 x> + 416.556 x* — 1042.66 x°
+1502.72x° — 1134.64x7 + 366.624x%.
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Step 2. Implementation of PIM:
To solve Eq.([#.14) by the PIM we reduce this equation to the following system of first order ODEs

u'(x) = v(x), (4.16)
v'(x) = —xo(x) — x2ud(x) + f(x), (4.17)
with the following initial conditions u(0) = 1, v(0) = 0.

Now, the PIM gives the possibility to write the solution of the system (#.16)-(#.17) with the aid of the following
iteration formula

X
w1 (x) = ot [ou(mdr,  n=0, (4.18)
0

Vi1 (x) =09 — /Ox [To.(T) + T2 u3(7) — f(7)]dT, n > 0. (4.19)

We start with initial approximations uy = 1, vy = 0, and by using the above iteration formulae (4.18)-(4.19),
we can directly obtain the components of the solution.

Now, the first three components of the solution u(x) of Eq. by using — are
ug(x) =1,
uy(x) =1,
up(x) = 14 1.00116x* — 0.059748x> 4 1.4194x* — 4.32267x° + 13.8852x° — 24.8252x7
+26.8343x® — 15.7589x” + 4.0736x10 + ...,
uz(x) = 14 1.00116x% — 0.059748x> + 1.25254x* — 4.31371x° + 13.6959x° — 24.3106x” + 25.3466x

—13.3453x" + 1.68833x10 + 1.28936x'! — 0.308606x'% + ...

Now, also to perform PIM, we can expand the function f(x) using Taylor series at the point x = x( as follows

f9(x) (x — %)%, (4.20)

fo~ Y I

k=0

for an arbitrary integer number m.
If we expand the function f(x) by the Taylor series (4.20) about the point xy = 0 with eight terms, we have

fr(x) ~2+9x% +10x* +7.83x% +5.58333 2% + O(x).

So, the first three components of the solution by using (4.18)-(4.19) are

up(x) =1,

ui(x) =1,

uy(x) = 1+ x% 4 0.666667x* 4 0.333333x° 4 0.139881x% + 0.062037x1°,

uz(x) = 14 x% +0.5x* 4 0.244444x° 4+ 0.104167x® + 0.0496032x10 — 0.00469978x12 .

Also, to solve the same problem using the fourth-order Runge-Kutta method, we used its corresponding
system of ODEs ([@.16)-(.17).

The absolute errors between the function f(x) and its approximation by using the Taylor expansion (Top)
and the Chebyshev expansion (Bottom) are presented in figure 1.
The absolute error between the exact solution u#(x) and the approximate solution uc(x) = u4(x) (after four
iterations) and using the Chebyshev expansion for f(x) with m = 8 is presented in figure 2(Right). Also,
the absolute error between the exact solution u(x) and the approximate solution ug(x) = us(x) (after four
iterations) using the Taylor expansion for f(x) with eight terms is presented in figure 2(Left).
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Figure 1: The absolute error: |f(x) — fr(x)| (Top) and |f(x) — fc(x)| (Bottom).
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Figure 2: The absolute error |u(x) — ur(x)| (Left) and |u(x) — uc(x)| (Right).

Also, the figure 3 presents a comparison between the exact solution u(x), with the numerical solution g4
using fourth-order Runge-Kutta and the approximate solution of our proposed method uc(x). From this
figure, we can see that the two methods are in excellent agreement with the exact solution.
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Figure 3: Comparison between the exact solution u(x), ugrxs and the approximate solution

of the proposed method uc(x).
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Model problem 2

Consider the following non-linear ordinary differential equation
W +uu' = f(x), x€][0,1], (4.21)
where f(x) = xsin(2x?) — 4x?sin(x?) + 2 cos(x?) with the following initial conditions
u(0) =0, u'(0)=0. (4.22)
The exact solution of this problem is u(x) = sin(x?).
The procedure of the solution follows the following two steps:

Step 1. Expand the function f(x) using shifted Chebyshev polynomials:
Using the above consideration, the function f(x) can be approximated by eight terms (m = 8) of the

expansion as follows
fe(x) &~ 2 —0.0003 x + 0.008 x* + 1.892 x> — 4.308 x* — 2.399 x° + 4.682 x° — 6.276 x” 4 3.025 x°.

Step 2. Implementation of PIM:
To solve Eq.([#21) by the PIM we reduce this equation to the following system of ODEs

u'(x) = v(x), (4.23)

o' (x) = —u(x)v(x) + f(x), (4.24)

with the following initial conditions u(0) = 0, v(0) = 0.
According to PIM we can construct the following iteration formula

Upy1(x) = ug + /Ox [vn(T)]dT, n > 0. (4.25)

Vyi1(x) =09 — /Ox[un(r) vn(T) — f(7)]dT, n > 0. (4.26)

Therefore, the first three components of the solution u(x) of Eq.(.21) using (4.25)-(4.26) are

up(x) =0,

up(x) = x% 4+ 0.1x° — 0.166667 x° — 0.0185185 x? + 0.00833333 ¥ + ...,

up(x) = x% — 0.166667 x° — 0.012 x® 4 0.008333 x'° — 0.0004545 x'! +-0.002932 x'% + ...,
uz(x) = x% — 0.1667 x° + 0.0083 x'° 4 0.0011 x'! — 0.0017 x'3 + 0.00003 x'* — 0.0003 x™° + ...,

Now, if we expand the function f(x) by the Taylor series (4.20) with eight terms, we have
fr(x) ~2+2x% —5x* —1.33333x7 4 0.75x + O(x?).

So, the first three components of the solution u(x) of Eq.(4.21) using (4.25)-(4.26) are

up(x) =0,

u1(x) = x% — 0.00004 x> 4 0.0007 x* + 0.0946 x> — 0.1436 x® — 0.0571 x” + 0.0836 x® + ...,
us(x) = x* — 0.00004 x> + 0.0007 x* — 0.0054 x° — 0.143585 x° — 0.0572 7 + 0.0718 % + ...,
uz(x) = x> — 0.00004 x> + 0.0007 x* — 0.0054 x° — 0.1436 x® — 0.0572 x” + 0.0843 x% + ...

Figure 4 presents the absolute error between the function f(x) and its approximation by using the Taylor
expansion (Top) and the Chebyshev expansion (Bottom).
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Figure 4: The absolute error: |f(x) — fr(x)| (Top) and |f(x) — fc(x)| (Bottom).
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Figure 6: Comparison between the exact solution u(x), ugks and the approximate solution
of the proposed method uc(x).

The absolute error between the exact solution u#(x) and the approximate solution uc(x) ~ uy(x) (after four
iterations) using the Chebyshev expansion for f(x) with m = 8 is presented in figure 5(Right). Also, the
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absolute error between the exact solution u(x) and the approximate solution ur(x) =~ uy(x) (after four
iterations) using the Taylor expansion for f(x) with eight terms is presented in figure 5(Left). Also, the
figure 6 presents a comparison between exact solution u(x), with the numerical solution ugg4 using fourth-
order Runge-Kutta and the approximate solution of the proposed method u¢(x). From these figures, we can
conclude that the proposed method is in excellent agreement with the exact solution.

5 Conclusion

In this article, we used the properties of the shifted Chebyshev polynomials to introduce an efficient
modification of PIM. Also, we presented comparative solutions with the proposed method and fourth-order
Runge-Kutta method. From the introduced model problems, we can conclude that the proposed idea can be
applied to solve the non-linear models of ordinary differential equations. Also, the obtained results
demonstrate reliability and efficiency of the proposed method and achieve the convergence study of the
method. From the resulting numerical solution we can conclude that the solution using this modification
converges faster and is in excellent conformance with the exact solution. An interesting point about PIM is
that only few iterations or, even in some special cases, one iteration, lead to exact solution or solution with
high accuracy. Finally, all the obtained numerical results are done by using Matlab 8.
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Abstract

In [4] K.S.S. Nambooripad introduced biordered sets as a partial algebra (E,w’, w') where w" and ' are
two quasiorders on the set E satisfying biorder axioms; to study the structure of a regular semigroup. Later in
[2] David Esdown showed that the set of idempotents of a regular semigroup forms a regular biordered set.
Here we extend the idea of biordered sets into rings and discussed some of its properties.

Keywords: Biordered set, Sandwitch set.
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1 Introduction

The set of idempotent elements in a semigroup S usually denoted as E(S) and is important structural
objects which can be used effectively in analyzing the structure of the semigroup. The concept of biordered
set was originally introduced by Nambooripad[1972,1979] to describe the structure of the set of idempotents
of a semigroup in general and that of a regular semigroup in particular. A biordered set is a partial algebra
(partial semigroup) together with two quasi orders on the domain of definition of the partial binary operation.
Nambooripad identified a partial binary operation on the set of idempotents E(S) of a semigroup S arising
from the binary operation in S, defined two quasi orders on E(S) and the resulting structure is abstracted as
a biordered set. later on david Esdown showed that any biordeed set arises as the set of idempotents of a
semigroup (see[2]).

In this paper we discuss the biordered sets which are the set of idempotents of a ring and we provide
certain examples of such biordered sets.

2 Preliminaries

First we recall some basic definitions regarding semigroups, biorderede sets and rings needed in the sequel.
A set S in which for every pair of elements a,b € S there is an element a - b € S which is called the product
of a by b is called a groupoid. A groupoid S is a semigroup if the binary operation on S is associative. An
element a € S is called regular if there exists an element 4’ € S such that aa’a = g, if every element of S is
regular then S is a regular semigroup. An element e € S such that e - ¢ = e is called an idempotent and the set
of all idempotents in S will be denoted by E(S).

2.1 Biordered Sets

By a partial algebra E we mean a set together with a partial binary operation on E. Then (e, f) € Dg
if and only if the product ef exists in the partial algebra E. If E is a partial algebra, we shall often denote
the underlying set by E itself; and the domain of the partial binary operation on E will then be denoted by
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Dg. Also, for brevity, we write ef = g, to mean (e, f) € Dg and ef = g. The dual of a statement T about a
partial algebra E is the statement T* obtained by replacing all products ef by its left-right dual fe. When Dg
is symmetric, T* is meaningful whenever T is. On E we define

W' ={(e.f):fe=e} ' ={(e,f):ef =}

and R = w' N (w7}, L =w N (w)™!, w=w Nw'. The data required to specify a biordered set E consists
of a pair of quasiorders w” and w'. We will refer to w" as the right quasiorder of E and, w' as the left quasiorder
of E.

Definition 2.1. Let E be a partial algebra. Then E is a biordered set if the following axioms and their duals hold:

1. w" and ' are quasi orders on E and
Dr = (v Uw) U (w" Uw)™!

2. few(e) = fRfewe

3. gwlfand f,gew(e) = gewlfe.

4. gw'fw'e = gf = (ge)f

5. gw'fand f,g € w'(e) = (fg)e = (fe)(ge).

We shall often write E =< E,w!,w” > to mean that E is a biordered set with quasiorders w!, w". The
relation w defined is a partial order and

wnN(w) ' cw n(w) =1

Definition 2.2. Let M(e, f) denote the quasi ordered set (w'(e) N w(f), <) where < is defined by g < h <
egw'eh, and gfw'hf. Then the set

S(e,f)={he Ml(e, f):g<hforall g € M(e, f)}

is called the sandwich set of e and f.

1. f,g € w'(e) = S(f,g)e = S(fe, ge)
The biordered set E is said to be regular if S(e, f) # @ Ve, f € E

A ring is a set R together with two binary operations '+’,” - with the following properties.
1. The set (R, +) is an abelian group.
2. The set (R, -) is a semigroup.

3. The operation - is distributive over +.

3 Biordered set of a Ring

Let (R,+,.) be a ring. An element e € R is a multiplicative idempotent if ¢ - ¢ = e and an additive
idempotent if e + e = e and e is an idempotent in the ring R if and only if e is both an additive and a
multiplicative idempotent. Denote E as the set of all multiplicative idempotents in R. In (R, +, ) define

adb=a+b—ab.

It is easy to see that @ is an associative binary operation on R and both the additive reduct (R, ®) and the
multiplicative reduct (R, -) are semigroups. Further it can be seen that every multiplicative idempotent in
(R, -) is an additive idempotent in (R, @) and hence the set of multiplicative idempotents E of (R, -) coinsides
with the set of additive idempotents of E® (R, &).
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Lemma 3.1. Let e, f be idempotents in R then,

e@f=e<= fuw'e
e®f=f < ewlf

Proof. Suppose e @ f = e, then
et+f—ef=e=f—-ef=0=f=ef = fu'e.

Conversely, let fw'e then, ef = f. Consider e @ f, we have
e@df=e+f—-ef=e+f—f=e
Similarly, lete ® f = f then by definition,
et f—ef=f=e—ef=0=ef =e= ewf.
Conversely, assume that ew'F then e f = e. Therefore,

e f=et+f—ef=e+f—e=f
O

It is easy to observe that the domain of both the binary operations - and @ coincides and we denote this
domain by D, for (e, f) € D either (e, f) € w" Uw! or (f,e) € w" Uw'. In the first case either f e = e or
e f=clffde=c(e®f)’=(0f)D(edf)=c®(fOe)Df=cPedf=edfandsoed f € E®.
Thus e ® f € E¥ whenever (e, f) € w" Uw'. Similarly, it can be seen that e & f € E® when (f,e) € w" U/,
Thus, by restricting the operationin (R, &, -) to D we obtain the partial algebra (D, &) defining the operations
in the ring R to (D, @), we obtain a partial algebra on E¥. Now in the light of the biorder axioms we have the
following Proposition.

Proposition 3.1. Let ¢, f, g be idempotents in R. Then
1. ew'f = ewf @eLlf
2. gwlf,ec W (f)Nwh(g) = e@ gwled f
3. e fuwlg = (foe)pg=fog
4 fu'g e (f)na(g) e (fog) =(caf)®(edg)

Proof. (1) ew'f, soe(f @e) = e(f +e— fe) = eand (f ®e)e = (f +e— fe)e = e that is ew(f ©e). Also

J(tf@z);‘ = (fte—fe)f = fref —fef = f+e—fe=f@eand f(f@e) = f(f+e— fe) = f thatis
Pelf.

(2) gw'f and e € W!(f) Nw(g). Therefore,

(edg)-(edf)=(et+g—eg) - f=edg

Thus, (e ® g)w! (e ® f).
(3) ew!'fw'g, wehaveed f = f, f ® g = gand e ® g = . Therefore,

fog=fo(evg) =(foe)dg

(4) Since fw'g, e € W' (f) Nw!(g) wehave, fBg=g,e® f = fand e ® g = g. Therefore,

e (fOg)=(caf)Dg=(c®f) D (D)

Next we proceed to define the addictive sandwich set of the biordered set E®.
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Proposition 3.2. Fore, f € E?, let

M(e,f)={g€Ep:ecw(g)and f € w'(g), <}
where < is defined by h < § <= hg = gh = h. Then M(e, f) is a quasiordered set and the set
S(e,f) ={h e Mlef):h = gforall g € M(e, f)}

is called the addictive sandwich set of e and f (in that order).

Proof. For g,h € M(e, f), then both ¢h and hg in M(e, f) also h < hand if h < g, ¢ < k then h < k. Thus
M(e, f) is a quasiordered set and S(e, f) are minimal elements of M(e, f). O

Lemma 3.2. For any idempotentse, f € R and h € S(e, f) then f ©h @& e = h.
Proof. Since h € S(e, f), we have he = e and fh = f thus
fohde=(fDh)+e—(fDh)e

=f+h—f+e—(f+h—fh)e
=h.

Remark 3.1. For any two idempotents e, f € R and e # f then S(e, f) and S(e, f) are disjoint.

Example 3.1. A complemented distributive lattice is called a Boolean lattice. Let (L,V, \) be a Boolean lattice. Then
(L,+,-) wheree+ f =eV fand e- f = e A f is a ring. Now define & on (L, +,-) as follows

edf=(Nf)V(ENS)

soe® f=(e+f)—efand & = (L, &) is a semigroup and we denote the addictive idempotent set by E®. It should
be noted that the set of multiplicative idempotents E and the set of all addictive idempotent set E® coincides with L and
Z (ie., the lattice is a band with respect to both - and @. Let us now describe the biordered set E as follows:

W' and ', defined by e’ f = fAe = eand ew'f = e N f = e are quasiorders and w = " N« is a partial
order. Since e A f = f Ae we have w" = w' = w on E. Also M(e, f) = (w!(e) Nw'(f), <) where g < h <
egw'eh, gfw'hf, and S(e, f) the maximal elements of M(e, f), thus S(e, f) = {e A f}.

Next we define the addictive sandwitch set E® as follows

M(e, f) = {g : ew'gand fw'g, <}
where h < ¢ means hg = gh = h, thus we have M(e, f) = {eV f} and
S(e,f) ={eV f}.

Example 3.2. Consider the real quarternions Q = {q = qo + q1i + q2j +q3j | qi € R}. It is well known that with
respect to the usual additin and multplication defined by the rule i> = j> = k> = —land ij = —ji = k, jk = —kj =
i, ki = —ik = j is a noncommutative skewfield. The idempotent set is

Eo = {e = (0,0,0,0), f = (1,0,0,0)}
then w'(e) = {e} and " (f) = {e, f}, 50 M(e, f) = {e} = S(e, f).

Now for q,r € Q define q©r = q+r — qr, it is easy to obseve that 2 = (Q, ®) is a semigroup and E 9 = Eq. The
additive sandwitch set of 2 is described as follows.

Me,f) ={g€Ep :ecw(g)and f € w!(g), <}
since e € w'(f) and f € W' (f), we have M(e, f) = {f} Also since

S(e,f) ={h e Mle,f):h < gforall g € M(e,f)}
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we have S(e, f) = {f}.

Example 3.3. Consider the set .#>(Z) of 2 x 2 matrices with integer entries. This is a non-commutative ring with
usual addition and multiplication of matrices. The possible idempotents E g in this ring are

oo Lot Lo o) Lo 2] Lo o) li oo 1) ]2 T
Lete:{g 1],f={(1) ?}G(E%,-).then

o[ § L[S AL[8 o= (2 ¢3¢ (3 2]

00 00
ThusM(e,f)—{[O 1},<}undso$(e,f)—[0 1],
Now we proceed to describe the addictive sandwitch set, we have

Mle, f) = {g - e € w'(g), f € w'(g), =<}

where h < ¢ means hg = gh = h. ThusM(e,f)—{[(l) (1) }, { (1) (1) ],<}.
Thus

Seh) =g 1|
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Abstract

A complete set of relations is established between the first and second Zagreb index of a graph and of its
congraph. Formulas for the Zagreb indices of several derived graphs are also obtained.

Keywords: Vertex degree, Zagreb indices, Common neighborhood graph.
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1 Introduction

The graphs considered in this paper are assumed to be simple, i.e., to possess no directed or weighted
edges and no self-loops. Let G be such a graph with vertex set V(G) and edge set E(G). If |V(G)| = p and
|E(G)| = g, then we say that G is a (p, q)-graph. The edge connecting the vertices x and y will be denoted by

xy.

The set of vertices of G, adjacent to a vertex v will be denoted by N (v). The degree of the vertex v, denoted
by d(v) = dg(v), is the number of first neighbors of v, thatis dg(v) = |Ng(v)|.

Let G be a graph with vertex set V(G) and edge set E(G). The common neighborhood graph (congraph) of G,
denoted by con(G), is the graph with vertex set V(con(G)) = V(G), in which two vertices are adjacent if and
only if they have a common neighbor in G. In other words, for every x,y € V(G),

xy € E(con(G)) <= Ng(x) N Ng(y) # D.

The concept of common neighborhood graphs originates from the study of a special kind of graph energy [2].
The basic properties of these derived graphs were established soon after that [[1,3]. Also, various mathematical
properties of congraphs have been discovered [8} 13} [14].

Two old and most studied degree-based graph invariants are the so-called first and second Zagreb indices,
defined as
Mi(G)= Y d(v)? and My(G)= Y d(u)d(v).
veV(G) uveE(G)
For details on their history, mathematical properties and chemical applications, we refer to [4,5,9H12]] and the
references cited therein.

The so-called forgotten topological index is defined as [6), (7]

F=FG)= Y d(v).

veV(G)

*Corresponding author
E-mail address: haverd2001@yonsei.ac.kr (Dae-Won Lee), sedghi_gh@yahoo.com (Shaban Sedghi) and nabi_shobe@yahoo.com(Nabi
Shobe)
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In [15], Li and Zheng introduced the first general Zagreb index as

Mi(C) = ¥ d()

veV(G)

469

where k € N U {0}. Obviously, M{(G) = |V(G)|, M1 (G) = 2|E(G)|, M2(G) = M;(G), and M3(G) = F(G).

Also, in [16], the the second general Zagreb index was defined as

M5(G) = Y [d(w)d(v)]*

uveE(G)
where k € N U {0}. Obviously MJ(G) = |E(G)| and M}(G) = M,(G).
We now define two new degree-based graph invariants, pertaining to congraphs:

1(G) =Y, do(v)deon(c)(v) and E(G)= ), dgu)dg(v).
veV(G) uveE(con(G))

[1]

Throughout this paper, we use standard graph-theoretical notation. G denoted the complement of the
graph G. As usual, P,, C,, and Kj,, are, respectively, the n-vertex path, cycle, and complete graph. In addition,
Kj,,m is the complete bipartite graph with n + m vertices. Recall that K; ,,_1 is called the star and often denoted

by S;.

In this paper, we investigate some properties of congraphs and the Zagreb indices of congraphs and
establish relations between the Zagreb indices of congraphs and several degree-based invariants of the parent

graphs.

2 Degree-related properties of common neighborhood graph

Lemma 2.1. Let G be a simple (p, q)-graph and let con(G) be a (p, q')-graph. Then, for every v € V(G) the following

holds.

1) dcon(G) ('0) = U NG(M) \ {'0}

= |Ncon(G)(v)| :
ueNg(v)

(2) If G has no cycles of size 4, then d () (v) +dg(v) = ¥ dg(u).
1u€Ng (v)

(3) Ifdg(u) +dg(v) > p holds for every u,v € V(G), then con(G) = K.
(4) If G has no cycles of size 3, then con(G) is a subgraph of G.

Proof.
(1) From the definition of a congraph we have

U € Neop(g)(v) < uv € E(con(G)) <= Ng(u) N Ng(v) # D.
Then there exists a € Ng(v) and a € Ng(u) such that
a € Ng(v) and u € Ng(a)

implies
Ncon(G) (v) = U Ng(u) \ {o}.

ueNg(v)

(2) For every u,w € Ng(v), we have v € Ng(u) N Ng(w). We can easily see that Ng (1) N Ng(w) = {v}, since,
if there exist a € Ng(u) N Ng(w) such that a # v, it would follow that au, vu, aw, vw € E(G), that is we would
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have a cycle of size 4, which is a contradiction. Also, by

deon(c)(v) = U Ne)\{o}|=| U New)\{o})
u€Ng(v) u€Ng(v)
= ) INe)\{v}[= ) (INc(w)]-1)
u€Ng(v) u€Ng(v)

I(Zd(“))lNc (Zd) (v)
ueNg(v) u€NG(v)

the claim (2) in Lemma2.1] follows.
(3) It suffices to show that N (u) N Ng(v) # @ for every u,v € V(G). Otherwise, we would have

p = [Ng(u) UNg(v)| = [Ng(u)| + NG (v)| = d(u) +d(v) > p

which is a contradiction. Hence, it follows that uv € E(con(G)) that is con(G) = K, .

(4) It is enough to show that E(con(G)) C E(G). Hence, for every uv € E(con(G)), we have Ng(u) N
Ng(v) # @. That is there exist a € Ng(u) N Ng(v). Then au,av € E(G), but uv ¢ E(G), otherwise G would
have a cycle of size 3. Hence, uv € E(G). O

Theorem 2.1. Let G be a (p, q)-graph. In the congraph of G, for every u,v € V(G), if d(u) +d(v) > p then:
) E1(G)=2q9(p—-1)
@) E2(G) = 24> = 3 My (G).

Proof. By Lemmal[.1} con(G) = K,,.

1)
Ei(G) = ), dc(v)deoncy(v) = Y, dc(v)(p—1)
veV(G) veV(G)
= (p—1) ), dc(v)=2q9(p—1).
veV(G)
2)
506) = Y dwdo) = ¥ dwde)=. Y dwd)
uveE(con(G)) uv€E(Ky) uveV(G), u#v

- Yo dw) Y d@) - Y d(v)? :%[ZQ'ZQ_Ml(G)]

ueV(G) veV(G) veV(G)
» 1
= 2!] - = Ml(G) .
2
O
Theorem 2.2. Let G be a (p, q)-graph and have no cycles of size 4. Also, let con(G) be a (p,q')-graph. Then,
1
S r o0 =q.= 3 M(G) —q. 2.1)

UEV
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Proof. First we show that Ng(u) N Ng(w) = {v} holds for every u,w € Ng(v). Otherwise, if there would
exista € Ng(u) N Ng(v), then it is easy to see that G has a cycle of size 4, which is a contradiction. Hence, by

Lemma2.1|we get d.,, () (v) +dc(v) = ¥ dg(u). Thus,
MENG(Z))

2 dcon(G)(U)+ Z dG(v): 2 Z dG(u)
veV(G) veV(G) veV(G) ueNg(v)

and

20 +29="Y dg(v)*
veV(G)

from which Eq. follows. O

Theorem 2.3. Let G be a (p, q)-graph having no cycles of size 4. Also, let con(G) be a (p,q')-graph. Then,

1 Mi(con(G)) = F+25,(G) — 4Mz(G) + M1 (G);
2) M(G) = 5[E1(G) + My (G)].
Proof. By Lemma we have:
@

veV(con(G)) veV(G) \ueNg(v)

2
Ml(con<G)) = 2 dcon(G)(v)zz 2 ( 2 d(u)_d(v))

)y ( )y d(u)) -2 ) ( )y d(u)) d(v)+ ) d(v)?

veV(G) \ueNg(v) veV(G) \ueNg(v) veV(G)

F+25,(G) — 4My(G) + M; (G).

)

E1(G) = ) d@©)dpnc)(®) = ) d(v)( )3 d(u)—d(v))

veV(G) veV(G) 1u€Ng(v)

) d(v)( Y. d(u))— d(v)?
veV(G)

veV(G) ueNg(v)

2 Y ddu)— Y d(v)*=2My(G) — Mi(G)
uveE(G) veV(G)

O
If there is a cycle of size 4, then we can change it into a square. Two cycles of order 4 in a graph are said to
be disjoint, if they have no common diagonals in their corresponding squares.

Definition 2.1. A graph G is called type S, if any two cycles of size 4 are disjoint.

Example 2.1. (1) Every graph which has at most one cycle of size 4 is a graph of type S.

(2) Every graph, such that every two cycles of order 4 have at most one common edge in their corresponding squares,
is a graph of type S.
(3) Ky is a graph of type S.

(4) Ky is not a graph of type S.



472 Dae-Won Lee et al. / Zagreb Indices of a Graph and its...

Theorem 2.4. Let G be a (p,q)-graph and s be the number corresponding squares of cycles of size 4. Also, let con(G)
bea (p,q')-graph. Then,

(1) If G is a graph of type S, then M1(G) = 29+ 2q' + 4s.
(2) If G is a any graph, M1 (G) < 2q+ 24" + 4s.
(3) If G has no cycles of size 4, then M1(G) =29+ 24'.

Proof. (1) Let V(G) = {v1,0v2,...,0p} and A = [a;j]px be the adjacency matrix of graph G. Since d(v;) =
Z,le aj, we get

2
14
M(G) = Y dv)= Y <Z ﬂik)
v;€V(G) v;€V(G) \k=1
= X 2 a2y, Y. agap
0;eV(G) k= 0;€V(G) 1<k<k'<p
= ) Z ag+2 ), Y agap
v;€V(G) k=1 v;€V(G) 1<k<k'<p
= Z d Ui +2 Z Z Ajk Ajge -
Z]iGV(G) UiGV(G) 1§k§k’§p

Since a;j a; = 0 or 1. Hence it is equal with one if 2 = 1 and a; = 1. Therefore, for some k # k’
there exist vy, vy € V(G) such that v; v, € E(G) and v;vp € E(G). Hence vy vy € E(con(G)) and this
edge appears only once, since G has no cycles of size 4. But, if G has any cycle of size 4, then this edge
is appear only twice. Since every cycle of size 4 corresponds to a square and every square, have two
diagonals. Thus Y-, _v (g) L1<k<k'<p @ik 4ix = ' + 25. Therefore, M (G) = 2q +2q" + 4s.

(2) The proof of this part is similar to part (1) but since edge v; vy € E(G) appears at most twice, hence
M;(G) <2q+2q +4s.

(3) It directly follows from part (1).

Corollary 2.1. Let G be a tree. Then,
My (G) =2q+2q .

Corollary 2.2. Let G be a (p, q)-graph and s be the number corresponding squares of cycles of size 4. Also, let con(G)
bea (p,q')-graph. In this case, if G is graph of type S, then ¢ = 1M1 (G) — q — 2s.

The following theorem is well known.

Theorem 2.5. Let G be a graph with vertices labeled V( ) ={v1,02,...,0,} and let A be its corresponding adjacency

matrix. For any positive integer k, the (i, j) entry a of Af = [a (k)] is equal to the number of walks from v; to v; that
use exactly k edges.

Remark 2.1. For a simple (p,q)-graph, we have

(1) Foreveryi # jentry a ofA2 =a (]2)] is equal to the number paths of order 2 from v; to v;.

@)

@) trA? =YV a7 =2q.

G X al(].z) is equal to the number paths of order 2 from u to v for every disjoint u,v € V(G).
1<i,j<p

i#]
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Lemma 22. Let A = |[a;] be the adjacency matrix of the graph G.  Define B = [b;j] such that
b d 1 aﬁf);éo for i#j
g 0 otherwise

Then B is the adjacency matrix of con(G). In particular, if G has no cycles of size 4, then B = A% — C where C is
degree matrix of G.

Proof. For every v;v; € E(con(G)) it is enough that b;; = 1 and 0therw1se it is equal zero. By definition from

b;; we have b;; is equal one if a ;é 0 for i # j. This implies that a = |Ng(v;) N Ng(v;)| # 0, that is

Ng(v;) N Ng(v;) # @. Hence vlv] € E(con(G)). In particular, if G has no cycle of size 4, then usz)

i # j. Otherwise, we get [Ng(v;) N Ng(v;)| > 2. Then G has a cycle of size 4, which is a contradiction. Thus,
B=A?-C. O

=1 or Ofor

Remark 2.2. For a (p, q)-graph, let r be the number paths of order 3 from u to v for every {u,v} C V(G), and t; the
number of cycles of size 3 containing the vertex v;. Then,

(1) For every i # j, the entry a of A% =a (]3)] is equal to the number of walks from v; to v; of order 3.

(2) trA3 = Zl 1 ” Z 1 2t; = 6{, where { is the number of triangle.

(3) Let rij be the number of paths from v; to v; of order 3, then

(3) = 1’1']‘ ?),‘Z)]‘ é E(G)

a;;
2t; i=j

{ d(vl-) -l—d(l)]) -1+ tij  0ivj € E(G)
ij

(4)

a? = 6ﬂ+2( Y M@J+d@ﬂ—l+nﬁ)+2( Y m)
(©)

v;0;€E(G) v;v;¢E(G

= 60+2M;(G)—2q+2r.

Theorem 2.6. Let G be a (p,q)-graph and con(G) a (p,q')-graph. Also, let A = [a;j]pxp and B = [bjj]x be the
adjacency matrices of G and con(G), respectively.
Then,

(1) E1(G) = i jep Cij where AB = [cij]pxp.

(2) If G has no cycle of size 4, then E1(G) is equal to the number of paths of order 2 or 3 from u to v for every
u,v € V(G).

(3) If G has no cycle of size 3 and 4, then 51(G) = 2|L| 4 2|L’|, where L = {{u,v} C V(G)|d(u,v) = 2} and
L' ={{u,v} CV(G)| d(u,v) =3}.

Proof. (1) Let V(G) = {v1,02,...,0p}. Since dg(vy) = Zle aix and dep () (k) = Zf:l byj, we have

Yo o= Y Z“zkbk] Z Y. by

1<i,j<p 1<i,j<p k= =1 1<i,j<p

P[P p p
)3 <Z”ik> (Z%‘) =Y d() deon(c) (vk)
k=1 \i=1 =1

k=1

= Z dG con )( ):El(G)'

veV (G
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(@)
Z Cij = ‘El(G) = Z dG con(G) (Z)) = 2 Zazk Z bix

1<i,j<p veV(G) 2;€V(G) k=1

= Z Z Ajk bik/ .

0;€V(G) 1<kk'<p
For aj = 1 and by = 1 we have v;u; € E(G) and v;up € E(con(G)), respectively. Thus we have three
cases:
case(1): For k = k' and i # j, if v;v;, v;vx € E(G), then ay by = 1.
case(2): For k = k" and i = j, if av;, avy, v;vx € E(G), then ay by = 1.
case(3): For k # k" and i # j if vjvy, v;vj,vjop € E(G),, then aj by = 1.
Since the graph G has no cycles of size 4, in every of the above cases only once appear. Thus,

Yi<ij<p Cij = E1(G) is the number all of paths of order 2 or 3 from u to v for every u,v € V(G).

(3) This part can be obtained easily from part (2).

Theorem 2.7. Let G be a (p, q)-graph. Then, 2 M(G) —2 M1 (G) +2q = r + 6 £ where r = the number of all paths
of order 3 from u to v for every {u,v} C V(G) and { is the number of triangles.

Proof. Let V(G) = {v1,v2,...,0p} then

Y, d)d(y)= ), Eazk Zﬂk'

v;v;€E(G) v;v;€E(G) k=

M;(G)

I
=
M=

1
Ak ak’j = E Z Z ajj ﬂk/]' .
k=1 k'=1 Z]inGE(G) {k,k’}gV(G) ’UI"U]'EE(G)

Since v;v; € E(G), if agap; = 1, then v;v; € E(G), ajx = 1, and ayp; = 1. In this case, there exist vertices v; and
vy such that we have following four cases:

case(1): If ¥’ = i and v;v, v;vx € E(G), then ag ap; = 1.

case(2): If k = jand v;v;,vjop € E(G), then ay ap; = 1.

case(3): If k = k' and v;v;, v;v; € E(G), then ay ap; = 1.

case(4): If k # k' and v;vy, v;0, vjvp € E(G), then ay ap; = 1.

Thus, in every above cases determine all of the number of walks of order 3. Thus, by Remark[2.2]

2 a 6€+2M1( ) —2q+2r) =304+ M (G) —q+r.

1<z,]<p

Example 2.2.
Let G be a (4,4)-graph with V(G) = {a,b,c,d} and E(G) = {ab,ac,bc,bd}. Then, Mp(G) = 19, M;(G) =
18 where g = 4,7 = 2and ¢ = 1. Then

19=My(G)=3+18—4+2=30+M;(G) —q+r.

3 Conclusion

In this paper, we defined the Zagreb indices of congraphs and investigate the degree-related properties of
the congraphs and the Zagreb indices of congraphs. Moreover, we obtained relations between Zagreb indices
of parent graphs and graph invariants such as number of edges of parent graph, number of edges of congraph,
the number of all paths of order 3, number of triangles and the number of cycles of size 4 by using adjacency
matrix of the parent graph.
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Abstract

In this paper, we introduce the notion of a §-local function and investigate some of their properties. Also,
we define two operators ()* and 1y in an ideal topological space.

Keywords: 6-local function, ()*-operator, §-compatible and 19-operator.
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1 Introduction

In 1968, Velicko[22] introduced the notions of §-open subsets, f-closed subsets and §-closure, for the sake
of studying the important class of H-closed spaces in terms of arbitrary filterbases. In 1990, Jankovic and
Hamlett[7,8 | defined the concept of Z-open set via local function which was given by Vaidyanathaswamy.
O.Njastad[16,17] introduced the concept of compatible ideals in 1966. This ideal was also called as
supercompact by Vaidyanathaswamy[20,21]. In an ideal topological space, the local function was introduced
by Kuratowski[11]. After that so many mathematicians like Hayashi [7], Natkaniec[15] and Modak and
Bandyopadhyay[14] have studied this field and proved some new results in an ideal topological spaces. In
2009, Jeong Gi Kang and Chang Su Kim [10] defined pre-local function, semi-local function and « -local
function. In 2011, Shyamapada Modak [16] introduced d-local function and an operator 5 in the ideal
topological spaces. In 2013, Arokia Rani and Nithya[2] introduced precompatible ideals, Al-Omari and
Noiri[1] defined the local closure function and an operator #r and K. Bhavani[3,4] introduced g-local
function and v, -operator in the ideal topological spaces.

In this paper, we introduce the notion of a #-local function and investigate some of their properties. We
also introduce two operators ()* and 1y a *6-closure operator in lines with kuratowski. Also, we discuss
f-compatibility of topological spaces.

2 Preliminaries

Let (X, 7) be a topological space with no separation properties assumed. For a subset A of a space (X, 7),
cl(A) and int(A) denote the closure of A and the interior of A respectively. (X, 7) and (Y, o) will be replaced
by X and Y if there is no chance of confusion. A subset A of X is said to be semi open[9] (resp. pre open[10]
and « -open[13] if AC cl(int(A)) (resp. A C int(cl(A)) and A C int(cl(int(A)))). The complement of semi open
(resp. pre open and « -open) is called semi closed (resp. pre closed and a-closed).

A set A is said to be f-open[1] if every point of A has an open neighborhood whose closure is contained
in A. It is very well known that the family of all #-open subsets of (X, 7) are topologies on X which we shall
denote by 7Y. From the definitions it follows immediately that 7 C 7. A space (X, 7) is regular if and only if
7% = 7. A point x € X is said to be in the §-closure of a subset AC X[6] if for each open neighbourhood U of x

*Corresponding author
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we have cl(U)N A # ¢ . We shall denote 6-closure by clg(A). A subset A C X is called #-closed if A = clg(A).
In general, the §- closure of a given set need not be a #-closed set. But it is always closed. A point x € A is
said to be a 6-limit point of A[5] in X if for each #-open set U containing x, such that U N (A - {z})# ¢ .The
set all #-limit points of A is called a §-derived set of A and is denoted by Dg(A).

An ideal 7 on a topological space (X, 7) is a nonempty collection of subsets of X which satisfies (i) A € T
and BC A implies B€ Z and (ii) A € Z and B € T implies (AU B) € Z. A topological space (X, 7) with an
ideal Z on X is called an ideal topological space and is denoted by (X, 7,Z). For a subset A C X, A*(Z) =
{reX:UNA¢ZforeveryU € 7(x)} is called the local function of A with respect to Z and 7[4]. We simply
write A* in case there is no chance for confusion. A Kuratowski[11] closure operator cl*(.) for a topology 7*(Z)
called the 7*-topology finer than 7 is defined cl*(A) = AUA*. A subset A of anideal space (X, 7,Z) is 7*-closed
[18] (resp. * -dense in itself [18], x-perfect [18]) if A* C A (resp. A C A*, A = A*). Clearly, A is »-perfect if and
only if A is 7*-closed and *-dense in itself. An ideal Z in a space (X, 7) is said to be compatible with respect to
7[9], denoted by Z ~ 7, if for every subset A of X and for each z € A, there exists a neighborhood U of x such
thatUNA € Z,then A € 7. Let (X, 7) be a topological space with 7 an ideal on X, then 7 is pre-compatible[2]
with Z, if for every A C X, and for every x € A, there existsaU € PO(x)suchthatUNA € Z, then A € 7 and
is denoted by Z ~p 7. An operator[8] ¢ : p(X) — 7 is defined as: ¢(A4) = {z € X: there exists an open set O,
such that O, — A € T}, for every A € p(X). Its equivalent definition is ¢(A) = X — (X — A)*. Let A be a subset
of an ideal topological space (X, 7,Z). Then the set (1) A*,(Z,7)={r € X :UNA ¢ ZforeachU € 77(z)} is
called the pre-local function with respectto Zand 7. (2) A*;(Z,7)={x € X : UNA ¢ IforeachU € 7°(x)} is
called the semi-local function with respectto Zand 7. (8) A*o(Z,7)={z € X : UUA ¢ T foreach U € 7%(z)}
is called the a-local function with respect to Z and 7. Al-Omari and Noiri[1] defined the local closure function
and an operator ¢r in an ideal topological spaces as follows:I'(A)(Z,7) = {z € X : AN cl(U) ¢ T for every
U e 7(x)} and Yr(A) =X -T'(X — A) where ¢ : p(X) — 7. K. Bhavani[3,4] introduced g-local function and
yg-operator in the ideal topological spaces as: : A*(Z,7,) = {x € X : UN A ¢ T for every g-open set U
containing z} and ¢4(A) = {x € X : there exists a g-open set U, containing x such that U, — A € Z} for every
A € p(X) where ¢, : p(X) — p(X).

Result 2.1 Let A be a subset of a topological space (X, 7). If A € 7%, then clp(A) = A

Lemma 2.1. [1]. Let A be a subset of a topological space (X, 7). Then
1. if Ais open, then cl(A) = clp(A)
2. if Ais closed, then int(A) = intg(A)

Lemma 2.2. If (X, 7,7) is an ideal topological space, then T is codense[18] if and only in A C A* for every open set A
of X.

Lemma 2.3. [18]. If (X, 7,T) be an ideal topological space and A C X. If A C A*, then A* = cl(A*) = cl(A) = cl*(A).

3 The Operator() *

In this section we shall introduce an operator ()*? and discuss various properties of this operator.

Definition 3.1. Let A be a subset of an ideal topological space (X, T,T). Then, the 0-local function of T on X is defined
as AT, 1) ={x € X : U, N A ¢ T for every U, € 00(X,x)} with respect to T and T and is denoted as A*? for
AT, 7).

Lemma 3.1. Let (X, 7,Z) be an ideal topological space. Then every subset A of X,
(1) A*,(Z,7) C A*%(Z, 7).
(2) A*4(Z,7) C A*(Z, 7).
(3) A*o(Z,7) C A*(Z,7).
(4) T(A)(Z,7) C A*(Z, 7).
(5) A*y(Z,7) C A*(Z,7).
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Proof. Straight forward. U
Remark 3.1. The converse of the Lemma 3.1 need not be true as seen in the following examples.

Example 3.1. Let (X, 7,Z) be an ideal topological space with X = {a,b,c}, 7 = {¢,{a},{c},{a,c},{b,c}, X} and I
={¢,{c}}. If A={a,b}, then A*® = {a,b,c} ¢ {a,b} = A*,,.

Example 3.2. Let (X,7,Z) be an ideal topological space with X = {a,b,c,d}, 7 = {¢ {a},{b}.{c}{a,b},
{a,c}{b,c} {a,b,c}, {a,c,d}, X} and T = {¢,{b},{c},{b,c}}. If A= {a,b,c}, then A*® = {a,c,d} ¢ {a,d} = A*;.

Example 3.3. In example 3.2, if A = {b, c,d} then, A* = {a,c,d} ¢ {d} = A*,, .

Example 3.4. Let (X, 7,Z) be an ideal topological space with X = {a,b,c,d}, 7 = {¢,{d},{a,c},{a,c,d}, X} and I
={¢,{c}}. If A={a}, then A*® = {a,b,c,d} ¢ {a,b,c} =T(A).

Example 3.5. Let (X,7,Z) be an ideal topological space with X = {a,b,c,d,e}, 7 = {¢ {a}{c,d}{a,c,d},
{be,d,e}, X} and T = {¢, {c},{d}, {c,d}}. If A= {a,b,c,d}}, then A** = X ¢ {a,b} = A*,.

Remark 3.2. The above discussions are summarized in the following diagram.

A*P A*, A¥,
I'(A) g A Z A%,

Remark 3.3. A C A*? and A*® C A are not true in general as shown in the following example.

Example 3.6. Let (X,7,Z) be an ideal topological space with X = {a,b,c,d,e}, 7 = {¢ {a}{c,d}{a,c,d},
{b,c,d,e}, X}y and T = {¢,{b},{c},{b,c}}. () If A={a,b}, then A*? = {a}. Therefore, A ¢ A*%. (ii) If A = {a,b,d},
then A*® = X. Therefore, A* ¢ A.

Remark 3.4. Let (X, 7,T) be an ideal topological space and A C X. Then, cl*?(A) = AU A*? is a x0-closure operator.

Remark 3.5. Open sets of 7*9. Let (X, 7) be a topological space and T an ideal on X and observe that A is *%-closed
iff 7% C A. Now we have U € 7% iff X — U is 7*%-closed iff (X —U)** C X —U iff U C X — (X — U)*?. Therefore,
€U — x ¢ (X —U)*® — there exists a 0-neighbourhood V such that VN (X —U) € Z. Nowlet I =V N (X — U)
and we have x € V. — I C U, where I € T . We shall denote 3(Z,7%)={V —1:V €% I € T}.

Theorem 3.1. Let (X, 7) be a topological space and T an ideal on X. Then (3 is a basis for 7*9 .
Lemma 3.2. If (X, 7,Z) is an ideal topological space and A C X. If A C A*%, then A*%= cly(A) = cl*?(A).

Proof. Always cl*?(A) C clg(A). Let x ¢ cI*%(A). Then, there exists a 7*%-open set G containing z such that
GNA= ¢. By Remark 3.5, there exists V € 7% and I € Zsuchthatz € V-1 C G. SinceGNA=¢= (V-I)NA=
b= (VNA)—T=¢ = (VNA)=I)* =¢* = (VAAP—T¥ == (VA = = VNA? = = z ¢ clg(A).
Therefore,clg(A) C cl*®(A). Hence cl*?(A) = clg(A) — — — (1). We know that cl*?(A4) = AU A*% = A*0—(2),
since A C A*?. From (1) and (2), A*% = cly(A) = cl*?(A). O

Definition 3.2. Let (X, 7,T) be an ideal topological space and A C X. If A C A*®, then A is said to be x0-dense in
itself.

Definition 3.3. Let (X, 7,Z) be an ideal topological space and A C X. If A*® C A, then A is said to be x0-closed.
Remark 3.6. Let (X, 7,T) be an ideal topological space and A C X. Then, 7% = {X — A : cl*%(A) = A}.
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Proposition 3.1. Let (X, 7,Z) be an ideal topological space and A C X. Then A is 7*%-closed if and only if A*® C A.

Proof. Let A be 7*%-closed. Then, A = cl*’(A) = A= AU A* = A*% C A. Conversely, let A*Y C A. By
assumption, AU A* = A. i.e. cI*’(A) = A. Hence, A is 7*¢ -closed. O

Proposition 3.2. Let (X, 7,T) be an ideal topological space. Then the following hold for every subset A of X, cl*®(A) C
clo(A);

Proof. Letz € cI**(A). Then,z € Aorz € A*Y. If z € A*Y, then there exists a #-open set U,, containing x such
that U, N A ¢ Z. Thatis U, N A # ¢. This implies that x € cly(A). Thus, cl*?(A) C cly(A). O

Proposition 3.3. Let x € cl*’(A) ifand only if V. N A # ¢ for every x6-open set V C X.
Properties of ()* operator

Theorem 3.2. Let (X, 7,T) be an ideal topological space and let A,B be subsets of X. Then for 0-local functions the
following properties hold:

i) ¢ =¢.
(ii) A C Bimplies A* C B*?.
(iii) For an another ideal 7 O T on X, A*%(J) C A*%(T).
(iv) A* C A*9,
(v) A*® C cly(A).
(vi) (A*9)*0 C A*9,if Ais O-closed.
(vii) A" UB* = (AU B)*.
(viii) (AN B)* C A% B,
(ix) foraG-openset U, U NA* =U N (UNA)*  (UnNA)*.
(x) For [ €T, (AUT)™ = A* = (A — I)*°.
(xi) (A— B)* — B0 = (A — B*%) C (A — B)*.
(xii) (A — A*0) (A — A*0)*0 = ¢
(xiii) If A € T, then A*® = ¢
(xiv) A*(INJ) > A(T)U A*(T).
Proof. (i) From the definition of §-local function, ¢*? = ¢ is obvious.

(ii) Let # € A*?. Then for every §-open set U, containing =, U, N A ¢ Z. Since A C B implies that
U.NACU,NB ¢ I. Therefore, U, N B ¢ T. This implies that + € B*?. Hence, A*? C B*Y.

(iii) Let z € A*?(J). Then for every f-open set U, containing z, such that U, N A ¢ J. This implies that
U:.NA¢Z,sinceZ C J.So,z € A*%(T). Hence, A*?(J) C A*(T).

(iv) Letz € A*. We assert that z € A*?. If not, then there is a f-open set U, containing x such that U, N A € 7.
Since every §-open is open, U, is open and since, U, N A € T contradicts the assumption z € A*.
Therefore, z € A*?. This implies that A* C A*0,

(v) Letx € A*?. Then for every #-open set U, containing z, U, N A ¢ Z. Since every #-open is open, U, is
open. This implies that U, N A # ¢ for every 6-open set containing z. Hence, x € cly(A).

(vi) From (v) A*0 C clp(A). (A*9)*? C (clp(A))*?. But A = cly(A), since A is O-closed. This implies that
(A*0>*0 C A*Q‘
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(vii)

(viii)

(ix)

(x)

(xii)

(xiii)
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Since A C AU B and B C AU B. Then from (ii) A** C (AU B)*® and B*Y C (AU B)*’. Hence,
A** U B*® C (AU B)*Y. Conversely suppose that z ¢ A*® U B*Y. Then, z ¢ A* and = ¢ B*0. If z ¢ A*?,
then there exists #-open set U, containing z such that U, N A € Z. Similarly since z ¢ B*?, there exists 6-
open set V,, containing « such that V, N A € Z. Then by the hereditary property of ideal, AN(U,NV,) € Z
and BN (U, NV,) € Z. Again, by the finite additivity of the ideal, (AU B) N (U, NV,) € Z. Hence,
r¢ (AUB)*. So, (AU B)*® C A* U B*Y. Hence A* U B*Y = (AU B)*.

Since ANB C Aand AN B C B, from (2), (AN B)** ¢ A*% and (AN B)*® ¢ B*?. Hence, (AN B)*? C
A*@ N B*G.

Let x € U N A*. Let V, be a §-open set containing z, then AN (U NV,) ¢ Z, since x € A* and U NV, is
a f-open set containing = . Hence, z € (U N A)*%. Therefore, U N A*? C (U N A)**.

Therefore, UNA*® c UN(UNA)* ————(1). Againfor UNA C A, (UNA)*® c A*%.So, UN(UNA)* C
UNA* — — — —(2). From (1) and (2) we have U N A*% = U N (U N A)*?. Hence, U € 7%, U N A*? =
Un(UNA)* c(UnNA)*.

Since A C AUI, A* Cc (AUD)*9by(i)] — — — — — (1). Letz € (AU I)*Y. Then for every #-open set U,
containing z, U, N (AUI) ¢ Z. Since U, NI € Z, it follows that U, N A ¢ Z. Hence x € A* which implies
that (AUI)* c A0 — — — — — (2). From (1) and (2), we have (AU I)*Y = A*0 — — — — — (3). Since
(A—I)C Athen(A—1)* c A0 — — — — — (4). Now, for reverse inclusion, let z € A*?. We claim that
ze(A-1 )*9. If not, then there is some #-open set U, containing x such that U, N (A — I) € Z. Since,
IeZ, IUU,N(A—-1I)) eI Thisimplies I U (U, N A) € Z. So, U, N A € Z, a contradiction to the fact
that x € A*%. Hence, A** C (A—1)*" — — — — — — (5). From (4) and (5), we have, A*? = (A —1)*Y. Again
from (3) and (6) we have (AU I)*? = A*% = (A — I)*?.

Let v € A*® — B*%. Then, v € A*® and z ¢ B*®. This implies that U, N A ¢ Z, for every f-open set U,
containing « and V, N B € Z, for some §-open set V, containing z. Hence V, NA ¢ Zand V, N B € Z.
Suppose that (A — B)NV, € Z. Since (A — B)NV,)U(BNV,) = (AU B) NV, by finite additivity
property of ideal, (AUB) NV, € Z. Since ANV, C (AUB)NV,, ANV, € Z, which is a contradiction

to the fact that V, N A ¢ Z. Therefore, (A — B) NV, ¢ T and so, z € (A — B)* — — — (1). Therefore,
A% _ B0 (A— B) — — — _(2).
Also, x ¢ B*Y implies that « € (A — B)*® — B*?. Therefore, A** — B*Y ¢ (A — B)** — B*Y — — — —(3).

Letz € (A— B)* — B*. Thenz € (A— B)** and = ¢ B*Y. If 2 € (A — B)*?, then for every #-open
set U, containing z such that (A — B) N U, ¢ Z. Suppose that ¢ A*?, then there is some #-open set
V, containing x, ANV, € Z. Since, = ¢ B*?, then there is some 6-open set W, containing z, such that
BNW, €I Since (A-—B)NV,)U(BNV,)=(AUB)NV, =(ANV,) U (BNYV,) by finite additive
property of the ideal, (AUB)NV, € Z. Since (A—-B)NV, C (AUB)NV,, (A— B)NV, € T which
is a contradiction. Therefore, ANV, ¢ Z, x € A*® and x ¢ B*°. Therefore, + € A*® — B*?. Thus
(A-B)* — B*Y ¢ A*Y — B*Y — — — (4). From (3) and (4), we have (A*? — B*?) = (A — B)*Y — B*Y. Using
(2), we have (A — B)*Y — B*? = (A*% — B*%) C (A — B)*’.

Since A — A** ¢ X — A*9. So, (A — A*9) N A9 = ¢. Since (A — A*%) C A, (A — A*9)*? C A*9. Tt follows
that (A — A*) N (A — A*0)0 = 9.

Suppose that z € A*?. Then, there exists some #-open set containing z such that U, N A ¢ Z. But, since
AeZ, U,NAecTIforeveryU, € 79 . This is a contradiction. Hence, A*/ = ¢ .
O

Remark 3.7. In Theorem 3.2, the reverse inclusions of (iii), (viii) are not valid as in the following example.

Example 3.7. Let X = {a,b,c,d} with 7 = {¢$,{a},{c,d},{a,c,d}, {b,c,d, e}, X}, T ={d,{b},{c},{b,c}} and T
={¢,{c}}-

(1)
(2)

Let A = {a,b}. Then, A**(T) = {a,b,c,d} ¢ {a} = A**(T).

Let A={a,b,c,d}, A*® =X, B={a,b,c,e}, B** =X, AN B ={a,b,c}, (AN B)*? = {a}. Therefore A*° N B*?
=X ¢ {a} = (AN B)*.

Proposition 3.4. Let (X, 7,7T) be an ideal topological space and A C X where T = {¢}. Then A*® = cly(A).
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Proof. LetZ = {¢}. We know that clg(A) = AU Dg(A) where Dg(A) is the §-derived set of A. Letx € AU Dy(A)
and let U, be a 6-open set containing x. Thenz € Aorx € Dy(A). Ifx € Athenxz € U, NAandso U, NA # ¢
fx € Dy(A), then ¢ # [U, — {z}]N A C U, N Aand thus U, N A # ¢ . Hence, clg(A) = AU Dy(A) C A*. By
Theorem 3.2(v), A*? C clg(A). Therefore, A*? = cly(A). O

Proposition 3.5. Let (X, 7,Z) be an ideal topological space and A C X where T = p(X). Then A*? = ¢ for every
ACX.

Proof. Since A*Y ={x € X : U, N A ¢ p(X) for every #-open set U, containing z} = ¢ . Therefore, A*? = ¢ for
every A C X. O

Theorem 3.3. Let (X, 7,Z) be an ideal topological space and let A,B be subsets of X. Then for 6-local functions the
following properties hold:

1. A9 = cly(A*9) C clg(A) and A*? is O-closed.
2. If A C A*% and A*9 is open, then, A*? = cly(A).

Proof. 1. Always A*? C cly(A*?). Let x € cly(A*?). Then , there exists some open set U, containing z such
that A*® NU, # ¢ . Therefore, there exists some y € A** NU, and U, € 7%(z). Since y € A*? , there exists
some 6-open set V, such that ANV, NU, = ANV, ¢ I. Therefore, z € A*® . Hence, A* = cly(A*?) and
A*9 = cly(A*?) C clg(A) by Theorem 3.2 (v).

2. For any subset A of X, by(1) we have A*? = cly(A*?) C cly(A). Since A C A*% and A*? is open, by Lemma
1.2, clg(A) C clg(A*?) = cl(A*%) = A*¥ C clg(A) and hence, A*? = cly(A).
O

Theorem 3.4. Let (X, 7,T) be an ideal topological space. Then, A*® 5 A —U{U Cc X : U € T} forall A C X.

Proof. Let B=U{U C X : U € Z} and letz € (A — B). Then z € A and = ¢ B. This implies that x ¢ U for all
U € Isothat {z}={z} N A ¢ Tbecause z € A . Forevery G € 7%(z), we have {z} N A C GN A ¢ T by the
heredity of ideal. Hence, z € A*?. O

Remark 3.8. The converse of the theorem 3.4 need not be true as seen in the following example.

Example 3.8. Let X = {a,b,c,d} with T = {¢,{a},{c,d},{a,c,d},{b,c,d, e}, X} and I = {¢,{b}, {c}, {b,c}}. Let
A={a,b,c,d}. B=U{U C X :U €I}={b,c}. A-B={a,d}. A** =X ¢ {a,d} = A— B.

Theorem 3.5. Let (X,7,Z) be an ideal topological space and B = U{U C X : U € Z}. If B € T then (A*)*0 = A*?
forall A C X.

Proof. Let A be a subset of X. Then, (A*?)** c A*% by Theorem 3.2(vi) . Furthermore, A*’ > A — B by Theorem
3.4. It follows from Theorem 3.2(ii) that (4*%)*® > (A — B)*Y. Since B € Z, by Theorem 3.2 (x) implies that
(A*9)*% 5 (A — B)*? = A*9. Therefore, (A*?)*0 = A*?. O

Theorem 3.6. Let (X, 7,7) be an ideal topological space in which 7% = p(X). Then A** = A—U{U C X : U € T}
forall A C X.

Proof. LetB=A—U{U C X : U € Z} and let x € A*®. Then {x} N A ¢ T because {z} € 7% = p(X). Since ideal
T always contains ¢, {z} N A # ¢ and so z € A. It follows that {z} = {z} N A ¢ Zsothatz ¢ U forallU € Z.
Hence, z ¢ B and therefore, + € A — B. Hence, A*Y C A — B. The reverse inclusion is obvious by Theorem
3.4. O

Remark 3.9. Let (X, 7,T) be an ideal topological space in which every member of T is clopen. Then A*® = A — U{U C
X:UeZ}forall AC X.

Proof. LetB=A—U{U C X : U € I} and let A € p(X). Then every clopen set is §-open. Hence 4 € 7%, which
means that p(X) C 7% so that p(X) = 7% . By Theorem 3.6 A*Y = A — B. O

Theorem 3.7. Let (X, 7,T) be an ideal topological space. Then, the following properties holds.
1. If T = {¢}, then cl*?(A) = clp(A).
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2. If T = p(X), then cl**(A) = A.
3. IfA€T,thencl*(A) = A.
Proof. Obvious. O

Theorem 3.8. Let (X, 7,T) be an ideal topological space and let A,B be subsets of X. Then for x6-local functions the
following properties hold:

(i) cd*(¢)=¢.
(i) If A C B, then cl*?(A) C cl*?(B).
(iii) For an another ideal 7 D T on X, cI*®(A, 7, J) C cl*?(A, 7, T).
(iv) cl*(A) C c*?(A).
(v) cl*9(A) C clg(A).
(vi) cl*?(cl*®(A)) C cl*®(A) if A is O-closed.
(vii) cl*®(A) U cl*®(B) = cl**(AU B).
(viii) cI**(AN B) C cd*?(A) N cl*(B).
Proof. It is obvious by using Remark 3.5 and Theorem 3.7. O

Remark 3.10. In Theorem 3.8, The reverse inclusions of (ii), (iv), (v) and the converse of (iii) and (viii) are not valid as
seen in the following examples.

Example 3.9. (iii) Let X = {a,b, ¢, d} with T = {¢, {a},{b},{c}, {a,b},{a,c}, {b,c},{a,b,c},{a,c,d}, X} and T =
{¢,{a}}, T ={¢,{b},{c},{b,c}}. Let A= {a,d}, cI*(A,7,T) ={a,c,d} D {a,d} =cl*®(A,7,T) but J ¢ T.

Example 3.10. Let X = {a,b,c,d} with 7 = {¢$,{a},{b},{c},{a,b},{a,c},{b,c}, {a,b,c}, {a,c,d}, X} and T =
{0, {0}, {c}, {b.c}} .

(i) Let A={c},B={a,b}. Then cl**(A)={c} C X =cl**(B), butA ¢ B.
(iv) Let A ={a}. Then cI**(A) = {a,c,d} ¢ {a,d} = cl*(A).

(viii) Let A= {b,c}, B={b,d}. Then cl*°(A) = {b,c},cl**(B) = X, AN B = {b}. cI**(AN B) = {b}. So, cl**(A) N
c*®(B) = {b,c} ¢ {b} =cl*(AN B).

(v) Let A={b,c}. Then, cly(A) = X ¢ {b,c} =cl*?(A).
Remark 3.11. Dy(A) C cl*%(A) and cl*?(A) C Dy(A) are not true in general as shown in the following example.

Example 3.11. Let (X,7,7) be an ideal topological space with X = {a,b,c,d,e}, 7 = {¢ {a}{c,d}{a,c,d},
{b,c.d e}, X}y and T = {¢,{c},{d}, {c,d}}.

(i) If A ={c,d}, then A*® = ¢ . Therefore, Dy(A) = {b,c,d, e} ¢ {c,d} = cl*(A).
(i) If A ={a,b,d}, then A*® = X. Therefore, cl**(A) = X ¢ {b,c,d,e} = Dg(A).
Proposition 3.6. Let (X, 7,7) be an ideal topological space. For any subset A of X, the following properties are hold.
(i) A*® — A C clg(A) — A C Dy(A).
(ii) IfT ={¢}, then A* — A=cly(A) — A C Dy(A).
(iii) IfT = p(X), then A*® = Dy(A).

Proof. (i)From Theorem 3.2(v), we have A*? C clg(A) . Then, A*? — A C cly(A) — A. Since clg(A) = AU Dy(A),
clo(A) — A C Dy(A). Tt follows that A*® — A C clg(A) — A C Dy(A).
(ii) and (iii) are straight forward by Proposition 3.4 and Proposition 3.5. O
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4 ¢ - Compatibility

Definition 4.1. Let (X, 7,7) be an ideal topological space, then T is 8-compatible with the ideal Z, if for every A C X
and if for every x € A, there exists U € 79 (x) such that U N A € T, then A € T and it is denoted by T ~% T.

Theorem 4.1. Let (X, 7,T) be an ideal topological space, then the following properties are equivalent:
1. 7~ T;
2. Ifasubset A of X has a cover of 0-open sets each of whose intersection with A is in I, then A € I;
3. Forevery A C X, AN A*® = ¢ implies that A € T;
4. Forevery AC X, A— A*® € T.
5. For every A C X, if A contains no nonempty subset B with B C B*Y then A € T.

Proof. (1) = (2) . The proof is obvious.

(2) = (3). LetA C X and z € A. Since AN A*® = ¢, x ¢ A*? and there exists some #-open set V. € 7% such
that V, N A € Z. Therefore, we have A C | J{V, : € A} and V, € 7% and by (2) A € T.

(3) = (4). Forany A C X, A — A*Y C Aand (A — A*)n (A — A*9)* C (A— A*)n A% =¢. By (3),
A—- A0 eT.

(4) = (5). By (4), forevery A C X, A—A* € T. Let A—A* = J € T, A= JU(AN A*?) and by Theorem 3.17
(vii) and (xiii), A*¢ = J*9U(ANA*9)*? = (ANA*?)*? . Therefore, we have (ANA*?) = AN(ANA*?)*0 C (ANA*9)*0
and (A N A*%) C A. By the assumption AN A*? = ¢ and hence A =(A4 — A*?) € 7.

(5) = (1). Let A C X and assume that for every z € A, there exists some #-open set U,, containing z,
U.NA€Z. Then AN A*® = ¢ . Suppose that A contains B such that B C B*Y. Then B=BNB*Y C AN A =
¢ . Therefore, A contains no nonempty subset B with B C B*Y. Hence 4 € T.

U
Lemma 4.1. Let (X, 7,T) be an ideal topological space. If T ~° Z, then for every A C X, AN A*® = ¢ implies that A*°
=0¢.
Proof. Let A be any subset of X and A N A*® = ¢ . By Theorem 4.1, A € Z and by Theorem 3.2 (xiii), A*/ = ¢

O
Theorem 4.2. Let (X, 7,T) be an ideal topological space. If 7 ~° T then the following properties are equivalent:
1. Forevery A C X, AN A*? = ¢ implies that A* = ¢ .
2. Forevery AC X, (A— A0 =¢.
3. Forevery A C X, (AN A*0)*0 = A*0

Proof. (1) = (2). Assume thatevery A C X, AN A*Y = ¢ implies that A** = ¢ . Let B= A — A*? , then BN B*Y
=(A-ANA-AN=(AN(X - AN (AN (X — A C(AN(X - A*9) N (AN (X — A*0)*0) =
¢. By (1), we have B*? = ¢ . Hence (A — A*%)*? = ¢ .

(2) = (3) Assume forevery A C X, (A—A*)*0 =¢. A= (A-A*)U(ANA*Y) . A*0 = [(A—A*)U(ANA*Y)]*0
— (A _ A*G)*e U (A ) A*G)*O - (A N A*H)*é.

(3) = (1) Assume for every A C X, AN A*? = pand (AN A*?)*? = A*9. This implies that ¢ = ¢*? = A*?. O
Definition 4.2. If (X, 7,7) is an ideal topological space, then T is x0-codense if and only if A C A*? for every 6-open
set A of X.

Characterization of 6 -local function in *f-codense ideal topological space.
Theorem 4.3. Let (X, 7,T) be an ideal topological space. Then the following are equivalent:
1. X=X,

2. 79NT ={¢}.
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3. IfI €I, thenintg(l)=¢.
4. ForeveryU € 7%, U C U*’.

Proof. (1) = (2): LetU € 7 NZ. ThenU € 7% and U € Z. Suppose that z € U. Since = € X, this implies
x € X*Y. Since U is a f-open set containing x, UNX ¢ Z implies that U ¢ Z which is a contradiction. Therefore,
x ¢ U for every z € X. This implies that U = ¢ and so 7 N T = {¢}.

(2) = (3): Suppose that (2) holds. Let I € Z be such that I # ¢ . Then inty(I) € 7% and inty(I) C I implies
that inte(I) € Z. Therefore, by (2), intg(I) = ¢ .

(3) = (4): U € 7% and = € U. Suppose that = ¢ U*?. Then there exists a f-open set V,, containing = such
that V, NU € Z. Since U NV, is a #-open set containing «, UNV,, =inty(UNV,) = ¢ by (3). Sincez € V,, ,x ¢ U.
Thus U C U*? for every U € 7°.

(4) = (1): Since X is #-open, by (4), X € X*¢, X = X*9.

Theorem 4.4. Let (X, ,T) be an ideal topological space and I € . Then, I is 7*%closed.

Proof. Let I € Z. By Theorem 3.22 (x) I*? = (I — I)*Y = ¢* = ¢ . Hence cl*(I) = I U I*% =1 which implies that
Lis 7% -closed. O

Theorem 4.5. Let (X, 7,Z) be an ideal topological space and A C X. Then A*?(r* T) c A*%(79,T).

Proof. Letz € A*%(7*%,T). Suppose that z ¢ A*(7* 7). Then there exists a f-open set U, containing z, such
that ANU, € Z. Since U, € 7% C 7%, ANU, € T for a 7*%-open set U, containing x. Therefore, z ¢ A*? (7% T)
which implies that A*? (7% ) ¢ A*9(7%, T). O

Theorem 4.6. Let (X, 7) be an ideal topological space where I and J are ideals on X and A C X. Then the following
hold:

(i) A9ITNT)=AT)uU A (T).
(i) If T C J, then 7*%(Z) C 7*%( 7).
(iii) (I NJT)=7T)N7TT).

Proof. (i) Letz ¢ A*%(ZNJ) if and only if there exists a f-open set U, containing x, such that ANU, € ZNJ
if and only if ANU, € Zand ANU, € J if and only if z ¢ A*(Z) and = ¢ A**(7) if and only if
r ¢ A(T)U A*(J). Hence, A (TN J) = A*%(T) U A*%(J) for every subset A C X.

(ii) Let Z ¢ J . Now if X — A € 7*%(T), then A U A*%(Z) = A which implies that A*%(Z) C A. Since
IcJ, A*%J) c A*%(Z) C Aby Theorem 3.17 (iii). Therefore, X — A € 7*%(J) which implies that
(1) c 79(T).

(iii) Let A € X and X —A € 7*%(ZNJ). SinceZNJ isasubsetof Zand J, X —A € 7*%(Z) and X — A € 7*(7)
if and only if A is 7*%(Z)- closed and 7*(.7)- closed if and only if A**(Z) C A and A**(J) C A. Hence,
A*(T) U A*9(J) C Aif and only if A**(Z N J) C A by (i). This implies that A is 7*%(Z N J)-closed.
Therefore, 7*%(Z N J) = 7*%(Z) N 7*9( 7).

O

5 The operator v

Definition 5.1. Let (X, 7,Z) be an ideal topological space. An operator 1y :0(X) — 7 is defined as 1y(A) = {z € X:
there exists a O-open set U, containing x such that U, — A € I}, for every A € p(X). We observe that ig(A) =
X — (X — A,

Theorem 5.1. Let (X, 7,Z) be a ideal topological space. Then, for A € p(X), g(A) = X — (X — A)*0.
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Proof. Let x € 1y(A). Then there exists a §-open set U, containing x such that U, — A € Z. Then X N (U, —
A) € Z, implies that U, N (X — A) € Z. Soz ¢ (X — A)*® and hence, z € X — (X — A)*®. Therefore,
Ye(A) C X — (X — A)*? . For reverse inclusion, if z € X — (X — A)*’, then v ¢ (X — A)* and so there exists
a 6-open set U, containing x such that U, N (X — A) € Z which implies that U, — A € Z. Hence z € 1g(A).
Thus X — (X — A)*? C 9p(A) and so 1g(A) = X — (X — A)*0. O

Theorem 5.2. Let (X, 7,T) be an ideal topological space and let A, B be subsets of X, then the following hold:
(i) If A C B, then 1p(A) C 19(B).
(i) If A, B € p(X), then 1g(A) Uthg(B) C thg(AU B)
(iii) If A, B € p(X), then vg(A) N1bg(B)=1bg(A N B).
(iv) IFA C X, e(A) C 1(A).
() IfU € 7%, then U C 1y (U). Also, if U € 7%, then U C 1py(U).
(vi) If A C X, then 1pg(A) C ho(e(A)).
(vii) If A C X, then 1hg(A) = g (Vg (A)) if and only if (X — A)*0)*0 = (X — A)*9.
(viii) If A C X and T € T, then 1g(A — I) = 1hg(A) = 1bg(AUT).
(ix) If (A— B)U (B — A) € T, then 14 (A) = ¢y(B).

Proof. (i) Since A C B, then (X — A) O (X — B). Then by Theorem 3.22 (i), (X — A)*Y D (X — B)*? and
hence 1g(A) C ¢y(B).

(ii) Since AC AUBand B C AU B, by (i) ¥9(A) U ¢e(B) C g(AU B).

(iii) ¥9(ANB)=X — (X —(ANB))* =X — ((X — A)U(X — B))*Y. This implies that 1y(ANB) = X — ((X —
A)** U (X — B)*?), from Theorem 3.22(xi). Therefore, (AN B) = (X — (X — A)**) U (X — (X — B)*?)
and hence, (AN B) = 1g(A) Ny (B).

(iv) From Theorem 3.17 (iv), we have that (X — A)* C (X — A)*. This implies that X — (X — A)* D
X — (X — A)*¥ and yy(A) C ¥(A).

(v) Since U € 77, then X — U is a f-closed set. So, clg(X —U) =X — U. By theorem 3.22 (vi), (X — Uy C
clo(X —U)=(X —U).Then, U C X — (X —U)** =44(U) forevery U € 7. If U € 7*%, then X — U isa
7*%-closed which implies that (X — U)*Y C (X —U) andso, U C X — (X — U)*? = (V).

(vi) This follows from (i) and (v).

(vii) Since 9h(1hg(A)) = X — (X —1p(A))* = X — (X — (X — (X = 4)*))"* = X — (X = A)**)" = X — (X — A)*
= 1p(A) if and only if (X — A)*?)*? = (X — A)*?.

(viii) We know that X — (X — (A—I)* = X — (X — A)UI)* = X — (X — A)*Y, ( Theorem3.22(xvi)). So,
(A —T) = 1pg(A). Also, we know that X — (X — (AUI)* =X — (X —A) -I)"? =X — (X — A)*?,
(from Theorem 3.22(xv1i)). So, Y9 (A — T) = 1pg(A). Also, Yg(AUT) = 1pg(A).

(ix) Given that (A - B)U(B— A) € Z,and let A— B =1, B— A= 1I,. We observe that I; and I, € Z by
heredity. Also, observe that, B = ((A — 1) U Iz). Thus, ¥9(A) = ¢¥s((A — 1) U I2) = ¢p(B).
O

Corollary 5.1. Let (X, 7,Z) be an ideal topological space. Then U C 1y(U) for every 6-open set U C X.

Proof. We know that ¢y(U) = X — (X — U)*?. Now (X —U)*? C cly(X —U) = X — U, since X — U is f-closed.
Therefore, U= X — (X —U) C X — (X —U)* = (V). O

Remark 5.1. The following example shows that a set A is not 6-open but satisfies A C 1pg(A).
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Example 5.1. Let X = {a,b,c,d}, 7 = {¢,{a},{c,d},{a,c,d},{b,c,d}, X} and T = {¢, {c},{c,d}}. Let A ={b}.
Then g ({b}) = X — (X — {b})*? = X — ({a,¢,d})*® = X — {a} = {b,c,d}. Therefore, A C 1)y(A), But A is not
6-open.

Theorem 5.3. Let (X, 7,Z) be an ideal topological space. If A C X, then, AN 1g(A) = inte(A).

Proof. If x € ANy(A), then x € A and there exists a §-open set U,, containing z, such that U, — A € Z. Then,
by Remark 3.5, U, — (U, — A) € 7%-open neighborhood of x and z € inty(A). On the other hand, if z € inty(A)
there exists a basic Te—open neighborhood V,, — A of x, where V, — A€ rand I € Z,suchthatz € V, - T C A
which implies V,, — A C I and hence V,, — A € 7. Hence, x € AN yy(A). O

Theorem 5.4. Let (X, 7,T) be an ideal topological space and A C X. Then the following properties hold:
1. Yp(A)=U{U e 7%: U — A€ T}.
2. hg(A) D U €79 :(U - A)U(A-U) €T}

Proof. (1) This follows immediately from the definition of 1)y-operator.

(2) Since 7 is heredity, it is obvious that ({U € 7%:(U - A)U(A-U) € I} C|JH{U € 7%: U — A € I} =y (A)
forevery A C X.
O

Theorem 5.5. Let (X, 7,7) be an ideal topological space. Then T ~° T if and only if 1p¢(A) — A € T for every A C X.

Proof. Necessity:

Assume 7 ~Y Zand let A C X . Observe that z € y(A) — A € Zifand only ifz ¢ Aand z ¢ (X — A)*?
if and only if + ¢ A and there exists some ¢-open set U, € 7%(z) such that U, — A € T if and only if there
exists some #-open set U, € 7%(x) such that x € U, — A € Z. Now, for each = € ¢y(A) — Aand U, € 7%(2),
U, N (1g(A) — A) € T by heredity and hence, 199(A) — A € Z by assumption that 7 ~¢ T.

Sufficiency:

Let A C X and assume that for each = € A there exists some #-open set U, € 7%(x) such that U, N A € Z.
Observe that 15(X —A)— (X —A) = A— A*® = {z : there exists some #-open set U, € 7%(z) such that U,NA € T}.
Thus, we have A C ¢9(X — A) — (X — A) € 7 and hence, A € Z by heredity of Z. O

Theorem 5.6. Let (X, 7,T) be an ideal topological space with + ~% T, A C X. If N is a nonempty 6-open subset of
AN ypg(A), then N — A€ Tand NN A ¢ T.

Proof. If N C A" N ¢pp(A), then N — A C 4p9(A) — A € T by Theorem 5.5 and hence N — A € T by heredity.
Since N € 7% — {¢} and N C A*?, we have N N A ¢ T by the definition of A*’. O

Remark 5.2. Let (X, 7,T) be an ideal topological space with 7 ~° I. Then 1y (A) = 1g(1a(A)) for every A C X.

Proof. 1g(A) C 1e(1hg(A)) follows from Theorem 5.2(vi). Since 7 ~? Z, it follows from Theorem 5.5 that
19(A) C AUT for some I € Z, and hence 1y(A) = 1g(1)s(A)) by Theorem 5.2 (viii). O

Theorem 5.7. Let (X, 7,T) be an ideal topological space with 7 ~% T. Then 1p(A) = J{vg(U): U € 79, 4pp(U)— A €
4.

Proof. Let ®(A) =J{wo(U): U € 79, y(U) — A € T}. Clearly ®(A) C 1)p(A). Now let x € 19(A). Then, there
exists a #-open set U, such that U — A € Z. By Corollary 5.1, U C vg(U)and 1g(U) — A C [¢pg(U) —=U|U[U — A].
By Theorem 5.5 ¢»(U) — U € Z. Hence, x € ®(A) and ®(A) D 9(A). Consequently, we obtain ®(A) =
Yo (A). 0

Theorem 5.8. Let (X, 7,T) be an ideal topological space with T ~° T, where 79N = ¢. Then for A C X, 1p(A) C A*Y.

Proof. Suppose = € 1g(A) and = ¢ A*?. Then, there exists a #-open set U, € 7(z) such that U, N A € Z. Since
x € 1p(A), by Theorem 5.4 z € |J{U € 7% : U — A € T} and there exists a #-open set V,, € 7%(x) such that
V,— A€ T Now,wehave U, NV, € 7%(x), U, NV,NA€Tand U, NV, — A € 7 by heredity. Hence, by finite
additivity, we have (U, NV, NA)U (U, NV, — A)=U, NV, € L. Since (U, N V) € 79, this is contrary to 7/ N Z
= ¢ . Therefore, x € A*Y. This implies that 15(A) C A**. O
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Abstract

In this paper we are concerned with a nonlocal problem of a stochastic differential equation that contains
a Brownian motion. The solution contains both of mean square Riemann and mean square Riemann-Steltjes
integrals, so we study an existence theorem for unique mean square continuous solution and its continuous
dependence of the random data Xy and the (non-random data) coefficients of the nonlocal condition ax. Also,
a stochastic differential equation with the integral condition will be considered.

Keywords: Integral condition, Brownian motion, unique mean square solution, continuous dependence, random
data, non-random data, integral condition.
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1 Introduction

Many authors in the last decades studied a nonlocal problems of ordinary differential equations, the reader
is referred to ([3]-[8]]), and references therein.
Also the theory of stochastic differential equations, random fixed point theory, existence of solutions of
stochastic differential equations by using successive approximation method and properties of these solutions
have been extensively studied by several authors, especially those contain the Brownian motion as a formal
derivative of the Gausian white noise, the Brownian motion W(t),t € R, is defined as a stochastic process
such that

W(0) =0, E(W(t)) =0, E(W(t))*> =t

and [W(t;) — W(tp)] is a Gaussian random variable for all t1,t, € R. The reader is referred to ([1]-[2]) and
([9]-[13]) and references therein.
Here we are concerned with the stochastic differential equation

axX(t) = f(t, X(t))dt + g(t)dW(t), t € (0,T] (1.1)
with the nonlocal random initial condition
n
X(O) + Z ax X(Tk) = XO/ ag >0, T € (Ol T)r (12)
k=1

where X is a second order random variable independent of the Brownian motion W(t) and 4 are positive
real integers.

*Corresponding author.
maysa_elgendy@yahoo.com : amasyed@alexu.edu.eg (A. M. A. El-Sayed), ragab.537@yahoo.com (R. O. Abd-El-Rahman) and
maysa_elgendy@yahoo.com (M. El-Gendy).
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The existence of a unique mean square solution will be studied. The continuous dependence on the random
data Xy and the non-random data a; will be established. The problem (1.1) with the integral condition

T
0) —i—/X(s)dzJ(s) — Xo. (1.3)
will be considered.

2 Integral representation

Let I = [0,T] and C = C(I,L(Q2)) be the class of all mean square continuous second order stochastic
process with the norm

| Xllc= sup || X(t) [l2= sup \/E(X(t))>
te[0,T) te[0,T]

Throughout the paper we assume that the following assumptions hold
(H1) The function f : [0, T] x Ly(Q) — Lp(Q2) is mean square continuous.

(H2) There exists an integrable function k : [0, T| — R™, where

t

sup /k(s)ds <m
mMHO

such that the function f satisfies the mean square Lipschitz condition
1 £(E X0 (8)) = £t Xa(8)) l2< k(8) || Xa(8) = Xa(8) 2 -
(H3) There exists a positive real number m; such that

sup | f(t,0) |<my.
te[0,T]

Now we have the following lemmas.

Lemma 2.1. For a deterministic function g(t) : I — R and a Brownian motion W (t)

t 2
/g(s)dW s)|| = /gz(s)ds
0 0
Proof.
t t 2
[s@aw)|| = E{ [ g(s)dw<s>>
0 0

t

(
- E ( / g(s)dw<s>> ( 0/ g(s)dW(s))
0
( g () AW( tk) (Jiirgogg(tk)AW(tk)>
lglgo;ggz(fk)E(AW(tk))2>
,}g;ff(t@(At@)
k=0

g% (s)ds

Il
O — . ———~ T

This complete the proof. O
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Lemma 2.2. The solution of the problem (T.1)and(T.2) can be expressed by the integral equation

X(#) (Xo—iak/fsx ds—Zak/g §)dW (s ) /st ds+/g 5)dW (s @.1)

k=1

" —1
where a = (1+ Y ak> .

k=1
Proof. . Integrating equation (I.I), we obtain

t

X(0) = X(O)+ [ f(5,X(s))ds + [ g(5)aW(s)
0

0
and . .
X(1) = X(0) + [ fls,X(s)ds + [ g(s)aW(s)
0 0
then
Y aX(t) = Y aX(0)+ Y / F(s,X(s)ds + Y oy / 2(s)dW(s)
k=1 k=1 k=1 ) k=1 )
Xo— X(0) = i a X (0) + i uk/f(s,X(s))ds + i ay /g(s)dW(s)
k=1 =1} =1}
and . .
(1 + f ak> X(0) = Xo — i ak/f(s,X(s))ds - i ak/g(s)dW(s),
k=1 k=1 0 k=1 0
then B . .
X(0) = <1 + Z ak> (XO — Z ar | f(s,X(s))ds — Z /g(s)dW(s))
k=1 k=1 ) k=17
Hence
T n Tje t t
X(t) = a (xo—k;akofﬂs,x(s))ds—k_zlako/g(s)dW(s)) +O/f(s,X(s))ds+0/g(s)dW(s)
" -1
where a = (1 +k§l ak) . O
Now define the mapping

n T £
=a - s, X(s))ds— ) a s)d s, X(s))ds s)dW(s). .
FX(1) (xo 3 / X(s)ds — - o [ s >+O/f( X(©)ds+ [g(£awW(s).  @2)

0 0

Then we can prove the following lemma.
Lemma23. F : C — C.

Proof. .LetX € C,t1, tp € [0,T] such that | t, — t; |< J, then
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From assumption (H2) we have

| F(& X)) 2 = [ f(£0) [<I| £(£, X(£) = f(£,0) [l2< k(2) || X(2) [l2,
then we have
| f(£ X)) [2< k(t) [| X(#) l2 + | £(£0) [<k(t) || X [|c +ma.
So,

ty 1)

| FX(t) = EX(t) o< [ If(s, X (sl s+ || [ g(&)aW) [z

t ty
using assumptions and lemma[2.T} we get

) )

| FX(t2) = FX(h) 2] X llc [ K(s)ds+my(tz—t1) + | [ g2(s)ds

ty 51

which proves that F : C — C. O

3 Existence and uniqueness

For the existence of a unique continuous solution X € C of the problem (1.1I)-(1.2), we have the following
theorem.

Theorem 3.1. Let the assumptions (H1) — (H3) be satisfied. If 2m < 1, then the problem (L.1)-(L.2) has a unique
solution X € C.

Proof. Let X and X* € C, then

| EX(t) — EX*(8) |2

n

J1F(s X)) = £ls, X ()]s = a Y- ap [[£(5,X(5)) = f5, X (5) s
0

k=1 7§

2

< [UA X)) = Fl6, X0 6 lpds 0 3o [ 1175, X(5)) = Fl5, X ()| s
0 k=179
< ml|X=X"c+ aiﬂk] m || X—=X"|c,
k=1
< 1—|—aiak1m|X—X*||C
k=1
< 2m | X-X" .

Hence
| FX = FX* le<2m | X = X" |c .

If 2m < 1, then F is contraction and there exists a unique solution X € C of the nonlocal stochastic problem

(TI)-(T.2), [2]. This solution is given by 2.T). O

4 Continuous dependence

Consider the stochastic differential equation (1.1) with the nonlocal condition

X(0) + i ar X(t) = Xo ,T% € (0, T) (4.1)
k=1
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Definition 4.1. The solution X € C of the nonlocal problem (I.1)-(1.2) is continuously dependent (on the data Xo) if
Ve >0, 36 > 0 suchthat || Xo — Xo ||2< & implies that || X — X ||c< e

Here, we study the continuous dependence (on the random data Xp) of the solution of the stochastic

differential equation (L.I) and (L.2).

Theorem 4.2. Let the assumptions (H1) — (H3) be satisfied. Then the solution of the nonlocal problem (I.1)-(T.2) is
continuously dependent on the random data X.

Proof. Let

X() (XO f / F(s, X(s ds—Zak/g $)dW (s )+/tfsx ds+/g s)dW (s)
k=1 0

0

be the solution of the nonlocal problem (T.1)-(T.2) and

X(t) (XO—Zak/st ds—Zak/g s)dW(s >+/tst ds+/g s)dW(s)
0

be the solution of the nonlocal problem (1.1 and {.1). Then
n T
X()=X(t) = a[Xo—Xo]—a) /[f(SrX(S)) — f(s,X(s))lds
k=1

t
+ / 5, X(s)) — f(s, X(s))]ds.
0

Using our assumptions, we get

n T
1 X(H) = X(#) [l < all Xo—Xo[l2 +a Zﬂk/ I £(s,X(s)) = f(s,X(s)) || ds
k=1 4
t
+ [ X)) = £, X(5)) [l2 ds
0
< as+2m | X—X |,
then
5 ad
— < —
XX <2 =
This complete the proof. O

Now consider the stochastic differential equation with the nonlocal condition
n
X(0) + ) & X(w) = Xo ,% € (0,T) (4.2)
k=1

Definition 4.2. The solution X € C of the nonlocal problem (I.1)-(T.2) is continuously dependent (on the coefficient
ay of the nonlocal condition) if Ye >0, 36 > 0 such that | ay — dy |< 6 implies that || X — X ||[c< €

Here, we study the continuous dependence (on the coefficient a; of the nonlocal condition) of the solution
of the stochastic differential equation (1.1) and (1.2).

Theorem 4.3. Let the assumptions (H1) — (H3) be satisfied. Then the solution of the nonlocal problem (I.1)-(T.2) is
continuously dependent on the coefficient ay of the nonlocal condition.
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Proof. Let

X(t) = a (xo k_zl o O/ F(s, X(s))ds — k_zl o 0/ g(s)dW(s)) + 0/ F(s, X(s))ds + O/ 2(s)AW (s)

be the solution of the nonlocal problem (T.1)-(T.2) and

be the solution of the nonlocal problem (I.1) and | .

Then
t n Tk
X(0 - X() = w—d%+/V@X@»—ﬂam@mm—b:@—;WJ §EN ()
0 =1 =1 19
- a iak/f(s X(s))ds+a iﬁk/f(s X(s))ds
k=1 0 k=1 0
Now
1 . ké(ﬁk — a) .
]a—ﬁ| = p — 7 n_ " S Z(ﬁk—ak) <nd
1+ kgl ay 1+ kgl ay (1 + gl le> (1 + kgl ﬁk) k=1
and
ﬁkz:lﬁko/f( )ds—a;ak/st
= i (1 + i ﬁk> /f(s X(s))ds —a (1 + i uk> f(s,X(s))ds
k=1 0 k=1 0
. ﬁ/f(s X(s))ds—i—a/f(s X(s))ds
0 0
= (@) [ (s, X()ds —ala) [ £ls,X()ds
0 0
- ﬁ/f(s X(s))ds+a/f(s X(s))ds
0 0
= — [ X))~ fls, X)) ds +a [ £ls,X(s)ds —a [ (5, X(5))ds
0 0 0
- ﬁ/f(s,X(s))ds+ﬁ/f(s,X(s))ds
0 0
= — [1fX() = fls, XE)ds +[a—a] [ (5, X(s))ds
0 0

Tk

+ [ (s, X()) = fls, K(5))ds

0

493
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and
[aéak—aéak] O/Tkg(s)dW(s) = a(l—i—kéak)—ﬁ(l—i—éﬁk)]:g(s)dW(s)
- [aa]]kg<s>dw<s>
0
= [eat a7 0/ g(s)dW(s) — [a - 2] / g(s)dW (s)
;
= —[a-4 / g(s)dW (s)
0
Then
| X(0) =Xt 2 < 6| Xo 2+ / | £(5,X(s)) = f(5,X(s)) [|2 ds + n& 7g<s>dw<s>
Tk 0 2
+ nd[m || X [lc+mT]+a / | £(5,X(s)) = (5, X(s)) [|2 ds.
0

Using our assumptions we get
Tk
IX=Xllc < nd] Xola+m || X=X |lc+nd /gQ(S)dS +nd[m || Xlc +mT]
0

am || X =X |lc,

_|_

then
I X=%lc < n8 (I X l2+m | X e +mT+ | [g26)ds |+ +apm )| X~ e
. 0 -
- 8
< 18 ||| Xo 2 4m | X lle +mT+ | [g2(s)ds | +2m ) X=X .
. 0 -
Hence
T
nd ||| Xo ll2 +m || X |lc +m T + “fgz(s)ds
S 0
X—-X < =e€.
| X=X < — :

This complete the proof.

5 Nonlocal Integral Condition

Let
ap = o(ty) —o(ti-1), w € (-1, t),
where
0<th <th <tz < ..<T.
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Then, the nonlocal condition (1.2) will be in the form

X0) + Y X(1) (o(t) ot 1)) = Xo.
k=1

From the mean square continuity of the solution of the nonlocal problem (L.1)-(I.2), we obtain from [T3]

that is, the nonlocal conditions is transformed to the mean square Riemann-Steltjes integral condition
T
X(0) + / X(s)dv(s) = Xo.
0

Now, we have the following theorem.

Theorem 5.4. Let the assumptions (H1)-(H3) be satisfied, then the stochastic differential equation with the
nonlocal integral condition has a unique mean square continuous solution represented in the form

T s T s t t
X(t) = a* (Xo—//f(O,X(G))dev(s)—//g(G)dW(Q)dv(s)) + [ 0. x(0)d0 + [ g@)aw (o),
00 00 0 0
where a* = (14 v(T) —v(0))"L.
Proof. Taking the limit of equation (2.1) we get the proof. O

6 Conclusion

Here we defined the mean square continuous solution for the stochastic differential equation and proved
the existence of unique solution of the problem (1.1)-(1.2), then we studied the continuous dependence of the
solution of (1.1)-(1.2) on the initial random data and the nonrandom coefficient of the nonlocal condition .

7 Acknowledgement

The authors would like to thank the anonymous reviewers for their valuable comments.

References

[1] G. Adomian, Stochastic system, Academic Press, (1983).

[2] A.T. Bharucha-Teid, Fixed point theorems in probabilistic analysis, Bulletin of the American Mathematical
Society , 82 (5) (1976).

[3] A. Boucherif, A first-order differential inclusions with nonlocal initial conditions, Applied Mathematics
Letters, 15 (2002), 409-414.

[4] A.Boucherif and Radu Precup, On the nonlocal initial value problem for first order differential equations,
Fixed Point Theory, 4 (2) (2003), 205-212.

[5] L.Byszewski and V.Lakshmikantham, Theorem about the existence and uniqueness of a solution of a
nonlocal abstract cauchy problem in a Banach space, Applicable analysis, 40 (1991), 11-19.

[6] AM. A. El-Sayed, R. O. Abd El-Rahman and M. El-Gendy, Uniformly stable solution of a nonlocal
problem of coupled system of differential equations, Differential Equattions and applications, 5 (3) (2013),
355-365.



496 A.M. A. El-Sayed et al. / Continuous dependence of the solution of a stochastic differential equation with nonlocal conditions ...

[7] AM. A. El-Sayed, R. O. Abd El-Rahman and M. El-Gendy, Existence of solution of a coupled system of
differential equation with nonlocal conditions, Malaya Journal Of Matematik, 2(4)(2014), 345-351.

[8] A. M. A. EL-Sayed and E. O. Bin-Tahir, An arbitraty fractional order differential equation with internal
nonlocal and integral conditions, advances in Pure Mathematics, 1 (3) (2011), 59-62.

[9] S. Itoh, Random fixed point theorems with an application to random differential equations in Banach
spaces, Journal Of Mathematical Analysis And Applications, 67 (1979), 261-273.

[10] A.P. Philipse Notes on Brownian motion, Utrecht University Debye Institute Van t Hoff Laboratory, (2011).

[11] E. Platen, An introduction to numerical methods for stochastic differential equations, Acta Numerica, 8
(1999), 195-244.

[12] M. Rockner, R. Zhu and X. Zhu, Existence and uniqueness of solutions to stochastic functional differential
equations in infinite dimensions, Nonlinear Analysis: Theory, Methods and Applications, 125,(2015), 358-397.

[13] T. T. Soong, Random differential equations in science and engineering, Mathematics in Science and
Engineering, 103, 1973.

Received: January 10, 2016; Accepted: July 21, 2016

UNIVERSITY PRESS

Website: http:/ /www.malayajournal.org/



Malaya J. Mat. 4(3)(2016) 497-504

Malaya MIM

950
)
. . . . ) . $508272
Journal of an international journal of mathematical sciences with ‘f\( 2
Matematik computer applications... e
e — Matematik
www.malayajournal.org |S§N : 531;:3"7;6

On the maximal and minimal solutions of a nonlocal problem of a delay

stochastic differential equation

A.M. A. El-Sayed®*, F. Gaafar’ and M. El-Gendy*

b Department of Mathematics, College of science, Alexandria university, Egypt.

Abstract

In this paper we are concerned with a problem of of a delay stochastic differential equation with nonlocal
condition, the solution is represented as stochastic integral equation that contain mean square Riemann
integral. We study the existence of at least mean square continuous solution for this problem. The existence
of the maximal and minimal solutions will be proved.
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1 Introduction

The problems of differential equation with nonlocal condition studied recently by some authors, see ([3]-[5])
and ([[Z]-[8]) and references therein. Problems of the stochastic differential equations have been extensively
studied by several authors in the last decades The reader is referred to ([1]-[2]), ([6]) and ([9]-[14]) and
references therein.

Let ¢ : [0, T] — [0, T] be continuous real-valued function such that ¢(t) < t, t € [0, T].

Here we are concerned with the delay stochastic differential equation

dX(t
X _ e x(p(1), te T L
with the random nonlocal initial condition
m
X(0) + ) mX(w) = Xo, e (0,7T), (1.2)
k=1

where X is a second order random variable and 4y are positive real numbers.

Our aim is to study the existence of at least mean square continuous solution of the problem (L.I)-(L.2). Also
we define the maximal and minimal solution of the stochastic differential equation. Hence we study the
existence of maximal and minimal solution of the problem (T.T)-(T.2).

2 Preliminaries

Here we give some preliminaries which will be needed in our work.

*Corresponding author.
maysa_elgendy@yahoo.com  : amasyed@alexu.edu.eg (A. M. A. El-Sayed), fatmagaafar2@yahoo.com (F. Gaafar) and
maysa_elgendy@yahoo.com (M. El-Gendy).
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Definition 2.1. [13ll[Random Caratheodory function]
Let X be a stochastic process and let t € I = [a,b], a and b are real numbers. A stochastic function f(t, X(w)) is called
a Caratheodory function if it satisfies the following conditions

1. f(t,X(.)) is measurable for every t,
2. f(., X(w)) is continuous for a.e. stochastic process X.

Theorem 2.1. [12][ Schauder and Tychonoff theorem]
Let Q be a closed bounded convex set in a Banach space and Let T be a completely continuous operator on Q such that
T(Q) C Q. Then T has at least one fixed point in Q. That is, there is at least one x* € Q such that T(x*) = x*.

Definition 2.2. [10] A family of real random functions (X1 (t), Xa(t), ..., Xk (t)) is uniformly bounded in mean square
sense if there exist a B € R (B is finite) such that E(X2(t)) < Bforalln > landall t € I = [a,b], where a, b are real
numbers.

Definition 2.3. [10] A family of real random functions (Xq(t), Xa(t), ..., Xi(t)) is equicontinuous in mean square
sense if for each t € I = [a, ], where a,b are real numbers and € > 0, there exist a 6 > 0 such that

E([Xn(t2) — Xn(t1)]?) <€, Vn>1 whenever |ty—ty|<é.

Theorem 2.2. [[10][Arzela theorem]
Every uniformly bounded equicontinuous family (sequence) of functions (fi(x), f2(x),..., fx(x)) has at least one
subsequence which converges uniformly on the I = [a, b], where a, b are real numbers

Theorem 2.3. [11l][Stochastic Lebesgue dominated convergence theorem]
Let X, (t) be a sequence of random vectors (or functions) is converging to X (t) such that

X(f) = lim X,(¢), as.,

n—oo

and X, (t) is dominated by an integrable function a(t) such that || X, (t) |2< a(t). Then
1. E[lim X,] = lim E[X,] and
n—oo n—oo

2. E[Xu(t) = X()] = 0 as n— oo

where a.s. means that it happens with probability one.

3 Integral representation

Let I = [0,T] and C = C(I,Ly(Q)) be the class of all mean square continuous second order stochastic
process with the norm
2
| X [le= sup [| X(t) [l2= sup /E(X(t))".
te[0,7] te[0,T]

Throughout the paper we assume that the following assumptions hold
i- The functions f : [0, T| x Lp(Q)) — Ly(Q2) is Caratheodory function in mean square sense.
ii- There exists an integrable function /(t) € L! such that

I f(&X(5) la< 1() , V(£ X) € 1 x La(Q)

t
with [ sup [I(s)ds < M|, where M is a positive real number.

te[0,7] 0

Now we have the following lemma.
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Lemma 3.1. The solution of the nonlocal stochastic problem and can be expressed by the stochastic integral
equation

m T £
X(t) = a (Xo ~Yoa f(s,x<¢<s>>>ds) + [ £, X((s))ds (31
k=19 0

m -1
where a = (1—|— > ak> .

k=1
Proof. . Integrating equation (1.1), we obtain

0
and .
X(1) = X(O)+ [ £(5,X(p(:))ds,
0
then
Y- X (m) = 3. aX(0) + Y- e [ (5, X(p()ds,
k=1 k=1 =)
X0~ X(0) = Y aX(0) + 3 ok [ £(5,X(p(5)))is
k=1 k=1 0
and .
(1 + i ak> X(0) = Xo — i ak/f(s,X(cp(s)))ds,
k=1 k=1 0
then . N
X(0) = (1 £y ak) (Xo Yo f(s,x<¢<s>>>ds)
k=1 k=1 0
Hence . ,
X(t) = a (Xo Y f(s,x<4><s>>>ds> + [ 5. X (),
k=19 0
" -1
where a = (1 +k§1 ak> . O

4 Existence of at least mean square continuous solution

For the existence of at least continuous solution X € C of the stochastic problem (1.1) and (1.2), we have
the following theorem.

Theorem 4.4. Let the assumptions (i)-(ii) be satisfied, then the problem (L.I)-(L.2) has at least a solution X € C given
by the stochastic integral equation (3.1).

Proof. . Consider in the space C, the set Q such that
Q = {XeC:|X|c<pB; B isapositive real number}

Now for each X(t) € Q we can define the operator H by

m Tk £
HX(t) = 0 (Xo Yoo f<s,x<¢<s>>>ds) + [ s X(p(e)))ds
k=19 0
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we shall prove that HX(t) € Q. For that let X(t) € Q, then

m T £
IHXW) <l Xola ta Yo [ 1 s X (@) lads + / | £G5, X(@(3))) 12 s
=1
Tk
< al Xoll+ 1(¢(s))ds +
@l Xo |l akz 0/ 5 /
< aHX0||2+a /z ds+/
0
< aHX0||2+a2akM—|—M.

k=1

Leta || Xo || +4 Z oM+ M = B, Bis clearly a positive real number, then (|| HX |[¢< B), so HX € Q and
k=

hence HQ C Q and is also uniformly bounded.
For t|,tp € RT,t; < tp,let | t, — t; | < &, then

£ 5]

| HX(62) = HX(0) |2 < [ 11 (s, X(8(6))) 2 ds < [ 1(s)ds < M.
t fy

Then { HX } is a class of equicontinuous functions. Therefore the operator H is equicontinuous and uniformly
bounded.

Suppose that {X,,} € C such that X, — X in mean square sense.

So,

Lim lim

nSeo HXy () = nSeo

aXO—a:Zlakb/f(s,Xn( s)) ds] + L/f s, Xu(p d]

aXg— (a f: ak> i, {/f(s, Xu(p(s)))ds
k=1 0

NIFEES {/ s Xn(gb(s)))ds] .
0

Using our assumptions and then applying stochastic Lebesgue dominated convergence theorem, we get

T
m k

L HX, (D) = aXg— W% [F(5, Xu(s))]ds + [ #5% [£(s, Xal ds
(1) = aXo kzko/ i +/ #(s)))]
_ axo—afak/ (5, 155 X, (9 s)))]ds+/ysJ;”soxn(q;(s)))]ds
k=1 0 0
m Tk t
= aXg—a) a s, X(¢(s)))ds s, x(¢(s)))ds
0 k_zlko/ﬂ (9(5))) +0/f( (9(5)))

= HX(t)

This proves that H is continuous operator, then H is continuous and compact.

Then H has a fixed point X € C which proves that there exists at least one solution of the stochastic

differential equation (L.I)-(L.2) given by (3.1). O

5 Maximal and minimal solution

Now we give the following definition.
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Definition 5.4. Let q( ) be a solution of the problem (L.1)-(L.2), then q(t) is said to be a maximal solution of (L.1)-(1.2)
if every solution X (t) of (L.I)-(1.2) satisfies the inequality

I X(#) la<[l 9(£)) ll2 -

A minimal solution s(t) can be defined by similar way by reversing the above inequality i.e.

[ X(E) fl2>[ s(8) 2 -
In this section f assumed to satisfy the following definition.

Definition 5.5. The functions f : [0, T] x Ly(Q) — Ly(Q) is said to be stochastically decreasing if for any X,Y €

Ly (Q)) satisfying
2 1 X(E) fla<] Y(#) [|2

implies that

£ (X)) <[l £ Y () 2
Now we have the following lemma.

Lemma 5.2. Let the assumptions (i)-(ii) be satisfied and let X, Y € Lp(Q) satisfying

||x<t>||zSa(|xo||2+iak/ | £(5,X(9(5)) ||2d5) /||st Nl ds
k=1 7§

and

() 2> @ (n Xo o+ Y- o [ 1 £ Y (@) I ds) + [ Y9 s
k=1""% 0

If f(t; x) is stochastically decreasing function . Then
IFX(E) 2<[] Y (#) [l2 G.1)
Proof. . Let the conclusion be false, then there exists ¢; such that
| X(01) la=] Y(t1) 2, t2 >0 52)

and
| X(8) [l2<[ Y(£) [l2, O<t<t (5.3)

since f(t; x) satisfies the definition (5.5)and using equation (5.3), we get

| X(t) 2 < a(n Xol+ Y [ £G5,X(p(5) ||2d5) / | £(s:X(9(5)) |2 ds
k=1 0
a X ma s, Y ds (s,Y(¢ ds
< (n oo+ ) ko/nf( @) Il ) /||f ) 2
< 1Y(®) 2y 0<t<ty,

which contradicts equation (5.2), then
X () ll2<l Y(&) Iz -

Now we have the following theorem.

Theorem 5.5. Let the assumptions (i)-(ii) be satisfied. If f(t, X(t)) satisfies the definition (5.5), then there exist a
maximal solution of the problem (L.I)-(T.2).
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Proof. . Firstly we shall prove the existence of the maximal solution of the problem.
Let € > 0 be given. Now consider the integral equation

Xe(t) = a (xo " / fe(s,X€(<p(s)))ds> + / Fels, Xe(9(5)))ds, (5.4)
k=179 0

where
fe(t, Xe(t)) = f(s, Xe(t)) + €
Clearly the function f¢(t, Xc(t)) satisfies the conditions (i)-(ii) and
| fe(t, Xe(t) [2< 1(t) +€ = I(t),

then equation (5.4) is a solution of the problem (I.1)-(T.2) according to Theorem (4.4).
Now let €1 and €; be such that 0 < €3 < €1 < € Then

k=1

Xel(t) = (XO i”k/fﬁ s X€1 ) /f€1 5 X€1 ( )))d

m T £
_ a(XOZak/(f(s,Xel(qb() te)d )+/ (5, Xe, (¢(5))) +€1) ds,
k=1 % 0
this implies that
m T £
[ Xey()) 2 = all Xo ll2 +akZ ak/llf(S/Xel(fP(S))) +€1||zd5+/ [1f (s, Xe, (9(5))) + €2l ds
=10 0

%

1% I e 3 o 156X (9(6) + ellpds + [ 1176, Xe (9(6)) + edllpds, €2 <o
= 0

0
(5.5)

and

t

| Xe, (1) [2< a (II Xo |2 +Iiak/ll(f(srxez(¢(5))) +€z)|lzd5) +/||(f(S/X€z((P(S)))+€2)||2d5' (5.6)
=1 0

0
Using Lemma (5.2), then equations (5.5) and implies
| Xep (8) <l Xey (£) [l2

As shown before in the proof of Theorem ( the family of functions x¢(t) defined by equation (3.1) is
uniformly bounded and equicontinuous functlons Hence by Arzela Theorem, there exists a decreasing
sequence e, such thate — Oasn — coand lim Xe, (t) exists uniformly in C and denote this limit by q(t), then

from the continuity of the function fe, in the second argument and applying Lebesgue dominated convergence
Theorem, we get

q(t) = lim X, (t)

n—o0

which proves that g(t) is a solution of the problem (1.1)-(1.2)
Finally, we shall show that g(t) is the maximal solution of the problem (L.1)-(L.2). To do this, let X(t) be any

solution of the problem (L.I)-(T.2).
Then

k=1

I Xe(t) I a | Xo 12 +a - o [ 11f(s, Xe(p(s))) +ellyds + [ I1f(s, Xelg())) + el ds
0 0
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and
| X() o< a (||xo||z+ Yy [ 1 £, Xelg(s)) o ds) + [ 55X @) 11 ds.
k=1 % 0

Applying Lemma (5.2), we get
| Xe(t) 12> X(¢) 12

from the uniqueness of the maximal solution (see [6]), it is clear that X¢ () tends to (t) uniformly ase — 0. [

By similar way as done above we can prove that s(t) is the minimal solution of the problem — (1.2). The
maximal and minimal solutions of the problem (L.I)-(T.2) can be defined in the same fashion as done above.
If the function f assumed to satisfy the following definition.

Definition 5.6. The functions f : [0, T] x Lo(Q) — Ly(Q) is said to be stochastically increasing if for any X,Y €
Ly (Q)) satisfying
I X(#) la<[l Y(2) [l2
implies that
£ X)) [l2> [ FEY () [l2 -

Now we have the following theorem.

Theorem 5.6. Let the assumptions (i)-(ii) be satisfied. If f(t, X) satisfies the definition (5.6), then there exist a minimal
solution of the problem (L.1)-(T.2).

6 Examples

Here, as an application of our results, we give the following two examples.

Example 6.1. Let € (0,1]. As ¢, one can take, for example ¢(t) = pt.

Let the assumptions of Theorem be satisfied. Then the problem

d%” — F(t,X(B1)), te(0,T]

with the nonlocal random initial condition
n
X(0)+ ) @ X(w) = Xo, %€ (0,7),
k=1
has at least one solution X € C([0, T], L?(Q2)).

Example 6.2. Let the assumptions of Theorem be satisfied, let v > 1. As ¢, one can tack, for example ¢(t) = t7.
Then the problem

AX(t)
Cdt

with the nonlocal random initial condition

= f(t,X(t7)), te (0,1]

n
X(0)+ ) @ X(w) = Xo, % € (0,1),
k=1

has at least one solution X € C([0,1], L*(Q)).

7 Conclusion

Here we defined the mean square solution for the stochastic differential equation and proved the existence
of at least one solution of the problem (1.1)-(1.2), then we proved the existence of the maximal and minimal

solution of (1.1)-(1.2).
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Coefficient Estimates for Bazilevi¢ Ma-Minda Functions in the Space of

Sigmoid Function
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Abstract

In this work, the authors investigated the coefficient estimates for Bazilevi¢ Ma-Minda Functions for
the class T%(A, B,1,®). The first few coefficient bounds for this class were obtained and also the relevant
connection to Fekete-Szeg6 theorem and were briefly discussed. Our results serve as a new generalization in
this direction and gives birth to many corollaries.

Keywords: ~ Analytic Function, Univalent Function, Starlike Function, Convex Function, Bazilevi¢ Function,
Subordination, Sigmoid Function, Fekete-Szeg6 Inequality.

2010 MSC: 30C45, 33E99. (©2012 MJM. All rights reserved.

1 Introduction

In the twentieth century, the theory of special functions was overshadowed by other fields like functional
analysis, real analysis, algebra, topology, differential equations and so on. These functions do not have
specific definitions but they constitute an information process that is inspired by the way biological nervous
system such as the brain processes information. This information process contains large numbers of highly
interconnected elements (neurons) working together to perform specific tasks.

Special functions can be categorized into three, namely ramp function, sigmoid function and threshold
function. The most popular of the functions is the sigmoid function because of its gradient descent

algorithm. It can be evaluated by truncated series expansion (see details in [5], [9] and [11]).

The sigmoid function of the form

8(z) = 1.1
is differentiable and has the following properties:
(i) it outputs real numbers between 0 and 1.
(i) it maps a very large input domain to a small range of outputs.
(iii) it never loses information because it is a one-to-one function.
(iv) it increases monotonically.

The four properties show that sigmoid function is very useful in geometric functions theory.

*Corresponding author.
olatunjiso@futa.edu.ng (5.0. Olatunji) and ejdansu@futa.edu.ng (E.J. Dansu).
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Let A denote the class of functions of the form

flz)=z+ i aZ* (z e U) (1.2)
k=2

which are analytic in the open disk U = {z : |z| < 1} and normalized by f(0) = f/(0) —1 = 0.

A domain U C C is convex if the line segment joining any two points in U lies entirely in U, while a
domain is starlike with respect to a point wy € U if the line segment joining any point of U to wy lies inside
U. A function f € A is starlike if f(U) is a starlike domain with respect to the origin and convex if f(U) is
convex.

Recall that starlike and convex functions are denoted by ST and CV respectively and analytically written
as ReZ}C(S) > 0 and Re (1 + Zj:, ((ZZ))) > 0. Starlike and convex functions of type « are denoted by ST («) and
CV(a) respectively and characterized by Re Z}(;S) > « and Re (1 + Zj]:,ﬁ(g)) > a where a1 0 < o < 1 (see detail
in [2])).

The two functions f and g are analytic in the open unit disk U. We say f is subordinate to g written as
f < g € U if there exists a Schwarz function w(z) which is analytic in U with w(0) = 0 and |w(z)| < 1 such
that f(z) = g(w(z)). It follows from Schwarz lemma that f(z) < g(z) (z € U) = f(0) = g(0) and
f(U) C g(U) (see details in [8]).

Ma and Minda[7] unified various subclasses of starlike and convex functions for which either of the
quantity ZJJ(((S) orl+ z}‘/(g) is subordinate to a more general superordinate function. For this purpose, they

considered an analytic function ¢ with positive real part in the open unit disk U, ¢(0) = 1 and ¢’(0) > 0 and
@ maps U onto a region starlike with respect to 1 and symmetric with respect to the real axis. The class of Ma-

Minda starlike function consists of functions f € A satisfying the subordination foz—s) < ¢(z) and Ma-Minda

convex function consists of functions f € A satisfying subordination 1 + Z]J:,lzg) < ¢(z) (detail in [2])).

Lemma 1.1 (Pommerenke[13]). If a function p € P is given by
p(z) =1+ piz+pz® +... (zel) (1.3)

then |px| <2 (k € N), where P is the class of Caratheodory function, analytic in U for which p(0) = 1 and
Rep(z) >0 (zel).

Let a > 0 (« is real), then
o
fl2)* = (z +Y akzk> (1.4)
k=2

which gives

f(2)" = (z4 a2 + a3z® + agz* +..)* (1.5)
Or, equivalently
f(2)" = (z(1+ a2z + azz® + a2® + ..))" (1.6)
Using simple expansion for , we have
a(a—1
flz)* =2 (1 + a(axz + a3z 4+ a2° + ) + %(uzz a3+ g+ )2 ) (1.7)

Since the expansion continues, then
fz)* == (1 + a(az + a3z® + a42° + ))

which implies
f(2)* = 2% 4 aapz® ™ 4 aazz®? + wagz® 3
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This finally gives
f2)" =2+ ) ap(a)z* 1 (1.8)
k=2
Catas et al.[3] defined the Catas Operator as follows:
A 2 Ao A
PANf(z) = f(2)

BODAE = (D) (P ) + 1) (1) ==+ ki(l“(k‘”“)akzk

111 111 - 111
and
_ z 0 _ 2
PO = (MDD (T )+ @) (15 ) ==+ by () e
In general,
FODFE = 10D A = 2+ Y (P g 19
’ = s % = = 1+1 k .
Applying in , we have
" o (1A= +1\" . & [(1+Ala+k—2)+1\" ek
I"ADf(2)* = (1“) z +]§2< 131 ) ay ()21 (1.10)

where n € Ny, « > 0 (aisreal),A >0,/ > 0.

Oladipo and Olatunji[10] used (I.10) to define a class Tj; (A, B,1) with geometric condition satisfying
I"(ADf(2)"

A (=D H\" _,
T+ z

> B (1.11)

wheren € Ny, &« > 0 (xisreal), A >0,/ > 0and 0 < B < 1. The first few coefficient bounds for the class were
obtained and the coefficient inequalities for the class were derived by employing Hayami’s method [6]. By

specializing the parameters involved in (1.11)), we obtain various subclasses of analytic functions studied by
[0, [21, [14], [15] and so on.

In this work, the authors defined a new class of functions denoted by Tj (A, 8,1, ®) as related to modified
sigmoid function with geometric condition satisfying
Re_ LlADf* B

1A (=D +H\"_,
T+ z

1-p
wheren € Ny, &« > 0 (xisreal), A > 0,/ > 0and 0 < B < 1. The first few coefficient estimates for the class are
obtained. Also, the relevant connection to Fekete-Szego theorem are briefly discussed.

For the purpose of our results, we require the following lemmas.

Lemma 1.2 (Fadipe-Joseph et al.[5]). Let g be a sigmoid function and

NGRS C VAN
D(z) =28(2) =1+ ), ~m— | X 72 (1.13)
m=1 n=1 .
then ®(z) € P, |z| < 1 where ®(z) is a modified sigmoid function.
Lemma 1.3 (Fadipe-Joseph et al.[5]). Let
oo 71 m oo 71 n
Dyn(z) =2g(z) =1+ Zl ( 2m) (Zl( n!) z”) (1.14)
m= n=

then |y, 4 (2)| < 2.
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Lemma 1.4 (Fadipe-Joseph et al.[5])). If ®(z) € P and it is starlike, then f is a normalized univalent function of
the form (1.2).

Setting m = 1, Fadipe-Joseph et al.[5] remarked that ®(z) = 1+ Y, ; c,z" where ¢, =
lcn| <2,n=1,2,3, ... and the result is sharp for each n.

(_1)n+1

W. As SuCh,

2 Coefficient Estimates

In the sequel, it is assumed that ¢ is an analytic function with positive real part in the open unit disk U, with
¢(0) =1, ¢'(0) > 0and ¢(U) is symmetric with respect to the real axis. Such a function has a series expansion
of the form

@(z) = 14 B1z + Boz® + B3z + Paz* + ... (B1 > 0) (2.15)

For functions in the class T§ (A, B, 1, ®), the following results are obtained.
Theorem 2.1. If f(z)* € Ty (A, B,1, D) is given by (1.12), then

ax(a)) < —1=P)B (2.16)

- 1+Aa+l "
4 (1+)\(1x71)+l)

2n n
(1-5) [2a(82 - 30) (2s5t) " - - 10— 987 ()|

a3 ()| < o - (2.17)
3242 ( 1+Aa+! ) (l+/\(u¢+l)+l>
1+A(a—1)+1 1+A(a—1)+I1
2(1— B)(3B3 — 6B, — By
laa(2)] < ( 384‘8)(1+A(a¢+2)+l " :
n (1+A(a—1)+1)
2n n
1+ Ao+l 2 ((1+A(a+1)+]
oo pn |2 [ () - 00— g ()]
N 3n 1A (a+ 1)+ \ "
14 Aat] 1+A(at1)+l
384a° (1+)Iaflr)+l) (1+/\(a—1)+l)
(a—2)(1- B1B}
384
(2.18)
Proof. Let f(z)* € T (A, B,1,®). Then there are analytic functions u : U — U with u(0) = 0 satisfying
rANfE" B
(HA(a—ll)H)”za
i+
5 ) 2.19)
Define the function ®(z) by
14 u(z) 1 1, 1.5 1,4 79,
D(z) = — 14 g — P —7 — 2.2
B =10 "1 w T et T e (2.20)
or, equivalently
Pz -1 1. 1, 1 5 5, 13 &
WO = Tl T a7 160 1927 7es”  15360° T 2.21)
In view of @.19), 2.20) and (2.21)), clearly
1”((%1){(2)“ —B
1+A (a—1)+1\"_,
(T) z — P(z) -1 (222)
1-8 D(z) +1 ‘
Using (2.21) together with (2.15), it is evident that
CD(Z) -1 _ By By—By , By+6By—3B3 35 5By +By—9B3+3Bs 4
<®(z)+1>—1+4z+ T 192 z° + 763 VA (2.23)
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Recall that

I"(A D f(z)* 1+2<1+/\ (a+k— 2)+l> ap(2)21

1+A(a—1)+1\ " 14+ A(x—1)+1
( (1w+l) )sz +A(a—1) +

which has the expansion

1+ Aa+1 " ale—1) 5\ (1+A(a+1)+1\" ,
l+a(1—|—)»((x—1)+l> azz+<aa3+ 5 a2> (1+A(o¢—1)+l> z

+ (tm4—|—0c(0c—1),12,13+ “(“1)(a2)ag) <1+A(a+2) +l>”z3

6 TrA@—1)+1
alw—1) oy a(e—1)(a—2) , w(a—1)(e=2)(a—3) 4\ [1+A(a+3)+1\" 4
+ <‘m5 g meata) + 3 o503+ 24 )\ 1T+ A@w—1)+1) *
+ ..
(2.24)
Therefore yields
1+Aa+1 \" ala—1) 5\ [1+A(a+1)+1\" ,
1+a (1+A(a—1)+l> a2zt ("‘”3+ 2 ”2> (1+A(zx—1)+l> z
B ale—1)(a—2) 3\ [T+A(a+2)+1\" 5
—|—<¢w4+1x(rx 1)agaz + 3 ay TF A —1)+1 z
ala—1) oy a(e—1)(a—2) , ala—1)(a—2)(a—3) 4\ (1+A(a+3)+1\" 4
+ <‘m5 g (2mnatas) + 3 a3+ 24 )\ 1T+ A@w-1)+1) *
. B ﬁ By, — B 2_B1+6Bz—3B33 5B1 + B, —9B3 + 3By 4
+.=p+(1 ﬁ){1+4z+ TG ) z7 + 763 AR
(2.25)
Comparing the L.H.S. and RH.S. of (2.25), it gives
1+ Aa+1 " _ (1-p)B
(o) w0 = 2.26)
a(a—1) , 1+ Aa+1)+1\"  (1—pB)(B,— By)
("‘“3("‘) T ”2("‘)> (1 FAw-1)+1) 16 2.27)
- (e —1)(a—2) 4 14+ A(+2)+1\"  (1—B)(Bi+6B, —3B3)
(s0s(a) + a0 = Dia(w)a(o) + =2 ) (30T - n
(2.28)
So, by simple computation, we obtain
1-p8)B
a()| < —L=PBL (2.29)
4 ( 1+Aa+] )
1+A(a—1)+1
2n n
Aa+1 1+A(a+1)+1
(1-p) {2“(32 —B1) (%) —(a=1)(1—-pB)B7 (%) }
laz(a)| < — - (2.30)
3242 ( 1+Aa+] ) (l+/\(rx+1)+l)
1+A(a—1)+I1 1+A(a—1)+1
2(1-p8)(3B3 —6B, — B
a4 ()] < ( ‘B)(lJr?\(aJrZ)jl n 1
384u <1+/\(a—1)+1)
2n n
1+ Aat! 14 A (at1)+1
(- 1)1 pPB | ° [2”‘(32 -B) (idtife) - (-0 - P8 (r ) }
3n T+A (D) +H "
14+Aa+! LrA(atl)+l
38443 (%) (1+/\(o¢—1)+l)
L @-2)0 - p7B;
384

(2.31)
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and this completes the proof of Theorem (2.1).
By specializing some parameters that are involved, we obtain some corollaries.

Setting B = 0, it gives the following corollary
Corollary 2.1. If f(z)* € T5(A,0,1,®) is given by (1.12), then

laa(a)] < e

= 1+ra+l \"
4 (41+4A(1x71)+7)

2n n
a+1 1+ A (a+1)+!
{2”‘(32 - B1) (1+1/\+(2—J1r)+1) —(a— 1)3% (mﬁi_&z) ]

2n n
2 1+Aa+l 1+A (a+1)+]
322 (rn ) (T

las(a)] <

2(3B3 — 6B, — By)

- THA (@ +2)+1\ "
384 <1+A(u¢—l)+l>

|a4(a))|

2n
3 [2"4(32 —B1) (M) —(a—1)B? (w

(zx _ 1)31 1+A(a—1)+! 1+A(a—1)+I
3n A (et 1)+ "
1+ atl] oA
384a3 (Wﬁ)u) <l+)\(u¢71)+l)
(«—2)B3
384«

Setting « = 1 in Corollary gives
Corollary 2.2. 1If f(z) € TA(A,0,1,®) is given by (T.12), then
By

1+A+1)"
4 (424

ja2(1)] <

s (22)"]

2n n
14+A+I1 1+2A+1
2 () (M)

las(1)] <

2(3B3— 6B, —By) B}
1430+ )" 384°
384 (L2

lag(1)] <

Putting A = 1 in Corollary yields
Corollary 2.3. If f(z) € T}(1,0,1,®) is given by ([.12), then
By
aa(1)] < T
4(3)
241\
2(B, — By) (m)
2n n
2+1 3+1
2(H)" (H)
2(3B3 —6B, —By) B}
ssa ()" 384

—

la3(1)] < {

las(1)] <
1+
Taking ! = 0 in Corollary it is seen that

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)



S.0. Olatunji and E.J. Dansu. / Coefficient Estimates for Bazilevi¢ Ma-Minda Functions... 511

Corollary 2.4. 1f f(z) € T}(1,0,0,®) is given by (T.12), then

By
< .
laz(1)] < 1) (2.41)
[2(B2 — B1)(2)*"]
< .
la3(1)[ < AREED (2.42)
2(3B3 — 6B, — B;) B}
< - —. .
If n = 0 in Corollary we get
Corollary 2.5. If f(z) € T3(1,0,0, ®) is given by (.12), then
B
a2 (1)] < (2.44)
(B2 — By)
< =" .
(1) < P2 @15)
_ _ B3
a(1)| < BB 6B2=B1) _ Bi (2.46)

192 384

3 The Fekete-Szegé Inequality

In order to obtain the Fekete-Szego Inequalities, we shall employ the Deniz and Orhan[4] and Ma and
MindalZ] approach.

Theorem 3.1. If f(z)* € TS (A, B,1,®) is given by (1.12), then

N\ " 2n
1 g | BB —Da+2u—1) (15E5) — 20(B1 - By) (5285 )

32 A+ )+ (14l |2
a? (1+A(a—1)+l) (1+/\(¢x51)+l>

|ag — paj| < (3.47)

Proof. From (2.29) and (2.30), we have

2n o n
(1-p) B~ B1) (5258) "~ - 1= 98 ()|

a3—‘ua%: —u (1_15)81
2n n n
1+Aa+l 14+A(a41)41 14+ A+l
3202 (HAJEaﬁ)H) (1+A(271)+1> A (H?\(a*l)ﬂ)
(3.48)

Simplifying (3.48), we have

M n N 2n
1 _p | BB D@20 = 1) ($5E) - 20(By - By) (hiaeily)

2
az — pas = 3.49
3T HB 32 22 (1+/\(lx+1)+l)n ( 14+ Aa+l )2” (349)
1+A(ae—1)+1 1+A(a—1)+1
which completes the proof. O
Taking u = 1, we obtain
Corollary 3.6. If f(z)* € T5(A,B,1,®) is given by (L.12), then
’ T+A(a+1)+1\" 1idarl )"
a5 — a2 < 1-p|Bi(B-1)(a+1) (m) —2a(By — By) (Wil)ﬂ) (350)
3T Rl="g3 22 (1+/\(a+1)+l)n ( 1+Aa+l )2” '
1+A(a—1)+! 1+A(a—1)+!

4 Conclusion

By varying other parameters that are involved, many corollaries can be generated.
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Abstract

The generalized Bessel transform satisfies some uncertainty principles similar to the Euclidean Fourier
transform. A generalization of Donoho-Stark uncertainty principle is obtained for the generalized Bessel
transform.
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1 Introduction

There are many theorems known which state that a function and its classical Fourier transform on R
cannot both be sharply localized. That it is impossible for a nonzero function and its Fourier transform
to be simultaneously small. There are several manifestations of this principle. We refer the reader to the
excellent survey article by Folland and Sitaram [3], and also the monograph by S. Thangavelu [5]. In this
paper we are interested in a variant of Donoho-Stark’s uncertainty principle. Recall that Donoho and Stark
[2] paid attention to the supports of functions and gave qualitative uncertainty principles for the Fourier
transforms. The purpose of this paper is to obtain uncertainty principle similar to Donoho-Stark’s principle
for the generalized Bessel transform. The outline of the content of this paper is as follows.

Section 2 is dedicated to some properties and results concerning the Generalized Bessel transform.
Section 3 is devoted to the Donoho-Stark’s uncertainty principle for the Generalized Bessel transform.

2 Preliminaries

In this section we recapitulate some facts about harmonic analysis related to the generalized Bessel
operator. We cite here, as briefly as possible, some properties. For more details we refer to [1].
Throughout this paper we assume that & > %1

We consider the second-order singular differential operator on the half line

2a+1i

dxf(x) _4n(a+n)

x2

d2
Lonf(x) = 1 f(x) + f)

X

The generalized Bessel transform is defined for a function f € L}, (R™) by

Fan(F)A) = /O Y f©) o (x)2 dx, A >0, 2.1)

*Corresponding author.
E-mail address : safouanenajat@gmail.com (N. Safouane), r.daher@fsac.ac.ma (R. Daher) and a.abouelaz@fsac.ac.ma ( A. Abouleaz).
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where
P (x) = agyonx® /01 cos(Atx) (1 — £2)* 2134t
and
P (%) = agyonx® /01 cos(Atx) (1 — £2)* 2134t
and 2r 2 1
a+2n
factan = \/El("(oj——l- 2n++ )%) @2)
e The function ¢, satisfies the differential equation
Lanpr =N
e Forall A € Cand x € RT,
|pa(x)| < xreltmAllxl, 2.3)
e Forall A € Rt and x € R,
ATgA(x) = 2 gx(A). (24)
We denote by
e LI (R™) the class of measurable functions f on [0, +oco[ for which
g <
where X
gy = ([ 1r@Par)", ity <o
and || f|[ o (r+) = ess supx>olf(x)]-
e L} ,(R") the class of measurable functions f on R* for which
1l ey = IE 2 F gy < oo
Forevery f € L} (R*)N L2, (R") we have the Plancherel formula
L1 Pty = [T Fu(HA) P ditnsan (W),
where
i) = rmra T @5)

The generalized Bessel transform F,, extends uniquely to an isometric isomorphism from L2 , (R") onto

2
Loc+2n (lR+ ) .
The inverse transform is given by

Fad () = [ o) duasan(), 26)

where the integral converge in L2 ,(R™).
Let f € L}, (R") such that F ,(f) € L} +on(RT), then the inverse generalized Fourier-Bessel transform is
given by the formula

£ = [ Funl )N 9r (dptc20 (A). @7)
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3 Donoho-Stark for the Fourier generalized transform

Throughout this section we denote by ||.|| the operator norm on L2, (R+ ). More precisely if T is an operator

then
||TfHL2 (R+)

1]l = supyerz
Fei®) T ey

We say that f is e-concentrated on a measurable set E if

If = Xefllz, re) <€

where xr is the characteristic function of the set E.
Donoho and Stark [3] have shown that if f of unit L?(IR*) norm is e concentrated on a measurable set T and
its Fourier transform F(f) is ey, on a measurable set W, then

[WLIT| > (1 - er —ew)*.
Here, |T| is the Lebesque measure of the set T. This inequality has been slightly improved in ref.[4] to
1
WLIT| = (1= (e +efy)2)*

In this section, we will extend the Donoho-Stark uncertainty principle to the generalized Bessel transform.
Let Pr denote the time-limiting operator

eent ={ I te 69)

This operator cuts off the part of f outside E. Let us now be more precise, we need to introduce some notations,
so f is e-concentrated on a set E if, and only if

1f = Pefllz ,(me) <€

For simplicity, we will use Px to Py x). Clearly ||Pg|| = 1 because Pf is a projection. The second operator is
the frequency-limiting operator

(Qef)(x / Py (X) Fan () (Y)dptar2n(y), 39
From we can also write Qf as follows

Qef (x) = Fou (Pe(Fun(f)) (2):

Then by and @) we deduce that Fy,,(f) is e-concentrated on F if and only if ||f — Qrfll;2 k) <
ellflliz,, =

®,n

We haV.e from and
(BN = P [ 9y Fan( )0ty
= b [ o) [ ouf O (D)
) Y
= P SO [ pu@)on(Odparzn ()
= [ #ea o)

where

Y
| Py (Ddpaion(y), x <X
0, x> X
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The Hilbert-Schmidt norm of PxQy is

IPxQrlis = ([ a1 P >m<t>)%

The norm ||PxQy|| does not exceed the Hilbert-Schmidt norm of PxQy, therefore
1PxQyI* < [IPxQy s

= /OO /Oo|q (x, 1) [Pdpa (x)dpa (t)

/ | 1o Py () (),

Notice that
150 = [ a0 Oderany
= /OYyz"cpy(X)yz”cvy(f)d#a(y)-
From we deduce that
= [ )P )

= /O " Px ()t (v)dpay)
= xzntzn]:zx,n(?t(‘)X[O,Y])(x)/

the Plancherel formula for the generalized Bessel transform yields

LGP = [T R Fu () X ) () P x)

a o
= [ Fo (9 ) () Pt 20(x)
a+2n J0
a (0]
= [ Fan(P ()X ) (0 Pias 2 (2),
a+2n J0
by Plancherel formula we have
a o
[ Fun (P91 X)) () P () = [ 200 P ()
Ag+2n JO utx+2n
= O [T 1) P (0
Ax+2n
= (a >/|(Px |d,utx+2n( )
a+2n
Consequently,
2 a \°
1xI? < () [ [ gelt) P (a1
a+2n
2
a
< ()1 P (e ()
An+2n

Ay

3
/ A0 (X)Aptar2n (t)

3 XY a+2n+1

Ax+2n

Ay

() )
(%)
_ () / / Bt 20 () Atz ()
() )
()

Ay+2n x+2n+1"°
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We put

3
o = (”M) (a+2n+1). (3.10)

Ay

Let XY < (ban) 2#1. Then ||PxQy|| < 1 and therefore I — PxQy is invertible with

I1(I-PxQy)7Y| < Y |IPxQy|ff
k=0

k

IN

) |: (Xy)zx-‘r2n+1 :|

Z bﬂéi’l

k=0 4
ban
bzx,n _ (Xy)a+2n+1 :

We have
I'=Px + Pix,c0) = PxQv + PxQ(v,00) T P(x,00)-

The orthogonality of Px and Py ) gives

||PXQ(Y,oo)f||%§/n(]R+) + ||P(Xr°°)f||%§,n(IR+) = HPXQ(Y,oo)f + P(X,oo)f”%g/n(l[ﬁ)-
Together with ||Px|| =1

If

Baon < 11T =PxQy) P = PxQOfIIT2 )

ba,n

2
2 2
< (o mr) [1PxQum Il ey + 1Pk 1

b ’ 2 2
< (o) (120 MR e+ P I, )
If f of unit norm is ex-time-limited on [0, X], then |[P(x o) f[12 , (r+) < €x, If f of unit norm is ey-bandlimited
on [0,Y], then |[Q(y,e0) fll12 L(r+) < €y- Then if f of unit norm is both ex-time-limited and ey-bandlimited,

ban 20
1< <bw — (Xy)a+2n+l) (ex +ey)

or
1
1 ) a+2n+1

XY > (by) 727 (1 (¢ +€3)?
We arrive at the Donoho-Stark uncertainty principle for the generalized Bessel transform.
Theorem 3.1. Let a unit norm signal f be ex-time-limited on [0, X] and ey-bandlimited on [0, Y]. Then
XY 2 (bt (- (& + )

where by, is given by (3.10).
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