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On some boundary-value problems of functional integro-differential
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Abstract

In this paper, we study the existence of solution for some boundary value problems of functional integro-
differential equations with nonlocal boundary conditions.

Keywords:  Nonlocal boundary value problems, schauder fixed point theorem, functional integral equation,
functional integro-differential equation, lebesgue dominated convergence theorem.
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1 Introduction

Mathematical modelling of real-life problems usually results in functional equations, like ordinary or
partial differential equations, integral and integro- differential equations, stochastic equations. Many
mathematical formulation of physical phenomena contain integro-differential equations, these equations
arises in many fields like fluid dynamics, biological models and chemical kinetics integro-differential
equations are usually difficult to solve analytically so it is required to obtain an efficient approximate
solution. Consider the following boundary value problems of functional integro-differential equations with
the nonlocal boundary conditions.

1
¥ (1) :f(t,/o k(t,)x(s)ds), te (0,1) (1.1)
x(1) +ax(&) =0, T7,0e [0,1],a #—1. (1.2)

1
() = f(t, /O k(t, )% (s)ds), te (0,1) (1.3)
x(t)+Bx(§) =0, B # —1 (1.4)
X' (1) + ax'(&) =0, 1,8 € [0,1],a # —1. (1.5)

Here we study the existence of at least one solution of each of the boundary value problems (1.I)-(T.2) and

@3-@).

The existence of exactly one solution of them will be deduced.

*Corresponding author.
E-mail address: amasayed@gmail.com (A. M. A. El-Sayed), mohdshaaban@yahoo.com(M. SH. Mohamed), kheriamsaik@gmail.com (K. M.
O. Msaik).
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2 Functional integral equation

Here we study the existence of at least one (and exactly one) continuous solution of the functional integral

equation.
1 T «

v(0) = £, [ K69 [ y0)do - [“y@do - 2 [ yoraolas @6)

under the following assumptions

(1) f:1=10,1] x R — Rismeasurableint € [0,1] forall x € Rand continuousinx € R forallt € [0,1]
and there exists integrable function a € L![0,1] and positive constant b > 0 such that

| f(t,x) | < a(t) +blx| t el

(2 a = supla(t)], t €[0,1]
t

(3) k:I=1[0,1] x [0,1] — R is continuous ¢ € [0,1] for every s € [0,1]
and measurable in s € [0,1] forall ¢ € [0,1], such that

1
sup/ k(t,s)dt < M
t 0

Now for the existence of at least one continuous solution of the functional integral equation [2.6), we have
the following theorem.

Theorem 2.1. Let the assumptions (1)-(3) be satisfied. If 2Mb < 1, then the functional integral equation has at
least one solutiony € C[0,1].

Proof. let C = C[0,1] and define the set Q, by
Q={ye C:lyl < r} C Cl01]

where r = =5 .
Define the operator F associated with the functional integral equation (2.6) by

Fytt) = £, [ ke[ y00 — 1 ["y@ao - [ y@)aoas

To show that F: Q, — Q;, lety € Q,, then

R0 | = 1S [ ke v @ - [Ty 15 [ yo)aolas) |

<l +o) [ ke[ y@d - [Ty [y as

< la(t)|+b] |/ ts/ d6d5|+|/ (t,5) 1+1 /Ty(e)de—1j’:a/ogy(9)de}ds|]
< a0+ b1 [ e O ds + [ k)l + ] ly(e) ds]

< fat)| + bl [ ks rds + [ KG9 rds)

< la(t)| +2bMr =r.

< a+ 2bMr =r.
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This proves that F : Q, — Q, and the class of functions {F(y)} is uniformly bounded.
Let ty,t € [0,1] and |t — t1] < 6, then

Fy(t) — Fy(h)] = |f(ts /Olkaz,s)[ [ e )de—ﬁ 6)d6] ds)
Sl [ k[ y@de - / 0)d6] d)
— |f(ta, Olk (ta)s / 0)do — — — / 6)d6] ds)

6)do] ds)

/ 6)d6] ds)
/ 0)d6] ds)|

o [ [
2 )y ve
2 )y ve

<t Olkt2, / 0)do — — — / / 0)do] ds)
+2 )y ve
/
2 )y ve

1
+ tl, k tz, / d9—
0

1
— Aty | K(tas) / 0)d6 — ——

o

1

— ft, | K(tas) / 0)do — —— / 6)do] ds)|
0

6)do] ds)

1
+ tl, k tl/ / dg—
0

—_

— fhy [ k(ts) / 0)d — ——
0

/ 0)d6] ds)|

N G — /Ofyw)de— [ ydo) ds)

- f(tl,/olk<tz,s)[/osy( )d()—% y(0)d6 —

&[5 0)de) d
moy() ] ds)|

1 o

+ L|/01k(t2,s)[/osy(9)d9— [ wen - 1+“/Ogy(9)d9] ds
— [T [ y@do [Ty - 5 [ yydo) as
1, [ ke s) [ y0)i0 [ y(@ao - 2 [ y(oyao] do

o [ k) [ y0)a0 — o [Tyo)a0 - fy(@)d@] )|

IN

1
1+«

1
+ 2Lyl [ k(tars) — k(t,9)lds,

< 1, [ K[ 00— [Tyyo - [ y(@raa) s
o [ k) [ y@o — 1 [y@)a0 2 [ y(oyde] a)

1
n 2Lr/0 Ik(ts, s) — k(t,s)|ds.

This means that the class of functions F{y} is equi-continuous on Q;.
Using Arzela-Ascoli Theorem (see[13]), we find that F is compact.
Now we prove that F : Q, — Q, is continuous.
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Let {y»} C Qr, and y, — y, then

T o ¢
Fyn(t) = f(t / (t,9)] /yn de—— yn(e)d9—1+a/o yn(0)d6]ds)
lim F — T n(@)de — — [* . (0)deld
tim Fyn(t) = Jim £, [ k(1) [ va(0)0 1 [ ya@)d0 — 12 [y (@)delas)
Now
I ' ds) = F(t, 1i )d6 Tede & el
tim £, [ K15 ya(s)ds) = £0 Jim [ k(1) [ va(0)d0 — 1 [T ya0)d0 — 22 [* yu(o)dolas)
then using Lebesgue dominated convergence Theorem (see[13]), we have
) 1
}}gﬂopyn = r}g{}of(/ k(t,s)f /0 (t,s)[ /yn
1 o ¢
= L - [y e)delds)
"k oo — —— [Tyere— — [ y(0)de] d
= £, [ k) [ w©)a0 - [ yo)a0 - 5 ["y(e)an) as)

Then Fy, (t) — Fy(t).

Which means that the operator F is continuous.

Since all conditions of Schauder fixed point theorem [12] are satisfied, then the operator F has at least one
fixed point y € C[0,1], which completes the proof. m

Now for the uniqueness of the solution of the functional integral equation (2.6).
Consider following assumptions

(1*) f:1=1[0,1] x R — R ismeasurablein t € [0,1] forall x € R and satisfies
the lipschitz such that

[f(t,x) = f(t,y)| < blx —y|, b >0 2.7)

(2*) f(t,0) € L'[0,1] sup If(t,0)] < a.

Theorem 2.2. Let the assumptions (1*),(2*) and (3) be satisfied. If 2Mb < 1, then the functional integral equation
has a unique solution y € C[0,1].

Proof. From we can obtain
If(tx)] < [f(£,0)]+ b [x].

This shows that the assumptions of Theorem (2.1) are satisfied
Now let y1,2 be two solution of functional integral equation (2.6)

(0 =1 [ ke[ @ - [0 [Fyio)dolas)
wat) = £t [ K[ 00— 1o [“ya0)d0 — 25 [* y(0)a0)as
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) -n0l = 17 [ e[ o e—ﬁ "0~ [ yi(0)de] )
- / (t,9)] /yz d@—— yz(e))de—ﬁ éyzw)de]dsn
< b|/ ts/ )d@—% yl((?)de—ﬁ Ogyl(e)de]ds
— [ R [ a0 [Ta@rdo - [ yao)aoas
< b]/Olk(t,s)/osyl(e)d(?ds—/Olk(t,s)[lj_“/(]Tyl(e)d(?—i-T y1(6)do] ds
1 s 1 1 T o ¢
_ /Ok(t,s)/o yz(G)des—l—/O k(t,s)[m/o yz(G)dG—i-m/o y2(0)d6] ds|
< b|/ ts/y1 d9—/y2 )db]ds|

bl [ Ky [ 020 - @) + 1 [ (1200 - ya (@) |

< b|/ ts/ (6) — y2(0))dods|

b bl [ )l — il + iy~ il |
1 1

< b(lln-wall [ ksl + ||]/1—y2||/0 k(1 5)]ds)

< 26M [y — 2|

then
1 = vall < Klly1 — 2|
where K = 2bM < 1, then
ly1 =yl —k) < 0
and
ly1 =yal[ = 0

which implies that y; = y, then the functional integral equation (2.6) has a unique continuous solution.

3 Nonlocal boundary value problems
Here we study the existence of at least one (and exactly one) solution of each of the functional integro-

differential equations (1.T),(1.3).

Consider the functional integro differential equation

1
Y (t) = f(t,/ k(,5) x(s) ds) te (0,1).
0
with the nonlocal boundary value condition
x(1)+ax(¢)=0. 7,6 €010 # —1

Theorem 3.3. Let the assumptions of theorem be satisfied, then the nonlocal boundary value problem (I.1)-(1.2)
has at least one continuous solution x € C[0,1].
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Proof. Let x'(t) = y(t). Integrating both sides we get
t
x(t) = x(0)+ [ ys)ds,

x(1) = x(0) + /OTy(s)ds
and :

X() = x(0) + [ y(s)ds
Using the nonlocal boundary condition we obtain

x(0) + /OTy(s)ds = —ax(0)—u« /Oé y(s)ds,
and ) N :

x(0) =~ [ vers— 5 [ys)as,
then

1) = [ ytets — o [Tyo)is - 1 [Fy(s)as

where y satisfies the functional integral equation

o

v = £ [ ko) [ v@a0 i [Tyo - [ yieaelas)

191

(3.8)

This complete the proof of equivalent between the nonlocal problem (1.I)-(1.2) and the functional integral
equation . This implies that there exists at least one solution x € C[0,1] of the nonlocal problem

C1)-(T2)m

Corollary 3.1. Let the assumptions (1*),(2*) and (3) be satisfied, then the solution of nonlocal boundary value problem

({1.1)-({T.2) has a unique continuous solution x € C|0,1].

Consider the functional integro-differential equation

1
fﬁ):ﬂnAk@@f@m) te (0,1)

with the nonlocal boundary conditions
x(7) + px(6) =0,
X' (1) + ax/(&) =0.

Theorem 3.4. Let the assumptions of theorem be satisfied then the boundary value problems (1.3)-(1.5) has at least

one continuous solution x € C[0,1].

Proof. Let x/(t) = y(t) integrating both sides, we obtain

x%%:ﬂ®+£y@%

and
x(t) = x(0) + tx'(0) —0—/0 (t—s) y(s)ds.
then .
x'(t) = x'(0) +/0 y(s) ds,
and

R\
~
™~
N—

|

x'(0) + /OC y(s) ds.
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Using the nonlocal condition (1.5) we obtain

x'(0) = ! /OT y(s)ds — “ /Oé y(s) ds

144 1+a

and

x(t) = x(0) +7x'(0) + /(; (t—s) y(s) ds,

K@) = x(O +EX O+ [ @5 y(o) s

1

/ T o ¢
x'(0) = —1+06/0 y(s)ds—1+a/(] y(s) ds.

Using Boundary condition (1.4) we obtain

x(0) = T 0) — g [ leds - 5 M@ -

w0 = BT [Ty i [y

T ¢
— 1_1!3 A (T —s)y(s)ds — L ; (& —s)ds

B 1
1+«

+ 1 /OTy(s)ds - 1% fy(s)ds] + [ (t=9)y(s)ds, (3.9)

1

x'(t) = 17z /O.Ty(s)ds - ﬁ Ogy(s)ds +/0 y(s)ds,

and y satisfies the functional integral equation

vt = £t [ k) [ y0)a0 — [ y(@ndo - 5 [*y(oydolas)

This complete the proof of equivalent between the nonlocal problem (1.3)-(L.5) and the functional integral
equation (2.6). This implies that there exists at least one solution x € C[0,1] of the nonlocal problem (1.3)-

@5.m

Corollary 3.2. Let the assumptions (1*),(2*) and (3) be satisfied, then the solution of nonlocal boundary value problem
({1.3)-(1.5) has a unique continuous solution x € C[0,1].
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Abstract

In this paper, the authors introduce a new class of functions called almost contra pre generalized b -
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1 Introduction

In 2002, Jafari and Noiri introduced and studied a new form of functions called contra-pre continuous
functions. The purpose of this paper is to introduce and study almost contra pgb-continuous functions via
the concept of pgb-closed sets. Also, properties of almost contra pgb-continuity are discussed. Moreover, we
obtain basic properties and preservation theorems of almost contra pgb-continuous functions and
relationships between almost contra pgb-continuity and pgb-regular graphs.

Through out this paper (X,7) and (Y,0) represent the non-empty topological spaces on which no
separation axioms are assumed, unless otherwise mentioned. Let A C X, the closure of A and interior of A
will be denoted by cI(A) and int(A) respectively, union of all pgb-open sets X contained in A is called
pgb-interior of A and it is denoted by pgbint(A), the intersection of all pgb-closed sets of X containing A is
called pgb-closure of A and it is denoted by pgbcl(A) [9].

2 Preliminaries

Definition 2.1. Let a subset A of a topological space (X, T), is called

1) a pre-open set [8] if A C int(cl(A)).

2) a semi-open set [6l] if A C cl(int(A)).

3) a b -open set [3] if A C cl(int(A)) Uint(cl(A)).

4) a generalized b- closed set (briefly gb- closed) [1]] if bel(A) € U whenever A C U and U is open in X.

5) a generalized ab- closed set (briefly gub- closed) [11)] if bel(A) C U whenever A C U and U is a open in X.

6) a regular generalized b- closed set (briefly rgb- closed) [7] if bcl(A) C U whenever A C U and U is regular open in
X.

7) a pre generalized b- closed set (briefly pgb- closed) [9] if bel(A) C U whenever A C U and U is pre-open in X.
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Definition 2.2. A function f : (X, t) — (Y, 0), is called

1) almost contra continuous [1] if f =1 (V') is closed in (X, T) for every regular-open set V of (Y, ).

2) almost contra b-continuous [2] if f =1 (V') is b-closed in (X, T) for every reqular-open set V of (Y, ). 3) almost contra
pre-continuous [5] if f =1 (V') is pre-closed in (X, T) for every reqular-open set V of (Y, o).

4) almost contra semi-continuous [4] if f~1(V) is semi-closed in (X, T) for every reqular-open set V of (Y, 7).

5) almost contra rgb-continuous [10] if f~1(V) is rgb-closed in (X, T) for every reqular-open set V of (Y, o).

3 Almost Contra Pre Generalized b - Continuous Functions

In this section, we introduce almost contra pre generalized b - continuous functions and investigate some
of their properties.

Definition 3.3. A function f : (X, ) — (Y, 0) is called almost contra pre generalized b - continuous if f~1(V) is pgb
- closed in (X, T) for every reqular open set V in (Y, o).

Example 3.1. Let X =Y = {a,b,c} witht = {X, ¢,{a},{b},{a,b}} and o = {Y, ¢, {b},{c}, {b,c}}. Definea
function f : (X, T) = (Y,0) by f(a) =b, f(b) = a, f(c) = c. Clearly f is almost contra pgb - continuous.

Theorem 3.1. If f : X — Y is contra pgb - continuous then it is almost contra pgb - continuous.
Proof. Obvious, because every regular open set is open set. O
Remark 3.1. Converse of the above theorem need not be true in general as seen from the following example.

Example 3.2. Let X =Y = {a,b,c} with t = {X,¢,{a}, {b},{a,b}} and o = {Y, ¢, {a}, {b},{a, b}, {a,c}}.
Define a function f : (X,7) — (Y,0) by f(a) = ¢, f(b) = a, f(c) = b. Then f is almost contra pgb - continuous
function but not contra pgb - continuous, because for the open set {a,c} in Y and f~{a,c} = {a, b} is not pgb - closed
in X.

Theorem 3.2. 1) Every almost contra b - continuous function is almost contra pgb - continuous function.
2) Every almost contra gu - continuous function is almost contra pgb - continuous function.

3) Every almost contra gux - continuous function is almost contra pgb - continuous function.

4) Every almost contra g - continuous function is almost contra pgb - continuous function.

5) Every almost contra rgb - continuous function is almost contra pgb - continuous function.

6) Every almost contra gab - continuous function is almost contra pgb - continuous function.

Remark 3.2. Conwverse of the above statements is not true as shown in the following example.

Example 3.3. i) Let X = Y = {a,b,c} witht = {X, ¢,{a}, {b},{a,b},{b,c}} and o = {Y, ¢, {b}, {c}, {b,c}}.
Define a function f : (X,7) = (Y, o) by f(a) = a, f(b) = ¢, f(c) = b. Clearly f is almost contra pgb - continuous
but f is not almost contra b - continuous. Because f~1({b}) = {c} is not b - closed in (X, T) where {b} is reqular -
openin (Y,0).

ii) Let X =Y = {a,b,c} with v = {X,¢,{a},{c},{a,c}} and 0 = {Y,¢,{a},{b}, {a,b}}. Define a function
f:(X,71) = (Y,0) by f(a) =1, f(b) = a, f(c) = c. Clearly f is almost contra pgb - continuous but f is not almost
contra gu - continuous. Because f~1({b}) = {a} is not ga - closed in (X, T) where {a} is reqular - open in (Y, ).
iii) Let X =Y = {a,b,c} witht = {X,¢,{c},{a,c}} and o = {Y, ¢, {a},{b},{a,b},{a,c}}. Definea function
f:(X,1) = (Y,o) by f(a) =a, f(b) =1, f(c) = c. Clearly f is almost contra pgb - continuous but f is not almost
contra gax - continuous. Because f~1({b}) = {b} is not gax - closed in (X, T) where {b} is reqular - open in (Y, 7).
iv) Let X =Y = {a,b,c} witht = {X,¢,{a},{c}, {a,c}} and o = {Y, ¢, {a}, {b}, {a,b}}. Define a function
f:(X,1) = (Y,0) by f(a) =0, f(b) = a, f(c) = c. Clearly f is almost contra pgb - continuous but f is not almost
contra g - continuous. Because f~1({b}) = {a} is not g - closed in (X, T) where {b} is reqular - open in (Y, o).
v)Let X =Y = {a,b,c} witht = {X,¢,{a},{b},{a,b}} and 0 = {Y,¢,{b},{c},{b,c}}. Define a function
f:(X,1) = (Y,0) by f(a) =c, f(b) = a, f(c) =b. Clearly f is almost contra pgb - continuous but f is not almost
contra rgb - continuous. Because f~1({c}) = {a} is not rgb - closed in (X, T) where {c} is reqular - open in (Y, 7).
vi) Let X =Y = {a,b,c} with T = {X,¢,{a},{b},{a,b},{b,c}} and o = {Y,¢,{a},{c},{a,c}} Definea
function f : (X, T) — (Y,0) by f(a) =a, f(b) = b, f(c) = c. Clearly f is almost contra pgb - continuous but f is
not almost contra gab - continuous. Because f~'({a}) = {a} is not gab - closed in (X, T) where {b} is regular - open
in (Y,0).
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Theorem 3.3. The following are equivalent for a function f : X =Y,

(1) f is almost contra pgb - continuous.

(2) for every reqular closed set FofY, f ~Y(F) is pgb - open set of X.

(3) for each x € X and each regular closed set F of Y containing f(x), there exists pgb - open U containing x such that
f(U)cCF.

(4) for each x € X and each regular open set V of Y not containing f(x), there exists pgb - closed set K not containing
x such that f~1(V) C K.

Proof. (1) = (2) : Let F be a regular closed setin Y, then Y — F is a regular open setin Y. By (1), f’1 (Y-F) =
X — f~1(F) is pgb - closed set in X. This implies f ~1(F) is pgb - open set in X. Therefore, (2) holds.

(2) = (1) : Let G be a regular open set of Y. Then Y — G is a regular closed setin Y. By (2), f~1(Y — G) is pgb -
open set in X. This implies X — f~1(G) is pgb - open set in X, which implies f~!(G) is pgb - closed set in X.
Therefore, (1) hold.

(2) = (3) : Let F be a regular closed set in Y containing f(x), which implies x € f~!(F). By (2), f~}(F)
is pgb - open in X containing x. Set U = f~!(F), which implies U is pgb - open in X containing x and
f(U) = f(f~1(F)) C F. Therefore (3) holds.

(3) = (2) : Let F be a regular closed set in Y containing f(x), which implies x € f~1(F). From (3), there exists
pgb - open U, in X containing x such that f(U,) C F. Thatis Uy C f~!(F). Thus f~(F) = {UUy : x € f1(F),
which is union of pgb - open sets. Therefore, f ! (F) is pgb - open set of X.

(3) = (4) : Let V be a regular open set in Y not containing f(x). Then Y — V is a regular closed set in Y
containing f(x). From (3), there exists a pgb - open set U in X containing x such that f(U) C Y — V .This
implies U C f~1(Y — V) = X — f1(V). Hence, f~1(V) C X — U. Set K = X — V, then K is pgb - closed set
not containing x in X such that f~1(V) C K.

(4) = (3) : Let F be a regular closed set in Y containing f(x). Then Y — F is a regular open set in Y not
containing f(x). From (4), there exists pgb - closed set K in X not containing x such that f ~}(Y — F) C K. This
implies X — f~!(F) C K. Hence, X — K C f~!(F), thatis f(X — K) C F. Set U = X — K, then U is pgb - open
set containing x in X such that f(U) C F. 0O

Theorem 3.4. The following are equivalent for a function f : X =Y,

(1) f is almost contra pgb - continuous.

(2) f~1(Int(CI(G))) is pgb - closed set in X for every open subset G of Y.
(3) f~Y(CI(Int(F))) is pgb - open set in X for every closed subset F of Y.

Proof. (1) = (2): Let G be an open setin Y. Then Int(CI(G)) is regular open setin Y. By (1), f ' (Int(CI(G)) €
pgb — C(X).

(2) = (1) : Proof is obvious.

(1) = (3) : Let F be a closed set in Y. Then Cl(Int(G)) is regular closed set in Y. By (1), f ~*(CI(Int(G)) €
pgb — O(X).

(3) = (1) : Proof is obvious. O

Definition 3.4. A function f : X — Y is said to be R - map if f ~1(V) is reqular open in X for each reqular open set V
of Y.

Definition 3.5. A function f : X — Y is said to be perfectly continuous if f =1 (V) is clopen in X for each open set V
of Y.

Theorem 3.5. For two functions f : X = Yand g:Y — Z,let go f : X — Z be a composition function. Then, the
following properties hold.

(1) If f is almost contra pgb - continuous and g is an R - map, then g o f is almost contra pgb - continuous.

(2) If f is almost contra pgb - continuous and g is perfectly continuous, then g o f is contra pgb - continuous.

(3) If f is contra pgb - continuous and g is almost continuous, then g o f is almost contra pgb - continuous.

Proof. (1) Let V be any regular open set in Z. Since g is an R - map, g~ !(V) is regular open in Y. Since f is
almost contra pgb - continuous, f =1 (g1 (V)) = (go f)~1 (V) is pgb - closed set in X. Therefore g o f is almost
contra pgb - continuous.

(2) Let V be any regular open set in Z. Since g is perfectly continuous, g~ (V) is clopen in Y. Since f is almost
contra pgb - continuous, f~1(g71(V)) = (go f)~1(V) is pgb - open and pgb - closed set in X. Therefore g o f
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is pgb continuous and contra pgb - continuous.

(3) Let V be any regular open set in Z. Since g is almost continuous, ¢! (V) is open in Y. Since f is almost
contra pgb - continuous, f (g7 (V)) = (go f) "1 (V) is pgb - closed set in X. Therefore g o f is almost contra
pgb - continuous. O

Theorem 3.6. Let f : X — Y be a contra pgb - continuous and g : Y — Z be pgb - continuous. If Y is Tpgb - space,
then go f : X — Z is an almost contra pgb - continuous.

Proof. Let V be any regular open and hence open set in Z. Since g is pgb - continuous g~ (V) is pgb - open
in Y and Y is Tpgb - space implies ¢~ (V) open in Y. Since f is contra pgb - continuous, f~(g71(V)) =
(g0 f)~1(V) is pgb - closed set in X. Therefore, g o f is an almost contra pgb - continuous. O

Theorem 3.7. If f : X — Y is surjective strongly pgb - open (or strongly pgb - closed) and g : Y — Z is a function
such that go f : X — Z is an almost contra pgb - continuous, then g is an almost contra pgb - continuous.

Proof. Let V be any regular closed (resp. regular open) setin Z. Since g o f is an almost contra pgb - continuous,
(go )N (V) = f (g 1 (V)) is pgb - open (resp. pgb - closed) in X. Since f is surjective and strongly pgb -
open (or strongly pgb - closed), f(f~1 (g1 (V))) = ¢ 1(V) is pgb - open(or pgb - closed). Therefore g is an
almost contra pgb - continuous. O

Definition 3.6. A function f : X — Y is called weakly pgb - continuous if for each x € X and each open set V of Y
containing f(x), there exists U € pgb — O(X; x) such that f(U) C cl(V).

Theorem 3.8. If a function f : X — Y is an almost contra pgb - continuous, then f is weakly pgb - continuous
function.

Proof. Let x € X and V be an open set in Y containing f(x). Then cl(V) is regular closed in Y containing f(x).
Since f is an almost contra pgb - continuous function by Theorem 3.4 (2), f~!(cI(V)) is pgb - open set in X
containing x. Set U = f~1(cl(V)), then f(U) C f(f1(CI(V))) C cl(V). This shows that f is weakly pgb -
continuous function. O

Definition 3.7. A space X is called locally pgb - indiscrete if every pgb - open set is closed in X.

Theorem 3.9. If a function f : X — Y is almost contra pgb - continuous and X is locally pgb - indiscrete space, then
f is almost continuous.

Proof. Let U be a regular open set in Y. Since f is almost contra pgb - continuous f~1(U) is pgb - closed set
in X and X is locally pgb - indiscrete space, which implies f~!(U) is an open set in X. Therefore f is almost
continuous. O

Lemma 3.1. Let A and X be subsets of a space X. If A € pgb — O(X) and Xy € %, then AN Xy € pgb — O(Xp).

Theorem 3.10. If f : X — Y is almost contra pgb - continuous and Xo € T then the restriction f/Xo : Xo — Y is
almost contra pgb - continuous.

Proof. Let V be any regular open set of Y. By Theorem, we have f~1(V) € pgb— O(X) and hence
(f/X0) Y (V) = f1(V)NXy € pgb— O(Xp). By Lemma 3.1, it follows that f/X, is almost contra pgb -
continuous. O

Theorem 3.11. If f : X — []Y, is almost contra pgb - continuous, then Py o f : X — Y is almost contra pgb -
continuous for each A € V, where Py is the projection of []Y), onto Y.

Proof. Let Y, be any regular open set of Y. Since P, is continuous open, it is an R - map and hence (P))~! €

RO(TTY3)-
By theorem, f~1(P; }(V)) = (Py o f)~! € pgb — O(X). Hence P, o f is almost contra pgb - continuous. O
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4 Pre Generalized b - Regular Graphs and Strongly Contra Pre Generalized b - Closed
Graphs

Definition 4.8. A graph Gy of a function f : X — Y is said to be pgb - regular (strongly contra pgb - closed) if
for each (x,y) € (X x Y)\Gy, there exist a pgb - closed set U in X containing x and V- € R — O(Y) such that
(UxV)NGr=g.

Theorem 4.12. If f : X — Y is almost contra pgb - continuous and Y is Ty, then Gy is pgb - regularin X X Y.

Proof. Let (x,y) € (X x Y)\Gy). It is obvious that f(x) # y. Since Y is Ty, there exists V, W € RO(Y) such
that f(x) € V,y € Wand VNW = ¢. Since f is almost contra pgb - continuous, f (V) is a pgb - closed set in
X containing x. If we take U = f~!(V), we have f(U) C V. Hence, f(U) N\W = ¢ and Gy is pgb - regular. [

Theorem 4.13. Let f : (X, 7) — (Y, 0) bea functionand g : (X,7) — (X X Y, T x 0) the graph function defined by
g(x) = (x, f(x)) for every x € X. Then f is almost pgb - continuous if and only if g is almost pgb - continuous.

Proof. Necessary : Let x € X and V € pgb — O(Y) containing f(x). Then, we have g(x) = (x, f(x)) €
R —O(X xY). Since f is almost pgb - continuous, there exists a pgb - open set U of X containing x such that
g(U) C X x Y. Therefore, we obtain f(U) C V. Hence f is almost pgb continuous.

Sufficiency : Let x € X and w be a regular open set of X X Y containing g(x). There exists U; € RO(X, T)
and V € RO(Y,0) such that (x, f(x)) € (U; x V) C W. Since f is almost pgb - continuous, there exists
U, € pgb — O(X, 7) such that x € Up and f(Up) C V. Set U = Uy N Up. We have x € Uy € pgb — O(X, T) and
g(U) C (U x V) C W. This shows that g is almost pgb - continuous. O

Theorem 4.14. If a function f : X — Y be a almost contra pgb - continuous and almost continuous, then f is reqular
set - connected.

Proof. Let V € RO(Y). Since f is almost contra pgb - continuous and almost continuous, f~1(V) is pgb -
closed and open. So f (V) is clopen. It turns out that f is regular set - connected. O

5 Connectedness

Definition 5.9. A space X is called pgb - connected if X cannot be written as a disjoint union of two non - empty pgb
- open sets.

Theorem 5.15. If f : X — Y is an almost contra pgb - continuous surjection and X is pgb - connected, then Y is
connected.

Proof. Suppose that Y is not a connected space. Then Y can be written as Y = Uy U V; such that Uy and V} are
disjoint non - empty open sets. Let U = int(cl(Up)) and V = int(cl(Vp)). Then U and V are disjoint nonempty
regular open sets such that Y = U U V. Since f is almost contra pgb - continuous, then f~1(U) and f~1(V)
are pgb - open sets of X. We have X = f~1(U) U f~1(V) such that f~!(U) and f~!(V) are disjoint. Since f is
surjective, this shows that X is not pgb - connected. Hence Y is connected. O

Theorem 5.16. The almost contra pgb - continuous image of pgb - connected space is connected.

Proof. Let f : X — Y be an almost contra pgb - continuous function of a pgb - connected space X onto a
topological space Y. Suppose that Y is not a connected space. There exist non - empty disjoint open sets V;
and V; such that Y = V; U V,. Therefore, V; and V; are clopen in Y. Since f is almost contra pgb - continuous,
f~Y(V1) and f~1(V;) are pgb - open in X. Moreover, f (V1) and f~!(V5) are non - empty disjoint and
X = f~Y (V1) U f~1(V,). This shows that X is not pgb - connected. This is a contradiction and hence Y is
connected. O

Definition 5.10. A topological space X is said to be pgb - ultra connected if every two non - empty pgb - closed subsets
of X intersect.

A topological space X is said to be hyper connected if every open set is dense.

Theorem 5.17. If X is pgb - ultra connected and f : X — Y is an almost contra pgb - continuous surjection, then Y
is hyper connected.
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Proof. Suppose that Y is not hyperconnected. Then, there exists an open set V such that V is not dense in Y.
So, there exist non - empty regular open subsets By = int(cl(V)) and B, =Y —cl(V) in Y. Since f is almost
contra pgb - continuous, f~!(B;) and f~1(By) are disjoint pgb - closed. This is contrary to the pgb - ultra -
connectedness of X. Therefore, Y is hyperconnected. O

6 Separation axioms

Definition 6.11. A topological space X is said to be pgb — T space if for any pair of distinct points x and y, there exist
a pgb - open sets G and H such that x € G,y ¢ Gand x ¢ H,y € H.

Theorem 6.18. If f : X — Y is an almost contra pgb - continuous injection and Y is weakly Hausdorff, then X is
pgb — Ti.

Proof. Suppose Y is weakly Hausdorff. For any distinct points x and y in X, there exist V and W regular
closed sets in Y such that f(x) € V', f(y) € V, f(y) € Wand f(x) ¢ W. Since f is almost contra pgb -
continuous, f~1(V) and f~1(W) are pgb - open subsets of X such thatx € f~1(V),y & f~1(V),y € f~1(W)
and x ¢ f~1(W). This shows that X is pgb — T;. O

Corollary 6.1. If f : X — Y is a contra pgb - continuous injection and Y is weakly Hausdorff, then X is pgb — Ty.

Definition 6.12. A topological space X is called Ultra Hausdorf{f space, if for every pair of distinct points x and y in X,
there exist disjoint clopen sets U and V in X containing x and y, respectively.

Definition 6.13. A topological space X is said to be pgb — T, space if for any pair of distinct points x and y, there exist
disjoint pgb - open sets G and H such that x € Gandy € H.

Theorem 6.19. If f : X — Y is an almost contra pgb - continuous injective function from space X into a Ultra
Hausdorff space Y, then X is pgb — T,.

Proof. Let x and y be any two distinct points in X. Since f is an injective f(x) # f(y) and Y is Ultra Hausdorff
space, there exist disjoint clopen sets U and V of Y containing f(x) and f(y) respectively. Then x € f~1(U)
andy € f~1(V), where f~1(U) and f~1(V) are disjoint pgb - open sets in X. Therefore X is pgb — T». O

Definition 6.14. A topological space X is called Ultra normal space, if each pair of disjoint closed sets can be separated
by disjoint clopen sets.

Definition 6.15. A topological space X is said to be pgb - normal if each pair of disjoint closed sets can be separated by
disjoint pgb - open sets.

Theorem 6.20. If f : X — Y is an almost contra pgb - continuous closed injection and Y is ultra normal, then X is
pgb - normal.

Proof. Let E and F be disjoint closed subsets of X. Since f is closed and injective f(E) and f(F) are disjoint
closed sets in Y . Since Y is ultra normal there exists disjoint clopen sets U and V in Y such that f(E) C U and
f(F) C V. This implies E C f~'(U) and F C f~!(V). Since f is an almost contra pgb - continuous injection,
f~Y(U) and f~1(V) are disjoint pgb - open sets in X. This shows X is pgb - normal. O

Theorem 6.21. If f : X — Y is an almost contra pgb - continuous and Y is semi - reqular, then f is pgb - continuous.

Proof. Let x € X and V be an open set of Y containing f(x). By definition of semi - regularity of Y, there exists
a regular open set G of Y such that f(x) € G C V. Since f is almost contra pgb - continuous, there exists
U € pgb — O(X, x) such that f(U) C G. Hence we have f(U) C G C V. This shows that f is pgb - continuous
function. N
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7 Compactness

Definition 7.16. A space X is said to be:

(1) pgb - compact if every pgb - open cover of X has a finite subcover.

(2) pgb - closed compact if every pgb - closed cover of X has a finite subcover.

(3) Nearly compact if every regular open cover of X has a finite subcover.

(4) Countably pgb - compact if every countable cover of X by pgb - open sets has a finite subcover.
(5) Countably pgb - closed compact if every countable cover of X by pgb - closed sets has a finite sub cover.
(6) Nearly countably compact if every countable cover of X by reqular open sets has a finite sub cover.
(7) pgb - Lindelof if every pgb - open cover of X has a countable sub cover.

(8) pgb - Lindelof if every pgb - closed cover of X has a countable sub cover.

(9) Nearly Lindelof if every regular open cover of X has a countable sub cover.

(10) S - Lindelof if every cover of X by reqular closed sets has a countable sub cover.

(11) Countably S - closed if every countable cover of X by reqular closed sets has a finite sub - cover.
(12) S - closed if every regular closed cover of x has a finite sub cover.

Theorem 7.22. Let f : X — Y be an almost contra pgb - continuous surjection. Then, the following properties hold:
(1) If X is pgb - closed compact, then Y is nearly compact.

(2) If X is countably pgb - closed compact, then Y is nearly countably compact.

(3) If X is pgb - Lindelof, then Y is nearly Lindelof.

Proof. (1) Let{V, : a € I} be any regular open cover of Y. Since f is almost contra pgb - continuous, { f ~1(V,) :
a € I} is pgb - closed cover of X. Since X is pgb - closed compact, there exists a finite subset I of I such that
X = U{fY(Vy) : @ € Iy}. Since f is surjective, Y = U{(V,) : « € Iy} which is finite sub cover of Y, therefore
Y is nearly compact.

(2) Let {V4 : a € I} be any countable regular open cover of Y . Since f is almost contra pgb - continuous,
{f~Y(Vy) : @ € I} is countable pgb - closed cover of X. Since X is countably pgb - closed compact, there exists
a finite subset I of I such that X = U{f1(V,) : a € Iy}. Since f is surjective, Y = U{(V,) : a € Iy} is finite
subcover for Y . Hence Y is nearly countably compact.

(3) Let {V, : « € I} be any regular open cover of Y. Since f is almost contra pgb - continuous, {f~!(V,) :
a € I} is pgb - closed cover of X. Since X is pgb - Lindelof, there exists a countable subset Iy of I such that
X = {fY(Va) : @ € Ip}. Since f is surjective, Y = U{(V,) : & € Iy} is finite sub cover for Y . Therefore, Y is
nearly Lindelof. O

Theorem 7.23. Let f : X — Y be an almost contra pgb - continuous surjection. Then, the following properties hold:
(1) If X is pgb - compact, then Y is S - closed.

(2) If X is countably pgb - closed, then Y is is countably S - closed.

(3) If X is pgb - Lindelof, then Y is S - Lindelof.

Proof. (1) Let {V, : « € I} be any regular closed cover of Y. Since f is almost contra pgb - continuous,
{f~Y(Vy) : & € I} is pgb - open cover of X. Since X is pgb - compact, there exists a finite subset Iy of I such
that X = U{f1(V,) : @ € Ip}. Since f is surjective, Y = U{V, : & € Iy} is finite sub cover for Y. Therefore, Y
is S - closed.

(2) Let {V, : « € I} be any countable regular closed cover of Y. Since f is almost contra pgb - continuous,
{f~1(Vy) : & € I} is countable pgb - open cover of X. Since X is countably pgb - compact, there exists a finite
subset Iy of I such that X = U{f~1(V,) : & € Iy}. Since f is surjective, Y = U{V, : a € Iy} is finite sub cover
for Y. Hence, Y is countably S - closed.

(3) Let {V, : @ € I} be any regular closed cover of Y. Since f is almost contra pgb - continuous, {f~1(V,) :
a € I} is pgb - open cover of X. Since X is pgb - Lindelof, there exists a countable sub - set Iy of I such that
X =U{f Y (V) : & € Iy}. Since f is surjective, Y = U{V, : & € Iy} is finite sub cover for Y. Hence, Y is S -
Lindelof. 0
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Abstract

In this paper, we achieve the general solution and generalized Ulam - Hyers stability of a n— dimensional
additive-quadratic-cubic-quartic (AQCQ) functional equation

n—1 n—1 n a1 .
f (Z% vi—i-Zan) +f (Z% Ui—20n> = 4f <20i> +4f (Z% vi—vn) —6f <21 Ui)
+ £ (20y) + f (—20y) — 4f (vn) — 4f (—v4)

where 1 is a positive integer with n > 3 in Banach Space (BS) via direct and fixed point methods. The stability
results are discussed in two different ways by assuming 7 is an odd positive integer and # is an even positive
integer.

Keywords: AQCQ functional equation, generalized Ulam - Hyers stability, Banach space, fixed point.

2010 MSC: 39B52, 32B72, 32B82. (©2016 MJM. All rights reserved.

1 Introduction

The education of stability problems for functional equations is tied to a question of Ulam [61] regarding the sta-
bility of group homomorphisms and certainly answered for a additive functional equation on Banach spaces
by Hyers [30] and Aoki [3]. It was further generalized and marvelous outcome obtained by number of authors
[24] 144,53} [58].

The general solution and the generalized Hyers-Ulam-Rassias stability of the generalized mixed type of
functional equation

Pl an) +f (o) = k) )2 (1) () .
T oy 4 (~20) — 4 ()~ 4F (). |

for fixed integers a4 with a # 0, £1 having solution additive, quadratic, cubic and quartic was discussed by K.
Ravi et. al., [59] . Its generalized Ulam-Hyers stability in multi-Banach spaces and non-Archimedean normed
spaces via fixed point approach was respectively investigated by T.Z. Xu et. al [62] 63].

Very recently, Choonkil Park and Jung Rye Lee [42] proved the Hyers - Ulam stability of the following
additive - quadratic - cubic - quartic functional equation

fla+2y) + f(x = 2y) = 4f (x +y) +4f(x —y) = 6f(x) + f(2y) + f(=2y) —4f(y) — 4f (=) (1.2)

*Corresponding author.
E-mail addresses: sandra.pinelas@gmail.com (Sandra Pinelas), annarun2002@yahoo.co.in (M. Arunkumar), namachi.siva@rediffmail.com
(T. Namachivayam), sathya24mathematics@gmail.com(E. Sathya).
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in paranormed spaces.

During the last seven decades, the stability problems of various functional equations in several spaces have
been broadly investigated by number of mathematicians [4] - [18], [20] - [23], [25] - [29], [32] - [34], [39, 40, 43]],
[48]] - [52], [56, 57].

Now, we will recall the fundamental results in fixed point theory [36].

Theorem 1.1. (Banach’s contraction principle) Let (X, d) be a complete metric space and consider a mapping T : X —
X which is strictly contractive mapping, that is

(A1) d(Tx, Ty) < Ld(x,y) for some (Lipschitz constant) L < 1. Then,
(i) The mapping T has one and only fixed point x* = T(x*);
(ii)The fixed point for each given element x* is globally attractive, that is

(A2) limy o T"x = x*, for any starting point x € X;
(iii) One has the following estimation inequalities:

(A3) d(T"x,x*) < ﬁd(T”x, T 1x),Vn>0,¥Y x € X;

(A4) d(x,x*) < {17 d(x,x*),V x € X.

Theorem 1.2. Suppose that for a complete generalized metric space (), 8) and a strictly contractive mapping T : QO —
Q with Lipschitz constant L. Then, for each given x € (), either

d(T'x, T"Mx)=c0 V¥V n>0,

or there exists a natural number ng such that

(FP1) d(T"x, T"1x) < oo forall n > ng ;

(FP2) The sequence (T"x) is convergent to a fixed to a fixed point y* of T

(FP3) y* is the unique fixed point of T in the set A = {y € Q) : d(T™x,y) < co};
(FP4) d(y*,y) < 127d(y, Ty) forall y € A.

In this paper, we established the generalized Ulam - Hyers stability of a n— dimensional additive-quadratic-
cubic-quartic (AQCQ) functional equation

f (Evi—kan) +f (Evi —20n> = 4f (iu) +4f (n_lvl- —vn> —6f (ni:lvl)
i=1 i=1 i=1 i=1 i=1
+ f (200) + f (=2vn) — 4f (vn) — 4f (—0n) (1.3)

where 7 is a positive integer with n > 3 in Banach Space (BS) via direct and fixed point methods. The stability
results are discussed in two different ways by assuming 7 is an odd positive integer and 7 is an even positive
integer.

In section 2, the general solution of is present.

In Sections 3 and 4, the generalized Ulam-Hyers stability of the functional equation where n is an
odd positive integer and 7 is an even positive integer in Banach space using direct method are discussed,
respectively.

In Sections 5 and 6, we investigate the generalized Ulam-Hyers stability of the functional equation (1.3)
where 7 is an odd positive integer and 7 is an even positive integer in Banach space using fixed point methods,
respectively.

In Section 7, we conclude with the non stable cases for the functional equation .

2 General Solution

In this section, we provide the general solution of the function equation (1.3). To prove this, let us take Z and
J be real vector spaces.

Lemma 2.1. Ifa function f : T — 7 fulfills (L.3) for all v, - - - ,v, € T ifand only if f : T — T satisfies (1.2) for all
x,y €l
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Proof. Let f : T — J be a function fulfills (L.3). Replacing (v1,v2,03- -+ ,vy-1,0) by (x,0,0,---,0,y) in
(1.3), we get as desired. Conversely, let f : Z — J be a function satisfying . Changing (x,y) by
(v1+v2 403 - +0,_1,0,)in (1.2), we arrive as desired. O

Lemma 2.2. If f : T — J be an odd mapping fulfills and let a : T — J be a mapping given by
a(v) = f(20) —8f(v) 1)

forallv € T then
a(2v) = 2a(v) (2.2)

forall v € T such that a is additive.
Proof. Using oddness of f in (L.3), we arrive
n—1 n—1 n n—1 n—1
f (Z vi+2vn> +f (Z v; —20n> =4f <Zvi> +4f (Z v; —vn) —6f (Z v,~> (2.3)
i=1 i=1 i=1 i=1 i=1

forallvy,---,v, € Z. Letting (vq, -+ ,v,) by (0,- -+ ,0) in (2.3), we find that

f(0)=0. 2.4)
Also, replacing (v, v3, -+ ,v,-1) by (0,0,---,0) in (2.3), we get
f(v1+20,) + f(v1 —2v,) =4f (v1 +0n) +4f (v1 —vy) — 6f (V1) (2.5)
for all v1,v, € Z. Changing (v1,v,) by (v,v) in , we obtain
f(3v) = 4f(20) - 5f(v) (2.6)
forall v € Z. Again changing (v, v,) by (20,v) in and using (2.4), (2.6), we arrive
f(4v) =4f(3v) — 6f(20) +4f(v) (2.7)
forallv € 7. Using in (2.7), we get
f(40) = 10f(20) — 16f(0) (2.8)
forall v € Z. From (2.1), we have
a(2v) — 2a(v) = f(4v) — 10f(20) + 16f(v) (2.9)
forallv € Z. Using in (2.9), we desired our result. O

Lemma 2.3. If f : 7 — J be an odd mapping fulfills and let ¢ : T — J be a mapping given by

(v) = £(20) —2f(0) 2.10)
forallv € T then
c(2v) = 8¢(v) (2.11)
forall v € T such that c is cubic.
Proof. It follows from that
c(2v) — 8¢c(v) = f(4v) —10f(2v) + 16f(v) (2.12)
forall u € Z. Using in (2.12), we desired our result. O
Lemma 2.4. If f : T — J be an even mapping fulfills and let g : T — J be a mapping given by
92(v) = f(20) —16f(v) (2.13)
forallv € T then
92(20) = 4q2(v) (2.14)

forall v € T such that qy is quadratic.
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Proof. Using evenness of f in (1.3), we get

f (Evi—FZvn) +f (nilvi —20n> = 4f (iv,) +4f <nz_11;l- —vn> —6f (n_lvi>
i=1 i=1 i=1 i=1 i=1

+2f (20n) — 8f (vn) (2.15)
forallvy,---,v, € Z. Letting (v1,- -+ ,v,) by (0, - - ,0) in (2.15), we obtain
£(0) = 0. (2.16)
Replacing (v, v3,- -+ ,v,—1) by (0,0,---,0) in , we arrive
f(v1420,) + f (v1 —2vn) = 4f (v1 +05) +4f (v1 —vn) — 6f (V1) +2f (204) — 8f (vn) (2.17)
for all v, v, € Z. Setting (v1,v,) by (v,v) in (2.17), we have
£(30) = 6f(20) — 15f(0) (2.18)
for all v € Z. Again setting (v1,0v,) by (20,v) in (2.17) and using (2.16), (2.18), we arrive
F(40) = 4f (30) — 4f(20) — 4f(0) (2.19)
forallv € 7. Using in (2.19), we get
f(40) = 20f(20) — 64f(v) (2.20)
forall v € Z. From (2.13), we establish
72(20) — 402(0) = f(40) — 20f(20) + 64£(0) (.21)
forallv € Z. Using in (2.21), we desired our result. O

Lemma 2.5. If f : T — J be an even mapping fulfills and let q4 : T — J be a mapping given by

q4(0) = f(20) = 4f(0) (222)
forallv € T then
q4(20) = 1644 (v) (2.23)
forall v € T such that q4 is quartic.
Proof. It follows from that
94(20) — 4q4(v) = f(4v) —20f(20) + 64f(0) (2.24)
forall v € 7. Using in (2.24), we desired our result. O

Remark 2.1. If f : T — J be a mapping fulfills then there exists fo, fe : T — J and let a,q,¢,q4 : T — J bea
mapping defined in 2.1), 2.10), (2.13) and (2.22), we have

fo(©) = 5(84(0) — 2(0)) 2.25)
and .
folo) = ¢ (c(2) ~ a(®)) 2.26)
forallv € I. Also if we define
£(@) = fo(@) + fol0) 227)
£(0) = 15(04(0) — 2(0)) + £ (e(2) — a(2)) 2.29)

forallv € T.
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Throughout this paper, let we consider ) be a normed space and Z be a Banach space. Define a mapping

Dfuch:y%Zby
n—1 n—1
thlch(vlf"' ,On) = f <2 vi+20n> +f (2 0; —20n>

—4f <201> —4f (2 v; —vn> +6f <n21101>

— fQ2oy) — f(=2v,) +4f (vn) +4f (—vn)

forallvy, -+ ,v, € Y.

3 Stability Results - Direct Method: n Odd Positive Integer

In this section, we investigate the generalized Ulam-Hyers stability of the functional equation (1.3) where n is

an odd positive integer in Banach space using direct method.

31 fIS AN ODD FUNCTION
Theorem 3.3. Let g = £1and w, Q) : Y" — [0, 00) be functions such that

lim w (quvll A /quvn) _
p—oo 2pr9

forallvy, -+ vy € Y. Let Dfggeq : Y — Z be an odd function satisfying the inequality
||Dfuch(vlz‘ o /Un)H <w (01/' o /vi’l)
forall vy, --- v, € Y. Then there exists a unique additive function A :Y — 2Z which satisfies and

Q(2"v,2"v,- - - ,—2"9,0,2"v)

I40) @)l = [4@) ~ (520) ~8fw} < 5 3

e
where (Y (2"v,2"v, - - -, —2"v,0,2"v) and A(v) are defined by

O(2",2"v, -, —2"9,0,2"v)
= 4w (2"0,2"0,- -+ ,—2"9v,0,2"0) + wy (2 - 2"0,2"0, - - -, —2"1v,0,2"v)

=4w | 2"v, 2"v,2"y,... 2"y ,-2"y, —2"y,... ,=2"v ,0,2"0v

n—3 ¢ n—3 ;-
—5= times —5*= times

4w 2 2"y, 2"My,2"v,... 2"y ,-2"y,—2"y,... ,=2"v ,0,2"v

% times ”2;3 times
o (2¢0) £(2-2010) — 8f (2710)
. a (4% . . V) — 0
A(v) = lim =25 = lim, 2P

forallv € Y, respectively.

Proof. Case (i): Assume g = 1.
Given, f is an odd function. Using oddness of f in (3.2), we arrive

(gr)or (o) o (i)
i=1 i=1 i=1
—4f (nzlvi —vn> +6f <nzlvi>
i=1 i=1

(U('Ul,"' /Un)

3.1)

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)
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for all v1,v2,v3,v4, -+ ,Uy—1,0n € V. Replacing

(01102103104/ T /vnflrvn) = 9,990,:---,0,—0,—0,---, _vlolv
S—_— Y—™——
% times ”T*S times

in (3.6), we get

Hf(?)v)—élf(Zv)—i-Sf(v)H <wl|o, L ) ,0,v

% times % times
= (Ul(v, U, , 0, O/ U) (37)
forallv € Y. Again replacing
(UlIUZI 03,04, ,O0p—1, vi’l) = 2’U/ 0,0,-+,0,—0,—0, -, _U,O,U
—_—
”2;3 times "T’S times

in (3.6), we obtain

4v) —4f(3v) +6f(2v) —4f (v ng 2v, v,v,---,v ,—v,—0,---,—0v ,0,0
| F(a0) — 4 (30) + 6f (20) — 4 (0)
%times %times

= w1 (20,0, ,—0,0,0) (3.8)
forall v € Y. It follows from (3.7) and (3.5),
|f(40) = 10f(20) + 16f(0) |
= ||£(40) — 4£(30) + 4f (30) + 6/ (20) — 16f (20) +20f (0) — 4f (o)
< 4] f(30) — 4f(20) +5f(0) | + | f(40) — 4 (30) + 6 (20) — 4/ (0) |

< 4wy (v,0,-+-,-0,0,0) + w1 (20,9, -+ ,—0,0,0) (3.9)
for all v € ). Define
Q(v,v,--+,-v,0,v) = 4w (v,v, -+ ,—0,0,0) + w1(2v,0,- -+ ,—0,0,0) (3.10)
forallv € Y. Using in , we have
Hf(4v) —10f(20) + 16f(v)H <Q(v,0,- -, ~0,0,0) (3.11)

for all v € Y. It follows from (3.11), we reach

H {f(4v) - 8f(2v)} - 2{f(2v) — 8f(0) } H <Q(0,0,-+,~0,0,0) (3.12)
forallv € Y. Using in , we land
Ha(Zv) — 211(0)H <QO(v,v,---,-0,0,0) (3.13)

for all v € Y. It follows from (3.13)) that
Q(v,v,--+,—10,0,0)

H a(2v)

2 _”(U)H =

(3.14)
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for all v € Y. Now, replacing v by 2v and dividing by 2 in (3.14), we have

a(2?v)  a(2v) Q(2v,2v0,---,—-2v,0,20)
H SR b 7 ®15)
forallv € Y. From (3.14) and (3.15), we obtain
a(2%v) a(2’v)  a(2v) a(2v)
_ < _ _
22 ”(Z’)H <| 2 2 | +] 2 ()|
< % [Q(U, o, —0,0,0) + 2202 - 20.0, U)} (3.16)
for all v € Y. Generalizing, for a positive integer p, we reach
a(2vv) 172 0,270, ,—20,0,270)
_ < Z 17
> a(v)|l < 5 r;) % (3.17)

a(2Pv)
2r

for all v € Y. Thus, the sequence { } is a Cauchy in Z and so it converges.

9P
Indeed, to prove the convergence of the sequence {a( zpv) }, replacing v by 2°v and dividing by 2° in
(3.17), for any p,s > 0, we get
a2k 5v) a(2v)|| 1 |[a(2P-2%) s
0 || o )

PRELS L Q220,27 250, -+, =27 - 250,0,2" - 2°0)

- »24 2r
13 Q225,20 - 250, -+, =27+ 250,0,2" - 250)

S Z 27‘ . 25

—0 as s > o0

for all v € ). Since Z is complete, we see that a mapping A(v) : Y — Z defined by

.. a(2Pv)
Alv) = plg];lo 2°

forall v € Y. Letting p — oo in (3.17), we see that holds for all v € Y. In order to show that A satisfies
(1.3), replacing (vy, - - - ,v,) by (201, - - - ,2Pv,) and dividing by 27 in (3.2), we have

1
|A(vy, -+ ,on)]| = lim = ||Dfach (2Pvy,- -+ ,2P0,)|| < lim 2w(2pvl, -, 2Pvy,)

p—roo 2 p—o0

forallvy,---,v, € Y and so the mapping A is additive. Hence, A satisfies (1.3), for all vy, - -- ,v, € V.
To prove that A is unique, we assume now that there is A’ as another additive mapping satisfying (1.3)
and the inequality (3.3). Then it follows easily that

A20) =P A®),  A(20) =2 A (0)
forallv € Y and all s € IN. Thus
| A@) ~ A@)]| = 5 | AZD) ~ A(2%0)]|
= > {1AZ0) —a(z0) +a(2'0) - A (20}

l 5 {IIA(2°0) —a(2°0)|| + [|a(270) — A'(2°0) | }

> Q(2"-2%0,2" - 250, - - ,—2"-259,0,2" - 2°0)
S Z 2(r+s)

/\
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forall v € Y. Letting s — oo, in the above inequality, we achieve uniqueness of .A. Hence the theorem holds

forg=1.
Case (ii): Assume g = —1.

Now replacing v by % in (3.13), we get

o2 3)| =0 (G5 303)
for all v € J. Now, replacing v by § and multiply by 2 in (3.18), we have

()% 0 5o
forallv € Y. From (3.18) and (3.19), we obtain

H“@) ~ % (27) H <ot 20 (3)] +[2e (3) -2 () |

SQ(;,;,-~,—;,O,§)+2Q(2%,2%,...,_%,0,%)

for all v € Y. Generalizing, for a positive integer p, we reach

oo~z (35)| < E70 (3.5 -50.5)

(3.18)

(3.19)

(3.20)

(3.21)

forall v € ). The rest of the proof is similar to that of case 4 = 1. Hence for ¢4 = —1 also the theorem holds.

This completes the proof of the theorem.

O

The following corollary is an immediate consequence of Theorem [3.3|concerning the Hyers - Ulam, Hyers

- Ulam - Rassias and Ulam - JMRassias stabilities of (1.3).

Corollary 3.1. Let D fageq 1 ¥ — Z be an odd mapping. If there exists real numbers b and d such that
b,
b Y- o] 141
HDfach(Ulz"' /Un)H < i=1 Y ’
3 iy nd
o{ I loill* + £ [}, nd 21
i= i=

forall vy, --- v, € Y, then there exists a unique additive function A : Y — Z such that

5b,

b||v||d(5n — 6+ 2“1)
la(v) — A(v)|| < 12— 24| ’

b||v||”d(5n — 6+ Zmd)

|2 — 21d|
forallve Y.
Theorem 3.4. Let g = £1and w, Q) : Y" — [0, 00) be functions such that

lim w (quyll c.. ,2pqyn) _
p—roo 23pq

forallvy,--- vy € Y. Let Dfageq : Y — Z be an odd function satisfying the inequality
||Dfach(vlz s /Un)H <w (v, ,0n)
forallvy,--- ,v, € Y. Then there exists a unique cubic function C : ) — 2 which satisfies and

(29,2, - - -, —2"0,0,2"0)

Ie@) el = o ~ {f20) 2@}l < 5 L X -

r=14
where (20,20, - - -, —2"10,0,2"70) is defined in (3.4) and C(v) is defined by

pq .2P4p) — Pq
C(v) = lim c(2P) _ g f(2-2P10) — 2f(2P1v)
p—oo  23pq p—roo 23pq

forallv € Y, respectively.

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)
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Proof. It follows from (3.11)), we reach

H {Fa0) —2f(20)} —8{ f(20) ~2f(0) } H < Q0 ,-0,0,0) (3.28)
forallv € Y. Using in (3.28), we land
HC(ZU) — 8C(U)H <O(v,v,---,—0,0,0) (3.29)

for all v € Y. The rest of the proof is similar to that of Theorem [3.3]. This completes the proof of the theorem.
O

The following corollary is an immediate consequence of Theorem [3.4]concerning the Hyers - Ulam, Hyers
- Ulam - Rassias and Ulam - JMRassias stabilities of (1.3).

Corollary 3.2. Let D fageq : Y — Z be an odd mapping. If there exists real numbers b and d such that
b,

n
b 0j d/ d 3,
||Dfﬂch(01/ - ’U”)H < igl H z|| # (3.30)
n n
o {1l + £ 1o}, na 23,
1= 1=

forallvy,--- v, € Y, then there existss a unique cubic function C : Y — Z such that

5b
o .

Jetw) - el < § AR, 31
b||o||"™ (5n — 6 + 2"4)

|8 — 2nd|
forallv e Y.

Theorem 3.5. Let q = £1 and w, Q) : Y" — [0, c0) be functions satisfying and forallvy,--- v, € ).
Let Dfageq : Y — Z be an odd function satisfying the inequality

||Dfach(vl/"' /Un)H <w(vy, -, 0n) (3.32)

for all vy,--- ,v, € Y. Then there exists a unique additive function A : Y — 2Z and a unique cubic function

C:Y — Z which satisfies and

1 i Q(2"9,2"y, - - -, —2"9,0,2"v)
2 & 21
r=

-4
2

1f(v) = A(v) = C(v)

O\\H

+ (3.33)

[ee]

Z 4 4 7
T

19 21

==

1 O(2"v,2"y, -, —2"y, 0,2”70)}
8

where (2,20, - - -, —2"v,0,2"1v), A(v) and C(v) is defined in (3.4), and (3.27) for all v € Y, respectively.

Proof. Case (i): For ¢ = 1. Given f is an odd function.
If f : Y — Z satisfies (3.32) then by Theorem 3.3 there exists a unique additive function A’ : Y — Z such
that
1 & Q2,20,---,-2"0,0,2"0
| A@)  (F(20) - 87())] < 2 ) - ) (334
r=0

forallv e ).
Also, if f : Y — Z satisfies (3.32) then by Theorem [3.4] there exists a unique cubic function C’ : Y — Z

such that o . .
1& 02,2, ,-2"0,0,2"0
¢') = (f20) =26 @) < § & = ) (3.35)
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for allv € Y. Combining (3.34) and (3.35)), we achieve

40 - i@~ f)

B Hé%) ~ §f(20) — ) = €(©) + £F o)~ £ (0

< |01 - gur@) s + | s - g +2r)|

AN =

< % {|]A"(v) = (f(20) = 8f(0))|| +||C () = (f(20) = 2f (v))||}
1)]1& QQ20,20,---,-20,0,20v) 1 & Q20,20+ ,-2"0,0,2"0)
<% {2 )y > TsL > }

forall v € Y. Defining
1 -1
A(v) = EA’(U); C(v) = ?C(v)
we arrive (3.33) as desired. Similarly, we can prove for j = —1. Hence the proof is complete. O

The following corollary is an immediate consequence of Theorem [3.5|concerning the Hyers - Ulam, Hyers
- Ulam - Rassias and Ulam - JMRassias stabilities of (1.3).

Corollary 3.3. Let D fageq : ¥ — Z be an odd mapping. If there exists real numbers b and d such that
b,

n
by vl d+1,3;
HDfach(vlr"‘ rvn)H < z‘);lH il 7 (3.36)
n n
o{ ot £ 1loll}, nd 21,3
1= 1=

forallvy,--- v, € ), then there exists a unique additive function A : Y — Z and a unique cubic functionC : Y — Z
such that

5b 1
PO
bl|v]|*(5n — 6 +2™%) < 1 1 )
1f(v) = A(v) = C(v)| < : P + 527 (3.37)
b||v] " (5n — 6 4 24 ( o1 )
6 2 —2md] " |8 —2nd|
forallv e Y.
3.2 fIS AN EVEN FUNCTION
Theorem 3.6. Let g = £1and w, Q) : Y" — [0, 00) be functions such that
Pay, ... 2Pq
Jim <2700, 2M00) (3.38)

p—roo 22pq
forallvy, -, vy € Y. Let Dfggeq : Y — Z be an even function satisfying the inequality
1D fageq(v1,- -+ ,on)|| S w (01, ,vn) (3.39)
forallvy, -+ ,v, € Y. Then there exists a unique quadratic function Qp : Y — Z which satisfies and

1 & Q2M9,2M0,- -, —2M0,0,2"0
102(0) ~ g2(0)] = 1€2(0) — {(20) — 165()} < 5 3 X - ) o)
where Q(2"0,2"v, - - - ,—2"0,0,2"0) is defined in and Q,(v) are defined by
(@) f(2-2P70) — 16f(2PT0)
Q2(0) = i, o = 22 G40

forallv € Y, respectively.
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Proof. Given, f is an even function. Using evenness of f in (3.39), we arrive

Hf (EviJern) +f <nzllv,-20n> —4f (iu) —4f (Emw)
i=1 i=1 i=1 i=1

n—1
+6f<z vi> —2f 2uy) +8f (vn)|| < w (vy,- -+ ,vn) (3.42)
i=1
for all v1,v7,0v3,04, - -+ ,Uy—1,04 € V. Replacing
<01102/U3/U4/ e /’Unfl/’vn) = 909, ,9,—0,—0, -, _U/O/U
—_— ——
”7*3 times % times

in (3.42), we get

Hf(BU)—6f(20)+15f(U)H <wl|v, vv,---,v ,—0,—v,---,—v ,0,0

% times % times
=w(v,0,--+,-0,0,0) (3.43)
forall v € Y. Again replacing
(01102103/ V4, ,/O0p—1,s Ui’l) = 20/ 0,0,-++,0,—0,—0, -+, —'U,O,U
—_—
% times % times

in (3.42), we obtain

Hf(40)—4f(3v)—0—4f(20)+4f(0)H <w | 29, 09,0, Y0, 0 ,0,0
"2;3times "2;3times

= w1 (20,0, -+ ,—0,0,0) (3.44)
forall o € V. It follows from (343) and (344),
H F(40) — 20 (20) + 64f (0v)
= ||f(40) — 4f(30) + 4f (30) + 4f (20) — 24f (20) + 60f (0) + 4f (0) |
< 4] f(30) — 6£(20) + 15f(0) | + || f(40) — 4f(30) +4f(20) + 41 (0) |

<4wi(v,0,-++,-0,0,0) + w1 (20,0, -+, —0,0,0) (3.45)
for allv € ). Define
Q(v,v,--+,-9v,0,v) = 4wy (v,v, -+ ,—0,0,0) + w1(20,0,- -+ ,—0,0,0) (3.46)
forallv € ). Using in (3.45), we have
Hf(4v) — 20£(20) + 64f (0) H <Q(v,0,-+,~0,0,0) (3.47)
for all v € Y. It follows from (3.47)), we reach
H{ (40) — 16f( 2v)} 4{f(2v) —16f(v }H <Q(v,0,--,—0,0,0) (3.48)
forallv € Y. Using (2.13) in (3.48), we land
(20) — 4qz(v)H <Q(v,0,---,-0,0,0) (3.49)

for all v € ). The rest of the proof is similar to that of Theorem [.3]. This completes the proof of the theorem.
O
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The following corollary is an immediate consequence of Theorem [3.6|concerning the Hyers - Ulam, Hyers

- Ulam - Rassias and Ulam - JMRassias stabilities of (1.3).

Corollary 3.4. Let D fageq 1 ¥V — Z be an even mapping. If there exists real numbers b and d such that
b,
szmW d#2

| Dfageq (01, on) || <
{H||vld+z|v||nd}, wi £,

forallvy,--- v, €, then there exists a unique quadratic function Qp : Y — Z such that

5b
lj3|)|| ||4(5n — 6 +2")
v n—6+
— <
192(0) — Q2(v) | < T ,
b||v||”d(5n—6+2’”d)

|4 — 2nd|
forallv e Y.
Theorem 3.7. Let g = £1and w, Q) : Y" — [0, 00) be functions such that

lim w (quvll ... ,quvn) _
p—roo 24pq

forallvy, - vy € V. Let Dfggeq : Y — Z be an even function satisfying the inequality
HDfanq(Ull ce /Un)H <w (01,~ .. ,z)n)

forallvy,--- v, € Y. Then there exists a unique quartic function Qy : Y — 2 which satisfies and

1 & Q20,2M0, -, —2",0,2"0
194(0) ~0a(2)] = 194(0) ~ £20) 4@} < 5 3 ~ )
1-
r=14
where Q(2"0,2"v, - - - ,—2"0,0,2"0) is defined in and Q4 (v) is defined by
_ iy 1aP0) L f(2-2P10) — 4f(2770)
Qu(v) = plgl;lo 24pg plgrt}o 24pq

forallv € Y, respectively.
Proof. It follows from (3.47), we reach

H{ —4f( 20)} - 16{f(2v) —4f(v)}H <O(v,v,---,-70,0,0)
forall v € ). Using (2.22) in (3.56] , we land
Hq4(20) — 16q4(v)H <O(v,v,---,-70,0,0)

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)

for all v € ). The rest of the proof is similar to that of Theorem B.3]. This completes the proof of the theorem.

O

The following corollary is an immediate consequence of Theorem [3.7|concerning the Hyers - Ulam, Hyers

- Ulam - Rassias and Ulam - JMRassias stabilities of (1.3).
Corollary 3.5. Let D fageq 1 ¥ — Z be an even mapping. If there exists real numbers b and d such that
b,
< d
b L [oill", d # 4
i=

D fageq(v1,- -+ ,vn) || <
- d ¢ nd
b{l—llei +):1\|Ui|| } nd # 4;
1= 1=

(3.58)
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forallvy, -+ v, € ), then there exists a unique quartic function Q4 : Y — Z such that

5b.
|15/
b||v]|4(5n — 6 +2')

194(v) — Qu(v)] < 16— 24 , (3.59)
b|[o||" (5n — 6 4 277)

|16 — 24|
forallv e Y.

Theorem 3.8. Let g = +1and w, Q) : Y" — [0, 00) be functions satisfying (3.38) and (3.52) for all vy, - - , v, € V.
Let Dfageq : Y — Z be an even function satisfying the inequality

||Dfanq(vll"' /UH)H Sw(vll"' /vi’l) (360)

forall vy,--- ,v, € Y. Then there exists a unique quadratic function Q : Y — Z and a unique quartic function

Q4 : Y — Z which satisfies and

Q(2"v,2"0,- .- ,—2"9,0,2"v)

oo

Z 7 7 7
2

1 qu

1
1f(0) = Qa(0) = Qu(o)]| < 5 {4r

(3.61)

=
1 & O2"9,2"My,---,—-2"7v,0,2"0)
+E Z 24rq }

where (270,20, - - -, —2"1v,0,2"10), Q(v) and Qu(v) is defined in (3.4), and (3.55) for all v € Y, respec-
tively.

Proof. Case (i): For ¢ = 1. Given f is an even function.

If f:Y — Z satisfies (3.60) then by Theorem there exists a unique quadratic function Q) : Y — Z

such that )
(2"v,2"v,- -+ ,—2"0,0,2"v
Z 227 (3.62)

1Q2(0) = (f(20) - 4f(v))|| <

)-lk \

forallve ).
Also, if f : Y — Z satisfies 1i then by Theorem there exists a unique cubic function Qﬁl Y = Z
such that

|Q4(2) — (F(20) ~ 16£(0))]| < 12 i (o2, 22002 (3.63)
forallv € ). Combining and (3.63), we achieve
Hf%(v) - £Q(0) ~ £(v)

= | 53980 f3/20) — 1370) = 15 Q4l0) + 13 20) = 1370
< H 1300 = 1670) + | 13 (o) - 112<f<2v>+4f< o)
<5 {HQz — (f(20) = 16f(0)) || + [| Q4(v) — (f(2v o)}

> (20,20, -+ ,—2"v,0,2"v ) 1& Q2,2,---,—2"0,0,2"0)

< ﬁ {2 rg(:) 22r é ; 24r }

for all v € ). Defining
1, -1
(o) = EQz(v); Q4(v) = 594(0)

we arrive (3.61) as desired. Similarly, we can prove for j = —1. Hence the proof is complete. O
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The following corollary is an immediate consequence of Theorem [3.8|concerning the Hyers - Ulam, Hyers
- Ulam - Rassias and Ulam - JMRassias stabilities of (1.3).

Corollary 3.6. Let D fageq 1 Y — Z be an even mapping. If there exist real numbers b and d such that

b,

n
b 19, d#2,4;
||Dfach(01,"' ,Un)H < i§1||vl|| 7 (3.64)

n n
b{q||vi|d+,>:lvi||ﬂd}, nd £ 2,4
1= 1=

forall vy,---,v, € ), then there exists a unique quadratic function Q : Y — Z and a unique quartic function
Q4 : Y — Z such that

(1, 1

12 \ 3] ~ |15] )’

d n— rd
1£0) - Qa(e) - Qo)) < § AP ZEXZ (1D L, 669)

b||v]["4(5n — 6 + 24 11
12 |4 —2nd| * |16 —2nd|

forallv e Y.

3.3 fIS AN ODD - EVEN FUNCTION

Theorem 3.9. Let g = +1 and w, Q) : Y" — [0, 00) be functions satisfying and forallvy,--- v, € ).
Let Dfageq : YV — Z be a function satisfying the inequality

1D fageq(v1,- -+ ,on)|| S w (01, ,vn) (3.66)

forall vy,---,v, € Y. Then there exists a unique additive function A : Y — Z, a unique quadratic function
Qy 1 Y — Z, aunique cubic function C : Y — Z and a unique quartic function Q4 : ¥ — Z which satisfies and

|f(v) = A(v) = Q2(v) — C(v) — Qa(v) ||
< 111 1 i M (2"Mv,2"0, - - - ,—2"v,0,2"0) 1 i 03(2"v,2"v, - - ,—2"v,0,2"v)
—21612 T 219 8 ™, 23rq
T:T r= 3
n 111 i 0, (2"9,2"v,- - - ,—2"v,0,2"v) i i 0y(2"9,2"v, -+ ,—2"v,0,2"0)
12 (4 &, 22m 16 =, 24rq
r:T :T

(3.67)

where
(29,2, - -+ ,—2"v,0,2"0v) = Q(2"0,2"0, - -+ ,—2"1v,0,2"v) + Q(—-2"v, —2"v, - - - 2"v,0, —2"0)

fort =1,2,3,4and Q(2"v,2"v, - -, —2"19,0,2"1v), A(v), Q2(v), C(v) and Q4(v) is defined in (3.4), (3.5), ,
B.27), and forall v € Y, respectively.
Proof. Let we define

fopp(v) = flo) = fzo) —zf(—v)

forallv € Y. Then fopp(0) = 0 and fopp(—v) = —fopp(v) for allv € Y. Hence

w(vll T /Un) + w(_vll Tty _Un)
2 2

IDfopp(v1, -+, on)|l < (3.68)
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forallvq,---,v, € Y. By Theorem 3.5, we have

| foop(v) — A(v) — C(v)||

< 1]1(1 i Q(2"v,2"y, - -+, —2"9,0,2"v) n Q(-2"v,—2"vp,- - 2"y,0, —2"v)
— 21612 T 219 2
==
L1 (021,20, —2'10,0,20) | Q(=20, 2, 20,0, ~2'I0)
8 ;q 23rq 23rq
=
< 1)1 (1 i 04 (2",2"y, - -, —2"7v,0,2"v) +1 i O3(2"v,2"v, - ~3~ ,—2"v,0,2"0v)
2161\2 T 219 8 T4 2°1q
T‘:T r=—
(3.69)
forallv e ).
Also, let
v)+ f(—v
feven(v) = flo)+ /(=) 2f( )
forallv € Y. Then fryen(0) = 0and feven(—v) = feven(v) forallv € Y. Hence
w(vy, - ,0n) | w(=v1,--,—0n)
IDfeven(o1, -+ o)l < 7 + 5 (3.70)

for all v € . By Theorem 3.8, we have

| fEven (v) — Q2(v) — Qu(0)||
11 (1 & [0@,27,. .-, —21,0,20)  Q(=20,—2"0, - - -2"1v,0, —2"0)
- - Z +
2 4
.
Q

22747 22rq

1
-2
1 & (2"v,2"v ,—2"v,0,2"v)  Q(2"v,2"v,--- ,—2"v,0,2"v)
+— ) +
16 ~ 24rq 24rq
e
< 1/1 (1 i 0, (2"9,2"y, - - -, —2"1v,0,2"v) i i 04 (2"9,2"y, - - - ,—2"v,0,2"0)
T2)12\4 4, 22rq T 16 - 24”7
r=31 r==51
(3.71)
for all v € ). Define
f(v) = feven(v) + foop(v) (3.72)
for allv € Y. From (3.69),(3.71) and (3.72), we arrive our result. O

The following corollary is an immediate consequence of Theorem .9 concerning the Hyers - Ulam, Hyers
- Ulam - Rassias and Ulam - JMRassias stabilities of (1.3).

Corollary 3.7. Let Dfageq : Y — Z be a mapping. If there exists real numbers b and d such that

b,

n
b Y |loil|?, d#1,2,3,4
i=1

||Dfﬂch(vl/' e /Un)H < (3.73)

1 i, < d
b{nlnviu + £ ol } nd £1,2,34
1= 1=

for all vy,--- ,v, € Y, then there existss a unique additive function A : Y — Z, a unique quadratic function
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Qs 1 Y — Z, a unique cubic function C : Y — Z and a unique quartic function Q4 : Y — Z such that

1f(v) = A(v) = Qa(v) = C(v) — Qu(0) ||

5217{12“14 |15} |7|]}

1
n

b||v||d(5n 6 +2) {1[ 1 }4_1[ 1.1 ]}
12 || 2d |16—2d| 6 [|2—29 " [8—24]] )’

4—
b||v||”d( 6+2’”d 1 1 1 1 1
12 a+ il te T d
12 2n| |16 —2nd| | ~ 6 | |2 —2nd] |8 —2nd]

IN

forallv e Y.

4 Stability Results - Banach Space : 7 is an Even Positive Integer

217

(3.74)

In this section, we investigate the generalized Ulam-Hyers stability of the functional equation (1.3) where n is

an even positive integer in Banach space using direct method.

The proof of the following theorems and corollaries are similar to that of proofs of Section 3. Hence the

details of the proofs are omitted.

41 fIS AN ODD FUNCTION

Theorem 4.10. Let g = £1 and w, Q) : Y" — [0, 00) be functions such that

lim & (2P9pq, - - -, 2P0,) _
p—roo 27

forallvy,--- v, € Y. Let Dfageq : Y — Z be an odd function satisfying the inequality
||Df11ch(vl/ tet /Un)H <w (Ulr‘ e rvn)
forallvy,--- ,v, € Y. Then there exists a unique additive function A : Y — Z which satisfies and

[ A() ~a(o)| = | A() ~ {f(20) ~8f (@)} < 3 ) DETETo 22020

where (2", 2"y, - - -, —2"v,2"v) and A(v) are defined by
O(2"0,2"v, -, =2"v,2"v)
= 4w1(2"0,2"0,- -+, =2"9,2"0) + w, (2 - 2"0,2"0, - - -, —2"1v,2"v)

=4w | 2"y, 2"y, 2"My,... 2"y , 2"y, —2"y,... , 2"y 2"y

n—2 4 n—2 ;-
== times == times

+w|2-2"v, 2Mv,2"0,-.. 2"y , 2"y, —-2"y,... ,=2"p 2"y

”2;2 times % times
" (2010) £(2-2010) — 8f(2770)
. a 0 . . v)— 0
Av) = ph—I>l:>10 2p0 plgl;lo P4

forallv € Y, respectively.
Corollary 4.8. Let D fageq : Y — Z be an odd mapping. If there exists real numbers b and d such that

b,
n
by [loil|%, d# 1
iz
.. ”
1D fageq (01, -+ ,om) || < b 1T ||vi]]%, nd # 1;
i=1
b TT 1o 19 + 3 |10 |7 d+41:
‘I—[1||01H +):1\|vl|| , nd #1;
i= i=

4.1)

4.2)

(4.3)

(4.4)

(4.5)

(4.6)
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forallvy,--- v, € Y, then there existss a unique additive function A : Y — Z such that

5b,
b||v||¥(5n — 1 +2'%)
|2 27| '
la(e) = A@)]| < 4 blJo||4(4 +2™)
2 —2md|
b||v||"d(5n—3+2”i+27”d)
12— 2nd|

forallv e Y.
Theorem 4.11. Let g = 1 and w, Q) : Y" — [0, 00) be functions such that

lim w (2}7‘701’ . ’quvn) —0
p—roo 23pq

forallvy,--- vy €Y. Let Dfageq : Y — Z be an odd function satisfying the inequality
||Dfach(7]1/' e /Un)H <w(vy, -+ ,0n)
forallvy,--- v, € Y. Then there exists a unique cubic function C : Y — 2Z which satisfies and

2

r==5

1

IC(0) = c(@)] = lIC(v) = {f(20) = 2f(v)}]| <

x|

O(2"v,2"y, - - -, —2"p,2"0v)
q 21

where (2", 2", - - -, —2"v,2"v) is defined in and C(v) is defined by

pq . oPiy) — pq
C(0) = lim c(2P1v) ~ lim f(2-2P70) — 2f(2P0)
p—oo  23pq p—oo 23pq

forallv € Y, respectively.

Corollary 4.9. Let D fageq : ¥ — Z be an odd mapping. If there exists real numbers b and d such that

b,
- d
bZlIIvill, d #3;
1=
IDSfagen (@1, ou)| < bfll||vi||d/ nd # 3;
= . , . )
o{ 1T It + £ 110"}, na 23
1= 1=

forallvy,--- v, €, then there exists a unique cubic function C : Y — Z such that

5b
7’
b|[v]|*(5n — 14 2")
g —24 ’
HC(U) 70(0)” < b||de}4+2rr|1d)
|8 —2md|
b||and(51’l—3+2rd+2md)
8 — 27|

forallv e Y.

Theorem 4.12. Let ¢ = +1and w, Q) : Y" — [0,00) be functions satisfying and forall vy, - - -

Let Dfageq : Y — Z be an odd function satisfying the inequality

HDfach(Z)ll- .. ,z)n)H < w(vl’. .. ’vn)

(4.7)

(4.8)

(4.9)

(4.10)

(4.11)

4.12)

(4.13)

/vn ey

(4.14)
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for all vy,--- ,v, € Y. Then there exists a unique additive function A : Y — 2Z and a unique cubic function
C: Y — Z which satisfies and

1f(@) = A(v) = C(0)] <

1 & Q2" 2"y, - ,—2"y,2"M0)
2 ; 211
r= ;q

(4.15)

(20,250, - - -, —2"p,2My)
23rq

where (2,20, - - -, —2"19,2"v), A(v) and C(v) is defined in (4.4), and forallv € Y, respectively.

Corollary 4.10. Let Dfaqeq : YV — Z be an odd mapping. If there exists real numbers b and d such that

b,
L d
b L il d#1,3
1=
n
R B I D wd £ 1,3 (416)
1=
b4 I ol + % |[os] " d+#1,3
TL{[oil [+ X lloall™ g, nd #1,3;
1= 1=

forallvy,--- v, € ), then there exists a unique additive function A : Y — Z and a unique cubic functionC : Y — Z
such that

ib <1+1
6 71)’
b||v||?(5n — 1 4 2'7) 1 1
6 (2—zd+|8—zd|>’
[f(v) —A(v) —C(o)| < b||v||d(4+2rnd) 1 1 (4.17)
6 2—21 " j8—27] )
b|[o||™ (5n + 3 4 274 4 2rd) 1 1
6 (7= * =)

forallv e ).

42 fIS AN EVEN FUNCTION
Theorem 4.13. Let g = £1 and w, Q) : Y" — [0, 00) be function such that

w (2]9‘77]1, S rzp‘h)n) -

plgrolo 201 (4.18)
forallvy,--- vy € Y. Let Dfageq : ¥ — Z be an even function satisfying the inequality
HDfach(Ull"'/Un)H <w (v, ,0n) (4.19)
forallvy,--- v, € Y. Then there exists a unique quadratic function Qp : Y — Z which satisfies and
1 & O2Mv,2"Mv,--- ,—2"v,2"0
1Q2(0) = q2(0)|| = [|Qa(v) — {f(20) —16f(0)}] < 7 ) ( 274 ) (4.20)
where Q)(2"v,2"v, - - -, —2"v,2"v) is defined in and Qy(v) are defined by
Pq . 2Pp) — pq
0y(v) = lim 2270) _ yyp, f(2:270) ~ 16f(2M0) (4.21)

p—eo  22P4 p—roo 22pq

forallv € Y, respectively.
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Corollary 4.11. Let Dfpqeq : YV — Z be an even mapping. If there exists real numbers b and d such that

b,
L d
b ¥ Il d+2;
1=
|Dfageg(er,-- - on)| < bﬁ”vin/ nd #2;
z—n ) . )
o{ IT It + £ 11"}, na 22
1= 1=

forallvy,--- v, € ), then there exists a unique quadratic function Qp : Y — Z such that

%
3]
b||v||*(5n — 1 4 2)
4—2d ’
Ha(v) - QE(U)H < b||v||”i(4—0—2|md)
|4 —2nd|
b||v||”d(5n+3+27d+2md)
|4 —2nd]|

forallv e Y.
Theorem 4.14. Let g = 1 and w, Q) : Y" — [0, 00) be functions such that
w (2P9py, - -+, 2P90,)

lim =
p—rco 24pq

forallvy,--- vy, €Y. Let Dfageq : Y — Z be an even function satisfying the inequality

||Df”ch(vl/' o /Un)H < (U(Ul,~ .. ,Z)n)

forallvy, - ,v, € Y. Then there exists a unique quartic function Q4 : Y — Z which satisfies and

1 & O2"v,2"y,. .. ,—2"v,2Mv
124(2) ~ 44(o) = | Qs(0) — 1£(20) ~af (@)} < 7 - X - :
1
==
where Q(2"v,2"v, - - -, —2"v,2"0) is defined in and Q4 (v) is defined by
L m@M) L f(220) — 52
Qu(v) = plglc}o 24pq plgrolo 24pq

forall v € Y, respectively.

Corollary 4.12. Let Dfpqeq : YV — Z be an even mapping. If there exists real numbers b and d such that

b,
- d
b'leUiH , d # 4;
i=
||Dfuch(01,~.. ,Z)n)H < bﬁHvin/ nd # 4;

l—n d " d

o {1l + £ 1o}, na £,
1= 1=

forallvy, -+ v, € ), then there exists a unique quartic function Qq : Y — Z such that

5b

@/

b||v||?(5n — 14 2'7)
_nd ’

1940) = Qu(o) < {411 s 4 300

116 —2nd|

b|[v] "4 (5n 4 3 + 274 4 27d)

116 — 2|

forallv e Y.

4.22)

(4.23)

(4.24)

(4.25)

(4.26)

4.27)

(4.28)

(4.29)
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Theorem 4.15. Let g = +1and w,Q : Y — [0,00) be functions satisfying and forallvy,- -+ 0, € V.
Let D fageq = YV — Z be an even function satisfying the inequality

||Dfuch(vll"' /Un)H <w(vy,---,0n) (4.30)

forall vy,--- ,v, € ). Then there exists a unique quadratic function Q : ¥ — Z and a unique quartic function

Q4 : Y — Z which satisfies and

® (20,20, - -, —2"0,2"0)
; 22rq

| f(v) — Q2(v) — Qu(0)|| < 1 {i

1 i 020,20, - - -, —2"9,2"0) } (4.31)

24rq

where (20,2, - - -, —2"0,2"1v), Qy(v) and Qu(v) is defined in (4.4), and @.27) forall v € Y, respectively.
Corollary 4.13. Let Dfaqcq 2 YV — Z be an even mapping. If there exists real numbers b and d such that

b,
L d

blelvill , d #2,4;
1=

HDfﬂqu(Ulr' .. ,Un)” < blﬁl ||vi||d1 nd 7& 2,4; (4.32)

I i, d

b{-nl””"' + £ " } nd £2,4
1= 1=

forall vy,---,v, € Y, then there exists a unique quadratic function Qy : Y — Z and a unique quartic function

Q4 : Y — Z such that
sb(1 1
12 \ |3] |15 )’

b||v||?(5n — 1 4 2'7) ( 1,1 )
12 4 24 16 —24| )’
1f(v) = Qa2(v) — Qu(v)| < b||and(4 +2rnd) ( |1 +| |1 ) | (4.33)
12 J4—2d| |16 — 24| )’

b|[v||™ (5n + 3 4 274 4 2rd) 11
12 |4 —2nd| © |16 — 2|

forallv e Y.

43 fIS AN ODD - EVEN FUNCTION

Theorem 4.16. Let g = +1and w,Q : Y — [0,0) be functions satisfying and forallvy, -+ v, € V.
Let Dfageq : YV — Z be a function satisfying the inequality

|Dfageq(v1,- -+ ,vn)|| < w (01, ,0n) (4.34)

forall vi,--- ,v, € Y. Then there exists a unique additive function A : Y — Z, a unique quadratic function
Qy Y — Z, aunique cubic function C : Y — Z and a unique quartic function Q4 : Y — Z which satisfies and

1f(v) = A(v) = Qa(v) = C(v) — Qu(0)]

1)1 [1 i 041(2"0,2"0, - -+, =2"v,2"7) +1 i O33(2"0,2"0, - - -, —2"70,2"70)]
8
1 1

rq 23rq

22rq 16 24rq

1 & Op(2M,2"Mv,---,=2"y,2"v) 1 & ygu(2"0,2"0,- - ,—2"0,2"0)
iy TR

(4.35)



222 Sandra Pinelas et al. / General Solution and Two Methods of...

where
Oy (20,20, - -+, =2"9,2"v) = Q(2"0,2"0, - - -, —2"9,2"0) + Q(—2"T0, —2"v, - - - 2", —2"v)

for tt = 1,2,3,4 and Q(2"70,2"v, - - -, —2"0,2"v), A(v), Q2(v), C(v) and Qu(v) is defined in {.4), (4.5), }
and forallv € Y, respectively.

Corollary 4.14. Let Dfaqeq : YV — Z be a mapping. If there exists real numbers b and d such that

b,
n

by [loill, d#1,2,3,4
i=1

n
||Dfach(vll ,Un)” < b H Hvinr nd # 1; (4.36)

171’1 , ; ]

o{ IT It + £ 11"}, nt 21,238

i=1 i=1

forallvy,--- ,v, €Y, then there exists a unique additive function A : Y — 2, a unique quadratic function Qp : J —
Z, a unique cubic function C : Y — Z and a unique quartic function Q4 : Y — Z such that

1f(v) = A(v) = Qa(v) = C(v) — Qu(v)

50 (1 [1 1 1,1
2\ 12 |3+|15|}+6{ +|7”'
bl[v]|*(5n —142%) [ 1 1 1 1 1 1
(el sl )
- 2 12 [|4—29] " [16—24|| "6 |[2—24] ' |8—24] 437)
=\ bllo||" 4 +2m) (1 1o, 1 1 1 1 '
2 12 |[a—2 |16—2d|}+6{2—2d+|8—2d| /
b|[o||™ (5n + 3 + 27 +2rd) (1 1 1 1
2 {12{|4—2”d+|16—2”d +6{2—2”d|+|8—2”d| ’
forallv e Y.

5 Stability Results - Fixed Point Method: n Odd Positive Integer

In this section, we investigate the generalized Ulam-Hyers stability of the functional equation (1.3) where 7 is
an odd positive integer in Banach space using fixed point method.

51 fIS AN ODD FUNCTION

Theorem 5.17. Let D fageq : Y — Z be a odd mapping for which there exist a function w, ) : Y" — [0, 00) with the
condition

w (K]’?vl, N ,K]’f’vn)
lim =0

psoo 7 (5.1)
forallvy,--- v, € Y where
3y
such that the functional inequality
|Dfageq(v1, - -+ ,on)|| < w (01, -+, vn) (5.3)
forallvy,--- v, € Y. If there exists L = L(i) such that the function
¥(v,0,---,—0,0,0) =Q (;, ;, ,—;,0,;) ,
has the property
Y(v,v,--+,—0,0,0) = £ b4 (KjU, Kjv, -, —K;0,0, KjU) . (5.4)

Kj
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forallv € Y. Then there exists a unique additive function A : Y — Z which satisfies and

-
[ A(v) —a(@)|| = [|A(v) = {f(20) = 8f(0)}]| < 1L_ ]L‘Y(v,v,- -+, =0,0,0)

forallve ).

Proof. Consider the set
I={p/p:Y =2 p(0)=0}

and introduce the generalized metricon T,
d(p,q) = inf{K € (0,00) :|| p(v) — 4(v) || < Kyp(0),v € V}.

It is easy to see that (T, d) is complete.
DefineY : I' — I by

Yp(o) = ,jj;a(w),

223

(5.5)

forallv € Y. Now p,q € T, by [36], we have d(Yp, Yq) < Ld(p,q), i.e., T is a strictly contractive mapping on

I' with Lipschitz constant L.
From (3.13), we arrive

Ha(Zv) — Za(v)H <QO(v,v,---,-0,0,0)
forall v € Y. It follows from that

a(2v)

o) e
) ao) (v,0,---,-9,0,0)

2

<

forallv € Y. Using for the case j = 0 it reduces to

a(2v)
2

— a(U)H < L¥(v,0,--+,—0,0,0)

forallve ),
ie, d(Yaa) <L=d(Yaa) <L=L!<co.

Again replacing v = g in , we get
v Y v v
o -2 () <035 -505)
forallv € Y. Using for the case j = 1 it reduces to

Ha(v) —2a (g) H <¥(v,v,---,-v,0,0)

forallv € ),
ie, d(a,Ya)<1=d(a,Ya)<1=L"< co.

From (5.8) and (5.10), we arrive ‘
d(a,Ya) < L'

Therefore (FP1) holds.
By (FP2), it follows that there exists a fixed point A of Y in I such that
a(xf'v)
A(v) = lim 7]}7, Voel.
p—eo K]-

(5.6)

(.7)

(5.8)

(5.9)

(5.10)

(5.11)

To order to prove A satisfies the functional equation (1.3), the proof is similar to the of Theorem By

(FP3), A is the unique fixed point of Y in the set

A={AET:d(a A) < oo},
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such that
|a(v) = A(v)|| < Kyp(v)

forallv € Y and K > 0. Finally by (FP4), we obtain

1
<
d(a, A) 1 Ld(a,Ya)

this implies

da, ) < 2
@A) =37
which yields
L'
la(o) — A@)I < {1 ¥ (@2, ,~2,0,0)
this completes the proof of the theorem. O

The following corollary is an immediate consequence of Theorem concerning the stability of (1.3).

Corollary 5.15. Let Dfageq : Y — Z be an odd mapping. If there exists real numbers b and d satisfying for all
vy, -+, 0y € ), then there exists a unique additive function A : Y — Z such that

5b,
b|[v||4(5n — 6 + 2'%)
la(v) — A(v)]| < 12— 24| ’ (5.12)
b|[v||™ (51 — 6 + 2")
|2 — 2nd|
forallv € Y.
Proof. Taking
b,
n
b v;| |4,
w(one o) — 4 P Il

" d, v d
b{nviu 5 ol }
i=1 i=1

for all v € ). Now,

%, —0as p— oo,
1 by (P ld
70‘;(1{’?01,1(’,7...’1(40”): K742||K]‘vi||' = —0as p — o,
! j j ] sl "

b P.d P ||nd

K]p {i_lHKjle +i§1||7{jvlH }’ —0as p — oo.

Thus, is holds. But we have
¥(v,0,---,-0,0,0) =Q (%,

has the property

L
Y(v,0,---,-0,0,0) = = ¥ (K]'ZJ,KjU, -, —Kj2,0, Kj?])

5b,

b(5n — 6+ 2™
Log) =1

b@n—6+?mM|d
B o||*.
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Now,
@
K

jl
1 b(5n — 6+ 2"
;T (KjU,K]'Z},-.. ,—K]'U,O,K]‘U) — g
I ]
Kj

]

K;ll}f(vr O,-, _U,O, U)I
||K]'ZJHd, = K;?*l‘i’(v, v,---,—0,0,0)

||Kjv||ndr Kﬂd_l‘{j(v/ [ 7?),0, U).

225

Hence the inequality 1i holds either, L =27 'ifi =0and L = 2%1 ifi = 1. Now from 1i we prove the

following cases for condition (7).
Case:x1 L=2"ifi =0
27D
l[a(v) — A(o)|| < 11K Y(v,0,---,~v,0,0) = 5b.

Case:2 L = 2%1ifi:1

1 1-1
(2”) d—1 _
la(v) — A(v)|| < EEma Y¥(v,0,--+,—v,0,0) = —5b.
1

Also the inequality holds either, L = 291 ford < 1ifi = 0and L = zdlj ford > 1ifi = 1. Now from

(5.5), we prove the following cases for condition (ii).
Case:3 L =29"1ford < 1ifi =0

-1\
lla(v) — A(v)]| < ()‘I’(v,v,~ -, —1,0,0) =

1 —2(d-1) 224

Case:4 L:%ford>lifi:1

(o) b(5n — 6+ 2ol

d—1 .

la(o) = A@)]| < “2 (0,0, ,—0,0,0) = 220 E2Z NI
1-2@5 202

The proof of condition (iii) is similar to that of condition (i7). Hence the proof is complete.

b(5n — 6 +2")||o| |

O

The proofs of the subsequent theorems and corollaries are similar to that of Theorem and Hence

the details of the proofs are omitted.

Theorem 5.18. Let D fageq : ¥ — Z be a odd mapping for which there exists a function w, Q) : Y" — [0, 00) with the

condition
w (or, -, o)
lim 3 =0
p—roo P
]
forallvy,--- v, € Y where x; is defined such that the functional inequality

HDfach(Ull- .. ’v”)H < a)(vlr. .. ,vn)

forallvy,--- ,v, € Y. If there exists L = L(i) such that the function

0

11I('U/’U/"' /7010/'0) :Q(gr%r 17%1 /%)/

has the property

L
Y(v,0,---,—0v,0,0v) ==Y (x;v,x;0,---,—x;0,0,%;0) .

( ) K;’ ( 1777 ] ] )
forallv € Y. Then there exists a unique cubic function C : Y — Z which satisfies and

o
I6(0) — <) = (@) - {£(20) = 2f @)}] < ;— F(o.0,++,~0,0,0)

forallx € Y.

(5.13)

(5.14)

(5.15)

(5.16)
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Corollary 5.16. Let D fageq : Y — Z be an odd mapping. If there exists real numbers b and d satisfying for all
vy, ,Un €Y, then there exists a unique cubic function C : Y — Z such that

5b,
b||v||?(5n — 6 4 2'7)

[e(v) = C(v)]| < 8 — 24| ' (5.17)
b| \v|\”"l(5n — 6+ Zmd)

|8 — 2nd|
forallv € Y.

Theorem 5.19. Let D fageq : V) — Z be a odd mapping for which there exist a function w, ) : Y™ — [0,00) with the
conditions and forallvy,--- v, € Y where x; is defined such that the functional inequality

HDfach(vlz' e /vn)H <w (vl;' e rvi’l) (5‘18)

forallvy,--- v, € Y. If there exists L = L(i) such that the function

0

00 0 0
‘Y(U/U/"' I_UIO/U) _Q<§/§/“'1_§/ /E)/

has the properties and and

Y(v,0,--+,—0,0,0) = K£ b4 (KjU, Kjv, -, —K;0,0, Kjv) . (5.19)
]

forallv € Y. Then there exists a unique additive function A : Y — Z and a unique cubic function C : Y — Z which

satisfies and
-
I£(0) = A®) = o) < g =g ¥(00 =000 (5.20)

forallx € Y.

Corollary 5.17. Let D fageq = ¥ — Z be an odd mapping. If there exists real numbers b and d satisfying (3.36) for all
vy, -+, 0y € ), then there exists a unique additive function A : Y — Z unique cubic function C : ) — Z such that

5b 1
Z 1+m 7
b|[v||*(5n — 6 4 2'7) 1 1
— — < )
[f(v) = A(v) = C(o)[| < 3 22 + 521 )’ (5.21)
b|[v||" (5n — 6 + 2'"4) 1o, 1
6 2 —2nd| |8 —2nd|

forallv € Y.

5.2 fIS AN EVEN FUNCTION

Theorem 5.20. Let Dfygeq : YV — Z be a even mapping for which there exists a function w, Q) : Y™ — [0, o0) with the
condition

w (K%L e ,Kr’vn)
] i —~0

r}gr;o 2 (5.22)
]
forallvy, -+, vn € Y where ; is defined such that the functional inequality
1D fageq (w1, -, on)|| < w (01, -, on) (5.23)

forallvy,--- ,v, € ). If there exists L = L(i) such that the function

0

Y(v,0,--+,—0,0,0) :Q(g,g,-“,*;, ,g),
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has the property
L
Y(v,0,---,—0,0,v) = =¥ (xv,x0,---,—x;0,0,%;0) . 5.24
( ) K}Z ( 1777 ] ] ) ( )
forallv € Y. Then there exists a unique quadratic function Qy : Y — Z which satisfies and

L1
1-L

1Q2(0) = 42(v)[| = [|Q2(v) = {f(20) +16f(0)}]| < ¥(v,0,---,-0,0,0) (5.25)

forallx € ).

Corollary 5.18. Let D faqeq : YV — Z be an even mapping. If there exists real numbers b and d satisfying for all
vy, ,Un € Y, then there exists a unique quadratic function Qp : Y — Z such that

5b

4

7
b|[v]|%(5n — 6 +2')
192(v) = Q2(v)]| < 14— 27] / (5.26)

b||v||”d(5n — 6+ 2”"1)
|4 —2nd|

forallv € Y.

Theorem 5.21. Let D fuch 1 Y — Z be a even mapping for which there exists a function w, () : Y" — [0, 00) with the
condition

w (or, -, o,
lim - =0 (5.27)
p—o0 K'P
]
forallvy,--- v, € Y where x; is defined
such that the functional inequality
HDfach(Ull"' /Un)H <w(vy, 0, 0n) (5.28)
forall vy, - ,v, € Y. If there exists L = L(i) such that the function
v v v v
‘P(U/U/' o /_U/O/U) — Q (E/E/' . /_E/O/ E) 7
has the property
L
Y(v,0,--,-0,0,0) = I Y (xj0, /0, -+, —Kj9,0, Kjv) . (5.29)
]
forallv € Y. Then there exists a unique quartic function Q4 : Y — Z which satisfies and
L
1Q4(v) = q4(v) || = [|Qa(v) — {f(20) —4f (V)}]| < 7 —7¥(v, 0, -, —0,0,0) (5.30)

forallx € Y.

Corollary 5.19. Let D fageq : Y — Z be an even mapping. If there exists real numbers b and d satisfying for all
vy, ,Un € Y, then there exists a unique quartic function Q4 : Y — 2 such that

5b
15’
b||v]|*(5n — 6 4 2'%)
Hq4(0> - Q4<U)H < |16 _ 2d| ’ (5.31)
bl ol (51 — 6+ 27)
|16—2”d|

forallv € Y.
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Theorem 5.22. Let D fach : Y — Z be a even mapping for which there exists a function w, () : Y"* — [0, 00) with the
conditions and forallvy,--- v, € Y where x; is defined such that the functional inequality

1D fageq (w1, -, on)|| < w (01, on) (5.32)

forall vy, - ,v, € ). If there exists L = L(i) such that the function

T(’UI’UI. o /_UIO/U) == Q (gl g/' s /_;/Olg) 7
has the properties and and
L
Y(v,0,---,-0,0,0) = —¥ (KjU, Kjv, -, —K;0,0, KjU) . (5.33)

Kj

forall v € Y. Then there exists a unique quadratic function Qp : Y — Z and a unique quartic function Qy : Y — 2

which satisfies and

-
I£(0) = Q2(0) = Qo) < =gy ¥(0.0,-, —0,0,0) (534)

forallve Y.

Corollary 5.20. Let Dfaqeq : Y — Z be an even mapping. If there exists real numbers b and d satisfying for all
vy, -+, Uy € ), then there exists a unique quadratic function Qp : Y — Z and a unique quartic function Q4 : Y — Z
such that

sh(1 1
12 \ 3] © |15 )’
b|[v||?(5n — 1+ 2"%) 1 1
_ _ < .
b|[v||" (51 — 1 +2/"4) o1
12 |4 —2md| " |16 — 2|

forallv € Y.

5.3 fIS AN ODD - EVEN FUNCTION

Theorem 5.23. Let Dfogeq : YV — Z be a mapping for which there exists a function w, Q) : Y" — [0,00) with the

conditions , , and forall vy,--- v, € ) where k; is defined such that the functional

inequality
||Dfﬂqu(vll"' /UH)H Sw(vll"' /Un) (536)
forallvy, -+ v, € Y. If there exists L = L(i) such that the function

Y(v,0,---,-0,0,0) = Q(

has the properties (5.4), (5-24), (5.15) and (5-29) and

(", [ (Y
E/E/"'/_EIO/E)/

Y(v,0,--+,—0,0,0) = K£ b4 (KjU, Kjv, -, —K;0,0, KjU) . (5.37)
]

forall v € Y. Then there exists a unique additive function A : Y — Z a unique quadratic function Qp : Y — Z a
unique cubic function C : Y — Z and a unique quartic function Q4 : Y — Z which satisfies and

1 1

I£0) = A(e) = a(6) = C(0) = (o < =15 (5 + 33 ) YO+ —000) 639

forallve Y.
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Corollary 5.21. Let Dfageq : Y — Z be a mapping. If there exists real numbers b and d satisfying for all
vy, ,Un € ), then there exists a unique additive function A : Y — Z a unique quadratic function Q; : Y — Za
unique cubic function C : Y — Z and a unique quartic function Qy : Y — 2 such that

1f(v) = () Qz() ||

Sb (11 +1

2 E |15\ 6 |7|

b||v||d 5n 14 2m) 1 1 1 1 1
< — = .
= - 2d| |16 2| T | 2=27 Tis=27) ) (5.39)

b||v||"(5n 1+2’"d) l 1 L1 L

12 |4 — 2nd| [16—2md|| "6 [|2—20d] " |8 —2md[]| [’
forallv € Y.

6 Stability Results - Fixed Point Method: n Even Positive Integer

In this section, we investigate the generalized Ulam-Hyers stability of the functional equation (1.3) where n is
an even positive integer in Banach space using fixed point method.

6.1 fIS AN ODD FUNCTION

Theorem 6.24. Let D fayeq : Y — Z be a odd mapping for which there exists a function w, ) : Y — [0, 00) with the
condition

w (K%l,. . ,K%H)
] ] -0

r}l_r}l; 7 (6.1)
forallvy,--- ,v, € Y where
2 if j=0;
Kj = o (6.2)
/ { 3 if i=1
such that the functional inequality
||Dfach(01/"' /Un)H <w(vy, -, 0n) (6.3)
forallvy,--- v, € Y. If there exists L = L(i) such that the function
(2 (Y
1]Er(v/v/' v /7'0/'0) — Q (Erir 17515) 7
has the property
L
Y(v,0,--,—0,0) = K—] Y (0,0, -, —Kjv, kD) . (6.4)
forallv € Y. Then there exists a unique additive function A : Y — 2Z which satisfies and
L1*
[A(0) —a()]| = [ A(v) = {f(20) = 8f()}]| = ;=7 ¥(v, 0, -, —0,0) (6.5)

forallve Y.

Corollary 6.22. Let Dfageq : YV — Z be an odd mapping. If there exists real numbers b and d fulfilling for all
vy, ,Un €Y, then there exists a unique additive function A : Y — Z such that

5b,
b||o||%(5n — 1+ 2™)
12— 27 '
la(0) = A(@)]| < §  bllol1*(4+2) (6.6)
2 —2md|
b||v||"d(5n—3+2rd+27”d)
12— 2nd]|

forallv € Y.
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Theorem 6.25. Let Dfageq : ¥ — Z be a odd mapping for which there exists a function w, Q) : Y" — [0, 00) with the
condition

w (o1, o)
lim 3 =0
p—roo K}P

]
forallvy,- -, v, € Y where x; is defined in such that the functional inequality

Hngch(vl,"',vn)H Sw(vl,"‘,vn) (6.8)
forallvy,--- v, € Y. If there existss L = L(i) such that the function

6.7)

‘Y(v,v,---,—v,v):Q(v v v U),

2222
has the property
L
= Y (kjo, k0, -+, —Kj0, Kjv) . (6.9)
]
forallv € Y. Then there exists a unique cubic function C : Y — Z which satisfies and
L'
C(0) — @)l = [C(2) — {f(20) ~2f (@)} < ;T ¥(@2,+,~0,0) (6.10)

Y(v,0, -+ ,—0v,0) =

forallve Y.

Corollary 6.23. Let Dfaqeq : YV — Z be an odd mapping. If there exists real numbers b and d fulfilling for all
vy, ,Un € Y, then there exists a unique cubic function C : Y — Z such that

5b,
bl[o]|(5n — 1 +2'%)
|8 — 24| '
le(v) =C(o)|| < § bllo]|*(4+2™) (6.11)
e
bl[o]|™ (5n + 3 + 27 + 27
18— 2nd]

forallv € Y.

Theorem 6.26. Let D foyeq : Y — Z be a odd mapping for which there exists a function w, ) : Y — [0, 00) with the
conditions and forallvy,--- v, € Y where x; is defined in such that the functional inequality

| Dfach(vl/"' /Un)H Sw(vlz"' /vn) (6.12)
forall vy, - ,v, € ). If there exists L = L(i) such that the function

‘I’(U,v,--~,—v,v):0<v v g U>,

272722
has the properties and forall v € Y. Then there exists a unique additive function A : Y — Z a unique cubic
function C : Y — Z which satisfies and

1)~ A) - @) € g ¥ (oo 00 (613)

forallv e Y.

Corollary 6.24. Let Dfggeq : YV — Z be an odd mapping. If there exists real numbers b and d fulfilling for all
vy, ,Un € Y, then there exists a unique additive function A : Y — Z a unique cubic function C : Y — Z such that

5b  5b
l)6||v||d7(gn—1+2’d) b||o]|4(5n — 1 + 21)
6[2 — 24| * 6/8 — 24| ’
la(v) — A(v)|| < b||v||d(4+2md) b||v||d(4+2md) (6.14)
6|2 — 2| 6|8 —2md| '
b|[v]["(5n 4 3 + 274 4-24)  p||o||™ (5n + 3 + 2 4 2rd)
6|2 — 2nd| 6|8 — 21|

forallv € Y.
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6.2 fIS AN EVEN FUNCTION

Theorem 6.27. Let D fageq : YV — Z be a even mapping for which there exists a function w, Q) : Y™ — [0, 00) with the
condition

w (Kr?vl,. . ,Kt’vn)
i j —0

plgr;o e (6.15)
]
forallvy, -+ o € Y where j is defined in such that the functional inequality
||Dfuch(01/"' /Un)H SW(UL"' /Un) (6.16)
forallvy,--- v, € Y. If there exists L = L(i) such that the function
v v v v
III<vrvl' t ,_U,U) =0 (E/E/ /_EIE) ’
has the property
L
T sy Uy, — 0, :7T U, R0, =, — K0, Ry . 617
(v,v v,0) K]Z (10, kjo K0, Kj0) (6.17)
forallv € Y. Then there exists a unique quadratic function Qy : Y — Z which satisfies and
L
1Q2(v) = q2(v) || = [|Q2(v) — {f(20) —16f ()} < T — ¥ (w0, -, —0,0) (6.18)

forallv e Y.

Corollary 6.25. Let Dfggeq : V — Z be an even mapping. If there exists real numbers b and d fulfilling for all
vy, ,0n € ), then there exists a unique quadratic function Qp : Y — Z such that

5b,
b|[v||?(5n — 1 +27)
|4 —27] '
192(0) = Qa(0)[| < ¢ b[o||*(4+2) (6.19)
|4 —2md] 7
b||v||™ (5n + 3 + 2% 4 2rnd)
4 —2nd|

forallv € Y.

Theorem 6.28. Let D fagcq : YV — Z be a even mapping for which there exists a function w, Q) : Y — [0, 00) with the
condition

w (K%l,. . ,Kf’vn)
j j —0

Jim K;*” (6.20)
forallvy,--- vy € Y where «; is defined in such that the functional inequality
1D fageq(v1,- -+ ,on)|| S w (01, ,vn) (6.21)
forallvy,--- v, € Y. If there exists L = L(i) such that the function
T )
has the property
Y(v,0,-,—0,0) = KL;; ¥ (xjv, x50, -, —Kjv, kD) . (6.22)
forallv € Y. Then there exists a unique quartic function Q4 : ¥ — Z which satisfies and
L1
19:(0) ~ @) = [ Qa(0) ~ {f(20) ~ 4F (@)} < 1= ¥(@,0, -, ~0,0) 623)

forallve Y.
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Corollary 6.26. Let D fageq : Y — Z be an even mapping. If there exists real numbers b and d fulfilling for all
vy, ,Un €Y, then there exists a unique quartic function Qq : Y — 2 such that

50,
b[o]|4(5n — 1 +27)
6 —24]
194(v) — Qa(@)[| < ¢ bl[o[|"(4 +2"7) (6.24)
6 —2nd|
b||0||nd(51’l—|—3+27d+2md)
116 — 21|

forallv € Y.

Theorem 6.29. Let D faycq : YV — Z be a even mapping for which there exists a function w, Q) : Y™ — [0, c0) with the
conditions and forallvy,--- v, € Y where x; is defined in such that the functional inequality

||Dfﬂqu(z]1/... /Un)H Sw(01,~~~ /vn) (625)
forallvy,--- v, € Y. If there existss L = L(i) such that the function

‘Y(v,v,---,—v,v):()(v Y ¢ v),

22" 2’2
has the properties and forallv € Y. Then there exists a unique quadratic function Qp : Y — Z a unique
quartic function Qy : Y — Z which satisfies and

o
I£(0) = Q2(0) = Q4(0)] < =7 ¥(0.0,-+,—0,0) (626)

forallve Y.

Corollary 6.27. Let D fageq : Y — Z be an even mapping. If there exists real numbers b and d fulfilling for all
vy, ,0n € Y, then there exists a unique quadratic function Qp : Y — Z a unique quartic function Qq : Y — 2
such that

5b,
bl[o]|*(5n —1+2%)  b[o]|(5n — 1+ 27)
12427 T e —2
1f(v) = Qa(v) — Qa(v)[| < { Dbllo|[“(4+2")  bllo]|?(4+2™) (6.27)
12]4 — 27d] 1216 — 27|
b||o]|™(5n 43 427 +24)  b[v||"(5n 4 3 + 27 + 2d)
12/4— 2| * 12]16 — 27|

forallv € Y.

6.3 fIS AN ODD - EVEN FUNCTION

Theorem 6.30. Let Dfoyeq : YV — Z be a mapping for which there exists a function w,Q) : Y" — [0,00) with the

conditions (6.1), (6.15), and (6.20) for all vy,--- ,v, € Y where x; is defined in (6.2) such that the functional
]

inequality
IDfageq (01, on)| < w (o1, on) (6.28)
forallvy,--- ,v, € Y. If there exists L = L(i) such that the function

‘Y(v,v,.--,—v,v)zﬂ(v v o U),

2222
has the properties (6.4), (6.17), and forall v € ). Then there exists a unique additive function A : Y — Z

a unique quadratic function Qp 1 Y — 2 a unique cubic function C : Y — 2 a unique quartic function Q4 : Y — 2

which satisfies and

L
I0) = A(e) = Qa(0) = C(0) = (o < =3 (5 + 33 ) ¥@o oo m00) (629

forallve Y.
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Corollary 6.28. Let Dfyeq : Y — Z be a mapping and if there exists real numbers b and d fulfilling for all
vy, ,Un € ), then there exists a unique additive function A : Y — Z a unique quadratic function Q; : Y — Za
unique cubic function C : Y — Z a unique quartic function Q4 : Y — Z such that

1f(v) = A(v) = Qa(v) = C(v) — Qa(0) ||

SL) SR IR S T B PR S
2 112 3] "15]) "6 711

bllel|"Gn—1+2") (1] 1 L I !
< 2 12 [[4—24] " [16—-27] "6 [[2—27] = |8—29| (6.30)
=) dlelf@2r 1 IEY T T |
2 2 [Ja—2m] " 16 —2%[] "6 []2—2n] " |§—2nd]

bljo]|"(5n =342 +2md) (1 11 L1 1o, 1
2 12 [|4—2md| " [16—2m|] "6 [|2—2nd| |8 —2nd|] [’

forallv € Y.

7 Counter Examples For Non Stable Cases

Now, we will provide an example to illustrate that the functional equation (1.3) is not stable for d = 1 in

condition (ii) of Corollaries and

Example 7.1. Let w : R — R be a function defined by
w(v) = { pv, if Jo] <1
o, otherwise
where p > 0 is a constant, and define a function f : R — R by

a(v) = f(2v) — 8f(v) = i aJ(Z’v), forall veR.

r
r=0 2

Then f satisfies the functional inequality

n-1 n—1 n n—1
f(Z% Ui+20n> +f <Z1 vi—20n> —4f (;711) —4f <Zl Ui—Un>

n—1
+6f (Z vl) — f Qun) — f (—20y) +4f (vn) +4f (—vn)

i=1

n
< 52p Z |vi] (7.1)
i=1

forall v € R. Then there do not exist a additive mapping A : R — R and a constant 5 > 0 such that

|A(v) — {f(2v) — 8f(v)}| < n|v|, forall veR. (7.2)
Proof. Now

w e}
(o)) = If20) - 87(o)| < 1 zgf
r=0 | n=0
Therefore, we see that a is bounded We are going to prove that a satisfies
If v = 0 then (7.1) is trivial. If Z lv;| > 1 then the left hand side of is less than 52p. Now suppose that

n 1
0< Y |vi] < 5 Then there exists a positive integer k such that
i=1

1 _ 1
1:1

1
so that 28" 10;(i = 1,2,--- ,n) < 5 and consequently

n—1 n—1 n n—1
-1 Y v+ 20, [ ok=1 Y v — 20, [ ok=1 Y v ,2k-1 Y vi—vn ],
i=1 i=1 i=1 i=1

2k 1 (Z ) Zk 1 ZU,,,),Zk_l (—27),1),2"_1 (Un>,2k_1 <_Un) c (_111)
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Therefore foreachr =0,1,...,k — 1, we have

2 (nzl v; +271n> ,2" (1121 v; —20n> 2 (i v,-) 2 <nzl v; — Un) ,
i=1 = i=1 i=1
2’f<z v,), (204),2" (=204),2" (v4),2" (o) € (—1,1)

and

n—1 n—1 n n—1
w <2r Y vi—}—Zr-ZUn) +w (2’ ) Ui—Zr'ZUn> — 4w <2r20i> — 4w <2r Y v —2%,1)
i=1 i=1 i=1 i=1
n—1
+ 6w (2’ ) Ui> —w (2" 20,) —w (=2"-20y) + 4w (2'vy) +4wf (—2"v,) =0
i=1

forr=0,1,...,k— 1. From the definition of a and (7.3), we obtain that
n—1 n—1 n n—1
a Zvi+221n +a Zvi—Zvn —4a Zvi —4a Zvi—vn
i=1 i=1 i=1 i=1
n—1
al Y v | —a(2uy) —a(—2v,)+4a(vy) +4a(—v,)
i=1
| n—1 n—1 n
sz 2"Y 0i+2 20 | 4w (27) v —2" 20, | —4w | 27) v
= i=1 i=1

n—1 n—1
— 4w <2r Y vi— ern> + 6w (27 ) vi> —w (2" 20,) —w (=2 20y)

i=1 i=1

+4w (2'vy) +4wf (—2"vy)

© 1 n—1 n—1 n
<) 5w (2’ Zvi+zf-2vn> +w (2* Zvi—2’-20n> — 4w (2’2@)
r=k i=1 i=1 i=1
n—-1 n—1
—4w (27Y 0 =20, | +6w (27) v | —w (27 20,) —w (2" 20,)

i=1 i=1

+4w (2'vy) +4wf (—2"vy,)

—2 X 260 =260 X <52p2|vl|

1
Thus a satisfies (7.1) for all x € R with 0 < E lo;| < = 2

We claim that the additive functional equatlon is not stable for r = 1 in condition (ii) of Corollary 3.1}
Suppose on the contrary that there exist a additive mapping A : R — R and a constant 1 > 0 satisfying (7.2).
Since a is bounded and continuous for all x € R, A is bounded on any open interval containing the origin and
continuous at the origin. In view of Theorem A must have the form A(v) = cv for any v in R. Thus, we
obtain that

la(@)] < (7 +Iel) [o]- (7.4)
But we can choose a positive integer s with sp > 1 + |c|.
Ifve (0, = 1) then2'v € (0,1) forallr =0,1,...,s — 1. For this v, we get

w@0) i el2v)

7 Ta

=spv > (17 +c|)v

which contradicts (7.4). Therefore the additive functional equation (1.3) is not stable in sense of Ulam, Hyers
and Rassias if r = 1, assumed in the inequality condition (if). O
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Now, we will provide an example to illustrate that the functional equation (1.3) is not stable for d = % in
condition (iii) of Corollaries and condition (iv) of Corollaries {4.8{and

Example 7.2. Let w : R — R be a function defined by

: 1
_ [ v ol <y
w(v) = { £, otherwise

where p > 0 is a constant, and define a function f : R — R by

a(v) = f(2v) — 8f(v) = i w(zz:v)’ forall veR.
r=0

Then f satisfies the functional inequality

‘f <nzlvi—|—20n> +f <”Zlvi_27)n> —4f <ivi> —4f (”Zlvi —Un>
i=1 i1 iz i

n—1 52P n 1
+6f (Z vi> = f(200) = £ (=20n) +4f (0n) +4f (—va)| < == ; ik (7.5)

i=1

forall v € R. Then there do not exist a additive mapping A : R — R and a constant 5 > 0 such that

|A(v) - {f(20) —8f(0)}| <ylols,  forall vER. (7.6)
Now, we will provide an example to illustrate that the functional equation (1.3) is not stable for d = 2 in
condition (ii) of Corollaries and
Example 7.3. Let w : R — IR be a function defined by
2 .
(o) = { ov%, if[o] <1
0, otherwise

where p > 0 is a constant, and define a function f : R — R by

72(v) = f(20) = 3f(v) = i w(222:v), forall veR.

r=0

Then f satisfies the functional inequality

’f <nzlvi+20n> +f (gvi20n> —4f (Xn:vi> —4f <n1vivn>
i=1 i=1 i=1 i=1

n—1 2 n
+6f (g ) = Qo) (200) +4f () +4f (o) S EEE Nl 0D

forall v € R. Then there do not exist a quadratic mapping Qy : R — R and a constant 1 > 0 such that
|Q2(v) — {f(20) —16f(v)}| < 57v/?, forall veR. (7.8)
Now, we will provide an example to illustrate that the functional equatio is not stable for d = % in
condition (iii) of Corollaries and condition (iv) of Corollaries {4.8{and
Example 7.4. Let w : R — R be a function defined by
(o) = { pv, iflol <

2”—’), otherwise
where p > 0 is a constant, and define a function f : R — R by

72(v) = f(20) — 16f(v) = i w(222:v), forall veR.

r=0
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Then f satisfies the functional inequality

|f (”i:l (2 +20n> +f ("il U — 2Z)n> —4f <i Ui) —4f <ni:l v — Un>
i=1 i=1 i=1 =

n—1 2 n
+6f (;vz) — [ (20n) — f (=204) +4f (vn) +4f (—on 52p x4 2| uil 7 (7.9)

forall v € R. Then there do not exist a quadratic mapping Qy : R — R and a constant 1 > 0 such that

102(0) — {f(20) — 16f(v)}| < n]o|7, forall veR. (7.10)

Now, we will provide an example to illustrate that the functional equation (1.3) is not stable for d = 3 in

condition (ii) of Corollaries and

Example 7.5. Let w : R — R be a function defined by

)= { P2 Tl

p,  otherwise

where p > 0 is a constant, and define a function f : R — R by

w(2"v)
23r 7

agk

c(v) = f(20) =3f(v) =

forall velR.

~=
Il
o

Then f satisfies the functional inequality

n—1 n—1 n n—1
‘f <Z; vi+20n> +f <Z; vi—20n> —Af (Z;vl) —4f<; vi—vn>

nl 260 x 8% Lo
+6f <Z vi) = f (2on) = £ (=20n) +4f (0n) +4f (~0n)| <= ——— Y [vil (7.11)
i=1 i=1

forall v € R. Then there do not exist a cubic mapping C : R — R and a constant 5 > 0 such that

IC(v) — {f(20) —2f(v)}| < n7|v)?, forall veR. (7.12)

Now, we will provide an example to illustrate that the functional equation is not stable for d = % in
condition (iii) of Corollaries and condition (iv) of Corollaries 4.8)and

Example 7.6. Let w : R — R be a function defined by

ooy | oo RIS
=, otherwise

where p > 0 is a constant, and define a function f : R — R by

w(2v)
23r 7

agk

c(v) = f(20) = 2f(v) =

forall veR.

<
o

Then f satisfies the functional inequality

‘f (ylzlviJern) +f (712101-20,1> —4f <ivi> —4f (nzlvivn>
i=1 i=1 i=1 i=1

n—1
+6f (Z vi> — £ (20n) — f (=20y) + Af (vn) +4f (—vn)

n
3
< —— E 10 7.13
= — 71’1 y |vl| ( )

forall v € R. Then there do not exist a cubic mapping C : R — R and a constant n > 0 such that

IC(v) — {f(20) —2f(0)}| < n]o|*, forall ve€R. (7.14)
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Now, we will provide an example to illustrate that the functional equation (1.3) is not stable for d = 2 in

condition (ii) of Corollaries and

Example 7.7. Let w : R — R be a function defined by

v, iflv
w(U):{p , iflof <1

o,  otherwise

where p > 0 is a constant, and define a function f : R — R by

gs(v) = f(20) —4f(v) = i)w(;:v)l forall veR.

Then f satisfies the functional inequality

|f (Evi—i—Zvn) +f<nilvi—20n> —4f (ivl) —4f <Evi—yn>
i=1 i=1 i=1 i=1

+6f (Evl) 20y — F(—204) +Af (v0) +4f (—0n)| < 26P X4

Z |o;|* (7.15)

forall v € R. Then there do not exist a quartic mapping Q4 : R — R and a constant y > 0 such that
|04(v) — {f(20) —4f(0)}| < y]v|*, forall veR. (7.16)

Now, we will provide an example to illustrate that the functional equation 1D is not stable for d = % in
condition (iii) of Corollaries and condition (iv) of Corollaries 4.8 and

Example 7.8. Let w : R — R be a function defined by

o(0) :{ pv, if[o] <3

4 .
£, otherwise

where p > 0 is a constant, and define a function f : R — R by

72(v) = f(20) —4f(v) = i w(;:v)’ forall v€ER.
r=0

Then f satisfies the functional inequality

n—1 n—1 n n—1
‘f (Z% vi+20n> +f <Z%vi—20n> —4f (Z%u) —Af (Z%vi—vn>

n—1 2 n
+6f<Zivi> — F (200) — f (~200) +4f (on) +4f (~on)| < LN ot g17)

i=1

forall v € R. Then there do not exist a quartic mapping Q4 : R — R and a constant y > 0 such that

104(v) — {f(20) — 4f(0)}| < ylo|", forall ve€R. (7.18)
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Abstract

In this paper, the authors proved the generalized Ulam-Hyers stability of 2-variable Additive-Quadratic-
Cubic-Quartic functional equation

fx+2y,u+20)+ f(x —2y,u —2v) =4f (x +y,u+v) —4f(x —y,u —v) —6f(x,u) + f(2y,2v)
+f(=2y,~20) = 4f(y,0) — 4f (~y, —0)
using fixed point method.

Keywords: Additive-quadratic-cubic-quartic functional equations, generalized Ulam-Hyers stability, Banach
space, fixed point.
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1 Introduction and Preliminaries

Under what condition is there a homomorphism near an approximately homomorphism between a group
and a metric group? This is called the stability problem of functional equations which was first raised by S. M.
Ulam [49] in 1940. In next year, D. H. Hyers [24] answers the problem of Ulam under the assumption that the
groups are Banach spaces. A generalized version of the theorem of Hyers for approximately linear mappings
was given by T. Aoki [2] and Th. M. Rassias [44], respectively. The terminology Hyers- Ulam-Rassias stability
originates from this historical background. Since then, a great deal of work has been done by a number of
authors (for instance, [11},[13} 25} [40-42], 45|, [47]).

The stability of mixed type functional equations have been extensively investigated by a number of math-
ematicians in referenes (see [3-5] 14422}, 28-31), 13338, 143 48], 50H52]]). In 2003, V. Radu [39] introduced a new
method, successively developed in ([7HI0]), to obtaining the existence of the exact solutions and the error
estimations, based on the fixed point alternative.

Now we will recall the fundamental results in fixed point theory.

Theorem 1.1. (Banach’s contraction principle) Let (X,d) be a complete metric space and consider a mapping T : X —
X which is strictly contractive mapping, that is

(A1) d(Tx, Ty) < Ld(x,y) for some (Lipschitz constant) L < 1. Then,
(i) The mapping T has one and only fixed point x* = T(x*);
(ii)The fixed point for each given element x* is globally attractive, that is

*Corresponding author.
E-mail addresses: annarun2002@yahoo.co.in (M. Arunkumar), karthik.sma204@yahoo.com (S. Karthikeyan), hemsjes@yahoo.co.in
(S. Hemalatha).
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(A2) limy 0o T"x = x*, for any starting point x € X;
(iii) One has the following estimation inequalities:

(A3) d(T"x,x*) < 1 d(T"x, T"*'x),V n >0,V x € X;

(A4) d(x,x*) < 117 d(x,x*),V x € X.

Theorem 1.2. [12(The alternative of fixed point) Suppose that for a complete generalized metric space (X, d) and a
strictly contractive mapping T : X — X with Lipschitz constant L. Then, for each given element x € X, either

(B1) d(T'x, T"lx) =0 V n>0,

or

(B2) there exists a natural number ng such that:

(i) d(T"x, T 'x) < oo foralln > ng ;

(zz)The sequence (T"x) is convergent to a fixed point y* of T

(iii) y* is the unzqueﬁxed point of T intheset Y = {y € X : d(T™x,y) < oo};

(iv) d(y*,y) < 1= d(y, Ty) forally €Y.

Recently, M. Arunkumar et al. introduced and investigated the general solution and generalized Ulam-
Hyers stability of 2-Variable AQCQ Functional equation

flx+2y,u+20)+ f(x —2y,u—2v) =4f(x+y,u+v) —4f(x —y,u —v) —6f(x,u) + f(2y,2v)
+f(=2y, —20) — 4f(y,v) — 4f(~y, —0) (1.1)

using direct method.

In this paper, the authors proved the generalized Ulam-Hyers stability of 2-variable Additive-Quadratic-
Cubic-Quartic functional equation using fixed point method.

Through out this paper, let X be a normed space and Y be a Banach space respectively. Define a mapping
Df: X — Yby

Df(x,y,u,v) = f(x+2y,u+2v)+ f(x —2y,u —2v) —4f(x+y,u+v) +4f(x —y,u—v) +6f(x,u)
= f(2y,20) = f(=2y, =20) + 4f(y,v) + 4f(~y, —v)

forall x,y,u,v € X.

2 Stability Results: Odd Case

In this section, the authors presented the generalized Ulam-Hyers stability of the functional equation (I.1)) for
odd case using fixed point method.

2.1 Additive Stability Results

Theorem 2.1. Let Df : X — Y be a mapping for which there exist a function a : X* — [0, 00) with the condition

1
lim - (mx HiY, i, ) 21
1

k—c0
where y; =2ifi = 0and y; = % ifi = 1, such that the functional inequality with
ID f(x,y,u,0)|| < a(x,y,u,0) 22
forall x,y,u,v € X. If there exists L = L(i) < 1 such that the function

U uu u) (2.3)

u—edu)=2 (E'E’E'E ,
has the property
1
®(u) = L@ (1) 2.4)

1
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where B(u,u,u,u) = 4a(u, u,u,u) + a(2u, u,2u,u) for all x € X. Then there exists a unique additive mapping
A : X — Y satisfying the functional equation and

| £(2u,2u) — 8F (1) — Al ) ||< f:

D(u) (2.5)
forallu € X.

Proof. Consider the set
Q={p/p:X—=Y, p(0) =0}

and introduce the generalized metric on (),
d(p,q) = inf{K & (0,c0) :|| p(u) —q(u) [|< KP(u),u € X}.

It is easy to see that (0}, d) is complete.
Define T : O — Q by

forallu € X. Now p,q € Q), we have

d(p,q) < K=| p(u) —gq(u) < K®(u),Yu € X.

1 1 1
= Hﬂ(imﬂ - ;q(ﬂiu) < ;KCD(,uiu),Vu €X,

< LK®(u),Vu € X,

1 1
= ||— iu) — — iu
H%P(% ) ylﬂ(ﬂ )
=|| Tp(u) — Tq(u) ||< LK®(u),Vu € X,
=d(p,q) < LK.

This implies d(Tp, Tq) < Ld(p,q), forall p,q € Q3. i.e,, T is a strictly contractive mapping on Q) with Lipschitz
constant L.

Replacing (x,y,u,v) by (u, u,u,u) in , we get
Ilf (Bu,3u) —4f(2u,2u) +5f (u, u)|| < ||a(u,u, u,u)| (2.6)
for all u € X. Replacing (x,y, u,v) by (2u, u,2u,u) in (2.2), we obtain
| f(4u,4u) —4f(Bu,3u) + 6f(2u,2u) —4f (u, u)|| < ||a(2u, u,2u, u)|| 2.7)
for all # € X. Now, from and (2.7), we have

| f(4u,4u) — 10f (2u,2u) + 16f (u, u)||
< 4||f(Bu,3u) —4f(2u,2u) +5f (w,u)|| + || f(4u,4u) — 4f (3u, 3u) + 6 f (2u,2u) — 4f (u, u)||
< da(u,u,u,u)+a(u,u,2u,u) (2.8

for all u € X. From , we arrive
| f(4u,4u) —10f (2u,2u) + 16 f (u, u)|| < B(u,u, u,u) (2.9
where B(u, u, u,u) = 4a(u, u,u,u) + «(2u,u,2u,u) for all u € X. It is easy from that
Ilf (4u,4u) —8f(2u,2u) — 2 (f(2u,2u) — 8f (u,u))|| < B(u,u, u,u) (2.10)

forallu € X. Leta : X — Y be a mapping defined by a(u, u) = f(2u,2u) — 8 (u, u). From (2.10), we conclude
that

lla(2u,2u) — 2a(u, u)|| < B(u,u,u,u) (2.11)
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for all u € X. From (2.11), we arrive

a(2u,2u)

1
< —
> < zﬁ(u,u,u,u)

—a(u,u)

for all u € X. Using and (2.4) for the case i = 0 it reduces to

a(2u,2u)

7 —a(u,u)

< LO(u)

forallu € X,
ie, d(f,Tf)<L<L!<oco.

Again replacing u = g in (2.11), we get

-0 (3 5)] <8 (5555

for all u € X. Using (2.3) and (2.4) for the case i = 1 it reduces to

ot -2 (3. 2)] < ot

forallu € X,
ie, d(f,Tf)<1<L°< .

In both cases, we arrive '
a(f,Tf) < LI~

Therefore, (A1) holds. By (A2), it follows that there exists a fixed point A of T in Q) such that

. 1
A(u,u) = lim — (f(.“i‘(ﬂuz Hf“”) - Sf(l*;{”/ .”i'(“))

(2.12)

(2.13)

(2.14)

k—o0 yf
forallu € X.
To prove A : X — Y is additive. Replacing (x,y, u,v) by (pti-‘x, uky, uku, ;ti»‘v) in and dividing by uF, it
follows from that
P Gk ey b, )|
|A(x,y,u,0)| = lim v
k—o0 H;
< lim 2SIV HD)
k—co M

forall x,y,u,v € X. i.e., A satisfies the functional equation (1.1).

By (A3), A is the unique fixed point of T in the set A = {A € Q) : d(f, A) < oo}, A is the unique function

such that
1f(2u,2u) — 8f (u,u) — A(u,u)|| < KP(u)

forall u € X and K > 0. Finally by (A4), we obtain

1
d(f, A) < 7= d(f, Tf)

this implies

Ll*i
<
which yields
Ll*i
| £(2u,20) ~ 8f(w,u) ~ Al u) [|< 2 a(w)

for all u € X. This completes the proof.

The following corollary is an immediate consequence of Theorem [2.T|concerning the stability of (T.T).
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Corollary 2.1. Let Df : X — Y be a mapping and there exits real numbers A and s such that

A,
A (x4 [yl 1° 4 [ull® + [[o]]*), s# 1
Df(x,y,u,0)| < (2.15)
e T P ¢
ALyl PO+ 1% 4+ 1yl 2+ Tul[* + (ol [*}, s # 3
orall x,y,u,v € X, then there exists a unigue additive function A : X — Y such that
Y q
57,
(18 +2°71) Al Jul]?
|2 — 25| '
| F(2u,2u) = 8 (u,u) — Al )] < { (4+4°) AlJul[* (2.16)
|2 — 245 !
(22+43+24s+1) /\||u||4s
|2 — 245

forallu € X.

Proof. Setting

A;

A ]F+ yl1° 4 [l [° 4+ [[o]]%);

APyl el [*[10] 1) 5

AL By Bl BTl A+ [ 4 [yl ]| 4 o]}

a(x,y,u,v) =

forall x,y,u,v € X. Now,

Ayfk
2(9:1) s s s s
a(pufx, iy, pu, piu) )\Vms_l)(\\x\\ + ylI° + [[ull” + [lo][°);
uk Al ([ [y 1 el P[] );

k(4s—1
A oLy 1l ol + (el + 1yl 1+ el

— 0as k — oo
—0as k — oo
—0as k — oo
—0as k — oo.

Thus, is holds.
But we have ®(u) = B (g, g, %, g) has the property ®(u) = L- % ® (p;u) for all u € X. Hence,
547,
(18+25+1)A|| I
Ml
U uuu $
(D(u):,B Yy s 4+4S A
(2 2'2 2) %Huws;
(22445 28T AL
L a1
Now,
5A _
]/l‘; Hi 1(1)(”)/'
1
18+251) A _
1 (P,QS)(H}WHS); H @ (u);
—®(pu) = 4 2 =
, +4)A
Hi (%245) (||l4iu||4s)/' pE1o(u);
(22+4° +2%11) A .
o (pall*); (o1 (u),
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From (2.5), we prove the following cases:
Case:l L =2"1ifi =0;

—1,1-0
Hf@%mﬁ—gﬂ%u)—AWJQH§A<fi;;w>_5A

Case2 L =2lifi=1,

1-1
uumm>8ﬂmwAw»m3A<@” ):m.

Case:3 L=2"lfors < 1ifi=0,

18 +25t1) A (18 +25F1
120, 20) — 8 () — AGwu)| < LEFZT) [T i LTI
2 22
Case:dd L=21%fors >1ifi=1,
18 + 25t A (18 25+1
| f(2u,2u) — 8f(u,u) — A(u,u)|| < ( +23 ) ) Hs— + (8+27)A [ul]°.
Case:5 L =2%"lfors < % ifi=0,
(4s 1
44457 (4+4
(20, 20) — 8 a,0) — A(w )| < EEE) (%1) e = G2 A
Case:6 L =21"% fors > % ifi=1,
l 4s
44452 (44 4°
121, 20) ~8f () — A, )| < EEE) e )“ B
This completes the proof. O

2.2 Cubic Stability Results

Theorem 2.2. Let Df : X — Y be a mapping for which there exist a function a : X* — [0, 00) with the condition

1
lim —ra (mx Hiy, uiu, ) (2.17)
—00 y

where y; =2ifi = 0and y; = % if i = 1, such that the functional inequality with

D f(x,y,u,0)| <alx,y,u,v) (2.18)
forall x,y,u,v € X. If there exists L = L(i) < 1 such that the function
uuuou
u—du)=p (5, 5775 E) , (2.19)
has the property
1
®(u) = L—5P (piu) (2.20)

i
where B(u, u, u,u) = 4a(u,u, u,u) + a(2u, u,2u, u) forall x € X. Then there exists a unique cubic mapping C : X —
Y satisfying the functional equation and

Ll*i

| £(2u,2) = 2f () — Clat0) || < =

(1) (2.21)

forallu € X.



M. Arunkumar et al. / Stability of 2-Variable Additive-Quadratic-Cubic-Quartic...

Proof. Consider the set
Q={p/p:X—=Y, p(0) =0}

and introduce the generalized metric on (),

d(p,q) = inf{K € (0,00) :|| p(u) — q(u) [|< KP(u), u € X}.

It is easy to see that (Q),d) is complete.
Define T : 3 — Q) by
1
Tp(u) = —sp(piu),
i
forallu € X. Now p,q € ), we have

d(p,q) <K=| p(u) —q(u) [|< K®(u),Vu € X.

j ‘

1 1
ﬁp(ﬂi”) - ;q(ﬂiu)

1 1 1

1 1
—p(uiu) — —q(piu)
u u

1 1

é ‘

=| Tp(u) — Tq(u) ||< LK®(u),Vu € X,

=d(p,q) < LK.

1
< EKCI)(yiu),Vu €X,

< LK®(u),Vu € X,

247

This implies d(Tp, Tq) < Ld(p,q), forall p,q € Q). i.e,, T is a strictly contractive mapping on () with Lipschitz

constant L.
It is easy from (2.9) that

| (e, 40e) — 2 (20, 2u) — 8 (£ (20, 20) — 2 (1, u))|| < Blut,u, 1, u)

(2.22)

forallu € X. Letc: X — Y be a mapping defined by c(u, u) = f(2u,2u) — 2f (u, u). From (2.22), we conclude

that
lc(2u,2u) — 8c(u,u)|| < B(u, u,u,u)
for all u € X. From (2.23), we arrive

c(2u,2u)
8

for all u € X. Using (2.19) and (2.20) for the case i = 0 it reduces to

—c(u,u)|| < %ﬁ(u, uw,u,u)

c(2u,2u)

5 —c(u,u)|| < LO(u)

forallu € X,
ie, d(f,Tf)<L<L!<oco.

Again replacing u = g in (2.23), we get

et —se (3:3)[ <#(3:5:22)

for all u € X. Using (2.19) and (2.20) for the case i = 1 it reduces to

e (3.2)] = ot

forallu € X,
ie, d(f,Tf)<1<L0< co.

In both cases, we arrive

d(f,Tf) < L'

(2.23)

(2.24)

(2.25)
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Therefore, (A1) holds. By (A2), it follows that there exists a fixed point C of T in Q) such that

. 1
C(u,u) = kl;n;o e (f(‘ui.‘*lu, pE ) — 2f (uku, yfu)) (2.26)
i

forallu € X.
To prove C : X — Y is cubic. Replacing (x,y,u,v) by (yfx, yfy, ‘u;‘u, yfv) in (2.18) and dividing by y?k, it
follows from that

||k by, it k)|
ICCx, yu,0)|| = lim %
Hi
ok, ply, gk, ko)
S Jim e =0

forall x,y,u,v € X. i.e., C satisfies the functional equation (1.1).
By (A3), C is the unique fixed point of T in the set A = {C € Q : d(f,C) < oo}, C is the unique function
such that
1f (2u,2u) = 2f (u,u) = C(u,u)|| < K®(u)

forall u € X and K > 0. Finally by (A4), we obtain

(f,C) < T d(f,Tf)

this implies

[1-i
<
which yields
L1
| F(2u,20) ~2f(,0) ~ Clu,u) || < = ()
for all u € X. This completes the proof. O

The following corollary is an immediate consequence of Theorem 2.2 concerning the stability of (1.T).

Corollary 2.2. Let Df : X — Y be a mapping and there exits real numbers A and s such that

A,
A+ Myl + [[ul* + o] *), s # 3
Df(x,y,u,v)| < (2.27)
IDFCy w28 oyl ol ) S
ALl 1yl el Bl 4 1% 4 1yl 1%+ Tul [+ [lof|*}, s # %
orall x,y,u,v € X, then there exists a unigue cubic function A : X — Y such that
f y q
@
7 7
(18 +25T1) Allul*
P
Ilf(2u,2u) — 8f(u,u) — A(u,u)|| < (44 45) A[ul|* (2.28)
|23_24s| ’
(22 + 45 4 245F1) A |%
|23_24s| :

forallu € X.

Proof. Setting

A

A+ [y + [ul[* +[[o] %) ;

ANyl [l [0l %) ;

ALl F el o] 5+ x| 4 1yl 4 [l % + (o] [*}

a(x,y,u,v) =
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forall x,y,u,v € X. Now,

a(pfx, iy, phu, pfu) Aui(;_3(\\x\\s+HyIIS+IIuHS+HvHS);
ui Ml“ & (P Hyl el ol )
Vi {||x||5||y||5||u\\Sllvlls+|IX||4S+|\1/||4S+||u||4s+||0||4s};

—0as k — oo
—0as k — oo
—0as k — oo;
— 0as k — oo.

Thus, is holds.
But we have ®(u) = B (%, g, %, g) has the property ®(u) = L- % ® (p;u) for all u € X. Hence
51,
(18+2S+1)A|| I
- U ;
U u uu 8
q)(”):ﬁ(E’E’E’E): (4+4) ||
(22+45+24S+1)/\ 4s
e [ ue] |
2
Now,
50 .
B i P (u);
1
18 +25F1) A
| o o)
“1,[3(1)(%”) - (4+4 )A 4s\. - 45—3
z S (i) WD (u);
1
22445 424511 )
EEEL T ) Lo
1

From (2.21), we prove the following cases:
Case:l L =273ifi = 0;

—3,1-0
1f(2u,2u) = 2f (u,u) — C(u,u)|| <51 (%) _ %

Case2 L =23ifi =1,

1-1
If(2u,2u) — 2f (u,u) — C(u,u)|| < 57 <(123_) pE ) - _;A'

Case:3 L=23fors < 3ifi =0,

(18 +25%1) A (2(573)) o

S_(8_|_25+1)
- L | e = S

1f(2u,2u) = 2f (u,u) = C(u,u)|| < [fuel "

Case:d L =235 fors > 3ifi =1,

1-1
(184212 [ (2679) (18 + 251 A

— _ L
I 211, 20) = 2f ) — Cu, )| < = e | Il —

[fae]I°-



250 M. Arunkumar et al. / Stability of 2-Variable Additive-Quadratic-Cubic-Quartic...
Case:5 L =2%3fors < 2ifi =0,

1-0
(4+4S))\ (2(4573)) || H4S_ (4+4S) || H4S

||f(21/l, 2”) - Zf(u/u) - C(”’”)H < 24s 1— 2(45—3) - 23 _24s

Case:6 L =23 % fors > % ifi=1,

1-0
(4+4S))\ (2(3745)) ||uH4S_ (4+4s) || H4s'

||f(2u' Zu) - 2f(uru) - C(uru)” < 74s 1 _ 2(3—4s) T 245 _ 93

This finishes the proof. O

2.3 Additive-Cubic Mixed Stability Results

Theorem 2.3. Let Df : X — Y be a mapping for which there exist a function a : X* — [0,00) with the condition
given in 2.1) and @.17) respectively, such that the functional inequality

1D f(x,y,u,0)| < alx,y,u0) (2.29)

forall x,y,u,v € X. If there exists L = L(i) < 1 such that the function

o =p(545)

has the property and , then there exists a unique 2-variable additive function A : X — Y and a unique
2-variable cubic function C : X — Y satisfying the functional equation and

(2.30)

Ll—i

I ) = A, 0) = Clu) | € 7=

() (2.31)

forallu € X.

Proof. By Theorems [2.1]and 2.2} there exists a unique 2-variable additive function A; : X — Y and a unique
2-variable cubic function C; : X — Y such that

1—i
1 (22, 20) — 8f (1,0) — As (1w, 0)]| < {5 P(w) 232)
forall u € X and
12,20 = 2£(1,1)  Cy ()| < () 2.33)

for all u € X. Now, from (2.32)) and ( - that

:H{_f(2u62u)+ Sf(u, )+2A1(u,u)}

# {L22 2t~ Gertun ||

< 2 I (20, 20) +8f () + An ()}

+{f(2u,2u) = 2f (u,u) — Cy(u,u) }|

1 Ll*i Ll*i
<-lZ o ~ 9
<t {i=rom + o)}

1A1<u,u> - £Cilww)

Hf(u,u)+6

A

forall u € X. Thus we obtain (2.31) by defining A(u, u) = %' Ay (u,u) and C(u,u) = 1Cy(u,u), where A(u,u)
and C(u, u) are defined in (2.14) and (2.26) respectively, for all u € X. O
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The following corollary is an immediate consequence of Theorem [2.3|concerning the stability of (1.1).

Corollary 2.3. Let Df : X — Y be a mapping and there exits real numbers A and s such that

A,

A+ I+ [l + [elF) ALY
Df(x,y,u,v)|| < (2.34)
1D7G o= Al il Pl ), ALY

APl Pl ol [+l =+l + ol 1,5 2 3

forall x,y,u,v € X, then there exists a unique 2-variable additive function A : X — Y and a unique 2-variable cubic
function C : X — Y such that

201
(2118;-2S+1) 1 1

. <|2_25| " |23_25|) Alfal[5

If ) = A, u) = Clu,u) | < 4 (44 47) + )Alluu“-

6 \[2—2%]  [23-2%] ’

(22445 + 2411 ( t 1 )/\||u||4s'

6 2—-2%] |23 —2% '

(2.35)

forallu € X.

3 Stability Results: Even Case

In this section, the authors given the generalized Ulam-Hyers stability of the functional equation (1.1) for even
case using fixed point method.

3.1 Quadratic Stability Results

Theorem 3.4. Let Df : X — Y be a mapping for which there exist a function a : X* — [0, 00) with the condition

. 1
fim e (b, by, wbu, ko) = 0 (3.1)
where y; =2ifi = 0and y; = % if i = 1, such that the functional inequality with

ID f(x,y,u,0)|| < a(x,y,u,0) (32)

forall x,y,u,v € X. If there exists L = L(i) < 1 such that the function

U uuu
u— CD(”) = IB (E/ E/ E/ E) ’ (33)
has the property
1
®(u) = L (i) (3.4)

Hi
where B(u,u,u,u) = 4a(u,u,u,u) + a(2u,u,2u,u) for all u € X. Then there exists a unique 2-variable quadratic
mapping Qa : X — Y satisfying the functional equation and

| f(2u,2u) —16f (1, u) — Q2 (u,u) ||<

D(u) (3.5)
forallu € X.

Proof. Consider the set
Q={p/p:X—=Y, p(0) =0}

and introduce the generalized metric on (),

d(p,q) = inf{K € (0,00) :f| p(u) — q(u) [|< KP(u),u € X}.
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It is easy to see that (), d) is complete.
Define T : O — Q by
1
Tp(u) = —p(uiu),
Hi
forall u € X. Now p,q € (), we have

d(p.q) < K= p(u) —q(u) | < KP(u),Vu € X.

é ’

1
< ?ch(yiu),Vu e X,

1

1 1
—p(pin) — —q(piu)
‘MZPV ygq Hi

1 1

= ’ < LK®(u),Vu € X,

1 1
— p(uiu) — —q(pu)
i M

=| Tp(u) — Tq(u) ||< LK®(u),Vu € X,
=d(p,q) < LK.

This implies d(Tp, Tq) < Ld(p,q), forall p,q € Q). i.e.,, T is a strictly contractive mapping on () with Lipschitz
constant L.
Replacing (x,y, u,v) by (u, u,u, u) in and using evenness of f, we get

|| f(Bu,3u) —6f(2u,2u) + 15f (w, u)|| < ||a(u, e, u,u)|| (3.6)
for all u € X. Replacing (x,y, u,v) by (2u, u,2u,u) in , we obtain
I|f(4u,4u) — 4f(3u,3u) +4f(2u,2u) + 4f (u,u)|| < ||a(2u,u,2u, u)|| (3.7)
for all u € X. Now, from and (3.7), we have

| f(4u, 4u) — 20f (2u, 2u) + 64 f (u, u)|]
< 4||f(Bu,3u) —6f(2u,2u) + 15f (u,u)|| + || f (4u, 4u) — 4f (3u, 3u) + 4f (2u,2u) +4f (u, u)|]
< da(u,u,u,u)+a(u,u,2u,u) (3.8)

for all u € X. From (3.8), we arrive
|| f (41, 4u) — 20f (2u, 2u) + 64f (u,u)|| < B(u,u, u,u) (3.9)
where B(u, u, u,u) = 4a(u, u, u,u) + a(2u,u,2u,u) for all u € X. Itis easy from that
| f(4u,4u) —16f(2u,2u) — 4 (f (2u,2u) — 16f (u, u))|| < B(u, u,u, u) (3.10)

forall u € X. Let go : X — Y be a mapping defined by go(u, u) = f(2u,2u) — 16f(u, u). From (3.10), we
conclude that

192(2u, 2u) — g2 (u, u)|| < B(u, u,u,u) (3.11)
for all u € X. From (3.11)), we arrive
‘ 112(2%,2@ —q(u,u)|| < iﬁ(u, u,u,u) (3.12)

forall u € X. Using and for the case i = 0 it reduces to

q2(2u, 2u)

1 —q2(u,u)|| < LO(u)

forallu € X,
ie, d(f,Tf)<L<L!<oco.

Again replacing u = g in (3.11), we get

4

e a0 ()| < (3.2 019

N =
N =
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forall u € X. Using and for the case i = 1 it reduces to

o (3.2)] < 30

forallu € X,
ie, d(f,Tf)<1<L°<co.

In both cases, we arrive 4
d(f, Tf) < L'
Therefore, (A1) holds. By (A2), it follows that there exists a fixed point Q; of T in ) such that

1
Qa(u, ) = lim — ((F(uf™ M, 1) = 16f (b, k)
—r 00 ‘Z,{

forallu € X.

253

(3.14)

To prove Q; : X — Y is quadratic. Replacing (x,y,u,v) by (yzx 1i ky, yl u, yl ) and dividing by

2k, k, it follows from (3.1) that

. HDf(Vf‘x,ptfy,yffu,yfv)H
oste ) = pim 120
1
k k k k
< tim A0y, p o)
k—o0 ]’liZk

forall x,y,u,v € X. i.e., Qy satisfies the functional equation (I.1).

By (A3), Q; is the unique fixed point of T in the set A = {Q, € Q : d(f,Qz) < o0}, Qy is the unique

function such that
[1f(2u,2u) = 16f (u, u) — Qa(u,u)|| < KD (u)
forall u € X and K > 0. Finally by (A4), we obtain

d(f,Q2) < 7d(f Tf)

this implies
Ll i
—L

d(f,Q2) < 7
which yields

| f(2u,2u) —16f(u,u) — Qa(u,u) ||<
for all u € X. This finishes the proof.

The following corollary is an immediate consequence of Theorem [3.4|concerning the stability of (I.1).

Corollary 3.4. Let Df : X — Y be a mapping and there exits real numbers A and s such that

A,
Al + Nyl + el + el ). 42
Df(x,y,u,v)|| <
IDF Gy @< 5 el el oll5), st
A Ll BTy BTl olls + 1l + 11 + [l + o]}, s % 1

forall x,y,u,v € X, then there exists a unique 2-variable quadratic function Qo : X — Y such that
5A

?/
(18 +25T1) Al|ul[*

2 _9s /
I1f (2u,2u) — 16f (1, u) — Qa(u,u)| < (4+A|1%)/\||2u|||45

|22_24s| 4
(22+4s+24s+1) M|”||4S
|22_24s| '

forallu € X.

(3.16)
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Proof. Setting

A

A+ [y + [ul[* + (][ %) ;

ANyl [l [0l %) ;

ALl Tyl el B0l 4 1% 4 Tyl =+ [ul[* + [fo][*}

a(x,y,u,v) =

forall x,y,u,v € X. Now,

A,
k(s—2
(b, by, b, k)| AT ([ [yl Tl + (ol P);
uk B Mg(f_?(IIXIISIIyIISIIu\\Sllv\ls);
A2 L 9y ¥ ol + ][ 4 1y 11 + [l + [[o]|* };

—0as k — oo
— 0as k — oo
—0as k — oo;
— 0as k — oo.

Thus, is holds.
But we have ®(u) = B (%, %, g, %) has the property ®(u) =L - # ® (p;u) for all u € X. Hence,
57,
(18+2$+1)A|| I
A2 )
uuuu 3
CD(M):’B Yy e 4+4s A
(2 272 2) %Hu““;
(22445 28T AL
e
Now,
5A
. -2
’ —cd(u ;
Eli s+1) & ( )
18 42 A
1 B 2 luloy; 1 20(u);
—P(uiu) = (4+ZZfS)/\ =
2
g S () K2 (u);
1
22 +4° 2% A
2T () | w2t
1

From (3.5), we prove the following cases:
Case:l L =2"2ifi =0;

_2\1-0
1F(20,20) — 16 (1, 1) — Qalat, )] < A (f_;“)) 3

Case2 L =21ifi =1,

1-1
(22) —5A
Il f(2u,2u) — 16f(u, u) — Qa(u, u)|| §)\( T | =3
Case:3 L=2"2fors < 2ifi =0,
1-0
18+25+1y A [ (2077 18 +25+1) A
| f(2u,2u) —16f(u,u) — Qa(u,u)| < ( s ) (1_2(5)2) [ul|* = %H”HS
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Case:d L =225 fors >2ifi =1,

1-1
2—s)
18+25+1) A [ (20 18 +25F1) A
12,20 ~ 165 1, ) — Qaar )] < L5527 (1 _2(2)_3> e = L2 e,
Case:5 L =2%"2fors < % ifi=0,
1-0
(4s—2)
44450 [ (2 4+4)A
1£(2u,20) ~ 16 (1) ~ Qafu, )| < EE L) <1 . 2(45)2) e = XA o
Case:6 L =224 fors > 2ifi=1,
1-0
(2—4s)
4447 [ (2 448
||f(21/l, 214) — 16f(u/ Ll) - QZ(u/ M)H < ( 24S ) (2 _ 2(1245) ||1/l||45 = ﬁ“u'#s.
This completes the proof. O

3.2 Quartic Stability Results

Theorem 3.5. Let Df : X — Y be a mapping for which there exist a function a : X* — [0, 00) with the condition

. 1
lim —za (yfx, iy, uku, yf»‘v) =0 (3.17)

k—o0 W
where p; = 2 ifi = 0and y; = % if i = 1, such that the functional inequality with
ID f(x,y,u,0)|| < alx,y,u,0) (3.18)

forall x,y,u,v € X. If there exists L = L(i) < 1 such that the function

uuuu
u— du) =p (E’ > E) , (3.19)
has the property
1
O(u) = L5 P (piu) (3.20)

Hi
where B(u,u,u,u) = 4a(u,u,u,u) + a(2u,u,2u,u) for all x € X. Then there exists a unique 2-variable quartic
mapping Qq : X — Y satisfying the functional equation and

Ll—i

| f(2u,20) — 4F () — Qs ) < 1

(u) (3.21)

forallu € X.

Proof. Consider the set
Q={p/p:X—=7Y, p(0) =0}

and introduce the generalized metric on (),
d(p,q) = inf{K € (0,00) :|| p(u) — q(u) ||< KP(u),u € X}.

It is easy to see that (Q),d) is complete.
Define T : 3 — Q by

Tp(u) = < plpaw),

1
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forallu € X. Now p,q € ), we have
d(p,q) <K= p(u) —qu) |< K®(u),Vu € X.

1
< —4Kd>(yiu),‘7u € X,

i

i |

1 1
—p(uin) — —q(pin)
p p

i i
1 1

= || =g p(pin) — —q(piu)
| ‘M?P 1 ;1;1 1
=| Tp(u) — Tq(u) ||< LK®(u),Vu € X,
=d(p,q) < LK.

< LK®(u),Vu € X,

This implies d(Tp, Tq) < Ld(p,q), forall p,q € Q. i.e., T is a strictly contractive mapping on Q) with Lipschitz
constant L.
It is easy from that

| f(4u,4u) —4f(2u,2u) — 16 (f (2u,2u) —4f (u,u))|| < B(u, u,u,u) (3.22)

forall u € X. Letqs : X — Y be a mapping defined by q4(u,u) = f(2u,2u) — 4f(u,u). From (3.22), we
conclude that

s (210, 2u) — 1643 (1, )1| < Bl 1, 1) (323
for all u € X. From (3.23), we arrive
qa(2u,2u) o1
’ T ga(u,u)|| < 16ﬁ(u, u,u,u) (3.24)
for all u € X. Using (3.19) and (3.20) for the case i = 0 it reduces to
| 222 )| < Lot

forallu € X,
ie, d(f,Tf)<L<L'< oo

Again replacing u = % in (3.23), we get
uououu
Jouto0 =160 (5,3) | < £ (533:3) (329
for all u € X. Using (3.19) and (3.20) for the case i = 1 it reduces to

tu a0 (3. 2)] < ot

forallu € X,
ie, d(f,Tf)<1<L 0 < o0

In both cases, we arrive ‘
d(f, Tf) < L'
Therefore, (A1) holds. By (A2), it follows that there exists a fixed point Q4 of T in Q) such that

Q4(u,u)—klggo;(f(uf“u W) — 4f (ufu, pfu)) (3.26)

forallu € X.
To prove Q4 : X — Y is quartic. Replacing (x,y, u, v) by (yi.‘x, yi-‘y, yfu, yﬁ‘v) in (3.18) and dividing by y?k,
it follows from (3.17) that

oty s )|
1Qa(x, 1, 0)]| = lim T
1
k k k k
< lim YY)

k—ro0 ’u?k
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forall x,y,u,v € X. i.e., Q4 satisfies the functional equation (L.1).
By (A3), Qq is the unique fixed point of T in the set A = {Qs € Q : d(f,Q4) < o0}, Q4 is the unique
function such that

1f (20, 2u) = 4f (u,u) — Qa(u, u)[| < Kd(u)
forall u € X and K > 0. Finally by (A4), we obtain

d(f,Qq) < 7d(f Tf)

this implies
1-i

a(f,Qu) < 1

which yields

1—i
| (2, 20) = 4f (0, 0) = Qalow,0) 1< T

for all u € X. This completes the proof. O

D(u)

The following corollary is an immediate consequence of Theorem [3.5]concerning the stability of (L.T).

Corollary 3.5. Let Df : X — Y be a mapping and there exits real numbers A and s such that

A,
A (x4 [yl + [ul* +[loll*), s# 4
Df(x,y,u,v)|| < (3.27)
e T P =
ALl By Pl ol + 1=l 4 [y [1% 4+ ul® + ol ), s # 1
forall x,y,u,v € X, then there exists a unique 2-variable quartic function A : X — Y such that
54
15’
(18 +2571) Affulf®
o]
ILf(2u,2u) —4f(u,u) — Qa(u, u)|| < (4+45) Al |u]|* (3.28)
|24724s|
(22+4s +24s+1) )t||u||45
|24_24s| ’

forallu € X.

Proof. Setting

A;

A+ 11+l + [lolle)
a(x,y,u,v) =
oy 190 = 0 X (el =yl ] o] )

ALl By Pl Bl + Tl + Tyl + [Jul* + ol[*}

forall x,y,u,v € X. Now,

)L],l74k
k 4
ey ) _ | A (I P+ 1+ ol
ut A Pl Pl o)
A Ly P11+ D1+ 1yl 1% + [ + o )

—0as k — oo
—0as k — oo;
—0as k — oo;
— 0as k — oo.

Thus, (3.17) is holds.
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But we have ®(u) = B (g, g, %, g) has the property ®(u) =L - # ® (pu) for all u € X. Hence
5A,
(18+2S+1)A ul
| [ull;
U uuu s
@ = —_ = = — =
(1) ﬁ(z’z’z’z) (4+4) |ul*;
(22+45+245+1)A 1
s ][
Now,
51 »
e pi @(u);
1
18 +25t1) A
1 U202 (e ()
—P(piu) = (4 Jr'ziis)/\ =
4 4s.
" Sz (lelt®) pE e (w);
1
22+ 4% 28t A
LT () Ut
1

From (3.21), we prove the following cases:
Case:l L =2"%ifi = 0;

_4\1-0
£ (20, 2u) — 4f (u,u) — Qa(u,u)|| <57 <(2>4)> =

1—2(

Case2 L =2%ifi =1,

50
16’

1-1
LF(2u,20) — &F (u,10) — Qa(u, )| < 51 (@4) ) _ 54

1-2¢4

Case:3 L=2"%fors <4ifi=0,

(18 +25%1) A (2(574))1 '
| f(2u,2u) — 4f (u,u) — Qa(u,u)|| < > 2D [[u] [ =
Case:d L =2%*%fors >3ifi=1,
1-1
(4-s)
(82712 [ (247) :
12, 20) — 4 1, = Q)| < |l
Case:5 L=2%4fors<1ifi=0,
1-0
(4s—4)
4147 [ (2 .
| f(2u,2u) —4f (u,u) — Qa(u,u)|| < ( ots ) (l _2(45)_4) ) |u||* =
Case:6 L =2*%fors > 1ifi=1,
1-0
(4—4s)
ara)a [(2479) .
1721, 20) — 4 o, = Q)| < ST | XL Nl

This finishes the proof.

_ (18+25tH)A

16

(1827 A s
e

25_24 ||u||s'
(4+4) 4s
P TRl
(4+4) 4s
= g or |ull™
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3.3 Quadratic-Quartic Mixed Stability Results

Theorem 3.6. Let Df : X — Y be a mapping for which there exist a function o : X* — [0, 00) with the condition
given in and respectively, such that the functional inequality

ID f(x,y,u,0)|| < a(x,y,u,0) (3.29)

forall x,y,u,v € X. If there exists L = L(i) < 1 such that the function
uuuu
w0 =p(35503)
has the property and , then there exists a unique 2-variable quadratic function Q, : X — Y and a unique
2-variable quartic function Q4 : X — Y satisfying the functional equation and
[1-i

(3.30)

1 (1) = Qa(u,u) = Qa(u,u) || < D (u) (3.31)
forallu € X.

Proof. By Theorems[3.4and [3.5] there exists a unique 2-variable quadratic function Q;, : X — Y and a unique
2-variable quartic function Qy4, : X — Y such that

1—i
| f(2u,2u) — 16 f (u, u) — Qo (u,u)|| < 1L_ LCID(u) (3.32)
forallu € X and
1—i
1 e, 20) 4 () — Qu, (,0)| < T D(w) (339)

for all u € X. Now, from (3.32) and (3.33) that

‘f(w) + %Qzl(u,u) Qi ()| = H{_f(2u2u> 16

T+ g )+ 350 0}

. {f<2122> - 1‘i2 (1) — 112@41<”'”)}H

12 14 f (2, 2u) — 16 (u, 1) — Qo (u,11)}
+ {f(2u,2u) — 4f (u,u) — Qq, (u,u) }|

<1 { L™ oy + L dD(u)}

—12 |1-L 1-L
for all u € X. Thus we obtain 1i by defining Qo (u,u) = T}Qz, (u,u) and Qa(u,u) = 15Qu, (1, u), where
Qo(u,u) and Q4(u, u) are defined in (3.14) and (3.26) respectively, for all u € X. O

The following corollary is an immediate consequence of Theorem [3.6|concerning the stability of (1.1).

Corollary 3.6. Let Df : X — Y be a mapping and there exits real numbers A and s such that

A
A1+ [y [+ [l [+ [[o]F) s#2,4
Df(x,y,u,0)| < (334)
e T P £ #
AL E Tl PILE A+ 11 Iyl + ull® + floll*}, s # 5,1
forall x,y,u,v € X, then there exists a unique 2-variable quadratic function Qp : X — Y and a unique 2-variable

quartic function Qq : X — Y such that
A

7

1?8 25+l
+ 1 1
( ) 5 + 1 AMlull*;
6 |22 — 25| |24 — 2]

Hf(”l”) - QZ(”/”) - Q4(”,u)|| < (4+4S) 1
12 |22_24s| |24_24s|
(224 4° +2%11) ( 1o, 1 )Au||4s'
12 |22_24s| |24_24s|

(3.35)

n )A||u||4s;

~

forallu € X.
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4 Additive-Quadratic-Cubic-Quartic Mixed Stability Results

In this section, the authors proved the additive-quadratic-cubic-quartic mixed stability of the functional equa-
tion (L.1) using fixed point method.

Theorem 4.7. Let j = +1. Let Df : X?> — Y be a mapping for which there exist a function a : X* — [0, 00) with the

condition given in 2.1), 2.17), and respectively, such that the functional inequality
HDf(x,y,u,v)H S “(x/]//u,U> (41)

forall x,y,u,v € X. Then there exists a unique 2-variable additive mapping A(u,u) : X*> — Y, a unique 2-variable
quadratic mapping Qa(u, u) : X*> — Y, a unique 2-variable cubic mapping C(u,u) : X> — Y and a unique 2-variable
quartic mapping Qq(u, u) : X*> — Ysatisfying the functional equation and

1—i
llg(u,u) — A(u,u) — Qo(u,u) — C(u,u) — Qq(u,u)|| 1L_ i (@ac(u) +Po,0, (1)) 4.2)
forall u € X, where ® sc(u) and g, 0, (1) are defined by
() = ¢ [@(u) + B(~u) 3)
Py, (1) = 73 [(u) + D(—u)] (@4

respectively, for all u € X.

Proof. Let fo(u,u) =
all u € X. Hence

% (f(u,u) — f(—u,—u)) forall u € X. Then f,(0,0) = 0and fo(—u, —u) = —f,(u, u) for

D (e, ,0) | < 5 (e, y,0,0) + 2~ —y, —1, ~0)) @5)

forall x,y,u,v € X. By Theorem there exists a unique 2-variable additive function A(u, u) : X? 5 Y and
a unique 2-variable cubic function C(u, u) : X*> — Y such that

1—i 1—i
ol = A - Cluw)] < 3 {30+ L o)}

1—i
1L
—61—-L

{®(u) +D(—u)}, (4.6)

for all u € X. Also, let f,(u,u) =
fe(u,u) for all u € X. Hence

(f(u,u) + f(—u,—u)) for all u € X. Then f.(0,0) = 0 and f,(—u, —u) =

NI~

Dy, 0)] < 5 {w(x,y,0,0) + (=5, —y, —0,—0)} @7)

forall x,y,u,v € X. By Theorem there exists a unique 2-variable quadratic mapping Qy(u,u) : X*> — Y
and a unique 2-variable quartic mapping Q4(u, u) : X?> — Y such that

1—i 1-i
1) = Qali ) = QaCo, ) <2 5 { 1= @00 + g7l
1—i
= %f_ﬁ {O(u) +o(-u)}, (4.8)

for all u € X. Define

flu,u) = folu,u) + fe(u,u) (4.9)
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forall u € X. Now from (4.6), and
[1f () = A, u) = Qa(u,u) = Clu, u) = Qa(u,u)|

= | fo(u, u) + fe(u,u) — A(u,u) — Qa(u,u) — C(u,u) — Qq(u, u)||
< || fo(u,u) = A(u,u) — C(u,u)[| + || fe(u, u) — Qa(u, u) — Qualu, u)||
L o)+ @)} + o5 L (@) + @)
Sgiop il Wit o (P +e(-uw)}
1—i
= 1L {q)AC +CDQ2Q4 (u)} (4'10)
for all u € X. This finishes the proof. O

The following corollary is an immediate consequence of Theorem using Corollaries 2.3] and [3.6] con-
cerning stability of (1.1).

Corollary 4.7. Let Df : X2 — Y be a mapping and there exits real numbers A and s such that

IDf(x,y,u,0)|
A,
AL+ [yl + [ful |+ [lol[*} s#1,2,3,4; 11)
Ml 1 [l P[0, s# L3l
ALl Byl Plol + {xl* + lyll* + ul* + ol *} ), s # 33,51

for all x,y,u,v € X, then there exists a unique 2-variable additive mapping A(u,u) : X*> — Y, a unique 2-variable
quadratic mapping Qa(u,u) : X*> — Y, a unique 2-variable cubic mapping C(u,u) : X> — Y and a unique 2-variable
quartic mapping Qq(u,u) : X*> — Y such that

1f () = Au,u) = Qa(u, u) = Cu,u) = Qu(u, u)|

S0y 1, 1 1
6 7 2.3 2-15
(18 + 211 1 1 1 1 .
< 6 22| 52| 2 —2] 2162 pllull*, i
=) (4+2%) LSRR SN SR 1 ]| :
6 228 T8 28| " 2ja—28] " 216 2% ) P
(22 + 2% 4 245+ 1 1 1 1 4
6 225 825 225 ame—zs ) Pl
forallu € X.
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Abstract

In this paper we establish the existence of solution for two boundary value problems of Fredholm
functional integro-differential equations with nonlocal boundary conditions.
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1 Introduction

Mathematical modelling of real-life problems usually results in functional equations, of various types
appear in many applications that arise in the fields of mathematical analysis, nonlinear functional analysis,
mathematical physics, and engineering. An interesting feature of functional integral equations is their role in
the study of many problems of functional integro-differential equations. Several different techniques were
proposed to study the existence of solutions of the functional integral equations in appropriate function
spaces. Although all of these techniques have the same goal, they differ in the function spaces and the
fixed point theorems to be applied. Consider the following boundary value problems of Fredholm functional
integro-differential equations.

X (t) = f(t, /01 k(ts)x'(s)ds),  ae.  te (0,1) (1.1)

with the nonlocal boundary condition
x(t)+ax(g) =0, 7,6 € [0,1],a # —1. (1.2)

1

X() = f(t, /0 k(t,s)x"(s)ds)  ae.  te (0,1) (1.3)

with the nonlocal boundary conditions
x(t)+px(5) =0, B# —1 (1.4)
(1) + ax'(Z) =0, 7,6 € (0,1, # —1. (1.5)

*Corresponding author.
E-mail address: amasayed@gmail.com (A. M. A. El-Sayed), mohdshaaban@yahoo.com(M. SH. Mohamed), kheriamsaik@gmail.com (K. M.
O. Msaik).
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Here we study the existence of at least one solution of each of the boundary value problems (1.1)-(1.2) and

C.3)-C5).

The existence of exactly one solution of them will be deduced.

2 Functional integral equation

Here we study the existence of at least one (and exactly one) integrable solution of the Fredholm functional
integral equation.

1
y(t) = (&, [ k(t5)y(s)ds) @6)
under the following assumptions

(1) f:1=10,1] xR — Rismeasurableint € [0,1] forall x € R and continuousinx € R forallt € [0,1]
and there exists integrable function 2 € L'[0,1] and positive constant b > 0 such that

| f(t,x) | < a(t)+blx| ae t €L

@ )
lall = [ la()lat, ¢ € [o,1]

(3) k:I=1[0,1] x [0,1] — R is continuous t € [0, 1] for every s € [0, 1]
and measurable in s € [0,1] for all t € [0,1], such that

1
sup/ k(t,s)dt < M
t 0

Now for the existence of at least one integrable solution of the functional integral equation (2.6) we have the
following theorem.

Theorem 2.1. Let the assumptions (1)-(3) be satisfied. If L = Mb < 1, then the functional integral equation ([2.6) has
at least one solution y € L'[0,1].

Proof. Let L' = L1]0, 1] and define the set B, by
Br={ye L':|lyll < r} c L'[0,2],
where
a
1—boM’
Define the operator T associated with the Fredholm functional integral equation (2.6) by

r =

TY(t) = £(1, [ Kt 9)y(s)es).

To show that T: B, — B,,lety € B,, then
-1
Tyl = [ 1Ty(e) o

= [ 1, [ ke oy(s)ds) Ja

g/ +b|/ (t,5)y(s)ds]]dt

< /|u |dt+b//|kts s)|dsdt
< /|a |dt+bM/ s)| ds

< lafl + oMyl

< la||+bMr =r.

< a+ bMr =r.
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From this we observe that T(B,) C B,. Then T : B, — B,, Moreover from our assumptions (1) — (3)
follows that the operator T is continuous.

To prove that T is a contraction with respect to measure of weak non compactness 8 on the set B;.

Let X C Byandlet y € X. Futhere > 0 and take a measurable subset D C [0,1] such that (D) < ¢, then
we get

ITyOllwy, = [ 1Ty(e) la

1
N /D ’f(t'/O k(t,s)y(s)ds) |dt

< [ a1+l [ ke s)y(s)as|)ar

< /Dya(t) |dt+b/D/01 Ik(t, s)y(s)|dsdt
< [ lat)ldt + oM [ Jy(s)] ds

<

el + oM [ Jys)lds

for this subset X, the measure of weak non compactness B(X) is given by the formula

B(X) = lm, {sup {sup { [, lv(0ldt : D [0.1] w(D) < e}})

To value B(TX) we notice that

) = lim {sup {sup { [ lo(0)at-+ M [ ly®ldt : D [0,1] w(D) <e}}} =0

Indeed,we have B(TX) < bMB(X).
Since all conditions of Schauder fixed point theorem (see[15]), are satisfied, then the operator T has at least
one fixed pointy € L'[0,1], which completes the proof. m

Now for the uniqueness of the solution of the Fredholm functional integral equation Consider
following assumptions

(1*) f:1=1[0,1] x R — R is measurablein t € [0,1] forall x € R and satisfies
the lipschitz such that

f(x) = fEy) < blx—yl, b >0 27)

%) f(£0) € L'[0,1] [, |f(£,0)]dt < a.

Theorem 2.2. Let the assumptions (1*),(2*) and (3) be satisfied. If Mb < 1, then the functional integral equation
has a unique solution y € L'[0,1].

Proof. From (2.7) we can obtain
[f(Ex)] < |f(£0)[+b |x|.

This shows that the assumptions of Theorem (2.I) are satisfied
Now let y1,> be two solution of functional integral equation (2.6)

1
n(0) = (& [ k(s ()d5)

1
va(t) = £(t, [ K(ts)ya(s)ds)
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@ =yl = [ 1 [ ke ds) £ [ Kt,s)ya do)la

< b/0t|/01 k()1 (s) ds—/olk(t,s)yz(s) ds|dt
t -1

< b [ ][ k() (41(9) = va(s) dsls

< b [ [ ) la(s) o) s

< oM [ () - ya(o)lds

< bM|ly1 —v2llp,

then
[y = v2ll < Kly1 —yal|
where L = bM < 1, then
1 = w2l[(1=k) < 0
and
1 —v2ll =0
which implies that y; = y, then the Fredholm functional integral equation has a unique integrable

solution.
3 Nonlocal boundary value problems

Here we study the existence of at least one (and exactly one) solution of each of the boundary value problems

ED-{2) and [3)-{3).

Consider the functional integro differential equation

1
Y () = f(t,/ k(t;s) ¥'(s)ds) ae te(01).
0
with the nonlocal boundary value condition
x(1) +ax(g) =0. 7,0 €[0,1],0 # —1

Theorem 3.3. Let the assumptions of theorem be satisfied, then the nonlocal boundary value problem (I.1)-(1.2)
has at least one integrable solution x € L'[0,1].

Proof. Let x'(t) = y(t). Integrating both sides we get
t
() = x(0) +/O y(s)ds,

x(1) = x(0) + /Ory(s)ds
and :

x() = x(0)+ [ y(s)ds
Using the nonlocal boundary condition we obtain

x(0) + /OTy(s)ds = —ax(0)—uw /Oé y(s)ds,

and
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then

x(t) = ./Oty(s)ds - 141—04 /OTy(s)ds —1 i . /f y(s)ds (3.8)

where y satisfies the functional integral equation

v = £, [ K 3)y(s)as)

This complete the proof of equivalent between the nonlocal problem (1.I)-(T.2) and the functional integral
equation . This implies that there exists at least one solution x € L![0,1] of the nonlocal problem

TC)-@C2)m

Corollary 3.1. Let the assumptions (1*),(2*) and (3) be satisfied, then the solution of nonlocal boundary value problem
— has a unique integrable solution x € L'[0,1].

Consider the Fredholm functional integro-differential equation

1
() = f(t, / k(t,5)x"(s)ds) ae. te (0,1)
0
with the nonlocal boundary conditions
x(t)+ px(¢) =0,
x'(t) + ax/(Z) =0.

Theorem 3.4. Let the assumptions of theorem be satisfied then the boundary value problems (1.3)-(T.5) has at least
one integrable solution x € L[0,1].

Proof. Let x/(t) = y(t) integrating both sides we obtain

x'(t) = x'(0) +./Ot y(s) ds

and ,
x(t) = X(0) +#(0)+ [ (t=5) y(s)ds.
JO
then ]
X(1) = x’(O)—i—/ y(s) ds,
0
and :
Y@ = X0+ [y ds
Using the nonlocal condition we obtain
R Py,
VO = o [Ty [Ty as

and

x(t) = x(0) +7«'(0) + /OT (t—s) y(s)ds,

K@) = x(O+EX O+ [ (@5 y(s)ds,

T g
x'(0) = —1_1“/0 y(s)ds—lilx/o y(s) ds.

Using Boundary condition (1.4) we obtain

20 = o) - o [ o - g [ @ swislas
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) = T [yt s [ vtsias

1+8 14w
- [ o L e sy
e [Tyes - 15 [Fy@asd + [ (- o) 39
V(1) = e [Tyt — 1 [y + [ sy

and y satisfies the functional integral equation

v(0) = i, [ Kt s)y(s)es).

This complete the proof of equivalent between the nonlocal problem (1.3)-(I.5) and the functional integral
equation . This implies that there exists at least one solution x € L![0,1] of the nonlocal problem

(L3)-@.5). =

Corollary 3.2. Let the assumptions (1*),(2*) and (3) be satisfied, then the solution of nonlocal boundary value problem
- has a unique integrable solution x € L'[0,1].
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Abstract

In this paper, the authors investigated the general solution and generalized Ulam - Hyers stability of a;
type n— variable multi n— dimensional additive functional equation

n n n n
= Zai h X1l‘,2x2i, ...... ,me'
i=1 i=1 i=1 i=1

n n n n
+ (ﬂl - Z%‘) h <x11 - lei,le - Z XQjyeennns s Xnl — Z xni)
i=2 i=2 i=2

i=2
where a;(i = 1,2, ... n) are different integers greater than 1, using two different technique.

Keywords: ~Additive functional equations, Ulam - Hyers stability, Ulam - Hyers - Rassias stability, Ulam -
Gavruta - Rassias stability, Ulam - JRassias stability.

2010 MSC: 39B52, 32B72, 32B82. (©2016 MJM. All rights reserved.

1 Introduction

During the last seven decades, the perturbation problems of several functional equations have been ex-
tensively investigated by number of authors [1} 3} 20} 21} 30, 31 34} [35]. The terminology generalized Ulam -
Hyers stability originates from these historical backgrounds. These terminologies are also applied to the case
of other functional equations. For more detailed definitions of such terminologies, one can refer to [8} 18, 22
24].

One of the most famous functional equations is the additive functional equation

flx+y) = f(x)+ fy). (1.1)

In 1821, it was first solved by A.L. Cauchy in the class of continuous real-valued functions. It is often called
an additive Cauchy functional equation in honor of Cauchy (see [24]). The additive function f(x) = cx is the
solution of the additive functional equation (1.T).

The solution and stability of various additive functional equations were discussed by D.O. Lee [19], K.
Ravi, M. Arunkumar [32], M. Arunkumar [4H6} (8, 9]. W.G. Park, ].H. Bae [16] 27] investigate the general
solution and the generalized Hyers-Ulam stability of the multi-additive functional equation and 2- variable

*Corresponding author.
E-mail  addresses: matina@stats.ucl.ac.uk ~ (Matina J.  Rassias), annarun2002@yahoo.co.in (M.  Arunkumar),
sathya24mathematics@gmail.com ( E. Sathya).
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quadratic functional equation of the forms

frtxn+yz+z)= Y, fay,z), (1.2)
1<ijk<2
fx+yz+w)+ f(x—y,z—w) =2f(x,z) + 2f (y, w). (1.3)

The stability of the functional equation (L.3) in fuzzy normed space was proved by M. Arunkumar et., al
[7]. Using the ideas in [7], the general solution and generalized Hyers-Ulam-Rassias stability of a 3- variable
quadratic functional equation

fx+yz+wu+o)+ f(x—y,z—w,u—ov) =2f(x,z,u) +2f(y,w,v). (1.4)
was discussed by K. Ravi and M. Arunkumar [33]. Its solution is of the form
f(x,y,2) = ax? + by* + cz* + dxy + eyz + fzx. (1.5)

Also, M. Arunkumar, S. Hema Latha established the general solution and generalized Ulam - Hyers stability
of a 2 - variable Additive Quadratic functional equation

fx+yuto)+ fx—yu—0v) =2f(x,u) + f(y,0) + f(—y, —0) (1.6)
having solutions
f(x,y) = ax + by 1.7)
and
f(x,y) = ax® + bxy + cy? (1.8)

in Banach and Non Archimedean Fuzzy spaces respectively. Infact, M. Arunkumar et. al., [11] introduced and
discussed a 2 - variable AC - mixed type functional equation

f2x+y2z+w) - f(2x —y, 2z —w) = 4[f(x +y, 2+ w) - fx —y,z—w)] = 6f(y,w) (19)
having solutions
flx,y) =ax+by (1.10)
and
f(x,y) = ax® + bx?y + cxy? + dy°. (1.11)

Recently, M. Arunkumar et.al., [12] introduced and established the general solution and generalized Ulam -
Hyers stability of a 2 - variable Associative functional equation

gxu)+g(y+zo+w)=g(x+yu+ov)+g(z,w) (1.12)
having solutions
g(x,y) =ax+by (1.13)

using Banach and Intuitionistic Fuzzy Normed spaces, respectively.
Inspired by the above results in this paper, the authors investigated the general solution generalized Ulam
- Hyers stability of a; type n— variable multi n— dimensional additive functional equation

n n n n
+ (ﬂl — Z {11'> h <X11 — Z X1i, X21 — Z XQiyeunnnn ;X1 — me'> (1.14)
i=2 i i=2 j

=2
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having solution
n
h(x1,x0,...,%y) = Zcixi (1.15)
i=1

where a;(i = 1,2,...n) are different integers greater than 1, using Hyers direct and Alternative fixed point
methods.
In particular, when n = 1,2 in (1.14), we arrive

2h (ﬂl X11,41 X21,...,01 an) = alh (xllerlr .. .,X;,,l) + ﬂ]h (xll,x21 .. .,an) . (116)
and

2h (aq x11 + ap X12,a1 X1 + a1 X2, ..., 41 Xy1 + a1 Xy2)
= (a1 +ap) h (x11 + x12, %21 + X220, . .., X1 + X2)

+ (a1 —ap) h(x11 — X12, %21 — X22, -+, X1 — Xp2) - (1.17)

2 General Solution

In this section, the general solution of the functional equation (1.14) is given. Through out this section let
as assume A and B be linear normed spaces.

Lemma 2.1. If a mapping h : A" — B satisfies the functional equation then h is additive.

Proof. Assume h : A" — B be a mapping satisfies the functional equation (I.14). Replacing

Xmi =0, i=12,..n, m=12,---n
in (1.14), we get
h(0,0,...,0) =0. (2.1)
Again replacing
Xmi =0, i=23...n, m=12,---n
in (1.14), we obtain

2h(arx11,a1%21, - -+, 81%p1) = (a1 + a2 + -+ -+ an)h(x11, %21, - - -, Xp1)
+(a1 —ay — - _an)h(xllllel"'/xnl) (22)

for all x19, 21, ..., X1 € A. If we substitute (x11,X21,...,X,1) by (x,x...,x) in (2.2), we reach

h(aix,a1x,...,a1x) = a; h(x,x,...,x) (2.3)
for all x € A. Putting
Xmi =0, 1=3,4...n, m=12,---n
in (1.14), we obtain
h(xlz,O,...,O) = —h(—xlz,O,...,O) (2.4)

for all x1, € A. So one can show that
h(a’{x,a’fx,. ..,a’fx) = a’{ h(x,x,...,x) (2.5)

forall x € Aand all k € N. O
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3 Stability Results: Banach Space: Hyers Method

In this section, we investigate the generalized Ulam-Hyers stability of the functional equation (1.14).
In this section, let we consider A be a normed space and B be a Banach space and define a mapping
Dh: A" — Bby

Dh(xll/ e s X X215+ - X200, Xy - - -/xnn)

n n n n
- (ﬂl - Z%‘) h <x11 - lei/ X21 — Z X2jyeenens s Xn1 — Z xni)
i=2 j i=2 i=2

i=2
forall x11,..., X1, X21, -+ -, X2, X1, - - -, Xnn € A.
Theorem 3.1. Let ¢ = +1and 9,0 : A" — [0, 00) be a function such that

1 ¢ ¢ ¢ ¢ ¢ ¢
Slgngo ﬁﬁ (aﬁ X11,- -, 05 X1, 05 X21, - - -, 05 Xon, 5 Xp1,. .., 43 x,m) =0 3.1

forall x11, ..., X1, X21, -« -, X201, X1, - - -, X € A. Let h : A" — B be a function satisfying the inequality
n
||Dh(x11/ ey X1, X210 oo s X2, Xnnls e ey xnn) H S Z% 19] (le/ xj2/ ceey xjn) (32)
]:

forall x11,..., X1, X21, - -, X2, X1, - - -, Xun € A. Then there exists a unique n— variable additive mapping A : A" —

B which satisfies and

1 & O(atlx)

hix,x,...,x)—Alx,x,...,x)|| < — 1 3.3
A [P 63

where © (aﬁéx) and A(x,x, ..., x) are defined by

t 1 i t
O(ayx)==) 0 |ayx, 0,...,0 (3.4)
=1 ——
(n—1)—times
and

A(x,x,...,x) = lim ih(aigx, asgx,...,aﬁéx) (3.5)

5§—00 aii
forall x € A, respectively.

Proof. Given h : A" — B be a function satisfying the inequality (3.2) for all x11,..., X1, ..., Xp1, ..., Xun € A.
To establish this theorem, we have to show that

(i) {als h(aix,aix, ..., aﬁx)} is a Cauchy sequence for every x € A;
1
(if) 1f
A(x,x,...,x) = lim lh(aﬁx,aﬁx,...,aﬁx)

S—00 [11

then A is additive on A;

(iii) Further A satisfies (3.3), for all x € A;

(iv) A is unique.
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Replacing

xm1:0/ i:2,3...n, m:]-/z/“'n
in (3.2), we get

HZh(ulxll/ale]/ .. -/alxnl) - (ﬂl + a + -+ an)h(xll/x21/' . '/xnl)

n
—(a1—az—---—an)h(xn,x21,...,xn1)|| S Zﬁ] le, O,...,O (3.6)
= ——

(n—1)—times
for all xq1, x21,...,x,1 € A. If we substitute

Xl = X, m=1,2,...n

in (3.7), we arrive

n
12k (a1x, a1, ..., a1x) — 21 h(x,x,..., %) < Y % [x O,...,0 (3.7)

for all x € A. Hence from (3.7), we reach

1 1 n
a h 4x,ax,. .., 01X —h XX, gzxalgﬁj x, 0,...,0 (3.8)
n—times n—times = (n—1)—times
for all x € A. It follows from that
1 1
— h|mx,a1x,...,ex | —h|x,x,...,x < —0(x) (3.9)
a1 —_— ~—~ a1
n—times n—times
where
1 n
®(x):§;19j X, &...,0
= (n—1)—times
for all x € A. Now replacing x by a;x and dividing by a; in (3.9), we get
1 1 1
‘ E h (a%x,a%x,...,a%x) - ah (a1x,mx, ..., 01x)|| < a—%(@(alx) (3.10)
for all x € A. From (3.8) and (3.10), we obtain
1 2 2 2 ]. @(ﬂlx)
— - — - < — .
a% h (alx,alx, ,alx) hx,x,...,x)|| < o [@(x) + o (3.11)

for all x € A. Proceeding further and using induction on a positive integer s, we get

‘ 1

s
a

h(ajx,aix,...,a5x) —h(x,x,...,x) (3.12)

for all x € A. In order to prove the convergence of the sequence

1
{IZS h(ajx,ajx,...,aix) ¢,

1
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replace x by a}x and dividing by 4] in (3.12), for any r,s > 0, we deduce

1 1
r+s r+s r+s r r T
|r+s h(aix,a™x, ..., "x) — = h(ajx,aix,..., a}x)
a a
1 1
1 1 r S r S r S r r r
= a—sh (a7 -ajx,ay-ajx,...,ay -ajx) —h(ajx,ayx, ..., a1x)
1 114
1 ] @(a7'+sx)
< — Z rlJrs
MmiZo M

—0 asr— o

1
for all x € A. Hence the sequence {as h(ajx,aix,..., aﬁx)} is a Cauchy sequence. Since 3 is complete, there

1
exists a mapping A : A" — B such that

A(x,x,...x) = lim lh(aix,aix,...,aﬁx), vV xe A

s—00 ai
Letting s — oo in (3.12), we see that (3.3) holds for all x € A. To prove that A satisfies (1.14), replacing
Xpi = a5 X, i=1,23...n, m=12,---n

and dividing by 4} in (3.2), we obtain

— ||[Dh(aix11,...,a1%10, 43X21, - - -, A1 X2, A1 X1, - - -, A7 X ) |
1

1
< —
— S

l

n
2 i (afxjr, aixjp, ... a5%j,)

for all x11, ..., X1, %21, « -, X2u, X1, - - -, Xun € A. Letting s — oo in the above inequality and using the defini-
tion of A(x,x,...,x), we see that

DA(xlll e X1, X210 - s X200, X0y - - rxnn) =0.

Hence A satisfies (1.14) for all x11,..., X1, X21, - -+, X211, X1, - - -, Xnn € A To prove that A(x, x,...x) is unique,
let B(x, x,...x) be another n— Varlable addltlve mapping sat1sfy1ng 1.14) and (3.3), then

|A(x,x,...x) — B(x,x,...x)||
1
== |A(ajx,ajx,...aix) — B(ajx,ajx,...ajx)||
1
1
7 {||A(aix,ajx,...aix) —h(ajx, aix,...ajx)||
+ ||h(ajx, aix,...ajx) — B(ajx,aix,...ajx)||}
22 2 > @( t+s )
- (t+s)
=
—0 as s — o

for all x € A. Thus A is unique. Hence for ¢ = 1 the Theorem holds.
Now, replacing x by 7~ in (3.7), we reach

X X X
2h(x,x,. 2a1h .. 0 P 0,...,0 3.13
e R T o S 1 = 2 0.0 6.1
(n—1)—times

for all x € A. Dividing the above inequality by 2, we obtain

Hh(x,x,. .., x) —arh <x, x,...,xx) H <0 <x) (3.14)
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where
X 1 x
= (n—1)—times
for all x € A. The rest of the proof is similar to that of ¢ = 1. Hence for £ = —1 also the Theorem holds. This
completes the proof of the theorem. O

The following Corollary is an immediate consequence of Theorem [3.1| concerning the Ulam-Hyers [21],
Ulam-TRassias [31]] and Ulam-JMRassias [30] stabilities of (1.14).

Corollary 3.1. Let p and q be nonnegative real numbers. Let h : A" — B be a function satisfying the inequality

0,
; §1||xmz“q q#1

{ﬁfﬁuWW+zz:Wm"q} n#1;

|DR(X11, s X190, X215 - - - X2, X1y -+ X)) || < (3.15)

i=1m=1

forall X119, ..., X1, X201, -+, X2, X1, - - -, Xun € A. Then there exists a unique n— variable additive function A : A —

B such that
nayp

2|611 — 1|,
nayp||x[|7
<3 2ay—dl|’ (3.16)
nayp||x[["
2|aq _a1q|
forallx € A.

Now, we will provide an example to illustrate that the functional equation (1.14) is not stable for 4 = 1 in
condition (ii) of Corollary[3.1]

Example 3.1. Let & : R — R be a function defined by

o) = { 1 <

U,  otherwise

where y > 0 is a constant, and define a function h : R* — R by

= (2"
h(x,x...,x)=Y (an) forall xeR.
n=0
Then h satisfies the functional inequality
4dua
|Dh(x11/~-;xlnrx21/-'-1x2n/xn1/-~;xnn)| < ot |X| (317)
(1 —1)

forall x11,..., X1, %21, - -, X2, X1, - - -, Xnn € R. Then there do not exist a n— variable additive mapping A : R" —
R and a constant x > 0 such that

|h(x,x...,x) — A(x,x,...x)| <x|x| forall x €. (3.18)
Proof. Now
= [B(ain)| o mp
h(x,x...,x)| <Y ——=) &= .
| ( )‘ n=0 |a}11‘ n=0 QT ay -1

Therefore, we see that /1 is bounded. We are going to prove that / satisfies (3.17).

1
Ifx,;, =0, i=12...,n,m=1,2,...,nthen (3.17) is trivial. If |x,,;| > . then the left hand side of
1

4
3.17)) is less than p d ai . Now suppose that 0 < |x,,;| < P Then there exists a positive integer k such that
1 1
1 1
x S |xmi| < k—1" (319)
M M
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1
so that a’l‘*lxmi < o and consequently
1

ali 1(xmi)/a11(_1(_xmi) € (_Ll)-

Therefore foreach p = 0,1, ...,k — 1, we have

aij(xmi)/ af(_xmi) € (_1/1)

and

n n n n
- (Z a,«) 9 (af lei,af Zin, ...... ,a’f me)

i=1 i=1 i=1

n n
14 14 —
( 2 al> <a1 X11 — 44 Z X1i, 111 X21 — a4 Z XDjyeeennn 701 Xn1 — A Z xnl-) =0

i=2 i=2

forp =0,1,...,k — 1. From the definition of / and (3.19), we obtain that

n n n n
—|m— Z%’) h <x11 =) X X1 — Y Xpipeenn P me) ‘

i=2 i=2 i=2

n n n
14 P P
al Y aixy,aly aixg, ... ... ,ah Y a xm)
i=1 i=1

1:1 i=1

n n n n
p
- (ﬂl — 2 Cll'> 9 (afxu — ﬂf Z X1, afxﬂ — E XDjyevnnnn ,afxnl — ﬂf 2 xm-) |

i=2 i—2 i—2 i—
<) 1 p n p n p n
< z a7 209 a Zﬂl‘ X1i, 9 Zai XDjyeeennn ;4 2 a; Xyi
p=k "1 i=1 i=1 i=1
n n
—( Yoai | o(al Y xydf Z X9iyevnnn. ,al Y xy
i=1 i=1 i=1
n n n
—(m =Y a |0 alxin—al Y xqpalxn —al Y xoi, . ,alxy — al me
> 1 m 4pa
< 4 =4 x - Ix].
ok al (1 —1)ak (a1 —1)

1
Thus & satisfies (3.17) for all x,,,; € R with 0 < |x,,;| < —
1

We claim that the additive functional equation is not stable for g = 1 in condition (i) Corollary 3.1}
Indeed, assume the contrary that there exist a additive mapping A : R” — R and a constant x > 0 satisfying
(3.18). Since & is bounded and continuous for all x € R, A is bounded on any open interval containing the
origin and continuous at the origin. In view of Theorem A must have the form A(x, x,...,x) = cx for any
x in R. Thus, we obtain that

|h(x,x,...,x)| < (x4 |c|)|x]. (3.20)
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But, choose a positive integer i with iy > x + |c|.
Ifxe (0,2,%1) ,then2Px € (0,1) forallp =0,1,...,i — 1. For this x, we get

® 9(afx) _ i urx) .
hx .2 = ) == > ) BSE = > (4 fel) »
p=0 1 p=0
which contradicts (3.20). Therefore the additive functional equation (1.14) is not stable in sense of Ulam, Hyers
and Rassias if 4 = 1, assumed in the inequality condition (i) of (3.16). O

Now, we will provide an example to illustrate that the functional equation 1| is not stable for g = % in
condition (iii) of Corollary 3.1}

Example 3.2. Let ¢ : R — R be a function defined by

_ [ i <5
0(x) = { E,  otherwise

where > 0 is a constant, and define a function h : R* — R by

0 2n
h(x,x...,x) =) 19(2nx) forall x€R.
n=0
Then h satisfies the functional inequality
4ua
[DR(X11, « ) X100, X215« - s X200, X1y -« s X )| < ﬁw (3.21)

forall x11,...,X10, %21, - -+, X20, X1, - - - » Xnn € R. Then there do not exist a n— variable additive mapping A : R" —
R and a constant k > 0 such that

|h(x,x...,x) — A(x,x,...x)| <x|x| forall xeRR. (3.22)

4 Stability Results: Banach Space: Alternative Fixed Point Method

In this section, we apply a fixed point method for achieving stability of the functional equation (1.14) is
present.
Now, first we will recall the fundamental results in fixed point theory.

Theorem 4.2. (Banach’s contraction principle) Let (X, d) be a complete metric space and consider a mapping T : X —
X which is strictly contractive mapping, that is

(A1) d(Tx, Ty) < Ld(x,y) for some (Lipschitz constant) L < 1. Then,
(i) The mapping T has one and only fixed point x* = T(x*);
(ii)The fixed point for each given element x* is globally attractive, that is

(A2) limy—eoT"x = x*, for any starting point x € X;
(iii) One has the following estimation inequalities:

(A3) d(T"x,x*) < ﬁ d(T"x, T"1x),¥V n>0,¥Y x € X;

(A4) d(x,x*) < 117 d(x,x*),V x € X.

Theorem 4.3. [26|] Suppose that for a complete generalized metric space (Q),6) and a strictly contractive mapping
T : OO — Q with Lipschitz constant L. Then, for each given x € (), either

d(T"x, T" " 'x) =0 ¥V n2>0,

or there exists a natural number ng such that

(FP1) d(T"x, T"'x) < oo forall n > ny ;

(FP2) The sequence (T"x) is convergent to a fixed to a fixed point y* of T

(FP3) y* is the unique fixed point of T in the set A = {y € Q : d(T™x,y) < oo};
(FP4) d(y*,y) < tird(y, Ty) forall y € A.
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In this section, we take let us consider £ and F to be a normed space and a Banach space, respectively and
define a mapping Dh : £" — F by

Dh(xlll e X1 X210 o X200 X0 e - - /xnn)

n n n n
- (ﬂl - 2“:‘) h <x11 =) X1 X1 = ) Xajpeenee Sl — ) xni)
i—2 j i—2 '

=2
forall x11,..., X140, %21, -+, X2, X1, - -, Xun € E.

Theorem 4.4. Let h : E" — F be a mapping for which there exists a function { : E" — [0, 00) with the condition

1
lim —{(tfx) =0 4.1)
k—o0 Ti
where
ap if i=0;
T = 1 . . (42)
! { ar if i=1,
such that the functional inequality
n
IDR(x11, -+, X190, X215+ - X201, Xy« -+ X)) || < 219]' (Xj1, X2, - Xjn) (4.3)
=1

forall x11,..., X120, X21, - - -, X2, X1, - - -, Xnn € E. If there exists L = L(i) < 1 such that the function

1& x
x%@(x)—izlﬁ] a, O,...,O 7
= (n—1)—times
has the property
%@)(w) —LO(x). (4.4)
1
or all x € €. Then there exists a unigue additive mapping A : £ — F satisfying the functional equation (1.14) and
q ppmng g q
1—i
h(x, %, ..., x) — A(x,x, ..., x)|| < 1L_ -0 (x) 45)

forallx € €.

Proof. Consider the set
r={f/f:&"—F, f(0)=0}
and introduce the generalized metricon T,

d(f,g) =inf{K € (0,00) ;| f(x,x,...,x) —g(x,x,...,x) [|[< KO(x),x € £}

It is easy to see that (T, d) is complete.
DefineY : I' — I by

Yf(x,x,...,x) = if(Tix,Tix,...,Tix),
forallx € £. Now f,g €T,
d(f,g) <K= f(x,x,...,x) —g(x,x,...,x) [<KO(x),x € £.

1
< fK®(‘qx),x e,

i ‘
T

1 1
—f(Tx,ix,...,Tx) — —g(Tix, X, ..., T;X)
T T

1 1
—f(Tx,Tix, ..., Tix) — —g(Tix, X, ..., T;X)
T T

= ’ < LKO(x),x € €&,

= Yf(x,x,...,x) = Yg(x,x,...,x) |< LKO(x),x € &,
=d(Yf,Yg) < LK.
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This implies d(Yf,Yg) < Ld(f,g), forall f,g € T. i.e., T is a strictly contractive mapping on I with Lipschitz
constant L.
It follows from, that

n
2h(a1x,a1x,...,a1x) —2a1h(x,x,...,x)|| < % 1x, 0,...,0 4.6
12 (a1x, a1 1X) 1h( i Z fi 9. (4.6)

(n—1)—times

for all x € £. Now, from (#.6), we get

1 1
‘ — h(mx,mx,...,01x) —h(x,x,...,x)|| < =—0(x) 4.7)
ay 2&1
forall x € £. Using for the case i = 0 it reduces to
‘ al h(ax,mx,...,a1x) —h(x,x,...,x)|| < LO(x)
1
forallx € £,
ie, d(Yhh)<L=d(Yhh) <L=L!<oco. (4.8)
Again replacing x = = 1n mi we get
h(x,x x) —arh X X <1i19- ) 0 4.9)
7 VA 1 ai/ai/"'/ai —2]:1 ] al’ \/_‘"I .
(n—1)—times
forall x € £. Using for the case i = 1 it reduces to
X ox x
h —ah(—,—,...,— ||| <
H (i o®) i (ﬂi' ;" 111’) H = 8()
forallx € £,
ie, d(hYh) <1=d(hYh) <1=L°< co. (4.10)

From (4.8) and (4.10), we arrive '
d(h,Yh) < L'~

Therefore (FP1) holds.
By (FP2), it follows that there exists a fixed point A of Y in I" such that
h(thx, tcx ..., *x
A(x,x,...,x) = lim (rx lxk L ), VvV xef. (4.11)
k—o0 T
To order to prove A : £ — F satisfies (1.14), replacing
xm,-:rikxm,-, 1=1,2,3...n, m=1,2,---n

n (4.3) and dividing by 7, it follows from that

n
k
Z (T x]l/T x]Z/ T xjn)

1 k k k k k k
? HDh(Ti X110 G X0, G X210+ o, T X20, T Xy oo+ G Xnn)
1
7
forall x11,..., %1, %21, - ., X2n, X1, - - ., Xun € E. Letting k — oo in the above inequality and using the definition
of A(x,x,...,x), we see that
DA('xll/ o X1 X210 s X200, X0 - - - /xnn) =0.

Hence A satisfies (1.14) for all x11, ..., X1, X21, -+ -, X2, X1, - - -, Xnn € A.
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By (FP3), A is the unique fixed point of Y in the set
A={AecT:d(h A) < oo},

such that
|h(x,x,...,x) — A(x,x,...,x)|| < KO(x)

for all x € £ and K > 0. Finally by (FP4), we obtain
1
< —
d(h,A) < T Ld(h,Yh)

this implies
Ll —i

d(h,A) <
which yields
Ih(x,x,...,x) —A(x,x,...,x)|| <

this completes the proof of the theorem. O
The following corollary is an immediate consequence of Theorem [4.4| concerning the stability of (1.14).
Corollary 4.2. Let h: £ — F be a mapping and exists real numbers p and r such that
o
n
IDR(x11, -+ X1, X215 -+« s X210, X+« - Xmn) || < = E [l 17, 971

{ﬁf_l ol + £ £l ng £1

i=1m=1

(4.12)

forall forall x11, ..., X1, %21, -+ -, X211, X1, - - -, Xnn € E. Then there exists a unique additive function A : £ — F such
that
np
2|ﬂ1 - 1| !
np||x|[?

=\ 2m =] (419

np||x|[™
2[ay — ‘11q|
forallx € E.

Proof. Setting

p{n f 94+ £ £zl }
i=1m=1 i=1m=1

for all x € £. Now,

—0as k — oo,
n

g k
Yo ) gl
i=1

m=1

n n
Tk{ H |T xml||q+22|"rxml||nq } — 0as k—)oo.
i i=lm=

1 i=lm=

—0as k — oo,

1 X
O@x) =5 ) 9 o 00 ]
=1 (n—1)—times
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with the property

for all x € £. Hence

np
Lo, [ 2 "y 2]}
= (n—1)—times 7p|‘x||nq_
2.4
.al
Also,
np L17p 7 '0(x),
27; L !
1 n _1 npllx||q _
E@(Tix) — %HTI'xHq Tiq np|%H — qu 1®(x)
n nq ng—1_np||x|["
|| |™. : SEHA B

Hence the inequality 1i holds either, L = a;’ lifi=0and L = u%l if i = 1. Now from l) we prove the
1

following cases for condition (7).
Case:l L = al_l ifi=0

)
1 _np
[h(x) — A(x)|| < ﬁ(@(x) = 2a—1)

Case:2 L = a%lorifizl
1

1-1
I . no
[h(x) — A(x)]| < ﬁ@)(x) =3 —ay)

4

Also the inequality (4.4) holds either, L = aTl forg <lifi=0and L = % for g > 1ifi = 1. Now from
M

(4.5), we prove the following cases for condition (ii).
Case:3 L =al ' forg <1ifi=0

(-)\'70
a q
|h(x) — A(x)[| < <1(>_1)@ x) = M
1 *ﬂlq 2({11 _al)

Case:4 L:uq%]forq>lifi:1
1

1-1
1
Ih(x) = A(x)|| < W@(x) _ _nplll”

1 - H(q%l) 2(&‘{ - Ll1) '
1
The proof of condition (i) is similar to that of condition (ii). Hence the proof is complete. O
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Abstract

In this paper, the authors investigated the intuitionistic random stability of a quadratic reciprocal func-
tional equation

f)f(y) [5£(x) +5f(y) + 8/ F) )]
[2£(x) +2f(y) +5V/F () + fly }

flx+2y)+ f(2x+y) =

using direct and fixed point methods.

Keywords: Quadratic reciprocal functional equation, generalized Ulam-Hyers stability, intuitionistic random
normed space, fixed point.
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1 Introduction

The study of stability problem for functional equations goes back to a question raised by Ulam [44] concerning
the stability of group homomorphisms that affirmatively answered for Banach spaces by Hyers [24]. Hyers
Theorem was generalized by Aoki [3] for additive mappings and by Th.M. Rassias [37] for linear mappings
by considering an unbounded Cauchy difference. The paper by Rassias has provided a lot of influences in
the development of what we now call the generalized Hyers-Ulam stability or Hyers- Ulam-Rassias stability
of functional equations. J.M. Rassias [35] considered the Cauchy difference controlled by a product of differ-
ent powers of norm. Afterwards, Gavruta [21] generalized the Rassas’s theorem by using a general control
function. In 2008, a special case of Gavruta’s theorem for the unbounded Cauchy difference was obtained by
Ravi et al. [38] by considering the summation of both the sum and the product of two p-norms in the sprit of
Rassias approach. A large part of proofs in this topic used the direct method (of Hyers): the exact solution of
the functional equation is explicitly constructed as a limit of a sequence, starting from the given approximate
solution.

In 2003, V. Radu [11] proposed a new method, successively developed in [12H14], to obtaining the existence
of the exact solutions and the error estimations, based on the fixed point alternative.

The theory of random normed spaces (RN-spaces) is important as a generalization of the deterministic
result of linear normed spaces and also in the study of random operator equations. The RN-spaces may also

*Corresponding author.
E-mail addresses: jrassias@primedu.uoa.gr (John M. Rassias), annarun2002@yahoo.co.in (M. Arunkumar), karthik.sma204@yahoo.com (S.
Karthikeyan)
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provide us with the appropriate tools to study the geometry of nuclear physics and have important application
in quantum particle physics. Recently, ]. M. Rassias et al. [36] investigated the intuitionistic random stability
of the quartic functional equation and C. Park et al. [33] presented the Hyers-Ulam stability of the additive-
quadratic functional equation in intuitionistic random normed space.

In 2014, M. Arunkumar and S. Karthikeyan [5] introduced and investigated Hyers-Ulam stability of n-
dimensional reciprocal functional equation

20\ - f(x+tye) f(x =Ly
(%) g_zl(f(x+€yz)+f(x—€yz)) @y

which originates from n-consecutive terms of a harmonic progression in RN-space using direct and fixed point
methods.

Recently, Abasalt Bodaghi and Sang Og Kim [1] introduced new 2-dimensional quadratic reciprocal func-
tional equation

FEFW) [57() +57) +8VFTW)|
[2f(x) +2f(y +5\/T]

flx4+2y)+ f(2x+y) = (1.2)

1
It is easily verified that the quadratic reciprocal function f(x) = — is a solution of the functional equation

%2
(T2).
In this paper, the authors establish intuitionistic random norm stability of a quadratic reciprocal functional
equation (1.2) using direct and fixed point methods.

2 Preliminaries of Intuitionistic Random Normed Spaces

In this section, using the idea of intuitionistic random normed spaces introduced by Chang et al. [16], we
define the notion of intuitionistic random normed spaces as in [15} 22, 29,31}, 40-42].

Definition 2.1. A measure distribution function is a function y : R — [0, 1] which is left continuous, non-decreasing
on R, infierp(t) = 0 and sup;erp(t) = 1.

We will denote by D the family of all measure distribution functions and by H a special element of D
defined by

[0, ift<o,
H(t)_{ 1, ift>o0. @1)

If X is a nonempty set, then yt : X — D is called a probabilistic measure on X and y(x) is denoted by .

Definition 2.2. A non-measure distribution function is a function v : R — [0,1] which is right continuous, non-
decreasing on R, in fierv(t) = 0 and supierv(t) = 1.

We will denote by B the family of all non-measure distribution functions and by G a special element of B

defined by
[ 1, ift <0,
G(t) = { 0, ift>0. @2)

If X is a nonempty set, then v : X — B is called a probabilistic non-measure on X and v(x) is denoted by vy.

Lemma 2.1. [8,20] Consider the set L* and operation <p« defined by:
L* = {(xl,xz) : (x1,x2) € [0,1]% and x4+ x; < 1} ,

(x1,x2) <px (y1,¥2) © x1 <y, x2 > Y2, Y(x1,x2), (y1,42) €L

Then (L*, <p+) is a complete lattice.
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Definition 2.3. [8] An intuitionistic fuzzy set Ag,, in a universal set U is an object

Ay ={(Ca(u),na(u)juel}

forallu € U, Ca(u) € [0,1] and 5a (u) € [0,1] are called the membership degree and the non-membership degree,
respectively, of u in A, and, furthermore, they satisfy {a (u) +1, (u) < 1.

We denote its units by 0+ = (0,1) and 17+ = (1,0). Classically, a triangular norm « = T on [0,1] is
defined as an increasing, commutative, associative mapping T : [0,1]* — [0,1] satisfying T (1,x) = 1% x = x
for all x € [0,1]. A triangular conorm S = <) is defined as an increasing, commutative, associative mapping
S:[0,1)*> — [0,1] satisfying S (0,x) = 0Qx = x for all x € [0, 1].

Using the lattice (L*, <p+), these definitions can be straightforwardly extended.

Definition 2.4. [8] A triangular norm (t—norm) on L* is a mapping T : (L*)2 — L* satisfying the following condi-
tions:

(i) (V€ L*)(T(x,11+) = x) (boundary condition);

(i) (V(x 2) (T(x,y) = T(y,x)) (commutativity);

(iii) (V x,y,z) € (L*) ) (T(x,T(y,z)) = T(T(x,y),z)) (associativity);
(iv) ( x,x,y,y") € (L) ) (x <p=x" and y<p+ vy = T(x,y) <p- T(¥,y))
monotonzaty)
If (L*, <p+, T) is an Abelian topological monoid with unit 1y +, then T'is said to be a continuous t—norm.

Definition 2.5. [8] A continuous t—norms T on L* is said to be continuous t—representable if there exist a continuous
t—norm * and a continuous t—conorm <y on [0, 1] such that, for all x = (x1,x2),y = (y1,¥2) € L

T(x,y) = (x1*y1,%20y2) .

For example,
T(&l, b) = (albl, min {612 + by, 1})

and
M (a,b) = (min{ay, b1}, max{ay, bp})

foralla = (aj,a2), b = (by,bp) € L* are continuous ¢ —representable.
Now, we define a sequence T" recursively by T! = Tand

T (x(l),..., (”H)) (T” 1( xM ...,x(")),x(”+l)>, vn >2, x) e L.

Definition 2.6. [43] A negator on L* is any decreasing mapping N : L* — L* satisfying N : (0p+) = 11+ and
N(1p+) = 0. If N(N(x)) = x forall x € L*, then N is called an involutive negator. A negator on [0,1] is a
decreasing mapping N : [0,1] — [0,1] satisfying Py, (0) = 1and Py, (1) = 0. Ns denotes the standard negator on
[0, 1] defined by

Ny (x)=1—x, Vxel01].

Definition 2.7. [43] Let y and v be measure and non-measure distribution functions from X x (0, 4o0) to [0,1] such
that iy (t) +vx (t) < 1forall x € X and all t > 0. The triple (X, Py, T) is said to be an intuitionistic random
normed space (briefly IRN-space) if X is a vector space, T is a continuous t—representable and Py, is a mapping
X x (0,400) — L* satisfying the following conditions: for all x,y € X and t,s > 0,

(IRN1) Py, (x,0) = 0p;

(IRN2) Py, (x,t) =11+ if and onlyif x = 0;

(IRN3) Py, (ax,t) = Py, (x, |7t\) for all a #0;
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(IRN4) Puy (x+y,t+s) =1 T(Puy (x,£), Py (v,59)) -
In this case, Py, is called an intuitionistic random norm. Here, Py, (x,t) = (px (t) , vy (£)).

Example 2.1. [43] Let (X, || - ||) be a normed space. Let T (a,b) = (ay1,by, min (ay + by, 1)) foralla = (ay,a;),b =
(b1,by) € L* and y, v be measure and non-measure distribution functions defined by

t [
E [} el

Puo (%) = (px (), 0x (£)) = (

Then (X, Py, T) is an IRN-sapce.

),VteR+.

Definition 2.8. [43] A sequence {x,} in an IRN-space (X, Py, T) is called a Cauchy sequence if, for any ¢ > 0 and
t > 0, there exists ny € IN such that

Pyy (xp — xm, t) > L* (Ns(¢),¢), Vn, m > ny,

where Ng is the standard negator.

Pyuy .
Definition 2.9. [43] The sequence {x,} is said to be convergent to a point x € X (denoted by x, —= x) if
Py (xn —x,t) — 11+ asn — oo for every t > 0.

Definition 2.10. [43] An IRN-space (X, Py, T) is said to be complete if every Cauchy sequence in X is convergent to
apoint x € X.

Now, we use the following notation for a given mapping A : X = Y
FFW) [573) +57) + 8T W)|
[2£(x) +2f(y) +5V/ ) + fy }

Alxy) = f(x+2y) + f2x +y) —

3 Stability Results: Direct Method

In this section, the authors presented the generalized Ulam-Hyers stability of the functional equation (1.2) in
intuitionistic random normed spaces using direct method.

Theorem 3.1. Let X be a linear space and (Y, Py, T) be a complete IRN-space. Let f : X — Y be a mapping
with f(0) = 0 for which there are §,{ : X*> — D™, &(x,y) is denoted by &, and {(x,y) is denoted by {y,,
furthur, (Gx,y (t), Gxy (t)) is denoted by Pz - (x,y, t) with the property:

Py (A(x,y),t) >1+ P o (x,y,t) (3.1)
forall x,y € Xandall t > 0. If
XX i
T20P (50 a3 121) = 100 (32)

and
X x

31’ 31’
forall x € X and all t > 0, then there exists a unique quadratic reciprocal mapping R : X — Y satisfies the inequality

P.”/V (f(x) - R(x),t) =L Ti)ilpé,g (31 31 31 1 ) (3,4)

linty 0Pl ; ( 32”1‘) -1 (3.3)

forallx € Xandall t > 0.

Proof. Replacing (x,y) by (x,x) in (3.1), we get
P f(3x)—mt >p¢ Phs(x,x,t) (3.5)
j29% 32 7 L &g \Arty .
forall x € X and all t > 0. Replacing x by % in (3.5), we obtain

Pun (£ = 7 (5) ) 20 7oz (3500 66)
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forall x € X and all t > 0. Replacing x by 37 in (3.5)and using (IRN3), we have

1 x 1 X t X x
Hv (3271f (37) a 32(n+1)f (3n+1> ’ 32n> ZL PI@C (3n+1’ 3n+1’t) 3.7)
forall x € X and all t > 0. Using (IRN3) in (3.7), we arrive
1 X 1 X X 2
PF/V (32nf (37) o 32(n+1)f (3n+1> ’t) 2L P/ (3n+1’ 3n+1’3 ) (3.8)
that is,
1 X 1 x t x ny
PHrV <3an (37) - 32(n+l)f <3n+1) ’371) 2L Pérg (371—1—1’ 3n+1’3 ) (3‘9)
foralln € Nandallt > 0. As3 > 1/3+1/32 +...+ 1/3%, by the triangle inequality it follows
1 . x 1 1 _/x 1 x oy K=
o (01550 (3011 2 7 e (3 ) et (55 )
n=|
> T {11“ ( =3 )} (3.10)

1
forall x € X and all t > 0. In order to prove the convergence of the sequence { =it ( T ) } replacing x by

X . .
3 in (3.10), we obtain

P (g (3) st (s5) ) 20 P s st et} o

forallx € Xandallt > 0and all k,m > 0. Since the right hand-side of the inequality tends to 17+ as m tends to

1 1
infinity, the sequence { e —f (3%) } is a Cauchy sequence. Therefore, we may define R(x) = limn, 0 T f (%)
forall x € X.

Now, we prove that R satisfies (1.2). Replacing (x,y) by (3, %) in 1i we get

Pu <3inA(x 5) )—L Pog (55 20,3%") (3.12)

forall x,y € X and t > 0. Letting n — oo in the above inequality and using the definition of R(x), we see that
R satisfies (1.2) for all x,y € X.
Finally, to prove the uniqueness of the quadratic reciprocal function R subject to (3.4), let us assume

that there exists another quadratic reciprocal function S which satisfies 1) Obviously, we have R(%) =

3%R(x) and 5(31;4) = 32"5(x) forall x € X and n € IN. Hence, it follows from that
P (R(8) 5000 21 P (R () =5 (), 5)
1 (8(3) 1 ()53 2 (0 3)-5)- )
(0 (gt ) s e 2

forall x € X and t > 0. By letting n — oo in (3.4), we prove the uniqueness of R. This completes the proof. [J

From Theorem we obtain the following corollary concerning the Hyers-Ulam-Rassias and JMRassias
stabilities for the functional equation (I.2).

Corollary 3.1. Suppose that a function f : X — Y satisfies the inequality

ggg( ,t)
PR I (M EE -
wo (BEIE 210 7 (el Iyl 1) (313)
P (e (IxIFllyls + 1=l + 19112) )
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forall x,y € Xand t > 0, where €, s are constants with € > 0. Then there exists a unique quadratic reciprocal mapping
R : X — Y such that
P (J5let);

P,C,C WHJCHS >/ s< =2 or s> -2
P.M/V (f(x) - R(X), t) ZL* _P’g

(3.14)
g WHXHZSJ , s<—1 or s>—1;

P, ﬁ\m\zs,t , s<—=1or s>-1;

forall x € Xandall t > 0.

4 Stability Results: Fixed Point Method

In this section, the authors proved the generalized Ulam-Hyers stability of the functional equation (1.2) in
intuitionistic random normed spaces using fixed point method.
Now, we will recall the fundamental results in fixed point theory.

Theorem 4.2. (Banach’s contraction principle) Let (X, d) be a complete metric space and consider a mapping T’ : X —
X which is strictly contractive mapping, that is

(A1) d(I'x,Ty) < Ld(x,y) for some (Lipschitz constant) L < 1. Then,
(i) The mapping T has one and only fixed point x* = T'(x*);
(ii)The fixed point for each given element x* is globally attractive, that is

(A2) limy_ol™x = x*, for any starting point x € X;
(iii) One has the following estimation inequalities:

(A3) d(T"x,x*) < ﬁ d(T"x, T %),V n >0,V x € X;

(A4) d(x,x*) < 117 d(x,x*),V x € X.

Theorem 4.3. [30I(The alternative of fixed point) Suppose that for a complete generalized metric space (X, d) and a
strictly contractive mapping I' - X — X with Lipschitz constant L. Then, for each given element x € X, either
(B1) d(T"x, T x) =0 V n>0,
or
(B2) there exists a natural number ng such that:
(i) d(T"x, T 1x) < oo foralln > ng ;
(i) The sequence (I"x) is convergent to a fixed point y* of T
(iii) y* is the umqueﬁxed point of T in theset Y = {y € X : d(I"0x,y) < oo};
(iv) d(y*,y) < 21 d(y,Ty) forally €Y.

Using above fixed point theorems to prove the stability results, we define the following:
0; is a constant such that
-

QO={g|g:X—Y,g(0)=0}.

Theorem 4.4. Let X be a linear space and (Y, Py, T) be a complete IRN-space. Let f : X — Y be a mapping for which
there exist a function &, : X*> — D with the condition

if i=0;
if i=1;

W= W

and Q) is the set such that

X 142n,) _ 1.
T?ilpézg (31+n 3it+n’ 3 nt) =1 (4.1)

and
X X

limn—wopérg (37, 3

32"t) — 1, 4.2)
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and satisfying the functional inequality

Puy (A(x,y),t) >+ Prg (x,y,t), Vx,y € X, t > 0. (4.3)
If there exists L such that the function
X X
B 4.4
x — B(x) 33 (4.4)
has the property
P, (Léizﬁ(éix),r) =P, (B(x),1), Vx e X,t > 0. (4.5)
Then there exists a unique quadratic reciprocal function R : X — Y satisfying the functional equation and
[1-i
Puy (f(x) = R(x),t) >+ P;;‘,C (Hﬁ(x),t> ,Vxe X, t>0. (4.6)

Proof. Let d be a general metric on (), such that
d(g,h) = inf {K € (0,00)| Py (3(x) = h(x),7) 21+ Pog (KB(x),1), % € X, t > 0}

It is easy to see that (Q), d) is complete. Define I' : QO — Q by I'g(x) = 67¢(d;x), for all x € X. For g, € Q, we
have d(g,h) < K

= Py (8(x) —h(x),t) >+ Pe s (KB(x),1)

= Py (51‘28(5ix> - 5?h(5ix),t) >+ Peg <Kﬁ(5ix), (;)

= Py (Tg(x) = Th(x),t) >1+ Pe s (KLB(x),1)

= d(Tg(x),Th(x)) < KL

= d (Tg,Th) < Ld(g,h) (4.7)

for all g,h € Q). Therefore, I' is strictly contractive mapping on Q) with Lipschitz constant L. Replacing (x, )
by (x,x) in (4.3), we get

Py,v (f(3x) — f(gx),t) ZL* 13%,@ (x, X, t) (48)

forall x € X,t > 0. Using (IRN3) in (4.8), we arrive
t
Puy (9f(3x) — f(x),t) >1+ P/é,C (x, X, 9) 4.9)
forall x € X,t > 0, with the help of when i = 0, it follows from (@.8), we get

= Puy (9f(8x) = f(x),t) 21 Py (LB(x),1)
= d(Tf,f)<L=L'=1"" (4.10)

Replacing x by 3 in and using (IRN3), we obtain
1, /x X x
Py <f(x) - §f (5) /t) 2L P/g,g (gr g/f) (4.11)
forall x € X,t > 0, with the help of when i = 1, it follows from #.11) we get
1, /x
Py (f (x) —5f (5) ,t> >1+ Prp (B(x),1)
= d(f,Tf)<1=10="L"" 4.12)

forall x € X,t > 0. Then, from (4.10) and (4.12) we can conclude,

d(f,Tf) < L' < co.
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Now, from the fixed point alternative in both cases, it follows that there exists a fixed point R of I' in (2 such
that

lim P,,, (52"f( x) — R(x),t) 1, VxeXt>0. (4.13)

n—oo

Replacing (x,y) by (d;x,d;y) in (4.3), we arrive

t
Py (876, 8y),t) =10 Piyg <(5ix, 5y, 52n> (4.14)
1

forallx,y € Xand ¢t > 0.

By proceeding the same procedure as in the Theorem we can prove the function, R : X — Y satisfies
the functional equation (T.2).

By fixed point alternative, since R is unique fixed point of I' in the set

V= {f € Qld(f,Q) <o},
therefore, R is a unige function such that
Puy (f(x) = R(x),£) 21+ Peg (KB(x), 1) (4.15)
forallx € X,t > 0 and K > 0. Again using the fixed point alternative, we obtain

1
4(f,R) < = d(f,Tf)

Ll*i
<
= d(f,R) < 1T

1—i
= Py (F(x) ~ R(x),1) >L¥zfgg(f Lﬁ(x),t> (4.16)

forall x € X and t > 0. This completes the proof. O

From Theorem we obtain the following corollary concerning the stability for the functional equation

(1.2).
Corollary 4.2. Suppose that a function f : X — Y satisfies the inequality

Prg(et);

Py (e (l1x]l* +1lylI*) 1) ; @17)
g,g( ellx|[*[lyll*,t); ‘
Pr (e (11x I yl1° =+ [l + [|yl1%) ) ;

forall x,y € X and t > 0, where €, s are constants with € > 0. Then there exists a unique quadratic reciprocal mapping
R: X — Y such that

P]A,l/ (A(x/ ]/)/ t) ZL*

Pee ([5let);
P,C,C WHJCHS >/ s< =2 or s> —2;

P, —R b)) >« 4.18
wo S0 =)0 2004y el ) <=1 or s> -1, 19

PZ;‘,C ﬁ”ﬂ\zs,f , s< =1 or s>-1

forallx € Xandall t > 0.
Proof. Setting
([ +1lylF) . £) 5

(

(

(el|x[[*[ly[I* £);

(e (LYl + x>+ 1ly[1%) . £) 5

P’g,g(xr]/rt) = P/
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forall x,y € X and t > 0. Then,

ko sk b}
Fc,g(‘sz‘”%(gzk>—

Thus, (¢.1) is holds. But we have B(x) =

P,@,C (512 ﬁ (51

Hence,

forall x € X and t > 0. Now,

Pog (3Bo),t) =

T A

R

6,5_§k>;
e (105l + 1051 )

el fyIF i )
1

ROR

P (e (letlPletyl -+ 1o+ 15k1) 2 ) s

~2kp) .
Pez (€9 )

—(24s)k
P (e (lxlls + [yll) 67 2 t);
—(2+2s)k
P, (el 22 o
242 k

Peg (€ (I[P ||yr|s+||xy|25+|\y||zs) )

— 11+ as k — oo;
— 1« as k — oo;
— 11+ as k — oo;
— 1« as k — oo.

( 3 3) has the property

»x),t) > P’M (B(x),t), Vxe X, t>0.
g(e,t);x . e
é(‘f(’gs +50) )

=1 w3 13

S

S
,t);
H XIS x 2s
€ x|, )

[%][2t)

3¢ x|, t)
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W ~
5 =
e
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forall x € X and t > 0. Now, from (4.6), we prove the following cases:
Case:1 L =32ifi = 0;

Pus (F6) = R0\ 1) 210 Pog (B0t ) =P (et )
Case2 L =372ifi=1;
Pus (6) = R0\ 1) 210 g (2 B00,21) = Pog (geot)

Case:3 L =32 fors < —2ifi =0;

35+2 18
Puo () = RO0,0) 21 Pog (1 gzl ) = P (12aerallvlE ).

Case:dd L=352fors > —2ifi=1;

Py (f(x) = R(x),t) 1+ P, ((1_;2> ﬁ(x)||x||s,t> — 7, <3S+128€_1||x||5,t) .

Case:5 L =352 fors < —1ifi =0;

3ZS+2€ 2 9¢ 2
Pas (£0) = R0 210 Pog ( (1gm5z ) IR ) = P (1—azmallvl e

Case:6 L =32 2fors> —1ifi=1;

Pas (6) = R0 1) 200 P ((gs ) B@IIEE) = P (aeia — It )

Hence complete the proof. O
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In this paper, we introduce and investigate a new subclass of the function class X of bi-univalent functions
defined in the open unit disk. Furthermore, we find estimates on the coefficients |a;| and |a3| for functions in

this new subclass.
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1 Introduction and Definitions

Let A denote the class of analytic functions in the unit disc
U={z:zeCand |z| <1}
that have the form

flz)=z+ ianz". (1.1)
n=2

Further, by S we shall denote the class of all functions in A which are univalent in U.
The Koebe one-quarter theorem [5] states that the image of U under every function f from S contains a

disk of radius }I' Thus every such univalent function has an inverse f~! which satisfies

fHf2) =2, (zeU)
and :
F(rt@) =w, (1ol <nln) 00 =),
where
fﬁl(w) =w —nuw’+ (201%—613)103— <5a%—5a2a3+a4) wra .

A function f € A is said to be bi-univalent in U if both f and f~! are univalent in U.

If the functions f and g are analytic in U, then f is said to be subordinate to g, written as

flz)<g(z), (zelU)
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if there exists a Schwarz function w (z), analytic in U, with
w(0)=0and |w(z)]<1l, (zel)

such that
fz)=gw(z)) (zelU).

Let X denote the class of bi-univalent functions defined in the unit disc U. For a brief history and
interesting examples in the class %, (see [14]). The research into % was started by Lewin ([10]). It focused on
problems connected with coefficients and obtained the bound for the second coefficient. Several authors
have subsequently studied similar problems in this direction (see [4], [12]). Recently, Srivastava et al. [14]
introduced and investigated subclasses of the bi-univalent functions and obtained bounds for the initial
coefficients; it was followed by such works as those by Frasin and Aouf [6] and others (see, for example, [1],
(31, (@], [11], [15]).

Not much is known about the bounds on the general coefficient |a,| for n > 4. In the literature, there are
only a few works determining the general coefficient bounds |a;,| for the analytic bi-univalent functions ([2],
[7], [8]). The coefficient estimate problem for each of |a,| (n € N\ {1,2}; N = {1,2,3,...}) is still an open
problem.

Motivated by the earlier work of Sakaguchi [13] on the class of starlike functions with respect to symmetric

/
points denoted by S consisting of functions f € A satisfy the condition Re (f(zjf—(;()—z)> >0, (zelU) we

introduce a new subclass of the function class 2. of bi-univalent functions, and find estimates on the coefficients

|az| and |asz| for functions in this new subclass.

2 Coefficient Estimates

In the following, let ¢ be an analytic function with positive real part in U, with ¢ (0) = 1 and ¢’ (0) > 0.
Also, let ¢ (U) be starlike with respect to 1 and symmetric with respect to the real axis. Thus, ¢ has the Taylor

series expansion

¢(z) =1+ Byz+Byz> + B3z’ +--- (B >0). 2.2)
Suppose that u (z) and v (w) are analytic in the unit disk U with u (0) = v (0) =0, |u (z)| < 1, |[v(w)| < 1,and
suppose that
u(z) =biz+ Y bp2", v(w)=cw+ Y cw" (Jz] <1,|w| <1). (2.3)
n=2 n=2

It is well known that

| <1, |bo| <1—1|01)?, |c1]| <1, |eo] < 1—]e1]?. (2.4)

Next, the equations (2.2) and lead to

¢ (1(z)) =1+ Bibyz + (B1b2 + B2b%) 24, |z <1 (2.5)

and
¢ (v(w)) =1+ Bicw+ (Blcz + BzC%) w A+, lw| < 1. (2.6)

Definition 2.1. A function f € X is said to be in the class Sy, (¢, s, t) , if the following subordination hold

(s — B)zf (2)
FG2) -~ flz) ~ 9@
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and
(s — Hwg' (w)
g (sw) — g(tw)

where g (w) = f‘1 (w), s, t € Cwiths #t, |t| <1.

< ¢ (w)

Theorem 2.1. Let f given by be in the class Sy, (¢, s,t) . Then
Bi1vBy

|ﬂ2| < (2.7)
\/ (3—2s—2t+st) B3 — (2—s—1)?By|+|2—s—t|* By
and )
Bl . ‘2 —S5— i’|
; B <
|3 —s2— 12 —st|’ if Bis< |3 — 52 — 12 — st|
|(3—25—2t+st)B}—(2—s—t)*By | By +[3—s2—12—st|B}
a3 < |3—s2—12—st|[|(3—25—2t+st) B} —(2—s—t) By |+[2—s—t[*B;] " (2:8)
, 2—s—t]?
B
if 1>|3—52—t2—st‘|
Proof. Let f € Sy (¢,s,t). Then, there are analytic functions u, v : U — U given by such that
(s —t)zf' (2)
s =¢(u(z (29
CEERRAN
" (s — g’ ()
s —t)wg' (w
2R ) — (v (w (2.10)
xGw) - gty ~ P00
where ¢ (w) = f~1 (w) . Since
(s —Hzf'(z) _
f(sz) = f(tz)
1+(2—s—t)az+ [(3—52—t2—st) az — (25+2t—52—t2—25t) a%} 224
and
(s — Huwg' (w)
8 (sw) — g(tw)
1-Q2—-s—taw+ |[(6—s* =t —25s—2t)a — (3—s2—t2 —st)az|w?+---,
2
it follows from 2.5), (2.6), and (2.10) that
(2 — 85— i’) ap; — Blblr (211)
(3 —s? -2 st) as — (25 +2t— s> — 2 — 2st) a% = B1b, + sz%, (2.12)
and
—(2—s—t)ay = Bycy, (2.13)
(6 22 g 2t) a3 — (3 22 st) a3 = Bicy + Boc%. (2.14)

From (2.11) and (2.13) we obtain
1 = *bl. (2.15)
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By adding to (2.12), further computations using .11 to lead to

[2 (3—2s—2t+st)B2—2(2—s— t)sz} B =B (bh+c). (2.16)
and (2.16), together with (2.4), we find that

‘(3 — 25— 2t+st)B2— (2—5— 1) 32‘ ol < B (1 oaf?) 2.17)

which gives us the desired estimate on |a,| as asserted in (2.7).
Next, in order to find the bound on |a3|, by subtracting (2.14) from (2.12), we obtain

2(3—52—t2—st) a3—2(3—52—t2—st) a2 = By (b — 3) + By (b%—c{) . (2.18)
Then, in view of and , we have
‘B—SZ—tz—st’Bl lag| < H3—52—t2—st’B1 - |2—s—t|} |az|? + B2.
Notice that (2.7), we get the desired estimate on |a3| as asserted in (2.8). O

Corollary 1. If we let

1+2z\" 2.2
$(z) = 1T, =142az+2az"+.. (0<a<1),

then inequalities and become

20

las| <

\/‘2(3—25—2t+st)—(2—s—t)2 a+2—s—tf

and
2u . |2 —s—t?
; if 0<a<
|3 —s2 — 2 —st| f ~ 2352 —t2—st|

2[|2(3—2s—2t+st)— (2—s—1)*|+2|3—s2—12—st||a?

93] < [3—s2—2—st|[|2(3—2s—2t+st)— (2—s— ) [a+ 2—s—t"]”
. 2 —s—t?
<a<1l
if 2|3 —52—12—st| t=
Corollary 2. If we let
1+(1-2
¢(z) = % =14+2(1—-a)z4+2(1—a)z+--- (0<a<1),

then inequalities and become

o] < 2(1—w)

\/’2(3—25—2t+st)(1—a)—(2—s—t)2 F2—s—tf

and
2(1—a) o 2[3-s2—2—st|—[2—s—t]?
|3 —s2 — 12 —st|’ if 2[3-s2—12—st]

<a<l1

las| < 2[|2(3—25—2t+st) (1—a) —(2—s—t)?|+2[3—s—2—st| (1—a) | (1—a) .
|3—s2—12—st|[[2(3—25—2t+st) (1—a)— (2—s—t)* | +]2—s—t[*] ~

. 2|3—s2—12—st|—|2—s—t?
if 0<a< | 2|3—s2—12—st|
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Abstract

In this paper, we have proved the existence of unique common fixed point of four contractive maps on

cone Banach space through an upper semi continuous contractive modulus and weakly compatible maps.
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1 Introduction

The notion of cone metric space is initiated by Huang and Zhang [3] and also they discussed some properties
of the convergence of sequences and proved the fixed point theorems of a contraction mapping for cone metric
spaces; Any mapping T of a complete cone metric space X into itself that satisfies, for some 0 < k < 1, the
inequality d(Tx, Ty) < kd(x,y),Vx,y € X has a unique fixed point. Some fixed theorems in cone Banach space
are proved by Karapinar[5].

In this paper, we investigate the common fixed point theorems with the assumption of weakly compatible

and coincidence point of four maps on an upper semi continuous contractive modulus in cone Banach space
Definition 1.1. Let E be the real Banach space. A subset P of E is called a cone if and only if:
i. P is closed, non empty and P # 0
ii. ax + by € P forall x,y € P and non negative real numbers a, b
iii. PN (—P) = {0}.

Given a cone P C E, we define a partial ordering < with respect to P by x < yif and only if y — x € P. We
will write x < y to indicate that x < y but x # y, while x, y will stand for y — x € intP, where intP denotes the
interior of P. The cone P is called normal if there is a number K > 0 such that 0 < x < y implies ||x|| < K||y||
for all x,y € E. The least positive number satisfying the above is called the normal constant.

*Corresponding author.
E-mail address: srksacet@yahoo.co.in(R Krishnakumar), dharan_raj28@yahoo.co.in (D.Dhamodharan)
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Example 1.1. [12] Let K > 1. be given. Consider the real vector space with
E={ax+b:abeRxe[l— %,1]}
with supremum norm and the cone
P={ax+b:a>0,b<0}
in E. The cone P is reqular and so normal.
Definition 1.2. Let X be a nonempty set. Suppose the mapping d : X x X — E satisfies
i. d(x,y) >0, and d(x,y) = 0ifand only if x =y Vx,y € X,

ii. d(x,y) =d(y,x), Vx,y € X,

iii. d(x,y) <d(x,z)+d(z,y), Vx,y,z € X,
Then (X, d) is called a cone metric space (CMS).

Example 1.2. Let E = R?
P={(xy):xy =0}
X =Randd: X x X — E such that
d(x,y) = (Ix =yl alx —yl)

where & > 0 is a constant. Then (X, d) is a cone metric space.
Definition 1.3. [5] Let X be a vector space over R. Suppose the mapping ||.||c : X — E satisfies

i. ||x|lc > 0forall x € X,

ii. ||x|lc = 0ifand only if x =0,

iii. ||x +ylle < [lxllc + [[yllc forall x,y € X,

iv. ||kx||c = |k|||x||c for all k € R and for all x € X, then ||.||c is called a cone norm on X, and the pair (X, ||.||c) is

called a cone normed space (CNS).

Remark 1.1. Each Cone normed space is Cone metric space with metric defined by
d(x,y) =[x —ylle
Example 1.3. Let X = R%, P = {(x,y) : x > 0,y > 0} C R?>and ||(x,y)|lc = (a|x|,bly|),a > 0,b > 0. Then

(X, ||.l¢) is @ cone normed space over R*

Definition 1.4. Let (X, ||.||c) be a CNS, x € X and {x,},>0 be a sequence in X. Then {x,},>0 converges to x
whenever for every ¢ € E with 0 < E, there is a natural number N € N such that ||x, — x| < ¢ foralln > N. It is

denoted by limy, 00 Xy, = X OF Xy — X

Definition 1.5. Let (X, ||.||c) be a CNS, x € X and {x,},>0 be a sequence in X. {x,}n>0 is a Cauchy sequence
whenever for every ¢ € E with 0 < c, there is a natural number N € N, such that ||x, — Xpm||c < cforalln,m > N

Definition 1.6. Let (X, ||.||c) bea CNS, x € X and {xy, },>0 be a sequence in X. (X, ||.||c) is a complete cone normed

space if every Cauchy sequence is convergent. Complete cone normed spaces will be called cone Banach spaces.

Lemma 1.1. [5] Let (X, ||.||c) be a CNS, P be a normal cone with normal constant K, and {x, } be a sequence in X.
Then

i. the sequence {xy} converges to x if and only if || x, — x|| — 0as n — oo,
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ii. the sequence {x,} is Cauchy if and only if ||x, — Xm||c = 0as n,m — oo,
iti. the sequence {x,} converges to x and the sequence {y, } converges toy, then ||x, — ynullc = ||x — y||c.

Definition 1.7. Let f and g be two self maps defined on a set X maps f and g are said to be commuting of fgx = gfx
forallx € X

Definition 1.8. Let f and g be two self maps defined on a set X maps f and g are said to be weakly compatible if they
commute at coincidence points. that is if fx = gx forall x € X then fgx = gfx

Definition 1.9. Let f and g be two self maps on set X. If fx = gx, for some x € X then x is called coincidence point of
fand g

Lemma 1.2. Let f and g be weakly compatible self mapping of a set X. If f and g have a unique point of coincidence,
that is w = fx = gx then w is the unique common fixed point of f and g.

2 Main Result

Theorem 2.1. Let (X, ||.||c) be a Cone Banch space with the norm d(x,0) = ||x||c. Suppose that the mappings P,Q, S
and T are four self maps of (X, ||.||c) such that T(X) C P(X) and S(X) C Q(X) and satisfying

1Ty — Sxle < al[Px — Qyllc + b{[|Px = Sx|[c + |Qy — Tyllc} + ¢{[[Px — Tyllc + [IQy — Sx[c.}  (21)

forall x,y € X, wherea,b,c > 0and a+ 2b+ 2c < 1. suppose that the pairs { P, S} and {Q, T} are weakly compatible,
then P, Q, S and T have a unique common fixed point.

Proof. Suppose X is an arbitrary initial point of X and define the sequence {y,} in X such that
Yon = Sx2n = QX1

Yon1 = Txoyq1 = Pxpuyo
By (2.1) implies that

[y2n+1 = Yonlle = I Tx2n41 — Sxonllc
< al[Pxon — Qxans1lle + b{[|Px2n — Sxonlle + [[Qxan — Txan1llc}
+ c{l|Px2n — Txgut1llc + [|Qx2011 — Sxanllc}
< allyan—1—yanlle + b{lly2n—1 — y2nllc + llvan — y2us1llc}
+ c{lly2n—1 —vantillc + ly2n — yanllc}
< ally2n—1—yanllc + b{llyan—1 = yanllc + llyan — y2ns1llc}
+ cllyan-1 = yanslle

<(a+b+co)llyan-1—yanlle + (b +)lly2n — y2ns1llc
y2ns1 = anlle < 2 g — o |
Yon+1 = Yonlle = 1-(b+o) Yon — Yan-1llc
lVon+1 — Yonlle < hlly2n — Yan—1llc

where It = {36 < 1foralln € N

ly2n — yonsille < hllyan—1 —yanllc

< |ly2n—-2 — Yan-1le

<h" Yyo— e
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Forallm > n

Yn = Ymlle < 1yn = Yuralle + Ynst — Yasalle + - + |Ym—1 — ym|lc
< (W R ) lyo — e
SH'(A+h+R 4+ H") lyo — e

n

< lyo -l
_1_h]/0 Yille

= ||Yn — Ymllc < 0asn,m — oo.
Hence {y, } is a Cauchy sequence.

There exists a point [ in (X, ||.||c) such that

lim {y,} =1, lim Sy = lim Qoyy1 = land lim Txp,q = lim Pxpyip =1

that is,
lim Sy, = lim Qo 41 = lim Txppqq = lim Pxy,qp = x°
Since T(X) C P(X), there exists a point z in X Such that x* = Pz then by (1)
15z = x"[lc < 1Sz = Txon-1llc + [ Tx2n—1 — x*[|c
< al[Pz — Qxop—1lle + b{[|Pz — Sz|c + [|Qx2n—1 — Tx2n-1lc}
+c{[Pz = Txgn-1lle + |Qx20-1 = Sz|c} + [| Tx2n—1 — x*c

Taking the limit as n — oo

152 — x*[|e < aflx®™ —x"[c + b{[lx" — x¥[lc + [[x* — Sz}
+o{llx" = xFfle + [lx* = Szl } + flx* — x|
<04+ b{||Jx" = Sz|c +0} + {0+ ||x* — Sz|c} + 0+ (b+c)||x* — Sz||¢

Which is a contraction since a + 2b 4+ 2¢ < 1.
therefore Sz = Pz = x*

Since S(X) € Q(X) there exists a point w € X such that x* = Qu.
by (1)
Sz = x*[lc < [|Sz — Tw]|.
< a||Pz — Qullc + b{||Pz — Sz||c + |Qw — Tw||c} + c{||Pz — Twl|c + || Qw — Sw]|c}
<allx® — e +b{llx" = x¥lc + [|x" = Twllc} + e{l|lx* — Twlle + [|x* — x¥[|c}
<0+ +b{0+ ||x* — Tw||¢} + c{||x* — Tw]||. + 0}
" = Twlle < (0 +c)|x" — Twl|c

which is a contradiction since a +2b + 2¢ < 1.
therefore Tw = Qw = x*

Thus Sz = Pz = Tw = Qw = x*

Since P and S are weakly compatible maps,
Then SP(z) = PS(2)

Sx* = Px*
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To prove that x* is a fixed point of S
Suppose Sx* # x* then by
15x* — x*[le < [|Sx* — Tx"|c
< a||Px* — Qwl|c + b{||Px* — Sx*|| + ||Qw — Tw||c }+
+ c{|[Px* = Tw|lc + [|Qw — Sx7||c}
< a||Sx* — x*||c + b{||Sx* — Sx™ || + ||x* — x"|| }+
+o{lISx" = xle + [[x" — Sx™|c}
< al|Sx* — x*||c + b{0+ 0} + 2¢||Sx™ — x|,
||ISx* — x*||c < (a4 2c)||Sx™ — x*|¢
Which is a contradiction, Since a + 2b + 2¢ < 1.

Sx* = x*

Hence Sx* = Px* = x* Similarly, Q and T are weakly compatible maps then TQw = QTw, thatis Tx* =
Qx*

To prove that x* is a fixed point of T.
Suppose Tx* # x* by
[T = x*fle < [[Sx* = Tx*
< afPx” = Q" + b{[[Px" — Sx™|[c + [[Qx" = Tx*|[c}+
+ efIPx* — Tx*lc + [|Qx" — Sx™|}
< allx® = Ta*fle + b{[]x" — x¥lc + [ Tx" = Tx"[|c}+
+edlle® = Tatfle + 172" — %[}
< a||Tx" —x*||c + b{0+ 0} + 2¢||Tx* — x*||
[Tx* — x*||c < (a+2c)||Tx" — x*|c
which is a contradiction since a 4+ 2b 4 2¢ < 1.

Tx* = x*.

Hence. Tx* = Qx* = x*

Thus Sx* = Px* = Tx* = Qx* = x*

That is, x* is a common fixed point of P, Q,S and T
To prove that the uniqueness of x*

Suppose that x* and y*, x* # y* are common fixed points of P, Q, S and T respectively, by we have,

% —y*[lc < [ISx* — Ty* .
< a|[Px* = Qy*|lc + b{[|Px* — Sx™||c + [|Qy* — Ty"||c}+
+ cfl[Px* — Ty*[[c + |Qy" — Sx*[|c}
<alx* =y lle + b{llx* = x*le +ly" —y*lle} +c{llx™ =y lle + v —x"[lc}
<alx* =y lle + b{0+ 0} +c{llx™ —y"[lc + ly" — x¥[|c}
< (a+20)[]x* =yl

which is a contradiction. Since a + 2b + 2¢ < 1.

therefore x* = y*.

Hence x* is the unique common fixed point of P, Q, S and T respectively. O
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Corollary 2.1. Let (X, ||.||c) be a Cone Banach space with the norm d(x,0) = ||x||c.. Suppose that the mappings P, S
and T are three self maps of (X, ||.||c) such that T(X) C P(X) and S(X) C P(X) and satisfying

|Sx = Ty|lc < al|Px —Py||c+b{||Px— Syllc + |[Px — Ty||c } + c{|[Px — Tyl|c + [Py — Sx||c }

forall x,y € X, wherea,b,c > 0and a+2b+ 2c < 1. suppose that the pairs {P,S} and { P, T} are weakly compatible,

then P, S and T have a unique common fixed point.
Proof. The proof of the corollary immediate by taking P = Q in the above theorem (2.1). O

Definition 2.10. A function ® : [0,00) — [0,00) is said to be contractive modulus if ® : [0,00) — [0,00) and
D(t) < tfort>0

Definition 2.11. A real valued function ® defined on X C R is said to be upper semi continuous if lgr1 sup D(t,) <
n—oo
D(t), for every sequence {t,} € X witht, — tasn — oo.

Remark 2.2. It is clear that every continuous function is upper semi continuous but converse may not true.

Theorem 2.2. Let (X, ||.||c) be a Cone Banch space with the norm d(x,0) = ||x||c.. Suppose that the mappings P, Q, S
and T are four self maps of (X, ||.||c) such that T(X) C P(X) and S(X) C Q(X) satisfying

1Sx — Tyl < ®(A(x,y)), 22

where ® is an upper semi continuous contractive modulus and

1
A(x,y) = max{|[Px — Qyllc, [|Px — Sxlc, [[Qy = Ty le, 5[ Px = Tyllc + [ Qy — Sx[|c} }-
The pair {S, P} and {T, Q} are weakly compatible. Then P, Q, S and T have a unique common fixed point.

Proof. Let us take x is an arbitrary point of X and define a sequence {3, } in X such that
Yon = Sxon = QX2u41

Yont1 = Txon1 = PXopgo
By (2.2) implies that

ly2n — Yons1lle = [1Sx2n — Tx2n41lc
< CD()‘(XZn/ x2n+1))
< A(X2n, X2n41)

= max{||Px2n — QX241 Hc/ ||Px2n - Sx2n||c/ HQxZnJrl —Txop41 ||c/
1
Py 2n — 2n+1|lc 2n+1 — 2nllc
2{||Px Txonq1lle + [|Qx Sxonllc}}
= max{||Tx2,—1 — Sx2ullc, | TX2n—-1 — Sx2n|c, || S¥2n — TX2n41|les
1
E{HTxanl — Tx2us1lle + [|Sx2n — Sxaullc}}
= max{||Tx2,—1 — Sx2ullc, | TX2n—-1 — Sx2n]lc, ||S¥2n — TX2n41|les
1
§||Tx2n—1 — Tx2p41]|c}
1
= max{|[y2n —yan-1lle. [y2n = yans1lles 5 1Y2n—1 = y2nsallc}

< max{|ly2n — You-1lles [|v2n — yons1llc}
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Since @ is an contractive modulus, A(x2, — X2,,41) = ||[V2n — Y2n+1]|c is not possible. Thus,

20 — Yons1lle < @(lly2n—1 — Yanllc) 23)

Since @ is an upper semi continuous, contractive modulus. Equation (2.3) implies that the sequence { ||y2,+1 —
Y2nllc} is monotonic decreasing and continuous. There exists a real number, say r > 0 such that
Jim {|y2n1 = yaulle =7,

as n — oo equation (2.3) =
r < ®o(r)

which is only possible if ¥ = 0 because & is a contractive modulus. Thus

lim ly2n+1 — Yanllc = 0.

Claim: {y,,} is a Cauchy sequence.
Suppose {12, } is not a Cauchy sequence.

Then there exists an € > 0 and sub sequence {n;} and {m;} such that m; < n; < m;q
[Ym; —ynlle =€ and |y, —yu_llc <e (24)

e < lym = ynlle < Yo = Yy e+ 1Yy — vl
therefore  lim ||y, —yn,|c =€
1—00

now
€ < lymiy = Yniylle < MNymiy = Ymglle + Nym; — yni s lle
by taking limit i — oo we get,
}Eﬁ‘o [Ymi oy —Ynille =€

from and (2.4)
€< ||ymi - y”iHC = stmi - Tx”iHC < q)(A(xmi’x”i))

where implies
€ < (A (xm;, xn;)) (2.5)

AQxtmy, xn;) = max{ || Pxm; — Qxn, |, [1Pxm; — Sxm; ||, |1Qxn; — Txn, e,
1P, — T e+ Qi — S )}
= max{||Txm, ; — Sxn;_ ;e | TXm; ; — Sxm||es [|Sxn; y — Txu; ||,
ST, — T e+ 153, , — S )}
= max{||ym;_y — Yni 1 les 1ymi s — Ymilles Nymi s — ynille,
Sy, =yl + g, =y o)}

Taking limit as i — co, we get
. 1
lim A(xp,, xn,) = max{e, 0,0, 5 (¢,€)}
—00 2

Lim A(x;, xp,) = €
1—00

Therefore from (2.5) we have, € < ®(e)

This is a contraction because € > 0 and @ is contractive modulus.
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Therefore {y, } is Cauchy sequence in X
There exits a point z in X such that lim vy, =z
n—oo
Thus,
lim Sxp, = lim Qxpp41 =2z and
n—oo n—oo
lim Tx = lim Px =z
n—oo 2n+1 n—o0 21’l+2
(i.e) lim Sx2n = lim Qx2n+1 = lim Tx2n+1 = lim PX2n+2 =2z
n—oo n—oo n—oo n—oo

T(X) C P(X), there exists a point u € X such that z = Pu

[Su =zl < [|Su— Txngalle + | Tx2n 1 — 2|l
< CD()‘(urXZn-H)) + ||Tx2n+1 - ZHC
where
Au, x24+1) = max{||Pu — Qx2p41||c, [|Pu — Sulle, [|Qx2n41 — Tx2n41]lcs
1
E(HP” — Txpy1llc + |Qx2041 — Sullc) }

= max{[|z = Sxanlc, ||z = Sulle, [|Sx2n — Txan41lle,
1
5 Ulz = Txanpalle + [|Sx20 — Sulle) }-
Now taking the limit as n — oo we have,

1
A, x2n41) = max{l|z —Sullc, ||z — Sulle, || Su — Tulle, 5 (1|2 — Tullc + ||z = Sullc)}

1
= max{|lz = Sulle, ||z = Sulle, [|Su = zlle, 5 (llz = zlle + ||z — Sulle)}

= |lz = Sullc

Thus

1Su = zlle < ®([|Su —z|lc) + ||z — 2.
= @([|Su—z])
If Su # z then ||Su — z||, > 0 and hence as @ is contracive modulus
D(||Su — z||¢) < ||Su — z||. Which is a contradiction, Su = zso, Pu = Su =z
So u is a coincidence point if P and S. The pair of maps S and P are weakly compatible SPu = PSu that is
Sz = Pz.
S(X) € Q(X), there exists a point v € X such that z = Qu.

Then we have
|z — Tollc = [|Su — To||c

< O(AM(u,0))

< A(u,v)

= max{||Pu — Quc, || Pu — Sull¢, |Qv — To|,
1
5 (IPu = Tolle + Qo — Sullc)}

= max{||z -z, |z — zll¢, [z — Tol|,
1
sUlz=Tolle +lz = z[lc)}

= |lz = Tol|c
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Thus ||z — To||. < ®(||z — To||¢).
If Ty € z then ||z — Tv||. > 0 and hence as @ is contractive modulus

@(|lz = Tollc) < ||z = Tol|c

Therefore ||z — Tv||c < ||z — Tv||c

which is a contradiction. Therefore Tv = Qv = z

So, v is a coincidence point of Q and T.

Since the pair of maps Q and T are weakly compatible, QTv = TQuv
(i.e) Qz =Txz.

Now show that z is a fixed point of S.

We have

Iz — 2|l = 152 — Tollc
< ®(A(z,0))
< A(z,0)

1
max{||Pz — Qollc, [|Pz — Sz|lc, [| Qv — Tlle, 5 (|[Pz — Tolle + [[Qv — Sz|lc) }

1
max{||Sz —z|, [|Sz = Szlle, |z = zlle, 5 (52 = 2lc + ||z = Sz]|c) }

152 =zl

Thus ||Sz — z|c < ©(]|Sz — z||c)-

If Sz # z then ||Sz — z||. > 0 and hence as ® is contractive modulus ®(||Sz — z||¢) < ||Sz — z]|¢
which is a contradiction. There exits Sz = z. Hence Sz = Pz =z

Show that z is a fixed point of T.

We have

Iz = Tz[lc = [|Sz = Tz
< @(A(z2))
< A(z,2)
1
= max{[|Pz — Qz|lc, [Pz = Sz|lc, |Qz — Tzlc, 5 (1 Pz = Tz[|c + [|Qz — Sz|c) }

1
= max{[|z = Tzlle, ||z = zlle, || Tz = Tzlle, 5 (]2 = Tzllc + [Tz — z]|c)}

= llz =Tz

Thus ||z — Tz||c < ®(||z — Tzl|¢).

If z # Tz then ||z — Tz||c > 0 and hence as ® is contractive modulus
O(llz = Tzlc) < llz =Tz

which is a contradiction. Hence z = Tz.
Therefore Tz = Qz = z.

Therefore Sz = Pz = Tz = Qz = z.

That is z is common fixed point of P, Q, S and T.
Uniqueness

Suppose, z and w is (z # w) are common fixed point of P, Q,S and T.
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we have

lz —wllc = [|Sz — Tw||c
< O(A(z,w))
< Az, w)

1
= max{[|Pz — Qulc, [|Pz = Sz[|¢, | Qu — Twlle, 5 (| Pz — Tw]|c + [|Quw — Sz[|) }
1
= max{l|z —wll¢, [z = zlle, lw — wle, 5 (llz = wlle + [Jw —z[[c)}
= [z —wle

Thus, ||z — w||. < P(||z — w]|c)

Since z # w, then ||z — w|| > 0 and hence as @ is contractive modulus.
O(llz —wlle) < Iz = wlle

therefore ||z —w||c < ||z —w||c

which is a contradiction,

therefore z =w

Thus z is the unique common fixed point of P, Q,S and T. O

Corollary 2.2. Let (X, ||.||c) be a Cone Banch space with the norm d(x,0) = ||x||c. Suppose that the mappings P, S
and T are three self maps of (X, |.||c) such that T(X) C P(X) and S(X) C P(X) satisfying

1Sx — Tylle < ®(A(x,y)), (26)
where ® is an upper semi continuous contractive modulus and
1
A(x,y) = max{||Px — Pyllc, [|Px = Sx|lc, [Py = Tylle, 5 {lI Px — Tylle + [Py — Sx[lc}}-

The pair {S, P} and {T, P} are weakly compatible. Then P,S and T have a unique common fixed point.

Proof. The proof of the corollary immediate by taking P = Q in the above theorem (2.2). O
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Abstract

The transportation model is a special class of the linear programming problem. It deals with the
situation in which commodity is shipped from sources to destinations. The objective is to minimize the
total shipping cost while satisfying both the supply limit and the demand requirements. In this paper, a
new method named ASM-method for finding an optimal solution for a transportation problem. The most
attractive feature of this method is that it requires very simple arithmetical and logical calculation. So it is
very easy to understand and use.

Keywords: Transportation problem, optimal solution , ASM (Assigning Shortest Minimax)-method, NWCR
method.
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1 Introduction

A transportation problem is one of the earliest and most important applications of linear programming
problem. Description of a classical transportation problem can be given as follows. A certain amount of
homogeneous commodity is available at number of sources and a fixed amount is required to meet the
demand at each number of destinations. A balanced condition (i.e. Total demand is equal to total supply)
is assumed. It deals with the situation in which a commodity is shipped from sources to destinations. The
objective is to be determined the amounts shipped from each source to each destination that minimize
the total shipping cost while satisfying both the supply limit and the demand requirements. Nowadays
transportation problem has become a standard application for industrial organizations having several
manufacturing units, warehouses and distribution centers [1THI].

2 Definitions

A set of non-negative values xij,i = 1,23, -, and j = 1,2,3,- - ,n that satisfies the constraints is
called a feasible solution to the transportation problem.

A feasible solution is said to be optimal if it minimizes the total transportation cost.

Optimality test can be performed if the number of allocation cells in an initial basic feasible solution =
m + n — 1{ No. of rows + No. of coloums - 1}. Otherwise optimality test cannot be performed.

*Corresponding author.
E-mail address: satheeshay@yahoo.com (B. Satheesh Kumar), nandhuma3293@gmail.com (R. Nandhini), nandhumaths93@gmail.com
(T. Nanthini).
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3 General Formation of Transportation Problem

Sources Destinations

C11;Xn
s (O

b4

a @

O O

Com 3 ¥

Units of Supply Units of demand

4 Different Methods to Finding Optimal Solution

For finding an optimal solution for transportation problems it was required to solve the problem into
two stages.

(1) Infirst stage Initial basic feasible solution (IBFS) was obtained by opting any of the available methods
such as North West Corner, Matrix Minima, Least Cost Method, Row Minima, Column Minima and
Vogels Approximation Method etc.

(2) Next and last stage MODI (Modified Distribution) method was adopted to get an optimal solution.

Here a much easier heuristic approach is proposed (ASM-Method) for finding an optimal solution directly
with lesser number of iterations and very easy computations. The stepwise procedure of proposed method
is carried out as follows.

41 ASM Method

Step 1:

Construct the transportation table from given transportation problem.
Step 2:

Subtract each row entries of the transportation table from the respective row minimum and then
subtract each column entries of the resulting transportation table from respective column minimum.
Step 3:

Now there will be at least one zero in each row and in each column in the reduced cost matrix. Select
the first zero (row-wise) occurring in the cost matrix. Suppose (i,j)" zero is selected, count the total
number of zeros (excluding the selected one) in the i*" row and j column. Now select the next zero and
count the total number of zeros in the corresponding row and column in the same manner. Continue it for
all zeros in the cost matrix.

Step 4:

Now choose a zero for which the number of zeros counted in step 3 is minimum and supply maximum
possible amount to that cell. If tie occurs for some zeros in step 3 then choose a (k.I)!" zero breaking tie
such that the total sum of all the elements in the k' row and I/ column is maximum. Allocate maximum
possible amount to that cell.
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Step 5:

After performing step 4, delete the row or column for further calculation where the supply from a
given source is depleted or the demand for a given destination is satisfied.
Step 6:

Check whether the resultant matrix possesses at least one zero in each row and in each column. If not,
repeat step 2, otherwise go to step 7.
Step 7:

Repeat step 3 to step 6 until and unless all the demands are satisfied and all the supplies are exhausted.

4.2 Numerical Example

ASM Method
1 2 3 4 | Supply
A 11 13 | 17 | 14 250
B 16 | 18 | 14 | 10 300
C 21 | 24 | 13 | 10 400
Demand | 200 | 225 | 275 | 250

Solution:

Row reduced matrix

1 2 3 4 | Supply
A 0 2 6 3 250
B 6 8 4 0 300
C 11 | 14 | 3 0 400
Demand | 200 | 225 | 275 | 250
Column reduced matrix.
1 2 3 4 | Supply
A 0 0 3 3 250
B 6 6 1 0 300
C 1 | 12 | 0 0 400
Demand | 200 | 225 | 275 | 250
Using ASM method and final table
1 2 3 4 Supply
200 50
A 11 13 17 14 250
175 125
B 16 18 14 10 300
275 125
C 21 24 13 10 400
Demand 200 225 275 250
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Transportation Cost

= (11 %200) 4 (13 ¥ 50) + (18 % 175) + (10 % 125) 4 (13  275) + (10 % 125)
= 2200 + 650 + 3150 + 1250 + 3575 4 1250
= Rs.12075

4.3 Optimality Check

To find initial basic feasible solution for the above example North West Corner Rule (NWCR)
Mmethod is used and allocations are obtained as follows:

1 2 3 4 Supply
200 50
A 11 13 - 17 14 250
175 125
B 16 18 - 14 - 10 300
150 250
C 21 24 13 - 10 - 400
Demand 200 225 275 250

Transportation cost

= (11 %200) 4 (13 % 50) + (18 % 175) + (10 % 125) 4 (14 * 125) + (13 % 150)
= 2200 4 650 + 3150 + 1750 + 1950 + 2500
= Rs.12200

By applying NWCR (North West Corner Rule) the optimal solution is Rs.12200.

To finding the optimal solution by using NWCR Rs.12200 and ASM method Rs.12075 for transportation
problem. From these two methods ASM method provides the minimum transportation cost. Thus the
ASM method is optimal.

Problem 2
1|2 | 3 | Supply
A 5 1 7 10
B 6 | 4|6 80
C 31215 15
Demand | 75 | 20 | 50
Solution:
1| 2| 3 | Supply
A 5 1 7 10
B 6 | 4| 6 80
C 31215 15
Demand | 75 | 20 | 50

Supply = 10 + 80 + 15 = 105

Demand = 75 + 20 + 50 = 145

Supply # Demand

=> Unbalanced transportation problem.
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Introducing a dummy row with demand 40 units and cost 0.

1123
Al 5|1 |7 |10
B| 6|4 )| 6 |80
C| 3|25 |15
D| 0| 0] 0|40
75|20 | 50

Supply = 10+ 80 + 15+ 40 = 145
Demand = 75 + 20 + 50 = 145
Supply = Demand

=> Balanced transportation problem.
ASM Method

Row reduced matrix.

Column reduced matrix.

1123
Al 4| 0)| 6|10
B|2]|0)|2/|80
C|l1/101]3]|15
D| 0] 0| 0|40
75120 | 50

Using ASM and Final Table

11213
Al 4|0 6|10
B|2|0)|2]|80
Cl|1/101]3]|15
D| 0] 0| 0|40
75120 | 50

1 2 3
10
A 5 1 - 7 10
60 10 \i
B 6 - 4 - 6 80
15
C 3 - 2 5 15
K2
D 0 0 0 40
75 20 50

325
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Transportation Cost

= (1%10) + (6 x60) + (4% 10) 4 (6 * 10) + (3 * 15) + (0 *40)

=10+360+40+60+4540
= Rs.515.
Optimality Check
1 2 3
10
A 5 - 1 7 10
RS
B 6 - 4 6 80
EN S
C 3 2 5 15
K2
D 0 0 0 40
75 20 50

Transportation Cost

= (5%10) + (6 %65) + (4*15) + (2% 5) + (5% 10) + (0 * 40)
=50+390+4+60+10+5040
= Rs.560.

By applying NWCR (North West Corner Rule) the optimal solution is Rs.560.

To finding the optimal solution by using NWCR Rs.560 and ASM method Rs.515 for transportation
problem. From these two methods ASM method provides the minimum transportation cost. Thus the
ASM method is optimal.

5 Conclusion

In this paper ASM method provides an optimal solution with less iteration for transportation problem.
This method provides less time and make easy to understand. So it will be helpful for decision makers
who are dealing with this problem.
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Abstract

We prove some fixed and common fixed point theorems for two weakly compatible self mappings in
complete b—metric spaces. Our results improve and generalize several known results from the current
literature and its extension.
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1 Introduction

It is well known that the Banach contraction principle has been improved in different directions at different
spaces by mathematicians over the years. In [9}[10], S. Czerwik introduced the notion of a b-metric space which
is a generalization of usual metric space and generalized the Banach contraction principle in the context of
complete b-metric spaces. In the sequel, several papers have been published on the fixed point theory in b-
metric spaces (see, e.g., [2H7| 12114, [18| 26]). On the other hand, more recently, Samet et al. in [24] introduced
the concept of & — y-contractive type mappings and a-admissible mappings in metric spaces. Then, Karapinar
and Samet [16] introduced the concept of generalized « — y-contractive type, which was inspired by the
notion of o — y-contractive mappings. Furthermore, they [16] obtained various fixed point theorems for this
generalized class of contractive mappings. Also, It should be noted that the study of common fixed points
of mappings satisfying certain contractive conditions has been at the center of rigorous research activity (
see[l) [19-22]]). In this paper, we prove coincidence fixed point and some common fixed point theorems for
two weakly compatible self mappings in complete b—metric spaces.

Definition 1.1. [9] Let X be a (nonempty) set and s > 1 be a given real number. A functiond : X x X — R is said
to be a b-metric space iff for all x,y,z € X, the following conditions are satisfied:

(i) d(x,y) =0iffx =y,
(i) d(x,y) = d(y, x),
(iii) d(x,y) < sl[d(x,z) +d(z,v)].
The pair (X, d) is called a b-metric space with the parameter s.
It is obvious that a b—metric space with base s = 1 is a metric space. There are examples of b—metric spaces
which are not metric spaces (see, e.g., Singh and Prasad [26]).
The notions of a Cauchy sequence and a convergent sequence in b—metric spaces are defined by Boriceanu[8].

As usual, a b—metric space is said to be complete if and only if each Cauchy sequence in this space is
convergent. Note that a b—metric, in the general case, is not continuous [2].

*Corresponding author.
E-mail address: mathreza.arab@iausari.ac.ir (Reza Arab).
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Definition 1.2. [15] Let X be a non-empty set and T, g : X — X are given self-mappings on X. The pair {T, g} is said
to be weakly compatible if Tgx = gTx, whenever Tx = gx for some x in X.

Samet et al. [24] defined the notion of a —admissible mappings as follows.

Definition 1.3. Let T : X — X be a map and « : X x X — R be a function. Then T is said to be x—admissible if

a(x,y) > 1= a(Tx, Ty) > 1.
Recently, Rosa et al. [23] introduced the following new notions of ¢ — x—admissible mapping.

Definition 1.4. Let T,g: X = Xand a : X X X — R. The mapping T is ¢ — a—admissible if, for all x,y € X such
that a(gx,gy) > 1, we have a(Tx, Ty) > 1. If g is the identity mapping, then T is called a—admissible.

Definition 1.5. [17] An a—admissible map T is said to be triangular a —admissible if

a(x,z) >1 and a(z,y) >1 = a(x,y) > 1.

2 Main Results

Let ® denote the family of all real functions ¢ : R} — R with the following conditions:
(1) ¢ is upper-semicontinuous and non-decreasing in each coordinate variable;
(2) max{¢(0,0,t,t,0), ¢(t,0,0,t,t), p(t,t,tt0)} < tforeacht > 0.

The above family & is considered by Ding [[11]. It is motivated by Singh and Meade [25].
In this section, we prove some common fixed point results for two self-mappings.

Definition 2.6. Let (X, d) be a b-metric space, g : X — Xand a : X x X — R. X is a—regular with respect to g, if
for every sequence {x,} C X such that «(gxy, §xn4+1) > 1 foralln € N and gx, — gx € gX as n — oo, then there
exists a subsequence {gx, ) } of {gxn} such that for all k € N, a(gx,(x),8x) > 1. If g is the identity mapping, then T
is called a—regular.

Our first result is the following.

Lemma2.1. Let T,g: X = Xand a : X X X — R. Suppose T be a § — a—admissible and triangular a —admissible.
Assume that there exists xo € X such that a(gxo, Txo) > 1. Then

a(gXm, gxn) > 1 forall m,n € N withm < n,

where
SxXpy1 = Txp.

Proof. Since there exists xg € X such that a(gxp, Txp) > 1 and T is a ¢ — a—admissible, we deduce that

w(gxo,gx1) = a(gxo, Txg) > 1 = a(gx1,8x2) = a(Txp, Tx1) > 1,
w(gx1,gx2) > 1= wa(gxy, gx3) = a(Tx1, Txp) > 1.

By continuing this process, we get
a(gxn, §%p+1) > 1, n=0,1,2,--- .

Suppose that m < n. Since a(gXm, §Xm+1) > 1, a(§¥m+1,8Xm+2) > 1 and T is triangular a—admissible, we
have a(gxy, §xm+2) > 1. Again, since a(gxm, §xm+2) > 1and a(gxy42, §Xm+3) > 1, wehave a(gxm, gxm13) >
1. Continuing this process inductively, we obtain

a(gxXm, gxn) > 1.
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Theorem 2.1. Let (X, d) be a complete b-metric space, T, : X — X be such that TX C gXand w : X x X — R.
Assume that gX is closed that the following condition holds:

x(x,)(Tx, Ty) < gld(gv,gy),d(gx, Tx), d(gy, Ty), 5-d(5%, Ty), 5-d(gy, Tx)), @)
forx,y € X and ¢ € ®. Assume also that the following conditions hold:
(i) Tis g — a—admissible and triangular a —admissible;
(ii) there exists xo € X such that a(gxo, Txg) > 1;
(iii) X is a—regular with respect to g.

Then T and g have a coincidence point.
Moreover, if the following conditions hold:

(a) The pair {T, g} is weakly compatible;
(b) either a(u,v) > 1ora(v,u) > 1 whenever Tu = gu and Tv = Qu.
Then T and g have a unique common fixed point.

Proof. Let xg € X be such that a(gxo, Txp) > 1 (using the condition (ii)). Since TX C ¢gX we can choose a
point x; € X such that Txg = gx1. Also, there exists xp € X such that Tx; = gx», this can be done through the
reality TX C gX. Continuing this process having chosen x1, x3, ..., X, € X, we have x,,41 € X such that

Qns1 = Txp, 1 =0,1,2,--- . 2.2)
By Lemma 2.7} we have
a(gxn, 8xp+1) > 1, n=0,1,2,---. (2.3)
If Txyy = Ty 41 for some ng, then by (2.2), we get
8xny = Txpyy1 = Txny,

that is, T and g have a coincidence point at x = x;,, and so the proof is completed. So, we suppose that for all
n €N, Tx, # Tx,1. Now, for all n € N by (2.T) and (2.3), we have

d(gxn, §xns1) < $°d(gxn, §xn41) = 5°d(Txy_1, Txy)
< a(gxp—1,8%n)s°d(Txy_1, Txy)

1 1
S (P(d(gxn—l/gxn)rd(gxn—lz Txi’l—l)/ d(gx'fl/ T.Xn), Ed(gxi’l—ll Txn)/ gd(gx”’ Tx"—l)) (24)

1 1
= @(d(gxn—1,8%n),d(gxn—1,8%n), d(gXn, §Xn+1), ;Sd(gxnflrgxnﬂ)r 27 (8xn,8xn))

1
= @(d(8xn-1,8%n), d(gXn—1,8%n), A(gXn, §xn+1), 5-A(8%n-1,8%n+1),0)-
If d(gxy—1,8%n) < d(gxn, §xpn+1), from (2.4),

a(gxn—1,8%Xn+1) < d(gxu—1,8%n) +d(gXn, §%n11)
2s - 2 !

and using the properties of the function ¢, we get

A(gx,—1,9%,) +d(gx,, gx
d(gxn/gxn+1) < §0<d(gxn71/gxn>/d(gxnflzgxn)/d(gxnrgxn+l)/ (g n-1,8 n) 5 (g Uz n+1)’0)

< o(d(gxn, §%nv1),4(8xn, §xn+1),4(8Xn, §%n11),d(§%n, §%n41),0)
< d(gxﬂ/gxn+l)/
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which is a contradiction. So d(gx,, §x,4+1) < d(gx,—1,8%n) for all n € N, that is, the sequence of nonnegative
numbers {d(gx,, gx,+1)} is decreasing. Hence, it converges to a nonnegative number, say 6 > 0. If § > 0,
then letting n — oc in (2.4) and since ¢ is continuous, then we obtain

5 < ¢(6,6,6,6,0) <6,

which is a contraction. Therefore

Jim d(gxy, §xn41) = 0. (2.5)
Now, we claim that
nr}tlﬂ d(gxi’z/g.Xm) =0. (26)

Assume on the contrary that there exists € > 0 and subsequences {gx,,()}, {§Xu()} of {gxn} with n(k) >
m(k) > k such that

A(&X (k) §Xn(k)) = €. 2.7)

Additionally, corresponding to m(k), we may choose n(k) such that it is the smallest integer satisfying
and n(k) > m(k) > k. Thus,

A(8X (k) §Xn(k)—1) < € (2.8)
Using the triangle inequality in b—metric space and (2.7) and (2.8) we obtain that

€ < d(8%u (k) 8%m(k)) < 5A(8%n(k), 8%n(k)—1) + 5A(8Xn(k) -1, §Xm(k))
< 5d(8X (k) §Xn(k)—1) + S€.

Taking the the upper limit as k — co and using (2.5) we obtain

€ < limsup d(gx,,(x), §%n(x)) < se. (2.9)

k—00

Also
€ < d(8Xy(k), 8%n(k)) < SA(8% (k) §Xn(k)+1) + 548X (k) +1, §%Xn(k))

< $2d (X (k) 8%n(k)) T A (8X (k) 8% (k) +1) + 5A(8% (k) 117 8% u(k))
< %A (X (k) 8%u(k)) T (° + 8)A (X (k) §X (k) 41)-
So from and (2.9), we have
< Hmsup d(gx,(k), §%n(k)+1) < s%e. (2.10)

k—>o00

«» | m

Also
€ < d(8%n(k), 8%m(k)) < 5A(8Xn(k), §Xm(k)+1) + 54 (8Xm(k)+1, §Xm(k))

< 28X (k) 8%m(k)) + 548X (k) 8Xm()+1) + A (&% m(k)+1/ §Xm(k))
< S2d(8% (k) 8%m(k)) + (57 + ) A(X (1) §Xm(i)1)-

So from and (2.9), we get

™

— < limsup d(gx,(k), §%m(k)+1) < s2e. (2.11)

5 koo
Also
A(§X (k)41 8%n(k)) < SA(ZX(k)+1-8%n(k)+1) T 54 (8% (k) +1 8%n(k))s
so from and (2.11), we have

e .
— < limsup d(gx,x) 11, 8Xm(k)+1)- (2.12)

k—> o0
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Now using inequality (2.1) and Lemma 2.1} we have

Sd($%m() 11, 8%n()+1) = A (&% ()11, 8%n(k)41) = 5 ATk, TXon(1)

< a(gXm(k), 8%n(k))S” ATy, T ()

< @(d(8%m(k), 8%n(k) ) A(8Xm(k)r 8%m(k)+1)r A(8Xn (k) +1- §Xn(k) )
%d(gxm(k)/gxn(km), %d(gxn(k)/gxm(k)-&-l))'
Since ¢ is upper-semicontinuous, by (2.5),2.10),(2.11) and (2.12)

€ .
s€ = 53-57 <s 111;1 Sup d(8%u(k) 1 §%n(k) +1)
—00
se se

2’2 2)
< ¢(s€,0,0,se, se)

< ¢(s€,0,0, —

< S€.

which is a contradiction. So, we conclude that {gx, } is a Cauchy sequence in (X, d). By virtue of we get
{Txn} = {gxn+1} € gX and gX is closed, there exists x € X such that
lim gx, = gx. (2.13)

n—oo

Now, we claim that x is a coincidence point of T and g. On the contrary, assume that d(Tx, gx) > 0. Since X is
a—regular with respect to g and (2.13), we have

(8% (k)+1,8%) = 1 forall k € N. (2.14)
Also by the use of triangle inequality in b—metric space, we have
d(gx, Tx) < sd(8%, 8%u()+1) + 54(gXn()+1, T¥)
= sd(gx, 8xy(x)+1) + 5d(Txy (1), Tx).
In the above inequality, if k tends to infinity, then, we have

d(gx, Tx) < lim sd(Tx, ), Tx). (2.15)
k—o0

By property of ¢, (2.14) and (2.15), we have
s2d(gx, Tx) < lim s3d(Txn(k), Tx) < lim oc(gxn(k)ﬂ,gx)se’d(Txn(k), Tx)
k—oc0 k—o0

. 1 1
< lim [ (d(g2%,(x), 8), d(8%n (k) Txn(ry), A(g%, T), d(gx (k) Tx), 5= (g%, Tty )]

. 1
= lim [@(d(8x k), 8%), A(8% (k) 8%n(k)+1), (8%, Tx) 48Xy, Tx), 52 A (8%, 8Xn (k) 11)]

k—o0
< ¢(0,0,d(gx, Tx) L (gx Tx),0)

< ¢(0,0,d(gx, Tx),d (gx, Tx),0)
<d(gx, Tx),

which is a contradiction. Hence, d(gx, Tx) = 0, that is, gx = Tx and x is a coincidence point of T and g. We
claim that, if Tu = gu and Tv = gv, then gu = gv. By hypotheses, a(u,v) > 1 or a(v,u) > 1. Suppose that
a(u,v) > 1, then

3d(qu, gv) = s°d(Tu, Tv) < a(u,v)s>d(Tu, Tv)
< gld(gu,g0),d(gu, Tu), d(g0, To), 5-d(gu, To), 5-d (g0, )

— p(d(gu,g0), d(gu, gu),d(30, 30), 1d<gu 30), 1d<gv gu))

< ¢(d(gu,gv),0,0,d(gu, gv),d(gv,gu))
<d(gu,gv),
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which is a contradiction. Thus we deduce that gu = gv. Similarly, if #(v, 1) > 1 we can prove that gu = gv.
Now, we show that T and ¢ have a common fixed point. Indeed, if w = Tu = gu, owing to the weakly
compatible of T and g, we get Tw = T(gu) = g(Tu) = gw. Thus w is a coincidence point of T and g, then
gu = gw = w = Tw. Therefore, w is a common fixed point of T and g. The uniqueness of common fixed point
of T and g is a consequence of the conditions and (b), and so we omit the details. O

Example 2.1. Let X be the set of Lebesgue measurable functions on [0, 1] such that fo |x(#)] < oo. Defined : X x

X — [0,00) by
/ Ix(1) |dt) :

Then d is a b-metric on X, with s = 2.
The operator T : X — X defined by

1
Tx(t) = —=In(|x(t)] +1),
(t) 75 (Ix(B)+1)

and the operator g : X — X defined by
gx(t) = e\/§|x(t)‘ -1

Now, we prove that T and ¢ have a unique common fixed point. For all x,y € X, we have

2d(Tx,Ty) = 2( [ (et - By)lar)” <8 [ 5 In((x(0)] +1) = = Inly(0)| + Dlar)’

V8
< () 1m0l + 1) = my(o) + )1a)” < ([ A Dar)’
< (/Olln(l+W)dt)2 < (1n(1+/01 [x(t) — y()lar))”
4 4 4
< ( n(1 +/ |e " —eﬁy(t)||dt)>2 < (ln(l + \J (/01 |eﬁ|xm‘ — e\@y(t)|dt)2>>2

n(1+/d(gx, gy)))2

< p(d(gx, gy),d(gx, Tx),d(gy, Ty), fd(gx Ty) S4(gy, Tx)).

IN
—

Now, if we define xo = 0, a(x,y) = 1 and ¢(t) = ln2(1 +V/t) for all ty,ty,t3,ty,ts € R?, where
t = max{ty, tp, t3, ts, t5}. Thus, by using Theorem[2.1|we obtain that T and g have a unique common fixed point.

From Theorem 2.1} if we choose g = Ix the identity mapping on X, we deduce the following corollary.

Corollary 2.1. Let (X,d) be a complete b-metric space and T : X — X be a self-mapping on X. If there exist
a: X x X — Rand ¢ € D suchthat forall x,y € X,

a(x,y)s°d(Tx, Ty) < @(d(x,y),d(x, Tx),d(y, Ty), fd(x Ty) L4y, Tx)).
Also that the following conditions hold:
(1) T is a—admissible and triangular x —admissible;
(ii) there exists xg € X such that a(xy, Txg) > 1;
(iii) X is a—regqular;
(iv) either a(u,v) > 1ora(v,u) > 1 whenever Tu = u and Tv = v.
Then T has a unique fixed point.

Example 2.2. Let X be the set of Lebesgue measurable functions on [0,1] such that fo |x(t)| < oo. Defined : X x

X — [0,00) by
/ |x(t) |dt) .
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Then d is a b-metric on X, with s = 2.
The operator T : X — X defined by

Tx(t) = \}g In (|x(t)] +1).

Now, we prove that Thas a unique fixed point. For all x,y € X, we have

2%d(Tx, Ty) = 23(/01 ITx(t) — Ty(t)|dt)2 < 8(/01 |\}§ln(|x(t)| 1) - \}gln(|y(t)| + 1)|dt)2

< ([ 1an(x(o)] + 1) - w6+ 1))lar)” < ( | 11n<'|"§t§|j}>dt)2
< /Olln(1+’m)dt ln 1+/ Ix(t) |dt))

1 1
(d(x,y), d(x, Tx), d(y, Ty), 5-d(x, Ty), 5-d(y, Tx)).
Now, if we define xp = 0, a(x,y) = 1 and ¢(t) = lnz(l + V1) for all ty,ty, ta, ty,ts € R2, where
t = max{ty, tp, t3, t4, t5}. Thus, by using Corollary2.1|we obtain that T has a unique fixed point.

From Theorem if the function a : X x X — R is such that a(x,y) = 1 for all x,y € X, we deduce the
following theorem.

Theorem 2.2. Let (X, d) be a complete b-metric space, T, g : X — X be such that TX C ¢gX. Assume that ¢X is closed
such that for all x,y € X,

3d(Tx, Ty) < (d(gx,gy),d(gx, Tx), (gy,Ty) Sd(gx, Ty) S4(gy, Tx)),

where ¢ € ®. Then T and g have a coincidence point. Moreover, if T and g are weakly compatible, then T and g have a
unique common fixed point.

In Theorem 2.1} if we put
QD(tlr t2/ t3/ t4/ t5) = k max{tl, tZ/ t3/ t4 + t5}

forallt; e Ry(i =1,2,3,4,5), we deduce the following theorem.

Theorem 2.3. Let (X, d) be a complete b-metric space, T, g : X — X be such that TX C gX. Assume that ¢X is closed
and thereexist  : X x X - Rand 0 < k < % such that for all x,y € X,

d(gx, Ty) +d(gy, Tx
x(x,y)s%d(Tx, Ty) < k max{d(g, gy), d(gx, Tx), d(sy, Ty), & y>25 89,12y

Assume also that the following conditions hold:
(i) T is g — a—admissible and triangular a —admissible;
(ii) there exists xo € X such that a(gxo, Txg) > 1;
(iii) X is a—regular with respect to g.

Then T and g have a coincidence point.
Moreover, if the following conditions hold:

(a) The pair {T, g} is weakly compatible;
(b) either a(u,v) > 1ora(v,u) > 1 whenever Tu = gu and Tv = Q.

Then T and g have a unique common fixed point.
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Example 2.3. Let X = [0,00) be endowed with b-metric d(x,y) = (|x —y|)?> = (x — y)?, where s = 2. Define
T,g: X — Xby

ol
&
o
IN
R
IN
QAW
2

and 3
g(x) = e Vx e X.

Now, we define the mapping « : X x X — R4 by
L if(ny) €01,
a(x,y) =
0, otherwise.

1t is easily seen that the pair {T, g} is weakly compatible, T(X) C g(X) and g(X) is closed. For all x,y € X, we have

11 23 3
a(x,y)sd(Tx, Ty) = 18| gx — gyl? = 5l 7x — 7yl
2
= (8% 8y)
1 d xlT +d ,Tx
< 3 max{d(gx,gy), d(gx, Tx),d(gy, Ty), (8, Ty) > (8y.Tx)

Moreover, there exists xg € X such that a(gxo, Txo) > 1. Indeed, for xo = 1, we have a(g(1), T(1)) = a(3,%) = 1.
Let x,y € X such that a(gx,gy) > 1, that is, gx,gy € [0,1] and by the definition of g, we have x,y € [0,3].
So, by definition of T and a, we have T(x) = ix € [0,1],T(y) = gy € [0,1] and a(Tx, Ty) = 1. Thus, T is
g — a—admissible and hence (i) is satisfied.

Finally, it remains to show that X is a —regular with respect to g. In so doing, let {x, } C X such that a(gxn, §Xp11) >
1foralln € N and gx, — gx € gX asn — oo. Since a(gxn, §xy+1) > 1 for all n € IN, by the definition of «, we
have gx, € [0,1] for all n € N and gx € [0,1]. Then, a(gxy,gx) > 1. Now, all the hypotheses of Theorem [2.3|are

satisfied. Consequently, 0 is the unique common fixed point of T and g.

Remark 2.1. Since a b—metric space is a metric space when s = 1, so our results can be viewed as the generalization
an the extension of several comparable results.
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Abstract

Existence results are obtained for fractional differential equations with C, continuity of functions.
Monotone method for nonlinear initial value problem is developed by introducing the notion of coupled
lower and upper solutions. As an application of the method existence and uniqueness results are obtained.
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1 Introduction

The advantages of fractional derivatives become apparent in modeling mechanical and electrical
properties of real materials, and in many other fields, like theory of fractals. Analytical as well as numerical
methods are available for studying fractional differential equations such as compositional method, transform
method, Adomain methods and power series method etc. ( see details in [4, 23] and references therein).
Monotone method [5] coupled with method of lower and upper solutions is an effective mechanism that
offers constructive procedure to obtain existence results in a closed set. Basic theory of fractional differential
equations with Riemann-Liouville fractional derivative is well developed in [2,[7,9]. Lakshamikantham and
Vatsala [[1} 16} [8] obtained the local and global existence of solution of Riemann-Liouville fractional differential
equation and uniqueness of solution. In the year 2009, McRae developed monotone method for
Riemann-Liouvile fractional differential equation with initial conditions and studied the qualitative
properties of solutions of initial value problem [10]. Nanware and Dhaigude [11} 13} 14} [16-22] developed
monotone method for system of fractional differential equations with various conditions and successfully
applied to study qualitative properties of solutions. Nanware obtained existence results for the solution of
fractional differential equations involving Caputo derivative with boundary conditions [12} 15]. In 2012,
Yaker and Koksal have studied initial value problem - for Riemann- Liouville fractional
differential equations. They have proved existence results by using concept of lower and upper solutions
and local existence results under the strong hypothesis that the functions are locally Holder continuous.

In this paper, we develop monotone method without such strong hypothesis for the following nonlinear
Riemann-Liouville fractional differential equation with initial condition

DIu(t) = f(t,u(h)) +g(tu(t),  t€ [to,T] (L1)

*Corresponding author.
E-mail address: jag_skmg9l@rediffmail.com (J.A. Nanware), narsingjadhav4@gmail.com (N.B. Jadhav), dnyaraja@gmail.com (D.B.
Dhaigude).
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uO = u(t)(t — to)liq}t:to (12)

where f,¢ € C(J x R,R), ] = [to, T], f(t,u) is nondecreasing in 1, g(t, u) is nonincreasing in u for each t and
D1 denotes the Riemann-Liouville fractional derivative with respect to t of order 4(0 < g < 1). This is called
initial value problem(IVP). We develop monotone method coupled with lower and upper solutions for the
IVP — ([L.2). The method is applied to obtain existence and uniqueness of solution of the IVP —(@2).

The paper is organized in the following manner : In section 2, we consider some definitions and lemmas
required in next section and obtained result for nonstrict inequalities. In section 3, we improve the existence
results due to Yaker and Koksal. In section 4, we develop monotone method and apply it to obtain existence
and uniqueness results for Riemann-Liouville fractional differential equation with initial condition when
nonlinear function on the right hand side is considered as sum of nondecreasing and nonincreasing functions.

2 Preliminaries

In this section, we discuss some basic definitions and results which are required for the development of
monotone method for fractional differential equation with initial condition involving Riemann-Liouville
derivative when nonlinear function on the right hand side is considered as sum of nondecreasing and
nonincreasing functions.

The Riemann-Liouville fractional derivative of order q(0 < g < 1) [23] is defined as

1 d\" t
q _ — )yr—9-1 <t <b.
Dju(t) T —a) (dt) /u (t—1) u(t)dt, fora<t<b

Lemma 2.1. [2] Let m € Cy([to, T|,R) and for any t, € (to, T] we have m(t;) = 0and m(t) < 0 for tg < t < ty.
Then it follows that Dm(t1) > 0.

Lemma 2.2. [6] Let {uc(t)} be a family of continuous functions on [to, T], for each € > 0 where DTuc(t) =
f(tue(t)), ue(ty) = ue(t)(t — to) T}y, and |f(t,ue(t))| < M for tg < t < T. Then the family {ue(t)} is
equicontinuous on [to, T).

Now, we introduce the notion of lower and upper solutions for the initial value problem (L.1) — (1.2).

Definition 2.1. A pair of functions v(t) and w(t) in Cp(J,R) are said to be lower and upper solutions of the IVP
-2
Do(t) < f(t,o(t) +g(tv(t), o <u’
Diw(t) > f(t,w(t)) +g(tw(t), @’ >u’.
Definition 2.2. A pair of functions v(t) and w(t) in C,(J,R) are said to be lower and upper solutions of type I of IVP
-@27F
D7o(t) <
Diw(t) >

(to(t) +gltw(t), o <u’
(t,w(t)) +g(to(t),  w®>ul

Definition 2.3. A pair of functions v(t) and w(t) in C,(],R) are said to be lower and upper solutions of type II of IVP
@i

f
Diw(t) > f(t,o(t)) +g(t,w(t)),  w’>ub.

Definition 2.4. A pair of functions v(t) and w(t) in C,(J,IR) are said to be lower and upper solutions of type III of
VP (D) - @ i

DIo(t) < f(t,w(t) + gt w(), o <u
Dra(t) > f 0
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3 Existence Results

In this section, we improve the existence results due to Yaker and Koksal [24] for IVP (1.1) — (1.2). We now
state and prove the following existence results.

Theorem 3.1. Suppose that:
() o(t) and w(t) in Cp(J, R) are coupled lower and upper solutions of type I of IVP (LI)-(1.2) with v(t) < w(t) on J.

Gi) f(t,u),g(t,u) € C[Q,R]and g(t, u(t)) is nonincreasing in u for each t on J.
Then there exist a solution u(t) of IVP (L.I)-(L.2) satisfying v(t) < u < w(t) on J.
Proof. Let P : | x R — R be defined by

P(t,u) = min{w(t), max(u(t),v(t))}

Then f(t, P(t,u(t)) + g(t, P(t,u(t))) defines a continuous extension of f + ¢ to ] x R which is bounded, since
f + g is uniformly bounded on Q). By Lemma 2.2, it follows that the family P (t, u(t)) is equicontinuous on J.
By Ascoli-Arzela theorem the sequences {Pe(t,u(t))} has convergent subsequences {P,(t,u1)} which
converges uniformly to P(t,u). Since f + g is uniformly continuous, we obtain that
f(t,Pe,(t,u)) + g(t, Pe,(t, 1)) tends uniformly to f(t, P(t,u)) + g(t, P(t,u)) as n — oo. Hence P(t,u(t)) is the
solution of

D7u(t) = f(t, P(t,u)) +g(t, P(t,u)), u(t) = u(to)(t—to) T}, = u°. (3.3)

It follows that the equation has a solution on the interval J.

We wish to prove that v(f) < u(t) < w(t) on J. For € > 0, consider we(t) = w(t) + ey(t) and vie(t) =
v;(t) — e(t), where y(t) = (t — t9)1 *Eg4((t — t0)7) Then we have wQ = w® + €%, 02 = 0¥ — €99, where
'yo > 0. This shows that vg <u < wg. Next we show that u < we, top <t < T.On the contrary, suppose
that ve > u > we. Then there exists #; € (tg, T| such that u(t;) = we(t) and ve > u > we, to <t < t;. Thus
u(ty) > w(t) and hence P(t1, u(t)) = w(ty).

Set m(t) = u(t) — we(t) we have m(t;) = 0and m(t) <0, ty <t < t;. By Lemma 2.1, we have D7u(t;) >
DYw,(t1) which gives a contradiction

f(tr,w(tr)) +g(t,w(tr)) = f(t, P(tr, u(tr)) + g(t1, P(tr, u(t1)))
— Diu(t)
> que(tl)
= DTw(t;) +ey(t)
> DqZU(tl)
> f(t,w(t)) + g(t1,0(t1))
Similarly, we prove ve < u, ty <t < T. For this, suppose there exists t; € (to, T| such that ve(t1) = u(ty)
and ve(t) > u(t), to <t <t.Thusu(t;) <v(t; < w(t)and hence P(t,u(ty)) = v(t1).

Set m(t) = ve(t) — u(t) we have m(t1) = 0 and m(t) < 0, to < t < t;. Applying Lemma 2.1, we have
Du(t;) > D7we(t1). Since g(t, u) is nonincreasing in u for each t and y(t) > 0, we get a contradiction

f(t,0(t)) + 81, 0(h)) = f(t, Pty u(tr) + g(h, Pk, u(t))
= un(t1)
S qug(tl)
= Do(t1) — ey(t1)
< qu(fl)
< f(t,v(h)) + g(t, w(tr))

Consequently, we get ve(t) < u(t) < we(t) on J. In the limiting case € — 0 we get v(f) < u(t) < w(t) on

J. O
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Theorem 3.2. Suppose that:

(@) o(t) and w(t) in Cp(J,R) are coupled lower and upper solutions of type II of IVP (L.I)-(1.2) with v(t) < w(t) on
I

(i) f(t,u),g(t,u) € C[Q),R]and f(t,u) is nonincreasing in u for each t on J.

Then there exists a solution u(t) of IVP ([L.I)-(1.2) satisfying v(t) < u < w(t) on J.

Proof. Proof can be given on the same line as in Theorem 3.1. O
Theorem 3.3. Suppose that:

(i) o(t) and w(t) in Cy(],R) are coupled lower and upper solutions of type III of IVP (LI)-(L.2) with v(t) < w(t) on
1B

Gi) f(t,u(t)),g(t,u(t)) € C[Q, R] are both nonin creasing in u for each t on J.
Then there exists a solution u(t) of IVP (L.I)-(1.2) satisfying v(t) < u < w(t) on J.

Proof. Proof can be given on the same line as in Theorem 3.1. O

4 Monotone Method

In this section we develop monotone method for Riemann-liouville fractional differential equations with
initial conditions for all types of coupled lower and upper solutions defined in section 2 and we apply the
method to obtain extremal solutions and uniqueness of solution of the IVP (1.1)-(1.2).

Theorem 4.4. Assume that:
(@) f(t u(t))and g(t,u(t)) in C[Q, R?] and f(t, u(t)) nonincreasing in u for each t € [to, T],

(ii) vo(t) and wo(t) in C(J,R) are coupled lower and upper solutions of type I of IVP (L.I)-(L.2) such that vy(tg) <
wo(to) on J.

Gii) f(t, u(t)), g(t, u(t)) satisfies one-sided Lipschitz condition,

0,
0,

N
vV
&

f(tu(t) = f(tu(t) = =M(u—u), M >
g(tu(t)) —g(t,u(t)) = —N(u—1u),N >

N
vV
=

Then there exist monotone sequences {vy, (t)} and {w, (t)} such that
{oa(H)} = v(t) and {wy(£)} — w(t)as n — oo
and v(t) and w(t)) are minimal and maximal solutions of the IVP (L.1)-(1.2).

Proof. For any 5 in C(J,R) such that for vy < 5 on ], we consider the following linear fractional differential
equation

DIu(t) = f(t,n(t)) +g(t, () = M(u—1y) = N(u—1n), u(t)(t—to)' "=, = u° (4.4)
Since the right hand side of equation is known, it is clear that for every 7 there exists a unique solution
u(t) of IVP on J.

For each 17 and y in C(J,R) such that v9 < 5 and wy < p, define a mapping A by Ay, u] = u(t) where
u(t) is the unique solution of IVP (4.4). This mapping defines the sequences {v,(t)} and {w,(t)}. Firstly, we
prove

(I) vo < Alvg, wo], , wo > Alwo, vo)
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(II) A possesses the monotone property on the segment
[0, wg] € C(J,R?) :vg <u < wp}

Set A[vg, wo] = v1(t), where vy (t) is the unique solution of IVP with 77(¢) = vy(t) and vy is lower solution

of IVP (I1)-(T2).

Consider p(t) = vo(t) — v1(t) so that, we have

Dp(t) = Dvy(t) — Doy (t)
< f(tvo(t)) +g(t,v0(t)) — f(t,00)) — &(t,v0) + M(v1 — vp)
< —Mp(t)
Thus we have  Dp(t) < —Mp(t)
and p(t)(t— to)lf’i}t:to <0

By Lemma 2.1, we have p(t) <0 on ¢ty <t < T.This implies v(t) < v1(t). Thus vy < A[vg, wp]. Similarly
we can prove wy > A[wp, vg).

Let #(t) and u(t) in [vg, wo| be such that #(t) < u(t). Suppose that Ay, u| = u(t) and Ay, ] = v(t)
Consider p(t) = u(t) — v(t) we find by Lipschitz condition that

D7p(t) = DTu(t) — D7o(t)
= f(tn(t) +g(tn(t) — f(&n(t)) — gt n(t)) + M(u—1)
—M(u —v)
—Mp(t)
Thus we have Dp(t) < —Mp(t)
and p(t)(l‘ — to)liq}t:to <0

IN N IA

As before in (I),we have Ay, ] < Alny, pu]. This shows that operator A possesses monotone property on
[vo, wp]. Now in view of (I) and (II), define the sequences

() = Alvy_1,wy 1], wa(t) = Alv,_1, wy_1] on the segment  [vg, wp].
It follows that
vo(t) < ov1(t) < va(t) < vp(t) < wn(t) <wyq(t) < .o <wi(t) < wp(t). 4.5)

Obviously the sequences {v,(t)} and {w,(t)} are monotonic and bounded hence they are uniformly
bounded on J. By Lemma 2.2 it follows that the sequences {v,(t)} and {w,(t)} are equicontinuous on |
and by Ascoli-Arzela Theorem, there exists subsequences {vy, (t)} and {wy, (f)} that converge uniformly on
J. By it follows that the sequences {vy, (t)} and {wy, (t)} converge uniformly and monotonically to v(f)
and w(t) where

lim v, () = v(t) lim w,(t) =w(t) on [ty T]

n—o0 n—o00

Using following fractional Volterra integral equations

W“”:%+Jm[WWAU@ng@w>Aﬂmewmws
o (4.6)

i (8) = 0+ s [ (=517 00) + (5, 00) = My — ) = Ny = ) s

it follows that v(t) and w(t) are solutions of IVP (L.I)-(I.2).

To prove that v(t) and w(t) are the minimal and maximal solutions of IVP (L.I)-(1.2), we need to prove that
if u(t) is any solution of IVP (L.I)-(1.2) such that vy < u < wy on [tp, T] then vy < v < u < wy on J. Suppose
that for somen, v, () < u(t) < wy(t) on J. Firstly, we prove v, 41 (t) < u(t) on [ty, T]. Set p(t) = v,11(t) —u(t)
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so that by Lipschitz condition we have
DIp(t) = D90, (1) — D ()
— F(t,0) + 8(t,00) = M(oys1 — 0a) — F(t,1) — (1, 1)
—M(vy —u) — M;(vy, — 1) — M(vy01 — vp)
—Mp(t)
Thus we have Dp(t) < —Mp(t)
and  p(t)(t—to)' "=, <0

IN N IA

By Lemma 2.1, it follows that p(t) < 0. This implies v,,+1(t) < u(t) on J.
Secondly, we prove that u(t) < w,1(t). Consider p(t) = u(t) — wy11(t). By Lipschitz condition we have
Dip(t) = DIu(t) — DTwy 41 (t)
= f(t,u) +g(t,u) = M(wn 1 — wn) — f(t, wny1) = g(t, Wy 1)

—M(u — wy 1)
—Mp(t)

Thus we have  D7p(t) < —Mp(t)
and p(t)(t—to)' T}—, <0

IN AN A

Using Lemma 2.1,we get p(t) < 0. It follows that u(t) < w,1(t). Since vg < u < wp on J, by induction we
have v, (t) < u(t) < wy(t) for all n. In limiting case as n — oo, it follows that v(t) < u(t) < w(t) on J. O

Lastly,we prove the uniqueness of solution of IVP (L.I)-(1.2) in the following
Theorem 4.5. Assume that (i)-(ii) of Theorem 4.1 hold and if
F(tu(t) — f(E )| < Ml(u—T)|, vo<T<u<wy M>0
then v(t) = w(t) = u(t) is the unique solution of IVP — (@2).
Proof. We need to prove only v(t) > w(t). Set p(t) = w(t) — v(t), we find by Lipschitz condition that
D7p(t) = DTw(t) — D7v(t)

= fltw(t)) +g(t,w(t)) - f(£,0(t) — &(t v(t))
< Mp(t)
Thus we have DYp(t) < —Mp(t)
and  p(£)(t — to) T}y <0

Hence by Lemma 2.1, we have v(t) > w(t). This shows that v(t) = w(t) = u(t) is the unique solution of IVP
TI)-@2). O

Theorem 4.6. Assume that:
(@) f(t u(t))and g(t,u(t)) in C[Q, R?) and f(t, u(t)) nonincreasing in u for each t € [to, T],

(ii) vo(t) and w(t) in C(J, R) are coupled lower and upper solutions of type II of IVP (L.I)-(T.2) such that vy(ty) <
wo(to) on |

Gii) f(t,u(t)), g(t, u(t)) satisfies one-sided Lipschitz condition,

fltu(t)) = f(£u(t) = =M(u —u), M
g(tu(t)) —g(t,u(t)) > —N(u—u), N

Then there exist monotone sequences {vy, (t)} and {w, (t)} such that
{vp(£)} = o(t) and {w,(t)} = w(t)as n — o

and v(t) and w(t)) are minimal and maximal solutions of the IVP —(1.2).
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Proof. Proof can be given on the same line as in Theorem 4.1 O

Theorem 4.7. Assume that (i)-(ii) of Theorem 4.3 hold and if
[f(tu(t))— f(t,u) <M|(u—mn)|, vo<u<u<wy, M>0

then v(t) = w(t) = u(t) is the unique solution of IVP —(1.2).

Proof. Proof can be given on the same line as in Theorem 4.2. O

Theorem 4.8. Assume that:
G) f(t,u(t))and g(t,u(t)) in C[Q), R?] and f(t, u(t)) nonincreasing in u for each t € [ty, T],

(i) vo(t) and wo(t) in C(J, R) are coupled lower and upper solutions of type III of IVP (L.I)-(1.2) such that vy(ty) <
wo(to) on |

Gii) f(t u(t)), g(t u(t)) satisfies one-sided Lipschitz condition,

ftu(t)) — f(t,u(t)) > —M(u—u),M>0,u>u,
g(t,u(t)) —g(t,u(t)) > —Nu—u),N>0,u>u
Then there exist monotone sequences {vy, (t)} and {w, (t)} such that
{vn(£)} = o(t) and {w,(t)} = w(t)as n — oo
and v(t) and w(t)) are minimal and maximal solutions of the IVP ([L.1)-(1.2).

Proof. Proof can be given on the same line as in Theorem 4.1 O

Theorem 4.9. Assume that (i)-(ii) of Theorem 4.5 hold and if
[f(tu(t)) — f(t,u)] <M|(u—mn)|, vo<u<u<wy, M>0

then v(t) = w(t) = u(t) is the unique solution of IVP — (1.2).

Proof. Proof can be given on the same line as in Theorem 4.2 O

5 Conclusion

Existence results obtained by Yaker and Koksal are improved for the class of continuous functions.
Monotone method coupled with lower and upper solutions is developed for the initial value problem
— when the function on the right hand side is sum of nondecreasing and nonincreasing functions.
The method developed is successfully applied to obtain existence and uniqueness of solutions of the IVP

@ - @2.

6 Acknowledgment

The authors gratefully acknowledge the Referee for valuable comments which helps to improve paper.



344 J.A.Nanware et al. / Initial value problems for fractional differential equations involving R-L derivative

References

[1] Z.Denton, A.S.Vatsala, Monotone Iterative Technique for Finite Systems of Nonlinear Riemann-Liouville
Fractional Differential Equations ,Opus. Math.,31(3)(2011), 327-339.

[2] J.Vasundhara Devi, FA.McRae, Z. Drici, Variational Lyapunov Method for Fractional Differential
Equations, Comp. Math. Appl., 64(10)(2012), 2982-2989, d0i:10.1016/j.camwa.2012.01.070

[3] D.B.Dhaigude,J.A.Nanware and V.R.Nikam ,Monotone Technique for System of Caputo Fractional
Differential Equations with Periodic Boundary Conditions , Dyn.Conti.Disc.Impul. Sys., 19(5a)(2012), 575-
584.

[4] A.A. Kilbas, H.M.Srivastava, ].J. Trujillo, Theory and Applications of Fractional Differential Equations,
North Holland Mathematical Studies Vol.204. Elsevier(North-Holland) Sciences Publishers, Amsterdam,2006.

[5] G.S.Ladde, V.Lakshmikantham, A.S.Vatsala, Monotone Iterative Techniques for Nonlinear Differential
Equations, Pitman Advanced Publishing Program,London, 1985.

[6] V.Lakshmikantham, A.S.Vatsala, Theory of Fractional Differential Equations and Applications,
Commun.Appl.Anal., 11 (2007), 395-402.

[7] V.Lakshmikantham, A.S.Vatsala, Basic Theory of Fractional Differential Equations and Applications,
Nonl. Anal., 69(8) (2008), 2677-2682.

[8] V.Lakshmikantham, A.S.Vatsala, General Uniqueness and Monotone Iterative Technique for Fractional
Differential Equations, Appl. Math. Lett. 21(8) (2008), 828-834.

[9] V.Lakshmikantham, S.Leela, J.V.Devi, Theory of Fractional Dynamic Systems, Cambridge Scientific
Publishers, Cambridge, UK ,2009.

[10] F.A.McRae, Monotone Iterative Technique and Existence Results for Fractional Differential Equations,
Nonl. Anal. 71(12)(2009), 6093-6096.

[11] J.A.Nanware, D.B.Dhaigude, Monotone Technique for Finite System of Caputo Fractional Differential
Equations with Periodic Boundary Conditions, Dyn. Conti., Disc. Impul. Sys., 22(1)(2015),13-23.

[12] J.A.Nanware, m-point Boundary Value Problem for Caputo Fractional Differential Equations , IOSRJEN,
6(2)(2016), 31-37.

[13] J.A.Nanware, Monotone Method In Fractional Differential Equations and Applications, Dr.Babsaheb
Ambedkar Marathwada University, Ph.D Thesis, 2013.

[14] J.A.Nanware, Existence and Uniqueness of solution of Fractional Differential Equations Via Monotone
Method, Bull. Marathwada Math. Soc., 14(1)(2013), 39-55.

[15] J.A.Nanware, Existence Results for Caputo Fractional Boundary Value Problems Using Fixed Point
Theorems, Int. Jour. Univ. Sci.Tech., 2(1)(2016), 14-23.

[16] J.A.Nanware, D.B.Dhaigude, Existence and Uniqueness of solution of Riemann-Liouville Fractional
Differential Equations with Integral Boundary Conditions, Int. Jour. Nonl. Sci., 14(4)(2012), 410-415.

[17] J.A.Nanware, D.B.Dhaigude, Monotone Technique for Finite System of Caputo Fractional Differential
Equations with Periodic Boundary Conditions, Dyn. Conti., Disc. Impul. Sys., 22(1)(2015), 13-23.

[18] J.A.Nanware, D.B.Dhaigude, Monotone Iterative Scheme for System of Riemann-Liouville Fractional
Differential Equations with Integral Boundary Conditions, Math.Modelling Scien.Computation, Springer-
Verlag, 283(2012),395-402.

[19] J.A.Nanware, N.B.Jadhav, D.B.Dhaigude, Monotone Iterative Technique for Finite System of Riemann-
Liouville Fractional Differential Equations with Integral Boundary Conditions, Int. Conf. Mathematical
Sciences 2014, Elsevier, (2014), 235-238.



J.A. Nanware et al. / Initial value problems for fractional differential equations involving R-L derivative 345

[20] J.A.Nanware, D.B.Dhaigude, Existence and Uniqueness of Solution of Differential Equations of Fractional
Order with Integral Boundary Conditions, J. Nonl. Sci. Appl., 7(2014), 246-254.

[21] J.A.Nanware, D.B.Dhaigude, Boundary Value Problems for Differential Equations of Non-integer Order
Involving Caputo Fractional Derivative, Adv. Stu. Contem. Math., 24(3)(2014), 369-376.

[22] J.A.Nanware, D.B.Dhaigude, System of Initial Value Problems for Fractional Differential Equations
Involving Riemann-Liouville Sequential Derivative,To appear.

[23] L Podlubny, Fractional Differential Equations, Academic Press, San Diego, 1999.

[24] A.S.Yakar, M.E.Koksal, Existence Results for Solutions of Nonlinear Fractional Differential Equations,
Abst. Appl. Anal., (2012), Article ID 267108, doi:10.1155/2012/267108.

Received: December 07, 2016; Accepted: December 23, 2016

UNIVERSITY PRESS

Website: http:/ /www.malayajournal.org/



Malaya J. Mat. 5(2)(2017) 346-366

Malaya e
L of MM / ( ’ ‘ , 20
Journal o an international journal of mathematical sciences with f\(‘z
Matematik computer applications... MpterNoucgl of
— Mate:

————
www.malayajournal.org

Boundary Value Problems for Fractional Differential Equations and

Inclusions in Banach Spaces

Samira Hamani” and Johnny Henderson®*
“Département de Mathématiques, Université de Mostaganem, B.P. 27000, Mostaganem, Algérie.

bDepartment of Mathematics,  Baylor University, Waco, Texas 76798-7328, USA.

Abstract

In this paper, we are concerned with the existence of solutions for boundary value problem:s, first for a class
of fractional differential equations and second for a class of fractional differential inclusions. The methods
include techniques associated with measure of noncompactness in conjunction with fixed point theorems of
Monch type.
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1 Boundary Value Problems for Fractional Differential Equations in
Banach Spaces

1.1 Introduction

In this section, we are concerned with the existence of solutions for boundary value problems (BVP for short),
for a class of fractional order differential equations, when we apply the method associated with the technique
of measure of noncompactness and a fixed point theorem of Monch type. This technique was mainly initiated
in the monograph of Banas and Goebel [11] and subsequently developed and used in many papers; see, for
example, Banas and Sadarangani [12]], Guo et al. [25], Lakshimikantham and Leela [38], Monch [42], and
Szufla [47].

1.2 Preliminaries

We introduce notations, definitions, and preliminary facts, many of which will be used throughout the
remainder of this paper.
Let C(J, E) be the Banach space of all continuous functions from | into E with the norm

[yl = sup{ly(t)] : 0 < £ < T},

and we let L! (], E) denote the Banach space of functions y : | — E which are Bochner integrable with norm

T
Il = [ lyolat.

*Corresponding author.
E-mail address: hamani_samira@yahoo.fr (Samira Hamani), Johnny_Henderson@baylor.edu (Johnny Henderson),
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Let L*(], E) be the Banach space of functions y : ] — E which are bounded and equipped with the norm
lyllre = inf{c >0 : |ly(t)[| < c:ae te ]}

Let AC!(J,E) is the space of functions y : ] — E, which are absolutely continuous whose first derivative
y' is absolutely continuous.
For a given set V of functions v : | — E, we define

V(t)={8(t) : 0V}, te],
V() =A{8(t) : 0V, te]}.

Definition 1.2.1. ([37,145]). The fractional (arbitrary) order integral of the function h € L'([a, b], R:.) of order r € Ry
is defined by

ITh(t) = / t (tr(sr))r_lh(s)ds,

where T is the gamma function. When a = 0, we write I"h(t) = h(t) * @,(t), where ¢,(t) = % for t > 0, and
@r(t) =0fort <0,and ¢, — 6(t) as r — 0, where ¢ is the delta function.

Definition 1.2.2. ([37, 45]). For a function h given on the interval [a,b], the r Riemann-Liouville fractional-order
derivative of h, is defined by

OO = o (5) [ hes

Here n = [r] + 1 and [r] denotes the integer part of r.

For convenience, we first recall the definition of the Kuratowski measure of noncompactness, and
summarize the main properties of this measure.

Definition 1.2.3. ([6, [11]]) Let E be a Banach space and let Qr be the family of bounded subsets of E. The Kuratowski
measure of noncompactness is the map a : Qp — [0, 00) defined by
m
«(B) = inf{e > 0,: B C | J Bjand diam(B;) < €} ;here B € Q.
j=1
Properties:
(1) a(B) =0 < B is compact (B is relatively compact).
(2) a(B) =a(B).
(3) ACB=a(A) <ua(B).
(4) a(A+B) <a(A)+a(B).
(5) a(cB) =ca(B);c € R.
(6) «a(conB) = a(B).

Here B and conB denote the closure and the convex hull of the bounded set B, respectively.
The details of « and its properties can be found in [6) [11].

Definition 1.2.4. A multivalued map F : | x E — E is said to be Carathéodory if
(1) t — F(t,u) is measurable for each u € E.
(2) u — F(t,u) is upper semicontinuous for almost all t € J.

Let us now recall Monch'’s fixed point theorem and an important lemma.
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Theorem 1.2.1. ([42],[5]) Let D be a bounded, closed and convex subset of a Banach space E such that 0 € D, and let
N be a continuous mapping of D into itself. if the implication,

V =0N(V)orV=N((V)U{0} = «a(V) =0, (1.1)
holds for every subset V of D, then N has a fixed point.

Lemma 1.2.1. ([47]) Let D be a bounded, closed and convex subset of a Banach space C(],E), G be a continuous
functionon | X J,and f : | x E — E be a function satisfying the Carathéodory conditions, and suppose there exists
p € LY(J,R}.) such that for each t € | and each bounded set B C E one has

lir(r}1+ a(f(Jix x B)) < p(t)a(B); where Jy = [t —k, t]N]. (1.2)

k—

If V is an equicontinuous subset of D, then

a({ /] G(s,)f(s,y(s))ds 1y € V}) < /] 1G(t,5) | p(s)a(V(s))ds. (13)

1.3 Boundary Value Problems of Order r € (1,2]

We consider the boundary value problem with nonlocal conditions
D'y(t) = f(t,y(t)), forae. t € J=1[0,T], (1.4)
y(0) =0, y(T) = g(y), (1.5)

where 1 < r < 2, D" is the Riemann-Liouville fractional derivative, f : | x E — E is a continuous function,
¢ : E — Eis a continuous function and (E, | - |) denotes a Banach space.

Later we will study another boundary value problem for another fractional differential equation with
nonlocal conditions. In particular, we will consider the boundary value problem with nonlocal conditions,

D'y(t) = f(t,y(t)), forae. t € J=10,T], (1.6)

y(0) =0, py(n) = y(T), (1.7)
where1 <r<2,0< By '<1,0<n<1,andD’, f, (E,|-|) areasin —.

1.3.1 Main Results for (1.4)-(1.5) and (L.6)-(L.7)

Let us start by defining what we mean by a solution of the problem (T.4)-(L.5).

Definition 1.3.5. A function y € C([0, T], E) is said to be a solution of (I.4)-(1.5) if y satisfies the equation D"y(t) =
f(t,y(t)) on J, and the conditions y(0) =0, y(T) = g(y).

For the existence of solutions for the problem (L.4)-(1.5), we need the following auxiliary lemma.
Lemma 1.3.2. [I0] Let v > 0,and h € C(0,T) N L(0, T) then
I*D*h(t) = h(t) + et Lot 2 4. 4yt "
forsomec; € R, i =0,1,2,...,n—1, where n is the smallest integer greater than or equal to r.

Lemma 1.3.3. Let 1 < o < 2andlet h: [0,T] — R be continuous. A functiony € C([0,T], E) is a solution of the
fractional integral equation

y(t) =y Jo(t =) th(s)ds 08
r—1 r—1 .
+ g Jo (T—5)"Mh(s)ds — F=rg(y)
if and only if y is a solution of the fractional BV P
D'y(t) = h(t), t€[0,T], (1.9)

y(0) =0, y(T) = g(y)- (1.10)
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Proof: Assume y satisfies (I.9). Then Lemma implies that
1t
t)=ct ' +c t’*2+—/ t—s) " h(s)ds.
]/( ) 1 2 F(r) 0 ( ) ( )

From (1.10), a simple calculation gives
=0,

and
T
= T’—lll’(r) /0 (T —s) "'h(s)ds + —Trl_lg(y).

Hence we get equation (1.8). Conversely, it is clear that if y satisfies the integral equation (1.8), then equations

(T9)-(T10) hold. 0

Theorem 1.3.2. Assume the following hypotheses hold:

1

(H1)  The function f : ] x E — E satisfies the Carathéodory conditions.

(H2)  There exists p € L*(J,Ry.), such that
Lty < p@)|yl forae. t € ] andeach y € E.
(H3)  There exists constant k* > 0 such that

18I < K*[lyl| for each y € E.

(H4)  Foralmost each t € | and each bounded set B C E we have

lim a(f(Jox x B)) < p(t)a(B).

k—0t

(H5)  For almost each bounded set B C E we have
x(g(B)) < k*a(B).
Then the BVP (1.4)-(1.5) has at least one solution on C(], B), provided that

Tr+T2r k T
—_— <1 1.11

Proof. Transform the problem (1.4)-(1.5) into a fixed point problem. Consider the operator
(NN = Jo(t =) fls,y(s)ds
r—1 r—1
Tflr G Jo (T =)~V f(s,y(s))ds — £y (y).

Clearly, from Lemma the fixed points of N are solutions to (I.4)-(1.5).
Now, let R > 0 and consider the set

={yeC(E) : llylle <R}

We shall show that N satisfies the assumptions of Moénch’s fixed point theorem. The proof will be given in
several steps.

Step 1: N is continuous.
Let {y,} be a sequence such that y, — yin C(J, E). Then, for each t € ],

[(Nya) () = (NY) (O] < gy ot =) f(s,yn(s) = fls,y(s))ds
T’trlrl Jo (T =) £(s,yn(s) — f(5,(s)) |1ds.
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Let p > 0 be such that
[Ynlleo < 0, [l¥lleo < p-
By (H2)-(H3) we have

£ (s, yn(s) = f(s,y(s))II < 20p(s) = (s); & € L' (], Ry).
Since f is a Carathéodory function, the Lebesgue dominated convergence theorem implies that
IN(Yn) = N()lleo = 0 as n — co.
Step 2: N maps Dy into itself.

For each y € Dg, by (H2) and (1.11) we have for each t € |

INDOI < g Jolt—s ’_1||f(s y(s))lds
r—1 r—1
+ Tflrzr) Jo (T =)V (s,y(s))llds + £=llg(v)]
< T e + k*T;
< R

Step 3: N(Dg) is bounded and equicontinuous.

By Step 2, it is obvious that N(Dgr) C C(J, E) is bounded.

For the equicontinuity of N(Dg), letty, tp € ], t; < tp, and y € Dg. We have

(N 12) = (N )] = [ [l = 1= s (s

POl M=o syl
B )|

< ZO -9t = - oy s
+p(2/t:2(t2—s)’1ds

k* (tl _ tz)rfl

- T

+W/O (T—S)V*Ids_'_ Tr—l

< r(’:(i)l) [(t2 — 1) + £ — £5] + r(l:(fr)l)(tz — )
_ r—1 k* _ r—1

+P(f)T(rtzlr(f;)) n (tlTrftf)
= ré@n (2= h)"+ F(f(j-)l) (h=1)
" p(t)(ta— )" K (t —t)

T 1T (r) T T

As t; — ty, the right-hand side of the above inequality tends to zero.

Now let V be a subset of Dy such that V. C co(N(V) U {0}). V is bounded and equicontinuous, and
therefore the function ¢ — ¢ = a(V(t)) is continuous on J. By (H3), Lemmal.2.1} and the properties of the
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measure &, we have for each t € |

(1) < a(N(V)(t)U{0})
< a(N(V)(1)) *
< fy T pE)a(V(s)ds + ETa(v ()
< \wnm { H Iple + 55 ]

This means that

Tr+TZr k<T"
I —_— <
ol (1= To bl + £y ) <1

By (1.11) it follows that ||¢||c = 0, thatis, @ = 0 for each t € ], and then V (¢) is relatively compact in E. In

view of the Ascoli-Arzela theorem, V is relatively compact in Dg. Applying now Theorem we conclude
that N has a fixed point which is a solution of the problem (T.4)-(L.5). O

Example. As an application of Theorem we consider the fractional differential equation

2

Dry(t) = m|y(t)|, forae. t € ] = [0, 1], 1<r < 2, (112)

y(0) =0, y(1) = iciy(ti), (1.13)

where 0 <t <t <---<t, <1,¢, i=1,...,n, are given positive constants with } ' ; ¢; < %.

Set )
f(t,x) = 19+t x, (t,x) € ] x[0,00),

Clearly, conditions (H1) and (H2) hold with

2
p(t) = 19+ et
Condition (1.11) is satisfied with T = 1 and k* = %. Indeed

T’+T2’

||pHL°°+k() < 251-(,,) <1,

which is satisfied for each r € (1,2]. Then by Theorem[1.2.1|(namely, Theorem [1.3.2), the problem (1.12)-(1.13)
has a solution on [0, 1].

Now we study the fractional boundary value problem (L.6)-(L.7).

Definition 1.3.6. A functiony € AC([0, T}, E) is said to be a solution of (1.6)-(1.7) if y satisfies the equation D"y(t) =
f(t,y(t)) on ], and the conditions (1.7).

For the existence of solutions for the problem (L.6)-(L7), we need the following auxiliary lemma.

Lemma1.3.4. Let 1 <r <2andlet h: [0, T] — R be continuous. A function y is a solution of the fractional integral
equation

r—1
¥ =~ Jolt =) (s Ws*w%wfo T =) his)ds (114
r—1 .
Wﬁ) )" h(s)ds
if and only if y is a solution of the fractional BVP
D'y(t) = h(t), t €[0,T], (1.15)

y(0) =0, By(n) = y(T). (1.16)
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Proof: Assume y satisfies (1.15), then Lemma implies that
y(t) = =I'h(t) + et ™' +ct"2,

for c1,c2 € R. Consequently, the general solution is

_ 1 ! r—1 r—1 r—2
y(t) = W)/o (t— )" Lh(s)ds + c1 'L + cpt" 2.
From y(0) = 0, a simple calculation gives
Cy) = 0,
and from By(n) = y(T) combined with
1 T r—1 r—1
y(T):—m/o (T — )"~ h(s)ds + o, T,
1 7 r—1 r—1
yn) = gy fo (1) Mhs)ds e,
we have
_ 1 T r—1 .B 1 r—1
= Trfl—,Biyrle(r)/o (T —s)"" " h(s)ds T’*l—ﬁiyrfll"(r)/o (n —s) ""h(s)ds.

Hence we get equation (1.14). Conversely, it is clear that if y satisfies equation (1.14)), then equations (1.15)-

(1.16) hold.
Remark 1.3.1. The problem (T.15)- is equivalent to

y(t) = /OTG(t,s)h(s)ds.

where
[H(T—s)]" 1=t (5—s)" !
Triliﬁr]rilr(r)l 1 -~ 1
U—;{_;ﬂr_;rﬁ(z) , 0<s<t<T,ss<py,
Glts) = M Sl P B o<y <s<t<T,
L UL 0<t<s<y<T,
% 0<t<s<Ty<s.

Remark 1.3.2. The function t — fOT |G(t,s)|ds is continuous on [0, T), and hence is bounded.
Theorem 1.3.3. Assume (H1),(H2) and the following hypothesis:

(H6)  Foralmost each t € | and each bounded set By C E we have

Tim a(£ (1 x B1) < p(Ha(By).

Then the BVP — has at least one solution on C(]J, E), provided that
G Tl[pll~ < 1.

Proof: Transform the problem (T.6)-(1.7) into a fixed point problem. Consider the operator

T
(N) (1) = [ GlL,3)f(s,y(s))ds

where the function G(t,s) is given by (1.18).

O

(1.17)

(1.18)

(1.19)

(1.20)
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(We remark that, from Lemma the fixed points of Nj are solutions to (1.6)-(1.7).)
Let Ry > 0 and consider the set

Dgr, ={y € C(JLE) : |yllec < Rq}.
We shall show that Nj satisfies the assumptions of Monch’s fixed point theorem. The proof will be given in
several steps.

Step 1: Nj is continuous.

Let {y, } be a sequence such that y, — yin C(J, E). Then, for each t € J,

[(Nyu) (F) — (Nup) ()] < f(; Gt )1 f(5,yn(s) — f(5,y(s))||ds

<) suP gy epug IG(LS)IIIF (s, yn(s) — £(s,y(s))llds.
< S GHlIf (s, yal(s) — F(s,y(s))lds,
where

G"= sup |G(t,5s)|
(ts)e]x]

Let p > 0 be such that
[ynllo < pand [[yfleo < p.

By (H1)-(H2) we have
£ (s, yn(s) = f(s,y(s)) | < 20G*p(s) := 0(s); o € L'(J,R4).
Since f is a Carathéodory function, the Lebesgue dominated convergence theorem implies that

IIN1(yn) — N1(y)||eo — 0 @as n — oo.

Step 2: Ny maps Dg, into itself. For each y € Dg,, by (H2) and (1.19) we have for each t € ],

INi ) < [ 16 9)[[1f(s,9(s)) | ds
< TlplleeG*|lp*| L
< Ry

Step 3: Ny (Dg, ) is bounded and equicontinuous.

By Step 2, it is obvious that Ny (Dg,) C C(J, E) is bounded.
For the equicontinuity of Ny(Dg, ). Let 7y, 72 € |, 71 < T2, and y € Dg,. We have

IN(y) () = Nao(y)(m)| = foT|G (12,8) = G(71,9)[|f (s, y(s))|ds (1.21)
< fo (s)R1|G(2,8) — G(T1,8)|ds

As 11 —> T, the right-hand side of the above inequality tends to zero.

Now let V be a subset of Dg, such that V' C co(N;(V) U {0}).
V is bounded and equicontinuous, and therefore the function ¢ — ¢ = «(V/(¢)) is continuous on J. By (H6),
Lemma and the properties of the measure «, we have for each t € J,

B(t) < a(Ny(V)(t)u{0})
< (Nl(V)( )
< Jo p(s)IG(t,8)|a(V(s))ds
< 19||L°°[TG*||PHL°°}'

This implies that
18]~ (1 = [TG™[[pllr=]) < 1.

By (1.19) it follows that ||¢||c = 0, thatis, & = 0 for each t € ], and then V (¢) is relatively compact in E. In
view of the Ascoli-Arzela theorem, V is relatively compact in Dg,. Applying now Theorem we conclude
that Ny has a fixed point which is a solution of the problem (1.6)-(1.7). O
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1.4 Boundary Value Problems of Order r € (2, 3]

In this section, we will consider the boundary value problem
D'y(t) = f(t,y(t)), forae. t € ] =[0,T], (1.22)

y(0) =0, y(T) =0, y"(0) =0, (1.23)

where 2 < r < 3, D" is the Riemann-Liouville fractional derivative and f and (E, | - |) are as in (1.4)-(L.5). We
will make use of some of the hypotheses (H1) - (H5) of Theorem in this section.

1.4.1 Main Results for (1.22)-(1.23)

Let us start by defining what we mean by a solution of the problem (1.22)—(1.23).

Definition 1.4.7. A function y € AC?([0,T],E) is said to be a solution of - if it satisfies D"y(t) =
f(t,y(t)) on J, and the conditions y(0) = 0, y'(T) = 0 y"(0) = 0.

For the existence of solutions for the problem (1.22)-(1.23)), we need the following auxiliary lemma.

Lemma 1.4.5. Let2 < r < 3andlet h: [0, T| — E be continuous. A function y is a solution of the fractional integral
equation

y(t) = ﬁfot(t—s)”lh(s)ds (124)
r—1 .
_W OT(T —5)"2h(s)ds.
if and only if y is a solution of the fractional BVP
D'y(t) = h(t), t€[0,T], (1.25)
y(0) =0, y'(T) =0, y"(0) = 0. (1.26)

Proof: Assume y satisfies (1.25), then Lemma implies that
1t
H=ct ot +c t’*3+—/ t—s) " 'h(s)ds.
y( ) 1 2 3 F(DC) 0 ( ) ( )

From (1.26), a simple calculation gives
Cr = 0, C3 = 0

and
1

T
-2
T / (T — s)"2h(s)ds.
Hence we get equation (1.24). Conversely, it is clear that if y satisfies equation (1.24), then equations (1.25)-

(T.26) hold. O

Theorem 1.4.4. Assume (H1), (H2) and the following hypothesis:

1 =

(H7)  Foralmost each t € | and each bounded set By C E we have

lim a(f(Jix x B2)) < p(t)a(B2).

k—0+

Then the BVP (-) (-) 3) has at least one solution on C(], B), provided that

T T2r
T(r+1) + (r—1)I(r) lpllre < 1. (1.27)

Proof. Transform the problem (1.22)-(1.23) into a fixed point problem. Consider the operator

(Nay)(B) = s Jat =) 1 £(s,y(s))ds
Ti’z—ﬁmfﬁ $)2f(s,y(s))ds
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Remark 1.4.3. Clearly, from Lemma the fixed points of N, are solutions to - .
Let R, > 0 and consider the set
Dr, = {y € C(JLE) : [lylleo < Ro}.

We shall show that N, satisfies the assumptions of Monch'’s fixed point theorem. The proof will be given in
several steps.

Step 1: N is continuous.
Let {y,} be a sequence such that y, — yin C(J, E). Then, for each t € ],
[(Naya)(8) = (Nay) ()] < 5 Jo (6 =) f(5,yu(s) = F(s,y(5)) | ds
r—1
TrtZF 57 Jo (T =) 211f (5, () = f(s,y(5)) | ds.
Let p > 0 be such that
[ynlleo < o, Nlylleo < p-
By (H2) we have
1 (s, yn(s) = f(s,y())]| < 20p(s) := 0 (s); o € L'(],R4).

Since f is a Carathéodory function, the Lebesgue dominated convergence theorem implies that

IIN2(yn) — Na(y)||eo — 0 @as n — oo.

Step 2: N, maps Dg, into itself. For each y € Dg,, by (H2) and (1.27) we have for each t € |
t .
N2 < w5 Jo(t=s) 1Hf(s y(s))lds

- T,"z; Jo(T =) 2| f(s,y(s))||ds
2r

< RZH e + ) Il

< Ry

Step 3: Ny(Dg,) is bounded and equicontinuous.

By Step 2, it is obvious that N>(Dg,) C C(J, E) is bounded.
For the equicontinuity of Np(Dg,). Let ty, tp € ], t; < tp,and y € Dg,. we have

(Nap) 1) = (N ()] = [y 1002 =5 = (1= 9 117G w600

+1’(1r) /:(fz =) f(s,y(s))ds
(ta—t)"~

+

Trzr(r)l/oT(T )" 2If (s, y(s) IdSH
e

IN
“m

+1;3E2/t1 (ty —s) " 1ds
+W/OT(T—S)erS

< Bl - ny -+ -y
NCCEE

< sty -

T>p(t)(tr — 1)1

- T(r)
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As tj — ty, the right-hand side of the above inequality tends to zero.

Now let V, be a subset of D, such that V, C co(N(V2) U {0}).
V5 is bounded and equicontinuous, and therefore the function ¢ — ¢ = a(V,(t)) is continuous on J. By (H3),
Lemma and the properties of the measure «, we have for each t € |

0(t) < a(N2(V2)(t) U{0})
< a(Na(V2)(1)) .
<y e + ] p(s)a(va(s))ds
<

T T2r
190 [ | + £ Iplo]
This means that

HMWQ—LWiU+§;Mwm)gL

By (1.27) it follows that ||#|« = 0, thatis, & = 0 for each t € ], and then V,(t) is relatively compact in E. In
view of the Ascoli-Arzela theorem, V; is relatively compact in Dg,. Applying now Theorem we conclude
that N has a fixed point which is a solution of the problem (1.22)-(1.23). O

2 Boundary Value Problems for Fractional Differential Inclusions in
Banach Spaces

2.1 Introduction

In this section, we are concerned with the existence of solutions for boundary value problems, for a class of
fractional order differential inclusions, when the right hand side is convex valued. This result relies on the set-
valued analog of Monch’s fixed point theorem combined with the technique of measure of noncompactness.
Recently, this has proved to be a valuable tool in solving fractional differential equations and inclusions in
Banach spaces; for details, see the papers of Lasota et al. [39], Agarwal et al. [4] and Benchohra et al. [18], [19],
[20]. This result extends to the multivalued case some previous results in the literature, and constitutes an
interesting contribution to this emerging field.

2.2 Preliminaries

We introduce notations, definitions, and preliminary facts that will be used in the remainder of this section.
Let (E,|| - ||) be a Banach space. Let P;(E) = {A € P(E) : Aclosed}, P.(E) = {A € P(E) :
A convex}, Pep(E) = {A € P(E) : A compact and convex}. A multivalued mapping G : E — P(E) has a
fixed point if there is x € E such that x € G(E). The fixed point set of the multivalued operator G will be
denoted by FixG. A multivalued map G : | — P,;(R) is said to be measurable if for every y € R, the function

t—d(y,G(t)) =inf{ly —z| : z € G(t)}

is measurable.
Let X, Y be two sets, and N : X — P(Y) be a set-valued map. We define

graph(N) = {(x,y) :x€ X,y € N(X)}.
For more details on multi-valued maps see the books of Deimling [23], Aubin et al. [7, 8] and Hu and
Papageorgiou [34].
Let R > 0, and let
B={x€E :|x| <R},

and
U={x€C(JE) : x| <R},
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Clearly U = C(J, B).
For each y € C(], E), define the set of selections of F by

Sky = {v€ LYJ,E) :0(t) € F(ty(t)) ae.t € J}.

Theorem 2.2.5. ([32]]) Let E be a Banach space and C C L'(], E) be countable with |u(t)| < h(t) for a.e. t € J, and
every u € C, where h € L'(J,R+.). Then the function ¢(t) = a(C(t)) belongs to L' (], R ) and satisfies

« ({/OTu(s)ds U E C}) < Z/OToc(C(s))ds,

where w is the Kuratowski measure of non compactness.
Let us now recall the set-valued analog of Ménch'’s fixed point theorem.

Theorem 2.2.6. ([44]) Let K be a closed, convex subset of a Banach space E, U a relatively open subset of K, and
N : U — P(K). Assume that graph(N) is closed, that N maps compact sets into relatively compact sets, and that, for
some xo € U, the following two conditions are satisfied :

M C U, M C conv(xg UN(M)) —
{ and M = U withC C Mcountable ~ 1c0™Pact: (2.28)
x € (1 —A)xg+ AN(x) forallx € UNU, A € (0,1). (2.29)

Then there exists x € U with x € N(x).

Lemma 2.2.6. ([39]) Let I be a compact real interval. Let F be a Carathéodory multivalued map and let ® be a linear
continuous map from L'(I,E) — C(I, E). Then the operator

®o SF,y : C(IrE) — Pcp,C(C(I/E)>/ y— (® © SF,y)(]/) = ®(SF,y)

is a closed graph operator in C(I,E) x C(I,E).

2.3 Boundary Value Problems of Order r € (1,2]

We consider the boundary value problem

D"y(t) € F(t,y(t)), forae. t € ] =10,T], (2.30)

y(0) =0, By(n) =y(T), (2.31)

where1 <r<2,0<pp*l<1,0<n<1 Dis asin—, (E,|| - ||) is a Banach space, F : ] X E —
P(E) is a multivalued map, and P (E) is the family of all nonempty subsets of E.

2.3.1 Main Results for (2.30)-(2.31)

Let us start by defining what we mean by a solution of the problem (2.30)-(2.31).

Definition 2.3.8. A function y € AC([0,T],E) is said to be a solution of - if there exists a function
v € LY(J,E) withv(t) € F(t,y(t)), fora.e. t € ], such that D"y(t) = v(t) on ], and the condition is satisfied.

For the existence of solutions for the problem (2.30)-(2.31), we make use of the auxiliary Lemma and
Lemma([1.3.4

Theorem 2.3.7. Assume the following hypotheses hold:

(H'1) F:] xR — Pcpc(R) is a Carathéodory multi-valued map.
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(H'2) For each R > 0, there exists a function p € L(], E) and such that

[E(t, u)|lp = sup{lo|, o(t) € F(t,y)} < p(t)
foreach (t,y) € ] x Ewith |y| <R, and

lim inf =/ < oo.

T
Jo p(t)dt
R——+o0 R
(H'3) There exists a Carathéodory function i, : ] x [0,2R] — Ry such that
a(F(t,M)) < ¢(t,a(M)), a.e.t € J, and each M C B,

and the unique solution ¢ € C(], [0,2R]) of the inequality,

t
(1) < 2 { / G(t,s) (s, ¢(s))ds (2.32)
0
is¢ =0.
Then the BVP - has at least one solution on C(], B), provided that
TG*|p|lie < 1, (2.33)
where

G*= sup |G(t5)|.
(ts)€]x]

Proof. Transform the problem (2.30)-(2.31) into a fixed point problem. Consider the multivalued operator
t
Qy) = {h € C(JLE): h(t) = /0 G(t,s)v(s)ds, v e Sp,y}.

We shall show that Q satisfies the assumptions of the set-valued analog of Mdnch’s fixed point theorem. The
proof will be given in several steps.

Step 1: Q(y) is convex for each y € C(],E).

Indeed, if 11, hy belong to Q(y), then there exist v1,v; € S Fy such that for each t € ] we have

hi(t) = /Ot G(t,)vi(s)ds, i =1,2.
Let0 < d < 1. Then, for each t € |, we have
(dhi + (1 —=d)hy)(t) = /Ot G(t,s)[dv1(s) + (1 — d)vy(s)]ds.
Since S, is convex (because F has convex values), we have
diy + (1 — d)hy € Q(y).
Step 2: Q(M) is relatively compact for each compact M C U.

Let M C U be a compact set and let {h,} by any sequence of elements of Q(M). We show that {h, } has
a convergent subsequence by using the Ascoli-Arzela criterion of compactness in C(J, E). Since h, € Q(M)
there exist y, € M and v, € Sp,, such that

I (£) = /OtG(t,s)vn(s)ds.

Using Theorem and the properties of the measure of noncompactness of Kuratowski, , we have

({0} <2 | [ G'a{ (oo} )s]. (234)
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On the other hand, since M(s) is compact in E, the set {v,,(s) ;n > 1} is compact. Consequently, a({v,(s) ;n >
1}) =0forae.s €.

Now implies that{h,(t) ;n > 1} is relatively compact in E, for each t € J. In addition, for each 71, 7» €
J, 1 < &, and y € Dg, we have

Q) (r2) — Qy) (1) fo |G 7,5) — G(1,5)|[0(s)|ds
fo (5)|G(t2,8) — G(T1,5)|ds (2.35)

fo (s)ds|G(1a,s) — G(1q,8)|ds

ININA

As 71 — T, the right-hand side of the above inequality tends to zero.
This shows that {h, ;n > 1} is equicontinuous. Consequently, {h, ;n > 1} is relatively compact in C(],E).

Step 3: Q has a closed graph.

Let (yu, hn) € graph(Q), n > 1, with |y, — y||, ||hn — k|| — 0, asn — oco. We must show that (y,h) €

graph(Q).
(Yn, hn) € graph(Q) means that h, € Q(y,), which means that there exists v, € S F,yu» SUch that for each
te],

t
I (1) = / G(t,5)vm(s)ds.
J0
Consider the continuous linear operator

© : LY(J,E) = C(J,E),

@) (1) s hy(t) = /Ot G(t,5)ou(s)ds

Clearly,
|\hn(t) —h(t)|| = 0, as, n — oo.

From Lemma it follows that © o Sr is a closed graph operator. Moreover, we have
hy, (t) S ®(SF,yn )

Since y, — y, Lemma implies that

for some v € S .

Step 4: Suppose M C U, M C conv({0} UQ(M)), and M = C for some countable set C C M. Using an
estimation of type (2.35), we see that Q(M) is equicontinuous. Then from M C conv({0} UQ(M)), We deduce
that M is equicontinuous, too. In order to apply the Ascoli-Arzela theorem, it remains to show that M(t) is
relatively compact in E for each t € J. Since

C C M C conv({0} UQ(M)) and C is countable,

we can find a countable set H = {h, : n > 1} C Q(M) with C C conv({0} U H). Then, there exist y, € M
and v, € Sgy, such that

t
i (1) = / G(t,s)on(s)ds
0
From M C C C cono({0} U H)), and according to Theorem we have

a(M(t)) < («(C(t) < a(H(t) = a({ha((t) :n = 1}).

<2 [/Ot G*a({vn(s)})ds

Using(2.34), we obtain



360 Samira Hamani and Johnny Henderson / Fractional Differential Equations and Inclusions

Now, since vy, (s) € M(s), we have

-t
MMU»<2{AGWGw@ﬁn>HM%
Also, since v, (s) € M(s), we have
a({on(s); n = 1}) = a(M(s))

It follows that
a(M(t))

IN

2
2

Jo Ga(M(s))ds]
Jy G (s, a(M(s)))ds)
Also, the function ¢ given by ¢(t) = a(M(t)) belongs to C(J, [0,2R]). Consequently by (H’3), ¢ = 0; that is,

a(M(t)) =0forallt € J.
Now, by the Ascoli-Arzela theorem, M is relatively compact in C(J, E).

N

Step 5: Let € Q(y) with y € U. Since |y(s)| < R and by (H'2), we have Q(U) C U, because if it were not
true, then there exists a function y € U, but ||Q(y)||p > R and

t
mﬂ:/amw@m
JO
for some v € Sr ;. On the other hand, we have

R QW) l»

[y 1G(ts)|Jo(s)|ds
TG*||pl| -

ININA A

Dividing both sides by R and taking the lower limits as R — oo, we conclude that [TG*||p|[1~]0 > 1 which

contradicts (2.33). Hence Q(U) C U.
As a consequence of Steps 1-5 together with Theorem we can conclude that Q has a fixed point y €

C(J, B) which is a solution of the problem (2.30)-(2.31). a

2.4 Boundary Value Problems of Order r € (2, 3]

In this section,we are concerned with the existence of solutions for the boundary value problem for a fractional
differential inclusion,

D'y(t) € F(t,y(t)), fora.e. t € ] =[0,T], (2.36)

y(0) =0, y'(0) =0, y'(T) =0, (2.37)
where 2 < r < 3, D" is the Riemann-Liouville fractional derivative, F and (E, || - ||) as are in (2.30)-(2.31).

2.4.1 Main Results for (2.36)-(2.37)

Let us start by defining what we mean by a solution of the problem (2.36)-(2.37).

Definition 2.4.9. A function y € AC?([0,T],E) is said to be a solution of -[2.37) if there exist a function
v € LY(J,E) with v(t) € F(t,y(t)), fora.e. t € ], such that D"y(t) = v(t) on ], and the condition y(0) = 0, y'(0) =
0y"(T) =0.

For the existence of solutions for the problem (2.36)-(2.37), we will make use of the auxiliary Lemma|1.3.2]
and Lemma

Theorem 2.4.8. Assume (H'1)-(H'2) and the following hypothesis hold:
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(H'4) There exists a Carathéodory function i : | x [0,2R] — Ry such that
a(F(t,M)) < ¢(t,a(M)), a.e.t € ], and each M C B,

and the unique solution ¢ € C(], [0,2R]) of the inequality

¢(t) < 2y fol Jo(t=5)"9(s, (s ))

1 (2.38)
S (T v} Jo (T )3 (s, ¢(s))ds], t € ]
is¢ =0.
Then the BVP (2.36)-(2.37) has at least one solution on C(], B), provided that
T T2
N S YR ISy sy 'y 239)

Proof. Transform the problem (2.36)-(2.37) into a fixed point problem. Consider the multivalued operator

h(t) = fo (t—s) lo(s)ds—
Qz(y): hGC(],E)Z W ,UGSp,y
Jo (T =) 0(s)ds

We shall show that Q, satisfies the assumptions of the set-valued analog of Monch’s fixed point theorem. The
proof will be given in several steps.

Step 1: Q2(y) is convex for each y € C(J, E).
Indeed, if 11, hy belong to Q»(y), then there exist v1,v, € S Fy such that for each t € ] we have
hi(t) = fo v;(s)ds
W fo —5) Bv;(s)ds, i = 1,2.
Let 0 < d < 1. Then, for each t € |, we have

(A + (1 =d)a) (1) = gy Jo(t —5) " [dvr(s) + (1 = d)va(s)lds+

=1
(r 1)(r Z)F(r 2)

fo 3[dvy(s) 4+ (1 — d)va(s)]ds.

Since S,y is convex (because F has convex values), we have

dhy + (1 —d)lp € N(y).

Step 2: Q2 (M) is relatively compact for each compact M C U.

Let M C U be a compact set and let {/, } by any sequence of elements of Q,(M). We show that{h, } has a
convergent subsequence by using the Ascoli-Arzela criterion of compactness in C(], E). Since {h,} C Q2(M)
there exist {y,} € M and v, € Sf,, such that

() = w5 fO‘ )™ lo (s)ds
r—1
(t—rZ Jo (T on(s)ds.
Using Theorem and the properties of the measure of Kuratowski a, we have

a({()}) < 2|gy fpal(t—s)To <s>}>ds

el (2.40)
T r—D(r-2r(r-2) fo ) 3Un(S)})ds].
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On the other hand, since M(s) is compact in E, the set {v,,(s) ; n > 1} is compact. Consequently, a({v,(s);n >
1}) = 0fora.e. s € J. Furthermore

a({(t - S)an(S)}) = (t—s)"a({oa(s);n 21}) =0

a({(T =) ou(s)}) = (T =) 'a({va(s);n 2 1}) = 0
fora.e.t, s € J]. Now (2.40) implies that{h,(t);n > 1} is relatively compact in E, for each t € J.

In addition for each tl and t, from |, t; < tp, we have
n(t) = ha(t)] = |y Jy (02 =)0 = (01 = 5 Jon(s)ds
—i—% 2(ty — ) Loy (s)ds

+444;¢L473,ﬁ) T — ) ~3|v,(s)|ds
p

S 1
=< ﬁf —(tp—s)"']ds
m r— ld
r o t(t ) ’ (2.41)
""(f 2flrzfo —s)"3ds
< mﬂﬂm—h)+ﬂ—u+(ﬁﬁm—m
Pty
I(r-1)
< r(r(fr)l)(tz—tl) + (1 — 1)

I'(r+1)
T'p(t)(ta—t1)"~
+ (rz 1)1 :
As t; —> tp, the right-hand side of the above inequality tends to zero.This shows that {h,;n > 1} is
equicontinuous. Consequently,{h, ;n > 1} is relatively compact in C(], E).

—

Step 3: Qo has a closed graph.

Let (yn, hn) € graph(Qz), n > 1, with |y, — yl|, ||hn — h|] — 0, asn — co. We must show that (y,h) €
graph(Qy).
(Yn, hn) € graph(Q2) means that h, € Q(yx), which means that there exists v, € Sr,,, such that for each
te],

() = fg )™ 1o (s)ds
tr 1
T =D (—2)T(r-2) fO r ”(S)ds
Consider the continuous linear operator

® : LY(J,E) = C(J,E)

6(0)(t) — hn(t) = r) f() r n(s)ds

-1

R ) =) Jo (T =5)"30,(s)ds.
Clearly,
|hu(t) = h(t)|| — 0, asn — oo.

From Lemma it follows that © o Sr is a closed graph operator. Moreover, we have
ha(t) € ©(SEy, )-
Since y, — v, Lemmaimplies that
h(t) = ﬁfg (t—s)"lo(s)ds
e Jo (T =9 u(s)ds,
for some v € Sg .

Step 4: Suppose M C U, M C conv({0} U Q>(M)), and M = C for some countable set C C M. Using
an estimation of type (2.41), we see that Q»(M) is equicontinuous. Then from M C conv({0} U Q2(M)), we
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deduce that M is equicontinuous, too. In order to apply the Ascoli-Arzela theorem, it remains to show that
M(t) is relatively compact in E for each f € J. Since

C C M C conv({0} UN(M)) and C is countable,

we can find a countable set H = {h, : n > 1} C Q(M) with C C conv({0} U H). Then, there exists y, € M
and vy € Sp,, such that

B (t fo v (s)ds
W fo —5)" 30, (s)ds.
From M C C C cono({0} U H)), and according to Theorem we have
a(M(t)) < (a(e(t)) < a(H(t) = a({ha((t) : n > 1}).
Using (2.40), we obtain
w(M(D) < 2[ghy foal{(t=s) ( )})ds
~ e e Jo AT =8y ua(s)})ds.

Now, since v, € M(s) we have

a(M(t)) < Z[ﬁ fot ({(t—s)r_l ( )'” > 1})ds
TN —2T—2) Jo )" on(s); n > 1})ds].

Also, since v, (s) € M(s) we have

a({(t =) "ou(s); n > 1}) = (t =) a(M(s))

and
a({(T —s)"Tou(s); n 2 1}) = (T — )" a(M(s)).
It follows that
a(M(t) < 2[ghy folt—s) (M ())ds
M(J“ﬁfo a(M(s))ds]
< 2l ot ¥(s, a(M ()))ds

D fo — ) (s, a(M(5)))ds]

Also, the function ¢ given by ¢(t) = a(M(t)) belong to C(], [0,2R]). Consequently by (H'4), ¢ = 0, that is
a(M(t)) =0forallt € J.
Now, by the Ascoli-Arzela theorem, M is relatively compact in C(J, E).

Step 5: Let h € Qy(y) with y € U. Since |y(s)| < R and (H'2), we have N(U) C U, because if it is not true,
then there exists a function y € U but ||Q2(y)||p > R and

h(t) = F(r fo v(s)ds
r—1
(t—rZIO S0 (s)ds,
for some v € Sg ;. On the other hand we have
R < HQz( )||7>
<l dolt = ol
T
(r O(r—2)I(r fo —5)"|o(s)|ds
< rr+1 fo Sds
T =D(r— 2 (r—1) fO
T
< {F(Prl) = } v
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Dividing both sides by R and taking the lower limits as R — oo, we conclude that

2 . . —_— —
[F(IH) + (r—l)(r—Tz)r(r—l)} 6 > 1 which contradicts (2.39). Hence Q,(U) C U.

As a consequence of Steps 1-5 together with Theorem [2.2.6, we can conclude that Q, has a fixed point
y € C(J, B) which is a solution of the problem (2.36)-(2.37).

O
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Abstract

In this paper, we deals with the second order neutral functional difference equation of the form

A(r(n)A(x(n) —p(n)x(n = 1)) +q(n)f(x(n —0)) =0; n=>mny (*)

where {r(n)}, {p(n)} and {g(n)} are sequences of real numbers, T and ¢ are positive integers and f : R — R
is a real valued function. We determine sufficient conditions under which every solutions of (x) is either
oscillatory or tends to zero.

Keywords: Oscillation, nonoscillation, second order, neutral, delay difference equations.
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1 Introduction

In this paper we deals with the second order neutral functional difference equation of the form

A (r(m)A(x(n) = p(n)x(n = 1)) +q(n)f(x(n —0)) =0; n>mng (1.1)

where A is the forward difference operator defined by Ax(n) = x(n+ 1) — x(n), T and ¢ are positive integers,
{r(n)}, {p(n)} and {q(n)} are sequences of real numbers, and f : R — R is a continuous function.
Throughout this paper we assume the following conditions to be hold:

(i) {g(n)} is a sequence of nonnegative real numbers and {q(n)} is not identically zero for sufficiently large
values of n;

(ii) {p(n)} is a sequence of nonnegative real numbers and there exist a constant p such that 0 < p(n) < p <
L

(iii) {r(n)} is a sequence of positive real numbers;
(iv) there exist a constant k such that @ >k >O0forallu # 0.
Let {x(n)} be a real sequences. We will also define a companion or associated sequence {z(n)} of it by
z(n) = x(n) = p(n)x(n—1), n=no. (12)

Let = max {7,c}. For any real sequence {¢(n)} defined in ny — 0 < n < ny — 1, the equation (1.1) has a
solution {x(n)} defined for n > ng and satisfying the initial condition x(n) = ¢(n) forng —6 <n <mng—1. A

*Corresponding author.
E-mail address: amurugesan3@gmail.com (A. Murugesan) and ammuthu75@gmail.com (K. Ammamuthu).
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solution {x(n)} of equation (1.1) is oscillatory if it is neither eventually positive nor eventually negative and
nonoscillatory otherwise.

In this paper we establish sufficient conditions for the oscillation of solutions to (1.1) under the following
two cases:

=1
and
ad 1

Recently, there has been much interest in studying the oscillatory and asymptotic behaviour of difference
equations; see, for example, [3-10] and the references cited therein. For the general theory of difference
equations one can refer to [1,2].

In [7], sternal et al. established sufficient conditions for every bounded solutions of (1.1) is either oscillatory
are tends to zero as n — oo under the conditions (1.3) and

Rath et al. in [6] established sufficient conditions under which every solution of (1.1) is oscillatory are
tends to zero as n — .

In [5] we established sufficient conditions for oscillation of all solutions of the equation (1.1) where {p(n)}
is a nonnegative real sequence.

In this paper our aim is to determine sufficient conditions under which every solution of (1.1) is oscillatory
or tends to zero as n — oo. Our established results are discrete analogues of some well-known results due to
[8].

In the sequel, for our convenience, when we write a fractional inequality without mentioning its domain
of validity are assume that it holds for all sufficiently large values of n.

2 Some Useful Lemmas

In this section, we state and prove the following lemmas which are useful in proving our main results of
this paper.

Lemma 2.1. [3] Let {x(n)} be an eventually positive solutions of (1.1) and {z(n)} be its associated sequence defined
by (1.2). If {Az(n)} is eventually negative or limsup,,_, ., x(n) > 0, then z(n) > 0, eventually.

Lemma 2.2. Assume that (1.3) holds. Let {x(n)} be an eventually positive solution of (1.1) such that
limsup, . x(n) > 0. Then its associated sequence {z(n)} defined by (1.2) satisfies z(n) > 0,r(n)Az(n) > 0 and
A(r(n)Az(n)) < 0 eventually.

Proof. Assume that {x(n)} is an eventually positive solution of (1.1) such that limsup,_, ., x(n) > 0. Then it
follows from (1.1) that A(r(n)Az(n)) = —gq(n)x(c(n)) < 0. Consequently {r(n)Az(n)} is decreasing and thus
either Az(n) > 0 or Az(n) < 0, eventually. If we let Az(n) < 0, then by Lemma 2.1, z(n) > 0 eventually. Then
also r(n)Az(n) < —c < 0 and summing this from n; to n — 1, we have

n—1
1

< — R — .

z(n) < z(ny) cSZEnlr(s)% 0 s 1 — oo

This contradicts the positivity of {z(n)} and hence Az(n) > 0. Since limsup,, ., x(1n) > 0, by Lemma 2.1 we
have z(n) > 0 eventually and the proof is complete. O
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3 Main Results

In this section, we derive sufficient conditions for oscillation of all solutions of (1.1). For the sake of
convenience we use the following notations.

Q(n): = min{q(n),q(n - 1)}
(An(n)), = max{0,An(n)}

n—1 1
R = L6y

and
B = Lo

[ee)
n=ny

Theorem 3.1. Assume that (1.3) holds and o > T. Suppose that there exist a positive real valued sequence {1(n)}
such that

n—1 _ s 2
hl;ln_f;lp ; ki](S)Q(S) _ (1+P)7’(5 41;7()55(A77( ))+) — 0. (31)

Then every solution of (1.1) is either oscillatory or tends to zero.

Proof. Assume the contrary. Without loss of generality we may suppose that {x(n)} is an eventually positive
solution of (1.1) such that limsup,, ., x(n) > 0 and let {z(n)} be its associated sequence defined by (1.2).
Then there exists an integer n; > ng such that x(n) > 0, x(n —7) > 0, x(n — ) > 0 and z(n) > 0 for all
n > nq. Then from (1.1), we have

A(r(n)Az(n)) < —kq(n)x(n —0) <0, n>ny. (3.2)

This shows that {r(n)Az(n)} is a decreasing sequence. Then by Lemma 2.2, z(n) > 0 and Az(n) > 0,
eventually. Now from (3.2), we have

A(r(n)Az(n)) + pA(r(n — t)Az(n — 1)) + kg(n)x(n — o) + pkg(n — t)x(n — 7 —0) <O0.

A(r(n)Az(n)) + pA(r(n — 1)Az(n — 7)) + kQ(n)z(n — o) < 0. (3.3)
Define a sequence {u(n)} by A
() = () "TEE, 64

Clearly u(n) > 0. Taking difference on both sides of (3.4) and using the fact, from (3.2) that Az(n — o) >
r(n+1)Az(n+1)

, we have
r(n—o)

n(n) w (n+1)  un+1
Au(n) < (n) z(n—o0) _172(n+1) r(n—o) +11(n+1)A’7(n)

Ar(m)dz(n))  p(mud(n+1)  u(n+1)
< n(m) zin—0c) 2+ Dr(n—o) + nn+1) (B(m))+- (35)
Similarly we introduce another sequence {v(n)} defined by
o(n) =y DA D) (36)

z(n—0)
Then v(n) > 0. Taking difference on both sides of (3.6), by (3.2) and o > T, we see that

rin—t+1)Az(n—1t+1)

Az(n—0) > i —0)

7
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and
A(r(n —t)Az(n — 1)) nn) v*(n+1) on+1)
Mol <)== =5y~ Pw+D) o) T gmr )"
A(r(n —1)Az(n — 1)) nn) o*(n+1)  on+1)
< 77(") Z(i’l—(T) - Wz(n+1) 1’(1’1 —(7') + 17(71+1) (Aﬂ(n))Jr (37)

From (3.5) and (3.7) we have

A(r(n)Az(n))
z(n — o)

A(r(n —T)Az(n — 1))

Au(n) + pAo(n) < n(n) z(n— o)

+ pn(n)

w(n+1) o(n+1)
+ pﬂ(n + 1) (Aﬂ(n))Jr

—p 2’7(") v*(n+1) (3.8)

n?2(n+1) r(n—o0)
In view of (3.3) and the above inequality, we have
u(n+1)(An(n))y _ n(mu*(n+1)

Au(n) + pAo(n) < —kQ(n)n(n) + n(n—+1) 2+ 1)r(n—o)

n(n)o*(n+1)

p(An(n))
T P172(1’l+1)7’(71—(7)

i+ 1) v(n+1)—

< —kip(n)Q(n) + (1+p)

Summing the above inequality from n; ton — 1, we get

n—1

mm+meMmHmm0—2[M@m@—

S=m

(1+p)r(s —a((An(n))+)?
4n(s)

which implies that

n—1 r(s — 2
s;nl kﬂ(S)Q(S) _ (1+P) (S 4’7025()(A77(S))+)

]SuW0+pMm)

which contradicts (3.1). This completes the proof. O

Choosing #7(n) = R(n — o + 1). By Theorem 3.1, we have the following results.

Corollary 3.2. Assume that (1.3) holds and o > . If

. = 1+
ll?joljp s:Zn;U kR(s —o+1)Q(s) — rE ;)R(spz il 00. (3.9)

Then every solution of (1.1) is either oscillatory or tends to zero.

Corollary 3.3. Assume that (1.3) holds and o > 1. If

liminf — nz—l R(s —o+1)Q(s) > Ltp (3.10)
n—eo InR(n—0) S 4k 7 '

then every solution of (1.1) is either oscillatory or tends to zero.
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Proof. We can easily prove that (3.10) yields that there exists a constant € > 0 such that for all large n,

1 nl 1+p
- R(s — 1 F
InR(n—0) s;g (s—o+1)Qls) > k€
which follows that
= 1+p
Y R(s—o+1)Q(s) — <) InR(n—0) >elnR(n—o0),
e 4k
that is )
n— 1 _,_p
R(s —o+1)Q(s) — ] >elnR(n—o0)
S:Zn:o dkr(s —o)R(s — o +1)
1+
- % InR(ng — ). (3.11)
Now it is clear that (3.11) implies (3.9) and the assertion of Corollary 3.3 follows from Corollary 3.2. O

Corollary 3.4. Assume that (1.3) holds and o > . If

1+p

lim inf [Q(H)RZ(H—U-FUV(TI—(T)} T

n—oo

(3.12)

then every solution of (1.1) is either oscillatory or tends to zero.
Proof. It is easy to verify that (3.12) yields the existence of € > 0 such that for all large 7,

Qn)R*(n—o+1r(n—o) > 12_7;? +e.

Dividing the above inequality by R(n — ¢ + 1)r(n — o), we have

1+p €

QUIR( =0+ 1) = R o+ r(n —0) = R(u 0 + Dr(n —0)’

which implies that (3.9) holds. Therefore by Corollary 3.2, every solution of (1.1) is either oscillatory or tends
to zero. O

Next, choosing 7 (1) = n. By Theorem 3.1, we have the following result.

Corollary 3.5. Assume that (1.3) holds and o > 1. If

n—1
limsup Y. [st(S) _ 14 P} — o, (3.13)
n—oo s=ng 45

then every solution of (3.13) is either oscillatory or tends to zero.

[ee]
n=ny

Theorem 3.6. Assume that (1.4) holds and o > T. Suppose that there exists a positive real valued sequence {1(n)}
such that (3.1) holds and

n—1
lir;lj:jp S:Xn:(, [kQ(S)ﬁ(s +1)— 41’(5;5_'—&_1)} = o0. (3.14)

Then every solution of (1.1) is either oscillatory or tends to zero.

Proof. Assume the contrary. Without loss of generality we may suppose that {x(#)} is an eventually positive
solution of (1.1) such that limsup,,_, . x(n) > 0. Let {z(n) } be the sequence defined by (1.2). Then by Lemma
2.1, z(n) > 0, eventually. Then there exists an integer 17 > ng such that x(n) > 0, x(n —7) >0, x(n —0) > 0
and z(n) > 0, for all n > n;.

Clearly we can see that {r(n)Az(n)} is nonincreasing sequence eventually. Consequently, it is easy to
conclude that there exist two possible cases of sign of {Az(n)}, thatis, Az(n) > 0or Az(n) < 0forn > ny > ny.
If Az(n) > 0, then we are back to the case of Theorem 3.1, and we can get a contradiction to (3.1). If Az(n) < 0,
then we define the sequence {u(n)} by

u(n) = ———=%, n>ny. (3.15)
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Clearly u(n) < 0, Noting that {r(n)Az(n)} is nonincreasing, we have
r(s)Az(s) < r(n)Az(n), s>n > ny.

Dividing the above inequality by r(s) and summing from n to | — 1, we get
2(1) < z(n) +r(m)Az(n) ¥ —, 1=n>m

Letting | — oo in the above inequality, we have
0 <z(n)+r(n)Az(n)p(n), n > ny.

Therefore

From (3.15), we have

Similarly, we introduce another sequence {v(n)} by

r(n—1)Az(n — 1)
z(n) ’

v(n) = n > np.

Clearly ov(n) < 0. Noting that {r(n)Az(n)} is nonincreasing, we
r(n —1)Az(n — 1) > r(n)Az(n). Then v(n) > u(n). From (3.16), we obtain

—1<vovn)B(n) <0, n>ny.
Taking difference on both sides of (3.15), we have

rin n M21’l
s = D) _ 800)

Again, taking difference on both sides of (3.17), we obtain

A(r(n =T)Az(n — 1)) v*(n)
S T) )

From (3.19) and (3.20), we can obtain

A(r(n)Az(n)) (r(n —1)Az(n — 1)) uz( n) vz(n)
) P () () Pl

Au(n) + pAv(n) <

(3.16)

(3.17)

have

(3.18)

(3.19)

(3.20)

(3.21)

On the other hand, proceed as in the proof of Theorem 3.1, we have that (3.3) holds. Therefore by (3.3) and

(3.21), we get
w(n)  0*(n)

OO
Multiplying by B(n + 1) on (3.22) and summing from 7, to n — 1, we have

Au(n) + pAv(n) < —kQ(n) —

n—1
[B(n)u(n) — p(n2)u(n2)] — ) 1 u(s)AB(s) + p [B(n)v(n) — B(nz)v(nz)]
s=npy+
n—1 n—1 n—1 uZ(S)
—p Z 1v(s)A,B(S) +k Z Q(s)B(s+1) + Z o) B(s+1)
s=np+ s=ny S§=n3

+PZ ﬁ(s+1)<0

= O

(3.22)
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or w1
[B(m)u(n) — B(n2)u(n)] + ) l((s))+P[[3(n)v(n) Bnz)v(n2)]
s=npy+
5 Y Y e+ nf w(s)Bls +1)
s=np+1 1’(5) s=np+1 s=np+1 T(S)
. ”i 02(5)523+1) -
s=npy+1
or
=l Tu(s u%(s)B(s
Bt + pp(on)] + T |+ RS
s=np+
+p nZ_l [v((ss + vz(s)ﬁ(@)ﬂ)} +k ni Q(s)B(s +1)
s=np+1 s rs s=npy+1
< B(n2)u(nz) + pB(nz)v(nz)
or
n—1
Blryeto) + ppmo()] + T RQOB(s + 1)~ s
s=np+
< B(n2)u(nz) + pp(n2)o(nz).

By (3.16) and (3.18) we obtain a contradiction with (3.14). This completes the proof. O

Corollary 3.7. Assume that (1.4) holds and o > t. Furthermore assume that one of conditions (3.9), (3.10), (3.12) and
(3.13) holds, and one has (3.14). Then every solution of (1.1) is either oscillatory or tends to zero.

Theorem 3.8. Assume that (1.4) holds and o > . Suppose that there exists a positive real sequence {17(n)},_, such
that (3.1) holds, and
n—1
limsup Y B%(s+1)Q(s) = co. (3.23)

n—oo s=ng

Then every solution of (1.1) is either oscillatory or tends to zero.

Proof. Assume the contrary. Without loss of generality we may suppose that {x(n)} is an eventually positive
solution of (1.1) and let {z(n)} be its associated sequence defined by (1.2). Then by Lemma 2.1, z(n) > 0,
eventually. Then there exists an integer n; > ng such that x(n) > 0, x(n —7) > 0, x(n —0¢) > 0and z(n) > 0
for all n > nq. Also we see that {r(n)Az(n)} is nonincreasing eventually. Consequently, it is easy to see that
there exist two possible cases of the sign of {Az(n)}, thatis, Az(n) > 0 or Az(n) < 0 forn > ny > ny. If
Az(n) > 0, then we have back to the case of Theorem 3.1 and we can get a contradiction to (3.1). If Az(n) < 0,
then we define the sequences {u(n)} and {v(n)} as in Theorem 3.6. Then proceed as in the proof of Theorem
3.6, we obtain (3.16), (3.18) and (3.22).
Multiplying (3.22) by g2(n + 1) and summing from 1, to n — 1 yields,

2
B (n)u(n) — B*(n2)u(n) + 2 Zl Z;;jﬁig
s=npy+ S=np
2 S
+pB2(n)o(n) — pp2(n2)v(m) +2p 21<2 +p244£L:2
s=ny+ 5=y
+k ni B (s +1)Q(s) <0 (3.24)

S=Hp
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If follows from (1.4) and (3.16) that

o u(s)B(s+1) o |u(s)B(s)] o 1 o
L | S e S
" u?(s)pA(s + 1) ())& 1
L S L g L=

In view of (3.18), we get

s=np+1 T’(S) s=np+1 7’(5) s=np+1 7’(5)
2 v2(s)BA(s + 1) 2 v2(s)B(s) _ & 1
D R Ve SRR V5 B

From (3.24), we have

lim sup ’f B(s+1)Q(s) < oo,

n—oo  s=pn,

which is a contradiction with (3.23). This completes the proof. O

Corollary 3.9. Assume that (1.4) holds and o > 7. Suppose also that one of conditions (3.9), (3.10), (3.12) and (3.13)
holds and one has (3.23). Then every solution of (1.1) is either oscillatory or tends to zero.

In the following, we give some new oscillation results for (1.1) when o < 1.
Theorem 3.10. Assume that (1.3) holds and o < T. Moreover, suppose that there exists a positive real valued sequence

{n(n)},_,, such that

n—1 r(s —

Then every solution of (1.1) is either oscillatory or tends to zero.

Proof. Assume the contrary. Without loss of generality we may suppose that {x(n)} is an eventually positive
solution of (1.1) such that limsup,,_, x(1) > 0 and let {z(n)} be its associated sequence defined by (1.2).
Then by Lemma 2.2 z(n) > 0 and Az(n) > 0 eventually. Then there exists an integer n; > ng such that
x(n) >0,x(n—1) >0,x(n—0) > 0and z(n) > 0 for all n > ny. Similar to the proof of Theorem 3.1, there
exists an integer 1, > 17 such that (3.3) hold for n > n,. Define a sequence {u(n)} by

r(n)Az(n)
z(n—1)

u(n) =1(n)

Then u(n) > 0. Taking difference on both sides of (3.26), by (3.2), we get

, 2. (3.26)

r(n)Az(n)
Az(n—1) > Tn—1)
and
n(m)A(r(n)dz(n))  ymu(n+1)  u(n+
Au(n) < z(n — 1) B2n+1)r(in—1) nn+ )Aiy(n)
n(m)A(r(n)dz(n))  ymu*(n+1) u(n+1)
= z(n—1) B n?(n+1)r(n—1) + n(n+1) (A (n))+- (3.27)

Also we define an another sequence {v(n)} by

n—1)Az(n—1)
z(n— 1)

v(n) = q(n)r( , n>np. (3.28)

Note that o < 7. The rest of the proof is similar to that of the Theorem 3.1 and so is omitted. This completes
the proof. O
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Corollary 3.11. Assume that (1.3) holds and o < . If

n—1 1+ p
lim su kR(s —t+1)Q(s) — = o0, 3.29
Hmps;‘,o ( Q) 4r(s—T)R(s—1+1) (3.29)
then every solution of (1.1) is either oscillatory or tends to zero.
Corollary 3.12. Assume that (1.3) hold and o < 7. If
1 n—1 1 + p
liminf ——/— R(s — 1 — .
im in nR(1—7) s:Zn:O (s—7+1)Q(s) > T (3.30)
then every solution of (1.1) is oscillatory or tends to zero.
Proof. By Corollary 3.11, the proof is similar to that of Corollary 3.3, we omit the details. O
Corollary 3.13. Assume that (1.3) holds and o < . If
o 1+p
2
lggglf (Q(n)R (n—T—I—l)r(n—T)) > (3.31)
then every solution of (1.1) is either oscillatory or tends to zero.
Proof. By Corollary 3.11, the proof is similar to that of Corollary 3.4 and so is omitted. O
Next, choosing 7 (1) = n. From Theorem 3.8 we have the following result.
Corollary 3.14. Assume that (1.3) holds and o < . If
n—1
: r(s — 1)
limsu ksQ(s) — (1 + = 00, (3.32)
msup Y |ksQ(s) — (14+9)7

then every solution of (1.1) is either oscillatory or tends to zero.

Theorem 3.15. Assume that (1.4) hold and o < t. Further suppose that there exists a positive real valued sequence
{17(1’1)};0:”0 such that (3.25) holds. Suppose also that one of (3.14) and (3.23) holds. Then every solution of (1.1) is
either oscillatory or tends to zero.

Proof. Assume the contrary. Without loss of generality we may suppose that {x(n)} is an eventually positive
solution of (1.1) such that limsup,, . x(n) > 0 and let {z(n)} be its associated sequence defined by (1.2).
Then by Lemma 2.1, z(n) > 0, eventually. Then there exists an integer n; > ng such that x(n) > 0,
x(n—1) > 0,x(n—0) > 0and z(n) > 0 for all n > ny. In view of (3.2), {r(n)Az(n)} is nonincreasing
eventually. Consequently, it is easy to conclude that there exists two possible cases of the sign of {Az(n)}.
Thatis, Az(n) > 0 or Az(n) < 0 forn > ny > ny. If Az(n) > 0, then we are base to the case of Theorem 3.10. If
Az(n) < 0, then by the proof of Theorem 3.6 or Theorem 3.8, we can obtain a contradiction to (3.14) or (3.23)

respectively. The proof is complete. O

Corollary 3.16. Assume that (1.4) holds and o > T. Suppose that one of conditions (3.29), (3.30) and (3.32) holds, and
one has (3.14) or (3.23). Then every solution of (1.1) is either oscillatory or tends to zero.

4 Some Example

In this section we give some examples to illustrate our results.

Example 4.1. Consider the following second order neutral delay difference equation

Al(n +20)A(x(n) — p(n)x(n —7))] +

p— Uf(x(n —-0))=0, n=0,1,2,.. 4.1)
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where 0 < p(n) < p < 1, T and o are positive integers with a > 1,r(n) =n+20, q9n) =

f(x) = x(1+ x?). Take y(n) = n + o, we have k = 1, Q(n) = Now

7I+T

(1+p)r(s =) ((Ay(s)+)?
47 (s)

n—1
limsup ) [kn(s)Q(s) —

n—0o00  g—(

for A > 1%’7. Hence by Theorem 3.1, every solution of (1.1) is either oscillatory or tends to zero.

Example 4.2. Consider the following second order neutral delay difference equation

A
Al(n+1)A(x(n) — p(n)x(n—1))] + o ((x(n —o)(1+x*(n— (7))) =0,
n=12,..
where 0 < p(n) < p < 1, T and o are positive integers with o < T, r(n) = n+1, q(n) =
A
— n

Clearly, Q(n) Now
n—1
limsup ) {st(s) - <1Zp) r(SS_T)}

n—oo  g—1

n—1
= limsup Z [)\— (wﬂ
n—oo  g—1 4

= o

for A > 1+p . Hence by Corollary 3.14, every solution of (4.2) is either oscillatory or tends to zero.

Example 4.3. Consider the following second order neutral delay difference equation

Ale"A(x(n) — p(n)x(n —1))] +e*"x(n —2)(1+x2(n —2)) =0, n=0,1,..

where 0 < p(
Qn) = =2

)<p<lr7t and o are positive mtegers witho > 1,r(n) =e
,B(n+1) = FIE=E Clearly, Y370 -7y y < e Also

n—1
limsup Y B%(s +1)Q(s)

n—oo  g—(

-1
1
= limsup 2 25762572

n—o0  g—( 1)2
= o

Also,

liminf {Q(n)R2(n —oc+1)r(n— 0')}

n—oo

= liminf [ 2R%(n — 1)r(n — 2)}

n—oo

r 2
= liminf |2 el e 2
n—00 en1(e—1)

Fio,n _ 1\2
= liminf ue”_2
n—oo | (6—1)2
1
> 7+P
€

Then by Corollary 3.9, every solution of (1.1) is either oscillatory or tends to zero.

i’l-‘rlT’

A > 0and

(4.2)

%,/\>Oandk:1.

(4.3)

,q(n) = e2" and k = 1. We have,
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Abstract

In this article, we analysis the oscillatory properties of first order neutral difference equations with positive
and negative variable coefficients of the forms

m k
Alx(n) + p(n)x(n — 1) + Ziqi(n)x(n —0;) — X‘{ ri(n)x(n—p;) =0, n=0,12.., (%)
i= j=
and
m k
Alx(n) + p(n)x(n+1)] + Z%qi(n)x(n +0;) — Z;rj(n)x(n +pj) =0, n=0,12,.., (%)
i= j=

where {p(n)} is a sequence of real numbers, {g;(1)} and {rj(n)} are sequences of positive real numbers, T
is a positive integer, o; and p; are nonnegative integers, fori =1,2,..,mand j = 1,2,...,k. We established
sufficient conditions for oscillation of solutions to (x) and (xx).

Keywords and Phrases:  Oscillatory properties, neutral, delay, advanced, difference equation, positive and negative
coefficients.

AMS Subject Classifications (2010): 39A10, 39A12. (©2012 MJM. All rights reserved.

1 Introduction

In this article, we analysis the oscillatory properties of the first order neutral delay and advanced difference
equations with several positive and negative coefficients of the forms

m k
Alx(n) + p(n)x(n — 1) + X%qi(n)x(n —0;) — Xirj(n)x(n -pj)) =0, n=0,12,., (1.1)

i= j=

and ;
Alx(n) + p(n)x(n+1)] + Z;qi(n)x(n +0;) — Z; ri(m)x(n+p;) =0, n=0,12,., (1.2)

1= ]:

where A is the forward difference operator defined by Ax(n) = x(n +1) — x(n), {p(n)} is a sequence of real
numbers, {g;(n)} and {rj(n)} are sequences of positive real numbers, 7 is a positive integer, and ¢; and p; are
nonnegative integers fori = 1,2,..,mand j = 1,2, ..., k.

*Corresponding author.
E-mail address: amurugesan3@gmail.com (A. Murugesan) and sksv07@gmail.com (K. Shanmugavalli).
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Throughout the paper we assumed that there exist a constant p such that —1 < p < p(n) < 0; eventually
and {p(n)} is monotonically.

In the last many years there has been an improving curiosity in the work of the oscillation concept of
neutral difference and differential equations. The oscillation and asymptotic properties of these equations has
been used in many areas of applied mathematics, such as population dynamics [4], stability theory [12,13],
circuit theory [3], bifurcation analysis [2], dynamical behavior of delayed network systems [14] and so on.

In [11], Ogiinmez et al. established sufficient conditions for oscillation of all solutions of (1.1) and (1.2)
when p =0, m = k, q;(n) = q; and rj(n) = r;. In [8], we derived sufficient conditions for oscillation of all
solutions of the equations (1.1) and (1.2) for the cases —1 < p < 0, m = k, g;(n) = g; and rj(n) = r;. The
results obtained in [8] improves the results in [11]; In [9], we derived sufficient conditions for oscillation of all
solutions of the equations (1.1) and (1.2) for the cases p(n) = p with —1 < p < 0.

For the general background of difference equations, one can refer to the books [1,5] and the papers [2-4,
6-14] and reference cited therein. Our main aim in this paper is to obtain the sufficient conditions for the
oscillation of all solutions of equations (1.1) and (1.2).

Let n* = max {7,030} fori = 1,2,..,mand j = 1,2..,. k. A solution of (1.1) on N(ng) = {ng,no +1,...} is
defined as a real sequence {x(n)} defined for n > ny — n* and which satisfies (1.1) for n € N(ng). A solution
{x(n)} of (1.1) on N(ny) is said to be oscillatory if for every positive integers Ny > ny, there exists n > Ny
such that x(n)x(n + 1) < 0, otherwise {x(n)} is said to be nonoscillatory.

Furthermore, unless otherwise stated, when we write a functional inequality it indicates that it holds for
all sufficiently large values of n.

2 Some Useful Lemmas

The following lemmas are very useful to prove our main results.

Lemma 2.1. Let {x(n)} be an eventually positive solution of the delay difference equation

Alx(n) + p(n)x(n — )] + iqi(n)x(n —0;) =0. 2.1)

Set

z(n) = x(n) + p(n)x(n — 7). (2.2)
Then z(n) > 0and Az(n) < 0 eventually.
Proof. From (2.1) and (2.2), we obtain

Z qi(n)x(n— o) < 0. 2.3)

This shows that {z(n)} is a decreasing sequence.
Then either z(n) > 0 or z(n) < 0 eventually. If z(n) < 0, then

x(n) < —p(n)x(n — 1) < —px(n - 1)
or
x(n+kt) < (—p)*x(n),
which implies that x(n) — 0 as n — oco. Since {p(n)} is bounded, we have z(n) — 0 as n — oo and

consequently z(n) > 0, eventually.
This completes the proof. O

Lemma 2.2. [6] Assume that

7 m r
(m Z liminfa;(n) > 1, (2.4)
i=1
where a;(n) > 0,1 < i < rand m = minj<j<, m;. Then the delay difference inequality

.
Ax(n) + ) aj(n)x(n—m;) <0; n=0,1,2,.., (2.5)
i=1

has no eventually positive solution.



380 A. Murugesan et al. / Oscillation conditions for first order neutral...

Lemma 2.3. Let {x(n)} be an eventually positive solution of the neutral advanced difference equation

Alx(n) + p(n)x(n +1)] qu x(n+0;) =0; n>n. (2.6)
Set
z(n) = x(n) + p(n)x(n+ 7). (2.7)
If
Yo Y qi(n) = +oo, 2.8)
n=ngp j=1

then z(n) > 0 and Az(n) > 0 eventually.

Proof. From (2.6) and (2.7), we have

Z gi(n)x(n+0;) > 0. 2.9)

This shows that {z(n)} is an increasing sequence. Then either z(1n) > 0 or z(n) < 0, eventually.
If z(n) < 0, then
x(n) < —p(n)x(n +7) < ¥(n + 7).
This shows that {x(n)} is bounded from below by a positive constant, say M.
From (2.9), we have
m
Az(n) > M ) qi(n), (2.10)
i=1

which, in view of (2.8), implies that z(n) — +o0 as n — +oco. This is a contradiction and this completes the
proof. O

Lemma 2.4. [8] Consider the advanced difference inequality

m

E (n+0;) >0, n>ng. (2.11)
If

0-0' m . .

where 0 = miny <<y, 0;, then (2.11) cannot have an eventually positive solution.

3 Sufficient Conditions for Oscillations of Equation (1.1)

In this section, we establish sufficient conditions for the oscillation of all solutions of the neutral delay
difference equation (1.1).

Theorem 3.1. Assume that Ap(n) < 0and m = k. Suppose that fori = 1,2,...,m, 0; = p;, 0; > T, q;(n) —ri(n) >0
and not identically zero and

qi(n) —ri(n) =2 qi(n — ) —ri(n — 7). 3.1)
Suppose that fori =1,2,..,m
! o —1t+1 m . o
(0 -7+ 1), Y liminf 9:(n) —1i(n) > 1, (3.2)
(0 =) -t o oo \1+pn—c+1—0)
where
¢ = min o; and o= max 0.
1<i<m 1<i<m

Then every solution of (1.1) is oscillatory.
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Proof. Assume the contrary. Without loss of generality, we suppose that {x(n)} is an eventually positive
solution of (1.1) and let {z(n)} be its associated sequence defined by (2.2). Then by Lemma 2.1, z(n) > 0 and
Az(n) < 0, eventually.

Then the equation (1.1) becomes,

Az(n) = Y- (rs(n) — qu(m))x(n - ). 63)
Set

y(n) =z(n) + p(n —o)z(n — 7). (3.4)
Then

IN
0=
—~
=3
—~
=
~—
=
—~
=
~—
~—
=
—~
=
I
[
~

Ay(n)

= 3 (1) — gi(m)z(n — ) <0, 5)

This shows that {y(n)} is a decreasing sequence. By applying the procedure used in Lemma 2.1, we can easily
show that y(n) > 0, eventually.
Now, from (3.4), we have

y(n)
T p(n o) <z(n-1), (3.6)
or
y(n+7—0ai) <z(n-o;). (3.7)

1+pn—c+7—0;) ~
Using (3.7) in (3.5), we have

Ay(n)+i_i<1+;lé£1”1;:i(:)_m)>y(n—(Ul-— ) <O0. (3.8)

In view of (3.2) and Lemma 2.2, the delay difference inequality (3.8) has no eventually positive solution, which
contradicts the fact that y(n) > 0, eventually.
This completes the proof. O

Theorem 3.2. Assume that Ap(n) < 0and m = k. Suppose that

(i) there exists a partition of the set {1,2, ..., m} into two disjoint subsets I and | such that i € I implies 0; > p; and
j € J implies oi = pj;

(ii) gi(n) =qi(n) —ri(n —0; + p;) > 0 and not identically zero fori =1,2,...,m;
and

(iii) gi(n) > gi(n—71)and o; > tfori =1,2,...,m.

Suppose further that
n—1
Y. )Y ri(s) <1+p(n) (3.9)
icl s=n—o;+p;
and

(0.’ _T+1)vl—r+1 m

imi 8i(n)
(0 —1)7 -7 ;h}mg}f <1+p(n+r—a—ai)> > 1, (3.10)

/ .
where 0 = minj <<y, 0; and 0 = maxi<j<y, 0.
Then every solution of (1.1) is oscillatory.
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Proof. On the contrary, we assume without loss of generality that {x(n)} is an eventually positive solution of
(1.1). Set

n—1

z(n) =x(n)+pn)x(n—1) — Z Z ri(s)x(s — pi)- (3.11)
i€l s=n—o;+p;
Then by Lemma 2.1 in [10], z(n) > 0 and Az(n) < 0 eventually.
Now,
AZ(Tl) = _Zqz 1’1—0’1 +i7’z ”_Pz
i=1
- Zfz x(n—p;) + ) ri(n — o+ pi)x(n — ;)
i€l iel
= _iqi(n) x(n —o; +Z7’z —0; +pi)x(n —0;)
i=1
Az(n) = — igi(n)x(n —0;). (3.12)
i=1
Set
y(n) =z(n)+pn—o)z(n—1) (3.13)

where ¢ = maxj<j<y, 0;. Then

Ay(n) < Az(n)+pn—o)Az(n—1)

< - Lsintn =) = pln—o)

s

I
—

gi(n—1)x(n —1—0;)
< = Y in)lx0n— ) + pln — 0)x(n — T~ y)

= igi(n)[x(n —03) + p(n—o)x(n— 7 —03)]

= —Zg, z(n — ;) <0. (3.14)

This shows that {y(n)} is a nonincreasing sequence. We claim that y(n) > 0, eventually.
Otherwise y(n) < 0. This implies that

z(n) < —p(n—0o)z(n—1) < —pz(n — 1)

and hence we have z(n) — 0 as n — oo. Since {p(n)} is bounded, we have y(n) — 0 as n — oo, which is a
contradiction.
From (3.13), we get

or

<z(n-—o;) (3.15)

Using (3.15) is (3.14), we have

+1:21 1+pn+(:)_g o) y(n—(0i—1)) <0. (3.16)

By Lemma 2.2 and (3.10), the delay difference inequality (3.16) has no eventually positive solution, which
leads to a contradiction.
This completes the proof.
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Theorem 3.3. Assume that Ap(n) < 0. Suppose that

(i) there exists a positive integer I < m and a partition of the set {1,2, ..., k} into | disjoint subsets |1, J, ..., J; such
that j € J; implies p; < 03;

(i) gi(n) = qi(n) — Lyej, ru(n — 0i + pu) > 0 and are not identically zero for i = 1,2,...,1, gi(n) = q;(n) for
i=14+1,..,.m

and

(iii) gi(n) > gi(n—7)ando; > tfori=1,2,..,m

Suppose further that
l n—1
Y)Y Y ri(s) <1+p(n), eventually (3.17)
i=1je]; s=n—0o;+p;
and

_ —T+1 m .
(U T+1)° Z lim inf ( 8i(1) ) > 1, (3.18)
) -t H noe \1+pn+t—0—0;)

/ .
where 0 = min| <<y, 0; and 0 = maxj<j<y, 0.
Then every solution of (1.1) is oscillatory.

/

(o' —

Proof. Assume the contrary. Without loss of generality we may suppose that {x(n)} is an eventually positive
solution of (1.1). Set

! n—1
z(n) =x(n)+pm)x(n—1) =Y. Y Y ru(s)x(s — pu). (3.19)
i=1u€j; s=n—o;+py
Then
Az(n) = Alx(n)+p(n)x(n —1)]
1 n n—1
- Yy Y. ru(s)x(s—pu) — Y rul(s)x(s — pu)
i=lu€]; |s=n+1—0;+pu S=Nn—0;+pu
k
= _2% n_‘Tz —|—2rj(n)x(n—pj)
i=1 j=1
1
- ;Z} x(n—py) = ru(n — oj + pu)x(n — 0;)]
= iql x(n—o; —|—Z%Z}run—(fl+pu) x(n—oy)

m
Az(n) = =) gi(n)x(n—o;) <O0. (3.20)
i=1
This shows that {z(n)} is nonincreasing sequence. By Lemma 2.1 in [10], we can show that z(n) > 0,
eventually.
Set

y(n)=z(n)+pn—1)z(n—r1), (3.21)
where ¢ = maxj<j<, 0.
Then

Ay(n) < Az(n)+pn—o)Az(n—r1)

= Y gi(nx(n—c)— pln—0)

i=1 i

agB

gi(n—1)x(n—1—0;)

I
—
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M

< =) gi(n)z(n—0;) <0. (3.22)

i=1

Clearly {y(n)} is a nonincreasing sequence. By applying the procedure in Theorem 3.2, we can easily show
that y(n) > 0, eventually.

Again from (3.21)
y(n) < (14 p(n—0))z(n—1)
or ( |
yin+1t—o0; ‘
TTp(ndi—c—0) <z(n—0). (3.23)
Using (3.23) in (3.22), we obtain
8i(n) o
*Z 1+pn+f_a o )y = ei=7)) <0 (3.24)

But in view of Lemma 2.2 and (3.18), the delay difference inequality (3.24) has no eventually positive solution.
This contradiction compelets the proof. O

4 Sufficient Conditions for Oscillation of Equation (1.2)

Theorem 4.1. Assume that Ap(n) > 0 and m = k. Suppose that for i = 1,2,..,m, 0; = p;, p;i > T, hi(n) =
ri(n) — g;(n) > 0and are not identically zero, and h;(n) > h;(n + 7).

Suppose further that
o0 m
Z Zhl(n) = 400 (4~1)
n=0i=1
and
I p/—’r m )
(b -1 Y liminf ( hi(n) ) >1, 4.2)
(pl—T—l)‘D —T1-1 = noee 1+p(n+p—f+pi)

where p/ = min)<j<,, p; and p = MaxXj<j<y ;-
Then every solution of (1.2) is oscillatory.

Proof. For the sake of contradiction, without loss of generality, we may suppose that {x(n)} is an eventually
positive solution of (1.2).
Set

z(n) = x(n) + p(n)x(n+ 7). (4.3)
Then from (1.2) and (4.3), we obtain

m
Az(n) =Y hi(n)x(n+p;) > 0. (4.4)
i=1
This shows that {z(n)} is an eventually increasing sequence. Then by
Lemma 2.3, the sequence {z(n)} is an eventually positive.
Set
y(n) = z(n) + p(n+p)z(n + 1) (4.5)

where p = maxj<j<y, p;- Then
Ay(n) > Az(n)+p(n+p)Az(n+7)

hi(n)x <n+pl>+p<n+p>i 0+ T)x(n + pr 4 7)

|
AM§

Il
—_

v
=

I
—

hi(n) [x(n + p;) + p(n + p:)x(n + p; + 7))
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m

=) hi(n)z(n+p;) > 0. (4.6)

i=1

This shows that {y(n)} is an increasing sequence. But in view of (41) and
Lemma 2.3, we get y(n) > 0, eventually.
From(4.5), we have

y(n)
m <z(n+1) (4.7)
or
M TH0) < 2nt i) (438)

L+pn+tp—T1+p) ~
Using (4.8) in (4.6), we obtain

( hi(n)
I+pn+p—1+pi

Ay(n) —

) [NagE

)>y(”+Pi—T)>0- (4.9)
Butin view of (4.2) and Lemma 2.4, the advanced difference inequality (4.9) cannot have an eventually positive
solution. This is a contradiction and this completes the proof. O
Theorem 4.2. Assume that Ap(n) > 0and m = k. Suppose that

(i) there exist a partition of the set {1,2, ..., m} into two disjoint subsets I and | such that i € I implies p; > 0; and
J € ] implies p; = 03;

(ii) hi(n) =ri(n) — qi(n+ p; — 0;) > 0and are not identically zero fori = 1,2, ...,m;
(iii) hi(n) > hi(n+ 1) and p; > Tfori =1,2,..m.

Suppose further that
i i hi(n) = +oo (4.10)
n=0i=1
and /
e B (e ) @

where pl = min)<j<,, p; A1d p = Maxj<i<y O;-
Then every solution {x(n)} of (1.2) is either oscillatory or liminf,, . x(n) = 0.

Proof. On the contrary we may assume, without loss of generality that {x(n)} is an eventually positive
solution such that

ligicgfx(n) > 0. (4.12)
Set
n+p;—0o;—1
z(n) =x(n) +pn)x(n+1) — 2 Z gi(s)x(s + o). (4.13)
el s=n
Then from (1.2) and (4.13), we have
m
Az(n) = =) qi(n)x(n+o;) +Zrl x(n+pi)
i=1 i=1
- Zqi(n"‘Pi_‘Tz) (n+pi) +qu x(n +0;)
iel i€l
= *ZQ1”+PZ 0i)x (”+pl +27’1 ”+Pz)
i=1 i=1

= ihi(”)x(nﬂi) > 0. (4.14)
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This shows that {z(n)} is a nondecreasing sequence.

Then either
nlgroloz(n) = +oco (4.15)
or
nh_r)r(}oz(n) =LeR. (4.16)

Assume that (4.16) holds. But in view of (4.10) and (4.12), and from (4.14), we have
lim z(n) = +oo,
n—o0
which is a contradiction to the assumption and so (4.15) holds. Thus we have z(n) > 0. eventually. Set

y(n) =z(n) + p(n+p)z(n +7) (417)

where p = max;<j<, ;- Then

Ay(n) = ilhxn)x(nm) +p(n+p) ilhi(n L o)x(n 4 T4 py)
> Y hin)z(n +p1) > 0. (418)

I
—

1

This shows that {y(n)} is an increasing sequence. By repeating the steps followed in the Theorem 4.1, we can
easily show that y(n) > 0, eventually.
Again from (4.17), we have

y(n)
m < Z(n + ‘L')
or
YT o, (4.19)

1+pn—1t+p+pi) ~
Using (4.19) in (4.18), we obtain

N

L ( hi(n)

— i) >0; 4.20
1+P(”_T+P+Pi)>y(n e = “20

Ay(n) —
i=1

But in view of (4.11) and the Lemma 2.4, the advanced difference inequality (4.20) cannot have an eventually
positive solution. This is a contradiction and this completes the proof. O

Theorem 4.3. Assume that Ap(n) > 0. Suppose that

(i) there exist a positive integer | < k and a partition of the set {1,2,...,m} into | disjoint subsets Iy, I, ..., I; such
that i € I; implies p; > 0y;

(i) aj(n) = rj(n) — Liel, qi(n+pj—07) > 0forj =1,2,..,1 and are not identically zero and a;(n) = r;(n) for
j=1+1,..,k

(iii) pj > Tforj=1,2,..k;

(iv) aj(n) > aj(n+7)forj=1,2,..,k

Suppose further that
o k
liminfa;(n) > 1 (4.21)
L, L liminta
and )
L\ -T k )
0 =" " Y limint %(n) >1 (4.22)
(0 —t—1)p w1 e \1+pn—T+p—p))

where p' = ming <<k pj and p = maxi<j<k Pj-
Then every solution {x(n)} of (1.2) is either oscillatory or liminf, . x(n) = 0.
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Proof. On the contrary, without loss of generality that we may suppose that {x(n)} is an eventually positive
solution such that

liﬂiolgfx(n) > 0. (4.23)
Set
1 n+pj—0o;i—1
z(n) =x(n)+pmx(n—1)=3} ), Y a(s)x(s+a). (4.24)

j=lie I s=n
Then from (1.2) and (4.24), we have

k
Az(n) = *qu x(n+0;) + Y ri(n)x(n+p))
j=1
- Z%ZI qi(n+pj — oi)x(n+ p;) — qi(n)x(n + 0;))
] 1SS
= ZT] n—|—p] lel% n+pj— ;)X (”"’P])
] 1€
k
+ ) ri(mx(n+p))
=111
or )
Az(n) =Y aj(n)x(n+p;j) > 0. (4.25)
=1

This shows that {z(n)} is an increasing sequence. In view of (4.21) and (4.23) and from (4.25), we obtain
z(n) — 400 as n — oo. Since {z(n)} increases to +00. We have z(n) > 0, eventually.
Set

y(n) = z(n) + p(n+p)z(n +7), (4.26)

where p = max; <<k pj. Then

Ay(n) > Az(n)+pn+p)Az(n+ 1)
k Kk
= Z x(n+p)) +p(n+p)Z; aj(n+1)x(n+7+p;))
: ]_

or

Ay(n) >

VM»

aj(n)z(n+p;) > 0. (4.27)
1

]
Since {y(n)} is increasing, z(n) — o0 as n — co and z(n) > 0 eventually, we can easily show from (4.27), that
y(n) — oo as n — oo and consequently y(n) > 0, eventually.
From (4.26), we have

y(n)
m < z(n + T)
or
y(n =+ pj) <z(n+p;). (4.28)

I+pn+p—1+p;) ~
Using (4.28) in (4.27), we have

. aj(n)

Ay(n) — ! (n+p;—1)>0. (4.29)
y ]§<1+p(n‘(+pj+ﬁ)>y Pi

This shows that the difference inequality (4.29) has an eventually positive solution {y(n)}. On the other hand,

in view of (4.22) and Lemma 2.4, the advanced difference inequality (4.29) cannot have an eventually positive

solution, which leads to a contradiction. This completes the proof. O

Conclusion: We presents sufficient conditions for oscillation of all solutions of first order neutral delay
and advanced difference equations with positive and negative variable coefficients. Our results improves the
earlier results in the literature.
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Numerical Investigation of the Nonlinear Integro-Differential Equations

using He’s Homotopy Perturbation Method
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Abstract

In this paper, He’s Homotopy Perturbation Method (HHPM), by construction, produces approximate
solutions of nonlinear integro-differential equations [2]. The purpose of this paper is to extend the He’s
Homotopy Perturbation method to the nonlinear integro-differential equations. Efficient error estimation
for the He’s Homotopy Perturbation method is also introduced. Details of this method are presented and
compared with Single-Term Haar Wavelet Series (STHWS) method [2] numerical results along with estimated
errors are given to clarify the method and its error estimator.

Keywords: Integro-Differential Equations, Nonlinear integro-differential equations, Single-term Haar wavelet
series, He’s Homotopy Perturbation Method.
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1 Introduction

Mathematical modelling of real-life problems usually results in functional equations, like ordinary or
partial differential equations, integral and integro- differential equations, stochastic equations. Many
mathematical formulations of physical phenomena contain integro-differential equations, these equations
arise in many fields like fluid dynamics, biological models and chemical kinetics. Integro-differential
equations are usually difficult to solve analytically so it is required to obtain an efficient approximate
solution [6].

Nonlinear phenomena are of fundamental importance in various fields of science and engineering. The
nonlinear models of real-life problems are still difficult to solve either numerically or theoretically. There
has recently been much attention devoted to the search for better and more efficient solution methods for
determining a solution, approximate or exact, analytical or numerical, to nonlinear models, [1,8,9].

In this article we developed numerical methods for nonlinear IDEs to get discrete solutions via He’s
Homotopy Perturbation method which was studied by S. Sekar et al. [3]4]. The subject of this paper is to
try to find numerical solutions of nonlinear integro-differential equations using He’s Homotopy Perturbation
method and compare the discrete results with the single-term Haar wavelet series method (STHWS) which is
presented previously by Sekar et al. [2]. Finally, we show the method to achieve the desired accuracy. Details
of the structure of the present method are explained in sections. We apply He’s Homotopy Perturbation
method and STHWS methods for nonlinear IDEs. In Section 4, it’s proved the efficiency of the He’s Homotopy
Perturbation method. Finally, Section 5 contains some conclusions and directions for future expectations and
researches.

*Corresponding author.
E-mail address: sekar nitt@rediffmail.com (S. Sekar), thirumuruganas08@gmail.com (A. S. Thirumurugan).
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2 He’s Homotopy Perturbation Method

In this section, we briefly review the main points of the powerful method, known as the He’s homotopy
perturbation method [2]. To illustrate the basic ideas of this method, we consider the following differential
equation:

A(u) — f(t) =0,u(0) = up, t € Q) (2.1)

where A is a general differential operator, 1 is an initial approximation of Eq. (2.1), and f(t) is a known
analytical function on the domain of (). The operator A can be divided into two parts, which are L and N,
where L is a linear operator, but N is nonlinear. Eq. (2.1) can be, therefore, rewritten as follows:

L(u)+ N(u) — f(t) =0
By the homotopy technique, we construct a homotopy U(t, p) : Q) x [0,1] — R, which satisfies:
H(U,p) = (1= p)[LU(t) — Luo(t)] + p[AU(t) — f()] = 0,p € [0,1],t € O (22)
or
H(U,p) = LU(t) — Lug(t) + pLug(t) + p[NU(t) — f(t)] =0,p € [0,1],t € O (2.3)

where p € [0,1] is an embedding parameter, which satisfies the boundary conditions. Obviously, from Egs.
or we will have H(U,0) = LU(t) — Lug(t) = 0, H(U,1) = AU(t) — f(t) = 0.

The changing process of p from zero to unity is just that of U(t, p) from ug(t) to u(t). In topology, this
is called homotopy. According to the He’s Homotopy Perturbation method, we can first use the embedding
parameter p as a small parameter, and assume that the solution of Egs. or can be written as a power
seriesin p :

U= Y p"U,= U+ ply + p*lUr + p°Us + ... (2.4)
n=0
Setting p = 1, results in the approximate solution of Eq.(2.1)

Ut)y=limU=Uy+ U + Uy + U3z + ...
p—1
Applying the inverse operator L~! = fot (.)dt to both sides of Eq. , we obtain

U(t) = u(o) + /Ot Luo(t)dt — p/ot Luo(t)dt — p[/ot(NU(t) — ())dt] 2.5)

where U(0) = u.
Now, suppose that the initial approximations to the solutions, Lug(t), have the form

Luo(t) = Y- auPu(t) 6
n=0

where &, are unknown coefficients, and Py(t), Py (t), P»(t), ... are specific functions. Substituting (2.4) and (2.6)
into (2.5) and equating the coefficients of p with the same power leads to

PO Up(t) = uo + Yo gan [y Pa(t)dt

pliUL() = — Xogan [y Pa(t)dt — [5 (NUg(t) — f(t))dt
p?: Up(t) = — [y NUy(t)dt 2.7)

plUi(t) = — [y NUj_q(t)dt

Now, if these equations are solved in such a way that U () = 0, then Eq. results in Uy () = Uy(t) =
Us(t) = ... = 0 and therefore the exact solution can be obtained by using

U(t) = Ug(t) = o+ " /0 Py (1)t 2.8)
n=0
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It is worth noting that, if U(t) is analytic at t = fg, then their Taylor series
U(t) =Y an(t —to)"
n=0

can be used in Eq. (2.8), where ag, a1, a2, ... are known coefficients and «; are unknown ones, which must be
computed.

3 General format for nonlinear integro-differential equations

The equation is of the form [3]

t

0
ﬁu(x, t) + - Ru(x,s)ds = g(x,t) (3.9)

is an example of general nonlinear integro-differential equations defined on a Hilbert space. In the equation

R is a nonlinear operator that contains partial derivatives with respect to x and g is an inhomogeneous term.
On particular interest is the following special case (3.9) becomes.

t
—u(x,t) — /n:oa(t - s)%a(%u(x,s))ds =g(x1),0<x<1,0<t<T (3.10)

with the initial condition
u(x,0) = f(x) (3.11)

The problem arises in the theory of one-dimensional viscoelasticity [3]. It is also a special model for one
dimensional heat flow in materials with memory [3].

A numerical solution to the nonlinear problem given by and was obtained using Galerkin’s
method [7]. In this paper, the STHWS method and He’s Homotopy Perturbation method are described and
applied to compute numerical solutions to (3.10) and (3.11). It will be shown that the algorithms are efficient
and accurate with only two or three iterations.

4 Numerical Experiments

Different forms of the kernel a(.) and the nonlinear function ¢(.) [7] in are considered. The
inhomogeneous term g(x,t) and initial condition f(x) in (3.11) are also chosen appropriately so that exact
solutions are available. The exact solutions are then compared with the numerical solutions derived through
the STHWS method and He’s Homotopy Perturbation method.

4.1 Example
In this example [5], a(¢) = e~ ¢, 0(Z) = 22, g(x,t) = e~ Ot 4 2e72¥ (¢~ — ¢=2!) and the initial condition
u(x,0) = e~ *. With these choices, (3.10) and (3.11) become

9 t Jd ., 90
_ —(t—s) 2 _ o (x+t) —2x(,—t _ =2t —x
atu(x,t) /o e ax[(axu(x,s)) lds=e +2e (e e ), u(x,0)=e

The exact solution for this problem is u(x, t) = e~ (*+f)

4.2 Example

In this example [5], a({) = e=%, 0(7) = {2, g(x,t) = cos(x +t) + L[sin2(x +t) — cos2(x + t) — e~ (sin2x —
cos2x)] and the initial condition u(x,0) = sinx.

The exact solution for this problem is u(x, t) = sin(x + t)

Table 1 shows the errors between the exact solution and numerical solutions. The above examples 4.1 and
4.2 has been solved numerically using the STHWS method [2] and He’s Homotopy Perturbation method. The
obtained results (with step size x = 0.2 and t = 0.01) along with exact solutions of the examples 4.1 and 4.2,
absolute errors between them are calculated and are presented in Table 1. A graphical representation is given
for the nonlinear integro-differential equations in Figures 1 and 2, using three-dimensional effect to highlight
the efficiency of the He’s Homotopy Perturbation method.
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Table 1: Numerical results for the Examples 4.1 and 4.2

Exact Solution STHWS Error HHPM Error
t  Example4.1 Example4.2 Example 4.1 Example 4.2 Example 4.1 Example 4.2
0.0 0.99005 0.29552 1.63E-04 1.00E-05 1.63E-06 1.00E-07
0.2 0.81058 0.47943 2.77E-04 2.62E-04 2.77E-06 2.62E-06
0.4 0.66365 0.64422 3.43E-04 3.48E-04 3.43E-06 3.48E-06
0.6 0.54335 0.78333 4.63E-04 4.18E-04 4.63E-06 4.18E-06
0.8 0.44486 0.89121 5.48E-05 5.42E-04 5.48E-07 5.42E-06
1.0 0.36422 0.96356 6.11E-05 6.62E-04 6.11E-07 6.62E-06

5 Conclusion

The obtained results (approximate solutions) of the nonlinear integro-differential equation [2] show that
the He’s Homotopy Perturbation method works well for finding the solution. The efficiency and the accuracy
of the He’s Homotopy Perturbation method have been illustrated by suitable examples. From the Table
1, it can be observed that for most of the time intervals, the absolute error is less in the He’s Homotopy
Perturbation method when compared to the single term Haar wavelet series method [2], which yields a small
error, along with the exact solutions. From the Figures 1 - 2, it can be predicted that the He’s Homotopy
Perturbation method solution match well to the problem when compared to the single term Haar wavelet
series method [2]. Hence the He’s Homotopy Perturbation method is more suitable for studying the nonlinear
integro-differential equation.

The researcher has successfully introduced He’s Homotopy Perturbation method which has been
exclusively developed for solving nonlinear integro-differential equation. Finally, in this paper, it is
concluded that from the Table and Figures, which indicate the error to be almost, less with the nonlinear
integro-differential equation using He’s Homotopy Perturbation method.
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Abstract

In the present paper the concept of soft almost semi-continuous mappings and soft almost semi-open
mappings in soft topological spaces have been introduced and studied.
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1 Introduction

The theory of soft set was proposed by Molodtsov in 1999 [10]. It is a method for handling uncertain
data. In 2011 Shabir and Naz [11] initiated the study of soft topological spaces. Many researchers worked
on the findings of structures of soft set theory ,soft topology and applied to many problems having
uncertainties.Theoretical study of soft sets and soft topological spaces have been by some authors in [1},3, 5~
7,10/ 11} [13H15].In 2013, Chen [2] introduced the concept of soft semi-open sets and soft-semi-closed sets in soft
topological spaces.The section 2, of this paper gives the basic concept of soft set theory and soft topology.In
section 3, we define the concepts of soft almost continuous mappings.It is shown that every soft almost
continuous mapping is soft almost semi continuous and the example shows that the converse may not be
true.Several characterization and properties of soft almost continuous mappings in soft topological spaces
have been studies in this section. Section 4, introduces and studied soft almost open mappings.Last section
give the conclusion of this paper.

2 Preliminaries

Let U is an initial universe set, E be a set of parameters , P(U) be the power set of U and A C E.

Definition 2.1. [10] A pair (F, A) is called a soft set over U, where F is a mapping given by F: A — P(U). In other
words, a soft set over U is a parameterized family of subsets of the universe U. For all e € A, F(e) may be considered as
the set of e-approximate elements of the soft set (F, A).

Definition 2.2. [6] For two soft sets (F, A) and (G, B) over a common universe U, we say that (F, A) is a soft subset of
(G, B), denoted by (F, A) C (G,B), if:

(@ ACBand
(b) F(e) C G(e) foralle € E.

*Corresponding author.
E-mail address: samajh_singh@rediffmail.com (S. S. Thakur), alpasinghrajput09@gmail.com (Alpa Singh Rajput). dhakadmr@gmail.com
(M.R. Dhakad ).
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Definition 2.3. [I6]l Two soft sets (F, A) and (G, B) over a common universe U are said to be soft equal denoted by (F, A)
=(G,B)If(F,A) C (G, B) and (G, B) C (F, A).

Definition 2.4. [7]] The complement of a soft set (F, A), denoted by (F, A)°, is defined by (F, A)¢ = (F'°, A), where F* :
A — P(U) is a mapping given by F°(e) = U — F(e), foralle € E.

Definition 2.5. [[6] Let a soft set (F, A) over U

(@) Null soft set denoted by ¢ if for alle € A, F (e) = ¢.

(b) Absolute soft set denoted by U, if for each e € A, F(e) = U
Clearly, Ue = ¢ and ¢° = U.

Definition 2.6. [1] Union of two sets (F, A) and (G, B) over the common universe U is the soft (H, C), where C = A U
B,and foralle € C,
F(e), ifee A—B
H(e) = ¢ G(e), ifee B—A
F(e)UG(e), ifecANB
Definition 2.7. [1] Intersection of two soft sets (F, A) and (G, B) over a common universe U, is the soft set (H, C) where
C=AnNBand H(e) = F(e) N G(e) for each e € E.

Let X and Y be an initial universe sets and E and K be the non empty sets of parameters, S(X, E) denotes
the family of all soft sets over X and S(Y, K) denotes the family of all soft sets over Y.

Definition 2.8. [11] A subfamily T of S(X, E) is called a soft topology on X if:
1. ¢, X belong to 7.
2. The union of any number of soft sets in T belongs to T.
3. The intersection of any two soft sets in T belongs to T.

The triplet (X, 7, E) is called a soft topological space over X. The members of T are called soft open sets in X and their
complements called soft closed sets in X.

Definition 2.9. If (X ,7, E) is soft topological space and a soft set (F, E) over X.
(@) The soft closure of (F, E) is denoted by CI(F,E) is defined as the intersection of all soft closed super sets of (F, E) [11]].
(b) The soft interior of (F, E) is denoted by Int(E,E) is defined as the soft union of all soft open subsets of (F, E) [14].

Definition 2.10. [14] The soft set (F, E)e S(X, E) is called a soft point if there exist x € X and e € E such that F(e) =
{x} and F(¢’) = ¢ for each ¢’ € E — {e}, and the soft point (F, E) is denoted by (z.)g.

Definition 2.11. [[14] The soft point (x.) g is said to be in the soft set (G, E), denoted by (z.)r € (G, E) if (ze)r C
(G,E).

Definition 2.12. [2,[13] A soft set (E,E) in a soft topological space (X,t,E) is said to be :
(a) Soft regular open if (F,E)= Int(CI(F.E)).
(b) Soft reqular closed if its complement is soft regular open.
(c) Soft semi-open if (FE) C Cl(Int(EE)).
(d) Soft semi-closed if its complement is soft semi-open.

Remark 2.13. [4} [13] Every soft reqular open (resp. soft reqular closed) set is soft open (resp. closed) and every soft
open (resp. closed) set is soft semi-open (resp. semi-closed) but the converses may not be true.

Definition 2.14. [2l] Let (F,E) be a soft set in a soft topological space (X ,7,E).

(a) The soft semi-closure of (F, E) is denoted by sCI(F,E) is defined as the smallest soft semi-closed set over which
contains (F, E).

(b) The soft semi-interior of (F, E) is denoted by sInt(E,E) is defined as the largest soft semi-open set over which is
contained in (F, E).
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Definition 2.15. [5] Let S(X,E) and S(Y,K) be families of soft sets. Let u: X — Y and p: E — K be mappings. Then a
mapping fpu: S(X, E) — S(Y, K) is defined as :
(i)Let (F, A) be a soft set in S(X, E). The image of (F, A) under f,,, written as f,,, (F, A) = (fpu(F), p(A)), is a soft

set in S(Y,K) such that

Ueep— u(F(e)), p~1(k)NA#¢

Fou(F) (k) = { rmiona 1

o, pH(kNA=¢
Forall k € K.
(ii) Let (G, B) be a soft set in S(Y , K). The inverse image of (G , B) under f,,, written as

u'G(p(e)), ple)eB

o, otherwise

o (G)(e) = {

Foralle € E.

Definition 2.16. [I8[12] Let (X,7,E) and (Y,v,K) be a soft topological spaces. A soft mapping fp., : (X,7,E)=(Y,v,K) is
said to be :

(a) Soft almost continuous if f,,!'(G, K) is soft open in X, for all soft regular open set (G,K) in Y.

(b) Soft almost open if fp,, (F, E) is soft open in Y, for all soft regular open set (F, E) in X.

(c) Soft semi-continuous mapping if f,.'(G, K) is soft semi-open in X , for all soft open set (G,K) in Y.

(d) Soft semi-open if fp,, (F, E) is soft semi-open in Y , for all soft open set (F, E) in X.

(e) Soft semi-irresolute if f,,!'(G, K) is soft semi-open in X , for all soft semi-open set (G, K) in Y.

3 Soft Almost Semi-Continuous Mappings

Definition 3.1. A soft mapping fp. : (X ,7,E) = (Y,9,K) is said to be soft almost semi-continuous if the inverse image
of every soft reqular open set over Y is soft semi-open over X.

Remark 3.2. Every soft almost continuous mapping is soft almost semi-continuous but converse may not be true.

Example 3.3. Let X = {x1, 22 }, E={e1, ex }and Y = {y1, y2}, K= {k1, k2 }. The soft sets (Fy,E), (F5,E), (F5,E),
(G1,K),(G2,K) are defined as follows :

Fi(e1) =¢, Fi(eg) = {z1},
Fyler) = {z}, Fy(eg) = ¢,
Fs(e1) = {z1}, Fs(eg) = {z1},
Gi(k) ={wn}, Gi(ka) ={y2},
Ga(ki) = {y2}, Ga(ks) = {1}

Let 7= {¢, (F\,E),(Fy,E), (F3,E), X } and v = {¢ ,(G1,K),(G2,K), Y } are topologies on X and Y respectively. Then
soft mapping fp., : (X,7,E) = (Y,u,K) defined by u(x1) = y1, u(za) = yo and pley ) = ki, plea ) = ko is soft almost
semi-continuous mapping not soft almost continuous.

Remark 3.4. Every soft semi-continuous mapping is soft almost semi-continuous but converse may not be true.

Example 3.5. Let X = {1, zo,x3} , E={e1, e2 yand Y = {y1, y2,y3}, K= {k1, k2 }. The soft set (G,K) is defined as
follows :

G(k:l) = {y1} ’ G(k'Q) = ¢

Lett={¢, X },and v ={¢ (GK),Y } are topologies on X and Y respectively. Then soft mapping fo. : (X,7,E)
— (Yu,K) defined by u(x1) = y1 , u(xe) =y, u(xg) = y3 and pley )= ki1, plez ) = ko is soft almost semi-continuous but
not soft semi-continuous.

Theorem 3.6. Let f,, : (X ,7,E) = (Y,9,K) be a soft mapping. Then the following conditions are equivalent:

(a) fpu is soft almost semi-continuous.

(b) [ (G,K) is soft semi-closed set in X for every soft regular closed set (G,K) in Y.

(©) f,.! (AK) C sInt(f,, (Int(CI(A,K)))) for every soft open set (A,K) in Y.

(d) sCI(f,,1(Cl(Int(G,K)))) C f,,}(G,K) for every soft closed set (G,K) in Y.

(e) For each soft point (x.) g over X and each soft reqular open set (G,K) over Y containing f,, ((xe) ) there exists
a soft semi-open set (F.E) over X such that (z.)g € (FE) and (EE) C f};}(G,K).
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(f) For each soft point (x.) g over X and each soft reqular open set (G,K) over Y containing f,.((x.) ) there exists a
soft semi-open set (F,E) over X such that (x.)g € (FE) and fp,(FE) C (GK).

Proof: (a)<(b) Since f,,! ( (G, K)%) = (f,,}(G, K))€ for every soft set (G,K) over Y.

(a)=(c) Since (A,K) is soft open set over Y, (A,K) C Int(CI(A,K)) and hence, fp‘u1 (A,K) C fljul(lnt(Cl(A,K))).Now
Int (CI(A,K)) is a soft regular open set over Y. By (a), f,,! (Int(CI(A,K))) is soft semi-open set over X. Thus, f,,' (A,K)
C fou! (Int(CI(A,K) ) = sInt(f,,} (Int(CI(A,K)))).

(c)=(a) Let (AK) be a soft reqular open set over Y, then we have fpj} (AK) C sInif(f][;L1 (Int(CI(A,K)))) =
sInt( fZ;} (A,K)).Thus, fpj} (A,K) = sInt( fpj} (A,K)) shows that fpj} (A,K) is a soft semi-open set over X.

(b)=(d) Since (G,K) is soft closed set over Y, Cl(Int(G,K)) C (G,K) and fz;} (Cl(Int (G,K))) C f;;} (G,K).
Cl(Int(G,K)) is soft regular closed set over Y. Hence, f, '(Cl(Int(G,K) is soft semi-closed set over X.Thus,
sCI(f,, 1 (Cl(Int(G,K))) = f,,}(Cl(Int(G,K))) C f,.} (GK).

(d)=-(b) Let (G,K) be a soft reqular closed set over Y,then we have sCl(fp*u1 (G,K)) = sCl(f;ul (Cl(Int(G,K)))) C p’ul
(G,K) .Thus, sCI( fZ;} (G,K)) C fI;} (G,K), shows that fpj} (G,K) is soft semi-closed set over X.

(a)=(e) Let (z.)gbe a soft point over X and (G,K) be a soft regular open set over Y such that f,,((z.)g) € (GK),
Put (FE) = fI;}(G,K) .Then by (a), (FE) is soft semi-open set, (x.) g€ (FE,E) and (FE) C f;}(G,K).

(e)=(f) Let (z.) g be a soft point over X and (G,K) be a soft reqular open set over Y such that f,,((x.)g). By (e) there
exists a soft semi-open set (F,E) such that (z.)g € (FE), (EE) C f;}(G,K). And so , we have (z.)g € (FE), fpu(EE) C
Soul 1 (GK)) C (GK).

(A=(a) Let (G,K) be a soft regular open set over Y and (x.) g be a soft point over X such that (xz.)g€ f,,'(G,K).Then
Soul(xe)E) € fpul f(G,K)) C(G,K). By (f) there exists a soft semi-open set (F,E) such that (x.) g € (FE) and fp,(FE)
C(G,K) .This shows that (xz.)p € (FE) C f,,/(G,K). it follows that f,,'(G,K) is soft semi-open set and hence f,,} is soft
almost semi-continuous.

Definition 3.7. A soft topological space (X ,7,E) is said to be soft semiregular if for each soft open set (E,E) and each soft
point (z.)g € (EE), there exists a soft open set (G,E) such that (z.)g € (G,E) and (G,E) C Int(Cl(G,E)) C (EE).

Theorem 3.8. Let fy,, : (X ,7,E) = (Y,9,K) be a soft mapping from a soft topological space (X ,r,E) to a soft semiregular
space (Y,0,K).Then fp,, is soft almost semi-continuous if and only if fp,, is soft semi-continuous.

Proof: Necessity: Let (x.) g be a soft point in X and (F,K) be a soft open set in Y such that fp.( (z.)r) € (FK) .Since
(Y,9,K) is soft semiregular there exists a soft open set (G,K) in Y such that f,,((z.)g) € (G,K) and (G,K) C Int(Cl(G,K)
C (EK). Since Int(CI(G,K)) is soft regular open in Y and f,, is soft almost semi-continuous,by theorem [3.6| (f) there
exists a soft semi-open set (A,E) in X such that (z.)g € (A,E) and f,,,(AE) Int(CI(G,K)).Thus, (A,E) is soft semi-open
set such that (z.)g € (A,E) and f,,,(A,E) C (EK). Hence by theorem [26] [2]], fp., is soft semi-continuous.

Sufficiency : Obuvious.

Lemma 3.9. If f,,, : (X ,7,E) = (Y,9,K) be a soft mapping and fp, is a soft open and soft continuous mapping then
fou (G,K) is soft semi-open in X for every (G,K) is soft semi-open in Y.

Proof: Let (G, K) is soft semi-open in Y.Then, (G, K) C Int(Cl(Int(G,K))).Since f,, is soft continuous we
have, f,,/(G,K) C f,.}(Int(Cl(Int(G,K)))) C Int(f,, (Cl(Int(G,K)))).By the openness of fp, we have f, ' (Cl(Int(G,K)))
- Cl(flztl(lnt(G,K))). Again  f, is soft continuous fp‘ul(lnt(G,K)) - Int(f@l(G,K)).Thus, fzjul(G,K)g
Int(Cl(Int( f,,1(G,K)))).

Consequently, f,.!(G,K) is soft semi-open in X.

Theorem 3.10. If soft mapping fp, v, : (X ,7,E) — (Y,9,K) is soft open soft continuous and soft mapping g, :(Y,9,K)
— (Z,n,T) is soft almost semi-continuous, then gp,u, 0fp,u, : (X ,7,E) = (Z,n,T) is soft almost semi-continuous.
Proof : Suppose (U,T) is a soft regular open set in Z. Then g, ", (U,T) is a soft semi-open set in Y because gp,u,
is soft almost semi-continuous. Since fp, ., being soft open and continuous.By lemma ( ooy (90, (ULT)) is soft
semi-open in X. Consequently, gp,u, 0fpyu, : (X ,7,E) = (Z,n,T) is soft almost semi-continuous.
Lemma 3.11. If (A,E) be a soft semi-open set over X and (Y,E) is soft open in a soft topological space (X ,,E). Then
(A,E) N (Y,E) is soft semi-open in (Y,E).
Proof: Obvious.

Theorem 3.12. Let fp,, : (X ,7,E) — (Y,9,K) be a soft almost semi-continuous mapping and (A,E) is soft open set in X,
Then fp./ (AE) is soft almost semi-continuous.

Proof : Let (G,K) be a soft regular open set in Y then f,.,' (G,K) is soft semi-open in X. Since (A,E) is soft open in
X, By lemma (AE) N [ (GK) = [fpu/(A, E)| " (GK) is soft semi-open in (A,E). Therefore, fyu/ (AE) is soft
almost semi-continuous.
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4 Soft Almost Semi-Open Mappings

Definition 4.1. A soft mapping fp. : (X ,7,E) = (Y,9,K) is said to be soft almost semi-open if for each soft regular open
set (EE) in X, fyu(FE) is soft semi-open in Y.

Remark 4.2. Every soft almost open is soft almost semi-open but converse may not be true.

Example 4.3. Let X={x1, 22} ,E={e1,ea }and Y ={y1,y2}, K= {k1, ko }. The soft sets (F},E) ,(F»,E) ,(G,K)
are defined as follows :

Fi(e1) ={z1}, Fi(eg) ={x2},
Fs(eq) = {xa}, Fs(es) = {x1},
Gi(k1)=¢ Gi(k2) ={wn1},

Ga(k1) = {y1} Ga(ks) = ¢,

Gs(ki) ={y1} Gs(k2) ={y1}

Let 7 ={¢, (F\,E) (Fy,E), X }, and v = {¢ ,(G1,K),(G2,K),(G3,K) Y } are topologies on X and Y respectively.
Then soft mapping fp. : (X,7,E) — (Y,u,K) defined by u(x1) = y1 , u(x2)=y2 and p(ey )= ki , p(ea ) = ko is soft almost
semi-open mapping but not soft almost open .

Remark 4.4. Every soft semi-open mappings is soft almost semi-open but converse may not be true.

Example 4.5. Let X ={x1,x2, x3 } ,E={e1,e2 }and Y ={y1, y2, ys}, K={k1, ko }. The soft sets (F,E) is defined
as follows :

F(e) ={z1}, F(es) = ¢,

Let 7={¢,(FE), X }and v={¢,Y } are topologies on X and Y respectively. Then soft mapping fp, : (X,7,E)
— (Yu,K) defined by u(x1) = y1 , u(zo)=y2 and p(ey )= ki , p(ez ) = ko is soft almost semi-open mapping but not soft
semi-open.

Theorem 4.6. Let f,,4, : (X ,7,E) = (Y,0,K) and gp,, :(Y,9,K) — (Z,n,T) be two soft mappings, If f,, ., is soft almost
open and gy, .., is soft semi-open. Then the soft mapping gp,u, 0fpiu, : (X ,7,E) = (Z,n,T) is soft almost semi-open.

Proof : Let (EE) be soft regular open in X. Then f, ., (EE) is soft open in Y because fp, ., is soft almost
open.Therefore, gp,u, ( fpiu, NEE) is soft semi-open in Z. Because gp, ., is soft semi-open. Since (¢p,u, 0fp,u, NEE) =
(9psus (fprus (EE)), it follows that the soft mapping (9p,u, 0fpiu, ) 15 s0ft almost semi-open.

Definition 4.7. A soft mapping fp. : (X ,7,E) = (Y,9,K) is said to be soft semi-irresolute if the inverse image of soft
semi-open set of Y is soft semi-open set in X.

Theorem 4.8. Let fy,y, : (X ,7,E) = (Y,9,K) and gp,u, (Y,9,K) — (Z,1,T) be two soft mappings, such that gp,.,
0fpius : (X ,7,E) = (Z,n,T) is soft almost semi-open and gp,.., 15 soft semi-irresolute and injective then fp, ., is soft
almost semi-open.

Proof : Suppose (F,E) is soft regular open set in X. Then gy, 0fp,u, (F.E) is soft semi-open in Z because gp,u, 0fp,u,
is soft almost semi-open. Since gy, u, is injective, we have (g, ., (9pyuy 0fpyu, (EE) = fp,u, (EE). Therefore fy,u, (F,
E) is soft semi-open in Y, because gy, is soft semi-irresolute. This implies f,, ., is soft almost semi-open.

Theorem 4.9. Let soft mapping fp. : (X ,7,E) = (Y,0,K) be soft almost semi-open mapping. If (G,K) is soft set of Y
and (FE) is soft regular closed set of X containing f,,' (GK) then there is a soft semi-closed set (A,K) of Y containing
(G,K) such that f,.' (A,K) C (EE).

Proof: Let (A, K) = (fpu(F, E)°) . Since f,,} (G,K) C (EE) we have f,,(F, E)° C (G,K). Since fy, is soft almost
semi-open then (A,K) is soft semi-closed set of Y and f.} (A,K) = ( £} (fpu(F, E)°)¢ C ((F,E)°)° = (EE). Thus,
foud (AK) C (EE).

5 Conclusion

Continuity of soft mappings played very important role in the development of soft topology.In this paper
we have introduced soft almost semi-continuous(resp. soft almost semi-open) mappings and it is shown by
the examples that the class of soft almost semi-continuous(resp. soft almost semi-open)mappings properly
contains the class of all soft almost continuous(resp. soft almost open) mappings. Various properties and
characterization of these soft mappings have been studied. The class of all soft almost mappings introduced in
this paper will be useful to study various strong and weak forms of soft separation axioms,soft connectedness
and soft compactness in soft topology.
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Abstract

In this paper, we introduce a new class of sets called generalized b star - closed sets in topological spaces
(briefly gb*- closed set). Also we discuss some of their properties and investigate the relations between the
associated topology.
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1 Introduction

In 1970, Levine introduced the concept of generalized closed set and discussed the properties of sets,
closed and open maps, compactness, normal and separation axioms. Later in 1996 Andrjivic gave a new
type of generalized closed set in topological space called b closed sets. The investigation on generalization of
closed set has lead to significant contribution to the theory of separation axiom, generalization of continuity
and covering properties. A.A.Omari and M.S.M. Noorani made an analytical study and gave the concepts of
generalized b closed sets in topological spaces.

In this paper, a new class of closed set called generalized b star - closed set is introduced to prove that
the class forms a topology. The notion of generalized b star - closed set and its different characterizations are
given in this paper. Throughout this paper (X, 7) and (Y, o) represent the non - empty topological spaces on
which no separation axioms are assumed, unless otherwise mentioned.

Let A C X, the closure of A and interior of A will be denoted by cI(A) and int(A) respectively, union of
all b - open sets X contained in A is called b - interior of A and it is denoted by bint(A), the intersection of all
b - closed sets of X containing A is called b - closure of A and it is denoted by bcl(A).

2 Preliminaries

Definition 2.1. Let A subset A of a topological space (X, T), is called
1) a pre-open set [13] if A C int(cl(A)).

2) asemi-open set [? ] if A C cl(int(A)).

3) aw -open set [9] if A C int(cl(int(A))).

4) ab-open set [2] if A C cl(int(A)) Uint(cl(A)).

5) a generalized x closed set (briefly g*-closed)[8] if cl(A) C U whenever A C U and U is § open in X.

*Corresponding author.
E-mail address: sekar nitt@rediffmail.com (S. Sekar), logusavin@gmail.com (S. Loganayagi).
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6) a generalized b -closed set (briefly gb- closed) [1]] if bel(A) C U whenever A C U and U is open in X.
7) a « generalized star -closed set (briefly ag™ - closed) [12] if cI(A) C U whenever A C U and U is a-open in X.
8) a generalized star semi -closed set (briefly g*s- closed) [14] if scl(A) C U whenever A C U and U is gs-open in X.

9) a regular generalized b-closed set (briefly rgb- closed) [11]] if bel(A) C U whenever A C U and U is regular open in
X.

3 Generalized b star - closed set

In this section, we introduce generalized b star - closed set and investigate some of their properties.

Definition 3.2. A subset A of a topological space (X, T), is called generalized b star - closed set (briefly gb* - closed set)
if bel(A) C U whenever A C U and U is g* -open in X.

Theorem 3.1. Every closed set is gb* - closed.

Proof. Let Abe any closed set in X such that A C U, where U is g* open. Since bcl(A) C cl(A) = A. Therefore
bel(A) C U. Hence A is gb* - closed set in X. O

The converse of above theorem need not be true as seen from the following example.
Example 3.1. Let X = {a,b,c} with T = {X, ¢, {a},{a,b}}. The set {b} is gb* - closed set but not a closed set.
Theorem 3.2. Every pre-closed set is gb* - closed set.

Proof. Let A be pre-closed set in X such that A C U where U is g* open. Since A is pre closed bcl(A) C
pcl(A) C A. Therefore bcl(A) C U. Hence A is gb* -closed set. O

The converse of above theorem need not be true as seen from the following example.
Example 3.2. Let X = {a,b,c} with T = {X, ¢, {a}, {a,b}}. The set {a,c} is gb* -closed set but not a pre-closed set.
Theorem 3.3. Every semi-closed set is gb* - closed set.

Proof. Let A be any semi-closed set in X such that A C U where U is g* open. Since A is semi closed set,
bel(A) C scl(A) C U. Therefore bel(A) C U. Hence A is gb* closed set. O

The converse of above theorem need not be true as seen from the following example.
Example 3.3. Let X = {a,b,c} with v = {X, $,{a,b}}. The set {a,c} is gb* - closed set but not a semi-closed set.
Theorem 3.4. Every ag* - closed set is gb* - closed set.

Proof. Let A be any ag* -closed set in X such that A C U where U is g* open. Since A is ag* -closed set,
bel(A) C acl(A) C U. Therefore bel(A) C U. Hence A is gb* -closed set. O

The converse of above theorem need not be true as seen from the following example.
Example 3.4. Let X = {a,b,c} witht = {X, ¢,{a},{a,b}}. Theset {b} is gb* - closed set but not a ag* -closed set.
Theorem 3.5. Every b -closed set is gb* - closed set.

Proof. Let A be any b -closed set in X such that A C U where U is ¢* open. Since A is b-closed, bcl(A) = A.
Therefore bel(A) C U. Hence A is gb* - closed set. O

The converse of above theorem need not be true as seen from the following example.
Example 3.5. Let X = {a,b,c} with v = {X,¢,{a},{a,b}}. The set {a,c} is gb* -closed set but not a b-closed set.
Theorem 3.6. Every g* - closed set is gb* -closed set.

Proof. Let A be any ¢* -closed set in X such that A C U where U is ¢* open. Since A is ¢* -closed, bcl(A) C
cl(A) C U. Therefore bcl(A) C U. Hence A is gb*- closed set. O



S. Sekar et al. / On generalized b star - closed set in Topological Spaces 403

The converse of above theorem need not be true as seen from the following example.
Example 3.6. Let X = {a,b,c} with v = {X,¢,{a,c}}. Theset {a,b} is gb* -closed set but not a g* -closed set.
Theorem 3.7. Every g*s -closed set is gb* -closed set.

Proof. Let A be g*s -closed set in X such that A C U where U is ¢* open. Since A is ¢*s closed set, bcl(A) C
scl(A) C U. Hence A is gb* -closed set. O

The converse of above theorem need not be true as seen from the following example.

Example 3.7. Let X = {a,b,c} with T = {X, ¢, {a}, {a,b}}. The set {a,c} is gb* - closed set but not a g*s -closed
set.

Theorem 3.8. Every gb* -closed set is rgb -closed set.

Proof. Let A be any gb* -closed set in X such that A C U where U is ¢* open. Since A is gb* closed, bcl(A) C
pcl(A) C U. Hence A is rgb -closed set. O

The converse of above theorem need not be true as seen from the following example.

Example 3.8. Let X = {a,b,c} with v = {X,$,{a}}. The set {a, b} is rgb -closed set but not a gb* - closed set.

4 Characteristics of ¢b*-closed set

Theorem 4.9. If A and B are gb*-closed sets in X then AU B is gb*-closed set in X.

Proof. Let A and B are gb*-closed sets in X and U be any g* open set containing A and B. Therefore bcl(A) C
U, bel(B) C U. Since A C U,B C U then AUB C U. Hence bcl(AUB) = bcl(A) Ubcl(B) C U. Therefore
AU B is gb*-closed set in X. O

Theorem 4.10. Ifa set A is gb* - closed set if and only if bcl(A) — A contains no non empty ¢* -closed set.

Proof. Necessary: Let F be a ¢* closed set in X such that F C bcl(A) — A. Then A C XF. Since A is gb* closed
setand X — F is ¢* open then bcl(A) € X — F. (i.e) F C X —bcl(A). So F C (X —bcl(A)) N (bel(A) — A).
Therefore F = ¢.

Sufficiency: Let us assume that bcl(A) — A contains no non empty g* closed set. Let A C U, U is g* open.
Suppose that bcl(A) is not contained in U, bel(A) N UC is a non-empty ¢* closed set of bcl(A) — A which is
contradiction. Therefore bcl(A) C U. Hence A is gb*-closed. O

Theorem 4.11. If A is gb*-closed set in X and A C B C bcl(A), Then B is gb*-closed set in X.

Proof. Since B C bcl(A), wehave bel(B) C bel(A) then bel(B) — B C bel(A) — A. By theorem 4.10, bel(A) — A
contains no non empty ¢* closed set. Hence bcl(B) — B contains no non empty ¢* closed set. Therefore B is
gb*-closed set in X. O

Theorem 4.12. If A CY C X and suppose that A is gb* closed set in X then A is gb*-closed set relative to Y.

Proof. Giventhat A CY C X and A is gh*-closed set in X. To prove that A is gb*- closed set relative to Y. Let
us assume that A C Y N U, where U is g* open in X. Since A is gb*-closed set, A C U implies bcl(A) C U. It
follows that Y Nbcl(A) C YN U. Thatis A is gb*-closed set relative to Y. O

Theorem 4.13. If A is both g* open and gb*-closed set in X, then A is g* closed set.

Proof. Since A is ¢* open and gb* closed in X, bcl(A) C U. But A C bel(A). Therefore A = bcl(A). Hence A
is g* closed set. O

Theorem 4.14. For xinX, then the set X — {x} is a gb* -closed set or g* -open.

Proof. Suppose that X — {x} is not g* open, then X is the only g* open set containing X — {x}. (i.e.) bcl(X —
{x}) € X. Then X — {x} is gb* - closed in X. O
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5 Generalized b star - open set and generalized b star - neighbourhoods

In this section, we introduce generalized b star - open sets (briefly ¢b* - open) and generalized b star -
neighbourhoods (briefly gb* - neighbourhood) in topological spaces by using the notions of gb* - open set and
study some of their properties.

Definition 5.3. A subset A of a topological space (X, T), is called semi generalized b* - open set (briefly gb* - open set)
if A% is gb* - closed in X. We denote the family of all gb* - open sets in X by gb* - O(X).

Theorem 5.15. If A and B are gb* - open sets in a space X. Then A N B is also gb* - open set in X.

Proof. If A and B are gb* - open sets in a space X. Then A° and B¢ are gb* - closed sets in a space X. By
Theorem 4.13 A€ U B is also gb* - closed set in X. (i.e.) A°U B¢ = (AN B)“isa gb* - closed set in X. Therefore
AN Bgb* - open set in X. O

Remark 5.1. The union of two gb*-open sets in X is generally not a gb*-open set in X.

Example 5.9. Let X = {a,b,c} with v = {X, ¢, {b},{c}, {b,c}}. If A = {b}, B = {c} are pgb-open sets in X, then
AUB = {b,c} is not gb* open set in X.

Theorem 5.16. Ifint(B) C B C A and if A is gb* -open in X, then B is gb* - open in X.

Proof. Suppose that int(B) C B C A and A is gb* -open in X then A® C B¢ C cl(A°). Since A° is gb* - closed
in X, by Theorem 5.15 B is gb* - open in X. O

Definition 5.4. Let x be a point in a topological space X and let x € X. A subset N of X is said to be a gb* -
neighbourhood of x iff there exists a gb* - open set G such that x € G C N.

Definition 5.5. A subset N of Space X is called a gb* - neighbourhood of A C X iff there exists a gb* - open set G such
that A C G C N.

Theorem 5.17. Every neighbourhood N of x € X is a gb* - neighbourhood of x.

Proof. Let N be a neighbourhood of point x € X. To prove that N is a gb* - neighbourhood of x. By Definition
of neighbourhood, there exists an open set G such that x € G C N. Hence N is a sg*b - neighbourhood of
X. O

Remark 5.2. In general, a gb* - neighbourhood of x € X need not be a neighbourhood of x in X as seen from the
following example.

Example 5.10. Let X = {a,b,c} with topology © = {X,¢,{c}, {ac}} Then gb* -
O(X) = {X, ¢, {c}, {a,c},{b,c}}. Theset {b,c} is gb* - neighbourhood of point c, since the gb* - open sets {c} is
such that ¢ € {c} C {b,c}. However, the set {b,c} is not a neighbourhood of the point c, since no open set G exists
such that c € G C {b, c}.

Remark 5.3. The gb* - neighbourhood N of x € X need not be a gb* - open in X.
Theorem 5.18. If a subset N of a space X is gb* - open, then N is gb* - neighbourhood of each of its points.

Proof. Suppose N is gb*™ - open. Let x € N. We claim that N is gb* - neighbourhood of x. For N is a gb* - open
set such that x € N C N. Since x is an arbitrary point of N, it follows that N is a gb* - neighbourhood of each
of its points. O

Remark 5.4. In general, a gb* - neighbourhood of x € X need not be a neighbourhood of x in X as seen from the
following example.

Example 5.11. Let X = {a,b,c} with topology T = {X, ¢,{a,b}}. Then gb* — O(X) = {X, ¢,{a}, {b},{a,b}}.
The set {b, c} is gb*-neighbourhood of point b, since the gb*-open sets {b} is such that b € {b} C {b,c}. Also the set
{b, c} is gb*-neighbourhood of point {b}. Since the gb*-open set {a, b} is such that b € {b} C {a,b}. (i.e.) {b,c}is
gb*-neighbourhood of each of its points. However, the set {b,c} is not a gb*-open set in X.
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Theorem 5.19. Let X be a topological space. If F is gb* - closed subset of X and x € F¢. Prove that there exists a gb* -
neighbourhood N of x such that NN F = ¢.

Proof. Let F be gb* - closed subset of X and x € F°. Then F¢ is gb* - open set of X. So by Theorem 5.18 F¢
contains a gb* - neighbourhood of each of its points. Hence there exists a gb* - neighbourhood N of x such
that N C F¢. (i.e)) NNF = ¢. O

Definition 5.6. Let x be a point in a topological space X. The set of all gb* - neighbourhood of x is called the gb* -
neighbourhood system at x, and is denoted by gb* - N (x).

Theorem 5.20. Let a gb* - neighbourhood N of X be a topological space and each x € X, Let gb* - N(X, T) be the
collection of all gb* - neighbourhood of x. Then we have the following results.

(i) Forall x € X, gb* — N(x) # ¢.

(ii) N € gb* — N(x) = x € N.
(iii) N € ¢gb* — N(x),M D N = M € gb* — N(x).
(iv) N € gb* — N(x),M € gb* — N(x) = NN M € gb* — N(x). if finite intersection of gb* open set is gb* open.
(v) N € gb* — N(x) = there exists M € gb* — N(x) such that M C N and M € gb* — N(y) for every y € M.

Proof. 1. Since X is gb* - open set, it is a gb* - neighbourhood of every x € X. Hence there exists at least
one gb* - neighbourhood (namely - X) for each x € X. Therefore gb* — N(x) # ¢ for every x € X.

2. If N € gb* — N(x), then N is gb* - neighbourhood of x. By Definition of gb* - neighbourhood, x € N.

3. Let N € gb* — N(x) and M D N. Then there is a gb* - open set G such that x € G C N. Since
N CM, x € GC Mand so Mis gb* - neighbourhood of x. Hence M € gb* — N(x).

4. Let N € gb* — N(x), M € gb* — N(x). Then by Definition of gb* - neighbourhood, there exists gb* -
open sets Gj and Gp such that x € G; C Nand x € G, C M. Hence

x€GNG CNNM (.1)

Since G1 N Gy is a gb* - open set, it follows from that NN M is a gb* - neighbourhood of x.
Hence NNM € gb* — N(x).

5. Let N € gb* — N(x), Then there is a gb* - open set M such that x € M C N. Since M is gb* - open set, it
is gb* - neighbourhood of each of its points.
Therefore M € gb* — N(y) for every y € M.

O

Theorem 5.21. Let X be a nonempty set, and for each x € X, let gb* — N(x) be a nonempty collection of subsets of X
satisfying following conditions.

(i) N e gb* —N(x) = x € N.
(i) N € gb* — N(x),M € gb* — N(x) = NN M € gb* — N(x).

Let T consists of the empty set and all those non-empty subsets of G of X having the property that x € G implies that
there exists an N € gb* — N(x) such that x € N C G, Then T is a topology for X.

Proof. 1. ¢ € 7 By definition. We have to show that x € 7. Let x be any arbitrary element of X. Since
gb* — N(x) is non-empty, there is an N € gb* — N(x) and so x € N by (i). Since N is a subset of X, we
havex € N C X. Hencex € 7.

2. LetGi e tand Gy € T. If x € G N Gy then x € Gy and x € Gy. Since G; € Tand G, € T there exists N €
gb* — N(x) and M € gb* — N(x),suchthatx € N C Giandx € M C G,. Thenx € NNM C G; N G,.
But NN M € gb* — N(x) by (2). Hence Gi NGy € 7.

O
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6 Conclusion

The classes of generalized b star -closed sets defined using ¢* open sets form a topology. The gb*-closed
sets can be used to derive a new decomposition of continuity, closed maps and open maps, contra
continuous function, almost contra continuous function, closure and interior. This idea can be extended to
fuzzy topological space and fuzzy intuistic topological spaces.
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Abstract

This study presents some new conditions of being integral curve for the geodesic spray of the natural lift
curves of the spherical indicatrices of the involutes of a given spacelike curve with a timelike binormal in
Minkowski 3-space. Furthermore, depending on these conditions some interesting results about the spacelike
evolute curve were obtained. Additionally we illustrate an example of our main results.

Keywords: ~ Minkowski space, involute-evolute curve couple, geodesic spray, natural lift curve, spherical
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1 Introduction

One of the most significant curve is an involute of a given curve. The concept of involute was first studied
by Huygens when he was considering clocks without pendula for use on ships at sea. An involute of a given
curve is some other curve that always remains perpendicular to the tangent lines to that given curve. This
can also be thought as the process of winding or unwinding a string tautly around a curve. The original
curve is called an evolute. In addition to this, involute-evolute curve couple is a well known concept in the
classical differential geometry, see [8, [11} [13]. The basic local theory of space curve are mainly developed
by the Frenet-Serret theorem which expresses the derivative of a geometrically chosen basis of E° by the aid
of itself is proved. Then it is observed that by the solution of some of special ordinary differential equations,
further classical topics, for instance spherical curves, Bertrand curves, involutes and evolutes are investigated,
see for the details [[10].

In differential geometry, especially the theory of space curves, the Darboux vector is the areal velocity
vector of the Frenet frame of a space curve. It is named after Gaston Darboux who discovered it. In terms
of the Frenet-Serret apparatus, the Darboux vector w can be expressed as w = 7t + xb. In addition to this,
the concepts of the natural lift and the geodesic sprays have been given by Thorpe in 1979 [16]. Caligskan et
al. [9] have studied the natural lift curves and the geodesic sprays in the Euclidean 3-space E>. Then Bilici et
al. [5] have proposed the natural lift curves and the geodesic sprays for the spherical indicatrices of the the
involute-evolute curve couple in E°.

Spherical images (indicatrices) are a well known concept in classical differential geometry of curves [10].
Kula and Yayl [19] have studied spherical images of the tangent indicatrix and binormal indicatrix of a slant
helix and they have shown that the spherical images are spherical helices. In recent years some of the classical
differential geometry topics have been extended to Lorentzian geometry. In [20] Siiha at all investigated
tangent and trinormal spherical images of timelike curve lying on the pseudo hyperbolic space in Minkowski
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space-time. lyigiin [21] defined the tangent spherical image of a unit speed timelike curve lying on the on
the pseudo hyperbolic space in H3. In [6] author adapted this problem for the spherical indicatrices of the
involutes of a timelike curve in Minkowski 3-space E;. However, this problem is not solved in other cases of
the space curve.

In the present paper, the natural lift curves for the spherical indicatrices of the involutes of a given
spacelike curve with a timelike binormal have been investigated in Minkowski 3-space E3. With this aim we
translate tangents of the involutes of a spacelike curve with a timelike binormal curve to the center of the
unit hypersphere S? we obtain a spacelike curve aj. = +* on the unit hypersphere . This curve is called the
first spherical indicatrix or tangent indicatrix of a*. One consider the principal normal indicatrix
a*,« = n* and the binormal indicatrix a*; = b* on the unit hypersphere H3. Then the natural lift curves of
the spherical indicatrices of the involutes of a given spacelike curve a with a timelike binormal are
investigated in Minkowski 3-space E} and some new results were obtained. We hope these results will be
helpful to mathematicians who are specialized on mathematical modeling.

2 Preliminaries

Let M be a hypersurface in E‘I’ equipped with a metric g, where the metric ¢ means a symmetric
non-degenerate (0,2) tensor field on M with constant signature. For a hypersurface M, let TM be the set
U{T, (M) : p € M} of all tangent vectors to M. A technicality: For each p € M replace 0 € T, (M) by 0,
(other-wise the zero tangent vector is in every tangent space). Then each v € TM is in a unique T, (M), and
the projection 7 : TM — M sends v to p. Thus 7! (p) = T, (M). There is a natural way to make TM a
manifold, called the tangent bundle of M.

A vector field X € x (M) is exactly a smooth section of TM, that is, a smooth function X : M — TM such
that o X = I (identity). Let M be a hypersurface in E;. A curve & : [ — TM is an integral curve of
X € x (M) provided &/ = X, ; that s,

—(a(s)) = X (a(s)) foralls € I, [14],

For any parametrized curve « : I — TM, the parametrized curve givenby a : I — TM

s—a(s) = (a(s),a'(s)) =a'(s) las)

is called the natural lift of « on TM. Thus, we can write
de d 7, /
=== (VO ) = Dy ), @)
where D is the standard connection on E?
For v € TM , the smooth vector field X € x (M) defined by

X (v) =eg(v,5(0))¢ ‘a(s)r e=g(¢¢) (22)

is called the geodesic spray on the manifold TM, where ¢ is the unit normal vector field of M and S is the shape
operator of M.
The Minkowski three-dimensional space E; is the real vector space R® endowed with the standard flat
Lorentzian metric given by [2]
g = —dx} +dx3 + dx3,

where (x1, X2, x3) is a rectangular coordinate system of E“;’ If u = (uq,uy,u3) and v = (v1,vp,v3) are arbitrary
vectors in ES then we define the Lorentzain vector product of u and v as the following:

U X v = (U3vy — UpV3, U3V — U1DV3, U0y — UD1).

Since g is an indefinite metric, recall that a vector v € E? can have one of three Lorentzian characters: it
can be space-like if g(v,v) > 0 or v = 0, timelike if ¢(v,v) < 0 and null if g(v,v) = 0 and v # 0. Similarly, an
arbitrary curve & = a(s) in E% can locally be spacelike, timelike or null (lightlike), if all of its velocity vectors
o' are respectively spacelike, timelike or null (lightlike), for every s € I C R. The pseudo-norm of an
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arbitrary vector a € EJ is given by ||a|| = \/|g(a,4)|. a is called an unit speed curve if velocity vector ¢ of a
satisfies ||c|| = 1. For vectors v,w € EJ it is said to be orthogonal if and only if g(v, w) = 0.

Denote by {t,n,b} the moving Frenet frame along the curve « in the space E. For an arbitrary curve a
with first and second curvature, x and 7 in the space E3, the following Frenet formulae are given in [12]: If a
is a spacelike curve with a timelike binormal vector b, then the Frenet formulae read

t 0 x« O t
n | =] -x 0 7 n |, (2.3)
b’ 0 7 0 b

where ¢(t,t) =1, g(n,n) =1, g(b,b) = —1, g(t,n) = g(t,b) = g(n,b) =0.

The angle between two vectors in Minkowski space is defined by [15]:

Definition 2.1. Let X and Y be spacelike vectors in E? that span a spacelike vector subspace, then we have
1g(X,Y)| < |IX]|||Y] and hence, there is a unique positive real number 6 such that

§(X, V)| = [[X][[[Yl|cos6.

The real number 6 is called the Lorentzian spacelike angle between X and Y.
Definition 2.2. Let X and Y be spacelike vectors in E; that span a timelike vector subspace, then we have
1g(X,Y)| > ||X]|||Y] and hence, there is a unique positive real number 6 such that

8(X, Y)| = [IX][[[Y]|cosh.

The real number 6 is called the Lorentzian timelike angle between X and Y.
Definition 2.3. Let X be a spacelike vector and Y a positive timelike vector in E3, then there is a unique
non-negative real number 6 such that

18(X, Y)[ = [IX[[[[Y]|sinhé.

The real number 6 is called the Lorentzian timelike angle between X and Y.
Definition 2.4. Let X and Y be positive (negative) timelike vectors in E%, then there is a unique non-
negative real number 6 such that
§(X,Y) = [[X][[[Y|coshs.

The real number 6 is called the Lorentzian timelike angle between X and Y.
The Darboux vector for the spacelike curve with a timelike binormal is defined by [17]:
w = Tt — Kb.

There are two cases corresponding to the causal characteristic of Darboux vector w
Case 1. If k| < |7/, then w is a spacelike vector. In this situation, we can write

K = ||w]|| sinkb, T = ||w| coshb, g (w,w) = ||w|? = 1> —«>

and the unit vector ¢ of direction w is

c= Lw = cos hft — sin h6b,
]l
where 6 is the Lorentzian timelike angle between —b and timelike unit vector ¢’ Lorentz orthogonal to the
normalisation of the Darboux vector c as Fig. 1.
Case 2. If |k| > |7|, then w is a timelike vector. In this situation, we have

K = ||w||coshb, T = ||w| sinhb, g (w,w) = — |w|?* = > — 7>

and the unit vector ¢ of direction w is

c= w = sinh6t — cos hob,

1
]l
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Figure 1: Lorentzian timelike angle ¢

Proposition 2.5. Let a be a spacelike (or timelike) curve with curvatures x and 7. The curve is a general
helix if and only if £ is constant, [3].

7(s) (s

Remark 2.6 . We can easily see from Lemma 3.2, 3.3, and 3.4 in [1] that: ) = cotd, Tg = coth# or
7(s)

W) = tanh 6, if 8 =constant then « is a general helix.

Lemma 2.7. The natural lift « of the curve w is an integral curve of the geodesic spray X if and only if « is a geodesic
on M [6].

Remark 2.8. Let « be a spacelike curve with a timelike binormal. In this situation its involute curve a* must
be a spacelike curve with a spacelike or timelike binormal. (x, a*) being the involute-evolute curve couple,
the following lemma was given by [4].

Lemma 2.9. Let («, a*) be the involute-evolute curve couple. The relations between the Frenet vectors of the curve
couple as follow.

L If w is a spacelike vector (|x| < |7]), then

t* 0 1 0 t
n* | = sinhf 0 —cosh@ n
b* —coshf® T sinh# b

IL If w is a timelike vector (|x| > |7|), then

t* 0 1 0 t
n* | = | —cosh® 0 sinh6 n
b* —sinh® T cosh6 b

Remark 2.10. In this situation I., the causal characteristics of the Frenet frame of the involute curve a* is
{t* spacelike, n* timelike, b* spacelike}.If a is a spacelike curve with timelike w, then the causal characteristics
of the Frenet frame of the curve a* must be of he form {¢t* spacelike, n* spacelike, b* timelike}.

Definition 2.10. Let S? and H} be hyperspheres in Ej. The Lorentzian sphere and hyperbolic sphere of
radius 1 in are given by

§7 = {a = (ay,80,a3)€E; : g (a,a) = 1}
and

H? = {a = (ay,a0,03)€E; : g (a,a) = —1}

respectively, [14].

3 The Natural Lift Curves for the Spherical Indicatrices of the Involutes of a Spacelike
Curve with a Timelike Binormal

3.1 The natural lift of tangent indicatrix of the curve a*

Let a be a spacelike curve with timelike binormal and spacelike w (|x| < |7|). We will investigate how evolute
curve & must be a curve satisfying the condition that the natural lift curve a*4+ is an integral curve of geodesic
spray, where a}. is the spherical indicatrix of tangent vector of involute curve a*.
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If the natural lift curve a*;+ is an integral curve of the geodesic spray, then by means of Lemma 2.1.
5@ apf =0, (34)

where D is the connection on the Lorentzian sphere S? and the equation of the spherical indicatrix of tangent
vector of the involute curve a* is &}, = t*. Thus from Lemma 2.2.I and the last equation we obtain

0 o’
———coshf + ——sinh 8 = 0.
[l [wl|

Because of {t, n, b} are linear independent, we can easily see that
0 = constant,

according to Remark 2.1, we have

T
= cothf® = constant.

Result 3.1.1. If the curve « is a general helix, then the spherical indicatrix «}. of the involute curve a* is a
geodesic on the Lorentzian sphere S2. In this case, from the Lemma 2.1 the natural lift a*;+ of a;}. is an integral
curve of the geodesic spray on the tangent bundle T (5%) In the case of a spacelike curve with timelike
binormal and timelike w, similar result can be easily obtained in following same procedure.

Remak 3.1.2. From the classification of all W-curves (i.e. a curves for which a curvature and a torsion are
constants) in [1,[18], Case 1. and Case 2. we have following results with relation to curve a.

Result 3.1.3. If the curve a with x =constant > 0, T =constant# 0 and « < |7| then « is a part of a spacelike
hyperbolic helix,

1 .
a(s) = W (ksinh [||w]| s], xcosh[||w] s], T|lw]|s).

Result 3.1.4. Let a be a spacelike curve with timelike binormal and timelike w. If the curve a with
k =constant > 0, T =constant# 0 and « > |7| then « is a part of a spacelike circular helix,

1

a(s) =
]l
Result 3.1.5. Let a be a spacelike curve with timelike binormal and timelike w. If the curve a with
x =constant > 0, T = 0 then « is a part of a circle.
From Lemma 3.1 in [7], we can write the following result:

Result 3.1.6. There is no spacelike W-curve with timelike binormal with condition |7| = |k|.

5 (Tllwlls, xeos[[|w] s], xsin[[|w]|s]) .

Example 3.1.7. Let a (s) = (sinh s, coshs, ﬁs) be a unit speed spacelike hyperbolic helix with timelike
binormal and spacelike w such that

t = (coshs, sinhs, \fZ)
n = (sinhs, coshs, 0)
b = (\@coshs, V/2sinhs, 1), x=1land T = V2.

If « is a spacelike curve then its involute curve is a spacelike. In this situation, the involutes of the curve «
can be given by the equation

a*(s) = (sinhs + (¢ —s) coshs, coshs+ (c—s)sinhs, C\/E) ,

where ¢ € R. One can see a special example of such a curve « as Fig. 2. and its involute curve a* as Fig. 3.
when s = [-5, 5] and c = 2.

The short calculations give the following equation of the spherical indicatrices of the involute curve a* and
its natural lifts.
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: //
2 =
L'}

Figure 3: Involute curve «

af. = t* = (sinhs, coshs, 0) a*p = (coshs, sinhs, 0)
at. =n* = (coshs, sinhs, 0) a*,« = (sinhs, coshs, 0)
af, =b* = (0,0, 1) &y = (0, 0, 0)

Since
g (o, aff) =1>0
aj. is spacelike. For being ;. is a spacelike curve, its spherical image is geodesic which lies on the Lorentzian

unit sphere 57 as Fig. 4. and natural lift curve of the tangent indicatrix as Fig. 5. One consider the principal
normal indicatrix is a geodesic which lies on H? as Fig. 6 and its natural lift as Fig. 7.

T T

Figure 4: Spherical image of tangent indicatrix of the involute curve a*

Figure 5: Tangent indicatrix of the involute curve a* and its natural lift
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Figure 6: Spherical image of principal normal indicatrix of the involute curve a*

Figure 7: Principal normal indicatrix of the involute curve a* and its natural lift

3.2 The natural lift of principal normal indicatrix of the curve a*

Let a be a spacelike curve with timelike binormal and spacelike w (|x| < |7|). In this section, we will
investigate how a must be a curve satisfying the condition that the natural lift curve a*,+ of «. is an integral
curve of geodesic spray, where a;. is the spherical indicatrix of principal normal vector of a*. If the natural
lift curve a*,+ is an integral curve of the geodesic spray, then by means of Lemma 2.1. we have

Ea;**(xﬁi =4, (35)

and from the Lemma 2.2. I. and the equation (5) we get,

/
K(f’coshG—f—H'asinhG — K) t+ (—k;) n -+ (T — ¢’ sinh @ — 6’0cosh9) b] L 0,
ku k2 kn llw|| kn

where ¢ = Z—: (7 = ﬁ and k, = ﬁ 0” + ||w||* are the geodesic curvatures of the curve a with
respect to S2 and Ej, respectively.) and D is the connection of hyperbolic sphere H2. Since {t, n, b} are

linear independent, we get

(7’(:05}19#—9’(7sir1h9—k£ =0
n
ki
noo_
k3
kl—cr’sinhG—Q’acoshQ = 0,
n

and we obtain

Yn = constant, k, = constant.

Therefore, we can write the following result.

Result 3.2.1. If the geodesic curvatures of the evolute curve a with respect to S? and E; are constant, then
the spherical indicatrix a’. is a geodesic on the hyperbolic sphere H3. In this case, the natural lift a*, of a,.
is an integral curve of the geodesic spray on the tangent bundle T (H3). In particular, if the evolute curve a
is a spacelike curve with timelike binormal and timelike w (|x| > |7]|) , then the similar result can be easily
obtained by taking S? instead of H3 in following same procedure.
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3.3 The natural lift of binormal indicatrix of the curve a*

Let a be a spacelike curve with timelike binormal and spacelike w (|x| < |7|). We will investigate how «
must be a curve satisfying the condition that the natural lift curve a*j« is an integral curve of geodesic spray,
where «}, is the spherical indicatrix of binormal vector of a* and a*}« is the natural lift of the curve «},. If the
natural lift curve a*;- is an integral curve of the geodesic spray, then by means of Lemma 2.1. we have

5“;; at =0, (3.6)
from the Lemma 2.2. I. and the equation (6) we have,

leoll

5 =0,

Since {t, n, b} are linear independent, we obtain

k=0 1t=0.

Thus, we can give the following result.

Result 3.3.1. The spherical indicatrix a;. of the involute curve a* can not be a geodesic line on the
Lorentzian sphere S?, because, the evolute curve a whose curvature and torsion are equal to 0 is a straight
line. In this case («, a*) can not occur the involute-evolute curve couple. Therefore, the natural lift a*}« of the
curve ay, can never be an integral curve of the geodesic spray on the tangent bundle T (S%). If the evolute
curve « is a spacelike curve with timelike binormal and timelike w , then the similar result can be easily
obtained by taking S? instead of H? in following same procedure.

References

[1] A.T. Ali, Position vectors of spacelike general helices in Minkowski 3-space, Nonlinear Anal. TMA, 73
(2010) 1118-1126.

[2] A.T. Ali, R. Lopez, Slant helices in Minkowski space, J. Korean Math. Soc. 48 (2011) 159-167.

[3] M. Barros, A. Ferrandez, P. Lucas, M.A. Merono, General helices in the three-dimensional Lorentzian
space forms, Rocky Mountain |. Math. 31 (2001) 373-388.

[4] M. Bilici, M. Caliskan, On the involutes of the spacelike curve with a timelike binormal in Minkowski
3-space, Int. Math. Forum. 4 (2009) 1497-1509.

[5] M. Bilici, M. Caliskan, 1. Aydemir, The Natural Lift Curves and the Geodesic Sprays for the Spherical
Indicatrices of the Pair of Evolute-Involute Curves, Int. J. of Appl. Math. 11 (2003) 415-420.

[6] M. Bilici, Natural lift curves and the geodesic sprays for the spherical indicatrices of the involutes of a
timelike curve in Minkowski 3-space, Int. . Phys Sci. 6 (2011) 4706-4711.

[7] J.H. Choi, Y.H. Kim, A.T. Ali, Some associated curves of Frenet non-lightlike curves in E3, J. Math. Anal.
Appl. 394 (2012) 712-723.

[8] M. Caligkan, M. Bilici, Some Characterizations for the Pair of Involute-Evolute Curves in Euclidean Space
E®, Bull. of Pure and Appl.Sci. 21 (2002) 289-294.

[9] M. Caliskan, AL Sivridag, H.H. Hacisalihoglu, Some Characterizations For The Natural Lift Curves and
The Geodesic Spray, Commun. Fac. Sci. Univ. 33 (1984) 235-242.

[10] Do Carmo MP, Differantial Geometry of Curves and Surfaces, Prentice Hall, Englewood Cliffs, NJ, 1976.
[11] Hacasalihoglu HH, Differantial Geometry, Ankara University Faculty of Science Press, Ankara, 2000.

[12] K. flarslan, O. Boyacioglu, Position vectors of a timelike and a null helix in Minkowski 3-space, Chaos,
Solitons and Fractals, 38 (2008) 1383-1389



M. Bilici et al. / On the Natural Lift Curves for the Involute Spherical Indicatrices in Minkowski 3-space 415

[13] R.S. Millman, G.D. Parker, Elements of Differential Geometry. Prentice-Hall Inc., Englewood Cliffs, New
Jersey, 1977.

[14] B. O’Neill, Semi-Riemannian Geometry with Application to relativity, Academic Press, New York, 1983.
[15] J.G. Ratcliffe, Foundations of Hyperbolic Manifolds, Springer-Verlag New York, Inc., New York, 1994.

[16] J.A. Thorpe, Elemantary Topics In Differantial Gemetry, Springer-Verlag, New York, Heidelberg-Berlin,
1979.

[17] H.H. Ugurlu, On The Geometry of Time-like Surfaces, Commun. Fac. Sci. Univ. Ank. Series A1, 46 (1997)
211-223.

[18] J. Walrave, Curves and Surfaces in Minkowski Space. PhD thesis, K.U. Leuven, Faculty of Science,
Leuven, 1995.

[19] L. Kula, Y. Yayli, On slant helix and its spherical indicatrix. Appl. Math. and Comput. 169 (2005) 600-607.

[20] S. Yilmaz, E. Ozyilmaz, Y. Yayli, M. Turgut, Tangent and trinormal spherical images of a time-like curve
on the pseudohyperbolic space. Proc. Est. Acad. Sci. 59 (2010.) 216-224.

[21] E. 1yig1'in, The tangent spherical image and ccr-curve of a time-like curve in L3, J. Inequal. Appl. (2013)
doi:10.1186/1029-242X-2013-55.

Received: August 25, 2016; Accepted: November 20, 2016

UNIVERSITY PRESS

Website: http:/ /www.malayajournal.org/



Malaya J. Mat. 5(2)(2017) 416427

Malaya ;
4 MIM
Journal of an international journal of mathematical sciences with

Matematik computer applications...

wwwmalaysjournalorg 1S5 : 2319-3786
The General Solution and Stability of Nonadecic Functional Equation

in Matrix Normed Spaces

R. Murali%; Matina J. Rassias’ and V. Vithya®
“Department of Mathematics, Sacred Heart College (Autonomous), Tirupattur - 636 007, Tamil Nadu, India.

¥ Department of Statistical Science, University College London, London, UK.

Abstract

In this paper, we present the general solution of a nonadecic functional equation and establish the Ulam-
Hyers stability of nonadecic functional equation in matrix normed spaces by using the fixed point method.
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1 Introduction

In 1940, an interesting talk presented by S. M. Ulam [27] triggered the study of stability problems for
various functional equations. He raised a question concerning the stability of homomorphism. In the
following year, 1941, D. H. Hyers [5] was able to give a partial solution to Ulam’s question. The result of
Hyers was generalized by Aoki [I] for additive mappings. In 1978, Th. M. Rassias [14] succeeded in
extending the result of Hyers theorem by weakening the condition for the Cauchy difference.

The stability phenomenon that was presented by Th. M. Rassias is called the generalized Hyers-Ulam
stability. This concept actually means that if one is studying a Hyers-Ulam stable system, one need not have
to reach the exact solution, which usually is quite difficult or time consuming. This is quite useful in many
applications for example optimization, numerical analysis, biology, life sciences, economics etc., where
finding the exact solution is quite difficult.

From 1982-1994, ]. M. Rassias (see [16]]- [23]) solved the Ulam problem for different mappings and for
many Euler-Lagrange type quadratic mappings, by involving a product of different powers of norms. In
1994, a generalization of the Rassias theorem was obtained by Gavruta [4] by replacing the unbounded
Cauchy difference by a general control function. A further generalization of the Hyers-Ulam stability for a
large class of mapping was obtained by Isac and Th. M. Rassias [6]. They also presented some applications in
non-linear analysis, especially in fixed point theory. This terminology may also be applied to the cases of
other functional equations [2} 3] 13} [15] 26, 29]. Also, the generalized Hyers-Ulam stability of functional
equations and inequalities in matrix normed spaces has been studied by number of authors [7H10| 12} 28]

K. Ravi and B. V. Senthil Kumar [24] discussed the general solution of undecic functional equation
flx+6y) —11f(x+5y) +55f(x +4y) — 165f (x + 3y) + 330f (x + 2y)

—462f (x +y) —462f(x) —330f(x —y) + 165f(x —2y)

—55f(x —3y) + 11f(x —4y) — f(x — 5y) = 399168001 (y)

and proved the stability of this functional equation in quasi - normed spaces by applying the fixed point
method.
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Very recently, K. Ravi et. al., [25] discussed the general solution of quattuordecic functional equation
f(x+7y) —14f(x 4+ 6y) +91f(x + 5y) — 364 (x + 4y) + 1001 f (x + 3y) — 20021 (x + 2y)
—3003f (x 4+ y) — 3432f(x) + 3003 f (x — y) — 2002f (x — 2y) + 1001 f (x — 3y)

— 364f (x — 4y) + 91f(x — 5y) — 14f(x — 6y) + f(x — 7y) = 87178291200 (y)

and its stability in quasi - normed spaces.
In this paper, we introduce the following new functional equation
f(x+10y) —19f(x +9y) + 171f (x + 8y) — 969f (x + 7y) + 3876 f (x + 6y) — 11628 (x + 5y)
+27132f (x 4 4y) — 50388 f (x 4 3y) + 75582 f (x 4 2y) — 92378f (x + y)
+92378f(x) — 75582 (x — ) + 50388 (x — 2y) — 27132f (x — 3y)
+11628f(x — 4y) — 3876 f (x — 5y) +969f (x — 6y) — 171f(x — 7y)

+19f(x —8y) — f(x —9y) = 19!f(y) (1.1)

where 19! = 121645100400000000, is said to be nonadecic functional equation since the function f(x) = cx!?
is its solution. In this paper, we determine the general solution of the functional equation (1.1) and we also
prove the Ulam-Hyers stability of the functional equation (1.I) in matrix normed spaces by using fixed point
approach.

2 General Solution of Nonadecic Functional Equation

In this section, we present the general solution of nonadecic functional equation (1.1). For this, let us consider
A and B be real vector spaces.

Theorem 2.1. If f : A — B be a mapping satisfying forall x,y € A, then f is nonadecic.

Proof. Letting x = y = 0in (1.1), one gets f(0) = 0. Replacing x =0,y = x and x = x, y = —x in (1.1) and
adding the two resulting equations, we get

f(=x) = =f(x)

Hence, f is an odd mapping. Replacing x = 0,y = 2x and x = 10x, y = x in and subtracting the two
resulting equations, we get
19f(19x) — 189f(18x) + 969 f (17x) — 3724 f(16x) + 11628 (15x) — 27930 f (14x)

+50388f(13x) — 72675f(12x) + 92378 (11x) — 100130 (10x)

+75582f (9x) — 34884 (8x) + 27132 f (7x) — 34884 f (6x) + 3876 f (5x)

+ 24225 f (4x) + 171 (3x) — (16815 + 19!) f(2x) + 19!f(x) = 0 2.2)

for all x € A. Replacing (x,y) by (9x, x) in (1.1), we obtain that

£(19x) — 19f(18x) + 171f(17x) — 969f (16x) + 3876 f(15x) — 11628 (14x)
127132 (13x) — 50388 (12x) + 75582 (11x) — 92378 (10x)
+92378f(9x) — 75582 (8x) + 50388 f (7x) — 27132f (6x) + 11628 (5x)

— 3876 (4x) + 969 (3x) — 171£(2x) + (19 — 19!) f(x) = 0 2.3)

for all x € A. Multiplying by 19, and then subtracting from the resulting equation, we get
172f(18x) — 2280 (17x) + 14687 f (16x) — 62016 f (15x) + 193002 (14x) — 182401 (3x)
—465120f(13x) + 884697 f (12x) — 1343680/ (11x) + 1655052 f (10x)
—1679600f (9x) + 1401174 (8x) — 930240/ (7x) + 480624 f (6x)

— 217056 (5x) + 97869 f (4x) + (13566 — 19!) f(2x) + 20(19!) f (x) = 0 2.4)

for all x € A. Replacing (x,y) by (8, x) in (L.1), we have

F(18x) — 19(17x) + 171 (16x) — 969f (15x) + 3876 f (14x) — 11628 (13x)
+27132f (12x) — 50388 f(11x) + 75582 (10x) — 92378 f(9x)
+92378f(8x) — 75582 (7x) + 50388 f (6x) — 27132f (5x) + 11628 (4x)

— 3876 (3x) +969f(2x) — (170 + 19!) f(x) = 0 (2.5)
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for all x € A. Multiplying by 172, and then subtracting from the resulting equation , we get
988f(17x) — 14725f (16x) + 104652 (15x) — 473670 f (14x) + 1534896 f (13x)

+7323056f (11x) — 11345052 (10x) + 14209416 f (9x) — 14487842 (8x)

+12069864f (7x) — 8186112f (6x) + 4449648 (5x) — 1902147 f (4x)

+ 648432 (3x) — 3782007 (12x) — (180234 4 19!) f(2x) + 192(19!) f (x) = 0 (2.6)

for all x € A. Replacing (x,y) by (7x, x) in (1.1), it follows that

F(17x) — 19 (16x) + 171 (15x) — 969 (14x) + 3876 f (13x) — 11628 (12x)
+27132f(11x) — 50388 (10x) + 75582 (9x) — 92378 (8x)
192378 (7x) — 75582 (6x) + 50388 (5x) — 27132f (4x) + 11628f (3x)

— 3875f(2x) + (950 — 19!) f(x) = 0 2.7)

for all x € A. Multiplying by 988, and then subtracting from the resulting equation, we get
4047 f (16x) — 64296 f (15x) + 483702 (14x) — 2294592 f (13x) + 7706457 f (12x)

+38438292f(10x) — 60465600 (9x) + 76781622 f (8x) — 791996001 (7x)

+66488904f (6x) — 45333696 f (5x) + 24904269 f (4x) — 10840032 (3x)

— 194833601 (11x) + (3648266 — 191) f(2x) + 1180(19!) f(x) = 0 2.8)

for all x € A. Replacing (x,y) by (6x, x) in (1.1), we have
F(16x) — 19£(15x) + 171 f (14x) — 969f (13x) + 3876 f (12x) — 11628 (11x)
+27132f(10x) — 50388f (9x) + 75582 (8x) — 92378f (7x) + 92378 (6x)

— 75582 (5x) + 503881 (4x) — 27131 f(3x) + 11609 (2x) — (3705 + 19!) f(x) = 0 2.9)

for all x € A. Multiplying by 4047, and then subtracting from the resulting equation, we arrive at
12597 f (15x) — 208335 (14x) + 1626951 f (13x) — 7979715f (12x) + 27575156 f (11x)

1143454636 f (9x) — 229098732 (8x) + 294654166 f (7x) — 307364862f (6x)

+260546658f (5x) — 179015967 f (4x) 4+ 98959125f (3x)

— 71364912 (10x) — (43333357 + 19!) f (2x) + 5227(19!) f (x) = 0 (2.10)

for all x € A. Replacing (x,y) by (5x, x) in (L.1), we obtain
F(15x) — 19 (14x) + 171 (13x) — 969f (12x) + 3876 (11x) — 11628 (10x)
127132 (9x) — 50388 £ (8x) + 75582 (7x) — 92378 f (6x) + 92378 f (5x)

— 75581 f (4x) + 50369 f (3x) — 26961 f(2x) + (10659 — 19!) f(x) = 0 (2.11)

for all x € A. Multiplying (2.11) by 12597, and then subtracting (2.10) from the resulting equation, we arrive
at
31008 (14x) — 527136 (13x) + 4226778 (12x) — 21250816 f (11x)

+75113004f (10x) — 198327168 f (9x) + 405638904 f (8x) — 657452288 (7x)

+856320804f (6x) — 903139008 f (5x) + 773077890 f (4x) — 535539168 f (3x)

+ (296294360 — 19!) f (2x) + 17824(19!) f (x) = 0 (2.12)

for all x € A. Replacing (x,y) by (4x, x) in (1.1), we get
F(14x) — 19(13x) + 171f(12x) — 969f (11x) + 3876 f (10x) — 11628 (9x)
27132 (8x) — 50388 (7x) + 75582f (6x) — 92377 f (5x)

+92359f (4x) — 75411 (3x) + 49419f (2x) — (23256 + 19!) f(x) = 0 (2.13)

for all x € A. Multiplying by 31008, and then subtracting from the resulting equation, we obtain
620167 (13x) — 1075590 (12x) + 8795936 f (11x) — 45074004 (10x)

1622338561 (9x) — 435670152 (8x) -+ 904978816 f (7x) + 1802805120f (3)

1487325852 (6x) -+ 1961287008 f (5x) — 2090789982 f (4x) + 48832(19!) f (x)

— (1236089992 + 19!) f(2x) = 0 (2.14)
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for all x € A. Replacing (x,y) by (3x, x) in (1.1), we have
£(13x) — 19£(12x) + 171 f(11x) — 969£(10x) + 3876 f(9x) — 11628f(8x)
+27132f (7x) — 50387 f (6x) + 75563 f (5x) — 92207 f (4x)

+ 91409 (3x) — 71706 f (2x) + (38760 — 19!) f(x) = 0 (2.15)

for all x € A. Multiplying (2.15) by 62016, and then subtracting (2.14) from the resulting equation, we obtain
102714 f (12x) — 1808800 (11x) 4 15019500 f (10x) — 78140160 (9x) + 285451896 f (8x)
— 777639296 f (7x) + 1637474340 (6x) — 2724828000 (5x) + 3627519330 (4x)

— 3866015424 f (3x) + (3210829304 — 19!) f(2x) + 110848(19!) f (x) = 0 (2.16)

for all x € A. Replacing (x,y) by (2x, x) in (1.1), it follows that
F(12x) — 19f(11x) + 171 £(10x) — 969 (9x) + 3876 (8x) — 11627 f(7x) + 27113f (62)

— 50217 f(5x) + 74613f (4x) — 88502 (3x) + 80750 (2x) — (48450 — 19!) f(x) = 0 (2.17)

for all x € A. Multiplying (2.17) by 102714, and then subtracting (2.16) from the resulting equation, we obtain
142766 f (11x) — 2544594 £ (10x) + 21389706 f (9x) — 112667568 (8x) + 416616382f (7x)
—1147410342f (6x) 4 2433160938 f (5x) — 4036280352 (4x) + 5224379004 f (3x)

— (5083326196 4 19!) f(2x) + 213562(19!) f(x) = 0 (2.18)

for all x € A. Replacing (x,y) by (x, x) in (1.1), we get
F(11x) — 19£(10x) + 171 (9x) — 968f (8x) + 3857 (7x) — 11457 (6x) + 26163 (5x)

— 46512f (4x) + 63954 (3x) — 65246 (2x) + (41990 — 19!) f (x) = 0 (2.19)

for all x € A. Multiplying (2.19) by 142766, and then subtracting (2.18) from the resulting equation, we obtain
167960 £ (10x) — 3023280 £ (9x) + 25529920 f (8x) — 134032080 (7x)
+488259720f (6x) — 1302025920 (5x) + 2604051840 f (4x)

— 3906077760f (3x) + (4231584240 — 191) f(2x) + 356328(19!) f(x) = 0 (2.20)

for all x € A. Replacing (x,y) by (0, x) in (1.1), we obtain that
F(10x) — 18£(9x) + 152 (8x) — 798 (7x) + 2907 f (6x) — 7752f (5x)

+ 15504 f (4x) — 23256 f (3x) + 25194f (2x) — (16796 4 19!) f(x) = 0 (2.21)

for all x € A. Multiplying (2.21) by 167960, and then subtracting (2.20) from the resulting equation, we can
obtain that

f(2x) =27f(x)

forall x € A. Hence f : A — B is a nonadecic mapping. This completes the proof. a

3 Ulam-Hyers Stability of Nonadecic Functional Equation

In this section, We will investigate the Ulam-Hyers stability for the functional equation in matrix
normed spaces by using the fixed point method.
Throughout this section, let us consider (X, ||.||,,) be a matrix normed space, (Y, ||.||,) be a matrix Banach
space and let 1 be a fixed non-negative integer.
For a mapping f : X — Y, define Gf : X?> — Y and Gfy, : Mu(X?) — M,(Y) by,
Gf(a,b) = f(a+10b) —19f(a +9b) + 171f (a + 8b) — 969f (a + 7b) + 3876 f (a + 6b)
— 11628f(a + 5b) + 27132 (a + 4b) — 50388f (a + 3b) — f(a — 9b)
+75582f (a +2b) —92378f (a4 b) + 92378f (a) — 75582f (a — b)
+50388f(a — 2b) — 27132 (a — 3b) + 11628 f(a — 4b) — 19! (b)
— 3876f(a — 5b) + 969 f(a — 6b) — 171f(a — 7b) + 19f (a — 8b),
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Gfn(xij,yij) = fu(xij +10y;;) — 19fn (x5 + 9yij) + 171 fu(xi + 8yi;) — 969 fu(xij + 7yij)
+ 3876fn(xl-]- + 6]/1]) — 11628fn(xl-]- + 5]/1]) +27132f, (xl-]- + 4]/ij)
— 50388fn(xi]‘ + 3]/1‘]‘) + 75582fn(xi]‘ + 2]/1']‘) — 92378fn(xi]‘ + ]/i]‘)
+ 92378fn(xi]') — 75582fn (Xl']* — y,]) + 50388fn(x1']' — 2yij)
— 27132fn(x,-]- — 3}/1‘]') + 11628fn(x1-]- — 4}/1']') — 3876fn (xi]' — Syij)
+ 969fn (xi]- — 6yij) — 171fn(xi]- — 7%‘;’) + 19fn(xl-]- — 8y1])
— fu(xij = 9yij) — 19! fu (vij)
foralla,b € X and all x = [x;j], y = [y;;] € Mn(X).

Theorem 3.2. Let | = +1 be fixed and 1 : X> — [0, 00) be a function such that there exists a y < 19 with

b) VabeX

a
¥(a,b) < 2191771,0(?, o

Let f : X — Y be a mapping satisfying

G fu([xif], [yi]) || < “anllp(xij/yij) Vx = [xij],y = [yi] € Mn(X).
ij=

Then there exists a unique nonadecic mapping Np : X — Y such that

1-1

| fu([xi]) = Npu(lyi)) ||, < i,jZ::1 %@(%j) V= [x;] € Mu(X),

where Y(x;;) = % [¥(0,2x;7) + ¥ (10x;;, xi7) + 199 (9xij, xj) + 1721 (8x;j, x;7)
. +9881/J(7x1], xl-]-) + 40471p(6xl], Xl']') + 125971/)(5361], xl-]-)
+310081/J(4xl’]‘, xi]') + 620161/](3)@7‘, xl‘]‘) + 1027141/)(2x,'j, xl‘]')
+142766l[](x1']', xi]') + 1679604 (0, xl']')]

Proof. Substituting n = 1 in (3.23), we obtain

1Gf(a,b)[| < 9(a,b)

Replacing (a,b) by (0,2a) in (3.25), we get
I|£(20a) — 18£(18a) + 152f (16a) — 798f (14a) + 2907 (12a) — 7752f (10a)

+15504f (8a) — 23256 f (6a) + 25194f (4a) — (16796 + 19!) £ (2a) || < 1(0,2a)

for all a € X. Replacing (a,b) by (10a,a) in (3.25), we obtain

I1£(20a) — 19£(19a) + 171 (18a) — 969f (17a) + 3876 f (16a) — 11628f (15a)
+27132f (14a) — 50388 £ (13a) + 75582f (12a) — 92378f (11a)
+92378f(10a) — 75582 (9a) + 50388 (8a) — 27132 (7a) + 11628f(64)

—3876f(5a) + 969f (4a) — 171f(3a) + 19f(2a) — (1 +191)f(a)|| < (104, a)

for all 2 € X. Combining (3.26) and (3.27), we arrive at
119£(19a) — 189f(18a) + 969f (17a) — 3724f(16a) + 11628f(15a) — 27930 f (14a)

+50388f(13a) — 72675f (12a) 4 92378 f (11a) — 100130 (10a)
+75582f(9a) — 34884 f (8a) + 27132f (7a) — 34884f (6a) + 3876 f (54)

+24225f (4a) + 171f(3a) — (16815 + 19!) £ (2a) + 19! (a) || < 9(0,2a) + ¢ (10a,a)

forall a € X. Replacing (a,b) by (94,4) in (8.25), we obtain

I1£(19a) — 19 (18a) + 171£(17a) — 969 (16a) + 3876 (15a) — 11628/ (14a)
+27132f(134) — 50388f (12a) + 75582f (11a) — 923787 (10a)
192378 f(9a) — 75582f (8a) -+ 50388 (7a) — 27132 (6a) + 11628 (5a)

—3876f (4a) + 969f (3a) — 171f(2a) + (19 — 19!) f(a)|| < (94, a)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)
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V a € X. Multiplying by 19, and combining the resulting inequality with (3.28), we get
1172 (184) — 2280f (17a) + 14687 (16a) — 62016 £ (154) -+ 193002f (14a)

—465120f(13a) + 884697 f(12a) — 1343680 (11a) + 1655052 (10a)

1679600 (9a) + 1401174f (8a) — 930240 (7a) -+ 480624 (6a)

217056 (5a) + 97869 f (4a) — 18240f (3a) + (13566 — 191) f(2a)

+20(19Y) f(a)|| < ¢(0,2a) + ¢(10a,a) + 19¢(9a,a)

forall a € X. Replacing (a,b) by (84,4) in (8.25), we obtain

£ (18a) — 19 (17a) + 171f(16a) — 969 (15a) + 3876 (14a) — 11628/ (13a)
+27132f (12a) — 50388 (11a) + 75582 (10a) — 92378 (9a)
192378 f(8a) — 75582 (7a) + 50388 f (6a) — 27132f (5a) + 11628 f (4a)

—3876f(3a) + 969 (2a) — (170 + 191) f(a)|| < 9(8a, a)

V a € X. Multiplying by 172, and combining the resulting inequality with (3.30), we get
1988 (17a) — 14725 (16a) + 104652 (15a) — 473670 (14a) + 1534896 f (134)

+7323056 (11a) — 11345052 (10a) + 14209416 (9a) — 14487842f (8a)

+12069864f (7a) — 8186112f (6a) + 4449648 (5a) — 1902147 f (4a)

+648432f (3a) — 3782007 f (12a) — (180234 + 191) f(2a)

+192(19!) f(a)|| < ¢(0,2a) + ¢(10a,a) + 199 (9a, a) + 1724 (8a, a)

forall a € X. Replacing (a,b) by (7a,a) in (3.25), we get

1f(17a) — 19£(16a) + 171 (15a) — 969 (14a) + 3876 (134) — 11628f(12a)
+27132f (11a) — 50388/ (10a) + 75582f (9a) — 92378 (8a)
+92378F(7a) — 75582f (6a) + 50388 f (5a) — 27132f (4a) + 11628 (3a)

—3875f(2a) + (950 — 19!) f(a) || < ¢(7a,a)

V a € X. Multiplying by 988, and combining the resulting inequality with (3.32), we get
14047 f (16a) — 64296 f (15a) + 483702 (14a) — 2294592 f (13a) + 7706457 f (124)
+38438292f(10a) — 60465600f (9a) + 76781622 (8a) — 79199600 (7a)
+66488904f (6a) — 45333696 (5a) + 24904269 f (4a) — 10840032 (3a)
19483360 (11a) + (3648266 — 191) f (2a)

+1180(19!) f(a)|| < ¥(0,2a) + ¢(10a,a) + 19¢(9a,a) + 172y (8a,a) + 988y (7a, a)

for all a € X. Replacing (a,b) by (6a,a) in (3.25), we get

If(16a) — 19£(15a) + 171 (14a) — 969f (13a) + 3876 (12a) — 11628f (11a)
127132 (10a) — 50388 (9a) + 75582 (8a) — 92378 (7a)
192378 (6a) — 75582f (5a) + 50388 (4a) — 27131f (3a) + 11609 (2a)

—(3705+ 19" f(a)|| < y(6a,a)

Va € X. Multiplying (3.35) by 4047, and combining the resulting inequality with (3.34), we arrive at

112597 f (15a) — 208335f (14a) + 1626951 f (13a) — 7979715f (12a) + 27575156 f(11a)
+143454636 f (9a) — 229098732 (8a) + 294654166 f (7a) — 307364862 f (6a)
+260546658f (52) — 179015967 f (4a) + 98959125 f (3a)

—71364912f(10a) — (43333357 4 19!) f (2a) + 5227(19!) f(a) |

< ¢(0,2a) + ¢(10a,a) + 199 (9a,a) + 172 (8a, a) + 988y (7a, a) + 4047 (64, a)

forall a € X. Replacing (a,b) by (54,4) in (3.25), we obtain

1f(154) — 19f (14a) + 171f(134) — 969 (12a) + 3876 (11a) — 11628/ (10a)
+27132f(9a) — 50388 (8a) + 75582f (7a) — 92378 (6a)
+92378 (5a) — 75581 f (4a) + 50369 f (3a) — 26961 f(2a)

+(10659 — 19!) f (a)|| < ¢(5a,a)

421

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)
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V a € X. Multiplying by 12597, and combining the resulting inequality with (3.36),
we arrive at
131008 (14a) — 527136 f(134) + 4226778 f (12a) — 21250816 f (11a)

+75113004f (10a) — 198327168 (9a) + 405638904 (8a) — 657452288 (7a)

1856320804 (6a) — 903139008 (5a) + 7730778901 (4a) — 535539168 (34)

(296294360 — 191) £ (2a) + 17824(19!) f(a) || < (0,2a) + ¢(10a, a)

+19¢(9a,a) + 1724 (8a, a) + 988y (7a, a) + 4047 (6a,a) + 12597 (54, a) (3.38)

for all a € X. Replacing (a,b) by (4a,a) in (3.25), we get
IIf(14a) — 19£(13a) + 171 (12a) — 969f (11a) + 3876 (10a) — 11628f(9a)
+27132f(8a) — 50388 (7a) + 75582 (6a) — 92377 (5a)

+92359f (4a) — 75411 f (3a) + 49419f (2a) — (23256 + 19!) f(a)|| < ¢(4a,a) (3.39)
V a € X. Multiplying (3.39) by 31008, and combining the resulting inequality with (3.38),

we obtain

|62016f (13a) — 1075590 (12a) + 8795936 f (11a) — 45074004 f (10a)
+162233856 f(9a) — 435670152 (8a) + 904978816 (7a) + 1802805120 (3a)
—1487325852f (6a) + 1961287008 f (5a) — 2090789982 f (4a) + 48832(19!) f (a)
—(1236089992 4 19!) f(2a)|| < 1(0,2a) + ¢(10a,a) + 19¢(9a,a) + 172¢(8a, a)

+ 9884 (7a, a) + 4047 (6a,a) + 12597y (5a, a) + 31008y (4a, a) (3.40)

for all a € X. Replacing (a,b) by (3a,a) in (3.25), we get
I1£(13a) — 19£(12a) + 171 (11a) — 969 (10a) + 3876 f (9a) — 11628 (8a)
+27132f (7a) — 50387f (62) + 75563f (5a) — 92207 f (4a)

+91409f (3a) — 71706 f (2a) + (38760 — 19!)f(a)|| < ¢(3a,a) (3.41)

V a € X. Multiplying by 62016, and combining the resulting inequality with (3.40),
we obtain
1102714f (12a) — 1808800 (11a) -+ 150195001 (10a) — 78140160 (9a)
+285451896 f (8a) — 27248280001 (5a) + 36275193301 (4a) — 3866015424 f (3a)
777639296 f (7a) + 1637474340 f (6a) + (3210829304 — 191) f (2a)
+110848(19!) f(a)|| < (0,2a) + (10, a) + 194 (9a, a) + 12597y(54, a)

+172¢(8a, a) + 988¢(7a, a) + 40474 (6a,a) + 31008¢(4a, a) + 620164 (3a, a) (342)

forall a € X. Replacing (a,b) by (24, a) in (3.25), we get
£ (124) — 19f(11a) + 171£(10a) — 969f(9a) + 3876 f(8a) — 11627 f(7a)
127113f (6a) — 50217f(5a) + 74613 f (4a) — 88502f (3a)

+80750f (2a) — (48450 — 191 f(a) || < y(2a,a) (3.43)

for all a4 € X. Multiplying by 102714, and combining the resulting inequality
with (3.42), we obtain
1142766 f (11a) — 2544594 f (10a) 4 21389706 f (9a) — 112667568 f (8a)
+416616382f (7a) — 1147410342 f (6a) + 2433160938 f (54)
—4036280352f (4a) + 5224379004 f (3a) — (5083326196 + 19!) f (2a)
+213562(19Y) f(a)|| < ¢(0,2a) 4+ ¢(10a,a) + 19¢(9a, a) + 12597y (5a, a)
+172y(8a,a) + 988y (7a,a) 4+ 4047y (6a,a)

+ 31008y (4a, a) + 62016¢(3a,a) + 102714 (24, a) (3.44)

forall 2 € X. Replacing (a,b) by (a,a) in (3.25), we get
£ (11a) — 19£(10a) + 171 (9a) — 968 (8a) + 3857 (7a) — 11457f (64)
126163 f(5a) — 46512f (4a) + 63954 (3a) — 65246 f (24)

+(41990 — 19) f(a)|| < ¢(a, a) (3.45)
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for all a e X. Multiplying (3.45) by 142766, and combining the resulting inequality

with (3.44), we get
1167960 (10a) — 3023280 (9a) 4 255299201 (8a) — 134032080f (7a)

+488259720f (6a) — 1302025920 f (5a) -+ 2604051840 f (4a)
—3906077760f (3a) + (4231584240 — 191) £ (2a) + 356328(19!) f(a)
< ¥(0,2a) + ¢(10a,a) + 19¢(9a, a) + 12597y (54, a) + 172y (84, a) + 988y (74, a)

+ 4047p(6a,a) + 31008 (4a, a) + 62016y (3a, a) + 1027141 (24, a) + 1427664 (a, a) (3.46)

foralla € X. Replacing (a,b) by (0,4) in (8.25), we get
£ (10a) — 18f(9a) -+ 152f (8a) — 798f (7a) + 2907 f (6a) — 7752f (5a)

+15504f (4a) — 23256 f(3a) + 25194f (2a) — (16796 + 191) f(a) || < (0, a) (3.47)

for all a € X. Multiplying (3.47) by 167960, and combining the resulting inequality

with (3.46), we obtain
|—191f (2a) + 524288(19!) f (a)|| < ¥(0,2a) + (104, a) + 19(9a, a) + 12597¢(5a, a)
+1724)(8a, a) + 9884(7a, a) + 40471(6a, a) + 310081 (4a, a)

+ 620161(3a,a) + 102714y(2a,a) + 142766y (a, a) + 167960y (0, a) (3.48)

for all 2 € X. From (3.48), we can obtain
1
|~ £(2a) +2°f(a) || < 101 [¢(0,2a) + (10a,a) + 199 (9a,a) + 172 (8a, a)

+988(7a, a) + 4047y (6a,a) + 12597y (5a, a)
+310084(4a, a) + 620164 (3a,a) + 102714(2a, a)

+1427661(a,a) + 167960y (0, a)] (3.49)
Therefore,
Hf(Za) - 219f(a)H <P(a) VaeX (3.50)
Thus
R COn

We consider the set M = {f : X — Y} and introduce the generalized metric p on M as follows:

o(f,8) =inf{u € Ry : [|f(a) - g(a)|| < pgp(a),Va € X},

It is easy to check that (M,p) is a complete generalized metric (see also [I1]). Define the mapping
P: M — Mby

1
Pf(a)zﬁf(Zla) VfeMandae X.
Let f,g € M and v be an arbitrary constant with p(f, g) = v. Then

If(a) —g(a)]] <vy(a) foralla e X.
Utilizing (3.22), we find that

1 1 —
|Pf(a) —Pgla)|| = H219lf(2111) — Wg(Zla) <nvy(a) forallae X.
Hence it holds that p(Pf, Pg) < nv, thatis, p(Pf, Pg) < no(f,g) forall f,g € M.
11

It follows from (3.51) that p(f, Pf) < %.
Therefore according to Theorem 2.2 in [3], there exists a mapping Np : X — Y which satisfying:

1. Np is a unique fixed point of P in the set S = {g € M : p(f,g) < oo}, which is satisfied
Np(2la) = 2V Np(a) VaeX. (3.52)
In other words, there exists a y satisfying

If (@) = g(@)|| < pp(a)Va € X
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2. po(P*f,Np) — 0as k — co. This implies that

hm 219klf(2kla) = Np(a) VaeX.

p(f,Np) < 1 p(f Pf), which implies the inequality o(f, Np) < 7

29(1—p)
1-1
So [|f(a) -~ Np(a)| < %@( a) VaeX. (3.53)
It follows from (3.22) and (3.23) that
|GND(a,b)]| = lim 219kl |g£@Ha,2)|
K okl 2Kk
k11_>rr010 Tkll/}(z a,2"b) < hm 0 ok P(a,b) =0

forall a,b € X. Hence
Np(a+10b) —19Np(a +9b) + 171N p(a + 8b) — 969N (a + 7b) + 3876 Np(a + 6b)
+27132Np(a + 4b) — 50388N'p(a + 3b) + 75582 Np (a + 2b) — 92378 Np(a + b)
+92378Np(a) — 75582 Np(a — b) + 50388Np (a — 2b) — 27132 Np(a — 3b)
+ 11628 Np(a — 4b) — 3876 Np(a — 5b) + 969N p(a — 6b) — 171N p(a — 7b)
— 11628 Np(a + 5b) + 19Np(a — 8b) — Np(a — 9b) = 19N (b)
Therefore, the mapping Np : X — Y is nonadecic mapping.
By Lemma 2.1 in [9] and ,

[1fn([xi]) = Nou (L) || < Z 1 Ceig) = N (i) |
ij=1

i—: ) P(xij)  Vx=[x;] € Mu(X),

%9! [l[)(o, 2xi]-) + lp(10xij, x,‘j) + 191/J(9x1-]-, xl-]-) + 1721/1(8xij, xij)
+9881/J(7x1']‘, X,‘]') + 40471/)(63(,‘]', Xl‘]‘) + 125971/](53(1']‘, X,']')
+310081/J(4x1']‘, xi]') + 620161#(33(,7‘, xi]-) + 1027144 (2x1’j, x,'j)
+1427661,b(x1-]-, xij) + 1679601/)(0, xl-]-)],
Thus Np : X — Y is a unique nonadecic mapping satisfying (3.24). O

where P(x;;) =

Corollary 3.1. Let | = =1 be fixed and let t, € be positive real numbers with t # 19. Let f : X — Y be a mapping such
that

n
G fullxil, viiD], < Y e(l|lxil| + vl Vx =[xy = [yi] € Mu(X). (3.54)
ij=1
Then there exists a unique nonadecic mapping Np : X — Y such that

1 €
(b)) = Nou(xiDl, < X o il ¥ x = [xi] € Ma(X),
i,j=1 1(2 2 )
where e, = 667054 + 102715(2') + 62016(3") + 31008(4') + 12597(5")

+4047(61) + 988(7') 4 172(8) + 19(9") + 107]

Proof. The proof follows from Theorem by taking ¢(a,b) = e(|ja]|' + ||b||') for all a,b € X. Then we can
choose 17 = 21(t=19) 'and we can obtain the required result. O

Now we will provide an example to illustrate that the functional equation (1.1) is not stable for t = 19 in

corollary
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Example 3.1. Let ¢ : R — R be a function defined by

ex, if|x
¢<x>={ o k<t

€, otherwise

where € > 0 is a constant, and define a function f : R — R by

f= 1 b

forall x € R. Then f satisfies the inequality
| f(x+10y) —19f (x +9y) + 171f(x + 8y) — 969f (x + 7y) + 3876 f (x + 6y)
+27132f (x + 4y) — 50388 f (x + 3y) 4 75582 (x + 2y) — 92378 f (x +y)
+92378f (x) — 75582 (x — y) + 50388 f (x — 2y) — 27132f (x — 3y)
+11628f (x — 4y) — 3876 f (x — 5y) 4+ 969f (x — 6y) — 171f (x — 7y)
—11628f (x + 5) + 19f (x — 8y) — f(x — 9y) — 191 (y)]|

(121645100400000000)
- 524287

for all x,y € R. Then there does not exist a nonadecic mapping Np : R — R and a constant A > 0 such that

(524288)2¢(|x|" + [y|") (3.55)

|f(x) = Np(x)| < A x| VxeR (3.56)

524288¢

Proof. 1t is easy to see that f is bounded by sy MR

1f |x|" + |y|" = 0, then 1) is trivial.
19 194 1 . (121645100400000000) (524288)e
> 5 H. . .
If[x|” +[y|” > 5w , then L.H.S of (3.55) is less than E51087
Suppose that 0 < |x|19 + |]/|19 < 2%, then there exists a non-negative integer k such that

1 19 19
S = XTIyl < (3.57)

219( 219k

so that 21901 x| < L 21901 1y < 15 and

2"(x),2"(y), 2" (x + 10y), 2" (x + 9y), 2" (x + 8y), 2" (x + 7y),

2"(x +6y),2"(x 4+ 5y), 2" (x +4y), 2" (x + 3y), 2" (x + 7y), 2" (x + 2y),

2"(x +y),2"(x —y),2"(x — 2y),2" (x = 3y), 2" (x — 4y), 2" (x — 5y),

2" (x —6y),2"(x — 7y),2"(x — 8y),2" (x — 9y) € (—1,1)

forallm =0,1,2,....k — 1. Hence

P(2" (x +10y)) — 199 (2" (x + 9y)) + 1719 (2" (x + 8y)) — 969y (2" (x + 7y))
+ 38763 (2" (x + 61)) — 116289(2" (x + 5y)) + 271324p(2" (x + 4y)))
— 50388y (2" (x + 3y)) + 75582y (2" (x + 2y)) — 92378y (2" (x + 7))
+ 923781 (2"x) — 755824 (2" (x — 1)) + 50388y (2" (x — 2y))
—27132¢(2" (x — 3y)) + 11628y (2" (x — 4y)) — 3876y(2" (x — 5y))
+ 969y (2" (x — 6y)) — 1719p(2" (x — 7y)) + 199 (2" (x — 8y))

Z (2" (x —9y)) — 19p(2"y) = 0
forn =0,1,2,....k — 1. From the definition of f and (3.57), we obtain that
|f(x+10y) —19f(x +9y) + 171f (x + 8y) — 969f (x + 7y) + 3876 f (x + 6y)

+27132f (x + 4y) — 50388 (x + 3y) + 75582 (x + 2y) — 92378f (x + y)

+92378f (x) — 75582f (x — y) 4+ 50388 f (x — 2y) — 27132 f (x — 3y)

+11628f (x — 4y) — 3876 f (x — 5y) + 969f (x — 6y) — 171f(x — 7y)
—11628f (x + 5y) + 19 (x — 8y) — f(x — 9y) — 19! (y)|

1

< Lnzo 51w 192" (x +10y)) — 199 (2" (x +9y)) + 1719 (2" (x + 8y))
+3876(2" (x + 6y)) — 116281p(2" (x + 5v)) + 271329 (2" (x + 4y))
—503881 (2" (x + 3y)) + 75582¢p(2" (x 4 2y)) — 92378 (2" (x + v))
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+92378¢(2"x) — 755824 (2" (x — y)) + 50388 (2" (x — 2y))
—27132(2" (x — 3y)) + 11628¢p(2" (x — 4y)) — 38763p(2" (x — 5v))
+9699 (2" (x — 6y)) — 1719 (2" (x — 7y)) + 199 (2" (x — 8y))
—9699(2" (x + 7y)) — (2" (x — 9y)) — 1919 (2"y)|
» (121645100400000000)e  (524288)(121645100400000000)¢
< Lot 219n - 219%524287
< (121645100400000000) (o2 RINICETS

Therefore, > f satisfies (B.55) for all x,y € R. Now, we claim that functional equation (I.1)
is not stable for t = 19 in corollary 3.1} Suppose on the contrary that there exists a nonadecic mapping
Np : R — R and a constant A > 0 satisfying (3.56). Then there exists a constant ¢ € R such that
Np(x) = cx! for any x € R. Thus we obtain the following inequality

F)] < (A+e]) |x]" (3.58)

Let m € N with me > A+ |c|. If x € (0, S 1) then 2"x € (0,1) foralln = 0,1,2,...,m — 1, and for this case
we get

o P2 =l e(2"x)" 19 19
f(x) = Z(] 219n Z 219«,1 = mex " > (/\+ |C|) |x|

which is a contradiction to (3.58). Therefore the nonadecic functional equation (1.1) is not stable for t = 19. [

4 Conclusion

In this investigation, we identified a general solution of nonadecic functional equation and establised the
generalized Ulam -Hyers stability of this functional equation in matrix normed spaces by using the fixed
point method and also provided an example for non-stability.
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Abstract

In this article, the asymptotic behavior of oscillatory solutions of a class of first order neutral delay
difference equations with variable co-efficients and constant delays is investigated. We established a
sufficient conditions of the equations under consideration approach zero as the independent variable tends
to infinity.
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1 Introduction

We consider the first order neutral delay difference equation with variable co-efficients of the form
Alx(n) = p(n)x(n = 7)] = q(n)x(n —0) = 0; n>mno; ©)

where {p(n)}, {q(n)} are sequences of real numbers, T and ¢ are positive integers with T > ¢ and A is the
forward difference operator defined by the equation

Ax(n) = x(n+1) — x(n).

In the oscillation theory of difference equations one of the important problems is to find sufficient
conditions in order that all oscillatory solutions of (1) tends to zero as n — oo. Considerably less is known
about the behavior of oscillatory solutions to first order neutral delay difference equations with variable
co-efficients. We choose to refer to the papers [9,10,13].

By a solutions of equation (1), we mean a real sequence {x(n)} which is defined for n > ny — max {7, 0}
and satisfies equation (1) for all n € N(ng) = {ng,no+1,n9+2,...}. A non trivial solution of equation
(1) is said to be oscillatory if it is neither eventually positive nor eventually negative, otherwise it is called
nonoscillatory.

Philos et al. [7] consider the first order neutral delay differential equation

(1) = p()x(t—0)] = p(t)x(t—7), t=to (1)

and obtained sufficient conditions for all solutions of the equation (1") to tend to zero as t — .
The purpose of the present paper is to obtain sufficient conditions for all oscillatory solutions of (1) tend
to zero as n — oo. Our obtained results are discrete analogues of some well known results due to [7]. With

*Corresponding author.
E-mail address: amurugesan3@gmail.com (A. Murugesan), venkatmaths8@gmail.com (K. Venkataramanan).
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respect to the oscillation and asymptotic behavior of difference equation, reader can refer to [3-6, 8-14]. For
the several background in difference equation, one can refer to [1,2].

Throughout this paper, we define N(a) = {a,a+1,a+2,..} and N(a,b) = {a,a+1,a+2,..b} where a
and b are integers with a < b.

The following conditions are assumed to be hold throughout the paper.

(C1) {p(n)} is a sequence of nonnegative real numbers,
(C2) {gq(n)} is a sequence of positive real numbers,

(C3) T and o are positive integers such that T > ¢.

In section 2, we shall state and prove some lemmas, which play a crucial role in proving our theorem.

2 Some Lemmas

Lemma 2.1. Assume that {p(n)} is a sequence of nonnegative real numbers and 0 < p(n) < p < 1. Assume also that
{q(n)} is a sequence of positive real numbers. Then every oscillatory solution of the neutral delay difference equation (1)
which is eventually of one sign (ie, it is either eventually nonnegative or eventually non positive), tends to zero at co.

Proof. Without loss of generality, we suppose that {x(n)} is an oscillatory solution of (1) which is eventually
nonnegative. We observe that, if {x(n)} is eventually identically zero, then it tends to zero at co. So, we
assume that {x(n)} is not eventually identically zero. Set

z(n) = x(n) = p(n)x(n —z). 2

By taking into account (2) and the fact that {x(n)} is nonnegative, from (1) we conclude that {Az(n)} is
eventually nonnegative and {Az(n)} is not eventually identically zero. They {z(n)} is increasing on N(n)
where ny > ng such that x(n) > 0, n > ny — T and it is not eventually identically zero. This guarantees that
{z(n)} is either negative eventually positive or eventually negative. Assume that {z(n)} is eventually positive
i.e. {z(n)} is positive on N(ny) when ny > ny. Since {x(n)} is oscillatory, there exists an integer & > n, with
x(&) = 0 then

0<z(G) = x(&)—p@)x(—1) ®)

= —p(@)x(—2)

consequently p(&)x (¢ —z) < 0.

Hence given {p(n)} is assume to nonnegative on N(1g), it follows immediately that x(¢ — z) < 0. This
contradicts the fact that {x(n)} is nonnegative on N(n1). This contradiction establishes that {z(n)} is always
eventually negative on N (7).

Therefore

z(n) =x(n) —p(n)x(n—1) <0, n>m
and so we have
x(n) < p(n)x(n—1). 4)
Let us suppose that {x(n)} is unbounded. Then as {x(n)} is nonnegative on N (11 — 7). We can consider

a sequence of integers {m; } with ny <mp < my < my < ...and limy_,,, my = 00 k = 0,1, ... such that

max  x(n)=x(m;) >0 (k=0,1,23,..)

neN(ny—1t,my)

and limy_,, x(my) = oo.
Then by taking into account that {p(n)} is nonnegative on N(#) and using (4) and 0 < p(n) < p <1, we
obtain

0 < x(mp) < p(mg)x(mp) < px(my).
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That is, 0 < x(mg) < px(mg). As 0 < m < 1, this is a contradiction, which shows that {x(n)} is necessary
bounded on N (17 — 7). Hence there exists a positive real constant k such that

0<x(n) <K for all né€ N(n—r1). )

Now, we take into account the hypothesis that {p(n)} is nonnegative on N(1ny) and we use (4) and (5) to
obtain to n > n;.
0<x(n) <pmnx(n—1) <pK, for all ne N(np).

Finally, by an easily induction, we can prove that

0<x(n)<p'K for all neNm+(i-1)1), (i=0,1,2,3..) (6)
But, as 0 < p < 1 we have '
limp' =0
1— 00
Hence it follows easily from (6) that
lim x(n) =0
n—o0
The proof of the lemma is finished. O

Lemma 2.2. Assume that {p(n)} is a sequence of nonnegative real numbers on N(ng) and {g(n)} is a sequence of
positive real numbers on N(ng). Let {x(n)} be an oscillatory solution of the neutral delay difference equation (1) and
let 7i be an integer with it > ny. If

x() >0 and z(i) >0, (7)

then either x(&) < 0orz(&) < 0 forat leastone& € N(i+ 1,7+ 17— 1).

Proof. First of all, we will prove the following claim.

Claim: Let n; > ng. If both x(n) and z(n) are positive on N(ny,ny + 1), then x(n) and z(n) are also
positive on N(n1 + 7,11 + T+ 0). In order to establish our claim, we assume that x(n) > 0 and z(n) > 0
for all n € N(ny,n1 + 7). So, we have x(n — ) > 0, for all n € N(ny + 0,n; + 7+ o). From this and (3),
we concluded that Az(n) > 0 for all n € N(ny + o, n1 + T+ o). This guarantees that {z(n)} is increasing on
N(ny + o,n1 + 7 + o) which together with the facts that N(n; + 7,n1 + 7+ 0) C N(n; +0,n1 + 7+ 0) and
z(ny + o) > 0 implies that {z(n)} is always positve on N(ny + T,n; + 7 + ). We see that x(n —7) > 0 on
N(ny + 1,11 + 7+ 0). Hence, by taking into account the fact that {z(n)} is positive on N(n1 + 7,11 + 7+ 0)
and using the assumption that {p(n)} is nonnegative on N (1), we obtain, forevery n € N(ny + 7,1 + 7+ 0)

x(n) =z(N)+pmn)x(n—1) > p(n)x(n—1) > 0.
This implies that {x(n)} is always positive on N (11 + 7,11 + T + ¢) and completes the proof of our claim. [

Now, let us suppose that (7) holds.
We will show that either

x(§) <0 or z(¢) <0 for atleast one e N(A+1,a+T—1) 8)

If (8) is not true, then x(n) > 0 and z(n) > 0 for every n € N(i+ 1,71+ T —1). So, because of (6), both
{x(n)} and {z(n)} must be positive on N(7,7 + T — 1). By our claim, {x(n)} and {z(n)} are also positive on
N(i+t—1,1+7+0—1). Consequently, {x(n)} and {z(n)} are positive on N (7,7 + T + ¢ — 1). By using
again our claim (with n; = i+ 0 — 1), we see that {x(n) } and {z(n)} are also positiveon N(71 +7+0c — 1,7 +
T+ 20 —1). Thus, {x(n)} and {z(n)} are positive on N(7i,7 + T + 20 — 1). Following the procedure, we can
conclude that, for any nonnegative integer k, both {x(n)} and {z(n)} are positive on N(7, 7 + T + ko — 1).
This guarantees that {x(n)} and {z(n)} are positive on N (7). But, the fact that {x(n)} is positive on N(71)
contradictory the oscillatory character of {x(n)}. So (8) has been proved.

Lemma 2.3. Let 0 < p(n) < p < land {f(n)} be an unbounded sequence of real numbers on N(ny — 7). We define

gn) = f(n) —pm)f(n—1), n=no.
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Then the sequence {g(n)} is also unbounded. Moreover, there exists my > ng, such that for any m > my, the following
statement is true:

If
ig(n)| < |g(m)|, for every n € N(mg,m), )

then
|f(n)|§11pg(m)| for all ne N(ng—1,m) (10)

Proof. The hypothesis that {f(n)} is unbounded guarantees the existence of a sequence of integer {m };_q1
with ng < mg < mq < ... and limy_,, M = oo such that

max_|f(n)| = |f(my)], (k=0,123,.) an

neN (ng—1,my)

and

lim |my| = oo. (12)
k—o0

By taking into account, the assumption that {p(n)} is nonnegative on N(#) and using 0 < p(n) < p < 1and
(11) we obtain fork = 0,1, 2, ...

g(mi)| = |f (m) = p(mie) f (mye — 7))
|f(mie) | = p(mge) | f (mye — 7))
|f ()| = p 1f ()|

AVARLY,

Hence, we have
|g(mk)‘ > (1 - P) ‘f(mk)| ’ (k =0, 1/2/"')

So in view of (12) and because of the fact that 1 — p > 0, it follows that

lim [g ()| = .
k—o0
This guarantees that |g(n)| is necessary unbounded.
Now, let m be an arbitrary point with m > m, and assume that (9) is satisfied. As {p(n)} is assume to be
nonnegative on N (1), we can use (9) and 0 < p(n) < p < 1 to obtain, for n € N(mg, m),

gm)[ = g(n)| = [f(n) —p(n)f(n—1)]
> |fm)]=plf(n—-1)
> |f(m)] - Poonmax M (s)]-
Thus,
glm)| = max |f(n)—p max - |f(n)],neN(no—1m). (13)

On the otherhand, by using (11) with k = 0, we can immediately see that

max n)l =  max n)|,
neN (mg,m) |f( )| neN(ng—1,m) |f< )|

Hence (13), yields
lgm)| = (1—=p) max |f(n)].

neN(ng—1,m)
So since 1 — p > 0, we have

max |f(m)] < 1 |g(m)].

neN(ng—1,m) p

The proof of the lemma is now complete. O
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3 Main Results

Theorem 3.1. Assume that

0<pn)<p< % (14)
If
n+1—1
limsup Y q(s) <2(1-2p) (15)
n—oo  s—n

then every oscillatory solution of equation (1) tends to zero as n — oo.

Proof. Let {x(n)} be an oscillatory solution of (1). First it will be shown that the solution {x(n)} is bounded.
Next, by the use of the boundedness of {x(1n)}, we shall prove that the solution {x(#)} tend to zero as n — oo.
Suppose, that the sake of contradiction, that the solution {x(n)} is unbounded. We see that condition (15)

implies, in particular, that
n+t—1

Y q(s) <2(1—2p) for all n
sS=n
and consequently there exists an integer 11 > ng such that

n+t—1
Y q(n) <2(1—2p) for every n>ny. (16)

By taking into account the fact that {p(n)} is nonnegative on N(ng) and that (14) holds and using the fact
that {x(n)} is unbounded, we can apply Lemma 2.3 to conclude that the sequence {z(n)} is also unbounded,
where z(n) is defined by (2). Moreover, there exists a my > ng such that, for any m > my, the following
statements is true.
If
|z(n)| < |z(m)| for every n € N(mgy,m), (17)

then

|x(n)] < |z(m)| for all ne& N(ng—1,m). (18)

L—p
Also, as {x(n)} is unbounded, it is obvious that {x(n)} does not tend to zero at n — oo.

In view of Lemma 2.1, {x(n)} cannot be eventually of one sign, i.e., it is neither eventually nonnegative
nor eventually nonpositive. This means that {x(n)} changes sign for arbitrarly large values of n. So, in view
of (1) and (2), the sequence {Az(n)} changes sign for arbitrarly large values of n and consequently {z(n)}
cannot be eventually monotone. From this fact and the unboundness of {z(n)} we conclude that there exists
an integer m > max {ny + o, mop, ng + 7} with z(m) # 0 such that

z(m)Az(m) <0 (19)

and
|z(n)| < |z(m)| for every n & N(ng,m). (20)

We observe that m > m( and that (20) implies (17). Hence (18) holds true. Furthermore, we see that { —x(n)}
is also an oscillatory solution of (1), which is unbounded, and that

—z(n) = —x(n) + p(n)x(n—71) for n > ny.
Thus, as z(m) # 0, we may (and do) assume that
z(m) > 0. (21)

So (18) becomes
1

()| < 1,

z(m) for all né€ N(ny—1t,m). (22)

Now, we will show that
x(m) > 0.
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Assume, for the sake of contradiction, that x(m) < 0. Asm > ng+ 1, we have ny < m —t < m. Consequently,
(22) susures that

[x(m —1)| <

7 _pz(m).

By using this inequality as well as (21) and taking into account the fact that {p(n)} is nonnegative on N(ny),
we obtain

0 < z(m) x(m) — p(m)x(m — 1)
—p(m)x(m — 1)

p(m) [x(m —7)|

ININ

IN
<
—_

[ [
3

and consequently

This contradiction proves that x(m) < 0. In view of (19) and (21), we have
Az(m) <0.

Prove this and (1), we have x(m — ¢) < 0. Note that m — ¢ > ny. Let us denote the integer ¢; less then m such
that x(¢71)z(¢1) < 0and

x(n) >0 and z(n) >0 for every ne N(&+1,m).

It is obvious that m — o < ¢; < m — 1. Since {x(n)} is oscillatory, then there exists an integers ¢, > m such
that

x(¢2)z(¢2) <0

and
x(n) >0 and z(n) >0, for every ne N(m,g—1).

We note that x(n) > 0and z(n) > 0as N(&; +1,& — 1).
We shall establish the following inequality

¢1+7—-1
2 <2 . 23
z(m) _{ p+ ngél ”’(”)}nemﬂa{im_l)'x(”)' (23)
Inequality (23) is an immediate consequence of the next inequalities:
m—1
< 24
m) < {P+nZ€1q(n)}n€N(nr1ng>;m1)IX(n)| (24)
and
S1+71-1
< . 25
2(m) < {p+ p) q(n)}neN(gg?m_l) x(m)| @)

So, we will prove that (24) and (25) hold.
Proof of inequality (24). We see that (1) and (2) gives

z(m) = z(&) + 2 g(n)x(n — o) (26)
n=g
First, let us assume that z(¢1) < 0. Then from (26) we obtain

m—1
< ) q(m)x(n— Zq ) [x(n—a)].

n=¢, n=g
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Asm—o0 < ¢ <m—1,wehave
m—-2t<m—-20<1—oc<m—oc—-1<m-—1

Hence n — o € N(m —2t,m — 1) whenever n € N(¢;,m —1). So, we get

m—1
2(m) < { 3 ‘7<”>}neN<maX x(n)

n=t, n—2t,m—1)

which, as p > 0, implies (24), Next, we assume that x(¢1) < 0. Then from (26), we obtain

m—1

z(m) = x(é‘l)*P(é‘1)x(§1*T)+;JILI(n)X(”*U)
< —pG)x(G—1)+ qu
< (Cl)‘x(§1*T|+Zé;q ) [x(n—0o)]|.

But,asm — o < ¢ < m—1, we have
m—-2t1<m—-1—0<{1—1<1—c<m—-1—-c<m-1
or
m—-2t<m—-oc—1<1—T1T<{1—c<m—-1—-oc<m—1

Thus,

(& — 1) < pen(max [x(n)]

Also as we have previously seen,
n—o € N(m—2t,m—1) whenever n € N(§,m—1).

Thus the last inequality becomes

m—1
z(m) <p max |x(n)| + { ; q(n)} max |x(n)]|.

neN(m—2t,m—1) neN(m—2t,m—1)
Consequently (24) is fulfilled. The proof of (24) is finished. O

Proof of inequality (25)

We distinguish between two cases: Either ¢, > {1 + 1,0r gy < ¢ + 7.

Case 1: & > {1 + 7. Then there is an integer 71 with ; < 71 < ¢, — T such that x(77) > 0 and z(i7) > 0.
So by Lemma 2, either x(¢) < 0 or z(§) < 0 for atleastone ¢ € N(i+ 1,1+ 7—1). Since {1 <7 < ¢ <
1+ T —k < . This is a contradiction to the fact that both x(n) > 0and z(n) > 0on N(é; + 1,2 — 1)

Case 2: ¢ < &1 + 7. From (1) and (2), we have

z(m) = z(&) — Z g(n)x(n—o) (27)
We examine the two subcases, where either &, < m+coréy, >m+o.
Subcase 2.1 ¢, < m + 0. Suppose first that z(¢») < 0 Then from (26),

G—1
2m) = — % qln)x(n—0)

IN
]
=
=
=

=

|
<
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We observe that
m—T<m—oc<n—oc<gH-1—-c<m-—1

So,n— 0 € N(m—1,m—1) whenever n € N(m, &, — 1). Hence from the above inequality, we obtain

&1
(T} o a0

neN(m—t,m—1)

C1+7—1
{ n;ﬂ q(ﬂ)}neN(r"glaéml) |x(1)].

Consequently, as p > 0 inequality (25) is always fulfilled. Next, let us suppose that x(¢,) < 0. Then from (1)
and (2), we have

z(m)

IN

IN

61
z(m) = [x(&2) — p(&2)x(82 — 7)] Zq x(n—o)

G—1

< —p(&)x(G2—1) — Z g(n)x(n — o)
Ga—1

< (§z)|x(2—r|+2q ) [x(n — o)

¢—1
< P\X(Cz—TH—Zq ) |x(n — o).

But m—t <& —1< (m+0)—(0c+1) = m—1. Also, as we have seen above, we have n — o € N(m —
T,m — 1) whenever n € N(m, & — 1). From these, we obtain

-1
<
z(m) < neN(ﬁlaﬁm1)|x(")|+<n§1q(”)> neN(In?fﬁmfl)‘x(””
< max

G1+t—1
+ n max x(n
Lol >] . x(n)]

m—1,m—1)

neN(m—t,m—1)

¢1+7—-1
< {p+ D ”’<”>}neN(maX x(n)]

n—m m—2t,m—1)

So (25) holds true
Subcase 2.2: {, > m + o. First, let z({,) < 0. Then (27) is written as

22 x(n—o). (28)

Ifne Nm+o,6—1),thend; <m<n—0<¢—1—-0<¢ —1. Consequently,n —c € N(¢;1 +1,& —1).
So we have x(n — ) > 0 for every n € N(m + ,& — 1). Hence, it follows from (26), that

m+o—1 ¢r—1
z(m) < — ; q(n)x(n—o) — :Z+ q(n)x(n—o)
m+o—1
< - ; q(n)x(n—o)
m+o—1
< Z q(n) [x(n —o)].
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But, foranyn € N(m,m+oc —1),itholdsm —7<m—0—-1<n—-0—1<m—1. Thus, we derive

m+o—1
<
z(m) < {n;ﬂ q(ﬂ)}neN(gla;fml)lx(n)l
é—1
<
< n;mq(n) neN(rﬁ;ﬁm_l)lx(n)l
<

G1t+1-1
{ n;n q(ﬂ)}neN(;na;fml) x(n)|,

which, as p > 0, guarantees that (25) holds true. Next, let x(¢z) < 0. Then (27) becomes,
G—1

z(m) < —p(&)x(& — 1) Zq x(n—o). (29)

As above, n — o € N(¢1+ 1,8, — 1) for every N € N(m + 0,8 —1). Consequently x(n — ) > 0 for each
neN(m—o,8—1). Wenotice that & — 7 < {1 <m < § — 0. If n € N(m, — o), then from (29), we get

m+o—1 ¢r—1
z(m) < —p(&2)x(G2—1) X]q )A'j;_ﬂwxmfa)
m—+o—1
< —p(G2)x(G2—17) — Z q(n)x(n —o)
m-+o—1
z(m) < plx(G2—1)|+ ; q(n) [x(n—o)|

Butm—1 < ¢ — 1 < ¢ < m. Moreover, as before, we have [n —c € N(m —t,m —1)], for every n €
N(m,m+ o — 1). Thus, we obtain

&1
am) < p |x<n>|+{gq<n>} max_[x(n)]

neN(m—t,m—1) neN(m—t,m—1)

IN

neN(m—1,m—1)

¢1+1-1
{p+ ; q(n)} max |x(n)]|.

So inequality (25) is always satisfied.
Now, we will make use of inequality (23), which has been already established, to arrive at a contradiction.
Since m is choose so that m > ng + T, we have m — 2T > ng — T and consequently from (22) in particular that

1
|x(n)| < T pz(m) for all n e N(m—2t,m).
This can equivalently be written as
max  |x(n)| < ! z(m)
neN(m—2t,m) “1-p

and so inequality (23) yields

_ g1+7-1 1
22(m) < {zp+ py q<n>}1_p 2(m)].

g1+1—1 1
2§{2p+ Y q(n)}

n=g, 1=p

Thus, in view of (21), we have

ie.,
g1+7—1
q(n) >2(1-2p)
n=¢
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As 1 > m — o > nj the last inequality contradicts (16). This contradiction finishes the proof of the fact that
the solution {x(n)} is bounded.

The proof of the theorem will be accomplished by proving that the solution {x (1)} tends to zero as n — .
To this end, we will make use of the fact that the solution {x(n)} is always bounded.

Suppose, for the sake of contradiction, that {x(n)} does not tend to zero as n — oo, and define

i = limsup |x(n)|.

n—oo

It is obvious that 0 < u < co. Moreover, we put

A = limsup |z(n)].

Now, for n > ng
z(n)] = [x(n) = p(n)x(n—1)|

[x(n)| +p|x(n—1)|
|x(n)| +m|x(n—1)].

IN A

So, as {x(n)} is bounded, it follows that {z(n) } is also bounded. Consequently A must be finite. Furthermore,
it holds.
Az pu(l—p), (30)

which guarantees, in particular that A > 0. In fact, let € be an arbitrary positive real number. From the
definition of y it follows that, for some point ne > ng — 7, we have

|x(n)| < u+ € for every n>nec. (31)

Hence by using (31) we obtain for eachn > ne + 7

z(n)] = |x(n) —p(n)x(n—1)|
> |x(n)] = plx(n—1)|
> |x(n)] —m(p+ €).
Consequently,
limsup |z(n)| > limsup |x(n)| — p(u+ €)
n—oo n—,oo
ie.,

A>pu—m(p+ €).

This inequality holds true for all real numbers €> 0 and so (30) is always satisfied.

Since the solution {x(n)} is not eventually of one sign, i.e., it changes sign for arbitrarly large values of
n. Thus the sequence {Az(n)} changes sign for arbitrarly large values of n, which ensures that {z(n)} is not
monotone. By this fact and fact that A > 0. we conclude that there exists a sequence of integers {my } - ; with
np < my < my < ...and limy_,, my = oo such that z(my) # 0 (k=1,2,...) and

z(my) Az(my) < 0 (32)
and
Jim |2 (my)| = A. (33)

We remark that the sequence {my;};._; can be chosen so that either z(my) > 0 forall k = 1,2,... or z(my) < 0
foralln =1,2,3,.... We see that

—z(n) = —x(n) + p(n)x(n—t) for n>ng
and that

limsup |—z(n)| = A.

n—oo
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Also, itis obvious that { —x(n) } is a bounded oscillatory solution of (1), which does not tend to zero as n — 0.
After there observations, we may (and do) restrict ourselves only to the case where

z(mg) >0 (k=1,23,..) (34)
In view of (34), equality (33) becomes
nli_r};oz(mk) = A (35)

It is clear that we have either x(m;) = 0 for infinitely many k € {1,2,3,...} or x(my) # 0. So, we examine
separately the following two cases:
Case I: x(my) < 0 for infinitely many k € {1,2,3,...}. Let {my, } - be a sub sequence of {n};; such that

x(m) <0 (i=1,2,3,..). (36)

Clearly, limy,—,c 1y, = oo. It follows from (32) (34) and (35) that

Az(m) <0 (i=1,2,3,..), (37)
z(m) >0 (i=1,23,.) (38)
and
lim z(my,) = A, respectively. (39)
1—00

By (37), (1) and (2), we have
q(my)x(m, —o) <0 (i=1,2,3,..).

Consequently, we get
x(my, —o) <0 (i=1,23,..). (40)

Using (2), (36) and (38) we obtain fori =1,2,3, ...

0<z(m) = x(my)— pmg)x(mg, —7)
< —pmy)x(my, — )
< plx(m, —7)]
< max |x(n)]|.

neN (my, —7,my.—1)

We consider an integer j € {1,2,3, ...} such that My, > T. Then we obviously have myg, > T foralli > j, so, it
holds

z(my,) <m max x(n)|, or 1>1. 41

) <m e (0], for iz )

Next using (1), (2) and (40) we obtain, fori > j,

mk[—l
) = 2m =)+ Y qn)x(n—o)
mkl,—l
= [xOm,— ) = plm, — x0m, ~20] + ¥ almx(n—0)
mki—l l
< —plmg = Ox(mg —20)+ ), g(m)x(n—0)
mkiil
< plmg =) [x(m —20)|+ ), q(n) |x(n —0)|
m;ifl
< max |x(n)|+[ ) q(n)] wen max |x(n)].

nGN(mk]_—ZT,mkl_—l) mki—ZT,mk]_—l)
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Therefore,
mkifl

< + 42
Z(mk,>_{P n_mZk;Tq(n)}neN(mkirrgﬁrmki_l)lx(n)l (42)

A combinations of (41) and (42) leads to

mki—l
2z(my,) < 2p+ Y. q(n) max |x(n)|  for i>j. (43)
! =y —T neN(mki—ZT,mki—l)

Let €< 0 be an arbitrary real numbers. In view of definition of y, there exists an integer nc > ny — 7 so that
(31) holds. Choose an integer | > j such that my, > ne + 27. It is obvious that my, > ne + 27 for all integers
i > [. It follows from (31) that

max x(n)| < u+ € or i>1.
neN(mki—ZT,mki—1)| ( )| =H f B

Hence, from (43) we get

mkifl

2z(my,) < (u+ €) {2p+ ) q(n)} for every i>1,

nzmki -7

which gives

mki—l
2lim z(my,) < (p+€) [2p+limsup Y. q(n)]

i—00 i—00 n=y, =T

n—00 gs=p—1

n—1
< (p+€) {2p+limsup ) q(s)}
= (V+€){

n+t—1
2p+limsup ) q(s)}.

n—oo s=n

So because of (39), we have

n—o0 s=n

n+7—1
2A < (p+ €) {2p+limsup JFZ q(s)} . (44)

By combining (28) and (42), we obtain

n+71—1
2u(1—p) < (u+ 6){2P+1imsup +Z q(S)}-

n—oo s=n

As this inequality is satisfied for every real number €> 0, we always have

n4+1—1
2u(l=p) <p {ZP +limsup ) q(S)} :

n—o0

Thus, since i > 0, it holds

n+mn

2(1—p) <2p+limsup Y q(s).

n—oo s=n

ie.,
n+t—1

limsup Y q(s) >2(1—2p). (45)

n—oo

Inequality (45) contradicts condition (15).
Case II: x(my) > 0 for all large n. This means that there exists an integer r € {1,2,3, ...} such that

x(mg) >0 for all k>r. (46)
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It is clear that the integer r can be chosen to be arbitrary large; so it will be considered that m, > 1y + 7. Then
we have my > ng+ tforallk > r.

Let as consider an arbitrary large k with k > r. We observe that in view of (34) and (46) it holds x(my) > 0
and z(my) > 0.

Furthermore by (32) and (34), it holds Az(m;) < 0. From this and (1), we have x(m; — o) < 0, where
m, — o > ng. Let Q’; be the integer with m; — o < 5771 < my such that either x(Ci) < Oor z({,‘;) < 0 and
x(n) > 0and z(n) > 0on N(&} + 1, my).

On the otherhand, by the oscillatory character of {x(n)} we may find an integer 5% with my < g*,% such that
either x(¢7) < 0 of z(¢7) < 0 and x(n) > 0and z(n) > 0 on N(my, & — 1). It follows that both x(n) > 0
and z(n) > 0 on N(&},¢2). Thus we have defined two sequence {¢} } and {¢?} of integers such that {x(n)}
and {z(n)} are positive on N(&} +1,¢% — 1). Since ¢{ > my — o for k > r, we always have limy_, &} = oo.
Following the same procedure as when establishing (23), we can prove that

Z+r-1
2z(my) < {Zp—l— ) q(n)} on( max |x(n)|  for k<r. (47)

mp—27T,m—1
n=c} k k=1

Consider an arbitrary real number €> 0 and let nc > 1y — 7 be an integer such that (31) is satisfied. Moreover,
let ] > r, be an integer such that m; > nec + 27. Then we obviously have my > ne¢ + 27 for every k > [. So (31)
guarantees that

< € k>1
nEN(mll‘(rlazzf,mkfl) |X(7’l)| =pE fOV o

Thus, from (47)we obtain

4r-1

2z(my) < (p+ €) {Zp—l— ) q(n)} for all k>1.

n:(f,l

Therefore,

§,1+T—1
2klirnz(mk) < (p+ e){2p+limsup ) q(n)}
— 00

k—roc0 n=qy

IN

n+t—1
(u+ €) {Zp—l—limsup 2 q(n)}
k—oo  s=n

which because of (33), leads to (44). By the method used previously we can see that (45) is always satisfied.
But (45) contradicts condition (15).

In both Cases I and Il we have arrived at a contradiction. This contradiction shows that the solution {x(n)}
tend to zero as n — oco.

The proof of the theorem is complete.
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Abstract

In this paper we are concerned with the existence of strongly continuous solution x € CI[I, E] of the
nonlinear functional integral inclusion

xmeF@A}@mm@»%Ltemﬂ

under the assumption that the set-valued function F has Lipschitz selection in the Banach space E.

Keywords: Set-valued function, continuous solutions, Functional integral inclusions, selections of the set-valued
function, Lipschitz selections.
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1 Introduction

Let E be a Banach space, I = [0, T] and let L!(I) be the class of all Lebesgue integrable functions defined
on the interval I.
Denote by C[I, E] the Banach space of strongly continuous functions x : I — E with sup-norm.

l[xllc = sup ||x[[g

Consider the functional integral inclusion

mﬂennfg@ﬂm@»%ytemj] (1.1)

where F : I x E — P(E) is a nonlinear set-valued mapping, and P(E) denote the family of nonempty subsets
of the Banach space E.

Indeed a set-valued functional equations have been extensively investigated by a number of authors and there
are many interesting results concerning this problem (see [2], [9]-[13]]), and a functional integral inclusion was
studied by B.C. Dhage and D. O’Regan (see [3], [4] and [14]).

Here we study the existence of strongly continuous solution x € C[I, E| of the functional integral inclusion
(1.1) in the Banach space E under a set of several suitable assumptions on the set-valued function F.

Our study is based on the selections of the set-valued function F, on which we have a functional integral
equation, such a type has been studied in several papers (see [1], [7]-[8] and [15]).

*Corresponding author.
E-mail address: amasayed@alexu.edu.eg (Ahmed M. A. El-Sayed), nesreen_fawzy20@yahoo.com (Nesreen F. M. El-Haddad).
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2 Preliminaries

We present some definitions and results that will be used in this work.
Let E be a Banach space and let x : I — E.

Definition 2.1. [6]] A set-valued map F from I x E to the family of all nonempty closed subsets of E is called Lipschitzian
if there exists L > 0 such that for all t1,t, € I and all x1,x, € E, we have

H(F(t1,x1),F(t2,x2)) < L(|t1 — t2| + ||x1 — x2]]),

where H(A, B) is the Hausdorff metric between the two subsets A,B € I x E.

Denote Sy = Lip(I, E) be the set of all Lipschitz selections of the set-valued function F with values in the
Banach space E.

Let E = R". The following theorem assures the existence of Lipschitzian selection.

Theorem 2.1. [6]] Let M be a metric space and F be Lipschitzian set-valued function from M into the nonempty compact
convex subsets of R". Assume, moreover, that for some A > 0, F(x) C AB for all x € M where B is the unit ball of R".
Then there exists a constant C and a single-valued function f : M — R", f(x) € F(x) for x € M; this function is
Lipschitzian with constant I.

Denote S; = Lip(M, R") to be the set of all Lipschitz selections of the set-valued function F with values in
the space R".

Theorem 2.2. [5] “Schauder fixed point theorem”.
Let Q be a convex subset of a Banach space X, T : Q — Q be a compact, continuous map. Then T has at least one fixed
point in Q.

3 Existence of solution in E

In this section, we present our main result by proving the existence of strongly continuous solution x €
C[L E] of the functional integral inclusion (1.1) in the Banach space E, under the assumption that the set-
valued function F has Lipschitz selection in E.

Consider now the functional integral inclusion (1.1) under the following assumptions

(H1) The set F(t, x) is compact and convex for all (¢,x) € [ x E.

(H2) The set-valued map F is Lipschitzian with a Lipschitz constant L > 0.

(H3) The set of all Lipschitz selections Sr is nonempty.

(H4) The function g : [0, T] x E — E satisfies Caratheodory condition i.e. g(t,.) is continuous in x € E for
each t € I and g(., x) is measurable in t € I for each x € E.

(H5) There exists an integrable function a € L[, E] and a positive constant b > 0 such that

gt )| < lla(t)[[ +Dl[x]|, Vtel, xeE.
(H6) m : [0, T] — [0, T] is continuous.
Remark 3.1. From assumptions (H1) and (H3), there exists f € Sg such that
1f(t2,%) = f(ti, )l < L(lt2 = ta| + [x = yllc),
and

K(6) = £(t, [ (s, xm(s))ds, £ € [0,T] (32)

Then the solution of the functional integral equation (3.2), if it exists, is a solution of the functional integral inclusion
(1.1).



444 Ahmed M. A. El-Sayed et al. / Existence of strongly continuous solutions for a functional integral inclusion

Definition 3.2. By a solution of the functional integral inclusion (1.1) we mean the function x(.) € C[I, E| satisfying
(1.1).

For the existence of strongly continuous solution x € C[I, E] of the functional integral inclusion (1.1) we
have the following theorem.

Theorem 3.3. Let the assumptions (H1)-(H6) be satisfied. Then there exists a strongly continuous solution x € C[I, E]
of the functional integral inclusion (1.1).

Proof. Let the set-valued function F satisfy the assumptions (H1)-(H3), then there exists a selection f € Sf, f :
I x E — E, such that

[ f(t2, x) = f(tr, y)llc < L(|t2 = t1| + [lx = yllc),
forevery ty,tp € I and x,y € E.

And f satisfy the functional integral equation (3.2).
Define the operator A by

Ax(t) = f(t, /Otg(s,x(m(s)))ds, teo,T]

Let the set Q, be defined as
LK+ M

Q= {xeCILE Ixlc <7k r= 10t

Then, it is clear that it is nonempty, bounded, closed and convex set.
Let x € Qr be an arbitrary element, then

laxol = It /tg<s,x<m<s>>>ds||

< 1] [ gls,x0n(s))ds] + 1£(2,0)]
< L||/ s,x(m(s)))ds|| +sup |f(£,0)|
< 1 [ 865, xm(s)) s + sup | £(5,0)
< 1 [ {la)l + blx(m())] s +sup £(5,0)
< 1 [ Ja(e)llds + 1 [ lx(m(s))]ds + sup £(5,0)
)|\ b su ds + su ;
< L[ la@lds o [ sup x(m(s))ds+sup |£(5,0)
)||ds b su ds + su ,
< 1 fa@)ds + 1 /SEOpT Ix(m(s)) ds + sup  £(t,0)
< LK+Lb||x||T+ M,

where K = fo lla(s)||ds, and M = sup |f(t,0)|.

Then
|Ax(t)|| < LK+ LbrT + M = r, where r = LM
Hence
|Ax|lc <.

Which proves that AQ, C Q;, ie. A:Q, = Q.

Finally, we will show that A is compact.

Let x € Qy, since Ax € Q;, ||Ax|| < r, then Ax isbounded V x € Q;.
Therefore, A is bounded and the class { Ax} is uniformly bounded.
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Now, let t1,tp € [0, T], then Ve > 0, 36(e) > 0, such that |t; — ;| < J, whenever

[Ax(t2) — Ax(t)[| =

IN

IN

IN

IN

IN

IN

IN

IN

Then

t g3
I£(t2, [ ts,x(m(s)))ds = (b, [ g(s,x(m(s)))s]|
Ll =]+ 1 [ gl xm(s)ds — [ g(s,x0m(s))as]}
Ll =]+ g xm(9) s}

Ll =]+ [ a(s) ]+ blix(n(s) 1)

Ll =]+ [ lae)ds+ 6 [ xtm(s)las)

Ll =al+ [ la)lds +b [ sﬂﬂw m(s)) |ds}
um—m+¢z| ds+b [ sup [x(m(s))]ds)

s€[0,T]

umfm+/ 5)llds + bl 2 — 11}
L{r5+/ $)|lds + bré} = .
|Ax(ty) — Ax(t1)|| <e.

Hence the class { Ax} is equicontinuous, x € Q,, and by Arzela theorem, A is compact.
Then by Schauder fixed point theorem, there exists at least one fixed point, and then there exists at least one
strongly continuous solution x € C[I, E] for the functional integral equation (3.2).
Consequently, there exists a strongly continuous solution x € C[I, E] for the functional integral inclusion

(1.1).

4 Existence of solution in R"
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In this section, we present the existence of strongly continuous solution x € C[I, R"] of the functional
integral inclusion (1.1) in the space R", under the assumption that the set-valued function F has Lipschitz

selection in R".

Consider now the functional integral inclusion (1.1) under the following assumptions
(I) The set F(t, x) is compact and convex for all (t,x) € I x R".
(IT) The set-valued map F is Lipschitzian with a Lipschitz constant L > 0

IF(t2,x) —

for every t1,t, € I and x,y € R".

(IIT) The function g : [0, T| x R" — R" satisfies Caratheodory condition i.e. g(t
x) is measurable in t € I for each x € R".

eacht € Iand g(.,

F(t,y)llc < L(t2 = ta| + lx = yllc),

(IV) There exists an integrable function a € L![I, R"] and a positive constant b > 0 such that

18 (£, x)[ < [la(

(Vym :[0,T] — [0, T] is continuous.

t)||+blx||, Ytel, xeR"

,.) is continuous in x € R" for

Definition 4.3. By a solution of the functional integral inclusion (1.1) we mean the function x(.) € C[I, R"] satisfying

(1.1).

Now for the existence of strongly continuous solution x € C[I, R"] of the functional integral inclusion (1.1)

we have the following theorem.
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Theorem 4.4. Let the assumptions (1)-(V) be satisfied. Then there exists a strongly continuous solution x € C[I, R"]
of the functional integral inclusion (1.1).

Proof. Let the set-valued function F satisfy the assumptions (I)-(II), then from Theorem with
M =1 x R", we deduce that there exists a selection f € F, which satisfies:

(i) f: I x R* — R" is continuous

(ii) f satisfy Lipschitz condition with a Lipschitz constant L > 0

1f (b2, %) = f(t,y)llc < L(lt2 =t + lx —ylic),
for every t1,t, € I and x,y € R"™.

And f satisfy the functional integral equation (3.2).
Define the operator A by

Let the set Q, be defined as

LK+M

n
<
= {x € CILR", [xllc <7} r= 1ot

Then, it is clear that it is nonempty, bounded, closed and convex set.
Let x € Q, be an arbitrary element, then

laxol = It /tg<s,x<m<s>>>ds||

8(s,x(m(s)))ds|| + [l f (£, 0|

IN
=
\

< 1 ./0 (s, x(m(s)))ds| + sup| £(t,0)

< 1 [ 865, xm(s)) s + sup (5,0

< 1 [ {lo(s)]|+ BllxOm(s)) s + sup £ (5,0)

< 1 [ Ja(e)llds + 1 [ x(m(s))]ds + sup £(5,0)

< 1 [ fato)lds+ 1o [ o l(m(s))ds+sup £(2,0)
< 1 [ at)lds+ b [ 2up [lx(m(s)) s + sup |£(4,0)
< LK+ Lb|x||T+ M,

where K = fo lla(s)||ds, and M = sup |f(t,0)].

Then
|Ax(t)|| < LK+ LbrT + M = r, where r = %
Hence

[Ax]c <.

Which proves that AQ, C Q;, ie. A:Q, = Q.

Finally, we will show that A is compact.

Let x € Qy, since Ax € Q;, ||Ax|| < r, then Ax isbounded V x € Q;.
Therefore, A is bounded and the class { Ax} is uniformly bounded.
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Now, let t1,tp € [0, T], then Ve > 0, 36(e) > 0, such that |t; — ;| < J, whenever

[Ax(t2) — Ax(t)[| =

IN

IN

IN

IN

IN

IN

IN

IN

Then

It [ gtsxlm))ds — for, [ g, x0m(s)))as]
Ll =]+ 1 [ gl xm(s)ds — [ g(s,x0m(s))as]}
Ll =]+ [ g xm(9) s}

Ll =]+ [ a(s) ]+ blix(n(s)) 1)
Ll =t [ la(o)lds +b [ () s}
Ll =al+ [ la)lds +o [ su%ﬂnx m(s)) |ds}
Ll nl+ [l \|ds+b/ sup ()4
L{lt2 — 1 +/ 5)llds + bllx| 12~ 1]}
L{rS—i-/ s)|lds + bro} = e.

|Ax(ty) — Ax(t1)|| <e.

Hence the class { Ax} is equicontinuous, x € Q,, and by Arzela theorem, A is compact.
Then by Schauder fixed point theorem, there exists at least one fixed point, and then there exists at least one
strongly continuous solution x € C[I, R"] for the functional integral equation (3.2).
Consequently, there exists a strongly continuous solution x € C[I, R"] for the functional integral inclusion

(1.1).
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Corollary 4.1. Let n = 1. If F satisfy the assumptions (I)-(II), then from Theorem (2.1) with M = I x R, we deduce

that there exists a selection f € F, which satisfies (i)-(ii), and f satisfy the functional zntegml equation (3.2).

Hence there exists a strongly continuous solution x € C[I, R for the functional integral inclusion (1.1).

5 Acknowledgment

The authors would like to thank the anonymous reviewers for their valuable comments.

References

[1] J. Banas, Integrable solutions of Hammerstien and Urysohn integral equations, J. Austral. Math. Soc. (series

A) 46 (1989), 61-68.

[2] T.Cardinali, K. Nikodem and F. Papalini, Some results on stability and characterization of k-convexity of
set-valued functions, Ann. Polon, Math. 58(1993), 185-192.

[3] B.C. Dhage, A functional integral inclusion involving Carathodories. Electron. . Qual. Theory Differ. Equ.
2003, Paper No. 14, 18 p., electronic only (2003).

[4] B.C. Dhage, A functional integral inclusion involving discontinuities. Fixed Point Theory 5, No. 1, (2004),

53764.

[5] K. Deimling, Nonlinear functional Analysis, Springer-Verlag, (1985).

[6] A. M. A. El-sayed and A. G. Ibrahim, Multivalued fractional differential equations, Applied Mathematics

and Computation, 68(1995), 15-25.



448 Ahmed M. A. El-Sayed et al. / Existence of strongly continuous solutions for a functional integral inclusion

[7] M. A. Kransel’skii, on the continuity of the operator Fu(x) = f(x,u(x)), Dokl. Akad. Nauk., 77, (1951),
185-188.

[8] M. A. Kransel’skii, P. P. Zabrejko, J. I. Pustyl'nik and P. J. Sobolevskii, Integral operators in spaces of
summable functions, Noordhoff, Leyden, (1976).

[9] K.Nikodem, On quadratic set-valued functions, Publ. Math. Debrecen 30(1984), 297-301.
[10] K. Nikodem, On jensen’s functional equation for set-valued functions, Rad.Math 3(1987), 23-33.
[11] K. Nikodem, set-valued solutions of the pexider functional equations, Funkcial. Ekvac 31(1988), 227-231.

[12] D.Popa, Functional inclusions on square symmetric grupoids and Hyers-Ulam stability,Mathematical
Inequal & Appl. 7(2004), 419-428.

[13] D.Popa, Aproperty of a functional inclusion connected with Hyers-Ulam stability. J. Math. Inequal,
4(2009), 591-598.

[14] D. O’Regan, Integral inclusions of upper semi-continuous or lower semi- continuous type, Proc. Amer.
Math. Soc. 124(1996), 2391-2399.

[15] P. P. Zabrejko, A. I. Koshelev, M. A. Kransel’skii, S. G. Mikhlin, L. S. Rakovshchik and V. J. Stetsenko,
Integral equations,Nauka, Moscow, 1968 [English Translation: Noordhoff, Leyden (1975)].

Received: Jan 25, 2017; Accepted: Feb 21,2017

UNIVERSITY PRESS

Website: http:/ /www.malayajournal.org/



Malaya J. Mat. 5(2)(2017) 449-455

Malaya MIM

Journal of an international journal of mathematical sciences with
Matematik computer applications...

——
www.malayajournal.org

g*wa-Separation Axioms in Topological Spaces

P. G. Patil,* S.S. Benchalli and Pallavi S. Mirajakar

Department of Mathematics, Karnatak University, Dharwad-580 003, Karnataka, India.

Abstract

In this paper, we introduce and study the new separation axioms called g*wa-T; (i= 0,1,2) and weaker
forms of regular and normal spaces called g*wa-normal and g*wa-regular spaces using g*wa-closed sets in
topological spaces.

Keywords:  g*wa-closed sets, g*wa-Ty spaces, g*wa-T; spaces, g*wa-T, spaces, g*wa-regular spaces, g*wa-
normal spaces.
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1 Introduction

General Topology plays an important role in many fields of applied sciences as well as branches of
mathematics. More importantly, generalized closed sets suggest some new separation axioms which have
been found to be very useful in the study of certain objects of digital topology.

Maheshwari and Prasad [7] introduced the new class of spaces called s-normal spaces using semi open
sets [4]. It was further studied by Noiri and Popa [6], Dorsett [2] and Arya [1]. Munshi [8] and R. Devi [3]
introduced g-regular and g-normal spaces and their properties in topological spaces. Recently, Patil P. G.
et. al. [9]],[11] introduced and studied the concepts of g*wa-closed sets and g*wa-continuous functions in
topological spaces.

In this paper, we introduce new weaker forms of separation axioms called g*wa-Ty, g*wa-Ty, g*wa-T,
spaces and new class of spaces namely g*wa-regular and g*wa-normal spaces and their characterizations are
obtained.

2 Preliminary

Throughout this paper space (X, 7) and (Y, ) (or simply X and Y) always denote topological spaces
on which no separation axioms are assumed unless explicitly stated.

For a subset A of a space X, the closure (resp. a-closure [5]) and interior (resp. a-interior) of A is denoted
by cl(A) (resp. a-cl(A)) and int(A) (resp. a-int(A)).

Definition 2.1. [9] A subset A of a topological space X is said to be a generalized star wa-closed (briefly g* wa-closed)
if cl(A) C U whenever A C U and U is wa-open in X.
The family of all g* wa-closed (resp.g* wa-open) subsets of a space X is denoted by G*waC(X) (resp.G*waO(X)).

Definition 2.2. [[10] The intersection of all g* wa-closed sets containing a subset A of X is called g* wa-closure of A and
is denoted by g*wa-cl(A).
A set A'is §*wa-closed if and only if g* wa-cl(A) = A.
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Definition 2.3. [10] The union of all g* wa-open sets contained in a subset A of X is called g* wa-interior of A and it is
denoted by ¢* wa-int(A).
A set Ais called g* wa-open if and only if ¢* wa-int(A) = A.

Definition 2.4. A functionf: X — Yis called a

(i) g* wa-continuous[I1] if f~1(V) is g* wa-closed in X for every closed set V in Y.

(ii) ¢* wa-irresolutelT1] if f~1(V) is g* wa-closed in X for every g* wa-closed set V in Y.
(iii) §* wa-open[11] if (V) is g* wa-open in Y for every open set V in X.

(iv) pre §* wa-open[[11]] if (V) is §*wa-open set in Y for every g* wa-open set V in X.

Definition 2.5. [10] A topological space X is said to be a Tg+yo-space if every g*wa-closed set is closed.

3 g¢*wa-Separation Axioms

In this section, we introduce weaker forms of separation axioms such as g*wa-Ty, g*wa-T; and g*wa-T
spaces and obtain their properties.

Definition 3.1. A topological space X is said to be a g*wa-Ty if for each pair of distinct points in X, there exists a
g*wu-open set containing one point but not other.

Example 3.2. Let X = {a,b,c} and T = {X, $,{a}}. Then the space (X, T) is ¢*wa-Ty space.

Theorem 3.3. A space X is g*wa-Ty if and only if ¢* wa-closures of distinct points are distinct.

Proof: Let x, y € X with x # y and X be g*wa-Ty space. Since, X is g*wa-Ty, there exists g*wa-open set G such that
x € Gbuty ¢ G. Also x ¢ X-G and y € X-G where X-G is ¢*wa-closed in X. Since g*wa-cl({y}) is the intersection
of all g*wa-closed sets which contains y and hence y € g*wa-cl({y}). But x ¢ g*wa-cl({y}) as x ¢ X-G. Therefore
g wa-cl({x}) # g*wa-cl({y }).

Conuversely, suppose for any pair of distinct points x, y € X, g*wa-cl({x}) # g*wa-cl({y}). Then, there exists at least
one point z € X such that z € g*wa-cl({x}) but z ¢ g*wa-cl({y}). We claim that x ¢ g*wa-cl({y}). If x € g*wa-
cl({y}), then g*wa-cl({x}) C g*wa-cl({y}), so z € g*wa-cl({y}) which is contradiction. Hence x ¢ g*wa-cl({y})
implies x € X - g*wa-cl({y}), which is g*wa-open set in X containing x but not y. Hence X is ¢* wa-Ty-space.

Theorem 3.4. Every subspace of a §*wa-Ty space is §* wa-Ty space.

Proof: Let 1, y2 be two distinct points of Y then yq and yo are also distinct points of X. Since X is §*wa-Ty, there exists
¥ wa-open set G such that y1 € G, yo & G. Then G N'Y is g*wa-open set in Y containing y; but not y,. Hence Y is
g*wa-Ty-space.

Definition 3.5. [11]] A mapping f: X — Y is said to be a pre g* wa-open if the image of every g*wa-open set of X is
gFwa-open in Y.

Lemma 3.6. The property of a space being g*wa-Ty space is preserved under bijective and pre g* wa-open.

Proof: Let X be a g*wa-Ty-space and f: X — Y be bijective, pre g*wa-open. Let yq, yo € Y with yy # yo. Since fis
bijective, there exist x1, xp € X such that f(x1) = y1 and f(x3) = y,. Also, since X is g*wa-Ty, there exists g* wa-open
set G in X such that x; € G but xo ¢ G. Then f(G) is " wa-open set containing f(x1) but not f(x;) as X is g*wa-open.
Thus, there exists §*wa-open set (G) in Y such that y, € (G) and y, & f(G). Hence Y is g*wa-Ty space.

Theorem 3.7. If G*waO(X) is open under arbitrary union for a topological space X, then each of the following properties
are equivalent:

(a) X is g*wa-Tj

(b) each one point set is g*wa-closed in X

(c) each subset of X is the intersection of all g*ww-open set containing it

(d) the intersection of all g* ww-open set containing the point x € X is the set {x}.

Proof: (1) = (b): Let x € X and X be g*wa-Ty space. Then for any y € X such that y # x, then there exists ¢* wa-open
set Gy containing y but not x. Therefore y € G, C {x}¢. Now varying y over {x}¢, we get {x}° = U{ G, : y € {x}},
{x}¢ is union of g*wa-open set. That is {x} is ¢*wa-closed in X.

(b) = (c): Let us assume that each one point set is g*wa-closed in X. If A C X, then for each point y ¢ A, there exists
{y}¢ such that A C {y}° and each of these sets {y}¢ is ¢*wa-open. Therefore A =Y N{{y}° : y € A°}. Thus the
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intersection of all g* wa-open sets containing A is the set A itself.

(c) = (d): Obvious.

(d) = (a): Let us assume that the intersection of all g*wa-open set containing the point x € X is {x}. Let x, y € X with
x # Y. By hypothesis, there exists g* wa-open set Gy such that x € Gy and y ¢ Gy. That is, X is g* wa-Ty space.

Theorem 3.8. If X is g*wa-Ty, Tg+wa-space and Y is g* wa-closed subspace of X, then Y is ¢* wa-Ty-space.

Theorem 3.9. Iff: X — Y is bijective, pre g* wa-open and X is g* wa-Ty space, then Y is also g*wa-Tj space.

Proof: Let y, and y; be two distinct points of Y. Then there exist x1 and xy of X such that f(xq) = y1 and f(x3) = y,.
As X is g*wa-Ty, there exists g*wa-open set G such that x1 € G and xo & G. Therefore, y1 = f(x1) € f(G), y2 = f(xa)
¢ f(G). Then f(G) is " wa-open in Y. Thus, there exists ¢*wa-open set f(G) in Y such that y; € f(G) and y, & f(G).
Therefore Y is g*wa-Ty space.

Definition 3.10. A topological space X is said to be a §*wa-Ty if for each pair of distinct points x, y in X, there exist a
pair of g*wa-open sets, one containing x but not y and the other containing y but not x.

Remark 3.11. Every Ty-space is §* wa-Ti-space.

Example 3.12. X = {a,b,c} and T = {X,¢,{a},{b,c}}. Then (X, T) is g*wa-T; space but not T;-space.
Remark 3.13. Every g*wa — Ty space is §*wa — Ty space.

Example 3.14. Let X = {a,b} and T = {X, ¢, {a}}. Then the space X is g*wa-Ty but not g*wa-Ty space.

Theorem 3.15. A space X is g*wa-Ty if and only if every singleton subset {x} of X is g*wa-closed in X.

Proof: Let x, y be two distinct points of X such that {x} and {y} are g¢* wa-closed. Then {x}¢ and {y}© are g* wa-open
in X such that y € {x}° but x ¢ {x}° and x € {y}° but y ¢ {y}°. Hence X is ¢* wa-T;-space.

Conversely, let x be any arbitrary point of X. If y € {x}¢, then y # x. Now the space being g*wa-T; and y is different
from x, there must exists g*wa-open set Gy such that y € Gy but x ¢ Gy. Thus for each y € {x}°, there exists a g* wa-
open set Gy such that y € Gy C {x}¢. Therefore U{y : y #x} C U{ Gy, : y #x} C {x}¢ which implies that {x}° C U{
Gy: y #x} C {x}°. Therefore {x}° = U{ Gy : y #x}. Since, G is g*wa-open set in X and the union of g* wa-open set
is again g* wa-open in X, so {x}° is g*wa-open in X. Hence {x} is ¢*wa-closed in X.

Corollary 3.16. A space X is g"wa-T7 if and only if every finite subset of X is g* wa-closed.

Theorem 3.17. Let f: X — Y be bijective and g* wa-open. If X is " wa-Ty and Tg=.-space then, Y is g* wa-Ty-space.
Proof: Let y1 and y, be any two distinct points of Y. Since f is bijective, then there exist distinct points x1 and xp of X
suchthatyy = f(x1) and y, = f(xy). Then there exist g*wa-open sets G and H such that x1 € G, xp ¢ Gand x1 ¢ H,
xp € H. Therefore y; = f(x1) € f(G) but y, = f(x2) ¢ f(G)and y, = f(x2) € f(H) and y; = f(x1) ¢ f(H).
As Xis Tgru-space, G and H are open sets in X and as f is g* wa-open, (G) and f(H) are g* wa-open subsets of Y. Thus,
there exist g*wa-open sets such that y1 € f(G), y2 & f(G)and y, € f(H), y1 ¢ f(H). Hence Y is g* wa-Ty-space.

Theorem 3.18. Let f: X — Y be g*wa-irresolute and injective. If Y is g*wa-Ty then X is g*wa-Ty.

Proof: Let x, y € Y such that x # y. Then there exist g*wa-open sets U and V in Y such that f(x) € U, fly) € V and
fix) & V,fiy) ¢ U. Thenx € f1(U), y € f1(V)and x & f1(V), y & f (W), since f is g*wa-irresolute. Hence X is
g*wa-Ty space.

Theorem 3.19. Iff: X — Y is g*wa-continuous, injective and Y is Ty then, X is g*wa-T1 space.

Proof: For any two distinct points xq and xp in X there exist disjoint points y1 and y, of Y such that f(x1) = y1 and
flxa) = yo. Since Y is Ty, there exist open sets U and V in Y such that y1 € U, yo € Uand y; ¢ V, y» € V. That is,
x1 € FHU), x1 & FUV) and xp € FUV), xp & F1(U). Again, since f is g*wa-continuous, f~1(U) and f~1(V) are
g*wa-open sets in X. Thus, for two distinct points x1 and x, of X, there exist g*wa-open sets f~1(U) and f~1(V) such
that x1 € f1(U), x1 & f (V) and xp € f1(V), xa & £~ 1(U). Therefore X is g* wa-T; space.

Definition 3.20. A space X is said to be g*wa-T, if for each pair of distinct points x, y of X, there exist disjoint
¥ wa-open sets U and V such that x € Uandy € V.

Example 3.21. Let X = {a,b,c} and T = {X, ¢, {a}, {b}, {a,b}}. Then the space (X, 1) is g*wa-T, space, but not
g*wa-Ty and g*wa-Tj space.
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Theorem 3.22. Let X be a topological space. Then X is g*wa-T, if and only if the intersection of all g*wa-closed
neighborhood of each point of X is singleton set.

Proof: Let x and y be any two distinct points of X. Since, X is §*wa-T, there exist ¢*wa-open sets G and H such that
x€GyeHand GNH=¢. Since, GNH=¢,x € GC X-H, so X-H is g* wa-closed neighborhood of x which does
not contains y. Thus y does not belong to the intersection of all g* wa-closed neighborhood of x. Since y is arbitrary, the
intersection of all g*wa-closed neighborhood of x is the singleton {x}.

Conversely, let {x} be the intersection of all ¢* wa-closed neighborhood of an arbitrary point x € X and y be a point of
X different from x. Since y does not belong to the intersection, there exists §*wa-closed neighborhood N of x, such that
y & N. Since, N is g*wa neighborhood of x there exists g*wa-open set G such that x € G C N. Thus G and X-N are
¥ wu-open sets such that x € G,y € X-N and G N (X-N) = ¢. Hence X is g* wa-T; space.

Theorem 3.23. Iff: X — Y is an injective, g* wa-irresolute and Y is g*wa-T, then, X is g*wa-T5.

Proof: Let x1 and x, be any two distinct points in X. So, x1 = f~1(y1), x2 = f~1(y2) as f is bijective. Then yy and y, €
Y such that y1 # yo. Since, Y is g*wa-T,, there exist g*wa-open sets G and H such that y1 € G,y € Hand GN H
= ¢. Then f~1(G) and f~1(H) are ¢* wa-open sets of X as f is g* wa-irresolute. Now f1(G) N f Y(H)=f(GNH) =
fYp) = ¢. Then yy € G implies f'(y1) € f1(G) and x1 € f1(G), yo € H that is, f1(y2) € f1(H) s0 x, € f~1(H).
Thus for every pair of distinct points x1 and x, of X, there exist disjoint g* wa-open sets f~1(G) and f~'(H) such that x
€ f1(G), xo € f1(H). Hence X is ¢* wa-T, space.

Theorem 3.24. Iff: X — Y is g* wa-continuous, injective and Y is Ty then X is g* wa-T, space.

Proof: For any two distinct points x1 and x, of X, there exist disjoint points y1 and y, of Y such that y; = f(x1) and y
= f(xa). Since Y is T, there exist disjoint open sets U and V in Y such that v € U and y, € V, that is x; € f~(U) and
xy € f~N(V). Again, since fis g* wa-continuous, f~1(U) and f~1(V) are g* wa-open sets in X. Further f~1(U) N f~1(V)
=f{UNV)=fYp) = ¢. Thus for two disjoint points x1 and x, of X, there exist disjoint g* wa-open sets f~1(U) and
F V) such that x1 € f~Y(U) and x; € (V). Therefore X is g* wa-T space.

Theorem 3.25. The following properties are equivalent for any topological space X:

(a) §*wa-T, space

(b) for each x # y, there exists g*wa-open set U such that x € U and y ¢ g*wa-cl(U)

(c) foreach x € X, {x} = N{g*wa-cl(U): U is g*wa-open in X and x € U}.

Proof: (1) = (b): Let x € X and x # y, then there exist disjoint ¢* wa-open sets U and V such that x € Uandy € V.
Then X — V is g*wa-closed. Since UNV = ¢, U C X — V. Therefore g*wa-cl(U) C g*wa-cl(X —V) =X -V,
Nowy ¢ X — V implies that y ¢ g*wa-cl(U).

(b) = (c): For each x # y, there exists g*wa-open set U such that x € Uand y ¢ g*wa-cl(U). Soy ¢ N{g*wa-cl(U):
Uis g*wa-open in X, x € U} = {x}.

(c) = (a): Let x,y € X and x # y. Then by hypothesis, there exists g*wa-open set U such that x € U and y ¢ g*wa-
cl(U). This implies that, there exists g* wa-closed set V such that y ¢ V. Thereforey € X — V and X — V is g* wa-open
set. Thus, there exist two disjoint g*wa-open sets U and X — V such that x € Uand y € X — V . Therefore X is
g*wa-T, space.

4 g¢*wa-Normal Spaces

In this section, the concept of ¢*wa-normal spaces are introduced and obtained their characterizations.

Definition 4.1. A space X is said to be a g* wa-normal if for any pair of disjoint g* wa-closed sets A and B in X, there
exist disjoint open sets U and V in X such that AC U, B C V.

Remark 4.2. Every g*wa-normal space normal.
Howeuver, the converse is not true in general as seen from the following example.

Example 4.3. Let X = {a,b,c}, T = {X, ¢, {a}, {b,c}}. Then the space (X, T) is normal but not g*wa-normal.
Remark 4.4. If X is normal and Tg+wq-space then X is g*wa-normal.

Theorem 4.5. The following are equivalent for a space X:
(a) X is normal
(b) for any disjoint closed sets A and B, there exist disjoint g* wa-open sets U and V such that AC Uand BC V
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(c) for any closed set A and any open set V containing A, there exists g* wa-open set U in X such that A C U C cl(U)
cWw

Proof: (a) = (b): Follows from [9].

(b) = (c): Let A be a closed and V be an open set containing A. Then A and X-V are disjoint closed sets in X. Then there
exist g*wa-open sets U and W such that A C U and X-V C W. Since X-V is closed, X-V is g*wa-closed [9]. We have,
X-V Cint(W) and U N int(W) = ¢ and so, cl(U) N int(W) = ¢ and hence A C U C cl(U) C X-int(W) C V.

(c) = (a): Let A, B be disjoint closed sets in X. Then A C X-B and X-B is open. Then there exists ¢*wa-open set G of X
such that A C G C cl(G) C X-B. Then A is g*wa-closed by [9l]. We have A C int(G), put U = int(G) and V = int(X-G).
Then U and V are disjoint open sets of X such that A C U and B C V. Therefore X is normal.

Theorem 4.6. The following statements are equivalent for a topological space X:

(a) X is g* wa-normal

(b) for each closed set A and for each open set U containing A, there exists g*wa-open set V containing A such that
Srwa-cl(V) C U

(c) for each pair of disjoint closed sets A and B there exists ¢* wa-open set U containing A such that g*wa-cl(U) NB = ¢.
Proof (a) = (b): Let A be closed and U be an open set containing A. Then AN (X \ U) = ¢ and therefore disjoint
closed sets in X. Since X is g* wa-normal, there exist disjoint g*ww-open sets V and W such that A C U, X —-U C W,
that is X — W C U. Now VW = ¢, implies V. C X — W. Therefore g*wa-cl(V) C g*wa-cl(X —W) =X - W
since X — W is g*wa-closed. Thus, A CV C g*wa-cl(V) C X —W CU. Thatis A CV C g*wa-cl(V) C U.

(b) = (c): Let A and B be disjoint closed sets in X then A C X — B and X — B is an open set containing A. Then there
exists g* wa-open set U such that A C U and g*wa-cl(U) C X — B, which implies ¢*wa-cl(U) N B = ¢.

(c) = (a): Let A and B be disjoint closed sets in X. Then there exists ¢* wa-open set U such that A C U and g*wa-
cd(U)yNB = ¢ or B C X — g*wa-cl(U). Now U and X — g*wa-cl(U) are disjoint g*wa-open sets of X such that
A CUand B C X — g*wa-cl(U). Hence X is g*wa-normal.

Theorem 4.7. If X is normal and F N A = ¢ where F is wa-closed and A is g* wa-closed then there exist open sets U
and V such that FC Uand A C V.

Proof: Let X be a normal and F N A = ¢. Since, F is wa-closed and A is g* wa-closed such that A C X — Fand X — F
is wa-open. Therefore c1(A) C X — F implies that cl(A) N F = ¢. Now F is closed, so F and cl(A) are disjoint closed
sets in X. As X is a normal, there exist disjoint open sets U and V of X such that F C U and cl(A) C V.

Theorem 4.8. If X is g*wa-normal and Y is §*wa-closed subset of X then, the subspace Y is also g* wa-normal.
Proof: Let A and B be any two disjoint g*wa-closed sets in Y, then A and B are g*wa-closed sets in X by [9l]. Since
X is g*ww-normal, there exist disjoint open sets U and V in X such that A C U, B C V. Therefore UNY and VY are
disjoint open subsets of the subspace Y such that A C UNY and B C VNY. Hence the subspace Y is g*wa-normal.

Remark 4.9. The property of being g*wa-normal is closed hereditary.

Theorem 4.10. If f: X — Y is pre " wa-closed, continuous injective and Y is g*wa-normal then, X is g*wa-normal.
Proof: Let A and B be disjoint g* wa-closed sets in X. Since, fis pre ¢*wa-closed, f(A) and f(B) are disjoint ¢* wa-closed
sets in Y. Again, since Y is g* wa-normal there exist disjoint open sets U and V such that f(A) C U, AB) C V. Thus A C
U, BCfFYV)and fHU) Nf V) = ¢. Then f~1(U) and f~1(V) are open sets in X as f is continuous. Hence X
is g*wa-normal.

Theorem 4.11. If f : X — Y is g*wa-irresolute, bijective, open map from a g* wa-normal space X on to a space Y then
Y is ¢*wa-normal.

Proof: Let A and B be two disjoint g*wa-closed sets in Y. Since, f is g* wa-irresolute and bijective, f 1 (A) and f~1(B)
are disjoint ¢* wa-closed sets in X. As X is ¢* wa-normal, there exist disjoint open sets U and V such that f~'(A) C U
and f~Y(B) C V, thatis A C f(U) and B C f(V). Then f(U) and f(V) are open sets in Y and f(U) N f(V) = ¢.
Thus Y is g*wa-normal.

5 g*wa-Regular Spaces

The concept of g*wa-regular spaces and their properties are studied in this section.

Definition 5.1. A topological space X is said to be a g*wa-regular if for each g*wa-closed set F and each point x ¢ F
there exist disjoint open sets U and V in X such that x € Uand F C V.
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Remark 5.2. Every g*wa-regular space is reqular.
Howeuver, the converse need not be true as seen from the following example.

Example 5.3. From Example 4.3, the space (X, T) is regular but not g* wa-regular.

Theorem 5.4. Every g*wa-regular To-space is g* wa-T,.

Proof: Let x and y be any two points in X such that x # y. Let V be an open set which contains x but not y. Then, X —V
is a closed set containing y but not x. Then there exist disjoint open sets U and W such that x € Uand X —V C W.
Sincey € X —V,y € W. Thus for x,y € X with x # y there exist disjoint g* wa-open sets U and W such that x € U
and y € W. Hence X is g*wa-T; space.

Theorem 5.5. In a topological spaces X, the following properties are equivalent:

(a) X is §*wa-regular space

(b) for each point x € X and each g* w-open neighborhood A of X, there exists open neighborhood V of X such that cl(V)
CA.

Proof: (a) = (b): Suppose X is g* wa-open neighborhood of x. Then there exists g* wa-open set G such that x € G C A.
Since X — G is g*wa-closed and x ¢ X — G. By hypothesis there exist open sets U and V such that X — G C U, x €
VandUNV=¢andsoVC X —U. Nowcl(V) Cc(X—-U)=X—-Uand X — G C Uimplies X —U C G C A.
Therefore cl(V) C A.

(b) = (a): Let F be a closed set in X with x ¢ F. Then x € X — F and X — F is g*wa-open and so X — F is g*wa-
neighborhood of X. By hypothesis, there exists open neighborhood V of X such that x € V and cl(V) C X — F, which
implies F C X — cl(V). Then X — cl(V) is an open set containing F and V N (X — cl(V)) = ¢. Therefore X is
g*wa-reqular.

Theorem 5.6. If X is g*wa-reqular and Y is open, §* wa-closed subspace of X, then the subspace Y is * wa-regular.
Proof: Let A be g*wa-closed subspace of Y and y ¢ A then A is g*wa-closed in X. Since X is g* wa-reqular there exist
open sets U and V in X such that y € U and A C V. Therefore UNY and VNY are disjoint open sets of the subspace Y,
such that y € UNY and A C VNY. Hence Y is g*wa-regular.

Theorem 5.7. Let f: X — Y be bijective, g* wa-irresolute and open. If X is g* wa-reqular then Y is also g* wa-regular.
Proof: Let F be ¢*wa-closed set of Y and y & F. Since f is ¢* wa-irresolute, f~1(F) is ¢* wa-closed in X. Let f(x) =y,
sox =fY(y) and x & f\(F). Again, X is g* wa-regular there exist open sets U and V such that x € U and f~'(F) C
V, UNV = ¢. Since, fis open and bijective, so y € i), F C V) and L) N fiV) = AU N V) = f(¢p) = ¢. Hence Y is
g*wa-regular.

Theorem 5.8. If f: X — Y is bijective, pre g*wa-closed and open map from a space X in to a g* wa-regular space Y. If
X'is Tg+wn space then X is g* wa-regular.

Proof: Let x € X and F be a " wa-closed set in X with x ¢ F. Since X is Tgxwq space so, F is closed in X. Then f(F) is
g*wa-closed with f(x) & f(F) in'Y as fis pre g"wa-closed. Again, since Y is g*wa-reqular there exist open sets U and V
such that f(x) € U and f(F) C V. Therefore x € f~(U) and F C (V). Hence X is g* wa-regular space.

Theorem 5.9. Every subspace of a g* wa-regular space is g* wa-regular.

Proof: Let Y be subspace of a g*wa-regular space X. Let x € Y and F be a g*wa-closed set in Y such that x ¢ E. Then
there exists g*wa-closed set A of X with F =Y N A and x ¢ A. Therefore, we have x € X, A is g*wa-closed in X such
that x ¢ A. Since, X is g*wa-reqular, there exist open sets G and H such that x € G, A C Hand G N H = ¢. Note that
Y N GandY N Hareopen sets in Y. Also x € G and x € Y which impliesx € YN Gand A C HimpliesYN G CY N
H,FCYNH Also(YNG)N(YNH)=¢. Hence Y is g* wa-regular space.

Theorem 5.10. Let f: X — Y be continuous, g*wa-closed, surjective and open map. If X is reqular then Y is also
regular.

Proof: Let y € Y and V be an open set containing y in Y. Let x be a point of X such that y = f(x). Since, X is regular and
fis continuous there exists open set U such that x € U C cl(U) C f~1(V). Hence y € AU) C ficl(U)) C V. Again, since
fis §* wa-closed map, f(cl(U)) is g*wa-closed set contained in the open set V. Hence cl(f(cl(U))) C V. Therefore y € f(U)
C flel(U)) C cl(f(cl(U))) C V. This implies y € A(U) C cl(ftU)) C V and f(U) is open. Hence Y is regular.

Theorem 5.11. Iff: X — Y is g*wa-irresolute, open, bijective and X is g* wa-regular then, Y is g* wa-regular.
Proof: Let F be a g*wa-closed set in Y and y ¢ F. Take y = f(x) for some x € X. Since, fis ¢* wa-irresolute, f~(F)
is g*wa-closed in X and x # f~1(F). Then there exist disjoint open sets U and V such that x € U and f~1(F) C V,
thatisy = f(x) € f(U), F C f(V)and f(U) N f(V) = ¢. Therefore Y is g*wa-regular.



P. G. Patil et al. / g* wa-separation axioms in topological spaces... 455

Theorem 5.12. Iff: X — Y be pre g*wa-open, closed, injective and Y is g* wa-regular then, X is g* wa-regular.
Proof: Let F be a g*wa-closed set in X and x ¢ F. Since, f is pre g*wa-closed, f(F) is §*wa-closed in Y such that
f(x) & f(F). Now Y is ¢*wa-reqular, there exist open sets G and H such that f(x) € G and f(H) C H. his implies
that x € f~1(G) and F C f~Y(H). Further f~1(G) N f~1(H) = ¢. Hence X is g*wa-regular.

6 Conclusion

The research in topology over last two decades has reached a high level in many directions. By researching
generalizations of closed sets, some new separation axioms have been founded and they turn out to be useful
in the study of digital topology. Therefore, g*wa-separation axioms are defined by using g*wa-closed sets will
have many possibilities of applications in digital topology and computer graphics.
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Abstract

In this paper, we investigate the existence of solutions for implicit impulsive fractional order differential
equations with non-local conditions. An example is included to prove the applicability of the results.
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1 Introduction

The theory of fractional differential equations is a new branch of mathematics by valuable tools in the
modelling of many phenomena in various fields of science and engineering. Indeed, we can find numerous
applications in viscoelasticity, electrochemistry, control, porous media, electromagnetic, etc.(For details [1-
4l 16, 11H14] [18-21]).

Impulsive differential equations have become important in recent years as mathematical models of
phenomena in both the physical and social sciences. There has a significant development in impulsive theory
especially in the area of impulsive differential equations with fixed moments; see for instance the
monographs by Benchohra et al [7], Lakshmikantham et al [17], and Samoilenko and Perestyuk [22],
K.Balachandran and J.Y.Park [5] and the references therein [[15,[16].

Benchohra et al. studied the following Fractional Differential Equations Caputo’s derivative:

In [8], uisbounded on [, t € ] = [0,00) and 1 < a < 2.

‘Du(t) = f(t,u(t)," D* tu(t)), u(0) = uo
In [9], The existence results for nonlinear implicit fractional-order differential equations given by
Dfy(t) = f(ty(t), Dy(1),y(0) =yo, t € ] =[0,T], 0 <a < 1.

Inspiration by the above works, we study the existence of solutions for the implicit fractional order
differential equations with impulsive and nonlocal conditions of the form

‘DYy(t) = f(t,y(t), D*y(t)), te] =\{ti,rtm}, ] =[0,T], 0 <a <1 ¢))
vt =yt +y k=1,2,..,m yeX )
y(0) = yo —1(t), @)

*Corresponding author.
E-mail address: angurajpsg@yahoo.com (A. Anguraj), joevarshini@gmail.com (M. Kasthuri), karthi_p@yahoo.com (P. Karthikeyan).



A. Anguraj et al. / Some Existence results for implicit fractional... 457

where “D* is the Caputo fractional derivative, f : | x X x X — X is a given function,  : C — X is
continuous, and yp € X and ty satisfy 0 = tg < t; < .. <ty <tyy1 =T.

In this paper is planned as shadows. Section 2 has definitions and elementary results of the fractional
calculus. In section 3, implicit impulsive fractional differential equations is attained and proved the theorems
on the existence and uniqueness of a solution to the problem (1.1 - 1.3). In section 4, an illustrative example is
provided in support of the results of a problem (1.1 - 1.3).

2 Preliminaries

In this section, we introduce notations, definition and preliminary facts. We introduce the Banach space
PC(],X) = {x:] — X:x € C(ty, txy1), X}, k = 0,1,2,...,m and their exist x(t,:) and x(t,{*),k =0,1,2,.,m
with x(t,") = x(t;) with the norm ||x||pc := sup {|[x(t)[| : t € J}.

Definition 2.1. The fractional order integral of the function h € L'([0, T],X4.) of order a € X is defined by
1 gt
o« _ - _ a1
I“R(t) = ) /0 (t—s)*h(s)ds,
where T is the gamma function.

Definition 2.2. For a function h given on the interval [0, T|, the Caputo fractional order derivative of order « of h, is
defined by

(D)) = o [ = sy syas

where n = |a| + 1, |a| denoted the integral part of real number a, provided h\"™) (t) exists.

Lemma 2.1. Let a function f(t,u,v) : | x X x X — X be continuous. Then the problem (1.1)-(1.3) is equivalent to
the problem:

yo —n(t) +I*g(t), fort € [0,t]
Yo —n(t) +y1 +1°g(t), fort € (4, ta]

Yo—1(t) +y1+y2+1°g(t), fort € (i, t3] 21

vo—n(t) + iyi L Ig(t), fort € (b, T)

1

where g € C(J,X) satisfies the functional equation

f(t,yo —n(t) +1%g(t),8(t)), fort € [0,4]
f(tyo—n(t) +y1 +1%g(t),8(t)), fort € (t1,ta]
f(toyo —n(t) +y1 +y2 +1°g(t),8(t)), fort € (ta,t3]

m

f(tyo—n(t) + Eyi + 1"g(t),8(t)), fort € (tm,T]

i=

Proof. 1f
“Dy(t) = g(t)
then
I* D%y (t) = I"g(t).

So we obtain for t € [to, 1],

y(t) = y(0) —n(t) + I"g(t),
y(t) = yo—n(t) +1"g(t), fort € [0, t]
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For t € (t1,t;] we have
14

=y(t1) —n(t) +y1 +I"g(t),
y(t) = yo —n(t) +y1 +1°g(t), fort € (t1,t2]

V0 = y() = n(0) = s ) (0= 9 U0 D)+ 0),

Similarly t € (t,, T] we get
m
y(t) =yo—n(t) + Y yi +1°¢(t), fort € (tw, T
i=1

Therefore, we have

yo —n(t) +1%g(t), fort €0, t]
Yo —1(t) +y1+1%g(t), fort € (t1, 1]
Yo —n(t) +y1+ya+ 1%g(t), fort € (t, t3]

vo—n(t)+ Y yi+1°g(t), fort e (ty,T]
i=1

The proof is completed.

O

Lemma 2.2. [10] Let E be a Banach space, C a closed, convex subset of E, U an open subset of C and 0 € U. Suppose
that F : U — C is a continuous, compact map. Then either (i) F has a fixed point in U, or (ii) there is a u € oU and

A € (0,1) with u = AF(u).

Theorem 2.1. (Krasnoselkii) Let M be a closed convex and nonempty subset of a Banach space X. Let A and B be
two operators such that (i) Ax + By € M whenever x,y € M; (ii) A is compact and continuous; (iii) B is a contraction

mapping. Then there exists z € M such that z = Az + Bz.

3 Main Results

To prove the main result we need the following assumptions :
(A7) The function f : ] x X x X — X, w are continuous.
(A3) There exist constants K1 > 0 and 0 < K, < 1 such that

[|1f(t,ur,01) — f(tuz,02)|| < Kyllug — up|| + Ka||og — 03|

for any uq,up,v1&vy € Xand t € J.
(As) 7 is continuous, and there exists a constant b < 1 such that

l7(y1) — 1(y2)I| < blly1 — yl|

Vyuy2 €X,
(A4) The function f : ] x X x X — X, w are continuous and 7 : C — X is continuous.

Theorem 3.2. Assume that the assumptions (A1) — (Asz) holds. If

i]ﬂ—ﬁ— IjKlT“
i:ll (1-K)T(a+1)

<1

then there exists a unique solution for (1.1) — (1.3) on |

(3.1)
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Proof. Define the operator M : C(J,X) — C(J,X) by
The formula of solutions for equation (1.1) — (1.3) should be

yo —n(t) +I*g(t), fort € [0,t]
Yo—1n(t) +y1 +1%g(t), fort e (t,ta]
Yo —1(t) +y1 +y2+1°g(t), fort € (t,t3]

M(y)(t) = (32)
Vo= () + Loy + 1(8), fort € (tn, ]
i=0
where ¢(t) = f(t,y(t),8(t)), g€ C(],X).
In general case t € (ty, T]):
M)(E) = yo— (1) + Y yi +1g(t), for t€ (b, T) 63)
i=1
where
g(t) = f(ty(1),&(1), g€ C(X)
Clearly, the fixed points of operation M are solutions of problem (1.1) — (1.3).
Let y1,¥2 € C(],X). Then for t € ], we have
(M) (0 (M) () = n(3n) = n(02) + Lo gy (697 5(6) — i)
where g, 1 € C(],X) be such that
8(t) = f(t,y(1),8()),
h(t) = f(ty2(t), h(1)),
Then, fort € |
1My () = (My2) ()1 = ) = w1+ 3 1l + gy 6= lGe(o) ~mellds 5

By (A;) we have

lg(t) —h()|[ = [If(ty1(t), g(t)) — f(ty2(t), h(t))]]
< Killy1(t) —y2 ()| + Kaly1 (t) — y2()]|

< el - )]
Therefore (3.4)
- bllyr — vo||Ky ! a
[[(My1)(t) — (My2)(£)]| SgllyillﬂLl_le)r(a;/o (=) My (1) — ya(t)||ds,

(
m bK, T
< : — 2|[co-

Thus

1My1 — Myallo < 3 Iyl + —2 Tyl
bt (1-K)T(a+1)

By (3.2), the operator M is a continuous. Hence, by Banach’s contraction principle, M has a unique fixed point
which is a unique solution of the problem (1.1) — (1.3). The proof is completed. O
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Theorem 3.3. Assume the (A1) — (A3). Then the problem (1.1)-(1.3) has at least one solution on [0, T].

Proof. Choose

Iyl -

o=+ Y- Il + ZEe bRl

Case: (i) M maps bounded sets (balls) into bounded sets in C([0, T], X).
For a positive number 7, let B, = {x € C([0, T],X) : ||x|| < r} be a bounded ball in C([0, T], X). Then for
t € (tm, T] we have

MO < y0 =100+ Ll + gy =9 (ol

<yo—n(t)+ i 94l + t(f =) I (6 y(8), g(1))lds,
, I'(a) Jo

eUx[DIplLy
< Yy — 77"
= Yo +Z||yz||+ (+1)
Consequently
e()lpllL
M) < yo —n( +Z||3/z||ﬂL Tt o

Case: (ii) M maps bounded sets (balls) into equicontinuous sets in C([0, T], X).

Let sup ||f(t,u,0)]|=f" <oo, w1, up €0, T]with py, pp € (t, T] and x € B,. Then we have
(t,x)€[0,T] % B

1)) = M) )l = v0 = n(0)+ 15 i+ s [ = 91700, o)
i=1

i Lo = A Y0 20 s,
<o)+ LIl + gy g -

Obvisously the right-hand side of the above inequality tends to zero independently of x € B, as up —
1 — 0. As M satisfies the above assumptions, therefore it follows by the Arzela-Ascoli theorem that M :
C([0,T],X) — C([0, T],X) is completely continuous. Let y be a solution. Then, for t € [0, T] and following
the similar computations as in the first step, we have

Iyl < 30— () -+ 3= ol + e o
Consequently, we have
[l
=)+ Y-l + LT

There exist N* such that ||x|| # N*. Let us set ¢
U={xeC([0,T],X) :||x|]| < N*}.

Note that the operator M : U — C([0, T], X) is continuous and completely continuous. Consequently, by the
nonlinear alternative of Lerary-Schauder type, we deduce that M has fixed point y € U which is a solution of
the problem (1.1) — (1.3). The proof is completed. O
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Theorem 3.4. (Existence results via Krasnoselskii’s fixed point theorem) Assume that | f(t,u,v)| < ullu —v||, ue€
C([0, T],XT). Then the problem (1.1-(1.3) has at least one solution on [0, T if

m
LY |yl <1 (3.5)
i=1
Proof. Choose a suitable constant r as

(p—b)T* -
> — .
r=z F(D{+1) ||M U||+]/O+l;||]/z||

Define the operators P and Q on B, = {y € C([0, T],X) : ||y|| <r} as
(Py)(t) = I"g(t)
(Q)(H) =yo—n(t) + }_vi
i=1

For u,v € B,, we obtain

‘uTtX m
< /= — _ _ .
1Py + Oyl = gyl = ol yo = bll = ol + L Iyl
(p —b)T* -
< — .
< Tagpy el + v+ Ll

<r

Thus, Px + Qy € B,. It follows from the assumption to gether with (3.5) that Q is a contraction mapping.
Continuity of f implies that the operator P is continuous. Also, P is uniformly bounded on B, as

(p —b)
< M7 |y —
1P < el —ol
Now we prove the compactness of the operator P.
Let  sup [Lf(t,u,0)|| = f* <oo, w1, up €0, T]with pq, 2 € (4, T] and x € B,. Then we have
(,x)€[0,T] B,

P ) = PO = 5 [ (=176 y(e) 801
i Lo = A0 80 s

*

f o o
< 4 —

which is independent of v and tends to zero as yp — 1 — 0. Thus, P is equicontinuous. So P is relatively
compact on B;. Hence, by the Arzela-Ascoli theorem, P is compact on B,. Thus all the assumations of Theorem
1 are satisfied. So the conclusion of Theorem 1 implies that the impulsive implicit fractional non-local problem
(1.1)-(1.3) has at least one solution on [0, T|. The proof is completed. O

4 Example

Consider the following Implicit fractional differential equation with nonlocal impulsive condition of the
form

e 1 ol D)
DY) = Giap [ Th @]~ T+ 1D ()] @D
v =yl + 3 @2)

m

y(0) =yo— Y ciy(t;) (4.3)
=
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Take ] = [0, 1]. Set

c K _ 1 |y(t)‘ |D’Xy(t)| !
FUvO D) = G [Tyt~ T Dyt X

Letyi,y2 € Xandt € ]/. Then we have
K
£ (& y1(8),S Dy (t)) = f(&y2 (), Dy ()] < -K) _1K ly1 = v2l|
2)

Hence the condition (A1) — (A3) hold. Note that K; = } and K, = }. Then by Theorem 2, the problem
equations (1.1) — (1.3) has an unique solution on [0, 1] for the values of « satisfying equation (4.1).

5 Conclusion

We have proven an existence result for implicit fractional differential equations with impulsive condition.
In the future, we will extend the results to other fractional derivatives and boundary value problems.
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Abstract

For each finite group G we associate a simple undirected graph OD(G), order divisor graph. We
investigate the interconnection between the group theoretic properties of G and the graph theoretic properties
of order divisor graph OD(G). For a finite group G, we obtain the density, the girth and the diameter of
OD(G). Further, we obtain the relation G = G’ if and only if OD(G) = OD(G'), for every distinct finite
groups G and G/, and Auto(G) C Auto(OD(G)).
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1 Introduction

Graph theory is a branch of mathematics started by Euler [1]] as early as 1736. In recent years, graph theory
has found many applications in engineering and applied science, and many books have been published on
graph theory and applied graph theory such as those by Chen [2], Thulasiraman and Swamy [_3], Wilson and
Beineke [4], Mayeda [5], and Deo citedeo. Further, the applications of graph theory are much extensive and
powerful in the context of engineering science.

Algebraic graph theory is a specific branch of modern mathematics in which algebraic methods are applied
to problems about graphs (Biggs [7]). It is the application of abstract algebra to graph theory. For this reason,
group theory is the crowning glory of algebraic graph theory.

The concept of finite groups plays a fundamental role in theory of algebraic graphs. Few decades back the
algebraic graph theory was not applicable to ordinary human activities. Now it has been used successfully for
information transmission, protecting, coding and decoding with high security through public communication
networks. For further studying of algebraic graph theory see [8].

The idea of a divisor graph of a finite set of positive integers was introduced by Sing and Santhosh [9].
According to these authors, a divisor graph X is an ordered pair (V, E) where V is a subset of positive integers
N and ab € E if and only if either a divides b or b divides a for all a # b. They were studied basic properties of
divisor graphs. In [10], Chartrand, Muntean, Saenpholophant and Zhang were studied further properties of
divisor graphs. Moreover, the author Yu-Ping Tsau [11] introduced another notation D|n] for a divisor graph
of the set [n] = {1,2,---,n}. He studied several specific properties of D[n] such as the vertex-chromatic
number, the clique number, and the independence number.

Rajkumar and Devi [12] defined an undirected Co-prime graph of subgroups, denoted by P(G) having all
the proper subgroups of G as its vertices and two distinct vertices H and K are adjacent in P(G) if and only if
|H| and |K| are relatively prime. These authors proved that P(G) is weakly x-perfect and every simple graph
is an induced subgraph of P(Z,), for some n.
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Subgroup of a group is the shadow that precedes everything in this paper, and we are using subgroups of
a finite group as vertices of an order divisor graph. Orders of subgroups of a finite group play an important
role in this paper, and they motivated us to define order divisor graph OD(G), where G is a finite group. We
hope that this order divisor graph will be a foundation for a new construction in graph theory and algebraic
graph theory.

Let G be a finite group with identity e and let S(G) be its set of subgroups. We associate simple undirected
graph OD(G) to G with vertices S(G), and for distinct H,K € S(G), the vertices H and K are adjacent in
OD(G) if and only if either |H| divides |K| or |K| divides |H|. Thus OD(G) is the empty graph if and only if
|G| = 1, and OD(G) in the nonempty graph if and only if |G| # 1.

The main aim of this paper is to study the interplay of group theoretic properties of G with graph theoretic
properties of OD(G). This study helps illuminate the structure of S(G) through the structure of OD(G). For
H,K € S(G), define H ~ K if either |H| divides |K| or |K| divides |H|. So, the relation ~ is always not
reflexive, not symmetric but transitive because OD(G) is undirected simple graph having without multiple
edges. Further the relation ~ is transitive if and only of OD(G) is complete.

In this paper, some properties of the order divisor graph OD(G) are studied, the number of vertices in
each order divisor graph, the density, the girth and diameter are found. Complete characterizations, in
terms of |G| # p, are given of the cases in which the graph OD(G) is never Eulerian, never a path, never
a bipartite, never a star, or never a complete bipartite. Further we verify that the results G = G’ if and only if
OD(G) = OD(G') and Auto(G) C Auto(OD(G)) with few examples. This study investigates compositions
between finite group theory, number theory and graph theory via studying properties of order division graph
OD(G) of a finite group G.

2 Basic Definitions and Notations

In this paper basic definitions and concepts of graph theory are briefly presented. A graph X consist of a
nonempty set V(X) of vertices and a set E(X) of elements called edges together with a relation of a incidence
which associates with each member a pair of vertices, called its ends. A graph with no loops and no multiple
edges is called a simple graph whose order and size are |V (X)| and |E(X)| respectively.

For any vertex x in a graph X, deg(x) be the number of edges with the vertex x as an end point. A graph
in which all vertices have the same degree is called a regular graph. A graph X is called connected if there is
a path between any two distinct vertices in X. A graph X is complete if every two distinct vertices in X are
adjacent. A complete graph with # vertices is denoted by Kj.

A graph X is called planar if it can drawn in the plane so that its edges intersect only at their ends. Also, a
connected graph X is called Eulerian if their exist a closed trial congaing every edge of X. A path of length 7 is
called an n-path and is denoted by P;. A cycle of length 7 is called n-cycle and is denoted by C,,. A complete
bipartite graph denoted by Ky, and the graph K; , is called star graph. For further definitions and proofs of
graph theory the reader may refer to Pirzada [13] and West [14].

Let G be a finite set. Then a group G is called finite. So, the number of elements in G is the order of G and
is denoted by |G|. Unless mentioned otherwise, all groups considered in this paper are finite. A nonempty
subset H of G is called subgroup of G if H is itself a group under the same binary operation on G. Every group
G has at least two subgroups, G itself and the set {e} consisting of the identity element alone, called trivial
subgroups of G, otherwise subgroups of G are called proper. Throughout the paper, we consider S(G) as a set
of subgroups of G and |S(G)| denote cardinality of S(G).

A subgroup of a given group G can always be constructed by choosing any element a in G and forming
the set of all its powers a”, n = 0,41,+2, - - - this is called the cyclic subgroup generated by an element 2 and
is denoted by C, = {a, a2, .. a" 1 gn = e} = {(a).

Usually, Z, Z,, Uy, Su, An, Qs, Dy and V4 denotes by the group of integers, integers modulo 7, non zero
integers modulo 1, permutations, even permutations, Quaternions, Dihedral and Kelians respectively. Basic
definitions for group theory see [15} [16].

Theorem 2.1. (Lagranges theorem) [15]] Let H be a subgroup of a finite group G. Then the order of H divides the order
of G.

Theorem 2.2. Let a be any element of a group G. Then (a) is a cyclic subgroup of G.
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Let n > 1 be a positive integer. Then the cardinality of the set D(n) = {d : d|n} is called divisor function
of n and denoted by d(n). In particular, |D(n)| = d(n),n > 1 an integer. If m and n are positive integers, then
ged(m, n) is the greatest common divisor and Icm[m, n] is the least common multiple of m and n. However,
ged(m,n) = 1if and only m and n are relatively primes, which play an important role in the algebraic graph
theory. For further definitions of number theory, the reader may refer to Rose [17].

Theorem 2.3. If G is a finite cyclic group, then |S(G)| = d(|G|), and if G is a finite non cyclic group, then
S(G) > d([G])-

3 Properties of Order Divisor graph

In this section, we show that OD(G) is always connected and has small density, girth and diameter, and
we determine a necessary and sufficient condition for OD(G) is complete.

Definition 3.1. Let S(G) = {H : H isasubgroup of G}. An undirected simple graph OD(G) is called an order
divisor graph of subgroups of a finite group G whose vertex set is S(G) and two distinct vertices H, K € S(G) are
adjacent in OD(G) if and only if either |H|||K| or |K|||H|, where |H|, |K| denotes the order of H and K respectively.

Before studying properties of the order divisor graph of a group we give an example to illustrates their
usefulness.

Example 3.1. The graphs shown in Figure 1 are the order divisor graphs of groups Zg and S¢ respectively.
13) 12)

OIS S

(3 (123)) -

oD(Z,) on(s,) )
Figurel order divisor grpahsof 7, and 8,

Zg

Theorem 3.4. For any finite group G, the order divisor graph OD(G) is connected.

Proof. Let G be a finite group with identity element e. Then the vertex (e) is adjacent to all the remaining
vertices of the order divisor graph OD(G), since | (e) |||H| for every vertex H # (e) in OD(G). This implies
that there exist a path between any two vertices in OD(G), and hence OD(G) is connected. O

Theorem 3.5. Let order of a finite group G is not a power of single prime. Then OD(G) is never complete.

Proof. Consider the group G, whose order is |G| = pi!,p5%,- -+, ps’,r > 1, a prime decomposition. Suppose
the graph OD(G) is complete. Then any two vertices H; and H; are adjacent in OD(G),i # j. That is, either
|H;|||Hj| or |Hj|||H;| for i # j. So without loss of generality, we may assume that |H;| = p; and |H;| = p;. Itis
clear that [H;| f |H;| and |H;| f |H;| in OD(G), since p; f p; and p; [ p; for each i # j. It turns out that OD(G)
is never complete. O

Theorem 3.6. Let G be a group of Composite order. Then the order divisor graph of G must contain a cycle of length 3.

Proof. Suppose |G| # p, a prime. Then there is at least one proper subgroup H of G. By the Lagranges
Theorem [2.1], |H|||G], | (e) |||H| and | {e) |||G]|. Itis clear that the unordered pairs ({¢) , H), (H, G) and (G, (e))
form a cycle C3 = ({e), H, G, (e)) of length 3 in OD(G). O

|H||K]
|[HNK]|

Theorem 3.7. [15] Let H and K be two subgroups of a finite group G. Then |HK| =
|HK| = |H||K]| if either HN K = {e} or gcd(|H|, |K|) = 1.

In particular,
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Theorem 3.8. [16] Let Cp, and Cq be cyclic groups with respect to multiplication of prime orders p and q respectively.
Then C, x Cy = Cpy.

Theorem 3.9. (Syllows Third Theorem)[16] Let G be a group of order p"m, where p is a prime, n > 1 and
gcd(p,m) = 1. Then the number of Sylow p-subgroups of G by n, is of the form 1 +kp,k > 0 and 1 + kp divides m.

Theorem 3.10. [13] A graph is non-planar if and only if it has a subgraph homomorphic to either Ks or K3 3.

Theorem 3.11. [13[] Let X be simple planar graph having |V (X)| < 3 vertices and |E(X)| edges. Then |[E(X)| <
3|V(X)| —6.

Theorem 3.12. [13] For a maximal planar graph X of order |V(X)| > 3,|E(X)| = 3|V (X)| — 6.

Theorem 3.13. Let p and q be distinct prime with p < q. If G is a group of order pq, then the order divisor graph of G
is either planar or maximal planar.

Proof. Suppose |G| = pg, where p and g are distinct primes with p < g. Then, by the third Sylow Theorem
[3.6], there is a unique g-Sylow subgroup, say Q of order 4. So there exist two cases on p and .

Case:1 If p [ q — 1, then there is a normal p-subgroup, say P of G such that PN Q = {e} and |PQ| =
IP||Q| = pg = |G|. Thus G = P x Q = C, x C5 = Cpg, by Theorem [3.5]. So, in this case the vertex set of the
order divisor graph OD(G) is S(G) = ( (e), H, K, G) where H and K are proper subgroup of C,; with H is not
adjoint to K, since |H| / |[K| and |K| / |H|. It is clear that the order and side of OD(G) are 4 and 5 respectively.
Therefore by the Theorem [3.10], OD(G) % Ks or K33, and hence OD(G) is planar.

Case:2 If p|q — 1, then the group G isomorphic to either of the following groups:

(a,b:a7=0bP =1,ab = ba) and (a,b: a7 = b? = 1,ab = a") where w # 1.

(i) Suppose G = (a,b: a7 =bP =1,ab = ba) . Then
G=(a:aT=1)x(b:b" =1) = G = Cp x Cj = Cyy this is similar to case(1).

(ii) Suppose G = (a,b:a7 =b? =1,b"lab=a"). Then G # Cp,. This implies that G is a non abelian
group of order pq generate by a and b. Thus the vertex set of the graph OD(G) is S(G) =
{(e),(a),(b), (ab),(a®b),G} where (a%b) = (ab®). It is clear that |(e)| = 1,|(a)| = q|(b)| =
| (ab) ||| (a®b) | = p and |G| = pg. Consequently, order and size of the graph OD(G) are 6 and 12
respectively. We shall now show that OD(G) is maximal planar. Suppose OD(G) is not maximal planar.
Then it must satisfy the relation |[E(OD(G))| # 3|V(OD(G))| — 6, by the Theorem [3.9]. This implies
that that 12 # 3 x 6 — 6 = 12 # 12, which is not true. So our assumption is wrong, and hence OD(G) is
a maximal planar grpah.

O
Lemma 3.1. Let H and K be two subgraphs of a finite non-cyclic group G. Then |H N K| # ged (|H|, |K]).

Proof. Since H N K is a subgroup of both H and K in G. So, by the Lagranges Theorem [2.1], |[H N K|||H|
and |H NK|||K|. Hence |H N K]||gcd(|H|,|K|). Further, suppose ged(|H|,|K|)||[H N K|, then there exists
two positive integers g and ¢’ such that ggcd(|H|, [K|) = ¢'|HNK| = |G|, since gcd(|H|,|K|) and |[H N K|
both divides |G|. Hence g # gq'. Therefore, if q'|q then ¢ = ng’ for some positive integer n. Then
|H N K| = nged(|H|, |K|), a contradiction since H N K is the subgroup of both H and K. Hence |[H N K| #
sed (1H, 1K) 0

Our next example turns out to be a very useful one for abelian groups and another for non-abelian groups.

Example 3.2. Consider the subgroups H = (a) = {e,a} and K = (b) = {e, b} of the finite abelian group V4 =
{e,a,b,c:a* = b*> = ® = e}. Therefore, |H| = 2, |K| = 2,|HN K| = 1. Hence ged (|H|, |K|) =2 # 1 = |[HNK]|.

Next, H = ((12)(345)) ,K = ((123)(45)), are both cyclic subgroups of order 6 and HN K = {I} in the
finite non-abelain group Ss. Therefore gcd (|H|, |K|) =6 #1 = |[HNK].

The Example [3.2] tells us that the result |HK| # lcm[|H|, |K|] for finite non-cyclic groups, but it must be
true for finite cyclic groups. This illustrates the following lemmas.

Lemma 3.2. Let H and K be two subgraphs of a finite non-cyclic group G. Then |HK| # Iem[|H|, |K]].
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Proof. Follows from Lemma [3.1 ] and Theorem [3.7]. O
Lemma 3.3. Let H and K be two subgraphs of a finite cyclic group G. Then |HK| = lem[|H|, |K]].

Proof. Let d = ged(|H|,|K|).Then d divides both H and K. Also, by the Lagranges Theorem [2.1], d||G], so
there exists a unique subgroup, say L such that |L| = d, since G is cyclic. But H and K must have a subgroup
of this order d and there is only one subgroup in G. Therefore L is a subgroup of H N K. But |[H N K| divides
both H and K. It is clear that |H N K||gcd (|H|, |K|) = |[HNK]||d = |HNK]|||L]. Hence L = HNK and

IL| = |HNK|=d = gcd(|H|,|K|). Applying Theorem [3.7] yields |HK| = =lem[|H|,|K|]]. O

ged (|H], K1)
Theorem 3.14. Let |G| be a composite number. Then deg(H) > 2, for every vertex H in OD(G).

Proof. Let |G| # p, a prime. Then G has at least one proper subgroup, say H. It is clear that deg( (¢) ) > 2 and
deg(G) > 2 for (e),G € S(G), since (e¢) — H — G — (e) is a cycle of length 3 in the graph OD(G).

Now we show that deg(H) > 2, for every vertex H in OD(G). First suppose S(G) = {(e),H, G} be the
vertex set of OD(G). Then, by the Lagranges Theorem [2.1], vertex H is adjacent to both the vertices (¢) and
G in OD(G). Therefore, deg(H) = 2. Further, if K is another vertex of OD(G) such that K # H, (e¢) , G. Now
consider two cases on the group G.

Case (1): If G is a finite cyclic group then we have the following subcases.

Subcase (1): Suppose H is adjacent to K in OD(G).Then trivially deg(H) > 2.

Subcase (2): Suppose H is not adjacent to K in OD(G). Then |H|||K| and |K|||H].

= |H||lem[|H|, |K]|]
= |H|||HK]|, by the Lemma [3.3]
= H is adjoint to another vertex HKin OD(G).

This shows that deg(H) > 2.

Case (2): If G is a finite non-cyclic group, then the edges in OD(G) has any one of the following
possibilities:

Subcase (1): Suppose either |H|||K| or |K|||H|. Then H is adjacent to K, and hence deg(H) > 2.

Subcase (2): Suppose |H| f |K| and |K| f |H|. Then either gcd(|H|, |K|) = 1 or ged(|H|,|K|) =d,d > 1. If
ged(|H|, |K|) =1, then |H|||H|||K]|

= |H|||HK]|, by the Theorem [3.4]
= H is adjoint to HK and thus deg(H) > 2.

[H] K]

Otherwise, if ged (|H|, |K|) = d,d > 1, then gcd(d, y

H] K]

another new vertex whose order is R in OD(G). Therefore, deg(H) > 2.

) = 1 this implies that the vertex H is adjacent to

Summarizing the results of the two cases we find deg(H) > 2 for every vertex H in OD(G). O
Now we are going to study the useful consequences of the Theorem [3.14].

Corollary 3.1. For any finite group G, the order divisor graph is never a path of length 2.

Proof. Suppose OD(G) is the path P, : Hy — H; — - - - — H,_1 — H,, of length n > 2, where Hy and H,, are the
initial and terminal vertices of P,. Then, by the definition of the path, we have deg(Hy) = deg(H,) = 1. This
violates result of the Theorem [3.14]. Hence OD(G) is never a path of length n > 2. O

Corollary 3.2. If G is a group of composite order, then OD(G) is never a star graph.

Proof. Let |G| # p, a prime. Assume OD(G) is a star graph of order |S(G)|. If Hy, Ha, -+, Hs(g)|-1. Hjs(c)|
are the vertices of the OD(G), where |S(G)| > 2, then the graph OD(G) contains |S(G)| — 1 pendent vertices.
That is, deg(H;) = 1, for every 1 < i < |S(G)| — 1. This is a contradiction to the Theorem [ 3.14] . So our
assumption is wrong, and hence OD(G) is never a star graph. O

Theorem 3.15. [14] A simple graph is Eulerian if and only if degree of each vertex is even.
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Corollary 3.3. Let |G| # P*",n > 1. Then OD(G) is never Eulerian.

Proof. suppose that the graph OD(G) is Eulerian. Then the degree of each vertex is even. From the Theorem
[3.14], degree of each vertex in OD(G) is at least 2, thatis deg(H;) > 2, forevery H; € S(G)and 1 <i < |S(G)|.
So without loss of generality, we may assume that deg(H,) = 2,deg(H,) = 3,deg(H3z) = 4, and so on. Then,
we found that degree of each vertex can not be even. This is a contradiction to the result of the Theorem [3.15].
Thus, by contraposition, the result follows. O

Before going to the study of further properties of order divisor graph we shall prove that the following
consequences of the Theorem [3.14]. First we study the completeness of the order divisor graph OD(G). In
particular, we give a necessary and sulfficient condition for OD(G) to be completed.

Theorem 3.16. The order divisor graph of a group G is complete if and only if no two proper divisors of |G| are relatively
prime.

Proof. Necessity: Suppose OD(G) is a complete graph of order |S(G)|. Then any two vertices H;, H; € S(G)
are adjacent in OD(G),i # j. Therefore, |H;|||H;| or |Hj|||H;| for each i # j.= gcd(|H|,|H;|) # 1, for each
i # j. This implies that |H;| and |H;| are two proper divisors of |G| which are not relatively prime. So no two
proper divisors of |G| are relatively prime.

Sufficient: Suppose no two proper divisor of | G| are relatively prime. That s, gcd (|H;|, |Hj|) # 1, for every
two proper subgroups H; and H; of G. We shall now show that OD(G) is a complete graph. Suppose that
OD(G) is not complete. Then there exists two vertices H; and H; in S(G) such that |H;| / |H;| and |H;| { |H;j|
. That is, either ged(|Hy|,|H;|) = 1 or gcd(|Hy|,|Hj|) = d,d > 1. But, by hypothesis gcd (|H;|, |[Hj|) # 1,

1 |H;
for proper divisors |Hj| and |H;| of |G|,i # j. Therefore, ged(|H;|,|H;|) = d,d > 1 = gcd(|H1|,|]|) and

d’ d
Bl g g VL B L
7 |G| an 7| | = 7~ and —= are oth proper divisors of |G| and which are relatively prime, a
contradiction to our hypothesis. Hence OD(G) is a complete graph. O

The following results are immediate consequences of the Theorem [3.16].
Theorem 3.17. Let G be a finite group. Then the following statements are equivalent.
(a) The graph OD(G) is complete.
(b) |G| = P",n > 1an integer.

Proof. For (a) implies (b), first assume that OD(G) is a complete graph of a graph G. There are two possibilities:
either G is cyclic or not. If G is cyclic group and |G| is a composite number not divisible by p"*! for any prime
p, since in this case (p) is not adjacent to (p" 1) in OD(G). Moreover, |G| is not divisible by square free integer
Py, p2,- -+, pn, pi’s are distinct primes, since in this case (p;), (pj) € S(G),i # j, are not adjacent in OD(G)
because (| (p;)|,|(p;)|) = 1. Finally, g" [p", since if q is prime, then (g) is not adjacent to (p) in OD(G). So,
(G) = p". If G is not a cyclic group, then we have to prove that (G) = p". Assume that (G) # p". In view of
the Theorem [3.16], OD(G) is never complete. Thus (G) = p".

For (b) implies (a), we assume that (G) = p". Then we shall now show that OD(G) is a complete graph.
We consider the following two cases:

Case (1): If G is a cyclic group, then the order of OD(G) is |S(G)| = d(p") = n + 1, which are
1,p,p? -+, p" L, p" Itis clear that for any two vertices H,K € S(G), |H|, |K| € {1,p,p? ---,p"" %, p"}. This
implies that |H|||K]| or |K|||H]|, since p'|p/ or p/|p for i # j. That is, no two proper divisors of |G| are relatively
prime, hence OD(G) is complete.

Case (2): If G is not a cyclic graph, then |S(G)| > d(|G|). But by Lagranges Theorem [2.1], order of each
and every subgroup divides |G|, that is |H||p", for every H € S(G). Therefore |H| € {1,p,p%---,p" 1, p"}.
This implies that no two proper divisors in |G| are relatively prime, so in this case also OD(G) is complete. [

The following example show how the result in the Theorem [3.17] can be used to study the structures of
order divisor graphs of abelian and nonabelian groups.
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Example 3.3. Figure 2 illustrates the Theorem [3.14].

2 i i
10 . 4 1 » (k)
z 0 o
oD(2,) on(g,)
Figure2 order divisor grpale of 7, and (.

Remark 3.1. Theorem [3.14] tells us that the following properties, if |G| = p",n > 1 then OD(G) is (|S(G)| —1)-

S(G 5(G)|—1
regular graph and the size of OD(G) is (Is( )|)(|2( ) )

(1) If G is a cyclic group of order p", then complete order divisor graph OD(G) is n-regular.

(2) If G is not a cyclic group of order p", then the order divisor graph OD(G) is also complete but not n-regular. This
point is illustrated as follows.

Example 3.4. (1) The order divisor graph of a cyclic group Zg is complete 3-regular.
(2) The order divisor graph of a non-cyclic group Qg is complete but 5-regular.

(3) If is an abelian but not cyclic group of order p", then the order divisor graph of G is also complete but never
n-regular.
For example, the Figure 3 shows that Lattice of subgroups of Klein 4 group Vy and its order divisor graph.

yl
" @
¥
a4 1) . e b
-
)
u
on(v,)
Latticeof subgroupsof V,

Figure 3 ooder diviisor graph of W,

Corollary 3.4. Let G be a finite group. Then the order divisor graph OD(G) is isomorphic to Ky if and only if G is

A
isomorphic to one of the groups: Z,, Cy, A—n, Aut(Z), 74.
n 4

Proof. It is obvious, since OD(G) = K; if and only if |G| = p, a prime. O
Corollary 3.5. The order divisor graph of a group G is complete if and only if G is isomorphic to one of the groups:

(a) p-group

(b) Diag(n,Z).

Proof.  (a) Since G is a p-group if and only if |G| = p",n > 1. Hence OD(G) is complete.
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(b) Since Diag(n, Z) is an abelian group of all n x n diagonal matrices over the set of integers whose diagonal
elements are +1. So, Diag(n, Z) = 2". Hence OD(Diag(n, Z)) is complete.

0
Definition 3.2. The density of a simple graph is the ratio of order and size of the graph respectively.
Theorem 3.18. Let |G| = p",n > 1, Then density(OD(G)) = |S(G§—1

. S(G 2

Proof. We have, density(OD(G)) = %|S(G)||((S()C|§)| Y = HEE

O
Corollary 3.6. If G is a cyclic group of order p",n > 1 then density(OD(G)) = %
Proof. The number of subgroups of a cyclic group of order p",n > 1is [S(G)| = d(|G|) = d(p") = n+1.
Therefore density(OD(G)) = ﬁ = %

The girth of a simple graph X, denoted by gir(X) is the length of a shortest cycle in X. If X is acyclic graph,
then gir(X) = oco. Let m and n be two distinct vertices of a simple graph X. Then the diameter of X, denoted
by diam(X), is given by diam(X) = sup{d(m,n) : m,n distinct vertices of X}, where d(m, n) is the length of
the shortest path between m and n. O

Theorem 3.19. For |G| > 1, the girth of order divisor graph of a group G is given by

o if |Gl=p
3 if |G|l #p.

Proof. If |G| = p, a prime, then OD(G) = Kj, an acyclic graph. It is clear that the girth of OD(G) is infinite.
If |G| # p, then there are two possibilities on |G|: either |G| = p",n > 1, or |G| # p",n > 1. Suppose
|G| = p". Then, in view of Theorem [3.17], OD(G) is complete graph with three or more than three vertices
and so gir(OD(G)) = 3. On the other hand, if |G| # p", in view of Theorem [3.5], the order divisor graph
OD(G) always have a three cycle C3 = ((¢),H, G, (¢) ) which is smallest for any proper subgroup H of G.
Hence gir(OD(G)) = 3. O

sion(e) - |

Corollary 3.7. Let G be a group of composite order. Then the graph OD(G) is never complete bipartite.
Proof. Follows directly from Theorem [3.19], since the girth of complete bipartite graph is 4. O
Theorem 3.20. Let G be a finite group. Then diam(OD(G)) < 2.

Proof. Let p be a prime and n > 1 be a positive integer. Then we consider the following two cases on |G|, G is
a finite group.

Case (1) Suppose |G| = p",n > 1. Then the diameter of OD(G) is 1, since this is possible from the Theorem
[3.14] and the diameter of a compete graph is 1.

Case (2) Suppose |G| # p",n > 1. Then OD(G) is never complete graph by the Theorem [3.5]. Therefore
diam(OD(G)) > 1. But we have to prove that diam(OD(G)) < 2. For this let H and K be any two distinct
vertices of OD(G). If H is adjacent to K, then obviously d(H,K) = 1 because H — K is a path of length 1.
Otherwise if H is not adjacent to K, then H and K must be proper subgroups of G. So there exist a path of
length 2 in OD(G), which is either of the following:

(1) H-(e) - K

@ H-G-K

B) H-HNK—-K

(4) H — HK — K. Therefore, d(H,K) = 2.

From the above two cases we conclude that diam(OD(G)) < 2. O
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4 Isomorphisms of Order Divisor Graphs

This section describes the necessary and sufficient condition for two isomorphic groups and their order
divisor graphs. Further we study Auto(OD(G)), the group of graph automorphisms of OD(G), and we show
that Auto(G) C Auto(OD(G)).

We know that a graph isomorphism f of a graph X to a graph Y is a bijection f : X — Y which preserves
adjacency. The set Auto(X) of all graph automorphisms of X forms a group under the usual composition of
functions.

Theorem 4.21. Let G and G’ be any two distinct finite groups. Then G is isomorphic to G' if and only if |G| = |G|
and [S(G)| = [S(G')].

Proof. Let S(G) and S(G’) be the set of subgroups of finite groups G and G’ respectively.
Sufficient: Suppose G = G'. Then there exist an isomorphism ¢ from G onto G'.

(i) Since ¢ is bijetive, G and G have the same cardinality, that is, |G| = |G/|.

(ii) Let H € S(G). Then ¢(H) = {¢(x) : x € H} is a subgroup of G’. Now define amap f : S(G) — S(G’)
by the relation f(H) = ¢(H), for every H € S(G).

f is one-to-one: Suppose that f(H) = f(K). Then ¢(H) = ¢(K) = H = K, since ¢ is bijection.

f is onto: Let H' belongs to S(G’). We must find a subgroup H in S(G) such that f(H) = H'. If such
a subgroup H is to exist, it must have the property that ¢(H) = H’. For we can solve for H to obtain
H=¢ '(H) ={g€G:¢(g) € H} and verify that ¢(¢~!(H')) = H'. It is clear that f is onto.

Therefore f is a bijection from S(G) onto S(G’), hence |S(G)| = |S(G')|.

Necessity: Let |G| = |G| and |S(G)| = |S(G’)|. Then we shall show that G = G'.

For this we define amap ¢ : G — G' by y(a) = a/, for every a € G. Puta’ = ¢(a) and ' = ¢(b) for
a,b € G, then a bijection ¢ : G — G’ satisfying y(ab) = a'b’ = (a)p(b). Then we say that G and G’ are
isomorphic under the corresponding group elements. Further we shall show that G and G’ are isomorphic
under corresponding subgroups. Leta € G. Then we defineamap g : G — G’ by therelation g( (a) ) = ((a))
where (a) € S(G) and ((a)) € S(G').

g is one-to-one: For thisleta,b € G, then g( (a) ) = g((b) ) = (¥(a)) = (p(b))

= ¢((a)) =y((b)) = (a) = (b), since  is a bijection.

¢ is onto: By the way of construction of map g, for every subgroup ((a)) of G/, there exist a subgroup (a)
in G such that g( (a) ) = ((a)). Therefore g is onto.

g is a homomorphism Let (a), (b) € S(G). Then

g((a) (b)) = g((ab))
= (p(ab)) = p( (ab
=p((a) (b)) = 9(

Therefore g preserves subgroups from G onto G'. Hence G = G'. O

Example 4.5. (1) The symmetric group Sz is isomorphic to the Dihedral group D3 because |S3| = |D3| = 6 and
5(S3)| = |S(Ds)| = 6.

(2) The symmetric group Ss is not isomorphic to Zg since |S3| = |Zg| = 6 but |S(Zs)| = 4 and |S(Ze)| = 4.
(3) The Klein-4 group Vy is not isomorphic to Z4 since |Vy| = |Zs4| = 4 but |S(Vy)| = 5and |S(Z4)| = 3.

Theorem 4.22. [16] Let ¢ be an isomorphism from a group G onto G'. Then |a| = |¢(a)|, for every a € G. Moreover,
|H| = |@(H)|, for every H € S(G). In particular, a group isomorphism preserves the order of elements and the order of
subgroups respectively.

The next theorem provides a necessary and sufficient condition for order divisor graphs are isomorphic.

Theorem 4.23. Let G and G’ be two finite groups. Then G = G’ if and only if OD(G) = OD(G’).
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Proof. Sufficient: Suppose G = G'. Then there exist an isomorphism f from G onto G'. Now to show that
OD(G) = OD(G'). For this we define a map ¢ : OD(G) — OD(G’) by the relation ¢(H) = f(H), for every
H € S(G). Itis clear that ¢ is well defined bijective map, and further we show that ¢ preserves adjacency.
To do this, let (H,K) be an edge of the graph OD(G) with end vertices H and K. Then by the definition
of order divisor graph, either |H |||K| or |K]| |H | By the Theorem [4.22], this implies that |f(H)|||f(K
IF(K)|[If(H)| = |p(H)|||¢(K)]| or |¢p(K)|||¢(H)]| is adjacent to ¢(K) in OD(G'), it follows that ¢ preserves
adjacency. Hence OD(G) = OD(G).

Necessity: Suppose OD(G) = OD(G’). Then there exist an isomorphism ¢ from a graph OD(G) to a
graph OD(G’) is a bijection that maps V(OD(G)) to V(OD(G’)) and E(OD(G)) to E(OD(G')) such that
each edge of OD(G) with end vertices H and K is mapped to an edge with end vertices ¢(H) and ¢(K).
Therefore |V (OD(G))| = |V(OD(G"))| and |[E(OD(G))| = |E(OD(G’))|. This shows that |G| = |G| and
IS(G)| = |S(G")|. Applying Theorem [4.21] yields G = G'.

0

Example 4.6. Figure 4 shows that the relation Zy x Zz = Zg < OD(Zy x Z3) = OD(Zg) is true.

(0,0 ((0.1)) 0
4
ZyxE =, v . o0
~ 3 '.3 y
4 ¥ :
- (L0} r
7,x7, (1L0) Z,

Figure 4 the relation 7, x Z, = 7, &> OD(Z, x £,) = OI(Z,)

The following remarks, which are the main results of this section contains the complete description for
isomorphic and non-isomorphic finite groups with their corresponding order divisor graphs.

Remark 4.2. (1) OD(Zy, X Z,) = OD(Zyn) < ged(m,n) = 1.
(2) OD(Uy, x Uy) = OD(Up,n) < ged(m,n) = 1.

Remark 4.3. Let G and G’ be two finite groups. Then G ¥ G’ < OD(G) 2 OD(G’). Below are the order divisor
graphs of groups Vy and Z,. This example shows that non-isomorphic groups may have the non-isomorphic order divisor
graphs.

Theorem 4.24. Let G be a finite group. Then Auto(G) C Auto(OD(G)).

Proof. Let G be a finite group. Then Auto(G) and Auto(OD(G)) are both finite groups. Now we show that
Auto(G) € Auto(OD(G)). For this we consider ¢ € Auto(G), then ¢ is an isomorphism of G onto G.
Suppose two Vertices H,K € S(G) are adjacent in OD(G). Then either |H|||K| or |K|||H|. This implies that
either [p(H)|||¢(K)| or |¢(K)|||@(H)|, since |H| = |¢(H)|, for every H € S(G).

= ¢(H) and ¢(K) are adjacent in OD(G).
= ¢is an isomorphism from OD(G) to OD(G).
= ¢ € Auto(OD(G)).

Hence Auto(G) C Auto(OD(G)). O
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Abstract

This paper presents an efficient method namely He’s Homotopy Perturbation Method (HHPM) is
introduced for solving hybrid fuzzy differential equations based on Seikkala derivative with initial value
problem [2]. The proposed method is tested on hybrid fuzzy differential equations. The discrete solutions
obtained through He’s Homotopy Perturbation Method are compared with Leapfrog method [13]. The
applicability of the He’s Homotopy Perturbation Method is more suitable to solve the hybrid fuzzy
differential equations. Error graphs are presented to highlight the efficiency of the He’s Homotopy
Perturbation Method.

Keywords: Fuzzy differential equations, Fuzzy initial value problems, Hybrid Fuzzy Differential Equations,
Leapfrog method, He’s Homotopy Perturbation Method.
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1 Introduction

Hybrid systems are devoted to modelling, design, and validation of interactive systems of computer
programs and continuous systems. That is, control systems that are capable of controlling complex systems
which have discrete event dynamics as well as continuous time dynamics can be modelled by hybrid system.
The differential systems containing fuzzy valued functions and interaction with a discrete time controller
are named hybrid fuzzy differential systems. For analytical results on stability properties and comparison
theorems we refer reader to [V. Lakshmikantham and X. Z. Liu [9]; V.Lakshmikantham and R. N. Mohapatra
[8]; M. Sambandham [11]].

Hyunsoo Kim and Rathinasamy Sakthivel [7] obtained the numerical solution of hybrid fuzzy differential
equations using improved predictorcorrector method. T.Jayakumar and K. Kanakarajan [2] obtained
numerical solution for hybrid fuzzy system by improved Euler method. T. Jayakumar and K. Kanagarajan
[4] derived the numerical solution for hybrid fuzzy system by Runge-Kutta method of order five, T.
Jayakumar and K. Kanakarajan [2] claimed that the numerical solution for hybrid fuzzy system by improved
Euler method. K. Kanagarajan and M. Sambath [6] stated the numerical solution hybrid fuzzy differential
equations by improved predictor- corrector method. K. Kanagarajan and S. Muthukumar [5] extended
Runge-Kutta method of order four for hybrid fuzzy differential equations. S. Pederson and M.Sambandham
[10] proposed the numerical solution to hybrid fuzzy systems.

Recently, T.Jayakumar and K. Kanagarajan [3] solved the hybrid fuzzy differential equations using
Adams Fifth Order Predictor-Corrector Method. S. Sekar and K. Prabhavathi [13] solved the same hybrid
fuzzy differential equations using Leapfrog method. The objective of this paper is to use the He’s Homotopy

*Corresponding author.
E-mail address: sekar nitt@rediffmail.com (S. Sekar), sakthivelazhagumalai@gmail.com (A. Sakthivel).
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Perturbation Method (discussed by Sekar et al. [14416]) to solve the hybrid fuzzy differential equations
(discussed by T.Jayakumar and K. Kanagarajan [3] and S. Sekar and K. PRabhavathi [13]]).

2 He’s Homotopy Perturbation Method

In this section, we briefly review the main points of the powerful method, known as the He’s homotopy
perturbation method [14416]. To illustrate the basic ideas of this method, we consider the following
differential equation:

A(u) — f(t) =0,u(0) = up, t € Q (2.1)

where A is a general differential operator, 1 is an initial approximation of Eq. (2.1), and f(t) is a known
analytical function on the domain of (). The operator A can be divided into two parts, which are L and N,
where L is a linear operator, but N is nonlinear. Eq. (2.1) can be, therefore, rewritten as follows:

L(u)+ N(u)— f(t) =0
By the homotopy technique, we construct a homotopy U(t, p) : Q) x [0, 1] — R, which satisfies:
H(U, p) = (1 = p)[LU() — Luo()] + p[AU(t) - f(1)] = 0,p € [0,1],1 € O 22

H(U,p) = LU(t) — Lug(t) + pLug(t) + p[NU(t) — f(t)] =0,p € [0,1],t € O (2.3)

where p € [0,1] is an embedding parameter, which satisfies the boundary conditions. Obviously, from Egs.
or we will have H(U,0) = LU(t) — Lug(t) = 0, H(U,1) = AU(t) — f(t) = 0.

The changing process of p from zero to unity is just that of U(t, p) from ug(t) to u(t). In topology, this
is called homotopy. According to the He’s Homotopy Perturbation method, we can first use the embedding
parameter p as a small parameter, and assume that the solution of Egs. or can be written as a power
seriesin p :

U= )Y p"U, =Uy+pUs + p*lh + p°Us + ... (2.4)
n=0
Setting p = 1, results in the approximate solution of Eq.(2.T)
Uuf(t) = lirr}ll: U+ U+ Uy +U; + ...
p—

Applying the inverse operator L~! = fot (.)dt to both sides of Eq. , we obtain

uay:umy+%ﬂﬂdﬂm—péﬁﬂdmﬁ—méﬂNu@-jﬁnm} 2.5)

where U(0) = uy.
Now, suppose that the initial approximations to the solutions, Lug(t), have the form

Lug(t) = i o, Py (1) (2.6)
n=0

where &, are unknown coefficients, and Py(t), Py (t), Pa(t), ... are specific functions. Substituting (2.4) and (2.6)
into (2.5) and equating the coefficients of p with the same power leads to

PO Up(t) = ug + T g an fy Pu(t)dt
pliUn(t) = — g au [y Pa(t)dt — [1(NUo(t) — f(t))dt
P2 Up(t) = — [ NU; (H)dt 2.7)

plU(t) = — [y NUj_q(t)dt
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Now, if these equations are solved in such a way that U (t) = 0, then Eq. results in Uy (t) = Uy (f) =

Us(t) = ... = 0 and therefore the exact solution can be obtained by using
0 t
U(t) = Up(t) = uo+ ) an /o Py (t)dt (2.8)
n=0 :

It is worth noting that, if U(¢) is analytic at t = fg, then their Taylor series
U(t) =Y an(t —to)"
n=0

can be used in Eq. (2.8), where ag, a1, ay, ... are known coefficients and «, are unknown ones, which must be
computed.

3 Some basic results on hybrid fuzzy differential equations

Denote by E! the set of all functions u : R — [0, 1] such that
(i) u is normal, that is, there exist an xg € R such that u(xg) =1,
(ii) uis a fuzzy convex, thatis, for x,y € Rand 0 < A <1, u(Ax + (1A)y) > min{u(x),u(y)}

(iii) u is upper semicontinuous, and

(iv) [u]® = {x € R:u(x) > 0} is compact. For 0 < a < 1, we define [u]* = {x € R : u(x) > a}.

An example of a u € E! is given by

4x — 3, if x € (0.75,1],
u(x) = ¢ —2x+3, ifxe(1,1.5),
0, if x ¢ (0.75,1.5).
The a-level sets of u in (6.1) are given by [u]* = [0.75 + 0.25x,1.50.5a]. For later purpose, we define 6 € E! as
0(x) =1ifx =0and 6(x) = 0if x # 0.
Next we review the Seikkala derivative [12] of x : I — E! where I C R is an interval. If [x(t)?] =
[x7(t),%%(t)] forall t € I and a € [0,1], then [x/(£)*] = [x/(t)7, (%) ()] if x'(t) € E'. Next consider the initial
value problem (IVP)

"(t) = f(t,x(1)),
sy = ¥ O =Fex(0) 9
x(0) = xo

where f : [0,00) X R — R is continuous. We would like to interpret using the Seikkala derivative
and xg € EL. Let [x0]" = [x4,%] and [x(t)]" = [x(t),x*(t)]. By the Zadeh extension principle we get
f :[0,00) x E! — E! where [f(t,x)]* = minf(t,u):u € [x*(t),%°(t)], maxf(t,u) : u € [x"(t),%"(t)]. Then
x : [0,00) — E!is a solution of (6.1) using the Seikkala derivative and xo € E! if

(x7)'(8) = minf(t,u) s u € [x*(t), 2 ()], *(0) = x5,

() (t) = maxf(t,u):u € [x"(t),%*(t)],x*(0) = x{, for all t € [0,00) and a € [0,1]. Lastly consider an
f:]0,00) x R x R — R which is continuous and the IVP

{x’(t) = f(t,x(t),k), (3.10)

x(0) = xg

Asin (3.9), to interpret using the Seikkala derivative and xo, k € E!, by the Zadeh extension principle
we use f : [0,00) x E! x E! — E! where
[f(tx, 0))" = [minf(t,u,u) - u € [x"(8), ¥ (8)], ue € [k, K7,
maxf(t, u, uk) RS [&“(t),f“(t)],uk € [ka,]‘{u”,
where k? = [k?,k]]. Then x : [0,c0) — E! is a solution of (6.2) using the Seikkala derivative and xo, k € E' if
(x7Y'(£) = minf(t,u,ug)  u € [x9(8), 2 (8)], ug € &K, 57(0) = x8,
(&) () = maxf(t,u,u) - u € [x*(t), 2 (1)), e € [K', K7, x7(0) = xf,
forallt € [0,00) and a € [0,1].
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4 The hybrid fuzzy differential systems

In this section, we study the fuzzy initial value problem for a hybrid fuzzy differential systems.

xX'(t) = f(t,x(), Mex (b)), t € [t traa], X (B) = xp, (4.11)

where x" denotes Seikkala differentiation, 0 < tg < t; < ... < ty < .., fx = o0, f € C[RT X E! x El,El],Ak €
C[E', E']. To be specific the system look like

x(t) = f(t,x0(t), Aox(to)), xo(to) = xo,t0 <t < ty,
xy(t) = f(t, x1(t), Mx(tr)), x1 () = x1,t1 <t < hy,
X(t) =1 .. 4.12)

x () = f(t,xk (), Aex (b)), X (b)) = xpe, e < £ < bryq,

Assuming that the existence and uniqueness of solution of (4.11) hold for each [t, ty;1], by the solution of
(4.12) we mean the following function:

xo(t), to <t <ty,

xi(t), b <t <t

x(t) = x(t,to, x0) { ... (4.13)
xe(8), e <t <y,

We note that the solution of are piecewise differentiable in each interval for t € [fy, ;1] for a fixed
Xy € Elandk=0,1,2, ...

Using a representation of fuzzy numbers studied by Goestschel and Woxman [1] and Wu and Ma [17], we
may represent x € E! by a pair of functions (x(r), (r)),0 < r < 1, such that

(i) (x(r), is bounded, left continuous, and non decreasing,

(ii) ¥(r) is bounded, left continuous, and non increasing, and

(i) (x(r) < £(r),0 < r < 1.
For example, u € E! given in (1) is represented by (u(r),ir) = (0.75 + 0.25¢,1.5 — 0.5¢),0 < r < 1, which is
similar to [1]? given by (3.10).

Therefore we may replace by an equivalent system

{X’(f) = f(t, x, Mdex (i) = Fe(t, x, %), (x(t) = %),
x(t) = ft,x, dex(t)) = Ge(t, x, %), (x(t) = %),

which possesses a unique solution (x, ) which is a fuzzy function. That is for each t, the pair [x(t;7), %(t;7)]
is a fuzzy number, where x(t;r), %(t;r) are respectively the solutions of the parametric form given by

{X’(f) = Fe(t, x(t
K(t) = Ge(t, x(t;

JE(t 7)), x(t 1) = xi(7),
)/f( ,7’)), (tk; ):&k(l’),

1=

;T
’
forr € [0,1].

5 Numerical Experiments

In this section, the exact solutions and approximated solutions obtained by Leapfrog method and He’s
Homotopy Perturbation Method. To show the efficiency of the He’s Homotopy Perturbation Method, we
have considered the following problem taken from [13], with step size r = 0.1 along with the exact solutions.

The discrete solutions obtained by the two methods, Leapfrog method and He’s Homotopy Perturbation
Method. The absolute errors between them are tabulated and are presented in Table 1. To distinguish the
effect of the errors in accordance with the exact solutions, graphical representations are given for selected
values of '+’ and are presented in Figures 1 — 2 for the following problem, using three dimensional effects.
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5.1 Example
Consider the following hybrid fuzzy IVD, [13]

x/(t) = X(t) + m(t))\kX(tk),t € [tk/ tk-‘rl]/tk = k/k =0,1,23,.. } (5 14)

x(t,r) = [(0.75 4+ 0.25r)et, (1.125 — 0.125r)¢!], 0 < r < 1,
Where
m(t) 2(t(mod1)) if t(mod1) < 0.5
© 201 = t(mod1))  if t(mod1) > 0.5

0 ifk=0
/\ =
) {y itk=1,2,..

The hybrid fuzzy IVP (5.14) is equivalent to the following systems of fuzzy IVPs:

xy(t) = xo(t),t € [0,1],

x(0;7) = [(0.75 + 0.25r)e!, (1.125 — 0.125r)e!],0 < r < 1,

x;(t) = xi(t) + m(t)xi_1 (t),t S [ti/ ti+1],xl-(t) = X1 (tl‘),i =1,2,..
In (5.14) x(t) + m(t)Arx(t;) is continuous function of ¢, x and Axx(t;). Therefore by Example 5.1 of Kaleva [?
], foreach k = 0,1,2, ... the fuzzy IVP

xX'(t) = x(t) +m()Aex(te), t € [t teal e =k, } (5.15)
x(ty) = Xty .

has a unique solution [t t;1]. To numerically solve the hybrid fuzzy IVP we applied the He’s
Homotopy Perturbation Method for hybrid fuzzy differential equation with N = 2 to obtain y;,(r)
approximating x(2.0;7). The Exact and Approximate solutions by Leapfrog method and He’s Homotopy
Perturbation Method are compared and the absolute error were shown in Table 1. From the Table 1, shows
that He’s Homotopy Perturbation Method approximate solutions have less error compare to Leapfrog
method solutions [? ] in the all the stages.

Table 1: Error calculations

Leapfrog Error HHPM Error

t Yl(i’l';l’) Yz(ti;l’) Y1<i’l';l’) Yz(ti;l’)
0.1 1.01E-09 1.11E-09 1.01E-11 1.11E-11
0.2 2.01E-09 2.11E-09 2.01E-11 2.11E-11
0.3 3.01E-09 3.11E-09 3.01E-11 3.11E-11
0.4 4.01E-09 4.11E-09 4.01E-11 4.11E-11
0.5 5.01E-09 5.11E-09 5.01E-11 5.11E-11
0.6 6.01E-09 6.11E-09 6.01E-11 6.11E-11
0.7 7.01E-09 7.11E-09 7.01E-11 7.11E-11
0.8 8.01E-09 8.11E-09 8.01E-11 8.11E-11
0.9 9.01E-09 9.11E-09 9.01E-11 9.11E-11
1.0 1.01E-08 1.11E-08 1.01E-10 1.11E-10

6 Conclusion

The obtained results of the fuzzy hybrid differential equation show that the He’s Homotopy Perturbation
method works well for finding the solutions. From the Table 1, it can be observed that for most of the time
intervals, the absolute error is less in He’s Homotopy Perturbation method when compared to the Leapfrog
method [13], which yields a little error, along with the exact solutions of the problem.

From the results shown in the Figures 1 — 2, it can be said that the error is very less in He’s Homotopy
Perturbation method when compared to the Leapfrog method [S. Sekar and K. Prabhavathi [13]]. Moreover,
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1.00E-08 ? =
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e mo7
2 ODE-09 - st
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0.00E400 . / m1

Leapfrog Error HHPM Error
Figure 1: Error estimation of Example 5.1 at Y1 (¢;;7)
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Figure 2: Error estimation of Example 5.1 at Y, (¢;;7)
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the He’s Homotopy Perturbation method is highly stable because it is based on the Perturbation method and
hence one can get the results for any length of time.
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