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The Co-bondage (Bondage) number of fuzzy graphs and its properties
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Abstract

In this paper, we define the Co-bondage number b.(G)and new type of non-bondage{b., and b, } for any
fuzzy graph,and fuzzy strong line graph. A characterization is obtained for fuzzy strong line graphs Ls(G)
such that Ls(G) is tree . A necessary condition for a fuzzy double strong line graph of cycle is a fuzzy trees
and the exact value of b, (G) for any graph G is found and exact values of b, be, and by, for some standard
graphs are found and some bounds are obtained. Also,find the exact value of by, (G) for any graph G is found.
Moreover we define neighbourhood extension also analysis it properties by using bondage arcs and we also
obtained relationships between b, by, (G) and b;.

Keywords: 7y(G)- Minimum dominating set ,b;(G)- maximum co-bondage number ,b(G)- minimum bondage
number , by,-maximum total non-bondage number, b,,- maximum efficient-bondage number ,L;(G) - strong
line graph,L;(G) - double strong line graph.

2010 MSC: 05C72. (©2012 MJM. All rights reserved.

1 Introduction

Fuzzy graph theory was introduced by A. Rosenfeld[8] in 1975. Fuzzy graph theory is now finding
numerous applications in modern science and technology especially in the fields of neural networks, expert
systems, information theory, cluster analysis, medical diagnosis, control theory, etc. Sunil Mathew, Sunitha
M.S [10] has obtained the fuzzy graph-theoretic concepts like f- bonds, paths, cycles, trees and connectedness
and established some of their properties. V.R. Kulli and B. Janakiram [7] have established the non-bondage
number of a graph. First we give the definitions of basic concepts of fuzzy graphs and define the non-bondage
and it is properties. All graphs consider here are finite, undirected, distinct labeling with no loop or multi arcs
and p nodes and q (fuzzy) arcs. Any undefined term in this paper may be found in Harary[5]. Among the
various applications of the theory of domination that have been considered, the one that is perhaps most
often discussed concerns a communication network. Such a network consists of existing communication links
between a fixed set of sites. The problem is to select a smallest set of sites at which to place transmitters
so that every site in the network that does not have a transmitter is joined by a direct communication link
to one that does have a transmitter. This problem reduces to that of finding a minimum dominating set in
the graph corresponding to the network. This graph has a node representing each site and an arc between
two nodes if the corresponding sites have a direct communications link joining them. To minimize the direct
communication links in the network, it is non-bondage but in case we want minimum number site to control
all other location sites that mean reduce the number of transmitting station. It is Co- bondage,and more
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general graph are connected but need not internal connected so determine say graph connected internal or
not is called Neighbourhood Extendable we introduce the following section.

2 Preliminaries

Definition 2.1. A fuzzy subset of a non-empty set V is a mapping o : V. — [0,1]. A fuzzy relation on V is a fuzzy
subset of E(V x V). A fuzzy graph G = (o, u) is a pair of function o : V. — [0,1] and y : V. x V — [0, 1], where
u(u,v) <o(u) ANo(v)forallu,veV.

Definition 2.2. The underlying crisp graph of G=(o, i) is denoted by G* = (V,E), where V. = {ueV : o(u) > 0}
and E = {(u,v)eV x v : u(u,v) > 0}.

Definition 2.3. The order P = Y ,.p 0(v). The graph G = (o, u) is denoted by G, if unless otherwise mentioned.
Let be a fuzzy graph on. The degree of a vertex u is dg(u) = Y, wp(uv)and The minimum degree of G is §(G) =

(u0)

Ndg (1), ueV tand the maximum degree of G is 6(G) = Vdg(u), VeV

Definition 2.4. The strength of connectedness between two nodes u and v in a fuzzy graph G is define as the maximum
of the strength of all paths between u and v and is denoted by CONNg (u,v).

Definition 2.5. A u-v path P is called a strongest path if its strength equals CONNg (u, v).

Definition 2.6. A fuzzy graph H = (7, p) is called a fuzzy sub graph of G if T(x) < o(x)for all xeVand p(x,y) <
u(x,y) forall(x,y)eV.

Definition 2.7. A fuzzy sub graph H =(7, p) is said to be a spanning fuzzy sub graph of G, if T(x) = o(x)for all x.

Definition 2.8. A fuzzy G is said to be connected if there exists a strongest path A path P of length n is a sequence of
distinct nodes uguy, up, ty such that (u;_q,u;) > 0 and degree of membership of a weakest arc is defined as its strength.

Definition 2.9. If ug = uy and n > 3, then P is called a cycle and it is a fuzzy cycle if there is more than one weak
arc. Let u be a node in fuzzy graphs G then N(u) = {v : (u,v)} is strong arc}is called neighbourhood of u and N[u]
= N(u) u is called closed neighbourhood of u. Neighbourhood degree of the node is defined by the sum of the weights of

the strong neighbour node of u is denoted by ds(u) = Y. o(v)
veN (u)

3 Fuzzy dominating set

Definition 3.10. Let G be a fuzzy graph and u be a node in G then there exist a node v such that (u, v) is a strong arc
then u dominates v .

Definition 3.11. Let G be a fuzzy graph. A subset D of V is said to be a fuzzy dominating set if for every node veV \ D,
there exists ueD such that u dominates v.

Definition 3.12. The domination number of G is the minimum cardinality taken over all dominating sets in G and is

denoted by v(G),where y(G) = Y. o(v). A dominating set with cardinality -v(G) is called 7y - set of G.But here consider
veD
cardinality of -y is total number of elements in set

Definition 3.13. Let G be a fuzzy graph without isolated node. A subset D of V is said to be fuzzy total dominating set
if for every node veV, there exists at least one u in D such that u dominates v.

Definition 3.14. The domination number of G is the minimum cardinality taken over all dominating sets in G and is
denoted by vv(G),where v¢(G) =Y. o(v). A dominating set with cardinality v¢(G) is called ¢(G)- set of G.But here
vev

consider cardinality of y; is total number of elements in set

Definition 3.15. Let G be a fuzzy graph without isolated node. A subset D of V is said to be fuzzy efficient dominating
set if for every node veV — D, there exists exact one u in D such that u dominates v.

Definition 3.16. The domination number of G is the minimum cardinality taken over all dominating sets in G and is
denoted by v.(G),where v.(G) =Y 0(v). A dominating set with cardinality v.(G) is called y.(G)- set of G.But here
Ve

consider cardinality of <y, is total number of elements in set
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4 Fuzzy non bondage number

Definition 4.17. The bondage number b(G) of a fuzzy graph G(V,E, o, i) is minimum number of fuzzy arcs among
all sets of arcs X = (x,y) sub set of E such that

CONNg_(xy)(u,v) < CONNG(u,v) for all ueV — y(G) and a v €7y(G). Here y(G) represent minimum dominate
set

Definition 4.18. The non-bondage number b, (G) of a fuzzy graph G(V,E, 0, u)) is maximum number of fuzzy arcs
among all sets of arcs X = (x,y) sub set of E such that

CONNg_(yy)(u,0) = CONNg(u,v) for all ueV — (G) and a v ey(G).Here y(G) represent minimum dominate
set

Definition 4.19. The total bondage number b;(G) of a fuzzy graph G(V,E, o, u)) is minimum number of fuzzy arcs
among all sets of arcs X = (x,y) sub set of E such that

CONNG_ (v (u,v) < CONNg(u,v) for all ueV — v(G) and a v ey(G).Here v¢(G) represent minimum dominate
set

xY) (

Definition 4.20. The total non-bondage number by, (G)of a fuzzy graph G(V,E, 0, u)) is maximum number of fuzzy
arcs among all sets of arcs X = (x,y) sub set of E such that

CONNg_(y)(u,v) = CONNg(u,v) for all ueV — v(G) and a v €7y;(G).Here y;(G) represent minimum dominate
set

Definition 4.21. The efficient bondage number b.(G) of a fuzzy graph G(V,E, o, i)) is minimum number of fuzzy
arcs among all sets of arcs X = (x,y) sub set of E such that

CONNG_ (v (1,v) < CONNg(u,v) for all ueV — 7.(G) and a v e7.(G).Here ye(G) represent minimum dominate
set

xY) (

Definition 4.22. The efficient non-bondage number b,,(G)of a fuzzy graph G(V,E,o, u)) is maximum number of
fuzzy arcs among all sets of arcs X = (x,y) sub set of E such that

CONNgG_(y)(u,v) = CONNg(u,v) for all ueV — 7¢(G) and a v €7, (G).Here ye(G) represent minimum dominate
set

Definition 4.23. The co - bondage number b, (G) of fuzzy graph G (V,E, o, u)) is minimum number of fuzzy arcs
required to add graph G such that (G +e) < v(G) and
u(e) = Max{p(u,w), u(u,x)} or Max {p(w,v), u(x,v)}, for any u, vin V.

5 Co-bondage Number

Theorem 5.1. For any graph G,

be < p—1—A(G) (5.1)
where Ay, (G) is the total number of strong arcs in A of G .

Proof. We know that any graph G has p nodes then p-1 arcs are sufficient to connected all other nodes, but in
case G has maximum number strong arcsA, (G), so we add some arcs to G for connected to all other nodes is
called co-bondage and that remain number is p — 1 — A, (G). This proves. O

Theorem 5.2. For any graph G,

be(G) < 0x(G)) (5.2)

where G and 6, (G) are the complement and the total number of strong arcs in of G
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Proof. A node has q — 6,(G) strong arcs in complement of any graph, so we need to add 6,(G) arcs for
connected to all other nodes. Hence proves. O

Proposition 5.1. For any cycle Cy, (all arcs are bondage arc) with p > 4 nodes.

1, ifp = 1(mod3)
be(Cp) = (2, ifp=2(mod3) (5.3)

3, ifp = 3otherwise
Proof. Let Cp : v103...0,v1 denote a cycle on p > 4 nodes. We consider the following case.
Case 1: if p = 1(mod 3), then by joining the node v, _1tov; ,we obtain a graph G which is a cycle C, 1 :
010220, _101together with a path v, 1v,v1. This implies that,y(G) = ’y(C(p_l)) < 7((Cp).This proves (case
1).
Case 2: if p= 2 (mod 3), then by joining the node v,,_jandv,_,tov; ,we obtain a graph G which is a cycle
Cp—2 : v102..0p 201 together with a path v;,_»v,_10pv;. This implies that, 7(G) = 7(C(,_2)) < 7((Cp).This
proves (case 2)
Case 3: if p = 3 (mod 3), then by joining the node v, _1,v,_2and v,_3 to v1 ,we obtain a graph G which is
acycle Cp 3 : v102...v, 301 together with a path v, 30, 2v, 1v,v1. This implies that, 7(G) = 7(Cp_3) <
7(Cp).This proves (case 3). O

Proposition 5.2. For any path P, with p < 4 nodes.

1, ifp = 1(mod3)
be(Py) = 2 ifp=2(mod3) (5.4)
3, ifp = 3otherwise.

Theorem 5.3. Let T be a tree with at least two cut nodes such that each cut node is adjacent to an end node then

be(T) =7, (5.5)
where r is the minimum number of end node adjacent to a cut node

Proof. Let S be the set of all cut node of T. then S is ay- set for T. Let ueS be a cut node which is adjacent to
minimum number of end nodes u1, uy, ..u,. Since there exist a cut node veSsuch that v is adjacent to u by
joining u1, uy, ..u,to v the graph obtain has S-u as a y- set. This proves. O

Theorem 5.4. For any graph G,

be(G) < Ay(G)+1. (5.6)
Furthermore the bound is attained if and only if every - set D of G satisfying the following conditions:
o D is independent
e Every node in D is of maximum degree:

o Every node in V-D is adjacent to exactly one node in D
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Proof. Let D be a y- set of G . We consider the following case.

Case 1. Suppose D is not independent. Then there exit two adjacent node u,v eD.Let S C V-D such that for
eachnode w € S, N(w) N D = {v}. Then by joining each node in S to u , we see that D-{v} is a - set of the
resulting graph. Thus, b.(G) < |S| < A,(G) — 1.

Case 2 . Suppose D is independent Then each vertex v € D is an isolated node in(D). Let S be a set define
in case 1.Since D has at least two node by joining each in S U {v} to some node w € D-{v},we obtain a graph
which has D-{V} as a - set. Hence, b.(G) < [SU {v}| < A,(G) + 1. Other parts of theorem are directly from
above case. O

Corollary 5.1. Fo any graph G

be(G) < min{p — Ay (G) — 1,A,4(G) + 1} (5.7)

Theorem 5.5. For any non trivial tree T,

b(t) <2 (5.8)

Theorem 5.6. Let T be a tree with diam(T) = 5 and has exactly two cut nodes which are adjacent to end nodes and
further they have sane degree then,

be(T) > b(T)+1 (5.9)
, where dia(T) is the diameter of T.

Theorem 5.7. For any tree T,

be(T) <1+ min{degu} (5.10)
, where u is a cut node adjacent to an end node.

Proof. Since there exist a - set containing u and take v other than u, then N(u) NV — v = deg{u} and add to
v with u then v — u as 7y -set of G and bc is minimum of such above set .hence proves. O

Theorem 5.8. let D be a y -set of G . If there exist a node v in D which is adjacent to every other node in D,then,

be < p—7(G)—1 (5.11)

Proof. we know that A, (G) > deg(?v) > (G) Hence proves. O
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6 Non bondage number:

Theorem 6.9. For any graph G without isolated nodes and A, (G) = p —1

bin(G) =q—p+1. (6.12)

Proof. let G be a graph with a node u such that deg u= A,(G) = p — 1.then there exit a node such that e=
uv €E. Thus u,v is a total dominating set of G. let X be the set of arcs which not strong of u. Then clearly
bin =1|X|=9g—0(G)=q—p+1 O

Theorem 6.10. For any graph G without isolated nodes,

bin < q— An(G). (6.13)
Proof. This follow from (12) and that fact that A,(G) < p — 1. O

Theorem 6.11. Let G be a graph without isolated nodes. If H is a sub graph of G , then

btn(H) < btn(G)~ (6-14)
Proof. Every total non bondage set of H is a total non-bondage set of G. Thus(14)holds. O

Theorem 6.12. For a complete graph K, , with p> 3 nodes,

bin(Kp) = W (6.15)

Proof. Let K, be a complete graph with p> 3 nodes. The degree of every node of K, is p-1 by theorem
bin(Kp) =g —p+1

-1
_ 2))(1!7) —(p-1)

“1)(p—2
_ 2(10 ). O

Theorem 6.13. For a wheel W, with p > 4 nodes,

bin(Wp) =p—1. (6.16)

Proof. Let W, be a wheel with p > 4 nodes. The W), has a node such that deg u = p-1. By theorem
bin(Wp) =p—1. O

Theorem 6.14. For a complete bipartite graph Ky, , 2< m < n, by, (Kyp ) = mn-m-n-1.

Theorem 6.15. For any graph G,

bin(G) + by (G )SW (6.17)

Proof By Theorem [6.10| b, < g — Ay then
btn( )+btn( )<‘7+‘7—(An+f5n)
(P -1)) —(p-— )
2 1
((p— )2(17 ) 0

I/\ \/\
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Theorem 6.16. For any graph G without isolate nodes,

bt(G) < b (G) + 1. (6.18)

Proof. Let X be a by, ? set of G . then for an edge eeG — X, X (J{e}is a total bondage set of G hence (18)

holds. O

Theorem 6.17. For any graph G,
- -1(p-2

bi(G) + b(G) < w +2 (6.19)

Proof. by Theorem|6.16|b¢(G) + bt (G) < by (G) + b (G) +2 < ((p—1)(P—2))/2+42 O
Theorem 6.18. For any fuzzy graph G,

ben(G) = 4 — p+ 7e(G) (6.20)

, where q is total number of fuzzy arcs and p is total number of node.

Proof. Let D be a minimal dominated set of G and its denote by (G) . For each node veV \ D choose exactly
one strong arc which is incident to node v and to a node in D. Let E; be the set of all such arcs. The clearly
E-Ejisabuy(G) ? set of G. ben(G) = g — (p — 7.(G))

ben(G) Zq—P-i-’)’g(G) O

Corollary 6.2. For any graph G without isolate nodes,

Ben(c) < G — An. (621)

Theorem 6.19. If K, is a complete graph with p > 3 nodes, then

ben(K,) = %. (6.22)

Proposition 6.3. If W), is a wheel with p > 4 nodes ,then

ben(Wp) = p — 1. (6.23)
Proof. Let W), be a wheel with p > 4 nodes then W, has a node v such that deg v = p-1 b, (W) = p—1. O

Proposition 6.4. If Ky, is a star with p, 1 nodes then

ben(Ky,p) = 0. (6.24)

Proposition 6.5. If Ky, ,, is a complete bipartite graph with 2 < m < n, then

ben(Kmp) =mn —m—n+2 (6.25)

Proof. Let Ky, be a complete bipartite graph with 2 < m < n then g=mn,p=m+n and 7,(G)=2 hence by
theorem the result O

Theorem 6.20. For graph G and G with no isolated nodes,

ben(G) + ben (G) < w (6.26)
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7 Relationships between b,,(G) and b

Theorem 7.21. Let T+ Py be a tree with at least two cut nodes .then

bu(G) > b(T).

Theorem 7.22. For any fuzzy graph

Theorem 7.23. If G be a cycle graph then

ba(G) + bu(G) < PP

p=4

Proof. by theorem 6 b,,(G) =g —p + v(G)
b(“)—ﬂ? p+7(G) )
bu(G) +bu(G)=g—p+7(G)+7—p+7(G)
=q+q4—2p+2(G) +7(G)

= D) —2p 4 4(G) +7(G)

((2 D) _2p4p

(p(p2*3))'

<
<

Theorem 7.24. For any graph G,

bn(G)+bn(G) < ((p_l)(p_Z))

Proof By Theorem 7 b, < g — Ay, then
bn( )+bn( ) <q+q_(An+(sn)

— (P(Pz 1) _ (An +5n)

(P(Pz—l)) —(p-1)

((P—Z)Z(P—l))'

IN A

Theorem 7.25. If G be a cycle graph then

Proof. by Theorem 9

b(G) < bu(G) +1

b(G) +b(G) < bu(G) + bu(G) +2
by Theorem 10

b(G) +b(G) < 8l 4 2

Theorem 7.26. Any graph G,

b(G) +b(G) < (r=1r=-2) ,

(7.27)

(7.28)

(7.29)

(7.30)

(7.31)

(7.32)
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Theorem 7.27. If G be a tree then

bu(G) +ba(G) > ¥(G) +7(G) -2, (7.33)
ifp =>4
Proof. b,(G) > v(G) —1, then
bu(G) + by (G) > v(G) + v(G) — 2. O
8 Block

Definition 8.24. A connected fuzzy graph is called block if all nodes are satisfies the condition
CONNg_,(u,v) = CONNg(u,v) for every u, vin G..

9 Strong line graph

Definition 9.25. Given a fuzzy graph G, its strong line graph Ls(G) is a fuzzy graph, Ls(G) is a graph G such that
Each node of Ls(G) represents an arc of G; and ? Two nodes of Ls(G) are adjacent if and only if their corresponding arcs
are strong and share a common end point in G.

Definition 9.26. Given a fuzzy graph G, its double strong line graph L} (G) is a fuzzy graph, L} (G) is a graph G such
that

Each node of LY (G) represents a strong arc of G; and Two nodes of L} (G) are adjacent if and only if their corresponding
arcs are strong and share a common end point in G.

Theorem 9.28. For any cycle fuzzy graph, then Ls(G) has one isolate node iff G has a non ? bondage arc.
Proof. Let Ls(G) has one isolated node, so G has one weakest arc (x, y) by theorem (x, y) non bondage.
Conversely, let G has a non-bondage arc ( x, y), clearly (x, y) weakest arc and node x and y does not common

node for two strong arcs. So corresponding vertex of arc (x, y) in Ls(G) is isolated. O

Theorem 9.29. Let Ls(G) be fuzzy black graph such that Ls(G) is a tree. Then a node in Ls(G) iff G has non-bondage
or a arc adjacent with a non-bondage arc.

Proof. Given Lg(G) be fuzzy block then CONNg_, (1, w) = CONNG(u, w)by definition here node of Ls(G) is
a arc of G, so we clearly that CONNg_ (, ) (1, w) = CONNG(u, w), converse true trivially. O

Theorem 9.30. A complete fuzzy graph ofLs(G) is not a complete.

Proof. Given that G is compete fuzzy graph so there exist a cycle in G and every node of even pair does not
adjacent with odd pair so corresponding nodes not adjacent in L (G). O

Theorem 9.31. Let G be a path graph n nodes then L} (G) has n-2 arcs.
Proof. Given G be a path with n nodes then n-1 arcs so L} (G) has a path with n-1 nodes so it has n-2 arcs. [
Theorem 9.32. Let G be complete graph with n nodes then L} (G) is 2(n-2) reqular graph.

Proof. Given G be complete graph so every node has n-1 strong arc then every arc adjacent with 2n-4, so L} (G)
has 2(n-2) regular graph. O
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10 Neighbourhood Extension

Definition 10.27. Let G be graph andS; C 'V, each S; is collection of each nodes in G.
If Gg(t, p) said to be Neighbourhood extension, then satisfied following condition.

o Each node of G represents an strong neighbourhood set of G

o Two nodes of Gg are adjacent iff their correspond neighbour set have at least one common node
wherep(S;, S;) = min{u(x,v;), u(vj, x)/xeS; N S;}

Definition 10.28. Let G* be Connected graph,if G = G* then G said be C- Neighbour Extendable graph also called
strong Neighbourhood Extendable otherwise weak Neighbourhood Extendable

Definition 10.29. Let G* be tree graph,if GE = G* then G said be t- Neighbour Extendable graph also called semi
strong Neighbourhood Extendable

Theorem 10.33. Let G(not distinct label) be cycle graph then Gg is complement of G.

Proof. We know that G is connected graph and each node adjacent two nodes since G is cycle,so strong
neighbour of each node of G is two.Clearly, if v;, v;, are adjacent nodes then N (v;) N Ns(v;) = @ but alternative
nodes have some same nodes, so make arcs between them it will be form complement of G. O

Corollary 10.3. Let G be cycle graph with n nodes then G is strong neighbour extendable if n is odd, otherwise weak
neighbour extendable

Proof. Case 1: If n is odd, by using theorem there exist two paths in G ie one is vy, v3, ...v4, V2 say Pj
another path say P, is vy, v4, ...v,_1, 71 50 P; and P, has same nodes say v1andv; clearly Gg is connected graph
and G is strong neighbour extendable Case 2: If n is even, by using theorem there exist two paths in
Gg ie one is v1,03,...0,_101 say P; another path say P» is vp,v4,...02,, 72 so P; and P, does not have same
nodes.Clearly Gr is disconnected graph and G weak neighbour extendable O

Theorem 10.34. Let G be complete graph with n nodes, then G is strong neighbour extendable

Proof. We know that G complete graph then every node has n-1 strong arcs so strong neighbour set of every
node has n-1 nodes Ns(v;) = {v1,v2,...0;_1, Vi1, ..Un } VU;€G then

Ns(v;) N Ns(vj) = {v1,02,.-0i-1,0i41,--Vj-1,0j41,--Un } V0;, 0;€G this implies that Gf is complete graph,so G is
strong neighbour extendable O

Theorem 10.35. Let P, be path with n nodes then G is not neighbour extendable.

Proof. LetP, be path with n nodes then there exist unique path , so every arcs are strong arc and two nodes
have one strong neighbour other nodes have two strong neighbours, but their neighbour sets are distinct, so
Gg is null graph therefore G is not neighbour extendable. O

Theorem 10.36. Let G be complete bipartite graph then G is not strong neighbour extendable

Proof. Given G is complete bipartite graph so node set is partition of two set say V; and V, then each node of
V1 is strong neighbour of every node in V, there two distinct path form in G ,One path connect every node
in v another path connect every node in V, so G is disconnect graph therefore G is not strong neighbour
extendable. O

Definition 10.30. (Deficiency Number) Let G be fuzzy graph but G is not strong neighbour extendable then the

deficiency number is required number of arcs to make G is strong neighbour extendable .

11 Conclusion

Above non bondage value (# 0) is not true for all graphs because K ,, or star graph and P; non-bondage
value is 0 and also bondage number is equal to 1 for such above graphs and co-bondage of complete graph is
not determine,L*(G) is not tree for all arc are strong or not distinct label .
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Abstract

The aim of present paper is to define a pair of k—Saigo fractional integral and derivative operators
involving generalized k-hypergeometric function. The Saigo-k generalized fractional operators involving
k-hypergeometric function in the kernel are applied to the generalized k-Mittag-Leffler function and
evaluate the formula

(a, k), (B, k)
2F1k ;
(7. k)

using the integral representation for k-hypergeometric function.

_ DTy —a = B)
Tp(y — )Tk (y — B)

==

Keywords: k-functions and k-fractional calculus.

2010 MSC: 26A33, 33E12, 33C45. ©2012 MJM. All rights reserved.

1 Introduction

The fractional k-calculus is the k-extension of the classical fractional calculus. The theory of k-calculus
operators in recent past have been applied in different and numerous investigations.

Several authors that were dedicated to study such operators and since Diaz et al. [2H4] defined the
k-gamma function and the k-symbol. Very recently, Rehman et al. [18] studied the properties of k-beta
function. Musbeen and Rehman [14] discuss extension of k-gamma and Pochhamer k-symbol. Musbeen
and Habibullah [15] defined k-fractional integration and gave an its application. Musbeen and Habibullah
[16] also introduced an integral representation of some generalized confluent k-hypergeometic functions
mFmx and k-hypergeometric functions ,,1F, x by using the properties of Pochhammer k- symbols, k-
gamma and k-beta functions.

In this paper we evaluate the Saigo k-fractional integral operators and derivatives involving
generalized k-hypergeometric function on the k-new generalized Mittag-Leffler function introduced by
us [6].

2 Definitions and Preliminaries

In this section, we state some known results and some important definitions which will be used in the
sequel.

*Corresponding author.
Email address: anjali.gupta99@yahoo.com(AnjaliGupta), profparihar@hotmail.com (C.L.Parihar).
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Definition 2.1. Generalized k-Gamma function Ty (x) defined as [3]

lim n'k" (nk)t !
Tp(x) = &2 , k>0xecC

(x)n,k

where (x),, i is the k-Pochhamer symbol and is given by

(X)px =x(x+k)(x+2k) - (x+ (n—1)k),
xeCkeRneNT.

For Re(x) > 0 and k > 0, then I'y(x) defined as the integral
Ty (x )—kk—lr / Pl e,
and Tj(x +k) = xTp(x).
This give rise to k-beta function defined by
/ (1 -k, x>0,y > 0.

They have also provided some useful and applicable relations

Be(x,y) = (x y) and  By(x,y) — XI®)

Kk Ti(x+y)’
(x)n,k = W
(k9 = L@y,
-0t = Y @l
n=0 :

Definition 2.2. k-hypergeometric function Fy. define by the series as [15]

F((B,k); (v, k);x) = i} (‘ir)l:);', k€ RT,B,7€C, Re(B) >0, Re(y) > 0.

Its integral representation can be determined as follows

. . — rk(’)/) /1 Efl . ﬂ,] xt
lFl((,B/k)r(’Y/k)/x) - kfk(ﬁ)Fk(’y—ﬁ) 0 23 (1 t) k e*tdt.
And if Re(7y) > Re(B) >0,k >0,m >1,m € Z* and |x| < 1, then
0,00, (500, (5550, (P2 k)

m+1Fm,k ;X

(3R, (50, (”k)

_ Te(7) LSO o )
_krk(ﬁ)rk(v—ﬁ)/ot (1—t)F Y1 —kxt)* dt.

And if Re(y) > Re(B) > 0 and |x| < 1, then

SFy(0,0), (B, K); (7,K); ) == =K )/l - )"F (1 - kat) T

kT (B)Ti(y — B

495

@.1)

2.2)

(2.3)

2.4)

(2.5)

(2.6)

.7)

2.8)

2.9)

(2.10)

(2.11)

(2.12)

(2.13)
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Definition 2.3. The generalized k-wright function p‘I”;(x) defined by [8] for k € R*;x € C,a;,b; € C,a;, Bj €
R(aj, Bj #0;i=1,2,---,p;j=1,2,--- ,q) and (a; + a;n), (bj + Bjn) € C\kZ~

p
(i, )1, 00 1—[1 Ti(a; +am) (x)"
k k . _ 1=
p¥e(x) =p¥s x| =) ; . (2.14)
(b, Bi)1,q =0 Hl Ty (bj + Bjn)
]:
where Tk (+) denote the k- gamma function and satisfies the condition
9 ﬁ p o
Z T 2 = >t (2.15)

Definition 2.4. The k-new generalized Mittag-Leffler function Ek B p (x) defined by [6] for k € R, a,B,7,6 €
C,Re(a) > 0,,Re(B) > 0,Re(y) > 0,Re(6) >0,p,g >0andq < Re(tx) +p

(o) xl’l
EVOT ( Vank . 216
car (¥ = L7 wn+ﬁ)( o (216)

3 Generalized k-Saigo Fractional Calculus operators

In this section we define the left and right-sided Saigo k-fractional calculus operators. Let o, 3,7 €
C,K > 0,x € RT, then the generalized k-fractional integration and differentiation operators associated
with the k-Gauss hypergeometric function are defined as follows:

—a—

NG = gy [ = 08 e (a5 B, (=0 01— ) ) F0)
(Re(a) > 0,k > 0), 3.1)
aﬁv 1 * -1 : . x :
AN = gy [ =08 2 (05 ), (b0 = ) ) F)
(Re(a) >0,k > 0). 3.2)

Here »F; x((«, k), (B, k); (77, k); x) is the k-Gauss hypergeometric function defined by [16] for x € C,|x| <
1,Re(y) > Re(B) > 0

ke x"
2Fiel(, k), (B,K); =L i","; (33)
n=0 n k1
The corresponding fractional differential operators have their respective forms as
d\", —atn—p- -
(DyPY ) (x) = <dx) (I Py (x); - Re(w) > 0,k > 0;1 = [Re(a) + 1] (34)
atp

(DS+,kf)(x) = ((jx) m /Ox(x — t)—%+n—1
(x)2F1k <(—1x —B,k), (—y —a+nk); (—a+mn,k); (1 - :c)>f(t>dt;

(Dpi/iﬂf)(X) - ( - ;x) (I:ynﬁﬁin/aﬂf) (x); Re(a) >0,k > 0;n = [Re(a) +1] (3.5)
O8N0 = (- &) e [ -0

()aFui (== BR) (o= 3 R0 (o k51 = ) ) (00
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where x > 0, € C,Re(a) > 0,k > 0 and [Re(w)] is the integer part of Re(«).
For K — 1, the operators (3.1) to (3.5) reduce to Saigo’s [19] fractional integer and differentiation

operators. If we set f = —a, operators (3.1) to (3.5) reduce to k-Riemann-Liouville operators as follows:
Iy ¢ ") () = (I, 1) (x), (3:6)
(I F) (x) = (I 4 f) (x), (3.7)
(Do f)(x) = (Dgy i f) (%), (3.8)
(DY 7 f)(x) = (DL 1 f) (x). (3.9)

4 Main Result

In this section, we find out the main result.

Theorem 4.1.
b (a, k), (B, K) | r—a—p) @1
’ Tk Ti(y = a)Tk(y = B)
(7, k)
Proof. From equation (2.13), we have the following result
(a, k), (k)
Tk(7) Lp_ 1=p _ —a
F 1= k /tkll—t r (1 — xt) T dt.
2Fix e
(7,k)
Put x = 1in equation (4.1), we obtain the following
(@ k), (B k) 1 Y
2Fy = L) / -
’ kT (B)Tk (v — B) Jo
(7,k)
On applying the definition of k-beta function, we get the required result
(a, k), (B, k)
T (7)
F ;L = K Be(B,y —a —
2 e R
(7,k)
L @RER T nna—a-p)
w F T Ty =)y = B)’
(7,k)
O
Lemma4.1. Leta,B,7,p € C,Re(a) > 0,k € RT(0, 00)
(a) If Re(p) > max[0, Re(B — )], then
Wb 1y v g LK@ Tk(p—B+7) e by
Itk x)=) k x k. 4.2
ottt 0 = LK G~ BTl et ) 42
(b) If Re(p) > max[Re(—pB), Re(—7)], then
(If’i’ryt_%)(x) — 2 k" rk(p + :B)rk(p + 'Y) x#_ (4.3)

= Ti(e)Tk(p+a+pB+7)
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. L_q.
Proof. (a): Taking f(x) = tk~!in (3.1), we get

p a p
(L) = ’ffkw /o (= ahiy <(“ +B,k), (=7, k); (a, k); (1 — i)> HE .

We invoke k-Gauss hypergeometric series [16] and on changing the order of integration and summation,

we have
—a—B o
"CIS’Y x K 0‘+IB nk )n,k /x &_q t\n,e_q
tk — )k (1— =)tk dt.
( 0+,k ) krk(DC 7;) kn' 0 (x ) ( x)
On setting t = xu, we get
1B £1 Tﬁ_ =~ “+ﬁ nk )nk ! [T |
PN = g e /O(l—u)k uk—1du.

On evaluating the inner integral by k-beta function and using relation (2.3) and (2.7), we have

= 1i (&4 B i (=i Tk(p)
= (et p)uan!  Ti(a+p)

b T (0) 0 . 1
1#4_@ ngok 2F1k (((x + B, k), (=7, k); (« + p, k); k)' (4.4)

Finally use theorem (4.1) and rearrange terms, expression (4.4) yields

B8 " p)lo—k+v) by
tk k x .
(o’ EO e st

proof (b): Taking f(x) = £7 in (3.2), we get

1

(IR @) = i [0 xﬁlt“kﬁza,k((a +B,), (=7,0); (w0, ); (1= jf))tk”dt.

On applying k-Gauss hypergeometric series [16] and on changing the order of integration and summation,
and

- ”“"5 K=k [ w_q, =0 x\" -p
Iocﬁ’y - n, n, / . &1, 1% x .
() krk ;120 Jn ! x (F—x)Et )R
Putt = 7, we have
; 00 1
(Itxlg')’tk) kr 0‘ Z tX"’,B nkn' )nk/ (17u)%+n—1u#—1du‘
k — k 0

On evaluating the inner integral by k-beta function and using relation (2.3) and (2.7), we have

i ‘X"—ﬁ nk )nk rk(P+ﬁ)
n=0 “+5+P)nk”' rk(lX"‘,B‘f'P)
—p—B

d 1
- rk(i;’ip 3 Kafi (a4 1), (<70 B p R )

Finally use theorem (4.1) and rearrange terms, expression (4.5) yields

B, > Ti(o+7) o8
R0 = LK onrEs ErEn il
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5 Left side Saigo k-Fractional Integration of the generalized k-Mittag-

Leffler function

In this section we have discussed the left-sided Siago k-fractional integration formula of the
generalized k-Mittag-Leffler function.

Theorem 5.1. Let «,B,7,0,6,& € Cand k € R be such that Re(a) > 0,Re(p+vy—pB) > 0,p,9 > 0,9 <
Re(v) + p. Also, let c € Rand v > 0. If condition (2.15) is satisfied and I, f . be the left sided operator of the
generalized k-fractional integration associated with k-Gauss hypergeometric function, then there holds the following

relationship
o4 (o +v—B,v),(8,qk), (k k)
(27 608 Jath)) ) (o) = 2T et | e
k
(o= Bv), (p+a+,v), (¢ pk)
Proof. Applying (2.16) and (4.2) in the left-side of (5.1), we have
w,B, £ _116,G, v
(127 (e ferh)) ) o
By L1 - (‘ank(d%)n )
=1 t
o (! L e o)
- (J)ancn a,B,y UL
= ' BT () (x
n;)rk(V”‘FP)(@)pn,k ok ( )(x)
_ ety Tlpt o= B4 vmD(6 4 gkmT(OTe(1 +n) (ckxk )"
=TT (G + prk)Ti(p + o+ +vn)Ti (o — B+vn) n! =
On using I'(n + 1) = k™ "T'y(nk + k), we get required result
B (0 +7—=Bv) (3,9k), (k k)
(17 08 et ) ) = = s exd
‘ (0= B,v), (o +a+7,0), (8, pk)
O

Remark 5.1. If we put k = 1 in equation (5.1), we arrive at the result [6, p.140, Eq.2.1].
Remark 5.2. Ifweset p = q =k = ¢ = 1 in our formula (5.1), we get the result [1, p.116, Eq.3.1].

6 Right side Saigo k-Fractional Integration of the generalized k-
Mittag-Leffler function

In this section we have discussed the right-sided Siago k-fractional integration formula of the
generalized k-Mittag-Leffler function.

Theorem 6.1. Let «,B,7,p0,6,¢ € Cand k € R be such that Re(a) > 0, Re(a + p) > max[—Re(B), —Re(7)]
with condition Re(B) # Re(y),v > 0,p,q > 0,9 < Re(v) + p. Also, let c € R,v € R,v > 0 and Ii’i’v be
the right sided operator of the generalized k-fractional integration associated with k-Gauss hypergeometric fun,ction,
then there holds the formula:

( aﬁ'y( igzp[ t%}))(x)

- x%ﬁﬂrk(@) ot (a+B+p,v), (a+v+pv),(54qk), (kk) - o

T (o) ' '
(a+p,v), 2+ B+p+7,v), (G pk), (p,v)
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Proof. Applying (2.16) and (4.3) in the left-side of (6.1), we have
d, _v
<w7(t Ekfzp[ct k}))(x)

(e § ey

n=0 1—‘k(w/l +P) (‘:)pnk

qn kC” w8,y —(vnta+p)
= I t % X
Z 0 Ik V”+P)(§)pn,k i )(x)

_ e g Tuadpd prvmTilatp o 4 vm(6 o+ ghm)T(OT(1 + 1) (ckx k)"
L TL(O)Tk( + prk)Tx(p + vm)Tk(a + 0+ vm)Tx (2 + p+p+ytvm) nl

On using I'(n + 1) = k™ "T'x(nk + k), we get required result
,B, A, o _v
<I“§V(t ; Ekjg,p[ct k]))(x)
—a—B— 7 7 7 7 5! k 4 klk
e (@+p+p,v), (a+7+p,v) (5 qk), (k k)
I'(9)

(a+p,v), 2+ B+p+7,v), (S prk), (o,v)

Remark 6.1. If we put k = 1 in equation (6.1), we can obtain the result [6, p.141, Eq.2.3].
Remark 6.2. Ifweset p =q =k =¢ =1in(6.1), we get the result [1, p.117, Eq.4.1].
Lemma 6.2. Leta,B,7,p0 € C,n = [Re(a)] +1,k € R*(0,0)

(a) If Re(p) > max[0, Re(—a — B — )], then

f, __D@Tlp+pryta) e,
(Do+¥f Dix) = Telp + V)Tc(p + B n— k) L

(b) If Re(p) > max[Re(—a — ), Re(B — nk + n)], then

By, L Ti(p—B—n+nk)Ti(p+a+7y) —etpen_
D‘Xﬁvt F x) = -k x & n
(D2 ) Ti(e)Tk(o — B+ 1)

Proof. (a): Taking f(x) = ti~1in (3.4) and using (4.2), we get

d\" - 0
ORI = () Tt

(6.2)

6.3)

_ i": ZLr(e)Te(o+B+a+7) (d) pipin_
= Trle+B+m)Ik(p+v)\d
:i W@ Tk(p+B+a+) T(E ,li =) I
#=0 (p+ﬁ+n)Fk(p+7)r(P )
Applying (2.3) in above equation, we get
wBy o _ D(o)Tk(p+B+r+a)  ewpen
IDAARY: .
(ByLxtH() = Do+ Mo+ B+n—nk)"
proof (b): Taking f(x) = t~% in (3.5) and using (4.3), we get
Bv -t d \" —atn—p-naty, o
(Doi:i'yt k)(X): <dx> [I,,l}i n,—p—n,u V4 k}(x)
_ iknrk(P—ﬁ—”)rk(PJrﬂéJr’r) <_ d>”xp+kﬁ+n
=0 Te(p)Tk(p — B+ 7) dx
) - k
_ Z(_l)nknrk(P_ﬁ_”)rk(9+“+7) (2B g,

TPTklo—p+7)  p(cerprmmek)”

2
Il
S
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On using (2.3), we have

o0 p—p—m\1 p+ﬁ+n

Te(o)Tk(p — B+ 7) r(M)

The reflection formula for gamma function see [5]

r(‘“i‘”)r(l_(f’—i—no_ — (6.5)

and

e
1"(1_( —B- n+nk ) ( —p— n+nk> (1_(pﬂkn+nk))

pﬁkn+nk) T

7T

( —n+nk)sm<

sin [ =" ) rcosnr
0 — ,B—n—i—nk k
7T
-~ (p 5 an) sin (p_f_">ncosn7r
=k \ & ITy(p— B —n+nk) , (6.6)

7T

using (6.5) and (6.6) in (6.4), we obtain required result

0

(D‘i’iﬁt_?)(x) _ Th(p—B—n+nk)[(p+a+) e

Ti(o)Tk(p — B+ 7)

—n

7 Left and right side Saigo k-Fractional Differentiation of the
generalized k-Mittag-Leffler function

In this section we have discussed the left and right sided Siago k-fractional differentiation formula of
the generalized k-Mittag-Leffler function.

Theorem 7.1. Let a,B,7,0,6,¢ € Cand k € R" be such that Re(a) > 0,Re(o+B+7) > 0,v > 0,p,q >
0,9 < Re(v)+p,c € Rand Dg f lj be the left sided operator of the generalized k-fractional differentiation then
there holds the formula:

(D887 (512 o) ) o)

0B _q (p+B+v+av)(64qk), (kk)
= 7”(5)3‘1@ Sl (7.1)

Ik ()
(o+7v), (p+Bv+1—k),(E pk)
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Proof. Applying (2.16) and (6.2) in the left-side of (7.1), we have

B %,1 d (‘an,k(Ct%)n
=0 (7 L @) @

_ - (5)qn,kcn o By
o Z rk(VTI+P)(€)pn,k (DOJFIZt 1)( )

LK@ § 0 Telpot ot at oyt vn)l4(6 + gh)l(1+ )
Te(@ + prk)Ti(p + 7+ vn)Ti(o + B+ vn +n — nk)n!”

On applying I'(n + 1) = k™"T'x(nk + k), we get required result

(0627 (0 EL5 et 7)) @

(0+B+7v+av), (6 4qk), (kk)
= 3‘Y]§ sk lex a

(o+7v), (p+Bv+1-k),(E pk)

Remark 7.1. If we put k = 1 in equation (7.1), we get the result [6, p.142, Eq.2.4].
Remark 7.2. Ifwe put p = q =k = ¢ = 1 in our formula (7.1), we get the result [1, p.119, Eq.5.1].

Theorem 7.2. Let «,B,7,p,6,& € Cand k € R™ be such that Re(a) > 0,Re(p) > max[Re(a + B) +n —
Re(y)],v>0,p,9 >0,9 < Re(v)+ pandc € R,Re(a + B — ) +n # 0, (where n = [Re(a) + 1]) and D'i”i’y
be the right sided operator of the generalized k-fractional differentiation then there holds the formula:

( DB (15 Eifgp[ctz]»(x)

tpop (p—a—pv—1+4k), (o +7v),(64k), (kK
L V(9 vk
= riw)zl‘}'él JkTlex Tk (7.2)
k
(0,v), (o = v)(o+7—a—B,v), (¢ pk)
Proof. Applying (2.16) and (6.3) in the left-side of (7.2), we have
Db SEq [y 7 uc/S oo (8)gny(ct k)"
(o R el o) oo = 02 (B i s )
> qn, kcn By, — (vntp—a)
D't k X).
; Vn+p)(§)pn,k( —k )( )
Implying the simplification process used for providing preceding theorems, we obtain
d, —v
(D7 B o) ) (0
(p—a—pv—1+k), (o+7v), (6 4k), (kK
= 7(6) k -1, =vl=k
- Fk(&) 41F4 ; k cX k
), (o = v)(p+7—a—pv), (¢ pk
O

Remark 7.3. On taking k = 1 in equation (7.2), we can produce the result [6, p.143, Eq.(2.5)].

Remark 7.4. on setting p = q = k = ¢ = 1 in equation (7.2), we obtained the result [1, p.120, Eq.(6.1)].
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Abstract

In the present paper, we investigate some results on A-Segal algebras. Furthermore, the notion of a semi
A-Segal algebra is introduced and some results are given. As an important result, we prove that if B is a
finite-dimensional Banach algebra so that dim B > 1, then there is an ideal B’ of B such that it is semi B-Segal.

Keywords and Phrases: Semi A-Segal algebra, A-Segal algebra, division algebra.
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1 Introduction

The concept of Segal and abstract Segal algebras were first introduced and studied in [5]. Many authors
have considered this notion ever since and investigated several properties of these algebras such as different
kinds of amenability, BSE property, Arens regularity and so on (see for instance [1], [3] and [4]). An abstract
Segal algebra is a Banach algebra which is perceived as a certain ideal in another Banach algebra. In this paper
we focus our attention on a new concept called semi A-Segal algebra and obtain some results on the kind of
algebras. Our work is motivated by relative completion of an A-Segal algebra defined by Burnham [2].

2 Main Results

It is known and easy to show that the complex Banach space C" is a R*"-Segal algebra. Now, according to
Burnham’s notation [2]]. we have

—~ R R
cn == U SCn(iy)]R
n>0

Where Scn(17) = {x = (x1,..., %) € C" : ||x||cn < 77}
Notice that since C" is isometrically isomorphic to R?", thus we have

Illen = I llgen-

NRZVI
Moreover, the following is a norm on C” . We leave verification of the properties to the reader.

]R2n
[1x]]| = inf{t :x € Scn () }
Now, as an important result, we have:

. RZV!
Theorem 2.1. C* = R?",

Proof. Since |J Scn (17)]1{2’1 = IR?", hence the proof is finished. O
>0

*Corresponding author.
E-mail address: smoradik162smk@yahoo.com (S. Moradi Kahkesh)
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As a corollary, we obtain the following.

2

Corollary 2.2. c isa R?"-Segal algebra.

N]RZ‘VI
Proof. Since C" is a R?"-Segal algebra, so by [2], C" is also. O
Next, we obtain an interesting result on division algebras.
Theorem 2.3. Every division algebra is a R?"-Segal algebra.

Proof. Let B be a division algebra. Therefore, by [5] B is a copy of the complex plane C and in view of proof of
the Corollary 2.2 (with n = 1), we conclude that it is a R?>-Segal algebra. O

Theorem 2.4. For any x € C", we have
[[xllen = [l

Proof. Since C" is a R?"-Segal algebra, thus proof follows from the Theorem6 of [2]. Furthermore, ||x|g2n =
[Ix][]- o

Theorem 2.5. |J Scx (1) = R?".
>0

Proof. According to Theorem 7 of [2]. because of C" is a R?"-Segal algebra, we have

R
Sen (i) = Sen ()" NC”

Therefore,

U Seri(n) = | U Sen()®" | n€* =R N’ =R
>0 >0

This completes the proof. O
The next result is about the singularity of C" as a R*"-Segal algebra.

Theorem 2.6. C" is singular.

__R2n
Proof. The proof follows the fact that C* C C”IR = IR?" as well as Theorem11 of [2]. O
Here, we wish to introduce a new notion so-called semi A-Segal algebra.

Definition 2.7. Let (A, ||| 4) be a Banach algebra. A subalgebra B of A is called a semi A-Segal algebra with respect
to ||-|| g when the following conditions are satisfied:

(i) B is an ideal(not necessarily dense) in A such that it is a Banach algebra with respect to ||-|| ;

(ii) Natural injection from B into A is continuous and the product is a jointly continuous function from A x B into
B.

Clearly, every A-Segal algebra is also semi A-Segal. But the converse need not be true; for instance, R is
semi R2-Segal but not IR?>-Segal.
Now, we give some results on semi A-Segal algebras.

Theorem 2.8. Suppose that m and n are two positive integers with n > m. Then IR"™ is a semi R"-Segal algebra.

Proof. The natural embedding from IR” into R” shows that R” is an ideal in R”. The other conditions of
Definition [2.7]are easy to verification. O

Theorem 2.9. Let B be a finite-dimensional Banach algebra with an even dimension. Then there is an ideal B of B such
that it is B-Segal.

Proof. Suppose that dim B = 2k, for some positive integer k. It is easy to show that B is linearly isomorphic to
RX. Now, by taking B = C¥, one can arrive at the desired result. O
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The following holds for semi A-Segal algebras.

Theorem 2.10. Let B be a finite-dimensional Banach algebra so that dim B > 1. Then there is an ideal B’ in B such
that it is semi B-Segal.

Proof. Assume that
dimB=k (ke N,k>1).

As before, B is linearly isomorphic to RF. We set B’ = R*"1. Now, Theorem [2.8/completes the proof. O
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Abstract

We introduce the notions of 6* — pre — continuity, 6* — By — continuity, and §* — B — continuity, §* — Bg —
continuity and to obtain some decompositions of continuity via § — local function in ideal topological spaces.

Keywords: 0 — pre—open set,  — B—open set, f—open set, B — [—open set, § — a* —open set, 6* — a—open set,
decomposition of continuity.
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1 Introduction and Preliminaries

Ideals in topological spaces have been considered since 1930.This topic has won its importance by
Vaidyanathaswamy [13]. Jankovi¢ and Hamlett investigated further properties of ideal topological space [7].
Recently, in [3] Hatir et al. have introduced and studied d—local function in ideal topological space. In this
paper, we have obtained decompositions of continuity using d— local functions in ideal topological spaces.

Throughout this paper, spaces (X, 7) and (Y, T) (or simply X and Y), always mean topological spaces on
which no separation axiom is assumed. For a subset A of a topological space (X, T), CI(A) and Int(A) will
denote the closure and interior of A in (X, T), respectively.

A subset A of a topological space (X, T) is said to be regular open (resp. regular closed) [12] if A =
Int(CI(A)) (resp. A = CI(Int(A))). A is called § — open [12] if for each xe A, there exists a regular open set
G such that x € G C A. The complement of a 6 — open set is called 6 — closed. A point x € X is called a
0 — cluster point of A if Int(CI(U)) N A # ¢ for each open set V containing x. The set of all § — cluster points
of A is called the 6 — closure of A and is denoted by 6CI(A). The § — interior of A is the union of all regular
open sets of X contained in A and it is denoted by dInt(A). Ais 6 —open if 6Int(A) = A. 6 — open sets forms
a topology T°. 7° is the same as the collection of all § — open sets of (X, T) and is denoted by 5O(X).

An ideal on a topological space (X, T) is a nonempty collection of subsets of X which is satisfies (i) A €
Iand B C A implies B € I, (ii)) A € I and B € I implies AUB € I. An ideal topological space is a
topological space (X, T) with an ideal I on X and if P(X) is the set of all subsets of X, a set operator (.)"
P(X) — P(X) called a local function [7, 8] of A with respect to T and I is defined as follows: for A C X,
A (L) ={xeX:UNA¢I forevery U € T(x)} where 7(x) = {U € T7:x € U}, simply write A* instead
of A*(I, T). For every ideal topological space, there exists a topology 7*(I) or briefly T*, finer than 7, generated
by B(I,7) = {U—-W:U € tand W € I}, but in general B(I, T) is not always a topology [7]. Also CI*(A) =
AU A* defines a Kuratowski closure operator for 7 (I). If A € 7%, Int*(A) = A and Int*(A) will denote the
T* interior of A. If I is an ideal on X then (X, 7, ) is called an ideal topological space.

*Corresponding author.
E-mail address: hatirl0@yahoo.com
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Recently, Hatir et al. [3] introduced 6 — local function in ideal topological spaces in the following manner.
Let (X,7,I) be an ideal topological space and A be a subset of X. Then
A% (I,T)={x € X:UNA¢I forevery U € 50(X, x)} is called the § — local function of I on X with respect
to I and T. We denote simply A% for A% (I,). Furthermore, CI°(A) = AU A% defines a Kuratowski
closure operator for T (I). We will denote 1% the topology generated by CI%, that is,
1% = {U C X: CI%(X — U) = X — U}. Therefore, the topology t°* finer than 7° and also the topology T*
finer than 77+

Lemma 1.1. [3] Let (X, T, I) be an ideal topological space and A, B subsets of X. Then
1)If A C B, then CI°(A) C CI°(B)
2) CI*(ANB) C CI%(A)NCI%*(B)
3)IfU € ©°, then UN CI% (A) C CI%(UN A)
4) CI* (U;(A;) = Ui(CI*(Ay))
5)If1 C J, then CII% (A) C CI'%(A), (] is ideal)

First we shall recall some definitions used in the sequel.

Definition 1.1. A subset A of an ideal topological space (X, T, 1) is said to be
1) o — I —open [4]if A C Int(Cl*(Int(A))),
2) pre — I —open [2] if A C Int(CI*(A)),
3) B—1—open[4lif AC Cl(Int(Cl*(A))),
4) 6* — o — open [6] if A C Int(CI% (Int*(A))),
5) 6 —a* —open [6] if A C Int(6CI(Int*(A))).

Definition 1.2. A subset A of a topological space (X, T) is said to be

1) a — open [10] if A C Int(Cl(Int(A))),

2) pre —open [9] if A C Int(CI(A)),

3) B—open[1lif A C Cl(Int(CI(A))),

4) 6 — pre —open [11] if A C Int(5CI(A)),

5)6 — B —open [5]if A C Cl(Int(6CI(A))).

Definition 1.3. Let f : (X,7,I) — (Y,0) be a function. If for each V € o, f “Y(V) isa a — I — open (resp.
pre — I —open, B — 1 — open, 6" —a — open, 6 — a™ — open), then f is said to be « — I — continuous [4] (resp.
pre — I — continuous [2], p — I — continuous [4)], 6* — a — continuous [6l], 6 — a* — continuous [6]).

Definition 1.4. Let f : (X,7) — (Y, o) be a function. If foreach V € 7, f ~1(V) is an a — open (resp. pre — open,
B —open, 6 — pre —open, 6 — 5 — open), then f is said to be o — continuous [10] (resp. pre — continuous [9],
B — continuous [1ll, 6 — pre — continuous [11l], & — B — continuous [5]).

2 §* — pre — opensetand §* — B — open set
We give the following generalized open sets to obtain new decompositions of continuity.

Definition 2.5. A subset A of an ideal topological space (X, T, 1) is said to be
1) 6% — pre — open if A C Int(CI%* (A)),
2)* — p—open if A C CI(Int(CI*(A))).

Proposition 2.1. 1) Every « — I — open set is 6* — « — open,
2) Every 6* — o — open set is 6 — o™ — open,
3) Every 6 — o™ — open set is 6 — pre — open,
4) Every 6* — o — open set is 6* — pre — open,
5) Every 6* — pre — open set is 6 — pre — open,
6) Every 6* — pre — open set is 6* — B — open,
7. Every 6* — B — open set is 6 — p — open.

Proof. Straightforward from the definitions of the topologies *, T° and % and [6]. O
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Remark 2.1. None of them in the proposition 1 is reversible as shown by examples below. Also a — open set and
0" —a — open [6l, pre — open set and 6* — pre — open, p — open set and 6* — B — open are independent notions.

Example 2.1. Let X = {a,b,c,d}, v = {¢, X, {a},{b,d},{a,c}, {a,bd}} and I = {¢,{a}}. Then " =
{¢,X,{a},{c},{b,d}, {ac}, {abd}, {bcd}}and t° = {¢,X,{bd}, {a,c}}. Take A= {b,c,d}. Therefore, A
isa 0* — pre — open set and 6* — B — open set, but neither pre — open nor B — open and not pre — I — open set.

Example 2.2. Let X = {a,b,c,d,e}, T = {¢,X,{a},{c},{a,c}, {a,b}, {a,b,c}}and I = {¢,{a}}. Then v° =
{¢,X,{c},{a,b},{a,b,c}}. Take A = {a,c,d}. Therefore, since Int(CI°(A)) = {a,c} and Int(CI(A)) = X, A
is pre — open set and « — open set, § — pre — open set and also 0* — B — open set, but neither 6* — pre — open nor
6" —wa — open.

Example 2.3. Let X = {a,b,c,d, e}, T = {¢,X,{a},{c,e},{a,c e}, {a,b}, {a,b,ce}}and I = {¢,{e}} Then
™ = {¢,X,{c,e},{a,b},{a,b,ce}}. Tuke A= {a,e}. Therefore, A is B — open set and also & — B — open set, but
not 6* — B — open since {a, e} ¢ Cl(Int(Cl°(A))) = {a,b,d}.

Proposition 2.2. The arbitrary union of §* — pre — open sets (6* — p — open sets) are 6* — pre — open set (6* — p —
open set).

Proof. Let A; be 6* — pre — open sets for every i. Then, A; C Int(Cl%(A;)) for every i. Hence, U;A; C
Ui(Int(CI%(A;))) C Int(Cl%(U;A;)) by Lemma 4). Consequently, U;A; is 6* — pre — open set. For 6* —
B — open set, the proof is similar. O

Remark 2.2. The intersection of two 6* — pre — open sets (6* — B — open sets) need not be a 6* — pre — open set
(6" — B — open set) as in the following example.

Example 2.4. Let X = {a,b,c,d}, v = {¢,X,{a},{a,c},{a,d}, {a,c,d}}and I = {¢,{b}}.Then T° = {¢, X}
and " = 1. Take A = {b,c} and B = {a, b} are 6* — pre — open set and 6* — p — open set , but ANB = {b} is
neither 6* — pre — open set nor §* — B — open set since Cl(Int(CI%({b}))) = ¢.

Corollary 2.1. [3] Let (X, T, I) be an ideal topological space and A C X.
1)If A C A%, then 6CI(A) = CI%(A)
2)If 1 = {¢}, then 6CI(A) = CI%(A).

Proposition 2.3. Let (X, 7, 1) be an ideal topological space and A C X. If A C A% (If I = {¢}), then
1) 6 — pre — open set and 5* — pre — open set are equivalent
2) 6 — B — open set and 6* — B — open set are equivalent.

Proof. By Corollary if A C X, then it 6CI(A) = CI%(A). Thus we get the result. O

Proposition 2.4. Let (X, T, I) be an ideal topological space and A, B C X. Then the following statements hold:
1)If A € 70 and B is §* — pre — open set, then A N B is §* — pre — open set,
2)If A € T and B is " — B — open set, then AN B is §* — B — open set.

Proof. 1) Let A € T° and B is 6* — pre — open set. Then,

ANB C 8Int(A) N Int(CI° (B)) = 6Int(5Int(A)) N Int(CI% (B))
C Int(5Int(A) N Int(CI%(B))) = Int(5Int(A) N CI%(B))
C Int(CI*(ANB)) (by Lemma[L.})
The proof of (2) are same with the proof of (1). O

Proposition 2.5. Let I and | be any two ideals on a topological space (X, T) with I C ]. If a subset A of X is
0% — pre — (J)open set (6* — B — (])open set), then it is 6* — pre — (I)open set (6* — B — (I)open set).

Proof. Follows from directly Lemma [I.1(5). O

The above discussions are summarized in the following diagram.
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Diagram 1
T — «alO - —= PIO -——  BIO
N | N\ | N

| a0 —— = PO — = BO

1 | } | " |

0*aO — —  J0*PO —— =  6"pO |

N AN { N
ot —— — oPO - = 60O

By aIO,(resp. PIO, BIO, «O, PO, BO, 6*a0O, 6*PO, 6*BO, éa*O, PO, B0O) in diagram, we denote the
family of all « — I — open sets (resp. pre — I —open, p — I — open, « — open, pre — open, B — open, 6* — x — open,
0% — pre —open, §* — B — open, 6 — a* — open, 6 — pre — open, 5 — p — open) of a space (X, 7) and (X, 7, I).

Definition 2.6. A subset A of an ideal topological space (X, T, I) is called
1) A5* —t —set if Int(A) = Int(CI*(A)),
2) A§* — B —set if Int(A) = Cl(Int(CI°(A))),
3) A b —a* —set [6] if Int(A) = Int(6Cl(Int*(A))),
4) A &* —a —set [6] if Int(A) = Int(CI%(Int*(A))).

Proposition 2.6. Let A be a subset of an ideal topological space (X, T, I). The following properties hold:
1). Every 6* —t — set is 6* — a — set,
2) Every 6* — B —setis 0" —t — set,
3) Every 6 —a* — set is 6* — a — set [6]].

Proof. Straightforward from the definitions of the topologies ¥ and % and [6]. O

Remark 2.3. None of them in Proposition[2.5]is reversible as shown by examples below. Also the notions of 6* — t — set
and 6 — a* — set are independent notions [6].

Example 2.5. Let X = {a,b,c,d,e}, T = {$, X, {a},{c}, {a,c}, {a b}, {ab,c}} and I = {¢,{c}}. Then
™ = {¢,X,{c},{a,b},{a,b,c}}and v* = {¢,X,{a},{c},{a,c},{a,b},{a,b,c}, {a,b,d,e}} Take A= {b,c}.
Therefore A is 6* — o — set and 6 — a* — set, but not 6 — B — set and not 0* — t — set since
CI(Int(CI% ({b,c}))) = X # Int({b,c}) and
{c} = Int({b,c}) = Int(CI% (Int*({b,c}))) = Int(6Cl(Int*({b,c}))) = {c}.

In this example if we take A = {c,d} , we obtain that A is 6* — t — set, but not 6* — p — set since Int({c,d}) #
Cl(Int(CI°*({c,d}))) = {c,d,e} and Int({c,d}) = Int(CI°({c,d})) = {c}.

Example 2.6. Let X = {a,b,c,d}, T = {¢, X, {a},{d},{b,d}, {a,d}, {a,b,d}} and

1= {¢ {a},{b},{d},{a,b},{a,d},{bd}, {a,b,d}}. Then v = {¢,X, {a},{b,d},{a,b,d}}and 5 = p(X).
if we take A = {b,c}, then A is 6" —t — set and 6* — a — set, but not 6 — a* — set since
Int({b,c}) = Int(CI%({b,c})) = ¢ and Int({b,c}) = ¢ # Int(6Cl(Int*({b,c}))) = {b,d}.

Definition 2.7. Let (X, t,I) be an ideal topological space. A subset A in X is said to be a 6* — By — set (resp.
0" — Bg — set, 6* — By — set [6], 6 — Ba™ — set [6]) if there is a U € T and a 6* — t — set (resp. 0" — B — set,
0 —a* —set, 0* —a—set) Vin Xsuchthat A=UNV.

Proposition 2.7. For a subset A of a space (X, T, 1), the following properties hold:
1) Every 6* —t — set is 0* — By — set,
2) Every 6* — B — set is 6* — Bg — set,
3) Every 6 — o™ — set is 6 — Ba™ —set [6],
4) Every 6* —a — set is 6* — By — set [I6]],
5) Every open set is 0* — By — set (resp. 6" — Bg — set, — Ba* — set, 6" — By — set).

Proof. Since A = ANXand X € 7, we get 1-4, also if A € T, we get 5. O

Remark 2.4. None of them in Proposition 2.6|is reversible as shown by example below and [I6]].
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Example 2.7. Let X = {a,b,c,d,e}, T = {¢,X,{a},{c},{a,c},{a,b},{ab,c}}and I = {¢,{c}} and T° =
{¢, X, {c} {a, b}, {a,b,c}}. Ifwetake A = {a}, then A is 5" — By — set (6" — Bp — set), but not 6* —t — set
(6* — B — set) since {a} € Tand {a} = {a} N X also Int(CI° ({a})) = {a,b} # Int({a}). In this example, {c,d}
is 0" — By — set and 5" — Bg — set, but {c,d} ¢ T.

By Proposition[2.5, we have the following diagram

Diagram 2
(5*—B/3—set — 0*—By—set — 0" — B, —set
f
0 — Ba™ — set

Theorem 2.1. Let A be a subset of an ideal topological space (X, T, I). Then the following statements are equivalent:
1) A is open,
2) Ais &* — pre — open and 0* — By — set,
3) Ais 6" — B — open and 6* — By — set,
4) Ais * —a — open and 6* — B, — set [6],
5) Aisd —a* —open and 6 — Ba™* — set [6]].

Proof. (1)==-(2). This is obvious from diagrams 1-2 and Proposition 2.6|(5).
(2)==(1). Since A is a 6" — B; — set, we have A = U NV, where U is an open set and Int(V) =
Int(CI°(V)). By the hypothesis, A is also 6* — pre — open, and we have

A C Int(CI%(A)) = Int(CI*(UNV)) C Int(CI% (U) N CI°** (V)
= Int(CI° (U)) N Int(CI%(V)) = Int(CI%(U)) N Int(V).

Hence

A=UNV=UNV)NU cC (Int(CI°(U)) N Int(V))NU
= (Int(CI°*(U)) nU) N Int(V) = UN Int(V).

Notice A = UNV D UN Int(V). Therefore, we obtain A = U N Int(V).
(1) <= (3). The proof is same with (1) <= (2). O

3 Decompositions of continuity

Definition 3.8. Let f : (X,t,I) — (Y,0) be a function. If for each V € o, f 1(V) is a 6* — pre — open set
(6" — B — open set), then fis said to be 0* — pre — continuous (6* — B — continuous).

Definition 3.9. Let f : (X, 7,I) — (Y,0) be a function. If for each V € o, f “Y(V) is a 6* — B; — set (resp.
o — Bg — set, 0% — By — set, 6 — Ba™ — set), then f is said to be 6* — By — continuous (resp. 6* — Bg — continuous,
0* — By — continuous [6], 6 — Ba™ — continuous [6]]).

By Diagrams 1-2, we have the following proposition.

Proposition 3.8. 1) A 6* — Bg — continuous function is 0* — By — continuous,

2) A §* — By — continuous function is 6* — B, — continuous,

3) A 6 — Ba*— continuous function is §* — B, — continuous,

4) A §* — o — continuous function is 6* — pre — continuous,

5) A §* — pre — continuous function is 6* — B — continuous,

6) A 6* — w — continuous function is § — a* — continuous,

7) A § — a* — continuous function is 5 — pre — continuous,

8) A 6* — pre — continuous function is 5 — pre — continuous.

By Theorem 2.1 we have the following main theorem.
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Theorem 3.2. For a function f : (X,7,1) — (Y, 0), the following properties are equivalent:
1) f is continuous,
2) fis 6" — pre — continuous and §* — By — continuous,
3) fis 6* — B — continuous and 5" — Bg — continuous.

Remark 3.5. 1) 6* — pre — continuous and 6* — By — continuous are independent of each other,
2) 6* — B — continuous and 6* — Bg — continuous are independent of each other.

Example 3.8. Let X =Y = {a,b,c,d,e}, 11 = {¢, X, {a},{c},{ac}, {a b}, {abc}}, I={¢p {a}} and then
0 ={¢,X,{c},{a,b},{a,b,c}}andalsor, = {¢,Y,{a,b}}. Defineafunction f : (X,1y,1) — (Y, 12) as follows:
fla)=f(c)=a,f(b) =c, f(d) =Db, f(e) = d. Then f is 5* — B; — continuous, but not §* — pre — continuous since
f1({a,b}) = {a,c,d} and {a,c} = Int{a,c,d} = Int(Cl°({a,c,d})) = {a,c}, thus {a,c,d} is 6* — By — set,
but not * — pre — open.

Example 3.9. Let X = Y = {a,b,c,d}, 1 = {¢, X, {a},{c}, {a,c}, {a,d} {acd}}, I = {¢ {b}} and then
0 ={¢,X}, T = tandalsotn = {¢,Y, {b}}. Define an identity function f : (X, 1, 1) — (Y, 72). Then f is §* —
Bg — continuous, but not §* — p — continuous, since f ~1({b}) = {b} and Int({b}) = ¢ = CI(Int(CI’>({b}))),
thus {b} is 6* — Bg — set, but not 6* — B — open set.

Example 3.10. Let X = Y = {a,b,c,d,e}, 1 = {¢, X, {a},{c}, {a,c},{a b}, {abc}}, I = {¢,{a}} and
then T = {¢,X,{c},{a,b},{a,b,c}} and v} = {¢, X, {a},{c},{a,c}, {a,b}, {a,bc}, {abde}} Let n =
{¢,Y,{a,b}}. Define a function f : (X, 11,I) — (Y, 12) as follows: f(a) = ¢, f(b) =a, f(c) = b, f(d) =d,
f(e) = d. Then f is 6* — pre — continuous, but not §* — By — continuous f ~1({a,b}) = {b,c} and {c} =
Int({b,c}) # Int(CI%({b,c})) = X, thus {b,c} is 6* — pre — open, but not §* — By — set. In this example, if we
take same function, Then f is 6* — B — continuous, but not 6* — Bg — continuous since f “1({a,b}) = {b,c} and

{c} = Int({b,c}) # Cl(Int(CI%({b,c}))) = X.

Corollary 3.2. Fora function f : (X, T) — (Y, 0), the following properties are equivalent:
1) f is continuous,
2) fis 6 — pre — continuous and 6 — B — continuous [4].
3) f is pre — continuous and B — continuous [2]].

Corollary 3.3. For a function f : (X, 7,1) — (Y, 0), the following properties are equivalent:
1) f is continuous,
2. fisa — I — continuous and Cy — continuous [4],
3. fis pre — I — continuous and B — I — continuous [2],
4. fis 6* —a — continuous and 6* — B, — continuous [6l],
5. fis & —a* — continuous and 6 — Ba* — continuous [6]].
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Abstract

Let G be a graph with edge set E(G). The first and second reformulated Zagreb indices of G are defined as
EM1(G) = Leck(c) deg(e)? and EM,(G) = Yo deg(e)deg(f) respectively, where deg(e) denotes the degree
of the edge ¢, and e ~ f means that the edges e and f are incident. In this paper, the extremal trees with
respect to the first and second reformulated Zagreb indices are presented.

Keywords: Tree, first reformulated Zagreb, second reformulated Zagreb, graph operation.
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1 Basic Definitions

Throughout this paper we consider undirected finite graphs without loops and multiple edges. The vertex
and edge sets of a G will be denoted by V(G) and E(G), respectively. For a vertex v in G, the degree of v,
deg(v), is the number of edges incident to v and Nv, G| is the set of all vertices adjacent to v. A vertex with
degree one is called a pendent and A = A(G) denotes the maximum degree of G. The number of vertices of
degree i and the number of edges of G connecting a vertex of degree i with a vertex of degree j are denoted
by n; = n;(G) and m; j(G), respectively. One can easily see that ZiA:(f) n; = |V(G)|.

Suppose V(G) = {vy,...,v,} and dy = deg(vy), 1 < k < n. The sequence D(G) = (dy,dy, ..., dy) is called
the degree sequence of G and for simplicity of our argument, we usually write D(G) = (x{', x3?, ..., x{'), when

ay times  ap times ay times
—— — —

D(G) = (X1, ey X1, X2, vy X2, ey Xty o0y X1 ),

X1 > X2 > ... > x¢ and a4y, ..., a; are positive integers with a; +ay + ... +a; = n.

Suppose W C V(G) and L C E(G). The notations G \ W and G \ L stand for the subgraphs of G obtained
by deleting the vertices of W and the subgraph obtained by deleting the edges of L, respectively. If W = {v}
or L = {xy}, then the subgraphs G \ W and G \ L will be written as G — v and G — xy for short, respectively.
Moreover, for any two nonadjacent vertices x and y of G, let G 4 xy be the graph obtained from G by adding
an edge xy.

A tree is a connected acyclic graph. It is well-known that any tree with at least two vertices has at least two
pendent vertices. The set of all n—vertex trees will be denoted by 7(1). We denote the n—vertex path, cycle
and the star graphs with P,, C, and S, respectively.

2 Preliminaries

The well-known Zagreb indices are among the oldest and most important degree-based molecular
structure-descriptors. The first and second Zagreb indices are defined as the sum of squares of the degrees of

*Corresponding author.
E-mail address: ashrafi@kashanu.ac.ir (A. R. Ashrafi), ali797ghalavand@gmail.com (A. Ghalavand).
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Figure 1: The Graphs G, P, Q, G; and G; in Transformation A.

the vertices and the sum of product of the degrees of adjacent vertices, respectively. These graph invariant
was introduced many years ago by Gutman and Trinajesti/c [3]. We refer to [2}, 9], for the history of these
graph invariants and their role in QSAR and QSPR studies.

Miliéevi¢ et al. [8], was introduced the first and second reformulated Zagreb indices of a graph G as edge
counterpart of the first and second Zagreb indices, respectively. They are defined as
EM1(G) = Leck(q) deg(e)?> and EM,(G) = Yo rdeg(e)deg(f), where deg(e) denotes the degree of the edge e,
and e ~ f means that the edges e and f are incident. In a recent paper, Milovanovi¢ et al. [7] obtained some
relationship between Zagreb and reformulated Zagreb indices.

Zhou and Trinajesti¢ [11]], obtained sharp bounds for the reformed Zagreb indices. Ili¢ and Zhou [4]
gave upper and lower bounds for the first reformulated Zagreb index and lower bounds for the second
reformulated Zagreb index. They proved that if G is an n—vertex unicyclic graph then EM;(G) > EM;(Cy),
i = 1,2, with equality if and only if G = C,. Suppose S;; denotes the n—vertex unicyclic graph obtained
by adding an edge to an n—vertex star, connecting two pendent vertices. They also proved that if G is an
n—vertex unicyclic graph then EM;(G) < EM;(Sy), i = 1,2, with equality if and only if G 2 §j,.

Ji et al. [6] provided a shorter proof for results given by Ili¢ and Zhou and characterized the extremal
properties of the first reformulated Zagreb index in the class of trees and bicyclic graphs by introducing some
graph operations which increase or decrease this invariant. In [5]], the authors applied a similar method as
those given in [6] to find sharp bound for the first reformulated Zagreb index among all tricyclic graphs.

Su et al. [10], obtained the maximum and minimum of the first reformulated Zagreb index of graphs with
connectivity at most k and characterized the corresponding extremal graphs. We encourage the interested
readers to consult papers [1} [12] and references therein for more information on Zagreb and reformulated
Zagreb indices of simple graphs.

3 Some Graph Transformations

In this section some graph operations are introduced which decreases the first and the second reformulated
Zagreb index of graphs.

Transformation A. Suppose G is a graph with a given vertex w such that deg(w) > 1. We also assume that
P := vjvy..v7 and Q := ujuy...uy are two paths with / and k vertices, respectively. Define G; to be the graph
obtained from G, P and Q by attaching vertices v1w, wuq, and G, = G; — vjw + uv1. The above referred
graphs have been illustrated in Figure

Lemma 3.1. Let Gy and Gy be two graphs as shown in Figure [l Then EM;1(Gy) < EM;(Gy) and EM,(Gy) <
EM;(Gy).

Proof. Suppose deg(w) = x, N[w, G] = {l,...1y} and deg(l;) = d;, fori =1,...,x. Ifk,] > 2and x > 1, then

EM;(Gy) — EM;(Gy) = 2(x+2)2+i(di+x)2
i=1

— ((x+1)>+8+ i(di+x—1)2) > (x+2)2—8>0.

i=1

Ifk=1=10r(k=1&1I > 2), then a simple calculation shows the validity of EM;(Gy) < EM;(Gy), as
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Figure 2: The Graphs G, Gy, Pk, G1 and G; in Transformation B.

desired. Suppose that k,[ > 3. Then,

EMy(Gy) — EMa(Gy) > 2(x+2)+(x+2)2+i(x+2)(x+di)+2—(4+4+4)
=1
> 0.

If k1 € {1,2},0or (k =1& 1 > 3)or (k = 2 & > 3), then a simple calculation shows the validity of
EM;(Gy) < EM,(Gy), proving the lemma. O

Transformation B. Suppose G and Gy are two graphs with given vertices {v1,v,} C V(G) and w € V(Gy)
such that dg(v1) = 1, dg(v2) > 2, dg,(w) > 1, and v1v, € E(G). We also assume that P := uquy ... ugis a
path with k > 1 vertices. Construct G; as the graph obtained from G, Gy and P, by adding the edges v,
vyw, and Gy = Gy — {vjuy, vow} + {vauy, uyw}. The above referred graphs have been illustrated in Figure@

Lemma 3.2. Let Gy and Gy be two graphs as shown in Figure[2] Then EM;(Gy) < EM1(Gy) and EMy(Gy) <
EM,(Gy).

Proof. Suppose deg(vp) = x, N[va, G| = {l; := vy,...1y} and deg(l;) = d;, for i = 2,...,x. In addition,
suppose deg(w) = h, N[w, Go] = {r1,...r,} and deg(r;) =b;, fori=1,...,h. If x > 2and h > 1, then

EM(G)) —EM(Gy) = 1+ (x+1)2+(x+h)?*— 2+ (x+1)2+(h+1)?)
= 2h(x—1) >0,

as desired. Suppose k > 2. Then,

X
EM,(Gy) —EMy(Gy) = 2+2(x+1)+ (x+1)(x+h)+ Zx+1 (di +x—1)

+ i(x+h)(di+x—1) + i(x+h)(b,»+h—1)
i=1

N

X
— (x(x+1)+2(x+1)+2(h+1)+ Z x(di+x—1)

_|_
=

(x+1D(di+x—-1)+ i(h—kl)(bi—i—h— 1))
i=1

Il
N

> 2

_|_

(x+1)(x+h)—x(x+1)—=2(h+1)=h(x—1) > 0.

If k = 1, then a simple calculation shows the validity of EM,(G;) < EM;(Gy), proving the lemma. O

Transformation C. Suppose G, Gy and G’ are three graphs with given vertices w € V(Gy), {v1,v2} C V(G)
and y € V(G') such that dg,(w) > 2, dg(v1) > 2, dg(v2) = 1and dg(y) > 2. In addition, we assume that
Dy := uquy...uy is a path with k > 1 vertices. Define G; to be the graph obtained from G, Gy, G’ and P
by adding the edges wvy, vouq, uxy and Gy = Gy — {wvq, vouy, ugy} + {wuy, uxv1, vay}. The above referred
graphs have been illustrated in Figure

Lemma 3.3. Let Gy and Gy be two graphs as shown in Pigure Then EM(G,) < EM1(Gy).
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Figure 3: The Graphs Gy, G,G, P, G1 and G; in Transformation C.
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Tf € F(n) T, € H(n) Ty € R(n)

Figure 4: The trees in F(n), H(n) and R(n).

Proof. Suppose that dg,(w) = x,dg(v1) = kand k, x > 2. Then,

EM;(G1) —EM(Gy) = (x+k)?4+4—((x+1)?+ (k+1)?)
= 2kx+2—(2(x+k)) >0,

proving the lemma. O

4 Main Results

The aim of this section is to apply Transformations A-C to obtain an ordering of trees with respect to the first
and second reformulated Zagreb indices. For simplicity of our argument, we first introduce a notation. Set

F(n) ={T € (4},2"°,1%)| m1o(T) =1, mya(T) =3, moa(T) =1 and mpy(T) =n — 6},
where n > 7 is a positive integer. It is easy to see that for each T € F(n),
EMi(T)=4n+20 , EMy(T)=4n+45. 4.1)

Theorem 4.1. Let T' be a tree with A(T') > 4. If T' ¢ F(n), then for each T € F(n), we have EM;(T) < EM1(T")
and EM(T) < EM(T').

Proof. We first assume that T" € (41,2"75,1%). Since T & F(n), m12(T) # 1, my4(T) # 3, mys(T) # 1 or
my2(T) # n — 6. We now apply a repeated application of Transformation B to obtain a tree Q € F(n). By
Lemma[3.2) EM;(T) = EM;(Q) < EM;(T') and EM,(T) = EM»(Q) < EM,(T’), as desired.

Next suppose T/ ¢ (4!,2"73,1%). Then by a repeated application of Transformation A, we obtain a tree G €
(4,2"75,1%). If G € F(n), then by Lemma 3.1} EM;(T) = EM;(G) < EM;(T’) and EMy(T) = EM,(G) <
EM;(T’). In other cases, we obtain the result by replacing T’ with G in the first case. O

Suppose n > 10 and define H(n) = {T € (3%,2"78,1%)|m1,(T) = 0,m13(T) = 5,mp3(T) = 4, m33(T) =
0 and mp(T) = n — 10}. It is easy to see that for each T € H(n),

EM;(T) = 4n + 16. (42)

Theorem 4.2. Let T’ be a tree with n > 10 vertices and A(T') = 3 such that n3(T') > 3. If T & H(n), then for each
T € H(n), EM;(T) < EM;(T").

Proof. Suppose T' € (3%,2"78,1°). Since T" ¢ H(n), m12(T) # 0, my5(T) # 5, mas(T) # 4, my3(T) # 0
or mpo(T) # n —10. Again a repeated application of Transformations B and C, will result a tree Q € H(n).
Now by Lemmas[3.2land [3.3) EM;(T) = EM;(Q) < EM;(T’). Suppose n3(T') > 4. Since n3(T’) > 4, by a
repeated application of Transformation A we obtain a tree G € (33,2"78,1%). If G € H(n), then by Lemma
EM;(T) = EM;(G) < EM;(T’). In other cases, we obtain the result by replacing T" with G in the first
case. O
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Table 1: The Trees with A < 3 and n3 < 2.

Notation m3z3 my3 Mmip My3  Mpp EM;

Aq 0 0 2 0 n-3  4n-10
Ay 0 1 1 2 n-5 4n-2
Aj 0 2 2 1 n-6 4n

Ay 0 3 3 0 n-7  4n+2
As 0 2 0 4 n-7  4n+6
Ag 0 3 1 3 n-8  4n+8
Ay 0 4 2 2 n9  4n+10
Ag 1 1 1 3 n-7  4n+10
Ag 0 5 3 1 n-10 4n+12
Aqp 1 2 2 2 n-8  4n+12
An 0 6 4 0 n-11 4n+14
A1 1 3 3 1 n9 4n+14
A1z 1 4 4 0 n-10 4n+16

Suppose n > 8 and define:
R(n) =A{T € (3%,2"7,1%)| m1o(T) =0, m3(T) =4, mps(T) =2, mz3(T) =0 and myp(T) =n—7}.
It is easy to see that for each T € R(n),
EM,(T) = 4n + 12. 4.3)

Theorem 4.3. Let T' be a tree with n > 8 vertices and A(T') = 3 such that n3(T") > 2. If T' ¢ R(n), then for each
T € R(n), EMy(T) < EMy(T").

Proof. Suppose T' € (3%,2"76,1%). Since T & R(n), m1(T) # 0, my3(T) # 4, mps(T) # 2, m33(T) # 0
or myy(T) # n —7. Again a repeated application of Transformation B, will result a tree Q € R(n). Now
by Lemma [3.2) EM(T) = EM(Q) < EM,(T’). Suppose n3(T’) > 3. Since nz(T') > 3, by a repeated
application of Transformation A we obtain a tree G € (3%,2"7%,1%). If G € R(n), then by Lemma
EM;(T) = EM;(G) < EM;(T"). In other case, we obtain the result by replacing T’ with G in the first case. O

Theorem 4.4. Ifn >11, Ty e A, Th € Ay, Ts € A3, Ty € Ay, Ts € A5, Ty € Ag, T7 € A7, Tg € Ag, Tog € Ay,
Tig € A, T11 € A11, Tip € A1, Tig € Az, Ty € H(I’Z) and T € T(Tl)\{Tl,Tz,..., T14}, then EM](Tl) <
EMi(T2) < EM1(T3) < EM1(Ty) < EMy(T5) < EMy(Te) < EMy(T7) = EMy(Ts) < EMy(To) = EM;(Tyo) <
EM;(Ty1) = EMy(T12) < EM;(Th3) = EMi(Ti4) < EM;(T).

Proof. From Table 1 and Equation [4.2) we have EM;(Ty) < EM;(T>) < EM;(T3) < EM;(Ty) < EM;(Ts) <
EM;(Ts) < EM;(T7) = EMy(Tg) < EMy(To) = EM(Tyg) < EMy(T11) = EM;(Ti2) < EM;(Th3) = EMy(Tyy). If
A(T) = 3 and n3(T) > 3 then the proof is completed by applying Theorem[4.2] If A(T) > 4, then Theorem [4.1]
and Equation[4.1} gives the result. Otherwise, T € {Ty, Ty, ..., T14}. O

Theorem 4.5. Suppose that T is a tree with n(> 10) vertices, except Ty, T}, . .., T§, illustrated in Figure@ Then we
have EM(Ty) < EM(T}) < EMy(T}) < EM,(Ty) < EMy(TE) < EMy(T}) < EMy(T}) < EMy(T§) < EMy(T).

Proof. Let T" € F(n) and n > 10. We consider the following cases:

Case 1. A(T) = 3. If n3(T) > 2, then Theorem 4.3 shows that EM(T§) < M(T). Now suppose that
n3(T) = 1. Clearly, T}, T, . . ., T} are all trees with n3(T) = 1. It is easy to see that EMy(T}) = 4n, EM(T}) =
4n+4, EMy(T}) = 4n +5, EMy(TY) = 4n + 9, EMy(T!) = 4n + 10 and EM,(T}) = 4n + 11.

Case 2. A(T) > 4. Then by Theorem 4.1, EM,(T') < My(T). Since EMy(Tg) = 4n+12 < 4n+45 =
EM,(T"), EMy(T}) < EMy(T).

Case 3. A(T) =2. Then T = P, and M(T) = 4n — 12.

This completes the proof. O
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Cn X C, and the generalized Petersen graph P(m, n)
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Abstract

A total product cordial labeling of a graph G is a function f : V — {0,1}. For each xy, assign the
label f(x)f(y), f is called total product cordial labeling of G if it satisfies the condition that |0(0) +e7(0) —
vf(1) —ef(1)| < 1 where v¢(i) and ef(i) denote the set of vertices and edges which are labeled with i = 0,1,
respectively. A graph with a total product cordial labeling defined on it is called total product cordial.

In this paper, we determined the total product cordial labeling of the cartesian product of P, x Cy;, Ciy x Cy
and the generalized Petersen graph P(m, n).

Keywords: Graph Labeling, Total Product Cordial Labeling.

2010 MSC: 54C05, 54C08, 54C10. @2012 MJM. All rights reserved.

1 Introduction

All graphs considered are finite, simple and undirected. The graph has vertex set V = V(G) and edge set
E = E(G) and we lete = |E| and v = |V|. A general reference for graph theoretic notions is in [5].

The classic paper of B-valuations by Rosa in 1967 [3] laid the foundations for several graph labeling
methods. For a simple graph of order |V| and size |E|, Ibrahim Cahit [1] introduced a weaker version of -
valuation or graceful labeling in 1987 and called it cordial labeling. The following notions of product cordial
labeling was introduced in 2004 [3].

For a simple graph G = (V,E) and a function f : V — {0,1}, assign the label f(x)f(y) for each edge
xy. This function f is called a product cordial labeling if |07(0) — vs(1)| < 1 and [ef(0) —ef(1)| < 1 where
vf(i) and ef (i) denote the number of vertices and edges labeled with i = 0, 1. Motivated by this definition, M.
Sundaram, R. Ponraj and S. Somasundaram introduce a new type of graph labeling known as total product
cordial labeling and investigate the total product cordial behavior of some standard graphs.

A function f is called a total product cordial labeling of G if it satisfies the condition that |v¢(0) + ef(0) —
vf(1) —ef(1)| < 1. A graph with a total product cordial labeling defined on it is called total product cordial.

2 Preliminaries

Definition 2.1. Let G = (V,E) be a simple graph and f : V. — {0,1} be a map. For each edge xy, assign the label
f(x)f(y), f is called a total product cordial labeling of G if it satisfies the condition that |vf(0) +es(0) —vf(1) —
er(1)| < 1 where v¢(i) and ef(i) denote the set of vertices and edges which are labeled with i = 0,1 respectively. A
graph with a total product cordial labeling defined on it is called total product cordial.

*Corresponding author.
E-mail address: arielcpedrano@yahoo.com.ph (A. Pedrano), r.rulete@usep.edu.ph (R. Rulete).
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Definition 2.2. A Cartesian product, denoted by G x H, of two graphs G and H, is the graph with vertex V(G x H) =
V(G) x V(H) and the edge set E(G x H) satisfying the following conditions (uy, u)(v1,v2) € E(G x H) if and only
if either uy = vy and upv, € E(H) or uy = vp and uyv1 € E(G).

Definition 2.3. The generalized Petersen graph P(m,n), m > 3and1 <n < VZJ , consists of an outer m-cycle

uQUy ... Uy—1, a set of m spokes u;v;, 0 < i < m — 1, and m inner edges v;v;, with indices taken modulo m.
Theorem 2.4. [4] C,, is total product cordial if n # 4.

Remark 2.5. [4] The cycle C, is not total product cordial.

3 Total Product Cordial Graphs

This section presents some results of total product cordial labeling on some graphs.
Theorem 3.6. The graph P, x Cj, is total product cordial graph for all m and n except when m = 1 and n = 4.

Proof. Let V(P x Cy) = {v(;j|1 <i < m,1 < j < n}. The order and size of the graph P, x C, are mn and
2mn — n, respectively. Consider the following cases:
Case 1: m and #n are even.
Subcase 1: m is even and n = 4
Define the function f : V(P,, x C4) — {0,1} by:

0, 1<i<m,j=4 or
fog) = iiseven,j =3

1, otherwise.

In view of the above labeling, we have v(0) = 3 and v (1) = 3. On the other hand, the edges of Py, x Cy
with labels zero are the following:

fgpvimy) =0  1<i<m—1,j=34
f0ivij1) =0 1<i<m,j=3 or
1<i<m,iiseven,j=2
f(oi1)oi4) =0, 1<i<m.

In view of the above labeling, we have e¢(0) = =4 and er(1) = Im=4,

Hence, [vf(0) +e7(0) —v¢(1) —ef(l)‘ = |6m —2— (6m —2)| = 0. Thus, the graph P, x C4 is total
product cordial.

Subase 2: m and n are even, (n > 4)
Define the function f : V(P, x C,) — {0,1} by:

0, 1<i<mi+2<j<n or
floiy) = iiseven,j= 45 +1

1, otherwise.

In view of the above labeling, we have v;(0) = " and v;(1) = 245, On the other hand, the edges of
Py, x C, with labels zero are the following:

n

fipoiny) =0, 1<i<m-—1,5+1<j<n

N

) n .
f(v(i,j)v(i,jJrl)):O/ 1§1§7ﬂ,§+1 <j<n—-1 or

iiseven, j =

N =

f(U(i,l)U(i,n)) =0, 1<i<m.
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In view of the above labeling, we have e¢(0) = Zmnonim and e r(1) = Zmnonm,

Hence, ‘vf( ) +ep(0) —vp(1) —ef(1 ’ 3'”” 4 WT_”’ = 0. Thus, the graph P, x C, is total product
cordial if m and n is even, n > 4
Case 2: miseven, (m > 2) and n is odd, (n > 3).

Define the function f : V(P,, x C,) — {0,1} by:
0, 1§i§m,”T+3 <j<n—-1 or

iiseven,j =" or

1<i<%,j=n

1, otherwise.

f(U(i,j)) =

In view of the above labeling, we have v;(0) = "= and vf(1) = ™45, On the other hand, the edges of
Py, x C, with labels zero are the following:

fi i) =0, 1<i<m
1<i<™ i

Sis o, j=mn

n+1

m

n+1

<j<n—-1 or

f(U(i,j)U(i,j+1)) = 0, 1 S i S S ] S n—1 or
n—1

iiseven,lgigm,j:T

m .
f(?f(i,l)v(i,n)) =0, 5 +1<i<m.
In view of the above labeling, we have ef(O) = W—gi“ and e f(l) - W—gi—m—l
Hence, ’vf(O) +e7(0) —vp(1) — ef(l)’ = ’3’”"5”“ —dmon=ll — 1. Thus, the graph P, x C, is total

product cordial if m is even, m > 2 and n is odd, n > 3.
Case 3: m and n are odd, (n > 3).
Subcase 1: If m = 1 and #n is odd, (n > 3), the the graph P; x C, = C,, which is total product cordial by

Theorem 2.4]

Subcase 2: If m = 3 and n > 3, define the function f : V(P; x C,) — {0,1} by

0, i=1,j=1 or
i=1j=mn or
i=22<j<n—1

1, otherwise.

f(v(i,j)) =

In view of the above labeling, we have v¢(0) = n and v¢(1) = 2n. On the other hand, the edges of P; x Cy,
with labels zero are the following:
f(?)(i’]‘>v(l‘+1’]‘)) = 0, i=1 , 1 < ] <n or
i=2,2<j<n-1
fipvijy) =0, i=1,j=1 or
i=1,j=n—-1 or
i=2,1<j<n-1
foayoin) =0,  i=1
In view of the above labeling, we have e¢(0) = 3n and ef(1) = 2n.
Hence, |07(0) +e£(0) —vf(1) — ef(l)’ = |[4n — 4n| = 0. Thus, the graph P5 x Cj, is total product cordial
forn > 3.
Subcase 3: If m and n are odd, (m,n > 5), define the function f : V(P x C,;) — {0,1} by
0, 2<i<™l1<j<n
floa) = { ’

1, otherwise.
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In view of the above labeling, we have v;(0) = "% and v(1) = ™5™ On the other hand, the edges of
Py, x C, with labels zero are the following:

f(0ijois) =0, 1<i< o 1<j<n
. _om+1 .
fGpoen) =0, 2<i<——,1<j<n-1
m+1

f61)2360) =0, 2<i< —

In view of the above labeling, we have e¢(0) = mn and e¢(1) = mn — n.
Hence, ’vf(O) +er(0) — (1) — ef(l)‘ = |3mg=n _ 3mizn| — (. Thus the graph P,, x Cy is total product
cordial if m and n is odd, m,n > 5.

Case 4: mis odd, (m > 5) and n is even.
Define the function f : V(P, x C,) — {0,1} by:

. 1
0, i=211

fogip) = MR <i<m1<j<n
1, otherwise

In view of the above labeling, we have v;(0) = "%~ and v(1) = 4. On the other hand, the edges of
Py, x C, with labels zero are the following:

f(U(i’]')U(iJrl’]‘)):O, TSZSW!—l,lS]STl
. m+1 .

fijoin) =0, i=——,1<j<n—1 or
mT_FS<z<m 1<j<n—-1
. o om—+1

f@Gvim) =0, i=-—5— or
mT_FS<z<m

In view of the above labeling, we have e¢(0) = mn and e¢(1) = mn — n.

Hence, ‘vf(O) +er(0) —vp(1) — ef(l)‘ = |3ma=n _ 3mu=n| — 0. Thus, the graph P, x C, is total product
cordial if m is odd and n is even, n > 4.

On the other hand, if m = 1 and n = 4, the graph P; x C4 = C4, which is not total product cordial by

Remark[2.5] Hence, considering all the cases above, we can say, that the graph Py, x Cj, is total product cordial
exceptifm =1andn = 4. O

Theorem 3.7. The graph C,; x Cj, is total product cordial graph for all m,n > 3.

Proof. Let V(Cyy x Cp) = {U(i,j)|1 <i<m,1<j<n}. The order and size of the graph C,, x C, are mn and
2mn, respectively. To prove the theorem, let us consider the following cases:

Case 1: m is even, n is even.

Subcase 1: If m is even and # is even, (n > 4), we will label the vertices of C;;, X C,, using the function defined
on Theorem Case 2. Accordingly, the number of vertices and edges labeled with 0 and 1 are, ™" and
’””*’” , respectively. The additional edge of C;, x C,, whose label is 0 is f(v ( (m ])) =0, 7+1<j<n
Thus the number of edges labeled with 0 and 1 would be e((0) = Zmiem and e f( ) = 2mam,

v£(0) +e£(0) —vf(0) — ef(O)‘ = ‘3’"7" — 3”17”| = 0. Thus, the graph C,, x C, is total product
cordial if m and n is even n > 4.

Subcase 2: If m is even and n = 4, we will label the vertices of C;; X Cy4 using the function defined on Theorem

Case 1. Accordingly, the number of vertices labeled with 0 and 1 are, 3—’” and —, respectively. The

Hence,
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additional edge of C;;, x C4 whose label is 0is f(v(1,j)0(mj) = O, j = 3,4. Thus, the number of edges
labeled with 0 and 1 would be e¢(0) = %' and ef(1 ) 7m
Hence, |vf(0) +ef(0) —v5(0) —ef(0 ‘ = |6m — 6m| = 0. Thus, the graph C,, x Cy, is total product cordial

if mand nisevenn = 4.
Case 2: mis even, (m > 4) and n is odd, (n > 3).
Subcase 1: If m is even, m > 4 and n = 3, define the function f : V(C,, x C3) — {0,1} by

0, iiseven,j=1,3
Vin) =
fiip) {1, otherwise.

In view of the above labeling, we have v¢(0) = m and v¢(1) = 2m. On the other hand, the edges of C;, x C3
with labels zero are the following;:

foipvic) =0, 1<i<m-1,j=1,3
f(v(z,])v(z‘,jﬂ)) =0, iiseven, j=1,2
f(v(i,l)v(i,?))) =0, iis even
fOajom)) =0,  j=2
In view of the above labeling, we have e¢(0) = %" and ef(1) = 5m_

Hence, |vf(0) +e5(0) —vf(1) —ef(1 )’ ‘97’” - 97’”‘ = 0. Thus, the graph C,, x Cs is total product cordial
if m is even, m > 4.
Subcase 2: If m is even, m > 4 and n is odd, n > 5, define the function f : V(C,, x C,) — {0,1} by

0, 1<i<m™><j<n-1 or

iiseven,j= "H

or
flou) = i=134,...,mj="2 or

1<1<—]_n

1, otherwise.

In view of the above labeling, we have v¢(0) = mn—in-2 and v f(1) = mntimt2 - On the other hand, the edges
of C, x C;, with labels zero are the following:

. n+1 .
f(v(i/]«)v(iﬂ,j)) = 0, 1 S 1 S m — ]., > S ] S n—1 or
1<i<Z, j=n
1
foijoi ) =0, 1<i<m, "o <j<n-1 or
.. . . on—1
llseven,lgzgm,]IT
finoin) =0, 1< <7 >
n—+1 .
f(0@,)0m) =0, - Sjsn

In view of the above labeling, we have e¢(0) = M and ef(1) = Zmn_m=2

Hence,

v +e(0) —vs(1) —ef(1 ‘ = |3 — 3| = 0. Thus, the graph Cy, x Cy is total product cordial if
miseven, m > 4 and nis odd, n > 5.

Case 3: mis odd, (m > 3) and n is even, (n > 4).

Subcase 1: If m = 3 and n > 4, then the graph C3 x C,, = C;;; x C3, which is total product cordial by Theorem
Case 2, Subcase 1.
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Subcase 2: If m > 5 and n > 4, define the function f : V(C,, x C,;) — {0,1} by

0, i:mTH,jisevenor
iZmTH,j=1,3,4,...,n or
f(v(i,j)>: mTJ’SSiSm—l,lgjgn or

i=m1<j<5

1, otherwise.

In view of the above labeling, we have v7(0) = 2-/"=2 and vf(1) = 2542, On the other hand, the edges of
Cm x C, with labels zero are the following:

m+1

f@EHoay) =0 o= <i<sm—1,1<j<n or
i*m_l is even
pr— 2 ,]
1
f(v(i,j)v(i,j+1)):0/ %<1<m—1 1<]<n—1 or
. on
i m,liji2
m+1 .
fGnoin) =0 —5—<i<m

n .
fOm)) =0, Z+1<j<n.

In view of the above labeling, we have ef(0) = 225542 and /(1) = 24512,

Hence, ‘vf(O) +e5(0) —vf(1) —ef(l)‘ = ‘3”’7" — 3| = 0. Thus, the graph Cy, x C, is total product
cordial if m is odd, m > 5 and n is even, n > 4.
Case 4: mand nisodd, m,n > 3

Define the function f : V(Cy, x C,) — {0,1} by:

0, i= m+1,] is odd or

o) mB <i<m—-1,1<j<n or

Viin) =
(1/]) l:m,1§]§ ngl

1, otherwise.

In view of the above labeling, we have v;(0) = %" and v(1) = ™4 On the other hand, the edges of
Cm x Cy,, with labels zero are the following:

fijois)) =0, i= E , jis odd or
mTH<z<m—1 1<j<n

f(ijo+1)) =0, mTH< <m—-1,1<j<n-1 or
z—m,1<]_n;1

f@i1)2in) =0, mTH <i<m

f@@,)o0m) =0, nzléjén

In view of the above labeling, we have ef(0) = 22514l and e (1) = 211,
3mn+l _ 3mn—-1| _ ;
7 - - — L ’ m
Hence ‘v £(0) +ep(0) —vf(1) —ef(1 ’ =M7—| = 1. Thus, the graph C,, x Cj, is total product
cordial if m and nis odd, m, n > 3
Considering the cases above, we can say, that the graph Cy;, x C, is total product cordial forall m,n > 3. O

Theorem 3.8. The generalized Petersen graph P(m, n) is total product cordial graph for all m > 3.
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Proof. Let V(P(m,n)) = {v1,v2,...,02m } where v;, 1 < i < m are vertices of the outer cycle and v;, m +1 <
i < 2m are the vertices of the inner cycle. The order and size of the generalized Petersen graph P(m, n) are 2m
and 3m, respectively. To prove the theorem, let us consider the following cases:
Case 1: m is odd.

Define the function f : V(P(m,n)) — {0,1} by:

flo))=1, i=m+1m+2,...,2m

-1
fvy) =0, i:LL“qﬂE—
0, mTﬁgiSmjl,mzl (mod 4) or
F(oin) mTJ“SSIS ;’1 m=3 (mod 4)
1, i=1,23,..., 41,m51 (mod 4) or
=123,..., 2, m=3 (mod4)

For m is odd, m = 1 (mod 4), the number of vertices labeled with 0 and 1 would be v;(0) = 3mtl and

vp(1) = =1 On the other hand, the edges of the generalized Petersen graph P(m, n) with labels zero are the
following:

f(v2i-102) =0, i:1,2,...,T,m51 (mod 4) or
m—+3 m—1
4 2 , m (mod 4:)
. m—1
f(v2i0241) =0, i=12,..., 5
f(omo1) =0
. m—1
f(v2i02i4m41) =0,  i=12,...,
m+3 . m—1
fo2iav2ipm) =0,  —p—<i<——,m=1 (mod4)
f(vmvm—l-l) =0.
In view of the above labeling, we have ef( )= 7m+1 and e f( ) = 5m4—1.
Hence, |vf (0) + ef (0) - vf (1) - i (1)’ - ’5m2+1 - szil‘ = 1. Thus, the generalized Petersen graph

P(m,n) is total product cordial if m is odd, m =1 (mod 4).
Similarly, the generalized Petersen graph P(m, n) is total product cordial if m is odd and m = 3 (mod 4).
In view of the vertex labeling defined above, we have v¢(0) = =1 and v (1) = 2L On the other hand,

the edge labels of the generalized petersen graph P(m, n) are the followmg,

1
f(v2i-102) =0, i=1,2,...,%,m53 (mod 4) or
m+5 . m—1
— << — =
g Sis——.m (mod 4)
f(omvr) =0
) m—1
f(v2i02i41) =0, i=12...,——
. m—1
f(UZiUZierJrl) = O/ 1= 1/2/- “ey T
m+5 . m-—1
fo2iav2ipm) =0, == <i<—5—,m=3 (mod4)
f(Omvm+1) =0.
In view of the above labeling, we have e¢(0) = m=—1 and e £(1) = L
Hence, we have |vf(0) +e7(0) —v¢(1) — ef(l)‘ = ‘—5’”2’1 — 21l — 1. Thus, the generalized Petersen

graph P(m, n) is total product cordial if m is odd, m = 3 (mod 4).
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Case 2: m is even
Subcase 1: If m = 4k, k € Z™, define the function f : V(P(m,n)) — {0,1} by

flv) =1 i=m+1m+2,...,2m

o mEcicy
Ugi_1) =
fleai1) {1, i=1,23,.. 1
flog) =0 i= 1,2,...,%
In view of the above labeling, we have v¢(0) = %* and vs(1) = 31 On the other hand, the edges of the
generalized Petersen graph P(m, n) with labels zero are the followmg
. _m
f(v2i1021) = 1<i<>
f(omv1) =
. m—2
f(v202i41) = 1=12...,—
m
f(02i02i4m+1) = i=12..., 5 1
m+4 . m
f(v2i-102i4m) =0, <i< o
4 2
f(vmvarl) =0.
In view of the above labeling, we have ef(0) = 7" and ef(1) = m
Hence, |0¢(0) +e£(0) —vp(1) —ef(1 ‘ = ’— — —| = 0. Thus, the generalized Petersen graph P(m, n) is

total product cordial if m = 4k, k € Z*.
Subcase 2: If m = 4k + 2,k € Z™*, define the function f : V(P(m,n)) — {0,1} by:

0, i=m+1 or

f(vi) = M6 < i <m
2
f(v2i) =0, i=1,2,...,mz
. 6
f(vzi1) =1, z:1,2,...,m;r

In view of the above labeling, we have v;(0) = 2 and v (1) = 2m+2 On the other hand, the edges of the
generalized Petersen graph P(m, n) with labels zero are the followmg

m-+ 6

f(vjviz1) =0, T<z<m—1
f(v9i_11v9) =0, 1<i< T+6
f(omv) =0
f(v9v2i41) =0, 1':1,2,...,mT+2
f(02i02i4m+1) =0, i:1,2,...,m2—2
f(omvmi1) =0
f(0ivigmi) =0, mT% <i<m-1.
In view of the above labeling, we have ef(0) = 72 and ¢f(1) = 2.
Hence, |0£(0) +e£(0) —vp(1) —ef(1 ‘ = ’— — —| = 0. Thus, the generalized Petersen graph P(m, n) is

total product cordial if m = 4k +2,k € Z™.

Considering the cases above, we can say, that the generalized Petersen Graph P(m,n) is total product
cordial for all m > 3. O
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Abstract

In this expose, on endeavors equipped on the way to achieve comprehension of the
arithmetical character of S-fuzzy soft sub hemi rings of a hemi ring.

Keywords: Fuzzy soft set, S fuzzy soft sub hemi ring, anti-S-fuzzy soft sub hemi ring, and pseudo
Fuzzy soft co-set.
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1 Introduction

A small amount of researchers done their works in near rings and a few kinds of semi rings
contain conventional part. Semi rings emerge in a natural approach in a few applications in the
theory of automata and formal languages. Soft set premise as a novel mathematical device means
and deals with uncertainty which seems to be gratis from the intrinsic difficulties disturbing the
obtainable works. The introduction of fuzzy sets as a result of Zadeh. L.A [16], a few scholars
developed fuzzy concepts lying on the impression of the concept of fuzzy sets. Dubois.D and
Prade. H [8], were urbanized the concept of fuzzy Sets and Systems: Theory and Applications.
Aktas. H, CaSman.N [3] were developed by Soft sets and soft groups. In this article, S-Fuzzy soft
sub hemi ring of a hemi ring is initiated in addition to the theorems in the company of various
example.

2 Preliminaries

Definition 2.1. Let R be a hemi ring. A Fuzzy soft sub set (H, C') of R is supposed to be a S-Fuzzy soft
sub hemi ring (SEFSHR) of R if it satisfies the subsequent circumstances:

(1) pemcy(a,b) > S{pm,cy(a), o))},

(i) pem,cy(ab) = S{pm,cy(a), tew,c)(b)}, in favor of each and every one a and b in R.

Definition 2.2. Let (R, +,-) be a hemi ring. A S-Fuzzy soft sub hemi ring (H, C) of R is said to be an
Fuzzy soft normal sub hemi ring (SFSNSHR) of R if it satisfies the subsequent conditions:
(D 0y (ab) = pep,cy(ba) on behalf of all a and b in R.

*Corresponding author.

E-mail address: anithaarenu@gmail.com (Anitha).
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Definition 2.3. Let R and R! be some two hemi rings. Assent to f is a mapping from R to R' be
any function and let B be a S- Fuzzy soft sub hemi ring in R, V be an S-Fuzzy soft sub hemi ring in
f(R) =R, defined by iy (5) = SUP(a)e p—1(0) (1(r,)) (@) intended for every a within R as well as b in R*
. After that B is called a pre image of V under f and it is denoted by f=(V').

Definition 2.4. Let (H, C) be an S-Fuzzy soft sub hemi ring of a hemi ring (R, +,-) and a in R. Then
the pseudo S-Fuzzy soft coset (x(H, B))P obviously ((wp(g,cy)?)(a) = p(x)i(m,c)(a), for every x in R
and for some p in P.

3 A few proofs associated by way of S-fuzzy soft sub hemi rings of a
hemi ring

Theorem 3.1. If (H,C) is an S-Fuzzy soft sub hemi ring of a hemi ring (R, +,-), then (H,C) is an
S-Fuzzy soft sub hemi ring of R.

Proof. Allow (H,C') be an S-fuzzy soft sub hemi ring of a hemi ring R. Think about (H,C) =

(a, wemcy, () }, despite a in R, we obtain (H,C) = (H, D) { (a, e, py, (@) }, somewhere
wa,py(a) = pw,c)(a), visibly, g py(a +b) > S{M(H,D) (a), (a0 (b )}, in spite of a as well as b in
R in addition to (g py(ab) > S{um,py(a), (m,p)(b)}, for all that a moreover b in R. While B is
an S-fuzzy soft sub hemi ring of R, we encompass fi(g,c)(a + b) > S{pm,cy(a), m,c)(b)}, for all
that a in addition to b in R. Also pg,c)(ab) > S{pm,c)(a), w,c)(b)}, every a along with b in R.
For this reason (H, D) = (H, C) is an S-fuzzy soft sub hemi ring of a hemi ring R. O

Theorem 3.2. If (H,C) is an S-fuzzy soft sub hemi ring of a hemi ring (R, +,-), then (H,C) is an
S-fuzzy soft sub hemi ring of R.

Proof. Conset to (H,C) be an S-fuzzy soft sub hemi ring of a hemi ring R. With the purpose
of (H,C) = {<a,p(H7c)(a)> }, in favor of every one a in R. Let (H,C) = (H,D) =

{ (a, pem,py(a)) }, designed for the entire a along with b in R. In view of the fact that (H, B) is an

S- fuzzy soft sub hemi ring of R, which implies to facilitate 1 — (7, p)(ab) < S{(1—p(z,p)(a)), (1—-
ta,py (b))}, which implies so as to pg,py(ab) > 1 — S{(1 — ppy(a)), (1 — ww,p)d)} =
S{ua,py(a); (a,py(b)}. As a result, g py(ab) > S{um py(a), uw,p)(b)}, intended for every
one of a furthermore b in R. Consequently (H, D) = (H, C) is an S-fuzzy soft sub hemi ring of a
hemi ring R. O

Theorem 3.3. Accede to (R, +, ) survice a hemi ring and (H, C) be present a non unfilled subset of R.
Then (H, C) is a sub hemi ring of Rmerely if (H, D) = <X(H7C), X(H’C)> is a S-fuzzy soft sub hemi ring
of R, where x () is the characteristic function.

Proof. Allow (R, +, ) be a hemi ring in addition to (H, C') be a unbalance subset of R. Primary
agree to (H, C') be a sub hemi ring of R. Obtain ¢ with b in R.

Case (i): Condition a furthermore b in (H,C) afterward a + b, ab inside (H, C), given that
(H,C) is a sub hemi ring of R, x(zc)(a) = xmc)(b) = x@ceyla +b) = xme)lab) = 1
with x(m0)(a) = x@m,0)(b) = xX@,c)la+b) = xwmc)lab) = 0. As a result, x(g,cy(a +b) >
S{(a), (m,c)x ()}, meant for every one of a also b within R, x(g,cy(ab) > S{x(m,c)(a), x(#,c)(0) },
behalf of all a along with b inside R. Subsequently, x(g,cy(a +b) < S{x(m,c)(@), X(m,0) (b )} in
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favor of every part of @ in addition to b into R, x(z,¢)(ab) < {x(m,c)(a), X(H,0)(b)}, intended for
each and every one a as well as b within R.

Case (ii) Either a or b in (H,C), then a + b,ab may or may not be in (H,C), x(g,c)(a) =
L x(m,c)(b) = 0(or) X(m,c)(a) = 0,X(m,c)(b) = 1), x(mc)la+b) = 1, x@m,0)(ab) = 1 (or 0) and
Xw,c)(@) = 0,xm,c)(a)(b) =1 (or) x(m,c)(a) = L, x(m,c)(b) = 0)xm,c)(a+b) = X@u,c)(ab) =0
(or 1). Obviously xmcy(a +b) = S{x,c)(a), x#,c)(b)}, for all that a along with b in
R, x(m,cy(ab) > S{x(m,c)(a), x(#,c)(b)}, intended for every a and b in R, and x (g ,c)(a + b) <
S{x(#,c)(@), X(m,0) (D) }, for all a and b in Ry (g oy (ab) < S{x(m,cy(a), x(a,c)(b)}, for all @ and b in
R.

Case (iii) If « and b somewhere else (H, C'), at that time a+b, ab may well otherwise may not in
(H,C), xu,0)(a) = xm,c)(b) = 0, X(m,0)(a+b) = x(m,0)(ab) = Lor0and x(u,c)(a) = x(#m,c)(b) =
Lxmc)la+0b) = xme(ab) = 0or 1. Evidently x(m.c)(a +b) = S{xm.c)(a), x(m,c)(b)}, for
all a and b in Ry g,c)(ab) > S{x(m,c)(a), x(#,c)(b)}, for all @ and b in R and x(g,c)(a + b) <
S{x(m,0)(a), X(m,0)(b)}, for all a and b in Ry cy(ab) < S{x(m c)(a), x(m,c)(b)}, for all a and
b in R. Subsequently in above conditions we comprise B is a fuzzy soft sub hemi ring of
(H,C) hemi ring R. On the contrary, Accede to a and b in (H,C), In view of the fact that
(H,C) is non blank subset of R, thus x(g,c)(a) = Xx(,0)(0) = 1, xH,0)(@) = X(H,0)(b) = 0.
While B = <X(H,C)7Y(H,o)> is a fuzzy soft sub hemi ring of R, we have x g c)(a +b) >
S{x,cy (@) x(m,cy)(0)} = S{1,1} = 1, x(m,c)(ab) = S{x(m,c)(a), x(m,c)(ab)} = §{1,1} = 1. For
that reason x(p.c)(a +b) = Xmc)(ab) = 1. and x(nc)(a +b) < S{x@m,c)(a), x@m,c)(b)} =
max{0,0} = 0, x(m,c)(ab) < S{x(m,c)(a), X(m,0)(b)} = max{0,0} = 0. Therefore x (g cy(a +b) =
X(#,c)(ab) = 0. Thus a + b as well as ab in (H, C), as a result (H, C') is a sub hemi ring of R. [

Theorem 3.4. Let (H,C) be an S-fuzzy soft sub hemi ring of a hemi ring H and f is an isomorphism
from a hemi ring R onto H. Then (H,C) o f is an S- fuzzy soft sub hemi ring of R.

Proof. Consent to a and b in R as well as (H, C) be an fuzzy soft sub hemi ring of a hemi ring
H. Subsequently, it is encompassed, (p (g, C) o f)(a+b) = wmucyfla+b) = pumucyifla)+ f(b)},
as  is an isomorphism > S{ju(scy f(a), 1.cf ()}, = S{{sugzr ) © £)(@), (e © £)(B)}, which
implies so to (k(m,c) © f)(a +b) = S{(um,c) Of)( ) () © )(B)}- And( ey © f)lab) =
ey (flab)) = wme)(f(a)f(b), as f is an isomorphism > S{pg,cyf(a), o) f(0)} =

S{(uca,cy o F)(a), (e ey o )(b)}, which implies that (1, © f)(ab) = S{(um,c)© F)(a), () o
f)(b)}. For that reason (H,C') o f is a S- Fuzzy soft sub hemi ring of a hemi ring R. O

Theorem 3.5. Let (H, C) be an S-fuzzy soft sub hemi ring of a heim ring h and f is an anti-isomorphism
from a hemi ring r onto h. Then (H,C) o f is a S-fuzzy soft sub hemi ring of R.

Proof. Accede to a and b in R in addition to (H, C) be an S-fuzzy soft sub hemi ring of a hemi
ring H. Afterward we have (g cy o f)(a +b) = pc)(fla+0b) = pce)(f() + f(a)), as
[ is an anti-isomorphism > min{sx ¢ f(a), pc)f(b)} = S{(uw,c) o f)a), () © F)0)},
which implies to facilitate (y(g,c) © f)(a +b) > S{(,u(HC o f)(a), (w,cy o f)(b)}. In addition
to, (i © Flab) = ey o £ab) = wurey © (F(B)f(a)), as f is an anti-isomorphism
> S{pw.coy(a), w ey f(0)} = S{(wm.c)of)(a), (wm.c)of)(b)}, whichimplies to (pi(z,cyo f)(ab) >
{(m,cyo f)(a), (ie,cyo f)(b)}. Thus (G, B) o f is an S-fuzzy soft sub hemi ring of the hemi ring
R. O

Theorem 3.6. Let (H, C') be an S-fuzzy soft sub hemi ring of a hemi ring (R, +, -), then the pseudo fuzzy
soft co-set (x(H, C))P is an S-fuzzy soft hemi ring of a hemi ring R, for every x in R.
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Proof. Consent to (H, C') be an S-fuzzy soft sub hemi ring of a hemi ring R. In favor of each a and
bin R, we have

(@)’ )@+ b) = p(z)wm,c)la+b) > p(x)S{(kw.c)(a), (ko) ()}
= S{p(@)(k(m,c)(a), (b,c)(0)}
= S{((zpm,c))?) (@), (@pcy)P) ()}

As aresult, ((zpm,cy)P)(a+b) > S{((zpm,c))P) (@), (wpw,c))P)(b) }. At this istant

(@pm,cy)P)(ab) = p(z) i, )(ab) p(z )S{u (#,0)(@); oy ()}
= S{p(x) w0y (a), p(@) 11,0y (b) }
= S{((zp ) )(a), ((rru HC)) )(0)}.

Consequently, ((71(s1.c)")(ab) > S{((x11(11.0))") (@), ((@h(11,01)")(8)}. From now (a(H, C))? is an
S-fuzzy soft sub hemi ring of a hemi ring R. O

4 Conclusion

In the current work, a novel concept of S-fuzzy soft sub hemi ring of a hemi ring which are
defined with some properties and related theorems are studied.
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Abstract

In this paper, we will establish asymptotic behavior of solutions for the fractional order nonlinear dynamic
equation on time scales

(p (t)}g D x (1?))A +f(t,x7(t)) =0, forallt e [ty,+o0)p,

with « € [0,1), where E)Dfx is the Riemann-Liouville fractional derivative of order & of x on time scales. We
obtain some asymptotic behavior of solutions for the equation by developing a generalized Riccati
substitution technique. Our results in this paper some sufficient conditions for asymptotic behavior of all
solutions.

Keywords: Oscillation, Dynamic equations, Time scale, Riccati technique, Fractional calculus.

2010 MSC: 34K11, 39A10, 39A99, 34C10, 39A11. (©2012 MJM. All rights reserved.

1 Introduction

In this paper, we are concerned with the asymptotic behavior of solutions for the fractional order nonlinear
dynamic equation on time scales

(p (t)}(r) Difx (t))A +f(t,x7(t)) =0, forall t € [ty, +o0), (1.1)

witha € [0,1), where EEDf‘x is the Riemann-Liouville fractional derivative of order « of x on time scales. Since
we are interested in asymptotic behavior, we assume throughout this paper that the given time scale T is
unbounded above and is a time scale interval of the form [tg, +00) := [tg, +00) N T.

Throughout this paper and without further mention, we formulate the following hypotheses:

(Hy) f:T xR — R, is a continuous function verifying

xf(t,x) >0, forallt € [tg, +00), x € R\ {0}.

*Corresponding author.
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(Hp) There exist a function r : T — IR, which is a positive and rd-continuous, such that

fix) >r(t), forall t € [ty, +-00)y, x € R\ {0}. (1.2)

(H3) p: T — R is a real-valued rd-continuous functions, such that

© 1
/ A= oo, (1.3)
o p(t)

By a solution of we mean a nontrivial real-valued function png Dix € CL ([Tx, +o0)1,R), where
Ty € [tg, +00) , which satisfies on [Ty, +o0) 1. The solutions vanishing in some neighborhood of infinity
will be excluded from our consideration.

A solution x of is said to be oscillatory if it is neither eventually positive nor eventually negative,
otherwise it is non oscillatory. Equation is called oscillatory if all its solutions are oscillatory.

The theory of dynamic equations on time scales, which has recently received a lot of attention, was
introduced by Hilger in his Ph.D. thesis [1]] in order to unify continuous and discrete analysis. The books
on the subjects of time scale, that is, measure chain, by Bohner and Peterson [3]],[4], summarize and organize
much of time scale calculus.

The theory of oscillations is an important branch of the applied theory of dynamic equations related to
the study of oscillatory phenomena in technology, natural and social sciences. In recent years, there has been
much research activity concerning the oscillation of solutions of various dynamic equations on time scales.

In the last decade, there has been increasing interest in obtaining sufficient conditions for the oscillation
and non oscillation of solutions of different classes of dynamic equations on time scales, and we refer the
reader to the papers [19], [22].

So far, there are any results on oscillatory of (1.1)). Hence the aim of this paper is to give some asymptotic
behavior criteria for this equation.

2 Preliminaries

A time scale T is an arbitrary nonempty closed subset of the real numbers. For t € T, we define the
forward jump operator ¢ : T — T by o (t) = inf{s € T :s > t}, and the backward jump operator p () =
sup{s € T:s < t}. (supplemented by inf@® := sup T and sup @ := infT) are well defined. If o (t) > t we
say that t is right-scattered, while if p (t) < t we say that ¢ is left-scattered. Points that are simultaneously
right-scattered and left-scattered are said to be isolated. If o (t) = t, then ¢ is called right-dense; if p (t) =,
then t is called left-dense. Points that are right-dense and left-dense at the same time are called dense. If T has
a left-scattered maximum M, define TF := T — {M}; otherwise, set Th .= T.

The graininess function for a time scale T is defined by y (t) = o (t) — ¢, and for any function f : T — R
the notation f7 (t) denotes f (o (t)). The A-derivative of f : T — R at a right dense point ¢ is defined by

Mgy — pimd (D = ()
fr) = Eg} t—s
If t is not right scattered, then the derivative is defined by
_FO-10),
p(t)
A function f : T — R is said to be rd-continuous provided it is continuous at right-dense points in T and at

each left-dense point t in the left hand limit at t exists (finite). The set of rd-continuous functions f : T — R s
denoted by C,; (T, R). We will use the following product and quotient rules for the derivative of the product

£2(8)

fg and the quotient Jé where (g7 (t) g () # 0) of two differentiable functions f and g,

I PN A e feh
(fg)" =fg+f¢", and (g> =g
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For a,b € T, and for a differentiable function f, the Cauchy integral of f* is defined

[ rma=ro)-f@,

and the improper integrals are defined in the usual way by

/;ofA (t) At = lim /umfA (t) At.

b—c0 .

For more on the calculus on time scales, we refer the reader to [3} 4].
We introduce the fractional differentiation and fraction integral on time scales is defined [21].

Definition 2.1 (Fractional integral on time scales). [21] Suppose T is a time scale, [a, b] is an interval of T, and h is
an integrable function on [a,b] . Let 0 < a < 1. Then the (left) fractional integral of order w of h is defined by

t(t—g a—1
Tyep (1) ::/a (tr(lx))h(s) As.

here T is the gamma function defined by:
I(t):= / x'"le=*dx,  forall x > 0.
0

Definition 2.2 (Riemann-Liouville fractional derivative on time scales). [21]] Let T be a time scale, t € T,
0<a<landh:T — R. The (left) Riemann-Liouville fractional derivative of order w of h is defined by

TDop () = r(11—a) (/ﬂt (F—s)™Hh (S)As)

We present some fundamental properties of the fractional operators on time scales.

A

Theorem 2.1. [21] Let T be a time scale with derivative A, a, t € T and 0 < a < 1. Then, the following properties
hold:

1. Tpy = Aol 1172,
2. Iprol 1 =14,

3. Ippte =T Do An,

where n € IN and Id denotes the identity operator.

3 Main Results

In this section, we establish some sulfficient conditions which guarantee that every solution x of (1.1)
oscillates on [fg, +-00) or tlirf x () exists (finite).
—+00

Lemmas 3.1| give useful information about the behavior of possible non oscillatory solutions of ([1.1]).

Lemma 3.1. Let (Hy)-(H3) holds. Suppose that x is an eventually positive solution of (1.1)), then there are only the
following two possible cases for t € [t1,+00)y , where t1 € [tg, +00) sufficiently large:

R Tx (1) >0,

1 (PO Dix (1) <0, Dk (1) > 0,54 (1) > 0

/to
T A T A Til—a
2. (p Oh Df‘x(t)) <0, TDex (£) > 0,x2 (£) > 0, T} %x (1) > 0.

/to rto
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Proof. Let x be an eventually positive solution of ([1.1)). Then there exists a t; € [tg, +o0)y such that x7 () > 0
fort € [t1, 4+0c0)y. From ((1.1]), we have

A
(p (i‘)}r0 Dfx (t)) <0, forallte€ [t],400)p. (3.4)

Thus, EFODt”‘x (t) is decreasing on [t, +00). We claim that E)Dt”‘x (t) >0, forall t € [t1,40c0)y. If not, then there
exista tp € [t;,4+00) and a constant ¢ > 0 such that

p(OEDix(t) < —¢  forallt € [t +00)y.
By propertied the Theorem [2.1|and ([3.4]), we obtain

1
Tpi-ax(t) <T Itl_"‘x(tl)—é/t Sy forallte ity
1

hence, we have %I}*"‘x (t) - —o0 as t — 400, which is a contradiction. O

Remark 3.1. Along the work, we also use the notation
_d7(t)
G

Theorem 3.2. Suppose that (Hy)-(Hs) holds and that there exist a positive functions 6, ¢ € CL, ([to, +o0),R™)
such that for every sufficiently large t; € [to, +00),

Td(t) :

and  &y:=T(2—a).

T 8(s)]%p (s s
/ 6 (0 (9)— ) (o) ) - P ETOO @5)
and
¢(t)—E (L) () <0, forallt € [t,+00)p, (3.6)
where
t1
() :=p(t) /t1 WAT, forallt € [t;, +oo)p.

Then the solution x of (1.1)) is oscillatory or tll}rroox (t) exists (finite).

Proof. Let x be a non oscillatory solution of . We only consider the case when x is eventually positive,
since the case when x is eventually negative is similar. by Lemma 3.1 we see that x satisfies either case (T]) or
case ([2).

Suppose first that x satisfies ([I]) of lemma([3.1} hen there exists t; € [to, +00)y such that x (£) > 0and x7 (t) > 0
forallt € [t;,+o0) .

Define the function w by

o PORDEE .
to 't x(t)
Then w (t) > 0 forall t € [t;, 400).
Using the product rule and the quotient rule, we get
T T e A T 1 T1-a,\*
p (67 Dix () (r (0 DEx (1)) p (O Dix (1) (F1ox) " (1)

w? (1) = 6% (t) 87 (1) — 07 (t) (3.8)

BL ()

(Fi—x)" () T () (Fix) (1)
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From ([L.1]), (3.8) and propertied (I]) the Theorem 2.1} we obtain

p (1), Dix (1) ¥ () () p () Dix () Dix (1)

w® (1) < 68 (1) —r ()87 (t) (3.9)
- Trl-«a —a.\’ —a —a.\7
e "x (t) (Fr—x) (1 T (i) o
Substituting in (3.9), we have
8 () < (1) () _whtx ()
w® (1) < w’ (t) —r(£) 67 (t) — 0 w? (t). (3.10)
- — 2 )\
4 (t) (?{;Itl x) (ty 2 p) Gf,ltl x) (t)
Hence, we obtain by that ng‘x (t) is decreasing on [t1, +-00). Then, we obtain
|
Tl-a T o
M) = [ oo (p o Pix () A
> (¢, tl) Dix(t),  forallt e [t;,+oo)p
Therefore, we have
— A o D(
A 1) = aDix (g (1) =7 ["x (1) ¢ (1)
¢ ¢ ()97 (1)
TfDuc
< W (¢ E(tt) o> (t)) <0, forallt€ [t,+oo)g
Tllflx
Thus, - is a nondecreasing function on [t;, +o)y, we have
Trl—a
ol "x(t) > ¢ (1) , forallt € [ty,+00) . (3.11)
e ()’ 97 (1) !
(Fii—x )
Substituting in , we have
5% (1) X7 () a7 (t) ¢(t)
wh (1) < w’ (t) —r ()67 (¢ — w? (t). (3.12)
Since x is a decreasing function, we have
t —u
Tl-a _ (t — S)
ol x(t) = /to 1,(1_a)x(s)As
(t—s)"
<
< x(t)/ LS
< gl (t—t) " “x(t), forallte [t,+oo)p. (3.13)
Substituting (3.13) in (3.12]), we get
5% (1) - a7(t)  ¢(b)
A () < o PR e Ty 2
w” (1) < 70 w? (1) — &a (o (£) — t0)" 1 (£) 87 (¥) 2B p @ ¢>‘7(t)w (t). (3.14)
Using the inequality [22]
B2
Bx — Ax*> < — forallx e Rt, A>0and B € R. (3.15)

4A’
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we get

[62 ()] p (£) To (1)
457 (t) ’

Wt (1) < —&u (0 (1) —t)* 7 ()07 (1) +

Integrating both sides of the last inequality from #; to f, we obtain

t 8 ()P p (s s
@)= w() < - [ 6o - (o) o () - T LETE
Since w (t) > 0, for all t € [tp, +-00), we have
[ & p(s) T (s)

tté‘a (0 (s)— to)’x_1 r(s) 67 (s) — As <w(t) < oo,

467 (s)

which is a contradiction with (3.5). Hence, case ([1)) of Lemma [3.1|is not true.
Secondly suppose that x satisfies (2)) of lemma then clearly tlir+n x () exists (finite).
— o0

Thus, the proof is complete. U

Remark 3.2. The function ¢ is existent, e.g., by letting

t
P (t) := /t1 pzs)AS' forall t € [t;,+00)p.

Remark 3.3. If we take T =R, it is clear that Td (t) = 1.
Taking ¢ (t) = 1 in Theorem we have the following the corollary.

Corollary 3.1. Suppose that (Hy)-(Hs) holds and for every sufficiently large t; € [tg, +00),

/oo (0 (s) —to)* ' 7 (s) As = oo. (3.16)

51
Then the soluti 1.1)) illat li t) exists (finite).
en the solution x of (1)) is oscillatory or Jm x (t) exists (finite)
Similar to the proof of Theorem 3.2], we can prove the following theorem.

Theorem 3.3. Suppose that (Hy)-(Hs) holds and that there exist a positive functions 6, ¢ € CL; ([to, +o0),R™)
such that (3.6)) holds and for every sufficiently large t1 € [to, +00)

2
lim — / (t—s)" ((a(s) —t0)* 17 ()67 (s) — w> As = oo,

where m > 0.
Then the soluti 1.1)) is oscillat li t) exists (finite).
en the solution x of ([L.1)) is oscillatory or tJwa( ) exists (finite)

Taking 0 (t) = 1 in Theorem [3.3| we have the following the corollary.
Corollary 3.2. Suppose that (Hy)-(Hs) holds and for every sufficiently large t; € [tg, +-00),

t
lim i/(t—s)m (0 (5) — t)* 1 7 () As = oo, (3.17)

where m > 0.
Then the solution x of (1.1)) is oscillatory or tgrfwx (t) exists (finite).

566



4 Example

In the following, we illustrate possible applications with two examples.

Example 4.1. Consider the fractional order dynamic equation on time scales

=0, forallt €[l,+0c0),. (4.18)

(#Dpx (t))A + %

Let r (t) = 1 and f (x) = x. It is easy to see that the conditions (Hy), (Hp) and (Hs) are satisfied. We will apply
CorollaryB.1)and it remains to satisfy the condition (3.16)). For every sufficiently large t1, since

(n—1)" 1

[ troas- g sy Lo
t n=t n n>t;

which yields that (3.16|) holds.
Hence, by Corollaryevery solution of ({4.18)) is oscillatory or tEI-Poox (t) exists (finite).

Example 4.2. Consider the fractional order dynamic equation on time scales
Ry« A
<t1 Dix (t)) +tx(t) =0, forallt € [1,+00)g. (4.19)

Let p(t) =t,r(t) = tand f (x) = x. It is easy to see that the conditions (Hy), (Hy) and (Hj3) are satisfied. We will
apply Corollary[3.1)and it remains to satisfy the condition (3.16)). For every sufficiently large ty, since

/ (t—t)" L r(t)ds = / (s —to)* ' sds ~ / stds = oo,
ty

ty ty

which yields that (3.16)) holds.
Hence, by Corollaryevery solution of ({4.19)) is oscillatory or tgrfwx (t) exists (finite).
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Abstract

In this paper, we have studied the algebraic operations of anti S-fuzzy soft sets to establish their basic
properties. We have discussed different algebraic structures of anti S-fuzzy soft sets under the restricted
and extended operations of union and intersection in a comprehensive manner. Logical equivalences have
also been made in order to give a complete overview of these structures.

Keywords: Fuzzy soft set, anti S fuzzy soft subhemiring, pseudo anti S fuzzy soft coset.
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1 Introduction

Many fields deal daily with the uncertain data that may not be successfully modeled by the classical
mathematics. There are some mathematical tools for dealing with uncertainties; two of them are fuzzy
set theory, developed by Zadeh (1965), and soft set theory, introduced by Molodtsov (1999), that are
related to this work. At present, work on the soft set theory is progressing rapidly. Maji et al (2003)
defined operations of soft sets to make a detailed theoretical study on the soft sets. By using these
definitions, the applications of soft set theory have been studied increasingly. Soft decision making
(Cagman & Enginoglu 2010a, 2010b, Cagman et al 2010a, 2010b, Chen et al 2005, Feng et al 2010, Herewan
& Deris 2009b, Herawan et al 2009, Kong et al 2008, 2009, Maji et al 2002, Xiao et al 2003, Majumdar
& Samanta 2008, 2010. Cagman & Enginoglu (2010a) redefine the operations of soft sets to make them
more functional for improving several new results. By using these new definitions they also construct a
uni-int decision making method which selects a set of optimum elements from the alternatives. Cagman
& Enginoglu (2010b) introduced a matrix representation of this work that gives several advantages to
compute applications of the soft set theory. Later than the preamble of fuzzy sets as a result of L.A. Zadeh
[16], more than a few scholars developed lying on the overview of the notion of fuzzy sets. Ali, M.I.,, M.
Shabir and M. Naz, [5] developed the algebraic structures of soft sets associated with new operations,
Fuzzy Sets and Systems: Theory and Applications was urbanized by Dubois, D. and Prade, H.[8], also
Maji, PK., R. Biswas and A.R. Roy, [13] have been produced Fuzzy Soft Sets. In this article, we introduce
some properties and theorems in anti S-fuzzy soft subhemirings of a hemiring.

2 Preliminaries

Definition 2.1. A S-norm is a binary operation S : [0,1] x [0,1] — [0, 1] satisfying the following requirements:

(i) 0Sx = x,1Sx = 1 (boundary conditions)

*Corresponding author.
E-mail address: anithaarenu@gmail.com (Anitha).
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(ii) xSy = ySx (commutativity)
(iii) xS(ySz) = (xSy)Sz (associativity)
(iv) If x € yand w € z, then xSw € ySz (monotonicity).
Definition 2.2. Let (R, +, -) be a hemiring. (F, A) -fuzzy subset of R is said to be an anti S-fuzzy soft subhemiring(
anti fuzzy soft subhemiring with respect to S-norm) of R if it satisfies the following conditions:
@) pie,a)(x+y) < S(HeEa)(*), 1EaY))

(ii) p(r,n)(xy) < S((r,a) (%), p(E,a)(Y)), for all x and y in R.

Definition 2.3. Let (F, A) and (F,B) be fuzzy subsets of sets G and H, respectively. The anti-product of (F, A)
and (F,B), denoted by (F, A x B) is defined as (F, A x B) = {((x,Y), (r,axp)(%,y))/ forall xinG and y in

H}, where p(p, o) (x,y) = max {pr,4y(x), 1 (r,p) () }-

Definition 2.4. Let (FA) be a fuzzy subset in a set S, the anti-strongest relation fuzzy relation on S, that is fuzzy
relation on (EA) is (G,V) given by p ¢ v)(x,y) = max {y(F,A) (x), (E,B) (y)} forall x and y in S.

Definition 2.5. Let (R, +,-) and (R',+,-) be any two hemirings. Let f : R — R’ be any function and (F, A)
be an anti S fuzzy soft subhemiring in R, (G, V) be an anti S- fuzzy soft subhemiring in f(R) = R, defined by
vy (y) = infyc ) H(g,a)(x) for all x in R and y in R'. Then (F, A) is called a preimage of (G, V) under f
and is denoted by f~1((G,V)).

Definition 2.6. Let (F, A) be an anti S fuzzy soft subhemiring of a hemiring (R, +, -) and a in R. Then the pseudo
anti S fuzzy soft coset (a(F, A))? is defined by ((a],t(F,A))”) (x) = p(“)y(F,A)(x),for every x in R, and for some p
in P.

3 Properties of anti S-fuzzy soft subhemiring of hemiring

Theorem 3.1. Union of any two anti S fuzzy soft subhemiring of a hemiring R is an anti S fuzzy soft subhemiring
of R.

Proof. Let (F,A) and (G, B) be any two S-fuzzy soft subhemirings of a heniring R and x and y in
R. Let (F,A) = {<( )r He,a) (X )>/x € R} and (G,B) = {<( )sG,p) (X )>/x € R} and also let

(#,0) = (£,4) 0 (6,8) = { () ey () /x € R}, where max { e (1) ey (00 | = (),

now, p(g,c)(x +y,q) < max{S(V(F,A)(x)/H(F,A)(]/))/S(H(G,B)(x)/H(G,B)(y))} < S(Hem,c)(X), By (W)
Therefore, pc)(x +y) < S(Hm,c) (%), (HC)(y)), for all x and y in R. And, y(HC)(xy) <

max {S(p(r,4) (%), t(r,4) (), S(Hc,8) (X), 18y (W)} < S(hm,c) (%) 1m,c)(y)). Therefore, iy c)(xy) <
S(V(H,C) (x), #(p,c)(y)), for all x and y in R. Therefore (H,C) is an an anti S-fuzy soft subhemiring of a
hemiring R. O

Theorem 3.2. The Union of a family of anti S-fuzzy soft subhemirings of hemiring R is an anti S-fuzzy soft
subhemiring of R.

Proof. It is trivial. O

Theorem 3.3. If (F, A) and (F, B) are two anti S-fuzzy soft subhemirings of the hemirings Ry and Ry respectively,
then anti product (F, A x B) is an anti S-fuzzy soft subhemiring of Ry x Ry.

Proof. Let (F,A) and (G, B) be two anti S-fuzzy subhemirings of the hemirings R; and R; respectively.
Let x1 and x; be in Ry, y1 and y in Ry. Then (x1,y1) and (xp, y2) are in Ry X Ry. Now,

er,axB) (X1, 11) + (x2,12)]

< max {S(p(r,a) (1), (r,a)(x2)), S (Her,8) (Y1), HiwB) (V2)) }
< S(F(P,AxB)(xllyl),#(P,AxB)(leyz))-



576 N. Anitha et al. / Anti 5-fuzzy soft subhemirings...

Therefore,
wE,ax)[(x1,y1) + (x2,92)] < S(p(r,axp) (X1, ¥1), H(F,axB) (*2,¥2)).-

Also,

P‘(F,AxB)[(x1/]/1)(x2/]/2)]

< max {S(u(p,a)(x1), t(r,a)(x2)), S(#(r,5) (Y1), 5y (Y2)) }

< S(P‘(F,AxB)(xlrl/l)/P‘(F,AxB)(xzrl/z))-
Therefore,

e, axp)[(x1,y1) (x2,¥2)] < S(Hepax) (X1, Y1), Hipaxp) (X2,Y2))-

Hence (F, A x B) is an anti S-fuzzy soft subhemiring of a hemiring Ry x Rj. O

Theorem 3.4. Let (F, A) be a fuzzy soft subset of a hemi ring R and (G, V) be the anti strongest fuzzy relation of
R. Then (F, A) is an anti S fuzzy soft subhemiring of R if and only if (G, V') is an anti Sfuzzy soft sub hemi ring of
R X R.

Proof. Suppose that (F, A) is an anti S-fuzzy soft subhemiring of a hemiring R. Then for any X = (x1, x7)
and Y = (y1,12) arein R x R, We have

pcvy < max {S(ppa)(x1, ¥1), e a) (X2, 42) }
< max {S(p(r,a)(x¥1), 0y (1)), S (#r,a) (X2), ep,a) (Y2)
< S(u(Gv)((x1,%2)), kv ((Y1,42)))
< S(P‘(G,V)(X)/V(G,V)( )), forall Xand Yin R x R.

Therefore, (g ) (XY) < S(P‘(G,V)(X)rﬂ(c,v) (Y)), forall Xand Yin R x R. This proves that (G, V) is an
anti S fuzzy soft subhemiring of a hemiring of R x R. Conversely assume that (G, V) is an anti S-fuzzy
soft subhemiring of a hemiring of R x R, then for any X = (x1,x2) and Y = (y1,y2) are in R x R. We have

max {S(p(p,a) (X1 + 1), H(E,a) (2 +Y2)) }
= ) (X+Y)
< S(ue,v)(X), 1w (Y))
=5(u GV)((xllyl)) vy (W1, y2)))
S(max(p(r,ay(x1), (r,a) (1)), max(p(r,ay (x2), p(r,a) (¥2)))-

If Xp =0,y2 = 0, we get p(p 4)(x1 +y1) < S(V(F,A)(xl),y(F,A)(yl)) for all x; and y; in R. And

max{S(pr,a)(x141), H(r,a) (X2y2) }

= P‘(G,V)(x/y)

< Sy (X), 1w (Y))

= S,y ((x1,11)), mG,v) (Y1, 92)))

= S(max{p(r,a)(x1), p(r,a) (x2) b max{p(r a) (V1) 1(F,a) (V2) })-
Ifxp =0,y = 0. We get pip 4)(x11) < S(y(F,A)(xl),y(F,A)(yl)) for all x; and y; in R. Therefore (F, A) is
an anti S-fuzzy soft subhemiring of R. O
Theorem 3.5. If (F, A) is an anti S-fuzzy soft subhemiring of a hemiring (R, +,-) if and only if pp o) (x +y) <
S(V(F,A) (x), H(F,A) (y)/V(F,A)(xy)) < S(V(P,A) (x), H(F,A) (y)) for all x and y in R.

Proof. 1t is trivial. O
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Theorem 3.6. If (F, A) is an anti S-fuzzy soft subhemiring of a hemiring (R,+,-), then H = {x/x € R :
#(E,a)(x) = 0} is either empty or is a subhemiring of R.

Proof. 1t is trivial. O

Theorem 3.7. If (F, A) is an anti S-fuzzy soft subhemiring of a hemiring (R, +,-). If p(p,a)(x +y) = 1, then
either pp p)(x) = Lor u a)(y) =1, forall x and y in R.

Proof. It is trivial. O

Theorem 3.8. If (F, A) is an anti S-fuzzy soft subhemiring of a hemiring (R, +,-), then the pseudo anti S-fuzzy
coset (a(F, A))? is an anti S-soft subhemiring of a hemiring R, for every a in R.

Proof. Let (F,A) is an anti S-fuzzy subhemiring of a hemiring R. For every x and y in R,
we have ((W(P,A))p)(x +y) < p(a)S<V(P,A)(x)/V(F,A) (}/)) € S(P(ﬂ)V(F,A)(x)/P(’l)ﬂ(P,A) ) =

S((apr,a)? (%), (ap(r,a)? (y)).  Therefore, ((ap(pa))?)(x +y) < S((ap(ea)? (%), (ap(ra)f (y)). Now,
((ap(r,a))7) (xy) <

p(a)S (p(r,a) (%), p(,a) (v) € S(p(a ) (), (@), () = S((ap(p,a)P (x), (ap(e,a)P () Therefore,
((ap(,a) ) )( xy) < S((ap(g,a)P (%), (ap(g,a)" (v) ). Hence (a(F,A))F’ is an anti S-fuzzy soft subhemiring of
ahemlrng O

Theorem 3.9. Let (R, +,-) and (R', +,) be any two hemi rings. The homomorphic image of an anti S-fuzzy soft
subhemiring of R is an anti S-fuzzy soft subhemiring of R’.

Proof. Let f : R — R’ be a homomorphism. Then f(x+y) = f(x)+ f(y) and f(xy) = f(x)f(y),
for all x and y in R. Let (G,V) = f((F,A)), where (F,A) is an anti S-fuzzy soft subhemiring of
R. Now, for f(x), f(y) in R, p6,v) (f(x)) + (f())) < .u(FA(

) )
implies that p(c,)((f(x)) + (f( ) < S(ue ) (F(x) Hew (
we ) ((F)FW))) < Sk v (x), Hic v (v ))

Hence (G, V) is an anti S fuzzy subhemlrmg of hemiring R’. O

x+Yy) < S(r,a)(x) #(r,a)(y)), which
fN))- Again, pcv)((f(x))(f(y)) <

Theorem 3.10. Let (R, +,-) and (R, +,-) be any two hemirings. The homomorphic preimage of an anti S-fuzzy
soft subhemiring of R is an anti S-fuzzy soft subhemiring of R.

Proof. Let f : R — R’ be a homomorphism.Then, f(x +y) = f(x)+ f(y) and f(xy) =
f(x)f(y), for all x and y in R. Let (G,V) = f((F,A)) , where (G,V) is an anti S- fuzzy soft
soft subhemiring of R’. Now, for all x,y in R, upa)((x) + (y) = pen((f(x)+ (f¥))

S(ie ) (f() vy (f(¥) = S((ra)(x), p(r,a)(y)), which implies that ) ((x) + (¥))
S((r,a)(X) H(r,a)(Y))- Again, ) ()W) = By (F)fY) < Skey)(f(x), M(( 6 v)(f())

S(#(r,4) (%), 1(r,A)(v), which implies that j(r,4) ((x) (v)) < S(p(F,a)(x), p FA)( ))- Hence (F, A) is an anti
S fuzzy soft subhemiring of hemiring R. O

I IAIA

Theorem 3.11. Let (R, +,-) and (R',+, ) be any two hemirings. The anti-homomorphic image of an anti S-fuzzy
soft subhemiring of R is an anti S-fuzzy soft subhemiring of R’.

Proof. Let f : R — R’ be a homomorphism.Then, f(x +y) = f(x) + f(y) and f(xy) = f(x)f(y),
for all x and y in R. Let (G, V) = f((F,A)) , where (F,A) is an anti S- fuzzy soft soft subhemiring
of R piwn)((f(x) + (f(¥) < pEayl+x) < S(uEayW) uEa(x) = SEa) (), wEa)y),
which implies that 1 v) ((f(x)) + f(v))) < S(u(c,v) (f(x)), 1) (f(v))) Again, pc,v) (f(x))(f(v))) <

e,y Wx) < S(uee,a) W), (E,a) (%)) = S(H(E,a) (%), (p,4)(v)), which implies that p (¢ vy ((f(x))(f(y))) <
S((cv)(f(x)), v (f(y))). Hence (G, V) is an anti S fuzzy soft subhemiring of hemiring R'. O

Theorem 3.12. Let (R, +,-) and (R',+,) be any two hemirings. The anti-homomorphic preimage of an anti
S-fuzzy soft subhemiring of R is an anti S-fuzzy soft subhemiring of R.

Proof. Let (G, V) = f((F,A)) where (G,V) is an anti S fuzzy subhemiring of R’. Let x and
y in R Then ppa)((x) + ) = #en((fx) +(FW) < Skev(fW) ke (fx) =
S(hr,a) (%), H(ra)(y)), which implies that, pi ) ((x) + (y)) < S(ura)(x), HEa)(y)). Again
tee,a) ()W) = wev)(F))(fW)) < Sty (fW) mey) (f(x) = 5(#(FA)( x), (r,4)(y)), which
implies that p (g 4)((x)(y)) < S(p(e,a)(x), #(r,4)(y)). Hence (F, A) is an anti S fuzzy soft subhemiring of
hemiring R. O
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In the following Theorem o is the composition operation of functions:

Theorem 3.13. Let (F, A) be an anti S-fuzzy soft subhemiring of hemiring H and f is an isomorphism from a hemi
ring R onto H. Then (F, A) o f is an anti S-fuzzy soft subhemiring of R.

Proof. Let x and y in R.  Then we have, (y(ra) o f)((x) + () = pnEa((f(x) + (f(y) <
S(p(e,a)(F)) 1er,a) (W) < S((H(r,a) © £)(x), (H(F,a) © f)(y)), which implies that (u(r,4) o f)((x) +
(]/)) S S((u FA) Of( ), (hgay 0 )W) And (ueeay © (X)Y) = nEa((F))(fy) <
S(r(e,a) (f(X)), 1E,a) (f(¥)) S S((u(r,ay © f)(x), (#E,a) © f)(y)), which implies that (j(f 4) o
f)(( )(y)) < S((y(F,A o f)(x), (#(k,a) © f) (y)). Therefore (F, A) o f is an anti S fuzzy soft subhemiring
of hemiring R.

O

Theorem 3.14. Let (F, A) be an anti S-fuzzy soft subhemiring of hemiring H and f is an anti-isomorphism from a
hemi ring R onto H. Then (F, A) o fis an anti S-fuzzy soft subhemiring of R.

Proof. Let x and y in R. Then we have, (j(f ) Of)((x) W) = pEa((fy) + (f(x)) <
S(uee,a) (F(0), E,a) (f (W) < S((#(E,a) © f) (%), ( o f)(y)), which implies that ((r, 1) © f)((x) +
) S S((u FA) Of( ), (H(e,a) © )(y). And (V(FA o )W) = nEa((fW)(f(x)) <
S(hra)(f(x)), 1 (f(y)) < ((y(F,A) o f)(x) ( of) )), which implies that (H(E,a) ©

f)(( V() < S((y(F,A o f)(x), (H(pa) 0 f) W) Therefore (F,A) f is an anti S fuzzy soft subhemiring
of hemiring R.

O

References

[1] M. T. Abu Osman, On some product of fuzzy subgroups, Fuzzy Sets and Systems, 24(1987) 79-86.
[2] B. Ahmad and A. Kharal, On fuzzy soft sets, Advances in Fuzzy Systems, 1-6, 2009.
[3] H. Aktas and N. CaSman, Soft sets and soft groups, Inform. Sci. 177 (2007) 2726-2735.

[4] M. Ali, F. Feng, X. Liu, W. K. Min and M. Shabir, On some new operations in soft set Theory,
Computers and Mathematics with Applications, 57(2009), 1547-1553.

[5] M. 1. Ali, M. Shabir and M. Naz, Algebraic structures of soft sets associated with new
operations, Computers and Mathematics with Applications, 61(2011), 2647-2654.

[6] K. Atanassov, Intuitionistic fuzzy sets, Fuzzy Sets and Systems, 20(1986): 87-96.

[7] Bih-Sheue Shieh, Infinite fuzzy relation equations with continuous t-norms, Information
Sciences, 178(2008), 1961-1967.

[8] D. Dubois and H. Prade, Fuzzy Sets and Systems: Theory and Applications, Academic Press, 1980.

[9] F. Feng, Y. B. Jun and X. Zhao, Soft semirings, Computers and Mathematics with Applications,
56(2008) 2621-2628.

[10] Y. B. Jun, Soft BCK/BCl-algebra, Computers and Mathematics with Applications, 56(2008) 1408—
1413.

[11] D. Molodtsov, Soft set theory first result, Computers and Mathematics with Applications, 37 (1999)
19-31

[12] P. K. Maji, R. Biswas and A. R. Roy, Soft set theory, Computers and Mathematics with Applications,
45 (2003), 555-562.

[13] P. K. Maji, R. Biswas and A.R. Roy, Fuzzy soft sets, The J. Fuzzy Math., 9(2001): 589-602.



N. Anitha et al. / Anti S-fuzzy soft subhemirings... 579

[14] Qiu-Mei Sun, Zi-Liong Zhang and Jing Liu, Soft sets and soft modules, Lecture Notes in Comput.
Sci., 5009 (2008) 403-409.

[15] X. Yang, D. Yu, J. Yang and C. Wu, Generalization of Soft Set Theory: From Crisp to Fuzzy Case,
Proceedings of the Second International Conference of Fuzzy Information and Engineering (ICFIE-
2007), 27-Apr., pp. 345-355.

[16] L. A. Zadeh, Fuzzy sets, Inform. And Control, 8(1965), 338-353.

[17] H.]. Zimmermann, Fuzzy Set Theory and Its Applications, Kluwer, 1991.

Received: March 19, 2017; Accepted: July 13, 2017

UNIVERSITY PRESS

Website: http:/ /www.malayajournal.org/



Malaya J. Mat. 5(3)(2017) 580-586

Malaya
T Lo MIM 2,
Journal o an international journal of mathematical sciences with NP
Matematik computer applications...

www.malayajournal.org |S§N 1 2319-3786

Oscillation criteria for nonlinear difference equations with superlinear

neutral term
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Abstract
In this paper, the authors obtain sufficient conditions for the oscillation of all solutions of the equation
A(anA(xn + pnxy_)) + qnxﬁﬂ_, =0

where « > 1and B > 0 are ratio of odd positive integers, and {a, }, {p»} and {g, } are real positive sequences.
Examples are provided to illustrate the importance of the main results.

Keywords: Oscillation, nonlinear difference equation, superlinear neutral term.
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1 Introduction

In this paper, we are concerned with the oscillatory behavior of nonlinear neutral difference equation of
the form
AanA(xy + puxt_) +quxt =0, 1> ng (1.1)

where 7 is a nonnegative integer, subject to the following conditions:
(Hy) a > 1,and B are ratios of odd positive integers;

(H2) {an}, {pn}, and {g,} are positive real sequences for all n > ny;
(H3) kis a positive integer, and ! is a nonnegative integer.

Let 6 = max{k,[}. By a solution of equation (1.I), we mean a real sequence {x,} defined for alln > ny — 6
that satisfies equation foralln > ny. A solution of equation is called oscillatory if its terms are neither
eventually positive nor eventually negative, and nonoscillatory otherwise. If all solutions of the difference
equation are oscillatory then the equation itself called oscillatory.

As mentioned by Hale [4] and others, neutral equations having a nonlinearity in the neutral term arise
in various applications. We choose to investigate the oscillatory behavior of equation (1.1) since similar
properties of difference equations with linear neutral term are extensively studied in [1H3} 18} [10].

In particular in [6} 7,9, 11} [12]], the authors considered equation of the type when 0 < « < 1 and either

v o, (1.2)
n=ng an
or
@1
Y — <oco. (1.3)
n=nop an

*Corresponding author.
E-mail address: kamaraj1928@yahoo.co.in (B. Kamaraj).
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In all the results the condition p, — 0 as n — oo is required to apply the theorems. Further in [11], the authors
considered equation of the type (1.1) with @ > 1 and studied the oscillatory behavior under the condition that
lim, o infg, > 0. Motivated by thls observation, in this paper we examine the other case « > 1 and we do
not require that either p,, — 0 as n — oo or lim;, . inf g, > 0. Our method of proof is different from that of in
and hence our results are new and complement to that of reported in [6 7,9} 11} [12]. Examples are presented
to illustrate the importance of the main results.

2 Oscillation Results

In this section, we obtain sufficient conditions for the oscillation of all solutions of the equation (1.1). Define

n—1 1 00 1
Reo- Yo oa-pl
s=ng S =n s
1 M R
B, = ; 1— " 2L 1 > 0 for all constants M > 0,
k
" n+kpn+2k
and
1.7 1.
1 My 1A2+kl
E, = ; 1- : > 0 for all constants M; > 0.
k «
" Pryox
We set

Due to the from of our equation (L.1)), we only need to give proofs for the case of eventually positive solutions
since the proofs for the eventually negative solution would be similar.
We begin with the following theorem.

Theorem 2.1. Assume that (Hy) — (H3), and hold. If

ad B
Y By = oo 4

n=mnq
then every solution of equation (1.1)) is oscillatory.

Proof. Assume to the contrary that equation (L.1) has an eventually positive solution, say x, > 0, x,_x > 0,
and x,,_; > 0 for all n > ny for some n; > ny. From equation (1.1), we have

A(apAzy,) = —qnxfjﬂfl <0, n>mny. (2.5)
In view of condition (1.2), it is easy to see that Az, > 0 for all n > n;. Now, it follows from the definition of z;,
one obtains
1

xﬁ = (ZnJrk - xn+k)' (2.6)
Pn+k

L1/
On the other hand x,, ,x < ”*2" , and therefore from (2.6), we have
n+2k

1 z
x> Zuk — 2 ) 2.7)

Puok

From (2.5), we have a,Az, is positive and decreasing and therefore

Zn > RpyanAz,, n > ny, (2.8)



582 B.Kamaraj et al. / Oscillation criteria for nonlinear difference...

and hence
A (Z”> <0, n>mn. 2.9)
Ry
Now and (2.9) implies that
1 MEIRE
T wril (i wa wall AT (2.10)
" R kP ok

where we have used z,, > M > 0 for all n > n7. In view of (2.5) and (2.10), we obtain

B B
A(anDzn) +quBy 4125 1y 12 11 (2.11)

Summing the equation (2.11) from 1, to n, we have
1 B B
Y 4Bl iz < AmAzn
S=Mnq

Since z, > M, it is easy to see from the last inequality that we can obtain a contradiction with (2.4) as n — oo.
This completes the proof. O

Remark 2.1. In Theorem[2.1} we are not required the conditions a > Borw < pandl > korl < k.

Theorem 2.2. Assume that (Hy) — (H3), and hold. If I > k, and the first order delay difference equation

B B B
Awn +qnBy g Ry Wy qg =0 (212)

is oscillatory, then every solution of equation (1.1) is oscillatory.

Proof. Assume to the contrary that equation (L.1) has an eventually positive solution such that x,, > 0, x,,_; >
0,and x,,_; > 0 for all n > ny > ng. Proceeding as in proof of Theorem 2.1} we obtain (2.8) and @.11). Now
combining (2.8) and (2.11), we have

B B B
A(anDzy) + anrD[-q-l—ana-i—l-i—k—l(a”+1+k—1Azn+1+k4) * <0

Let w, = a,Azy,. Then {w, } is a positive solution of the inequality

B B B
A(anBzn) +4nBy Ry Wiy <012

But by Lemma 2.7 of [8], the corresponding difference equation (2.12) has positive solution. This contradiction
completes the proof. O

Corollary 2.1. Assume that (Hy) — (H3) and hold. If1 > k+1,a = B and

P I—k-1\""*
nlg{}o mfs:n+21:+k—l GsBs+1-1Rs 1451 > <lk) (2.13)
then every solution of equation is oscillatory.
Proof. The proof follows from Theorem 7.5.1 of [3] and Theorem 2.2} O

Corollary 2.2. Assume that (Hy) — (Hs), and hold. If p < wand | > k and
) B B
Y By Ry = (2.14)
n=nq

then every solution of equation (1.1)) is oscillatory.
Proof. The proof follows from Theorem 1 of [5] and Theorem O
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Corollary 2.3. Assume that (Hy) — (H3), and hold. If B > wand 1 > k + 1 and there exists a A > ﬁ logg
such that

B B
o « « A
Jim inf \qaBy Ry exp(—e™)| >0
then every solution of equation is oscillatory.
Proof. The proof follows from Theorem 2 of [5] and Theorem O
Our next results are for the case where (1.3) holds in place of (1.2).

Theorem 2.3. Let g > 1, (H1) — (H3), and hold. If condition holds, and

n—1 B B }75 5571
1 o o
lim sup Ad8sES o —

= dasAg

2

M, “A
7 =00 (2.15)

for all constants My > 0, then every solution of equation (1.1)) is oscillatory.

Proof. Assume to the contrary that equation has an eventually positive solution such that x,, > 0, x,,_; >
0,and x,_; > O for all n > n; > ny. From equation that holds, we then have either Az,, > 0 or
Az, < 0 eventually. If Az, > 0 holds, then proceeding as Theorem 2.1} we obtain a contradiction to condition
. Next assume that Az,, < 0 for all n > n4. Define

apAz
Uy = "E",nzm. (2.16)
Zn
Then u,, < 0 for n > ny, and from (2.5) we have
apAz
Az; < U, s>n
as

Summing the last inequality from 7 to j and the letting j — oo, we obtain

DbZnAn o g s (2.17)
Zn
Thus
B_1 £
—ayAzy(—apAzy) e A} <1
é _—
Zn
for n > ny. Since —a, Az, > 0 and from (2.16), we have
1 B
- B S unAﬁ S 0/ (218)
Lat
where L = —ay,, Az, . On the other hand from (2.17), one obtains
A(Z"> >0, 1> n. (2.19)
Ay
From the definition of z,; and (2.19), we have
1_ 19 1_4
1 Mx “A®
x> 1— L) >, (2.20)
Pn+k

Pu+ok
where we have used f‘—’; > M; for all n > nq. From (2.5) and (2.20), we obtain

B B
AanDzn) +quES 4 1Zp 1y <0, 12> ny. (2.21)
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From (2.16), we have
Ala, A Az
Aty = (“'; Zn) e Lt 2.22)
1 Zut1
By Mean value theorem
B
B Bya~l B < q.
Azﬁ S azrétllAZn, if m > 1, (223)
B Az, if B <1,
and so combining (2.23) with (2.22) and then using the fact that Az, < 0 gives
B By B qu?
Muy < —quES,, - ng AT (2.24)
n

B
since Zz—" > 1forall n > ny. Multiplying (2.24) by A}, and then summing it from 7 to n — 1, we obtain

Zn+1 —

n—1 B n—1 B B n—1 ‘B éfl B éfl uz
Y Al Bus+ Y AL GES ) M AL AS al <0.

s=nq s=nq S=nq n

(2.25)
Summation by parts formula yields

n=1 g B B n—1 B_1u
Y AL Aus > Afuy — Afun + Y EA: =,

. . (2.26)

s=n1 s=ny

Combining (2.25) and (2.26) implies

B B nlpg bqu, "By B Bogy2

n o n S n n s
Ajtn = Ay + ), DA =4 ) M AL AT
s=Mnq S s=mny n

n—1 B B
+ ), ALgsES <0

S=nq

which on using completing the square yields

SR P L :
Z As+1q5Es+1—l - B < E_, + Ay Uy
= dasAl L

when using (2.18). This contradicts (2.15) as n — oo, and the proof is now completed. O

Theorem 2.4. Let 0 < g <1, (Hy) — (Hs), and hold. If I > k, condition (2.14)) hold, and

1

=0 2.27
4a5As11 ( )

n—1
. B_1 b
nlg’i‘o sup ) |K« Asi1qsESyy —

S=Mnq
for all constants K > 0, then every solution of equation (1.1)) is oscillatory.

Proof. Proceeding as in the proof of Theorem 2.3 we see that Az, > 0 or Az, < 0 eventually. If Az, > 0, then
proceeding as in Corollary 2.2} we obtain a contradiction with condition (2.14). Next, assume that Az, < 0 for
all n > ny. Proceeding as in the proof of Theorem[2.3|we obtain ([2.21). Define

A
Uy = 225 s (2.28)
Zn

Thus u, < 0foralln > ny, and

AanAzy)  an(Azy)?
Zn+1 ZnZp+1
B

Zpirak—t g
Zn+1 an

Auy,

IN

IN

—qnE} , > . (2.29)
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Since {z, } is decreasing there exists a constant K > 0 such that z, < K for all n > n;. Using the last inequality
in (2.29), we see that

Au, < _QnEE

Multiplying the last inequality by A, ;1 and then summing it from n; to n — 1, we have
u? i
Z Asi1Dus + Z As-&-l* + Z K"‘ s+1‘7$E;+1,l <0. (2.30)
s=Mnq 5=n1 as s=Mnq
Using summation by parts formula in the first term of (2.30) and rearranging, we have
u? B
Aptty — Ap i, + Z (a —|—As+1> + Z Ke- 5+1qSEs“+1fl <0

S=mnp S=Mnq

which on using completing the square yields

¥ {KﬂlA Es L } <144
o 1 “ = — | < + u
S s+1q9sb51 1 4a3Aq 44 ny ny
when using (2.17). This contradicts (2.27) as n — oo, and the proof is now complete. O

Theorem 2.5. Let & = B, (Hy) — (H3), and hold. If 1 > k + 1, condition 2.13) hold, and

1
hm 0 Sup Z [ s+19sEs1-1 — ‘MM} =™ (2.31)
5418

S=Mnq
then every solution of equation (1.1)) is oscillatory.

Proof. The proof follows from Corollary 2.T|and Theorem 2.4} and thus the details are omitted. O

3 Examples

In this section, we present some examples to illustrate the importance of our main results.

Example 3.1. Consider the neutral difference equation

1
A (nA (xn +nxd )) +nxt% =0, n>1 (3.32)
Here a,, = %, pn=mn,qg,=nk=11=3 a=3and = % Simple calculation yields R, = ”(”271)
and B, = (=) +1) (1 — Nfz%/s) Now, it is easy to see that all conditions of Theorem are satisfied, and hence

every solution of equation (3.32) is oscillatory.

Example 3.2. Consider the neutral difference equation
1 3 3
N (xn+mx) ) ) +260 5 =0, n>1. (3.33)

Here a, = ﬁ, pn=mn,q;s =2, k=2,1=4and o« = § = 3. Simple calculation shows that R,, = n?—1,

B — 1 (1 _ M72/3(ﬂ+5)1/3
" (nt2) (n+1)173(n+4)173
every solution of equation (3.33) is oscillatory. In fact {x,,} = {(—1)"} is one such solution of equation (3.33).

) and it is easy to see that all conditions of Corollary are satisfied. Hence

Example 3.3. Consider the neutral difference equation

A ((n—f— 1)(n+2)A (xn +n3xf’,_1)> +(n+1)7x ;=0,n>1. (3.34)
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Herea, = (n+1)(n+2), pn =n%, g = (n+1)7, k=1, 1 =4, a = 3and B = 5. A simple calculation

. o S o MV/3(n1)2/3 o M—2/3
yields Ry = %52, An = 359, Bn = Gy (1 - n1/3((n+2>)2/3 ) and En = G (1 T (m+2)17

to see that all conditions of Theorem 2.3]are satisfied and hence every solution of equation (3.34) is oscillatory.

) . Now, it is easy

Example 3.4. Consider the neutral difference equation

A+ 1) +2)A (x0+ (1= 1)23) ) + (14285 =0, n > 1. (3.35)

n—1
Herea, = (n+1)(n+2), pp=(n—1), g = (n+2)?, k=1,1 =3, « = p = 5/3. A simple calculation
a1 o a1 M-2/5(311)3/5 1 M2/5 (n42)2/5
shows that R, = "=, Ay = 505, Bn = (1—W)randlgn = 1_W
verify that all conditions of Corollary 2.1|and Theorem [2.5]are satisfied and hence every solution of equation
(3.35) is oscillatory.

We conclude this paper with the following remark.

. It is easy to

Remark 3.2. In this paper, we obtain some new oscillation criteria for the equation (1.1) using Riccati type
transformation and comparison method which involves « and . Further the results presented in this paper are new and
complement to that of in [6} 7,9} 11} [12]].
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Abstract

In this paper, a generalized intuitionistic Q-fuzzy ternary subhemiring of a hemiring is proposed.
Further, some important notions and basic algebraic properties of intuitionistic fuzzy sets are discussed.
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homomorphism, anti-homomorphism.
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1 Introduction

An algebra (R; +; ) is said to be a semiring if (R; +) and (R;-) are semigroups satisfying a.(b+c¢) =
ab+a.cand (b+c).a =b.a+caforalla,band cin R. A Semiring R is said to be additively commutative
ifa+b = b+aforallaand bin R. Ternary rings are introduced by Lister [9]. And he investigated some
of their properties and radical theory of such rings. A Semiring R may have an identity 1, defined by
l.a=a=alandazero0,definedby0+a=a=a+0and a.0 = 0 = 0.z for all 2 in R. Ternary semirings
arise naturally as follows-consider the ring of integers Z which plays a vital role in the theory of ring. The
concept of intuitionistic fuzzy subsets (IFS) was presented by K.T.Atanassov [5], as a generalization of the
notion of fuzzy set. Solairaju.A and R.Nagarajan, have given a new structure in construction of Q-fuzzy
groups [14]. Also Giri.R.D and Chide.B.R [8], given the structure of Prime Radical in Ternary Hemiring.
In this paper, we introduce some properties and theorems in intuitionistic Q-fuzzy ternary subhemiring
of a hemiring.

2 Preliminaries

Definition 2.1. Let X be a non-empty set and Q be a non-empty set. A Q-fuzzy subset A of X is function
A:XxQ—10,1].

Definition 2.2. Let R be a hemiring. A fuzzy subset A of R is said to be a Q-fuzzy ternary subhemiring (FTSHR)
of R if it satisfies the following conditions:

(i) A(x+y,q) > min{A(x,q), A(y,q)},
(i) A(xyz,q) > min{A(x,q),A(y,q),A(z,q)}, forall x,y and z in R and q in Q.

Definition 2.3. Let R be a hemiring. A Q-fuzzy subset A of R is said to be an anti Q-fuzzy subhemiring (AFTSHR)
of R if it satisfies the following conditions:

*Corresponding author.
E-mail address: anithaarenu@gmail.com (Anitha), tamiltamilk7@gmail.com (Tamilvanan).
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(i) A(x +y,q) < max{A(x,q), A(y,q)},
(i) A(xyz,q) <max{A(x,q),A(y,q),A(z,q)}, forall x,y and z in R and q in Q.

Definition 2.4. An intuitionistic fuzzy subset (IFS) A in X is defined as an object of the form A = {<
X, ua(x), pa(x) > /x € X}, where pug : X — [0,1] and v : X — [0, 1] define the degree of membership and the
degree of non-membership of the element x € X respectively and for every x € X satisfying 0 < p(x) +va(x) <
1.

Definition 2.5. Let R be a hemiring. An intuitionistic Q-fuzzy subset A of R is said to be an intuitionistic Q-fuzzy
ternary subhemiring (IFTSHR) of R if it satisfies the following conditions:

(i) pa(x+y,q) = min{pa(x,q), naly,q)},

(i) pa(xyz,q) > min{pa(x,q), pa(y,q), pa(z,9)},

(i) va(x +y,q) <max{va(x,q),va(y,q)},

(ii) va(xyz,q) < max{va(x,q),va(y,q),va(z, )}, forall x,y and z in R and q in Q.

Definition 2.6. Let (R,+,-) and (R',+,-) be any two hemirings. Then the function f : R — R’ is called a

homomorphism if f(x +y,q) = £(x,q) + f(y,q) and f(xyz,9) = £(x,)f(y,9)f(z,q), for all x,y and z in R
and q in Q.

Definition 2.7. Let (R,+,-) and (R',+, ") be any two hemirings. Then the function f : R — R’ is called an
anti-homomorphism if £ (x +y,q) = f(y,q) + f(x,q) and f(xyz,9) = £(z,9)(y, ) (x,9), for all x,y and z in
Rand g in Q.

Definition 2.8. Let (R, +,-) and (R',+,-) be any two hemirings. Then the function f : R — R’ is called an
isomorphism if f is bijection.

Definition 2.9. Let (R, +,-) and (R',+, ") be any two hemirings. Then the function f : R — R’ is called an
anti-isomorphism if f is bijection.

3 Some properties of intuitionistic Q-fuzzy ternary subhemiring of a
hemiring

Theorem 3.1. If A is an intuitionistic Q-fuzzy ternary subhemiring of a hemiring (R, +,-),then H = {(x,q)/x €
R:ua(x,q) =1,va(x,q) = 0} is either empty or is a ternary subhemiring of R.

Proof. If none of the elements satisfies this condition, then H is empty. If (x,q) and (y, q) in H, then p4 (x +
y,q) > min{pa(x,q),ua(y,q)} = min{l,1} = 1. Therefore s (x +y,q) = 1, forall (x,q) and (y,q) in H.
And pa(xyz,q) > min{pa(x,9), 1Ay, q),11a(z,q)} = min{1,1,1} = 1. Therefore yu(xyz,q) = 1, for all
(x,9),(y,q) and (z,q) in H. And v4(x +y,9) < max{va(x,9),va(y,q)} = max{0,0} = 0. Therefore
va(x +y,q9) = 0, for all (x,q) and (y,q) in H. And v4(xyz,q) < max{va(x,q),va(y,q),va(z,q)} =
max{0,0,0} = 0. Therefore va(xyz,q) = 0, for all (x,9), (y,q) and (z,q) in H. Therefore H is a ternary
subhemiring of R. Hence H is either empty or is a ternary subhemiring of R. O

Theorem 3.2. If A is an intuitionistic Q-fuzzy ternary subhemiring of a hemiring (R,+,-), then H =

{{(x,9),1a(x,9)) : 0 < pa(x,q) < landva(x,q) = 0} is either empty or is a Q-fuzzy ternary subhemiring of
R.

Proof. By using Theorem 3.1. O

Theorem 3.3. If A is an intuitionistic Q-fuzzy ternary subhemiring of a hemiring (R,+,-), then H =
{{(x,9), 1a(x,q)) : 0 < pa(x,q) < 1} is either empty or is a Q-fuzzy ternary subhemiring of R.

Proof. By using Theorem.3.2. O
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Theorem 3.4. If A is an intuitionistic Q-fuzzy ternary subhemiring of a hemiring (R,+,-), then A is an
intuitionistic Q-fuzzy ternary subhemiring of R.

Proof. Let A be an intuitionistic Q-fuzzy ternary subhemiring of a hemiring R. Consider A =

{((xq), palx,q),va(x,q)) }, forall x in R. A = B = {((x,q),p5(x,q), vB(x q)) }, where pp(x,q)

pa(x,q),vp(x,q) = 1—palx,q). cleary, pp(x +y,q) = min{pp(x,q), pp(y,q)} and pp(xyz,q) =
min{up(x,q), u(y,q), up(z,q)}. Since A is an intuitionistic Q-fuzzy ternary subhemiring of R, we

have, pa(x +vy,q9) > min{pa(x,q),1a(y,q)} for all x and y in R, which implies that 1 — vg(x +
y,q) > min{(1 —vg(x,q)), (1 —vg(y,q))} which implies that vg(x +y,q) < 1 —min{(1 —vg(x,q)), (1 —
vg(y,q9))} = max{vp(x,q),ve(y,q)}. Therefore, vg(x +y,9) < max{vg(x,q),vg(y,q)} for all x
and y in R and g in Q. And pa(xyz,q) > min{pa(x,q),4a(y,9),4a(z,q)} which implies that
1 —vp(xyz,q) > min{(1 — vg(x,q)),(1 —vs(y,q)), (1 — vg(z,q))} which implies that vp(xyz,q) <
1~ min{(1 - vs(x,9)), (1 — vs(y,0)), (1 — va(z,9)} = max{vs(x,q),vs(y,q),vs(z,q)}. Therefore
vg(xyz,q) < max{vp(x,q),vs(y,q),ve(z,q)}, for all x,y and z in R. Hence B = A is an intuitionistic
Q-fuzzy ternary subhemiring of a hemiring R. O

Remark 3.1. The converse of the above theorem is not true. It is shown by the following example: Consider
the hemiring Zs = {0,1,2,3,4} with addition modulo and multiplicative modulo operation and Q = {p}.

Then A = {((0,0.7,0.2),p), ((1,05,0.1),p), ((2,0.5,04),p), ((3,0.5,0.1),p), ((4,05,04),p) } is not an
intuitionistic Q-fuzzy ternary subhemiring of
Zs, but A = {((0,0.7,0.3),p),((1,0.5,05),p), ((2,05,05),p),((3,050.5),p),((4,05,05),p)} is an
intuitionistic Q-fuzzy ternary subhemiring of Zs.

Theorem 3.5. If A is an intuitionistic Q-fuzzy ternary subhemiring of a hemiring (R, +,-), then A is an
intuitionistic Q-fuzzy ternary subhemiring of R.

Proof. Let A be an intuitionistic Q-fuzzy ternary subhemiring of a hemiring R. That is A =
{{(x,q), ma(x,q)va(x,q)) }, forall xin Rand gin Q. Let A = B = {(( yB(x q),ve(x,q)) }, where
up(x,q) =1—va(x,q),ve(x,q) =va(x,q). clearly, vg(x +y,q) < max{vB(x q) vg(y,9)} and vg(xyz,q) <

max{vg(x,q),ve(y,q),ve(z,q)} for all x,y and z in R. Since A is an intuitionistic Q-fuzzy ternary
subhemiring of R, we have, v4(x +y,q) < max{va(x,q),va(y,q)} for all x and y in R, which implies that
1—pup(x+y,q) < max{(1—wup(x,q)),(1—pup(y,q))} which implies that ug(x +vy,9) > 1 — max{(1 —
us(x,q)), (1 = pup(y,q))} = min{up(x,q), us(y,q)}. Therefore, up(x +y,q) = min{(pp(x,q)), (15(y,q))}
forall x and y in R and g in Q. And va(xyz,q) < max{va(x,q),va(y,q),va(z,q)} which implies that
1 —pp(xyz,q) < max{(1— pg(x,q)), (1 — pup(y,q)), (1 —vp(z,q))} which implies that pp(xyz,q) =
1 —max{(1 — pp(x,q)), (L — up(y,9)), (1 — ps(z,9))} = min{up(x,q),us(y,q),15(z,9)}. Therefore
up(xyz,q) > min{ug(x,q), up(y,q), up(z,q)}, for all x,y and z in R. Hence B = A is an intuitionistic
Q-fuzzy ternary subhemiring of a hemiring R. O

Remark 3.2. The converse of the above theorem is not true. It is shown by the following example: Consider
the hemiring Zs = {0,1,2,3,4} with addition modulo and multiplicative modulo operation and Q = {p}.

Then A = {((0,0.5,0.1),p), ((1,0.6,0.4),p), ((2,0.5,04),p),((3,0.6,04),p), ((4,05,04),p)} is not an
intuitionistic Q-fuzzy ternary subhemiring of
Zs, but A = {((0,0.9,0.1),p), ((1,0.6,0.4),p), ((2,0.6,04),p),((3,0.6,04),p), ((4,0.6,04),p)} is an
intuitionistic Q-fuzzy ternary subhemiring of Zs.

In The Following Theorem o Is The Composition Operation of Functions:

Theorem 3.6. Let A be an intuitionistic Q-fuzzy ternary subhemiring of a hemiring H and f is an isomorphism
from a hemiring R onto H. Then A o f is an intuitionistic Q-fuzzy ternary subhemiring of R.

Proof. Let x and y in R and A be an intuitionistic Q-fuzzy ternary subhemiring H. Then we have
(haof)x+yq) = palfx +y.0) = palf(x9) + fy,9) = min{pa(f(x,9),pa(f(y,9))} (as A
is an IFTSHR of H) > min{ pao f)(x,q),(pao f)(y,q)} which implies that (ya o f)(x +y,q) >
{(rao f)(x.q), (wao f)(y,q)}, forall xand y in R and g in Q. And (4 © f)(xyz,q) = #A(f(xyz,q)) =

na(f(x,0)f(y,9)f(z,q)), as f is an isomorphism > min {4 (f(x,q)), #a(f (¥, 9)), pa(f(2,9)) }, as Ais an
IFTSHR of H > min {(pa o f)(x,9), (4a © f)(y,q)} which implies that (4 o f)(xyz,q) > min{(ps o
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£)(x,9), (pao f)(,9), (nao f)(z,9)}, for all x,y and z in R. We have (v4 o f)(x +M) = va(f(x +
v,q)) = va(f(x,q) + f(v,q)), as f is an isomorphism < max {va(f(x,q)),va(f(v,q))} < max{ Vg o
£)(x,9), (vao f)(y,q)} which implies that (v4 o f)(x +vy,q9) < max{(vao f)(x,q), (VA o f)(y,q)}, forall
xand yin R. And (v o f)(xyz,q) = va(f(xyz,q)) = va(f(x,9)f(y,q9)f(z,q)), as f is an isomorphism
< max {va(f(x,9)), va(F(1,9), v4 (F(z,9)} < max {(va o £)(x,9), (va © £)(1,0), (va © £)(z.q)} which
implies that (v4 o f)(xyz,q9) < max{(vao f)(x,q),(vao f)(y,q),(vac f)(z,q)} for all x,y and z in R.
Therefore (A o f) is an intuitionistic Q-fuzzy ternary subhemiring of a hemiring R. O

Theorem 3.7. Let A be an intuitionistic Q-fuzzy ternary subhemiring of a hemiring H and f is an anti-
isomorphism from a hemiring R onto H. Then A o f is an intuitionistic Q-fuzzy ternary subhemiring of R.

Proof. Let x and y in R and A be an intuitionistic Q-fuzzy ternary subhemiring H. Then we
have (pao f)(x+v,q) = palf(x+v,q)) = na(f(y,q) + f(x,9)), as f is an anti-homomorphism
2 min{ya (U0 ()} 32 8 1 an IFTSHR of H > min{ w4 < (50, (0 )0
which implies that (a4 o f)(x +y,9) > min{(ua o f)(x,9), (ga o f)(y,q)}, for all x and y in R.
And (a0 f)(xyz0) = palf(vz) = walf(z0)f(n0)f(x,4)), as f is an anti-somorphism >
min {4 (f(z,9)), #a(f(y,9)), pa(f(x,9))}, as Ais an IFTSHR of H > min { (s 0 f)(x,9), (pa© f)(y,9)}
which implies that (4 o f)(xyz,q) > min {(a o f)(x,9), (mao f)(v,q), (hao f)(z,q)} forall x,y and z
in R. We have (v4 o f)(x —0—]/,11) =va(f(x+y,q) = va(f(y,q) + f(x,9)), as f is an anti-isomorphism
< mx ({710 vl ) < max{(va 1)) (4 ) wlich imples tht (110 )+
9,4) < max {(va © £)(x,9), (va o f)(y, )}, for all x and y in R. And (vs o f)(xyz,9) = va(f(xyzq)) =
va(F(z.)f(y,0)f(%,9)), as f is an anticisomorphism < max {va(f(z,4)), va(f(1,)), va(f(x,)} <
max {(v4 o f)(x,9), (va o f)(y,9), (va o f)(z,9)} which implies that (v4 o f)(xyz,q) < max{(v4 o
)(x,q), vaof)(y,q),(vao f)(z,q)} forall x,y and z in R and g in Q. Therefore (A o f) is an intuitionistic
Q-fuzzy ternary subhemiring of a hemiring R. O
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Abstract

In this paper, we have proved the existence of unique common fixed point of four contractive maps on
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1 Introduction

In 2007, Huang and Zhang [1] introduced the concept of cone metric spaces and fixed point theorems of
contraction mappings ; Any mapping T of a complete cone metric space X into itself that satisfies, for some
0 < k < 1, the inequality d(Tx, Ty) < kd(x,y),Vx,y € X has a unique fixed point. In 2009, Karapinar[Z2]
establish Some fixed theorems in cone Banach space. The common fixed point theorems with the assumption
of weakly compatible and coincidence point of four maps on an upper semi continuous contractive modulus
in cone Banach space are proved by R. Krishnakumar and D.Dhamodharan [5]. Ahmet Sahiner and Tuba
Yigit[11] proved 2 -cone Banach spaces and fixed point theorem.

In this paper, we investigate the common fixed point theorems with the assumption of weakly compatible

and coincidence point of four maps on an upper semi continuous contractive modulus in 2-cone Banach space
Definition 1.1. Let E be the real Banach space. A subset P of E is called a cone if and only if:
i. P is closed, non empty and P # 0
ii. ax+ by € P forall x,y € P and non negative real numbers a, b
iii. PN (—P) = {0}.

Given a cone P C E, we define a partial ordering < with respect to P by x < yifand only ify — x € P. We
will write x < y to indicate that x < y but x # y, while x, y will stand for y — x € intP, where intP denotes the
interior of P. The cone P is called normal if there is a number K > 0 such that 0 < x < y implies ||x|| < K||y||

for all x,y € E. The least positive number satisfying the above is called the normal constant.
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Example 1.1. Let K > 1. be given. Consider the real vector space with
E={ax+b:abeRxe[l— %,1]}
with supremum norm and the cone
P={ax+b:a>0,b<0}
in E. The cone P is reqular and so normal.
Definition 1.2. Let X be a nonempty set. Suppose the mapping d : X x X — E satisfies
i. d(x,y) >0, and d(x,y) = 0ifand only if x =y Vx,y € X,

ii. d(x,y) =d(y,x), Vx,y € X,

iii. d(x,y) <d(x,z)+d(z,y), Vx,y,z € X,
Then (X, d) is called a cone metric space (CMS).

Example 1.2. Let E = R?
P={(xy):xy =0}
X =Randd: X x X — E such that
d(x,y) = (Ix =yl alx —yl)

where & > 0 is a constant. Then (X, d) is a cone metric space.
Definition 1.3. [2]] Let X be a vector space over R. Suppose the mapping ||.||c : X — E satisfies

i. ||x|lc > 0forall x € X,

ii. ||x|lc = 0ifand only if x =0,

iii. ||x +ylle < [lxllc + [[yllc forall x,y € X,

iv. ||kx||c = |k|||x||c for all k € R and for all x € X, then ||.||c is called a cone norm on X, and the pair (X, ||.||c) is

called a cone normed space (CNS).

Remark 1.1. Each Cone normed space is Cone metric space with metric defined by
d(x,y) =[x —ylle
Example 1.3. Let X = R?>, P = {(x,y) : x > 0,y > 0} C R%>and ||(x,y),ullc = (a|x|,bly|),a > 0,b > 0. Then

(X, ||., ul|c) is a cone normed space over R?

Definition 1.4. Let (X, ||.|[c) be a CNS, x € X and {x,},>0 be a sequence in X. Then {x,},>0 converges to x
whenever for every ¢ € E with 0 < E, there is a natural number N € N such that ||x, — x| < ¢ foralln > N. It is

denoted by limy, 00 Xy, = X OF Xy — X

Definition 1.5. Let (X, ||.||c) be a CNS, x € X and {x,},>0 be a sequence in X. {x,}n>0 is a Cauchy sequence
whenever for every ¢ € E with 0 <K c, there is a natural number N € N, such that ||x, — Xm||c < cforalln,m > N

Definition 1.6. Let (X, ||.||c) bea CNS, x € X and {xy, },>0 be a sequence in X. (X, ||.||c) is a complete cone normed

space if every Cauchy sequence is convergent. Complete cone normed spaces will be called cone Banach spaces.

Lemma 1.1. [2] Let (X, ||.||c) be a CNS, P be a normal cone with normal constant K, and {x, } be a sequence in X.
Then

i. the sequence {xy} converges to x if and only if || x, — x|| — 0asn — oo,
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ii. the sequence {x,} is Cauchy if and only if ||x, — Xm||c = 0as n,m — oo,
iii. the sequence {xy} converges to x and the sequence {y,} converges toy, then ||x, — ynullc — ||x — y||c.

Definition 1.7. [11]] Let X be a linear space over R with dimension greater then or equal to 2, E be Banach space with
the norm ||.|| and P C E be a cone. If the function

...l : Xx X — (E,P, )
satisfies the following axioms:
1. ||x,y|lc > 0 forevery x,y € X, ||x,y||c = 0 if and only if x and y are linearly dependent,
2. %, ylle = |ly, x||c, for every x,y € X
3. |lax,y|lc = |al||x,y||c for every x,y € X and « € R

4. ||x,y+zlc < % ylle + ly zl|c, for every x,y,z € X,

then (X, ||, .||c) is called a 2 -cone normed space.
Example 1.4.
If we fix {uy, uy, ..., u;} to be a basis for X, we can give the following lemma.

Lemma 1.2. [11] Let (X, |, ., ||c) be a 2 -cone normed space. Then a sequence {x,} converges to x € X if and only
if for each ¢ € E with ¢ > 0 (0 is zero element of E) there exists an N = N(c) € N such that n > N implies
lxn — x, uil|c < cforeveryi=1,2,...,d.

Lemma 1.3. [11] Let (X, ||.,.||c) be a 2 -cone normed space. Then a sequence {x,} converges to x in X if and only if
’}grgomax l|xn — x, uil|c = 0.

Definition 1.8. [11] A 2 -cone normed space (X, ||.,.||c) is a 2-cone Banach spaces if any Cauchy sequence in X is

convergent to an x in X.

Theorem 1.1. Any 2-cone normed space X is a cone normed spaces and its topology agrees with the norm generated by
[P

Definition 1.9. Let f and g be two self maps defined on a set X maps f and g are said to be commuting of fgx = gfx
forallx € X

Definition 1.10. Let f and g be two self maps defined on a set X maps f and g are said to be weakly compatible if they
commute at coincidence points. that is if fx = gx forall x € X then fgx = gfx

Definition 1.11. Let f and g be two self maps on set X. If fx = gx, for some x € X then x is called coincidence point
of fand g

Lemma 1.4. Let f and g be weakly compatible self mapping of a set X. If f and g have a unique point of coincidence,
that is w = fx = gx then w is the unique common fixed point of f and g.

2 Main Result

Theorem 2.2. Let X be a 2-cone Banach space (with dim X > 2). Suppose that the mappings P, Q, S and T are four
self maps of X such that T(X) C P(X) and S(X) C Q(X) and satisfying
ITy = Sx,ullc < al|[Px = Qy, ullc + b{[[Px — Sx,ullc +[|Qy — Ty, ullc} + c{[[Px — Ty, ullc +[|Qy — Sx, ullc}
(2.1)
forall x,y € X, wherea,b,c > 0and a+ 2b+ 2c < 1. suppose that the pairs { P, S} and {Q, T} are weakly compatible,
then P, Q, S and T have a unique common fixed point.
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Proof. Suppose X is an arbitrary initial point of X and define the sequence {y, } in X such that
Yon = SXop = QX1

Yon1 = Txopq1 = Pxoyyo

By implies that

Y2041 = Yon, ulle = || Tx2n+1 — Sxon, ulfc
< al|Pxay — Qxnt1, wlle + b{||Px2n — Sxan, ulc + [|Qxon — Txop41, ullc}
+ c{l|Px2n — Txgui1,ullc + [[Qx2n+1 — Sxom, llc}
< allyan-1— Yan tllc + b{llyan-1 — yan, ullc + ly2n — y2us1, ullc}
+ c{lly2n—1 = vons1, ulle + [lyan — yon, ulle}
< allyan—1 = yan ulle + b{lly2n-1 — yon, ullc + llyan — y2n+1, ullc}
+cllyan—1 — yan+1,ullc

(@+b+c)lly2n1 = yan ulle + (b + ) [y2n = yansalle

a+b+c
lyan+1 — yan, ullc < m“yzn — Yon—1,ulc

IN

N

lyon+1 — von, ullc < hllyan — yon—1,ullc

where h = 1‘1‘%3) <1foralln € N

lyon — vans1, ullc < hllyan—1 — Yon, ullc

< K?||yan—2 — yon_1,1lc

< B Hyo =y, ullc
Forallm >n
yn = ym ulle < lyn =y ulle + ([yns1 — ynr2, ulle + -+ lYm—1 — ym, ullc
<R ) [lyo =y ulle
SH' A +h+R2 4+ H" ) lyo — y, ulc

n

h
< 7 lvo =y ule

= ”]/n _]/m/uHc < 0asn,m— oo.
Hence {y,} is a Cauchy sequence.

There exists a point ! in (X, ||., u||c) such that

dgtynt =1, lim, Son = g, Qanes = Land iy, Txzes = Jimg, Pz =1

that is,
lim Sy = lim Qppy1 = lim Txgpy1 = lim Pxgy42 = x*
Since T(X) C P(X), there exists a point z in X Such that x* = Pz then by (1)
ISz — x*, ullc < ||Sz — Txpp_1,ullc + [| Tx2—1 — x*, 14|
< a||Pz — Qxpy 1, tllc + b{||Pz — Sz, u||c + [|Qx2n_1 — Txop_1,ullc}
+ c{[|Pz — Txgp—1,ulc + |Qx2n—1 — Sz, ullc} + [ Txan—1 — x*, uc
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Taking the limit as n — oo

152 =%, ulle < aflx™ =%, ufle +b{[|lx* — 2% uflc + [[x" — Sz, ullc}
+etlle® = 2% ufle + [x" = Sz ufle} + [l — % ulc

<0+ b{||lx* — Sz, ullc + 0} + c{0+ ||x* — Sz, ufle} + 0+ (b+c)|x* — Sz, ulc

Which is a contraction since a + 2b + 2¢ < 1.
therefore Sz = Pz = x*

Since S(X) C Q(X) there exists a point w € X such that x* = Qu.
by (1)

ISz — x*, ull. < ||Sz — Tw, u||.
< a||Pz — Qw, ul|c + b{||Pz — Sz, ul|c + ||Qw — Tw, u||.} + c{||Pz — Tw, u|c + ||Qw — Sw, u||. }
<al|x* —x*,ulle + b{||x* — x*, ullc + ||x* — Tw, u||c} + c{||x* — Tw, ul|c + [|x* — x*, ul|}
<0+ +b{0+ ||x* — Tw,u||c} + c{||x* — Tw, ul|. + 0}

[[x* — Tw, u|l. < (b+c)||x* — Tw, u|c

which is a contradiction since a +2b + 2¢ < 1.
therefore Tw = Qw = x*

Thus Sz = Pz = Tw = Qw = x*
Since P and S are weakly compatible maps,
Then SP(z) = PS(2)
Sx* = Px*
To prove that x* is a fixed point of S
Suppose Sx* # x* then by

|Sx* — x*, ullc < ||Sx* — Tx*, ul|.
< a||Px* — Qw, u||c + b{||Px* — Sx*, u||c + ||Qw — Tw, u||. }+
+ o{||Px* — Tw, uf|c + [|Qw — Sx*, ul|c}
< a||Sx* — x*, ullc + b{||Sx* — Sx*, u||c + [|x* — xF, ull }+
+c{||Sx* — x*, ullc + ||x* — Sx*, ullc}
< a||Sx* — x*, ullc + b{0+ 0} + 2¢||Sx™ — x*, ul|,

ISx* — x*,ullc < (a+20)]|Sx™ — x*, uc

Which is a contradiction, Since a + 2b + 2¢ < 1.

Sx* = x*

Hence Sx* = Px* = x* Similarly, Q and T are weakly compatible maps then TQw = QTw, thatis Tx* =
Qx*

To prove that x* is a fixed point of T.
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Suppose Tx* # x* by
|1Tx* —x*,ulle <||Sx* — Tx*, ul.
< a||Px* — Qx*,ul|c + b{||Px* — Sx*, u||c + ||Qx* — Tx*, u||.}+
+c{||Px* — Tx*, ullc + [|Qx" — Sx™, ul|.}
<al|x* —Tx*,ul|c + b{||x* — x*, ul|c + || Tx* — Tx*, ul|.}+
+c{llx" = T, ufle + [ Tx* — %, ullc}
< a||Tx* — x*,ullc + b{0+ 0} + 2¢|| Tx™ — x*, u|.

I Tx* — x*,ullc < (a+20)||Tx* — x*,ulc

which is a contradiction since a + 2b + 2¢ < 1.
Tx* = x*.

Hence. Tx* = Qx* = x*

Thus Sx* = Px* = Tx* = Qx* = x*

That is, x* is a common fixed point of P, Q,S and T
To prove that the uniqueness of x*

Suppose that x* and y*, x* # y* are common fixed points of P, Q, S and T respectively, by we have,

lv =y ulle < [1Sx° — Ty",ull

< al|Px* — Qy*, ulle + b{[|Px™ — Sx*, uflc + | Qy* — Ty", ulc}+
+ o{||Px* = Ty", ulle + [|Qy™ — Sx*, ullc}
<alx® =y ulle +0{lx" = 2" ulle + [ly* =y ulle} +e{llx" =y ulle + ly" — 2%, ulle}
<alx" =y ulle + {0+ 0} + c{[lx" —y* ulle + lly" — % ullc}
< (a+20)[|x" —y* ulle

which is a contradiction. Since a + 2b + 2¢ < 1.

therefore x* = y*.

Hence x* is the unique common fixed point of P, Q, S and T respectively. O

Corollary 2.1. Let X be a 2-cone Banach space (with dim X > 2). Suppose that the mappings P, S and T are three self
maps of X such that T(X) C P(X) and S(X) C P(X) and satisfying

1S% =Ty, ulle < al|Px— Py, ulle+b{[[Px = Sy, ullc +[|Px = Ty, ullc} +c{[[Px — Ty, ullc + [Py — Sx, ul|c}

forall x,y € X, wherea,b,c > 0and a+2b+2c < 1. suppose that the pairs { P, S} and { P, T} are weakly compatible,
then P, S and T have a unique common fixed point.

Proof. The proof of the corollary immediate by taking P = Q in the above theorem (2.2). O

Definition 2.12. A mapping ® : P U {0} — P U {0} is said to be contractive modulus if it is continuous and which
satisfies

1. ®(t) = 0ifand only if t =0
2. O(t) <tforteP

3. D(t+s) < O(t) +P(s) fort,s e P
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Theorem 2.3. Let X be a 2-cone Banach space (with dim X > 2).. Suppose that the mappings P, Q, S and T are four
self maps of X such that T(X) C P(X) and S(X) C Q(X) satisfying

|Sx — Ty, u||c < P(A(x,y)), (2.2)

where ® is an upper semi continuous contractive modulus and

Ax,y) = max{|[Px — Qy, ullc, |Px — Sx, ulle, [|Qy — Ty, ull, %{IIPX — Ty, ullc + |Qy — Sx, ullc}}
The pair {S, P} and {T, Q} are weakly compatible. Then P, Q, S and T have a unique common fixed point.
Proof. Let us take x( is an arbitrary point of X and define a sequence {y, } in X such that
Yon = Sxon = QXopt1
Yant1 = TX2pq1 = Pxony2
By implies that

lY2n — Yont1, tlle = ||Sx2n — Txopq1, ullc
< q)(A(xZn/ x2n+1))
< A(X2n, X2n41)

= max{ || Pxz; — Qx2n 41, U|c, [Pxan — Sxon, ulle, | Qx2n11 — Txony1, e,
%{pr2n — Txans1, ulle + [[Qx2n1 — Sxon, u|c}}
= max{ | Txan—1 — Sxan, ullc, [| Tx2n—1 — Sxon, ttl|e, || Sx2n — Tx2p11, e,
ST 1 = Taggen e + S50 — vz}
= max{|| Tx2,_1 — Sxo, ullc, || TX2p—1 — Sxop, ulle, [|Sx20 — Txop 11, uc,
1T 201 — Tz, ulle)
= max{||y2n — yan—1,ullc, [[yon — ]/2n+lruHCr%Hy2n71 = Yons1, |}
< max{|ly2n — yan—1,ulle, [yon — yanir, ullc}
Since @ is an contractive modulus, A(x2, — X2,41) = |[V2n — Yan+1, U||c is not possible. Thus,
ly2n — yan+1, ulle < D([ly2n—1 —yon, ullc) (23)

Since @ is an upper semi continuous, contractive modulus. Equation (2.3) implies that the sequence {||y2,4+1 —

Yon, U]|c} is monotonic decreasing and continuous. There exists a real number, say r > 0 such that

nlgrc}o ||y2n+l - yanu”C =1,

as n — oo equation (2.3) =
r < ®(r)

which is only possible if ¥ = 0 because @ is a contractive modulus. Thus
Jim {|y2n+1 = y2n, uflc = 0.

Claim: {y,,} is a Cauchy sequence.
Suppose {y2,} is not a Cauchy sequence.

Then there exists an € > 0 and sub sequence {n;} and {m;} such that m; < n; < m;

lym; —yn,ulle > € and  |lym; —yn,_, ullc <€ (2.4)
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€< ||ymi _y”i’uHC < ||ym1 - y”iflquC + ||y”i—l - yniluHC
therefore  lim ||y, — yn, ulc = €
1—00
now
€< Hymi—l _yni—l’uHC < Hymi—l _ymi’uHC + H]/m,- _yni—l’uHC
by taking limit i — co we get,

}E?o Nym;_y — Yn;_y, ulle =€

from (2.3) and
€< Hymi _y”i’uHC = stmi - Tx”i'u”C < q)(/\(xmi’x”i))

where implies
€ < O(A(xpm;, xn))

/\(xmi’xni) = maX{Hmez‘ - Qx”i'uHCr ||mei - Sxmif”HCr ||Qx”i - Tx"i/u”Cr

1
E(prmi - Txni'u”C + ||Qx”i - Sxmi'unc)}

= maX{HTxmiq - sx”i—l’uHC/ ||Txm171 - Sxmi/uHC/ ||Sx"171 - Tx”i’ ”HCr

1
E(HTxmi—l - Tx"i/u”C + st"i—l - Sxmi'”HC)}

= max{”ym;;l - yﬂiq/u”C/ ||]/m,;1 - ymi/uHC/ ||yn1,1 - yﬂi/uHC/

1
E(HymH - yni/”Hc + HynH - ymi/“HC)}
Taking limit as i — oo, we get
. 1
lim A(xp,,, x,,) = max{¢, 0,0, = (¢,€)}
i—o0 ! ! 2

Lim A(x;, xpn,) = €
1—00

Therefore from we have, € < ®(e)

This is a contraction because € > 0 and @ is contractive modulus.
Therefore {1, } is Cauchy sequence in X

There exits a point z in X such that nlgrolo Yon =2

Thus,

lim Sx5, = lim Qx =z and
lim Sxap n_moQ 2n+1

Iim Tx = lim Px =z
S X1 = M EX0p42

(16) lim SX2n = lim sznJrl = lim TX2n+1 = lim Px2n+2 =2z
n—o0 n—o0 n—o0 n—o0

T(X) C P(X), there exists a point u € X such that z = Pu

1Su =z, ulle < [|Su = Txan g, ulle + [ Toxzn1 — 2 ulc

< O(AMu, x2n41)) + | Tx2n 1 — 2z, ullc

where

AU, X2p41) = max{||[Pu — Qxoyy1, e, ||Pu — Su, ullc, || Qx2n+1 — Tx2n41, 4| c,

1
§(||P“ — Txopq1,ullc + ||QXon1 — Su, ullc)}

= max{||z — Sxon, ul|c, ||z — Su, u|c, ||Sx2n — Tx2n11, Ul|c,

1
5(”2 — Txopi1, ]| + ||Sxon — Su, ullc) }-

615

(2.5)
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Now taking the limit as n — oo we have,

1
M, xon11) = max{||z — Su ulle, ||z — Su, ulle, [|Su — Tu,ulle, 5 (12 = Tu, ulle + ||z = Su,uflc) }

1
= max{|lz = Su,ulle, |z = Su, ulle, [|Su =z ulle, 5 (1|2 =z ulle + ||z — Su,ufle) }

= ||z — Su, ul|.
Thus

IS0 — 2 ulle < (IS - z,ullc) + |1z — 2 ull
= (|[Su =z ullc)
If Su # z then ||Su — z,u||c > 0 and hence as @ is contracive modulus
P(||Su — z,u||c) < ||Su — z,ul| Which is a contradiction, Su = z so, Pu = Su =z
So u is a coincidence point if P and S. The pair of maps S and P are weakly compatible SPu = PSu that is
Sz = Pz.
S(X) C Q(X), there exists a point v € X such that z = Qu.

Then we have

llz— To,ullc = ||Su — To,u||
< O(A(u,0))
< A(u,v)
= max{||Pu — Qu, u|c, || Pu — Su, ul|¢, ||Qu — To, u||,

1
5 (1Pu = To, ullc +[|Qv — Su, ullc) }
= max{l|z — zullc, |z =z ullc, ||z = To, ul,
1
5Ulz=To,ulle + [z =z ulle)}
=|lz—To,uc
Thus ||z — To, ullc < ®(||z — To, uc).
If Tv € z then ||z — Tv, ul|. > 0 and hence as ® is contractive modulus

D(||z— To,ullc) < ||z — To,ul|c

Therefore ||z — T, u||c < ||z — Tv, ul|,

which is a contradiction. Therefore Tv = Qv = z

So, v is a coincidence point of Q and T.

Since the pair of maps Q and T are weakly compatible, QTv = TQu
(i.e) Qz = Tz

Now show that z is a fixed point of S.

We have

ISz — z|| = ||Sz — To, u|c
< ®(A(z,0))
< A(z,v)
1
= max{[|Pz — Qu,ull¢, [Pz = Sz,ulle, || Qv = To, ulle, 5 (|Pz = To, ullc + [|Qv — Sz, ullc)}

1
= max{||Sz —zullc, |5z = Sz, ulle, ||z =z, ulle, 5 (|52 =z, ulle + ||z = Sz, ulle) }

=||Sz — z,ul|¢
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Thus ||Sz — z, u||c < ®(||Sz — z, ul|c).

If Sz # z then ||Sz — z, u||c > 0 and hence as @ is contractive modulus ®(||Sz — z, ul|.) < ||Sz — z, u||,
which is a contradiction. There exits Sz = z. Hence Sz = Pz =z

Show that z is a fixed point of T.

We have

lz— Tz, ullc = ||Sz — Tz, ul|¢
< ®(A(z2))
< A(z,2)
1
= max{||Pz — Qz, ul|c, |Pz — Sz, ul|, [|Qz — Tz, u|, E(HPZ —Tz,ul|c+ ||Qz — Sz, ull¢)}

1
= max{|lz = Tz ulle, ||z =z ulle, [|Tz = Tz, ulle, 5 (2 = Tz, ullc + [Tz =z, ullc)}
= ||z — Tz ull,

Thus ||z — Tz, u||c < ®(||z — Tz, uc)-

If z # Tz then ||z — Tz, ul|. > 0 and hence as ® is contractive modulus
D(||lz—Tz,u|c) < ||z — Tz, ullc.

which is a contradiction. Hence z = Tz.

Therefore Tz = Qz = z.

Therefore Sz = Pz = Tz = Qz = z.

That is z is common fixed point of P, Q, S and T.

Uniqueness

Suppose, z and w is (z # w) are common fixed point of P, Q,S and T.

we have
Iz - w,ulle = |15z - Tew,ull
< P(A(z,w))
< Az, w)

1
= max{[|Pz — Qu, ullc, |[Pz = Sz, ullc, [| Quw — Tw, ullc, 5 (|[Pz — Tw, ullc + | Qw — Sz, ullc) }
1
= max{|lz —w,ulle, |z =z ule, |w —w,ulle, 5(|lz = w,ulle + ||w =z ullc)}

= [lz = w, ullc

Thus, ||z — w, u|. < O(||z — w, ul|c)

Since z # w, then ||z — w|| > 0 and hence as ® is contractive modulus.
D(llz = w,ulle) < llz —w,ullc

therefore ||z —w,ull < ||z —w, ul|.

which is a contradiction,

therefore z = w

Thus z is the unique common fixed point of P, Q, S and T. O

Corollary 2.2. Let X be a 2-cone Banach space (with dim X > 2). Suppose that the mappings P, S and T are three self
maps of X such that T(X) C P(X) and S(X) C P(X) satisfying

|Sx — Ty, ul|lc < P(A(x,y)), (2.6)
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where @ is an upper semi continuous contractive modulus and
1
A, y) = max{|[Px — Py, ulle, | Px — Sx,ulle, [Py — Ty, ulle, 5 {[[Px — Ty, ullc + || Py — Sx,u[c} ).
The pair {S, P} and {T, P} are weakly compatible. Then P, S and T have a unique common fixed point.

Proof. The proof of the corollary immediate by taking P = Q in the above theorem (2.3). O
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