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Abstract. In this paper, we will study about Fractional-order partial differential equations in Mathematical Science and
we will introduce and analyse fractional calculus with an integral operator that contains the Caputo- Fabrizio’s fractional-
order derivative. The advanced method is an appropriate union of the new integral transform named as ‘Mohand transform’
and the homotopy perturbation method. Some numerical examples are used to communicate the generality and clarity of
the proposed method. We will also find the analytical solution of the linear and non-linear Klein-Gordan equation which
originate in quantum field theory. The homotopy perturbation Mohand transform method (HPMTM) is a merged form of
Mohand transform, homotopy perturbation method, and He’s polynomials. Some numerical examples are used to indicate the
generality and clarity of the proposed method.
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1. Introduction, Background and Preliminaries

Fractional calculus is an eminent phrase in each science and technology. Differential and crucial equations
represent and outline various phenomena of technological knowledge and mold the difficulty in a new
appearance. Fractional calculus is the generalization of regular differentiation and integration from linear to
non-linear order. It extend with derivatives of actual or complex order.

In 1695 L’Hospital enquires Leibnitz that D™ f could be what, if n is fractional. Leibnitz answers that it can be
expand in the form of infinite series, such as d'/2zy and distant between infinite series also geometric series, we
use only positive and negative integers in the finite series Leibniz also responded that xd{%} = xv/dx : x this is
a clear paradox.

S.F. Larcroin developed a formula from a case of integer order which starts withy = z"*;m is a positive integer

d™y mlg™ ",

dx™ (m—n)! >

m>n

Like this many other mathematicians gave their definitions and formula.Fractional calculus attracted some
mathematical minds like Fourier, Euler, Marquis de Laplace, and plenty of others due primarily to its
incontestable applications in such different fields of science and engineering. The literature is full-fledged by
generating, growing, working, modifications, and generalization of the facts, formulae, and definitions relating
to fractional calculus. A whole historical development and progress of fragmental calculus operators seem in
books of Kilbas, Srivastava, and Trujillo [1], Miller and Ross [2], Nishimoto [3], Oldham and Spanier [4],
Podlubny [5] and, Ross [6], etc.

In mathematical analysis, there are several fields wherever fractional calculus operators are usefully employed in
numerous branches like integral and differential equations, special functions, integral transforms, operational
calculus (see [6],[7]), etc. because it start to be used fractional calculus in various areas as numerous varieties of
operators came to light-weight and by the time they were got changed.

Mohand Transform is derived from the classical Fourier integral. Based on the mathematical simplicity of the
Mohand transform and its fundamental properties. Mohand transform was introduced by Mohand Mahgoub to
facilitate the process of solving ordinary and partial differential equations in the time domain. Typically, Fourier,
Laplace, Elzaki, Aboodh, kamal and Sumudu transforms are the convenient mathematical tools for solving
differential equations.

Mohand transform and some of its fundamental properties are also used to solve differential equations.

2. Mohand Transform

2.1. Definition

A new transform called the Mohand transform defined for function of exponential order we consider functions
in the set A defined by: For a given function in the set A, the constant M must be finite number,k;, k2 may be
finite or infinite.

A= {F(8) : IM, ks by > 0. F(8)] < MeFs ift € (—1)7 x [0,00)} @0

The Mohand transform denoted by the operator M (.) defined by the integral equations

MIf(t)] = R(v) = v* /OOO f@®e™dt, t >0,k <v <k

i




A study of the homotopy perturbation Mohand transform method

The variable v in this transform is used to factor the variable t in the argument of the function f . this transform
has deeper Connection with the Laplace ,Elzaki, and Aboodh transform.

The purpose of this study is to show the applicability of this interesting new transform and its efficiency in
solving the linear differential equations.

2.2. Mohand Transform and Different Types of Results

Mohand Transform is derived from the classical Fourier integral based on the mathematical simplicity of the
Mohand transform with its fundamental properties.Mohand transform was introduced by MohandMahgoub to
facilitate the process of solving ordinary and partial differential equations in the time domain.Mohandtransform
defined for the function of exponential order we consider functions in the set A defined by:

A= f(t): MKy, Ky > 0.|f(t)] < MeRrif t € (~1)7 x [0, 00)

where M must be finite number and K, K2 may be finite or infinite, for a given function in set A.
The integral equation defines the operator M(.) which represents Mohand transform i.e

MI[f(X)] = R(v) = v? /OOO et f(t)dt,t > 0,K; <v < Ky (2.3)

The variable v in this transform is used to factor the variable t in the argument of the function f.
If Ry(t) and Ry(t) represents Mohand transform for functions F}(t) and F»(t) respectively,then Mohand
transform of their convolution F} (¢) * F5(t) is given by

1

M(Fi(t) * F2(t) = 5 Ri(t)Ra(t) 2.4)
where F) (t) * F5(t) is defined by
¢ t
Fu(t) * Fa(t) = / Fu(t— 2)Fy()dt = / FLO)Fy(t — a)dt @.5)
0 0
Caputo fractional time derivative
t
D (h(t)) = fl\f(ﬁﬂ) / B (x)el PG5 ) gy 2.6)
M («) is function of normalization such as M (0) = M(1) =1
o0 t
M{D{(h(t))} = ]1” (Bﬂ) o? / et / W (2)elPU=) aat 27
- 0 @
S
Sy
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We use the convolution property of Mohand transform is defined as

M{DJ(h(t))} = 2 (M (1 ()] * Me™ 7]

M{D}(h(t))} = L2 [wR(v) — h(0)v?]— ff:—%)

M{D] (h(1))} = M(B)[R () — h(O0)0?] sty

The solution of Caputo-Fabrizio fractional derivative is:

M(B) {v*M[h(t)] — v*h(0) }

MDY (1)} = ==

3. HPMTM for the model

(2.8)

In this section, we will study Klein-Gordon equation and its application by using homotopy perturbation Mohand

transform method.

3.1. Solution of Klein-Gordon equation:

Klein-Gordon equation is

ug(x,t) — uxx(z,t) + au(z, t) = g(z,t)

with initial condition

u(z,0) = h(z),u(z,0) = f(x)
Taking the Mohand transform on both sides ofequ. (2.1), we get

M[Un(x; t)] = M[uxx(x, t) - au(:c, t)] + M[g(:v, t)}

Using the convolution property of Mohand transform, we get

v R(x,v) — v3u(0) — v2u(0) = Mux(z,t) — au(z, t)] + M[g(z,t)]

On simplifying and initial conditions, we get

R(z,0) = £(z) + Vh(z) + 5 Mu(z, ) — au(ar 0)] + 5 Mg(, 1)

Taking inverse Mohand transform on both sides ofequ. (2.5), we get

u(z,t) = Ga,t) + M_l[iM[uxx(%t) — au(z, t)]]

V2

where G(x,t) represents the term arising from the function and the specified initial conditions.

Using the HPM method, we get

u(z,t) = Zp”un(x,t)

n=0

3.1

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)
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Putting the equation (2.6) in equ. (2.7), we get

T;)pnun(x,t)—(;(x,t)er(Ml [ [(‘3362 Zp U (z,1) 7aZp unxtH> (3.8)

n=0

On collecting the coefficients of exponents of p

Y ug(w,t) = G(,t)

ol (at) = (M—l L;M [;;uo(x,t) _ auo(x,t)”) (3.9)

/)
/)

{a%zzm(x,t)faul(x,t) )
)

2
| rua(, ) — aug(a,t

and similarly,

P U (z,t) = (M‘1 [ M [88; Uin—1)(2,t) — au,_1)(z, t)”) (3.10)

Hence, the solution is:

= lim Zun (z,t) (3.11)

N—>oo

3.2. Study of Mohand Transform Homotopy Perturbation Method (MTHPM)
Let a general non-linear non-homogeneous partial differential equation

Du(z,t) + Ru(z,t) + Nu(z, t) = g(x, t) (3.12)
With the initial conditions

u(xﬂo) = h(x)vut(‘T?O) = f(ﬂj’) (3.13)

where D is the linear differential operator of order 2, R is a linear differential operator of less than D; N is the
general nonlinear differential operator and is the source term.

Applying the Mohand transform on both sides ofequ. (2.12), we get

3

s
2
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M[Du(z,t)] = M[g(z,t)] — M[Ru(z,t) + Nu(x, )]
Using the property of Mohand transform, we have

[V*R(z,v) — v*u(z,0) — v*(z,0)] = Mg(z,t)] — M[Ru(z,t) + Nu(z, t)]

After the simplification and initial conditions, we get

R(z,v) = vh(z) + f(z) + Ul—QM[g(x, £ - U—IQM[Ru(:a £) + Nu(z, 1)]

Taking inverse Mohand transform on both sides of equ. (2.16), we get

1
u(z,t) = G(a,t) — M1 — M[Ru(z,t) + Nu(z, )]
v
where G(x,t) represents the term arising from the function and the specified initial conditions.

Now we use the HPM

and the non-linear term can be written as

Nu(z,t) = Y p"Hy(x,t)
n=0

where is H,,(x,t) He’s polynomials and given by

1 92 =
H,, (ug, U1, U, cy) = ——=—= | N E PUu; | p=0
) ) ) | 2 p
n! Op =

Substituting the equ. (2.19) and equ. (2.18) in equ. (2.17), we get

> un(e,t) = Gl t) — p <M—1 llM

n=0 n=0 n=0

On collecting the coefficient of exponents of p

p° s ug(x,t) = G(x,t)

1

2

pt (2, t) = —M? {
v

M [Rug(z,t) + Ho(u)]}

R ip”un(:n, t)+ N i p”Hn(u)] ] )

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

3

s
2
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and similarly,

Py (x,t) = —M ! [UlgM [Rup—1(z,t) + Hp—1(u)]

Hence, the solution is

u(z,t) = ngnooZun x,t)
u(z,t) = up(x,t) + ur(z,t) + uz(x, t) + ....... Up (2, t)

4. Applications of the MTHPM

(3.23)

(3.24)

(3.25)

In this part, we applythe Mohand transform homotopy perturbation method (MTHPM) to solve the linear and

nonlinear Klein-Gordon equation.

Example 1: Consider the linear Klein-Gordon equation

ug(z,t) — uxx(z,t) + u(x,t) =0

With the initial conditions

u(z,0) = 0,u(x,0) =z

Taking Mohand transform on both sides of equ. (3.1), we get

M[Uu(mv t)] = M[uxx(x7 t) - u('% t)]

Using the convolution property of Mohand transform, we get

Vv R(x,v) — v3u(0) — v?u' (0) = Muxx(2,t) — u(z,t)]

On simplifying and above initial conditions, we get

R(z,v) =z + U%M[uxx(x, t) — u(x,t))

Taking inverse Mohand transform on both sides of equ. (3.5), we get

u(x,t) =t + M~ [1}1 Mugx(z, t) — u(z, t)]]

“.n

4.2)

(4.3)

4.4)

(4.5)

(4.6)

3
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Now we use the HPM and the non-linear term then we get

oo - 1 82 oo oo
Zp"un(x7 ty=at+M 1[;M[ﬁ pun(x,t) — Zp”Hn(x, t)]] 4.7
n=0 n=0 n=0

Collecting the coefficients of exponents of p

p° ug(z,t) = at
1 [ To? 1 t3
pup(z,t) =M ﬁM @uo(z,t) —ug(z,t)|| = —ayg (4.8)
9 1 [6? | t5
p°tug(x,t) =M ﬁM ﬁul(x,t) —uy(z,t)|| = s (4.9)
3 71 I 1 I 82 17 t7
p° rug(x,t) =M ﬁM @UQ(CE,t) —ug(x,t)|| = T (4.10)

Similarly, we can obtain further values.

Hence the u(x,t) is

B UEAE
= *ﬁ+§*§+t...

= xsint 4.11)

Example 2: Consider the linear Klein-Gordon equation

uy(z,t) — uxx(x, t) + u(x, t) = 2sinx (4.12)
With the initial conditions
u(z,0) = sinx, ug(z,0) = 1 (4.13)

Applyingthe Mohand transform on both sides of equ. (3.14), we get

Mu(z,t)] = Mlux(z,t) — u(x,t)] + M[2sinx] (4.14)
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wix

1.0

Figure 1: The Graph of u(z,t) = zsint,t > 0. —oco <z < o0

Using the convolution property of Mohand transform, we get

Vv R(x,v) — v3u(z,0) — v?u' (2,0) = Mux(2,t) — u(z, )] + 2sinz(v) (4.15)

After the simplification and above initial conditions, we get
) .1 1
R(z,v) = vsinx + 1 4 2sinx~ + — M [uxx (2, t) — u(w, )] (4.16)
v
Taking inverse Mohand transform on both sides of equ. (3.18), we get
1
u(z,t) = sinx + t3sinx + ¢ + M ~* [U_QM [uxx(z,t) — u(x, t)]] (4.17)

Now we use the HPM and the non-linear term then we get

ngopnun(av7 t) = sinx + ¢ + t%sinx + p (M_l [;M[ [% nzzopnun(:b, t)] — HZ_Opnun(u)] ] ) (4.18)
Collecting the coefficients of exponents of p
p° s ug(x,t) = sinx + t + t*sinx (4.19)
S
(V7=
MM
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ptiug(x,t) = M! [1)12M [aa;uo(x,t) - uo(x,t)”

3 44 5.

= — [3' + ismx +1 smx}
2 |1 9*

p° iug(x,t) =M M ur(x,t) —uy(z,t)

v2 Ox?

o 16 tt .
= [5' + 8@smx + 3!smx]

L[
p Ug(x,t):M U72M wl@

(x,t) — ua(x, t)”

T ¢S t8
—_— [7' + 8@sinx + 168!Sinx}

Similarly, we can obtain further values.

Hence the u(x,t) is

u(z,t) = up(z,t) + uy (z,t) + ua(z,t) + ......
ot
R TR

= SInx + | — 30
= sinx + sint

Example 3: Consider the following nonlinear Klein-Gordon equation

ug(2,1) — uxx (, ) + u?(z,t) = t22?

With the initial conditions

u(z,0) = 0, u(x,0) =z
Applyingthe Mohand transform on both sides of equ. (3.29), we get
M [ug(z,t)] = M [ugx(z,t) — v (z,1)] + M [t*2?]

Using the convolution property of Mohand transform, we get

10

(4.20)

4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)
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Wit

1.0

Figure 2: The Graph of u(z,t) = sinx + sint,t > 0. — oo <z < oo

v R(z,v) — v u(z,0) — v?u'(2,0) = 2;1021 + M [ug(z,t) — u®(z,1)]
v

On simplifying and above initial conditions, we get
2 1 1 2
R(z,v) =2+ 2z . + ﬁM [ugx (2, 1) — u?(, 1)]
Taking inverse Mohand transform on both sides of equ. (3.33), we get

u(z,t) = xt + Et4 + l + M |:’U12M [uxx(l'at) - u2(a;‘,t)]:|

Now we use the HPM and the non-linear then we get

n=0

4.27)

(4.28)

(4.29)

1 o0
Zp unxt)—xt+ﬁt4+—+p<M 1[ laxZZp Up (2, 1) nz_%p"Hn(u)H> (4.30)

where H,, (u) is represents the He’s polynomial of nonlinear terms. The first few components of He’s polynomials

are given by

11

431

(4.32)

e

[\ =]
MIM




Ravi Shanker Dubey, Pranay Goswami and Gomti Ben Tailor, Vinod Gill

Hoy(u) = 2uous + (ug)? (4.33)
Equating the multipliers of exponents of p
2
p° g, t) = xt+ Et4 (4.34)
Ve t) = (M [ [ Lo, t) — How)
b rulr, - 2 2 0\L, 0
th 4 t7 3 t6 t4 2
S [ A (4.35)
12960 252 180 12
p?ug(r,t) = ( M1 iM a—zu (z,t) — H1(u)
P u2l(Z, 2 o2 s 1
#1620 383t132°  t2z? 119t T2® 0 11xt?
= + - + TR (4.36)
18662400 = 15921360 71280 45360 252 180 22680
similarly, we can obtain further values.
Hence, the u(x,t) is
u(z,t) = up(z,t) + ui(x, t) + uz(x,t) + ......
u(z,t) = xt 4.37)
Example 4: Consider the following nonlinear Klein-Gordon equation
(2, 1) — e (2, 1) + u?(z,t) = 222 — 2% + t12? (4.38)
With the initial conditions
u(z,0) =0, u(z,0) =0 (4.39)
Applying the Mohand transform on both sides of equ. (3.45), we get
M [ug(z,t)] = M (22° — 2¢* + t'2) + M [ux(z,t) — u?(z,1)] (4.40)
S
(V<)
MM

12
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B ik b 9

oo

100

1.0

Figure 3: The Graph of u(z,t) = zt,t > 0. —oco <z < o0

Using the convolution property of Mohand transform, we get

4 242%
v R(x,v) — v*u(zx,0) — v*u'(z,0) = 2020 — — + f + M [ug(z,t) — u®(z,1)] (4.41)
v v
On simplification and above initial conditions, we get
222 4 24x* 1
R(z,v) = e + 5 + v_2M [uxx(x,t) — u(z,t)] (4.42)
Taking inverse Mohand transform on both sides ofequ. (3.49), we get
2 th, 2t 1
u(z, t) = t*2? — 5 + %t + M~ 2 — M [uxx(z,t) — u(z,t)] (4.43)

Now we use the HPM and the non-linear term we get

4

Zp unxt)—t2x2—g+%t6+ (M_ [ laxQZp U (2, 1) nZ:%p"Hn(u)H> (4.44)

n=0

where H,,(u) is represents the He’s polynomial of nonlinear terms. The first few components of He’s polynomials
are given by

Ho(u) = (up)? (4.45)

H1 (’LL) = 2u0u1 (446)

Hoy (u) = 2ugug + (U1)2 4.47)
E 3
[V =)

MIM
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Equating the multipliers of exponents of p

4 4

4 T
0 2,2 6
. t) =t - — —t 4.48
p° :ug(x,t) x 5 + 30 (4.48)
11 0?
1. _
pur(x,t) = (M [UZM [Wuo(ac,t) - Hou”>
[ 532224¢'48 n 4032¢112t 268811025 L 288872 20t8 24t7z% 1024 n ﬁ (4.49)
N 14! 39916800 3628800 40320 40320 5040 30 6 '
similarly, we can obtain further values.
Hence, the u(x,t) is
u(z,t) = ug(z,t) + ur(x, t) + ua(x,t) + ......
u(z,t) = 2%t? (4.50)
Example 5: Consider the following nonlinear Klein-Gordon equation
wy(z,t) — uxx (2, t) + v (2, t) = 6xt (2° — t*) + %2 (4.51)
With the initial conditions
u(z,0) = 0,u(x,0) =z (4.52)
Applyingthe Mohand transform on both sides of equ. (3.60), we get
M [ug(z,t)] = M [ux(2,t) — v?(2,t)] + M [6xt (z* — ¢*) + t°2°] (4.53)
Using the convolution property of Mohand transform, we get
36 72025
v?R(x,v) — v3u(z,0) — v*/(z,0) = 62° — —;j + 7595 + M [ug(2,t) — u®(z,1)] (4.54)
v v
On simplification and above initial conditions, we get
_ 62® 36z 7202° 1 M 5
S
(V=]
MM
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wix

Figure 4: The Graph of u(x,t) = z2t%,t > 0. —oco < x < o0

Taking inverse Mohand transform on both sides ofequ. (3.64), we get

62 36z  7202° [

Now we use the HPM and the non-linear term we get

i " t)—t3 3_3Xt5+t8x6+ M-l 1M P’ & " t)_i " H,, (u) 4.57

n=0

where H,,(u) is represents the He’s polynomial of nonlinear terms. The first few components of He’s polynomials
are given by

Ho(u) = (ug)? (4.58)
H1 (U) = 2u0u1 (459)
Ho(u) = 2ugus + (ug)? (4.60)

Jie
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Equating the multipliers of exponents of p

3xt® 1846
0w, t) = 323 — T T e (4.61)

g (x,t) = (% [%M [aa—;u()(x,t) —HOU]D

18412 31027 #1329 3122 5310t 826 3xe®
= - + + - + + — (4.62)
653616 19600 4368 4400 4200 56 10
similarly, we can obtain further values.
Hence, the u(x,t) is
u(z,t) = up(z,t) + uy (z,t) + ua(z, t) + ......
u(z,t) = 2343 (4.63)

Wit

100
a0F

an
100

Figure 5: The Graph of u(z,t) = 23t3,t > 0. —co <z < 00
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5. Concluding Remarks and Observations

we have discussed the history, some definitions of fractional calculus, Riemann-Liouville
differential and integral operator. We also knowing the Mittag-Leffler function and Caputo and
Fabrizio fractional-order derivative. In this paper, we discussed some of the integral transforms (like
Laplace Transform, Fourier Transform, and Mohand Transform). Homotopy perturbation Mohand
transform method has been successfully operated to evaluating the linear and nonlinear
Klein-Gordon equations with initial conditions. The method is good and simple to solve. In
conclusion, the MTHPM may be considered as a nice simplification in numerical techniques and
might find wide applications.
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Abstract. In this paper, we study the well-posedness and asymptotic behaviour of solutions to a laminated beam in
thermoelasticity of type III with delay term in the fourth equation. We first give the well-posedness of the system by using
semigroup method and Lumer-Philips theorem. Then, by using the perturbed energy method and construct some Lyapunov
functionals, we obtain the exponential decay result for the case of equal wave speeds.
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1. Introduction

In this work, we consider a coupled system of a laminated beam with thermoelasticity of type III and delay term
in the fourth equation, which has the form

P1Ptt + G (110 - @x)z = Oa (I,t) € (Oa 1) X (Oa +OO)7
P2 (3W—¢)tt—G(¢—<Px)_D(3W_w)m+049wZoa (.Z’,t) € (051) X (0,+OO), (1 ])
pawit + G (1/) - Soz) + %’7(‘) + %Bwt - Dwzm = 07 (:C,t) € (Oa 1) X (Oa +OO)7 .
P30 — 600 + 0 (3w — V)4 — H10tza (2,1) — pi2bias (x,t —7) =0, (2,t) € (0,1) x (0, +00),
with the following initial and boundary conditions
50(9370) :QDO(I)?@t(z?O) (I)a T e [07 1]a
P(x,0) = to(x),ve(x,0) = 1 (), z € [0,1],
w(z,0) = wo(x), w(x,0) = wl(x), z € [0,1],
9(%,0) = 00( )a Qt(l‘,O) = 01( )7 MS [07 ]-]a (1.2)
gtw (Z‘,t ) fO (x t_T)a ($7t) € (071) X (077-)
02(0,1) = o (1, 1) = 4(0,t) =9(1,1) =0, ¢ €[0,+00),
w(0,t) =w(1,t) = 65 (0,) = 0, (1,1) =0, ¢ €[0,+00),
*Corresponding author. Email addresses: madanidouib@gmail.com (Madani Douib), zitsala@yahoo.fr (Salah Zitouni),

adjebabla@yahoo.com (Abdelhak Djebabla)

https://www.malayajournal.org/index.php/mjm/index (©2022 by the authors.



A laminated beam in thermoelasticity of type III with delay

where o(z,t) denotes the transverse displacement, ¢ (z, t) represents the rotation angle. w(z,t) is proportional
to the amount of slip along the interface at time ¢ and longitudinal spatial variable z. 6(z,t) is the differential

temperature, and p1, p2, p3, G, D, «, 3,7, §, 0, pu1 are positive constants, jio is a real number and 7 > 0 represents
-

Laminated beam, which is a relevant research subject due to the high applicability of such materials in the
industry, was firstly introduced by Hansen and Spies, see, for instance [15, 16]. Hansen [15] proposed a model of
laminated beam based on the Timoshenko system which is one of particular interest. In [16], Hansen and Spies
derived three mathematical models for two-layered beams with structural damping due to the interfacial slip. The
system is given by the following equations

P1Ptt + G (¢ - @x)w = Oa (J),t) € (07 1) X (07 —|—OO),
P2 (3w - ’(/))tt -D (SW - T/J)M -G (¢ - (pz) = 07 ($7t) € (Oa 1) X <Oa +OO),
3pawy + 3G (Y — @y) + dyw + 4pw; — 3Dw,, =0, (z,t) € (0,1) x (0, +00),

the coefficients p1, G, p2, D, 7y and 3 are positive constants and represent density, shear stiffness, mass moment
of inertia, flexural rigidity, adhesive stiffness, and adhesive damping parameter, respectively. The third equation
describes the dynamics of the slip. For asymptotic behavior results to laminated beams, we refer the reader to
[1, 19, 21, 22, 31] and the references therein. In [26], Rivera and Racke established several exponential decay
results for linear Timoshenko systems in classical thermoelasticity where the heat flux is given by Fourier’s law.
Since this theory predicts an infinite speed of heat propagation, many theories have emerged, to overcome this
physical paradox. Green and Naghdi [11-13], suggest a replacing Fourier’s law by the so- called thermoelasticity
of type III. This is for heat conduction modeling thermal disturbances as wave-like pulses traveling at finite speed.
For more details, see [2]. A large number of interesting decay results depending on the stability number have
been established, (see [9, 24, 25, 27] and references therein). W. Liu et al. [23] considered a coupled system of a
laminated beam with thermoelasticity of type III, which has the form

the time delay. Moreover, 4/ p% and are two wave speeds.

pl@tt"‘G(lp_pr)z =0, (.%‘,t) € (07 1) X (07 +OO)>
Ipl (3w - w)tt -D (3"‘) - w)m -G W - 9096) + aem = 07 (xvt) € <Ov 1) X <Ov +OO),
Iy wi — Dwyy + G (Y — @) + %ﬁlw + %Bzwt =0, (z,t) € (0,1) x (0, +00),
P20t — 6050 + v (Bw — 1),y — kbtze = 0, (x,t) € (0,1) x (0, +00),

they used the energy method to prove an exponential decay result for the case of equal wave speeds.

Time delay appears in many physical, biological and economic problems, because, in most instances, the
present state system does not depend only on the current state but also on some past occurrences. In recent years,
the control of PDEs with time delay effects has become an active area of research.The presence of delay may
be a source of instability. It may turn a well-behaved system into a wild one. For example, it was shown in
[4, 5, 14, 28, 32] that an arbitrarily small delay may destabilize a system that is uniformly asymptotically stable
in the absence of delay unless additional control terms have been used. The stability issue of systems with delay
is, therefore, of theoretical and practical great importance. In [29], Nicaise, Pignotti and Valein replaced the
constant delay term in the boundary condition of [28] by a time-varying delay term and obtained an exponential
decay result under an appropriate assumption on the weights of the damping and delay. Moreover, Kafini et al.
[18] studied the following Timoshenko system of thermoelasticity of type III with delay of the form

p1¢tt -K (¢r + ¢)x + M1¢t (xat) + :u2¢t (xat - T) = 07 (l’,t) € (Oa 1) X (Ov -l—OO),

prtt - b%wc + K (¢x + 1;[}) + Bet:c = 07 ('Tvt) c (Oa 1) X (Oa +OO)7
301 — 0040 + Y — kOipr = 0, (z,t) € (0,1) x (0,400),
under the initial and boundary conditions
9(70) = 90a 9t(70) = alvw(ﬂo) = /(/)07 T e [07 1]7
1/%(-70):1/11#25(-70):¢07¢t(-a0):¢1, S [Ov 1}7
¢t (xyt —7) = fo(x,t —7), te (0,7),

¢(07t) = ¢(17t) = ¢(07t) = w(Lt) =0, (Ovt) =0, (Lt) =0,t € [O,—I—OO),
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the energy of system decays exponentially in the case of equal wave speeds. For other related results, we refer
the reader to [3, 6-8, 17, 20]. Motivated by the above results, in the present work, we study the well-posedness
and asymptotic behaviour of solutions to the laminated beam (1.1)-(1.2) in thermoelasticity of type III with delay
term. The plan of the paper is as follows. In Section 2, we introduce some preliminaries. In Section 3, by
using semigroup method and Lumer-Philips theorem, we state and prove the well posedness of the system. In
Section 4, by using the perturbed energy method and construct some Lyapunov functionals, we then establish the
exponential result if and only if ,TGI = p%.

2. Preliminaries

In this section, we present some material that we shall use in order to present our results, to exhibit the dissipative
nature of the system (1.1), we introduce some new variables

S =y, U= , W=y,
and we introduce as in [28] the new variable
z(z,p,t) = Oy (x,t —Tp), (z,p,t) € (0,1) x (0,1) x (0, 00).
Then we have
Tz (@, p,t) + 2, (2, p,t) =0, (z,p,t) € (0,1) x (0,1) x (0, 00).

Therefore, system (1.1) takes the form

1Py + G (¥ —P,), =0,

P2 (3W — W), — G (W —d,) — D (3W — U),_+aby =0,
PSott — 005, — Nletxx — H22g (xa 1, t) +o (3W - \Ij)m =0,
Tz (,p,t) + 2, (2, p, 1) =0,

where (z,p,t) € (0,1) x (0,1) x (0, 00), with the initial data and boundary conditions
‘I)(.C(),O) :<I>o(x),<l>t(x,0) :(I)l(x)7 S [07 1];
U(x,0) = Vg(z), ¥s(x,0) = Uy (z), x €10,1],
W(z,0) = Wy(x), We(z,0) = Wi(x), x € [0,1],
9(1’,0) = OO(I)7 ot I,O) = el(x)a YIS [07 1]5 (2 2)
Z(xapa ):fO (iIJ,—Tp), (-%",p) (071> X (071>7 '
2 (x,0,t) = Oy (x,t), (z,t) € (0,1) x (0,00),
®,(0,t) = ©,(1,t) = V(0,¢) = ¥(1,¢) =0, t€[0,+00),
wW(0,t) =W (1,t) =0, (0,t) =6, (1,t) =0, te€]0,+00),
where
G
(I)O(x) = 1, CDl(m) = _pT (% - 90093)1? Uy (J?) = 1#17
4G « 4 4 3D
Ui (z) = —— (Yo — por) — — (Bwo — o), + — 012 — le - jwl + —Woza,
P2 P2 P2 P2 P2 P2
G 4y 43 D
W$:w7Wx:—— - z) — ——Wo — — W1 + —Wozx,
o(z) 1, Wi(x) P (Y0 — Yoz) 30,0 T 3,0 T e

where z € [0, 1]. From equations (2.1)4 and (2.2), we easily verify that

[t
ﬁ/o 0 (z,t)dx = 0.
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So, if we set . .
0 (x,t) := 0 (x,t) —/ 0o (z) dx —t/ 01 (z) dx,
0 0
then simple substitution shows that (®, ¥, W, 6, z) satisfies (2.1), the boundary conditions in (2.2) and more
importantly
1
/ 0 (x,t)dz =0, Vt>0.
0

In this case, Poincaré’s inequality is applicable for 6. In the sequel, we work with # but for convenience, we write

0 instead. We will assume that
1> sl 2.3)

and show the well-posedness of the problem and that this condition is sufficient to prove the uniform decay of the

solution energy.

3. Well-posedness of the problem

In this Section, we prove the existence and uniqueness of solutions for (2.1)-(2.2). Introducing the vector function
U= (0,30 — U, W,0,8,,3W, — U, Wy, 0,,2)"

system (2.1)-(2.2) can be written as

a(t) _
SR =AUt >o, ) o
U(O) = UO = ((I)Oﬂ?’WU - \1}07W07907(I)173W1 - \Illvwlaelva) )

where A is a linear operator defined by

D,
W, — ¥
o tW i
3W — ¥ et
t
w G
0 o (¥ — @z),
A P = G D
3W, ' i} *(Qp_(bx)""*(BW_\I')wz_getw
W a fe 8D
Wt —*(1ﬁ—@z)—lW—th+*Wm
0y 5 P 3p2 3p2 P2
z e — = (BW —0),, + POy + 222, (2, 1,1)
P3 P3 P3 P3
—T_lzp

We consider the following spaces

L?(0,1) = {weL2(0,1):/1w(s)ds:O}, H!(0,1) = H' (0,1)n L2 (0,1),
0
H?(0,1) = {w e H?(0,1) : w, (0) = w, (1) =0} .
Let

H = H}(0,1) x H} (0,1) x Hg (0,1) x H} (0,1) x L2(0,1) x L?(0,1) x L*(0,1) x L2 (0,1)
xL*((0,1),L*(0,1)),
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be the Hilbert space equipped with the inner product
_ 1 o 1 o o 1 7 1 7
<U, U>H - Upl/ ®,B,dx + o—G/ (U — &) (V- B,)d + 407/ WWdz + 30/ pa Wi oda
0 0 0 0
1 1
+ops / (BW —0), (3T — T), de + a/ D (W — W), (3 ~ ), de
0 0

1 1 1 1 1
+30D / W W odx + aps / 0,0 dx + a5/ 0,0,dx + /\/ / zZdpdx,
0 0 0 o Jo

where ) is the positive constant satisfying

{Ta|#2| <A <Ta2u — |p2l), i |p2] <, (32)
A =Tapu, it |p2| = .

Then, the domain of A is given by

UeH|®,0ec H2(0,1)NHL(0,1),¥,W e H?(0,1)n H (0,1),
D (A) = \I/t,WteHO(O,l),d)t,GteHl( 1),(0+e Tu2) 0+ w6 € H2(0,1), . (3.3)
2,2z, € L?((0,1),L?(0,1)) , 2 (x,0) = by, (2)

Clearly, D (A) is dense in H.
We have the following existence and uniqueness result.

Theorem 3.1. Assume that Uy € H and (2.3) holds. Then there exists a unique solution U € C (RT;H) of
problem (3.1). Moreover, if Uy € D (A), then

UeC(RYDA)NC (RTH)).

Proof. The result follows from Lumer-Phillips theorem provided we prove that 4 is a maximal monotone
operator. For this purpose, we need the following two steps: A is dissipative and Id — A surjective.

Step 1. A is dissipative.

For any U € D (A), and using the inner product, we obtain

1 1 1 11
(AU, U),, = —406/ Widx — a,ul/ 07, + aug/ zz (x,1,t) Opdx — é/ / 2z, (x, p,t) dpdz.
0 0 0 T Jo Jo
3.4

By using integration by parts and the fact that z (x, 0) = 6y, (), the last term in the right-hand side of (3.4) gives

11 1 ! 1t
7/ / zz, (z, p, t) dpdx = 7/ 02 dx — 7/ 22 (z,1,t) d. (3.5)
o Jo 2 Jo 2 Jo

Substituting (3.5) in (3.4) yields

1
(AU, U),, ——406/ W da:—ozul/ Gm—&—aug/ Zg (a:,l,t)@tda:—i— / 02 dx
0

)\ 1

A 2
o 27 (z,1,t) dx. (3.6)

Also, using integration by parts and Young’s inequality we obtain, from (3.6)

1 1 1
alp A A alp
<AU,U>H§<0¢#1 '2227)/0 ofmdm(% |22>/0 (L) de— 406 [ Wedn
S
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A laminated beam in thermoelasticity of type III with delay

Keeping in mind condition (3.2), we observe that

A A
oy = 2l Aoy A alpl

> 0.
2 2T — 2T 2 =

Consequently, the operator A is dissipative.

Step 2. Id — A is surjective.

To prove that the operator Id — A is surjective, that is, for any F' = (fi,..., fo) € H, there exists U =
(®,3W — U, W,0, Dy, 3W; — U, Wy, 0,, 2) € D (A) satisfying

(Id— A)U =F, (3.7
which is equivalent to
- = fla
BW —¥) — BW =), = fo,
W — Wt = f37
60— et = f47
Pl(pt _G(I)aca: _G(?’W_\Ij)x+3GWx :p1f5a (3 8)
p2 (BW =), + GO, + G (BW — W) —3GW — D (3W — V) __ + aby, '
= p2fs,
psWi — G (3W — ¥) + 3GW — GO, + 2W + LW, — DW,, = pa fr,
p39t - 69wm +o (3W - lll)m; - /J/letmw — H2Zg (I, 17t) = p3f87
Tz + 2, = T fo.
From (3.8); —(3.8)4, we have
(I)t = — fla
BW —=V¥), = BW = V¥) — fo,
39
Wt =W - f3a ( )
Ht = 9 - f4.
By combining (3.9) and (3.8), it can be ®, 3WW — ¥ W, § shown that satisfy
p1® — G, — G(3W — \I/)w +3GW, = P1 (f1 + f5) R
p2(BW —¥)+GP, + G(BW — V) —-3GW —D(3W —-V¥)_ +ab,
= p2 (f2 + f6) + O f4,
psW — G (3W — W) + 3GW — G®, + 2W + LW — DW,,, 3.10)
= p2 (f3+f7)+%f37 '
p30 — 60,0 +0 (BW =) — 11100 — piozs (,1,1)
= p3 (fa + f3) + 00 fo + p10sz fu,
Tz + 2, = T fo.
Using the last equation in (3.10) we can find z with
z(x,0) =0, (z), € (0,1).
Following the same approach as in [28], we obtain, by using (3.10)s,
P
2(z,p,7) = Oz (x) 77 + Tepr-/ e’ fo (z, s) ds.
0
From (3.9)4, we obtain
P
z2(x,p,7) =077 —Opfa(x)e” TP 4+ Te_”’/ €% fo (x,8) ds, (3.11)
0
S
=]
MJM
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and in particular,
z(xz,1,7) =07 + zo (x,7),

where )

20 (,7) = =0z fa(x)e™ T + 7177 / €™’ fo (x, 8) ds.
0

In order to solve (3.8), we consider the following variational formulation
S o . . N\T
B <(<I>,3W —u,w,0", (<I>,3W _ \I/,W,e) ) e ((@,3W _ \Il,Wﬂ) ) , (.12)
where B : [H} (0,1) x Hg (0,1) x Hj (0,1) x H} (0, 1)]2 — R is the bilinear form
S
B((@,3w v, w,eT, (CD,SW— \I/,W,G)
1 o 1 } 1 o 1
- a/ GV — &,)(F — &, )da + a/ 1 &ddz + a/ p2 (3W — ) (3W - \11) dw + a/ ps00dz
0 0 0 0
1 1 1
+ (30pa + 4oy + 405)/ WWdz + a/ D(3W —0), (3W - \I/) dz + 30/ DW, W, dz
0 0 @ 0
1 1 ) 1 o
+a (64 p1+ e o) / 0,.0,.dx + aa/ (BW — W) 0dx + Ua/ 0, (3W — \I/) dz,
0 0 0
and G : H! (0,1) x H} (0,1) x H} (0,1) x H! (0,1) —> R is the linear form
. . \T
F ((@,3W _ \I/,W,H) )
1 . 1 o 1 )
o [ ptitf) @zt [ pa(fat fo) (3 - F)dot 30 [ pa(fat ) Wi
0 0 0
1 . 1 ) 1 } 1 )
+40/ BfsWdx + a/ o3 (fa+ fs) Odx + aa/ Oy foOdx + iy / Oy [40,0dx
0 0 0 0

1 1
+0a/ Oy f4 (3W — \if) dr — aps / Opz00dx.
0 0

Now, for
V = H!(0,1) x Hj (0,1) x Hg (0,1) x H; (0,1),

equipped with the norm
2 2 2 2 2 2 2
1(®,3W =W, W, 0)[ly, = [V = Do [y + 1[5 + [[BW = ¥), [ + Wally + 10115 + 11615,
one can easily see that B(.,.) and G(.) are bounded. Furthermore, using integration by parts, we obtain

B ((@,3W = w,W,0)",(®,3W — 0, W,0)") = c[|(2,3W — ¥, W, 0)[},

for some ¢ > 0. Thus, B(.,.) is coercive.
Consequently, by Lax-Milgram lemma, we obtain that (3.12) has a unique solution

®c H!(0,1), BW W)€ H}(0,1), WeH)0,1), 6cH!0,1).
The substitution of ®,3W — ¥, W and 0 into (3.9) yields
®, € H! (0,1), (3W —W), € H}(0,1), W, € Hy(0,1), 6, € H!(0,1).

e
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A laminated beam in thermoelasticity of type III with delay

Next, it remains to show that

® e (H2(0,1)NH;(0,1)), (3W—W)e (H*(0,1)NH;(0,1)),
W e (H?(0,1)NHj(0,1)), 60€ (H2(0,1)nHL(0,1)).

Taking (3W — 0, W, é) = (0,0,0) € HL(0,1) x HE (0,1) x HL(0,1) in (3.12), we get
T - T
B((@,3W —w,w,0)7, (@,0,0,0)
1 _ 1 _ B B
- a/ p1®d®dz + a/ G(~Du® — (3W — 0), & + 3W,d)du
0 0
1
o [ pr(fi+ fi) Bdn, VB e HLO1), G.13)
0

which implies
GPup =1 ® — G(BW — W), +3GW, — p1 (f1 + f5) € L7 (0,1). (3.14)

Consequently, by the regularity theory for the linear elliptic equations, it follows that
® e H*(0,1) N H}(0,1).

Moreover, (3.13) is also true for any ¢ € C* [0,1] C H! (0,1) . Hence, we have
1 1
| Gatado s [ (- GEW W), +3GW, (1 + f5)) 6dz =0
0 0

for all ¢ € C*[0,1]. Thus, using integration by parts and bearing in mind (3.14), we obtain
D, (1) 6 (1) = @, (0) ¢ (0) = 0,¥6 € C* [0,1].
Therefore, ®,, (0) = @, (1) = 0. Consequently, we obtain
®c H?(0,1)NH!(0,1).

In the same way, taking <<i>, W, é) =(0,0,0) € H! (0,1) x H} (0,1) x H!(0,1) in (3.12), we get
~ - T
B<(<I>,3W\I!,W,G)T,(O,?)W\I/,O,O) )
1
=0 | G(®,(3W —T)+BW —W) (3W —T) —3W (3W - ¥) ) dx
[ (o (o) (s ) (o )
1 B 5 1 ~ 5 1 5 N
+a/ p2(3W—\I!)(3W—\1/>dx+a/ D(3W—\Il)$(3W—\I/) dx+aa/ Hm(SW—\II>da:
0 0 r 0
1 B _ 1 B _
:a/ pg(fz-i-fg)(SW—\I/)dx—i—aa/ 8xf4<3W—\IJ)dx.
0 0
Recalling (3.8)5 and (3.8)4, we arrive at
1 ~ ~
/D(3W—\If)$ (BW—\I/) dz
0

x

_ /1 [p2fs — G (®y + (3W — W) — 3W) — aby, — ps (3W — 1),] (3W - \11) dr  (3.15)
0
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for all (SW - ﬁl) € H'(0,1), which implies
pafs — G (@ + (BW — W) — 3W) — aby, — p2 (3W — W), € L*(0,1).

Consequently, (3.15) takes the form
1
/ (=D (BW =), +G®, + G (BW — ¥) — 3GW + aby, + p2 (3W — ), — pa fg] (3W - \1/) dx = 0.
0

We obtain
-D@BW -¥),. +G (P, +GBW —¥) —3W) + ab, + p2 BW = T), = pa fs,

and
(3W — W) € H?(0,1) N Hy (0,1),

which gives (3.8)g. Similarly, we can show that
W e H?(0,1) N Hj (0,1),

and (3.8)7 are satisfied. Also, if we take (@, 3W — U, W) = (0,0,0)€ H! (0,1) x H} (0,1) x H} (0,1) in
(3.12), then using (3.8)2 and (3.8)4, we get

(5 + eiT,ug) 9383? + N’let:cx = pg@t - pgfg +o (3W — \If)m + ,LLanZO,

and we conclude that
((5 + e_Tug) 0+ 116, € H? (0,1).

Furthermore, it is obvious from
(5 + e_TM2) 0, + p16;, = p3/ 0.dx — pg/ fadx 4+ o (3W — W), + pszo,
0 0

that
(((S + e_T/’LQ) 9:r + ,uletx) (0) = ((6 + e_T,UQ) 99: + Mletm) (1) = Oa

then, we get
(6+e Tp2) 0+ piby € H2(0,1).

Finally, it follows, from (3.11), that
z(2,0) = 04 (¥) and z,2, € L* ((0,1),L*(0,1)).

Hence, there exists a unique U € D (\A) such that (3.7) is satisfied, the operator Id — A is surjective. Moreover,
it is easy to see that D (A) is dense in H.
At last, by Lumer-Philips theorem (see [10, 30]) we have the well-posedness result stated in Theorem 3.1. W

4. Exponential stability

In this section, we state and prove our stability result for the solution of problem (2.1)-(2.2), by using the
multiplier technique. We first introduce the following energy functional

1
E(t) =3 f {apl(pg oG (U — ®,) + 0py (3W — )2 + 6D (3W — 1)? wh
+30p2W2 + doyW?2 + 30 DW2 + aps07 + adh? + A fol 22 (z, p, t) dp} dx. .

To achieve our goal, we need the following lemmas.

3

s
2
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A laminated beam in thermoelasticity of type III with delay

Lemma 4.1. Let (O, U, W, 0, z) be the solution of problem (2.1)-(2.2). Then the energy functional E(t) defined
by (4.1) satisfies

d 1 1 1
—E(t)= —4ﬂa/ Widx — 01/ 02 dx — 02/ 22 (2,1,t)dx <0, 4.2)
dt 0 0 0
where i \ \ i
H2| & Ua| o
= —_ _—— > = — — > .
Gi=ma-"F5—=5-20 , G=g —"——20

Proof. Multiplying the first four equations in (2.1) by 0®;, o (3W — ¥),, 36W,, b, respectively, then,

A

integrating over (0, 1), and multiplying (2.1)5 by —z and integrating over (0, 1) x (0, 1) with respect to p and z,
T

summing them up, we obtain

jt” / [p1q>§ + G (U —0,)% + po (BW; — U)> + D (3W, — U,)% 4 3p, W2 + 4yW2 + 3DW§} dx
dao (! 9 9
+£§/ (p3b; + 662) dx+£§// (z,p,t) dpdx
1 1
= —4f0c Wfd:n - ula/ 07, dx + ,ugoz/ Orzy (x,1,t) do — é/ / zz, (z, p, t) dpdx. (4.3)
0 0 0 0

The last two terms of the right side of (4.3) can be estimated as follows.

\ o AL AL
77/ / zzp (x, p, t) dpdx = —/ 02 dx — —/ 22 (z,1,t) dx
T Jo 0 2T 0 2T 0

1 1 1
uga/ Orzy (x,1,t) dx < %/ 07 dx + %/ 2% (x,1,t) dx.
0 0 0

Hence,
1
dE()< 460/ Widx — ua—lm - — /9 )\_\/,L2|o¢ /zz(x,l,t)da:.
dt 2 0
Using (3.2), we obtain the result. [ |

Lemma 4.2. Let (9, U, W, 0, 2) be the solution of problem (2.1)-(2.2). The functional

1 1
Fi(t) := —py / DD dx + po WWedzx (4.4)
0 0

satisfies the estimate

1 1 1 1 1
2 D
Fl(t) < —pl/ @fdx—%/ W2dx—5/ Wﬁdm+03/ Wt2dx+C4/ (U — ®,)° da
0 0 0 0 0

D [t 5
13 (3W, — ¥, )" dx, 4.5)
where ) ) §
44 9G 3G
03—[)24-?, C4_G+ﬁ+4fy'
S
Vo
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Proof. By differentiating F; with respect to ¢, using (2.1), (2.1)3 and integrating by parts, we obtain
Fy(t) = —p1/ P d:c—G/ (T - )dw+p2/ Wde—D/ WQda;—G/ W (¥ —&,)dx
0

4y 2
- Wodx — — WWdx.
3/0 v 3/0 te

Note that . . .
fG/ (I)m(\IfffI)r)dZ’:G/ (\I/fcbz)defG/ U (U —d,)dx.
0 0 0

Then, we deduce that
1 1 1 1
F’()——pl/ <1>§dx+G/ (\I/—(I)I)2dm—G/ \I/(\Il—q)gc)dx—i-pg/ Wde—D/ W2dx
0 0 0 0 0

1 1 1
4 4
—G/ W(\Ilf@m)d:cfl/ W%lef/ WW,dz.
0 3 Jo 3 Jo
Making use of Young’s and Poincaré inequalities, we obtain

1 ) 1 1 D 1
F{()g—pl/ @fdx—l/ W2d3:—D/ ngd:c—k%/ \Ifﬁdm+<p2+)/ Widx
0 0 0

2 2
<G+9G+3G)/ (U — ®,)° da.
4y 0

Note that ) ) . )
/ Vidr = / (U — 3W, + 3W,)  da < 2/ (3W, — ¥,)* + 18/ W2dz.
0 0 0 0
Then the estimate (4.5) is established. |
Lemma 4.3. Let (P, ¥, W, 0, z) be the solution of problem (2.1)-(2.2). The functional
1
Fy (t) := pg/ (BW — W) (3W — W), dx (4.6)
0
satisfies the estimate
! D ! 2 ! 2
F(t) < 5 (BW, — W) da+ps | (3W, — ¥,)* dz —|— — (U —&,)% da —|— — 9 dz,
0 0
“.7

Proof. By differentiating F5 with respect to ¢, using (2.1), and integrating by parts, we get

1
Fy(t G/ (BW — ) (¥ — fI))dx—D/ (3W, w)de—l—a/ (3W, — U,) Oydx
0

1
+p2/ (3W, — 0,)? da.
0
|

Using Young’s and Poincaré inequalities, we obtain the result

Lemma 4.4. Let (O, U, W, 0, 2) be the solution of problem (2.1)-(2.2). The functional

1 T 1
Fy (1) := P2/)3/ (W — ‘I’)t/ 0r (y,t) dydx — 5/)2/ 0. BW — ¥) dx (4.8)
0 0 0

3
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satisfies the estimate

1 1 1 1
Fl(t) < —% i (3W—\If)fdx+gl/o (T — @,)%dx + Cs (51)/0 Qitdaﬁ—&-sl/o (BW, — 0,)? dz

g

2 1
+@/ 22 (2,1,1) da, (4.9)
0

forany 1 > 0, where
2 2 2 2 2 2 92
aps | p2py | D7p3  0°p;  G7p3
C = — .
e P T
Proof. By differentiating F3 with respect to ¢, using (2.1), (2.1), and integrating by parts, we obtain

1 x 1
(1) = p3/0 G (- a,) /0 6, (y,1) dydz — m/o 6. (3W — W) da
rx=1

T 1 1
+ [pg (=GO +D@BW - V), — ab,) / 0 (y,t) dy} + aps / 02dx — p20/ (3W — \Il)f dx
0 0 0

=0

1 1 1
+papi / (BW = V), Odx — Dps / 0, (BW — W), dx + papz / BW = VW), z(x,1,t) dx.
0 0 0

1 d 1
/Ht(y,t)dy=%/ 0 (y,t)dy =0,
0 0

then, by Young’s and Poincaré inequalities, with €; > 0 to obtain (4.9). |

Note that

Lemma 4.5. Let (9, ¥, W, 0, z) be the solution of problem (2.1)-(2.2). The functional
! 1
Fy(t) := / {p39t9 + 719:% +o(3W —-¥), 9} dx (4.10)
0
satisfies the estimate

5 [ 2 1 1
Fl(t) < _7/ 02dz + ( ps + —— / 9t2d1:+€2/ (W - 0)? dx + 3 22 (2,1,t) dz, (4.11)
2 0 452 0 0 25
for any 5 > 0.
Proof. By differentiating F; with respect to ¢, using (2.1)4 and integrating by parts, we obtain

1 1 1 1
Fi(t) = 00,,0dx + / p30idr + / pazy (z,1,t) 0dr + / o(BW — W) 6,dx.

0 0 0 0

Using Young’s inequality with €5 > 0, we establish (4.11). |
Lemma 4.6. Let (O, U, W, 0, z)be the solution of (2.1)-(2.2). Then the functional

1 1
D
Fs (t) := pg/ BW =V¥), (¢, —¥)dr + %/ BW —Vv) ddx 4.12)
0 0
satisfies the estimate
1 1
Fg(t)g—g (U — ®,)° da +—/0 dx + p2+€3)/ (BW — )7 9p2/W2
0 0
D
+ (C’;l —pQ)/ (BW — 0)_, ®,dz, (4.13)
0
forany g3 > 0.
S
Ry
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Proof. By differentiating F5 with respect to ¢, using (2.1), (2.1)2 and integrating by parts, we obtain
1 1 1
FL(t) = —/ G (V- @I)der/ by, (U — &) de — p2/ (3W — W), U, dx
0 0 0
D 1
G 0
Using Young’s inequality with €3 > 0, we establish (4.13). |

Lemma 4.7. Let (O, ¥, W, 0, z)be the solution of (2.1)-(2.2). Then the functional

1,1
Fs (t) := / / e P22 (x, p,t) dpda (4.14)
0 Jo
satisfies, for some m, c > 0, the following estimate
1,1 c [l 1t
F§(t) < fm/ / 22 (z, p,t) dpdz — f/ 22 (x,1,t) da + f/ 02, dz, (4.15)
0o Jo T Jo T Jo

Proof. By differentiating Fg with respect to ¢, using (2.1)5 and integrating by parts, we obtain
9 1 gt
Fé (t) = 77/ / 6727-;)2 (l’,p,t) Zp (I,pﬂf)dpdl‘
T Jo Jo
1 1 1 /1o
= —2/ / e %P2 (x, p,t) dpda — f/ / — (6_27”22 (z,p,t)) dpdx
o Jo T Jo Jo Op

1,1 c [t 1!
—m/ / 2% (z,p,t) dpdx — = / 2% (x,1,t) do + = / 07, dz.
0o Jo T Jo T Jo

This gives (4.15). |

IA

The stability result reads as follows.

Theorem 4.8. Assume that % = p% and (2.3) holds. Let Uy € H, then there exist two positive constants co and
c1, such that the energy E (t) associated with problem (2.1)-(2.2) satisfies

E (t) S C()E (0) e_clt, t Z 0.

Proof. To establish the decay result, we assume < 22 and define a Lyapunov functional £ as follows

P1 P
L(t):=0FE )+ Fi(t)+ 62F (t) + 03F3 (t) + Fa (t) + 04F5 (t) + Fs (1),
where 61, d2, d3, d4 are positive constants to be chosen properly later.
Using Cauchy-Schwarz inequality and the Poincaré’s inequality, one can easily see that all F; (t),i =1,...,6
are bounded by an expression with the existing terms in the energy F (t). This leads to the equivalence of L (t)
and E (t).
Gathering the estimates in the previous lemmas and using

1 1
/Htdeg/ 02 dx,
0 0

32
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we arrive at

r 2 1 1 1
D 5
L(t) < — |4B0d; — C5 — 9”254} / Wide — = [ W2dx — f/ 02dz
L de3 0 2 Jo 2 Jo
2

r 2
—16:C1 — %52 — (5 (81) 03 — (pg + :;2)

a? 1 ! 9
| “3a0 ] [ e

— G§4—C4—G52—€153:|/ (\I/—(I),J;)zdl’—p1/ ‘I’fdx—% W2d£E

L 2 2D 0 0 0
'D D 1 1

— 562 — ﬁ — 6153 - €2:| / (3Wx - \I/x)2 dr — [%63 — ,02(52 — (,02 + 53) 54} / (3Wt — \IJt)Q dx
L 0 0
r 2 2 1 1,1

— 1610y + £ _f2h 03 — lb] / 2% (x,1,t) dx — m/ / 2% (z, p,t) dpdz. (4.16)
L T o 20 | Jo o Jo

At this point we will choose all the constants, carefully. First, we take - large enough and €5 small, such that

D D
552—T8—52>0.

Then we can take J4 sufficiently large such that

G G?
564 - C4 - E(SQ > 0

Next, we pick €3 small and choose §3 large enough such that

o
%53 — pada — (p2 +€3) 04 > 0.

After that, we then select 1 so small that

D D 2
52_7_52_5153>0’ €64—C4—G

= 2 Sy — 2165 > 0.
2 18 2 9p%2 T 1% >

Finally, we choose ¢; so large such that

952 2 2
4B0517037ﬁ54>0, 6102+Efp2'u253f&>07
2 des 7 ) 26
o o « 1
0101 — 502 = U5 (€1) 03 — (ps + 452) —5g% - >0

On the hand, from the above, we deduce that for some positive constants 1, cg one has
arE(t) < L(t) < axE (t).

Therefore, (4.16) becomes
L' (t) < —cE(t).

c
For c; = —, we get
(&%)

L () < —c1L(t),Vt>0. 4.17)
Integrating (4.17) over (0, t), yields
L(t) < L(0)e vt >0. (4.18)
At last, estimate (4.18) gives the desired result Theorem 4.8 when combined with the equivalence of £ (t) and
E (1). [
Sk
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Abstract. This work offers an analogue of Householder’s Method for solving a root-finding problem f(z) = 0 in the p-adic
setting. We apply this method to calculate the square roots of a p-adic number a € Q, where p is a prime number, and
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1. Introduction and Background

Given a prime number p, the field of p-adic numbers QQ, were first introduced by Kurt Hensel at the end of
the 19th century in a short paper written in German [8], which can be thought of as the completion of the field of
rationals QQ with respect to the p-adic norm, similar to how one constructs the field of real numbers R from Q (see
[11, [3], [5], [6]). The p-adic numbers are useful because they provide another toolset for solving problems, one
which is sometimes easier to work with than the real numbers. They have applications in number theory, analysis,
algebra, and more. For about a century after the discovery of p-adic numbers, they were mainly considered as
objects of pure mathematics. However, numerous applications of these numbers to theoretical physics have been
proposed, to quantum mechanics, to p-adic - valued physical observables and many others. The field of p-adic
numbers Q, endowed with a metric d,, generated by p-adic valuation is also a fundamental example in the theory
of ultrametric spaces. Nevertheless, many metric properties of the space (Q,, d,,) remain unexplored now.

Finding the approximate solution of the nonlinear equation f(z) = 0 is one of the basic problems and
frequently occurs in scientific work of various fields. Due to the higher order of the equation and the involvement
of the transcendental functions, analytical methods for obtaining the exact root cannot be employed and therefore,
it is only possible to obtain approximate solutions by relying on numerical methods based on iteration procedure
[4], [15]. If we come across a problem that the function f is not known explicitly or the derivatives of the function
are difficult to compute, then a method that uses only computed values of the function is more appropriate.

*Corresponding author. Email address: m.kecies @ centre-univ-mila.dz (Kecies Mohamed)
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In fact, there are some results of the existence of square and cubic roots of p-adic numbers. For instance, in
[13], the authors demonstrated how classical root-finding methods from numerical analysis can be employed to
compute the multiplicative inverses of integers modulo p™,n € N. A similar problem was addressed by Zerzaihi,
Kecies, and Knapp [21] by using the fixed point iteration to compute the Hensel codes of square roots p-adic
numbers. In [19] and [20] Zerzaihi and Kecies then extended the root-finding problem to the cube roots in Q,, of
p-adic numbers by approximating the zeroes of g(z) = 23 — a,a € Q,, using the secant and Newton method.
A related study was also carried out in [14] where Kecies considered the problem of finding the square roots of
p-adic numbers in QQ,, through the secant method. A similar problem also appeared in [11] wherein Ignacio et al.
computed the square and cube roots of p-adic numbers via Newton-Raphson method.

Lately, a series of investigations explored the problem of finding square roots and the g-th roots of p-adic
numbers. For instance, in [2], the authors proposed an analogue of Steffensen’s method in finding roots of a
general p-adic polynomial equation f(x) = 0 in Z,. Meanwhile, in [17], the author described an analogue of
Halley’s method for approximating roots of p-adic polynomial equations f(z) = 0 in Z,. A related study which
examines a p-adic analogue of Olver’s method was also considered in [16]. On the other hand, In [10], the authors
gave the conditions for the existence of the g-th roots of p-adic numbers, and then applied the Newton-Raphson
method to compute the g-th roots.

Our contribution in the present paper is to show how we can use classical root-finding method (Householder’s
method [9], [18]) to calculate the zero of a p-adic polynomial equation given by

fl@)=a*-a=0,a€Q}. (1.1

Our goal is to calculate the first numbers of the p-adic development of the solution of the previous equation, and
this solution is approached by a sequence of the p-adic numbers (x,), C Q, constructed by the Householder
method.

The rest of the paper is organized as follows. The next section recalls several concepts about QQ,, which will be
used through the paper. Our main contribution is formally stated and proved in Section 3, and a short concluding
remark is given in the last section.

2. Preliminaries

Definition 2.1. Fix a prime number p € Z. The p-adic valuation on Z is the function v, : Z— {0} — R defined
as follows: for each integer n € Z,n # 0, let vy(n) be the unique positive integer satisfying

n = p™n’ withptn'.

In other words, the p-adic valuation of n is the highest power of p that divides n.
We extend vy, to the field of rational numbers as follows: if v = § € QF, then

vp(2) = vp(a) — vp(b).
Definition 2.2. For any x € Q, we define the p-adic absolute value (or the p-adic norm) of x by
], = p~ ",

if v # 0, and we set |0[ , = 0.
This norm satisfies the so called strong triangle inequality

2+ yl, < max {Jal,, |y, } forallz.y € Q, @1
and this is a non-Archimedean norm. The p-adic norm leads us to the p-adic metric on Q defined by

dp(z,y) = |z —y|, forallz,y € Q. (2.2)

3
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We actually have something stronger than a metric. Thanks to the non-Archimedean property d, is an
ultrametric. Rather than the ordinary Triangle Inequality, d, satisfies the Strong Triangle Inequality

dp(z,y) < max{d,(z, 2),dp(z,y)} forallz,y, z € Q. (2.3)

We note that the range of the map ||, is the set {0} U {p" : n € Z} unlike the usual |-[, on R whose values
include all non-negative real numbers.

Definition 2.3. For each prime p, the field of p-adic numbers denoted Q,, is the completion of the field of rational

numbers Q with respect to the p-adic norm |-| p Which contains the rational numbers Q as a dense subset.

The elements of Q,, are equivalent classes of Cauchy sequences in Q with respect to the extension of the p-adic

norm. For some x € Q,, let (z,,),, be a Cauchy sequence of rational numbers representing x. Then by definition
z| = lim |x,| . 2.4
| |p n—s-+o00 | n|p 24

Each equivalence class of Cauchy sequences defining some element of (@, contains a unique canonical
representative Cauchy sequence. In order to describe its construction, we need the following theorem.

Theorem 2.4. [7] Any p-adic number o« € Q,, can be written in the form
o0
Jj=n

where each a; € Z, and n is such that \a|p = p~". Moreover, if we choose each a; € {0,1,2,...,p — 1}, then
the expansion is unique. (In this case, the expansion is the canonical representation of «.)

Remark 2.5. Notice that there is a one-to-one correspondence between the power series expansion
1 2
a = anpn + a7z+1pn+ + a“rH—Qanr (25)

and the abbreviated representation

O = ApOpnt10p42...

where only the coefficients of the powers of p are exhibited. Because of this correspondence we can use the power
series expansion and the abbreviated representation interchangeably. In fact, we shall refer to each of them as
the p-adic expansion for o.. The abbreviated representation is completely analogous to the representation of the
decimal expansion of a real number. In fact, we complete the analogy by introducing a p-adic point as a device
for displaying the sign of n. Thus, we write

UnOp410p42...0_20_1 - AQpG1a2..., forn < 0,
a =< -apaias..., forn =0, (2.6)
-0..0apan+1..., forn > 0.

Definition 2.6.
(1) A p-adic number is said to be a p-adic integer if its canonical expansion contains only nonnegative powers of
p. The set of p-adic integers is denoted by Z,, so

Zpy=c2€Q,:z= Zajpj . 2.7
j=0
It is easy to see that
Z, = {x €Q,: 2|, < 1} . 2.8)
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In other words, Z,, appears as the closed unit ball in Q).
(2) Any p-adic integer whose first digit is non-zero is called a p-adic unit. The set of p-adic units is denoted by
Z,. Hence we have

[ee]
Z, = a:zZajpj:aoséO z{a:EZp:mp:l}, (2.9)
§=0

meaning that the group of units of Zy, is then the unit sphere in Q.
The following proposition follows at once from the definition of the p-adic norm and the p-adic unit.

Proposition 2.7. [12] Let x be a p-adic number of norm p~™. Then x can be written as the product x = p™u,
where u € Z,y.

According to the above definition 2.3, QQ,, is a complete metric space, and, consequently, every Cauchy
sequence converges. Cauchy sequences are characterized as follows.

Theorem 2.8. [1] A sequence (a,,) in Q, is a Cauchy sequence, and therefore convergent, if and only if it satisfies

lm |apy1 — an\p =0. (2.10)
n——4oo
o0
Now let us consider a numerical series ) a;j,a; € Q,. We say that this series converges if the sequence of
Jj=0
n o0
its partial sums s,, = > a; converges in @, and it converges absolutely if the series |aj|p converges in R.
7=0 7=0

The following result is an important tool for determining whether a series of p-adic numbers converge in QQ,, or
not.

o0
Proposition 2.9. [1] A series Y a,, with a,, € Q, converges in Q,, if and only if lin_l|r an = 0, in which case
n—-—+0o0o

n=0
9]
D_an
n=0

gmax\an\p. (2.11)
P

Proposition 2.10. [1] If
ngnﬂl—ooxn =T,%Tn,T € Qpa |$‘p #0,

then the sequence of norms {|xn| piME N } must stabilize for sufficiently large n, i.e., there exists N such that
%0, = |z|,,Vn > N. (2.12)

For fixed primes p the p-adic numbers have many applications to ordinary number theory especially to solving
congruences modulo p. Important in this regard is Hensel’s Lemma. The lemma says that if a polynomial equation
has a simple root modulo a prime number p, then this root corresponds to a unique root of the same equation
modulo any higher power of p. This root can be found by iteratively lifting the solution modulo successive
powers of p and is an analog of Newton’s method. First, we define congruence in Q,,.

Definition 2.11. We say that a and b € Q,, are congruent mod p™ and write a = b mod p" if and only if
la —b[, <p™™
Theorem 2.12. [5] (Hensel’s Lemma)
Let f(x) = co + 12 + ... + ¢, ™ be a polynomial in Z,, [x] (coefficients are p-adic integers). Let f'(x) be the
formal derivative of f(z). Suppose ay € Z, with f(ag) =0 mod pand f'(ay) #0 mod p. Then, there exists
a unique p-adic integer a such that f(a) = 0 and a = ay mod p.

As an application of the Hensel’s lemma, we investigate the squares in Q.

Corollary 2.13. [6] Let p # 2 be a prime. An element x € Q) is a square if and only if it can be written
x = p*y? withn € Zandy € Z, a p-adic unit.

3
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3. Main Results

Finding iterative methods for solving nonlinear equations is an important area of research in numerical analysis
at it has interesting applications in several branches of pure and applied science can be studied in the general
framework of the nonlinear equations f(z) = 0. Due to their importance, several numerical methods have been
suggested and analyzed under certain condition. These numerical methods have been constructed using different
techniques. It arises in a wide variety of practical applications in Physics, Chemistry, Biosciences, Engineering,
etc.

Let us consider the nonlinear equation of the type

f(z) =0. 3.1)

For simplicity, we assume that r is a simple root of the equation (3.1) and x is an initial guess sufficiently close
to r. Using the Taylor’s series expansion of the function f, we have

(x — x0)?

5t (w0) = 0. (3.2)

f(@o) + (x — z0) f' (o) +
First two terms of the equation (3.2) gives the first approximation, as

f(zo)
f(@o)

This allows us to suggest the following one-step iterative method for solving the nonlinear equation (3.1).
For a given x, find the approximate solution z,,4; by the iterative scheme

T )
n

v =2 — (3.3)

n=01,2,.. (3.4)

Algorithm (3.4) is known as Newton method and has second-order convergence [4].
Again from (3.2) we have
~ flzo)  f"(wo)(x — 20)?
f'(o) 2f'(zo)

Substitution again from (3.3) into the right hand side of (3.5) gives the second approximation

_ f(zo) _ f" (o) (f(xo))%
Fi@o)  2(f'(w0))’

(3.5)

r = X9

(3.6)

Tr = X9

This formula allows us to suggest the following iterative methods for solving the nonlinear equation (3.1).
For a given x(, compute approximates solution x, 1 by the iterative scheme

o — g, J@n)  (F@a)” f(wn)
n+ n f/(mn) 2(]“(93”))3

n=0,1,2,.. 3.7)

Algorithm (3.7) is known as Householder method for solving the nonlinear equations [9]. This method is one of
the famous methods in producing a sequence of approximation roots of (3.1) with initial point xg.
To calculate the square root of a p-adic number a € QQ}, one studies the following problem

fl)=2"-a=0,a€Q}. (3.8)

The solution of the previous equation is approached by a sequence of the p-adic numbers (x,,),, C Q,, constructed
by the Householder method.

e
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In this section we analyze the convergence of the method described previously. The important part of the
convergence is about the convergence rate. In practice, a numerical method may take a large number of iterations
to reach the optimum point. Therefore, it is important to employ methods having a faster rate of convergence.

The rate of convergence plays an important role in the theory of any iterative procedure that is producing
a convergent sequence to the exact solution. The method converges faster to the solution for high order of
convergence. Therefore, it requires a lesser number of iterations for a given accuracy. Rate of convergence of a
numerical method is usually measured by the numbers of iterations and function evaluations needed to obtain an
acceptable solution.

A practical method to calculate the rate of convergence is to calculate the sequence (e, ), defined by

€n = Tn4ng+1 — Tn+ng- (3.9

with ng € N. Roughly speaking, if the rate of convergence of a method is s, then after each iteration the number
of correct significant digits in the approximation increases by a factor of approximately s. Moreover, the number
of iterations necessary to obtain the desired precision M which represents the number of p-adic digits in the
development of y/a is very important for our objectives. it’s all about finding n such that

[Tntngt1 = Tngnol, <M, (3.10)

this is equivalent to
vp(en) > M. (3.11)

Let a € Q} a p-adic number such that
lal,, = p Ul = p=2m e Z. (3.12)

If (z,,), is a sequence of p-adic numbers that converges to a p-adic number « # 0, then from a certain rank one
has

|Znl, = o, . (3.13)
We also know that if there exists a p-adic number « such that o = a, then v, (a) is even and
|Znl, = |al, =p~™. (3.14)
We consider the following equation
f(z) =2 —a. (3.15)

We know that the iterative formula of the Householder method is given by
Flan) — (f@a))® £ (@)
f'(@n) 2(f"(wn))’

Therefore the iteration of the Householder method associated with the function f given in (3.15) is written in the
form

VneN:z 11 =2, —

1 1 2
VnGN:an:mn—ﬁ(mi—a)—@(xi—a) . (3.16)

Theorem 3.1. If x,,, is the square root of a of order r, then
1) If p # 2, then &y, 1y, is the square root of a of order wy,, where the sequence (w,),, is defined by

Vn € N:w, =3"r+2m(1 —3"). 3.17)
2) If p = 2, then x4y, is the square root of a of order w),, where the sequence (wy,),, is defined by

Vn e N:w), =3"r+ (2m+3) (1 —3"). (3.18)
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Proof. Let (x,), be the sequence defined by (3.16). We have

11
VnEN:xiH—a:&ﬁ (a—xi)s (a—9ac,21). (3.19)

We assume that x,,, is the square root of a of order r, i.e,
z2 =a modp",reN. (3.20)

no

Then

hence we obtain

|25, —al, <p7"
On the other hand, we put
11
g(z) = T (a—9z7). (3.21)
Since
1, if p # 2,
|64| = (3.22)
P 1 1.
64 — 26> lfp = 4
we have
1 1 9 1 1 9
|9($no)\p = ’64356 (a 9%0) = ‘64 6 |a* 9%0 p
70 p pl17nolp
This gives
1 2
|g(x'rto)|p < ‘64 .’ET ma‘x{|a’|p7|9xno|p}
P o Ip

On the other hand, using the proposition 2.10, we get

pompTAm i p £ 2,
19(@n,)], <
2696mo=2m if =9

P, ifp # 2,
<
24m+6 if p — 2.

We obtain ,
42, 11 — al, = lg(@ao)l, o — 227,

and so we have
|25, 41 —al, <P ifp # 2,

|22, 41 —al, < 24mFO27 if p £ 2,
Using the definition 2.11, we get

xio_,_l —a=0 modp?~4mifp £ 2,

xioﬂ —a=0 mod 23 4m=6ifp =2

e
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In this manner, we find that if p # 2, then

Wn,

VnEN:xi+n0—aEO mod p*“™,
where the sequence (w,, ), is defined by
Wp41 = W, — 4m,

Vn e N:
Wy =T.

It is clear that (w,, )y, is a linear recurrence sequence of order 1, whose general term is given by

Vn e N:w, =3"r+2m(l-3").

Furthermore
vp(xi+n0 —a) > wy.
If p = 2, then
VnEN:xi+no—aEO mod 2%,

where the sequence (w),),, is defined by

wy = 3w, — (4m +6),

Vn e N:
wh=r
Which give
VneN:w), =3"r+(2m+3)(1-3")
Furthermore
Vo (2 4, — @) > W),
and so

Vn € N:w], = w, +3(1 —3").
This complete the proof.

Corollary 3.2. If x,,, is the square root of a of order r, then

1) Ifp # 2, then
Vn € N: Tpingt1 — Tngn, =0 mod p°",

where the sequence (sy,),, is defined by
VneN:s, =3"r+m(l—-2-3").

2) If p = 2, then
Yn € N: Tpingt1 — Tngn, =0 mod 2%,

such as
VneN:s, =3"r+m(l—-2-3")— 3"

Proof. Let (x,), be the sequence defined by (3.16). We have

VneN:an—xn:—é—(a—mQ) (a—5x2).
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This gives
1 1
Vn €N Tping+1 — Tndng = —5 3 (a — x?HnO) (a — 5x,21+n0) .
8xn+no
We put
ha) = 5 g (a— 507
r)=—gaa—57).
Since
1, ifp #2,
181, =
5= ifp=2,
we have
1 1 1 1
e (@522 =g| |z ta-seten
0/lp 8x§z+n0 0 . 8 » fo_nO . olp
1 1
z 1522 }
‘8 o | Thgng pmax{|a|P 152740,
pPrpTE i p # 2
<
2323m9=2m if p =2
p", ifp # 2
<
2mH3 if p = 2.

Hence we obtain
2

‘xn+no+1 - :L'n+no|p = |h(wn+no) (a‘ - xn«kng) ’p = |h(xn+no)|p : ‘a - x?wrno p

On the other hand, using (3.23) and (3.27), we get
ppTn, ifp # 2
|73n+no+1 - xn-&-nolp < ) )
9mH39—w, if p =2,
and so
Tntngtl — Tning =0 mod p*="M if p #2
Tntng+l — Tntno =0 mod Qwn—(m+3) if p = 2.

Therefore, if p # 2, then
Yn € N: Tpingt1 — Tngn, =0 mod p°",

where
YneN:s, =w,—m=3"r+m(l—-2-3").
Furthermore
Up(Tntno+1 = Tntng) = Sn-
If p = 2, then
Yn € N: Tpingt1 — Tngn, =0 mod 2%,
where
Vi€ N s, =), — (m+3) = 3 +m(1—2.37) — 3 =5,

Furthermore

/
UQ(:EH-HI()-H - xn+n0) > Sn-

This complete the proof.
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3n+1

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)
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4. Conclusion

Our main results can be summarized as follows.

1.

If p # 2, then the following are true.

(a) The rate of convergence of the sequence (x,,),, is the order s,,.
(b) If r — 2m > 0, then the number of iterations n to obtain M correct digits is
M—m
In ( r—2m )

n=|——=" (4.1)

2. If p = 2, then the following are true.

(a) The rate of convergence of the sequence (,, )y, is the order s,.
(b) If r — (2m + 3) > 0, then the necessary number n of iterations to obtain M correct digits is
M—
In ( T—2mTz3 )

= |——a . 4.2
" In3 4.2)

3. In the p-adic setting, the Householder’s method converges cubically insofar as the number of significant

digits eventually triples with each iteration.
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1. Introduction

Let A denote the class of functions f(z) of the form:

f(z):erZanz" (1.1)

n=2

which are analytic in the open unit open disk U = {z : z € C,|z| < 1}. Also, we detote .S be class of all
functions in A which are univalent and normalized by the conditions

fO)=0=f(0)-1

in U. Let X/ denote the class of meromorphic univalent functions g of the form
oo b
_ n 1.2
g(z) =z + 7;:0 n (1.2)

defined on the domain A = {z : z € U,1 < |z] < oo}. Since the function g € 3’ is univalent, then it has an
inverse g~ ! = h , defined by

—1
9 (9(2)) =z (z€ ),
*Corresponding author. Email address: adnan_omoush @yahoo.com (Adnan Ghazy ALAMOUSH)

https://www.malayajournal.org/index.php/mjm/index (©2022 by the authors.
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and
g Y g(w)) =w (M < |Jw| < co, M >0),
where
— b bibo+by b2+ byb2 + 2bgbo + b
-t n 1 170 2 1 104 002 3
g (w)=hw)=w+Y —=w-by— — — —— — . + (1.3)
n=0 w w w
By a simple calculations, we have:
by+B1 By—bBy+by Bs—b B+ b B2—2byB+b:
w=g(h(w))=(bo+Bo)+w+1w L= ;20 2 28 Pl 11030 20T L (14)

Comparing the initial coefficients in (1.4), we find that
bo+ By =0 = By = —bg
bi+B; =0 = B =-b
By —b1By+by=0 = By = —(bz2 + b1by)
B3 —b1By + b1 B2 —2byBy +b3 =0 = Bz = —(b3 + 2bgb1 + by b3 + b?).

A function g € ¥/ is said to be meromorphic bi-univalent if g~' € X', and the family of all meromorphic
bi-univalent functions is denoted by 3,. The coefficient problem was widely investigated for various interesting
subclasses of the meromorphic univalent functions; for example, Schiffer [19] obtained the estimate |bo| < % for
meromorphic univalent functions f € S with by = 0. In 1983, Duren [20] obtained the inequality |bo| < n%_l
for f € Swithb, =0,1 <k < 3.

For the coefficients of inverses of meromorphic univalent functions, Springer [16] showed that

1 1
|Bg| < 1and |B3 + iBf‘ < 5,
and conjectured that
(2n —2)!
By 1| < ———(n=1,2,--).
|52 1|_n!(n71)! (n )

In 1977, Kubota [22] has proved that the Springer conjecture is true for n = 3; 4; 5. Furthermore, for h € ¥,
Schober [15] obtained sharp bounds for |Ba,—1|if 1 <n < 7.

Recently, Some several researcher such as ( for example [1], [2], [3], [4] [5], [6], [7], [8], [9], [10], [11],
[12],[13], [14], [17], [21]) introduced new subclasses of bi-univalent functions and meromorphically
bi-univalent functions and obtained estimates on the initial coefficients for functions in each of these subclasses.

In 2013, Babalola [18] introduced a new subclass A-pseudo starlike function of order 0 < 8 < 1 satisfying
the analytic condition
2(f(2)) }
8%{ >pB(A>1, zeU). (1.5)
) ( :
In particular, Babalola [18] proved that all A-pseudo-starlike functions are Bazilevic of type 1 — % and order ﬂ§
and are univalent in open unit disk U.

In the present paper, we introduce two new subclasses of pseudo-type of meromorphically bi-univalent
functions and obtained the estimates for the initial coefficients |bg| and |b;| of functions in these subclasses.
Several some consequences of the new results are also pointed out.
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2. Coefficient Bounds for the Function Class X/ (h, p, \)

We begin by introducing the function class ¥’ (h, p, A) by means of the following definition.
Definition 2.1. Let the functions h;p : /A — C' be analytic functions and

_ _ pP1r P2, D3
h(Z)—].*F?‘F*Q‘FZ*SﬁL"', p(z)—1+;+;+g+,

such that
min{R(h(z)),R(p(2))} > 0,z € A.

A function g(z) € X' given by (1.2) is said to be in the class X, (h,p, \) if the following conditions are satisfied:

geE’andWeh(A),(AZl, z € N), 2.1
and )
w(hEZj;) ep(A),(A>1, weD), (2.2)

where the function h is given by (1.3).

Theorem 2.2. Let g(z) be given by (1.2) be in the class X, (h, p, \). Then

2 2
|bo|§mm{\/|h1| o 7\/|h2|—2%p2} 23)

) |he| +lp2| 1 \/|h22+|p2|2 (Jh1]? + |p1[?)?
< . 2.4
|b1|—mm{ oN+1] " A+1 2 + 1 24

Proof. Let g € X/ (h,p, A). Then, by Definition 2.1 of meromorphically bi-univalent function class 3, (h, p, A),
the conditions (2.1) and (2.2) can be rewritten as follows:

and

= h(z 2.5)
9(2) &
" (h(w))*
w(h(w
= 2.6
h(w) p(w), (2.6)
respectively. Here, and in what follows,the functions h(z) € P and p(w) € P have the following forms:
P1 P2 | D3
=1l+—=+=+=+.. A 2.
p(2) +z+22—|—z3+ (z e ) 2.7
and q q q
1 2 3
=14+=4+ =+ =+ .. AN). 2.
q(w) +w+w2+w3+ (weh) (2.8)
Clearly, we have
NA 2 1 3 _ 2 1 2
z(9(2)") :1_bj+bo ( +)‘)b1+b0 (2A\)boby + (1 + /\)52+
g(2) z 22 23
(2.9
S
(V=)
MJM
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and
h(w)")* bo B2+ (L+ )by b3+ (3(1+ Nboby + (1 +2X))b
wh(w))* | bo B (L4 A)b B+ (3014 Nboby + (1422
h(w) w w? w3
(2.10)
Now, equating the Coefficients in (2.5) and (2.6), we get
—by =My (2.11)
b — (1+A)by = hy (2.12)
bo = p1 (2.13)
b2 4 (14 \)by = pa. (2.14)
From (2.11) and (2.13), we find that
P1=—q1 (2.15)
and
202 = hi +p? (2.16)
that is, ) )
h
of? < Il 2.17)
Adding (2.12) and (2.14), we get
202 = ho + po (2.18)
that is,
h
jbp? < 12l T l2] ; p2], (2.19)

From (2.18) and (2.19) we get the desired estimate on the coefficient |by| as asserted in (2.3).
Next, in order to find the bound on |bg|, by subtracting the equation (2.12) from the equation (2.14), we get

2(1 + /\)bl = po — ho, (2.20)
that is,
|ha| + |p2
bh| < ————=. 2.21
By squaring and adding (2.12) and (2.14), using (2.18) in the computation leads to
1 2 2 2 212
(14 X)2 2 4
that is,
1 lha|® + [p2* | ([hal® + [pa[?)?
bi| < \/ . 2.23
b1] < T < 5 + 1 (2.23)
From (2.21) and (2.23) we get the desired estimate on the coefficient |b; | as asserted in (2.4). |
Remark 2.3. If we take
1421\ 20 | 202
h(z) =p(z) = (1 :12) :1+7a+%+--- ,(0<a<l, ze ),
z
and 125
1+ === 2(1 — 2(1 —
M) =p() = g =14 A 2B (g pcn s en),

respectively, in the Theorem 2.2, we obtain the following results which is an improvement of estimates obtained
by Srivastava el. at [17].

3

s
2

50



Certain subclasses of Pseudo-type meromorphic bi-univalent functions

Corollary 2.4. Let g(2) be given by (1.2) be in the class X! (), ). Then

bo| < 2a (2.24)
and Vo2
25

bi| < ) 2.25

b1] < Nl (2.25)

Corollary 2.5. Let g(z) be given by (1.2) be in the class X!, (X, i1, o). Then

|bo| < 2(1— p) (2.26)
and
2(1 — p)/4p? — 8u + a2
b < . 2.27
|b1] < ] (2.27)

3. Coefficient Bounds for the Function Class Y/ (h, p, A, 5)

We first introduce the function class 3/, (h, p, A, ) as follows.
Definition 3.1. Let the functions h;p : /A — C be analytic functions and
_ h _ b1 P2 | D3
h(z)—l—l—?—F?—F;‘F"',p(Z)—1+Z+Z2+23+ s
such that
min{R(h(z)),R(p(2))} > 0,z € A.

A function g(z) € ¥/ given by (1.2) is said to be in the class ¥/, (h,p, A, B) if the following conditions are
satisfied:

A ’
g€ X and (1) (g(j)) +ﬁ<z(i]((i)))k> ERN), (0<B<1, A>1,2z€U"), (3.1)
and

A /
(1-75) (h(ww)> + 4 (W) ep(A)0< <1, A>1, weU"), 3.2)

where the function h is given by (1.3).

Next, we now derive the estimates on the Coefficients |bg| and |b;| for the meromorphically bi univalent
function class 3 5(x).

Theorem 3.2. Let g(z) be given by (1.2) be in the class ¥/, (h,p, A, 3). Then

. |h1]? + [p1]? ha| + |pa
ol < mm{\/ 2023 - 57\ RO - DI ) +2BI} G
and
|b1| < min
[p2| + |72 1 [haf? + Ipaf? | [AA = 1) = B) + 28)2(1ha | + [ps )

2(8 = A+ 2AB)]" | — B — 278 2 16(A — A8 — B)* .
(3.4)

S

Ty

51



Adnan Ghazy Alamoush

Proof. Let g € X/ (h,p,\,8). Then, by Definition 3.1 of meromorphically bi-univalent function class
X! (h,p, A, B), the conditions (3.1) and (3.2) can be rewritten as follows:

1) (£0) 4 (P 65)
and
-y (M) (MO e, 66)

respectively. Here, just as in our proof of Theorem 2.1, with the functions p(z) € P and g(w) € P have the
forms in (2.7) and (2.7), and comparing the corresponding coefficients in (3.5) and (3.6), we have

(A=AB = B)by = I (3.7)
1
5AA=1)(1=B) +28)b5 + (A = 8 = 2A8)b1 = ho (3.8)
—(A=AB=B)bo = m (3.9)
1
A=D1 = B8) +28)55 + (B = A+ 2A8)b1 = pa. (3.10)
From (3.7) and (3.9), we obtain
hy = —p1 (3.11)
and
200 = A8 — B)°b5 = hi + (3.12)
that is, ) )
2 |ha|* + |p1]
‘b0| < m (3.13)
From (3.8) and (3.10), we get
AN =1)(1 = B) +28)b3 = hy + p1, (3.14)
that is,
lbo|? < il & Ip| (3.15)

AA =11 = B)+28]
From (3.13) and (3.15) we get the desired estimate on the coefficient |by| as asserted in (3.3).
Next, in order to find the bound on |b; |, by subtracting the equation (3.8) from the equation (3.10), we get

2(8 = A+ 2AB)b1 = p2 — ha, (3.16)
that is,
|p2| + | A2l
| < ———— = 3.17
DS B3+ 2] G17
By squaring and adding (3.8) and (3.10), using (3.14) in the computation leads to
oo 1 Rpd (A=) - B) + 28)P[h3 + p3)? a8
T =g =228)2 2 16(A — A3 — B)* ’ '
that is,
1 ho|? 2 AAN=1)(1 — 28)]2(|h1]? 2)2
bl < I, (OO -DO=8)+ 2RI+ PR
A= B —2)f] 2 16(A — A5 — B)
From (3.17) and (3.19) we get the desired estimate on the coefficient |b; | as asserted in (3.4). |

Future Work: For function g € ¥/, (X, 3, ¢) given by (1.2) by taking ¢ = h(z) = p(z) as in Remark 2.3 or

(¢ = % —1 < B < A <1), we can obtain the initial coefficient estimates |by| and |b; | by routine procedure

(as in Theorem 2.2) and so we omit the details.
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Abstract. In this paper we introduced the notion of an isolate domination in hypergraphs. A set D C V is called a dominating
set of H if for every v € V' \ D there exists u € D such that v and v are adjacent. A dominating set I of a hypergraph H
is called an isolate dominating set of A if it contains at least one vertex v € I such that v is not adjacent to any vertex of I.
The minimum cardinality of an isolate dominating set of # is called the isolate domination number o of H. We determine
the isolate domination number for some hypergraphs while the study on this parameter has been initiated. Furthermore, the
effects of the removal of a vertex or an edge from the hypergraph upon the isolate domination number are examined.
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1. Introduction and Background

The concept of domination in graphs was initiated by de Jaenisch [14] during 1862 when he attempted to
determine the minimum number of queens required to cover or dominate an n X n chess board. Similar problems
posed by Ball [3] were studied by Yaglom brothers [18]. Berge [4] in 1958 and Ore [16] in 1962 introduced
the idea of domination in graphs. Berge named domination as external stability and domination number as a
coefficient of external stability while Ore used the words domination and domination number for the same idea.
A survey of Cockayne and Hedetniemi [7] about domination motivates many researchers to work on it. Since
then many researchers have been working on this topic and extending their contributions through research articles
and books. An excellent treatment of fundamentals of domination in graph is given in Haynes et. al [11] while
several advanced topics for domination can studied in [10]. Several variants of domination have been introduced
and well-studied in the present literature such as edge domination, total domination, connected domination, global
domination, equitable domination etc. and many others are being studied. For a detailed bibliography of papers
on the concept of domination, the readers may to refer Hedetniemi and Laskar [12]. The notion of an isolate
domination in graphs was introduced by Hamid and Balamurugan [8]. The theory of domination in graphs is
well developed on the other hand, domination in hypergraph is a recent problem to study. However, as in case
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of graphs, the domination in hypergraphs also has many interesting applications. The concept of domination
in hypergraphs was initiated by Acharya [1], [2] and thereafter many researchers began to study domination
in hypergraph. Reader may refer to the second part of the book [9] by Haynes et. al for the domination in
hypergraph. Domination and related subset problems such as independence, irredundance, vertex covering and
matching has became an extensively researched branch of graph theory, due to its wide applications and potential
to solve many real life problems involving design and analysis of communication network as well as defense
surveillance.

In this paper we introduced a new variant of domination in hypergraph and studied two new parameters of
this domination. Later several important properties are studied and some results are found.

2. Preliminaries

We begin with recalling some basic definitions and results from [5], [6], [15], [13], [17] required for our purpose.

Definition 2.1. A hypergraph H is a pair H(V, E) where V is a finite nonempty set and E is a collection of
subsets of V. The elements of V are called vertices and the elements of E are called edges or hyperedges.
And Ug,cge; = V and e; # ¢ are required for all e; € E. The number of vertices in H is called the order of
the hypergraph and is denoted by |V|. The number of edges in H is called the size of H and is denoted by
|E|. A hypergraph of order n and size m is called a (n,m) hypergraph. The number |e;| is called the degree
(cardinality) of the edges e;. The rank of a hypergraph H is r(H) = maze,cgle;l.

Definition 2.2. For any vertex v in a hypergraph H(V, E), the set
N[v] = {u € V : wis adjacent to v} U {v}

is called the closed neighborhood of v in H and each vertex in the set N [v]—{v} is called neighbor of v. The open
neighborhood of the vertex v is the set N[v] \ {v}. If S C V then N(S) = UyesN(v) and N[S] = N(S) U S.

Definition 2.3. A simple hypergraph (or sperner family) is a hypergraph H(V, E) where E = {e1, €2, -+ ,em}
such that e; C e implies © = j.

Definition 2.4. For any hypergraph H(V, E) two vertices v and u are said to be adjacent if there exists an edge
e € E that contains both v and u and non-adjacent otherwise.

Definition 2.5. For any hypergraph H(V, E) two edges are said to be adjacent if their intersection is nonempty.
If a vertex v; € V belongs to an edge e; € E then we say that they are incident to each other.

Definition 2.6. The vertex degree of a vertex v is the number of vertices adjacent to the vertex v in H. It is
denoted by d(v). The maximum (minimum) vertex degree of a hypergraph is denoted by A(H) (6(H)).

Definition 2.7. The edge degree of a vertex v is the number of edges containing the vertex v. It is denoted by
dE(U)

The maximum (minimum) edge degree of a hypergraph is denoted by Ag(H)(0g(H)). A vertex of a
hypergraph which is incident to no edge is called an isolated vertex.

Definition 2.8. A star hypergraph is an intersecting family of edges having a common element v. It is denoted
by H(v) and the vertex v is called the center of H(v).

Definition 2.9. The hypergraph H(V, E) is called connected if for any pair of its vertices, there is a path
connecting them. If H is not connected then it consists of two or more connected components, each of which
is a connected hypergraph.
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Definition 2.10. For 0 < r < n, we define the complete r-uniform hypergraph to be the simple hypergraph
K = H(V, E) such that |V| = n and E(K,) coincides with all the r-subsets of V.

Definition 2.11. A complete r-partite hypergraph is an r-uniform hypergraph H(V, E) such that the set V can be
partitioned into r non-empty parts, each edge contains precisely one vertex from each part, and all such subsets

Jorm E. It is denoted by Ky, ., . , where n; is the number of vertices in part V;.

Definition 2.12. Let S be a set of vertices of a hypergraph H and let u € S. Then the vertex v is said to be a
private neighbor of u (with respect to S) if N[v] NS = {u}. The set of all private neighbors of u with respect to
S'is called private neighbor set of u with respect to S and is denoted by pnju,S] = {v: N[v]| NS = {u}}.

Definition 2.13. For a hypergraph H(V, E), a set D C V is called a dominating set of H if for everyv € V' \ D
there exists uw € D such that u and v are adjacent in H, that is there exists e € E such that u,v € e.

Definition 2.14. A dominating set D of a hypergraph H is called a minimal dominating set, if no proper subset
of D is a dominating set of H. The minimum(maximum) cardinality of a minimal dominating set in a hypergraph
H is called the domination(upper domination) number of H and is denoted by ~v(H)(T'(H)).

3. Isolate Domination

In this section the notion of an isolate domination is given while the parameters like isolate domination number
and upper isolate domination number are defined and verified with examples. Later we determine the values of
these parameters for some hypergraphs and some bounds in terms of elements of H are obtained. Lastly, we
investigate the properties of the hypergraphs for which vo(H) = n — A(H).

Definition 3.1. A dominating set I of a hypergraph H is called an isolate dominating set of H if it contains at
least one vertex v € I such that v is not adjacent to any vertex of I i.e. N(v) NI = ¢, for at least one vertex
vel

Definition 3.2. An isolate dominating set I of a hypergraph H is called a minimal isolate dominating set if no
proper subset of I is an isolate dominating set of H.

Definition 3.3. The minimum (maximum) cardinality of a minimal isolate dominating set in a hypergraph H is
called the isolate (upper isolate) domination number of H and is denoted by ~vo(H)(To(H)).
An isolate dominating set of cardinality vo(To) is called a ~yo-set (T'g-set).

Example 3.4. Consider the hypergraph H(V, E) where V.= {v1,va,...,v14} and E = {e1,ea,e3,€4,e5}. In
which the edges of H are defined as follows:

e1 = {v1,v2,v3,04,05,06},

€2 = {'05, Vg, U7, 1}8},

€3 = {UG, 7)9},

eq = {2, v3,v10,v11},

es = {v1, v2, V12, V13, V14 }
Then the sets Iy = {va, v7,v9}, Iz = {v4, V6, V10, v12} and I3 = {v4, v7,v9, V10, V12 } are the isolate dominating
sets of H. But among these only I, and Is are minimal isolate dominating sets but not I5. In fact, I is a minimal

dominating set of H with minimum cardinality and I3 is that of maximum cardinality. Hence ~vo(H) = 3 and
To(H) =5.

Theorem 3.5. Let H be a disconnected hypergraph having H1, Ho, Hs, . .., Hy as its components then
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1. vo(H)= mini<i<i{si}, where s; = vo(H;) + Z?zl’j# Y(H;).
2. Fo(H)= maxlgigk{ri}, where r; = Fo(/Hl) + Z?:l,j;ﬁi F(HJ)

Proof. 1) Suppose s; = min{sy, Sa, ..., S }. Let I be a yp-set of H; and D; be a y-sets of H; for all i > 2.
Then the set I U (U¥_, D;) is an isolate dominating set of H. Hence vo(H) < vo(H1) + Z?:z Y(H;) = s1=
ming<;j<x{si}.

Now let I be any minimal isolate dominating set of /. Then the intersection of I and the vertex of V(H,;)
of each component #,; is non-empty. In fact, the set / N V' (#,;) a minimal dominating set of #,;, for all i =
1,2,..., k. Further, for at least one 4, say j we have I NV (#;) is an isolate dominating set of H ;. Therefore |I|
> v0(H;) + Zf:l,i;éj v(Hi) = s; > min{s; }. Hence o(H)=mini<;<x{si}.

2) Every I'g-set of ‘H,; together with the set U;?:L i Dj forms a minimal isolate dominating set of H, where
DjisaT-setof H#; and 1 < ¢ < k. Hence I'g(H) > maxi<;<x{r:}-

Now let I be any minimal isolate dominating set of 7. Then I N V' (H,;) is a minimal dominating set of # for

every i = 1,2,..., k. Further for at least one ¢, say j we have I NV (#;) is an isolate dominating set of ;.
Therefore || < T'o(H;) + Zle’i# I'(H;) = r; < maxi<i<p{ri}.
Hence I'o(#H)=max1<;<x {7 }- [ |

Observations 3.6. If a hypergraph H contains an isolated vertex then ~vo(H) = v(H) and To(H) = T(H).

In light of the above observation, we restrict our attention to connected hypergraphs in the rest of this paper
unless otherwise stated.

Theorem 3.7. For complete r-uniform hypergraph H = K., forr > 2, vo(H) = T'o(H) = 1 and for complete
r-partite hypergraph H = K, .. yo(H)=min{ni,na,...,n.}, To(H)=max{ni,na,...,n.}.

Proof. Any vertex in complete r-uniform hypergraph is adjacent to all vertices of 7. Hence
Y (K}) = I'o(K) = 1. Further from the definition of complete r-partite hypergraph #, each r parts are the
minimal isolate dominating sets of . Hence maximum and minimum values of the set {ny, ns,...,n,} will be
the vo(#) and I () respectively. [ |

Observations 3.8. If I is a minimal isolate dominating set of H then V' \ I is a dominating set of H.

In view of the above observation, complement of a minimal isolate dominating set is dominating but need not
be an isolate dominating. But following theorem proves that like domination number of #, the isolate domination
number -y () does not exceed half of the order of H.

Theorem 3.9. For a connected hypergraph H, ~o(H) < 5, where n is the number of vertices of H. Moreover, if
p and q are positive integers such that q¢ > 2p then there exists a hypergraph H of order q with yo(H) = p.

Proof. Let H be a connected hypergraph. Let D be a minimum dominating set of 7. If for any v € D,
we have N(v) N D = ¢ then D itself is a minimal isolate dominating set of 7 and the result follows. If
N(v) N D # ¢, for every v € D then every vertex v € D has at least one private neighbor in V' \ D with
respect to D. Let w be a vertex in D with minimum number of private neighbors, say m with respect to D. Then
~(H) + v(H)m < n. Further, the set D — {w} U I, where I is yp-set of pn [w, Dl is an isolate dominating set of
H. Hence vo(H) < v(H)—1+m. Now we prove that y(H) —1+m < w The inequality is true when
Y(H) = 2. Now if 2(y(H) —14+m) > y(H)+~v(H)m and v(H) # 2, then we have (v(H) —2) > m(y(H)—2),
getting a contradiction as m > 1. Hence yo(H) < y(H) —1+m < w < 5.

Now let p and ¢ be any two positive integers such that ¢ > 2p. Construct a hypergraph H of order ¢ with
~Yo(H) = p. Firstly we consider an edge ¢’ of cardinality p. Then the hypergraph H is obtained from that edge ¢’
by attaching exactly one vertex at each p — 1 vertices and then adding one edge e containing the remaining one
vertex from e’ and ¢ —2p+ 1 new vertices. It is clear to see that  is a hypergraph of order ¢ with vo(H) = p. B
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Observations 3.10. For any vertex v in a hypergraph H, the set V '\ N (v) is always an isolate dominating set of
H and consequently yo(H) < n — A(H).

Theorem 3.11. Let H be a hypergraph of order n with yo(H) + A(H) = n and let w be a vertex of degree
A(H). Then V' \ N[w] is independent and A(H) > 5.

Proof. Let H be a given hypergraph. Suppose V \ N[w] is not independent then there exists two vertices
p,q € V' \ N[w] such that p and ¢ are adjacent. Consequently, the set I = (V' \ N[w] — {p}) U {w} is an isolate
dominating set of H with cardinality n — A(H) — 1, a contradiction. Hence V' \ N[w] is independent. Now we
prove that A(H) > 5. Suppose A(H) < 5. Before proving this, first we claim that each vertex of N(w) is
adjacent to at most one vertex in V'\ N[w]. Suppose there exists a vertex v € N (w) having at least two neighbors
say x and y in V'\ N[w]. Since A(H) < %, it follows that V'\ N[w] contains at least A(H) vertices. Hence there
exists a vertex z in V' \ N[w] which is not adjacent to u. Therefore the set I = (V' \ N[w| — {z,y}) U {u,w}
is an isolate dominating set of H with cardinality less than or equal to n — A(?) — 1, which is a contradiction.
Hence each vertex in N (w) has at most one neighbor in V' \ N[w]. Further |V \ N{w]| > A(H), together with
the facts that V' \ N[w] is independent and each vertex of N (w) has at most one neighbor in V'\ N[w], it follows
that the sets V' \ N[w] and N(w) have equal number of vertices . Hence a vertex in N (w) together with its
non-neighbors in V' \ N[w] form an isolate dominating set of H with cardinality n — A(#) — 1, a contradiction.
Hence A(H) > 3. [ |

Theorem 3.12. Let H be a connected hypergraph and let w be a vertex of degree A(H). If V' \ Nw] is an
independent set and every vertex in N (w) has at most one neighbor in V' \ N|w] then either vo(H) + A(H) =n
orvo(H) + A(H) = n — 1. Further if N(w) contains a vertex of degree 1 then vo(H) + A(H) = n.

Proof. Let H be a given hypergraph. Let I be an isolate dominating set of H with |I| = vo(H). It is easy to see
that the set V' \ N (w) is an isolate dominating set of H with cardinality n — A(H). Hence yo(H) < n — A(H).
Since V' \ N[w] is independent and every vertex in N (w) has at most one neighbor in V' \ N[w], it follows that
[I| > [V\ N[w]| =n—A(H)— 1. Therefore n — A(H) — 1 < vo(H) < n— A(H). Hence yo(H)+ A(H) =n
or vo(H) + A(H) = n — 1. Further if N(w) contains a vertex of degree 1. Let u € N(w) such that d(u) = 1.
Then I must contain either « or w. Also I contains at least |V \ N[w]| vertices for dominating all the vertices of
V' \ N[w]. Therefore vo(H) = |I| > n — A(H). Hence vo(H) + A(H) = n. This completes the proof. [ ]

4. Vertex Removal and Edge Removal

This section deals with the effects of vertex removal or edge removal on the isolate domination number and
study the characteristics of vertices whose removal decreases or increases the isolate domination number of a
hypergraph H.

Definition 4.1. [5] Let H be a hypergraph and v € V. Then H \ {v} is a sub-hypergraph with vertex set V' \ {v}
and edge set {e \ {v} : e € E e\ {v} # ¢}.

Definition 4.2. [5] Let H be a hypergraph and e € E. Then H \ {e} is a sub-hypergraph with edge set E \ {e},
whose vertex set contains all vertices of H which are not pendant vertices in the deleted edge e.

Theorem 4.3. For a hypergraph H and v € V, yo(H \ v) > vo(H) — 1.

Proof. Let v be the vertex in 7 such that vo(H \ v) < y0(H). Let I be a yg-set of H \ v. Then N(v) NI = ¢,
otherwise I would be an isolate dominating set of H with cardinality less than o (%), which is a contradiction.
Therefore the set I U {v} forms an isolate dominating set of H with a vertex v such that N(v) N I = ¢. Thus
Yo(H) < [TU{v}] <~0(H \v) + 1. Hence yo(H \ v) = 70(H) — 1. u
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Proposition 4.4. Let H be a complete r-partite hypergraph with r-partitions V1, Vs, ...V, then
1. If|Vi| = 1, for exactly one i, then ~vo(H \ v) > ~o(H), forv € V.

2. If |Vi| = 1, for more than one i, then isolate domination number remains unchanged on removal of any
vertex v from H.

3. If each V; contains at least two vertices then vo(H \ v) < vo(H), forv € V.

Proof. 1. Let V; = {w}. Then by definition, w dominates all the vertices of hypergraph . Hence ~vo(H) =
1. Now if we remove a vertex w from hypergraph H then A \ w is a complete (r — 1) partite hypergraph
with each part having at least two vertices. Thus vyo(H \ w) > 2, by theorem 3.7. Further, the removal
of any vertex v # w will not affect the value of vo(#), as w is still there, to dominate all the vertices of
hypergraph H \ v. Hence vo(H \ v) > vo(H).

2. Let Vi = {w } and Vo = {ws}. Clearly V; and V5 are the isolate dominating sets of . Hence v (H) = 1.
Also the removal of any vertex v from #H does not affect the value of v (%) as either w; or ws is present
in H \ v. Hence the result follows.

3. Let min{|V;|} = p. Let the part V}, contains p vertices. Then by theorem 3.7, V}, is a yo-set of H. Also
each vertex of Vj, is the only private neighbor of itself. Hence vo(H \ v) < vo(H), for v € Vj. Further on
removing any vertex v € V; and V; # Vj,, we have yo(H \ v) = vo(H).

|

Theorem 4.5. Let H be a hypergraph with 7o (H \v) = vo(H) — 1 iff there is a yo-set I with at least two vertices
u € I such that N(u) NI = ¢ and pnfv, I] = {v}.

Proof. Let~o(H\v) = vo(H)—1and let I be ayo-set of H\v. Then N (v)NI = ¢. Thus the set TU{v} is a yo-set
of H with at least two vertices u € I such that N(u) NI = ¢ and also pn[v, I] = {v}. Conversely, suppose I be a
~o-set of H with given conditions. Since pn[v, I] = {v} and for at least two vertices of I, we have N (v)NI = ¢,
it follows the set I — v is an isolate dominating set of 7 \ v. Therefore vo(#H \ v) < |I| — 1 = v(H) — 1. Hence
by theorem 4.3, the result follows. [ |

Theorem 4.6. Let H be a hypergraph with at most one isolate vertex then ~vo(H \ v) > ~o(H) if and only if
1. v isin every yy-set of H.

2. No subset of I C V' \ N [v] with cardinality less than or equal to vo(H) can be an isolate dominating set
of H\ v.

Proof. Let H be a given hypergraph and vo(H \ v) > ~o(#H). Suppose v does not belong to yp-set I of H.
Then I will be an isolate dominating set of # \ v. Consequently, vo(# \ v) < |I|, which is a contradiction.
Hence v is in every 7p-set of H and 2 is obvious. Now conversely let 1) and 2) hold. Let I be a yo-set of H \ v.
If I C V|N [v] then |I| > ~o(H), by condition 2. Hence vo(H \ v) > yo(H). If I N N(v) # ¢. Then I
would be an isolate dominating set of 7. Hence v, () < |I|. But by condition 1, |I| > ~o(#). Consequently,
Yo(H \v) > 0(H). u

Theorem 4.7. Let ‘H be a hypergraph with at most one isolated vertex. If u and v be the vertices in H such that
Yo(H \ u) < vo(H) and vo(H \ v) > vo(H) then u and v are not adjacent.

Proof. Let # be a given hypergraph. Suppose u and v are adjacent. Let I be a yg-set of H\u. Then INN (u) = ¢,
otherwise I would form an isolate dominating set of H with cardinality less than ~y(?). Since u and v are
adjacent, it follows v ¢ I. Therefore the set I U {u} would form a 7o-set of #, which is contradiction to the
condition 1 of theorem 4.6,. Hence u and v are not adjacent.
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Remark 4.8. The following example illustrates that the converse is not true.

Example 4.9. Let H(V, E) be a hypergraph, where V- = {v1,va,...,v11} and E = {e1,ea,...,e5}. In which
the edges of H are defined as follows:

e1 = {v1,v2,v3, V4, V5 },
es = {v1,v9,v6, 07},

es = {v1,vs},

e4 = {v4, V5,9, V10},

es = {va,v11}.

The vertices vs, v11 are not adjacent in H with ~o(H \ vs) < vo(H) and yo(H \ v11) < Yo(H). And the vertices
ve, Vg are not adjacent in H with vo(H \ vé) = Yo(H), Yo(H \ v9) = Yo(H).

Observations 4.10. The isolate domination number ~yo(H) of a hypergraph H may increase, decrease or remains
unaltered when we remove an edge e from hypergraph H. Moreover the differences vo(H \ €) — vo(H) and
Yo(H) — vo(H \ €) can be made arbitrarily large.

The following examples give the illustration of the above observation.

Example 4.11. Consider two star hypergraphs Hi(u) and Ha(v) of size p whose centers are connected by an
edge ¢/ = {u,v}. Let H be that hypergraph. Then ~o(H) = 1 + p. Thus removing an edge ¢’ from hypergraph
H decrease the isolate domination number of H by p — 1.

Example 4.12. Consider the hypergraph H(V, E) where V. = {v1,va, ..., Upt2,U1, U2, . . ., Upt2} where p be
any positive integer and E = {e1, s, ..., ep14}. In which the edges of H are defined as follows:

er = {vi,u1},

ez = {va, uz},

€pt+2 = {U;D+27up+2}’7
ept3 = {v1,v2,.. . Upya},

epta = {u1, U2, .. Upta}.

Clearly, {v1,uz} is an isolate dominating set of H and ~o(H) = 2. However, vo(H \ ept3) = p + 2 and
Yo(H\e1) =2.
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Abstract. We are concerned with the following (p1, . . ., pr)-biharmonic system

n
[“ "t TT 0 Jui]® ™t = dma(x)|w|P 2w,  inQ
j=1,j#i
u; = Au; =0, forl <i<mn, on 0f).

A2 i — m(a)|us

The authors study the existence of weak solutions for the problem above via mountain pass theorem and establish semitrivial
principal and strictly principal eigenvalues, positivity and simplicity results.
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1. Introduction

Let Q ¢ RY, N > 1, be a non-empty bounded domain with smooth boundary 92, n > 1 be an integer, a; and
p; (withi € {1,2,...,n}) be real constants such that a;; > 0, p; > 1 and } %ﬂ =1.
i=1 '
The aim of this work is to study the following interesting problem
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aitl = Amy (2)|ug [Pr2uy,  inQ

n
A2 uy — mi@) | Ly T Ju

1=

n
A2 i —m(x)ug*rug T Jug|*9T = dmg () ugP 2y, inQ

(@) : j=Ll#i

n—1
o, I Jug
i=1

u; = Au; =0, forl <i<n, on 92

A2 uy —m(z)|up @t = Amy, (2)|un P~ 2u,,  inQ

where Af,iui = A(|Au;|Pi=2 Au;) is the p;-biharmonic operator and ) is a real parameter. Here, the coefficients
m;, (withi = 1,2,...,n), m € L>()) are assumed to be nonnegatives in 2. Throughout this paper, we let W

denote the Cartesian product of n Sobolev spaces (Wz*pi (Q) N W, P (Q)) fori=1,...,n,ie,

W= (WZ’T’I (Q) N Wi (Q)) X (W“’%Q) mwg»m(m) X (Wz’p"(ﬂ) nwy ’p"’(ﬂ))

endowed with the norm

Iur, g, )| = D A, (1.1
i=1

where ||.||,, stands for the Lebesgue norm in L? for all p € (1, 00]. We say that ((u1,...,u,),A) € W xRisa
(weak) solution to the problem (Q) if

/|Aui\pi_2AuiAapidx—/m H \uj|“j+1|ui|“7‘_1ui<pidx:/\/mi\u|p7‘_2uicpidac, (1.2)
Q Q Q

j=1.j#i

for1 <i<nandforall (p1,...,0,) € W.

The study of nonlinear eigenvalue problems involving fourth-order differential equations has aroused a great
interest in the scientific world and many applications have been made, including the study of deflections of elastic
beams on nonlinear elastic foundations (see [2, 6, 19]), deformations of a rigid body and especially the study of
traveling waves in suspension bridges (see, for instance, [14]) . A remarkable work of M. Talbi and N. Tsouli
[19] has focused on the scalar version of (Q) with m = 0, which reads

(1.3)
u=Au=0 on Of2

A(p|lAu|P2Au) = Aa(x)|ulP7?u in Q
(Pap.p) : {
where p € (1,00), p € C(€) such that p > 0 and a € L>°(Q2). They proved that (P, , ,) possesses at least one
non-decreasing sequence of eigenvalues and studied (P, j,,) in the particular one dimensional case. The authors,
in the same reference gave the first eigenvalue \; ;, ,(a) and showed that if ¢ > 0 almost everywhere in €2 and
a € C(f2) then A1, ,(a) is simple, isolated and principal i.e. the associated eigenfunction, denoted by ¢, , 4 is
positive on §2 with

= 1 p
Mopp(a) Jrela/ﬂp|Au| dx (1.4)
where
A= {u e W2P(Q) N Wy P(Q) : / alulPdx = 1} . (1.5)
Q
Sk
Vo
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By using a transformation of (P, ,) to a known Poisson problem when p = 1 and a = 1, the authors in [9]
proved the existence of a principal positive simple eigenvalue which is isolated and a description of all eigenvalues
and associated eigenfunctions was given as well. The Dirichlet boundary conditions case was analyzed in [10]
where it is shown that the spectrum contains at least one non-decreasing sequence of positive eigenvalues. On
the other hand, J. Benedikt [4] gave the spectrum of the p-biharmonic operator with Dirichlet and Neumann
boundary conditions in the special case N = 1, p = 1 and a = 1. They system (@) in the absence of weights
has drawn attention in [12] where the authors used the generalized three critical points of Ricceri, namely, three
critical points theorem of Averna and Bonanno to prove the existence of at least three weak solutions for (@) in
case no weight is considered.

It is important to note that (u1, ) is solution of problem (P,,, ,, 1) if and only if [(u1,0,...,0), ] is
solution of (@)). This kind of solution is called “semitrivial” solution for (@)). Consequently, there are n
”semitrivial” solutions of the problem (Q) thatis [(u1,0,...,0), A] with (u1, A) solution of problem (Pp,, p, 1),
[(0,...,u,...,0),A] with (u;, A) solution of problem (P, ,,1) for2 < i <mn —1and [(0,0,...,u,), A] with
(tn, A) solution of problem (P,,, p,1). In particular, when A = Ay, 1(mq) (resp. A = A1 ,,,1(m;)) then
[(©py.1,m1,0), A] (resp. [(0, ©p;.1.m;)s A] for 2 < i < n) is called semitrivial” solutions of the problem (Q) and
A py,1(ma) (resp. A1 p,,1(m;)) is called “semitrivial” principal eigenvalue of (Q).

Recently, in a very interesting paper, L. A. Leadi and R. L. Toyou [17] studied the simplicity and the existence
of the first strictly principal eigenvalue or semitrivial principal eigenvalue of problem (Q) in the particular case
of n = 2. Motivated by their results we consider in this work the problem (@), which generalizes the one in
[17], and we intend to extend their findings in this general and challenging form of (). For this, we shall recall
a bit of notations and basic results. The Sobolev space W endowed with the norm defined in (1.1) is a Banach
and reflexive space [13, 18] and the weak convergence in W is denoted by —. The positive and negative parts of
a function w are denoted by wt = max{w, 0} and w~ = max{—w, 0}. Equalities (and inequalities) between
two functions must be understood almost everywhere (a.e.). Notice that, for all f € LP(£2), the Poisson equation
associated with the Dirichlet problem

—Au=f(z) in
u =0 on 0Of)

is uniquely solvable in X, = W2P(Q2) N VVO1 "P(Q) (see for example [11]). We denote by A the inverse operator
of —A : X, — LP(Q). and the following lemma gives us some properties of the operator A:

Lemma 1.1. /9, 19].
1. (Continuity) There exists a constant ¢, > 0 such that
IAflwze < cpll £l
holds for all p € (1,00) and f € LP(Q).
2. (Continuity) Given k € N*, there exists a constant cy j, > 0 such that
[Afllwn+ze < cppll fllwes

holds for all p € (1,00) and f € WP (Q).

/Au.vdx:/u.Avdx
Q Q

holds for w € LP(Q) and v € L (Q) withp = 527 and p € (1, 00).

3. (Symmetry) The identity

3

s
2
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4. (Regularity) Given f € L>(Q), we have Af € C1¥(Q) for all v € (0,1). Moreover, there exists ¢, > 0
such that

[Afllcrr (@) < evllflloo-

5. (Regularity and Hopf-type maximum principle) Let f € C(Q) and f > 0 then w = Af € C1¥(Q), for all
v € (0,1) and w satisfies: w > 0in Q, ?Tl: < 0 on 0N

6. (Order preserving property) Given f, g € LP(Q) if f < ginQ, then Af < Agin Q.

The rest of the paper is organized as follows. The next section sets the functional framework, a review of
tools and established results that help in our concern and constructs an eigencurve associated to the system (Q)
as well as some well-known properties on obtained eigencurve. Section 3 is devoted to the study of semitrivial
solutions and strictly principal eigenvalues of (Q)). We thereby find the lowest eigenvalue of problem (@) which
is proved to be unique, positive, semitrivial principal or strictly principal and simple.

2. An eigenvalue curve associated to problem (Q)

We shall adopt the approach used in a number of papers (see for example [5], [7], [8], [16], [15]) by fixing A and
embed the system (@) into a new system (Q))) in order to derive the existence of solutions for (Q) that is:

n
AP uy — m(z)ug[* g IT

=2

@t — Amy () [P ur = plug [P Pug, i Q

n
A2 wp —m()ug|* g T Jug|* T = Amg () |us P20 = plugP~%u;,  inQ

(@Qx) : j=1,j#i .1
n—1 .
A2 1ty — (@) TT sl = Mt (@) [t [P =20, = g P20, in Q2
i=1
u; = Au; =0, forl <i <n, on 0N)

where p is a new real parameter. For convenience, we now give the following definitions:
Definition 2.1. .
1. We say that ((uy, ..., un), 1) is a (weak) solution to problem (Q)) if (u1,...,un),n) € W x R and
n
/Q | Au P2 A Apidar — /Qm | T ] e
J=1,37#i

— )\/ m|ui [P 2 upide = u/ |ui| P2 uspida, for 1 <i <n, (2.2)
Q Q

Sorall (¢1,...,0n) € W.
2. We say that ((u1, ..., un), \) is a (weak) solution to problem (Q) if ((u1,...,un),\) € W x R and

n

/\Aui’”_QAuiAgoidx— m H || |
@ 2 j=1g#

Pi=2ypidz,  (2.3)

=Ly pidr = /\/ m;|u
Q

for1 <i<mnandforall (p1,...,0,) €W.

3 I ((wiy- .o yun), A) € WxR(resp. ((u1,...,un), p) € WxR)is a(weak) solution to problem (Q) (resp.
(Qx)), then (uq,...,uy) shall be called an eigenfunction of the problem (Q) (resp. (Q\)) associated to
the eigenvalue \ (resp. p(\)).

e

[V =)
MM
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4. Let us agree to say that an eigenvalue of (Q) or (Q)) is strictly principal (resp. semitrivial principal) if it
is associated to an eigenfunction (u1, ..., uy) such that u; > 0 oru; < 0, Vi € {1,...,n} (resp. there
exist ) # J, C {1,...,n} such thatup, = 0,Vk € J, andu; > 0oru; <0,Vi € {1,--- ;n}\ Jp).
Based on variational approach, for a fixed real A\, we define the energy functional
Jy: W — R

(w1, .

n

az—f—l )
) =Y . [ Aug||P: =V (us,

Sp) — Ja(ug,.

ceyUp) — AM (uq,
i=1 v
where

CeyUp),

n

o) =3 )

o P

V(ul,...,un):/mHmi
Q=

@itlde and  M(u,
with

M;(u;) = / mglu|Pide,  Y(ug,...,uy) € W.
Q
Equalities (2.2) are equivalent to

VJ,\(ul, .

where

"7u7l) = MVI(UD

cyUp)

n

o+ )
I(uy, .. up) = . il Y (g, -

%
i=1

cyUp) € WL
We now state the main result of this section which generalizes the result of Proposition 2.1 in [17] where
(p, ¢)-biharmonic system case is treated.
Theorem 2.2. The value

1 (A) == inf{Jy(ug, .
where

e ) s (U, .., uy) € MY

(2.4)
M - {(ul, .

cUn) € Wi I (ug,
is the smallest eigenvalue of (Q).

co ) =1

The proof of Theorem 2.2 relies on the following lemma:
Lemma 2.3. Let (w,

S wn) € [L®()]™. Ifwi,..., wy > 0 on Q) then there exist n + 1 positive constants
Ci,..., Cnt1 Such that

n n
Z [Au;|b! < epprda(uns - ooy un) + ch/ wi|u;|Prdx
i=1 =1 /O

forevery (uy,...,u,) € W.

(2.5)

Proof. We borrow ideas from [17]. Indeed, we know that M;(u;) < ||m;]|co|lu
n a;+1
z; Pi

g;ﬁ, for 1 < i < n. Since
= 1, it well known by Young inequality that:

"o +1 .
Vi, .. up) < ||m||oc/ <Z %t m) da.
Q L

i=1 v

E 2
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Setting k3 = max {k1, k2 } with

Oél+1

i
one deduces that

Viug, .. yun) < ky <Z [l gl> and | AM(u,v)| < ko ( i &) .
i=1 i=1

On the other hand for ¢ > 0 there exist M; . > 0 for 1 < ¢ < n such that

1
k1—||m|oomax{a + ,forlgign} and k2—|/\max{ 1]l forlgign},

4

P < el|Auy Pidy.

b +Mi,a/wi\ui
Q

Now, we have

z":<0q+1

i=1

) = Ja(ugy .o yun) = V(ug, oo un) + AM (g, ..oy up).

Then,

Xn: (az £ |Au;

i=1

Pz) < Jk(ul, - ,un) + 2ks (Z ||U1 gz)
=1
< J)\(ul, .. ,un) + 2eks <Z |A’U,lgz> + 2k3 (Z Mi,s/ wz|uz|pldl’> i
i=1 i=1 Q

Let € > 0 be such that k4 = min{“;‘%r1 — 2¢eks, for1l <i < n} > 0.
Thus, it reads

63 (18015) < Iuneeevin) + 2050 Y (31 [ afufias).
=1 Q

i=1
We deduce
" A 1 " ([ 2ksM; . / ,
Py < — J e Uy _— i|u|Pid
;( pi) = T A, 7uz)+iz:; ( ) sz|uz X

1 2ks M;
and one can consequently take c,,+1 = e and ¢; = % for 1 <4 < n. This completes the proof. [ |

4 4

Proof of Theorem 2.2 . By Lemma 2.3, for w; = 1 and 1 < ¢ < n, one can easily show that

Z HAUzH < Cn+1J>\(u17...,un)+Z (Cz/ |u; pidx>
=1 i=1 Q

n
a; +1 ,
cn+1JA(u1,...,un)+cOZ< i ‘ /|Uz pidx)
i1 Di Q

= cpp1da(u1, ..., up) + co, V(ug, ..., u,) € M

/\

IN

where ¢y = max{ 2 +11, for1 < ¢ < n}, so that Jy is bounded below on M. Furthermore any sequence

(U1,ky- -, Un,k) that minimizes Jy on M is bounded in W.

e
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Thus there exists (u1,0, . - -, Un,0) € W such that, up to a subsequence, (uj , . . ., Up k) converges weakly to
n

(U1,05- -+, Un,0) in W and strongly in [] LPi(£2). Hence
=1

2

JA(ULO,---,’Un’O) S lim J)\(ul,kn"')l}n,k‘) :,u’l(>\)7 (ul,O)"'aun,O) € M
k— 00
and consequently Jy(u1,0, - .., Un,0) = p1(A). By the Lagrange multipliers rule, ;1 () is an eigenvalue for (@)
and (u1,0,...,Un,0) is an associated eigenfunction.

Moreover for any eigenvalue p()) associated to (ux 1,...,uxn) € W\ {(0,...,0)}, one has

J)\(U)\yl, e ,uAm) = ,u()\)I(uAJ, ey ’U,)\yn)

with I(ux1,...,uxn) > 0. Consequently
U u (U1, Uy
i) < Jy Mo te ) Dl b))
I(u)\,l,"'7u)\,n)p1 I(u)\,l?"'vu)\,n)pn (u)\’h.”’u)\’n)
All in all, we have proved that p; () is the smallest eigenvalue of (Q). [ |
Remark 2.4. We can denote by
n ; 1
o = inf {Z %HAW bi (Ug...,uy) € M} 2.7
i=1 Lt

form =m; =0,Yi € {1,--- ,n}. Since the space W??:(Q) N W, " (Q), fori € {1,--- ,n} does not contain
any constant non trivial function, one has o > 0.

It is straightforward proving the following:
Proposition 2.5. .

1. w1 is concave and differentiable with ,ull()\) = —M(u1,0,..., Un,0) Where (uig,...,Upn0) is some
eigenfunction of (Q ) associated to p1 () for all X € R.

2. lim pi(N\) = —o0.
A—o0
3. w1 is strictly decreasing.

Proof. The proof is partly adapted from analogous technics in literature.

1. The concavity of u; follows from the concavity of the mapping A —— Jx(uq,...,u,), for a fixed
(u1,...,up) € W. In particular p; is continuous. Now let Ay, — X and (u1 ..., Unk)s
(ux1,--.,uxn) be the I-normalized eigenfunctions related to 1 (A\x) and pq () respectively. We apply

Lemma 2.3 with w; = 1, for 1 < ¢ < n, to get

n n

> NAuikl2) < cnprda(Wag - - un k) +Z(ci/ i,k P dz),
Q

i=1 i=1
DPiCi

a;

§cn+1ul()\k)+max{ T forlgign}.

In addition,

DPiCi
a; +1

DiCi
a; +1

,for1 <i<n

—

klirn Cnt1t1(Ag) + max{ ,forl <i< n} = cpr11(A) + max{
—00

3

s
2
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So we conclude that (u1 g, ..., un )k is @ bounded sequence in W. Hence there exists (u1,0, - ., Un,0)

such that, up to a subsequence, (U1 g, .., Un k) — (U1,0,--.,Un,o) in W, strongly in [] LPi(£2). Then
i=1

1
(u1,05---,Uno) € M and from

J)\(ul,()? ey un,O) S hm J)\(ul,ka ce aun,k) = ﬂl()\)
k—> 00

we infer that 11 (A) = Jx(u1,0,---,Un,0) = Ja(uri,...,uxn) and (u1,0,...,Un) is an eigenfunction
of (@) associated to yi1 (\). Furthermore

{mm — 11 (A) = = (Ao = MM (ur g U )

_()\n — )\)M(ul’o, P ,un’o).

IN IV

(M) — (V)
Hence

An) — A .
—M(ul’k,. . .,un,k) < M < —M(’LLL()7. .. ,’U,n’())7 lf)\k >\

e — A
M) — (A
—M(u10,. . Ung) < ’W < —M(up g, .. tng), if A < A
-

Passing to the limit we get 11} (\) = —M (u1.0, .- ., Un o).

. We know that m; is nonnegative, then there exists a function u; € X,, such that M;(u;) > 0 and
I(uy,0,...,0) =1
Then, for all A € R%, 1 (\) < Jx(u1,0,...,0). We deduce that

lim Jx(u1,0,...,0) = lm FE,(u1,0,...,0) — AM(uq,0,...,0) = —o0

A—00 A—00
where
Essevvvm) = 3 (28l ) = [ (m Il ) s
= N P Q i=1
Thus lim p3(A) = —o0.
A—ro0

3. The result is clear from the fact that M (uy 1,...,ux ) > 0 forany A € R. Indeed, if \; < A then

Ml(/\l) = Em(u)\l,h s 7u>\1,n) - /\1M(U)\171, s 7“/\1,71)
> Em(u)\l,lv s 7uz\1,n) - >‘2M(u>\1717 s 7u>\1,”)
> p1(A2).

3. Existence of solutions for the system (Q))

We address, in this section, the problem (Q) by looking for the zeros of the function y1 () which by construction
solve the problem. Let us make this assumption

(Hm) : [Imloc < po-

We start by proving the following:

e
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Lemma 3.1. If (H,,) is satisfied, then 111(0) > 0 and p1(\) = 0 if and only if X > 0 is an eigenvalue of (Q).

Proof. Assume that (H,,) is satisfied. By (2.6), we have V(uy,...,un) < |Imflocl(u1,...,upn),
V(u1,...,u,) € W. Then, one has

> (2w

i=1

) — Mmoo (U1, s tn) < Em(ug, ... un), Y(ug, ... u,) € W.

This implies
Ho < E77L(u17"'7u7l)+|‘m‘|007 V(ul,...,un) eM,
o — [mlloe < f{Epn (s, ., ), (. 1) € M} < 11 (0).
We then conclude that 41 (0) > 0 and g1 (A) = 0 if and only if A > 0 is an eigenvalue of (Q). [
From now on, we denote
L(Q) = ( IR \{(o,...,o)}) x R, (3.1
i=1
= ( [z @ ,0)}> x {0}, (3.2)
i=1

We adapt and apply some results proved in [9] and some ideas used in [19] to establish the following.
Remark 3.2. .
1. Yu € X, Vv € LP(Q) (withp € (1,00)): v = —Au <= u = Av.

2. Let N (with p € (1,00)) be the Nemytskii operator defined by

Mmmwz{wmw*mm¢w@¢o
0 ifu(z) =0
We have )
Yo e LP(Q), Ywe LP () : Np(v)=w v =N, (w) (3.3)
withp = p%'
3. If (uq, - . ., uy) is an eigenfunction of (Qy) associated with p then p; = —Auy;, for 1 < i < n satisfy:

n

Ny, (05) = A [ [+ AmgI Ny, (Aps) +m T 1Al A | Ag; |, for 1 < j <m.

i=1,i#j
Hence:
(@) ((u1,0,---5Un0), w(N)) is a solution of (Qx) if and only if ((¢1,0,---,¢n,0), (X)) is a solution of
problem

Find ((¢1,---,%n), (X)) € L(Q) such that

(@) : ij(%)=/\([u(A)JrAmj]ij(A%Hm ﬁ |A () (%)“-"11\(%))

i=1,i#j
for1<j<n,

with ©;0 = —A(uj ).

e
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and for all v € (0, 1).

Proof.
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(b) ((€1,0,---5Un0); p1(X)) € Lo(R2) is a solution of(Q;) if and only if ((¢1,05---,%n0),A) € L(2)
is a solution of problem

Find ((¢1,.--,¢n),\) € L(Q) such that

’

(Q):q Np, () =A <AijpJ (Apj) +m ﬁ |A(p:)

IA(SOj)Iale(soj)) :

i=1,i#j
forl1 <j<n,

with ¥j,0 = —A(Uj7o).
(c)

w1 (A) :=inf ¢ Fax(p1,..,0n) : (01, -, 0n) € H LP(Q), R(p1,.--yon) =1 (3.4)
i=1,i#j

where

FA(<P1,-~-’<Pn)— (aﬁ_l [/ s

o; +1
R((plw"v(pn) = Z Di HA@Z

=1

p’dm—/\/mzA<p1|p’dx}> —/mH|Agpi\°‘i+1da§,
2 =1

oy Up), (X)) is a solution of (Qy) then —Au; € C(Q) andu; € CH(Q), for1 <i<n

An easy adaptation of Lemma 3.2 in [17]. |

Lemma34. ((011,-..,91.0), 1 (\) € L(Q) is a solution of problem (Q)), if and only if

where

G 1) =0 = i Gr(@1s- - 0m 3.5
AMP11, e P10) (o i A(p1s-- ) 3.5

GA(@lau-;SOn) = FA(leu'a@n) 7#1(A)R(¢1;--~a‘pn) andL*(Q) = lHLpl(Q)‘| \{(0330)}

Proof. Assume that ((¢1.1,...,91.), #1(A) € L(Q) is a solution of problem (Q}).
Then Fx(p1,1,---,¢1,n) = t1(N)R(@1,1,- -5 @1,n)-
Hence Gx(¢1,1, - - - 7‘4;01,77,) =F(p1,1,- -5 010) — (N R(e1,15- -, 01.0) = 0.

Put @; = L - for every (¢1,...,¢n) € L*(2) and 1 < ¢ < n. Then R(¢1,...,¢n) = L.
[R(¢17 SRR Qpn)} pi
We deduce that i )
\) < Ex(@1, ..., 5n I\ ¥n) 36
m(A) < Fx(@r, -5 @n) Rlor, o om) (3.6)
and
GA(P1, -+ n) = Fa(1, .- on) — (A R(e1, -, o) 2 0 G.7
forall (¢1,...,¢n) € L*(Q). We claim that (3.5) holds.
S
(V=)
MJM
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Now suppose that (3.5) holds. We deduce that VG (¢1.1,--.,9¢1,n) = (0,...,0). Then

G
<8a(p)\ (301,17"'7301,71)’\117) = 07 fOI']_ S ) S n, (38)
forall (Uy,...,¥,) € [[ LP(Q). Hence, ((¢1.1,---,91.n), 1 (N) € L() is a solution of (Q}). [ |

i=1

Lemma 3.5. If (H,,) holds and ((p1.1,--,¢1.n),01(N) € Lo(Q) is a solution of problem (Q)) then
((e1als-- 5 le1,nl)s 1 (A) € Lo(R2) is a solution of problem (Q)).

Proof. Assume that (H,,) holds and ((¢1.1, ..., %1n), #1(N)) € Lo(f) is a solution of problem (Q)). Then

Ga(p11,--,010) = 0, pi(A) = 0 and ([p11],..-,lp1nl) € [H Lp"(Q)] \ {(0,...,0)}. Hence
i=1
Ga(le1,ls-- s le1ml) > 0.
Additionally, one has |A(|¢;|)|” > |Ag;|" for 1 < ¢ < n and for all » € (1;00). We deduce that
Exlprals- s leonnl) < Ex(foral, - leral) and Ga(leials - loinl) < Gallenals- - [eral) = 0.
Thus Ga(le11]s- -5 |e1,n]) = 0and ((J¢1.1],- .-, |@1,n]), w1 (X)) is solution of (@Q,). [ |

Lemma 3.6. [17].
Let A, B, C and r be real numbers satisfying A > 0, B > 0, C > max{B — A,0} and r € [1,400). Then

|[A+C|"+|B-C|" > A" + B".

Lemma 3.7. Let a; and b; be real numbers and I, = {1,2,...,n}, then
[+~ X (0] ( 11
i=1 JCI, \ieJ i€l \J
Proof. Straightforward by recurrence on n. |

Lemma 3.8. Suppose that (H,,,) holds.
If(p11, ... 01,0) and (Y21, . . ., @2,) are positive eigenfunctions of problem (Q;\) associated with 1 (\) =
0, then (Wi, ..., Wis, ..., W;jn) with:

{wl,mx) = max{py,i(2), p2,:(2)} = 1,(2) + (P2 — 1) (2),
wa () == min{py (), p2,4(x)} = 2,i(x) — (p2,6 — p1.5) T (),

forallz € Q k1, j€{1,2}, s €{2,....,n—1}andi € {1,...,n}, are eigenfunctions of (Q}) associated
with p1(X) = 0.

Proof. Assume that (H,,) holds and (¢1,1,...,%1,n) and (p21,...,92,) are positive eigenfunctions of
problem (@) associated with 1 (\) = 0. By Lemma 3.6 we get

|[Awy ;[P + [Awa ;|PF > [Apr ifP + [Apg ;|7

|Aws 4|4+ | Awg 4| ¥ T > |Apq 3| T + |Apa @it

Then, one has:

—)\/ mi\Awl,i|p7‘dm—)\/ mi|Aw2’i|pidx S —)\/ mi|A@1’i|pid$_)\/ mi|A(‘02,i|pid$.
Q Q Q Q

i
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Likewise, we have
Zl(wl,...,wi,...,wn) S Zl(@lw-w@ia--w@n)

< —/mH|A<P1,i ai+1d$_/mH|A902,i
Q=1 Q=1

ity

with
Zl(w17"'7wi7~-~7wn) - — Z / m <H IAwl,i a71+1> H |Aw2,i ai+1 dx
Jci, V% ieJ i€ \J
and
Z1(f1 - Piraipn) = = Z /Qm (H [Apri ai+1> H |Apa |t ] da.

JCI, icJ i€l \J

Additionally, we have:

/\wl,i|l’idx+/ |w2,¢|p"d$=/ \<p17i|p"dx+/ |2.i|Pida.
Q Q Q Q

By (3.9), (3.10) and (3.11) we deduce that:

F)\(wk,h ey Wiy et 7wj,n) S F)\(Sol,lv .. 'agol,n) + F)\(@Q,l? o 5902,77,)

ieJCI,\{1,n}, k 1,je{1,2}

and

(3.10)

(3.11)

G)\(wk,h s, Wigy - awj,n) S G)\(Qal,lv' . '7301,71) + G)\(@Q,l% . '7302,71) =0.

i€JCI,\{1,n},k L je{1,2}

It follows that

G,\(wk,l, sy Wy e ,wj,n) =0, withie JCIL,\{l,n}and k, [, j € {1,2}.

Hence (w1, - - ., Wy s, Wwj.pn) Withs € {2,...,n — 1} and k, [, j € {1,2}, are eigenfunctions of (Q ) associated

with g1 (A\) = 0.

We are now in position to summarize the main existence result of this section in the following, which

generalizes and extends result of Theorem 3.1 in [17].

Theorem 3.9. Assume that (H,,) is satisfied. We have the following results:

1. If ur(N) = 0 then X is a semitrivial principal eigenvalue or strictly principal eigenvalue of problem (Q)

and simple.
2. The lowest eigenvalue of problem (Q) is the value

A = min = FEp(uy, ..., uy).
(u1,...;un)€S

where

S={(u1,...,up) €W: Mug,...,u,) =1}

(3.12)

Moreover, \1 is unique, positive, strictly principal eigenvalue or strictly principal eigenvalue and simple.
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Proof. Assume that (H,,) is satisfied.

1. If p1(X) = 0 then A is an eigenvalue of the problem (Q) associated with (uy, ..., u,) € W\ {(0,...,0)}.
o If u; £ 0, for 1 <7 < n, we deduce that

(P15 s 0n)s (V) € Lo(Q) and - ((Jeal,- -+, lnl); 11 (V) € Lo(€)

are solution of problem (Q)) with ; = —Awu; # 0, for 1 < i < n. Since |;| > 0, then A(|;|) > 0, for
1 < i < n. Therefore N,,,(A|p;]) > 0forl < i <n,

IT gD A(ei*) >0
J=1,i#j
and
lpil = N, (A AmiNp, (Algil) +m- }_[?é}(/\(lwl) Al i) ‘l")D >0
J=1,i#]
forl <i<n.

We then conclude that ((¢1, .. .,¢n), #1(A)) is solution of problem (Q)) with ¢; > 0 or ; < 0, for
1 < i < n. Since by Lemma 3.3, ; € C(Q), we have u; = Ap; > 0oru; = Ap; < 0, for1 <i < n,
from Lemma 1.1. Then A is a strictly principal eigenvalue of (Q).

e If 3, j € {1,...,n} such that [u; = 0 and u; # 0], then we also prove that [u; = 0 and u; > 01in Q or
u; < 0in Q]. Then A is a semitrivial principal eigenvalue of (Q).

It is now left with the simplicity and we argue by cases:

Case (1) )\ is a strictly principal eigenvalue of (Q).

Let (u1,1,...,u1,,)and (ug1,...,us,,) be two eigenfunctions of () associated with .
Then, ((@1,1,-~7801,n)70), ((@2;17"%@2%)70)’ ((|501,1 7"‘7|901’n|)ﬂ0)’
((Jg2,1l,- -+, lp2.n]),0) € Lo(§2), are solutions of (@) where ¢; ; = —Au;; with ¢;; > 0or ¢;,; <0,
forje{l,2}andi € {1,...,n}.

®2,i(z0)

For zy € Q, weset k; = wy,;i(z) = max {2 ;(x), kip1,:(x)} for all z € Q. From Lemma 3.8,

e1,i(0)
(w11, ,w1n),0) is a solution of problem (Q)) . We deduce that Ny, (¢1.4), Np, (02.i), Ny, (w1;) €

= Ny, (p2.) i
Cv(Q) and 222 e CL(Q).
) Ny, (¢1.4) )

For any unit vector e = (0, ...,€;,...,0) with j € {1,..., N} and ¢t € R, we have
Ny, (p2.) (o +te) = Np, (02,1)(w0) < Np, (w1,i)(x0 + te) — Ny, (w1,i) (o)
Ny, (k1) (o + te) — Np, (kp1,i)(w0) < Np, (w1,:) (0 + te) — Np, (w1,i) (o)
Dividing these inequalities by ¢ > 0 and ¢ < 0 and letting ¢ tend to 0F, we get

oo 2.0 (0) < 5Ny () a)

aij[Npi(ksol,i)](%) < @[Npi (w1,3)](z0)

e

75



Tel¢é Jonas Doumate, Lawoue Robert Toyou and Liamidi A. Leadi

and 5 )
@[Npi(s@z,i)](wo) > %[Npi (w1,3)](z0)
o N b l(an) > 5 1))
forall j € {1,..., N}. Thus,
W (22.0)(a0) = 5 [ ) a)
o s )(e0) = 5 [ (1))

forall j € {1,..., N}. Hence,

VN, (02,)(w0) = VN, (w1,:)(2z0) = VNp, (kg1,:)(20) = kP~ VN, (01,)(20).
Furthermore

Npi(p2,0)\ (. = V(Npi (#2,)) (@0) Np: (#1,2) () — N, (

v (Npi(s@l,i)> (o) [Np, (¢1,i)(0)

[Ny, (p1.2)(w0) = ki 7" Ny, (02,0) (20)]V (Np, (2,1)) (o)

<F2’2.,i) (20) V (Np, (¥2,i))(%0)
]

— 5 =0.
[Ny (¢1,:)(w0)]
Then,
N, ; _ X ) pi—1 _
Pi (902,1) (LL') = const = sz (@2,0 (x[)) _ <(p2,’b($0)> _ kfzfl7
Ny, (¢1.1) Ny, (¢1.4) ¢1,i(w0)

for all z € €. Consequently 2 ; = ki@ ;.

Accordingly, (p2.1,...,902n) = (k101,1,- -, kn®1,n)-
We deduce that (ug1,...,u2,) = (k1u1,1,- - ., knu1,,) and the result follows.

Case (2) ) is a semitrivial principal eigenvalue of (Q).

Let (- ,u14,---) and (--- ,ug,---) be two eigenfunctions of (Q) associated with A\ (with uy; # 0,
ug; Z0andi € {1,--- ,n}). Itis easy to see that there exist k; # 0 real numbers such that uq; = k;us;.
. By Lemma 3.1, 41 (0) > 0 and p (A) = 0 if and only if A > 0 is an eigenvalue of (Q).
From Proposition 2.5, there exists a unique real A\; € (0,00) satisfying p1(A\1) = 0 and p;(\;) =
—]\4(U1707 - 7un,0) < 0. On the other hand, 0 = ,ul()\l) = Em(uLo, Ce ,umo) — )\1M(U170, -5 Un0
with (u1,0,. .., Un0) € M. Then,

Em(ul’o, A ,un’o) = AlM(ulyo, A ,unyo) >0

and we can set
U0

-
[M(UL(), e ,’U,n’o)] Pi

Thus, (U1,0,-..,Un,o) € Sand Ep,(Ty1,0,...,Un,0) = A1. Additionally, for every (uq,...,u,) € S, one
has

E ( (751 Un ) > /\1M ( U1 Un >
(w1, un)| P L(ur, ... un)]on ) [I(ut, ... un)]? L (uy, ..o un)]oe

i.e. En(ut,...,un) > M. Consequently (3.12) holds. Moreover, from what has been previously
proved, )\ is a strictly principal eigenvalue or strictly principal eigenvalue and simple.

Ui =

i
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1. Introduction and Background

A number of generalizations of the Banach contraction theorem were obtained in various directions by
different authors. Generalization of contraction conditions and proving the existence of fixed points is an
interesting aspect. In 1977, Jaggi [4] introduced a new concept namely ‘rational type contraction mappings’ and
proved the existence of fixed points of such mappings.

Theorem 1.1. [4] Let f be a continuous selfmap defined on a complete metric space (X, d). Suppose that f
satisfies the following condition: there exist a, v € [0,1) with a + v < 1 such that

d(z, fz)d(y, fy)

d(fz, fy) <« i(r.y)

+yd(z,y) foralz,y € X, x #y. (1.1)

Then f has a fixed point in X.

Here we note that a mapping f : X — X, X a metric space that satisfies (1.1) is called a Jaggi contraction
map on X.

Harjani, Lopez and Sadarangani [3] extended Theorem 1.1 to the context of partially ordered complete
metric spaces.

*Corresponding author. Email addresses: gvr_babu@hotmail.com (G. V. R. Babu), sarmakmkandala@yahoo.in(K. K. M. Sarma),
chinnoduv @rediffmail.com (V. A. Kumari)

https://www.malayajournal.org/index.php/mjm/index (©2022 by the authors.
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Theorem 1.2. [3] Let (X, <) be a partially ordered set and suppose that there is a metric d on X such that
(X, d) is a complete metric space. Let f : X — X be a non-decreasing mapping such that

d(z, fx)d(y, fy)
d(z,y)

forallx,y € X withx =y, v #ywhere 0 < o,y < lwitha+~v < 1.
Also, assume either

d(fz, fy) < a +d(z,y) (1.2)

(i) f is continuous; (or)
(ii) if a non-decreasing sequence {x,} in X is such that x,, — x as n — oo then x = sup{x, }.
If there exists xog € X such that xo = fxo, then f has a fixed point.

In 2013, Samet, Vetro and Vetro[7] introduced a new type of contraction condition and proved fixed point
theorems in complete metric spaces that generalize Banach contraction principle and Kannan fixed point results.
For more works on the existence of fixed points in complete metric spaces, we refer [7].

Recently, Babu, Sailaja and Kidane[2] proved some new fixed point theorems in orbitally complete partially
ordered metric spaces that generalize the fixed point theorems of Samet, Vetro and Vetro [7] and Ran and
Reurings[6]. We denote
Uy = {¢ : [0,00) — [0, 00) /9 is non-decreasing, continuous and 1 (¢) = 0 < t = 0}.

An element ¢ in ¥ is called an ‘altering distance function’, [5].

Theorem 1.3. (Babu, Sailaja and Kidane [2]) Let (X, <) be a partially ordered set and d a metric on X. Suppose
that f : X — X is a non-decreasing map and xo € X such that xo < fxo. Suppose that there exist a lower
semi continuous function ¢ : X — [0,00) and ¢ € U such that the following condition holds.
“For each 0 < a < b < oo, there exists y(a,b) € [0,1) such that
a < P(d(z,y)) + o(x) + ¢(y) < bimplies
Y(d(fz, fy)) +e(fz) + o(fy) < v(a,b)M(z,y), where
M(x,y) = max{e:(d(z,y)) + 9(2) + p(y). b(d(x, f2)) + ¢(x) + (),
Y(d(y, fy)) + (y) + e(fy)}

foreach x,y € O(xg) withx < y.”

Assume that X is f-orbitally complete. Then, the sequence {x,} defined by 11 = fx,, n=0,1,2,...,is
Cauchy in X. Let nlgr;c Ty =2, z€ X.

Suppose that either
(i) f is orbitally continuous at z; (or)

(i) if {xn} is a non-decreasing sequence converging to x € X, then x,, < ,

forall n.
Then, z is a fixed point of | and p(z) = 0.

Definition 1.4. Let (X, <) be a partially ordered set. Amap f : X — X is said to be non-decreasing if, for any
x,y € X withx <y then fx < fy.

Definition 1.5. Let X be a nonempty set and f be a selfmap of X. Let x € X, we define the orbit of z w. r. t. f
by O(x) = {f"x/n =0,1,2,...}. Here f° = I, I is the identity map of X.

Definition 1.6. Let (X, d) be a metric space. Let f : X — X be a selfimap of X. A metric space X is said to be

f-orbitally complete if every Cauchy sequence which is contained in O(x) for all x € X converges to a point
of X.

e

[V =)
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Note: Every complete metric space is f-orbitally complete for any f; but every f-orbitally complete metric space
need not be a complete metric space [9].

Definition 1.7. A selfinap f of X is said to be orbitally continuous at a point z € X with respect to x inX, if
for any sequence {x,} C O(x) with x,, = z as n — oo implies fx, — fzasn — oc.

Clearly, any continuous mapping of a metric space is orbitally continuous, but its converse need not be true

[9].
We use the following lemma in our main result.

Lemma 1.8. [1] Suppose that (X, d) is a metric space. Let {x,,} be a sequence in X such that d(x,, Tnt1) —
0 asn — oo. If {x,} is not a Cauchy sequence then there exist an € > 0 and sequences of positive integers
{m(k)} and {n(k)} with m(k) > n(k) > k such that d(2,(x), Tn(k)) > €, ATm)y—1,Tnk)) < € and
(7') kli{go d(xn(k)—la xm(k)-‘rl) =6 (“) klinolo d(zn(k)7 ‘Tm(k)) =6

P - e (iv) 1 e —.
(i4i) Jim d(Zp(k)—1, Tmr)) =6 (iv) Jim (T (kys Tim(k)+1) = €

(v) kILH;O (T (k)s Tr(k)+1) = 6 and (vi) kll}ngo (T (k)41 Tm(k)+1) = €

Motivated by Theorem 1.3, we define generalized (i, 1))-Jaggi contraction maps which contain rational
expressions, in orbitally partially ordered metric spaces and prove the existence of fixed points.

In the following, W5 denotes the family of non-decreasing functions 1) : [0, +00) — [0, +00) such that 9 is
continuous on [0, o0) and ¥5° ;9" (¢) < +oo for each t > 0, where " is the n'" iterate of 1.

Remark 1.9. Any function ¢ € Uy satisfies lim ¢"™(t) = 0 and ¥ (t) < t for any t > 0.
n—oo
In the following, we observe that the classes of maps ¥; and W5 are different.

Example 1.10. We define ) : RT — R by ¢(t) = \t, where X > 1.
Then ¢ € Uy but ) ¢ Us.

0 ift<1

R+ + —
Example 1.11. We define ¢ : RT™ — RT by 9)(t) { % iFts 1

Then ) € Uy but i) ¢ V5.
We now introduce generalized (¢, 1)-Jaggi contraction in partially ordered metric spaces.

Definition 1.12. Let (X, <) be a partially ordered metric space and suppose that f : X — X be a mapping. If
there exist two functions ¢ : X — [0, 00) lower semi continuous, 1 € Uy and a point xy € X such that

d(fz, fy) + o(fx) + ¢(fy) < (M (z,y)), (1.3)

where M(2,) = ma{d(z, )+ p(z) + ply), UL HLCIRGNU0 1)ty ol

forall x,y € O(xo) withx < yand x # y,
then we say that [ is a generalized (o, ) — Jaggi contraction.

Remark 1.13. If ¢ = 0 in the inequality (1.3), then we say that f is a generalized 1)-Jaggi contraction.

Note: In the context of partially ordered metric spaces, if f satisfies (1.2) with « + v < 1 then f is a
generalized (o, 1)-Jaggi contraction with ¢ = 0 and 9 (t) = (« + )¢, t > 0 so that every Jaggi contraction is a
generalized (i, 1)-Jaggi contraction. But, the following example suggests that its converse need not be true.

e
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Example 1.14. Let X = [0, 1) with the usual metric. We define partial order < on X as follows:
<i={(z,y) e X x X :z =y} U{(z,y) € X x X/x Ry < x <y, where < s the usual order}.
0 ifz=0
We define f : X — X by fo = “ifz€(0,2)
% if xe [2 1).

cheﬁnego:X%[O,oo)bygo(x){;_

¥ [0, oo) [0, 00) byw() 4tforallt>0

Let xg = g, fzo = 16 then xg X fxg. Here O(zg) = {8, 16 17% ..} and

O(xo) = {5, 75,2} = O(wo). Let ,y € O(xy).

The following three cases arise to verify the inequality (1.3).

Case (i): v = § and y = .

In this case, d(fzx, fy) +<p(fx) +cp(fy) = 12 and M (z,y) = 2.
d(fz, fy) + o(fr) + ¢(fy) = 35 < zb(?) - y(M (2, 9).

Case (ii): x = % andy = 3

In this case, the inequality (1.3) holds trivially.

Case (iii): v = § and y = 3.

In this case, d(fz, fy) + o(fr) + cp(fy) 12 and M (z,y) = 1.

d(fz, fy) +o(fz) + o(fy) = 53 < V(55 ) ¢(M(x y))

Hence f is a generalized (o, w)-.laggi contraction.
Also we observe that the inequality (1.2) fails to hold.

For, by choosing x = 0and y = % we have

0,f0)d(3,f3
d(fo,f(3) =% fa )< 3= BLlS) 4 qd(0,3).

E\H

i.e., f isnota Jaggl contractzon map.

Thus we conclude that the class of generalized (¢, )-Jaggi contractions is more general than the class of
Jaggi contraction maps.

In Section 2, we prove the existence of fixed points of generalized (¢, 1))-Jaggi contraction mappings in
orbitally complete partially ordered metric spaces. In Section 3, we deduce some corollaries to the main results
and provide examples in support of our results.

2. Main Results

Theorem 2.1. Let (X, d, <) be a partially ordered metric space. Suppose that f : X — X is a non-decreasing
map and xo € X such that xo < fxo. Suppose that f is a generalized (p,v)-Jaggi contraction and X is
f-orbitally complete. Then, the sequence {x,} defined by x,+1 = fx,, n = 0,1,2, ..., is Cauchy in X. Let
lim z, =z, z € X. Assume that f is orbitally continuous at z. Then z is a fixed point of f and o(z) = 0.

n—oo

Proof. Let xp € X be such that xy < fxg. We write z; € X so that x1 = fx( then xy < x1. Since f is
non-decreasing 1 = fxg < fx1. Now, we write 5 € X so that o = fx; then 21 < z5. On continuing this

process, we get a sequence {z, } C O(x) such that
Tpy1 = fon, forn=0,1,2 ... 2.1
satisfying zg <1 229 X ... 2Ty ZTpg1 D e

If z,, = x,,+1 for some n, then the conclusion of the theorem trivially holds. Hence, without loss of generality,
we assume that z,, # x,,41 for all n. We denote

T = d(Xn_1,%n) + p(@n_1) + ©(xn) forn =1,2,.... (2.2)

e
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We consider 7,41 = d(Zpn, Tnt1) + @(Tn) + @(Tnt1) = d(frn—1, fzn) + @(fTn-1) + (fzn)
< P(M(z,y)), (2.3)

where

M(z,y) = max{d(xn_1, Tn)+o(Tn_1)+eo(xn), (d(mn_l7fzn_1Hw;?;:,ll),—;fgiﬁ(;i),)Ec)lf;(g:;Hw(anw(ﬂn))}

n-Tnt+1

= max{r,, =} = max{ry, rp41}.
If max{ry, rny1} = rn41 then from (2.3) we have

Tn4+1 S w(rn—i-l) < Tn+1,
a contradiction.
Hence max{r,, 7,1} = ry, then from (2.3) we have

Tl < U(ry) <. 2.4)

Thus it follows that {r,} is strictly decreasing sequence of non-negative real numbers and hence lim 7, exists
n—oo

and it is r(say). i.e., lim r, =r > 0.
n—oo
We now show that r = 0.
Suppose that 7 > 0. Then from (2.4), we have
Tn+41 S q/)(7”'77,)
On letting n — oo, we have
< 1 = i =
r < lim () = o lim ra) = () <7,
a contradiction.
Hence lim d(zp41,%n) + @(@nt1) + @(rn) = 0, which implies
n— oo

nh_}ngo d(xps1,zn) = 0and n11_)11;1O o(zy) = 0.

We now show that {z,, } is a Cauchy sequence in X.
Suppose that {z,,} is not a Cauchy sequence. Then, there exist € > 0 and sequences of positive integers {m(k)}
and {n(k)} with m(k) > n(k) > k such that

A(T (), Tr(iy) = € (2.5)
We choose m(k), the least positive integer satisfying (2.5). Then, we have
m(k) > n(k) > k with

A(Tm (k) Tnk)) > € AT (k)—1, Tn(k)) < €
Now by Lemma 1.8, it follows that klim (T (k)+15 Tr(k)+1) = €
— 00

Now from (1.3), we have
AT (k)41 Tnk)+1) T P(Tm)+1) + @(Tnmy+1) = A fTm@), FTnk)) + (fTmry) + @ (fTni))
< (M (x,y)), (2.6)

where M (x,y) = max{d(=y,(k); Zn(k)) + L(@m)) + @ (@nw)),
(AT (k) 5T () +1) TP (@ (1)) TP (@Em k) +1)) (AT n (k) T (k) +1) TP (Tn ) +P(En (k) +1)) }
(T (k) T (k) TP (T m (k) +P(@n(k)) :

Now, on letting k — oo in (2.6) we have
e<hle) < e,
a contradiction.
Therefore {x,,} C O(zo) is a Cauchy sequence in (X, d). Since X is f-orbitally complete, there exists z € X
such that
lim z, = z. 2.7

n—oo

Since ¢ is lower semi continuous, we have
p(z) < liminf, o p(zn) = 0.
Hence ¢(z) = 0.
Since f is orbitally continuous at z w.r.t. g, from (2.1), we have

z= lim z,41 = lim fz, = fz.
n—oo n—oo
This completes the proof of the theorem.

i
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Theorem 2.2. Let (X, d, <) be a partially ordered metric space. Suppose that f : X — X is a non-decreasing
map and o € X such that o =< fzg, @ : X — RT lower semi continuous and vp € Uy such that

d(fz, fy) + o(fz) + o(fy) < (M (z,y)) (2.8)

M) = max{d(s,3) + ) + ply), Lotebbefenlaly st atro

forall z,y € Uy <tay, 2oexO(xo) with z < y and x # y.
Assume the following:

(i) if {zn} is a non-decreasing sequence converging to z € X, then x,, = z, for all n; and

(iD) if {zn} and {y,} are sequences in X with x,, < yn, for all n and

lm z, =z, lim y, =y, z, y € X thenx < y.
n—oo n—oo

Assume that X is f-orbitally complete. Then, the sequence {x,} defined by 11 = fx,, n = 0,1,2,..., is
Cauchy in X. Let lim xz, = z, z € X. Then z is a fixed point of f and p(z) = 0. Further, f is orbitally

. n— 00
continuous at z.

Proof. Let xyp € X be such that zyp < fxo. On proceeding as in the proof of Theorem 2.1, we have
{zn} C O(xo) defined by (2.1)is a Cauchy sequence in (X, d). Since X is f-orbitally complete, there exists
z € X such that
lim z, =z (2.9
n— o0
Since ¢ is lower semi continuous, we have
p(z) < liminf, . @(z,) = 0.
Hence ¢(z) = 0.
Since {x,, } is a non-decreasing sequence and x,, — z, by (i) we have x,, < z for all n. Since f is non-decreasing,
we have fz,, < fzforall n. i.e., z,41 =X fz for all n. Moreover, as x,, < z,11 =< fz for all n and by using
(ii), we get z < fz.

We now define a sequence {y,} as yo = 2z, Ynt1 = fyn, n = 0,1,2,... . Then yo =< fyo. Since f is
non-decreasing, we obtain that {y, } is a non-decreasing sequence and {y,, } is Cauchy (similar to the argument
to show {x,,} is Cauchy) y,, — y (say), y € X. Again, by the condition (¢), we have y,, < y. Since z,, < z =
yo = fz = fyo =X yn =X y forall n, we have z,, < vy, for all n, and hence z < y.

It z,, = y,, for some n, then x,, < z =yg <X fz = fyo = yn = T, so that fz = 2.
Hence we assume that x,, # y,, for all n.
Suppose that z # y. Now from (2.8), we have

d(Tpy1,Ynt1) + @(xn-i-l) + ‘P(yn-‘rl) =d(frn, fyn) + <p(fxn) +¢(fyn)

< p(M(x,y)), where (2.10)

d Ty, Ty Tn Tn d(y n n Yn n
M(x,y) = max{d(zn, yn) + ¢(wn) + @(yn), Lol telepbollcn) Ty ool el )

On letting n — oo in (2.10), we have
d(z,y) < ¢(d(z,y)) < d(z,y),

a contradiction. ; F
Hence z = y,and we have 2 < fz = fyo Syn Sy = 2.
Therefore z is a fixed point of f. " |

Remark: Condition (ii) of Theorem 2.2 holds trivially in R with the usual order. But in partially ordered metric
spaces it need not hold always. For more details, we refer [8].

Now we prove the uniqueness of fixed point of f by using ‘condition (H)’ and it is the following:
Condition (H): For all =,y € X there exists z € X suchthatx < zand y < z.

Theorem 2.3. In addition to the hypotheses of Theorem 2.1 (Theorem 2.2) if condition (H) holds, then f has a
unique fixed point.
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Proof. By Theorem 2.1, we have f has a fixed point. Suppose that z,y € X are two fixed points of f. By
condition (H), there exists z € X suchthat x < zand y < z.

Put z = zg, 21 = f2o. and define a sequence {z,} in X by 2,41 = fz, foralln > 0. Then x < 2 and y < 2.
By using the non-decreasing property of f, we have

fr =X fzpand fy < fzp. Hence z < z; and y < 2.

On continuing this process, we have

x =Xz, andy X z, for n>0. 2.11)

In (2.11), if x = z, for some n, then fx = fz, so that x = z,;1. In fact, we have x = z,, for m > n so that
lim, o0 2, =
Ifx ;Z zp, for all n =0,1,2, ... then by using (1.3), we have
d(x, zn11) + p(z) + ‘P(Zn+1) =d(fx, fzn) + o(fx) + ©(f2n)
< Y(max{d(z, zn) + o(x) + ¢(2n), (d(z, fw)+<ﬂ(x)+w(fx))(d(zn,fzn)+w(zn)+<ﬂ(fzn))}

(I z")+tp(z)+tp(zn)
= Yp(max{d(z, zn) + ¢(

Zn),O}) = ( (JJ,Zn) + (p(Zn))
< p(d(w, zn) + 0(20)) = Y(0(d(x, 2n-1) + ©(2n-1))
<P (d(z, zn-1) + (20-1))
< P 2)) <

(d(z, zn—2) + @(2n—

d(x, zny1) + o(2ny1)

< Y(d(x,21) + @(z1)) = 0asn — oco.

Therefore 1i_>m Zn = . 2.12)

Again, by applying the similar argument to y # 2, foralln = 0, 1,2, ...., it follows that
lim z, =y. (2.13)

n—oo

From (2.12) and (2.13) we have x = y.
This completes the proof of the theorem. |

3. Corollaries and examples

In the following, we deduce some corollaries to the main results of Section 2.

Corollary 3.1. Let (X, d, <) be a partially ordered metric space. Suppose that f : X — X is a non-decreasing
map and xg € X such that xq < fxg. Suppose that there exists 1 € Vo such that

d(z, fx)d(y, fy)

d(fz, fy) < max{d(z,y), ie.y)

1 3.1

forall x,y € O(xo) withz < yand x # y.
Assume that X is f-orbitally complete. Then, the sequence {x,,} defined by
Tnt1 = fxn, n=0,1,2,...,is Cauchy in X. Let lim z, = z, z € X. Suppose that f is orbitally continuous

n— oo

at z. Then z is a fixed point of f.

Proof. The inequality (3.1) implies the inequality (1.3) with ¢ = 0 on X, and hence the conclusion of the

corollary follows from Theorem 2.1. |

Corollary 3.2. Let (X, d, <) be a partially ordered metric space. Suppose that f : X — X is a non-decreasing
map and xo € X such that xy < fxg. Suppose that there exist a constant k € (0, 1) such that

d(z, f)d(y, I'y) }

d(fz, fy) < kmax{d(z,y), d(z,y)

e <
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forall x,y € O(xo) withz < yand x # y.
Assume that X is f-orbitally complete. Then, the sequence {x,} defined by p11 = fxn, n = 0,1,2,..., is

Cauchy in X. Let lim =z, = z, z € X. Suppose that f is orbitally continuous at z. Then z is a fixed point of f.
n—oo

Proof. By choosing ¥ (t) = kt, t > 0 in the inequality (3.1), the conclusion of this corollary follows from
Corollary 3.1. |

Remark 3.3. Theorem 1.2 follows as a corollary to Corollary 3.2, since the inequality (1.2) implies the
inequality (3.2) withk = a+ v < 1.

Corollary 3.4. Let (X, d, <) be a partially ordered metric space. Suppose that f : X — X is a non-decreasing

map and xg € X such that xqg < fxg and ¥ € Vg such that

d(z, fx)d(y, fy)

d(fz, fy) < ¥(max{d(x,y), d(z,y)

1) (3.3

forallx,y € Ugo<fao, zoexO(xo) withx <y and x # y.

Assume the following:
(i) if {zn} is a non-decreasing sequence converging to z € X, then x,, < z, for all n; and

(ii) if {zn} and {y,} are sequences in X with x,, < yn, for all n and

lim z, =z, lim y,=vy, x, y € X thenx < y.
n—oo n—oo

Assume that X is f-orbitally complete. Then, the sequence {x,} defined by xp11 = fx,, n = 0,1,2,..., is
Cauchyin X. Let lim z, =z, z € X.

n— oo
Then z is a fixed point of f.

Proof. The inequality (3.3) implies the inequality (2.8) with ¢ = 0 on X, and hence the conclusion of the

corollary follows from Theorem 2.2. |

Corollary 3.5. Let (X, d, <) be a partially ordered metric space. Suppose that f : X — X is a non-decreasing
map and xo € X such that xy < fxo and there exist a constant k € (0,1) such that

d(z, fx)d(y, fy)

d(fz, fy) < kmax{d(z,y), d(z,y)

} 34

Sforall z,y € Uyo<ruy, zoex O(xo) withz <y and x # y.

Assume the following:

(i) if {zn} is a non-decreasing sequence converging to z € X, then x,, =< z,

forall n; and

3

s
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(i) if {zn} and {y,} are sequences in X with x,, < Yy, for all n and

lim z, =z, lim y, =y, x, y € X thenx < y.
n—oo n—oo

Assume that X is f-orbitally complete. Then, the sequence {x,} defined by xp11 = fxn, n = 0,1,2,..., is

Cauchy in X. Let lim z, = z, z € X. Then z is a fixed point of f.
n— oo

Proof. By choosing ¢ (t) = kt, t > 0 in the inequality (3.3), the conclusion of this corollary follows from

Corollary 3.4. ]

Remark 3.6. Theorem 1.2 follows as a corollary to Corollary 3.5, since the inequality (1.2) implies the
inequality (3.4) withk = o+ v < 1.

In the following, we provide examples in support of the results that are proved in Section 2.

Example 3.7. Let X = [0,2) with the usual metric. We define partial order < on X by

<i={(z,y) e X x Xz =y} U{(z,y)/z,y € X, x Ry & x >y, where > is the usual order}.

0 ifz=0
% if x€[3,1)
We define f : X — X by fo = »{i ifxe[%’%)
ez 0f @ € [garr, 5w)in > 2
2—zifxell,2)

We define ) : [0,00) — [0, 00) by ¥(t) = 2t forall t > 0 and

z if x €0, )

v—ifxwelg, ).

Let g = % then xg = fxg. Here O(xg) = {%, 2, 2%, 2—19, 22”%,} = {%, 2%} U {%/n > 8}

and O(zg) = O(zo) U{0}.

We show that f is a generalized (p,1)-Jaggi contraction. The following are the possible four cases.

v: X —[0,00) by p(x) =

Case (i): v = 3 and y = 5.

In this case, d(fx, fy) + o(fx) + o(fy) = g5 and M(z,y) = 53.

d(fz, fy) + o(fz) + o(fy) = 355 < V(58) = (M (z,y)).

Case (ii): x = 2% and y = 2%, 7> 2.

In this case, d(fx, fy) + p(fz) + (fy) = % and M (z,y) = 23,(92771_26)
d(fz, fy) + o(fx) + ¢(fy) = 35 < V(gmamy) = V(M (2,p)).

Case (iii): x = % andy = Qi%, 1 > 2. In this case,
9220 ifi>2

29-9.2° -
Fon if 152

d(fz, fy) + o(fz) + o(fy) = and M (2,y) = siz915)-

Sub case (a):

d(fx, fy) + ¢(f2) + (fy) = 3575 < V(orpisdre) = $(M(2,1)).

e
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Sub case (b) d(fx fy) + 90( ) + Sa(fy) = 2;5%31 < 1/)(24(216_3?_16)) = l/J(M(w, y))

Case (iv): x = % andy = 5+, i > 2and j > i.

In this case, d(fx, fy) + o(fz) + o(fy) = 2:;"2;;3 and M (z,y) = % ?213721.
d(fz, fy) + o(fz) + o(fy) = 357% < (L2522 = (M (x,y)).
Hence, all the hypotheses of Theorem 2.1 hold and 0, 1 are two fixed points of f in O(z). Also ¢(0) = 0.

Since, the inequality (1.3) fails to hold at x = 0, y = 1 when ¢ = 0, f is not a generalized -Jaggi
contraction. Further, we observe that at x = 0 and y = 1, we have
d(0,£0)d(1,,
d(f0,f1) =1¢ a.0+~.1= a% +~d(0,1)
so that the inequality (1.2) does not hold for any « and ~ in [0,1) with a« + v < 1. i.e., f is not a
Jaggi contraction map. Therefore Theorem 1.2 is not applicable.

Thus, it suggests that Theorem 2.1 is a generalization of Theorem 1.2.

Remark 3.8. For x = 0 and y = 1, and for any z € X we have either 0 £ z or 1 £ z. Hence condition (H)

fails to hold and f has more than one fixed point namely 0 and 1.

Example 3.9. Ler X = [0, 1) with the usual metric. We define partial order < on X by
<i={(z,y) e X x X :x =y} U{(z,y)/z,y € X, x 2y < x >y, where > is the usual order}.

& ; 1
We define f : X — X by fx = ifz €03

Tzfxe( 1.

We define ) : [0,00) — [0, 00) by ¥(t) = 3¢ forall t > 0 and
o X 5 [0,00) by () = { © el
m——zfxe[m,l)

1

We choose xo = 5 then xg < fxo, O(z0) = {35, 35, 35 - }={5=/n > 1} and O(xy) = O(z0) U {0}.

1
oy By e
The following two cases arise to verify the inequality (2.8).

Case (i): = 5 andy = 25, i > 2and j > i.
In this case, d(fx, fy) + () + o(fy) = 357% and M (z,y) = L2522
d(fz, fy) + o (fo) + o(fy) = 25
< P52 = (M (x,y)).

Case (ii): x = 3- andy =0, i > 1.
In this case, d(fz, fy) + ¢(fz) + o(fy) = 5% and M (z,y) = 55;.

d(fz, fy) + o(fz) + o(fy) = 3%

< Y(z5) = Y(M(z,y)).

Hence, all the hypotheses of Theorem 2.2 hold and 0 is a fixed point of f in O(xg). Also ¢(0) = 0.

e
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1. Introduction and Background

Firstly, note that throughout this study the symbols R and M will denote an associative ring with identity and
a unitary left R-module, respectively. The notations A < M and A <5 M will indicate that A is a submodule
of M and A is a direct summand of M. A submodule A of M is called essential (denoted by A < M) if
AN K # {0} for any proper submodule K of M except for {0}. The intersection of all essential submodules
of a module M is denoted by Soc(M ) which is the largest semisimple submodule of M. A submodule B <M
is called a complement of A in M if it is maximal in the set of submodules B < M with AN B = {0}. A
submodule A of M is called small (denoted by A < M) if A+ K # M for any proper submodule K of M.
The sum of all small submodules of a module M is denoted by Rad(M). A (weak) supplement submodule T of
Ain M is a submodule suchthat A+ T =M and ANT < T (ANT <« M). A module M is called (weakly)
supplemented if every submodule of M has a (weak) supplement in M [14].

In [15] and [6], the authors updated the small and supplemented modules via singularity as follows. A
submodule A < M is §-small if and only if for all submodules X < M:if A+ X = M,then M =Y & X fora
projective semisimple submodule Y of A. Also the submodule A is called §-small in M if A+ K # M for every
proper submodule K of M with % is singular (denoted by A <5 M) and the sum of all §-small submodules of
M denoted by §(M). Clearly Rad(M) < 6(M).

A d-supplement submodule 7" of A in M is a submodule such that A+7 = M and ANT <5 T. A
(generalized) weak §-supplement submodule T of A in M is a submodule such that A+ 7T = M and (ANT <

*Corresponding author. Email address: esozen@sinop.edu.tr (Esra OZTURK SOZEN)

https://www.malayajournal.org/index.php/mjm/index (©2022 by the authors.



Ss-Semilocal modules via singularity

0(M)) ANT <s M [11]. The module M is called (weakly) §-supplemented, if every submodule of M has a
(weak) d-supplement in M. Clearly every (weakly) supplemented module is (weakly) d-supplemented. In [5],
the authors introduced ss-supplemented modules which are stronger than supplemented modules. A module M
is called ss-supplemented if for every submodule A of M there exists a submodule 7" of M such that A+T = M
and ANT < Socs(T) where Socs(T) = Soc(T) N Rad(T). In [9], the authors generalized ss-supplemented
modules to weakly ss-supplemented modules by taking Soc, (M) instead of Soc,(T") and gave a characterization
for these modules named with ss-semilocal. In [13] the authors generalized (amply) ss-supplemented modules
in view of singularity and introduced (amply) 0ss-supplemented modules and §ss-supplemented rings.

In this article, in the light of the given studies we define weakly ds-supplemented modules and obtain a new
characterization for them named with §,4-semilocal modules. A module M is called J4s-semilocal whenever
#(M) is semisimple where Socs(M) = Soc(M) N §(M). A module M is called §-semilocal if % is
semisimple. As Socs(M) < §(M) < M, every d55-semilocal module is d-semilocal and every ss-semilocal
module is §ss-semilocal. We give examples on the converse implications might not be true. Also, we investigate
suitable conditions when §sssemilocal modules are d-semilocal and ss-semilocal. In particular, we obtain new
characterizations for Js¢-semilocal rings.

For undefined algebraic structures used here, such as §-(semi)perfect and dss-perfect rings, we refer to [15]
and [13], respectively.

2. Weakly §,,-supplemented modules

A module M is called weakly d-supplemented if for any submodule A of M there exists a submodule 7" of
M suchthat A+7T = M and ANT < M [11]. By means of this concept and the usuful lemma given in
the following we will define weakly d,,-supplemented modules as a strongly version of weakly §-supplemented
modules.

Lemma 2.1. Let f : A — B be a module homomorphism. Then f(Socs(A)) < Socs(B). In particular, we
have Socs(A) < Socs(B) whenever A < B.

Proof. As f is a homomorphism we have f(Soc(A)) < Soc(B) and f(6(A)) < 6(B). Therefore we get

f(Socs(A)) = f(Soc(A)Nd(A)) < f(Soc(A)) N f(6(A)) < Soc(B)N(B) = Socs(B). In particular, if the
inclusion map from A to B is taken instead of f, then Soc;(A) < Socs(B) is obtained clearly. [

Definition 2.2. A module M is called weakly §,s-supplemented if for any submodule A of M there exists a
submodule T of M suchthat A+ T = M and ANT < Socs(M).

It is a clear fact that every weakly d,,-supplemented module is weakly §-supplemented but not vice versa. To
verify this with an example we need the following lemma.

Lemma 2.3. Let M be a weakly 0-supplemented module with Soc(M) = 0. Then M = 0.

Proof. Let A < M. By hypothesis there exists a submodule 7" of M such that A+ 7T = M and ANT <
Socs(M). Since Socs(M) = Soc(M) No(M) =0N§(M) = 0 then we have ANT = {0}. Therefore, M is a
semisimple module as each submodule is a direct summand. Hence M = Soc(M) = 0. n

Example 2.4. It is a known fact that Z-module Q is weakly §-supplemented as it is weakly supplemented [3,
17.15 Example, 213p.]. On the orher hand, it is not weakly Jss-supplemented by Lemma 2.3.

Now we give a characterization lemma for weak d5-supplement submodules of a module.

Lemma 2.5. Let M be a module and A, T < M. Then the following implications are equivalent:

I. M=A+Tand ANT < Socs(M).
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2. T is a weak §-supplement of A in M and A N T is semisimple.

3. T is a generalized weak J-supplement of A in M and A N7 is semisimple.

Proof. (1) = (2) : By hypothesis we have M = A+ T, ANT < §(M)and ANT < Soc(M) as Socs(M)
is a submodule of both §(M) and Soc(M). Therefore, A N T is semisimple and it is also d-small in M by [13,
Lemma 2.2].

(2) = (3) : Itis clear.

(3) = (1) : By hypothesis we have M = A+ T, ANT < 6(M) and AN T is semisimple. Thus,
ANT < Soc(M). Hence, ANT < Soc(M)N§(M) = Socs(M). [ |

We say that a module M is called o- semilocal if 5(—]‘]@) is semisimple. And it is proven in [10, Theorem 3.7]

that a module M with 6(M) <5 M and 5( 7y is singular is d-semilocal if and only if M is a generalized weakly
d-supplemented module. Motivated by this we give a similar characterization for our modules in the following
theorem.

Theorem 2.6. The following implications are equivalent for a module M :
1. #(M) is semisimple.
2. M is weakly §55-supplemented.

3. M is a direct sum of two submodules M; and M, such that M, and #(QM) are semisimple, also
Socs(M) < Ms.

Proof. (3) = (1) :Let M = M; ® M>. Then Soc];/l( i = Mlstf;(c ]‘\54()M ) g Socs ( 5 is semisimple as a direct sum
of two semisimple modules.
A+Socs(M . .
(1) = (2) : Forany A < M, ;rocé(éj&)) ® SO%T(M) = SOCI:I(M) can be written by hypothesis. Then,

M = A+ T and by modularity (A + Socs(M))NT = (ANT) + Socs(M) = Socs(M) are obtained. Thus,
ANT < Socs(M) is got.

(1) = (3) : Let M; be a complement of Socs(M). Then, M; = Mgtf;&f};‘” <a SOC]:[(M) and so M is
semisimple as it is isomorphic to a submodule of a sem151mple module Additionally, there exists a semisimple
direct summand #?JW) satisfying Mlstff(c ]f/[()M ) @ SOCS( T = Tocs ( a7y Clearly, M = M; + My. Furthermore,
since Socs(M) = (My + Socs(M)) N Mz = Socs (M) @ (M N Mz) by modularity. Then we get My N Ms <
Socs(M) and My N My < M, which means M; N My < Mj N Socs(M) = 0 by the property of a complement.
Thus M = M; @& M. For the remaining part of the proof let us show that Socs(M) < Ms. As My is the
complement of Socs(M) we have My & Socs(M) < M = M; ® Mo [3, 1.11(1)]. For the second injection map

o1 My — My @ My, iy ' (My @ Socs(M)) < Mo by [1, Theorem 9.1(3)].

2 = 1 : For any SOCA(M) < SOC%M) wehave A+T = M and ANT < Socs (M) for a submodule ' < M
by hypothesis. Thus Toos ( 7 D Focs (]‘]{[) SOCI: ) that is, % is semisimple. |

From now on, we will call a module M is dss-semilocal whenever M satisfies one of the equvalent conditions
of the theorem given above.

3. §,s-Semilocal modules

In this part we will present the fundamental properties of our modules firstly. Before of all we need a useful
lemma.

Lemma 3.1. For a given family of R-modules {M;};c1, Socs(®icrM;) = BicrSocs(M;).

Proof. Itis clear by Lemma 2.1 and [3, 6.2(3)].
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Theorem 3.2. Let {M,};c1 be a family of 6ss-semilocal modules. Then M = @, M; is 0s5-semilocal.

M; . sl M _ Dicr M; _ Dic1M; ~ ) M, .
Proof. As each Socs (M) 18 semisimple, Soos (M) — Soce(GiciMi) — BiciSocs(Mh) — @lejisocé(Mi) is also

semisimple by [4, Cor. 8.1.5] and Lemma 3.1. Hence, M is is dss-semilocal.

Corollary 3.3. The sum of §ss-semilocal modules is also §ss-semilocal.
Theorem 3.4. If M is a 6s5-semilocal module, then so is any homomorphic image.

Proof. Let us consider the module epimorphism A : M — K where M is Jss-semilocal. Then the

homomorphism % : #(M) — #(K) defined by h(x + Socs(M)) = h(z) + Socs(K) for every
x + Socs(M) € #(M) is epic. As #(M)is semisimple, then the homomorphic image #(K) is also
semisimple by [4, Cor. 8.1.5], that is h(M) = K is §s-semilocal. [ |

Proposition 3.5. Let M be a dss-semilocal module and A be a submodule of M satisfying 6(A) = AN §(M).
Then A is 645-semilocal.

Proof. Let B < A. Then there exists a submodule T of M such that B+ T = M and BN T < Socs(M).
Following this A = (B+T)N A = B+ (T'N A) is obtained by using modularity. Now we will verify that
T N Ais a weak dss-supplement of Bin A. As BN (T'NA) = BNT < Socs(M) < §(M) we have
BN(TNA) <dM)NA=46(A). Thus, BNT =BN(TNA) < Soc(A)NI§(A) = Socs(A). Hence, A is
dss-semilocal. [ |

Corollary 3.6. Every 0ss-supplement (and so -supplement) submodule of a dss-semilocal module is
dss-semilocal.

Recall that a module K is said to be M-generated, if there exists an epimorphism from M () to K where I is
an index set.

Lemma 3.7. Let M be a module. M is 0ss-semilocal if and only if every M -generated module is 644-semilocal.

Proof. (=) : Itis clear by Corollary 3.3 and Theorem 3.4.
(<) : Itis clear. [ |

In general, every amply Jss-supplemented module is dss-supplemented [13]. now it is possible to think
whether the analogous idea is valid for our modules. In the following proposition we show that d45-semilocal
modules already contain this property by themselves.

Proposition 3.8. Let M be a §s5-semilocal module and A, T < M with A+ T = M. Then A has a weak
dss-supplement in M contained by T.

Proof. As ANT < M, there is a submodule B < M such that (ANT)+ B = M and (ANT)NB < Socs(M)
by hypothesis. By modularity, we have T = TNM = TN[(ANT)+ B] = (ANT)+ (BNT). Thus,
M=A+T=A+(AnT)+(BNT)=A+ (BNT)and AN(BNT)=(ANB)NT < Socs(M). Hence,
BN T isaweak dss-supplement of A in M contained by 7. |

As we pointed before every d-semilocal module is ds5-semilocal. Under suitable conditions the converse
might be provided as follows.

Proposition 3.9. Ler M be a §-semilocal module with (M) < Soc(M). Then M is 0ss-semilocal.

Proof. Clearly, Socs(M) = 6(M) as 6(M) < Soc(M). Therefore, % = ﬁ@w) is semisimple. Hence, M

is dss-semilocal by Theorem 2.6. [ |

Due to the consequences of the proposition given in the following we will obtain the ring characterization of
dss-semilocal modules in the next.
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Proposition 3.10. Let M be a dss-semilocal module and A <5 M. Then A < Socs(M).

Proof. By hypothesis there exists a submodule T' of M such that A+ T = M and ANT < Socs(M).
As A s M we have Y & T = M for a projective semisimple submodule Y of A. From modularity we
get Y @ (TN A) = A and so A is semisimple as a direct sum of two semisimple modules. Hence A <
Soc(M)N (M) = Socs(M). [ |

Corollary 3.11. Let M be a §5-semilocal module and §(M) <5 M. Then 6(M) < Soc(M).
As finitely generated modules have §-small d-radical we have the following corollary.

Corollary 3.12. Let M be a finitely generated module. Then M is §ss-semilocal if and only if M is §-semilocal
and 0(M) is semisimple.

Proof. (=) : By hypothesis M is weakly J,,-supplemented and so it is weakly J-supplemented. hence it can
be shown that M is d-semilocal by the similar way from [7, Prop. 2.1]. Also §(M) < Soc(M) by Corollary 3.11
as (M) <5 M.

(«<=) : Let M be é-semilocal with a semisimple d-radical. Then 6(M) < Soc(M). Hence M is dss-
semilocal from Proposition 3.9. |

Definition 3.13. A module M is called weakly 0-radical §-supplemented if every submodule of M containing
0(M) has a weak 6-supplement in M.

Theorem 3.14. Let M be a module with (M) <5 M. Then the statements given in the following are equivalent:
1. M is d,s-semilocal
2. M is d-semilocal and §(M ) has a weak d5,-supplement in M.
3. M is §-semilocal and 6(M) < Soc(M).
4. M is weakly é-supplemented and 6 (M) < Soc(M).
5. M is weakly d-radical supplemented and 6(M) < Soc(M).

Proof. (1) = (2) : Itis clear.

(2) = (3) : Let T be a weak d-supplement of §(M) in M. Then §(M) +T = M and 6(M)NT <
Socs(M) < Soc(M) and so 6(M) N T is semisimple. As 6(M) <5 (M) and §(M) + T = M we have
M =Y ®T for a projective semisimple submodule Y of 6(M ). By modularity we get (M) =Y @ (§(M)NT)
and so 6(M) is semisimple by [4, Cor. 8.1.5]. Thus, §(M) < Soc(M).

(3) = (4) : By hypothesis, for any A < M there is a submodule ' < M suchthat A+ 7T = M, ANT <
0(M) and ANT is semisimple. Hence M is weakly d-radical supplemented as §(M) <5 M.

(4) = (5) : Itis clear.

(5) = (1) :Forany A < M, A < A+ 6(M) and so, there exists 7" < M such that [A + (M) + T = M,
[A+6(M)]NT <5 M. Following that [A 4+ §(M)|NT < §(M) < Soc(M). As §(M) <s M, we have
P®[A+T] = M for a projective semisimple submodule P of §(M ). Therefore, we get A+ (P@®T) = M and
AN(PaT)<[PN(A+T)]+[TNn(A+ P)] where PN (A+T) is §-small and semisimple in M as P is
projective semisimple and, T'N (A + P) is §-small and semisimple in M as a submodule of TN (A+46(P)). A

It is a clear fact that every J4¢-semilocal module is weakly J-supplemented but not vice versa. In the following
example this is verified via Theorem 3.14.

Example 3.15. Let us consider the Z-module Zg. As it is local, it is supplemented and so §-supplemented.
Therefore, Z-module Zg is weakly 0-supplemented. On the other hand, since §(Zs) = Rad(Zg) = 2Zs <5 Zs
and Soc(Zs) = 4Zs, Zs is not a dss-semilocal Z-module by Theorem 3.14.
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Now we give a ring characterization theorem for §4,-perfect rings to be J,s-semilocal.
Corollary 3.16. The following statements are equivalent for a ring R.

1. rRis ds5-semilocal.

2. gpRis d-semilocal and 6(R) < Soc(R).

3. gRis dss-perfect (05s-supplemented).

Proof. (1) <= (2) : Itis clear by Corollary 3.12

(2) = (3) : As aring R with unit is locally projective [8], Soc(R) < R is got from [13, Prop. 5.2].
Thus, 6(R) = Soc(R) is obtained. Since TIE) = ﬁ}m and Soc(R) is semisimple Artinian by hypothesis, then
R is also Artinian and so it is d-supplemented. Therefore R is d-semiperfect by [6, Theorem 3.3]. Hence, R is
dss-perfect by [13, Theorem 5.3].

(3) = (1) : Let R be a §,4-perfect ring. Then by [13, Theorem 5.3 (2)] R is §-semiperfect and §(R) =
Soc(R). Therefore Socs(R) = 6(R) and so ﬁ@ = SOCL}R) is semisimple by [15, Theorem 3.6]. Hence g R
is dss-semilocal. |

Owing to the following we will construct rings whose modules are d44-semilocal. In addition to this a proper
class of d-perfect rings is obtained. It will be verified via Example 3.18.

Theorem 3.17. The following statements are equivalent for a ring R:
1. rRis d45-semilocal.
2. Every R-module is §,,-semilocal.

3. Ris d-semilocal and 6(R) < Soc(R).

Proof. (1) = (2) : Let M be an R-module. Since each R-module is R-generated, then there exists an
epimorphism 4 : RYY) — M. By hypothesis M is d,,-semilocal by Lemma 3.7.
(2) = (3) : By hypothesis rR is dss-semilocal. Then the proof is clear from Corollary 3.16.

(3) = (1) :Itis clear by Corollary 3.16. [ |
Example 3.18. Let F be a field, I = ]O:i and R = {(z1,22, ..., xpn,x,2...) : n € Ny x; € Mo(F), xz € I}
be a ring with component-wise operations. Then, Soc(R) = {(z1,x2, ..., 25,0,0...) : n € N, 2; € Ma(F)} and
O0(R) = {(z1, 22, ..cxp,z,2...) :n €N,z € Ma(F),xz € J = 8{): . From [15, Example 4.3] it can be

seen that R is a d-perfect ring. But as 6(R) # Soc(R), R is not a §5s-semilocal ring by [13, Proposition 5.2].

Every ss-semilocal module is d4¢-semilocal. Now we investigate the suitable conditions satisfying the vice
versa inspired by [2, Prop. 4.2].

Proposition 3.19. Let M be a projective, semilocal and 0 ss-semilocal module with Rad(M) < M. Then M is
ss-semilocal.

Proof. As Soc(M) is semisimple, the submodule Socs(M) is a direct summand of Soc(M). Then for a
submodule X of M it can be written that Soc(M) = Socs(M) @ X. Besides there exists a submodule Y of M
suchthat M = X+Y and XNY < M since M is semilocal. Clearly, XNY < Rad(M ). Following this we have
XNY < XNRad(M) = [XNSoc(M)|NRad(M) = XN[Soc(M)NRad(M)] = X NSocs(M) = 0. Also we
get Rad(M) = Rad(X)® Rad(Y) = Rad(Y') as X is semisimple. Here Y is projective as a direct summand of
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the projective module M. Now let us show that 6(Y) = Rad(Y"). For thiswe have to verify that Y has no simple
projective direct summand [12, Prop. 2.4]. Assume that S is a simple projective direct summand of Y. Then
Y =S5@ K for K <Y. Therefore, S <5 .S <Y andso S < Socs(Y) < Soc(Y) because S is semisimple
projective. By modularity, Soc(Y') = Soc(M)NY = [Socs(M)® X]|NY = [(Soc(M)NRad(M))®X]|NY =
[(Soc(M)NRad(Y))®d X|NY =

[Soc(M)N Rad(Y)) ® (X NY) = Soc(M) N Rad(Y) < Rad(Y) is got and using this S < Soc(Y) <
Rad(Y) = Rad(M) < M is obtained. As Y <g M, S is also small in Y and so this creates the contradiction
K =Y. According to this it must be true that 6(Y') = Rad(Y’). However, Y is also d,5-semilocal by Theorem
3.4 as M is dss-semilocal. Then for any U < Y there is a submodule V of Y such that U + V' = Y and
UNV < Socs(Y). From this fact UNV < §(Y) = Rad(Y) andsoUNV < Y. Thus, UNV < Socy(Y).
Hence, Y is an ss-semilocal module. By taking into account that X is an ss-semilocal by [9, Corollary 2.13]. W

Corollary 3.20. The following statements are equivalent for a ring R:

1. gRis d4s-semilocal.

2. Risleft §,4-perfect and semilocal.

d Soc(rR)

3. Risleft ds,-perfect and <~ B is finitely generated.

Proof. (1) < (2) : Itis clear by Proposition 3.19 and Corollary 3.16.
(2) & (3) : Itis clear by [13, Corollary 5.10] [ |

Example 3.21. Let F; = Z5 and Q = [] Fi. Then Q is a regular (Rad(R) = 0) commutative ring with unity
i=1

o0
via component-wise operations. Let R be the subring of Q) generated by @ F; and 1¢. Then it can be seen that
i=1
o0
0(R) = Soc(R) = @ F;. Since ﬁh{) = F; is simple then pR is 65s-semilocal. On the other hand, R is not
i=1

a semilocal ring as Rad(®) = R is not semisimple. Hence, R is not an ss-semilocal ring.
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Abstract. Let G(V, E) be a graph with vertex set V' and edge set E. A radio geometric mean labeling of a connected graph
G is a one to one map from the vertex set V' (G) to the set of natural numbers N such that for two distinct vertices v and v
of G, d(u,v) + [/ f(u)f(v)] > 1+ diam(G), where d(u, v) represents the shortest distance between the vertices u and
v and diam(QG) represents the diameter of G . Based on the concept of radio geometric mean labeling, a new graph labeling
called radio antipodal geometric mean labeling is being introduced in this paper. A radio antipodal geometric mean labeling
of a graph G is a mapping from the vertex set V' (G) to the set of natural numbers N such that for two distinct vertices u and
vof G, d(u,v) + [\/f(u)f(v)] > diam(G). If d(u,v) = diam(G), then the vertices v and v can be given the same label
and if d(u, v) # diam(QG) then the vertices u and v should be assigned different labels. The radio antipodal geometric mean
number of f, rogmn(f) is the maximum number assigned to any vertex of G. The radio antipodal geometric mean number
of G, Tagmn (G) is the minimum value taken over all radio antipodal geometric mean labeling f of G. In this paper, the radio
antipodal geometric mean number of certain ladder related graphs have been investigated.

AMS Subject Classifications: 05C12, 05C15, 05C78.

Keywords: Radio labeling, Ladder graph, Triangular ladder graph, Circular ladder graph, Pagoda graph.
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1. Introduction

In this paper, the graphs considered are simple, finite and undirected graphs. For definitions not given here,
one can refer to [6]. In communication engineering, one of the major problem is channel or frequency assignment
problem where we have to assign frequencies(channels) to different radio transmitters in such a way that the
interference between any two radio transmitter is avoided. That is if the radio transmitters are close to each other,
then the difference between the channel assigned should be large enough [1]. This problem was converted into
a graph coloring problem by William Hale in 1980 [20]. Later graph labeling techniques were also developed to
solve this problem. The process of assigning integers to the vertices, edges or to both based on certain condition
is known as graph labeling [14]. The first paper on graph labeling was presented by A Rosa in 1966 [18] and up
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to till date, there are lot of researches going on graph labeling. The main reason is that it has many applications.
To list a few among them, graph labeling techniques are useful in coding theory, astronomy, circuit design,
communication network addressing, secret sharing [7, 12].

In order to solve the channel assignment problem, the first graph labeling technique was introduced by Jerrold
R. Griggs and Roger K. Yeh [11] in the year 1992, known as L(2,1) labeling or distance two labeling. The
L(2,1) labeling was defined as follows. Given a real number d > 0, an L4(2, 1) - labeling of G is a non-negative
real-valued function f : V(G) — [0,00) such that, whenever x and y are two adjacent vertices in V, then
| f(z) — f(y) |> 2d, and whenever the distance between = and y is 2, then | f(z) — f(y) |> d. In the year 2001,
Gary Chartrand et al. [4] modified the definition of L(2, 1) labeling and introduced a new graph labeling technique
called Radio Labeling which was just an extension of the existing L(2, 1) labeling. A radio labeling of a graph
G is a function f : V(G) — N(set of natural numbers) such that, d(u,v) + | f(u) — f(v)| > diam(G)+ 1. Tt has
been proved that finding the radio number of an arbitrary graph is an NP-complete problem [13]. Gary Chartrand
et al. [5] have also introduced the concept of radio antipodal labeling in the year 2002. A radio antipodal labeling
of a graph G is a function f : V(G) — N(set of natural numbers) such that, d(u, v)+|f(u) — f(v)| > diam(G).
The difference between radio labeling and radio antipodal labeling is that the former one is an one to one function
whereas the latter one is not since the vertices which are at diametric distance can receive the same label in the
latter. From this there are few new graph labeling techniques which were defined by modifying the definition of
existing radio and radio antipodal labeling. One can refer to [2, 3, 8, 15, 17, 19] for different types of labeling
techniques which were originated from radio labeling and radio antipodal labeling.

The concept of radio geometric mean labeling of graphs was first introduced by Hemalatha V et al. [8] in the
year 2017. The radio geometric mean labeling of a graph G is a mapping from the vertex set V' (G) to the set of
natural numbers N such that for two distinct vertices « and v of G, d(u,v) + [/ f(u)f(v)] > 1 + diam(G).
The radio geometric mean number of f, r g,y (f) is the maximum number assigned to any vertex of G. The radio
geometric mean number of G, gy, (G) is the minimum value taken over all radio geometric mean labeling f of
G. In that work, the authors have studied the radio geometric mean number of some star like graphs [8]. They
have also investigated the radio geometric mean number of splitting of star and bistar [9]. The radio geometric
mean number of some subdivision graphs have been obtained by Hemalatha V and Mohanaselvi V [10]. Based
on the concept of radio geometric mean labeling, a new graph labeling called radio antipodal geometric mean
labeling have been introduced in this paper by modifying the existing radio geometric mean labeling condition.
A radio antipodal geometric mean labeling of a graph G is a mapping from the vertex set V(G) to the set of
natural numbers N such that for two distinct vertices u and v of G, d(u,v) + [/ f(u)f(v)] > diam(G). If
d(u,v) = diam(G), then the vertices u and v can be given the same label and if d(u,v) # diam(G) then
the vertices u and v should be assigned different labels. The radio antipodal geometric mean number of f,
Tagmn (f) is the maximum number assigned to any vertex of G. The radio antipodal geometric mean number of
G, Tagmn(G) is the minimum value taken over all radio geometric mean labeling f of G, which will be denoted
as ragmn(G).

We were motivated to study the radio antipodal geometric mean number of ladder related graphs, since ladder
and ladder related graphs have wide range of applications in various fields. To name a few, ladder networks have
been useful in electronics, electrical and wireless communication networks [16].

In this paper, the upper bounds of radio antipodal geometric mean number of ladder related graphs have been
investigated.

2. Radio antipodal geometric mean number of ladder and triangular ladder graphs

In this section, the radio antipodal geometric mean number of ladder and triangular ladder graph have been
obtained.

Definition 2.1. [14] The Ladder graph denoted by LG(n), is a graph obtained by the Cartesian product of two
path graphs Py and P, n > 2. The n"* dimension of a ladder graph has 2n vertices and 3n — 2 edges. The
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diameter of LG(n) is n. See Figure 1.

(41 Vo U3 Un—1 Un

Un+1 Un+2 n+3 Vop—1 Vop

Figure 1: LG(n)

Definition 2.2. [14] A Triangular ladder graph, denoted by T LG (n), is a ladder graph obtained by adding the

edges (v, Vpvi—1),1 = 2,3,...,n. TLG(n) has 2n vertices and its diameter is n. See Figure 2.

1 V2 U3 Up—1 Un

Un+1 Unt2 Un+3 V2n—1 Vo,

Figure 2: TLG(n)

Remark 2.3. For our convenience, the vertex set of LG(n) and T LG (n) is partitioned into two disjoint sets Vy

and Vo, where Vi = {v; : 1 <i<n}land Vo ={v; :n+1<1i<2n}

Theorem 2.4. The radio antipodal geometric mean number of ladder graph, ragmn(LG(n)) < 3n—6,n > 4.

Proof. Let {v1,vs, ..., Upn, Upt1, ..., Uap | be the vertices of LG(n).

In this vertex set, the vertices v; and vg, are at diametric distance and hence they receive the same labeling.

Therefore, f(v1) = f(van).

Similarly, the vertices v, and v, are at diametric distance and hence can be given same label, so that f(v,) =

f(vn1).
The remaining 2n — 2 vertices of LG(n) are labeled by the mapping,

n+:1—3,1<1<n—-2
n—3i=n-—1
flui) =

2n—4,1=n
n+i1—5on+1<1<2n

Claim. The mapping (2.1) is a valid radio antipodal geometric mean labeling.
Let u, v be any two distinct vertices of LG (n).
Case 1. Let u,v € V7.
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Case 1.1. Letu = v;and v = v;,1 < 4,5 <n — 2.

In this case, d(u,v) > 1.

By mapping (2.1), we have f(v;) =n+¢—3and f(v;) =n+j — 3.
Therefore, d(u,v) + [/ f(uw)f(v)] >

1+ [/(n+i=3)(n+j—3)] >n.

Casel2. Letu=v;,1<i<n—2,v=v,_1.

By (2.1), we have f(v;) =n+i—3and f(v,—1) =n — 3.

Also, d(u,v) > 1.

This makes, d(u,v) + [/ f(u)f(v)] >

14+ [/(n+i—3)(n—3)] >n.

Case 1.3. Suppose u = v;,1 <i<n—2and v = v,.

Here, f(v;) =n +14— 3 and f(v,) = 2n — 4. Also d(u,v) > 2.
Hence, 2 + [v/(n +1i — 3)(2n — 4)] > n.

Caseld. If u =v,_1 and v = v,.

In this case, the distance between the vertices © and v will be 1.

Also, f(vp—1) =n—3and f(v,) =2n —4.

Hence, d(u,v) + [/ f(u)f(v)] > n.

Case 2. Let u,v € V5.

Case 2.1. Suppose u = v; and v = v;,n +2 < 4,5 < 2n — 1.

In this case, d(u,v) > 1.

By mapping (2.1), we have f(v;) =n+1i—5and f(v;) =n+j —5.
Consequently, d(u,v) + [/ f(u) f(v)] >

14+ [/(n+i=5)(n+j—5)] >n.

Case 2.2. Let u = v,,+1 and v = vy,.

Here, the distance between the vertices v and v will be n — 1.

By mapping (2.1), we have f(v,4+1) = 2n —4 and f(ve,) =n — 2.
Therefore, d(u,v) + [/ f(u)f(v)] > n.

Case 3. Letu € Vi and v € V5.
Case3d.l.Ifu=v;,1<i<n—2andv=v;,n+1<j<2n.

In this case, d(u,v) > 1.

Here by (2.1), we have f(v;) =n+¢—3and f(v;) =n+j —5.
Therefore, d(u,v) + [/ f(u)f(v)] >

1+ [y/(n+i=3)(n+j—5)] >n.

Case3.2. If u = v, and v = vy 4.

Here d(u,v) = n. Also, f(u) = f(v) = 2n — 4.

Hence, d(u,v) + [v/f(u)f(v)] > n+ [/(2n —4)2] > n.

Case 3.3. Suppose u = v1 and v = vgy,.

In this case, the distance between the vertices © and v will be n. As these two vertices are at diametric distance,
flu) = f(v) =n—2.

Therefore, d(u,v) + [v/f(w)f(v)] > n+ [/ (n—2)?] > n.

Hence, in all the cases it can be seen that the mapping (2.1) satisfies the radio antipodal geometric mean labeling
condition, d(u,v) + [/ f(u)f(v)] > n.

Therefore, (2.1) is a valid radio antipodal geometric mean labeling.

By the mapping (2.1) the vertex vq,,_; receives the maximum label which is given by,
f('l}gnfl) = 3n — 6.

Hence, ragmn(LG(n)) < 3n—6,n >4 [ |

Theorem 2.5. The radio antipodal geometric mean number of triangular ladder graph, ragmn(TLG(n)) <
3n—95n>5>.
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Proof. Let {v1,va, ..., Un, Unt1, ..., V2, } be the vertices of TLG(n).
In these vertices v; and vs,, are at diametric distance and hence they receive the same labeling. Therefore,

f(vl) = f(v2n)-
The remaining 2n — 1 vertices of TLG(n) are labeled by the mapping,

n+:—3,1<1<n—-2
n—3i=n-—1
J(v) = (2.2)

2n — 4,1 =n

n+i1—4n+1<1<2n

Claim. The mapping (2.2) is a valid radio antipodal geometric mean labeling.
Let u, v be any two vertices of TLG(n).

Case 1. Let u,v € V7.

Case 1.1. Suppose u = v; and v = v;,1 < 7,5 <n — 2.

In this case, by (2.2), we have f(v;) =n+i—3and f(v;) =n+j— 3.
Also, d(u,v) > 1.

This assures, d(u, v) + [/ f(u)f(v)] >

1+ [y/(n+i=3)(n+j—3)] >n.

Casel2. Lletu=1v;,1<i<n—2,v=uv,_1.

In this case, d(u,v) > 1.

Also by (2.2), we have f(v;) =n+i—3and f(v,—1) =n — 3.
Consequently, d(u,v) + [/ f(u)f(v)] >

1+ [/(n+i-3)(n—3)] >n.

Casel3. Ifu=v;,1 <i<n—2and v = v,.

Here, f(v;) =n+4— 3 and f(v,) = 2n — 4. Also d(u,v) > 2.

Therefore, 2 + [\/(n +i — 3)(2n — 4)] > n.

Case 1.4. Let u = v,,_1 and v = v,,.

In this case, d(u,v) = 1.

Also, f(vp—1) =n—3and f(v,) = 2n — 4.

Hence, d(u,v) + [/ f(u) f(v)] > n.

Case 2. Let u,v € V5.

Case 2.1. Suppose u = v; andv =v;,n+1<1,5 <2n— 1.

Here, d(u,v) > 1.

By mapping (2.2), we have f(v;) =n
This gives, d(u,v) + [/ f(u)f(v)] >
L+ [/n+i—4)(n+j—4)] >n.
Case2.2. Letu=v;,n+1<14,j5<2n—1and v = vy,.

By (2.2), we have f(v;) =n+i—4and f(vy,) =n — 2.

Also d(u,v) > 1.

Therefore, d(u,v) + [/ f(u)f(v)] >

1+ [/(n+i—4)(n—2)] > n.

Case 3. Letu € Vy andv € V5.

Case3.l.Ifu=v;,1 <i<n—-2andv=v;,n+1<j<2n.

In this case, the distance between the vertices « and v will be at least 1.
Here by (2.2), we have f(v;) =n+i—3and f(v;) =n+j—4.
This assures, d(u,v) + [/ f(u)f(v)] >

14+ [/(n+i—3)(n+j—4)] >n.

Case 3.2. If u = v,, and v = vy 1.

Here d(u,v) =n — 1. Also, f(u) =2n —4 and f(v) =n+i—4.

+i—4and f(v;) =n+j—4

3

s
2

102



On the radio antipodal geometric mean number of ladder related graphs

Hence, d(u, v) + [/F()f(0)] >
(n—1)+[/(n+i—4)(2n—4)] > n.

Case 3.3. Suppose u = vy and v = vgy,.

As these two vertices are at diametric distance,

flu) = flv) =n—-2.

Here the distance between the vertices u and v will be n.

Therefore, d(u,v) + [v/f(u)f(v)] > n+ [/(n —2)2] > n.

Hence, in all the cases it can be seen that the mapping (2.2) satisfies the radio antipodal geometric mean labeling
condition.

Therefore, (2.2) is a valid radio antipodal geometric mean labeling.

By the mapping (2.2), the vertex vy, receive the maximum label and it is given by, 3n — 5.

Hence, ragmn(TLG(n)) <3n—5n>5 [ |

3. Radio antipodal geometric mean number of circular ladder and pagoda graphs

In this section, the radio antipodal geometric mean number of circular ladder and pagoda graphs have been
investigated.

Definition 3.1. [21] The circular ladder graph is a graph obtained from the Cartesian product C,, X Ks, where
K is the complete graph on two vertices and C,, represents the cycle on n vertices. It is denoted by CLG(n).
The n'" dimension of CLG (n) is shown in Figure 3.

Un+1

Von Un+4-2

Von—1

Un+3
D

Figure 3: CLG(n)

Definition 3.2. [14] A pagoda graph is a ladder graph formed by adding a vertex v, in such a way that it is
adjacent to the vertices v1 and vo. PG(n) has 2n + 1 vertices and it’s diameter is n. See Figure 4.

Remark 3.3. For our convenience, the vertices in the internal cycle {v1, va, ..., v, } of C LG(n) will be denoted
as Cy and the vertices in the outer cycle {vp 1, Unt2, ..., Van } as Ca.

Remark 3.4. The vertex set of PG(n) is partitioned into two disjoint sets V1 and Va, where Vi = {vg;—1 : 1 <
i<n}and Vo ={vy; : 1 <i<n}
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Va
(% (%)
U3 U4
Us V6
1 1
1 1
1 1
Van—3 Von—2
Von—1 Vo

Figure 4: PG (n)

Theorem 3.5. The radio antipodal geometric mean number of circular ladder graph, ragmn(CLG(n)) <
2n — 3,n = (Imod2),n > 5.

Proof. The graph CLG(n) has 2n vertices and 3n edges. In this 2n vertices there exists [ 5 | vertices which are
at diametric distance and hence these vertices can receive the same label. These vertices are given by,

fi) = fonyroyio1), 1 << [5].

The vertices of C' LG(n) are labeled by the mapping,

fo) =5l +i-21<i<n+|3] 3.0

Claim. The mapping (3.1) is a valid radio antipodal geometric mean labeling.
Let u, v be any two distinct vertices of CLG(n).

Case 1. Let u,v € (1.

In this case, d(u,v) > 1.

By mapping (3. 1) we have f(vl) |5]+i—2and f(v;) = 5] +j—2
Therefore, d(u,v) + [/ f(u)f(v)] >

AN (R 3 s a

Case 2. If the vertices u, v € Cs.

Case2.l. Letu =v;andv =vj,n+1<i,j <n+[5].

Then, f(v;) = [ %] +i—2and f(v;) = [ 5] +j —2by 3.D).

Also, d(u,v) > 1.

Hence, d(u,v) + [/ f(u) f(v)] > d.

Case 2.2. Suppose u = v; and v = vj,n + | 5| <i,j < 2n.

This case will be similar to Case 1.

Therefore, d(u, v) + [/ f(u)f(v)] > d.

Case23. Ifu=v;,n+1<n+|[5]andv=v;,<n+ [F]+1<j<2n.
In this case, the distance between the vertices « and v will be at least 1.

By (3.1), we have f(v;) = 5| 44 —2and f(v;) = [ 5] +j — 2.

This guarantees, d(u,v) + [/ f(u) f(v)] > d.

Case 3. If u € C; and v € (.

Case 3.1. Suppose u = v;,1 <i<nandv=wvj,n+1<j<n+|5]
In this case, d(u,v) > 1.
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Also, f(u) = | 5] +i—2and f(v;) = [ 5] +J — 2.

This assures, d(u,v) + [/ f(u)f(v)] > d.

Case3.2. Letu =v;, 1 <i<nandv=v;,n+ 5] +1<i<2n.

In this case, the vertices u and v will receive same labels as they are at diametric distance and hence
flui) = flvi) = |5] +i-2.

This guarantees d(u,v) + [/ f(u) f(v)] > d.

Accordingly, in all the cases it can be seen that the mapping (3.1) satisfies the radio antipodal geometric mean
labeling condition, d(u, v) + [/ f(u)f(v)] > d.
Therefore, (3.1) is a valid radio antipodal geometric mean labeling.
By the mapping (3.1) the vertex v, | z | receives the maximum label which is given by,
f(vn+L%J) =2n—3.
Hence, ragmn(CLG(n)) < 2n — 3,n = (1mod2),n > 5 |

Remark 3.6. It is easy to verify that ragmn(CLG(4)) = 4 and ragmn(CLG(6)) = 6.

Theorem 3.7. The radio antipodal geometric mean number of circular ladder graph, ragmn(CLG(n)) <
2n — 3,n = (0mod2),n > 8.

Proof. The graph C'LG(n) has 2n vertices out of which % vertices are at diametric distance. Hence, these
vertices can receive same label. These vertices are given as follows,
f(vi) = f(vntn4i),1 < i < 3. The remaining vertices of C'LG(n) are labeled by the mapping:

n4i-21<i<n-—2

n_2i=n—1

v;) =4 2 (3.2)
fw) n+3-3,i=n
s+i=3n+1<i<n+3

We now claim that the mapping (3.2) is an valid radio antipodal geometric mean labeling.
Let u, v be any two distinct vertices of CLG(n).

Case 1. If u,v € C4.

Case 1.1. Letu = v;,v =v;,1 < 4,5 <n— 2.

In this context, by (3.2) we have f(u) = § +i—2and f(v) = § +j — 2. Also, d(u,v) > 1.
This makes, d(u,v) + [/ f(u)f(v)] > d.

Casel12. Ifu=v;,1 <i<n—2andv =v,_;.

In this instance, by mapping (3.2) f(u) = § +i—2and f(v,—1) = 5 — 2.
Further, d(u,v) > 1.

As aresult, d(u,v) + [/ f(u)f(v)] > d.

Case 1.3. Letu = v,,_1 and v = v,,.

In this case, d(u,v) = 1.

Also by (3.2), we have f(u) = § —2and f(v) =n+ 5 — 3.

Hence, d(u,v) + [/ f(u) f(v)] > d.

Caseld. If u =v;,1 <i<n—2and v = v,.

In the considered case, d(u,v) > 2.

By (3.2), f(u) = 5 +i—2and f(v) =n+ 5 — 3.

As a consequence of this, we have d(u,v) + [/ f(u)f(v)] > d.

Case 2. Let u,v € Cs.

Case 2.1. Suppose u = v;,v =vj,n+1 <14, <n+ 3.

By (3.2) we have f(u) = & +i—3and f(v) = § +j — 3.
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Further more, d(u,v) > 1.

Therefore, d(u,v) + [/ f(u)f(v)] > d.

Case2.2. Ifu =v;,v=v;,n+ 5 +1<14,5 < 2n.

This case will be similar to Case 1.1. and hence d(u,v) + [/ f(u)f(v)] > d.
Case23. Iffu=v;,n+1<i<n+Fandv=v;,n+5+1<j<2n.

In this case, the distance between the vertices v and v will be at least 1.

Also by (3.2), we have f(u) = § +i—3and f(v) = § +j — 2.

This assures d(u,v) + [/ f(u)f(v)] > d.

Case 3. Letu € C; and v € Cs.

Case 3.1. Suppose u = v, 1 <i<n—2andv=v;,n+1<j<n+ 3.

In the situation under consideration, the distance between the vertices u and v will be at least 1.
By (3.2), f(u) = § +i—2and f(v) = 5 +j — 3.

Therefore, d(u,v) + [/ f(u)f(v)] > d.

Case3.2. Ifu=v;,1<i<n-—-2andv=v;,n+35+1<j<2n

This case will be similar to Case 1.1.

Therefore, d(u,v) + [/ f(u)f(v)] > d.

Case3.3.Letu=v, jandv=v;,n+1<i<n+ 3.

In this case, f(v,—1) = § —2and f(v) = § 44 — 3.

It can be seen that d(u, v) > 3.

Consequently, d(u, v) + [/f(u)f(v)] > d.

Case 3.4. Letu = v,—; andv = vj,n + % +1<i<2n.

This case will be similar to Case 1.2. which guarantees d(u, v) + [/ f(u)f(v)] > d.
Case3.S5. Ifu=v,andv =v;,n+1<i<n+ 3.

By 3.2), f(vn) =n+ 5 —3and f(v) = § +i—3.

The distance between the vertices u and v will be at least 2.

Consequently, d(u,v) + [/ f(u)f(v)] > d.

Case 3.6. Suppose u = v, and v = vj,n+ 5§ +1 <17 < 2n.

This case will be similar to Case 1.4. which assures that d(u, v) + [/ f(u) f(v)] > d.
Hence the mapping (3.2) is an valid radio antipodal geometric mean labeling.

By (3.2), the vertex v,z receives the maximum label which is given by 2n — 3.
Therefore, ragmn(CLG(n)) < 2n — 3,n = (0mod2),n > 8

Theorem 3.8. The radio antipodal geometric mean number of pagoda graph, ragmn(PG(n)) < 3n—3,n > 3.

Proof. Let {v,,v1, V2, ..., Un, Unt1, ---, Vo, } be the vertices of PG(n).
Let f(vg) =n — 2.

In these 2n + 1 vertices v, and v, are at diametric distance and hence they receive the same labeling. Therefore,

f(va) = f(van).

The remaining 2n — 1 vertices of PG(n) are labeled by the mapping,
fw)=n+i-2,1<i<2n.

Claim. The mapping (3.3) is a valid radio antipodal geometric mean labeling.
Let u, v be any two distinct vertices of T LG(n).

Case 1. Let u,v € V5.

Casel.1.If u =v; andv = v;,1 < 4,5 < n.

In this case, d(u,v) > 1.

By mapping (3.3), we have f(v;) =n+¢—2and f(v;) =n+j—2.

Thus, d(u,v) + [/ f(u) f(v)] > n.

Case 2. Let u,v € V5.

106

(3.3)

3

s
2




On the radio antipodal geometric mean number of ladder related graphs

Case 2.1. Suppose u = v; andv =v;,1 <7, <n— 1

In this case, d(u,v) > 1.

By mapping (3.3), we have f(v;) =n+i¢—2and f(v;) =n+j—2.
Thus, d(u,v) + [/ f(u) f(v)] > n.

Case2.2. letu=1v;,1 <i<n-—1andv = vy,.

In this case, by (3.3), we have f(v;) =n +1i—2and f(van) =n — 2.
Also, d(u,v) > 1.

Hence, d(u,v) + [/ f(u) f(v)] > n.

Case 3. Letv; € Vi and v; € Va.

Case3.l.Ifu=7v;,1 <i<nandv=1v;,1<j5<n.

In this case, d(u,v) > 1.

Here by (3.3), we have f(v;) =n+i—2and f(v;) =n+j—2.
Thus, d(u,v) + [v/F f(v)] >

1+ [/(n+i—2)(n+j—2)]>n

Case 3.2. If u = v, and v = va,,.

Here d(u,v) = n.

Also, f(u) = f(v) =n— 2.

Hence, d(u,v) + [/ f(u) f(v)] > n.

Case 4. Suppose u = v, and v € V] orv € V5.

We will have the following two sub cases:

Cased1Ifu=v,andv € V;

By (3.3), f(u) =n—2and f(v) =n+1i— 2.

Also, d(u,v) > 1.

This assures d(u,v) + [/ f(u) f(v)] > n.

Case 4.2. Suppose u = v, and v € V5

Here, d(u,v) > 1.

By (3.3), f(u)=n—2and f(v) =n+i—2.

Therefore, d(u,v) + [/ f(u) f(v)] >

14+ [/(n—=2)(n+i—2)] >d.

Hence, in all the cases it can be seen that the mapping (3.3) satisfies the radio antipodal geometric mean labeling
condition.

Consequently, (3.3) is a valid radio antipodal geometric mean labeling.
By the mapping (3.3), the vertex vg,,_1 receive the maximum label and the label is given by, f(va,—1) = 3n— 3.
Hence, ragmn(PG(n)) <3n—3,n >3 [ |

4. Conclusion

In this paper, a new graph labeling technique called radio antipodal geometric mean labeling have been
introduced. By this technique the span of the given network can be minimized as the diametric opposite vertices
can receive same labels. The upper bounds of ladder, triangular ladder, circular ladder and pagoda graphs have
been investigated in this paper. This work can be extended further to other communication networks like
honeycomb, butterfly, mesh.
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