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This paper is dedicated to the occasion of Professor Gaston M. N’Guérékata’s 70th birthday

Abstract. Based on [4], we produce a collection of interesting trigonometric and hyperbolic Taylor formulae with integral
remainders. Using these we derive Opial and Ostrowski type corresponding inequalities of various kinds and norms.

AMS Subject Classifications: 26A24, 26D10, 26D15.
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1. Taylor formulae based on linear differential operators

This section is based entirely on [4]. Here K denotes R or C.

Let I be an interval subset of R, and ¢ = (c¢g, ...,¢n) € R™*L ¢, = 1, n € N, and the n-th order linear
differential operator D, from C} (I) (n-times continuously differentiable K-valued functions defined on I) into
Cx (I) (continuous functions from I to K), where D, (f) := ¢, f(™ + ... + c1 f' + cof, with f € O (I). Let
we € C¢ (R) be the unique solution of initial value problem:

De(we) =0, wP(0)=0,1 (€{0,1,....0n—1}).
By Theorem 3.2 of [4], p. 1131, we have that
@) = (Tuoh) ( / Do (f) () we (x — 1) dt, (1.1)

where

=

n—

n—l—j
(Tue ) ( < ) D e (z - a)) : (1.2)
=0

j=0

<.

forallz,a € I.
*Corresponding author. Email address: ganastss@memphis.edu (George A. Anastassiou)
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Next, let k € Ny, k < n,v € R, and we consider J,, 1,4 from R into R, given by

Tute 0= 3 Gl r (1.3)

which converges for all ¢.
A further interpretation of (1.1), see Theorem 3.3, p. 1132 of [4], given us

k-1 i on-t
j=0 ! j:k
+ / (f(n) (t) —vf™ (t)) T (@ — 1) dt, (1.4)

forall fe C% (I),n e Nandz,a € I.
Applications of (1.4) provide us the following interesting Taylor formulae of trigonometric and hyperbolic

types:
Theorem 1.1. ([4]) Forall f € C% (I) and a,x € I, we have

f(x) = f(a)cos(z —a)+ f'(a)sin(z —a) + /aC (f" (t) + f (t)) sin (z — t) dt. (1.5)
Theorem 1.2. ([4]) Forall f € C% (I) and a,x € I, we have
f (z) = f(a)cosh (z — a) + f' (a)sinh (z — a) + /m (f" (t) — f (t))sinh (z — t) dt. (1.6)

Theorem 1.3. ([4]) For all f € C4 (I) and a,x € I, we have

o (cosh(x—a);—cos(x—a)) P (sinh(m—a);—sin(x—a))
@) (cosh (@ — a)2— cos ( — a)) @ <sinh (@ — a)2— sin (z — a)>
[ - pap (PREEEREED ) g a7

Theorem 1.4. ([4]) Let o, 8 € R with o (a2 — 52) # 0. Then, for all f € C%- (I) and a,x € I, we have

o) — ) (52cos(a(x—agg:zjcos(ﬂ(x—a)))+

, B3sin (a(z —a)) — a?sin (B (x — a))
7@ aB (7= a?) )+
"y cos (a(x —a)) — cos (B (z — a))
o 7 a? )+
fm(a)(ﬂsln( (Ia)(/)BQ_Oé;lzn)( ($a))>+
* " 2 2 17 272 Bsm(a(m—t))—asin(ﬁ(x—t))
|G @ e s (t)+a6f(t))< G gy >dt. (18)
-
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Finally, we include the following result.

Theorem 1.5. ([4]) Let o, B € R with a8 (a2 - ﬂz) # 0. Then, for all f € C% (I) and a, = € I, we have

f (@) = f(a) (ﬂ cosh (a (x — 623 :32 cosh (3 (x —a))) )

, B3sinh (o (x — a)) — a®sinh (B (z — a))
e ( a8 (7 —a?) )+
' (a) (cosh( (z — 62; :(;c;sh( a(x — a))) N
£ (a) <asmh( (x — — )()62 _BziQn)h (a(x — a))> n
T e 2 2\ o 2 52 asinh (B (x —t)) — Bsinh (a (z — 1))
[ e ) 50+ o) ( A )i a9

In this article first we give the needed variants to Theorems 1.1-1.5, then based on these modified Taylor
formulae we derive several Ostrowski type inequalities. In between we deal with Opial type inequalities.

2. Main Results

We are inspired by [1]-[3].
We give the following Taylor formula results of trigonometric and hyperbolic types.

Theorem 2.1. Forall f € C% (I) and a,x € I, we have

f @)= f (@) = ' (@)sin (z — a) + 2f" (a) sin® (x > ) "

/w [(f7 (&) + £ (1) = (f" (a) + [ (a))] sin (z — t) dt =

f'(a)sin (z — a) + 2f" (a) sin? ($;G)+ .1)

/w [(f" (&) = " (@) + (f (¢) = [ (a))]sin (z — t) dt.
Proof. Here we use Theorem 1.1.
We have by (1.5) that
f(z) = f(a) = f(a)(cos(z —a) — 1)+ f'(a)sin(z — a)

+/ (f" (t) + f(t))sin (x — t) dt. (2.2)
(By cos2z =1 —2sin’ z, cos 2z — 1 = —2sin” z, and cos (x —a) —1=cos?2 (“"—5“) —1=—2sin? (Lga) )
Therefore it holds

Fo) - 1@ = =2f @sin? (T5%) 4 £ @sin (o - a

+/m(f”(t)—&-f(t))sin(x—t)dtz

i
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“2f (@sin? (150 4 £ @sin o = )+ (77 @)+ £ (@) (1 = cos )

+/ﬂwﬂw+f@»fgm@+f@m$M$,wﬁ
(=)
[

= f'(a)sin (z — a) 4+ 2f" (a) sin? (x ; a) N

a
x

= —2f (a) sin® + f'(a)sin (z — a) + (f" (a) + f () 2sin® (x ; a) i
+1(t)

) = (f"(a) + f ()] sin (x — t) dt

[ 160 +50) - " @ + 5 @)lsin e~ ) de

Above notice that (cos (z — t)) = sin (z —t).
The claim is proved.

Theorem 2.2. Forall f € C% (I) and a,x € I, we have

f(x)— f(a) = f' (a)sinh (x —a) + 2f" (a)sinh2 (I;a) N

/m [(f7 (&) = £ (£)) = (" (a) = f (a))] sinh (z — ) dt =

f'(a)sinh (z — a) +2f" (a) sinh® (%‘ 3 a) +
/gp [(f" () = " (a)) = (f (t) — f (a))] sinh (z — t) dt.

Proof. Here we use Theorem 1.2 (1.6).

Notice that (— cosh (z — t))’ = sinh (z — t).
By cosh 22 — 1 = 2sinh? , we get that cosh (z — a) — 1 = cosh 2 (352) — 1= 2sinh? (£52).

By (1.6) we obtain
f(x)— f(a) = f(a)(cosh(x —a)—1)+ f'(a)sinh (z — a)

+/w (f" (t) = f(t))sinh (z — t) dt =

2f@ﬁmﬁ(“§“>+f%@gmmx_@

+/I (f" (t) — f(t))sinh (z — t)dt =

2 (a) sinh? (“" ; ) 1 £ (a)sinh (z — a) + (/* (a) — f (a)) (cosh (¢ — a) — 1)

+ [T 0= £ 0) = (7 @) = £ @)l sih e — )t

o (a)sink? <x _ ) T (a)sinh (& — a) + (/" (a) — / (a)) (2sinh2 (ﬁ)) +

2.4)

(2.5)

(2.6)

Q2.7

e
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/w [(f" (@) = £ (1)) = (" (a) = f (a)] sinh (z — 1) dt

= f'(a)sinh (z — a) + 2" (a) sinh” (w 2 a) +

/ [(f7 (&) = £ () = (f" (a) = £ (a))] sinh (z — t) dt.
The claim is proved. |
Theorem 2.3. Forall f € C% (I) and a,x € I, we have
(snh(az a) +sn(w a)) n

F@ -1 @=1@
o (cosh z— a) — cos( )
f"’(a>(”h“” Gl

) et
5

[0 - @) - 50 - £ @) (Si“h ) ”) d.

Proof. Here we use Theorem 1.3 (1.7).
We have that

f(x) = f(a)=f(a)

+

(cosh ( — a) — 1) + (cos (z — a) — 1)
( : )+

o <sinh (x — a) +sin (z — a)) s

2
() (cosh (z —a) oo (@ — a)) . (sinh (z —a) - sin (z — a)) 09
# [ - g (eI g

7 (a) (smh2 (‘T 3 “> ~ sin? (I 3 “)) +

I <sinh(x—a)2+sin(x—a))+ 210

) (cosh(x—a)—cos(:c—a)) . (sinh(x—a);bn(z a)>

[ @ - o) - @ - g ) (AR
£ (a) <Sinh (x—a);—sin (x —a)) N

S

5
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) (cosh (z — a) — cos (z — a)) @ (sinh (z - a) —sin (z — a))

2 2

s o) (s (52) s (5)) + 1)
/ L @) - £ @) = (F 8 (@) (Smh o) st - t)) .

The claim is proved.

We continue with

Theorem 2.4. Let o, f € R with a8 (a2 — 62) # 0. Then, for all f € C%- (I) and a, = € I, we have

3sin (a(z —a)) — a3 sin T —a
f<x>—f<a):f/(a)</3 (o aﬁ?ﬁz_a?) (B( >)>+

BQ_QQ

£ (a) (COS (o (z —a)) — cos (B (x — a))) n

" 58111(0[ (x—a)) _O‘Sin(ﬂ(x_a))
/o ( aB (77 —a?) > i
2 (17 (@) + (02 + ) £1(@) (s (ae=a)\ _ , ,(Bla—a)
(aB)? (82 — a?) (ﬁ ( 2 ) ( 2 )) * @12
1 ¢ " 2 2 " 292 _
G [, [0+ @) 1 W+t )
(f"" (a) + (a2 + 62) " (a) +a?B%f (a))] [Bsin (o (z —t)) — asin (B (z — t))] dt.

Proof. We see that

I = f(a) (B (cos(a(z—a))—1) — (cos(ﬁ(x—a))—l)) _

52_02

f(a) (62 (cos (v (z — a))) — % — o (cos (B (z — a))) + a2) _

B2 — a2

‘o Kﬁ (cos (o (x — a))) — a2 (cos (8 <x—a>>>> B <ﬁ2 _a2ﬂ B

3o 32 a2
@ [(32 (cos (o (z — a)ﬂ)g : Zz (cos (B (z — a)))) _ 1] _ (2.13)
f(a) (52 (cos (a(z — a)ﬁ)g - Zz (cos (B (z — a)))) ~ fla).
That is (—a) B(a—a)
—2/32 sin? (X2 a?sin? (22
I* = f(a) ( ? ( 2 ﬁ)j; ( 2 )) - (2.14)
f(a) (52 (cos (a(z — a)ﬁ)g : zz (cos (B (z — a)))> ~ f(a). "
E
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By Theorem 1.4, we obtain

—22sin? (=) a?sin? (=2
f(:c)—f(a):f(a)( 267 sin? (24 ) + 202 sin? (205 ))+

627042

@ (53 sin (a (z — a)) — o sin (8 (z — a>>> .

af (8% —a?)
£ (a) (COS (o (x — 622) - ZC;S (B(z - a))) n
11 Bsin (a (z —a)) — asin (B (v — a))
" (a) ( B (7 — ) ) + (2.15)
(f//// (a) + (Oz2 +B2) f// (a) + a262f (a))
(8% —a?)
2 o (ale—a)) 20 _,(B—a
(st (55 ) - s (7)) +
1 ¢ " O[2 2\ g1/ a2 2 _
S | 07O+ 0+ ) 0+ 0t ()
(f" (a) + (a2 + 62) " (a) + 252 f (a))] [Bsin (o (z —t)) — asin (B (z — t))] dt.
Notice that
(cos (a(z — )" = —sin (a(z —t)) (—a) = asin (a (z — 1)), (2.16)
and
< cos (a (z t))> =sin(a(z —1)), (2.17)
and
/ B (sin (a (z —1t)))dt = g (cos(a(x—1))) ]2 == (1 —cos(a(x—a)))
-2 (:31112 (‘”2“”)) 2.18)
Similarly, we get
" as - sin? flz—a)
f/a asin (B (z —1t))dt = 3 ( < 3 >> (2.19)
Furthermore, we see that
o?B%f (a) ismz oz —a) — 2 gin2 B(z—a) _
T (e () e (5)
f(a) 2 gip?2 a(r —a) — 9202 sin? B(z—a)
e (e () et (S0 @
The claim is proved. |
We give
®
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Theorem 2.5. Let o, B € R and o3 (a2 — 52) # 0. Then, for all f € Cy (I) and a,z € I, we have

3 sinh (o (z — a)) — o sin T —a

" (cosh (8 (z — a)) — cosh (& (z — a))) .

[3270[2

” asinh (8 (x — a)) — Bsinh (a (x — a))
" (a) ( B (P —o?) > + (2.21)

9 (f//// (a) — (a2 T ﬂQ) f (a)) o sinh? M _ B24in2 M

(afB)? (82 — a?) < h ( 2 ) v ( 2 )>+
m / 0 - (0 + 67 £ (1) + 0262 () —

— Bsinh (a (z — t))] dt.

(f//// (a) o (a2 + 62) f// (a) + a252f (a))] [asinh (8 (l‘ —1))

Proof. We see that

J = f(a) (ﬂ (cosh (a (x — a)) 7512) : 32 (cosh (B (x — a)) — 1)) _ 2.22)
2 (cosh (a(z — a))) — o (cos T—a
o (Lleshlale— o) o o Gle—a)))
Hence (—a) Blo—a)
24%sinh? ( “2-4 ) — 202 sinh? ( 252
(e

fla (Femlelrm) e en Bl ),

By Theorem 1.5, we obtain

2ginh? (2Z=9)) _ 9424ipp? (L=
f(x)—f<a>—f<a>(25 1 (5) 2t (% >)+

B2 — a2

) <53 sinh (o (z — a))ﬁg—_aas;nh (z — a) > .
)

B
" cosh (8 (x — a)) — cosh (a (z — a)
@ 7o ')+
£ (a) (asmh (= %2 s :f hla(w—a) ) + (2.24)
(f////( ) ( 2+B2)f” +O¢2ﬂ2f( )
(8% —a?)

(stamemn (75) - oo (*5) )+
o | 00— (@ 8) )+ 0?5 1) -
e
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(f" (a) = (® + %) f" (a) + a®B*f (a))] (arsinh (B (z — 1)) — Bsinh (o ( — 1)) dt.

Notice that

(cosh (B (x —t))) = sinh (B (z — t)) (Bz — Bt)" = (2.25)
sinh (8 (x —t)) (—=8) = —Bsinh (B8 (z — t)),
that is ,
(—; cosh (8 (z — t))) = sinh (8 (x — t)), (2.26)
and ,
(_ﬁ cosh (8 (x — t))) = asinh (8 (z —t)). (2.27)

Thus, it holds .
/ o (sinh (8 (z — £))) dt = = (cosh (8 (x — £))) | =

B
—% (I =cosh(B(z—a))) = —% (—2) sinh? (6 (:172— a)) = % sinh? (B (x2— a)) . (2.28)
Le. "
/ asinh (8 (x —t)) dt = % sinh? (6 (xQ_ a)) , (2.29)
and
/ (—B)sinh (a (z — 1)) dt = f% sinh? <O‘(:”2_“)> . (2.30)
Furthermore 5 0o
I (o (5 B ()
(B;f(aiﬂ) <2a2 sinh? (6 (xz— a)) — 2% sinh? (a (m2— a)))
The claim is proved. |

Next come Opial type inequalilies, for basics see [2].

Theorem 2.6. Let f € C% (I), withinterval I C R, a,z € I, a < z, and f (a) = f'(a) = 0, withp,q > 1 :
% + % = 1. Then

[ 1 @I @)+ @)l <

274 (/j (/aw |sin(w—t)|pdt) dw)i </j lf” (w)+f(w)|qdw)3. (2.32)

Proof. By Theorem 1.1 we have

f@)y= [0 (f" )+ f(t)sin (z — ) dt,
and (233)

Fw) = [7(f" (&) + f () sin (w — ) dt,

fora <w < xz.
By Holder’s inequality we have

Fl < [T17 O+ 7 Ol - o] di <

e
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(/ |sin (w —t|pdt> (/ |f” (t +f()|th> . (2.34)

Call
> (w) = / £ () + F () dt, 2 (a) =0, a < w < z. (2.35)
Then
2 (w) = [f" (w) + f (w)|, (2.36)
and

Q=

I (w) + f(w)| = (2 (w))?, alla <w < x.

Therefore we have (all a < w < x)

|f ()] [f" (w) + f (w)] <
(/wsin(w—t)|pdt)p(z(w)z’ (w))? .

[ @15 )+ 7 @)l aw <
[ ([ sntw-ora) " (e ) ) <
(i) (fos) = om
([ ([ sme-ora) dw>; ([ zwa=w) -
([ ([ oy -

| e " = (2.39)
(/ (/w t)| dt)d ) (o f“<t)2q (1) dr) "

The claim is proved. |

Q=

(2.37)

hence it holds

Next come several similar results.

Theorem 2.7. Let f € C% (I),a,x € I, a <z, and f (a) = f'(a) =0, withp,q > 1: % + = =1. Then

1
q

/m 1 ()] 1 (w) — f ()] dw <

([ ([ ra)a) ([ - rora). am

Proof. By Theorem 2.6, use of (1.6). [ |

10



Opial and Ostrowski type inequalities based on trigonometric and hyperbolic type Taylor formulae

Theorem 2.8. Let f € C4 (1), interval [ C R, leta,z € I, a < z, f(a) = f'(a) = f"(a) = f" (a) = 0,
withp,q > 1: %—l—% = 1. Then
1|1 ) = £ ()] dw <
9~ (1+3) (/T (/w |sinh (w — t) — sin (w — )" dt> dw) ’
(/ 1 (w) - f<w)\qdw>". (241)
Proof. As in Theorem 2.6, use of (1.7). |
Theorem 2.9. All as in Theorem 2.8. Let o, B € R : a8 (a2 — 52) # 0. Then
[ @I )+ (@2 + 67) 57 () + 0252 (w)] dw <
W </ (/w 1Bsin (a (w — £)) — avsin (8 (w — t))pdt> dw)p
( / 7O () + (o2 + B2) " (w) + 25 f ()| dw) " (2.42)
Proof. Asin Theorem 2.6, use of (1.8). |
Theorem 2.10. All as in Theorem 2.8. Let « € R, o # 0. Then
[ 17 @ |19 () + 20257 () + ' ()] dw <
1; (/I </w |sin (o (w — 1)) — o (w — t) cos (o (w —t))|” dt> dw> ’ (2.43)
25+1043 a a
([ 17w+ 2020 ) + 0t @) )
Proof. Asin Theorem 2.6, use of Corollary 3.8 of [4], p. 1135. |
Theorem 2.11. All as in Theorem 2.9. Then
[ 17 @I )= @2+ 6%) 57 () + 0?32 () dw <
W </; (/aw |asinh (8 (w —t)) — Bsinh (a (w — t))pdt> dw> ’ (2.44)
(/ f(4) (w)_(a2+62)fl/(w)+a2ﬂ2f(w)‘qdw>q
Proof. As in Theorem 2.6, use of (1.9). |

S

Sy
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Theorem 2.12. All as in Theorem 2.10. Then

/j £ )79 () - 20% 7 () + 0 ()| o <

1

ﬁ </ (/w lov (w — t) cosh (a (w — t)) — sinh (o (w — t))|pdt> dw> ’ (2.45)
([

Proof. As in Theorem 2.6, use of Corollary 3.10 of [4], p. 1135. [ |

2
q

(w) — 202 f" (w) + o f (w)‘q dw)

We finish Opial type inequalities with the following general result.

Theorem 2.13. Letn € N, ¢ = (co, ...,cn,) € K" withe, =1, f € C% (I) and z,a € I, a < z, with interval
I C R Let, also p,q > 1 such that % + % = 1. Assume further that f) (a) =0, j = 0,1,...,n — 1. Then

/ "1 )] De () (w)] duw < (2.46)

([ ([ waoraa) ([ o)’

Proof. By Theorem 3.2 of [4], p. 1131, for z,a € I, we have

f(@) = (Taef)( / D, ( we (z —t) dt, (2.47)
where
n—1 n—1—j '
Toef)( < Z Civjw (x— a)> ) (2.48)
=0 i=0

Because fU) (a) = 0,5 =0,1,...,n — 1, we get
@ = [ DD W ta =ty (2.49)

The rest of the proof as similar to Theorem 2.6 is omitted. |

Next we present Ostrowski type inequalities involving ||-|| . For basics see [2].

Theorem 2.14. Let f € C3- ([c,d)]), a € [c,d], such that f' (a) = f" (a) = 0. Then

1)
1 d [(d —a)’ + (a—¢)®
= [ @@ <1 (2.50)
2) When f' (ng) =f" (ng) =0,and a = #, we get
d d d 2
‘dl/ Frde -1 (50| < 1 @51
S

12
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Proof. By Theorem 2.1 (2.1) we have
(2.52)

Let z > a, then

[f () = f(a)] < /x (S (@) + £ (8) = (f" (a) + f ()] |sin (z — )] dt

< /w [(f" (&) + £ 1) = (f" (a) + £ (a))| dt

_ 2
<l Pl [ e-aa= e S @53

a

Let x < a, then

-(f (@)= f(a) = /a [(f" (a) + f(a)) = (£ () + f (1)) sin (z — t) dt.

Hence u
£@) = F@I< [ 107 @+ £ @)= (7 @)+ F (@)l sin o~ o) d
ST N TR S TR N G NG N RE
Therefore
7 @)— fla)) < 2 e 2, @:55)
Vaeled.

We observe that
<

d
e G R

: /Cdf<x>—f<a>|dxgdic(”f"’zf’”oo)/Cd@;_afdx:

d—c
“f///+f/||oo a d B
72@_0) [/c (a—x)2dx+/a (x—a)2dx1_

d
[ F@d- @

et [a=a)l+ - 1] - 256
Hf///+f/||oo -
pceral CaU RN b

(L0 [+ 0]

The claim is proved.

Using |sin 2| < |z|, we obtain an alternative Ostrowski type inequality.

e

13
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Theorem 2.15. All as in Theorem 2.14. Then

1)
— /f )dz — f

4) = 17 () = 0.0 =

2) When f' (<
d
[ r@an-r (57

[(d — a)4 + (a — c)4
<"+l 24d—0) ; (2.57)

ng, we get that

d* 3
< ||f’+f”’||oo( 1920) - (2.58)

d—c /.
Proof. Again by Theorem 2.1 (2.1) we have
f(x)—f(a)= / (" (&) + f (1) = (f" (a) + f (a))]sin (z — 1) dt. (2.59)
Let x > a, then
(a)| < / [(f" (@) + f (&) = (f" (a) + f (@) [sin (z — t)| dt
<|If" +f’||oo/ (t— a) [sin (z — )| dt
<"+l /z (z—t)* " (t—a)* "dt (2.60)
r@2)r —a)®
Hf/// + leoo (I2‘)(4)<2) (:L‘ N a)S _ Hf/// + f/Hoo (-’L‘ 'a) )
That is 5
F@ - f@l <+ 7, T 2.61)
Let x < a, then
—(f(z) = f(a) = / [(f"(a) + f (a)) = (f" (¢) + f (t))] sin (x — 1) dt. (2.62)
Hence
f@l< 1 @+ £ @)= (¢ 0+ £ @)l sin o - o) d
<"+ 7l / @=0fe—tae= "+ £l [ @-0P " a-0 e e
RY:
_ ||f/// + f/HOO F(]-%)(Z)(Q) (CL _ $)3 — Hf/// _|_f/||oo (CL 'QZ‘) )
That is 5
@) - @l <57+ ) = (2.64)
Next we observe that
T / f(x)dx — < a)|dx
e
T

14
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< 1"+ fllog [/a(a—x)gdx+/d(x—a)3dx]

— 3l(d—-¢)
|

The claim is proved.
We continue with more involved Ostrowski type inequalities.

Theorem 2.16. Let f € C3 ([c,d]), a,x € [c,d], and assume that f@(a)=0,i=1,2,3,4. Here a,3 € R :

af (a2 — 52) # 0. Then

1
) ) ]
[ F@de-fa) < (2.66)
(lal+ B | £ + (2 + 82) f® + B2 || 3 3
6]aB (32— B (d— @-+ =07,
2) When ) (<52) = 0, i = 1,2,3, 4, we have:
1 d d c+d <
m/c f(x)de — f 5 <
(lal + B [[f® + (o + B%) FO + o282 f||
24|af (8% — a?)| (d=c). 267
Example 2.17. (t0 (2.66)) Let o = 1, § = 10, then
1 d
[ f@defa) < 2.68)
G +101F® 4+ 100
H 540 (d —¢) = (- +(@=o].
Example 2.18. (10 (2.67)) When o = 2, § = 1, we get
(5) (B) g
< |72 457 + 47 (d—c). (2.69)

diC/cdf@)dx—f(C;d)

Proof. (of Theorem 2.16) By Theorem 2.4 (2.12) we have:

48

1
f(x)—f(a)zm

/x [(f//// (t) + (a2 Jr62) f// (t) +a252f (t)) _
(f"" (a) + (a® + %) " (a) + a5 f (a))] [Bsin (o (z — 1)) — asin (B (z — t))] dt

OO/:(t—a)dt:

Let x > a, then
[f (@) = f(a)] <

Ry

15

(2.70)

Jie
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2i (z—a)®. (2.71)

+18
s e o IO )

Let x < a, then

1
—(f(x)=f(a) = m
/ [(F"" () + (@ +5%) f" (1) + B2 (1)) —

(f"" (@) + (a® + B%) f" (a) + a®Bf (a))] [Bsin (o (z — 1)) — asin (B (x — 1))] dt. (2.72)
Hence we have
|f(z) = f(a)] <
a(ﬁ?}aj 18 |Hf5)+ o? + B2) f® + a?3%f' m/m (a—t)dt =
2
e er] S o
Therefore it holds
al + a? + B82) £3) 4 a2B2 f/
o) = 7 (o < LS 2|Q(WQB)§| e 4 aye, @.74)
Ve led].
‘We observe that
d
ﬁ/ fz)de —f a)ldx <
(|Oé|+|ﬁ‘)”f(5)+(0é2+62) f(3)+a2’82f/||oo d ) B
21aB (B2 —a?)] (d— ) [ =
(lal + 18) [| £ + (@ + 8%) f&) 4+ o262 f
H6|a5(ﬁ2_a2)|)(d 3 e [a—c)3+(d—a)3 . 2.75)
[ |

The claim is proved.
A long alternative Ostrowski type inequality follows.

Theorem 2.19. Let f € C% ([¢,d]), a,z € [c,d], and assume that f
af (042 — 52) # 0. Then

) (a) =0,7=1,2,3,4. Here o, 3 € R :

1)
d
. / f(@)dz - f ()] < 2.76)
159+ (02 + ) /O ot p L
12182 — [ ([d—0) [@-a)+a-oT.
2) Above let a = #, then
1 d d
= [t (50 <
G) 4 (a2 + B2) fO®) 4 o282 f
Hf (0‘ 9652)fa2 i HOO (d_0)3~ 2.77)
S
M
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Example 2.20. (t0 (2.76)) Let o = 1, § = 10, then

d
i [ T@in- 1) <

|£®) +101£®) +10047]| . .
1188 (d —c) [(d_a) +(a_c)}'

Example 2.21. (t0 (2.77)) When o = 2, B = 1, we get:

- 288

L /f (c+d) g

Proof. (of Theorem 2.19) By Theorem 2.4 (2.12) we have:

1
f(x)—f(a)zm

/93 [(f//// (t)Jr (a2+52) f// (t)+0[2ﬂ2f(t)) _

(£ (@) + (a2 + 5%) 1" (@) + 028 ()] [Bsin (@ — 1)) = asin (8 (@ — 1)) .

Let x > a (by |sinz| < |z]), then
|f (@) = f(a)| < m Hf
| t=alsllat o]+ lal5 @ - ol

(5) (3) /
5O +570 47

Ol +,82) f(S) +C¥252 /

3

B |aﬂ(25|3€|a2 | Hf(5)+(o‘2+ﬁ2) O +a?p?f DO/: (z —1t) (t —a)dt
2 2 2 209 g1 (x—a)3
:W\\f‘“(a -5 19 oy O
3|52 2|’ FO 4 (a2 + B2) O + o262 Oo(a"*a)?)-
So, when = > a, we get that
(J:—a)3

f (@) - <>|_3|52 o [0+ (0 +87) 1O 4

Let x < a, then

1
~(F @)~ @) = Gy
/a [(f,/// (t) + (042 + ﬁ2) f// (t) + a262f (t)) o

(f//// (a) + (a2 + 62) f” (a) + a2ﬁ2f (a))] [ﬁ sin (o (z —t)) — asin (8 (z — t))] dt.

Hence (by [sinz| < |z]), we get that

If () — f(a)] < m Hf(5) + (o + 2 O 4 o2

17

621

(2.78)

(2.79)

(2.80)

(2.81)

(2.82)

(2.83)

(2.84)

e
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/a (a—=t)[18]al (¢t —z) + | |B] (t — z)] dt
/ Oo/a(a—t)(t—a:)dt

R
(a —2)*

3!

Zﬁ“f@—l-(aQ—l-BQ) O 4 o232y
(a—x)s.

= s |1+ (@2 8 70 4

So, when x < a, we got that

@) = £ @)] € gz |1+ 02+ 87) 19+ a282p |
We observe that
i / f(z)dx — a)ldx <
3162 - a%< Hf”+(1+ﬂ)ﬂ3+a%2

[/Ca(a—x):gdx—k/ad(x—a)?’dx

||f(5) + (a2_|_52) f(S) +a2ﬁ2f/Hoo A A
127 —a? ([d—0) (- +@=o].

The claim is proved.

More Ostrowski type inequalities follow regarding ||-|| »P =1

Theorem 2.22. Let f € C% ([c,d)), a € [c,d], and assume that f' (a)

1 d
= [ f@de- )<

[@= )"+ £ = F @y ey + @ =D 1"+ F = F (@l 0]

(a—z)*.

a) = " (a) = 0. Then

d—c
Proof. As in the proof of Theorem 2.14 (2.53):

let x > a, then .
|f(z) = f(a)| < / (&) + f(t) = fla)]dt <

d
/'W%w+fw—fmﬂmzuﬂ+f—fmwhwﬂy

Next let z < a, by (2.54) we get that
o< [ 1f@- 10~ 1)<

/'W%w+fm—fwnﬁ=HW+f—fmmm¢my

18

(2.85)

(2.86)
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i /f de — f
_c/ f (2) = f ()| do =
ICVC“W) |da:+/ e dx]_

Hence it holds
<

d—c

d
/ (f (@) — f (a)) da

1
— 17"+ 1 = F (@) gy o (@ = )+ 1"+ 1 = 1 (@) 1y (= )] 290)
proving the claim. |
Theorem 2.23. All as in Theorem 2.22. Then
1 d
ﬁ/ f@)de — f(a)| <
[(@= P 15" + = F @l oy + @ = @ 15"+ F = @), 0 o)

2(d—c)

Proof. Asin (2.60) for z > a, we get
(a)| < / [(f" (@) + £ () — f (@) sin (z — 1) |dt <

d
/ [(F" @O+ f@®) = fla)l(@—t)dt < (x—a)[lf"+ f = F (@)L, (0 - (2.93)
Also, as in (2.63) for z < a, we have
1< [ 17(@ "0~ f @) sin (@ 1) de <
/ |f(a’)_f/l (t)—f(t”(t—f)dtg (a—l') ||f”+f—f(a)||L1([c,a])' (2.94)
Hence it holds (see (2.91))
1 d
E/ f(z)dz — f(a)| <
d_c[/ r@-r@ies 16 dx]_
[fwf f(a >HL1<WD/ (a— ) dot
d
If" +f—f (@2, (ja,a)) / (x—a) dm] = (2.95)
1 " (a — 0)2 " (d — a)2
T (W= F@lyeay =5 HIF+F = F @ qaay =5 |
proving the claim. |
S
Sy
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Theorem 2.24. All as in Theorem 2.22. Let also p,q > 1 : % + % = 1. Then

d
[ r@de-fa) <

177+ 1 = £ (@) oy (@ = O+ 11"+ = F (@) (4= @)
. (2.96)
(1 + %) (d—c¢)
Proof. Let z > a, as in (2.89), we get
@l< [ 1" ®+£0) - F@ldi <
([irw+sc <>|”dt> ([ 1) <
1"+ = £ (@)1, o (=~ a)7 (2.97)
Let z < a, as in (2.90), we get
@l< [ 17 ®+ £~ 1 (@)]de <
([urw+sa <>|”dt) ([ra)
1"+ F = £ (@), ey (a— 2)7 - (2.98)
Acting as in (2.91) we obtain
d
ﬁ/c fx)dx — f(a)| <
1 a
d—CVc r@ s @l [(15) - @) ie <
{nf" FF = @y / (a—2)} dot
d 1
If"+f=f (a)HLp([a,d])/ (x—a)s dl‘] =
1 7 (CL B C)H_%
— I+ =@l ey 77—+
d—c [ (1+1)
d—a)ts
1"+ f = f @z, aa % ; (2.99)
(1 + a)
proving the claim.
Sat
i
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Theorem 2.25. All as in Theorem 2.24. Then

d
| f@de-fa

(= 18"+ F = F @y ey + @ = T+ F = F @, 0

1 (2.100)
(a+1)7 (2+1) (@0
Proof. Letz > a, as in (2.93), we get
(a)] < / [(f7 () + £ (1) = f(a)l(z—t)dt <
([1rare <>Fw) ([ @-orar)’ <
" (.22 _ a)%
"+ r=f wd) 1 (2.101)
| (@), (o) @1 1)
Also, when x < a, by (2.94) we obtain
ans/'www+f@—wa@fmﬁs
([irw+ic (Wﬂﬁ ([ -ara) <
" (a B m)%
Lfo oy = (2.102)
If f f(a)HLp([ ,a)) (g+1)}
As in (2.95) we derive
d
‘dlc/lﬂwdw—fa <
1Cl/|f@) e+ [(17 @) g @l <
” fc (a — az)% dz
+ —+
||f f f( )”LP([c,a]) (q+ 1)3
4o By
U”+f—fWH%@my&CU(le1= (2.103)
(g+1)s
1 " (a B C>(I(Tl+1
[ _|_ —_ n
T {f f=F @I, (ea) Y (T N 1)
" (d* a)%Jrl
I+ =@l a T =
DLy (o) @+1) (qzl +1)]
(17 + £ = £ @l oy (@ = 5+ 17+ £ = F (@), 0.y (4= @) 7]
; , (2.104)
(a+1)7 (2+1) (@0
proving the claim. |
S
i
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We continue with more involved L,, p > 1, Ostrowski type inequalities.
D;a€le,d:fD(a)=0i=1,234.Here, €R: aff (a? — 3?) #0.

(lof +|51)
(Iaﬁ (8% — a?)| (d — c)> (2.105)

_|_

Theorem 2.26. Let f € Cy ([c,d

Then
p— / f(x)de — f

[(a=) £+ (2 + 82) 1" + a282f = a2 F (@)]|, 1oy

(d— a) ||f//// + (a2 _,'_ﬂQ) f” -+ a2/32f _ a252f (a’)HLl([a,d])} .
Proof. By (2.70) we obtain (x > a)
(el +181)
[f () = f(a)] < (WW)

/95 ! [(f,/// (t) + (a2 +52> f” (t) =+ a252f (t)) _
(f"" (@) + (a® + B%) " (a) + a®B>f (a))]] dt <

(|a5|04|ﬂ;i-_|5a2 > / |f//// a +62) f// (t) +042ﬂ2f (t) _ a252f (a)‘ dt — (2.106)
+ 1" 7
(M) £+ (0% + 82) f" + o B2 F = 2B ()|, (o -
From (2.72) we get (z < a)
[f(z) = f(a)] <
<aﬁ|aﬁj—|ﬂc|y2 )/ |F7" () + (@2 + B2) " (1) + a® B2 f (t) — a?B%f (a)] dt < (2.107)
(w'a'?—'ﬂaz ) [ @+ @24 ) £ 0+ @25 1) - 0?57 (o) e =

(o%) 177+ (o + B%) f7 + o282 — ®B2F (@) 1, o)) -

By (2.91) we get that

d
i [ T@in- 1) <
dic l/alf(x) Id:v+/ f (z dx] < (2.108)

(Iaﬁ Ia|+|ﬁ\ C))

77+ (0 + 82) 7" + a2B2f 2ﬂ2 F @4, e €

a—c)

FP (07 4 82) £ + 0282 — B (@) gy (- )]

The claim is proved.

The counterpart of (2.105) follows.

e
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Theorem 2.27. All as in Theorem 2.26. Then

1 [ !
ﬁ/a fleyde = f (o) < G a7

(=0 £ + (02 + ) §" + B = @*BF (@) 1, oy +

(d . a)2 Hf//// + (az + 52) f” + a262f _ a262f (a)||L1([a,d]):| . (2.109)
Proof. By (2.80) we have (x > a)
1
|f (@) = f(a)] < m
/I [f7 () + (o2 + B%) f7 (1) + @282 f (t) — a®B% f (a)| 2] (x — t) dt < (2.110)
ﬁ / ) ") + (o 4+ 8%) f" (1) + ?Bf (1) — o® B2 f (a)| (x — 1) dt <
2 B " "
S 7 (@24 ) £ 05 = 0288 @]
When z < a, by (2.84), we obtain
1
‘f(x) _f(a)| < m
/ [F7 () + (0% + %) f" (1) + a®B2f (t) — a?B%f ()] 2|af| (t — x) dt <
ﬁ /w £ @)+ (o® + B%) f7 (t) + B2 f (t) — 2B f (a)| (t — 2) dt < (2.111)
2 — 1" "
ZE D (@24 ) 1 05 = @282 @] ey
By (2.91) we get that
d
= [ f@de- )<
1 a d
d_c[/c f@) =@+ [ f(fv)—f(a)dx]<
2 1" 1 “
(d—c)|p? - a?| {Hf +(®+82) [+ ?Bf = ® B (@), o) /c (a-a)do
d
+ ||f//// + (a2 + 52) f// + a252f _ a262f (a)HLl([a,d]) /a (z—a) dx] = (2.112)
]‘ " 1"
@oamEa (@ I+ @ 4 ) 1+ 0% = 0P )]
+ (d* a)2 ||f//// + (Oz2 +52) f// +O‘262f o a252f (a)}|L1([a7d])} .
The claim is proved. |
S
Sy
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The counterparts of the last two Theorems 2.26, 2.27, for p > 1, follow.
Theorem 2.28. Let f € Cf ([c,d)), a € [c,d] : f9(a)=0,i=1,2,3,4. Herea, 3} €R : a3 (a2 — ,82) £ 0.
Letalsop,q > 1 : %—1— % = 1. Then

S( (1ol +181) )
a8 (82 )| (d—c) (1+1)

[(a= o) 0 [+ (a2 + %) £+ 0282 = a2B2F (@), oy +

d
[t s @

(d— a)l-s—g Hfm/ + (a2 + B2) f7 + 022 — a2ﬁ2f(a)”Lp([a,d]):| . (2.113)
Proof. Let z > a, by (2.106), we obtain
(Jo| +18])
- 1) < ()
J UG @+ (04 82) 17 @)+ 0?52 (1) - 0285 (@] de <
< (Jaf + 18]) >
laf (62 — a?)|
( / Z f7 (1) + (% + B%) " (1) + o® B f (t) — &?B° f (a)]” dt) "o—a)t < (2.114)
(%) £ + (02 + B2) £ + o2B2f — azBQf(a)HLp([a,d]) (« — a)% _
Let x < a, by (2.107), we get
(la| +18])
|f () = f(a)] < (WM)
/ [(f"" (8) + (2 + B8%) " () + B2 (1)) — o?B2f ()| dt <
( (lef +181) )
laB (8% — a?)|
( / ’ [F7 (1) + (% + B%) [ (1) + o* B2 f () — @?B7 f (a)|” dt) "a—a)t < (2.115)
<|ag?|ﬁ:—|ﬂa)2)l> 177+ (@2 +6%) f" + o*B2f — o®6%f @z e (@ = ).
By (2.91) we get that
d
[ f@defa) <
a d
dicl/|fu>,ﬂ@wx+/'f@of@)@]g
( (Jaf +18]) )
laB (82 — a?)|(d —¢)
e 3
T
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Opial and Ostrowski type inequalities based on trigonometric and hyperbolic type Taylor formulae
|74 (@2 4 6) £ 4 @25 = 05 @) oy ([ a1 )

d 1
+ ||f//// + (a2 _|_52) f// +a252f —_ a2ﬂ2f (G)HLP([a,d]) (/ (JC — CL)E dl?)] =

(Jol +18])
aB (82 = a?) (A=) (1+1)
(=) 5T || 7+ (024 B%) £+ 0282f = ®B2f ()|, oy +
(d=a) T [|f" (0% + B2) " + 0?82 = 0B (@], 0]

The claim is proved.

At last we give

Theorem 2.29. All as in Theorem 2.28. Then

d
— [t s @

2
=5 —al @+ 0t (2+1)@-o

(0= 0 [/ + (a2 + 82) "+ 0*82f = a*B2F (@), oy +
(d—a)*ts £+ (o +B%) [+ *B°f — o*B°f (a)HLP([a,d]):| :

Proof. Let x > a, by (2.110), we get that
2
|f(x) = f(a)] < W

1
P

/ U0 4 (0 4+ ) £ (8) + 0282 F () — o2 ()] (x — ) dt <

e ([ 1@+ @5 ) 70+ 025 0 - 02 @ )

(/:(x—t)th>qg

a+1
2 (;13_ a)T
f////+ a2+ﬁ2 f//+a2ﬁ2f_a252f(a) )
|ﬂ2 _ a2| H ( ) HL,,([a,d]) (q+ 1)%
Let x < a, by (2.111), we derive
2

|f($)_f(a)| < W

/ 1)+ (02 4 B2) £ () + 0282 F (1) — o2 B2F (a)] (¢ — x) di <

=

P

(/a [f7 (1) + (0 + B%) £ (1) + 2B f (1) — o5 f ()] dt)

2
182 — a2

25

(2.116)

2.117)

(2.118)
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1

(/:(t—x)th)q <

q+1

2 (a—x)a

o Hf//// + (a2 + 62) [+ a?B2f —a?B2f (G)HLP([C,G]) (@t 1)% (2.119)
Finally, by (2.91) we get that
1 d
= [ f@de- )<
1 a d
d—CV F @ f@ldot [ f<x>—f<a>dx]g
2
182 = a?[ (g +1)% (d— o)
|:(/(a_$)q-(¢1—1 d.’l?) Hf/l//+ (a2 +ﬂ2) f//+a262f_a262f (G)HLQ([C’Q])
d g+1
+ (/ (—a)“c dm) Hf/m + (a2 +52) f/l+a252f_a2ﬁ2f(a)||Lp([a,d])] = (2.120)
2
82— (g +1)% (2+ 1) (d—0)
[(a _ C)2+§ Hf/m + (a2 + 52) f” + azﬁzf _ a262f(a)HLP([c,a]) +
(d— a)Q-‘r% Hf//// + (062 +62) f// +a2ﬁ2f _ O(QﬁZf(a)HLp([a’d])} .
The claim is proved. |
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Abstract. Hele-Shaw cells where the top plate is moving uniformly at a prescribed speed and the bottom plate is fixed
have been used to study interface related problems. This paper focuses on interfacial flows with linear and nonlinear kinetic
undercooling regularization in a radial Hele-Shaw cell with a time dependent gap. We obtain some exact solutions of the
moving boundary problems when the initial shape is a circle, an ellipse or an annular domain. For the nonlinear case, a linear
stability analysis is also presented for the circular solutions. The methodology is to use complex analysis and PDE theory.
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1. Introduction and Background

There have been a huge number of studies in the problem of a less viscous fluid displacing a more viscous
fluid in a Hele-Shaw cell since Saffman and Taylor’s seminal papers [28, 35] in the 1950s. Neglecting the
surface tension, Saffman and Taylor [28] found an one-parameter family of exact steady solutions,
parameterized by width . This theoretical shape are usually referred to in the literature as the Saffman-Taylor
finger. It was found [28] experimentally that an unstable planar interface evolves through finger competition to a
steady translating finger, with relative finger width A close to one half. However, in the zero-surface-tension
steady-state theory, A remained arbitary in the (0, 1) interval. The selection problem of A was solved by
incorporating the surface tension regularization, numerical and formal asymptotic calculations [22], [39],

*Corresponding author. Email addresses: saalm13@morgan.edu (Sahar Almashaan), xuming.xie@morgan.edu (Xuming Xie)
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[191,[7, 8], [31], [17], [32, 33], [4] Rigorous results were later obtained in [34, 40].

The Hele-Shaw problem is similar to the Stefan problem in the context of melting or freezing. Besides
surface tension, the physical effect most commonly incorporated in regularizing the ill-posed Stefan problem is
kinetic undercooling [2, 14, 20], where the temperature on the moving interface is proportional to the normal
velocity of the interface. For the Hele-Shaw problem, kinetic undercooling regularization first appeared in
[26, 27]. Since then, results in different aspects were obtained ([1, 5, 9, 15, 24, 25, 41]).

Besides the classical Hele-Shaw setup, there are several variants related to the viscous fingering problem
[3, 11, 12, 16]. One of the variants is interfacial flows in a Hele-Shaw cell where the top plate is lifted uniformly
at a prescribed speed and the bottom plate is fixed (lifting plate problems) [6, 13, 23, 29, 30, 36, 37, 44]. In the
lifting plate problem, the gap b(t) between the two plates is increasing in time but uniform in space. As the plate
is pulled, an inner viscous fluid shrinks in the center plane between the two plates and increases in the z-direction
to preserve volume. An outer less viscous fluid invades the cell and generates fingering patterns. The patterns are
visually similar to those in the classical radial Hele-Shaw problem, but the driving physics is different. In [29],
the authors derived the governing equations for the lifting problem and they established the existence, uniqueness
and regularity of solutions for analytic data when the surface tension is zero. Some exact solutions were also
constructed, both with or without surface tension. Analytic results were also be generalized to higher dimensions
in [38]. Numerical simulation and the pattern formation of the interface were presented in [29, 44].

Very recently, local existence of analytic and classical solutions was obtained in [42, 43] for the Hele-Shaw
problem with time dependent gap where the kinetic undercooling regularization is used instead of the surface
tension. In this paper we obtain some exact solutions of the moving boundary problem when the initial data is a
circle or an ellipse. The methodology is to use complex analysis and Schwarz function.

2. Mathematical formulation

Our studies center on the free interface problem in a Hele-Shaw cell with a time dependent gap b(t); see
Figure 1. The upper plate is lifted or compressed perpendicular to the cell, while the lower plate stays fixed. We
assume that

b(t) € C*([0,00)), b(t) > by for some positive constants b.

We consider the displacement of a viscous fluid by another fluid of negligible viscosity. Let 2(¢) in the (z, y)
plane be the more viscous fluid domain with free boundary 0f2. Following M. Shelley, F. Tian, and K. Wlodarski
[29], we have the following governing equations: The fluid velocity is

b2(t)

where p is the pressure and p is the viscosity of the fluid. Conservation of mass equation is

b(t) .
= ——= in Q(¢). 2.2
U 0 in Q(t) (2.2)
The kinematic boundary condition is
b2(t) Op

where % denotes the derivative in the direction of the outward normal n to 02, and V,, is the velocity of the
09(t) in the direction of outward normal vector n; and the dynamic boundary condition is

p =7V, on 9Q(t), 2.4)

3
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Figure 1: The Hele-Shaw flow with time dependent gap

or
p=7(Vy)” on 9Q(1),

where 7 is a kinetic undercooling coefficient and 5 > 0 is a real constant.

(2.5)

Non-dimensionalizing the length and time and the pressure, the nondimensional version of (2.1), (2.2), (2.3,

(2.4) and (2.5) is
u=—b*(t)Vp(z,y,t) in Qt),
_ by,
V.-u= 0 in (1),
b2(t)@ =V, on 0Q(¢)
an n ’
p = cV,, on 9Q(t);
or

p=c(Va)” on 0Q(1);

where c is the nondimensional kinetic undercooling coefficient; S is a positive number and 3 # 1.

Plugging (2.6) into (2.7), we obtain

v2p = bz(g) in Q).

We are going to consider the following two problems:
Problem one consists of the equations (2.8), (2.9) and (2.11) and
Problem Two consists of the equations (2.8), (2.10) and (2.11) with 8 > O and 5 # 1.

29

(2.6)

Q2.7)

2.8)

2.9)

(2.10)
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Letp=p— 4bgt()) (22 + y?), then p satisfies

V25 =0, in Q(2) (2.12)
0P b(Y)

Vi, =-b (t)% 0 (z,y) - non 00Q(t), (2.13)

b(t
p=cV, — 4b§ ()t) (22 + %), on 0Q(t), (2.14)

or .
5= V) = (a2 1 y2), on o0(t) @15)

TSI ’ ’ '

So equivalently, Problem one consists of the equations (2.12), (2.13) and (2.14) and Problem Two consists of the
equations (2.12), (2.13) and (2.15) with 5 # 1.

3. Exact solutions of Problem One

It is noted in [42] that Problem One has a radially symmetric solution (t) = {(z,y) : r = /22 +y? <
R(t)}, where

R(t) o) R(0),/6(0)
O 0} (t) = 70 ; 3.1
_ cR(0)\/b(0)b(t)  R*(0)b(0)b(t) | b(t) .
p(t,r) = 26(0) VED) (1) +4b3() 2, (3.2)

It was also obtained in [42] that the linear perturbation of solution (3.1) and (3.2) grows when b(t) is positive
while the perturbation decays when b(t) is negative.

Next we are going to re-establish (3.1) and 3.2) using Schwarz function approach. We refer to [10] for properties
of Schwarz function, we first give some preliminary lemmas.

Lemma 3.1. Assume that 0S)(t) is an analytic curve, and S(t, z) is the Schwarz Function of 0Q(t), where
z = x + 1y, then the outward normal velocity is

i0,S(t, 2)

21/5.(t, 2)

Vo= (3.3)

The proof of the lemma can be found in [18, 21].
Let W(2) = p + iq, where ¢ is a harmonic conjugate of p. The analytic function W (z) is called the complex
velocity potential for Problem One. Let us obtain an equation for W, in terms of the Schwarz function S(t, z).We
introduce s to be the arc length variable along 9€2(¢). Using the properties of S(z),(2.14) and (3.3), we have
. 0Op 0z 3p 0z
o= L.
L= 9. s * oz 9z 0s

ap 1 dp
1 1b(t) _ 2 o)
= /5.02) <_4 Bt) " 02° ) Ve ( 4b3 o azcv"> (3.4)

Lbt) . 9 (id 1 b(t)
i (3 r)) *tVE) (‘4b3<t>z>
)

_ 1) [ Sz B . 1 9 [0S
v (75 V50 -5 v ()
S
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and

) 1
202,/5,  4b3(t) \"on ' “on
T 2pyS: 4b3(1) 5. VR
1 0S i b(t) -5
TN 4b3(t)< 5.0 Z(Z)>
Using (3.4) and (3.5), we have
oW 9s(p+1iq)
W= = 8sz  Osz
0 p+i0s§ P+ i0np
N 05z B Osz
_1b ci 0 [0S
15 60 +5.0) - 52 (22) 66)
(105 i
+z<2 2 4b3(t)( S+ 25,(2))
L a0 (as) s by
202 \V/S, 202 203
From (2.13), (2.14) and (3.3), we have on 9€2(t):
op 1 b(t) 10:5(t, z)
— 2 _— = = - - 7
Won =100 " 3509 67
and
1 b(t) eV — 1 b(t) ic0yS(t, 2) 38)

p=———2Z2+cV,=—— 2Z — .
P= 1 403" 2./5.(t 2)
Now we look at the following cases:
(1) Circular solutions: If the initial shape is circle, 2(0) = {(z,y) : 2% + y*> < a3}, then we are seeking
2
circular solution for all ¢ > 0, Q(t) = {(z,y) : 2 + y> < a(t)?}. The Schwarz function is S(z,t) = “, 50
0:S = 2a@, S, = # From (3.6), we have

_ o) [, ba)
We =~ <a+ 2b>, (3.9)
Let A(t) be the area of §2(¢), then
d d
ZAD =2 ﬂ ldudy = ¢ Vads
Q(t)
Op op
= —b?(t)=—ds = —b*(t f{ —ds
fgmt) )5 (t) o) I (3.10)
b(t) —b(t)
— 12 — _}2 . =
= —b2(t) Qf(tj) Apdady = ~b*(1) - 5 (t)A(t) 0 A(t).
S
Ty
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Since A(t) = ma?(t), we have

24 = ———b(t) (3.11)

(3.9) implies W, = 0, so W (¢, z) = W(t) is independent of z, consequently p(t, z) = p(¢) is independent of z.
Using (3.8) we have

1y, L)
[ —— t = _
P= =150 a(t) + ¢V, 15) (t) o
1b(t) , 1b(t)a2(t)  ca(t))b(t) '
== t t)=—= -
1 W) = -1 2(%)
We note that (3.11) and (3.12) are equivalent to (3.1) and (3.2) respectively.
(2) Solutions of Ellipse shape: If Q(0) = {(z,y) : ‘”—2 + J—2 < 1}, where ag > ho.
ag O
Let us seek ellipse solution for ¢ > 0, Q(t) = {(x,y) : az(gt) + h2(/) < 1}, then the Schwarz function is
a® + h? 2a(t)h(t)
t) = — V22 —d? 3.13
where d(t) = \/a(t)? — h(t)2.
Taking derivative in above, we have
0 (a®+h? 0 (2ah 1 ah 0
D= [0 ) 2 g2 2 [ 222 R 7 14
%5z 1) Z@t< & ) ¢ 8t(d2)+\/22—d2d28t( ) G119
and
24 h2) V22 — d? — 2ah
S.(z,1) = (@ +17) V= anz (3.15)
d2v/22 — a2
Plugging (3.13), (3.14) and (3.15) into (3.6) and integrating we obtain,
. ( > a5 (CH) V=B - (2 - @) § (%) + % 5 ()]
y2) = T 1
2 (22 = d?)% ((a® + h?) V2% — d? — 2ahz) Yz
B i P a® + h? B (a2 + h2) O (ah) (3.16)
a2 |7\ @2 ahd?
ah@t(dz)
— 2 _ 42 YT (t)

We examine the singularity of W (¢, z) in (3.16), W has to be analytic in (¢) = a2 + h2 < 1.

We note that the zero of (a + h2) Vz2 —d? — 2ahz = O are z = :i:ad'&})’ =+9 NG hhz , which are outside of

Q(t). So ((a* + h?) V2% — d? — 2ahz) Y2 s analytic in Q(¢). That means that the singularities of the first term
and the third term can not be canceled out to make W (¢, z) analytic. Hence we have the following result:

Proposition 3.2. If the initial shape of Problem One is an ellipse, then for any T > 0, there is no solution of
Problem One on [0, T] which is of ellipse shape.
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(3) Solutions on annular domain:
If Q) = {(z,y) : r(t) < V22 +y? < R(t)} is an annular domain, then the problem will consist of the
following equations:

b
Ap = 55 inQ(1); (3.17)
p=cRonz?+y* = R*(t) (3.18)
p=—cronz?+y? =r(t) (3.19)
1o} R
—ani’ = Ronz?+y® = R(t) (3.20)
r
20p . 2 2 2
—b P, —rone +y° =r(t). (3.21)
r
The general solution of (3.17) is given by
10
p(r,0) = 735 +9%) + a(t) log vVa* + y* + (1) (3.22)

where «(t) and ~y(t) with R(t) and r(¢) are to be determined. Plugging above into (3.18)- (3.21) to obtain

1b

cR = Zb—gR2 + a(t)log R + (1), (3.23)
b t) 1 t 3.24
—cr—zb—sr + a(t)logr + ~(t), (3.24)
b a)b? .
_igR —Tgp ~ R, (3.25)
b a(t)p® .
_557‘ — ” =T. (326)
From (3.25) and (3.26) we have _
LY S - B (3.27)
25 T o " '
Solving (3.27) we derive
2 2 b(0) (RZ(O) - 7"2(0))
R*—r® = 0 (3.28)
which implies
b(0)(R2(0) — r2(0
R(t) = \/r(t)2+ (0)( E)(i) r*(0) (3.29)

To solve «(t) we subtract (3.24) from (3.23), then use (3.25) and (3.26) to derive

i i b(0)(R%(0)—r2(0)
bR+ 1) - 2 OE0)

at) = (3.30)
g (7) +<(3+2)]
Now plugging (3.30) into (3.26), we derive
L 1 0600 (R?(0)~r*(0))
T LA S— (3.31)
R 1,1
r log(r) —I—C(R+ r)

S
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Plugglng (3.29) ll‘ltO (3.3]), we Obtaln an ODE fOI‘ 7 (t)
i)B

1 B(t) 1 1
210g (1 + 2 ) +C< /7r2+B(t) + r)

, (3.32)

Where

0 (3.33)

Once r(t) is solved from (3.32), we solve R(t) from (3.29), a(t) from (3.30) and ~y(¢) from (3.24). In Figure
2, using MATLAB, we have numerically solved r(t), R(t), «(t) and ~(¢) from (3.32), (3.29), (3.30) and (3.24)
when we take b(t) = (1 +1t)/(2+t),c=0.1,r7(0) =1, R(0) =2

4. Exact solutions of Problem Two

Parallel to (3.6), (3.8) and Problem One, we have the following equations for Problem Two:

i (as\]” as 1b
WQ_CPz&(J@)]_2N_2mS @
. . ﬁ
= 100 . po 100 o | 2052 42
T R VI Hc[ 2 Sz(t,z)] | @2

(1) Circular solutions: If the initial shape is circle, (0) = {(z,y) : 2% + y*> < a3}, then we are seeking
circular solution for all ¢t > 0, Q(t) = {(x,y) : 2% + y? < a(t)?}. Parallel to (3.9), (3.11) and (3.12) we have the
following radially symmetric solution for Problem Two:

a(t) _ b(t) _ agy/b(0) |
a0~ "0 o
P= O + VI = 10 + dao)
_ ) 3 4.4
_Lb)a*(t) | a(t)b(t)
4 b3(1) 2b(t)

Now we will discuss the linear stability of the circular solution (4.3) and (4.4). The perturbed interface is
{7“(9, t) = a(t) + £8(t) cos(k:@)} = 9Q(t), then we have

— < Ogr sinf+rcosf,—rgcosf +rsinf >
n

< a(t) cosf,a(t)sinf >
\/1 + 265(t3(ct05 (kt) + 0(62)
n 55( ){(—ksin 0 sin(k@) + cos(k@) cos 0, k cos 0 sin(kf) + cos(k0) sin 6)
\/1 + 2ed(t (ctc))@(kt +O(€2)
(5( )k sin(k0)
a(t)

=< cosf,sinf > — < sinf, —cosf > +0(e?)
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and
Vi, =< &(t),y(t) > -
= (a(t) +£4(t) cos(k@)) < cosf,sinf >
i 4.5
. {<cosﬁ7sin9>—w<sin97—c089>+0(52)} @
a(t)
= a(t) + ed(t) cos(k) + O(£?)
Let
p(t,r,0) = po(t,r) +epr(t,r,0) + ... (4.6)
then 95
~ P 2
p(t,r,0) ot = p(t,r,0) o) (5 T:a(t))(sé cos(kf)) + O(e?) 4.7)
from (2.15) and (4.5), we have on 9€2(t)
s b(t
p = c(a+edcos(kh))? — 4b§’()t) (2 4+ y%) s
bt '
= @)’ + 8@ (S eos(kt) - 0 +17) + O
From (4.6),(4.7) and (4.8) , we have
_ - b
D1 oty cB(a)P~1é cos(kf) — Wa(t)é(t) cos(k0); 4.9)
From (2.13) and (4.5) we have
5 ) 1 M
0(t) cos(kf) = —b=(t)— o o 5% cos(k0) (4.10)
(Note : % <zy>-M = 2bb(8)a(t) + 562(Z)b cos(kf) + O(e?) using (36)) From (12), we have
Ap; =0in {r <a(t)} 4.1
Now using separation of variables. We solve the boundary value problem of (4.9) and (4.11), we have
- cB(a)’ 16 — Shra(t)o(t)
pi(r,0,t) = (a(t)?z ¥ cos(k6) (4.12)
From (4.12) we have
o ok (cﬁ(a)ﬂ”S - %a(t)é(t)&(t)) cos(kf)
— (4.13)
67" r=a(t) a(t)
Now using (4.10) and (4.13) we obtain
C R [eB(a)° 0 — Ja(t)s(t)]  6b
5(t) = — "0 ~ % (4.14)
We rewrite (4.14) as ) .
o(t) _ b(t) (k —1a(t)
5(t) — 2b(t) [a(t) + keBb2(a)s~1] (+-15)
S
V=)
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Using @ = 72—ba , we can rewrite (4.15) as
. . .
a(t) + kepb?( — Za) }
: 5(t) .
So when b < 0, —= < 0, the solution is stable
(1)
: . .. o(t) ..
If b > 0, when 8 = 2m + 1 is positive odd numbers then @ > (, the solution is unstable
Ifb > 0, and 8 = 2m is positive even numbers , then
5(t)  b(t) (k —1)a(t)
- r i \2m—1
o(t)  2b(t) a- 2kemb? (2%) a2m*1]
b (k—-1)
C2b() T i \2m—1; ag~/b(0) \ 2m—2
(t) _1 —2kcmb2(%) ( 0\/5 ) }
0 (k—1)
2b(t) 1 — 22-2mkem(ag /b(o))2m—2(i))27n—1b—(2m—4):|

the linear stability in this case will depend on the wave number % and the gap function b(t).
(2) ellipse shape case: If there is an elliptic shape solution Q(t) = (z,y) : a%—é) + hﬁ’—z) = 1, then from
(3.10) with A(t) = ma(t)h(t)

0)(0)b(0
&@M@%:muléf()- @.17)
Parallel to (3.13)-(3.16), we have
2,72 B
S (_i) a2 (SN VA=E - (2 - &) & () + %5 ()]
7 2 (22 — d2)i ((a2 + h2) V22 — d2 — 2ah>) bz
22 5 a® + h? (a® + h?) Oy (ah) (4.18)
s | ( iz ) N ahd?

ah@t (d2 )
_ 2 _ =2 t
vE gpzar 40
It is clear that singularities at z = +d can not be removed in the case where 3 is an odd integer. It looks that from
(4.18) that singularities can be removed for the case where [ is positive even integer if a(¢) and h(t) are properly
chosen. However, by examining the case 5 = 2, we found that a(¢) and h(t) must satisfies two independent
ODEs which have no solution that also satisfies (4.18). Hence we have the following result.

Proposition 4.1. If the initial shape of Problem Two is an ellipse, then for any T' > 0, there is no solution of
Problem Two which is of ellipse shape on [0, T).

(3) Solution on annular domain: For the nonlinear problem 2 on a annular domain, we have the same
equations (32) (35) and (36) as for the linear problem 1, but instead of (33) and (34), the pressure conditions are

p= cRP on 2% + y? = R?, 4.19)

E =

[V =)
MM
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and
p=c(—)? on z* 4+ 3> = r2. (4.20)

We also note that (40)-(47) also hold for Problem 2. To solve for «(t), we use (37), (4.19) and (4.20) to obtain:

1b

c(R)’ = 3R +a(t) log R+ (1), (4.21)
g 1D
o(=1)" = 137 2+ aft)logr + (), (4.22)
Subtracting (4.21) and (4.22), and using (35)-(37), we have
1h,  a(t)b*\# b a(t)h? 1b R
T9ptT - =~ = B(t) + a(t)log =; 42
C( 20T TR ) C(2b+ . ) 153 B() +a(t)log — (4.23)

Where B(t) is given by (3.33). We need to solve for a(t) from (4.23). We consider the case 5 = 2, then (4.23)
becomes a quadratic equation

o?(t)eb? (:2 — R;) + a(t) [log ﬂ + % (—cb + 2) B(t) =0 (4.24)

Solving (4.24) we have

—log &+ /log” & — cbb L) B(t) + ¢2b20% (& — ) B(t)
a(t) = \/ (= — 7) i (= =) (4.25)

23 (3~ 75)

In (4.25), the expression under the square root is positive for sufficiently small ¢, and we take the positive square
root because of

b B(@)
Plugging the above into (3.26), we obtain
b pplog® —\flog? B —cbb (& — ) B(t) + 202 (& — ) B(1)
P ; 4.27)
2b T 2cb? (— — ?)
Now using (3.28), (3.29) and (3.33) we have
C1h w2 logy/14+ 2%
r=——=-r+ —
2b
r 2Cb4 (% - m)
b2 \/lOg \/1+B(t ( 2 2+B())B(t)+02b262 (TLQ—#B“))B(YS)
(4.28)

2cb* (Tz - r2+1B(t)>

Once we have solved r(t) from (4.28), we obtain R(t) from (3.29), «(t) from (4.25) and ~(¢) from (4.22), so
we have the problem for the case 8 = 2. In Figure 3, using MATLAB, we have numerically solved r(t), R(¢),
a(t) and ~(t) from nonlinear problem (4.28), (3.29), (4.22) and (4.25) when we take b(t) = (1+1t)/(2+1),c =
0.1,7(0) = 1, R(0) = 2

Comparing Figure 2 to Figure 3, we note that the solution to the nonlinear problem 2 is qualitatively very
similar to that to the linear problem 1, only the limit values of R(¢) and r(t) as ¢ — oo are slightly different.

e

[V =)
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5. Conclusion and discussion

In this paper, we are concerned with exact solutions to some interfacial problems with kinetic undercooling
regularization in a Hele-Shaw cell with time-dependent gap b(¢). For both linear and nonlinear regularization,
using Schwarz function, we first recovered the circular solutions for the linear case obtained in [42], and we did
linear stability analysis of circular solution for the nonlinear case. Then we found that the solution of the initial
ellipse shape of the free boundary could not keep elliptic shape for any small time interval for both linear and
nonlinear regularization. Using PDE theory, we obtained exact solutions for the linear case and some nonlinear
cases.

In [42], the existence of analytic solution of the problem with linear regularization was obtained for any initial
analytic shape of simply connected domain. We are going to study the existence and uniqueness of analytic
solution to the problem with nonlinear regularization when the initial free boundary is analytic.
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R and r as a function of time
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Figure 2: Numerical solution of (t), R(t), a(t) and 3(¢) from the linear problem 1 (3.23) - (3.26), when we take b(¢) = (1+t¢)/(2+t),c =
0.1,7(0) = 1, R(0) = 2.
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R and r as a function of time
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Figure 3: Numerical solution of r(t), R(t), c(t) and ~(¢) from the nonlinear problem 2 in a annular domain, when we take 8 = 2,b(t) =
1+¢)/(2+¢),c=0.1,7(0) =1, R(0) = 2.
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1. Introduction

The concept of the Deformable derivative was introduced by F. Zulfeqarr, A. Ujlayan, and P. Ahuja in 2017
[23]. It continuously deforms a function to a derivative, hence the name deformable derivative. This derivative is
linearly related to the usual derivative. There are a few manuscripts pertaining to this fractional derivative. For
more information, the reader could consult manuscripts such as [9, 10, 16-18, 23]. In [9], we established the
existence and uniqueness of solutions to impulsive Cauchy problems involving the deformable derivative with
local and nonlocal conditions.

In [10], we studied the existence of solutions for functional differential equations with infinite delay in the sense
of the deformable derivative:

Dy(t) = f(t,ye), fort € J =10,b],c € (0,1);
y(t) = ¢(t)7t € (—O0,0}

In this paper, we study the existence, uniqueness and the Ulam-Hyers type stability of solutions for the

following fractional order differential equation:

{D%(t) = f(t,u(t), u(d(t))) teJ=1[0,T)

u(t) = p(t) t € [~h,0], (b

*Corresponding author. Email addresses: metefa@bowiestate.edu (Mesfin M. Etefa), Gaston.N’Guerekata@morgan.edu (G. M.
N’Guérékata)

https://www.malayajournal.org/index.php/mjm/index ©2023 by the authors.
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where 0 < o < 1,D? is the deformable derivative, f € C([0,T] x R% R),u(t) € C([-h,0,R), ¢ €
C([0,T7, [=h, T]); let (1) < t.
The main motivation for this paper was the work of Develi and Duman (see [8]).

2. Preliminaries

In this section, X := C([—h, T, R) stands for the Banach space of all continuous functions with the Bielecki

norm:
llull := max{|u(t)|e"" : t € [~h,T]}.

Definition 2.1. ([23]) Let f be a real valued function on [a,b], o € [0,1]. The Deformable derivative of f of
order aatt € (a,b) is defined as:
1 t — f(t

e—0 €

where o + 8 = 1. If the limit exists, we say that f is a-differentiable at t.

Remark 2.2. If « = 1, then B = 0, we recover the usual derivative. This shows that the deformable derivative
is more general than the usual derivative.

Definition 2.3. ([23]) For f defined on [a,b], a € (0, 1], the a-integral of the function f is defined by

1 -5,

t 8
240 = e [ e pla)dn, te o)

where a + 8 = 1. When a = 0 we use the notation

I¢f(t) = leaﬁt/otef‘”f(x)dx.

(07

Remark 2.4. If a = 1, then 8 = 0, we recover the usual Riemann integral. This also shows that the a-integral
is more general than the usual Riemann integral.

Theorem 2.5. ([23]) A differentiable function h at a point ¢ € (a,b) is always a-differentiable at that point for

any . Moreover, we have
Dh(t) = Bh(t) + aDh(t).

Corollary 2.6. ([23]) An « - differentiable function f defined in (a,b) is differentiable as well.

Theorem 2.7. ([171,[23]) The operators D and IS possess the following properties:
Let a, 1,00 € (0,1] such that a+ 8 =1, a; + B; = 1 fori =1,2.

1. Let f be differentiable at a point t for some «. Then it is continuous there.

2. Suppose f and g are a-differentiable. Then

D*(fog)(t) = B(fog)(t)+aD(fog)(t)
=B(fog)t) +af'(g(t)g'(t).

3. Let f be continuous on [a,b]. Then I f is a- differentiable in (a,b), and we have
D(IGf(t) = f(t), and

12D f(1) = f(t) — e= @D f(a).
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. Do (f) _9D°U) —afby

g g
Linearity : D*(af + bg) = aD*f + bD%g.
Commutativity : D - D*? = D% . D1,
For a constant ¢, D*(c) = fe.
D(fg) = (D*f)g + afDg.
Linearity : I3 (bf +cg) =bI f + cIlg.

X %0 N S W

10. Commutativity : 131132 = 172131,
Definition 2.8. Problem (1.1) is Ulam-Hyers stable if there exists a real number ( > 0 such that for each e > 0
and for each solution 6 € C([—h,T],R) of the inequality
[D0(t) — f(t,0(t),0(0(t))| <€ t €[0,T], 2.1)
there exists a solution v in C([—h, T|,R) to problem (1.1) with
|0(t) — u(t)] < Ce, t€[-h,T]

Remark 2.9. A function 6 € C([0,T],R) is a solution of the inequality (2.1) if and only if there exists a function
Q€ C([0,T],R) such that

(4)|Qt)| < eforallt € [0,T),

(1) D*O(t) = f(t,6(t),0(0(t))) + Qt) forall t € [0,T].

Remark 2.10. It can readily be seen that using Definition 2.3 and Theorem 2.7, a solution 8 € C([0,T],R) of

inequality (2) is also a solution to the following integral inequality:

-8, 1 -8,

]e<t>—e<o>ea — e / te38f<s7e<s>7e<¢<s>>>\ds<

« 0

R o)

Sorallt €[0,T).

We derive the following inequality for our subsequent results:
Forx > 0,0 < s <t,te0,T],

t t
1 -8 B 1 =B
Zeat ea’eds = — e (1=9)ehrs g
« 0 & Jo

1 t
— / e™ds
@ Jo

emﬁ

<.
RO

IN

Definition 2.11. [21, 22]Let (X, d) be a metric space. An operator A : X — X is said to be a Picard operator
if there exists x* € X such that

(i) Fq = {x*} where Fy = {x € X : A(x) = x} is the fixed point set of A;

(ii) The sequence (A" (xo))nen converges to x* for all xg € X.

Lemma 2.12. [21], 22]Let (X, d, <) be an ordered metric space and A : X — X be an increasing Picard
operator (F 4 = {x*}). Then, forz € X,z < Alx) = x < z* whilex > A(z) = = > z*.
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Lemma 2.13. /6] If
t
z(t) < h(t) +/ k(s)z(s)ds, t € [to,T),

to
where all functions involved are continuous on [to,T),T < +o00, and k(t) > 0, then x(t) satisfies

x(t) < h(t) + /t h(s)k(s) exp {/: k(w)d(w)} ds, t € [to,T).

to

3. Existence and Uniqueness

In this section, we prove the existence and uniqueness of solutions for problem (1.1).

Definition 3.1. A function u € C([—h,T],R) is said to be a mild solution of problem (1.1) if
/”'(t)7 te [_ha O]

= et 4 Lot / e f(s,u(s), u(@(s)))ds, t € [0,T].

« 0

We investigate problem (1.1) with the following assumptions:
(H1) f € C([0,T] x R2,R), ¢ € C([0,T],[—h,T]) and ¢(t) < t on [0, T],
(H2) There is a constant L > 0 such that
|f(t,u1,01) — f(t, uz,02)| < L(Jur — ug| + |61 — 02|) for all u;, 0; € C([—h,T],R)and ¢t € [0, T].

Theorem 3.2. Under the asumptions (H1)-(H2), if k > %, then problem (1.1) has a unique mild solution.

Proof. We first transform problem (1.1) into a fixed point problem.
Define F : C([—h,T],R) — C([—h,T],R) such that

M(ﬂ, te [—h,O]
Fu(t) = -8 -8 tog
D= e 4 Lo / €5 f(s,u(s), u(é(s))ds, te0,T].

« 0

3.1

Then we find a unique fixed point of F, which is the unique solution. We consider the Banach space
X = C([~h, T],R) endowed with following norm

= t)]e " 3.2
lulls =, mas fu(t)le 3.2)
Using Remark 2.10, we show that F is a contraction mapping on (X, || - ||5). For all u(t),0(t) € X, Fu(t) =
FO(t) ift € [—h,0]. Fort € [0,T], we have
| Fu(t)—Fo(t)]

1 -5,

<o [ R s, u(s),ulo(s) ~ Fls.0(5).6((5))lds
0

—h<s<T —h<s<T

<L /( m u(s) = 0()e™ 4 [u(0(5)) — 6(6()le )
2
2L

L -5, b s
e Hu—9||3/ e=®e™ds
@ 0

2L
|lu — 6| ze".
o

Si
K

3

s
2
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Thus
2L
| Fu— Fblls < nllu - ]|, where n = ——.
Ko
Since 7 < 1, we find a unique fixed point F by the Banach contraction principle. |

Remark 3.3. For a constant delay T > 0, and ¢(t) =t — 7, problem (1.1) becomes
D>u(t) = f(t,u(t),u(t—1)), te€[0,T] (3.3)
u(t) = p(t), te[-7,0]. '

The proof for the existence and uniqueness of solutions for the above fractional differential equation is obtained
using the following three steps. To that end, we introduce the following Lipschitz condition.

Theorem 3.4. Let f : [0,T] x R? — R be a continuous function. Assume that there exists a positive constant L
such that

|f(t7u170) - f(t7u270)| é L|'LL1 - u2|

forall u;,0 € C([0,T],R), (i = 1,2,...) and t € [0,T). And in addition, assume that k > g.Then (3.3) has a
unique solution.

Proof. Problem (3.3) is equivalent to:

u(t) = _ 1 - t
(® u(O)eTﬁt + feTﬁt/ egsf(s,u(s),u(s —T7)ds, 0<t<T.
@ 0
We partition the interval [0,T] into n sub-intervals of equal length .S. And have the following for 0 < S < 7 and
nS=T:0=5<5<---<8,=T,5—-8,_1=25.
Wesee thatt < 5,11 = ¢ — 7 < .5, using this argument:
tSSH_l — t77§5i+1*7_§51'+175:5i~

Step 1. let (&1, || - ||1) be a Banach space of continuous functions u : [—7, S1] — R with the following norm :
— t —mt7
lulls =, max  Ju(®)le

and u(t) = u(t) for —7 < ¢ < 0. Define a mapping F; : & — & by:

u(t), —r<t<0
_ 1 - t
u(O)eTﬂt + —eTﬁt/ egsf(s,u(s),u(s —T7)ds, 0<t<8;.
«a 0
For u(t),0(t) € &1, Fru(t) = F10(t) if t € [—7,0], For ¢ € [0, S1], we have

t

f(s,u(s),u(s—71)— f(s,0(s),0(s — 1)))|ds.

Kl
I
=
|
iy
=
AN
Q=
[y
Q‘W‘m
c\
[}
iy
e
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Since 0 < s < S implies (s — 7) € [—7, 0], and the definition of &1, we have

| Fru(t) — F16()]

INA
\
[
?

St [ Rl s uts)uls = 7)) = £(5.6(5),0(s — 7)ds

0

L - t
—eTﬁt/ egse’“[ max |u(s) — 6(s)|e”"*]ds
0

e —h<s<si
L - t

< —eTBtHu - 9||1/ exterids
a 0
L

<

—|lu —0]|1e"*.

RO

Therefore,

[ Fru— Fi0lls < nllu—0|1.

Since n = % < 1, we get that F; is a contraction mapping, and so there exists a unique fixed point y; € & that
satisfies (3.3) on [—7, 51].

Step 2: In this step, we extend the interval of step 1 into [—7, Sa]. Let (&, || - ||2) be a complete normed space of
continuous functions v : [—7, S3] — R with the following norm
ulla = max |u(t)le” 4.
fule = ma_ [u(t)

Let u(t) = p1(t) for —7 < t < Sy. Continuing in like manner, define a mapping F» : 5 — & by

pa(t), —T<t<5
Foul(t) = _ 1 _ t
zu(f) ,u(O)eTﬂt + aeTﬁt/ egsf(s,u(s),u(s —71))ds, S1 <t< S,
0
For u(t), 0(t) € &, Fau(t) = Fpl(¢) if t € [—, S1]; else we take ¢t € [S1, S2]. Thus

Pou(®) = Fa0(0)] < 2o [ e21 (s, ute).uls = 7)) = F(5.005).0(5 = )l

Observe that 0 < s < Sy = (s —1r) € [—7,51]. Based on the the definition of £, we may derive the
following inequality:

| Fau(t) — Fa0(t)]

A
:
°|

/ e f(s,u(s), pua(s — 7)) = F(s,0(s), ua (s — 7)lds

« 0
t
L -s, 8

< oo ES KS _0 —KS d
SRet ) e (_pax, fu(s) —0(s)le™"")ds
L - t
< —eTﬁtHu—@Hg/ exsersds
o 0
L
< L ju—pjper,
Ko

Thus, || Fou — F20|l2 < n|lu — 6|2, where p < 1 as aforementioned. Therefore, 72 has a unique fixed point o
in &, that satisfies (3.3) on [—7, S3].

Step 3: By following this method up to the the nth step, we can find that F,, has a unique fixed point y,, in &,
satisfying (3.3) on [T, S| = [—7,T].

e
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4. Ulam-Hyers stability.

Theorem 3.5. Assume that conditions HI and H2 are fulfilled. Then the first equation of problem (1.1) is Ulam-
Hyers stable.

Proof. Let 0 be a solution to (2.1) and u be a unique solution to the following problem:

{D%M%=ﬂtM®m@@D t €10,

u(t) = 0(t) t € [—~h,0].
Then
o(t) t€[=h,0]
ult) = 9(0)6%]5 + ée%ﬁt/o egsf(s,u(s),u(qb(s))ds te[0,T].

Observe that we have the following inequality from Remark 2.10:

=t 1%% tegs 5,0(s s s|< <
00 = 0(0) = — =% [ B (5.005),0(0(5))is| < 5

forall ¢t € [0,7], and |0(t) — u(t)| = 0 for all ¢ € [—h,0]. For ¢t € [0, T] we obtain from H?2 that

066) — u(t) < 16¢) ~ 00)e =" = Ze ' [ (5,0(5),(6(5))ds

Q 0

f(5,0(s),0(0(s)) — f(s,u(s), u(¢(s))|ds

eL;Bttgs s) —u(s s)) — u(o(s s
<Gt e [ R0 — ul)] +16(0(5) — ué() s G4

@ 0
We define an operator for v € C([—h, T],R*):

A:=C([~h,T],R") = C(]—h,T],RT),

given by
0 te [7h70]
AN =€ [ Lo [ & (v(s) + v(e(s))) ds
e [t oo ds e T

We show that A is a Picard operator via the contraction mapping principle. For v,o € C([—h,T],RT), one
estimates

ﬁﬁe%m@fuw+ww@rww@mw

|Av — Av| < £e
a

2L 8y (" By
< —||v—f)||567ﬁt/ easerids
@ 0
2L
< =|lv - 0||ge"ds,
Ko

which means
| Av — Ab||5 < nljv — 7||s where n = 2L,
For k > % > 0, we observe that 7 < 1, and consequently we get that .4 is a contraction mapping with respect
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to the Bielecki norm || - || on C([—h, T],R™"). Thus, A is a Picard operator such that F.4 = {v*} and the Banach
Contraction principle gives the equality:

L — t

VO =5+ et [ ) + o)
g a 0

for t € [0, T]. To show that v* is increasing, let m := min,co 71 [v*(t) +v*(¢(t))] € R*. For 0 < t; <t < T,

we have

zieattz | e o + oo )))ds‘a”j“ | e o+ v olas

= [eFre e @ = T [T e TR (s) + vlo(s))ds

= L[ - e o)+ (0l + / Faehe 0 (5) + 0" (0(s)) s
.

2 [Nt eitteinas M [ Sk,

:%L(eTﬂt"’ etl)/otleaéds-i-e e /:e“ds

_ %L {e%‘*az—tl) _eWh e } +%L [1—6 @ (2 “)]

_ mﬂL [6 Lo _ 67%} > 0.

Therefore, v* is an increasing function, and so v*(¢p(t)) < v*(t) because ¢(t) < t. It follows that

v*(t) < B + %e ot /Ot egs(v*(s))ds.

Using Lemma 2.13, one derives the following inequality
vi(t) <

<

IN

< —

B
fort € [—=h,T]. If v = |6 — u| in (3.4), then v < Av. So, we have v < v* because A is an increasing Picard
operator. Consequently, we have

|0(t) — u(t)| < Ce

where
a
1 2_ 3
(== 11+ ZLeb
B B
Thus the first equation of problem (1.1) is Ulam-Hyers stable. The proof is complete. |
S
(V<)
MM
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1. Introduction and Background

Let U = {z € C: |z| < 1} be the unit disk and B denote the class of functions f(z) which are analytic in
the open unit disk and of the form

oo
f(z):z+2atzt. (1.1)

t=2

Also, let
2

§) = ——; s>0 (1.2
(s) At > )
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with y(s) = 1 for s = 0 be the modified Sigmoid function. ( See details in [6], [7], [10], [5], [11], [15]).
Additionally, let T € A be the class of functions of the form

z)=z— Zatzt, a; >0 (1.3)

For f,(z) € T, [11] gave the following definition:

fy(2) =2 — v(s) aszt, a; >0 (1.4)
t=2

as a consequence of (1.3).
Note that y(s) =1+ 35 — 5;8° + ﬁ > 40137205 + - -+ defined by (1.2). Furthermore, we define identity
function for 7, as
ey(z) = z. (1.5)

For the purpose of defining the new differential operator of interest, the following definitions are required:

Definition 1.1. [12] For f(z) € A, where k > 0,1 < pu < p,n € Ny and z € U, the Opoola differential
operator D} (p, p)f : A — Alis defined in [12] as

Dg(u, p)f(2) = f(2)

DY (p,p)f(2) = t2f'(2) = 2(p — Wk + (1 + (p— p— k) f(2)

Dy (1, p) f(2) = (D(DR " f(2)))-

The f(z) given in above (1.1) we get,

DR (p,p)f(2) = 24 Y _[1+ (t+p—p— DK a2, (1.6)
t=2

It is evident that (1.6) reduces to Al- Oboudi differential operator [1, 3] and Salagean differential operator
[22] by varying the involving parameters appropriately. We further note that, other works on (1.16) can be found
in [4, 14, 16-18, 20-24, 26].

Definition 1.2. [11] introduced the generalized differential operator DY [~ () involving sigmoid function which
is a special case of (1.6):

AC) =3 ) (- D - w) + " a2t (1.7)
t=2

for \,w > 0. For more information on this, interested reader may refer to [8].

Definition 1.3 (Hadamard product or convolution). The Hadamard (or convolution) of two analytic functions
f(z) givenby (1.1) and g(z) = z + > 1oy be2" is given by

f)rg(z) = (Frg)(z) =2+ abez', z€eU. (1.8)
o

Following (1.8) for (1.6) and (1.7), a certain new differential operator associated with Sigmoid function
involving convolution is defined as follows:

DY (1, p, )fv( z) = (DX, f+(2)) * (D™ (1, p, k) f+(2))

z+§:¢Wl L+ (4 p = p = DRt = DA —w) +1]"a,z"
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Remark 1.1. When~"(s) =1, A =1, w = 2 we have
Nl Py k) f(2) )z + Zv”“ { L+ (t+p—p—DEE- 1)\ —w) +t]} az'.  (1.10)
Remark 1.2. When v"(s) =1, fors =0, A=1, w =2, p = p, k = 1 we have the Salagean differential

operator, see [15] and [8].

Remark 1.3. When~"(s) =1, A =1, w =2, u = p, we have the Al-Oboudi differential operator, see [3] and
[25].

For the purpose of the main result, we rewrite equation (1.9) as follows for convenience
B
DS (1. p k) £y (2) )z + Z’V"H { +(t+p—p—DEE -1\ —w) + t}} a2t (111)

where S, A ,w e€R, 5> 0, A\ >0, w>0 andltlsdenotedbyDAw(,u p k) A— A
Also,if f€C, f(z) =2z— comz', a>0,t=2 z€U.
Then,

DY, (.p. k) —z—zv”“ () {11+ (t+p- u—1)kn<t—1><A—w>+ﬂ}ﬁatzt (1.12)

For convenience upon (1.11) we have the following definition
Definition 1.4. We say that class T, S;; (6, 8,6, M\,0, L, M, pu, p,v,w) contain function f(z) € T if and only if

ﬁ“(u pk)fy(2)
o (Bopsk) foy (2)

Dﬁﬂ(upk)fw(Z) _ ) (
( DY, (1.p:k) £+ (2) ¢)+ LA

) (1.13)

DT (1.p,R) f+4(2) 1)
Xow (B505K) f+ (2)

(M —L)¢

E<LkE>0,0>0,p>00<¢p <56 53<A<LF>0,0<M<

where |z <1,0< 8 <1, 1 <
1, - 1<L<M<1l,w>0~""(s) =1, s=0.

Definition LS. The class T, V*(¢, 8,€, A, 8, L, M, 11, p, . w) contain function f(z) € T if and only if

D2 (1,p,k) £+ (2)
DY (k) £ (2)

DE* 2 (pop.k) fr (2) DS (k) £+ ()
(M LK(D‘T(M k) f+(2) ¢) + LA(D%l(;L,p,k)fwz) )

where [2] <1, 0< 86 <1, 1 <¢<1,k>0,0>0,p>00<¢<262<A<L,B>0,0<M<
1,—1§L<M§1,w207”+1()*1570

-1

< (1.14)

Remark 1.4. After putting pn=p =1, v"*(s) =1, A =1, w = 2, we obtain the corresponding results of [25].

Remark 1.5. After putting f =0, p = p =1, 4"(s) = 1, A = 1, w = 2, we get the corresponding sequal
obtained by [9].

Remark 1.6. After putting 6 =0, u=p=1, k=1, A =1, w = 2, we get the corresponding sequal obtained
by [2].

Remark 1.7. After putting 8 =0, u=p=1, k=1, =1, A =1, w = 2, we get the corresponding sequal
obtained by [13].

e

[V =)
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Let equation (1.11) be ]%‘ <0
A’ _ 4]
= < 0= Al <{|B|
‘ ]

when
DN p, k) £y (2)

- DS (1 p k) £y (2)
D (s p, k) £5(2) = DS, (1 0, k) £y (2)
D (1, p. k) £ (2)

B=(M-L) D3& i p )£ (2) = 8D5, (s p A ()
- D] (9 )1 (2)
. <D5+1(u 0. k) f1(2) = DS (1. p, k)fy(z)>
Dx,w(/ﬁ,ﬂa k)f'y(z)

A=

H DS (s p, k)3 (2) = DX (s, ) o (2)
DT (19, k) £1(2) — 6DS (1 p, k) £5(2)]

+LA[DfE<u, P k) S (2) = DSt ) (2]

2. Main Results

2.1. Coefficient Estimates

(1.15)

(1.16)

(1.17)

(1.18)

(1.19)

Theorem 2.1. The class T, S]’j(qﬁ, B,&, N0, L, M, u, p,w) contains a function f(z) defined by (1.3) if and only

if

iv”*l {1-|—t—|—p M—l)k][(t—l)()\—w)—i—t]}ﬁ{(t—i—p—u—l)k

t=2

[(t — 1)(A —w) + 4] [L + LS + (M — L)5€] + (M — L)se(1 — gb)} as
< (M — L)é¢(1 - ¢)
Proof. Suppose,

Zynﬂ {1—|—t+p u—l)k][(t—l)()\—w)—i—t]}ﬁ{(t-i—p—ﬂ—l)k

(= DA =w) + 1 [1+ LAS + (M = L)3¢] + (M = L)1 = 6) by

< (M - L)3E(1 - ¢)
We have,

DY (i p k) o (2) = DY, (1, p, K) £ (2)

— O|(M — L)E[DSE (1, p, k) f1(2) — DY, (11, p, k) f(2)]

+ LADS T (1, p,k) o (2) = DY (11, p, ) f(2)] | < 0
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with the provision

Zynﬂ {1+ (4 p—p-DHIE- DA -w) +4) a2
t=2
{4 o i DR - DO - w) 4]} 0
t=2
B 5’ [ Z ,ynJrl {1+(t+p Mfl)k][(t—l)()\fw)th]}ﬁ-H a¢ 2

t=2

— ¢zt 0y ’Y”+1(s){[1+(t—l—p—u—1)k:][(t—1)(/\—w)+t]}5atzt]
+ LA {z— (s ){[1+(t+p—ﬂ— ][t — 1)()\—w)—|—t]}ﬁ+1atzt
t=2

—z+27"“ L+ (t+p- u—l)k][(t—1)(>\—w)+t]}5atz1 <0

(2.3)

Let §, = 552, v () { [+ (thp—p-DHIE- DA -w) 1]} a2 and 5 = 52, v+ () [1+

B
(t+p—p= DRI - DA =)+ 1} a2t
The simplified expression becomes,

]so 751\ 76‘(M7L)§[2751 — ¢z + 6So] + LA[So 751]\ <0

2.4)

So—S1 would have a negative sign. Thus, it would be more convenient to work with S7 — S since |So— 51| =

|S1 — Sol|. Hence, we have
’sl - so\ < 5‘(M L)l — 81 — bz + ¢So] — LA[S1 — so]]
We know that: |A — B| > |A| — | B]
|51 = So| < 6|(M = L)¢lz — 81— 6 + 6S0] — LAIS: - S
> 5‘(M L) — Szt quSO]’ - 5‘L/\[Sl - SO](
s ‘Sl - So‘ < 6‘(M L)z 1 — ¢z + (bSo}‘ - 5‘L)\[Sl - SO}‘
Assuming L is positive, we have
‘sl - 50](1 YL < 6‘(M CL)e[r— Sy — bz + ¢>50}‘
Rewriting the expression
z2—81—¢z+ ¢So =2z— 51 — dz+ ¢Sy + &S1 — ¢S1 + So — So
Collect the like terms

z2—=581—¢z+ ¢Sy = (1 —¢)(z — So) — (51— So)

57

(2.5)

2.6)

2.7

2.8)

2.9)
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The inequality (2.8) now becomes
‘Sl - So‘(l FOLN) < 6‘(M DE(L — ¢)(z — So) — (S1 — So) (M — L)g‘ @.11)
Apply |[A — B| > |A| — |B], we have
‘51 - So‘(l +8LN) < 6‘(M ~DE1— ) (2 — so)‘ - 5‘(]\4 CD)ES, — so)‘ 2.12)
|81 = So|(1+6LN) + 8(M — L)g|(81 - 80)| < 8](M — L)E(1 = @)= = So)| (2.13)

Expand the right hand side and apply |A — B| > |A| — | B|

’Sl - 50\ (L4012 +6(M - L)¢) < 5‘(M ~L)E(1— ¢)z| - 6’(M — L)1 - ¢)so)\ 2.14)
Add 5((M L)1 — gb)So)‘ o both sides
]sl - SO‘ ((1 +OLA) + (M — L)g) v 6‘(M L)1 ¢)50)\ < 6’(M L)1 (b)z‘ 2.15)

Therefore, substituting for |.S; — Sp| Also, remember |z| =7 < 1

51 50| = i P+ (o p— - D= D) +1]}
([(t Fp—p—Dk(t—-1)(\—w)+ t} ((1 £ L) + 6(M — L)g) (2.16)
+ 01— D)L - dJaur’ < (M - L)3E1 - 0))

The proof is obtained. Hence, f(z) € T, Sk(6, 8, A, 6, L, M, 1, p). m

Theorem 2.2 (Second Class). The class T, VF(¢, 3,€, 1,8, L, M, j1, p,w) contains a function f(z) € T if and

only if,
D (up k) fy(2) 1
DY (o) £+ (2) <5
D2 (p,p,k) £ (2) ) (D‘i“(u,p,k)fv(z) )
- D RIS LA e o2 g
(M L)£<Df,t (1:0,k) f (2) )+ DS (1,p,k) £ (2)
Proof. Let
DL (k) fr(2)
DY (wp.k) fr(2)
= <4 (2.17)
D2 (p,p k) £ (2) ) (D‘A**z(u,p,k)fv(z) )
_ o PR (Z) De WPTIE g
(M L)§<th ohe ~¢) TIA DI (p k) 4 (2)
D
[\ =]
MM
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B+1
=3, ’W‘“(S){[1+(t+p—u—1)k][(t—l)(A—w)th] ay 2" X

2=3252, 7t (s) [1+(t+07u71)k][(tfl)()\fw)ﬂ}}ﬁ ay 2t

B+1
=52 7 {1+ (- = DRI - DO - )+ ) ")
(L4 (04 p— = DRI~ DO —w) + 1
{11+ ¢+ p— = DHIE-1DO-w) +1
)

5{1+ t4p— u—l)k][(t—l)(/\—w)—l-t]} a 2t

<40

]
}5+1

=

n+1
n+1
n+1

(2.18)

S L (4 p - DR D)+ )

{(t+p u—l)k[(t—l)M—w)”]}Wt <4 (219

(M = D)o = ¢) = 3 7" {1+ ¢+ p = n = DRIE = D - ) + 1]

B
x (M = D)1= ¢) + (M = D)g+ LA ){(t+ p— = DE[(E = DA —w) +1]} 0y 2"
As |Ref(z)| < |#| for all z, we have

iy”“ ({114 (t+p- ufl)k][(tfl)(/\*”)”]}ﬁ

e+ n=DHE- DO 1 fa s <5 @2

(M — L)5¢(1 — ¢ iw“ {1+ t+p— ,u—l)k}[(t—l)(A—w)+t]}ﬂ
t=2 5
><((MfL)g(lfgé)+(M—L)§+L)\>{(t+pfu—l)k[(tfl)()\fw)+t}} as 2

Re

t

B+1
< is real and clearing the denominator in the above relation and letting

Sake
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z — 1 over real values, we will get
n+1 A
Zv {1+ (t+p—p— DRI DO —w) +1]}

{(t—l—p—u— DE[(E— 1)\ —w) + t]}atzt

< (M - L)és=(1— ¢ Zwﬂ I+ (4 p— = DRI = DA = w) + 1} x

(M — L)oc2(1 — o) + ((M — L)sE+ L)\é) {(t Yp—p— DE[(t— 1A —w) + t]} ag 2t

;szynﬂ [+ (t+p— = DRI = DA —w) + 1]}
TR

Zv"“ W+ +p- u—mk][(t—l)@—w)”]}ﬁ

(M — L)oe=(1 — &) + ((M _L)sE+ an) {(t Yp—p—DE[(t— 1A —w) + t]} ag 2

< (M = L)£6=(1 — )
Asz — 1

Sy {0+ -+ p == DRI - DO - w) + 4}

[(t+p == DRI~ DO —w) +1]

[14 LAS + (M — L)6¢] + (M — L)6E(1 — ¢) | azz® — (M — L)E(1 — ¢) < 0
Hence, the proof is obtained.
2.2. Growth and Distortion Theorem
Theorem 2.3. If f(z) € T, SE(0, 8,&,X,6, L, M, 1, p,w) then
M — L)§(1L— ¢
: M~ D)2t = ¢) <1f()

B
i+ @+ o= wHl - D= w) +4}
x {10+ = wHIE - 1) —w) + 4}
% [1+ LA + (M — L)o¢] + (M — L)oe(1 — M
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(M — L)d§(1 — ¢)

<r4r? 3
i+ +p- wrIE - DA -w) +4}
x {10+ = wHIE - 1O - w) + 4}
[+ LAS + (M — L)o€] + (M — L)6e(1 — ¢)]
Equality holds for
e (M — L)5(1 — )

B
{i+a+p—mwilt - DA -w) +1}
x {10 +p = wHIE - DO —w) + 4}
% [+ LA + (M — L)o¢] + (M — L)de(1 — ¢)}

Proof. From Theorem 2.1 we get f(z) € T, S]’;’ (¢,8,6,\,0, L, M, pu, p,w) if and only if

S {IL+ (4 p—p— DR - DO )+ 1) ¢
:2

~+

(14 p— )k t—1)()\—w)+t]]{1+L)\5+(M—L)5£}+(M—L)5§(1—¢)}at @29
< (M — L)6(1 - )
Leth o1 (M — L)5(1 - )
{(1+p—u)k[(t—1)(A—w)+t]}[1+L)\6+(M—L)(Sg]
s f(z) € 7;15’5(@@5, A0, L, M, p, p,w) if and only if
Zv”“ V{4 (4 p— = DRI - DO ) +])
(2.25)
{<t+p—u—h>[<t—1><A—w>+t1}ats(l—h)
whent = 2,
{0+ @t o wHlE - DO -w) 40} @4 p— - hz
> {4 (4o DRI 10— 1) 220
{ Yp—p—h) t—l)()\—w)—l—t}}atg(l—h)
s

s
2
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fEI<r+Y A" s)ae <r ey () a
t=2 t=2

1-h

{4+ Q4o wHlE - DO -w) +4) @4 p— b

(2.27)

<r+4r?

Similarly,

(2.28)

So
9 1-h

{4+ Q4o wHlE- DO ) +4) @4 p—p—h)
1—-h

{0+t p—wHlE - D0 ) + 4} @4 p—p—h)

rTr—r

| <1

(2.29)
<r+4 r?

Hence the result,

) (M — 1)3¢(1 - 9)
i+ Wt p—whlE - D -w) +1)

x {10+ p = wHlIE - DO —w) + 4}

% [1+ LA + (M — L)o¢] + (M — L)se(1 — ¢)}

(M — L)5(1 - 9)
{1+ Wt p - wHl(E - DO —w) 44}
x {10+ = wHlIE - 1) —w) + 4}
% [L+ LA + (M — L)o¢] + (M — L)de(1 — ¢)]

<r4r?

3

s
2
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Corollary 2.4. If f(z) € ﬁlS;f(cz),ﬁ,f,)\,é,L,M,u,p,w) then =0, =1,A=1,0=1,L=-1,M =1

and p=p=1.
From the expression above, givenp =, 1l +p—p=1+p—p=14+0=1.

_ (1-9)
F(t- D1 -w) + 02— 9)

Hence the result

L (-9 ]
{H@—Dﬂ—m+ﬂ@—@ }<”(”

cray? (1-9)
- M- D0 -w)+12—9)

Theorem 2.5. If f(2) € T,, V¥(¢, 8,6, )\, 6, L, M, i, p,w) then

r— ,r,2 (M — L)5§(1 - ¢) g < ‘f(Z)|
{0+ @+ p— R = DO —w) +1]}
x {10+ p— Rl = 1) - w) +1]}
X (14 LA + (M — L)3¢) + (M — L)6¢(1 — ¢)
B Mr-npgi-0)
{1+ (4 p— Wl - DO —w) + 4}
x {10+ p— Wl - DA - w) + Q
X (L4+ LA+ (M — L)og) + (M — L)6&(1 — ¢)

Proof. Similarly, we can prove this theorem as it is relevant to Theorem 2.3. So it is sufficient to substitute

B = B+ 1 in the above Theorem 2.3 and the subsequent corollary.
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Theorem 2.6. For f(z) € T, S§(¢,B,§,)\,(5,L,M,u,p,w) then

(M — L)*6¢(1 — ¢)
{ (1+4p—pk t—l)()\—w)—&-t]}ﬁ
X

{la+p- u)kﬂ(t—l)(A—me}
X (14 LA + (M — L)8¢) + (M — L)3(1 — ¢)

(M — L)*3¢(1 — ¢)
{ (1+p—pk tfl)(Afw)th]}B
X

{10+ 0= wHlE - DO - w) + 4}
x (14 LAS + (M — L)5¢) + (M — L)6¢(1 — ¢)

<l+r

Proof. Since f(z) € Tp, SF(¢,8,&, A, 0, L, M, 11, p,w) we have by Theorem 2.3,

{4+ Q4 o= wHlE- D) +4} @+ p—n-B)Y 7 (s)a,

t=2
i {1+ t+p— u)k}[(t—l)(x\—w)+t}}ﬁ x (2.30)
t=2
{(t+p— Wt = DA =) + ] }ar < (1= h)
In look of Theorem 2.3 we have
Z,Ynﬂ 27n+1 { +p—p—D[t—-1)\- w)+t]}at+t27n+1 s) as
t=2 t=2 t=2
g (M — L)(1 - h) (231)
o -~ DO-w) ) @)
! |<1+z:7”+1 ta|\t1<1+7‘27”+1 s) tay <
- (2.32)
e (M — L)(1 - h) :
{140+ p=wHE -1 -w)+ 4} @+p—p—h)
e
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Similarly,
i n+1 ta |Z‘t 1>1+TZ'7”+1 )tatz
L, ) (M~ L)(1 - h)
B
{1+ A+ p= W= DA -w) + 1} @+p—p—h)
So,
- (M-D)A-h) | <1<
{1+ +p=wRIE -1 =)+ 0} @+p—p—h)
l—r[ (M — L)(1—h)
B8
{1+ +p-wRE- DA -w) + 0} @+p—p—h)

Substituting the value of h in the above inequality, we have

2 _
r _,,,2 (M L) 65(1 (b) e S ‘f(Z)|
{ (1+p—pk (t—l)(A—w)—kt]}
x {10+ p = wHII(E = )N - w) + 1]}
X (14 LA+ (M — L)0¢) + (M — L)0(1 — ¢)
iy (M — L)*3¢(1 — )

{040t p— i (t—1)(x—w)+t]}ﬂ+l
X

{10+ = wHIE -1 -w) + 4}
X (14 LA + (M — L)8¢) + (M — L)3¢(1 — ¢)

Hence the proof is obtained.

Corollary 2.7. For f(z) € Tn SE(¢, 8,6, 0,6, L, M, i, p,w).
In particular, if p = =1, thenwe have 1 +p—pu=1+p—p=1.

_ (M — L)?5(1 — 9) .
{k[(t “ 1) —w) + t]}[l + LA + (M — L)5¢]
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B( = 1) — w) + (1 + LAS + (M — L)5€)
(Mt =10 ) + 4} (M- DO - w) +4)
[14+ LA+ (M — L)6¢) + (M — L)6E(1 — )]

(M — L)*0¢(1 — )
B
{0+ mIE =1 -w) + 4} ke -1 -w) + 4}
[L+ LA + (M — L)S€) + (M — L)5¢(1 — ¢)

Hence, we obtain

6 —
{0+ R0 = DO = w) + 4} {klE - DO - w) + 1]}
[L+LAS + (M — L)8€) + (M — L)S&(1 — ¢)]

1—r

(M — L)*6¢(1 — ¢)
{1+ 8¢ - D)+ ) (k- D) +1])
[L+ LAG + (M — L)) + (M — L)6E(1 — ¢)
Theorem 2.8. If f(z) € T,, V¥(¢, 3,&, X, 6, L, M, j1, p,w) then

<l+r

M — L)26¢(1 —

aroppsi=o) Ly,
{ 14+p—pk t—l)(A—w)—&-t]}
x [0+ p = It - O —w) +1]}
X (14 LA + (M — L)6¢) + (M — L)6¢(1 — ¢)

(M — L)*5¢(1 — )
B+
{1+ @+ p— wRE = DO —w) +1]}
x {10+ p = wHIE = 1) - w) + 4}
x (14 LAS + (M — L)3¢) + (M — L)8¢(1 — ¢)

Proof. Similarly, we can prove this theorem as it is analogous to Theorem 2.6. So it is sufficient to substitute
B = B+ 1 in the above Theorem 2.6 and the subsequent corollary. [ |

<1l+r
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2.3. Closure Theorem

Theorem 2.9. Let f1(z) = z and
(M — 1)3E(1 ~ 9) r

ft(z): 3
{1+ @+ = =1 —w) + 4]}
X [{(t+p—u— DE[(t — 1)\ — w) +t]}

% [1+ LA + (M — L)o¢] + (M — L)se(1 — ¢>}

fort=2,3,4,---.
Then the class TS’“(QS,ﬁ,f,A,é,L,M,um,w) contains a function f(z) if and only if

Z Y (8) ke fie(2), Ve >0 andz Y (8) ey = 1.

t=1 t=1
Proof. Let f(z Z Y (s) ke fi(2), YV ke > 0 and Z ’y”“(s) k; = 1. We have,
t=1 t=1
=Y ") kufi(z) = R fu(2) + > () Rfl2) (2.36)
t=1 t=2

o flz)=2— i 7 (s) Ky B
{0+ 4+ p— R = DO —w) + 1]}

X [{(t+p—u— DE[(t— 1)\ — w) —|—t]}

% [+ LA + (M — L)o¢] + (M — L)oe(1 — ¢>)}

Then
(M —L)&§(1 — o)

27n+1<5) B
= {0+ @+ p— Rl - DO - w) +4]
H(t—i—p—u— DE[(t — 1)(A — w) —|—t]}

[1+ LAS + (M — L)S¢] + (M — L)s¢(1 — qs)}

B
{0+t +p— Rl - DO - w) +4]

{4 p—p= DRI - 1)(A - w) +1]}

[1+ LAS + (M — L)S¢] + (M — L)s¢(1 — ¢)} (2.38)
- (M — L)3E(1 - )
=Y M)k =1-k<1
t=2
S
T
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Hence f(Z) € 7;7, SS(¢7 57 6) )‘a 67 L7 M7 sy Py ’Y)
Conversely, suppose f(z) € T, S{; (¢,8,6,\,0,L, M, i, p,v) then we have Theorem 2.1 [ |
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Abstract. We study the behavior of the solution for a class of nonlocal partial differential equation of parabolic-type with
non-constant coefficients varying over length scale § and nonlinear reaction term of scale 1 /e, related to stochastic differential
equations driven by multiplicative isotropic a-stable Lévy noise (1 < o < 2). The behavior is required as ¢ tends to 0 with
¢ small compared to €. Our homogenization method is probabilistic. Since § decreases faster than e, we may apply the large
deviations principle with homogenized coefficients.
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1. Introduction

Let £, > 0 small enough. Our aim in this article is to study the behavior of u%® : R — R of the following
nonlocal partial differential equation (PDE) with parabolic-type :

du* a &8 1 T €8 d
5 (t,x) = LZ su (t,x)—i—;f (g,u (t,x)), xeRY 0<t, (L.1)
UE’ts(Oa z) = up(z), T € Rd;

where the linear operator L 5 is a nonlocal integro-differential operator of Lévy-type given by

epf@y= [ s (ereo (Gn) s e (Co) as@nsw] v

(@7 mE) i ()]s, sew
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Application of homogenization and LDP to a nonlocal parabolic PDE

— -1
Here B is the unit open ball in R? centering at the origin, and v*:¢ ' (dy) = éyo‘ (dy) = @ng is the isotropic
a-stable Lévy measure. In this paper, we use Einstein’s convention that the repeated indices in a product will be
summed automatically.

The combinatorial effects of homogenization and large deviation principle (LDP) is a classical problem

which goes back to P. Baldi [1] at the end of 20’th century . Such a problem has been most extensively
investigated by Freidlin and Sowers [7] in stochastic differential equations (SDE) and linear parabolic PDE on
the whole of R?. Huang et al. [9] recently studied a nonlocal problem from the mathematical point of view of
homogenization theory. They considered the nonlocal parabolic linear equation without the viscosity (large
deviations principle) parameter ¢, with linear reaction term of scale 5“%1 . Inspired by [1, 7], the work in this
paper is highly motivated by the consideration to combine the two principles in a compatible way, for a class of
semilinear parabolic PDE. The present paper will only focus on the subcritical case 1 < o < 2. There are both
probabilistic and analytical difficulties for the supercritical case 0 < a < 1. All things considered, the nonlocal
part has lower order than the drift part, so that one cannot regard the drift as a perturbation of the nonlocal
operator.
We first give the rate function Sy ; of the large deviations, in fact since J tends faster to zero than ¢ this function
is expressed by the homogenized coefficients of the PDE (1.1), next we express the solution of PDE (1.1) by the
use of Backward stochastic differential equations (BSDE) in [2] and the Feynman-Kac formula, then we
consider an auxiliary equation solved by £ log u=° . The limit of this auxiliary equation helps us to find the limit
of 459 when both ¢, § tend to zero. We show in the end that there exists a function V* (which depends on Sot)
such that u=° tends to zero if (¢,2) € {V* < 0} and tends to 1 in the interior of {V* = 0}.

We organize the paper as follows. In Section (2), we present some general assumptions and definitions.
Section (3) contains the results of large deviations principle. In Section (4), we study the behavior of the solution
of the PDE (1.1).

2. Preliminaries

By B, we means the open ball in R? centering at the origin with radius » > 0, we shall omit the subscript
when the radius is one. We denote by C* (CF) with integer & > 0 the space of (bounded) continuous functions
possessing (bounded) derivatives of orders not greater than k. We shall explicitly write out the domain if
necessary. Denote by C, (R?) := CJ (R?), it is a Banach space with the supremum norm || f[|, = sup. |f()].

rz€eR

k
The space C}' (R?) is a Banach space endowed with the norm || f||,, = || ||, + Z |V®7 f||. We also denote by
j=1
CUP the class of all Lipschitz continuous functions. For a noninteger v > 0, the Holder spaces C7 (C]) are
defined as the subspaces of CL7 (Cbm) consisting of functions whose |y |-th order partial derivatives are locally
Holder continuous (uniformly Holder continuous) with exponent 4 — |v]. These two spaces Cl7) and CbmJ
obviously coincide when the underlying domain is compact. The space CbM (Rd) is a Banach space endowed

with the norm [[f|[, = [If[[.,) + [V f], 2. where the seminorm [],, with 0 < 4/ < 1 is defined as

[fly = sup w (this seminorm can also be defined for the case 4/ = 1, which is exactly the
z,yeRd Ay  1T7Y

Lipschitz seminorm). In the sequel, the torus T¢ := R9%/Z¢ will be used frequently. Denote by

D := D (Ry; T?) the space of all T¢-valued cadlag functions on R, equipped with the Skorokhod topology.
We shall always identify the periodic function on R? of period 1 with its restriction on the torus T¢.

For notational simplicity, we can organize all of this by considering d. := §, where lin% de = 0.
E—r
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1)
(H.1) We assume that lim — = 0.

e—0 ¢

Let (Q F,P, {]—'t}t>o) be a filtered probability space endowed with a Poisson random measure N®< " on

_ et

R\ {0} x R, with jump intensity measure v*¢  (dy) = 1 (dy) MTd‘Z where 1 < a < 2, ¢ > 0.

Denote by N the associated compensated Poisson random measure, that is, N e (dyds) := N e (dyds) —
— — —1

poe! (dy)ds. We assume that the filtration {]:t}t>0 satisfies the usual conditions. Let L%¢ = = {L? o }

>0
be a d-dimensional isotropic a-stable Lévy process given by
—1 t ~ —1 t —1
Ly :z/ / yN>*® (dyds)+/ / yN>*  (dyds).
o JB\{0} o JBe
Givene > 0,z € R4, consider the following:
s S\t &8s e x&0e . s
dXE% = <5> bo(; )+b1<; ) dt+sa( = arge ) X —w @)

or more precisely,

t c a—1 x<:0e Xx<:0e
e [N ()
0 5e 5e 5.
t x¢% ~ -1 t X< % -1
+/ / 0( = ,y> eNE (dyds)Jr/ / O’< = ,y> eN*® (dyds).
o JB\{0} de 0 e de

Before continuing, we list some general assumptions for the PDE (1.1) and the nonlocal the SDE (2.1).
We consider ug € Cp (Rd, R+) and we set

ds

sup ug(z) =1y < 0.
zERC

o _
Let us set Uy = {:17 € R : ugy(z) > O}, since ug is continuous we have Uy = Ul.
We assume that f : R? x R — R is periodic in each direction with respect to the first argument, and it verifies :

s Vo e R, f(z,1) =0;

* There exists c € Cf (R? x R,R) such that
fz,y) = c(z,y) -y,

with
c(x,y) >0, Ve e RY y €[0,1) UR", and c(x,y) <0, Yz e RY, y > 1.
And we assume that
max c(z,y) = c(z) = c(x,0) > 0, Vo € R%.
i) The functions (bg, by, o) : R3 — RY x R% x R are all periodic of period 1 in each component.
i1) For every y € RY, the function = +— (o (z, %), ¢(x, y)) is periodic of period 1 in each component.

H2) 4§ . B .. s o «
i11) The functions by, b1, c are of class C; with exponent 3 satisfying : 1 — 3 <p <1

iv) The initial functions ug is continuous.

e
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The function o : R? x R — R satisfies the following conditions (for some comments see, [9]).

i) For every z € RY, the function y — o (z, ) is of class C2. There exists @ — 1 < A < 1 such that

sup [Vyo(z,-)]x < oo.
z€R4

There exists a constant C' > 0, such that for any z,, 22,y € R?,
lo(z1,y) — o(x1,9)] < Ol — 2| [yl
(H.3) < i) The oddness condition : for all z,y € RY, o(z, —y) = —o(z,y).
i11) The Jacobian matrix with respect to the second variable Vo (z,y) is non-degenerate Vz,y € R,

and there exists a constant C' > 0 such that H (Vyo(z,y < Cforall z,y € R?

-1

) ||£(Rd,JRd)

iv) There exists a positive bounded measurable function ¢ : RY — R, such that for all z,y € R,
¢(a) "'yl < o(,y) < d(@)lyl-

Let us introduce the linear operator A”*" defined as
.A”’Vaf(x) = /Rd\{ } [f (x+o(z,y)) — f(x) =o' (z,y) &»f(x)lB(y)] v(dy), =z eR% (2.2)
0

By virtue of the oddness condition and the symmetry of the jump intensity measure v“, we can rewrite the
operator AV as (see, [9])

AT f(a) = / [f (@4 2) = f@) = 2'0uf (2)15(2)] v7* (z,d2), = €R™ 23)
R4\ {0}

where the kernel 7 is given by
v> Yz, A) = / 14 (o(x,y))v¥(dy), AecB (Rd\ {0}). 2.4)
RI\{0}

Next, to move the SDE (2.1) to the torus T¢, we define Xf - éX (8565/5%1) ;» via the canonical quotient map
7 :R? — R?/Z%. Tt is easy to check that

~ ~ a—1 ~ ~ ~
X = [bo (X)) + (%) n (va‘ss)} at+ o (X Zany), X =2 @9
- 5

£

t t
Ly ::/ / y N (dyds) —|—/ / yN“(dyds),
0 /B\{0} 0 JBe

and with {%L?ﬁ’;;;a,l)t} = {5%[,?55/5)%} L {L{} by virtue of the self-similarity.

We shall also consider the limit SDE (2.5), namely

€

where

dX, = bo (Xt) dt+7 (Xt,, dLg) . Xo=u, (2.6)

where, heuristically by the L'Hopital’s rule, &(z,y) = Vyo(z,0)y is the point-wise limit of £o (-, %) as
€ 1 0. We need a stronger convergence as follows:

(H.4) Forevery y € R, Lo(z,ny) — (Vyo(2,0))y uniformly in 2 € R, asn — 0.

73



Alioune COULIBALY
Let us set L% be the linear integro-partial differential operator given by
LY = A7 by - V. 2.7)
By requirement there exists a £L*-Feller process on R? and by periodicity assumption on the coefficients such a
process induces a process X which is a strong Markov process on the torus T¢, moreover the £%- process is

ergodic (see, [9]). We denote by g its unique invariant measure on (Td,B (’]I‘d)). In order to do the
homogenization for the SDE X* 9= (2.1), we need the following be in force ([3, 8, 10]):

(H.5) The centering condition : / bo(z)p(dx) = 0.
Td
Thanks to [9, Proposition 4.11], there is a unique periodic solution b € CoHF of the Poisson equation
L% +by =0 such that / b(z)pu(dz) = 0, (2.8)
Td

which satisfies the estimate
18llats < C (Ibllo + 1]5) - 2.9)

Now we set

s

- /T (r+ Vb) i (@)ntan),

Ci= [ ctwptan)
v(A) = /Rd\{o} /Td 14 (o(z,y)) p(dx)v*(dy), AecB (Rd\ {0}) .

3. Large deviation principle

The theory of large deviations is concerned with events A for which probability P (X &0 ¢ A) converges to
zero exponentially fast as ¢ — 0 (see, [4]). The exponential decay rate of such probabilities is typically expressed
in terms of a rate function 7 mapping R? into [0, +00]. Our method allows us to characterize the LDP by
analysing the logarithmic moment generating function [4, Chap. 2.3]. Initially the corresponding rate function is
identified as the Legendre transform of the limit (when it exists) of the logarithmic moment generating function
defined as:

lim 9i - (0) == lim elog E {exp (£<0, Xf’55>)} .

e—
X5 ~fx
bl = 3.1
(57) ()] o
then we have by Itd’s formula

, a—1 €,6¢
Xte,ég :$+/ (I+Vl3€) by (X?‘Sf)ds— () / AT b(X s )d
0

i/ Asag,u b (XE(S )d8+/ co. (XECSE dLag 1) (3.2)
0

+ 0 / /]Rd\{o} (X€ e 4 e, (Xs_ ,y)) — b, (X§66):| Na’sil(dyds),

If we set

X66 X€5 +5
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Application of homogenization and LDP to a nonlocal parabolic PDE

where (. (z) = ¢ (i) for {(x) in {bl (z),b(z), Vb, o (x, )} Note that v* (e A) = e~ *v*(4), A € B(R\ {0}).
Before proceeding, let us define for all z € T and for all € C*+7# (T)

H®%(z,") := <p<z + ia(z,% : )) —(2),

Q% (2) 1= AT OB/ o) — AT (),

Now, by Girsanov’s formula, we have

a—1

95..(0) = (0,2) + ElogE{ exp (65 /Oségt (0, (I + Vl;) b1 (Xj’ég) >ds)

£

X exp<65 /E(;glt QE’B (XSE’(SE) ds — 2 {B (X(Es’iil/ég)t) - 8(:)})
e Jo . NE N 3.3
X exp(ji | " /Rd\{o} {e%@’Hsﬁb()}?éE’y» —1- % <9,HE’B<X§’6E7y)1B(IU)> }y“(dy)ds

X exp(ii /Ogc;?t /]Rd\{o} {e<9>°(5(§’65 W) 1 <9,U(X§’5E’y) 1B(y)> }V“(dy)ds)}

where E is the expectation operator with respect to the probability P defined as

a—1 co—1
6755

P et b (s - « o [TeEt .
- =exp<‘*€ [ e (Re ) )N ayas) + 5 [T (oo (e Le) >)
0 € 0

ﬁ .

€

o (St b/ e o
(_52/ 58 / {e<0,H ,b(XS s 7y)> —1- <9,H5’b(X§’65,y)13(y)> }Vo‘(dy)ds>
€ 0 R4\{0}

Let us set, for all z € T¢, for all § € R? :
@°(2,0) :=(6, (1 +Vb) by (2) ) + /
R4\ {0}
[ O g2 (g 0 e 1a(0)) o ),
R4\{0}

{ew,a(z,y)) —1-(0,0(2,9)15(y)) }Va(dy)
3.4

)

and let us set U5 € coth (’]Td) be the unique solution of

LOTG(2) + D°(z,0) = / ®°(z,0)u(dz) such that / U5 (2)u(dz) = 0.
Td T
Such a solution ¥g must exist again by the assumptions on the coefficients and the Fredholm alternative. So

applying It6’s formula to E‘je‘il vg (X 5756), we have

# o
s /O 32 t(I)E (Xfﬂ%ﬁ) = t/Td D°(z,0)u(dz) + ;%1 {\If’é (X(E;‘iil/(;?)) _ qu(;)}

a—1

€
5& %t we e §2a—1 %t s
aE_1 / Qe, 0 (Xf, E) ds — ﬁ/ V\DZbl (X;c‘, 5) ds (3.5)
€ 0 R o
% Ea&s;lt Ve [ e, ~
— Eas_l / /Rd\{ }Hsa 0 (va s’y) Na(dyds)
0 0

e
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Then putting (3.5) into the equation (3.3), we obtain

201 Ssat -
95 (0) = (0, ) +t/ D°(z,0)u(dz) + elong{ exp (— 6;_1 / b VUsb <X85755> ds)
T4 0

a—1

<o - [T e (g (X5 ) - 5(5)])
X eXp<_i§ /Os;t 0= (Xs 5 ) ds + = [\pf (X(ng, 1/5%) - \Ilg(;)D

[e3 t «@ -
Xexp(—/ 5 / ?5 “H® Ve (X 0e, )_1_65Ha’\pe<X§’657y>13(y)}va(dy)ds) )
Rd\{O} ="

where [ is the expectation operator with respect to the probability P defined as

(3.6)

d@ 6 %t e, Uy [ ve,0c 55 T
d@.—exp(—a/ H® 9(X - )N (dyds)

g

Xexp< / 32 / (%) Y HSYE (X500, y)_l_(SZHE"IJZ(ng"ss,y)lB(y)}Va(dy)ds>.
0 Rd\{o} e

Since the coefficients are bounded, we first notice that
o T 5 |~ ~/x
up {exp (% w0 -w(2)] - = e -5(2)] )
z€Td e* O > dc

a-1 3.1
gra-1 (St 52 5. 1601
X exp <— — / VUaby (25) ds> < exp (;Kl + —Ks + v Kg).
0

€ €

Recall an elementary result.
Lemma 3.1 ([9]). Let0 < A < land f € C, " (RY). For any x,u,v € R, it holds that

|f(x+u)—f(:c+v)—(u—v) f\1+)\[Vf])\|u |1+>\.

We let r = (d./¢)” for some v € R that will be chosen for B,. It follows from Lemma 3.1 that for all
¢ € CoTP (T?) (see [9, Appendix]) :

a—1

sup {. /O T g () ds} < K4<(55)A(w)_MMKM)(WM + (55)1_&(1M)> —0, (33)

z€Td 13 S

if we select vy satisfying
A — 1 1
_ ANa+p)—a+ cr<l g
! !

I+ N (a+p) -

On the other hand, using a similar estimate once again, it follows

ca—1

sot
sup {5/ Ho (2, (Ey)} —0. 3.9)
z€Td 0 €

e
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Therefore
J(0) =
lim g7 .(0) = (0, z) + t/ <e<9’y> —1+(0,B— y13>) v(dy) . (3.10)
e—0 ’ ]Rd\{O}
Let 7 denote the Fenchel-Legendre transform of 7. Then we have
_ f—(B—yl
7(6) ::/ 0 10— (B -y15)| w(dy). 3.11)
R4\ {0} |y

where o(r) :=rlogr —r+1, reR].
Now, we state our main result.

Theorem 3.2. Fix T > 0 and assume (H.1)— (H.5) hold true. Then for every x € RY, the family {X‘sv‘sE e > O}
of R%-valued random variables has a large deviations principle with good rate function

Ip . (2) = Tj(z — x)

T

Next, let us consider

I T (@(s) ds if o € D ([0,T],R?) and ¢(0) = z,
So,r(p) ==
+00 else.

Since the function 7 is convex we can show that

ot / T (@) ds =17 (575):

0(0)=z, p(T)=z

So we express the path space-LDP

Corollary 3.3. Assume (H.1) — (H.5) hold true. Then the family {XE"SE }6>0 of D ([O7 TY; Rd) -valued random
variables has a large deviations principle with good rate function So 7 () for all ¢ € D ([07 TY; Rd).

From [4, Varadhan’s Lemma], we have

Remark 3.4. Let D be a Borel subset on D ([O, t]; Rd) and c be an element of C? (Rd) . Then we have

1 [t €8¢ _
1imﬁ)nfslog]E {ID (x=%) exp {/ c <X‘S ) ds}] > Ct — inf Sy .(¢),
E. 0 o

3 Oe oD

t £,8¢ —
limsupelogE {ID (x=%)exp {1/ c <Xs ) ds}] < Ct— inf Sp (o).
€ Jo

€l0 de ¢€D

4. Convergence of u*

Let us consider the progressive measurable process (Y%, U/%:%+) solution of the BSDE:

t s t
1 X%
Y90 = ug (X7%) + - / f( : Yé) dr - / UsddLy, 0 < s <t
S S

€ €

t
E/ / UE (y)2v® (dy)dr < co.
s Jra\{0}

3
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By [2, 11], we have for all (¢, z) € [0, +-o0[ x R%, the solution u+% (¢, ) of the PDE (1.1) is of the form

Yoot = ut e (tw),

and the Feynman-Kac formula implies that the solution of PDE (1.1) obeys

t e,8¢
R ER T ) S
S 0 &

Remark 4.1.
o If Up < 1, then Ve >0, 0 < Y% <1,
* On the other and, if c(z,y) < k(y) <0, (z,y) € R? x |1, +oo|, where k is Lipschitz continuous, then

dP x ds a.s. .

lim sup Yf"SE < 1 uniformly in any compact set of |0, +oo[ x R,

e—0

To prove this, we will use similar results proved in [12] .
Before continuing, let us introduce pe0e(te) = ¢ log % (t,x), and let us set

HEw " 0 (8 ) ;:/M{o} [e{:”m (ever (Go))} ), (5.9) 007" () 12 (y)

— {v€’55 (t, T +eo (E, y)) —v% (¢, x)} 1 v (dy).

Then, we observe that v=:% (¢, ) is a viscosity solution of :

3 €,0. o x
B (12) = L2507 () £ H (1) + o Do {Lo (o)} ), e R
€ 1>
v™%(0,z) = elog (ug(x)) x €Uy, 42
}irr(l) 050 (t, 1) = —o0, z € R\Up.
in

Let us define a distance in R, x R?, for (¢,z),(s,y) € Ry x R%:

d{(t,2), (s,y)} = max {t = sl, ]z — | },

and let us set
u* (¢, 2) =limsup {075 (s,y) : = <, (5,9) € B((t,2),m) },
n—0
v*(t,r) =liminf {UE"sE (s,y): e<n, (s,y) € B((t,a:),n)}.
n—0

Theorem 4.2. Then u* and v* are sub and super viscosity solutions of :

max (aw (t,2) = HI D"V uw(t,x) - B - Vu(t, ) —C‘> =0 zeR%t>0,

w \ Ot
w(07$) :0, mEUo,
}g%w(t,x) = —00, ve Rd\UO’
where
2 Tdy Ty — / {e<w,y> —1—(w,y) 1B(y)}ﬁ(dy).
RA\{0}

e
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Proof. We use similar techniques as in Evans [5, 6]. Let us prove that u* is a viscosity subsolution. The function
€9 (¢, x) is viscosity solution of

=0 a el e,ov%, e,8 x 1 es
T (t,x) — L5 v (t,x) —H &% (t, ) — c(g,exp {;v (t,x)}) =0. 4.3)

We notice that
lim H57V v = HId V.

e—0

Now, let @ be a smooth function, (¢, o) be a strict local maximum of v:% — ®, and ¢ € C® (T?) be a periodic
function solution of the following Poisson equation,

Lo%(z) + (I + Vé) by (2) DB (to, xo) + HET B(to, 20) + c(2)

B o o 4.4)
= HE’U’V(I)(to, .’bo) + B - VD(I)(to, .’Eo) - C.

We consider now the perturbed test function

°(t,2) = B(t, ) + 6.b (:) D®(t,z) + iiw <:> . (4.5)
Then we have
00 (t,x) 0P(t,x 8
= — 4.

ot ot ( ) ot (4.6)
DO*(t,z) = (1 + vé) (;) D®(t,x) + s.b (5 ) D%®(t, x) + 5?71171/; <§> : (4.7)

There exists a sequence (., z.) local maximum of v=:% — ®¢ converging towards (o, zo). If we set z. = =
£

and getting ¢ small enough, and putting everything together in (4.3), we have

oL

7 (o, 20) = L2 (2) = HO7" B(to, 20) - (1 + vi)) by(2) D (to, z0) — c(2)

+ A7 (z) + b(2) D (to, z0)

a—1

[(Hvz:) bo(z) + A7V b(z )} D (ty, mo) + o(1) < 0.
=0

€

So, from (4.5) we can observe that

ATV 4p(2) = —%AE’”E(Z)D‘I)(to,JUO) + V[P(t @) — ()]

€ €

By Lemma (3.1), we can observe that

=

a-1
sup {E ' [<I>E(t,;v)—<I>(t,x)]} — 0 ase—0.
rERE 8

Hence, we deduce
oD®
ot
Let us now consider v*. Let (tp,x¢) such that T(tg,xg) < 0. Let & < v* be a smooth function such that
D (tg, x0) = (o, o) , and (to, xo) is a strict local maximum of & — v

(to,l’o) — HIdy’UD(I)(to,mo) -B- D@(to,l’o) -C < 0.
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Considering the same perturbed function test ®¢ as above. Hence, there exists a sequence (t.,z.) locally
maximizes ®¢ — v®%< and converges towards (o, 2 ). By analogy,

oD®

W(to,xo) — HIdy’qu)(to,,Io) -B- D@(to,l‘o) -C > 0.

Let us now introduce some notations

P (t,x,y) = inf{So,t(so): 0(0) =z, o(t) :y} and  p?(t,z,Up) := inf p*(t,,y).
yeUp

From this we easily show

Remark 4.3 ([12]). Let u* and v* be respectively the sub- and supper-viscosity solutions of PDE (4.2). Assume
that for all (t,z) € ]0,00[ x RY,

—p2(t,z,Up) < v*(t,2) < u*(t,z) < min <€t — Pt 2, Uy); 0).

*

Then we have v* > u*.
Now, let O be a open subsetin R x R?, define the function 7 on R x D ([0, oc] x R?) values into [0, oc],
T=70(t,¢) =1inf{s: (t — s, d(s)) € O}

Take © the set of Markov functions 7. Let V*(t,z), t > 0,2 € R¢ be the function :

V*(t,2) = inf sup {57 — Sor (9) } (4.8)
TEO ($eD([0,t],R%),$(0)=2,8(t) €U0}

Hence, we have the uniform convergence

Remark 4.4 ([12]). For (t,z) € R} x RY,

lim e logu®% (t,2) = V*(t,x) = inf sup {67 — So,r (¢) }
=10 €O {9eD(0.6].R4).4(0)=.6(t) U0}

Consider the partitions M and € of R, x R%:
M z{(t,x) e R, x RLV*(t,z) = o},
& :{(m) e Ry x R: V(1) < o}.
We have

Theorem 4.5. By our assumptions.

lim % (t, ) =

el0

0 uniformly from any compact K of &,
1 wuniformly from any compact K of /\o/l .
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Abstract. We introduce two new concepts which are the k to k substitution and k to k£ exchange of a letter on infinite words.
After studying the return words and the special factors of words obtaining by these applications on Sturmian words and
modulo-recurrent words. Next, we establish the complexity functions of these words. Finally, we determine the palindromic
complexity of these words.
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1. Introduction

The complexity function, which counts the number of distinct factors of given length in some infinite word,
is often used in characterization of some families of words [1]. For instance, Sturmian words are the infinite
words non eventually periodic with minimal complexity [9, 10]. Over the past thirty years, Sturmian words
are intensively studied. Thus, these investigations has led to numerous characterizations and various properties
[5, 6, 8, 13, 14] on these words. In [2, 11, 12], the palindromic factors are used abundantly to study Sturmian
words.
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Combinatorics on words obtaining by k to k substitution and k to k exchange of a letter on modulo-recurrent
words

The notion of k to k insertion of a letter on infinite words was introduced in [13], and widely studied in
[4, 12]. Later in [3], authors has studied the notion of k to k erasure of letter on infinite words .

Now, we introduce the concepts of k to k substitution and £ to k exchange of letter on infinite words. The
first notion consists to substitute a letter steadily with step of length %k in some infinite words namely Strumian
words and modulo-recurrent words. Thus, the new word obtaining by this application is called word by k to
k substitution of letter. The second consists to exchange a letter steadily with step of length &k in the same
infinite words. Therefore, the new word obtaining by this application is called word by k to k exchange of letter.
This paper is focused in the studying of combinatorial properties of these two new types of words obtaining on
strumian words and modulo-recurrent words.

The paper is organized as follow. In the Section 2, we give useful definitions and notations in combinatorics
on words, and we recall some properties of Sturmian words and modulo-recurrent words. In Section 3, we
study the special factors and we determine the complexity of words obtained by k to k substitution and by k to
k exchange of letter on uniformly modulo-recurrent words. The study of some palindromic properties and the
palindromic complexity of these words are established in Secttion 4.

2. Background

2.1. Combinatorial properties

An alphabet A, is a non empty finite set whose the elements are called letters. A word is a finite or infinite
sequence of elements over .A. The set of finite words over A is denoted A* and &, the empty word. For any
u € A*, the number of letters of w is called length of u and it is denoted |u|. Moreover, for any letter = of A, |ul,
is the number of occurrences of = in u. A word u of length n written with a unique letter x is simply denoted
u=z"

Let u = x129 - - - 2, be a word such that z; € A, for all ¢ € {1,2,...,n}. The image of u by the reversal
map is the word denoted @ and defined by w = x,, - - - x221. The word @ is simply called reversal image of u. A
finite word w is called palindrome if @ = w. If u and v are two finite words over A, we have Tv=vu.

The set of infinite words over A is denoted A% and we write A = A* U A%, the set of finite and infinite
words. An infinite word u is said to be aperiodic if there exist two words v € A* and w € A™ such that u = vw“.
If v = ¢, then u is periodic.

Letu € A and w € A*. The word w is a factor of w if there exist u; € A* and uy € A such that
u = ujwuy. The factor w is said to be a prefix (respectively, a suffix) if u; (respectively, uz) is the empty word.

A word u is said to be recurrent if each of its factors appears infinitly in u. A word u is said to be uniformly
recurrent if for all integers n, there exists an integer N such that any factor of length IV in u contains all the
factors of length n.

A non-empty factor w of u, is said to be right (respectively, left) extendable by a letter x in u if wx
(respectively, zw) appears in u. The number of right (respectively, left) extensions of w, is denoted dFw
(respectively, 9~ w). The factor w is said to be right (respectively, left) special in u if 9w > 1 (respectively,
O~w > 1). If 0Tw = 2 (respectively, 07w = 3), we say that w have two-right (respectively, three-right)
extensions in u. The factor w is said to be bispecial in u if w is both right and left special.

Let u be an infinite word over .A. The set of factors of length n in u, is written L, (u) and the set of all factors
in u is denoted by L(u). Letu = xgz125 - - -, where z; € A, ¢ > 0 be an infinite word and w his factor. Then, w
appears in u at the position [ if w = 212141 - - Tj4n—1-

The complexity function of a given infinite word u is the map of N to N* defined by p,(n) = #L,,(u), where
#L,,(u) designates the cardinal of L,, (u).

This function is related to the special factors by the relation (see [7]):

pu(n+1) —pu(n) = Z (0 (w) —1).

wEL,, (u)
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We call first rigth (respectively, left) difference of the complexity function py, the functions defined for any
integer n by:

ra(n)= > (0T(w)—1) and L(n)= > (0 (w)-1).

wEL,, (u) wEL,, (u)
The set of palindromic factors of length n in u is denoted Pal,, (u), and the set of all palindromic factors in u,
is denoted Pal(u). The palindromic complexity function of u is the map of N to N, defined by:
p2(n) = #Pal,,(u).

A word u € A is said to be rich if for any factor w of u, the number of palindromic factor in w is |w| + 1.
Letu = zgx12223 - -+ be an infinite word. The window complexity function of u is the map, p{: of N into

N*, defined by:

f

pa(n) = # {zknxkn—&-l C o Tp(k+1)—1 ¢ k> 0} .

The shift is the application S of A% to A“ which erases the first letter of some given word. For instance,
S(ll) =X1T2" " .
A morphism f is a map of A* into itself such that f(uv) = f(u)f(v), for any u, v € A*.
2.2. Sturmian words and modulo-recurrent words
In this subsection, we recall some useful properties on Sturmian words and modulo-recurrent words.

Definition 2.1. An infinite word u over Ay = {a, b} is said to be Sturmian if for any integer n, py(n) = n + 1.

The well-known Sturmian word in the literature is the famous Fibonacci word. It is generated by the
morphism ¢ defined over Ay = {a, b} by:

v(a) = aband p(b) = a.

Definition 2.2. [8] An infinite word u = xgx1T5 - - - is said to be modulo-recurrent if, any factor w of u appears
in u at all positions modulo 1, for all i > 1.

Proposition 2.1. [8] Let u € A such that py(n) = (#A)", for all n € N. Then, u is a modulo-recurrent word.

Definition 2.3. Let u be a modulo-recurrent word. Then, u is called non-trivial if there exists an integer ng such
that for all n > ny:

pu(n) < (#A)™.

Definition 2.4. Let u be an infinite word. Then, u is said to be uniformly modulo-recurrent if it is uniformly
recurrent and modulo-recurrent.

Definition 2.5. A factor w of some infinite word W is said to be a window factor when it appears in u at a mutiple
position its length.

Let us denote L£ (u), the set of n-window factors of u for a given factor of length n. Thus, his cardinal is
f
pu(n).

Theorem 2.6. [13] Every Sturmian word is modulo-recurrent.

It is clear that the Sturmian words are non-trivial and uniformly modulo-recurrent. The champernowne word
is modulo-recurrent but does not uniformly recurrent.
The following theorem presents some characterization on Sturmian words.
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words

Theorem 2.7. [11] Let u be a Sturmian word. Then, for all n € N, we have:

1 if n is even
al _
P (n) = { 2 otherwise.

The modulo-recurrent words can be characterized by their window complexity as follow:

Theorem 2.8. [8] A recurrent word u is modulo-recurrent if and only if pl (n) = pu(n), for all n. > 1.

3. k to k substitution and % to £ exchange of letter in infinite words

We introduce two new concepts called k to &k substitution and k to k exchange of a letter in infinite words with

k > 1. We study the combinatorial properties of these words.

Definition 3.1. Let u be an infinite word over A in the form:
U = ToMmox1M1T2MoI3Mg ***XTiMy; -+

withm; € Lp(u) etz; € A i € N

Let us substitute the letters x; with a letter ¢ ¢ A in w. Then, we obtain an infinite word:

V = CcmpCnmicmaocCmsc:---Ccm;C:- - - .

This new word is called word by k to k substitution of letter in w and is denoted v = Sf(u).

Now, Let us denote ~, the circular exchange map of letter defined over A and exchange the letters x; in u.

Thus, we obtain the word.:
W = fomoflmlfg’fng.’fgmg s flml LN

It is called word by k to k exchange of a letter in u and denoted by w = &, (u).

Example 3.1. Let us consider the Fibonacci word
f = abaababaabaababaababaababaabaababaa - - - .

Then, we have:
S5(f) = cbaacabacbaacabacbabcabacaabeabacaa - - -

called word by 3 to 3 substitution of the letter ¢ in f.

& (f) = bbaaaabbabbaaaabbabbabbabbaaaabbabbaaaaa - - -

called word by 2 to 2 exchange of letter in f.

3.1. Return words and special factors in v

We study the return words of the extrenal letter ¢ and special factors in v.

Proposition 3.1. Ler u be a recurrent word such that v = S§(u). Then, we have:
Rety(c) C {emi;m; € L(a)}.

Proof. We have Rety(c) = {cS(w;); w; € L£ +1(u)}. Moreover, we have

{S(w;);w; € LY, ;(w)} C Ly(u). Asaresult, {cS(w;);w; € LY, (w)} C {emi;m; € Ly(u)}.
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Corollary 3.1. Ler u be a modulo-recurrent word such that v = S§(u). Then:
#Rety(c) = pu(k).

Proof. According to Proposition 3.1, we have Rety(c) C {em;;m; € Li(u)}. Let us consider vy € {em;;m; €
Ly (u)}, then there exists m;, € Ly(u) such that v; = c¢m;,. Since u is modulo-recurrent, then cm;, € L(v),
i.e. v1 € L(v). Hence, {cm;; m; € Lg(u)} C Rety(c). So, Rety(c) = {cm;; m; € Li(u)}, i.e. #Rety(c) =
pu(k). |

Lemma 3.1. Let u be a Sturmian word and w a factor of v = S;(w). Then, w admits three-right (respectively,
three-left) extensions in v if and only if |w| < k and w is right (respectively, left) special in u.

Proof. Let us consider w € L(v).

CS: Let us assume that |w| < k such that w is a rigth special factor of u. Then, wa and wb are factors of
textbfu. In addition, |wa| = |wb| < k. Thus wa, wb € L(v) since u is modulo-recurrent. Therefore, u being
modulo-recurrent then by Corollary 3.1, we have wc € L(v). So, w have three-right extensions in v.

CN: Let us suppose that w have three-right extensions in v. We discuss over the length of w.

Case 1: |w| < k. Since we € L(v), then w € L(u) and wa, wb € L(v). Thus, we have wa, wb € L(u).

Case 2: |w| = k. Then, w have three-right extensions in v, i.e. w € L(u). In addition, any factor of length
(k+1) in v contains exactly one occurrence of the letter c¢. That implies wa, wb ¢ L(v). This contradicts the fact
that w have three-right extensions in v.

Case 3: |w| > k. Then, w is in the form w = wpcw; with |w1| = k. Since w is right special in v then
wy € L(u). By a similar reasoning to the case 2, we have a contradiction.

Hence, in all cases, w have three-right extensions in v if |w| < k.

With the same arguments we can show that w have also three-left extensions in v. |

Theorem 3.2. Let u be a Sturmian word over Ay and v = S;(0). Then, the number of three-right (respectively,
three-left) extensions of length n in v is:

1 if n<k
0 otherwise.

Tripy(n) = {

Proof. Let us consider w € L(v). Then, by Lemma 3.1, w have three-right (respectively, three-left) extensions
in v if and only if w is right (respectively, left) special in w and |w| < k. Since u is Sturmian, then for each length
n, u have only one right (respectively, left) special factor. Consequently, v produces three-right (respectively,
three-left) extensions factor of length n if n < k and neither otherwise. |

Theorem 3.3. Let u be a Sturmian word over Ay and v = Sg(u). Then, the number of two-right (respectively,
two-left) extensions of length n in v is:

. _f2n+1 if n<k
Bipy(n) = { kE+1 otherwise.

Proof. Let us designate by Bry(n), the set of factors of length n having two-right extensions in v and denote w,,
the right special factor of length n in u. It follows that:

e For n < k, we have:
Bry(n) = Ly (u)\{w,} U{toct1 Dtoxty = wp; |t =0,1-+- ;n—1} U{tc it =wWp_1}.

Consequently, Bipy(n) = 2n + 1.
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e For n > k, we have:
Bry(n) = {toctictac- - - cty : toxr1t1Tatoxs - - - Tyty = Wy} U{tc it=wp_1}

with |to| < k,|tq| <k —1land|t;| =k, Vi=1,2,--- ,¢— 1.
Hence, Bipy(n) = k + 1. [ |

Remark 3.1. Let u be a Sturmian word over A, and v = S§(u). Then, any right (respectively, left) special factor
of length n in v with (n > k), give two-right (respectively, two-left) extensions in v.

3.2. Complexity function of the infinite word v

In this subsection, we determine the complexity function for the word v obtaining by k to k substitutiton of letter
in some infinite word u.

Let u; € L(u) for a given infinite word u. Then, we denote by F(u), the set of words obtaining by
substitution of the letter ¢ in uq, i.e.

Fi(ur) = {toctictac: - - cty : toxrtiTatoxs - - - Tty = ua; [tol, |tg] < k|t =k, Vi=1,2,...,¢—1}.
Proposition 3.2. Let u be a modulo-recurrent word such that w1 € L(u) and v = Sf(u). Then:
Fr(uy) C L(v).
Remark 3.2. Any factor of length n in v comes from a factor of length n in u.

N N if fu| >k
#Fk(u1) = { kE+1 otherwise.

Lemma 3.2. Let us consider v1,vy € Ly, (V). Then:
[vi]e = [vale] < 1.
Proof. By Remark 3.2, the k to k substitution conserve the lengths of factors. |

Proposition 3.3. Let u be an infinite word such that v = S§(w). Then, for any integer n > 1, we have:

(n+ Dpy(n) —ry(n—1) = ly(n—1) if n<k
pv(n) < { (k+ Dpu(n) —ra(n — 1) —la(n — 1) if n> k.

Proof. Firstly, the substitutions starting with the first letter of extensions to the left of the same special factor to
the left give the same factor. The same applies to substitutions ending in the last letter extensions to the right of
the same special factor to the right give the same factor. Thus, according to the values of k£ and n we have two
cases.

Case 1 : n < k. Then, some factors of u of length n are also factors of v. Moreover, the other factors of v of
length n are produced from factors of u of length n by substitution of one letter. Thus, we have:

L,(v) CL,(u) U {res; rxs € Ly(u),x € A}.

Consequently, we have the following inequality: py(n) < py(n) + npu(n) —ru(n — 1) = ly(n — 1), i.e. py(n) <
(n+ Dpu(n) —ra(n — 1) — ly(n — 1), for all n < k.

Case 2 : n > k. Then, any factor of length n in v contains at least one occurrence of the letter c. By
Remark 3.2, any factor of length n in u prodruces at most (k + 1) factors of length n in v. Hence, py(n) <
(k+ Dpy(n) —ry(n — 1) — ly(n — 1), forall n > k.
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Corollary 3.2. Let u be a uniformly modulo-recurrent word and v = S§(w). Then, the complexity function of v
is given by:

[ #A)+1 if n=1
pv(n){(n—l—l)pu(n)—Tu(n—l)—lu(n—l) if 1<n<k.

Proof. Since u being modulo-recurrent, then by Proposition 3.2, all substitutions of factors of u give the factors
of v. By using the Proposition 3.3, we deduce
pv(n) =+ Dpu(n) —ry(n —1) = lu(n—1) if 1<n<k. [ ]

For the following, we need the definition below.

Definition 3.4. Let u be a uniformly modulo-recurrent word and uy be a factor of u. Then uy is said to be
sufficiently long if, it contains all the (k 4+ 1)-window factors of u.

Now, we denote ng, the minimal length of the sufficiently long factors of u. The next Lemma allowed to
determine the complexity function of v.

Lemma 3.3. Let u be a uniformly modulo-recurrent word over A. Let uy, us be two distinct sufficiently long
factors of u such that S(u1) # S(uz) with uyz =" # ugy ! where x,y € A. Then, the words obtained by k to k
substitution of letter in uy and uy are distinct in Sg(u).

Proof. Let us consider |S(u1)| > ng and |S(uz2)| > ng. We have two cases.
Case 1: |u1| # |uz|. Then uy and uy give distinct factors, since the & to k substitution preserve the lengths.
Case 2 : |uj| = |ua|. Then, let us assume that S(u;) # S(ug) and uyz~! # ugy~!. Since u is a modulo-
recurrent and |uq|, |uz| > ng, then we have Fg (u1) N Ff(uz) = 0. [ |

Theorem 3.5. Let u be a uniformly modulo-recurrent word and v = Si(u). Then, the complexity function of v is
given by:
pv(n) = (b + D)pua(n) — ru(n — 1) = lu(n — 1), foralln > ny.

Proof. Let us suppose that u is uniformly modulo-recurrent. Then, by Proposition 3.2, all substitutions of factors
of u give the factors of v. According to Lemma 3.3, we obtain the existence of ng. Thus, the Proposition 3.5
allows us to deduce:

pv(n) = (k+ Dpy(n) — ry(n — 1) — ly(n — 1), forall n > ng.
|

Theorem 3.6. Letr u be a uniformly modulo-recurrent word and v = Si(u). Then, the window complexity
function of v satisfies:

_ {pu(n—1) if n=0 mod (k+1)
p{(n) N {pv(n> otherwise.

Proof. Let us consider n € N and u modulo-recurrent. Then, we have:
eIfn =0 mod (k+ 1), thenletus put n = g(k + 1), ¢ > 1. It follows that:

LI(v) = {emiemac---cmy : mymyxs - xgmg € L (0); |my| =k; i =1,...,q}
LL(v) = {emiemac---cmy - myzs - xgmg € Ly_1(); |my| =k; i =1,...,q}.
Thus, #Lf,(v) = #L,_1(w), i.e. pf (n) = pu(n — 1),
e Otherwise we have allways that #L/ (v) = #L/ (u) = #L,, (u) . |
S
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Corollary 3.3. Let u be a Sturmian word and v = S§(u). Then, we have:
o forn <k,
_J3 if n=1
pV(n)_{n2+2n—1 if 1<n<k;

e forn > ny,
py(n)=kn+n+k—1, forall n > ny.

Proof. We have L;(v) = {a, b, c}, so py(1) = 3. According to Definition 2.1,
we have 74(n) = ly(n) = 1, for all n € N. Hence, by Corollary 3.2 we have py(n) =n? +2n — 1if 1 <n < k
and by using the Theorem 3.5, we deduce that py(n) = kn +n + k — 1, for all n > ny. [ |

Corollary 3.4. Let u be a non-trivial and uniformly modulo-recurrent word over A and
v =S¢ (u) with x € A. Then, the complexity function of v satisfies:
pv(n) = (k4 Dpu(n) — ry(n — 1) — ly(n — 1), for all n > ny.

Proof. The k£ to k substitution of an internal and external letter in the modulo-recurrent words are the same for
longer lengths. In addition, u being uniformly recurrent, thus by Lemma 3.3, we have the existence of ny. Hence,
by Theorem 3.5, we deduce the equalty. |
3.3. Complexity function of the infinite word w

Here we are focus our study on the complexity function of the word w.

Proposition 3.4. Let u be an infinite word and w = Ei.(w). Then, we have:

(n+1)pu(n) if n<k
<
Pw(n) < { (k + 1)pu(n) if n>k.
Proof. The demonstration is similar to Proposition 3.3. |

Theorem 3.7. Let u be a non-trivial and uniformly modulo-recurrent word and w = Ei,(u). Then, the complexity
function of w is given by:
pw(n) = (k+ 1)pu(n), forall n > ny.

Proof. Since u is uniformly modulo-recurrent. Then, by Definition 3.4, any factor of length n (n > ng) inu
produces (k + 1) distinct factors of length n in w. Hence, pw(n) = (k + 1)pu(n). [ |

Remark 3.3. Let v = S;(u) and w = & (u) be two infinite words for a given word u. Then, we have:
(i) The word v (respectively, w) is aperiodic if and only if u is aperiodic.

(i) The word v (respectively, w) is recurrent if and only if u is recurrent.

4. Palindromic study of v and w

In this section, we prove that v and w have the same palindromic complexity function if u is non-trivial and
uniformly modulo-recurrent and then we give this complexity.

Proposition 4.1. Let u be a modulo-recurrent word such that v = S (u) and w = &y (u) with x € A. Then, the
language L(v) (respectively, L(w)) is stable by reversal map if and only if L(u) is stable by reversal map.

Remark 4.1. Any palindromic factor of v (respectively, w) comes from a palindromic factor of u.

Proposition 4.2. Let u be an infinite word. Then, the palindromic complexity function of v is given by:
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o forn <k,

al 3
» _[p (n) if meven
py(n) < 2pat(n) otherwise.

e form > k, there exists two integers q and r such thatn = (k + 1)g+rwith0 <r < kand ¢ > 1;

2pa(n) if k,rodd
pi(n) << 0 if kodd,reven
p3(n) otherwise.
Proof. e For n < k, the factors of length n in v are factors of u and those of v in the form rcs with

rxs € Ly, (u). We obtain:

Pal,,(v) C Pal, (u) U {tct; tat € Pal,(u),x € A} .

e Forn > k,wehaven = (k+ 1)g+r with0 < r <k, ¢ > 1. According to Lemma 3.2, for v; € L, (v)

we have |v1]. € {g,q + 1} with ¢ = Z;r?ln = LﬂzlJ

k+r
Pal,, (v) C {mocmlcmgc- S CMyg L METIMATe -+ TgMg € Pal(pp1yqqr(0); [mo] = |my| = }

r—1
U {mocmla S CMGCMg 1 ML -+~ Tqy1Mgr1 € Palgyqygrr ()5 [mo| = [mgy1| = }

If k and r are odd, then k + 7 and r — 1 are even. Thus, we have p%(n) < 2p2(n).

- If k and r are even, then k + r is even and r — 1 is odd. So, we have p (n) < p2(n).

If k is even and r is odd, then k -+ 7 is odd and r — 1 is even. Thus, we deduce p? (n) < p2!(n).

If k£ is odd and r is even, then k£ + r and  — 1 are odd. Consequently, v does not admit palindromic
factor of length n.

Corollary 4.1. Let u be a uniformly modulo-recurrent word over A such that awa, bwb € Pal(u) implies a = b,
for all a,b € A. Then, the inequality of the Proposition 4.2 becomes an eqality, for all n > ny.

Remark 4.2. Let u be a non-trivial and uniformly modulo-recurrent word over A such that awa, bwb € Pal(u)
implies @ = b, for all a,b € A. Then, v = S (u) and w = & (u) verifie:

p%(n) = p(n), forall n > ny.
Remark 4.3. The k to k substitution and k to k exchange do not preserve:
(1) the palindromic richness with exception where k& = 1;
(i1) the modulo-recursive.

Theorem 4.1. Let u be a Sturmian word over Ay and v = Si(u). Then, we have:

e forn <k,
3 if n=1
pin) =<1 if neven
4 otherwise
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Combinatorics on words obtaining by k to k substitution and k to k exchange of a letter on modulo-recurrent
words

e forn > ny,

if k,nodd

if keven,n odd
if k,neven

if kodd,n even.

pi(n) =

S N

Proof. e For n < k. Then for the initial rank n = 1, we have Pal; (v) = {a, b, c}.
Since u is Sturmian then, it is modulo-recurrent. So, by Theorem 3.5, for 1 < n < k, we have:

Pal,, (v) = Pal, (u) U {tct; tat € Pal,(u),x € Az} .

By Theorem 2.7, v admits 1 (respectively, 4) palindromic factors if n is even (respectively, odd).

e n >k, wewriten = (k+ 1)g + r with 0 < r < k. By using the parity of k& and n in Proposition 4.2 and

Corollary 4.1, we have the result by Theorem 2.7 .
|

Remark 4.4. If u is Sturmian then v = S§ (u) is not erasing Sturmian.
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1. Introduction

Many areas of applied mathematics involve delay partial differential equations. Dynamical systems found in
biology, physics, or economics depend not only on the present state of the dynamic but also on the past states.
One of the simplest delay models describing a population of species struggling for a common food is the logistic

model [13, 19]
N(t):7<1—N(tK_T)) N(t). (1.1)

The delay r here is the production time of food resources. The food resources at time ¢ are determined by
the population number at time ¢ — r. The constant vy is related to the reproduction of species, and represents the
difference between birth and death rates. Usually, - is called the Maltus coefficient of linear growth. The constant
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K is the average population number, and is related to the ability of the environment to sustain the population. At
the same time, Equation (1.1) can be used to study hatching periods, pregnancy duration, egg-laying, etc.
However, individuals in every biological population differ in their physiological characteristics. This gives an
importance to structured partial differential equations to understand the dynamics of such populations. We refer
the interested reader to the monographs [20] for basic concepts and results in the theory of structured populations,
and [24, 30] for the theory of structured populations models using the semigroup approach.
In this work, we study the asymptotic behavior of the following size structured population model:

0 0 0
Gpu(t:s) = =rgmu(tss) = p(s)ultn) + [ ws.a)ult+o,5)do
0o 0
+/ B(o,s,b)u(t + o,b)dodb + f(t,u(t,s)) fort >0, sc RT (1.2)
0 —r
u(t,0) =0 fort >0
u(o, s) = (o, s) for (0,s) € [-r,0] x RT

when the nonlinear perturbation f is small in some sense. To achieve this task, we will use a functional analytic
approach involving semigroups of operators.

The theory of strongly continuous semigroups of operators have been applied with great success to partial
differential equations with delay. This idea goes back to N. Krasovskii [21], who showed that solutions of delay
differential equations generate a semigroup of operators on an appropriate function space, known as history or
phase space. J. Hale [15] and S. N. Shimanov [28] were the first to formulate a general theory. Subsequently,
using semigroup theory, J. Hale and S. Verduyn Lunel [16] described the asymptotic properties of the solution in
the finite-dimensional case. Other works in this direction include [1, 5, 10, 18, 29]. The idea is to rewrite delay
partial differential equations in the following form:

d

T
where A is a linear (unbounded) operator acting on a Banach space X, x is the history function and L is a linear
operator acting on the delay space with values in X. If X is finite dimensional and L = 0, then A is a matrix and
Equation (1.3) is an ordinary differential equation. If X is infinite dimensional, then the operator A is usually
considered to be unbounded and generates a strongly continuous semigroup of operators (7'(t)),~, [12]. The so
called Perron’s Theorem for the asymptotic behavior of solutions of differential equations have been the subject
of many studies, see [3, 4, 7, 23, 25-27]. For ordinary differential equations, we refer the reader to the books
[8,9, 11, 17]. Let us recall the original Perron’s Theorem for ordinary differential equations.

(t) = Az(t) + L(xy) + f(t, z(t)), (1.3)

Theorem. [9] Consider the following ordinary differential equation

%x t)=Ax(t)+ f (t,z(t)) fort>0
x(0) = z¢ € C™,

(1.4)

where A is an n X n constant complex matrix and f : [0,00) x C™ — C™ is a continuous function such that
[f(t,2) <~(t)|z] fort>0andzecC",

where 7 : [0,00) — [0, 00) is a continuous function satisfying:
t+1
/ v(s)ds =0 ast— oo.
t

If z(.) is a solution of Equation (1.4), then either

x(t) =0 foralllarge t,
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or

log |a(t
lim —2 1 ‘f( |~ Rex,

t—o00

where \g is one of the eigenvalues of A.

In [26], the author proved a Perron’s Theorem for Equation (1.3), when A = 0, with a finite delay and the
space X is finite dimensional. In [22], the authors studied the case when X is infinite dimensional and the delay
is infinite. They assumed that the operator A is the infinitesimal generator of a compact strongly continuous
semigroup on X. A typical example of such an operator A is the differential operator in reaction diffusion
equations on bounded regular domains 2.

The aim of this work is to investigate the asymptotic behavior of the semilinear partial differential equation
(1.2). Unlike in most models of semilinear reaction diffusion equations, the linear part of our equation is governed
by a semigroup which is not compact. In such a case the spectrum does not consist wholly of eigenvalues but
also has a non-trivial component called the essential spectrum. In the literature there are many different ways of
looking at the essential spectrum, but a notable result in this area is that due to Nussbaum and (independently)
Lebow and Schechter: the radius of the essential spectrum is the same for all the commonly used definitions
of essential spectrum. To overcome the lack of compactness in our system, we will first give a localization
of Browder’s essential spectrum of the operator governing the linear part. This allows us to investigate the
asymptotic behavior of the semilinear equation via a spectral decomposition by splitting the spectrum of the
linear part with vertical lines R + p, p € R “far” from the essential spectrum. Finally, we give a sufficient
condition for extinction of the population in terms of the coefficients of the system. To achieve this task, we use
the semigroup version of the Perron-Frobenius theory of positive operators in Banach lattices [2, 14].

This work is organized as follows: In Section 2, we give a localization of Browder’s essential spectrum of the
linear model. In Section 3, we will study the effect of small nonlinear perturbations on the original linear model.
Moreover, we give a sufficient condition for extinction of the population using a Perron-Frobenius type theory of
positive operators.

2. The linear model: localization of the essential spectrum

We consider a population of individuals that are distinguished by their individual size. Therefore, the density
of population of size s at time ¢ can be described by the number u(t, s). More precisely f;f u(t, s)ds is the
number of individuals that at time ¢ have size s between s; and s5. As time passes, the following processes are
supposed to take place in this population:

* Individuals grow linearly in time at constant rate v > 0.
* Individuals are subject to a size-dependent mortality denoted by .

o It is assumed that individuals may have different sizes at birth, and therefore (o, s,b) gives the rate at
which an individual of size b produces offspring of the size s. This process is assumed to occur with a
continuous time delay smaller than r (e.g. pregnancy duration).

* The population is subject to a density-dependent migration process with continuous time lags smaller then
r represented by the term ffr v(s,o)u(t + o, s)do.

From those assumptions the following evolution equation can be derived:
0

0 0
57(t:8) = =15 (u(t. ) = p(s)utts) + [ vis.oult+o.5)do
o) 0
+/ B(o, s,b)u(t + o,b)dodb fort >0and s € RT Q2.1
0 -7
u(t,0) = fort >0
u(o, s) = ¢(o, s) for (o,s) € [-r,0] x R*.

3

s
2

94



On the asymptotic behavior of a size-structured model arising in population dynamics

In the sequel, we assume that: u € L®°(RT,R") and v € L®°(R* x [-r,0],RT). The birth function
B:[-r,0] x Rt x RT — RT satisfies:

sup / B(o,s,b)ds < 0. (2.2)
—r<o<0J0
b>0
An example of such function is given by
B(o,s,b) = B1(0)Ba(b)e?, (2.3)

where 31 and (2 are bounded functions respectively on [—r, 0] and R*.
To write this equation in an abstract form, we introduce the Banach lattice X = L!'(R*) and the operator A
defined on X by

D(A) = {z e WH(RT) : 2(0) = 0}

(Az) (s) = —v2'(s) — u(s)z(s) for s € RT.

The operator A generates a co-semigroup on X the given by

0 for s < ~t

2.4
o5 fs,%u(b)dbz(s —t) for s > ~t. ey

(T'(t)2) (s) = {
We introduce the delay operator ® : L ([—r,0], X) — X defined for each ¢ € L' ([~r,0], X) and s > 0 by:

0 00 0
(@) (s) - = / v(s,0)p(0)(s)do + / Blo,5,b)p(0)(b)dodb. (2.5)
-7 0 —r
If we write u(t,.) = u(t), then system (2.1) is written on the Banach lattice X = L*(R™) as follows:
u(t) = Au(t) + ®(ur) for t > 0,
u(0) =y € X, (2.6)
up = ¢ € L([-r,0], X),

To rewrite this equation as an abstract equation, we introduce the product space X = X x L!([-r,0], X) and

the function
Ut = (“(“> € x.

In this case we have o
U] = [ut, )] e+ / fut + 6,.)] .1 do.

-

Further, on this product space we define the following operator

D(A) := {<Z> € D(A) x WH([—r,0], X) : ¢(0) = z}

do
where % denotes the derivative with respect to o.

The following result is a consequence of [5, Corollary 3.5]:

e
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Proposition 2.1. Equation (2.6) is equivalent to the following abstract Cauchy problem

on X.

To show that A generates a co-semigroup on X', we split it as
Ad A0 0o
A.—(O Cl(i)—(o $>+(00>—.A0+A®, 2.7

D(A) := D(A) D(Ag) := D(A)

A0 and 0d
./4 = A =
° (o ) ' (0 o)

The following result is a consequence of [5, Theorem 3.25]:

where

Proposition 2.2. The operator Ag generates a cy-semigroup given explicitly by the following formula:

To(t) :== (TT(tt ) Tz(z t)> , (2.8)

where (T}(t))>0 is the nilpotent left shift semigroup on L'([—r,0], X) and Ty : X — L*([-r,0], X) is defined
for each z € X by

T(t+ 1)z, if —t<7<0,

0, if —r <7< —t.

(T; 2)(7) := {

One can see that the perturbation operator Asg is bounded. Moreover, we can see that the semigroup (7'(t)),
(see (2.4)) and the delay operator ® (see (2.5)) are positive. Thus from [12, Theorem 1.10], we have the following
result.

Proposition 2.3. The operator A generates a positive cy-semigroup (T (t))i>0 on X.

For a bounded subset B of a Banach space Z, the Kuratowski measure of noncompactness « (B) is defined
by
a(B):=inf{d > 0: there exist finitely many sets of diameter at most d which cover B} .

Moreover, for a bounded linear operator K on Z, we define o (K) by
a(K):=inf{k>0: a(K(B)) < ka(B) for any bounded set Bof Z} .

Definition 2.4. [6] Let C be a closed linear operator with dense domain in a Banach space Z. Let o (C) denote
the spectrum of the operator C. The Browder’s essential spectrum of C denoted by o (C) is the set of A € o (C)
such that one of the following conditions holds:

(i) Im (M — C) is not closed,

(ii) the generalized eigenspace M) (C) := U~ Ker (A — C)]C is of infinite dimension,

(iii) A is a limit point of & (C) . B

The essential radius of C is defined by

ess (C) = sup {[A]: X € 0cas (C)}

3

s
2

96



On the asymptotic behavior of a size-structured model arising in population dynamics

We recall some important facts about co-semigroups. Let (R (t)),~ be a co-semigroup on a Banach space Z
and Ap, its infinitesimal generator.

Definition 2.5. [12, 30] The growth bound wy (R) of the co-semigroup (R (t)),, is defined by
wo (R) := inf {w €R: supe “'|R(t)| < oo} :
>0

Definition 2.6. [30] The essential growth bound (or a-growth bound) wess (R) of the co-semigroup (R (t))tzo
is defined by:

I t 1 t
Weus (R) 1= lim 12BOE®) _ . loga(R() 2.9)
t—o00 t t>0 t
The relation between 755 (R (t)) and wess(R) is given by the following formula ([30, Proposition 4.13 ])
Tess (R (1)) = €= and el7ess(Ar) 5 (R(t)). (2.10)
Let AR be the generator of (R (t)),~. Then
Oess (AR) C{N €0 (AR): ReX <wess(R)}. 2.1

This means that if A € 0 (Ag) and ReX > wess(R), then X does not belong to o5 (Ar). Therefore A is an
isolated eigenvalue of Ag ([30, Proposition 4.11]).
The spectral bound s (Ag) of the infinitesimal generator Ag is defined by:

s(Ag) :=sup{ReX: A€o (AR)}.
Recall the following formula [30]
wo (R) = max {wess(R), s (AR)} -
Consider the operator @ defined on X for each A € C and z € X by
0 o] 0
By (2)(s) := B(eM2)(s) = </ V(s,a)e)“’da) z(s) +/ < B(o, s,b)e)‘”do) z(b)db.
0

Since the perturbation operator A4 is bounded.
Lemma 2.7. [5, Theorem 6.15] For each A € R, if s(A + @) < A, then s(A) < .

Lemma 2.8. [12, Chapter VI, Theorem 1.15] Let B be the generator of a positive co-semigroup (S(t))i>0 on
the Banach lattice LP (0, 1), 1 < p < 0o. Then wo(S) = s(B) holds.

The following result gives a localization of Browder’s essential spectrum of the operator .A.

Theorem 2.9. Let Ay be the unique real solution of the following equation:

7(1 _ 677’)\)
—2 =
v 3 +p
where U = SUD;>¢ e[—r0 V(8,0) and p = infs>o pu(s). If
oo
lim sup / B(o,s,b)ds =0 (2.12)
a—r00 —r<o<0Ja
)
and
o0
lim sup / |B(c, s+ h,b) — B(a,s,b)|ds = 0. (2.13)
h—0 —r<0<0.Jo

b>0

Then, wess(T) < Ao, thus oess(A) C{A € C: Rel < Mo}
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Proof. Consider the following decomposition
O =t + P2,

where @ is defined for each p € W1 ([-r,0], X) and s > 0 by
0
(#79) ()i = [ vis.o)elo)(s)do

-

and ®, is defined for each ¢ € L' ([—r,0], X) and s > 0 by
9] 0
(<I>2<p) (s):= / B(o,s,b)p(0)(b)dodb.
0 —r

Note that condition (2.2) implies that ®2 is bounded.
Consider the following decomposition of the operator .A

A D A Pl + 2 A Pt 0 o2
=(02)=(78") (%) (0h) =aem
where A; is the operator defined by
D(Ay) := D(A)

A ol
Al:z( d)
0 &%

and I : X — & is the bounded operator given by

0 P2
K = (O ' ) .
Using again [5, Theorem 1.37] and [5, Theorem 6.10], .A; generates a positive cg-semigroup (7'1(t))t20 on

the Banach lattice X'. Using the Frijcechet-Kolmogorov Theorem [32, page 275], one can see that conditions
(2.12) and (2.13) imply that the operator K is compact. Hence by [12, Proposition 1V.2.12]

wess(T) = wess(’]-l) S w0(7-1)~ (214)
The space L'([-r,0],X) is canonically isomorphic to L' ([-r,0] x RT) and the space
X x L' ([~r,0] x RT) with norm | (2, )| = |21 11 g+ + 1@l L1 (=1 0] xR+ i again an L!-space.
By Lemma 2.8, we deduce that
wo (T1) = s(Ay). (2.15)
Let \
(1—e7"
E(N) :V%—)\—H.
Since ¢ is strictly decreasing on R, limy_, _ o, £(A\) = oo and lim_, o, £(A) = —o0, then the following equation
_(1—e)
=X
v 3 +p

has a unique real solution \¢. The operator A + <I>§0 is given by

0

(A4 @3,) 2) (s) = =72/ (s) — (,u(s) - / v(s, 0)6A0d0'> z(s) for z € D(A). (2.16)

-Tr
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,\\ A
£(0)

Figure 1: Graph of the function £()\)

Let (T/{O (t))t>0 be the ¢o-semigroup generated by (A + @%\07 D(A)). The cy-semigroup (T/{O (t))t>0 is given
explicitly for each z € X by B

(T3, (1)2) (5) ! fors <7t 2.17)

z) (s) = s .
Ao exp (% - (fi v(b,0)eM%do — ﬂ(b)) db) z(s —~t) for s > ~t.
Moreover,
7(175*'"%0) )t
T}, (1)z] < () E

Thus

0

It follows by Lemma 2.7 that s(A;) < Ag and thus by (2.14) and (2.15) we have wess(T) < Ag. Therefore, by
(2.11) we conclude that o55(A) C {A € C: ReA < Ao}. B

Remark. If r < p then £(0) = 7r — p < 0 and thus Ao < O (see Figure 1). It follows that the semigroup
(T (1)), is quasicompact, namely, wess (7) < 0.

Remark. The growth rate v does not have an effect on the asymptotic behavior of the ¢y-semigroup (77 (t))tzo-

3. Nonlinear small perturbations

Consider the following model:

0 0 0
&u(t, s) = %, (u(t,s)) — p(s)ul(t, s) —I—/ v(s,o)u(t+ o,s)do
oo 0 -
+/ B(o, s,b)u(t + o,b)dodb + f(t,u(t,s)) fort >0, se€R" (3.1)
0 -
u(t,0) = fort >0
u(o, s) = ¢(o, s) for (0,s) € [-r,0] x RT.
Assume that f : RT x R — R satisfies the following hypotheses:
S
(V=)
MM
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e Forallt > 0and z € L'(RT): s — f(t,2(s)) € L'(RT).

e For all (t,2),(tn,2,) € RY x LY(RT) with ¢, — t and 2, — =z in LYR"):
fooo |f (ks 2n(8)) — f(t,2(5))] ds — 0 as m — oo.

» fis globally Lipschitz with respect to the second variable.

o |f(t,z)| < p( ) |x| forallt > 0and z € R, where p : [0,00) — [0, 00) is a continuous function satisfying
lim¢— o0 ft+ p(s)ds = 0.

ety

1+a2
We write (3.1) in the space X = X x L'([-r,0], X) in the following form

An example of such a function is f(¢,z) =

U(t) = AU(t) + F(t,U(t)) for t >0,
3.2
uow- (). 2

where U(t) := (ul(tt)>,}'(t7l/{(t)) = (F(t,(;;(t))) and F(¢t,u(t))(s) := f(t,u(t, s)) for all s > 0. It follows

that the nonlinear function F : R™ x X — X is continuous and globally Lipschitz with respect to the second
variable. Thus we have the following result [31]

Theorem 3.1. Equation (3.1) has a unique solution U defined on R,

In the sequel, we will assume that the birth rate has the following form

ﬁ(av S, b) = 61(3)52(0—7 b)v

where 3 : RT — Rt and 35 : [-7,0] x RT — RT with 8; # 0.

In reality individuals with large sizes cannot give birth, then without loss of generality we can assume that the
birth function component ((c, s) vanishes for s > m where m is the maximal size of fertility. Thus Condition
(2.2) becomes

sup fa(o,b) < oo and / B1(s)ds < oo. (3.3)
~1<0<0

0<b<m

We state the first main result of this section:

Theorem 3.2. Let Ay be the unique real solution of the following equation

Assume that the solution U does not vanish for sufficiently large t. Then, we have either

log <|u( I+ f ut+6,.)|. d9>

lim sup <X 34
t—o00 t
or
0
log (|u(t, Mo + 2 Jult +6,)] d@)
Jim . = Re\, (3.5)
— 00

where X is a solution of the equation
m 0 s s o
K :/ (/ ewﬁz(&s)d@) (/ exp (%/ (—/\ — ule) +/ v(c, a)e*"da> dc) 61(b)db> ds
0 —r o , .
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On the asymptotic behavior of a size-structured model arising in population dynamics

Since by Theorem 2.9 we have o.55(A) C {\ € C: ReA < Mg}, then each A\ € o (A) with ReX > )\ is an
isolated eigenvalue of the operator A. Let p > A be such that

o (A)N (ER + p) = 0.

Consider the set
Yo ={A€o(A): Rel>p}. (3.6)

imaginary axis

7

e e

isolated eigenvalues

essential spectrum Wess(T)

il
essential growth bound

Figure 2: Spectrum of the operator A

From [12, Corollary IV.2.11 and Theorem V.3.1] and (2.11), the set X, is finite and X, N 0s5(A) = (0. Thus
X, contains only isolated eigenvalues of A. Let X, = {A1,..., A\, } and define the following operators

1
=5 L RO\, A)dA

for each 1 < j < n, where +; is a positively oriented closed curve in C enclosing the isolated singularity A;, but
no other points of o(A) (see Figure 2). Then IT; is a projection in X’ and II;II;, = 0 for j # h. Let U; := R(II,)
be the range of II;, then A restricted to U; is a bounded operator with spectrum consisting of the single point A;.
Let P, = Z?Zl I, Pb=1-P,S,=R(P)and U, =U; @ --- & U,. Then P, and P; are projections on
U, and S, respectively and

X=U,® S5, 3.7

and U, and S, are closed subspaces of X’ which are invariant under the semigroup (7 (t)),,. Let IIV» := Py
and I1°» := P,. The subspace U » 1s finite-dimensional. Moreover, for every sufficiently small € > 0, there exists
C. > 0 such that

{|T(t) Z| < Ce=9t| 2| fort>0and Z €S, 58)

|T(t) 2| < CelPt)t|Z| fort <0 and Z € U,,.

For more details, we refer the reader to [30, Proposition 4.15].
In what follows, 7V (t) and T~ () denote the restrictions of 7 (t) on U, and S, respectively. Then
(TY (1)) 1c 1S @ group of operators and

TUe(t) = eAvs  with Au, € L(U,).

Lete, > 0besuchthato (A)N{AeC: p—e, < ReA<p+e,} =0. Put

(98]
\=]
~

pr:=p—¢, and py:=p+e,. (3.

ke
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We deduce from (3.8) that there exists a constant C,, > 0 such that for each ¢ > 0
|75 (t)]| < Cpe”®  and || T (—1)|| < Cpe= .
We introduce the new norm defined on X by

|Z|; :==supe ! |TS" (t) HSf’Z’ +sup e”! | TV (—t) 1Y 2.
>0 £>0

Lemma 3.3. [10, 22, 26] The two norms |.| and |.| - are equivalent, namely, for all Z € X, we have
12| < 2|7 < Cq|2], (3.10)
where Cy := C,, (||T1%|| + |11V ||). In addition, for all Z € X
12|y = 0% 2|+ 0% 2] . (.11
The corresponding operator norms || T (t)||.- and | TV (=t)||.- satisfy
|75 (1) < e and || T (<t)||, < e fort>0. (3.12)

Lemma 3.4. Let U be the solution of Equation (3.1). Then for any € > 0, there exists a constant C () > 1 such
that

t
U (t)] < C (e) e@o(T+)E=) expy <C’ (E)/ p(s) ds) lU(o)| for0<o<t. (3.13)
In particular, there exists a constant C, > 0 such that form € Nand m <t < m + 1, we have
1
o m + 1)] < U (2)] < C1 (). (3.14)
1
Proof. Using the variation of constants formula, we have for 0 < o <t
t
U(t):T(t—U)U(U)+/ T (t—s)F(s,U(s))ds. (3.15)

Let € > 0. Then, there exists C (¢) > 1 such that
|7 ()] < C (g) e T+t fort > 0. (3.16)

It follows from (3.15) and (3.16) that

t
U()] < C () el THIE=) iy (g)] +C(€)/ eloTIHIE=p (5) [U(s)] ds.

g

It follows that
t
M (1) < C () e @D+ ()| +C () / e (T U (s)| p (s) d.

The Gronwall’s Lemma implies that for 0 < o < ¢t

t
e~ oM Y(1)] < O (e) e DH7 |1 (o) exp <C (€) / p(s) ds) '

e
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On the asymptotic behavior of a size-structured model arising in population dynamics

Therefore we get the inequality (3.13). Now let m € Nand m <t < m + 1. By takinge = 1 and ¢ = m in
(3.13), we get

U)] < € (1) e 10 (m)| exp <C(1)/ p(s) d8>

m

< Ciju(m)l,

m+1
where C} := C (1) max {1, e (T)+1)} 6@ and @ := sup / p (s) ds. Similarly, we get

mZO m
U(m+ 1) < CoU(t)]-

Remark. By (3.14) and (3.10), we can see that form € Nandm <t <m +1
1
63|Z/l(m+l)|7—§ |Z/{(t)|7—§C'3 |u(m)|7'7 (3.17)

where C3 := C1C5.

Proposition 3.5. Let U be the solution of Equation (3.1). If U(t) does not vanish for sufficiently large ¢, then we
have

log ()] _

wo (T) .

lim sup
t—o00

Remark. Tt is clear from Lemma 3.4 that if 2 (to) = 0 for some to > 0, then U(t) = 0 for all ¢ > t,.
Proof of Proposition 3.5. Let € > 0, from Lemma 3.4, we deduce that for ¢ > 0

log ()] _ log (Co () (0)])  Jop(s)ds.
t

; < ; +wo (T)+e+Cole (3.18)
_ Jop(s)ds . . .
Since e — 0 as t — oo, then by taking ¢ — oo in (3.18), we obtain that
log |UA(t
liinsupw <wo(T) +e. (3.19)
—00

Now by letting € — 0 in (3.19) we obtain the desired estimation. l

We fix a real number p such that p > Ao and o (A) N (iR + p) = 0. Let U be the solution of Equation (3.2).
Define form € N

U (m) == [M%uU(m)| -, U (m) := [1%U(m)| - (3.20)
and
m—+1
p(m) := C,C3 max{l,e”l,e”}/ p(s)ds, (3.21)
where p; and ps are the real numbers defined by (3.9).
Lemma 3.6. The following estimations hold:
U (m+1) < e U5 (m) +p(m) (U (m) +UY (m)), (3.22)
and
UY (m+1) > e”2UY (m) — p(m) (U5 (m) +UY (m)). (3.23)
S
Ry
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Proof. Using the variation of constants formula, we obtain for each m € N

m+1

Um+1)=T Q)U(m) +/ T (m+1-—s)f(s,U(s))ds. (3.24)

m

By projecting the formula (3.24) onto the subspace S, and using (3.12), (3.10) and (3.14), we have

m+1
[ U(m +1)| - < [T ()% U(m)|. + / |75 (m 41— s) 1% f (5,U(s))| - ds
" m+1
< et [ISeU(m)|. + C2 max {1, epl}/ (s) [U(s)| ds
m—+1
< e |HSPZ/{ |7_+C’102 max {1, e”l}/ p(s)ds|U(m)|,

Using (3.11) and the above inequality, we conclude that (3.22) holds.
Now from (3.12), we have for ¢ € U,

TV (1)), > e |6l

By projecting the formula (3.24) onto the subspace U, using (3.12), (3.10), (3.14) and (3.11), we deduce that

Y U(m+1)| . = ‘TUP(l) (HU”L{(m) + /m+1 TYe (m —s) TV f (s,UU(s)) ds> ‘

m T
m+1
> e”2UY (m) — epz/ ep2(m=s) 1% f (s,Z/l(s))|TdS
" m—+1
> e”2UY (m) —epQCgmaX{l,e_”z}/ p(s)Cy|U(m)|ds
m—+1
> e”2UY (m) — C1C3 max {e”?, 1}/ s)ds (UY (m) + U (m)).

Therefore, we get the estimation (3.23). B

In what follows, we assume that the solution U/ does not vanish for sufficiently large t. We have the following
Lemma.

Lemma 3.7. Either

U’ (m)
S oy 629
or S( )
U
lim_ ) = 0. (3.26)

Proof. The proof follows the same approach as in [22, 26]. From (3.10), one can see that |2/(t)|, > 0 for ¢t > 0.
Suppose that (3.25) fails, then there exists € > 0 such that

for infinitely many m. Next we will show that (3.26) must hold. From (3.21) we can see that

lim 5 (m) = 0. (3.27)
S
[\V =]
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On the asymptotic behavior of a size-structured model arising in population dynamics

By (3.27), there exists m1 > 0 such that for m > my

1+e_

ef? 5 p(m)>0

e (o) p(m) 1
et g)p(m
ger2 — (1 4+¢)p(m) <g' (3.28)

Since (3.25) fails then there exists msy > mq such that

UY (my) > ed® (ms).

Next we show that for all m > mo
Uv (m) > et (m). (3.29)

Suppose by induction that this inequality holds for some m > ms. Then it follows from (3.22) that

S (m+1) < e L) LD g (o
_ (BZ + 2 +5(m>) U (m).

Now from (3.23) we have

U7 (1) = e () = 5om) 4 () ()

= (ef’2 . (;”) 5 (m)) u’ (m). (3.30)
It follows that
US (m+1) < <e: + p(g”) +5(m)) uY (m)
< (TP pm) ot 4 )
e+ ilm) + B m) o

" cerr —p(m) — p(m)
Now from (3.28), we deduce that
Uy (m+1) > e (m+1).
Thus by induction, the inequality (3.29) holds for all m > my. From (3.22) and (3.30), we deduce that for
m > Mo
US(m+1) _ e US (m) + 5 (m) (U5 (m) +UY (m))
U (m+1) — (em —p(m)— 5(m))uU(m)

€

e’ +p(m) Uus ( |
(ep2 —p(m)— M) Uv(m) (epz —p(m) — M)

€

It follows by (3.27) that
lim su L{S(m) e lim su Z/Is(m)
msee UU(m) = e mosed UY (m)’
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That is

U3 (m)
1—ePr7P2) limsup ———~ < 0.
s s
But since p; < p2 and lim sup M > 0, we deduce that lim sup UU(m) = 0. Therefore
s
im A

m—oo YU (m)

This ends the proof of Lemma 3.7. B

The proof of Theorem 3.2 is based on the following principal Lemma.

Lemma 3.8. Either

log [UA(t
lim sup 284Dl (3.31)
t—o00 t
or 1 u
t
Jim inf 28401 (3.32)
t— 00 t

Proof. By Lemma 3.7, we have to discuss two cases:

Case 1. Assume that (3.25) holds. Then we have UV (m) < U® (m) for all large integers m, where UV (m)
and U® (m) are given by (3.20). Let £ be a positive real number. Then by (3.27), there exists a large positive
integer m. such that for m > m.,

p(m) <e and UY (m) <US (m). (3.33)
Using (3.22) and (3.33) we have U (m + 1) < (et + 2¢)US (m) for m > me. It follows that
U (m) < (e +2e)" " U (m.) = K. (e’ +2¢)",

where K, := (e”* + 2¢)” " U (m.) > 0. For t > m,, we have [t] > m., where [.] is the floor function. Since
[t] <t < [t] + 1, it follows from (3.10), (3.11), (3.17) and (3.33) that

U] < Uy < Cs |ty |, < 20U (1)) < 205K (e +22)

Hence,
log [U(t log (2Cs3 K, t
og[U() < o (205 K. ) —i—ulog(e”1 + 2¢).
t t t
Let ¢t — oo, then
log [UA(t
lim sup log [U(t)] <log (e’ + 2e¢).
t—o0 t
Now by taking ¢ — 0, we obtain that
log |UA(t
limsupM <log(e*) = p1 < p,
t—00 t

that is, (3.31) holds.
Case 2. Suppose that (3.26) holds. Note that U/ (m) < UY (m) for all large integers m. Let € such that
0<ex< % By (3.27), there exists a large positive integer m. such that for m > mc,

p(m) <e and U (m) <UY (m). (3.34)

e
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On the asymptotic behavior of a size-structured model arising in population dynamics
Using (3.23) and (3.34) we have UY (m + 1) > (e”2 — 2¢)UY (m) for m > m,, which implies that

UY (m) > (er? —2e)" " UY (m.) = K. (e’ — 2e)™,
where K. := (ef? —2¢)” "™ UY (m.) > 0. Fort > m,., we have [t] + 1 > m,. Since [t] <t < [t] + 1, it
follows from (3.10), (3.17) that

U o Ml U (1) K (e —20)1
Oy - (yC3 CyCs - CyCs

u(t)) =

Hence,

K.
log [U(t)] log (CgCg) [t]+1 ,
> 1 P2 _9¢) .
; > ; + ; og (e €)

By taking t — oo we get that

1
lim inf w > log (e — 2¢).

t—oo
Now by taking € — 0, we obtain that

lim in > log (e”?) = pa2 > p,

t—o0

that is, (3.32) holds. This completes the proof. B

log U(®)
t

3.1. Proof of Theorem 3.2
Proof of Theorem 3.2. Let U/ be the solution of Equation (3.2) such that |/(¢)| > 0 for all ¢ > 0. Suppose that

log |t4(t)]

lim sup > Ap.

t—o0

Since wess (T) < Ao, it follows from Proposition 3.5 that
Wo (T> > Wess (T) .

Therefore

wo (T) = max {5 ("4) y Wess (T>} =S ('A)

and

A={rA€o(A): Re)l> wess (T)} # 0.
We claim that there exists A € A such that

log )| _

lim sup
t—o0

1 t
In fact, if lim sup w =p¢{ReX: Xe€ A}, with p > wess (T), then condition (3.31) in Lemma 3.8

. t—o0
fails. Hence, we must have

1 t
lim inf M > p.
t—00 t
However, this implies that
log [U(t log |U(t
p = limsup EUOL S g loelOL
t—00 t t—o0 t
S
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which is a contradiction. Therefore, there exists A € A such that

lim sup M = Re \.

t—o0

Since Re A > wess (T), then there exists pg ¢ {Re A : X € A} such that Re A > pg > wess (T). That is

W UOl _ g s po. (3.35)

lim sup
t— 00

By applying Lemma 3.8 to pg using (3.35), we obtain that

lim inf w > po > Wess (T) -

t—00
We claim that o I log I
t t
limsupiog‘ ()l :Hminfiogl ( )l
t— o0 t t—o0

log [U(t log |4t
In fact if lim sup w > lim inf %, then there exists p; ¢ {ReA: A€ A} with p1 > wess (T)

t—o00
such that
1 t
lim sup M > pp (3.36)
t—o00
and
1 t
lim inf 28O p1. (3.37)
t—o00 t
By applying Lemma 3.8 to p; using (3.36) , we obtain
1 t
lim inf M > p1,
t—00 t
which contradicts (3.37). Therefore, we have
1 t 1 t 1 t
im 2B HOL o 2By 08O gy
t—00 t t—00 t t—o00

But since Re A > wess (T), then A € 0,(A), which is true if and only if A € 0,(A + @) (see [5, Lemma
3.20 page 58]). The operator A + &, is given by

0

m 0
(A+ ®))(2)(s) :== —v2'(5) — u(s)z(s) +/ v(s,0)e* doz(s) +/O 3 B(o, s,b)er z(b)dodb

Thus A € 0,(A + ®,) if and only if there exists z € D(A) = {z € WH'(RT) : 2(0) = 0}, z # 0 such that
(A + ‘I),\)Z = A\z.

It follows that z satisfies the following differential equation

2 (s) = (—/\ — u(s) + /0 u(s,a)e’“’do) 2(s) + }y/om _Orﬁ(a,s,u)e“z(u)dadu.

-

By solving this equation using (o, b, u) = B1(b)B2(0, u), we get
1 S 1 S 0 ‘o
z(s) = ;CZ exp 5 A —ulc)+ v(c,0)e*?do | de ) B1(b)db. (3.38)
0 b —r
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where C, := (fom fET B2 (o, u)e)“’z(u)dadu). Multiply the above equation by e*? 35 (6, s) and integrating, we
get

C, = C,% /Om (/O e“’ﬂz(e,s)do) (/O exp (i /b </\ — u(e) + /O v(c, 0)6)‘”(10) dc) 51(b)db> ds.

Since z # 0 then by (3.38), we have C', # 0. Therefore

1= i/om (/0 e’\eﬁg(ﬁ,s)déi) (/Osexp <i /b (—A — u(e) + /0 V(C7J)e>“’da> dc) ﬁl(b)db) ds.

This proves the theorem. B

3.2. Extinction of population
In the following, we give a sufficient condition for the extinction of the population.

Theorem 3.9. Assume that .

s+ [ Bi(b)db € L*(RT), (3.39)
0

m 0 s o

/ ( ,Bg(a,s)da> ( / By (b)e™ ™ ff(”‘f‘*“@—fr”<°7°’>d")d0db> ds > 7 (3.40)
0 —r 0
and
m 0 s ) o
/ ( Ba(o, s)da) < / Bi(b)e” fJ(MC)fv-”(Cv")d“)dCdb) ds < . (3.41)
0 —r 0

Then there exists ¢ > 0 such that for t large enough
lu(t, )| <e .

Remark. One can interpret Theorem 3.9 in this way: (3.41) shows that if the birth rate and the density-dependent
migration are small enough with respect to the mortality and growth rate, then the population goes extinct.

The following lemma is needed in the proof of Theorem 3.9.

Lemma 3.10. [14, Corollary 1.7] Let S(t);>0 be a positive cy-semigroup on a Banach lattice and let B be its
infinitesimal generator. If there exist ty and a compact operator K such that v (S(tg) — K) < r (S(to)), then
s(B) is an eigenvalue of B.

Proof of Theorem 3.9 From Proposition 3.5 we have

s Ul _ 0 (7). (3.42)

lim sup
t—o0

We will prove that wo(7) < 0. Since by Lemma 2.8 wo(7) = s(.A), it is sufficient to prove that s(A4) < 0. To
do this we will prove that s(4 + ®;) < 0 and use Lemma 2.7 to conclude. We first claim that s(A + ®) is an
eigenvalue of A 4+ ®g. In fact, the operator A + P is given by

-Tr

0 m 0
((4+20)2) () = =220) = (16s) = [ vts.0)do) 2(5)+ 5166) [ [ patospstordoas

3
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Consider the following decomposition
A+ ®y = (A+ 0p) + 0, (3.43)

where A + ® is defined by

0
(44 88)2) () = 1/() = (ute) = [ wls0hae) 205
and ®% is given by
m 0
(®3z) (s) = 51(5)/0 /_1 Ba(o,b)z(b)dodb for z € X.

The operator ®2 is of finite rank and thus compact. The operator (A + @, D(A)) generates the semigroup
(T3 (1)) +> given explicitly for each z € X by

Tl B 0 for s < ~t 344
(To®2) () = exp (% fssiw (fi)r v(b,o)do — u(b)) db) z2(s —~t) for s > ~t. G4
Moreover,
ITE (1)2] < e(T8)t 2.
Thus
s (A4 ®)) =wo (Tg) <vr — p. (3.45)

Being a bounded perturbation of the operator A + ®}, the operator A + ®( generates a positive semigroup
(To(t));>q- Using [12, Proposition IV.2.12], we deduce from the decomposition (3.43) and the compactness of
the operator ®2 that the operator Ty (t) — T¢ (t) is compact for t > 0. Let K := Tp(to) — T4 (to) for some t > 0.
Thus from (3.45) we have

H(Tolto) — K) = r(Ti (10)) = e0(T)en < o=,

Since r(Ty(t)) = e=o(To)t for all t > 0, to show that r(Ty(to) — K) < r(Ty(to)) it suffices to show that
or — p < wo(Tp). (3.46)

Note that wo(Tp) = s(A + ®p) again by Lemma 2.8. To prove (3.46), we will find a real eigenvalue of A + ®q
such that or — i < Ag. Consider the function £ defined by

£ = /Om (/j] 62(0,5)510) (/0 ,Bl(b)e*%ff(“““)*ffr”<C"’>d")d°db) ds — 7.

We have limy o, () = —v and limy_, _ o, £(A) = oo and £ is decreasing. This implies that there exists a

unique A\g € R such that
&(Xo) = 0. (3.47)

We claim that \q is an eigenvalue of A + ®( with an eigenvector given by
o) = [ (0Ot
0
Notice that

¢ho) = /Om ( ' 52(9,5)519) 20(s)ds — . (3.48)

-Tr
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vr — o
£(0)

Figure 3: Graph of £

We have 0

2p(s) = —%()\0 + pu(s) — / v(s, a)do> 20(8) + B1(s). (3.49)

Thus using (3.47), (3.48) and (3.49), we obtain that

0 0

(M+¢@%Mﬁw&ﬁww)v/vwﬁﬂﬁ%@+ﬁdﬁﬁm< meww)%@%
0
= 24(5) = (uls) — [ vl5,0)do)z0(s) + 51 5) (€0h) + )

0

Zﬂ%@—W@—/V@®WM@+WﬂQ

= )\020(5).

-r

Note that (3.40) is equivalent to {(¥r — ) > 0 which implies by the monotony of £ (see Figure 3) that

Ur— < Ao. (3.50)

One can see that (3.50) together with (3.39) insures that 2y € L'(R*). Now by (3.3) and (3.49) we have
2, € L*(RT). We conclude that zp € WH(R™) and thus 29 € D(A + ®) because z¢(0) = 0. Since zy # 0,
we deduce that )\ is an eigenvalue of A + ®. As a consequence, (3.50) implies that or — 1 < s(A + ®g) and
thus 7(Th(to) — K) < 7(To(to)). By applying Lemma 3.10, we deduce that \; := s(A + @) is an eigenvalue
of the operator A + ®g. Thus there exists z € D(A) with z # 0 such that

((A+ Dg) 2) (s) = Mz(s),

that is

(s) = —% (Al +ou(s) — / ' V(S,a)da) 2(s) + %51(3) /O " ( " bat, b)do) Ab)db. (351

-r -r

By solving (3.51) taking into account the fact that z(0) = 0 we get
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Z(S) — Cz (/ e‘%f:(k1+u(0)—fET V(C’U)do)dcﬁl(b)db> , (3.52)
0

1 m 0
where C, is the constant given by C, := ” / ( B2 (o, b)dU) z(b)db. Note that C, # 0 because z # 0.
0

-r

Multiplying (3.52) by [°, 2(c, s)dor, we get that

0 0 s 1 s 0
< ﬁ2(0'7 s)dg) z(s) =C, ( 52(0'7 s)do’) (/ e 7 IS (>\1+M(C)_ffr V(c,a)da)dCBI(b)db>
0

m 0 s o
Y= / ( 62(0’, S)do’) (/ e_% fg*(A1+u(0)—f,T V(c7a)do-)d061(b)db) ds
0

—r 0

Now, by integrating the above equation and using the fact that C', # 0 we get that

m 0 s ) o
v = / ( ﬂg(o,s)dg> </ eAlrfbb(/\1+u(6)f,,u(c,a)da)dc51(b)db) ds,
0

—r 0

thatis £(A1) = 0. Thus s(A+ Pg) = A\ = Ao because ) is the only real zero of £. Note that (3.41) is equivalent

to
m 0 s
f(o) :/ ( 62(0', 3)d0’> (/ e_%f:(ﬂ(c)_fgr D(C,O’)do‘)dcﬁl(b)db> dS — < O
0

—r 0

which implies by monotony of £ that s(A + @) = X\ < 0 (see Figure 3). Therefore using Lemma 2.7 we
conclude that wo(7) = s(A) < 0. The proof is now complete by using (3.42) and the fact that
lu(t, ) < [U(E)]. .
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Abstract. In this paper we consider the existence of monotone traveling waves for a class of general integral difference
models for populations that are dependent on the previous state term and also on long term memory. This allows us to
consider multiple past states. For this model we will have to deal with the non-compactness of the evolution operator when
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1. Introduction

Many papers use the following integrodifference model to study the dynamics of certain populations

Upt1(T) = /jo K(z —y)f(un(y))dy. (1.1)

Here u,, () is the density of the population at the location x at time n, € R is a location in the “habitat” of the
population and n € Z is the observable time.

In the above mentioned model, given the "fecundity function” f and the diffusion kernel K, one assumes that the
dynamics of the system depends only on its status at the last time. A more realistic model should reflect the effect
of the history of the system in the past rather than only at the last time. For simplicity, we assume that it depends
on the status of the system at time n and n — 1 as other more general settings could be treated in a similar manner.
This allows us to consider long term memory of the following evolution operator.

wnia(e) = [ T Ko — o) i (un(w))dy + / " Koo — 4) falunr(v))dy, (12)

*Corresponding author. Email address: ahalzahrani@ualr.edu (A. Alzahrani), wkbarker @ualr.edu , (W.K. Barker)

https://www.malayajournal.org/index.php/mjm/index ©2023 by the authors.
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where K;, f; are functions of the same nature as above, though they may be different.

Pioneering works by Weinberger, and contempories studied spreading speed and asymptotic behavior of wave
front solutions in population models, see [1, 2, 8, 10, 11, 32-34]. Furthermore, delay models are often considered
in population dynamics, this is due to the fact populations often are reliant on previous states in time, see the
manuscripts [3, 35]. The spreading speed of wavefront solutions have been studied in several types of models.
For example, the dynamics in certain competition and cooperation models were studied in [8, 11, 20, 21, 34].

The dynamics, spreading speed and asymptotic behavior of nonmonotone waves have been studied for discrete
and integrodifference equations in [4, 10]. Results on traveling waves for certain plant populations, including
seed banks and dormant seed banks can found in [7, 9, 13-15, 19, 22, 23, 25, 28, 29, 31].

In Li, [9] and Thuc, and Nguyen, [7], a version of the following model was studied

+oo
g (z) = (1 - ) / Kz — 4)9(un())dy + ypun (), (1.3)

— 00

where u,, (x) represents the density of the mature plant population at time 7, and k is seed dispersal kernel. In
this model it is understood that k(z — y) is the density function of the probability P(z,y) of an individual to
migrate from location y to location x in the habitat. This is a model for seed banks introduced by MacDonald and
Watkinson, [19]. The spreading speed and asymptotic behavior for nonlinear integral equations was also studied
by Thieme, [26, 27].

This paper is interested in dynamics in certain plant populations. In particular, we are interested in monotone wave
fronts for Equation (1.2). In section 2, we show the existence of traveling waves for an integrodifferential model
of the form Equation (1.2) loses compactness, so standard fixed point theorems do not suffice. To get around this
issue we will use Dini’s Theorem to show uniform convergence of an evolution operator to a continuous wave
front. This is similar to the results found in Thuc and Nguyen, [7].

However, instead of considering the Ricker function, we consider a general Lipchitz function that is bounded on
R and is increasing on a certain interval. Furthermore, we strengthen the results by eliminating the continuity
condition found the Standing Assumption of the kernel function found in Thuc and Nguyen, [7]. Lastly, in section
3 we provide a brief discussion of our results and some interesting questions about extending our idea to more
general models, including the addition of discrete terms.

Notations and Assumptions

We denote by N, Z, and R the set of natural numbers, set of integers, and set of the reals, respectively. We also
denote by BM (R, R) (BC(R,R), respectively) the space of all measurable and bounded real valued functions on
R (the space of all bounded continuous real valued functions on R, respectively) with sup-norm. For a constant
a we will denote the constant function R 3 = — « by this number « for convenience if this does not cause
any confusion. C); stands for the set {f € BC(R,R)|f(xz) € [0, M]}, and By, stands for By, := {f €
BM(R,R)|f(z) € [0,M]}. The metric on C); is defined by the sup norm. In BM (R, R) we use the natural
order defined as u < v if and only if u(z) < v(x) for all z € R.

2. Main Results

For model (1.2) the compactness will disappear after a standard conversion of the delayed equation into a
non-delayed equation. In fact, by assuming K := K7 = K and f := f; = f,, and setting

T e
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we obtain an equation

W () = u“’j(lf;) @1
_ 2 Kz = y) fiun(y))dy + {fi)o Ka(z —y) fa(un—1(y))dy 22

L Up—-1(T
_ [ K@=yl iun(y()z);r Fun—1(y))] dy} . 2.3)

Next, we denote the projection R? > (x,4)7 — x € Rby P, and R? > (z,y)” — y € R by P». Then, we
obtain the equation we obtain an equation

W1 () = [foooo K(z —y) [f(Prwn(y)) + f(Pawn(y))] dy]
i Pyw,, ()
[ K(x = y)F(wn(y))dy
_ [ Py (z) } . (2.4)

Denote the evolution operator as
Aw @) = [ Ko~ p)Fwa)ds

where F(w,(y)) = f(Piwn(y)) + f(Paw,(y)) is bounded. Moreover, notice that the projection operator
Blwy](z) = Pywy,(x) is a constant, so we lose compactness. Thus, we have the following operator

e

We also impose the following conditions on the convolution kernel and fecundity function.
Standing Assumption
(P1) K(x) > 0 and measurable for all z € R.

(P2) Forallu >0
/00 K(z)dx =1, /00 K(x)e!*ldz < co.
(P3) 0< F(a) <1, F(0)=0,F(r)=r, where 0<r<l,aeR F(a)>aa<rFla)<aoa>r
(P4) F(-) is Lipchitz continuous.
Lemma 2.1. Assume the standing assumptions hold, then the following are true.
1. A[] maps monotone functions to monotone functions of the same orientation.
Al0) =0,A[r] =r, Ala] > a when 0 < a < 7.

For all v < u, where u,v € B,, then Alv] < Alu].

A oD

Let w, € BC(R,R) such that w,, converges uniformly to some non-negative real constant, w on each
bounded subset of R, then A[w,](x) converges uniformly to Aw](x) for every x € R.

5. Ifa>r, then Ala] < a.

e

117



Alzahrani and Barker
6. There is a constant 7 such that v < A[y] < forall 0 < v <7, and A[y] = 7.

Proof. We only show the increasing portion for i.) since the non-increasing portion can be shown similarly. We
note if w(+) is increasing, so is P;(w(-)), 4 = 1, 2. Furthermore, assume that F'(-) is increasing when r € (0, 1),
fix x > xg.

/- " Ko - y)Flw(y))dy - / K (0 — y)Flw(y))dy
:/ K(¢ (x —&))d¢ — / K(¢ w(zg — &))d¢
- / K(€) [F(w(z — €)) — F(w(zo — €)]dé > 0.

For ii.) A[0] = 0, due to (P3) of the standing assumption. A[r] = r follows similarly. Take o as some constant,
then by (P4) we have F(a)) > a, so the result follows by (P2).

For #ii.) note F'(x) is increasing when x € [0, 1]. The result follows.

For iv.) assume w,, converges uniformly to a non-negative constant w. By Lebesgue’s Dominated Convergence

theorem we have -

lim K(:,E— y)F(wn(y dy—/ K(z —y)F(w(y))dy.

n—oo

Take o > r as some constant, then by (P4) we have F'(a) < «, so v.) follows by (P2).
Take 7 = r, the A[y] < A[7], when 0 < v < 7 due to (P4), so v) holds. This proves the lemma. [ |
Using Lemma 2.1 allows the theory on spreading speed developed by Weinberger, [32] can be used. Moreover,

we extend spreading speed results from [7, 9, 10, 15]. To this end, define a function ¢ : R — R that enjoys the
following properties:

1. ¢ is continuous and non-increasing,
2. p(—o0) = limy,_ ©(t) € (0,7),
3. ¢(s) =0forall s > 0.
It is now possible to define the following operator R.[-] on the space C). for a speed, ¢ as
Re[u](s) = max{p(s), Alu(c +)](s)},s € R.
Moreover, define an iterative sequence
an+1 = Relan], ag = .

From [7, 32] the sequence {a,(c;-)} is bounded and non-increasing for all s € R. Therefore, we obtain the
pointwise limit

nh_)rrgo an(c;s) = alc; s).

The spreading speed is defined as
c¢* =sup{c:alc;00) =1},

3
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where 0 < a(c; s) < r. We can also define a number ¢* as
R.[u)(s) = max{p(s), Alu(c — -)](s)s € R.
Then, we can define a sequence of functions
bnt1 = Relun],  bo =,
with a pointwise limit

lim b,(c;s) = b(c; s).

n— oo

Clearly, 0 < b(c;s) <.

c¢* =sup{c:b(c;o0) =r}.

Defining a non-negative, bounded, real-valued measure m(z, dx) where

A(e) < [ ule = yymly.dy),
then
e 1 >
¢ <inf —1In (/ e m(x, dx)) (2.5)
n>0 f o
¢ < inf l1n </ e’”m(x,das)). (2.6)
#>0 f —0

Now, using the theory in [7, 9, 32] we can define
m(x,dr) = K(z)F'(0)dx.

This gives,

c* < inf iln (/ e‘“m(m,dm))
#>0 —o0
= inf 1 In (F’(O)/ e‘“K(x)dx), 2.7)

>0 p —o0

and

1 o0
¢ <inf —In (/ e"”’m(a:,dx))
10 i \J o

—inf Lo (F’(O) /OO e"“K(m)dm). (2.8)

u>0 [ —00
Proposition 2.2. Assume the standing assumption holds then the spreading speeds c*,c* are finite.

Proof. The result follows from the definition of Eq(2.5, 2.7) and the standing assumption. |

Existence of Traveling Waves
We are now ready to prove our main result.

Definition 2.3. A monotone traveling wave solution with a speed, c connecting 0 and r of Eq. (2.4) can be
defined as a non-increasing continuous function with the following behavior.

IILH;O w(z) = O,IBIPOOw(x) =r,w(z) =u(r —nc),n € N.

e
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Substituting the wave transformation into Eq. (2.4) gives

ffooo K(x —y)F(w(y — nc))dy} . (2.9)

w((z—(n+1)c) = { Pyw(x — nc)

Making the change of variables { = x — (n + 1)¢, p = y — nc gives

u(€) = {foo K(Epw:;(:c/i)g(w(u))dy} . 2.10)
This yields the following operator
Qc[w](§) = {gz m 8] . .11)

Lemma 2.4. Assume the standing assumption holds, then A. : B, — BC(R,R) and A. is Lipchitz continuous.

Proof. We first show that A, maps B, into BC'(R,R). To this end, fix u € BC(R, [0,r]),z, 2o € R. Then we
can use (P2). This means the operator A, is uniformly convergent on R. Thus, for any ¢ > 0 it is possible to
find two constants, T', § > 0, dependent upon & such that when |z — zo| < §

-T o)
| G e= ) = K+ e =) Fluu)dn+ [ (<Gt o= )= Koo+ o= ) Flul)du| < 5.
This means

— 00

Ackil(eo) = Adid@) = | [ K e = i Fdn - [ K+ e 0 F o)

oo o0

3
+ -

<
3

| KGte-npdn - [ Koo+ e o) Fu)de

Using the following change of variable £ = = — u, H(&;-) = K(£)F(+). Then,

—T+4

-T T—06
‘/ H(g;x—f)dff/ H (& 20 — €)dE
T

~T45 T T—5
< [T H(&x—&)d&/ﬁﬁff(&x—s)ds + /M (H(& 2 — €) — H(€ 20 — €)) de
T—6
§26T+/ (H(€ 2 — €) — H(€ w0 — €)) de| .
T+s

Using the fact that F'(u(x)) is continuous, then for there exists positive constant N such that

|F(u(z)) — F(u(zo))| < when |z — xo| < 4.

€
6NT’
Since K is measurable with finite measure, then Lusin’s Theorem [24, Chapter 3] allows us to see that K is
continuous almost everywhere on the real line. In particular, there are finite discontinuities of K in [—T, T, say
Tk, k=1,2,---, N. Moreover, take Ty = —T,Tn4+1 = T Then, for any u € (=T} + 9, T — §) we have

[ Aclul(z0) = Aclu](z)] < 20T +

N Ti—6
3 / (H(&x—€) — H(Exo— €)) d
k=0

—Tr+6
9

< 26T + 2NT )
< 20T + oNT

e
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Lastly, take 0 < then

6T’

1A, [0](x0) — Adv](2)] < % n % + % —¢

Now, using the fact that K () is essentially bounded and F'(u(x)) is bounded we have shown that A. maps into
BC(R,R).
Now, we show the operator is Lipchitz, we fix u,v € BC(R, [0,7]),z € R.

4.00G0) = Adul(@)l = | [ Kot e ) [P(000) ~ Fau)] d
g/m G+ ) IF(0() ~ F(al)] do

< F'(0)[Jo — ull,
by (P4) in the standing assumption. Thus, the operator is Lipchitz. |

Theorem 2.5. Assume the standing assumption holds and

c¢> inf — ln ( / K(z “Idx)
n>0

then there is a monotone wave front to Eq. (2.4) with a wave speed, c that connects 0 and r.

Proof. Again, the operator A, only needs to be considered, because the projection will follow. To this end, define
Ont+1 = Acldn],n € N, then

AC [¢TL:|
Bc [¢7J

The function a(c; s) is non-increasing and bounded, so it is measurable on R. Thus, a(c; s) € B,.. Using the fact
that the translation operator is invariant, the for the sequence {a,,(c;-)}

<1>n+1[ ]and¢1<> a(c; ).

ansr(6;8) = maxp(s), Aclan(c; -+ 5+ A](0)
= max p(s), Ac[an(c; - + )](s).

Thus, a(c; s) = max ¢(s), Ac[a(c; )] (s). This leaves the following estimate a(c; s) > A.[a(c; s)], which means
¢1 > ¢2. Moreover, the operators A., B, preserve order, so we have by an inductive argument

(bn Z ¢n+lan € N.

Therefore, since the sequence {¢,,(x)} is non-negative and non-increasing for every fixed 2 € R it is convergent
to some non-negative function, non-increasing measurable function, say W (x). This allows us to use Lebesgue’s
Dominated Convergence Theorem to see

lim Acf¢n] = lim jo K(z+c—y)F(on(y))dy
= /_OO K(z+c—y)F(W(y))dy

Thus, W is continuous and is a fixed point of A, in B,.. Now, we note that B, is a constant, so it is non-increasing.
Moreover, projections are continuous in any Banach Space and W is a continuous limit of a non-increasing
monotone sequence of continuous functions. For every compact subset on R x R equipped with the standard
ordering and sup norm allows us to invoke Dini’s Theorem. Note that a version of Dini’s Theorem for functions

e
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taking values in R? can be easily proved. Thus, the convergence of Q. is uniform to a continuous function.
Lastly, we need to show W is a traveling wave solution to Eq. (2.4). Using the theory found in [7, 9, 32], we see

tLlI}looa(c; t)y=r, tlggo a(ct) =0.

Since the sequence {¢,, } converges uniformly on every compact interval of R we can use [32] to see

lim W{)=r, 0< tlgglo W(t) < tllHHolo $1(1).

t——o0
However,
tlggo o1(t) = tlggo a(c,t) =0, thus tlggo W(t) = 0.
The theorem is proved. |

3. Discussion

In this paper we assumed that the fecundity function F'(x) to be Lipchitz, bounded and increasing on the
interval 0 < z < r < 1. We proved the existence of monotone traveling waves on the whole real line. Moreover,
we relaxed the standing assumption on the kernel function. Some interesting questions would be to add discrete
terms into the model and study if the results hold. In fact, a generalization for long term memory would be an
interesting addition to study. One example may be

L
Npii(z) = Z 0i(f1 (N (2 = ¢;) + fo(Np_1 (2 — ¢;))

+ / T K@ — ) fi (Na(y))dy + / " Kole — y)fo(Nao1 (4))dy, 3.1)

where N,,(x) is the population densities at year n, and 7;, ¢; > 0 such that

L
Z 7 < 1.
i=1
Furthermore, the points n = 1, - - - , L, are fixed locations in the habitat taken to be R.
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1. Introduction and Preliminaries

The spectrum theory of discrete Schrodinger operators constitutes a fundamental framework in the field of
mathematical physics and quantum mechanics. These operators play a crucial role in understanding the behavior
of quantum systems on discrete spaces, such as lattices or graphs.

In the spectrum theory of discrete Schrodinger operators, the focus lies on the investigation of the eigenvalues
and eigenfunctions associated with these operators. One key aspect of this theory is the analysis of different types
of potentials that can influence the behavior of the discrete Schrodinger operators. These potentials can vary
in nature, including bounded potentials, unbounded potentials, periodic potentials, and even complex potentials.
Understanding the impact of these diverse potential profiles on the spectrum is very important for unraveling the
intricacies of quantum systems in discrete settings.

The spectrum theory encompasses the study of various spectral properties, such as the existence of band
gaps, spectral gaps, and the presence of absolutely continuous, singular continuous, or discrete spectra. These
properties shed light on the system’s spectral structure, revealing essential information about its stability,
resonances, and localization properties.

In addition to the spectral analysis, the estimation of Green’s functions associated with discrete Schrodinger
operators is a crucial topic within this theory. Green’s functions provide insights into the propagator behavior,
which describes the evolution of quantum states in time.

Numerous research works have contributed to the development and advancement of the spectrum theory
of discrete Schrodinger operators. Seminal works by Kirsch and Simon [2], and Remling [3] have provided
significant insights into the spectral analysis of discrete Schrodinger operators. Additionally, the monographs by
Teschl [4] and Simon [5] offer comprehensive treatments of the subject, covering various aspects of the spectrum
theory and its applications.

The spectrum theory of the discrete Schrodinger operators has been extensively applied in research on
nonlinear discrete Schrodinger equations, including the investigation into the existence of standing waves(see
[26-30]). This paper is organized as follows:

* In section 1 we introduce some basic results on the spaces of sequences;

* In section 2 we study the basic spectrum theorem of the discrete Schrodinger operators with bounded,
unbounded or complex potentials;

* In section 3 we provide exponential estimates of Green’s function and eigenfunctions of the discrete
Schrddinger operators;

* Insection 4 we investigate the spectrum structure of discrete Schrodinger operators with periodic potentials;

* In section 5 we review some results on standing wave solutions of discrete Schrédinger equations as an
application of the spectrum theory.

1.1. Spaces of Sequences

In this paper, we focus solely on real or complex-valued sequences that are involved in our research on discrete
Schrédinger equations. For a more comprehensive understanding of Banach sequences, we recommend referring
to classical functional analysis books such as [6, 7, 11, 13], as well as [16].

Let K be the real (R) or complex field (C), Z be the set of integers and d be a positive integer. Let n =
(ny,--- ,nq) € Z% and
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Any function from Z? to K is called a sequence. We denote the set of all sequence by /(Z) and the set of finitely
supported sequence bon discrete Schrodinger equation. For more details on Banach sequences we refer readers
to classical functional analysis books such as [6, 7, 11, 13] as well as to [16].

Let K be the real (R) or complex field (C), Z be the set of integers and d be a positive integer. Let n =

(n1,--- ,nq) € Z% and
nl= > Inil.

1<i<d

Any function from Z< to K is called a sequence. We denote the set of all sequence by [(Z?) and the set of finitely
supported sequence by

10(Z%) = {ulu : Z* = K,u = {u(n)},u(n) = 0, for all but finitely many n},

Obviously, these are vector spaces with respect to standard operations.
We define some Banach sequence spaces as follows:

¢« co(Z%) = {ulu: Z% = K,u = {u(n)},limy, o [u(n)| = 0},
* P(29) = {ulu: 27 > K u = {u(n)}, 3, ez0 [u(n)|P < 0o}, 1< p < oo,
e 1°°(2%) = {ulu : Z¢ — K,u = {u(n)},sup, ez |u(n)| < oo}.
It is well known that these sequence spaces are Banach spaces when equipped with the following norms:
¢ |ulloo = sup,eza [u(n)], for u € co(Z4),
* Jlully = (Ceze [u()[P) /7. for u € 1P(Z7) and 1 < p < oo,
¢ ||ulloo = sup,eza [u(n)], for u € 1°°(Z%).

Furthermore, [%(Z) is a Hilbert space with the inner product

(w,0) =Y uln)o(n),

nezd

where as usual a stands for the complex conjugate of a € C.
The following embeddings hold:
If 1 < p; < ps < oo, then ||ull,, < ||ull,,, for all u € IP1(Z%); therefore, we have

1P1(2%) c 172 (2.

These embeddings are dense if py < co.
It is easy to see for all 1 < p < co we have

1P(Z%) C co(Z%) C 1°°(22)
The representation of the dual spaces is entirely analogous to the classical result that is listed as follows:
. co(Zd)* _ ll(Zd),
« IP(2%)* =19(Z"), where 1 <p < ooand  + ; =1,

o 11(Z4)r = 1°°(29).
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A Banach space is said to be reflexive if the dual space of its dual space is isomorphic to itself under the canonical
embedding. From the representation of dual space of IP(Z) we know that IP(Z?) is reflexive if 1 < p < oo and
co(Z4),11(Z4) and 1>°(Z?) are nonreflexive.

Assume that vy, is a sequence of elements of [P(Z¢) and v € IP(Z9), 1 < p < co. Let 19(Z¢) be the dual
space of [P (Z?), then we have % + % = land ¢ = oo if p = 1. Therefore we can define the sequence convergence
as follows:

(i) v is norm (or strongly) convergent to v in IP(Z<), denoted by vy — v, if limy_o0 [J0x — v||, = 0, for
1<p<oo;

(i) for 1 < p < oo, vy, is weakly convergent to v in IP(Z%), denoted by vy, — v, if for all u € [9(Z)

lim vi(n) —v(n))u(n) = 0.
kmgz;( k(n) —v(n))u(n)

(iif) for 1 < p < oo, vy is weakly* convergent to v in IP(Z4) = 19(Z?)*, denoted by vj, —*" w, if for all
u € 19(Z%)

Some important theorems are introduced here without proof([16]).

Theorem 1.1. If 1 < p < oo and vy, is a sequence of elements of IP(Z?) and v € IP(Z%), then vy — v if and
only if:

(i) limp 00 |v (1) — v(n)| = 0 for all n € Z4;

(i) Himp—s oo flvillp = [[v]lp-

Theorem 1.2. If 1 < p < oo and vy, is a sequence of elements of IP(Z?) and v € IP(Z%), then vy — v if and
only if:

(i) limp 00 |v (1) — v(n)| = 0 for all n € Z4;

(ii) there exists an M > 0 such that (3, za |up(n)[P)/? < M forall k > 1.

Theorem 1.3. If 1 < p < oo and vy, is a sequence of elements of I’(Z) and v € IP(Z%), then vy, —*" v if and
only if:

(i) limp 00 |v (1) — v(n)| = 0 for all n € Z4;

(ii) there exists an M > 0 such that (3, za |up(n)[P)/? < M forall k > 1.

Recall that a Banach space E has the Radon-Riesz property if and only if the following statement is true: if
vy is a sequence in F and v € E such that vy — v and ||vg|| — ||v||, then ||vy — v]| — 0.

Theorem 1.4. If1 < p < oo, then IP(Z?) has the Radon-Riesz property, that is, vy, — v if and only if:
(i) vp — v,
(i1) [[oxllp = l[o]lp.

The next result gives a criterion for compactness of a subset K C [P(Z%),1 < p < oo, and is completely
similar to the classical theorem ([17]).

Theorem 1.5. If1 < p < oo, then K C IP(Z%) is compact if and only if

(i) K is closed and bounded,

(ii)given any € > 0, there exist a positive integer N = N(e) (depending only on €) such that
(Xjn>N lu(n)|P)}/? < e forallu € K.

A subset K of a Banach space E is said to be weakly sequentially compact if and only if every sequence in
K contains a subsequence that converges weakly to a point in E.

Theorem 1.6. (i) If 1 < p < oo, then K C IP(Z4) is weakly sequentially compact if and only if K is bounded;
(ii) K C 1Y(Z9) is weakly sequentially compact if and only if K is strongly conditionally compact.
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1.2. Some Operators in Spaces of Sequences

We introduce the canonical basis {e; : i = 1,--- ,d} of the free Abelian group Z¢ as follows:
€] = (170707"' 70)792 = (071703"' 70)7"' ,€d = (070707"' 71)

For m € Z% we define the translation operator on [(Z%), denoted by T},,, as follows (T},,u)(n) = u(n — m).
In particular, we obtain the frequently used right shift operator S; = T, and left shift operator 7; = T_,, on
1(Z%) as follows
(Siu)(n) =uln—e;), (Tiu)(n)=uln+e;), Vi=1,---,d.

Obviously, translations are linear operators.

We define the forward partial difference (V;r = T; — I) and backward partial difference (V; =1 — 5;) as
follows

(Viu)(n) = uln +e) —u(n), (V;u)(n)=uln) —uln - e).
T,S; = S;T; = I implies
ViV, =V, VS =5+T, -2

Operators T; and S; act as isometric operators in [P(Z?), 1 < p < co. As consequence, difference operators VZT"
and V are bounded linear operators in all [? (Z%),1 < p < 0.

The following proposition is the analogue (or discrete version) of the product rule of derivative and its proof
is straightforward.

Proposition 1.7. For any u,v € [(Z%)
Vi (w) = uViv+ToViu

and
V. (uww) =uV; v+ S;vV; u.
Making use of elementary identities
S,V =VIs, =v;
and
v, =V;T;=V;,
we obtain the following statement.

Corollary 1.8. Ifu € [(Z?) and v € I(Z%), then

V; Vi(uw) =uV; Viv+ (Viu)(V;v+ Viv)
+ (Vi Viu)(T)
and
VIV (w) = uViViv+ (Viu)(Viv+ Vi)
+ (VFV7u)(Sv).
If d = 1, then the classical Abel’s summation by parts formula reads

m m

> u(n)(VHo)(n) = u(m)o(m + 1) — u(k — Do(k) = > (V" u)(n)v(n)

n=k n==k

(here we skip the index in the notation of difference operators). The formula can be extended to the case d > 1
but we do not use such an extension in the following. We only need the following particular case.
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Proposition 1.9. Assume that either u € [(Z%) and v € lo(Z%), or u € lo(Z?) and v € I(Z?). Then

Y u@)(Viv)(n) ==Y (Vi u)(n)u(n)

nezd neZd
foralli=1,...,d.
Corollary 1.10. In the space 1*(Z) operators Vj' and V" are mutually skew-adjoint, i.e.,
(Vi) =i

foralli=1,...,d.

2. Discrete Schrodinger operators

From now on all sequence spaces are supposed to be complex valued, and we drop C in the notation of spaces.
The norm and inner product in [?(Z?) are denoted by || - || and (-, -), respectively. We use the standard notation
o(A) and p(A) = C\ o(A) for the spectrum and resolvent set of a linear operator A, respectively.

2.1. Discrete Laplacian

The discrete Laplacian —A on Z¢ is defined by

-A=-V~.V*t

I
|
M-
4
<
“"-‘r

Here the second equality follows from the fact that operators V;r and V', j=1,..., d, commutes. In more
details, for any u € [(Z%)

(—Au)(n) = > u(m) - du(n).

|m—n|=1

This is a linear operator in the space [(Z%). It is easily seen that —A leaves the space lo(Z?) invariant, and acts a
bounded linear operator in all spaces [?(Z%), p € [1, o).
The following proposition follows immediately from the summation by parts formula.

Proposition 2.1. The operator —A is a bounded, self-adjoint operator in 1*(Z%). Furthermore, —A is a

nonnegative operator, i.e.,
(—Au,u) >0, uecl*2z).

Proposition 2.2. The spectrum o(—A) is purely continuous and coincides with [0, 4d).
Proof For any u € [2(Z%) we consider its Fourier transform
. 1
a(é) = oy Z u(n) exp(2w€ - n).
(27T) nezd

Then @ € L?([—m,7]). By Parseval’s theorem, ||i| 2 = ||ul|, and the map u + 4 is an isometric isomorphism
between [2(Z?) and L?([—, n1]). A straightforward calculation shows that

—Au(§) = a(§)a(§) ,
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where
d

a() = QZ(COS& -1,

i=1
i.e., —A is unitary equivalent to the multiplication operator by a(¢) in L?([—, nr]) and, therefore, the spectra of

these two operators coincide. It is easily seen that the spectrum of multiplication operator by a(€) is precisely the
range of a(§) which is equal to [0, 4d]. The proof is complete.

2.2. Self-adjoint Discrete Schrodinger Operator

Let V € I(Z%) be a real sequence. We associate with V' the multiplication operator by V. In what follows
we do not distinguish notationally between the sequence V' and the associated multiplication operator. Such
operators can be considered as, generally, unbounded operators in various sequence spaces. The most important
case for us is the /2 case. More precisely, the multiplication operator by V in 12(Z%) is defined on the domain

D(V) = {uecl>(Z%) : Vuc*(z%)}.

Obviously, D(V') is dense in [?(Z%). As a diagonal operator, the operator V is self-adjoint. It is easily seen that
V is a bounded operator and D (V') = [?(Z%) if and only if V € (~(Z4).
The discrete Schrodinger operator with potential V' € [(Z?) is defined by

L=-A+V,

where V' is regarded as the operator of multiplication by V. Mainly we consider L as an operator in the basic
Hilbert space [?(Z<) though time by time we shall need to study its action in other spaces. Note that both —A
and V are self-adjoint operators in [?(Z?), and the first one is bounded. Therefore, the classical result on the sum
of self-adjoint operators in its simplest form immediately yields the following statement.

Proposition 2.3. The Schridinger operator L is a self-adjoint operator in 1?(Z%) with the domain D(L) =
D(V). In particular, L is bounded if and only if the sequence V' is bounded.

If L (equivalently, V) is unbounded, we equip D(L) = D(V') with the graph norm. It is convenient to use
the graph norm associated with V/

lullz = (lull?® + [Val®)'?, e D(L), 2.1)
Then the domain becomes a Hilbert space with inner product
(u,v)r, = (u,v) + (Vu, Vo), we D(L),ve D(L). (2.2)

Notice that the embedding D(L) € 12(Z?) is continuous and dense. Furthermore, for every A € p(L) the
operator (L — AI)~! maps [?(Z?) onto D(L) isomorphically. We say that the operator L has compact resolvent
if for some (hence, for all) A\ € p(L) the operator (L — A\I)~! is compact. Equivalently, this means that the
embedding D(L) C [?(Z%) is compact. Also the compactness of resolvent is equivalent to the property that the
spectrum o (L) is purely discrete, i.e., consists of countably many eigenvalues of finite multiplicity with the only
accumulation point at infinity. These results have been applied in our research on standing waves of nonlinear
discrete Schrédinger equations with unbounded potential (see [26-30]).

Theorem 2.4. The spectrum of L is purely discrete if and only if |V (n)| — oo as |n| — oo.

Proof Due to the second resolvent identity,

(L —il)™ = (V —iD) ™t = (L —iD) " *A(V —4) L.
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This implies immediately that L has compact resolvent if and only if so does V.
Assume that |V (n)| — oo as |n| — oo and prove that the embedding D(V') C 1?(Z%) is compact. With this
aim it is enough to show that the set

B = {ue P2« |lul® + |[Vul® <1}
={uel@: Y A+ IV)P)lu@) <1}
nezd
is precompact in [?(Z). For any ¢ > 0 there exists N > 0 such that
L+ |V >t

whenever |n| > N. Then

Yo @ <e Y A+ V)P um)? <«

In|>N [n|=N

Since B is obviously bounded in [2(Z?), Theorem 1.5 implies that B is precompact in [?(Z%).
Now we prove that the compactness of embedding D(L) C 12(Z%) implies that |V (n)| — oo as |n| — oo.
Assuming the contrary, we see that there exists an infinite set S C Z? such that V is bounded on S. Then on the

subspace
{uel?(Z% :un)=0 VYn¢gS}cC D(L)

the /2-norm and the graph norm are equivalent, and, therefore, the embedding D(L) C I?(Z?) is not compact.
The proof is complete.

Remark 2.5. If d = 1, then all isolated eigenvalues of L are simple.
Assume now that the potential V' is bounded below, say,
V(n)>a, nelZl,
for some a € R. Then the operator L is semi-bounded below, i.e.,
(Lu,u) > alull*, we D(L).
In this case the associated sesquilinear and quadratic forms have explicit representations
QL(U7U) = (V+ua V+U) + (VU,U)
=(V7u,V7v) + (Vu,v).
and
qr(u) = |V ull® + [|Vul?
= IV7ul® + [Vul*.
We remind that qr,(u) = qr.(u, u).
The domain D(qy,), i.e. the form domain, or energy space E = Ej, of L, is a Hilbert space with the inner
product
(u,v)g = qr(u,v) + C(u,v),
where C'is large enough. Notice that all these inner products are equivalent. If the operator L is positive definite,
i.e. a > 0, the most natural inner product is (-,-)z = qr(-,-). Also we note that E consists of all u € [?(Z%)

such that |V'|*/2u € 12(Z4).
Making use of the arguments similar to those in the proof of Theorem 2.4, we obtain the following proposition.

Proposition 2.6. Assume that the potential V' is bounded below. Then the following statements are equivalent.
(i) The embedding D(qr) C 12(Z%) is compact.

(i1) V(n) = o0 as |n| — oc.
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2.3. Dissipative Discrete Schrodinger Operator

First we remind some general results (see, e.g., [20, 23] and, in the case of operators in real Hilbert spaces,
[8]).
Let A be a linear operator in a Hilbert space H, with domain D(A). The operator A is said to be dissipative
if
Re(Au,u) <0

for all w € D(A). It is called m-dissipative if, in addition, A is closed and the range R(A — AoI) is dense in H
for some \g € C with Re\g > 0.

Proposition 2.7. Let A be a closed, dissipative operator. Then the following statements are equivalent:
(a) Ais m-dissipative;
(b) there exists Ao € C, with Re\g > 0, such that A\ € p(A);
(c) {A € C:ReX >0} C p(A);
(d) the domain D(A) is dense in H and A* is m-dissipative.

If A is m-dissipative, then
[(A =D~ < (Ren) ™
whenever Re\ > 0.
Proposition 2.8. A linear operator A in H is m-dissipative if and only if its domain D(A) is dense in H, A is

closed, (0,00) C p(A), and
I(A=ADTH < A™!

forall A > 0.

Proposition 2.9. Let A be a densely defined closed linear operator in H. If both A and A* are dissipative, then
A is m-dissipative.

Remark 2.10. A linear, dissipative operator A in H is called maximal dissipative if for any disipative operator
A such that D(A) ¢ D(A) and A‘D(A) = A we have D(A) = D(A) and, hence, A = A. In other words,
A is maximal dissipative if it has no proper dissipative extensions. In fact, the classes of m-dissipative and
maximal dissipative operators coincide (see, e.g., [8]). Thus the term ‘m-dissipative’ is an abbreviation for the
term ‘maximal dissipative’.

Now we consider the discrete Schrodinger operator with complex potential V € [(Z<). We keep the notation
V for the operator of multiplication by the sequence V" acting in (?(Z?), with the domain

D(V) = {uel*(Z% :Vuecl*z}.

As in Subsection 2.2, this is a closed linear operator, and it is bounded if and only if V' & loo(Zd). Since the
operator V is diagonal, for its adjoint operator we have that V* = V, where V is the complex conjugate of V/,
and D(V*) = D(V) = D(V).

As usual, the Schrodinger operator with complex potential V' is defined by

Lu=—-Au+Vu, weD(L),

with the domain
D(L)=D(V).

Since A is a bounded operator, the operator L is closed, D(L*) = D(L), and
L'u=—Au+Vu, D(L).
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Proposition 2.11. Assume that ImV (n) > 0 for all n € Z°. Then the operatoriL is m-dissipative.

Proof LetV = V;,+iV;. Due to Proposition 2.9, it is enough to show that both i and —iL* are dissipative.
Since [Vo(n)| < [V(n)| and |Vi(n)| < |V (n)| for all n € Z4, we have D(V) C D(Vy) and D(V) € D(V3).
Then, for all u € D(L),

(iLu,u) = —i(—=Au, u) + i(Vou,u) — (Viu,u),

and, by the assumption of proposition, Re(iLu, u) < 0forall w € D(L). Thus, iL is dissipative. The dissipativity
of —iL* follows similarly.

3. Exponential Estimates

In this section we consider Green’s function of discrete Schrodinger operator and eigenfunctions with isolated
eigenvalues of finite multiplicity.
Let {6y } ez« be the standard orthonormal basis in [2(Z%), i.e.,

1,n=k,
‘M"):{o Z;«ék.

For any A € p(L) we define Green’s function G(n, k; \) by
G(n,k;N) = (L= X)"16,6,), k,nezd.
The following symmetry identities are straightforward:
G(k,n; \) = G(n, k; A)
and _
G(n,k; A) = G(n, k; A)
foralln € Z4, k € Z4 and \ € p(L).

The main result on Green’s function is the following theorem.

Theorem 3.1. Let K be a compact subset of p(L). There exist constants C = C > 0 and o« = a > 0 such
that
|G(k,n; \)| < Cexp(—aln — k|) 3.1

foralln € 74, k € Zand \ € K.
As consequence, we obtain the following representation of resolvent.

Proposition 3.2. If \ € p(L), then for all f € I>(Z)

(L=AD)T ) () = Y Gl ks N (k). (3.2)

kezd

Furthermore, the right-hand side of (3.2) converges for f € IP(Z%), and defines a bounded linear operator in
1°(24) for all p € [1, ).

Remark 3.3. By Proposition 3.2, the resolvent (L — NI)~, X\ € p(L), extends to a bounded linear operator in
1P(Z%) for all p € [1,00]. Actually, the operator L can be considered as a closed, in general unbounded, linear
operator in IP(Z%), p € [1,0c]. The resolvent set of such extension contains p(L), and the resolvent of extension
is given by the right-hand side of (3.2) for A € p(L). In fact, one can show that the spectrum of L considered as
an operator in IP(Z4), p € [1, 00|, is independent of p but we do not use this result.
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As the first step toward the proof of Theorem 3.1 we introduce the action of discrete Schrodinger operators in
certain weighted [? spaces. Let
Ve k(n) = e~eln=kl necz?,

and let
12,.(Z% ={uel(Z) : pepu € *(2%)},

where ¢ € R. Endowed with the norm |||z 1 = ||¢e ru
by @, ;. the multiplication operator by ¢, 1

, this is a Banach (actually, Hilbert) space. We denote

(I)E,ku = Pe kU -
Then @ j, maps 2 . (Z4) onto 1%(Z<) isometrically, and the inverse operator
O, 1H(ZY) — 12 ,(2Y)
is represented by ®_. .
Now we introduce the operator L. j, in li 4 (Z4) as follows. Its domain D(L. j) is given by
D(Lek) = @ D(L) = @, D(V),
and the action of L. j is given by
Leyu=—-Au+Vu

for all w € D(L. ). Itis easily seen that L, j is a closed linear operator in the space lg’ (Z%). Notice that it is
bounded if and only if the potential V' is bounded. The operator L, j, is isometrically equivalent to the following
operator

La’k = (I)s,k‘Ls,kq)fs,k

in the space 12(Z%). Its domain coincides with D(L).

In the notation just introduced we suppress k whenever k = 0.

Lemma 3.4. Let K be a compact subset of p(L). Then there exists a constant €y > 0 such that for every A € K
the operator L. j, — X\l has a bounded inverse operator for all k € Z% and all £ € [—&0,¢€0]. Furthermore, the
norm of (L. — M)~ is bounded above by a constant independent of A € K, k € Z% and ¢ € [—¢, &o)-

Proof  Since operators L. j and L& * are isometrically equivalent, it is enough to prove the statement with
Le ;. replaced by L&F.
Making use of Corollary 1.8, we have
L% =L+ By,
where
d
Bak“ = - Z[‘Pak(vfﬁp—a,k)(vj + v;)u + %,k(vaj%’—a,kﬂ}u] .

i=1

We claim that B, j, is a bounded linear operator in [2(Z%) and

1Bz k|| = o(lel)

uniformly with respect to k € Z<. Indeed, an elementary calculation shows that
Pen(n) (Vi oocp)(n) =1 - e,
depending on whether n; — k; > 0 or not, and therefore is o(|¢|). Similarly,

e o(n) (V5 Vio_er)(n) = o(e?)
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uniformly with respect to k € Z9.
Since the resolvent (L — AI)~! is uniformly bounded as A € K, there exists eg > 0 such that

1B illI(L = ADTH <
for some « € (0, 1). Then the operator
I+B.p(L-X)", MNeK,
is invertible in 12(Zd), and its inverse is uniformly bounded. Hence, the operator
LK — XTI = (I + Bo (L — XI)™H)(L — \)

has the inverse operator which is uniformly bounded if A € K.
The proof is complete.

Remark 3.5. From the proof of Lemma 3.4 it is clear that (L% — \I)~1 depends continuously on (\,¢) €
K x [—&9,¢&0].

Proof of Theorem 3.1:  Since
G k5 A) = (Li—egur) — M) ™0k
and ||0g||—¢,,k = 1 we have, by Lemma 3.4,

IG (- ks N2 > NG, ks NP < L —aq ) = AD TP 100 ]2 0o 1 < C.

—e0,k — —€o0,
nezl

The result follows with o = &¢.

Proposition 3.6. Assume that 0(L) = ¥o U X4, where X9 and X are disjoint closed sets, and X is bounded.
Then the spectral projectors Py and P that correspond to the spectral components ¥o and 3.1, respectively, are
continuous with respect to [P norm for all p € [1, o).

Proof Since P, = I — P, it suffice to prove [P-continuity only for Py. Let I' C C be a smooth, closed,
connected, counterclockwise oriented curve surrounding the set 3¢ and such that 'Y, = (). Then P, possesses

the representation
1
Py=—— [ (L—-A)d\,
2me Jr
and the result follows from Proposition 3.2.
Now we turn to discrete eigenvalues.

Theorem 3.7. Let \o be an isolated eigenvalue of L with finite multiplicity, and u € 1*>(Z%) be an associated
eigenfunction. Then there exist constants o > 0 and C' > 0 such that

lu(n)| < Cexp(—aln|), nezt.
Proof Let I be a circle centered at Ao, counterclockwise oriented, and such that it does not intersect o (L).
Then the eigenspace E of L that corresponds to the eigenvalue A is the image of the Riesz projector

1
P=—— [ (L-X)"td\,
21 Jp
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and £ = dimF is the multiplicity of A\g. By Remark 3.5, in a small neighborhood of ¢ = 0 the operator
(L — XI)~ ! is a continuous function of £ and X € T'. Hence, the Riesz projector
3 1 € —1
Pf=—— [ (LF=AI)""dX
211 T

as a bounded operator in [?(Z%) depends continuously on ¢ in that neighborhood, and dimE® = k < oo is
independent of €. Notice that P = P and E° = E.

As isometrically equivalent to L°, the operator L. has the same spectrum. Its Riesz projector P. that
corresponds to the part of spectrum inside I" is isometrically equivalent to P¢. Indeed,

1
PO . =——— [ O (L. —N)"'®_.d\
2wt Jr
1
=—— [(®(L-A)®_.)"'d\ = P°.
271'7, 1"( E( ) E)

As consequence, the image E. of P. is isomorphic to £°. Since both spaces are finite dimensional, dimFE, = k.
Ife = —a < 0, then
12(z%) c P(z),
D(Lc) € D(L)

and the operator L. is the restriction of L to D(L.). Therefore, the resolvent (L. — AI)~! is the restriction of
(L — AI)~! to the space 12(Z%). Hence, the projector P- is the restriction of P, and E. C E. Since both these
spaces have the same dimension k, we see that E = E. C [2(Z%). Thus, for any eigenfunction u € E, we have

exp(al - u € 1?(24) c 1°(Z%) .
This yields immediately the required, and the proof is complete.

Corollary 3.8. If u € 12(Z9) is an eigenfunction of L associated to an isolated eigenvalue of finite multiplicity,
then u € 1*(Z4).

4. Periodic Discrete Schrodinger Operators

In this section we consider the Schrodinger operator with periodic potential. We fix N = (N1, ..., Ny) € Z¢
such that N; > 1forall¢ = 1,...,d. Assume that the potential V' is N-periodic, i.e.,

Vin+N)=V(n), neZ.

Notice that in this case the operator
L=-A4+V

is a bounded self-adjoint operator in [2(Z4).
The periodicity cell Oy is defined by

Ov={neZ':0<n; <N;—1,i=1,...,d}.

The cardinality of [ is equal to
|IOn| = NiN2---Ny.

The lattice of periods G is the subgroup of Z¢ generated by the vectors N;e;, i = 1,...,d. We denote by G’
the dual lattice to G’y which consists of all vectors x € R? such that & - v € 277 for all ¥ € G . Here - stands
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for the usual dot product in R?. More explicitly, G, is the subgroup of R? generated by the vectors 27 N, iflei,
i=1,...,d
Recall that (unitary) characters of the group Gy, i.e., group homomorphisms

Gy = S={z€C:|z| =1},

are of the form
Xe() =€, y€eGy,

where ¢ € R?. According to physics terminology, vectors ¢ are called quasi-momenta. It is easily seen that

Xé+r = XE

for all k € G'. Therefore, we can restrict the values of quasi-momenta to the set

By ={¢eR?: —ﬁ<g, vi=1,...,d}.

- N
In physics the set By is called Brillouin zone.
For a sequence u € 12(Z%) we define its Floquet transform by

|DN‘1/2

(n 5) W U(n + 'y)e_ié.’y . (41)

vyeEGN

For any n € Z? the series in the right-hand side of (4.1) converges in the sense of L?(By), and @(n, &) is a
G'\-periodic function with respect to £:

a(n, &+ w) =a(n,€), nez,
for all Kk € G'yy. Also it is easily seen that
(n+7,8) = (n, ), €GN (42)

As consequence, (-, &) is completely determined by its restriction to [y, and we can consider the Floquet
transform of u as a function 4(£) with values in the space F)y of complex functions on (. We equip F; with
the standard inner product of /2 type. The function u also can be considered as a function on G’y with values in
Fy. In this context the Floquet transform becomes the Fourier transform for Fy-valued functions on the group
G'n. Hence, the mapping u — 1 is a unitary equivalence between 12(Z?) and L?(By; Fy), and we have the
following inversion formula

|DN |1/2 ~ &y
or\a2 a(n,&)e*7de, ~ve€Gn,nely. 4.3)
(2m)42 Jpy

Now we look for a representation of operator L in terms of the Floquet transform. More precisely, let us
define the operator L by

u(y+n) =

(La)(€) = Lu(€), €€ By.

Proposition 4.1. There exists a real analytic function M (§), with values in the set of self-adjoint operators acting
in the spaces Fy, such that (Lu)(§) = M (§)a(€).

Proof We represent the operator L in the form

d
. e
L=-3Vivi+v,

j=1
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where
and

Making use of periodicity of V', we have

T2
B e = Y Vin+utn+) = Vi) Y uln+),

YEGN vyeEGN

ie., V isthe operator of multiplication by V/, and does not depend on &. Straightforward calculations show that,
forj=1,...,d,

it = { e T
and (n) ( )
A u(n) —u(n —e;), nj =0,
(Vi Juln) = {u(n) — e Ni&u(n + (Nj — 1)e;), nj = 0.
Since

the result follows.
Remark 4.2. Notice that the matrix M (§) is Gy -periodic in €.
The following theorem provides an information about the spectrum of periodic discrete Schrédinger operator.

Theorem 4.3. The spectrum of discrete Schrodinger operator with N -periodic potential is equal to the union of
|| bounded closed intervals By, k = 1,...,|On]|.

Proof For the sake of simplicity, we set r = |CJy|. Let

p(€) < p2(§) < - < ue(§),

be the eigenvalues of the matrix M (£). Due to Remark 4.2, the eigenvalues are G’} -periodic functions of {. By
Proposition 4.1, A € o(L) if and only if A = 14 (&) for some k = 1,...,r and some ¢ € By. Furthermore, the
matrix M (&) depends analytically on £. Perturbation theory of finite dimensional self-adjoint operators implies
that the functions p(€) are continuous and piece-wise analytic. Hence, the range of 1 (£) is a bounded closed
interval By, k =1, ..., 7, and the proof is complete.

The intervals By, are called spectral bands. It may happen that some, or even all, bands are separated by
open intervals free of spectrum. Such open intervals are called spectral gaps. Certainly, there are two infinite
intervals free of spectrum, above and below o(L). Sometimes these intervals are also called (infinite) gaps. In
physics literature the multi-valued function o (M (£)) is called the dispersion relation.

A detailed discussion of the discrete Floquet theory in dimension d = 1 can be found in [24] (see also [18]).
Notice, that the case d > 1 does not appear in the literature. The presentation in this section follows [10], where
operators on periodic discrete and quantum graphs are considered (see also [14]). For the Floquet theory of
ordinary and partial differential equations we refer to [9, 12, 15, 22].
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5. Standing Wave Solutions

In this section, as an application of the spectrum theory, we review some results (in [30]) on the existence
of nontrivial standing wave solution of the discrete nonlinear Schrodinger equation with the growing potential
at infinity. We combine the variational method with Proposition 2.6 to demonstrate the existence of nontrivial
standing wave solutions.

We consider the one-dimensional discrete nonlinear Schrédinger (DNLS) equation,

Wy + Ay, — vathn + 0y f(hn) =0, n € Z, (5.1)

where 0 = +1 and
A'(/)n = '(/)nJrl - 2'(/)71 + 1pnfl (52)

is the discrete Laplacian operator.

5.1. Assumptions and Main results

(A1) Assume that the nonlinearity f(u) is gauge invariant, that is, f(e™u) = €™ f(u) for any w € R.

Thus we can consider the special solutions of the equation (5.1) of the form v,, = e~#“u,,. These solutions
are called standing waves or breather solutions. Inserting the ansatz of a standing wave solution into the equation
(5.1) we see that any standing wave solution satisfies the infinite nonlinear system of algebraic equations

—(Aw)y + vty — Wy — oY f(un) =0 (5.3)
(A2) Assume that there exist two constants 0 < v < % such that for any n € Z,
< WM< (5.4)
(A3) Assume that the discrete potential V' = {v,, },,cz is bounded from below and satisfies

lim v, = oo. 5.5)
|n|—o0
Without losing the generality we assume that V' > 1 and denote H = —A + V which is well-defined on [*(Z).
Let
E={uecl@): (~A+V)Puc @)}, luls = (-2 + V)" 2ullpg). (5.6)

We denote by \; the smallest eigenvalue of H. With the help of Proposition 2.6, under slightly strengthened
assumption (A2) with v = 0, using Nehari manifold approach we proved (see [29]) the existence of standing
wave solutions for the case w < A; and the power nonlinearity

flu) =|uPu, 2<p<oc. (5.7)

Theorem 5.1. Assume that the equation (5.3) satisfies (5.4), (5.5) and (5.7). Then we have
(1)if o = —1,w < Ay, there is no nontrivial solution for the equation (5.3);
(2)if o = 1,w < Ay, there is at least a pair of nontrivial solution 4 in 1?(Z) for the equation (5.3);
(3) The solutions obtained in case (2) exponentially decay at infinity, that means, there exist two positive constants
C and o such that
lun| < Ce=eInl, n € Z.

We rewrite the equation (5.3) as

Hu, — wuy — 0y, f(uy) = 0. (5.8)
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Now we list some basic assumptions on the nonlinearity f(u) here.
(f1) Assume that f(u) € C*(R). The assumption (A1) implies f(u) is an odd function.
(£2) There exist a positive constants C; and 2 < p < oo such that

|f(u)] < Cy(1+ |ulP™h). (5.9)

(£3) Assume that f is superlinear near 0, that is,

lim M =0. (5.10)
u—0 |u‘
(f4) There is a 2 < ¢ < oo such that
0 < gF(u) <uf(u), ,Yu#0, (5.11)
where "
F(u) = / f(s)ds. (5.12)
0

Combining (5.9) and (5.11) we can conclude that ¢ < p and there is C5 > 0 such that
F(u) > Colul?, VueR. (5.13)

From (5.9) and (5.10) it is easy to show that for any given € > 0, there exists A = A(e) > 0 such that for any
u € R

fluyu < elul? + Alul?, (5.14)
€ A
< Z|ul? 4+ =ulP. -
F(u) < 2|u\ + p\u| (5.15)

A typical example for f is the following power nonlinearity, for some 2 < p < 0o, ¢ = p

flw) = ufP~u, () = (p = DufP?, F(U)=%\U|”o

Now we can define the action functional
1
'](u) = 5((H - W)uvu) - UZnEZVnF(un)v (5.16)

The assumption (5.9) and Proposition 2.6 imply that J(u) € C'(E,R) and
(J'(u),v) = ((H — w)u,v) — 0Xpnez¥nf (un)vn. (5.17)
Now we summarize our main results as follows.

Theorem 5.2. Assume that the equation (5.3) satisfies the assumptions (Al)-(A3) and the nonlinearity f satisfies
the assumptions (fl)-(f4). Then
(1)ifo = 1,w € R, there is at least a pair of nontrivial solution +u in 1*(Z) for the equation (5.3);
(2) the solutions obtained in (1) exponentially decay at infinity, that means, there exist two positive constants C'
and « such that

lun| < Ceeml, n € Z;

(3)if o = 1,w € R, there exists an unbounded sequence of critical values of the functional J(u). Consequently,
there exist infinitely many pair of exponentially decaying standing wave solutions in 12(Z) for the equation (5.3).
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5.2. The Palais-Smale condition and Linking Geometry

The following lemma, proven in [30], establishes that the functional J satisfies the so-called Palais-Smale
(PS) condition.

Lemma 5.3. For c = +1 and w € R, J(u) satisfies the (PS) condition, that is, any sequence u®) € E such that
J(u®) is bounded and J'(u*)) — 0 contains a convergent subsequence.

By Theorem 2.1 and Remark 2.5 the spectrum of the Hamiltonian operator H is discrete and without losing
the generality we can assume that

1< A< A< <A < oor — 00.
Let ¢y, be the associated normalized eigenfunction with Ay for each k, that is,
Hop = Medr, oz = 1.

Moreover, {¢ : k =1,2,---} is an orthonormal basis of [?(Z).
For any w > Ay, there exists a unique & such that w € [Ag, Ag41). Let

Y:Span{¢1a"' 7¢k}a dimY =k < o0,

for w < A1, we take Y = {0}, then the Hilbert space E can be decomposed into the direct sum

-l

E=Y®Z Z=Y"*=Span{o;lj >k+1}

Notice that the linking geometry will be reduced to the mountain geometry as Y = {0}. Therefore the Mountain
Pass theorem can be viewed as a special case of the Linking theorem.
Let z € Z, ||z||g = 1 and define

N={uveZl||ulp=r}, M={u=y+XlyeY,|ullp<p=0}
and the boundary of M

OM ={u=y+Azly €Y, |lullp =p,A=0o0r |ulp < p,A =0}
={u=y+rzly eV llulle =p,A>0}U{y €Yllylle < p}-

According to the linking theorem in the Appendix we need the following lemma (linking geometry) to prove our
main result Theorem 5.2.

Lemma 5.4. There exist two positive constants p > r > 0 such that

inf J(v) > sup J(v).
veEN () 1)681111 ()

Proof. Lety =37 ai¢; € Yandz =37, bip; € Z with ||2||p = 1, that i,
[H' 22l =1 Y Ab7 =1.
i=k+1
By a simple calculation we obtain

k k
lyle =D Niaf, Ny +Azllf =Y haf + 2%,

i=1 =1
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Letu = Z?ik+1 ﬁ,(bz e Z,
1
Ty = L((H = w)u,u) — 32 30 F ().
neZ
For any € > 0, there exists A = A(e) > 0, such that

0 < F(u) < elul® + AlulP.

Since
o0

ST =y =5 37 (- w)i

i=k+1
by virtue of (5.4) we have

J(u>2, Z (A —w)B? —Fle Z B + Allullf,]
i= k+1 i= k+1
2, Z i — (w/2 + 7¢) Z B2 —~FA( Z B2)P/2,
1=k+1 i=k+1 i=k+1

Let(5:)\k+1—w>0and0<5<%.IfueN,then

Z XiBE = llullf = r* > Ao Z Bz,

i=k-+1 1=k+1
which implies

Z B < 1%/ Aes1,

i=k+1
thus 5 S A
5
Iy = 0 = T = i)
ANkt1 )‘Z{H
Notice that f(r) reaches its maximum value at
r:(i)ﬁ/\lﬂ (5.18)
QPWA k+1> :
and (-25 6
p— 2
> P— . A
J(u) = 1p (2p7A) >0 (5.19)

Consider a special z = ¢k+1/)\ then z € Z and ||z||p = 1. Lety = Zle a;¢; and

k10
u=y+ Az €IM C Span{¢y,d2, -+ ,dr11} =Y @ {s¢p11: s € R}.

We distinguish two cases.
(M A=0,]|yllg < p, then

and

e
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2)A > 0and ||y + Az||g = p, that is
k
Zx\ia? =p* = \%,
i=1

then

) = Iy +A2) = ~(H —wu,u) — 3 AF(un)

2
neZ

1 w
= Slly+AzlE = Sy + Azllie = Y- AaF(un)

neE”Z
2 k
Sy % - ‘;;af —EZAHF(%)
= %2_ 2L;:j1 B w(p;\_ ) —1Colly + Az,
- %2( - /\%) + %(/\ik - /\:H)XZ —7Cally + Azl

Notice that all norms in a finite dimensional space are equivalent and y+ Az belongs to a finite dimensional space,
then there exists a positive constant K depending on k and ¢ such that

1y + Azllie = Klly + Az
Thus for0 < A <p

k
1 1
Tw) = Iy +22) £ (1= 55) + 550 = N = 2CK (Y af + 4 Ag) "
i=1

1 1 2 1 1

- N — Ny K1 - -
Ak /\k-i-l) g (/\k ()\k Akl

<C0-)+5( )72 = G,

Notice that for 0 < A < p
1 1 1 1 1 32)15

G\ =wA(— — + Oy K9\ — —(— - >0,
g ()\k )\k+1) -2 <>\k Aer1” A A Apr -
thus 5 O K
~ 702
< = 2= 1 = .
J(u) < Orgggpg(A) e N P! =g(p)

Therefore there exists p > r > 0 such that g(p) < 0. By the choice of r 5.18 we know that

inf J(u) > f(r) >0>g(p) > sup J(u).
ueN weAOM

|
5.3. Exponential Decay
The following theorem about exponential decay of standing waves was proved in [30].
Theorem 5.5. Let u € 12(Z) be a solution to the equation (5.3). If u satisfies furthermore
lim vy f (un) = 0, (5.20)
|n|—o0
then there exists two positive constants C and « such that
| < CemeInl, neZ. (5.21)
S
V=)
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5.4. Proof of Theorem 5.2

Now we prove our main result Theorem 5.2 as follows (also see [30]). Actually, by Lemma 5.3 and Lemma
5.4 we know that the functional J(u) satisfies the Palais-Smale condition and the linking geometry. Thus (1)
becomes a natural consequence of the linking theorem 5.7. (2) is just a corollary of Theorem 5.5. Therefore we
only need to prove (3). To this end we need one more lemma.

By Remark 2.5 we can define the nested sequence of finite dimensional space { E,,,} in Theorem 5.8 as follows.
Forw < Ay, E,, = Span{¢1, -+ ,dm}, and for \y < w < Apg1, & > 1, B,y = Span{é1, -+, drtm |}, for
m=1,2,---.

Lemma 5.6. There exist two positive constants ¢, and co depending on k and m such that for any u € E,,,
J(u) < ealfullf — e2llullh- (5.22)

We can see that the assumption (B2) in Theorem 5.8 is an immediate consequence of Lemma 5.6 since
q > 2. Since the assumption (B1) has been verified in the proof of Lemma 5.4, (3) of Theorem 5.2 becomes a
consequence of Theorem 5.8. Therefore we can complete the proof of Theorem 5.2 now by showing Lemma 5.6.

Proof of Lemma 5.6 For the case m = 1, it has been done essentially in the proof of Lemma 5.4 if we notice
that for any u € F/p, there exist unique y € Y and A € R such that u = y 4+ Az, where Y and z are defined in the
proof of Lemma 5.4. Therefor by a similar calculation in the proof of Lemma 5.4 we obtain for v €

A —w yCo K1
J(u) < )} - = |ullg (5.23)
2N+ Z/+1

For the case m > 1, let wy, = (Ag+m—1 + Ak+m)/2. We define a functional
1
Im(u) = 5((H — W)U, ) — %’YﬂF(un)a

which is just the function J(u) with a different frequency w = w,,. Notice that Agim—1 < Wi < Agtm, DY
(5.23) with k£ + 1 replaced by k + m we obtain for any u € E,,,

)\k+m — Wm 2 XCQKQ q
1) < SRl — Sl (524

k
Thus let u = 7" a;¢;, from
k+m k+m

lullz = > Xiaf > X Y al,
=1 i=1

we obtain for any u € E,,,

k+m
1
() = Jn(w) + 5 (@ —w) Y a?
i=1
Akgm — W , C2K1 W — W
< [ktm  m _ q zm = 2
< SRl - Syl +
)\ker—w 9 lCQKq q
<o [[ull i l[ullg

which implies (5.22). Therefore Lemma 5.6 holds.
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5.5. Appendix: Linking theorem and Multiple Critical Points

Here we recall the so-called linking theorem (see [19, 21, 25]). Let E = Y @ Z be a Banach space decomposed
into the direct sum of two closed subspaces Y and Z, with dimY < co. Let p > r > 0 and let z € Z be a fixed
vector, ||z|| = 1. Define

M=Au=y+Xz: yeY,|ul|<p,A>0} N={ueZ: ||u|=r}
The boundary of M is denoted by OM
OM={u=y+Xz: yeY,|ul|=pand A >0, or |Jul]| < pand A = 0}.

Theorem 5.7. Let J(u) € C(E,R) and assume that J satisfies the Palais-Smale (PS) condition, i.e. any
sequence u*) € E such that J(u'®) is bounded and J'(u'®)) — 0 contains a convergent subsequence. Assume
also that J possesses the following so-called linking geometry

8= inf J(u) > sup J(u) = . (5.25)
ueN u€dM

LetT ={y e C(M,E): v='1idon OM}. Then

c = inf sup J(v(u
inf sup (v(w))

is a critical value of J and

B <c< sup J(u). (5.26)
ueM

Multiple Critical Points Here we recall a Zy version of the Mountain Pass Theorem (see Theorem 9.12 in
[1] or [21]).

Theorem 5.8. Let E be an infinite dimensional Banach space and let J € C*(E,R) be even, satisfy the Palais-
Smale condition, and J(0) = 0. If E =Y @® Z, where Y is finite dimensional and J satisfies

(BI) there are constants r, o > 0 such that J|sp,.nz > «, and

(B2) for a nested sequence E1 C E5 C --- of increasing finite dimension, there exist p; = p(FE;) > 0 such that
J<0onBj ={z € E;||z| > pi} fori=1,2,---,

then J possesses an unbounded sequence of critical values.
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1. Introduction and preliminaries

Let (X, | - ||) be a complex Banach space. An X -valued sequence (x)kez is called (Bohr) almost periodic if
and only if, for every € > 0, there exists a natural number Ky (¢) such that among any K (¢) consecutive integers
in Z, there exists at least one integer 7 € Z satisfying that

|lzher — || <€, keZ;

as in the case of functions, this number is said to be an e-period of sequence (xy). Further on, an X-valued
sequence () ez is said to be almost automorphic if and only if, for every sequence (h},)xez of integer numbers,
there exists a subsequence (hy)iez of (h),)rez and an X -valued sequence (Y, )mez satisfying that

lim Zmtn, =Ym, " €Z and lim yp_p, = Tm, M € Z.
k—o0 k—o0

Any almost periodic sequence (xy )¢z is almost automorphic while the converse statement is not true in general.
It is well known that a sequence (zx)kez in X is almost periodic (almost automorphic) if and only if there exists
an almost periodic (compactly almost automorphic) function f : R — X such that x, = f(k) for all k € Z;
see e.g., the proof of [5, Theorem 2] for the almost periodic setting and [7, Theorem 1, p. 92] for the almost
automorphic setting (the notion of an almost periodic function f : R — X and the notion of a compactly almost
automorphic function f : R — X can be found in [8], e.g.).

Several new classes of generalized p-almost periodic type sequences, like (equi)-Weyl-(p, p)-almost periodic
sequences, Doss (p, p)-almost periodic sequences and Besicovitch-p-almost periodic sequences, have recently
been considered in [10]. The main aim of this paper is to continue the above-mentioned research study by
investigating some classes of Levitan p-almost periodic type sequences and remotely p-almost periodic type
sequences. We also aim to provide certain applications of our results to the abstract Volterra difference equations.

The paper is quite simply organized; after collecting the basic results about principal fundamental matrix
solutions, Green functions and exponential dichotomies in Subsection 1.1, we analyze the Levitan p-almost
periodic type sequences and the remotely p-almost periodic type sequences in Section 2 and Section 3,
respectively. The main aim of Section 4, which is broken down into two separate subsections, is to provide
certain applications of the established results to the abstract Volterra difference equations; the final section of
paper is reserved for some conclusions and final remarks about the introduced notion.

Notation and terminology. Suppose that X, Y, Z and T are given non-empty sets. Let us recall that a binary
relation between X into Y isany subset p C X x Y. If p C X xYando C Z x T withY N Z # 0,
then we define p! C Y x Xando-p =0c0p C X xTbyp ! :={(yz) €Y xX : (2,9) € p}
andoop = {(z,t) € X xT : Jy € Y N Zsuchthat (x,y) € pand (y,t) € o}, respectively. As is well
known, the domain and range of p are defined by D(p) := {# € X : Jy € Y suchthat (z,y) € X x Y} and
R(p) :=={y € Y : 3z € X suchthat (z,y) € X x Y}, respectively; p(z) :={y € Y : (z,y) € p} (z € X),
xpy < (z,y) € p. If pis a binary relation on X and n € N, then we define p" inductively; p=" := (p")~! and
P’ i=Ax ={(z,z) :x € X}.Setp(X') :={y : y € p(z) forsome z € X'} (X’ C X)andN,, := {1,---,n}
(n € N). An unbounded subset A C Z is called syndetic if and only if there exists a strictly increasing sequence
(@) of integers such that A = {a,, : n € Z} and sup,,cz(an+1 — an) < +00. Set, for every to € R™ and [ > 0,
B(tg,l) :={t e R™: |t — to| < [}, where |- — -| denotes the Euclidean distance in R™. We will always assume
henceforth that (X, || - ||) and (Y, | - ||y') are complex Banach spaces as well as that p C Y x Y is a given binary
relation. By I we denote the identity operator on Y'; B3 stands for any non-empty collection of non-empty subsets
of X satisfying that for each x € X there exists B € B such that x € B. The space of all linear continuous
operators from X into Y is denoted by L(X,Y); L(Y) = L(Y,Y).

Before proceeding further, we need to recall the following notion (cf. [4] for more details on the subject):

Definition 1.1. Suppose that F' : R™ — Y is a continuous function and T € L(Y'). Then we say that the function
F(-)is:
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(i) Levitan T-pre-almost periodic if and only if F(-) is for each N > 0 and € > 0 there exists a finite real
number | > 0 such that for each to € R™ there exists T € B(to, 1) such that

|F(t+7) = TF(t)| < eforallt € R with |t| < N;
by E(e, T, N) we denote the set of all such points T which we also call (¢, N, T)-almost periods of F(-).

(ii) strongly Levitan T-almost periodic if and only if F(-) is Levitan T-pre-almost periodic and, for every real
numbers N > 0 and € > 0, there exist a finite real number 11 > 0 and the relatively dense sets E%;N inR

(1 < j < n) such that the set E;,n = H?:1 Eg;N consists solely of (n, N, T)-almost periods of F(-) and
En:,N + En;N g E(E,T, N)

1.1. Principal fundamental matrix solutions, Green functions and exponential dichotomies

In order to analyze the existence and uniqueness of solutions for a class of discrete dynamical systems, we
shall first remind the readers of the notion of discrete exponential dichotomy, which plays an important role in
the setup of the main results.

Definition 1.2 ([12, Definition 5]). Let X(t) be the principal fundamental matrix solution of the linear

homogeneous system
z(t+1) = At)z(t), t € Z; x(to) = zo € C", (1.1)

where A(t) is a matrix function which is invertible for all t € Z. Then we say that (1.1) admits an exponential
dichotomy if and only if there exist a projection P and positive constants o1, g, 51 and Bo such that

| XOPX ()| <Br(T+ar) ™", t>s,
[X(t) (I -P) X (s)]| < B (1+a2) ™, s>t

We define the Green function by

B X (t)PX~1(s) fort > s
G(t,s) = {X(t) (I-P)X 1(s) fors>t"

We will use the following result later on (cf. [12, Theorem 2]):

Theorem 1.3. If the system (1.1) admits an exponential dichotomy and the function f(-) is bounded, then the
nonhomogeneous system

z(t+1)=A@)z®t)+ f(t), t€Z; z(to) =0 (1.2)

has a bounded solution of the form

w(t)= > Gtji+1)f3). (1.3)

j=—oc0

2. Levitan p-almost periodic type sequences

In a joint research article with B. Chaouchi and D. Velinov [4], the first named author has recently analyzed
Levitan p-almost periodic type functions and uniformly Poisson stable functions. We will use the following
notions (cf. also [4, Definition 2.1, Definition 2.13]):

Definition 2.1. Suppose that ) # 1 CZ™*, 0 #1I' CZ", i+ c IforallicI,i' cI'and F : I x X — Y.
Then we say that the sequence F(-;-) is:
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(i) Levitan-pre-(B,I', p)-almost periodic if and only if for every e > 0, B € B and N > 0, there exists L > 0
such that, for every to € I', there exists T € B(tg,l) N I' such that, for every x € B and i € I with
li| < N, there exists y;., € p(F'(i;x)) such that

|F(i+752) = yis|| <€, @€ B;
by E..n.p we denote the set consisting of all such numbers T € I'.

(ii) Levitan (B, p)-almost periodic if and only if F(-;-) is Levitan-pre-(B, I', p)-almost periodic with I' = I,
p = land, for everye > 0, B € Band N > 0, there exist a numbern > 0 and a relatively dense set E,. n.p
in I (i.e., for every € > 0 there exists | > 0 such that for each t € I there exists T € B(t,1) N Ep.n;B)
such that En;N;B C I and ET];N;B + En;N;B - Ee;N;B-

(iii) strongly Levitan (B, p)-almost periodic if and only if F'(+; -) is Levitan B-almost periodic and the set E,. N5
from the part (ii) can be written as Ey,n.p = H;'L:1 E%;N;B, where the set E%;N;B is relatively dense in
the j-th projection of the set I.

99

We omit the term “B” from the notation for the sequences F' : I — Y; furthermore, we omit the term “p
from the notation if p = .

Using the same argumentation as in the proofs of [5, Theorem 2], [10, Theorem 2.3, Proposition 2.4,
Theorem 2.6] and the fact that strongly Levitan N-almost periodic functions form the vector space with the
usual operations, we may deduce the following important results (we will provide the main details of the proofs,
only; by a strongly Levitan almost periodic sequence (function), we mean a strongly Levitan I-almost periodic
sequence (function)):

Theorem 2.2. Suppose that p =T € L(Y)and F : " — Y. Then the following holds:

(i) If F: Z" — Y is a Levitan T-pre-almost periodic sequence, then there exists a continuous Levitan T'-pre-
almost periodic function F' : R™ — Y such that R(F(-)) C CH(R(F)) and F(k) = F(k) forallk € Z™.

Furthermore, if F(-) is bounded, then F(-) is uniformly continuous.

(ii) If F': Z™ — 'Y is a (strongly) Levitan T-almost periodic sequence, then there exists a continuous (strongly)
Levitan T-almost periodic function F : R™ — Y such that R(F(-)) € CH(R(F)) and F(k) = F(k) for
all k € 7. Furthermore, if F(-) is bounded, then F(-) is uniformly continuous.

Proof. We will present all relevant details of the proof of (ii) in the two-dimensional setting; cf. also the proof
of [5, Theorem 2] with ¢ = 1 and § = 1/2. Consider first the statement (i). If ¢ = (t1,t2) € R? is given, then
there exist the uniquely detemined numbers k € Z and m € Z such that t; € [k, k + 1) and t5 € [m,m + 1).
Define first F(t;,m) := Fy(k,m)if t; € [k, k + (1/2)) and F(t;,m) := 2(Fy(k + 1,m) — Fy(k,m))(t; —
k— (1/2) + Fz(k,m) if t; € [k + (1/2),k + 1); we similarly define F(t;,m + 1) := Fy(k,m + 1) if
t1 € [k, k+(1/2)) and F(t;,m+1) := 2(Fy(k+1,m+1) — Fy(k,m+1))(t; — k — (1/2)) + Fy(k,m+1
ift; € [k + (1/2),k + 1). After that, we define F(t,,to) := F(t1,m) if to € [m,m + (1/2)) and F(ty,t5) :
2(F(t1,m + 1) — F(ty,m))(ta — m — (1/2)) + F(ty,m) if to € [m + (1/2),m + 1). Then the function
F(-) is continuous, R(F(-)) € CH(R(F)), F(k) = F(k) for all k € Z" and the function F(-) is uniformly
continuous provided that F(-) is bounded. As in the proof of [10, Theorem 2.3], we may show that F'(-) is a
Levitan T-pre-almost periodic function provided that F'(-) is a Levitan T-pre-almost periodic sequence. |

~

Theorem 2.3. Suppose that F : Z" — Y. If F : R™ — Y is a strongly Levitan almost periodic function and
F(+) is uniformly continuous, then Fyn : 7" — Y is a strongly Levitan almost periodic sequence.

Proof. Let ¢ > 0 and N > 0 be given; we will consider the non-trivial case Y # 0, only. Since F'(-) is
uniformly continuous, we can find a number § € (0, ¢) such that the assumptions z, y € R™ and |x —y| < ¢
implies || F'(z) — F(y)|ly < e. Since the strongly Levitan almost periodic functions form a vector space with the
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usual operations, we know that there exists a number 7 € (0, §) and relatively dense sets Ef] n in R such that the

set B,y = H?Zl Ef7 N consists solely of common (7, N)-almost periods of the function F'(-) and the functions
G, (-) defined below (1 < j < n) as well as that E,.y £+ E,,n C E(e, N)(F, G, ...,Gy); here, we use the same
notion and notation as in [4]. Therefore, if 7 = (7, ..., 7,) in E,.n, then we have ||F'(t + 7) — F(t)||y < n
forall t € R™ with [t| < N, and ||G,(t + 7) — G;(t)|ly < nforallt € R™ with [t| < N and j € N,,, where
the Bohr B-almost periodic function G; : R™ — Y is defined as the usual periodic extension of the function
Gjo(t) == (1 -1 —¢t)y, t = (t1,....t5,...,t,) € [0,2]™ to the space R™ (the non-zero element y € Y is
fixed in advance). As in the one-dimensional setting, this simply implies that there exist two vectors p € Z™ and
w = (wy, ..., wy) € B(0,n) such that 7 = 2p + w. Therefore, we have:

|F(t+2p) — F(t)|,
< ||F(t+2p) — F(t+2p+w)||, + || F(t +2p+w) — F(t)||,
<e+n<2, teR” |t| <N

This simply implies that Fzn»(-) is a Levitan almost periodic sequence and the second condition from the
formulation of Definition 2.1(iii) holds, so that Fyn (+) is a strongly Levitan almost periodic sequence. |

Remark 2.4. It is very difficult to state a satisfactory analogue of Theorem 2.3 if the function F(-) is not
uniformly continuous. In connection with this issue, we would like to mention that many intriguing examples of
unbounded Levitan almost periodic functions F : R — R which are not uniformly continuous have recently been
constructed by A. Nawrocki in [16]; the discretizations of such functions cannot be simply analyzed by means of
Theorem 2.3.

We continue by providing the following illustrative example:

Example 2.5. Suppose that

1

()= 2+ cost + cos(v/2t)’
Then we know that the function F(-) is Levitan almost periodic, unbounded and not uniformly continuous ([13,
14]). Furthermore, the sequence (F(k))rez is unbounded, as easily approved, and Levitan almost periodic,
which can be proved as follows (Theorem 2.3 is inapplicable here). The argumentation contained on [14, p. 59]
shows that for each € > 0 and N > 0 there exists a sufficiently small number 6 > 0 such that any integer which
is 0-almost period of the function 2 + cos- + Cos(\/i-) is also a Levitan (e, N)-almost period of the function
F(+); it is well known that the set of all such integers which are d-almost periods is relatively dense in R. If e > 0
and N > 0 are given, then we can simply choose the number 1 = /2 in Definition 2.1(ii) and the set E,.n
consisting of all integer (8/2)-almost periods of the function 2 + cos - + cos(\/2-). Observe finally that, due to
[17, Corollary 1], for each € > O there exists M, > 0 such that F(k) < M, |k|*™ for all k € Z.

teR

The notion of a strongly Levitan almost periodic sequence and the notion of a Levitan almost periodic
sequence coincide in the one-dimensional setting. Without going into any further details concerning the multi-
dimensional setting, where the famous Bogolyubov theorem does not admit a satisfactory reformulation (cf. [4]
for more details), we will only formulate here the following important consequence of Theorem 2.2 and Theorem
2.3:

Theorem 2.6. Suppose that F' : 7 — Y is bounded. Then (F(k))kez is a Levitan almost periodic sequence if
and only if (F(k))kez is an almost automorphic sequence.

Proof. If (F(k))xez is a Levitan almost periodic sequence, then Theorem 2.2(ii) implies that there exists a
uniformly continuous, Levitan almost periodic function /' : R — Y such that F' (k) = F(k) for all k € Z. Due
to [18, Theorem 3.1], we have that F' : R — Y is compactly almost automorphic so that (F(k))xez is an almost

e

[V =)
MM

153



Marko Kosti¢ and Halis Can Koyuncuoglu

automorphic sequence. On the other hand, if (F(k))kez is an almost automorphic sequence, then there exists
a compactly almost automorphic function F' : R — Y such that F'(k) = F(k) for all k € Z. Clearly, F'(-) is

uniformly continuous; applying again [18, Theorem 3.1], we get that F(-) is Levitan almost periodic. Therefore,
the final conclusion simply follows from an application of Theorem 2.3. |

3. Remotely p-almost periodic type sequences

The following notion is a special case of the notion introduced in [9, Definition 4.1] (see also [11, Definition
3.1, Definition 3.2]):

Definition 3.1. Suppose thatD C I C Z™, ) # I' C Z", ) # I C Z", the sets D and I' are unbounded,
I+I'Cland F: 1 x X —Y isa given function. Then we say that:

(i) F(-;-) is D-quasi-asymptotically Bohr (B, I, p)-almost periodic if and only if for every B € B and € > 0
there exists a finite real number | > 0 such that for each to € I' there exists T € B(tg,l) NI’ such
that, for every x € B, there exists a function G, € Y, the set of all functions from D into Y, such that
G.(t) € p(F(t;x)) forallt € D, x € B and

lim sup supHF(t + 7)) — Gw(t)HY <e.
[t|—=+oosteD z€B

(ii) F(+;-) is D-remotely (B, I, p)-almost periodic if and only if F(-;-) is D-quasi-asymprotically Bohr
(B, I, p)-almost periodic and, for every B € B, the function F(-;-) is bounded and uniformly continuous
onl x B.

Remark 3.2. If X = {0} in (ii), then the boundedness and the uniform continuity on I x B is equivalent with
the boundedness on I.

If X = {0}, then we omit the term “3” from the notation; further on, we omit the term “I’”” from the notation
if I’ = I and we omit the term “p” from the notation if p = I. The usual notion is obtained by plugging X = {0},
D = I’ =TI and p = I, when we also say that the function F'(-) is quasi-asymptotically almost periodic (remotely
almost periodic). If D, I’, T C R™, then we accept the same terminology for the functions.

The following result, which establishes a bridge between remotely almost periodic functions on continuous
and discrete time domains, can be deduced with the help of the argumentation contained in the proof of [19,
Theorem 2.1]:

Theorem 3.3. A necessary and sufficient condition for a function F' : Z™ — 'Y to be remotely almost periodic is
that there exists a remotely almost periodic function H : R™ — Y so that F (t) = H (t) forall t € 7.

We perform the proof of the following composition principle by exactly pursuing the same direction of the
proof of [19, Lemma 3.4]; the same proof works for the functions and can be adapted for the almost automorphic
sequences (functions):

Theorem 3.4. Suppose that (Z,| - ||z) is a complex Banach space, F' : Z™ x X — Y is B-remotely almost
periodicand G : " XY — Z is B'-remotely almost periodic, where BB denotes the family of all bounded subsets
of X and B’ denotes the family of all bounded subsets of Y. Suppose, further; that for each bounded subset B’ of
Y there exists a finite real constant Lg: > 0 such that

G (t91) — G (t92)ll; < Lo llys — v2lly, t €Z", y1, y2 € B. (3.1

Then the sequence H : 7" x X — Z, defined by H (t; x) := G(t; F(t;x)), t € Z™, x € X, is B-remotely almost
periodic.
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Proof. Let e > 0 and B € B be given. Then the set B’ := {F(t;x) : t € Z", x € B} is bounded and there
exists Lp, > 0 such that (3.1) holds. This yields
|H(t' ;') = H(t;2)||, < |Gt F(t';2") = G F(t;2))]],
+]|G; Ft;2)) — Gt F(t; ),
< Lp||F(t';a') — F(t; )|, + sup |Gt 9) = G(t'59)]]
yeB’

where t, t' € Z"and z, ' € B which simply implies that the function H(-;-) is bounded and uniformly
continuous on I x B. Further on, let us denote by I, (B : Y') the Banach space of all bounded functions from B
into Y, equipped with the sup-norm. Then the function Fig : Z™ — lo(B : Y), given by [Fg(t)](z) := F(t; ),
t € Z™, x € B, is remotely almost periodic and the function Gp: : Z" — (B’ : Y), given by [Gp: (t)](y) :=
G(t;y),t € Z™, y € B’, is remotely almost periodic. Consequently, the set

7(H,e) = {p € Z" :limsup sup ||G (t +p;y) — G (t; ),
[t| 200 yEB’

[t| o0 z€EB

+limsup sup || F (t + p; ) —F(t§$)y} <e

is relatively dense in Z". The final conclusion follows from the next computation (t € Z™, x € B):

|G+ pi P+ pia) = Gl Flesa) | < |Gt +piF 6+ pia)) = Gt (6 + pia))||

+ |G (& F (t+p;x)) — G (4 F (t2))]l,
SNGE+p F(t+px) =G F (6 +pa)ll, + L ||[F (6 +pyx) — F(t )]y,

and the sub-additivity of operation lim supj¢|_, o - |

We end this section by noting that the space of remotely almost periodic sequences RDAP(Z™ : Y) is, in
fact, a closed subspace of the Banach space of bounded sequences on Z™ so that RDAP(Z™ : Y') is a Banach
space when endowed by the sup-norm.

4. Applications to the abstract Volterra difference equations

In this section, we will provide some applications of our results and introduced notion to the abstract Volterra
difference equations. We divide the material into two individual subsections.

4.1. On the abstract difference equation u(k + 1) = Au(k) + f(k), its fractional and multi-dimensional
analogues

In [3, Section 3], D. Araya, R. Castro and C. Lizama have investigated the almost automorphic solutions of the
first-order linear difference equation

u(k+1) = Au(k) + f(k), ke€Z, 4.1

where A € L(X) and (fx = f(k))rez is an almost automorphic sequence. In this subsection, we will reconsider
the obtained results by assuming that ( fx)xez is a Levitan almost periodic type sequence (cf. also [10]).
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Suppose first that A = AI, where A € C and |A| # 1. We already know that the almost automorphy of
sequence (fx)kez implies the existence of a unique almost automorphic solution u(+) of (4.1), given by

k
ulk)= Y M"f(k-1), kez, (4.2)
if |A] < 1, and
u(k) == > N (k), ke, (4.3)
m=k

if |A| > 1. We also have the following:

Proposition 4.1. Suppose that p = T € L(X) and f(-) is a bounded Levitan pre-(I',T)-almost periodic
sequence (Levitan T-almost periodic sequence). Then a unique bounded Levitan pre-(I',T)-almost periodic
solution (Levitan T-almost periodic solution) of (4.1) is given by (4.2) if |\| < 1, and (4.3) if |\| > 1.

Proof. We will only prove that the sequence (u(k))gez is bounded and Levitan pre-(I’,T)-almost periodic
provided that [A| < 1 and f(-) is a bounded Levitan pre-(I’, T')-almost periodic sequence. This is clear for the
boundedness; suppose now that the numbers ¢ > 0 and N > 0 are fixed. Then there exists a natural number
v’ € N\ {1} such that

SNIGHT o= =T —v =D <A+ TNl D " <e€/2, (4.4)

v=uv’ v=uv’

where 7 € Z. Set N' := N + 1+ . Let 7 € I’ be any (e(1 — |\|)/2, N’)-almost period of the sequence
(f(k))kez, with the meaning clear. Then we have

lu(G +7) = Tu()I <D IFG+7—0=1) =Tf(G —v—1)]

v —1

<STAPIFGHT—v=1) = Tf(G —v -1
v=0

Y G +HT—v =) = TfG—v—1)|

v —1

<D= AD/2) + (¢/2) <€, JEZ, |j| < N.
v=0

This implies the required conclusion. |

Similarly, we can prove the following (without going into further details, we will only note that the statement
of [3, Theorem 3.2] can be simply reformulated for the bounded Levitan T'-almost periodic type sequences, as
well):

Proposition 4.2. Suppose that p = T € L(X), A € L(X) and f(-) is a bounded Levitan pre-(I', T)-almost
periodic sequence (Levitan T-almost periodic sequence) and ||A|| < 1. Then there exists a unique bounded
Levitan pre-(I', T')-almost periodic solution (Levitan T-almost periodic solution) of (4.1).

Before investigating some fractional difference equations below, we would like to make the following
important observations:
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Remark 4.3. Suppose that there exist two finite real constants M > 1 and k € Nsuch that || f(j)| < M(1 + Fhk
forall j € 7. Then the solution u(-) from Proposition 4.1 is still well-defined and we have u(j) = >~ A" f(j —
v—1) forall j € Z, so that

[u@)Il < MY A+ (5] + | o) < M3 Y TN (1 + |i)*
v=0 v=0

FMBFIN T OR < ML+ )E, j e,
v=0

for some finite real constant M’ > 1. But, it is not clear how we can prove that u(-) is Levitan pre-(I',T)-
almost periodic (Levitan T-almost periodic); in the newly arisen situation, the main problem is the existence
of a sufficiently large natural number v' € N, depending only on ¢ > 0 and N > 0, such that (4.4) holds
true. We have not been able to find a solution of this problem even for the Levitan almost periodic sequence
(F(k) = 1/(2 + cos k + cos(v/2k))) pez from Example 2.5, with I' = Z and T = 1.

1. Fractional analogues of u(k + 1) = Au(k) + f(k). In [2], E. Alvarez, S. Diaz and C. Lizama have
recently analyzed the existence and uniqueness of (IV, A)-periodic solutions for the abstract fractional difference
equation

A%u(k) = Au(k +1) + f(k), keZ, (4.5)

where A is a closed linear operator on X, 0 < o < 1 and A%u(k) denotes the Caputo fractional difference
operator of order «; see [2, Definition 2.3] for the notion. We will use the same notion and notation as in the
above-mentioned paper.

Let A be a closed linear operator on X such that 1 € p(A), where p(A) denotes the resolvent set of A, and
let [|(I — A)~!|| < 1. Due to [2, Theorem 3.4], we know that A generates a discrete (v, )-resolvent sequence
{Sa,a(v)}ven, such that 372 || Sy (v)|| < 4oc. Furthermore, if (f;)xez is a bounded sequence, then we
know that the function

k—1
= > Saalk=1-0f(), kel (4.6)

l=—0c0

is a mild solution of (4.5). Since 3,75 [|Sa.a(v)| < +oo, the argumentation contained in the proof of
Proposition 4.1 enables one to deduce the following analogue of this result:

Proposition 4.4. Suppose that p = T € L(X) and f(-) is a bounded Levitan pre-(I',T)-almost periodic
sequence (Levitan T-almost periodic sequence). Then a mild solution of (4.5), given by (4.6), is bounded Levitan
pre-(I', T')-almost periodic (Levitan T-almost periodic).

Before proceeding further, we will only note that we can similarly analyze the existence and uniqueness of
Levitan 7T-almost periodic type solutions for the following class of Volterra difference equations with infinite

delay:
k

uk+1)=a Y alk—Nu(l)+ f(k), ke€Z acC;

l=—00
cf. [1, Theorem 3.1, Theorem 3.3] for more details in this direction.

2. Multi-dimensional analogues of u(k + 1) = Au(k) + f(k). In [10, Subsection 4.3], we have briefly
explained how the results established so far can be employed in the analysis of some multi-dimensional analogues
of the abstract difference equation u(k + 1) = Au(k) + f(k).
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In the first concept, we assume that f : Z™ — X, A\1, Ao, ..., A, are given complex numbers and
max(\)\1| ’ |A2| PREES) |)‘n|) < 1.

Consider the function

u(ky, ko, .o k) == > AT N T (= Ll — 1, Ly — 1)
11<ky,l2<ko,..., In<kn
= > AN A (k= o1 — L ko — w2 — 1,k — v — 1) 4.7)

v12>0,v22>0,...,v, >0

defined for any (k1, ko, ..., k) € Z™. Then it is not difficult to find the form of function F' : Z™ — X such that
’U,(/Cl +1,ko+1,... k, + 1) = Ao Ay u(khkg, 7kn) + F(kl,k‘g, ey kn)7 4.8)

for all (ki,ks,...,k,) € Z™. Arguing as in the proof of Proposition 4.1, we may conclude the following: If
p=T ¢ L(X) and f(-) is a bounded Levitan pre-(I’, T')-almost periodic sequence (Levitan T-almost periodic
sequence), then a mild solution of (4.8), given by (4.7), is bounded Levitan pre-(I’, T')-almost periodic (Levitan
T-almost periodic).

In the second concept, we consider the solution u; : Z — X of the equation u; (k+1) = \u;(k)+ f;(k), k €
Z, where f;(-) is a bounded Levitan pre-(I’, T')-almost periodic sequence (Levitan T-almost periodic sequence)
for1 < j < mand A € C satisfies |A| < 1. Define u(kq,...,k,) = ui(k1) + ua(ke) + ... + un(ky,) and
f(k'l, ceny kjn) = fl(kl) + fg(k‘g) + ...+ fn(kn) for all k]‘ <Y/ (1 < j < 7’7,) Then we have

wlky + 1, ek + 1) = My, oo k) + F (ks oo kn)y (kry ooy ki) € 27

moreover, the sequence u(+) is likewise bounded Levitan pre-(I’, T')-almost periodic sequence (Levitan T-almost
periodic sequence); here, p =T € L(X).

Before proceeding to the next subsection, we will only observe that all results established in this subsection
can be formulated if the term “bounded Levitan pre-(I’, T')-almost periodic” is replaced with the term “remotely
(I’, T)-almost periodic”. Then the solution u(-) will be also remotely (I, T')-almost periodic; for example, in
the case of consideration of Proposition 4.1, we can apply the following computation:

limsup u(j +7) = Tu(j)| < YA limsup | f(+7—v—=1) =Tf(j —v-1)|

|7]—+o0 v—0 |i]——+o0
=Y \["limsup [|f (G +7) = TG <€D A",
v=0 |7]—+o00 v=0

where T is a remote e-almost period of the forcing term f(-).

4.2. The existence and uniqueness of remotely p-almost periodic type solutions for the equation (1.2)

We start this subsection by stating the following result concerning the inhomogeneous discrete dynamical
system (1.2):

Theorem 4.5. Let I' C Z, inf I’ = —oo and supl’ = +oo. Assume that f : 7 — R™ is bounded and
quasi-asymptotically (I', T')-almost periodic, where T € L(C"™), and the homogeneous part of (1.2) admits an
exponential dichotomy. If for each p € I' we have

limsup Y ||G(t +p,j +p) — G(t,5)|| =0, 4.9)

[t|—+o0 jez

then the bounded solution x(t) of (1.2), given by (1.3), is quasi-asymptotically (I', T')-almost periodic.
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Proof. By Theorem 1.3, the bounded solution of (1.2) is given by

z()= > Gtj+1)f0).
Further on, we have:
|z (t+p) =Tz )] = Z G(t+p,j+1)f(j)—T.Z G(t,j+1)f()

= > Gt+pi+p+ ) fG+p)-T > Gti+1)f()

< i (Gt+pj+p+1)—G(tj+1)f(i+p)
H| X G006 -1 6)

<l 30 UG (4P +p+ 1) -G+ D)

£ B I G - TE G,

Hence,

limsup o (¢ 4+2) =& (O] < £l lmsup 37 |G (t+p.j+p+1)=GC(tj+ D)
— o0 .

t—too
j=—o0

+ lim sup Z 81+ a)7|t7j71| WfG+p)—fUI-

t—Foo .
j=—o0

Let e > 0 be given. Then there exists [ > 0 such that every interval I of length [ contains a point p such that there
exists an integer M (e, p) > 0 such that

1fG+p)=TrGI <e il = M(e p). (4.10)

This implies

lim sup [z (¢ + p) — & (1) < 1| lim sup DG +pj+p+1) -G+
— o0 .

t—+oo

J=—00

+ 2[| |0 lim sup Z 6(1+a)—\t—j—1\

t—+oo
l7l< M (e,p)
+ elim sup Z B(1+a) I
R 1o M (e )

S
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= £l limsup 32 G (t+p.g+p+1) =Gt + D)
— o0 .

j=—00
+ elimsup Z g1+ a)flt*j*l‘
1R 12 M (ep)

< £l tim sup S NGE+pi+p+1)—G(tj+1)
j=—00

+28ey (1+a) bl

JEZL

An application of (4.9) completes the proof. |

Remark 4.6. The assumption that for each p € I’ we have (4.9) is a little bit redundant. This assumption holds
if the Green function G(t, s) is bi-periodic in the usual sense, with appropriately chosen set I'; in particular, this
situation occurs if the functions AL(-) from the formulation of [15, Theorem 2] are p-periodic for some p € N
(see the equation [15, (21), Lemma 2]), when we can choose I' := pN.

Consider now the situation in which the functions A (-) from the formulation of [ 15, Theorem 2] are remotely
almost periodic and the sequence f(-) is remotely almost periodic (I' = 7Z, p = 1). Then the remotely almost
periodic extension f (+) of the sequence f(-) to the real line can share the same set of remote e-periods with the
Sfunctions AL (-). We can apply again the equation [15, (21), Lemma 2] and a simple calculation in order to see
that the solution x(-) will be remotely almost periodic.

Without going into further details, we would like to emphasize here that the proofs of [ 15, Theorem 3, Theorem
4] are not completely correct because the authors have not proved that, in general case, there exists a common
set of remote e-bi-almost periods of G(t, s) and remote e-almost periods of forcing term f(-).

We continue by stating the following result:
Theorem 4.7. Consider the nonlinear discrete dynamical system
w(t+1) = A(t)z(t) + g (t, 2 (), x(to) = o, .11
where g : 7. X R" — R" is B-remotely almost periodic with B being the collection of all bounded subsets of
R™, and the homogeneous part of (4.11) admits an exponential dichotomy which satisfies that for each p € 7 we
have (4.9). If the function g(-; -) satisfies the Lipschitz condition
lg (t,2) — g (t,y)ll < Lllw —yll forall xandy € R,

and if

2

L (5 + B) =<1,

o

then the functional system (4.11) has a unique remotely almost periodic solution.

Proof. Suppose that x(-) is remotely almost periodic. Then Theorem 3.4 implies that the function g(-; z:(+)) is
remotely almost periodic. Let us introduce the mapping H : RDAP(Z : R™) — RDAP(Z : R™) by

[H (z()]t) = > Gtj+1DgGa@), tez

j=—o0
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Then Theorem 4.5 indicates that H maps RDAP(Z : R™) into itself. If z, y € RDAP(Z : R™), then we have

1H(z) =H I < > 1G i+ DI-llgGe ) — g6y )l

= Y 16T DIl G ()~ 9 Gy )
F321G g+ Dl -l Gz () — 9 Gy D)

t—1 o]
<Lle—yl [ D B0+ 4> B(1+a) ™

j=—00 Jj=t
28

—Llz—yl (+5)
@]

<Az —yll,

which shows that H is a contraction. The Banach fixed point theorem implies that the nonlinear discrete
dynamical system (4.11) has a unique remotely almost periodic solution. |

Now we turn our attention into a more specific discrete dynamical system, which is a non-convolution type
Volterra difference system with infinite delay given in the form

r(t+) =AWzt + Y Bt)zG) +f(t), te, 4.12)

j=—o00

where A and B are n x n matrix functions and f(-) is a vector function. Indeed, almost periodic solutions
of Volterra difference equations have taken prominent attention in the existing literature, and there is a vast
literature based on the existence of discrete almost periodic solutions for numerous kind of Volterra difference
equations. In pioneering paper of S. Elaydi (see [6]) the investigation of sufficient conditions for the existence
of discrete almost periodic solutions was stated as an open problem, and [12] (2018) provided a solution to this
open problem by using the discrete variant of exponential dichotomy and the fixed point theory. It is clear that
the space RDAP(Z : R™) is a much more larger space than the space of discrete almost periodic functions. In
this paper, we consider the remotely almost periodic solutions of (4.12).

By a remotely almost periodic solution of the Volterra system (4.12), we mean a vector-valued remotely
almost periodic function z¢(-) on Z, which satisfies (4.12) for all t € Z, and 2¢ (t) = £ (¢) forall t € Z_, where
Z_ is the set of negative integers (Z.. is the set of nonnegative integers), and £ : Z_ — R™ is the bounded initial
vector function with sup, ., [€ ()] < U < oc.

Initially, we make the following assumption:

A1 The homogeneous part of the Volterra system (4.12) admits an exponential dichotomy.
As in [12], we define the following mapping
E) ,teZ_

oo

Y G+ )W (x(f), t €Ly

j=—o00

(Txg) (t) :=

where

WG,z (j) == Y B(,k)z(k)+f(j).

k=—o0
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In the remainder of the manuscript, we assume the following conditions:

A2 The sequence f(-) is remotely almost periodic.

A3 For each p € Z, (4.9) holds with the function G(+; -) replaced by the function B(-;-). Also, we ask that there
exists a positive constant Up > 0 such that

t
0<sup Y |[[B(tk)|<Usp <. (4.13)
Z

L€24 p— oo

A4 For each p € Z, we have (4.9).

The following result follows from an application of Theorem 4.5:
Lemma 4.8. If the function x(-) is remotely almost periodic, then W (-, x (-)) is remotely almost periodic, too.

Theorem 4.9 (Schauder). Let B be a Banach space. Assume that K is a closed, bounded and convex subset of
B.If T : K — K is a compact operator, then T has a fixed point in K.

In order to establish the final outcome of our paper, we introduce the following set
Oy = {a* € RDAP(Z :R") : ||2%|| < U}
for a fixed positive constant U > 0. Clearly, ©y is a bounded, closed and convex subset of RDAP(Z : R™).

Theorem 4.10. Assume that the conditions (A1-A4) are satisfied. Then the Volterra difference system (4.12) has
a remotely almost periodic solution.

Proof. As the initial task, we have to show that T : Oy — Oy . Pick 2¢ € Oy. Then, W (-, x (+)) is remotely
almost periodic, and consequently, 7' (x5 ) (+) is remotely almost periodic. We skip the proof of this assertion
since one may easily show this claim by exactly repeating the same steps of the proof of Theorem 4.5. Further
on, we have

I(Tz) O < D 16 G+ DI W Gz ()]

j=—o0

<Uw Y llG(ti+1)]

j=—00
2
@
where Uyy stands for the upper bound of the remotely almost periodic function W. Set

U:= max{Ug,UW (25 —I—ﬁ)},

«

and observe that T maps Oy into itself. Suppose now that ¢1, @o € O and define d = 6 (¢) > 0 by

3

5::UB<?+ﬁ).
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Next, we pursue the proof by showing that T is continuous. If ||¢1 — ¢2]| < d, then we have

I(Te1) (8) = (To2) BT < D NIG (8, + DI - IIW Gopr (7)) = W (2 ()]

j=—o00

<Usller— @2l Y IG5+ 1)

j=—o0

28
< Us |1 — w2l <a +5>
<e te,

which implies the continuity of 7.

As the final step of our proof, we aim to show that 7' (O ) is precompact by using diagonalization. Suppose
that the sequence {z;} € Oy, and consequently, {z (¢)} is a bounded sequnce for ¢ € Z. Thus, it has a
convergent subseqeunce {xy (t;)}. By repeating the diagonalization for each k € Z,, we get a convergent
subseqgeunce {xy, } of {1} in Oy . Since T is continuous, {7 (x))} has a convergent subsequence in 7' (Oy/) ;
therefore, T (O ) is precompact. The conclusion follows from Schauder’s theorem, which shows that there exists
a function z € Oy so that (Tz*) (t) = x (¢) for all ¢ € Z.. Equivalently, the non-convolution type Volterra
difference system has a remotely almost periodic solution. |

We can similarly analyze the existence of discrete almost automorphic solutions to (4.12).

5. Conclusions and final remarks

In this paper, we have investigated the class of Levitan p-almost periodic type sequences and the class of
remotely p-almost periodic type sequences. We have provided many structural results, remarks and useful
examples about the introduced notion. Several applications of established theoretical results to the abstract
Volterra difference equations are given.

Let us finally mention a few topics not considered in our previous work and some perspectives for further
investigations of the abstract Volterra difference equations.

1. Many recent papers analyze the class of almost periodic functions in view of the Lebesgue measure u;
cf. [16] and references cited therein. In this paper, we will not consider the discretizations of the almost
periodic functions in view of the Lebesgue measure y; cf. also [16, Lemma 2.8].

2. Suppose that ) # I CZ* ) £ I' CZ", i+ € [foralli € I,/ € "and F : I x X — Y. The
following notion is also meaningful: a sequence F'(-;-) is said to be Bebutov-(3, I’, p)-almost periodic
if and only if, for every e > 0, B € B and N > 0, there exist a sequence (7 )ren in I’ such that
limg_, 400 [Tk| = 400 and a positive integer ky € N such that, for every x € B and i € I with |i| < N,
there exists y;;, € p(F'(4;x)) such that

|F(i+7i5%) — yie|| <€, 2 € B, k> k.
We will skip all details concerning the class of Bebutov-(3, I’, p)-almost periodic sequences.

3. It is worth noting that the notion of quasi-asymptotically almost periodicity and the notion of remote
almost periodicity have not been considered in the sense of Bochner’s approach. We can also consider
the following notion: Suppose that D C I C R™, () # I’ C R", ) # I C R", the sets D and I’ are
unbounded, I + I’ C Tand F : I x X — Y is a given function. Then we say that:
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(i) F(-;-) is D-quasi-asymptotically Bochner (B, I’, p)-almost periodic if and only if, for every B € B
and for every unbounded sequence (7;,)cn in I’, there exists a subsequence (75 )xew of (74, ) ken such
that, for every z € B, there exists a function G, € Y such that G,.(t) € p(F(t;x)) forall t € D,
r € Band

lim limsup supl||F(t + 7;2) me(t)HY =0.
k—=+00 |t| s 4oosteD z€B
(i) F(-;-) is Bochner D-remotely (B,I’,p)-almost periodic if and only if F(;-) is
D-quasi-asymptotically Bochner (B, I’, p)-almost periodic and, for every B € B, the function
F(+;-) is uniformly continuous on I x B.

We will consider this notion somewhere else.

4. Without going into further details, we will only note that our results can be also applied in the qualitative
analysis of solutions to the semilinear abstract difference equation u(k + 1) = Au(k) + f(k, u(k)) ans its
fractional analogue

A%u(k) = Au(k + 1) + f(k;u(k)), ke Z;
cf. [2] and [10] for more details.
5. As a special case of the notion which has recently been introduced in [9, Definition 2.1, Definition 2.2;
Definition 3.1, Definition 3.2], we can also consider some classes of (S, D), B)-asymptotically (w, p)-

periodic type sequences and (ID, BB, p)-slowly oscillating type sequences. Further analysis of these classes
will be carried in a forthcoming research study.
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Abstract. The aim of this work is to present new concept of square-mean pseudo almost automorphic of infinite class using
the measure theory. We use the (u, v)-ergodic process to define the spaces of (u, v)-pseudo almost automorphic processes of
infinite class in the square-mean sense. We present many interesting results on those spaces like completeness and composition
theorems and we study the existence and the uniqueness of the square-mean (u, )-pseudo almost automorphic solutions of
infinite class for of the stochastic evolution equation. We provide an example to illustrate ours results.
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1. Introduction

In this work, we study the basic properties of the square-mean (i, v/)-pseudo almost automorphic process
using the measure theory and used those results to study the following stochastic evolution equations in a Hilbert
space H,

dx(t) = [Ax(t) + L(z¢) + f(¢)]dt + g(t)dW (t), 1.1

where A : D(A) C H is the infinitesimal generator of a Cy-semigroup (T'(t));>0 on H, f,g : R — L*(P, H)
are two stochastic processes, W (¢) is a two-sided and standard one-dimensional Brownian notion defined on the
filtered probability space (2, F, P, F;) with F, = o{W(u) — W(v) | u,v < t} and L is a bounded linear
operator from B into £.%(P, H). The phase space B is a linear space of functions mapping | — 0o, 0] into X for

*Corresponding author. Email address: zabsonreissa@yahoo.fr (Issa ZABSONRE)
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Square-mean pseudo almost automorphic solutions of infinite class under the light of measure theory

every t > 0, x; denotes the history function of B defined by z+(0) = x(t + ) for 6 €] — o0, 0]
We assume (H, || - ||) is real separable Hilbert space and L?(P, H) is the space of all H-valued random variables
x such that

B[] = / I[&]|2dP < 400,
Q

This work is an extension of [10] whose authors have studied equation (4.1) in the deterministic case. Some
recent contributions concerning square-mean pseudo almost automorphic solutions for abstract differrential
equations similar to equation (4.1) have been made. For example in [7] the authors studied equation(4.1)
without the operator L. They showed that the equation has a unique square-mean p-pseudo almost automorphic
mild solution on R when f and g are square mean pseudo almost automorphic functions.

In [4] the authors studied the square-mean almost automorphic solutions to a class of nonautonomous stochastic
differential equations without our operator L and without delay on a separable real Hilbert space. They
established the existence and uniqueness of a square-mean almost automorphic mild solution to those
nonautonomous stochastic differential equations with the ’Acquistapace-Terreni’ conditions.

In [8] The authors established the existence, uniqueness and stability of square-mean p-pseudo almost
periodic(resp. automorphic) mild solution to a linear and semilinear case of the stochastic evolution equations in
case when the functions forcing are both continuous and S? — ;—pseudo almost periodic (resp. automorphic)
and verify some suitable assumptions.

This work is organized as follow, in section 2, we study spectral decomposition of phase space then in section 3
we study square-mean (i, v)-Pseudo almost automorphic process, in section 4 we study square-mean pseudo
almost automorphic solutions of infinite class and we finish with application of our theory.

2. Variation of constants formula and spectral decomposition

In this work, the state space (B, |.|5) is a normed linear space of functions mapping ] — oo, 0] into L?(P, H)
and satisfying the following fundamental axioms.

(A1) There exist a positive constant H and functions K(.), M(.) : R™ — R, with K continuous and M
locally bounded, such that for any ¢ € R and a > 0, if u :] — 00,a] — L*(P,H), u, € B, and u(.) is
continuous on [o, o + a, then for every ¢ € [0, o + a] the following conditions hold
(@) ue € B,
(ii) |u(t)| < H|u¢|p, which is equivalent to [¢(0)| < H|p|g for every ¢ € B
(iii) |ut|p < K(t — o) sup |u(s)|+ M(t — o)|us|B-
o<s<t
(A2) For the function u(.) in (A7), t — wu; is a B-valued continuous function for ¢ € [0, 0 + a].
(B) The space B is a Banach space.

Assume that:

(C1) If (¢n)n>o0 is a sequence in B such that ¢, — 0 in B as n — +oo, then (¢, (0))n>0 converges to 0 in
L2(P, H).

Let C(] — 00,0], L?(P, H)) be the space of continuous functions from ] — co,0] to L?(P, H). Suppose the
following assumptions:
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(C2) BC C(] — 00,0], L*(P, H)).

(C3) there exists Ao € R such that, for all A\ € C with ReA > \gand z € L*(P, H), ez € B and

A
Ky = sup ™75 < 00,
Rer> Ao, z€L?(P,H) ||
z#0

where (e*'z)(0) = e*z for 6 €] —o0,0] and x € L*(P, H).

To equation (4.1), associate the following initial value problem

duy = [Au(t) + L(uy) 4+ f(t)]dt 4+ g(t)dW (t) for t >0
2.1)
up = p € B,

where f : R* — L2(P, H) is a continuous function.

Let us introduce the part Ag of the operator A in D(A) which defined by

{D(Ao) = {z e D(A): Az € D(A)}
Aoz = Az for x € D(Ap)

The following assumption is supposed:

(Hy) A satisfies the Hille-Yosida condition.

Lemma 2.1. [2] A( generates a strongly continuous semigroup (Ty(t))>0 on D(A).

The phase space B4 of equation (2.1) is defined by

Ba={peB: ¢0) € DA}
For each ¢ > 0, the linear operator I/ (¢) on B4 is defined by
u(t) = ’Ut(., %0)

where v(., ) is the solution of the following homogeneous equation

d
P Av(t) 4+ L(vy) fort > 0

Vo =Y E B.
Proposition 2.2. [3] (U(t))t>0 is a strongly continuous semigroup of linear operators on B4. Moreover,
(U(t))e>0 satisfies, for t > 0 and 6 €] — 0, 0], the following translation property

U+ 0)p)(0) fort +6 >0

Ut)p)(0) =
o(t+0) fort+6 <0.
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Theorem 2.3. [3] Assume that B satisfies (Ay), (Az2), (B), (C1) and (Cz). Then Ay defined on B 4 by

D(Ay) = {p € C1(1 = 50,01; X) N Ba; ¢ € Ba, 9(0) € D(A) and '(0) = Ap(0) + L() }

Aup =" for ¢ € D(Ay).
is the infinitesimal generator of the semigroup (U(t));>0 on Ba.

Let (X)) be the space defined by
<X0> = {Xox S X}

where the function Xy« is defined by

0 if 0 €] - oo,0],
(Xoz)(0) =
xz if 6=0.

The space B4 @ (Xo) equipped with the norm |¢ + Xoc|p = |¢|5 + || for (¢, ¢) € Ba x X is a Banach space
and consider the extension .4, defined on B4 @ (Xj) by
{D@){weclqoo,om: ¢ € D(4) and¢' € D(A)}
Ay = ¢ + Xo(Ap + L(9) = ¢).

Lemma 2.4. [3] Assume that B satisfies (A;), (Az2), (B), (Cy), (C2) and (C3). Then, .;l\z; satisfies the Hille-Yosida
condition on Ba @ (Xo).

Now, start the variation of constants formula associated to equation (2.1).
Let Cyo be the space of X -valued continuous function on | — 0o, 0] with compact support. Assume that:

(D) If (pn)n>0 is a Cauchy sequence in B and converges compactly to ¢ on | — 00,0], then ¢ € B and
lon — | = 0.

Definition 2.5. The semigroup (U(t))i>o is hyperbolic if
o(Ay)NiR=0
Let (So(t))¢>0 be the strongly continuous semigroup defined on the subspace
Bo={p€B: ¢(0) =0}

by
o(t+0) if t+6<0
(So(t)¢)(0) =
0if t+6>0
Definition 2.6. Assume that the space B satisfies Axioms (B) and (D), B is said to be a fading memory space, if
forall p € By,
|So(t)] = 0 as t — 400 in By.

Moreover, B is said to be a uniform fading memory space, if

|So(t)] = 0 as t — +o0.
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Lemma 2.7. If B is a uniform fading memory space, then the function K can be chosen to be constant and the
Sunction M such that M (t) — 0 as t — +o0.

Proposition 2.8. If the phase space B is a fading memory space, then the space BC(] — 00, 0], X) of bounded
continuous X -valued functions on | — 0o, 0] endowed with the uniform norm topology, is continuous embedding
in B. In particular B satisfies (C3), for Aoy > 0.

For the sequel, make the following assumption:

(Hy) To(t) is compact on D(A) for every ¢ > 0.

(H,) B is a uniform fading memory space.

Theorem 2.9. [3] Assume that B satisfies (A1), (Az), (B), (Cy) and (Hy), (H;), (Hz) hold. Then the semigroup
(U(t))1>0 is decomposed on B4 as follows

Ut) =Us(t) +Us(t) for t >0

where (U1 (t))>0 is an exponentially stable semigroup on BB s, which means that there are positive constants oy
and Ny such that
Uy (t)] < Noe= || for t >0 and ¢ € Ba

and (Us(t))>0 is compact for for every t > 0.

The following result on the spectral decomposition of the phase space 34 is obtained.

Theorem 2.10. [3] Assume that B satisfies (A1), (Az), (B), (Cy), and (Hy), (Hy), (H2) hold. Then the space B4
is decomposed as a direct sum

Ba=SaeU

of two U(t) invariant closed subspaces S and U such that the restricted semigroup on U is a group and there
exist positive constants M and w such that

Ut)p| < Me | for t >0 and ¢ € S

Ut)e| < Me*t|p| for t <0 and ¢ €U,
where S and U are called respectively the stable and unstable space.

Let N\ the Lebesgue o-field of R and by M the set of all positive measures p on A satisfying p(R) = 400
and p([a,b]) < oo, forall a,b € R (a <b).

Definition 2.11. Let x : R — L?(P, H) be a stochastic process.

1. z said to be stochastically bounded if there exists C > 0 such that

E|lz(t)|? < CVteR.

2. x is said to be stochastically continuous if

. 2
}1_}12]E||x(t) —z(s)|[*=0VseR.
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Denote by SBC(R, L%(P, H)), the space of all stochastically bounded and continuous process. Otherwise,
this space endowed the following norm

l2]loe = sup (E[lz($)[*) *
teR

is a Banach space.

Definition 2.12. Let p,v € M. A stochastic process f is said to be square-mean (p,v)— ergodic if f €
SBC(R, L?(P, H)) and satisfied

. 1 9 _
lim —D/ EJ|£(0)][2dpu(t) =

=00 U([—7, T
We denote by £(R, L?(P, H), j1, v), the space of all such process.

Definition 2.13. Let p,v € M. A stochastic process f is said to be square-mean (i, v)— ergodic of infinite
class if f € SBC(R, L*(P, H)) and satisfied

1 T

fim o [ sup BIF(6)|Pdutt) =

NI L
We denote by £(R, L?(P, H), i, v, 00), the space of all such process.

For p,v € M and a € R, we denote by p, and v, positives measures on (R, \') respectively defined by

po(A) =pla+b:be A) and v, (A) =v(a+b:be A) for Ae N. 2.2)

From p, v € M, we formulate the following hypothesis.

(H,): For all @ € R, there exists 3 > 0 and a bounded intervall I such that p,(A) < Bu(A) when A € N
satisfies AN T = ().

(H3) For all a, b and ¢ € R, such that 0 < a < b < ¢, there exist dg and «p > 0 such that

6] > 60 = pla+6,b+06) > aou(d,c+0).
w([=7,7])

(Hy) Let p, v € M be such that lim sup———"—< = a < .
7—+o0 V([=T,7])

Proposition 2.14. Assume that (Hy) holds. Then &R, L*(P,H), 1, v,00) is a Banach space with the norm
I Tloo-

Proof. 1t is easy to see that £(R; L2(P, H), u,v,00) is a vector subspace of SBC(R, L2(P, H))). To
complete the proof, it is enough to prove that &(R; L2(P, H), j1,v,00) is closed in SBC(R; L?(P, H)). Let
(fn)n be a sequence in E(R; L2(P, H), u,v,00) such that lirf fn = f uniformly in SBC(R, L*(P, H)).

n—-—+0oo
From v(R) = +o0, it follows v([—7,7]) > 0 for 7 sufficiently large. Let ng € N such that for all n > ny,
Ifn — flloo < €. Letn > ng, then

SR A 2 2 (T 2
i ) (e BRI < 2o | (yzup  Bllfn(6) = FOIF )autt

+%/f:(9€sup El| 2 (0)] 2 ) dn(t)

v([—, 7] ]

2 +T ‘ - ,
< sy | (SupEIa) = S auto

*ﬁ/f(eeﬁlp El| 2 (O)]? ) dp(t)

T +T
2~ 12 AT 2 [T s B O))auto)

v(l-n7l) (=7 J—c0,t]
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Consequently

1 tr
lim sup 7/ < sup E|\f(9)||2)du(t) < 2ae foranye > 0.0

T—+00 V([—T, T]) -7 0€]—o0,t]
The following theorem is a characterization of square-mean (u, v/)-ergodic processes(eventually 7 = 0)).
Theorem 2.15. Assume that f € SBC(R, L?(P, H)). Then the following assertions are equivalent:

i) ER,L*(P, H),p,v,0)

1
ii) lim 7/ sup E|[£(0)|[*du(t) =0
T—+00 V([_Tv T] \I) [=7,7]\I 6€]—00,t] || ( )H ( )

u{t c[-r,7]\I: sup E|f(O)|?> 6}
0€]—o0,t] -0

iii) Forany e > 0, TBI}_IOO v(—m, 7\ 1)

Proof. The proof is made like the proof of Theorem(2.13) in [6].
First, we will show that i) is equivalent to ii).

Denote by A = v(I), B = / ( sup E\|f(9)||2)du(t). A and B belong to R, since the interval [ is
I “0€]—o0,t]
bounded and the process f is stochastically bounded and continuous. For 7 > 0 such that I C [—7,7] and
v([—7,7)\ I) > 0, it follows
1 1
—_ E92dt:7/ E|l£(0)]|?)du(t) — B
=ty /[_T,T]v(geffil,t] POt = Z= [ (e | BIFO)IF)dutt) — B]

- u([y—([f_,:i;?A L([—ln = /HT] (you2  BIFOIF)dutt) - u([—Bnﬂ)]'

From above equalities and the fact that v(R) = 400, ii) is equivalent to

e v (5w BIFOI)dutt) 0.

rotoo V([=7,7]) J s \og-co
that is 1).

Then, we will show that iii) implies ii).
Denote by AZ and BZ the following sets

Ai:{te[ﬂ-,r]\]: sup ]E||f(9)||2>z-:} and B::{te[ff,f]\z); sup E||f(9)\|2§s}.

0€]—o0,t] €] —o0,t]
Assume that iii) holds, that is

_om(A7) —0. (2.3)

From the equality

/M\I (Ge]sggﬂE||f<6>|\2)du<t> - /A

Then for 7 sufficiently large

(5w EI@F)au)+ [ (s BIFO)IE)dute)

0€]—o0,t] N P€]—oo,t]

€
>

1 u 2 2 1(A3) p(B7)
AN D) /[”N (, 0 BIFOIF)du(®) < IR iy + e
2
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By using (Hy), it follows that

1 T
lim sup / ( sup E\|f(6)||2>du(t) < age, forany € >0,
€

T—+00 V([_Tv TD -7 ]—o0,t]

consequently ii) holds.

Thus, we shall show that ii) implies iii).
Assume that ii) holds. From the following inequality

/[TT]V(%]S“EN]E'f O )du(t) > /A (, 5, EISOP)dutt)

0€]—oo,t

£
-

1 su 2 (A7)
AN D) /[T,TN (, 00 EIFOIF)du(t) 2 o7
1 su 2 N(Ai)
A r N D) /WN (0 BIFEOIP)dut) 2 Sy,

for 7 sufficiently large, equation (2.3) is obtained, that is iii).ll

Definition 2.16. Let f € SBC(R,L?(P,H)) and 7 € R. We denote by f, the function defined by f,(t) =
f(t+7)fort € R. A subset§ of SBC(R, L*(P, H)) is said to translation invariant if for all f € § we have
freSforalrTeR

Definition 2.17. Let 1 and ps € M. py is said to be equivalent to s (11 ~ o) if there exist constants o and
B > 0 and a bounded interval I(eventually I = () such that ajiy (A) < p2(A) < Bui(A) for A € N satisfying
ANI=0.

Remark 2.18. The relation ~ is an equivalence relation on M.

Theorem 2.19. Let pi1, pio, 1,2 € M. If iy ~ o and vy ~ vs, then
E(R,L3(P,H), u1,v1,00) = E(R, L?(P, H), 2, v2, 00).

Proof. Since p1 ~ po and v; ~ 1o there exist some constants o, g, 51, 2 > 0 and a bounded interval I
(eventually I = @) such that vy 1 (A) < po(A) < Brp1(A) and sy (A) < va(A) < Bovy (A) foreach A € N

satisfies ANT =0 i.e
1 1 1

< < .
ﬁgl/l (A) %) (A) T ol (A)
Since pt1 ~ po and N is the Lebesgue o-field, then for 7 sufficiently large, it follows that

an({tel-rr\t: s BISOIF ><})  m({tel-nn\1: sw EIfOIF>c})
, < 00,t

B (=, 7\ D) vo(=r I\
sun({tel-nr\I: swp EIFO)P > <})

<

vy ([=7, 7]\ I)

Consequently by Theorem 3.2, E(R, X, p1,v1,00) = E(R, X, pa, 12, 00).1
Let p, v € M denote by
c(p,v) = {wi,ws : g~ wy and v ~ wo }.

3

s
2
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Lemma 2.20. [5] Let i € M. Then p satisfies (H>) if and only if the measures . and ji, are equivalent for all
TeR

Lemma 2.21. [6] (H;3) implies for all o, lim supCT — 7 +0])
T—00 M([—T, T])

Theorem 2.22. Let y,v € M satisfy (Hz). Then E(R, L*>(P, H), j1, v, 00) is translation invariant.

< 4o00.

Proof. The proof of this theorem is inspired of Theorem (3.5) in [5]. Let f € £(R, L?(P, H), 1, v,o0) and a € R.
Since v(R) = +o0. there exists ag > 0 such that v([—7 — |a|, 7 + |a]]) > O for |a| > ag. Let us denote by

Ma(q—)—l/[ | < sup E|f(0)||2> diie(t) VT >0and a € R,

Va([_Tv T]) €] —o0,t]

where v, is the positive measure defined by equation(4.3). By using Lemma (2.20), it follows that v and

v, are equivalent, y and s, are equivalent by using Theorem (2.19) we have (R, L?(P, H), jiq, Va,00) =

E(R,L3(P,H), u,v, ) therefore f € E(R, L*(P, H), jia, Va, o) that is 115{1 M,(7) =0foralla € R.
T—>1T00

For all A € N, we denote by X4 the characteristic function of A, by using definition of the measure ,, we

obtain that

/ Xa(t)dpia(t) = / Xa(t)du(t + a) = / du(t) forall A € A
[—7,7] [—7,7]

[—T4a,7+a]
and since t — sup RE||f(6)||* is the pointwise limit of an increasing sequence of linear combinations of

0€]00,t]

functions [[12]; Theorem 1.17 p.15], we deduce that

/ sup E||f(9)|\2dua(t):/ sup B[ f(0)[[du(t).
[ [—74a,7+a]

—7,7] 0€]—00,t] €] —o0,t—al
If we denote by a™ := max(a,0) and a~ := max(—a,0) we have |a| + a = 2a™t and |a| — a = 2a~, and then
[-7 +a—|a|,7 + ala|]] = [-7 — 2a™, 7 + 2a™]. Therefore we obtain
1
M, (T + |a]) = / sup  E||f(0)|2du(t). 2.4)
( ‘ |) V([_T - 2(1_,7' =+ 2a+]) [-7—2a~,74+2at] 6€]—00, t—a] || ( )|| ( )

From equation (2.4) and the following inequality

1 2 _ 1 s 2
T ot EOPGRO < s [ s BIS@)dn0

—o0, t—al 0€]—o0,t—a

we obtain
1 / 5 v([-7 —2a7, 7+ 2a™]
_ sup  E|[f(0)]|7du(t) < x M, (T + |al).
ey B QIR0 S ( + lal)
That implies ,
1 / 9 v([-7 —2a",7 + 2a™]
_ sup  E||f(0)]]7du(t) < X My(T+ |a
ey B QIR0 S (r+ lal)
That implies
1 / 2 v([=7 — 2[a|, 7 + 2]al])
—_ sup  E||f(0)]]°du(t) < X My(T + |al). 2.5
V([_TuT]) [—7,7] 6€]—00, t—a] H ( )|| () V([_T7T]) ( | |)
S
S
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From equation(2.4) and equation(2.5) and using Lemma (2.21) we deduce that

[ el I I OITOR
T*}JFOOV([_T’ TD [=7,7] 0€]—00, t—a]

which equivalent to

lim L/ sup  EJ|F(0 — a)|[2du(t) = 0.
[

T_>+OOV([7T7 TD —7,7] 0€]—00, t]

That is f_, € E(R,L*(P,H),u,v,00). We have proved that f € &(R,L*(P,H),u,v,00) then f_, €
ER, L?(P,H), p,v,00) for a € R. Thatis &(R, L?(P, H), j1, v, 00) is translation invariant.

Proposition 2.23. Let v, i € M satisfy. Then SPAA(R, L?>(P, H), j1, v,00) is translation invariant, that is for
alla € Rand f € SPAA(R, L*(P,H), ju,v,00), fo € SPAA(R, L3(P, H), j1,v,0) .

Lemma 2.24. (Ito’s isometry). [13] Let W : [0,T] x Q — R denote the canonical real-valued Wiener process
defined up to time T > 0, and let X : [0,T] x Q — R be a stochastic process that is adapted to the natural
filtration FV of the Wiener process. Then

T 2 T
E (/ Xtth> :El/ det],
0 0

where E denotes expectation with respect to classical Wiener measure.

3. Square-Mean (1, v)-Pseudo Almost automorphic Process

In this section, we define square-mean (i, v)-pseudo almost automorphic and we study their basic properties.

Definition 3.1. Let f : R — L?(P, H) be a continuous stochastic process. f is said be square-mean almost
automorphic process if for every sequence of real numbers (t!,),,, we can extract a subsequence (tp,),, such that,
for some stochastic process g : R — L?(P, H), we have

lim E||f(t+t,) —g(t)||> =0 forall t € R
n—-+o0o

and
lim E|lg(t —t,) — f@®)||> =0 forall teR
n—-+oo

We denote the space of all such stochastic process by SAA(R, L?(P, H)).
Theorem 3.2. [11] SAA(R, L?(P, H)) equiped with the norm || - || is a Banach space.

Definition 3.3. Let f : R — L?(P, H) be a bounded continuous stochastic process. f is said be square-mean
compact almost automorphic process if for every sequence of real numbers (t],),, we can extract a subsequence
(tn)n such that, for some stochastic process h : R — L*(P, H), we have

lim E|[f(t+t,) — h(t)||> =0 forall t R

n—-+oo
and
lim E||h(t —t,) — f(t)||* =0 forall t € R

n—-+oo

uniformly on compact subsets of R. We denote the space of all such stochastic process by SAA.(R, L?>(P, H)).
Theorem 3.4. SAA.(R, L?(P, H)) equiped with the norm || - ||« is a Banach space.
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Definition 3.5. A function f : R x L*(P,H) — L*(P, H), (t,z) — f(t, ), which is jointly continuous, is said
to be square mean almost automorphic int € R for each x € L*(P, H) if for every sequence of real numbers
(t] )n, there exist a subsequence (t,),, such that for some function g
. . 2 _ . . _ 2 _
i B[/ (t 4 ta,) — g(t,2)|* = Oand lim Ellg(t ~ t,2) — 1(t,2)]* = 0
foreacht € R and each x € L*(P, H).
We denote the space off all such stochastic processes by SAA(R x L?(P, H), L?(P, H)).

Definition 3.6. Let j1,v € M and f : R — L?(P, H) be a continuous stochastic process.
f is said be (i, v)-square mean pseudo almost automorphic process if it can be decomposed as follows

f=g9+0,
where g € SAA(R, L*(P,H)) and ¢ € E(R, L*(P,H), u1,v).
We denote the space of all such stochastic processes by SPAA(R, L?(P, H), j1, ).

Definition 3.7. Let j1,v € M and f : R — L?(P, H) be a continuous stochastic process.
f is said be (i, v)-square mean compact pseudo almost automorphic process if it can be decomposed as follows

f=9+¢
where g € SAA.(R, L>(P,H)) and ¢ € E(R, L*(P,H), j1,v).

We denote the space of all such stochastic processes by SPAA (R, L*(P, H), i, v).
Hence, together with Theorem 2.22 and Definition 3.7, we arrive at the following conclusion.

Theorem 3.8. Let y, v € Mand f € SPAA(R, L*(P, H), j1, v, 00) be such that

f=9+¢
where g € SAAR,L*(P,H)) and ¢ € ER,L*(P,H),pu,v,00). If SPAAR,L*(P,H),p,v,00) is

translation invariant, then

{f(t),t € R} D {g(t),t € R}. (3.1)

The proof of Theorem 3.8 is similar to the proof of Theorem 4.1 in [5]
Theorem 3.9. Let i, v € M. Assume that SPAA(R, L>(P,H), i, v,00) is a Banach space with the norm

The proof of the theorem above is similar to the proof of Theorem 4.9 in [5].
Next, we study the composition of square-mean (i, ) pseudo almost automorphic processes.

Definition 3.10. Let y1, v € M. A continuous function f(t,z) : R x L?(P, H) — L?(P, H) is said to be square
mean (., v)-pseudo almost automorphic in t for any x € L*(P, H) if it can be decomposed as f = g + ¢, where
g € SAAR x L*>(P,H),L*(P,H)), ¢ € ER x L?>(P, H), uu,v,00). Denote the set of all such stochastically
continuous processes by SPAA(R x L?(P,H),L*(P, H), i, v, o0)

Theorem 3.11. [1]] Let f : R x L?*(P,H) — L*(P, H), (t,z) — f(t,x) be square-mean almost automorphic
int € R for each v € L*(P, H), and assume that f satisfies the Lipschitz condition in the following sense:

Elf(t,) — f(t,y)|* < LE[lz -yl

forall x, y € L*(P,H) and for eacht € R, where L > 0 is independent of t. Then for any square-mean almost
automorphic process x : R — L?(P, H), the stochastic process F : R — L?(P, H) given by F(t) := f(t,z(t))
is square-mean almost automorphic.

e

[V =)
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Theorem 3.12. Let u,v € M, ¢ = ¢ + ¢ € SPAAR x L*(P,H); L*(P,H), u,v,00) with
¢ € SAAR x L*PH)L*(P,H)), ¢ € ER x L2(P,H);L*P,H), p,v,00) and
h € SPAA(R; L?(P, H), u, v, 00). Assume:

i) ¢1(t, x) is uniformly continuous on any bounded subset uniformly for t € R.
i1) there exist a nonnegative function Ly € LP(R), (1 < p < c0) such that

E||p(t, x1) — ¢(t,z2)||* < Lg(t)E||zy — 22||?, forall t € R andforall xy,z5 € L*(P,H).  (3.2)
If
B— lim ¥/T< sup Ly (60))dp(t) < oo (3.3)
T—+00 V([_Ta T]) —7 NO€]—00,t]

then the function t — ¢(t, h(t)) belongs to SPAA(R; L*(P, H), j1, v, 00).

To prove the theorem, we need the following lemma.

Lemma 3.13. Assume (H3) holds and let f € SBC(R; L?*(P,H)). Then f € E(R; L*(P,H), u,v,0) if and
only if for any € > 0,
I’L(M‘I’,E(f)) — 0

where

M, (f)={te[-771]: , sup E||f(0)])* > €).

€]—o0,t]

Proof. Suppose that f € E(R; L*(P, H), j1, v, 00). Then

1 +7 1
/ sup Bl f(0)[1*du(t) = 7/ sup El|f(6)[1*dp(t)
] M~ (f) 0€]

V([_Tv T]) —7 6€]—o0,t V([_Tv T]) —00,t]

: /[,T,T] sup || £(0)]*du(t)

v([=7,7]) \M- = (f) 0€]—00,1]

1
_ R
v([~,7]) /Nu,aneef}i,t] £ O du(t)

E.U’(MT,E (f))
v([-r1])

Y

Consequently
lim M(IMT,E(f)) —0.
T—+oo 1/([77, 'r]

Suppose that f € SBC(R; L?(P, H)) such that for any £ > 0,

i PO(F)

ST

e
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Assume E||f(¢)]|> < N for all t € R, then using (Hs), it follows that

1 T 1
/ sup Ellf(9)|\2du(t):7/ sup  E|[f(0)|[dpu(t)
M, (f) 0

V([_T’T]) —7 0€]—00,t] V([_TaT]) ]—o0,t]
1 / 9
R - sup E|LF(6)|Pdp()
V(= 7)) Jiermnate L) ve)—c0.t]

N
= v([=7,7]) /MT,E(f) ault)

1
—&-7/ sup  E||£(0)]|du(t
v([-7,7]) [—7,7\M+ o (f) 0€]—00,t] 171l ®)

N 5
) /Mmm WO+ ) /[] au(?)

IN

Which implies that

1 +r
lim 7/ sup E||f(0)]|?du(t) < as forany e > 0.

T—+o0 V([_T7 T]) —7 0€]—00,t]

Therefore f € £(R; L?(P, H), u,v,00).1

The following proof is for the Theorem(3.12).

Proof. Assume that ¢ = ¢ + ¢, h = hy + hy where ¢; € AAR x L*(P,H); L*(P, H)), ¢» € E(R x
L?(P,H); L*>(P,H), u,v,00) and hy € AA(R;L*(P,H)), hy € E(R;L?(P,H),u,v,00). Consider the
following decomposition

¢(t, h(t)) = d1(t, ha(t)) + [9(t, h(t)) — &t ha ()] + @2(t; P (1))

From [11], ¢1(.,h1(.)) € SAA(R;L?(P,H)). It remains to prove that both ¢(.,h(.)) — &(.,h1(.)) and
¢2(.,h1(.)) belong to E(R; L2(P, H), ju,v,0). Clearly, ¢(t, h(t)) — ¢(t, hi(t)) is bounded and continuous.
Assume E||¢(t, h(t)) — ¢(t, h1(t))||* < N, Vt € R. Since h(t), hi(t) are bounded, choose a bounded subset
B C R such that A(R), by (R) C B. Under assumption (i), for a given ¢ > 0, E||z; — 22||? < &, implies that
El|¢(t, 1) — ¢(t, z2)||> < eLy(t), for all t € R. Since for § € E(R; L*(P, H), j1, v, 00), Lemma 3.13 yields
that

lim %u(MT,E((S)) ~o.

r—too U([—7, T

e
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Consequently
1 +T
o L (e BISE.RE) = o(6.h (6] )du(t)
1

= ( sup  Ell6(6, h(8)) — 4(6, h1(0))II?)du(t)

v([=7,7]) S, o (5) No€]—oo,t]

' ﬁ [—r My 2 () <ee]sllfo,t1EH¢(9’h(9)) = $(0:ha(O)II*)du(t)

- ﬁ /Mm(g) W) + S /[—T,T1\m,5<a) <eefffo,q Lo (0)] ) dpt)
= ﬁ ety PO ﬁ /[—m (gefgfo ,t]|L¢(9)‘>d“(t)

: N5<([]i4;§i(]§)) " u([—emn/ . (GJEEQ,H'L“H)‘)W“)-

Which implies that

+7
lim é/ ( sup E||o(0,h(0)) — ¢(0, h1(0))]| ) u(t) < eB foranye > 0,

TFoo V([_T7 T]) -7 0€]—o0,t]

which shows that t — @(t, h(t)) — &(t, h1(t)) is (i, v)-ergodic of infinite class.

Now to complete the proof, it is enough to prove that ¢ — ¢2 (¢, h(t)) is (u, v)-ergodic of infinite class. Since ¢o
is uniformly continuous on the compact set ) = {h;(t) : t € R} with respect to the second variable x, then for
given € > 0, there exists § > 0 such that, for all t € R, &; and &> € (), one has

Ell¢ — &[|* <6 = Ellg2(t,&1()) — ¢a(t, &2(1))]]* < e.

Therefore, there exist n(s) and {zz} ) Q, such that

n(e)
Qc | Bs(z,90)
i=1
and then
n(e)
Elga(t, ()| < e+ > Ellga(t, )|
n=1
Since
Vie{l,.,n()}, lim L/ ( sup E||¢2(9,zi)|\2)du(t) —0,
T—too V([fTvT]) —7 N 0€]—00,t]
then
. 1 4 9
Ve >0, tmsup———— [ ( sup Ell6a(6, i (1)]?)dpu(t) <=,
T—+00 V([_T7T]) —7 NO€]—o00,t]
that implies

lin_ s /T( s B0, (1)) ) = 0

r—+oo v([—T, T oe]—

Consequently t — ¢o(t, h(t)) is (i, v)-ergodic of infinite class.ll

e
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4. Square-mean pseudo almost automorphic solutions of infinite class

(Hs): g is a stochastically bounded process.

Theorem 4.1. Assume that (Hy), (Hy), (Hy) and (Hs) hold and the semigroup (U(t))i>o is hyperbolic. If f is
bounded and continuous on R, then there exists a unique bounded solution u of equation (1.1) on R given by

t t

u = lim U (t — s)IT°(BxXof(s))ds + lim U (t — s)IT*(BxXo f(s))ds
A—+oo o A—+oco o0
¢ t
+ lim Ut — s)II°(BrXog(s))dW(s) + lim U (t — s)IT*(Br(Xog(s))dW (s)
A—+oo o A——+oo o0

YV t > 0, where E,\ = MM — ju)’l, I1° and T1* are the projections of B4 onto the stable and unstable
subspaces.

t

Proof. Let u; = v(t) + )\HIE U (t — $)IT°(BxXog(s))dW (s)
—+oo J_
t
+ lim U (t — s)IT*(BrXog(s))dW (s)V t > 0, where
A—=+oo J 4 o
t ¢

v(t) = lim Ut — s)II*(BaXof(s))ds + lim Ut — s)II*(BrXof(s))ds

A—~+oo oo A——+oo +o0

Let us first prove that u; exists. The existence of v(t) have proved by [1]. Now, we show that the limit
t

lim U (t — s)I1°(BxXog(s))dW (s) exist.

A——+oo [ 00
For ¢t € R and using the Ito’s isometry property of the stochastic integral we have,

2 t
gE/ A2 2009 T2 | (BxXog(s))|*ds

E ' \ / ; U (1 — $)TT* (BrXog(s)dmW (s)

t

gﬂ%/fﬂWﬂme&&mmWs
9~ ) t

< WP IR / e=209)| 1 g()][2ds

— 00

9~ o t—nm—+1
<A ([ g s ).
n=1 t—n

then, using the Holders inequality, we obtain

2

e [ e Bxogenaws

S +00 , otontl 3 t—n+1 3
< TP ( / e—‘*w“—s)ds) E ( / Hg(s)llzds)
t—n t—n

n=1

T2 72 s 1 & 4w(n—1) 4 3 bontt 2 H
< TP (et — ey e ([T giias)
2\/wnz::1 t—mn

2

72772 g 1 4 1 2 fontl 2
< MTMAITP|F —— wn*lig AW xR d
| | 2 VW (e ) n:le (\/t.fn Hg(S)H s)

e
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Since the serie Ze‘Qw” is convergent, then it exists a constant ¢ > 0 such that

n=1
Zefzw” < ¢, moreover it follows that
n=1
+ N 2
||/ BuXog)aw(s)| < MR- - )iElg(e) Hze-m
< ’726_2“}”
n=1

<6

R | w 1
where, v = M M2\Hé|2m(e4 —1)2E||g(s)]]-

Let F(n, s,t) = Us(t — s)I1*( BxXog(s)) forn € N for s < t.
For n is sufficiently large and ¢ < ¢ and using the Ito’s isometry property of the stochastic integral we get the
following result

EH /_ " s, tyaws)||

too 1 o—n+1 3
<M M2|H5| Z / _4w(t_s)ds) x E (/ |g(s)||2ds)
n g

g— —n

M M2|H |2 (Z (e—4w(t—a+n—1) _ e_4w(t_g+n))
Zf

<5( [ U_"+1|\g<s>|\2ds)§)

—-n

o 1 ) > o—n+1 %
<M M2|Hs|22\/ae—2w(t o) (4w 5 —2wn (/0 ||g(8)||2d8)

—n

Nl=

n=1

It follow that for n and m sufficiently large and o < ¢, we have
2

1EH/J F(n,s,t)dW(s)+/tF(n,s,t)dW(s)

N

IEH/_tOOF(n,s,t)dW(s) 7/; F(m, s, t)dW (s)
f/ F(m, s,8)dW (s /F(mst)dWs)H

N

31[;”/7 F(n,s,t)dw(s)H +3EH[ F(m,s,t)dW(s)H2

+

3IEH/; F(n, s, t)dW(s) — /; F(m,s,t)dW(s)Hz

N

t t 2
6yce 2w (t—2) +3EH/ F(n,s,t)dW(s) 7/ F(m,s, t)dW(s)H

t 2
Since lim EH/ F(n,s,t)dW(s)‘ exists, then

n—-+o0o

2
lim sup EH/ (n, s, t)dW (s / F(m,s,t)dW (s )H < Gryce 2(t=9)

n,Mm——+00

e
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If o — —o0, then
t

2
lim sup EH/ (n,s,t)dW(s) — / F(m,s,t)dW(s)H =0.
n,m——+oo —00
We deduce that the limit

lim EH/ (n, s, 8)dW (s )H — lim 1E / US(t — $)TT°( BnXog(s ))dW(s)H2

n—-+o00 n—-+o0o

exists. Therefore, lirﬁ{l / U (t—s)I1°( B Xog(s))dW (s) exists. In addition, one can show that the function
n—+oo /o

t— lim IEH/ $)II°( B, Xog(s dsH
n—-+oo
is bounded on R. Similary, we can show that the function

+oo

t— lim U™ (t — $)IT*( B, Xog(s))dW (s)

n—-+oo t

is well defined and bounded on R. I

Theorem 4.2. Assume that (Hs) holds. Let p,v € M and ¢ € SPAA.(R, L?(P, H), j1, v, 00) then the function
t — ¢y, belongs to SPAA.(C(] — 00,0], L*(P, H)), p, v, ).

Proof. Assume that ¢ = v + h, where v € SAA.(R, L?(P,H)) and h € £(R, L?>(P, H), u, v, 00). We have
¢ = vy + hy. Firstly, we show that v; € SAAL(R, L*(P, H)).
Let (Sm)men of real numbers, fix a subsequence (s, )nen and w € SBC(R, L2(P, H))) such that v(s +s,,) —
w(s) uniformly on compact subsets of R. Let K’ C [—L; L]. For ¢ > 0 fix N, , € N such that E||v(s + s,,) —
w(s)||?> < efors € [~L; L]. Whenerver n > N, 1. Fort € K and n > N, j, we have

El|vits, —wel|* < sup E|[o(0 + s,) — w(0)]]?
0€[—L;L]

<e

then, v;_,, converges to w; uniformly in K. Simlarly, we can show prove that w;_; converges to v; uniformly
in K.
Finaly, we show that h; € &(R, L?(P, H), p, v, 0)

1 T
Mo =t [ (s B
VO(([_Tv T]) —7 6€]—00,t]
Where u,, and v, are the positive measures defined by equation (4.3). By using Lemma (2.20), it follows that
o and p are equivalent and v, and v are also equivalent. Then by using Theorem (3.8) we have
ER,L*(P,H), jio; Va,0) = E(R,L*(P,H),u,v,00) therefore h € E(R,L*(P,H), iq,Va,o0) that is
lim M, (7) = 0 for all @ € R. On the other hand, for » > 0 we have

T—+400

T

1 4 1
- u u E||h(0 N4 < — u E||h(0)]]?) d
v([=T,7]) [Teef fo,t] <ne]sfo,01( IR0+ ) )> ult) < v([-7,7]) ﬂee]s fo (EIROI) dyu(t)

< oL e EROIR) 4 s GO o

< ﬁ/_i 0 P L (E||R(0)[1) dpu(t + 1) + _: S (B||h(0)||?) dpu(2)
) V([ivT([:: D L = fm+r])/j:.95‘&]“'“9)“2‘[“““)

SR e ML O G IRTIC

e
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Consequently,

— L " s s @) ) du) < LETZTED oy
v([—7,7]) €] —co,t] \n€]—00,0] v([=7,7])
s —T —o0, ne]—oo, s

*ﬁ / sup  E||h(0)]2dpu(t)

V([_TvT —7 €] —00,t]

which shows using Lemma(2.21) and Lemma (2.20 ) that ¢; belongs to
SPAA.(C(] — 00,0], L3(P, H)), 1, v,00). Thus, we obtain the desired result

Theorem 4.3. Let f, g € SAA.(R, X) and T be the mapping defined for t € R by

t

P(f.)(t) = [, lim / US(t— T (BrXof(s)ds + lim | U™t — )T (B Xof(s))ds

A— o0 oo A—+00 +oo
t ¢
+ lim U (t — s)II°(BrXog(s))dW(s) + lim U (t — s)IT°(BrXog(s))dW (s)|(0)
A—+o0 o A—+oo +oo

ThenT(f,g) € SAA.(R, L*(P, H)).

Proof. Let (8y,)men of real numbers, fix a subsequence (s, )nen and v, h € SBC (R, L?(P, H)) such that
f(t+ sp) converges to v(t) and g(t + s,,) converges to h(t) uniformly on compact subsets of R. using Lemma
2.4 and Theorem 2.10, we get the following estimates

im0 = I (BrXo ()| < MM e f(s) P (4.1)
—+00
lim [ (t — )TI*(BaXof ()1 < MM2[I 29| | £ (s)] 2 4.2)
A—+oo
im0 (= )T (BrXog (9)[* < MM |1 P> (s) (43)
—+o0
and N Y
im0 (6 = )T (BaXog(s) | < B M| 6> g(5)] (4.4)
—+00
Therefore, if
w(t+ sp) = [)\Hr}rloo /:x)z,{S(t — $)I*(BaXo f(s + sn))ds + )\ETOO :oouu(t — $)[I°(BaXo f(s + sn))ds
t _ t ~
+ AETOO /7001/{8 (t — s)II°(BxXo0g(s + sn))dW (s) + )\Er}rloo +OOZ,{H (t — s)IT°(BxXog(s + sn))dW(s)]

then by Equations.(4.1), (4.2), (4.3) and (4.4) and the Lebesgue Dominated convergence Theorem, we have
w(t + s,,) that converges to v(t).

o(t) = [ 1im / Us(t— T (BrXof(s))ds + lim [ U™t — $)TI* (B Xof(s))ds

A—=+oo J o A—=+oo J 4
t ¢
+ lim U (t — s)IT°(BxXog(s))dW(s) + lim U (t — s)II° (B Xog(s))dW (s)
A—=+too J_ A—=+oo J4

Now, It remains to prove that the convergence is uniform on all compact subset of R. Let X' C R be an arbitrary

—L L
compact and let £ > 0. We fix L > 0 and N, € N such that K C {7, 5} with,

“+o0o
/ e85 < .

L

2

e
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E||f(s+ s,) —v(s)||* <eforn > N.and s € [-L, L. 4.5)

and
E|lg(s + s,) — h(s)||> < eforn > N.and s € [-L, L. (4.6)
Then, for each t € K, ones has

Ellw(t + sn) — 2(t)|*

t . t -
= ]EH lim / U (t — $)IT° (B Xof(s + sn))ds + lim U (t — $)IT°(BrXof (s + sn))ds
A—=+oo ) oo A—+oco +oo
t - t ~
+ lim / U (t — s)II*(BrXog(s + sn))dW(s) + lim U (t — s)II°(BrXog(s + sn))dW (s)
A—=+oo J oo A—+oo +oo
t _ t -
— lim / U (t — s)II*(BrXov(s))ds — lim U (t — s)II*(BrXov(s))ds
A—=+oo ) oo A—+oo +oo
t . t - 2
— lim / US(t — s)IT°(ByXoh(s))dW (s) — lim Ut — s)HS(B,\XOh(s))dW(s)H
A—=+oo ) oo A—+oco +oo

< a(g[|  1im /_:ol/ls(tfs)HS(EAXo(f(ersn)fv(s)))dsH2

A—+oco

+ | im /;oo““(t — S)TI* (B Xo(f(s + sn) — v(s)))dsH2

t — 2
+ B[ 1im /_OOZ/{S(tfs)HS(BA(Xog(ersn) ~ h(s))dW (s)|

A—+oo

+ ]EH s /tm?/f“(t — $)I1*(BxXo(g(s + sn) — h(s)))dW(s)‘ ]2)

progressively, we increase each terms of previous inegalitie.

||  tim [oousu — S)TI* (B Xo(f(s + sn) — v(s)))dsH2

A—+oo

< B(, lim H/joous(t—s)Hs(EAXo(f(s—l—sn)—v(s)))dst)

A— 400

~ 2
< ]E( lim Ms(t—s)Hs(BAXo(f(s—l—sn)—v(s)))dsH )

A—=+o0 J o

< ]E(/j M2 2 (t=9) |15 2 ’f(s—i—sn) —U(S)Hst)

< [ PR P s+ 000 - o(0) s

< are [t -t

L s TR
—L

o0 . 2
]EH AEToo/t U™ (t — s)II°(BrXo(f(s + sn) —U(s)))dSH

—+oo - 2
<E( lim Huu(t—s)HS(B/\Xo(f(s—&-sn)—v(s)))dsH )

A—+o0 Jy

< IE(/;FOOMQMQ@*Q“’“*S”H“H‘f(s + Sn) — v(s)H2d5>

T2 A2 1T |2 Foo —2w(t—s) 2
< M™M= e SEH]‘(S—&-SH)—U(S)H ds
t

e
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Using Ito’s isometry property of stochastic integral, we obtain that

|| tim / UP (1 — )T (B (Xog(s + sn) — ()W (s)| |

<& 1im H/ L{s(t—s)Hs(EA(Xog(s—i—sn)—h(s)))dW(s)H)

A—+oo

2
< E( AHTOO Hus (t — )II°(Bx(Xog(s + sn) — h(s)))dsH )
< MQMQH'[SF/

—o0

e_QW(t_S)E‘ ‘g(s + sn) — h(s)szs

— o~ —L 2
< M2M2|HS|2/ e‘zw(t_S>IEHg(s+sn) - h(s)H ds

— o0

— o t 2
+ M2M2|HS|2/ e_zw(t_s)]EHg(s + 8n) — h(s)H ds
L

and,
) im [T By Kogls +50) — o ()|
<i( i | / U (1 — $)TT° (Bx(Xog(s + sn) — h())aw (s)]|")
<B( lim_ t Hus(t—s)Hu(ﬁ/\(Xog(s—i—sn)—h(s)))dsH2)
< M2M2|Hu|2/t+we*2w<f*5>za)‘g(s +5n) — h(s)||"ds
Consequently,

Efjw(t + sn) — 2()]1 < 4(MQJT/[’%HS\?/;Le*?w(t*ﬂE’(f(s +5n) — U(S)H2ds
+ Wﬁﬂnsﬁ/;e*”“*sm\\f(s ) = o(s)|| ds
+ M2M2|Hu|2/t+ooe—2W<t—s)E( |5+ 50) = v(s)| s
+ M2M2|n3|2[:e—2w<i—s>m\]g(s + ) = h(s)|“as
+ T [ e g(s + ) — ho)|[fas
+ M2M2|Hu|2/t+ooe*%<f*5)£( lo(s + n) — (s)|[ds)
Ellw(t +sn) — 2(0)]|? < 4(2eM° M2 2 [ je—w‘s)ds
n M2M2|HS|2[Le_zw(t_s)E‘ |£(s+ s0) = v(s)] \2ds
IR [ P8 s ) = ot

S W R
—L

+ M2M2|H“|2/+00672“’(t75)ﬂi"g(s + Sn) — h(s)szs).
t

e
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Therefore,

o +oo
E|[w(t + sn) — 2(1)]|% < 4(2aM M2|H5\2/ e”2wsds
t+L

22 (1711812 w2 teo —2w(t—s) 2
+ M™M=(|]I1°%)* + [T1%|%) e E||f(s+ sn) —v(s)|| ds
—L

22 512 u|2 too —2w(t—s) 2
+ MR 4 ) [ e ]EHg(ersn)fh(s)H ds)

2 Foo =2~ Foo ;
< 4(251\/1 M2|H$\2/L e~ 2% ds + 2 M- M2 (I |2 + |H“|2)/ e*QWbds)
5 0
2
——2 ——2 Foo
< (85M M2|IT% |2 + 83 M2 (|2 + |H“|2)/ e_2wsds>s
0
AN D2 2 + |Hu|2>)
€
w

< (8eM* M2 +

which proves that the convergence is uniform on K, by the fact that the last estimate is independent of t € K.
Proceeding as previously, one can similarly prove that z(t — s,,) converges to w uniformly on compact subsets in
R. This completes the proof.l

Theorem 4.4. Assume that (H3) and (Hs) holds. Let f,g € EMR,L*(P H),p,v,00) then

L(f,9) € &R, L*(P, H), p, v, 00).

Proof.

I'(f,g)(t) = lim / US(t — $)TT*(BrXo f(s))ds + AETOO

A——+oo o
t

U™ (t — s)IT*(BxXo f(s))ds
“+00
U™ (t — $)IT*(BxXog(s))dW (s)

t
+ lim Ut — s)II°(BrXog(s))dW (s) + lim

A—~+o00 oo A——+o0 +oo

/ U (t — $)IT°(BxXof(s))ds + lim U (t — s)IT*(BxXo f(s))ds

A—+oo +oo

—o00
t

Blro oo =5 m_
Ut — s)H“(EAXog(s))dW(s)HQ.

t
+)\EIJIFIOO 7001/1 (t — s)II*(BAXog(s))dW (s) +)\EIEOO .
T T —~— o 6
[ sw BRGo@Pduw < [ s [P [ e mwp)|Pas
—7 0€]—00,t] —7 0€]—00,t] —o0

. —+o0
AT / 2= I 2] £(s)]2ds
0
L PTE / e~ 2909|119 g (s)]|2ds
+oo
T2 w(t—s U
PN [ g (o) s )

T [’
—~ 2 ) _s s
< AM?M [/ sup ](/ e 2= |2E|\f(s)\|2ds)du(t)

—7 0€]—00,t

+ /T sup (AJFOO&ZW():S)Hu|2E||f(S)||2dS>du(t)

—7 0€]—00,t]

e
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T 6 +oo
b [ s ([ e omepBlgelPds+ [ e Ine PElg(s)|Pds )duto)]
—7 0€]—00,t] W —o0 0

T

<l T [ [T sy ([ @61+ Blg(o) P )

—7 0€]—00,t]

s [T s ([ @617 + Bl 7))o

—7 €] —00,t]

one the one hand using Fubini’s theorem, we have

e [ s ([ e w6 + Bl (o))t

—7 0€]—00,t] *J—o0

T 0
i 2 / sup / ¢~ 29 (| f(s)|? + El|g(s)][2)ds

—7 0€]—00,t]

r 0
< 62‘”|H5|2/ sup (/ ei2w(t*5)(E||f($)||2+E||g(8)|\2)d5)du(t)

—7 6€]—00,t] *J —o0

< eWmSF/T sup (/ e |1 (5)][2 + Ellg(s)]12)ds ) dput)

—7 6€]—o00,t] *J —oc0

T t

< e [ ([ e @ s)|P + Bl P)ds) dute)
T o0

< 62wr|Hs|2[ (/0 efzwsGEHf(tfs)||2+E||g(t*5)||2)d3)dﬂ(t)
+o0 T

< e[ e [ (B 9l +Bllate - 9))duttds

By using Theorem(2.22) we deduce that

TE%VS([—T,;D/T(EHN — )2+ Ellg(t — )I[?) du(t) ?Sfor all s € R+ and
ey (Bl =9I + Bl = )1 )dite) < i (11 + Il

e*UJS

oy 11 + gz, ) betongs t0

L'([0,400]) in view of the Lebesgue dominated convergence Theorem, it follows that

e lim /O+OOV(‘E_M/T (]E||f(t — 8)|2+Ellg(t — s)\|2)du(t)ds - 0.

T—+oo -7, T]) -7
On the other hand by Fubinis theorem, we also have

Since f and g are bounded functions, then the function s +—

T +oo
wE [ s ([ ISP + o) P)ds) duce)

—7 0€]—o00,t]

T +oo
< [ s ([P + o) )ds) duce)

—7 0€]—00,t] —r

T +oo
< mp [ (IR + o) )ds) duce

-7 —r

e
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<inep [ ([ @I+ Ela)ds)dut)

—7 J —00

<imep [ ([ @I + Bl P )ds

—oo W —T

2ws
Since the function s + ﬁ (\|f||c2>O + ||g||§o) belongs to L!(] — oo, r]) resoning like above, it follows
v([-7,T
that ; ) .
. ws 2ws 2 2 _
Jim [ et ([ @) + Bl au))ds = 0
Consequently

1 T
1' - - Q E 9 2d =
TiIJIrlool/([—T, T])/T HE]bBcE)o,t] Hr(f’ g)( )|| u(t) 0

Thus, we obtain the desired result.ll

For proof of existence of square-mean compact pseudo almost automorphic solution of infinite class , we need
the following assertion.

(Hg) f,g : R — L?(P, H) are square-mean compact pseudo almost automorpic of infinite class

Theorem 4.5. Assume (Hy), (Hy) and (Hg) hold. Then Eq (4.1) has a unique pseudo almost automorpic solution
of infinite class

Proof. Since f and g are pseudo almost periodic functions, f has a decomposition f = fi1+ fo and g = g1+¢o
where f1,91 € SAA.(R; L?(P, H)) and f2, 92 € E(R; L?(P, H), uu,v,00). Using Theorem 4.1, Theorem 4.3
and Theorem 4.4, we get the desired result. H
Our next objective is to show the existence of square mean (u, v/)-pseudo almost automorphic solutions of infinite
class for the following problem

du(t) = [Au(t) + L(u) + f(t,ur)]dt + g(t, u;)dW (t) for t € R (4.7)

where f : R x B — L?(P,H)and g : R x B — L?(P, H) are two stochastic continuous processes. To prove
our result, we formulate the following assumptions

(Hy) Let u, v € M and f : R x C(] — o0,0],L?(P,H)) — L*(P,H) square mean cl(u,v)-pseudo
automorphic periodic of infinite class such that there exists a function Ly such that

E||7(t:01) 70 62)||| < Lo(RII61 — 6all? forall ¢ € R and 61, 65 € O] — 00,0], L2(P, H).

(Hg) Let y, v € Mand g : R x C(] — 00,0], L3(P,H)) — L*(P, H) square mean cl(u,v)-pseudo almost
periodic ~ of infinite class such that there exists a function L, such that
2
E||g(t, 1) = 9(t.62)|| < Ly()Ellér — al|? forall ¢ € Rand 61, g2 € C(] - 00,0, LA(P, H)).
Where L and L, € LP(R), (1 < p < 00)

(Hg) Letk = max(Lf, Lg).
(Hyg) The instable space U = {0}

Theorem 4.6. Assume that B satisfies (A;), (Az2), (B), (C1), (C2) and (Hy), (Hy), (H3) , (Hy), (Hy), (Hs),
(H), (Hg), (Hy) and (Hjg) hold. Then Eq.(4.7) has a unique cl(u,v)- square mean pseudo compact almost
automorphic mild solution of infinite class.

e

[V =)
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Proof. Let x be a function in SPAA.(R; L?(P, H), i1, v, 00) from Theorem 4.2 the function ¢ — x; belongs
to SPAA.(C(] — 00,0]; L?>(P, H)), pt, v, 0). Hence Theorem implies that the function g(.) := f(.,x.) is in
SPAA.(R; L?(P, H), u,v,o0). Since the instable space U = {0}, then IT* = 0. Consider now the following
mapping

H: SPAA.(R; L*(P, H), i, v,00) — SPAA.(R; L*(P, H), yi, v, 00)

defined for ¢ € R by

(Hz)(t) = | lim Z/ls t—s HS(BAXOf(s xs))ds—i— hm Uus(t —s)HS(EAXOg(s,acS))dW(S) (0)

)\~>+oo +oo ) _

From Theorem 4.3, Theorem 4.4, Theorem 4.4 and Theorem 4.1 we obtain that H maps
SPAA.(R;L*(P,H), i, v,0) into SPAA.(R; L*(P, H), u1, v, 0).

It remains now to show that the operator H has a unique fixed pointin SPAA.(R; L?(P, H), j1, v, o0).

Since B is a uniform fading memory space, by the Lemma (2.7), choose the function K constant and the

function M such that M(t) — 0 ast — +oo. Letn = max{sup|K(t)|2,sup|M(t)|2} Case 1:
teR L 4eRr teR

Ly Ly € L'(R,RT)
Letz1, 22 € SPAA.(R; L*(P, H), i, v,0). Then we have

2 t - 2
E|[Han (1) — Hao (]| < 28| 1im / Ut — )T (B Xo[f (5, 712) — F(5,22))ds

A=+oo J_

+2EH lim /t Us(t—s)Hs(g,\Xo[g(s,xls)—g(s,xQS)})dW(s)W

A=+too J_

Using Ito’s isometry we have

2 o t
E‘ "Hml(t) - ng(t)H < 20 M2 2 / e 2= [ L (5)E| |21y — 2s||3ds
— 2~ t )
+ o M2|HS|2/ =205 [ (VB |01, — 9o |3

— 0o

N t
<R [ eI B (K (s) sup [Jo1(6) = €]+ M(s)loa, — wa,]l) ds

—o0 0<E<s

t 2
SVEYe —2w(t—s
+ 2M M2|HS|2/ e 2w(t )Lg(s)]E<K(5) Oilgg [|z1(&) — 22(8)]] +M(S)||ZC10 fLEQOH) ds

. t
<P [ e ME(K(s) sup [la1(€) = al@)]| + M()lar, 2, ds

—o0 0<E<s

t
T2 —2w(t—s
ST [ e B0 E(Ks) sup [fon(€) ~ wa(€)| + M), — | ds

—o0 0<éss

t

T2 AT —2w(t—s

I [ k() (K2 sup Blles(€) a1 + Ml - a2, ) ds
—0oQ KICKkS

— 9~ t

< 160 MQ\HS|277(/ k(s)ds)||x1 TS

— 00

e
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It follows that

]EHH2z1(t) —H2x2(t)H2 < ZIEH lim /t Ut = )T (BaXo [ f(s, Hary) = f(s, Haas)| ) ds ’

A——+o0 oo

+ ZIEHAlim /t L{S(t—s)HS(EAXo [g(s,?—[;z:ls) fg(s,H:c%)DdW(s)

—+o0 J_

’ 2

o~ 2, [t 2
< (1637 M2 ) (/ B(s)ds) llar — w2l

By induction on n we obtain the following inequalitie

t

E||Hm (1) - w@(t)]f < (1637 D20 ) / K(s)ds ) o — wall

— 00

Therefore

|01 (t) = ()] | < ANMIIE| )" ks oy 1 — 2l o

Let ng be such that (43 M [TI°|/m)" k|79 ® < L. By Banach fix point Theorem, H has a unique point fixed

and this fixed point satisfies the integral equation

U (t — $)IT° By(Xo f(s))ds + im U (t — $)TT* By (Xog(s))dW (s)

Uy = lim
—+o0 J_

A— 400 o

Case2: L,, Ly € LP(R); (1 < p < 00)
First, put

uo) = [ (k(s)ras.

— 00

Then we define an equivalent norm over SPAA(R, L?(P, H), i, v,7) as follows

1
2

_ —cu(t) 2
1flle = sup (= RIS

where c is a fixed positive number to be precised later. Using the Holder inequality and Ito’s isometry we have

2 o t

]E‘ \ml(t) - %m(t)H < 2M2M2|H5\2/ e UL ()E|| 215 — 24| |Bds
t

+ 2M2M2|H8\2 / e 2L ()E w15 — Tos]|%ds

— 00

e
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t
ST [ e en(s) (K3 s) sup Blles(€) - aale)]
—0 0<E<s

+ M2 (5)E| 2, — w2, |2 ) ds

t

< 1637° M2 [T 2 / e 2= cn i (s) (supe P B |1 (€) — w5 (6)][?) ds
—00 sER

< 16M2M2|HS‘277/ e—2w(t—s)ecu(s)k(8) (Slelg( —cpu(: E||$1( )_x2(€)”2)2) ds

t
< 1637 37 11° P / e )M () ds) |21 — ][

1 t 1
et 9s) ([ O (s)ds) s ol

— 00

< 16307 M2|1T |2 /

o0

1 t 1
< 16M2M2|H9 277(/ —2qw(f G)ds) (/ epCM(S)M/(S)dS) P ||$1 _ 332”2
—o0

; l)ewnxl—xznz
q )P

< 16007 M2|IT 2

1
X

1
(2wq)7  (pe)?
(e_c“(t)E‘ ‘Hm(t) - Ha:Q(t)Hz)% < 4MZ\7IHSI\/T7(

e’C“(t)IEHHxl(t) - ”ng(t)H < 1600 D22 |1 oy Ml = 222

1
x —— ) lla1 — a2

1
()% (pe)*

Consequently,

4]\4]\41_[S
Wy — .

Hz1(t) — Haa(t)||e <
7,0 = Hrale < = Y

Fix ¢ > 0 so large, then the function ¢ — converges to 0 when c¢ converges to +oco. It follows that for

(pc)?»
AMM|1I#| /1 . . . .
¢ > 0 so large we have - - < 1. Thus H is a contractive mapping. we conclude that there is a
_ (2wg)®a x (pc)=» .
unique pseudo almost automorphic integral solution to Eq.(4.7).

Proposition 4.7. Assume that B is a uniform fading space and (A1), (As), (C1), (C2), (Hp), (Hy), (Hz), (Hy4)
and (Hs) hold f and g are lipschitz continuous with respect the second argument if

w
max(Lip(f), Lip(g)) < ———==——Then Eq(4.7) has a unique square-mean cl(u,v)-pseudo almost
(Lip(f), Lip(g)) oy (k,v)

automorphic solution of infinite class, where Lip(f) and Lip(g) are respectively Lipschitz constant of f and g.

Proof. Let us pose k = max(Lip(f), Lip(g)), we have

2 e t
E|[#ar(0) — Haa(o)||” < s3PR e [ e 2 Ik() (K3 (s) sup Bler(€) — aa(©)IF + M (9)Bllery — a2, ) ds
—o0 IERS

e t
<A ([ e s o — ol
— 00
_ 8> M2|IT° |2k

w

2v/2M M |TI%|kn
w

2
[lz1 — 22|l

[lz1 — 72|l

1) = Haa(0)]| <

e
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w
Consequently # is a strict contraction if k < ————— 1
2v/2M M |TI5|n

5. Application

For illustration, we propose to study the existence of solutions for the following model

2

dz(t,z) = %z(t, x)dt + [/_ODOG(H)z(t + 6, 2)df + sin (

1
2 + cos(t) + cos(v/2t)

) + arctan(t)

0 1 0

+ e“Pn(0, z(t + 0,2)d0|dt + | cos + sin(t —|—/ e“On(0, z(t + 0,2))d0 | dW (¢
[ nio 20+ 0@yt it [cos (o) w0+ [ o0+ 0,8 aw )
2(t,0) = z(t,7) =0 fort € R

G.D

Where G :] — 00,0] — R define by G(#) = e("*1? is a continuous function and h :] — 00,0] x R — R is

continuous, Lipschitzian with respect to the second argument and w is a positive positive real number.
For example, take h(6, ) = 6% + cos (g) for (0, z) €] — 00,0] x R, it follows that

1
M@xg—ma@)gjm—xﬂ

which implies / :] — 00, 0] x R — R is continuous and lipschitzian with respect to the second argument. W () is
a two-sided and standard one-dimensional Brownian notion defined on the filtered probability space (X2, F, P, F3)
with 7y = o{W(u) — W(v) | u,v < t}.
The phase B = C.,, v > 0 where

C, = {¢ € O(] - 00, 0; LA(P,H)) : lim "’¢(6) exist in L(P, H)}

0——o0
With the following norm
1
3
1]l = sup(Elle*’6(0)]?)
9<0

To rewrite equation (5.1) in the abstract form , we introduce the space H = L?*((0,7)). Let
A: D(A) — L?((0,7)) defined by

D(A) = H'((0,7)) "H((0,1))
Ay(t) = y"(t) fort € (0,7)and y € D(A)

Then A generates a Cy-semigroup (U(t));>0 on L?((0, 7)) given by
UB)(r) = e ™ < en > 12 enlr)
n=1

Where e,,(r) = /2sin(nnr) forn = 1,2, ..., and |[U(t)|| < et forallt > 0. Thus M = 1 and w = 2.
Then A satisfied the Hille-Yosida condition in L2((0, 7)). Moreover the part Ag of A in D(A). It follows that
(Hy) and (Hy) are satisfied.

We define f : R x B — L?((0,7)),g:R x B— L?((0,7)) and L : B — L?((0, 7)) as follows

0

- 1 wb
m@@mg+mmﬂﬂﬁy+mmw+[;h&me0
Sake
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0

! ( \/Qt)>+sin(t)+ / “OR(0, $(6)(x))db

sin(t) + sin oo

9(t.0)(x) = cos (

0
L(6)(x) = / G0, $(6)(2))d0 for — o0 < 0 < 0 and z € (0, 7)
let us pose v(t) = z(t, z). Then equation(5.1) takes the following abstract form
dv(t) = [Av(t) + L(ve) + f(t,v)]dt + g(t,v,)dW (¢) for t € R

Consider the measures p and v where its Radon-Nikodyn derivative are respectively p1, p2 : R — R defined by

(t) 1fort >0
PIEI= et fort <0

and
p2(t) = [t| fort € R

i.e du(t) = p1(t)dt and dv(t) = po(t)dt where dt denotes the Lebesgue measure on R and

u(A) = /Apl(t)dt for v(A) = /Apg(t)dt for A e B.

1 1
From [6] pu, v € M, pu, v satisfy (Hy) , sin ( ) and cos ( ) are almost
(o] u K y (Hy) 2 + cos(t) + cos(v/2t) sin(t) + sin(v/2t)
automorphic.
We have 0
eldt +/ dt
L H([_TvT])_. . /—7‘ 0 T e i
hmbupﬁ =limsup——F——— =limsup————— =0 < oo,
T 0o —T,T T oo T 0o T
el el 2/ tat el
which implies that (H,) is satisfied.
Forall § € R, —1 < sin(f) < 1 then,
1 /T E|si (0)‘2dt< L L
—_ sup sin < — m
V([_T7 T]) —7 0€]—00,t] V([_Tv T]) —T
< w=mrl) — 0asT — 400
V([_Tv T])

Consequently,
. 1 o
lim ——— sup E

T_H_OOV([_TvT]) —7 0€]—00,t]

2
sin(@)‘ du(t) =0

It follows that ¢ — sin(t) is square mean (u, v)-ergodic of infinite class , consequently, g is uniformly square
mean (u, v)-pseudo almost automorphic of infinite class.

Forall 6 € R, %ﬂ < arctanf < g then,
1 /T 2 T 1 T
—_ sup E arctan(@)’ dt < = x 7/ du(t)
V([_T7 T]) —7 0€]—00,t] 2 V([_Ta T]) -7

7, 7]
< X —————= — (0asT — +00
—T,T

e
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Consequently,

1 +r
lim 7/ sup E
TotooV([=T,T]) s he]—o0.t]

arctan 9‘ du(t) =0

It follows that ¢ — arctant is square mean (u, v)-ergodic of infinite class , consequently, f is uniformly square

mean (u, v)-pseudo almost automorphic of infinite class.

For ¢ € C,,v € C(] — 00,0]; L*(P, H)) and Ghm e $(0) = x¢ exist in L?(P, H), then there exists M > 0
——00

such that E||e7?¢(0)[|> < M for § €] — oo, 0].
) 2
E||L(6) ()] ]EH/ G(0)6(0) ()|
</'me><><m%0
0
</ 2O TVR| e 070 G(0)¢(0) (x)]|*df
0
</ 2O 5 R0 G (0)p(0) (x)|*dO
-
</ *E[|eG(0)¢(9) ()| |2do
=
< M/ e?df < oo

Moreover,

0
BlL@@I < ([ db) supBller'o(0)(a)]

< ([ ean)ion

Then L is well defined and L is bounded linear operator from B to L2(P, L*((0,7)).

E||£(t, 1) (@) = F(t,6) )| * = Hﬂ/’ @un—hwwﬂmuMHze
<[m2wwh 6 (0)(@) — h(0,62(0)(x))||" a0
< ;/Ooo 2wl 77766279EH¢1 _¢2(9)(x)H2d9

<;/za< (60 (0) ) — 62(6) ) ||

<o ([ e i) for oo

Consequently, we conclude that f and g are Lipschitz continuous and ¢l(yu, v)-pseudo almost automorphic of
infinite class .
Moreover, since h is Lipschitzian by consequently bounded i.e there exists a constant M positive real number

E =

[V =)
MIM
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such that |h(0, z)| < My, then we have

2

0
Ellgtt, e <2+ [ e Bluo.60)(w)| do

0
<2+M12/ e“?dh < oo

— 00

Which implies that g verifies (Hs)

Lemma 5.1. [9] If / 0)|d0 < 1, then the semigroup (U(t)))i>o is hyperbolic and the instable space
= {0}.
Observe that
1 0 1
/ |G (6 )\d@— hm / 0940 = lim [7 (r+1)¢ = —— < 1, then (Hg) holds Then by
r—+oo Ly 41 —r v+1

Proposition(4.7) we deduce the following result.

Theorem 5.2. Under the above assumptions, then equation (5.1) has a unique square mean cl(u,v)-pseudo
almost automorphic solution of infinite class .
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Abstract. In this paper we prove the approximation results for existence and uniqueness of the solution of PBVPs of nonlinear
first order ordinary functional differential equations in a closed subset of the Banach space. We employ the Dhage monotone
iteration method based on a recent hybrid fixed point theorem of Dhage (2022) and Dhage et al. (2022) for the main results
of this paper. Finally an example is indicated to illustrate the abstract ideas involed in the approximation results.
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1. Introduction

The study of periodic boundary value problems (in short PBVPs) and functional PBVPs of first order ordinary
differential equations for existence and approximations using hybrid fixed point theory is initiated by Dhage and
Dhage [9] and Dhage [5] respectively.Then after several results appeared in the literature for different types of
hybrid PBVPs in the partially ordered Banach space. But to the knowledge of the present authors such results
are not proved in the closed subsets of the Banach space. For details of functional differential equations and
their importance, the readers are referred to Hale [15]. In this paper we prove the existence and approximation
results for a PBVP more general than that studied in Dhage and Dhage [9] using the monotone iteration method
of Dhage. This method relies on a recent hybrid fixed point theorem of Dhage et al. [12] in a partially ordered
Banach space. Before stating the proposed PBVP, we give some preliminaries.

*Corresponding author.  Email address: jbdhage@gmail.com (Janhavi B. Dhage) sbdhage4791@gmail.com (Shyam B. Dhage)
bcedhage @gmail.com (Bapurao C. Dhage)
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Given the real numbers » > 0 and T' > 0, consider the closed and bounded intervals Iy = [—r,0] and
I=1[0,T)inRandlet J = [—r,T]. By C = C(I,R) we denote the space of continuous real-valued functions
defined on Iy with he norm || - ||¢ defined by

[zllc = sup [z(0)]. (1.1
—r<0<0

The Banach space C with this supremum norm is called the history space of the functional differential equation
in question. For any continuous function z : J — R and for any ¢ € I, we denote by x; the element of the space
C defined by

xe(0) =zt +6), —r <0 <0. (1.2)

Now, given a history function ¢ € C, we consider the PBVP of nonlinear first order ordinary functional
differential equations (in short functional PBVP),

2 (t) + h(t)z(t) = f(t,z(t),xs), a.e. t €1,
z(0) = ¢(0) = «(T), (1.3)
To = ¢a

where h : I — Rand f : I x R x C are continuous functions.
Definition 1.1. A function x € AC(J,R) is said to be a solution of the functional PBVP (1.3) if
(i) z0 =,
(ii) x¢+ € C foreacht € I, and
(iii) x satisfies the equations in (1.3) on J,
where AC(J,R) is the space of absolutely continuous real-valued functions defined on J.

In this paper we obtain the existence and approximation theorem for the functional PBVP (1.3) in a closed
subset of the relevant function space. The rest of the paper is organized as follows. Below in Section 2, we give
the auxiliary results needed later in the subsequent part of the paper. The main existence and uniqueness theorems
are proved in Section 3 and a couple of illustrative examples are presented in Section 4.

2. Auxiliary Results

First we convert the functional PBVP (1.3) into an equivalent integral equation, because the integrals are
easier to handle than differentials. We need the following result similar to Nieto [16, 17] and Dhage [2] which
can proved by using the theory of calculus.

Lemma 2.1. Forany h € L*(J,R") and 0 € L*(J,R), z is a solution to the differential equation

' +ht)z(t)=0c(t) a e tel,
¢(0) = 2(T), 2.1

8
=~

=
=

Il

if and only if it is a solution of the integral equation

T
x(t) :/ Ghp(t,s)o(s)ds, tel,
0
To = ¢
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where,
oH(s)—H (1)
1 o H@) 0<s<t<T,
Gn(t,s) = (2.3)
oH (s)—H(t)—H(T)
W7 0 <t < s < CZ-‘7

and H(t) = /75 h(s)ds.
0
Notice that the Green’s function GG, is nonnegative on J x J and the number
My, = max { |Gy (t,s)| : t,s €[0,T]},
exists for all L' (.J,R™). Note also that H(t) > 0 for all t > 0.
We need the following definition in the sequel.
Definition 2.2. A mapping 5: I x R x C — R is said to be Carathéodory if
(i) t — B(t, z,y) is measurable for each x € R, y € C, and
(ii) (x,y) — B(t,z,y) is jointly continuous almost everywhere fort € I.
Again a Carathéodory function B(t,x,y) is called L*-Carathéodory if
(iii) for each real number r > 0 there exists a function m, € L*(J,R) such that
1B(t,2,9)| < ma(t) ae te T,
Sforall x € Rand y € C with |x| <71 and ||y|lc <.

The following lemma is proved using the arguments similar to that given in Dhage and Dhage [9]. See also
Dhage [2, 5] and references therein.

Lemma 2.3. Suppose that there exists a function v € AC(J,R) such that
u(T), (2.4)

Then,
T
u(t)g/ Gh(t,s)o(s)ds, teT,
0
ug < ¢.

Similarly, if there exists a function v € AC(J, R) such that the inequalities in (2.4) are satisfied with reverse sign,
then the inequalities in (2.5) hold with reverse sign.

(2.5)

It is well-known that the fixed point theoretic technique is very much useful in the subject of nonlinear analysis
for dealing with the nonlinear equations. See Granas and Dugundji [14], Zeidler [18] and the references therein.
Here, we employ the Dhage monotone iteration method based on the following two hybrid fixed point theorems
of Dhage [8] and Dhage et al. [12].
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Theorem 2.4 (Dhage [8]). Let S be a non-empty partially compact subset of a regular partially ordered Banach
space (E, || - ||, <,) with every chain C in S is Janhavi set and let T : S — S be a monotone nondecreasing,
partially continuous mapping. If there exists an element xo € S such that xo <X Txg or xo = Txo, then the
hybrid mapping equation Tx = x has a solution £* in S and the sequence {T"xo}22, of successive iterations
converges monotonically to £*.

Theorem 2.5 (Dhage [8]). Let S be a non-empty partially closed subset of a regular partially ordered Banach
space (E L = ) andletT : S — S be a monotone nondecreasing nonlinear partial contraction. If there exists
an element o € S such that xo =< Txg or xg = T xo, then the hybrid mapping equation Tx = x has a unique
comparable solution £* in S and the sequence {T"xo}22, of successive iterations converges monotonically to
&*. Moreover, £* is unique provided every pair of elements in E has a lower bound or an upper bound.

Remark 2.6. We note that every every pair of elements in a partially ordered set (poset) (E, <) has a lower or
upper bound if (E, =) is a lattice, that is, < is a lattice order in E. In this case the poset (E, || - ||, =) is called
a partially lattice ordered Banach space. There do exist several lattice partially ordered Banach spaces which
are useful for applications in nonlinear analysis. For example, every Banach lattice is a partially lattice ordered
Banach space. The details of the lattice structure of the Banach spaces appear in Birkhoff [1].

As a consequence of Remark 2.6, we obtain

Theorem 2.7 (Dhage [8]). Let S be a non-empty partially closed subset of a regular partially lattice ordered
Banach space (E7 -1, =< ) andletT : S — S be a monotone nondecreasing nonlinear partial contraction. If
there exists an element xo € S such that xo = Txg or xo = Txg, then the hybrid mapping equation Tr = x
has a unique solution £* in S and the sequence {T"xo}22, of successive iterations converges monotonically to
£

If a Banach X is partially ordered by an order cone K in X, then in this case we simply say X is an ordered
Banach space which we denote it by (X, K). Similarly, an ordered Banach space (X, K'), where partial order
= defined by the con K is a lattice order, then (X, K) is called the lattice ordered Banach space. Clearly,
an ordered Banach space (C (J,R), K ) of continuous real-valued functions defined on the closed and bounded
interval J is lattice ordered Banach space, where the cone K is given by K = {x € CJ,R) | > 0}. The details
of the cones and their properties appear in Guo and Lakshmikantham [13]. Then, we have the following useful
results concerning the ordered Banach spaces proved in Dhage [7, 8].

Lemma 2.8 (Dhage [7, 8]). Every ordered Banach space (X, K) is regular.

Lemma 2.9 (Dhage [7, 8]). Every partially compact subset S of an ordered Banach space (X, K) is a Janhavi
setin X.

As a consequence of Lemmas 2.8 and 2.9 we obtain the following hybrid fixed point theorem which we need
in what follows.

Theorem 2.10 (Dhage [8] and Dhage et al. [12]). Let S be a non-empty partially compact subset of an ordered
Banach space (X , K ) andlet T : S — S be a partially continuous and monotone nondecreasing operator. If
there exists an element xo € S such that xo = Txg or xo = T xg, then the hybrid operator equation T = x
has a solution £* in S and the sequence {T" o}, of successive iterations converges monotonically to £*.

Theorem 2.11 (Dhage [8] and Dhage et al. [12]). Let S be a non-empty partially closed subset of a lattice ordered
complete normed linear space (X , K ) andletT : S — S be a monotone nondecreasing partial contraction. If
there exists an element xo € S such that xo = Txg or xg = Txg, then the hybrid operator equation Tr = x
has a unique solution &* in S and the sequence {T "z}, of successive iterations converges monotonically to
£

The details of the notions of partial order, Janhavi set, regularity, monotonicity, partial continuity, partial
closure, partial compactness and nonlinear partial contraction along with their applications may be found in Guo
and Lakshmikatham [13], Dhage [3, 6, 7], Dhage and Dhage [9, 10] and references therein.
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3. Existence and Approximation Results

We place the nonlinear integral equation corresponding to the PBVP (1.3) in the Banach space C(J,R)
equipped with the norm || - || and the order relation < defined by

[l]| = sup |z(2)], G3.D
teJ
and
ry <= y—zx €K, 3.2)
where K is a cone in C'(J, R) given by
K={zeC(R)|z(t)>0Vte J} (3.3)

It is known that the partially ordered Banach space C'(J, R) is regular and lattice with respect to the meer and
Jjoin lattice the operations z A y = min {x, y} and z V y = max {x, y} Therefore, every pair of elements
of C(J,R) has a lower and an upper bound. See Dhage [6, 7] and the references therein. The following useful
lemma concerning the partial compactness of the subsets of of C'(J, R) follows easily and is often times used in
the theory of nonlinear differential and integral equations.

Lemma 3.1. Let (C(J,R), K) be a partially ordered Banach space with the norm || - || and the order relation
= defined by (3.1) and (3.2) respectively. Then every compact subset S of C(J,R) is partially compact, but the
converse may not be true.

We introduce an order relation <¢ in C induced by the order relation < defined in C(J,R). Thus, for any
x,y € C, x <¢ yimplies 2:(0) < y(0) for all § € I,. Note that if z,y € C(J,R) and = < y, then x; <¢ y; for
allt € I (Cf. Dhage [4, 5]).

Let C.q(J,R) denote the subset of all equicontinuous functions in C'(J, R). Then for a constant M > 0, by
C2(J,R) we denote the class of equicontinuous functions in C(.J, R) defined by

Cl (JR) = {z € Cog(J.R) | [zl < M}

Clearly, Cé‘g (J,R) is a closed and uniformly bounded subset of the set of equicontinuous functions of the
Banach space C'(J, R) which is compact in view of Arzeld-Ascoli theorem.

We need the following definition in what follows.

Definition 3.2. A function u € CéVq[ (J,R) is said to be a lower solution of the PBVP (1.3) if the conditions (i)
and (ii) of Definition 1.1 hold and u satisfies the inequalities

' (t) + h(t)u(t) < f(t,u(t),u) ae tel,
u(0) = ¢(0) < u(T), (3.4)
0 < ¢.

Similarly, a function v € CM (J,R) is called an upper solution of the functional PBVP (1.3) if the above
inequality is satisfied with reverse sign. By a solution of the PBVP (1.3) in a subset C‘% (J,R) of the Banach
space C(J,R) we mean a function x € CL!(.J, R) which is both lower and upper solution of the functional PBVP
(1.3) defined on J.

We consider the following set of hypotheses in what follows:
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(H;) There exist constants 1 > 0, /5 > 0 such that
0 < f(t,xr,m2) — f(t,y1,y2) < li(w1 — y2) + L2z — yollc,
forall t € J, where x1,y; € Rand x5, y2 € C with z1 > y1, T2 =¢ Yo.
(Hy) The function f is L'-Carathéodory on I x R x C — R.
(H3) f(¢,x,y) is monotone nondecreasing in x and y for each ¢t € I.
(Hy) The functional PBVP (1.3) has a lower solution u € C2/(J, R).
(Hs) The functional PBVP (1.3) has an upper solution v € C% (J,R).
Theorem 3.3. Suppose that hypotheses (Hs) through (Hy) hold. Furthermore, if the inequality
[¢llc + My [[mar| L < M, (3.5)

holds, then the PBVP (1.3) has a solution x* defined on J and the sequence {x,}5%, of successive
approximations defined by

zo(t) = u(t), teJ,

/Ghts (s,xp(s),zl)ds, tel, (3.6)

xn+1
), te I()7

where 7 (0) = x,(s + 0), 0 € Iy, is monotone nondecreasing and converges to T*.

Proof. Set S = Cé‘g (J,R). Then, S is a uniformly bounded and equicontinuous subset of the ordered Banach
space (X, K). Hence S is compact in view of Arzelld-Ascoli theorem. Consequently, S is partially compact
subset of (X, K). Define an operator 7 : S — C(J,R) by

T
/ Gt 8)f(s,2(s), 24) ds, t€ 1,
0

¢(t)7 te IO'

Tx(t) = 3.7
We shall show that the operator 7 satisfies all the conditions of Theorem 2.7 in a series of following steps.

Step I: 7 is well defined and T : S — S.

Clearly, 7 is well defined in view of continuity of the functions k and f on J x J and J x R x R receptively.
We show that 7(S) C S. Let z € S be arbitrary. Now by hypothesis (Hz),

T
/ Gt 3)|f (s, 2(s), 35)| ds, teT,
0

[Tz(t)] <
|¢( )|7 tEIO7
/ MhmM s, tel,
<
t)|, tEIo,
< |9llc + Mp ||marl 2

:M,
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for all ¢ € J. Taking the supremum over ¢, we obtain ||7z|| < M forall z € C} (J,R).
Next, we prove that 7(S) C S. Lety € T(S) be arbitrary. Then there is an = € S such that y = Tx. Now

we consider the following three cases:
Case I : Suppose that t1,t2 € I. Then, we have

ly(t1) —y(t2)| = |Ta(ts) — Ta(tz)]
T
g/o |G (t1,5) — G (ta, 5)| | (5, 2(5), 3,)| ds

T
< (b + £)L + ] / (G(tr,8) — G (ts, 5)]| ds. *)
0

Since k is continuous on compact .J x J, it is uniformly continuous there. Therefore, for each fixed s € J,

we have
|k’(t1,5) — k(t275)| — 0 as t1 — 1o

uniformly. This further in view of inequality (*) implies that
‘Tx(tl) — T.I?(tg)‘ — 0 as t; — to, (Z)

uniformly for all z € S.
Case II : Suppose that t;,t2 € Iy. Then, we have

ly(t1) — y(ta)| = |Ta(tr) — Ta(ta)| = |¢(tr) — ¢(t2)] = 0 as b1 — to,

uniformly for z € S.
CaseIIl : Lett; € Iy and t> € I. Then we obtain

ly(t1) — y(t2)| = |Tx(tr) — Ta(tz)| < |Ta(ty) — Ta(0)| + | Tz(0) — Ta(tz)|.

If t1 — to, that s, |t; — ta] — O, then t; — 0 and to — 0 which in view of inequalities (i) and (ii) implies
that
ly(t1) —y(t2)l = 0 as ¢t —t2 (iii)
uniformly for all y € 7(S). From above three cases (i)-(iii) it follows that T2 € S for all z € S. As a result
T(S)CS.
Step II: 7T is a monotone nondereasing operator on S.
Let z,y € S be such that x > y. Then, x; > y; for each t € I. Therefore, by hypothesis (Hs), we get

/Gh a(s),as)ds,  te,
o(t), te Iy,
/Ghts (s,9(s),ys)ds, , t €1,
(t), te I,
=Ty(t),

for all t € J. This shows that 7z = 7Ty and consequently the operator 7 is monotone nondecreasing on .S.

Step III: T is partially continuous on S.
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Let C' be a chain in the closed and bounded subset Cévqf (J,R) of the ordered Banach space (C (J,R), K ) and
let {z,,} be a sequence of points in C' such that z,, — x as n — co. Then, by definition of the operator 7, we
obtain

T

/ Gt 5)f(5, 20 (s),27) ds, , t € I,
0

¢(t), te Io,

lim 7Tz, = lim
n— oo n— o0

T
/ Galt,5) [ 1m_f(s,ma(s),aD)] ds,  teT,
0 n— o0
(b(t)? te IOa

T

B / Gh(t,s)f(s,x(s),xs)ds, , t €1,

=19Jo
d)(t)? te IO)

= Tuxz(t),

for all t € J. This shows that 7x,, — 7T« pointwise on .J. Next, by following the arguments asin Step I, it is
proved that {7 x,,} is an equicontinuous sequence of points in S. This shows that 7z, — T« uniformly on J.
Consequently 7 is a partially continuous operator on .S into itself.

Thus 7 satisfies all the conditions of Theorem 2.7 on a partially compact subset S of the Banach space
C(J,R). Hence T has a fixed point * € S and the sequence {7"x(}22, of successive iterations converges
monotone nondecreasingly to x*. This further implies that the PBVP (1.3) has a solution z* on J and the
sequence {z, }5°, successive approximations defined by (3.6) converges monotone nondecreasingly to z*. This
completes the proof. U

Theorem 3.4. Suppose that the hypotheses (H,) and (Hy) hold. Furthermore, if M T(¢1 + €3) < 1, then the
PBVP (1.3) has a unique solution ©* defined on J and the sequence {x,}5% of successive approximations
defined by (3.6) is monotone nondecreasing and converges to x*.

Proof. Set S = CJ/(J,R). Then S = C2I(J,R) is a closed subset of an ordered Banach space (X, K') and soo
it is partially closed set in (X, K). Define an operator 7 on S by (3.7). Then T is well defined. We shall show
that 7 is a partial contraction on S.

Let z,y € S be such that x = y. Then, by hypothesis (H;), we have

Ta(0) = Ty(t)| = | [ Galt.s)[F(s.o(s)..) = F(5.y(s). )] d
7
< / Gt 5)| £(5,2(5), 25) — F(5,9(5), 5| ds
< /0 Gt 5) [F(5,2(5), 22) — F(5,5(s),ys)] ds
T
< / Gult, ) [(a]2(s) — y(5))] + Lollzs — wsllc] ds

T
< [ Galto)(ts + ta)o — il ds
0
< MRT(Cy + Lo) ||z — vyl
for all ¢ € J. Taking the supremum over ¢, we obtain

T =Tyl < MT (b + La)]|x — yl|
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for all comparable elements x,y € S. This shows that 7 is a partial contraction on S. We know that every
partially Lipschitz operator is partially continuous, so 7 is a partially continuous operator on S. Now, we apply
Theorem ?? to the operator 7 and conclude that 7 has a unique fixed point z* € S and the sequence {7 "u}22
of successive iterations converges to z*. This further implies that functional PBVP (1.3) has a unique solution
x* and the sequence {x,}52, of successive approximations defined by (3.6) is monotone nondecreasing and
converges to x*. g

Remark 3.5. The conclusion of existence and uniqueness theorems, Theorems 3.3 and 3.4 for the problem (1.3)
also remains true if we replace the hypothesis (Hy) by (Hs). In this case the sequence {y,}52 defined similar
to (3.6) converges monotone nonincreasingly to the solution x* of the functional PBVP (1.3) defined on J.

4. An Example

Example 4.1. Let Iy = {—g, 0} and I == [O, 1} be two closed and bounded intervals in R, the set of real

number and let J = [—%, O} UJlo, 1] = [—g, 1}. Given a history function ¢(t) = sint, t € [—g, O}, consider
the nonlinear two point functional BVP

2 (t) + z(t) = fi(t, z(t), z¢), te€[0,1],
2(0) = ¢(0) = 0 = (1), @.1)
Ty = ¢,

forall't € [0,1], where z,(0) = z(t + 0), 0 € [—5,0] and the function f» is given by

0, if ©<0,y=c0,
1 =z
1 : 0, y=c0
41+2 7o boysed

Atzy) =31

y Ly yHC )

= _lgle if ©<0,y=c0, y#0,
4 1+ ylle
1 T ||y||C , if x>0, y>=c0, y#0,
4 (142 1+|yle

forallt €]0,1].

Here, h = 1 = T and f, defines a continuous function f : [0,1] x R x C — R. We shall show that f;
satisfies all the conditions of Theorem 3.4. Now, let x1,y1 € R and x5,y2 € C be such that x1 > y; > 0 and
o =c yo = 0. Therefore, we have

0 S f(ta$17x2) - f(t7y17y2)

O S /| lz2lle  llyelle
4 14z 14y 14 |z2lle 1+]y2lc
1z —wy L zafle — llyzlle .
Szm 1.1+HJ72||C_||?/2HC (ol =y < o] + |yal)
1 =l 1 [lwalle — el
T4 14|z —nl 4 T+ [zzlle — llvelle
O O et 1 1 |z — w2l
T4 14—y 4 14 [lee —yele
< efo =yl 41 o — welle,
— 4 4
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forallt € [0,1]. Similarly, we get the same estimate for other values of the function f1. So the hypothesis (Hy)

holds with {; = 1 and t; = 1. Again, the Green’s function G is continuous and nonnegative on [0,1] x [0,1]

with bound My =~ 1.6, so that the hypothesis (Hs) holds. Moreover, here we have

1 1
M;, T(El + 62) ~ 1.6 <4 + 4> =0.8<1,

and so all the conditions of Theorem 3.4 are satisfied for M = % Finally, the functions u and v defined by

1
—/ G1(t,s)ds, t€]0,1],
0
T
int, ¢ [—7,0},
sin S 5
and

1
f/ G1(t,s)ds, t€]0,1],
2 Jo

) T
sint, t € {75,0} ,
satisfy respectively the inequalities of the lower solution and upper solution of the functional PBVP (4.1) with
u = v on J. Hence the functional PBVP (4.1) has a unique solution x* € C’S(f(J7 R) defined on J = [—%, 1].
Moreover, the sequence {x,,}52 defined by

zo(t) = u(t), t e [—g,l] ,

1
/ Gt 5)f(s,2n(s),2™)) ds, € [0,1],
Tny1(t) = 0
sint, te {fg,O} ,

is monotone nondecreasing and converges to x*. Similarly, the sequence {y, }°2, defined by

w(t) = v(®). te[-7.1),

1
/ Gi(t,5)F(5,yn(s),5)) ds, t € [0,1],
yn+1(t) = 0
sint, t € {fg,O} ,

is monotone nonincreasing and converges to the unique dolution x* € C% 5(], R). Thus, we have

oS 2Ry 22t 2y, X 2y 2o

5. Remarks and Conclusion

We observe that the existence of solutions of the PBVP (1.3) can also be obtained by an application of
topological Schauder fixed point principle under the hypothesis (Hs), but in that case we do not get any sequence
of successive approximations that converges to the solution. Again, we can not apply analytical or geometric
Banach contraction mapping principle to the problem (3.1) under the considered hypotheses (H;) and (Hs) in
order to get the desired conclusion, because here the nonlinear function f does not satisfy the usual Lipschitz
condition on the domain I x R x C. Similarly, we can not apply algebraic Knaster-Tarski fixed point theorem to
PBVP (1.3) for proving the existence of solution, because C'(J,R) is not a complete lattice. Therefore, all these
arguments show that our hybrid fixed point principle, Theorem 2.4 has more advantages than classical fixed point
theorems to get more information about the solution of nonlinear equations in the subject of nonlinear analysis.

e
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Abstract. In this work, Gaussian Tribonacci functions are defined and investigated on the set of real numbers R, i.e., functions
fe:R — Csuchthatforallz € R,n € Z, fa(x +n) = f(x +n) +if(x +n — 1) where f : R — R is a Tribonacci
function which is given as f(z + 3) = f(z +2) + f(z + 1) + f() for all z € R. Then the concept of Gaussian Tribonacci
functions by using the concept of f-even and f-odd functions is developed. Also, we present linear sum formulas of Gaussian
Tribonacci functions. Moreover, it is showed that if f is a Gaussian Tribonacci function with Tribonacci function f, then

lim f?éz(:)l) = aand lim f%‘(;ﬂ;) = a + i, where « is the positive real root of equation 2® — 2> — 2 — 1 = 0 for which
r—r0o0 r—o0

a > 1. Finally, matrix formulations of Tribonacci functions and Gaussian Tribonacci functions are given. In the literature,
there are several studies on the functions of linear recurrent sequences such as Fibonacci functions and Tribonacci functions.
However, there are no study on Gaussian functions of linear recurrent sequences such as Gaussian Tribonacci and Gaussian
Tetranacci functions and they are waiting for the investigating.

We also present linear sum formulas and matrix formulations of Tribonacci functions which have not been studied in the

literature.
AMS Subject Classifications: 28A10.
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1. Introduction

A function f defined on the real numbers R is said to be a Fibonacci function if it satisfies the following
relation

fle+2)=flz+1)+ f(z)
*Corresponding author. Email address: gocenm @hotmail.com (Melih G6cen)

https://www.malayajournal.org/index.php/mjm/index ©2023 by the authors.



On Tribonacci functions and Gaussian Tribonacci functions

for all x € R. First and foremost, Elmore [2], Parker [8] and Spickerman [12] discovered useful properties of the
Fibonacci functions. Later, many renowned researchers such as Fergy and Rabago [3], Han, et al. [5], Sroysang
[14], and Gandhi [4], have devoted their study to the analysis of many properties of the Fibonacci function.

A function f defined on the real numbers R is said to be a Tribonacci function if it satisfies the following
relation

fle+3)=flz+2)+ fle+1)+ f(2)

for all z € R (a short review on Tribonacci functions will be given in this section below). Some references on
Tribonacci functions are Arolkar [1], Magnani [6], Parizi [7] and Sharma [10].

A function f defined on the real numbers R is said to be a Tetranacci function if it satisfies the following
relation

fla+4)=flz+3)+ flz+2)+ f(z+1)+ f(z)

for all x € R. See Sharma [11] for more information on Tetranacci functions.
More generally, a function f defined on the real numbers R is said to be a k-step Fibonacci function if it
satisfies the following relation

fatk)=fl@+k-1)+flz+k-2)+ flz+k—=3)+...+ f(z)

forall z € R. See Sriponpaew and Sassanapitax [13], and Wolfram [18] for more information on k-step Fibonacci
functions.

Before giving a short review on Tribonacci functions, we recall the definition of a Tribonacci sequence. A
Tribonacci sequence {7}, }n>0 = {Vn(T0, T1, T2) }n>0 is defined by the third-order recurrence relations

Tw=Th1+Tho+T, 3,

with the initial values 7o = 0,77 = 1,71, = 1.
Next, we present the first few values of the Tribonacci numbers with positive and negative subscripts:
n 0 1 2 3 4 5 6 7 8 9 10 11 12 13
T, 0O 1 1 2 4 7 13 24 44 81 149 274 504 927
T, .. 01 -1 0 2 -3 1 4 -8 5 7 =20 18
If we let ug = 0,u; = 1,us = 1, then we consider the full (bilateral) Tribonacci sequence {u, }5° _  : .
,—3,2,0,—1,1,0,0,1,1,2,4,7,13, ..., i.e. T_,, = T2 + Toy, + TpioTy — 4T, 11T, [see 5, Corollary 7] for
n > 0 and u,, = T,,, the nth Tribonacci number.
A function f : R — R is said to be Tribonacci function if it satisfies the formula

fle+3)=fle+2)+ flz+1)+ f(z)
for all z € R or equivalently
f@)=flz=1)+flz—-2)+ f(x—3)

forall z € R.
Note that
f(SC + n) == Tn—lf(x + 2) + (Tn—2 + Tn—3)f(x + 1) + Tn—2f(x) (11)

forallz € Randn € Z.
We next present the Binet’s formula of f.

Lemma 1.1. /5, p.141] The Binet’s formula of f is

Ky (52) + K
f@) = K10 + Kpa ™% cos(0x) + a~*/? K (557) + Ky sin(0x),
1
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where
_ f(0) f() f(2)
Ky = a—DBatD) 3o+l (@-1)Batl)
Ky = f(0) — K,
. - K —alf(2) - f(1) ~ f(0)
3 — 012 )

0 = arccos (120‘\@) )

Note that this formula does not use complex roots.
Next, we list some examples of Tribonacci functions.

Example 1.2.

(a) [5, Example 2.1]
fR=R flz)=a"

3_ 42

is a Tribonacci function, where o is a positive root of equation x —x — 1 = 0and « is greater than

one and given as

o L+ V194 3V33 + /19 - 3V/33

3
The other two roots are
5 1+wV/19 + 3v33 + w? /19 — 333
= 3 ,

and

L 1+ w?V/19 +3v/33 + wV/19 — 3v/33
- . .

(b) [5, Example 2.2] Let {un}2 _ o, {vn}5 _ o and {w,}52 _ . be full Tribonacci sequences and define a
function f(x) by f(x) = u|y| + |y t+w|, t% wheret = 2 — |x] € (0,1) and x € R, ] is the greatest
integer function (floor function). Then

flea+3)=fxz+2)+ fz+ 1)+ f(x)
so that f is a Tribonacci function.

(¢) [5, Proposition 2.3 and Example 2.4] Let f be a Tribonacci function and define g(x) = f(x +1t+t2) for any
x € R, where t € R. Then g is also a Tribonacci function. If f(x) = o® which is a Tribonacci function,
then g(z) = o+ = o' f(2) is a Tribonacci function.

We now present the concepts of f-even and f-odd functions which were defined by Han, et al. [5] in 2012.

Definition 1.3. Suppose that a(x) is a real-valued function of real variable such that if a(x)h(x) = 0 and h(z)
is continuous. Then h(x) = 0. The map a(z) is called an f-even function if a(x + 1) = a(x) and f-odd function
ifa(x +1) = —a(x)) forall z € R.

We present an f-even and an f-odd function.

Example 1.4.

(@) Ifa(x) = x — |z| then a(x) is an f-even function.
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(b) Ifa(x) = sin(wzx) then a(x) is an f-odd function.
Solution.

(a) If a(z) = = — |x] then a(z)h(z) = 0 implies h(x) = 0if x ¢ Z. By continuity of h(x), it follows that
h(n) = lim h(x) = 0 for any integer n € Z and therefore h(z) = 0. Since

z—n
alz+1l)=(z+1)—|[z+1]=(z+1)—(lz] +1) =2z — |z] = a(z),
we see that a(x) is an f-even function.
(b) If a(x) = sin(wz), then a(x)h(x) = 0 implies that h(x) = 0 if x # nx for any integer n € Z. Since h(x) is
continuous, it follows that h(nm) = mlg;lﬂ h(z) = 0 for n € Z, and therefore, h(z) = 0. Since

a(z + 1) = sin(nz + 7) = sin(wz) cos(w) = —sin(wz) = —a(x),

we see that a(x) is an f-odd function. O

The following theorem is given in ([7], Theorem 3.3).

Theorem 1.5. Assume that f(x) = a(x)g(x) is a function, where a(x) is an f-even function and g(z) is a
continuous function. Then f(x) is a Tribonacci function if and only if g(x) is a Tribonacci function.

The following theorem shows that the limit of quotient of a Tribonacci function exists.

Theorem 1.6. If f(x) is a Tribonacci function, then the limit of quotient ! (ﬁ;r)l) exists (5, Theorem 4.1]) and

. f(z+1)
S

= « (take p = 1 in Magnani [5, Theorem 14].

We also have a result on the limit of quotient f 5?(:)2 ) which we need for calculation of the limit of the quotient

of a Gaussian Tribonacci function.

Theorem 1.7. If f(x) is a Tribonacci function, then, for 0 < k,m € N we have

: f(l‘ + k) _ k—m
Th_)nolo 7}0@ ) « . (1.2)

Proof. If 0 < k,m < 1 then (1.2) is true (Theorem 1.6). We give the proof in three stages:
Stage I:

lim 7]‘(:0 +2) =2
Z—¥00 f(x)

Stage II: for 3 < k € N,
lim 7]‘(;10 + k) = aF.
T—00 f(a:)

Stage III: for 3 < k,m € N,

lim 22N _
:vggof(x+m) “

Proof of Stage I:
Given x € R, there exists y € R and n € N such that x = y + n. Then, using the formula

f(x + ’I’L) = {Z—"nflf(aj + 2) + (Tn72 + Tn73)f(x + 1) + Tn72f(m)7

3

s
2

211



Yiiksel Soykan, Melih Gocen and Inci Okumus

we get
flx4+2)  fly+n+2)
flx) — fly+n)
Trgrf(y+2)+ (Tn+ To1) fly+1) + Tnf(y)
Tp-1f(y+2)+ (Th—2 + Tn- 3)f(y + 1)+ Th2f(y)
=t =y =L
Since
LofEr) L fye))
a0 f(x) v=oe f(y)
and
lim Tovy =7 pqel
n—=00 Intq
e e+ S+
. x .
B Ty S Ty e
we obtain
sau+ (1+aHa+1
- au+ (1+aa+1
and so
u = lim 7f(x +2) = a2
A% @)

This completes the proof of Stage I.
Proof of Stage I1:
Given z € R, there exists y € R and n € N such that z = y + n. Then, by using Stage I, we get

flx+k)  fly+n+k)
fl) — fly+n)
Tn+k—1f(y +2)+ (Tnyr—2+ Tnyr—3)f(y+ 1)+ Toyr—2f(y)
To1f(y+2)+ Loz + Tn-3)f(y+1) + T2 f(y)

Trik—1 f(y+2) Trnik—3\ fly+1)
Totk—2 Tosr—2 J@) +(1+ Trgr— 2) f(y) +1

Tn— n f(y+2) n fly+1)
2 P )i+

and so

Tnyk—1 f(y+2) Trnir—3\ f(y+1)
2 7 — lim lim Thik—2 Tn+k 2 fly) + (1 + Tn+k 2) fy) +1
oo f(z) wwoonsee Tnop Tast WD) 4y Tens) SO 4 g

paa? + (1+aHa+1
=a
ad?+(1+aa+1

which completes the proof of Stage II.
Proof of Stage III:
By using Stage II, we obtain

f@) 11

lim = =
z—oo f(x+m) limy o f(;ﬂ("g%) am™
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Now, it follows that

lim 7f(x + k) = lim
g—oo f(x+m) z—o () w—=oo f(z+m)

f(.]? + k) lim f(x) k_ —m k—m

= =«

which completes the proof of Stage III. [J

2. Gaussian Tribonacci Function
Gaussian Tribonacci numbers {GT,, },>0 = {GT,,(GTy, GT1, GT3) },>0 are defined by
GT, = GTy_1 + GTys + GTpy_s,
with the initial conditions GTy = 0, GT} = 1 and G15 = 1 + i. Note that
GT, =Ty +iTh 1.

The first few values of Gaussian Tribonacci numbers with positive and negative subscript are given in the
following table.
n 0 1 2 3 4 5 6 7 8 9
GT, 0 1 144 2+4¢ 4420 744 1347 244137 44+424¢ 81 +44d
GTI-., 0 ¢ 1—¢ -1 2 2-31 =341 14 4¢ 4—-8i —8 4 51
The full Gaussian Tribonacci sequence, where Gu,, = G'I;, the nt" Gaussian Tribonacci numbers, are: . . .
,—3+14,2—3¢,2t,-1,1 —14,4,0,1,1 +¢,2+ 7,4+ 2¢,74+ 44,13+ 71, ...

Definition 2.1. A Gaussian function fg on the real numbers R is said to be a Gaussian Tribonacci function if it
satisfies the formula

fal@+n) =Gl 1f(x+2)+ (GTh—2 + GTy—3) f(x + 1) + GT, o f () 2.1
forall x € Randn € Z where f is a Tribonacci function.

To emphasize which Tribonacci function used we can say that fg is a Gaussian Tribonacci function with
Tribonacci function f.
The following theorem gives an equivalent characterization of a Gaussian Tribonacci function.

Theorem 2.2. A Gaussian function f¢ on the real numbers R is a Gaussian Tribonacci function if and only if
falx+n)=flx+n)+if(r+n—-1) (2.2)
forx € R, n € Z where f is a Tribonacci function.

Proof.
(:=) Assume that f¢ is a Gaussian Tribonacci function, i.e., f¢ satisfies (2.1). Then

fa(@+n) = (Tho1 +iTh—2) f(z +2) + (Th—2 + iT;—3)
H(Tn—3 +iTn-a)) f(x + 1) + (Th—2 + iT,—3) f(2)
=Thafx+2)+ (Tho+Ths3)f(x+1)+ T of(x) +
i(Tn—af(x+2) + (T3 +Tna)f(x+ 1)+ Th3f(x))
= flz+n)+if(x+n—1)

since
GT, =T, +iTy_1

3

s
2

213



Yiiksel Soykan, Melih Gocen and Inci Okumus

and
fled+n) =T 1f(x+2)+ Th-2+Ths3)f(x+1)+Thaf(z)

(«<=:) If we suppose that (2.2) holds then by (1.1), we obtain

folx +n)
= fle+n)+if(z+n-1)
=Thafle+2)+ (Tho+Ths)f(x+1)+ Th_of (x) +
+(iTn—2f(x +2) + (Tn-z + Tn-a) f(x + 1) + T3 f(2))
= (Tn-1 +iTn—2)f(z +2) + (Tn—2 + iTn—3) + (Tn—s + iTp—a)) f(x + 1) + (T2 + iT,—3) f (2)
= GTh-1f(x+2)+ (GTp—2 + GTy—3)f(x + 1) + GT o f (z)

O

Remark 2.3. Using the Binet’s formula of Tribonacci function f (see Lemma 1.1) and (2.1) or equivalenly (2.2),
the Binet’s formula of Gaussian Tribonacci function can be found.

Now, we present an example of a Tribonacci function.
Example 2.4. The function f : R — R, f(x) = o*, considered in Example 1.2, is a Tribonacci function. Then
folx+n)=flz+n)+if(x4+n—-1)=a"" +ia®™ ! = (1 +ia"1)a®™
is a Gaussian Tribonacci function.

The following example shows that using floor function, a Tribonacci function and a Gaussian Tribonacci
function can be obtained.

Example 2.5. Let {Guy,}5° {Gp}2 _ o, and {Gw, }22 be full (bilateral) Gaussian Tribonacci

sequences. - We define a function fa by
falx + n) = Gul_w]+n + Gv[x]-{-nt + Gw[x]+nt2 = GuLx_;,_nJ + G'UL:c-i—th + GwLﬁrthQ and

f(x) = u|z) + Vgt + wy t% wheret = x — x| € (0,1) and x € R. Then, f is a Tribonacci function and fc
is a Gaussian Tribonacci function.

Solution. Since

F@) = upe) +vja)t + wig)t?
flx+1) = Ulgt1] T Vler1)t + wLw+1Jt2 =U|g|+1 + Vz|+1t + wLletQ
F@+2) = uppio) + Vpata)t + Wata t® = Uz 42 + Vz) 4ol + W12t

and

Fl@+2)+ f@+ 1)+ f(2) = (W2 + Ve pot + Wpe sot®) + (W o1 + Vpe)s1t + W) 118)
o) + Va)t + Wy t?
= (Ulz)42 T Uz)41 T U)) + (Ve 42 T Vz)p1 T V2))E
F(Wiaj42 + Wg 41 + W{g) )t
= Ulo |43 + Vo) 43t T W{a|43t° = Uoys] + Vjots)t + Wats)t
= f(x+3)

e
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f is a Tribonacci function and since

Gul_:c]+n = Ulz|+n + ZuLaﬁj +n—1>
Gv[z]+n = V|z]+n + i’ULxJ—&-n—la

Gw[zJJrn = W|z|4+n + iwijJrnfla
we get

falx+n) = GUJUEH‘” + G’UL‘/L’J+nt + quLIJ+nt2
= (Ua)tn T W[s)4n-1) T Olo)4n + 10a)4n-1)t + (Wz)1n + Wz|4n_1)t
= (U|gj4n + Vz)tnt + Wa)4nt®) + Ue)tn-1 + Vx| tn-1t + Wz n_1t>)i
= flz+n)+if(zr+n—1).

Therefore, f¢ is a Gaussian Tribonacci function. [J

Lemma 2.6. Let fo be a Gaussian Tribonacci function, i.e., fa(vr+n) = f(x+n)+if(r+n—1)forx € R
, n € Z where f is a Tribonacci function. We define gc(x + n) = fo(x +t+ n) and g(x) = f(x + t) for any
x € Rwheret € R. Then g is a Tribonacci function and g¢ is a Gaussian Tribonacci function.

Proof. Let x € R. Since f¢ is a Gaussian Tribonacci function and f is a Tribonacci function, it follows that

glz+3)=f(z+3+t)=flx +t+3)
=flz+t+2)+ flx+t+1)+ f(z+1)
=g(x+2)+g(x+1)+g(x)

which shows that g is a Tribonacci function and

ga(x+n) = falz +t+n)
= fle+t+n)+if(zr+t+n—-1)
=g(x+n)+iglx+n-—1)

which shows that g is a Gaussian Tribonacci function. [

Lemma 2.7. Let {uy,} and {Gu,} be the full Tribonacci and Gaussian Tribonacci sequences, respectively. Then

GULan = GTn_luLgEJ_;,_Q + (GTy—2 + GTn—3)ULg;J+1 + GTn_guM,
Gu[m]-{—n—l = GTnflu[mJ-&-l + (GTn72 + GTnf?))U[TJ + GTn72uLmJ—1a
Gu[xJJran = GTnflu[zJ + (GTn72 + GTn73>U[1j71 + GTnf2uLmJ72-

Proof. The functions fg(x +n) = GULIJJ’,n + GU[zJ+nt + GwLIJ+nt2 and f(z) = Uz T V|2t + Wz 12
where t = 2 — |x] € (0,1) and € R, considered in Example 2.5, are Gaussian Tribonacci and Tribonacci
functions, respectively. So, if we let v|,) = w|z)—1 , GV|z)4n = GU|z|4n—1 A W|z) = Uz 2, GW|z|1n =
GU|z|4+n—2 then f(z) and fc(x) are Tribonacci function and Gaussian Tribonacci function, respectively. Note
that

F(2) = upe) + Vo)t + Wi t? = gy + U1t + Ug)—t?
fla+1) = U z41) +UL$+1Jt+wLx+1Jt2 = U|z|+1 +UL$J+1t+wLxJ+1t2 = U|z|+1 +uL$Jt+u\.xJ—1t2
J(@+2) = ulpyo) + Vpia)t + Wata t® = Ulz)so + Vgl + Wia) 12l = Uz + Up 11t + Uz

e

[V =)
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Then we obtain

GU|z|4n + GU|z|4n—1t + Guern_gtz

= GU|z|4n + GV g 4nt + GwLantQ = fa(z+n)

= GTh-1f(x+2)+ (GTh-2+ GTy—3)f(x + 1) + GTp_of (z)

= GTo1(ujg) 2 + U )41t + e t?) + (GTn2 + GTy_5) (U )41 + Ua)t + Ujg)—117)
GTh2(u|g| + g1t + um_gt2)

= (GTh-1ups|+2 + GThrupy 41t + GTqup, 1)
+((GTp-2 + GTo-3)u || 4+1 + (GTp—2 + GT_s)uy)t + (GT—s + GTp—3)tuy 1%
(GTh—2u 5] + GTy 2t )1t + GT_2u 4 _ot?)

= (GTh1u|z)42 + (GTh—2 + GTy 3)u|z)+1 + GTh2u|4))
H(GT-1u|g)41 + (GTh—2 + GTh_3)u|g) + GTy—ou|z) 1)t
HGTp—1uls) + (GTh—2 + GTy_3)u |z -1 + GTp—su |z )t

This completes the proof. [J
By taking {u,} = {7’} in the last theorem, we have the following corollary.

Corollary 2.8. For x € R, we have the following formulas:
GTLJCJ +n = GTn—lTl_wJ +2 + (GTn—Q + GTn—B)TLzJ+1 + GTn—2T|_a;j7

GT\_xj—i-n—l = GTn—lTl_;cJ+1 + (GTn—2 + GTn—3)T\_J:J + GTn—QTLxJ—la
GTLxJ_j'_n_Q = GTn,leJ + (GTy—2 + GTnf?))TLzJ—l + GTn,QTLzJ_Q.

By taking |« | = m € Z in the last corollary, we see that for all integers m, n we have

GTm-i—n = GTn—1T7n+2 + (GTn—Q + GTn—B)Tm—H + GTn—2T7m

GTm+n—l = GTn—le+1 + (GTn—Q + GTn—?))Tm + GTn_QTm—h

GTrin—2 =G 1T+ (GTh—2 + GTy—3)Ti—1 + Gy 2T 2.
Theorem 2.9. Let fo(z) = a(z)ga(z) be a function, g(x) and f(x) = a(x)g(x) be Tribonacci functions, where
a(x) is an f-even function, and suppose that g¢(x) and g(x) are continuous functions. Then fo(z) is a Gaussian

Tribonacci function with Tribonacci function f(x) if and only if ga(x) is a Gaussian Tribonacci function with
Tribonacci function g(x).

Proof. By definition of the function f and since a(x) is an f-even function, we have
falx +n) =alx 4+ n)ga(r +n) = a(z)ga(z + n). (2.3)

Suppose that f is a Gaussian Tribonacci function. Then, since a(z) is an f-even function, we obtain

falx+n)=flz+n)+if(z+n-1)
(x+n)g(x+n)+ia(z+n—1)glx+n—1)

()g(z +n) +ia(z)g(z +n—1)

(

z)(g(x +n) +ig(z +n —1)). 2.4)

1l
2 2 9

From the equations (2.3) and (2.4), we get

a(z)(ga(z +n) —g(z +n) —iglz +n—-1)) =0

e
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and so
ga(x+n)—glz+n)—iglx+n—-1)=0

ga(x+n)=g(x+n)+iglx+n-1).

Therefore, g is a Gaussian Tribonacci function.
On the other hand, if g4 is a Gaussian Tribonacci function, then

galx+n)=g(x+n)+iglr+n—1) (2.5)
Since f(z) = a(x)g(z) and a(z) is an f-even function, we obtain

f(x+n) = alz+n)g(z+n) = a(z)g(z +n),
fle+n—-1) =alz+n—-Dglz+n-1)=a(z)glz+n—1).

Then, since fg(x) = a(x)ge(x) and a(x) is an f-even function, the equation (2.5) implies that

fe(x +n) = a(z +n)ga(z +n) = a(z)ga(z +n)
= a(z)(g(z +n) +ig(z +n—1))
= af
(

)g(x +n) +ia(z)g(z +n—1)
= flx+n)+if(x+n-1).

S

Hence, f¢ is a Gaussian Tribonacci function. [

3. Sums of Tribonacci and Gaussian Tribonacci Functions

In this section, we discuss the sums of the terms of a Tribonacci function and a Gaussian Tribonacci function.
The following corollary gives linear sum formulas of Tribonacci numbers.

Corollary 3.1. Forn > 0, Tribonacci numbers have the following property.

n

Z n+3 - Tn+1 - 1)

k=0

Proof. For a proof see [17]. [J
The following theorem gives linear sum formulas of Tribonacci functions.

Theorem 3.2. Suppose that f is a Tribonacci function. Then for all x € R andn > 0, the following sum formula
holds:

S fe k)= (a4 n+4) — ftnt2) 2 +nt1) - fr+2)+ ().

Proof. We use corollary 3.1. Since
. 1
> Tio1 = 5(Togs = Togr = 2T, — 1),
- 1
> Tiz = 5(Togs = Tagr = 2Ty = 200 + 1),

1
ZTk—3 = §(Tn+3 - Tn—i—l =27, = 2T, 1 = 2T, 2 — 1)a

3

s
2
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and
we obtain
n n n
S f@+k)=f@+2)) Tea+ fl@+1)) (Teo+Ths)+ fz ZTk2
k=0 k=0 k=0
1
= f(l' + 2) X i(Tn+3 — Tn+1 — 2Tn — ].)
1
+ ( ) ( n+2 + Tn+1 (Tn + Tnfl) - 2(Tn71 + Tn72>)
1
+f(x) x §(Tn+2 Tn—2T,-1+1)
1
= §(f(33+n+4) —fle+n+2)=-2f(x+n+1)— flx+2)+ f(z))
O
Note that if we consider the Tribonacci function
f(z) =a”
then, using Theorem 3.2, we have the sum formula
Za :L’+n+4 a:+n+2 - 2az+n+1 _ ax+2 + am)
k=0

forallz € Rand n > 0.
The following corollary gives linear sum formulas of Gaussian Tribonacci numbers.

Corollary 3.3. Forn > 1 we have the following formulas:
ZGTk =z GTn+3 — GToyy — (141)).

Proof. It is given in [16].
The following theorem gives linear sum formulas of Gaussian Tribonacci functions.

Theorem 3.4. Suppose that fq is a Gaussian Tribonacci function with Tribonacci function f. Then for all x € R
and n > 1 the following sum formula holds:

S folw+ k) = %(fg(x+n+3) far 1) — (140 f (@ +2)+ (—1+ i) (@)
Proof. We use corollary 3.3. Since

- 1
> GT = 5(GTnis = GTopn — (1+1)),
> GTit = 5(GTosa — GT, — (1+1),
> GTyn = 5(CTu1 = Gy = 1+1),

1
> GTis = 5(GTy = GT, o +1 1),

e
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and
falx+n)=GTh_1f(x+2)+ (GTh—2+ GTh—3)f(x+ 1)+ GT,,_2f (),
we get
S fale k) = fle+2) Y GThos + fe+ 1)(Y GThoa + 3 GThos) + f(2) 3. CTicy
k=1 k=1 k=1 k=1 k=1
= Sl +n+3) ~ folotnt 1)~ (U+)f (0 +2) + (-1 +)f()).
0

Note that if we consider the Tribonacci function
f(@) =a”
and the Gaussian Tribonacci function
fo(x+n)=(1+ia Ha"™

then, using Theorem 3.4, we have the sum formula

D (1 +ia et = S+ i (1 4ia)am T — (1 40)a™ 2 + (1 +i)a”)
k=1

forallz € Randn > 1.

4. Ratio of Gaussian Tribonacci Functions

In this section, we discuss the limit of the quotient of a Gaussian Tribonacci function. Note that since

lim Tty = P71

= s DqEL
we have
lim LT"-H) = lim —Tnﬂ) +Tnip
n—=00 GThtq  n=00 Tnyq +ilnyq1
Totp _'_Z-Tnerfl
; Thiq Thiq
= lim
n—oo dpiq + iTn+q_l
Thiq Thiq
P4 + P14
N 1+t
and
. G, T, + i1
lim ntp _ 1 n+p n+p
n—o00 TnJrq n—o00 Tn+q
. - -1
= lim =22 4 lim —2tP
n—=00 Initq n—oo n+q

= aP 9 +jaP717.

e
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Theorem 4.1. If fq is a Gaussian Tribonacci function, then the limit of quotient

fo(z + k)
folx +m)

exists and given by
e=oo fg(z 4+ m)

forall k,m € Z.

Proof. Suppose that f is a Gaussian Tribonacci function with Tribonacci function f. Note that from Theorem
fatl) o q f@+2) f(z+1) fla+2) _

1.6 and Theorem 1.7, the limit of quotients o) o) exists and "ngr;c O and "ngrolc o)

a?. We use the formula, by definition,
Given x € R, there exists y € R and n € N such that x = y + n.Then
. fele+k) . fely+n+k) . falz+n+k)
lim ———% = lim lim ——%- = lim lim —————~
z—oo fe (3: + m) Y—>00 N—>00 fG(y +n+ m) T—00 N—00 fG(x +n+ m)
GTotk—1 fat2) GToik—2 | GToik—3 .\ fag1) |, GTnyr—2
Ty 7@ T TG ) ™ T G
_ hm hm n+m— n+m— n+m— n+m—

T—00 Nn—>00 f(z+2) ( GTn+m—2 GTn+m—3 ) f(z+1) GTn+m—2
#z) GTnerfl GTn«anl F(z) GTn«anl '

+(

Since

T,
lim =22 = P9, p g€ Z,

n—oo TnJrq
iy GTtp _ 0P 4ol
n—o0 GTpyq  1+ia™!
1
lim 7}”(&:—&— ) = a,

e ()

, DqEZ,

it follows that L
lim fG(:]C + ) _ olkfm
T—00 fg(l’ + m)

O
Note that if we consider the Tribonacci function

f(z) =a”
and the Gaussian Tribonacci function
falx+n)=(1+ia"H)a™"
then, we see that

k 1+ia o™tk 1
lim M = lim (ﬂa_)a — lim afte = gf—m,
z—oo fa(x+m) 200 (1+ia a®t™  2—00 @mt®

Also, it follows from Theorem 4.1, that

e
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Corollary 4.2. If fa is a Gaussian Tribonacci function, then

lim 7&:@ +1)
z—oo  fa(x)

Proof. Take k = 1, m = 0 in Theorem 4.1. [J

Theorem 4.3. If fq is a Gaussian Tribonacci function with Tribonacci function f, then the limit of quotient

fa(z + k)
f(z)
exists and given by
lim M = GTk,1a2 + (Gkag + GT]C,;),)OZ + GT]C,Q
z—00 f(:z:)

forallk € Z.

Proof. Suppose that f¢ is a Gaussian Tribonacci function with Tribonacci function f. Note that from Theorem

1.6, the limit of quotients ! Sfﬁ(z)l) and £ ng)z ) exists. Using the formula, by definition,

falx+n)=GT_1f(x+2)+ (GTh—2+ GTh_3)f(z+ 1)+ GT,,_2f ().

we get
lim fo(z +k) ~ lim GTi-1f(x+2)+ (GTi—2 4+ GTi—3)f(x + 1) + GT—2f (x)
e fl@) | weoee 7(@)
2 1
— 6Ty tim 28D (an s 6T ) tim LY G
T—00 f(:[;) z—y00 f(x)
Hence, since the limit of quotients ! Sf(:)l) and £ 550(2)2 ) exists, lim, . & Gf(ggk) exists and
k
lim M = GT;{;71042 + (Gkaz + GTi—3)a+ GTj_s.
z—oo  f(x)
O
Note that if we consider the Tribonacci function
f(z) =a”
and the Gaussian Tribonacci function
fa(@+n) = (1+ia")a"t"
then, we see that
. felz+k) (L 4ida Harth : C 1k Ny
lim =/ ———= = lim —————— = lim (1 +ia ")a" = (1 +ia" ")a". 4.1)
T—00 f(x) T—00 % T—00
Also,from Theorem 4.3, we know that
k
lim % = GTy-10* + (GTy—2 + GTy—3)a + GTy—s. (4.2)

Therefore, comparing (4.1) and (4.2), we obtain
GTk_lOé2 + (GTk_Q + GTk_3)a +GTr2=(1+ ia_l)ozk

for k € Z.

e
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Corollary 4.4. If f¢ is a Gaussian Tribonacci function with Tribonacci function f, then

. faolz) .
zhHH;O @) 1+i(a® —a—1),
. fele+1) :
B O
lim M = o’ +ia.

z—oo  f(x)

Proof. Take k = 0, 1, 2 in Theorem 4.3, respectively. [
We can generalize Theorem 4.3 as follows.

Theorem 4.5. If fq is a Gaussian Tribonacci function with Tribonacci function f, then the limit of quotient

fa(z + k)
f(x+m)

exists and given by
k
Jim @R _ (o + i)ar—m=t
v flw+m)
forall k,m € Z.
Proof. Suppose that f¢ is a Gaussian Tribonacci function with Tribonacci function f. Note that from Theorem
1.7, the limit of quotients F+1) and £@+2) exists and lim L2+ — o and lim 2242 — 42, Given z € R,
f(=) fx) isoo 1(@) 5500 (@)
there exists y € R and n € N such that x = y + n. By using the formulas

falx+n)=GT_1f(x+2)+ (GTy—2+ GT,_3)f(x+ 1)+ GTp,_of ()

and
fle4n) =Ty 1 f(x+2) + (Tpo+Th3)f(x+1) + Tnaf(r)
we get
. fale+k) . fely+n+k)
lim —— = lim lim ~—"———~
.. falx+n+k)
= lim lim ————2%
200 N—r 00 f(x +n+m)
GToik—1 fot2) |, GTuik—2 | GToyr—3\ fat1) , GTnir—2
—— +( + )
. . Tnerfl f(z) Tn+m71 Tnerfl f(L) Tnerfl
= lim lim
T—r00 N—>00 f(z+2) + (Tn+m—2 + Tn+m—3)f(m+1) + Tn+m—2
Flz) Tnerfl Tnerfl f=) Tn+m71
Since
GT,
lim — P — G P=d 4 P p,q € Z,
1
lim 7]”(3:—&— ) = a,
T—00 f(a:)
lim 7}”(1‘ +2) = o?,

e (@)

it follows that "
lim 7]”@(33 + k) = (a+ i)ak_m_l. O
A5 P+ m)

e
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5. Matrix Formulation of f(x) and fo(z + n)

The matrix method is very useful method in order to obtain some identities for special sequences. We define
the square matrix M of order 3 as:

111
M=1100
010
such that det M = 1. Note that for all n € Z, we have
111\" Tpi1 To+Toy T,
M" = 100 = Tn Tn—l + Tn—2 Tn—l . (51)
010 Tn—l Tn—2 + Tn—3 Tn—2
Matrix formulation of 7}, can be given as
Toio 111\" /T,
T.11]=1(1100 T | . 5.2)
T, 010 Ty
Consider the matrices Np, Ep defined by as follows:
1+:71 0
Ny = 1 0 =4 ,
0 i1—4

GTn+2 GTn+1 GTn
Er=|GT, GT, GT..
GT, GT,-1GT,_o

The following theorem presents the relations between M™, Ny and Er.

Theorem 5.1. For all n € 7, we have
M"Np = Er.

Proof. For a proof, see [16]. O
Define

fl+2) flx+1) f(2)
Ap= | fle+1) fl@) flaz-1) ],
f@) fla—1) fz-2)
flr+n+2) f@+n+1) flz+n)
By=| fle+n+1) flx+n) flz+n-1)
fz+n) flz+n—1) flz+n-2)

Theorem 5.2. For all integers n € Z and x € R, we have
M"A; = By (5.3)
Proof. By using
@+ n) = Tuor f(@+2) + (Tus + Tog) fz + 1) + Toa f(x)

and
fla+3)=flz+2)+ flz+1)+ f(z),
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the case n > 0 can be proved by mathematical induction. Then for the case n < 0, we take m = —n in 5.3 and

then the case m > 0 can be proved by mathematical induction, as well. O
Note that if we consider the Tribonacci function

flw) = a*

then, we see that
aw+n+2 anrnJrl aw+n

a:r+2 a:L’Jrl a®
az+n+1 aern ()(I+n7 1

a;c+n aac+n—1 a;c+n—2

o® aw—l aa:—2
and
1 1 1 n O[z+2 az—l—l am O[z—l-n—l-2 O[z+n+l am+n
100 a;c-l—l a® aw—l — aw-{—n-ﬁ-l aw-{-n aw-{—n—l
0 1 0 a® azfl aw72 a:c+n anrnfl aw+n72

foralln € Z and x € R.
Define
GToy1 GT,+GT,._, GT,
GTn GTn—l + GTn—Q GTn—l

Dgr =
GTyoy GTpo + GToy GTps

and
falx+n+2) fa(x+n+1) folzx+n)

Cio=| falx+n+1) folx+n) feolr+n-1)
felx+n) folx+n-1) fo(z+n-2)

Theorem 5.3. For all integers n € Z and x € R, we have

DarAy =Cy,, 54
Proof. By using
fa(x+n)=GTh_1f(x+2)+ (GTh_o+ GTp_3)f(x + 1) + GT,_of(2)
and
fle+3)=fle+2)+ fle+ 1)+ f(=),
the case n > 0 can be proved by mathematical induction. Then for the case n < 0, we take m = —n in 5.4 and

then the case m > 0 can be proved by mathematical induction, as well. [J
Note that if we consider the Tribonacci function

and the Gaussian Tribonacci function

then, we see that
a®t2 grtl g GTlh+1 GT,+GT,—1 GT,
Af = ot o o1 | Dgr = GT,, GT,_1+GT,_o GT,_1
Gl 1 GTy 2o+ GT,_3 GT),_o

a® aw—l aw—?

e
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and
(1 +ia Yo 2 (1 +ia o (1 4+ia )"
Cr. = | M+ia ™™ (1+ia )™ (1+ia a1 |,
(1+ia Yot (1 +ia a1t (1 +ia"t)artn=2
and so
Glhn+1 GT,+GT,—1 GT, a®t2 grtl g
GT, GT,_1+GT,_o GT,_4 a®tl g ol
GT,_1 GTy—2+GTy—3 GTy—2 a® ot gr2
(1+ia Yo 2 (1 +ia o™ (1 +ia=1)a® ™
= [ A +ia a1 (1 +ia " Ha®™ (1 +ia a7t
1+ia Ha®™ (1 +ia Ha®" !t (1 +ia Ha®tn2
( )
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Abstract. In this work, we study the existence solutions and the dependence continuous with the initial data for some
nondensely nonautonomous partial functional differential equations with state-dependent delay in Banach spaces. We
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1. Introduction

Partial differential equations with delay are important for investigating some problems raised from natural
phenomena. They have been successfully used to study a number of areas of biological, physical, engineering
applications, and such equations have received much attention in recent years. It is generally known that taking
into account the past states of the model, in addition to the present one, makes the model more realistic. This
leads to the so called functional differential equations. In recent years, nonlinear evolution equations with
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state-dependent delay have been studied by several authors and some interesting results have been obtained, see
[9-11, 14, 15, 17, 19].

In 1970, Kato in [12] initiated a study of the evolution family solution of hyperbolic linear evolution equations

of the form
"(t) = A(t)z(t), t > s,
{x() (), txs 0

z(s) =xs € X.

in a Banach space X. Some fundamental and basic results about the well posedness and dynamical behavior
of equation (1.1) were established under the so called stability condition, ((B2) in Section 2). The autors focus
on the nonautonomous linear case.

In 2011, Belmekki et al investigated in [5] several results on the existence of solutions of the initial value
problem for a new class of abstract evolution equations with state-dependent delay in Banach space X,

{ a'(t) = Az(t) + f(t,x(t — p(z(1)))),  t€0;al, (12)
z(t) = (1), t e [—r;0]. '

where f : [0;4+00) x X — X is a suitable nonlinear function, the initial data ¢ : [-r;0] — X is a
continuous function, p is a positive bounded continuous function defined on X and r is the maximal delay given

by r = supp(z). The autors focus on the case where the differential operator in the main part is nondensely
reX
define and independent of time ¢ in [0,a]. Here the equation is autonomous partial functional differential

equations with state-dependent delay. Their approach is based on a nonlinear alternative of Leray-Schauder and
integrated semigroup (S(t));> which is considered to be compact for ¢ > 0.

In 2019, Kpoumie et al. investigated in [15] several results on the existence of solutions of the following
nonautomous equations:

{w’(t) = A)x(t) + f(t, x(t — p(x(t))),  t€[0;a], (1.3)

in a Banach space (X, ||.||), where the family of closed linear operator (A(t)):>0 on X is not necessarily
densely, satisfying the hyperbolic conditions (B ) through (Bs) and ¢ : [—7;0] — X the continuous function.
Their approach is based on a nonlinear alternative of Leray-Schauder under the assumption of the compactness
of evolution family generated by (A(t));>o. They get the existence of mild solution under the Carathéodory
condition on f.

In 2019, Chen and al. investigated in [7] several results on the existence of solutions of the nonautonomous
parabolic evolution equations with non-instantaneous impulses in Banach space E:

() = A)x(t) = f(t, (1), ¢ € Uplo(sk trpal,
t

z(t) = vr(t, z(t)), t € Upey (th 5], (1.4)
z(0) = o)
by introducing the concepts of mild and classical solutions, where A : D(A) C E — E is the generator of a
Co —  semigroup of bounded linear operator T(t)i>0 defined on E,
ug € E, 0 <ty <tg <+ <ty < tyy1 := a, a > 0is aconstant, so := 0 and s € (t,txr1) for each
k=1,2,---,m, f:]0,a] x E — E is a suitable nonlinear function, ~ : (tx, sx] x E — F is continuous
non-instantaneous impulsive function for all £ = 1,2, --- ,m. Their results are based on Sadovskii fixed point
S
=]
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Theorem and they consider that evolution family is noncompact.

Therefore, it is for great significance and interesting to study the nonautonomous evolution equation where the
family of closed linear operator (A(t));>o on X is not necessarily densely define and generates the noncompact
evolution famillies. Driven by the above aspects, we will investigate the existence of mild solutions and the
dependent continuous on the initial data of the following nonautonomous partial functional differential equations
with state-dependent delay governed by noncompact evolution families of the form

x(t) =p(t),  te[-r0]

in a Banach space (X, ||.||), where the family of closed linear operator (A(¢)):>0 on X is not necessarily
densely and satisfying the hyperbolic conditions (B;) through (Bs) introduced by Kato in [12] that will be
specified later. f : [0;+00) x X — X is a suitable nonlinear function satisfying some conditions which will

(710 = A0+ et platO), e20 W)

be specified later. The initial data ¢ : [—7;0] — X is a continuous function and p is a positive bounded
continuous function on X. The constant r is the maximal delay defined by r» = sup p(z).
reX

We point out that the work of this paper is the following of [5, 7, 12, 15]. But under appropriate circonstances,
evolutionary families are not compact. Our work is organized as follows: First, we recall some preliminary results
about the evolution family generated by (A(t));>o and recall also some preliminary results concern Kuratowski
measure. Second, we use the alternative of Sadovskii fixed point Theorem to prove the existence of at least one
mild solution and the dependent continuous on initial data. Third, we propose an application to illustrate the main
result.

2. Preliminary results

Our notations in this section are the usual in the theory of evolution equations. In particular, we denote by
C(E, F) the space of continuous functions from E into F and C?(E, F') denotes the space of twice continuously
differentiable functions from E into F.

We mention here some results on nonautonomous differential equations with nondense domaine. We cite
[12, 13, 16, 18, 19]. We recall some properties and Theorems.

In the whole of this work, we assume the following hyperbolic assumptions:
Bi1) D(A(t)) := D independent of ¢ and not necessarily densely defined (D ¢ X) .
Bs) The family (A(t):>0 is stable in the sense that there are constants M > 1 and w € R such that (w, +00) C
0(A(t)) (resolvent set of A(t)) for ¢ € [0, +00) and

—~

k
HHR(/\’ At < MO = w)™

for A > w and every finite sequence {tj}?zl with) <t; <ty < <tpandk=1,2,..

(B3) The mapping ¢ — A(t)z is continuously differentiable in X forall x € D.

We follow by recall the classical result which gives us the existence and explicit formula of the evolution family
generated by (A(t)):>0 due to Kato [12]. Let A > 0,0 < s < tandz € D,
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Theorem 2.1. [1, 12] Assuming the three conditions (B1) — (B3). Then the limit

U(t,s)x = )\E}r(lﬁUﬂt, s)x (2.1)
exists for v € Dand 0 < s < t, where the convergence is uniformon T := {(t, s) : 0 < s < t}. Moreover; the
Samily {U(t,s) : (t,s) € I'} satisfies the following properties:
(i) U(t,s)D(s) C D(t) forall 0 < s < t, where D(t) is defined by

D(t):={x e D:A(t)xr € D}

(ii) U(t,s): D — Dfor (t,s) €T
(i) Uy(t,t)xz = x and Ux(t,s)x = Ux(t,r)Ux(r,s)xforz € D, A\ >0and 0 < s <r <t
(iv) Ut,t)z =z and U(t,s)x = U(t,r)U(r,s)xforz € Dand 0 < s <r < t,
(V) the mapping (t,s) — U(t, s)x is continuous on T for any x € D,

(vi) forallx € D(s) andt > s, the function t — U(t, s)x is continuously differentiable with

%U(t, s)x = A)U(t, s)x, and %U(t7 s)x = =U(t,s)A(s)z.

Corollary 2.2. [1] Assume the condition (Bs). Then there exists M > 1 and w € R such that

s fora:EﬁandOSsSt.

HU(t’ s)xH < Me*(t=9)||z

Remark 2.3. Since (Bs), A > w and hence for (2.1), we get that w is non positive. And by using Corollary 2.2,
we have ||U(t, s)z|| < M||z|| for eachz € D and 0 < s < t.

Definition 2.4. [4, 7] An evolution family {U(t,s) : 0 < s < t < a} is said to be equicontinuous if for any
s > 0, the function t — U (t, s) is continuous by operator norm for t € (s;+00).

In the following, we give some results on the existence of solutions for the following nondensely nonautonomous
partial functional differential equation

(o= A0+ s0, el 02

where f : [0,a] — X is a function. The following Theorem gives us the generalized variation of constants
formula of equation (2.2).

Theorem 2.5. [9] Let zg € D and f € L*([0,a]; X). Then the limit

t
2(t) = U(t,0)z0 + lim / U (t,7) £ (r)dr 23)
A—0t 0
exists uniformly for t € [0; al, x is a continuous function on [0, a] and

t t
HWWSMWWﬂf/MW“WﬂM%SMMﬂf/MW@WS 2.4)
0 0
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Definition 2.6. [12] For x¢ € D, a continuous function x : [0,a] — X is called a mild solution of equation
(2.2) if it satisfies the equation (2.3).

We introduce some basic definitions and properties of the Kuratowski noncompactness measure, this will be
used to demonstrate our main result.

Definition 2.7. [4, 7] The Kuratowski measure of noncoampactness p(.) defined on bounded set V of Banach
space E is

w(V):=inf{éd > 0:V =2, Vi and diam(V;) <6 fori=1,2,..,m}.

Definition 2.8. [4, 7] Consider a Banach space X, and a nonempty subset F of X. A continuous operator
G : E — X is called to be \—set-contractive if there exists a constant \ € [0; 1) such that, for every bounded
set B C FE,

M(G(B)) < \u(B).
Theorem 2.9. [4, 7] Let E be a Banach space and U,V C E be bounded. The following properties are satisfied:
(a) (V) =0, ifand only if V is compact, where V means the closure hull of V;
(b) u(U) = u(U) = p(convl), where convU means the convex hull of U;
(¢) pAU) = |A|p(U) for any X € R;
(d) U C Vimplies n(U) < u(V);
(e) p(UUV) =max{u(U),u(V)}:
(f) wU+V)<uU)+ w(V), whereU +V ={z/zr =u+v,ucUwveV}

(¢) IfG : D(G) C E — X is Lipschitz continuous with constant A, then u(G(V')) < A\u(V') for any bounded
subset V. .C D(G), where X is another Banach space.

For more details about properties of the Kuratowski measure of noncompactness, we refer to the monographs
of Bana’s and Goebel [4] and Deimling [7].

Theorem 2.10. [4, 7] Consider a Banach space E, and B C E bounded. Then, there exists a countable set
By C B, such that u(B) < 2u(By).

Theorem 2.11. [4, 7] Let E be a Banach space and B = {u,, : n € N} C C([a; 5], E) be a bounded and
countable set for constants —o0o < a < 3 < +00. Then, t — u(B(t)) is Lebesgue integral on [«; 3], and

u({ [P un(t)ydt | n e N}) <2 [7 W(B(t))dt.

Theorem 2.12. [4, 7] Consider E a Banach space, and B C C([«; 8], E) a bounded and equicontinuous. Then,
the mapping t — u(B(t)) is continuous on [«; 8], and p(B) = rr[la%]u(B(t)).
te|a;

The following Sadovskii fixed point theorem plays a key role in the proof of our main results.

Theorem 2.13. [4, 7] Consider a Banach space E and suppose that, Q) C FE is bounded, closed and convex. If
the operator G : Q — Q) is condensing, which means that u(G(2)) < (), then G has at least one fixed point
in €.

e
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3. Existence of mild solution

In this section, we try our self to prove the existence of global mild solutions for
equation (1.5) using the equicontinuity of {U(¢,s) : 0 < s <t < +00}. We begin by define the mild solution
that correspond to the definition in (1.5) and denote C,. := C[—r, 0] with r > 0.

Definition 3.1. Let ¢ € C,. such that (0) € D. We say that a continuous function x : (—r; +00) — X is a
mild solution of the equation (1.5), if it satisfies the following equation

t

2(t) = U(t,0)¢(0) + )\li}rg+ ; Ux(t,s)f(s,z(t — p(s,z(s))))ds, for >0, G.1)

o(t) —r<t<0.

Firstly we study the local mild solution of equation (1.5).
To obtain our result, we consider the following assumptions :

(Hy) The nonlinear function f : [0;00) x X — X is continuous; and for some r > 0 there exist a constant
51 > 0 and ¢, € L'([0,a],R™") such that for all t € [0,a] and u € C([-7,a], X) satisfying |lu|| <
ro £t )] < 0 (¢) and limsup | 27121 (0l 2)

r——400

= 0§, < +oo.

(H3) There exists positive constant L; such that for any countable set D C X,

pw(f(t,D)) < Li(D), te€[0;al

(H3) We assume that the evolution family (U (t, s)) is equicontinuous i.e for any s > 0, the function
>5>0

t — U(t, s) is continuous by operator norm for ¢ € (s;+00).

Theorem 3.2. Let a > 0 and assume that the family of linear operators (A(t)) satisfies the hyperbolic
t>0

conditions (B1)-(B3), the assumptions (H.) - (H3) and ¢(0) € D. Then the problem (1.5) has at least one local
mild solution defined on [—r, a]. Moreover, the mild solution depends continuously on the initial data.

Proof. Our proof is based on Sadoskii’s fixed Point Theorem.

Let (Giu)(t) = U(t,0)p(0) and (Gau)(t) = AE&J*/O Ux(t,s)f(s,u(s — p(u(s))))ds for each

u€C([-r;al; X)and 0 < s <t <a.

We claim that G = G7 + G3 is well defined on C([0;al; X) to itself. Let u € C([0;a]; X), we show that
Gu € C([0;a]; X). By the strongly continuity of the evolution family {U(¢,s) : 0 < s <t < a}, we get for
0<s<t<athat:

(Gu)(t) = (Gu)(s)l| < [U(E,0)9(0) = U(s, 0)(0)]

+ | tim / U(t,)f(rou(r = plu(r))dr — Tim [ U(s,7) f(ru(r — p(u(r))))dr]

A—0t 0

< U(10)p(0) = U(s, 0 (0) | + | lim / (Va7 ~ a5, ) (ol — o))

| tim [ O rule = plur)ar]|
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By (H3), we get that: lin’]l‘HU(t, 0)(0) — U(s,0)¢(0)|| = 0 and using (H;) we deduce from the Lebesgue
s—t
dominated convergence theorem that:

lim || lim+ , Ux(t,r)f(r,u(r — p(u(r))))dr|| =0

s—=t A—0
and s
tigl| tim [ (Un(87) = Ua(5,7)) (7, (= plasr))) el = 0
Thus

lim [[(Gu)(t) = (Gu)(s)]| = 0.
Therefore, our operator Gu € C([0; a]; X) for any u € C([-r;a]; X).

Case 1: Assume that

Ma max{51,4L1} <1 3.2)

We claim that there exists a constant R > 0 such that G(Br) C Br where
Br = {ueC([0,a], X), |[u] < R}

By virtue of (3.2), we choose R such that R > %. Let u € Bp and (H;) hypothesis , we get that
t
(GO < U, 0)¢(0)]| + ], lim / Ux(t, 5)f (s, u(s — p(u(s))))ds]|
—0t 0
t
< M|le(0)] +/O M| f (s, u(s — p(u(s))))l|ds

< M|p(0)] + / Mo, (s)ds

t

< Mllp(0)] + / MRéyds
0

< M||lp(0)]| + MRt

Then, m[%x]H(Gu)(s)H < M|e(0)|| + MR 1a < R.
s€ |05t

Therefore G(Br) C Bg.
We claim that G : Bp — Bp is continuous.
Let (un,)nen be a sequence in By such that u,, — u € Bg as n — +00. From (H; ), we consider the definition

of the operator G, the continuity of p and (Hs) hypothesis. We get for any ¢ € [0; a] that:

[(Gun)(t) = (Gu)()]| < /0 M|[f(s,un(s = p(un(s)))) = f(s,uls — p(u(s))))[|ds
< /O M|[f (s, un(s = p(un(s)))) — f (s, un(s — p(u(s))))llds
+ /O M| f(s,un(s — p(u(s)))) — f(s,uls — p(u(s))))llds

Since (un)nen C Br, then for each n € N, w,, is continuous on [—r, a]. And by using (H;) we have:

e
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1 (5, ua(s = plun())) = £ (s.1a(s = p(u(s)) )| > 0 as n — +oo

and

1 (s un(s = pu(s))) = £ (5 u(s = p(u(s) )| = D as n — +o0

By using the Lebesgue dominated convergence theorem, we get that:

lim ||(Guy)(t) — (Gu)(®)|| =0 for each t € [0,aq).

n—-+oo

Consequently, Gu,, — Gu as n — +0o0. So the operator G is continuous in Bg.
We claim that the operator G : B — Bp is equicontinuous. For all u € Bg, 0 < t; <ts < aande >0

small enough, by using (Hs) , we get that:

1(Gu)(ts) — (Gu)(t)]| < [U(t2,0)00(0) — U(tr, 0)(0)]
| tim [ / Us(t2, 5) (5, u(s — plu(s))))ds — / Us(t1, 5) (s, u(s — plu(s))))ds||

0

< U(t2,0) = U(t1, 0)](0)| + | lim /t 2 Ux(t2, s)f (s, u(s — p(u(s))))ds|

+ )t [ " Un (2 8) — Un (s )] (s (s — plu(s))) ]
+ )t " [U(t205) = Ua(t1, 91 (s, us — plu(s))ds]
< Ut 0) — U(t1,0) 0 o (O] + M / (s uls — plu(s))))ds

s |t U (s) — Ualtn o)l [ s uls = plu(s))ds

se€l0,t;—e] A0
ty
+  sup || lim [Ux(t2,s) — Ux(ts, 8)]||L(X)/ [1f (s, u(s — p(u(s))))llds
s€[t1—e,t1] A—0F ti—e
— 0asty —t1 and € — 0.
We claim that the operator G : B — Bp is condensing.
For any B C Bpg, B is bounded. By using Theorem 2.10, there exists a countable set A = {v,, : n € N} C B
such that

H(G(B)) < 2u(G(A)). (3.3)

Because A C B C Bpg, we get that G(A) C G(Bg) then G(A) is bounded. And since the operator
G : B — Bp is equicontinuous, by the Theorem 2.12 we get that

w(G(A)) = tggﬁ]u(G(A)(t))- (3.4)
By using the definition of the operator G1, we get that (Gyu)(t) = U(t,0)¢(0) forallu € Band 0 < t < a.

Therefore G1(B)(t) = {U(t,0)¢(0)} for ¢ € [0;a]. From the definition of 4, we have
S
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w(G1(B)(t)) = 0for all ¢ € [0; a] and according to the Theorem 2.12, we get 1(G1(B)) = 0.
By using Theorem 2.9, Theorem 2.11, the assumptions (H; ) and the definition of G2, we have

t

wG2(A))) = u{, lim ; Ux(t,5)f(s,un(s — p(un(s))))ds | n € N})

< Mu({ / F(5,un (s — plun(s))))ds | n € N})

< 2M Ltu(A)
< 2MLiap(A). 3.5

We know that A C B, and using Theorem 2.9,

1(A) < u(B). (3.6)
1(G(A)) = p(G1(A) + G2(A)) < u(G1(A)) + u(G2(A)) = u(G2(A)). 3.7

By using (3.3)-(3.7), we have
W(G(B)) < 4AMLyap(B). (3.8)

Since (3.2) and (3.8), we have
w(G(B)) < u(B). 3.9)

The inequality (3.9) proves that the operator G : Br —> Bp, is condensing. From the
Theorem 2.13, the problem (1.5) has at least one local mild solution defined on [—r, a].

Case 2: We assume that Mamax{dy,4L,} > 1.
We know that % — 0 as k — +o00 an — 0 as k — +oo. Then there exists a constance

n € N\{0,1} such that 2119 < 1 and M2 < 1 Teth = £, hence nb = a and 4ML1b < 1 and Mdb < 1.
We deduce from Case 1 that there exists at least one local mild solution x; : [—7;b] — X of the problem (1.5).

M61(1,
d k

We denote 1 € C([—r; 0], X) such that 3 () = x1(t + b) forany t € [—r — b;0] and
Co, ([6,2b],X) :={y € C([b, 2b], X) : y(b) = 1(0)}. We consider the following problem

a'(t) = At)z(t) + f(t,z(t — p(z(1)))), t € [b;20],
{w(t)le(t), € [~r;b]. (3.10)

The problem (3.10) is equivalent to the following problem

y'(s) = B(s)y(s) + f1(s,y(s — p(y(s)))), s € [0;0],
{y(s = p1(s), s € [-r;0]. (3.11)
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where s =t —0b, y(s)=z(s+b), B(s)=A(b+s) and fi(s,.)= f(b+s,.).

In this case, f1 satisfies (H; ) and (Hz). And the family of linear operator { B(t) : 0 < ¢ < b} satisfies (B1)—(Bs)
and its evolution family satisfies all condition that the evolution family generated by {A(¢) : 0 < ¢ < a} does.
It follows from Case 1 that there exists at least one local mild solution y : [—7;b] — X of the problem (3.11).
Then the problem (1.5) has at least one local solution in [b, 2b] defined by z2(t) = y(t) for t € [b; 2b].

By use the inductive reasoning, we get that the problem (1.5) has at least one local solution zj in [(k —
1)b,kb], k=1,2,---,n. Hence, the problem (1.5) has at least one local solution defined by:

x(t) = x1(t) for t€[(k—1)bkb], k=1,2,--- n.

Therefore, the problem (1.5) has at least one local mild solution on [—, al.

Lety = y(., ) and z = 2(., ) be two solutions of equation (1.5) corresponding respectively to initial data
v, € B with ¢(0),1(0) € D. Then

ly(t) = 2l < U(£,0)[9(0) = w(0)]|

0t [ (8 9) [ (5,05 — p(u(5) — (5,25 = pla() ] as]
< M[0) = $O) 431 [ 17555 = plu(5)) 15205~ el s
< Mllp = e+ M 1705005 = 06D = £G520(5 = (D)
#0117t = (D) = 105205 — oDl

For all € > 0, we find 6 > 0 such that || — Y[jcc < 0 = Jmax ly(s) — z(s)]| < e.

p is continuous function, then there exists 4; > 0 such that:

ly(s) — 2(s)l < e=llp(y(s)) — p(z(s))]| < b1, s €0,a].

y is continuous function, then there exists d5 > 0 such that:

lo(y(s)) = p(z(s)Il < b1 = lly(s = p(y(s))) —y(s — p(2(s)))|| < b2, s €0,a].

f is continuous function, then there exists d3 > 0 such that

ly(s — p(y(s))) —y(s = p(z(s) < b2 =

1705 — plu(3))) — F(s,u(s — oD < o

and
[£(s,y(s = p(2(s)))) — f(s,2(s — p(2(s))] < 2%\4, s €[0,a].

e
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Consequently,
i =l < 8 = gmass 175, uls — p(y()) — F(s,(s — (NI < g

and 5

3
qax [|f(s,y(s — p(2(5)))) = f(s, 2(s — ple($))I < 577
Therefore
Ml =9l + M/O [£(s:y(s = p(y(s)))) — f(s,y(s — p(2(s))))llds
+ M/OI /(s (s = p(2(s)))) = f(s,2(s = p(2(s))))lds <e. (3.12)
Relation (3.12) implies that:
M6+ 3 <e. Then, §< 62463.

Choose € and 03 such that € > §3 and take 6 = 6;13[3.

Therefore, the mild solution of (1.5) depends continuously on the initial data.

Our subsequent objective is to establish the global mild solution of problem (1.5).

(H4) The nonlinear function f : [0;00) x X — X is continuous; and for some R > 0 there exist a constant
8o > 0 and ¢, € L([0,+00),RT) such that for all t > 0 and u € C([—r, +00), X) satisfying ||u|| <

R, 0,00 < 6n(t) and lim sup L2122 ko0 0
R— 400

R ::50*<'+OO.

5 ere exists positive constant Lg such that for any countable set D C X,
H;) Th i iti L h that f bl DcX
p(f(t, D)) < Low(D), ¢ =>0.

Theorem 3.3. Assume that the family of linear operators (A(t)) N satisfies the hyperbolic conditions (B1)-
>0

(B3), the evolution family (U(t7 s)) . is equicontinuous, (Hs) — (Hs) hold. Then problem (1.5) has at least
t>s>
one global mild solution on [—r; +00).

Proof. Using Theorem 3.2, We deduce that there exists an unique local mild solution ™ of problem (1.5) defined
on [—r;n| for each n € N. It is clear that x"*l\[_rm] = " for each n € N. Hence the problem (1.5) has at least
one global mild solution z(.) on [—7; +00) and it is defined by x(t) = z"(¢t) for each —r <t < n and for
alln € N. [ |

4. Application

In this section, we apply our results to the following non-autonomous partial differential equation of evolution.

Ou(t,r) 0? t .
o ") G Tu = put ) T ) € D@
u(t,z) =0, for (t,x) € [0;400) x O, :

u(t,z) = ¢(t,x), for (t,x) € [-T;0] x Q.

e
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where Q C R is a bounded and closed domain with smooth boundary 9 and the function 6 € C'([0; +00), R).
The delay function v is a bounded positive continuous function in R and let 7" be its upper bound element in R
and the function ¢ € C?([-T};0] x ;R).

Theorem 4.1. The problem (4.1) has at least one mild solution.

Proof. We consider X, the Banach space defined by X = C(£2; R) and the operator A : D C X — X defined
by

D= D(A) ={z€C?>(%R) : 2(x) = 0,2 € 0N},
82

Az(t,x) = @z(t,xL (t,z) € [0;00) x Q.

We have D = {z € C(;R) : z(z) = 0,2 € 9Q} # X. We know from [? ] that
1
(0,+00) C 0(A4) and ||R(N, A)|| < X for A >0. 4.2)
82
Let (A(t)):>0 be a family of operators defined by A(t) = 6(¢) pyes
= x

For any ¢ > 0, we have D(A(¢)) = D independent of ¢.
Then it is well know that for every ¢t > 0

RO A1) = %R(%, A) 4.3)

1
Since (4.2), we have | R(\, A)| < X foreach A € (0,400) N g(A).
Then, by adding the (4.3) and for 0 < t; <ty < ... <1 < 400 we get

||HR)\A )| < Ak

Using the definition of the function 6 and Banach’s space X, the mapping t — A(t)x is continuously
differentiable in X for all z € D.
Hence, the family of linear operator (A(t));>o on X satisfies the assumptions (B1) — (B3).

Since [2], the operator Ay(.) of A(.) in D(A) generates an evolution family (U(s, t)) . given by
t>s>

Ul(s,t) = T0</St9(r)dr)

which is equicontinuous for each ¢ > s > 0. where the operator A\ of A in D(A) give by

{D(Ao) = {z € D(A): Az € DA},
Z&Q% ::le,

generates the semigroup (Tg (t)) such that
>0

|To(t)|| < e for each t > 0.
Hence,

U, s)|]| <1 for each t > s> 0.

3
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We get that M = 1.

Let f : [0;+00) X X — X defined by f(¢, 2)x =
is defined by ¢(t)z = ¢(t, ) forz € Q and ¢t > 0.
and z(t)x = u(t, x).

Therefore (4.1) becomes

t

for x € Q and ¢ > 0. The initial data
6(t+1)3+ | 2(2) | - v

2'(t) = A(t)z(t) + f(t, 2(t — ¥(2(1)))), fort >0, @4)
z(t) = o(t), forte[-T;0]. ’
Foreveryt > 0 and z,y € X,
F(t,2) — F(t,y)] = ! Iyl — |21
’ T 60+ 1 A6+ 1P+ Jul]
t
< -
S S} aF RS R
t

< Ty

< Sear1e Yl

< Zamyl

L

1 .
we get that Ly = 36 Thus (Hs) is verified.
Letr > 0, forevery t > 0, u € B,, we get that:
t (t+1) r+1 L
t < < < =¢,(t), ¢, € L*([0, R
If(t,w)| < 61 S 6 +1) = 112 ér(t), ¢r € L'([0,+00),RT)

Prll L1 (j0,400) R +) =7+ 1
and

fm 12rleiq oo rn _

r—400 r

Then (H,) is verified and we take §o = 1. Therefore, by using Theorem 3.3, we get that the problem (4.4)
has at least one global mild solution u : [—T; +00) — X. |
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1. Introduction and Background

Banach fixed point theorem has been expanded in numerous ways and it has undergone numerous
generalisations in various metric spaces. Partial metric space (PMS), which Matthews [1] introduced in 1992, is
a very intriguing generalisation of the metric space in which the self distance not required to be zero.By
establishing a new class of contractive type mappings known as & — @/A) contractive type mappings, Samet et al.
[3] further expanded and generalised the Banach contraction principle. The & — 1 contractive type mappings
were generalised by Karapinar and Samet[4].On the other hand, Berinde [7, 8] introduced the concept of almost
contractions in metric spaces. The concept of weak partial metric spaces, a generalisation of partial metric
spaces, was first introduced by Heckmann [14] in 1999. Some results for mappings in weak partial metric
spaces have recently been obtained in [17], [18],[19] and [20].

Definition 1.1. [12] Let U be the set of functions ) : [0, 00) — [0, 00) such that
(a) zﬁ is non decreasing and continuous;

(b) P(u) =0« u=0.

*Corresponding author. Email address: toravi.tiwari@gmail.com (Heeramani Tiwari)

https://www.malayajournal.org/index.php/mjm/index ©2023 by the authors.
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Definition 1.2. [3] LetT' : W, — W, and & : W), x W,, — [0, 00). T is said to &-admissible if
a(np, Gp) 2 1= (I, I'Gp) = 1

for all n,, ¢, € W),

Definition 1.3. [5] LetT' : W), — Wy and 6 : W, x W, — [0, 00) be two functions. Then T is said to triangular
G-admissible if T is &-admissible and for n,, (,, 6, € W, &(np, dp) > 1 and &(0,,(p) > 1= &(np, (p) > 1.

Lemma 1.4. [5] LetT' : W, — W), be a triangular &-admissible mapping. Suppose that there exists 0, € W,
such that &(np,,I'np,) > LIf we define a sequence {ny,} by np,., = I'ny, for every i € No. Then we have
G&(Mp;»Mp,) > 1 forall j,i € Nwith j > .

In 1992, Matthews [1] presented generalization of metric space as follows:

Definition 1.5. ([1]) Let W), be a set which is non-empty. A mapping 3, : W, x W,, — [0, 00) is known as
partial metric on W, if the following conditions are satisfied:

(PMS1) 1y = Cp 05 (1ps 1hp) = 06(Cps Gp) = Vo 10p Cp) 5

(PMS2) 05(np, Mp) < 0o (11p, Cp);

(PMS3) 0, (11p; Cp) = 05(Cps M)

(PMS4) 0,(1p, Cp) < 0o(0py 0p) +05(0p, Cp) — 0o(0p, ). for all my,, Cp, 5, € Wy
Lemma 1.6. ([1]) Let (W, 0,) be a partial metric space.

(a) A sequence {ny,} in the space (W,,0,) converges to a point n, € W, <
0(Mp,p) = Lim 4 (1, ,77p),
71— 00
(b) Iflim; ; 00 04(np,, Mp, ) exists and finite then the sequence {ny, } is a Cauchy sequence in space (W,0,),
(c) If every Cauchy sequence {ny,} in W, converges to a point n, € W, such that
00 (Mps p) = Lm0y (10,571, ) = 1m0 (15 71p) = 0 (1 1)
Jyi—o0 i—00

Then (W, 0,) is complete.

Lemma 1.7. ([11],[1],[2]) Let 0, be a partial metric on Wy, then the mapping 0y Wy, x W, — R* such that

a:;n(npv Cp) = maX{ag(Up’ Cp) - %(77p7 771))’ Dg(npv Cp) - aQ(va Cp)}

=00 (Mp: Cp) — min{0,(1p, mp), 00(Cp Gp)} (L.1)
is metric on Wy, Furthermore, (W,,0}") is metric space.
Let (W}, 0}") be a partial metric space. Then

1. A sequence {n,,} in (W,,37") is a Cauchy sequence < {n,,} is a Cauchy sequence in the metric space

P Yo
(Wp, 03"),

2. (Wp,03) is complete < (W, 0,) is complete. Moreover
lim; o0 02"(77101-,77;7) =0 0,(7p, Mp) = limy 00 04 (1p,,Mp) = limy; 00 Dg(npwnpj)-

e
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Lemma 1.8. ([18]) Suppose that {n,,} be a sequence n,, — §, as i — oo in a partial metric space (Wp,0,)
such that 0,(0p, 6p) = 0. Then 1im; o0 0,(1p, , () = 0,(6p, () for every ¢, € W,

Lemma 1.9. [18] If {ny, }be a sequence with 1im;_,c 0,(np,,Mp,,,) = O such that {n,,} is not a Cauchy
sequence in (Wp,0,), and there exist two sequences {i(u)} and {j(u)} of positive integers such that i(u) >
j(u) > u, then following sequences

DQ(npj(u) ’ npi('u)+1 )7 Dg(npj(u) ’ npi(u))’

aQ(npj(u)fl ’ npi(u)+1)7 Dg(npj(u)f1 ’ npi(u))
tend to pi, > 0 when u — o0

Lemma 1.10. ([12], [16])Let W), be a set which is non-empty. Suppose that (W,,0,) be a partial metric space.
L Ifny # Cp then 3,(1p, Gp) > 0,

2. if%(??p’ Cp) = 0 then n, = (.

By omitting the small self-distance axiom in partial metric spaces, Heckmann [14] introduced the concept of
weak partial metric space as follows:

Definition 1.11. [14] Let W), be a set which is non-empty . A mapping d, : Wy, x W,, — [0, 00) is known as
weak partial metric on W, if the following conditions are satisfied:

(WPMSI) np = G & Dg(npanp) = Dg(Cp, Cp) = 0,(x, Cp) ;
(WPMS2) 0,(1p, Cp) = 00(Cps )3

(WPMS3) 0,(np, Cp) < 00(0p, 8p) +05(8p, Cp) — 05(8p, 8p). for all my, Cp, 6p € W

and the pair (W, 9,) is called weak partial metric space (in short WPMS).
Additionally, Heckmann [14] demonstrates that the weak small self-distance feature follows if 0, is a weak partial
metric on W), i.e.
25(1ps Mp) +00(Cpy p)
2

a@(npa Cp) Z

foralln,, ¢, € W,

Every partial metric space is obviously a weak partial metric space, but the converse may not be true. For
. e geSp . . . . .

example, for 1, ¢, € R the function 9,(n,, (p) = 55— is a weak partial metric space but not a partial metric

onR.

Lemma 1.12. [15] Let (W,,,0,) be a weak partial metric space(WPMS).
(i) {np. } is a Cauchy sequence in (W,0,) < it is a Cauchy sequence in (W, 0y");
(ii) (Wy,0,) is complete <> (W, 0,") is complete.
Lemma 1.13. [17] Let (W,,d,) be a weak partial metric space and {n,,} is a sequence in (W,,0,). If
Wm0 7p, = 1p and 0o(Np, 1p) = 0, then im; 06 0o (1p,; Cp) = Vo (p, Cp), for all G, € W
Definition 1.14. [13] Let ® be the set of all functions ¢ : [0,00) — [0, 00) satisfying the following conditions:
(i) o(u) < ﬁ(u)forallu >0
(ii) ¢(0) =0
Definition 1.15. [21] Let © be the set of functions 9 : [0, 00) — [0, 00) such that
(i) J is continuous;
(ii) D(u) =0 < u=0.

Remark 1.16. The convergence of sequences, Cauchy sequences, and completeness in a weak partial metric
space are defined as being in a partial metric space.
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2. Main Results

Definition 2.1. Let (W,,,) be a weak partial metric space and I' : Wy, — W), be a given self map. We say
that T is almost generalized (év, 1), ¢, 0)-contractive mapping if there exists év : W, x W, — [0,00) and Dev,
¢ € P9 € 0andLL >0 such that for all n,, ¢, € Wy, we have

a(np, Cp)@zj(%(r"h)a ['¢p)) < oM (mp, Cp)) + Lﬁ( (npa ) (2.1
Where
M(npv Cp) =1Inax {09(77177 gp)v ag(npv an); DQ(CZN FCp)v %[%(nm FCp) + aQ(va an)]} (2.2)
and )
N(npa Cp) = min{b’g"(np, an)’ DZL(CIH an)} (2.3)

Theorem 2.2. Let (W,,0,) be a complete weak partial metric space and T' : W, — W, be self mapping.
Suppose & : W, x W, — [0, 00) be the mapping satisfying the conditions:

(i) T is triangular &-admissible;
(ii) T is almost generalized (&, 1[1, P, @)-contractive mapping;
(iii) There exists np, € W, such that &(np,,'np,) > 1;
(iv) T is continuous.
Then I has a fixed point in W,

Proof. Let there be an arbitrary point 7, such that &(n,,,I'n,,) > 1. Suppose there is a sequence {7, } in W,
such that n,,,, = I'np,, forall i € Ny.

If np, = np,,, for some i € Ny, then 7, is a fixed point of I" and then proof of existence part of fixed point
is finished. Suppose 1,, # 7)p,,, for every i € No, Then 9,(7,,,7p,.,) > 0 by Lemma 1.10. Now, since I is
&-admissible, so

d(rnpo ’ anl) = 07(%1 ) 77p2)

>1
d(F??p1>F77p2) = @(npzanps) >1

and using induction we have &(7,,,7p,,,) > 1 foralli € N.

Now, from (2.1) we have

¢(Dg(npia77pi+1)) = 7;(09<F77p1,717rnp1,)) S @(WpiflaWpi)ﬁ(ag(rnpiflarnpi))
< @(M(T}pi—l7np7')) + Lﬁ(-/\?(nmﬂanm)) (2.4)

where

/\7(77101-71777101-) = min{a;n(npi—17ani—1)7a;n(npi7ani—l)}
= min{azn<npi—l ) npi)v Dz;n(npia Mp; )}
=0

i
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and
- 1
M(’rlpi—l ) npi) =max {09071%71 ) npi)’ Dg(npi—l i 7 )s 09(77171' ) ani)’ 5[09(771%71 ) ani) + ag(ﬁpw ani—l)]}

1
=max {Dg(npi—l ) npi)’ DQ(npi—l ) npi)’ ag(nm ) 77pi+1)a 5[09(77pi71 ) an»l) + DQ(TIpi ) 77115)]}

(2.6)
Now, using the condition(WPMS3) we have
Dg(npi—l ’ 77pi+1) S DQ(”P1—1 ’ npi) + 09(77[)1” 77;Dz‘+1) - Dg(npm npi)
Therefore
1 1
5[09(77@'_1 ’ 77Pi+1) + Dg(npi ) 77P7)] S i[og(npi_l ) npi) + 09(77171‘ ’ npqz+1> - Dg(npi ) npz‘) + Dg(npi ) 77;07)]
1
= 5[09(77]01'—1 9 npi) + Dg(npi ) npi+1)]
S max{ag(npi—l ? npi)? ag(npi ? an»l )} (27)
By (2.6) and (2.7) we get that
'A;l(npi—l ? npi) S maX{DQ(npi—l ? npz' )’ DQ("]:W ? "71?7'+1 )} (28)
Now, using (2.5) and (2.8) in (2.4) and the fact that and @(u) =0 < u =0, we get that
w(ag(npi ) T]pqt+1 )) S @(max{og(npi ) npi+1)7 DQ(T}pi—l ) npi, }) (29)
Now, if 0, (7p,, Mpisy) > 0o(7p,_1 s 1p, ) using definition that p(u) < ¥ (u) for u > 0 we get
Iﬁ(ag(npwnpiﬂ)) < @(ag(npmnpiﬂ)) < '&(Dg(npwanJ)
which is a contradiction. Hence
¢(aa(npi ) npi+1>) S @(aﬁ)(npz:fl 9 771)1)) < 1/’(%(77101-71 ) npi)) (210)

We get a sequence of non-negative real numbers {0,(7,,,7p,,,) : © € N} that decreases. Therefore there
exists A\g > 0 such that
li 3 Mpias) = A
Jm 0, (11p;, Mpisa) = Ao

Let Ag > 0. Then taking limit « — oo in (2.10) we get

B(No) < B(Ao) < (o)

This is contradiction. Hence
Jim 0, (mp,,7pi 1) = 0 211

We now show that {7, } is a Cauchy sequence in W),. i.e. lim; j o0 04(1p,,1p;) = 0.
By contradiction, we prove it.
Let

lim Dg(npmnpg‘) 7é 0

17— 00

e
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Then, with reference to lemma 1.9 all sequences tends to p, > 0, when u — oo.
So we can see that
lim Dg(npj(u)7np7‘,(u)) = Wp (2.12)

U—r 00
Further corresponding to j(u), we can choose i(u) in such a way that it is smallest integer with i(u) > j(u) >
u. Then

uli_{IolODQ(npi(u)fl7npj(u)) = Hp (2.13)
Again,
DQ(npj(u)fl ’ nm(u)71) S Dg(npj(u)fl ’ npi(u)) + Dg(npi(u) ’ npi(u)—l) - ag(npi(u) ’ npi(u))
Letting © — oo and using lemma 1.9 we get
lim a@(npj(u,)—l ’ 77117‘,(“,)—1) = Hp (2.14)

U—00

Again note that

Now, since I is triangular &-admissible, from Lemma 1.4 we derive that d(npi , npj) > 1foralli > j € Ng.
Replacing 7, by 7y, ,, and ¢, by m,, , in (2.1) respectively, we get

w(ag(npi(u) ’ npj(u) )) = w(ag(l—‘npi(u)—l ’ ]'—‘npj(u)—l )) S d(npi(u)—l ’ npj(u)—l )’l/](bg(rnpi(u)—l ’ anj(u)—l ))

S @(M(npi(u)717npj(u)f1)) + L(ﬁ(N(npi(u)fpnpj(u)71)))
(2.15)

Where

M(npi(u)—l ’ npj(u)fl) = max{bg(npi(u)l ’ /r]pj(u)fl)7 Dg(npi(u)—l ’ ]'—‘npi(u)—l )7 Dg(npj(u)fl ’ ]'—‘npj(u)—l )7

1
5 [Dg(npi(u)fl ’ anj(u)fl) + Dg(npj(u)fl ’ ani(u)fl )]}
ma’X{aQ(nPi(u)1 ’ npj(u)—l)’ DQ(T}pi(u)fl ’ T]pi(u))’ Dg(’r]pj(u)fl ’ npj(u) )7
1

§[ag(npi(u)—1 ) T]pj(u)) + ag(npj(u)—l ) npi(u))]

and

N(npi(u)—l ’ npj(u)—l) = min{DgL (npi<u)—l ) ani<u)—1 )7 agn (npj(u)—l ’ ani(u)—l )}

= min{DZL (npi(u)—l ) npi(u) )7 DZL (npj(u,)—l ) npi(u) )} (216)
Letting u — oo in (??) and (2.16) and using (2.11), (2.12), (2.13), (2.14) and lemma 1.9 we get
S M (1,1 Mgy —r) = max{ 1, 0,0, p1p } = 1 2.17)
and

uILH;oN(npi(w—l’nPﬂu)—l) =0. (2.18)

S

=]

MM
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Now Letting © — oo in (2.15) and using (2.17) and (2.18) we get

V(p) < Ppp) < h(pp)

This is a contradiction, Therefore
im0y (np,,7p,) =0 (2.19)

1,]—>00

This implies that {n,, } is a Cauchy sequence in (W}, 9,). On the other hand, since

agb(npwnpj) = ag(”}m”m) - min{ag(npwnpi)vag(npjvnpj)}
S a@(npmnpj)

Now, taking the limit as j,¢? — oo and using (2.19) we get that

lim D?(Upmﬁpj) =0 (220)

1,]j—>00

This shows that {7, } is also a Cauchy sequence in the metric space (W, 07"). Since (W), 9,) is complete, then
from Lemma 1.12, the sequence {7,, } converges in the metric space (W}, 0y"), say lim; o 03" (7p,,6p) = O.
Again from Lemma 1.12 we have

DQ((SP? 511) = leglc ag(npm 5[)) = lm %(Upm 77pj) (2.21)

i
J,i—00
Therefore, from (2.21) and (2.19) we get that

Dg(épaép) = nh_>ngoag(77pw‘5p> = .Pm Dg(npwnpi) =0 (2.22)

7,8—00

Moreover, As I' is continuous, we have

Op = zlgrolo Mpiyr = ZIE& Inp, =T,

In the following, we omit the continuity assumption of I' in Theorem 2.2.

Theorem 2.3. Let (W,,0,) be a complete weak partial metric space and T' : W, — W, be self mapping.
Suppose & : W, x W, — [0, 00) be the mappings satisfying the conditions:

(i) T is triangular &-admissible;
(ii) T is almost generalized (&, 1/;, ?, é)-contractive mapping;
(iii) There exists np, € W, such that &(np,, I'np,) > 1;

(iv) If {np,} is a sequence in Wy, such that n,, — n, € Wy, &(np,,Mp,,,) = 1 for all i, there exists a
subsequence {1y, } of {np, } such that &(ny, ., ,np) > 1 for all u.

Then I has a fixed point in W), Further if §,, d, are fixed points of I" such that &(d,,d) > 1 then 6, = J.

Proof. From the proof of the Theorem 2.2, the sequence 7, defined by 7, , = I'n,, is Cauchy in W, and
converges to , € W,. According to the assumptions, there is a subsequence of {7, } of {n,,} such that
G(np, ) 0p) > 1 for all u. We will now demonstrate that d,, is a fixed point of I". Consider the alternative, then
0,(6,,T9,) > 0.

Now in (2.1) replacing 7, by 7,, ,, and (, by &, we get

e

[V =)
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1[)(09( L'ép)) = @(Dg(Tnmwmp)) < d(npi(u)’5P)¢(DQ(F77P'L(u)’F5P))
< P(M (M, 0p)) + LON (1, 6p))) (2.23)

1
FA010) =05 {00 087000l T )00 T8 50+ T0) 4 005 T, )1}

1
=1max {09(771)1;(“) ; Op) Dg(npuu) ) 77p1:(u,)+1)a 0,(6p,T'0), 5[%(77171(“) ;T0p) +0,(0p, 77pi(7‘,)+1)]}
(2.24)

and

N(npt(u) ’ 6;0) = min{azl(npi(u) ’ ani(u) )’ DZL((SW ani(u) )}

= min{DZl (npi(u) ) npi(u)+1)7 a;n(dpv npi(u)+1 )} (2'25)

Now, taking u — oo in (2.24) and ((2.25) and using the fact that due to (2.22) we have 9,(d,,d,) = 0, we get
. ~ 1
ulglolo M(”pm) ;0p) = max{0,0,0,(6p, '), 5[09(5% Lép) + 0]} = 0,(6p, 1'6p) (2.26)

and

lim N(np,,,,0) =0 (2.27)

U— 00

Now, taking © — oo in (2.23) and using (2.26), (2.27) and definitions of 1&, ¢ and J we get

@(Dg(ép’r‘sp)) < @(0,(6p, T'6p)) < 7[}(09(51?71—‘5?))

which is a contradiction. Therefore I'd,, = J,, i.e. dy, is a fixed point.
Further, suppose d,, and d, be two fixed point of I" such that 9,(d,, ;) > 0 and &(d,,d,) > 1 then replacing 7,

by d, and (, by d, in (2.1) we get

1&(0@(6177 5q)> = 1[}(09(1—‘61771—‘6(1)) S d(6P7 JQ)DQ(F(SP?F(SQ)
< G(M(8,84)) + LION (8, 0,))) (2.28)

Where

~ 1

M(dy,d4) = max {D@(‘Spv 04)500(0p, I'6p),0,(0¢, I'dg), 5[09(5177 ['éq) +0,(8gs P‘sp)}}
1

= max {09(51)7 8q),00(0p, 0p),00(0g, dg), 5[09(51)7 8q) +0,(0q, §p)]}

1
— max {og(ap, 50): 0,0, 5[25(3p: 84) + (35, 3,) }by(WPMSZ)

= Dg(gpaéq)
e
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and

N (0p, 6¢) = min{0y" (0, T'0p), 05" (34, I'0p) }
= min{O;n((Sp, dp); 0?(5q7 dp)}
-0 (2.30)

By putting (2.29), (2.30) in (2.28) and using the definitions of 1& ¢ and J we get

D (0(6p,0,)) < $(0(0p,6,)) < P(0,(6,,,))

This is contradictory. As a result, I' has a unique fixed point. The evidence is now complete.

The theorems’ consequences are given below.
Corollary 2.4. Let (W,,0,) be a complete weak partial metric space. T : W,, — W, satisfy the criterion by
self-mapping with

P, (T TG)) < G0, (1. o) + LN (1, G)) (2.31)
For all 0y, ¢, € W, 7& cVU,ocPand L > 0. Then T has a unique fixed point in W,

Corollary 2.5. Let (W,,0,) be a complete weak partial metric space. A self-mapping T' : W, — W, be such
that

0,(I'mp, I'Gp) < k(M(np, Cp))

For all n,, ¢ € Wy, k € (0,1), where

~ 1
M1y, Gp) =max {0, (1p: Gp)s 0o (p: T1p) 00(Gpr '), 500 (1 TGp) +00(Gp Tpp)]} - (232)

Then I has a unique fixed point in Wp,.

Example 2.6. Let W, = [0, 1] and 2,(n,,(p) = 2(np + (), Then 05 (s Cp) = L1np — (ol Therefore, since
(W, 0y') is complete, the by Lemma 1.12 (W, 0,) is a complete weak partial metric space (WPMS).

Consider the mapping I : W, — W, defined by I'(1),) = "2 and let ¥, $,0 : [0,00) — [0, 00) be such that
O(u) = 2u, p(u) = 24 and J(u) = u for all u > 0. If we define the functions & : W, x W, — [0, 00) as

) 1 .G €0, 3]
a(np, Gp) = per e (2.33)
o 1y, Gp € (3,1]
‘We show that contractive condition of Theorem 2.2 is satisfied.
Let 7, ¢y € [0, 1] we get
R ) . v e G
O‘(npv CpW(%(FUp, FCp)) = O‘(npa Cp)w(ag(gpv ?p))
_ = 1 Np + Cp
= (5 (22
2
= 390, Cp) (2.34)
S
Vo
MM
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On the other side

- 1
M(ﬂp, Cp) =max {%(ﬂp, Cp), Dg(”pa an)a DQ(CIM FCp)a 5 [09(77;07 FC;D) + D@(va an)]}

= e {2, G,). 0y 2.0 (4,,,9’),4 O, )+ 25(G, )]}
—max {2 1% Mo Ko "”“p}
:%T—’_Cp = Dg(ﬂp, Cp) 23)

and

N(npv Cp) = min{bl,”(np, I'¢y), m(czn I'np)}

= min{0] (1, ), 07 (Gpr 2} (2.36)
Therefore from (2.35) we get
Py, o)) + DO (s 6))) = (22 2) + LN ()
p +Cp
= 2T 4 LWy )

= 3000, ) + LN (. ) .37

Now since L(N (1,,¢p)) = L(min{0} (1, ), 00" (Cp, 2)}) > 0 for all 1, (, € W, and from (2.34) and
(2.37) we get

(77177 Cp) (77;07 Gp) + L( (npv Cp)) (2.38)

- 3
for all n,,, ¢, € W,

Now, let 1,,(, € (4,1], in this case the contractive conditions of theorem 2.2 is already satisfied since
&(np, ¢p) = 0. It is clear that all the conditions of Theorem 2.2 hold. Hence I has a fixed point, which in this
case is 0.

Example 2.7. Let W, = [0,1] and 9,(n,, () = 3(np + (), Then 00 (s Gp) = 3np — Cpl- Therefore, since
(W, 0y') is complete, the by lemma 1.12 (W),,0,) is a complete weak partial metric space ( WPMS).

Np € [0, %}

and let ¢, ¢ : [0,00) — [0, 00)
7717 S 9 1]

2
Consider the mapping I" : W, — W), defined by I'(n,)= {’7;;

—~
N

be such that ¢(u) = u, $(u) = 5 forall u > 0.
Now, we show that contractive condition of corollary 2.4 is satisfied for L = 1, i.e.,

U}( o(Lnp, T'G)) < (0,1, Gp)) + LN (npan)) (2.39)
for all 1, ¢, € W, Let 1, ¢, € [0, 3], then
R 22 e
0T 1) =ty e LGy Ly o)

0,(1ps Gp) + min{bm (np, T'np), D? (Cps I'mp) }

<y
= @(0,(1p,Cp)) —i—mln{Dm(np,an), 0 (Czwrnp)}

e
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Now, let 77, ¢, € (%, 1], then result is clear since in this case 9,(I',, ;) = 0. As a result, all requirements of
corollary 2.4 are completely satisfied. As a result, it has a fixed point, which in this instance is 0.
Now, we demonstrate that the contractive requirement of Corollary 2.5 is met.

Example 2.8. Let W, = [0, 1] and 2,(n,,(p) = 3(np + (), Then 05 (s Cp) = 1np — Cpl- Therefore, since

(Wp, o o ) is complete, the by lemma 1.12 (W),,0,) is a complete weak partial metric space (WPMS).

Consider the mapping I : W, — W), defined by I'(1,) = “& Then

0 (T TG) = 052, $2) = 20,y )
(2.40)
On the other hand side
WA Gp) = max {0, G 000 ) 00(Go T ), 50005 ) + (G T )}
= {2,056 00> ™). 00 ), 2 000 2) + 2,06, )}
(G 2 2 1
Z%TH}’ = 0o(1ps Cp) (2.41)
From (2.40) and (2.41) we get
0,(Mp, Cp) < ko (mp, Cp) (2.42)

fork € [3,1). ie.
0,(I'np, ') < k(M (77177 Cp))

for k € [%, 1).It is evident from (2.42) that it satisfies the requirement of Corollary 2.5. As a result, it has a fixed
point, which in this instance is 0.

3. Conclusion

In this study, we proved certain fixed point theorems in the context of complete weak partial metric spaces
using triangular &-admissible mappings and provided some implications of the main findings. We included
some examples to support our results. The results in this article expand upon and generalise several results from
the existing literature.
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