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Abstract. In this paper, by using three different methods, the DNA codes are obtained from some codes over a family of the
rings DZ = D1 [’U_)Q7 ceey ’U_)l] / <w,2 — Wi, Wy W5 — iji>, where 1 = 2, ...,T’,j = 1, 2, ...r and D1 = F2 + qu —+ wl(FQ =+
uly),u? = 0,w; = wi,uw; = wiu, F» = {0,1}.
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1. Introduction

The transmission and storage of information take place in digital platform and the coding theory is necessary
in order to correct and detect errors in the platform. There is another platform. In the platform, the correcting and
detecting errors are necessary but it does not take place in digital. It is DNA.

It is well known that DNA contains genetic program for the biological development of life and has two strands
which are linked by Watson-Crick pairing so that every A is linked with a 7" and every C with a G, and vice versa,
where A, T, C, G are the four bases of a DNA sequence.

The idea of computing with DNA was given by T. Head in [7]. L. Adleman performed the computation using
DNA strands in [1].

To perform computation using DNA strands, a specific set of DNA sequences are required with particular
properties. The aim of this paper is to obtain the set of DNA strands satisfying various constraints, by using the
some error correcting codes over a family of finite rings which enjoy DNA properties. One of the constraints is

*Corresponding author. Email address: abdullah.dertli@gmail.com (Abdullah DERTLI), ycengellenmis@gmail.com (Yasemin
CENGELLENMIS)
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On the DNA codes

reverse constaint. This leads to reversible codes.The other one is reverse complement constraint. This leads to
reversible complement codes.

In order to obtain reversible DNA codes, some authors considered skew cyclic codes. The reversibility
problem for DNA 8-bases and DNA 2! k-bases is solved in [4] and [5] respectively by using skew cyclic codes
over the finite rings Fig + uF16 + vFig + uvFig where u? = u,v? = v, uv = vu and Fyox [uq, ..., us]/(us? —
ULy oo, Ug? — us) where k,s > 1, u;u; = u;u;. Reversibility problem arises from the fact that the pairing of
nucleotides in two different strands of a DNA sequence is done in opposite direction and reverse order. For
example, let us consider the codeword (DNA string) GTT AGGC A which corresponds to a codeword (a1, as).
The reverse of (ay,az) is (a2, a;). However, the vector (as, aq) corresponds to GGCAGTT A which is not the
reverse of GTTAGGCA. The reverse of GTTAGGCA is ACGGATTG.

In order to obtain the DNA codes, some authors used cyclic DNA codes of length n that enjoy some of the
properties of DNA. In [9], by introducing a map, a family of cyclic codes over the ring Fh[u]/ < u* —1 > is
mapped to DNA codes.

In [10], the design of linear codes over Dy = Fy +uFy +vFy +uvFy,u? = 0,0 = v, uv —vu, Fy = {0,1}
is presented by using o-set, where o is a nontrivial automorphism on the finite ring D;. By using these linear
codes, the authors obtained DNA codes with the other method.

In this paper, firstly, a non-trivial automorphism 6; over D; = D;_1 + w;D;_1, where i = 2,3, ..., 1, wf =
w;, D1 = Fy + uly + wy (Fy + uFy),u? = 0,w? = wy,uw; = wiu, Fy = {0, 1} is defined. By introducing
skew cyclic codes over a family of the finite rings D; = Dj [wa,...,w;]/ <wf — Wi, WW; — iji>, where
i = 2,...,775 = 1,2,...,r, the reversible DNA codes are obtained from them. With the other method, the
necessary and sufficient conditions of cyclic codes over D;, where ¢ = 1,...,7 to be reversible and reversible
complement are given. By introducing a map, the DNA codes are obtained from these type codes. As a last, the
linear codes over D; are designed, by using 6;-set for i = 2, 3, ..., . By using these type codes, the reversible or
reversible complement DNA codes are obtained.

2. Preliminaries

A family of the finite rings D; = D; 1 +w;D;_1, wherei = 2,3, ..., 1, wf =w;, D1 = Fo+uFy+w (Fa+
ul: 2), u? =0, w% = wj,uw; = wyu contains the commutative finite rings with characteristic 2 and cardinality
4% fori=1,2,...,r.

The finite rings of the family are written as recursively
D;=D;—1+w;Di—1

where i = 2,3, ...,r,w? = w;, D1 = Fy + uF> + w1 (Fy + uFy),u? = 0,w? = wy, uw; = wyu, F» = {0,1}.
In [10], the map ¢; was defined as follows

©1 D1 — (F2 +UF2)2
a+bwy — (a,a+b)

where a,b € Fy + uFy,u? = 0,w? = w;.
We define the map on D; where ¢ = 2, ..., r as follows

Qi Dz — D1-271

Ti1 + Yirw; — (Ti—1, Tic1 + Yio1)

where Ti—1,Yi—1 € D;_q, wf =w; fori =2,3,...,r.

3
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In [10], they defined a &; correspondence between the elements of the finite ring D1 = Fs + uFs + wy Fo +
uwi Fy, where u? = 0, w? = wy, uw; = wu and DNA double pairs as follows

Elements « Gray images DNA double pairs &1 (a)
0 (0,0) AA
1 (1,1) GG
u (u,w) T
w1 (0, 1) AG
uwy (0,u) AT
1+u (1+u,l4+u) CC
1+ w (1,0) GA
U+ wq (u, 14+ u) TC
u + uw (u,0) TA
wy + uwy (0,14 u) AC
1+ uwy (I,1+w) GC
1+ u+ uwy (14 u,1) cG
1+u+w (14 u,u) cT
14+ wy +uwy (1,u) GT
u 4wy + uw; (u,1) TG
l+u+w +uw; (14 wu,0) CA

By using the map ¢4 and &7, we established &5 correspondence between the element of Dy and DNA 4-bases
x1 + yrwe — (&1 (x1), &1 (21 + y1)) as follows

Elements 5 DNA 4-bases &2(3)

0 AAAA
1 GGGG
U TTTT
wWa AAGG

By using the matching and the elements of Dy and Sp,, = {AA,TT, ..., GG} and by using the Gray map
from D; to Di271’ we can define &; correspondence between the elements of the finite ring D; and DNA 2¢-bases
for: =2, ...,r as follows

gi : Dz — Di2—1 — {A, T, G, C}T

Ti1 F Yimrwi —> (X1, Tic1 +Yio1) —> ¢

where ¢ = (§;—1 (wi-1) ,&—1 (o1 +¥i-1)). _
It can be written that £; = v;;, where a map ~; is defined from D?f1 to 2*-bases as follows,

Yi(si—1,ti—1) = (Gi—1(8i-1),&i—1(ti=1))

where s;_1,t;_1 € D;_ fori=2,...,r.

In [10], a nontrivial automorphism was defined on D as follows

01 . Dy — Dy
xo + yowr — xo + (1 +w1)yo

e
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where x99 € Fy + uFy, u? = 0.
By defining a nontrivial automorphism on D; as follows, for ¢ = 2, ..., r, we can define the skew cyclic codes
over D;, fori =2, ...,r.

i1 +Yiciw; — Oi(xim1 Fyio1w;) =1

where [ = 92‘,1(1‘1‘,1) + (1 + wi)ﬁi,l(yi,l) and x;_1,y;—1 € D;_q1,fori =2,...,7.
The order of 6;, fori = 1,2, ..., is 2.
The rings

Di[z,0;] = {bf + bz + ...+ b, 2" " b€ DineN,i=2,..,kj=01,.n—1}
are skew polynomial rings with the usual polynomial addition and the multiplication as follows
(a;z®)(biz?) = a;0% (b;)a*TI
where a;,b; € D;, fori = 1, ...,r. They are non-commutative rings.

Definition 2.1. A subset C; of D}, where i = 1,...,7 is called a skew cyclic code of length n if C; satisfies the
following conditions,

1. Cj is a submodule of D}’

2. If ¢; = (ch,cl, .. ch_y) € Cy, then 0;(c;) = (0;(chi_1),0i(ch), ... 0i(cl,_y)) € C, where 0; is the skew
cyclic shift operator.

In polynomial representation, a skew cyclic code of length n over D; is defined as a left ideal of the quotient
ring D;, , = Di[x,0;]/ (z" — 1), if the order of §; divides n, that is, if n is even. If the order of 6; does not
divide n, a skew cyclic code of length n over D; is defined as a left D;[z, §;]-submodule of Disi,n’ since the
set D, ,, = Dj[z, 0]/ (z" — 1) = {fi(x) + (2" — 1) : fi(z) € Di[x,0;]} is a left D;[z, 6;]-module with the
multiplication from left defined by

ri(x)(fi(z) + (@™ = 1)) = ri(z) fi(z) + (2" — 1)

for any r;(z) € D;[x,0;].
In either case, the following holds.

Theorem 2.2. Let C; be a skew cyclic code over D; and let f;(x) be a polynomial in C; of minimal degree. If
the leading coefficient of f;(x) is a unit in D;, then C; = {f;(x)), where f;(x) is a right divisor of x™ — 1.

3. Reversible DNA codes

In this section, the reversible DNA codes are obtained by using the skew cyclic codes over D; for ¢ =
1,2

32, T

Definition 3.1. Forx; = (:176, xi x;_l) € D}, the vector (1’;_1, A x%) is called the reverse of x;
and is denoted by x] . A linear code C; of length n over D; is said to be reversible if x| € C; for everyx; € C},
wherei=1,2,...,r.

e
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We can express the matching the elements of Dy and Sp,, = {AA,TT,..,GG} by means of the
automorphism 6; as follows.

Each element oy = x + yw; € Dy, where 2,y € Fy + uFy, u? = 0 and 6 () are mapped to DNA double
pairs which are reverse of each other. Since a correspondence the elements of the finite ring D1 and DNA double
pairs is &1, so we have & (wy) = AG, while & (01 (wq)) = GA.

By using a map &; = 7; o ;, where the map ~; is from D2 _; to 2¢-bases as follows,

Yi(si-1,tic1) = (&im1(8i-1),&i—1(ti-1))

where s;_1,t;_1 € D;_1 fori = 2,...,r, we can explain a relationship between skew cyclic codes and DNA
codes. &;(s;) and &; (0;(s;)) are DNA reverse of each other s; = a;—1 + w;b;—1,a;—1,b;—1 € D;_1, where
ai—1,bi-1 € Di_1,1=2,...,71.
Fors; = a;_1 +w;b;_1 € D;, 1 =2,...,r, we have
&i(si) = i (wilai—1 +wib;i 1))
=i (ai—1,ai—1 +bi_1)
= (&—1(ai—1),&—1(ai—1 + bi—1)) .

On the other hand,

Oi—1(ai—1 +bi—1) +wib;—1(bi—1))
@i (i—1(ai—1 +bi—1) + wifi_1(b;i—1)))

= (&—1 (Oi—1(ai—1 +bi—1)),&i—1 (0i—1(ai-1)))

where t = 2, ..., 7.
This map can be extended as follows. For any d; = (dj), ..., d!, ;) € D", where i = 2, ..., 7

Example 3.2. Leti = 2. Ifdo = (1 + uwy) + wa(l + u + wy) € Do, then we get

€2(d) = 72 (p2(d2)) = 72 (1 + uwi, u + wi + uw)
= (& (1 +uwy), & (v +w +uwy)) = GOTG.

On the other hand,

&2 (02(d2)) = &2 (01(1 +wwr) + (1 +w2)01 (1 +u+ wr))
=& (01(u+ wy +uwy) + wab1 (1 +u+w))
= Ya(p2 (01 (u + w1 + vwy) + wa2b1 (1 4+ u + wy)))
= 2 (01 (u + w1 + uwy), 01 (1 + uwy))
= (& (01 (u+ w1 +uwr)), & (01(1 + uwn)))
= GTCG.

Example 3.3. Leti = 3. If d3 = [(1 + uw1) + w2(1 + u + w1)] + w3(1 + wa) € Ds, then we get

§3(ds) = v3 (p3(ds)) = 3 (1 +vwy) + w2 (1 +u + wy), uwy + wa(u + wy))
= (& ((1 +uwr) + wa(l +u+wi)), & (uwr + wau+w1)))
= GCTGATTG.

e
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On the other hand,

§3(03(d3)) = &3 (02((1 4+ uwy) + wo (1 +u +w1)) + (1 + w3)02(1 + wy))
= &3 (O2(uwy + wa(u + w1)) + w3 (1 + ws))
= 73(¢p3 (O2(uwr + wa(u + w1)) + wsba(1 + w2)))
= 73 (O2(uwr + wa(u +w1)), 02 (1 + uwr + wa(l +u + w1)))
= (&2 (O2(vwy + wa(u +w1))), 2 (02(1 + vwr + w2 (1 +u +wr))))
= GTTAGTCG.

Definition 3.4. Ler C; be a code of length n over D;, fori = 1,...,r. If §(d;)" € &(C;) forall d; € C,, then
C; or equivalently £;(C;) is called a reversible DNA code.

Definition 3.5. Let g;(z) = a}) + aiz + abx? + ... + alx® be a polynomial of degree s over D;. g;(x) is called
a palindromic polynomial if ai = a'_, forall t € {0,1,...,s}. gi(z) is called a 0;-palindromic polynomial if
atl =0;(a’_,) forallt € {0,1,...,s}, fori =1,...,r.

As the order of 6; is 2, a skew cyclic code of odd length n over D; with respect to 6; is an ordinary cyclic
code. So we will take the length n to be even.

The next two theorems show that palindromic and 6;-palindromic polynomials generate reversible DNA
codes.

Theorem 3.6. Let C; = (f;(x)) be a skew cyclic code of length n over D;, where f;(x) is a right divisor of
™ — 1 and deg(fi(x)) is odd. If fi(x) is a 0;-palindromic polynomial, then &;(C;) is a reversible DNA code, for
1=1,..,m

Proof. Let f;(z) be a 0;-palindromic polynomial and f; () = a}+aix+...+ab, 2?71 Soal = 0;(ab,_;_,),
forallt =0,1,...,s— 1. Let h;(z) = hi + hiz+---+h, _x?*~L. Let b} be the coefficient of 2! in h;(z) f;(x),
where [ = 0,1,...,n — 1. For any p < n/2, the coefficient of z? in h;(z) f;(x) is

p
by = D hi0l(ay-;)
=0
and the coefficient of P is
p
bf’bfp = Z hékflfjefkilij(a;sflf(pfj))'
=0

The polynomial h;(z) f; (x) = S22¢ " hiad f;(x) corresponds to a vector b; = (b, b, ..., bi, ) € C;.

The vector &;(b;)" = ((&(b}), ..., & (b,_1)))" is equal to the vector &;(z;), where the vector z; corresponds
to the polynomial 251 6; (hi))a2— 14, (x).

So &;(C;) is areversible DNA code. [ |

Theorem 3.7. Let C; = (f;(x)) be a skew cyclic code of length n over D;, where f;(x) is a right divisor of
™ — 1 and deg(f;(x)) is even. If f;(x) is a palindromic polynomial, then &;(C;) is a reversible DNA code, for
1=1,..,r

Proof. Let f;(x) be a palindromic polynomial with even degree so that fi(x) = a} + aix + ... + ab,x* and
ai = ab,_,, forallt = 0,1,...,s. Let h;(x) = hi + hiz + --- + hi,x**. Let b} be the coefficient of z! in
hi(z) fi(z), where l = 0,1,...,n — 1. For any p < n/2, the coefficient of z? in h;(z) f;(z) is

e
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L
and the coefficient of "7 is

2k) 7
Zh(%) 07 (@ pjy)-

The polynomial () fi(z) = 3. i hflxdfi(x) corresponds to a vector b; = (b8, b%, ..., b,_;) € C;.
The vector &;(b;)" = ((&(b), ..., & (bL,_1)))" is equal to the vector &;(z;), where the vector z; corresponds
to the polynomial Zd:o 0;(hy)z** = fi(x). So &(C;) is a reversible DNA code. [ |

Theorem 3.8. Let 2™ —1 = h;(z) fi(x) € D;[x,0;], where the degree of f;(x) is odd. If fi(z) is a 0;-palindromic

polynomial, then h;(x) is a palindromic polynomial.

Proof. Let fi(z) = a} + alx + ... + ab,_ 2?71 As the length n is even, then h;(z) = hé + hiz + -+
i, x?*~1. Since fi(x)is a0; pahndromlc polynomlal, then ai = 0,;(ab,_,_,) forallt = 0,1,....,s — 1. Let
bi be the coefficient of z! in h;(z) fi(x), where [ = 0,1,...,n — 1. For any p < n/2, the coefficient of 2P in
hi(z) fi(x) is

P . .
= hibl(a;-)
j=0

and the coefficient of 2" P is b, , = >"_ b, ,_ jﬂfk 1= J(aés_l_(p_j)). By using the fact that b = b, = 0
and b, = Oforallt =1,2,...,n — 1, itcan be shown that h} = hi, ,_, forallt =0,1,..,k — 1 by induction, as
in [6]. [ |

4. Reversible and reversible complement codes over D,

In this section, the necessary and sufficient conditions of cyclic codes over D, to be reversible and reversible
complement are given. By using the map, the DNA codes are obtained from these codes.
In [10], they characterized the reversible codes over D; as follows.

Theorem 4.1. [10] Let C, = wlcé @1+ wl)C; be a cyclic code of arbitrary length n over D,. Then C is
reversible if and only ifCS and C’S are reversible codes over Fy +uFy, u? = 0 and both of them are cyclic codes
over Fy + uFy,u? = 0.

In [3] and [8], the necessary and sufficient conditions of cyclic codes over the ring F» + uF5,u? = 0 to be
reversible were given in case of the length n is odd or even, respectively.

In [2], the reversible codes over Dy were characterized as follows;

Theorem 4.2. [2] Let Cy = wgCi @1+ wg)Cf be a cyclic code of arbitrary length n over Dy. Then Cy is
reversible if and only if Cl1 and Cf are reversible codes over D1 and both of them are cyclic codes over D.

Firstly, we characterize the reversible codes over D;, where ¢ = 3, ..., r

Theorem 4.3. Let C; = wiCil,l @ (1+wi)C:71 be a cyclic code of arbitrary length n over D;, wheret1 = 3, ...,r

. I g} 2 . )
Then C; is reversible if and only if C,_, and C,_, are reversible codes over D;_1, where i = 3, ..., r and both of
them are cyclic codes over D;_1, where i = 3, ...,1
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Proof. Let C,_,.C;_, be reversible codes. For any b; € C;, b; = w;bl_, + (1+w;)b2 ,, whereb!_, € CL |,
b2, € C;_,. AsC;_,, C;_, are reversible codes, (bl_,)" € CL,, (b?_,)" € C;_;, 50 b} = w; (b_;)" +
(1+w;) (b?ﬁl)r € ;. Hence C; is reversible codes.

On the other hand, let C; be a reversible code over D;. So for any b; = w;b} | + (1 + w;)b?_; € C;,
where b} € C} |,b? | € C:_l, we get bl = w; (bl;)" + (1 +w;) (b2 ;)" € C;. Let bl = w; (bl_;)" +
(14 w;) (b2,)" = wist_; + (1 +w;)s?_, ,wheres!_, € CL s>, € C,_,. Therefore C;_, and C;_, are
reversible codes over D;_1. |

In [10] and [2], they characterized the reversible complement codes over D and Ds, respectively. Secondly,
we characterize the reversible complement codes over D;, where ¢ = 3, ..., 7.

Definition 4.4. For x; = (zf), 2%, ..., 2%, _,) € D?, the vector (xfhl, Ti o1t x6> is called the reversible

complement of x; and is denoted by X}, where x? represents the complement of the elements x§ 0<j<n—-1
A linear code C; of length n over D; is said to be reversible complement if x;¢ € C;, for every x; € C;.

Lemma 4.5. For any c; € D;,wherei =1, ..., we have c; +¢; = u.
Lemma 4.6. Let a;,b; € D;, wherei =1, ....r, then a; + b; = @; + b; + u.

Theorem 4.7. [10] Let C; = wlCS @ (14 wl)Cé be a cyclic code of arbitrary length n over Dy. Then C is
R — 1 2

reversible complement if and only if C is reversible and (0,0, ...,0) € Cy, where C, Cyy are both cyclic codes

over Fy + uFy,u? = 0.

Theorem 4.8. [2] Let Cy = w2011 @1+ wg)Ci be a cyclic code of arbitrary length n over Dy. Then Cy is
reversible complement if and only if Cy is reversible and (0,0, ...,0) € Cy, where Ci , Cf are both cyclic codes
over D;.

Theorem 4.9. Let C; = wiCZ«l,l S (1+wi)C':71 be a cyclic code of arbitrary length n over D;, wherev = 3, ..., .
Then C; is reversible complement if and only if C; is reversible and (0,0, ...,0) € C;, where C’;_l, Cf_l are both
cyclic codes over D;_1,1 =3, ...,1.

Proof. Since C; is reversible complement, for any d; = (dj, ...d}, ;) € C;,di¢ = (d',_1, ..., d%y) € C;. Since
C; is a linear code, so (0,0, ...,0) € C;. By using Lemma 4.5, we get

Hence for any d; € C;, we have d] € C;.
On the other hand, let C; be reversible code over D;. So, for any d; = (d},...d!, _;
(di\_1,....,d}) € C;. Forany d; € Cj,

n—1»

) € Cy, then d] =

dre = (di,_1,...,dig) = (d\,_,,....d5) + (u,...,u) € C;.

So, C; is reversible complement code over D;. [ |

By a cyclic DNA code over D; of length n, we mean a cyclic code that has the reverse complement property,
where: = 1,2, ..,7.

Corollary 4.10. Ler C; be a cyclic DNA code of length n over D; and minimum Hamming distance d, where
i=1,2,..,7. Then &;(C;) is a DNA code of length 2'n over the alphabet { A, T, C, G} with minimum Hamming
distance at least d.
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5. Reversible and Reversible Complement DNA Codes

In [10], the design of linear codes over D; was presented. It was obtained DNA codes from them.
In this section, we will design linear codes over D;, where ¢ = 2, ...,7 , by using 6;-set, where 6; is a non
trivial automorphism for ¢ = 2, .., r in order to obtain DNA codes.

Definition 5.1. Let fo1,..., fo 2i be polynomials dividing x™ — 1 over I, + uFs,u? = 0 and fic11, fic12
be polynomials with deg f;_11 = ti_11,deg fi_12 = t;_1,2 and both are over D;_1, for i = 2,...,r. Let
fi=wifici1+ (1 +w;)fic1,2 € D;lx] and

ficin =wi—1fice1 + (L +wi—1) fiz2,2,
fici2 =wi—1 ficez + (L +wi—1) fi—oa,

ficon = wi—afi—g1 + (L + wi—2) fi—z2,

( )

( )

( )
fi—o2 =wi—afi—g 3+ (1 + wi—2)fi—3.4,
Jice3 = wi—afi—35 + (1 +wi—2) fi—3,
Jicoa=wi—afi 37+ (1+wi—2)fi_3s,

fi1=wifo1+ (1 +w)foz,
Ji2 = w1 foz + (14 w1)fo,

Ji2i-1 = wifooi_1 4+ (14 w1i)fo0-
Let m; = min{n — t;_1,1,n — t;_1.2}. The set L(f;) is called a 0;-set and is defined as
L(fl) = {EO7 E17 ceey Emifla F07 F17 ceey Fmi71}7

where E; = 7 f;, F; = 96;(h;),0 < j <m; — 1,i=2,...,r.

If deg fo,25 > deg fo2s-1,
higs = wlxdegfogsfdegfozs_l foas_1+ (1+ wl)f0,2s

otherwise,
_ de s—1—degfo 2s
hits = wifo2s—1+ (1 +wi)x 8f0,2e—1~degfo.2 fo,2s

where s = 1,2,...,2" 1 and
ifdegh; 1,2: > degh; 1.2:—1

Rios = wordeshiva=deshinze—ap, o 4 (14 wy)hy 0

otherwise,
degh; _1—degh;
hiot = wahi 1 0i—1 + (1 + wo)x®8hit 217812t ], | o

wheret =1,2,...,2°"2 and

ifdeghi ;2 2, > degh; i—2 2,1

Rii10 = wi_qadshii-2ze=deghiizazvap, oo 4 (14 wi_1)hii 920
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otherwise,
_ degh; i—2 2y—1—degh; i—1 24
Riic1o = Wi—1hii—2.2p—1 + (1 4 w;_q)x®8teim2201708i—12v 0 5 o)

where v = 1,2 and
If deghi 1,2 >deghi i1,

de hi i— —d. hi, i—
hi = wgtiimt2m izt p, s g 4 (14 w;)hii—1,2

otherwise,
degh; ; —degh; ;i 1.
hi = wihi’i,1’1 + (]. + ’IUZ)LL' 8, i—1,1 81, 1,2hi7i7172.

L(f:) generates a linear code C; over D;, where i = 2,...,r. It will be denoted by C; = (fi), or C; =
(L(f:)). It means that it is D;-submodule generated by the set L(f;), where i =2, ..., 7. '

Let f; = aly + aix + ... + alx® € Diz],0;(h;) = by + bia + ... + ba®, where i = 2,..,7. The
D;-submodule can be considered to be generated by the rows of the following matrix

By
Fy
Ey
L(fi)=| F1
Es
Fy

ab ai ay -+ a0
i i i i
bbb b o B0

{0 a5 af ay -+ ay
0 b b B ce e b

>
o
o

O O O O

Theorem 5.2. Let fo1,..., fo0i be self reciprocal polynomials dividing ™ — 1 over Fy + uFy,u? = 0. So
C; = (L(f:)) is a linear code over D; and &;(C;) is a reversible DNA code, where &; is from C; to S%;f, for
1=2,..,r.

Proof. It is proved as in the proof of the Theorem 4.3 in [10]. |

Corollary 5.3. Let fo 1, ..., fo.2i be self reciprocal polynomials dividing ™ — 1 over Fy + uF»,u* = 0 and
C; = (L(f;)) be a cyclic code over D;. Ifu”;[i_l1 € C;, then &;(C;) is a reversible complement DNA code.

Example 5.4.
foa(z) =z +1,
fo2(x) = 22 +r+1,
fos(x) = 2%+ 2341,
f074(17) =x+ 1,

where all of them divide x° — 1 over Fy. Hence
fo = w2 (w1 foq1 + (14 wi) fo2) + (1 +w2) (w1 fos + (1 +w1) foa)
over Ds. That is

fg:w1(1+w2):v6+w1(1+w2)x3+w2(1+w1)m2+(w1(1—|—w2)+1):1:+1.
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Since h27171 = IU1I'fO,1 + (1 + ’LU1)f072 and h2,172 = w1f073 + 505(1 + U)l)fo74, we get hg = w2h271,1 + (1 +
wa)ha1,2 Then we have hy = x° + (1 + w1 + wiws) x° + 2t (1 4+ w1) wa + (1 + w2) w123 + wy (1 4 ws). So
0 (ha) = 25 + (1 + wa (1 +w1)) 2° + w1 (1 +wg) 2* + (1 + wy) waz® + wa (1 4+ wy).

Since my = 3, we consider the generator matrix of C,

Eq
Fy
By
I
Es
I

where Eo = FQ,El = .’L'fg,EQ = .%'2f27F0 = Hg(hz),Fl = xeg(hz),FQ = .1‘292(]12). Ifwe take Qg = 0,0&1 =
Las=1,80=0,8 =0,82 =1, then apEy + a1 E1 + as By + BoFy + B1Fy + BoFo = x4 22 (w1 + ws) +
wo (1 +w1p) 2%+ (w1 + wo) 2% + (w1 + wa) 2° +wy (14 wa) 28 4+ (1 + wy + wo) 27 + (1 4+ wy + wyws) 8.
It is correspondence to the codeword

d — 0,1, w1 + wao,wa (1 4+ w1i),w + we,w + wo,
! ’LU1(1+1U2),1—|-’LU1—|—IU2,1—|-U)1—|-U)1’LU2 '

Hence &2(d1) = AAAAGGGGAGGAAAGAAGGAAGGAAGAAGAAGGAGG.

Moreover 05 () Fo + 03 (a1) Fi + 62 (o) Fo 402 (Bo) B2 + 62 (81) v+ 02 (B2) Eg = 14+ws (1 +wp) +
2 (1 4wy + we)+2? (we (1 + wy))+a3 (wy + we)+x* (wy + we)+a® (1 4+ wy + wa)+28 (1 + wy + we)+a”
correspondences to the codeword

d, — 1+w2(1—|—w1),1+w1+w2,w2(1+w1),w1+w2,
2 w1+w2,1+w1+w2,1+w1+w2,1,0 '

Hence &5(de) = GGAGGAAGAAGAAGGAAGGAAGAAAGGAGGGGAAAA.
So (€5(d2))" = &(dy).

6. Conclusion

By using three different methods, the DNA codes are obtained from the some error correcting codes over the

family of finite rings.
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Abstract. In this paper, we prove a couple of approximation results for local existence and uniqueness of the solution of a IVP
of nonlinear first order ordinary hybrid integrodifferential equations by using the Dhage monotone iteration method based on
a hybrid fixed point theorem of Dhage (2022) and Dhage et al. (2022). An approximation result for the Ulam-Hyers stability
of the local solution of the considered hybrid integrodifferential equation is also established. Finally, our main abstract results
are illustrated with a couple of numerical examples.
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1. Introduction

The nonlinear differential and integral equations arise in several natural and physical phenomena of the
universe, see for example, Li et al. [18], Ramosa [20], Shah er al. [21] and the references therein. The iterative
method is a powerful technique useful for finding the approximate solution of nonlinear problems which is used
since long time in nonlinear analysis and became popular among the mathematicians all over the world. The
different iteration methods used in nonlinear analysis have different characterizations and different advantages
and limitations. The iteration methods used in Al-Jawary ef al. [1] are due to Temimi and Ansari [22] and put
no condition on the nonlinearity of the differential equations, however these methods yield the convergent power
series expansion of the solution. The Picard’s iteration used in Lyons et al. [19] employs the Lipschitz condition
on the nonlinear function involved in the equations and the solution is obtained in the form of a convergent
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sequence of successive approximations (see also Coddington [2]). Similarly, the variational iteration method used
in Wang and He [24] uses the Lagrange’s multiplier in the successive iterations. Here, we discuss the considered
nonlinear equation via Dhage iteration method under certain monotonicity condition but without using the usual
Lipschitz condition on the nonlinearity and Lagrange’s multiplier in the successive approximations which goes
monotonically to the solution.

Given a closed and bounded interval J = [to, tp + a] of the real line R for some ¢y, a € R with a > 0, we
consider the IVP of nonlinear first order ordinary hybrid integrodifferential equation (HIGDE),
dx ¢
— = s,x(s)), teJ,
dt to f(s,2(s)) (1.1)

l’(t()) =ag €R,

where the function f : J x R — R satisfies some hybrid, that is, mixed hypotheses from algebra, analysis and
topology to be specified later.

Definition 1.1. A function x € C(J,R) is said to be a solution of the HIGDE (1.1 if it satisfies the equations in
(1.1) on J, where C(J,R) is the space of continuous real-valued functions defined on J. If the solution x lies
in a closed ball B, (x) centered at a point xy € C(J,R) of radius r > 0, then we say it is a local solution or
neighborhood solution (in short nbhd solution) of the HIGDE (1.1 on J.

The HIGDE (1.1 is familiar in the subject of nonlinear analysis and can be studied for a variety of different
aspects of the solution by using different methods form nonlinear functional analysis. The existence of local
solution can be proved by using the Schauder fixed point principle, see for example, Coddington [2],
Lakshmikantham and Leela [17], Granas and Dugundji [15] and references therein. The approximation result
for uniqueness of solution can be proved by using the Banach fixed point theorem under a Lipschitz condition
which is considered to be very strong in the area of nonlinear analysis. But to the knowledge the present authors,
the approximation result for local existence and uniqueness theorems without using the Lipschitz condition is
not discussed so far in the theory of nonlinear differential and integral equations. In this paper, we discuss the
approximation results for local existence and uniqueness of the solution under weaker Lipschitz condition but
via construction of an algorithm based on Dhage iteration method and a hybrid fixed point theorem of Dhage [6]
and Dhage et al. [10].

The rest of the paper is organized as follows. Section 2 deals with the auxiliary results and main hybrid
fixed point theorems involved in the Dhage iteration method. The hypotheses and main approximation results
for the local existence and uniqueness of solution are given in Section 3. The approximation of the Ulam-Hyer
stability is discussed in Section 4 and a couple of illustrative examples are presented in Section 5. Finally, some
concluding remarks are mentioned in Section 6.

2. Auxiliary Results

We place the problem of HDE (1.1) in the function space C'(J, R) of continuous, real-valued functions defined
on J. We introduce a supremum norm || - || in C(J, R) defined by

[lz]| = sup |z(2)], 2.1
teJ

and an order relation < in C(J,R) by the cone K given by
K={zeC(JR)|z(t)>0Vte J}. (2.2)

Thus,
TRy <= y—z €K, 2.3)

3
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or equivalently,
xRy <= z(t) <ylt)Vtedd

It is known that the Banach space C'(J, R) together with the order relations < becomes a partially ordered
Banach space which we denote for convenience, by (C’ (J,R), K ) We denote the open and closed spheres
centered at 29 € C(J,R) of radius r, for some r > 0, by

B, (zg) ={z € C(J,R) | ||z — x| < r} = B(x,r),

and
Blzo] = {z € C(J,R) | ||z — xo|| < r} = B(z,7),

receptively. It is clear that B,.[zo] = B, (z¢). Let M > 0 be a real number. Denote
BMzo] = {z € By[o] | |x(t1) — (t2)| < M |t — to| for ty,ts € J}. (2.4)
Then, we have the following result.
Lemma 2.1. The set BM [x] is compact in C(J,R).

Proof. By definition B,.[z¢] is a closed and bounded subset of the Banach space C(J,R). Moreover, BM [x]
is an equicontinuous subset of C'(J,R) in view of the condition (2.1). Now by an application of Arzeld-Ascoli
theorem, BM [x4] is compact set in C'(J, R) and the proof of the lemma is complete. O

It is well-known that the fixed point theoretic technique is very much useful in the subject of nonlinear analysis
for dealing with the nonlinear equations. See Granas and Dugundji [15] and the references therein. Here, we
employ the Dhage monotone iteration method or simply Dhage iteration method based on the following two
hybrid fixed point theorems of Dhage [6] and Dhage et al. [10].

Theorem 2.2 (Dhage [6]). Let S be a non-empty partially compact subset of a regular partially ordered Banach
space (E, || - ||, =,) with every chain C in S is Janhavi set and let T : S — S be a monotone nondecreasing,
partially continuous mapping. If there exists an element xq € S such that xqg < Txg or xg = Txo, then the
hybrid mapping equation Tx = x has a solution £* in S and the sequence {T"xo}>2, of successive iterations
converges monotonically to £*.

Theorem 2.3 (Dhage [6]). Let B,.[z] denote the partial closed ball centered at x of radius r for some real
number r > 0, in a regular partially ordered Banach space (E,|| -||,=,) and let T : E — E be a monotone
nondecreasing and partial contraction operator with contraction constant q. If there exists an element xo € X
such that o < Txg or xg = Txg satisfying

lzo — Txoll < (1 —q)r, (2.5)

for some real number v > 0, then T has a unique comparable fixed point £* in B,[xg] and the sequence
{T™x0}52 of successive iterations converges monotonically to £*. Furthermore, if every pair of elements in
X has a lower or upper bound, then £ is unique.

Remark 2.4. We note that every every pair of elements in a partially ordered set (poset) (E, <) has a lower or
upper bound if (E, X) is a lattice, that is, < is a lattice order in E. In this case the poset (E, || - ||, =) is called
a partially lattice ordered Banach space. There do exist several lattice partially ordered Banach spaces which
are useful for applications in nonlinear analysis.

If a Banach X is partially ordered by an order cone K in X, then in this case we simply say X is ordered
Banach space which we denote it by (X, K). Similarly, an ordered Banach space (X, K), where partial order <
defined by the con K is a lattice order, then (X, K) is called the lattice ordered Banach space. Then, we have
the following useful results concerrning the ordered Banach space proved in Dhage [4, 5].
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Lemma 2.5 (Dhage [4, 5]). Every ordered Banach space (X, K) is regular.

Lemma 2.6 (Dhage [4, 5]). Every partially compact subset S of an ordered Banach space (X, K) is a Janhavi
setin X.

As a consequence of Lemmas 2.5 and 2.6 we obtain the following hybrid fixed point theorem which we need
in what follows.

Theorem 2.7 (Dhage [6] and Dhage et al. [10]). Let S be a non-empty partially compact subset of an ordered
Banach space (X, K) and let T : S — S be a partially continuous and monotone nondecreasing operator. If
there exists an element xoq € S such that vog = Txg or xg = Txg, then T has a fixed point £* € S and the
sequence {T ™o}, of successive iterations converges monotonically to £*.

Theorem 2.8 (Dhage [6]). Let B,.[x] denote the partial closed ball centered at x of radius r for some real number
r > 0, in an ordered Banach space (X,K) and let T : (X,K) — (X, K) be a monotone nondecreasing and
partial contraction operator with contraction constant q. If there exists an element vy € X such that xo = T g
or kg »= Txo satisfying (2.5), then T has a unique comparable fixed point £* in B.[xo] and the sequence
{T ™20} of successive iterations converges monotonically to £*. Furthermore, if every pair of elements in X
has a lower or upper bound, then £* is unique.

Theorem 2.9 (Dhage [6]). Let B,.[z]| denote the partial closed ball centered at x of radius r for some real
number v > 0, in a lattice ordered Banach space (X,K) and let T : (X,K) — (X, K) be a monotone
nondecreasing and partial contraction operator with contraction constant q. If there exists an element xo € X
such that xo < Txg or g = Txg satisfying (2.5), then T has a unique fixed point £* in B,.|x¢) and the sequence
{TTx0}52 of successive iterations converges monotonically to £*.

The details of the notions of partial order, Janhavi set, regularity, monotonicity, partial continuity, partial
closure, partial compactness and partial contraction etc. and related applications appear in Dhage [3-5], Dhage
and Dhage [7, 8], Dhage et al. [9], Dhage et al. [10], Dhage and Dhage [11], Dhage et al. [12—-14] and references
therein.

3. Local Approximation Results

We consider the following set of hypotheses in what follows.
(H:) The function f is continuous and bounded on J x R with bound M.
(Hs) There exists a constant & > 0 such that

0< f(t,z) = f(t,y) < k(z —y),
for all z,y € R with x > y, where ka? < 1.

(H3) f(t, ) is nondecreasing in z for each t € J.
(Hy) f(t,ap) >0forallt € J.

Then we have the following useful lemma.

Lemma 3.1. Ifh € L'(J,R), then the IVP of ordinary first order linear differential equation

d t
T / h(s),ds, teJ, ato) = aq, G-
to

is equivalent to the integral equation

t
z(t) = ag —|—/ (t—s)h(s)ds, ,t e (3.2)
to
S
Ry
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Theorem 3.2. Sppose that the hypotheses (H1), (H3) and (H,) hold. Furthermore, if My a®> <rand?2 Mypa <
M, then the HIGDE (1.1) has a solution z* in BM [x), where zo = ap, and the sequence {x,,}>°_ of successive
approximations defined by

xo(t) =qaq, tE€J,

t 3.3
Znt1(t) = ap +/ (t—3s) f(s,zn(s))ds, te€J, G-

to

wheren = 0,1, ...; is monotone nondecreasing and converges to x*.

Proof. Set X = C(J,R). Clearly, (X, K) is a partially ordered Banach space. Let x be a constant function on
J such that o(t) = ag for all t € J and define a closed ball B} [x¢] in X defined by (2.3). By Lemma 2.1,
BM|[z] is a compact subset of X. By Lemma 3.1, the HIGDE (1.1) is equivalent to the nonlinear hybrid integral
equation (HIE)

z(t) = ap +/ (t—s) f(s,z(s))ds, te 3.4)

to

Now, define an operator 7 on B [x] into X by

Tx(t) = ao +/ (t—s) f(s,x(s))ds, t e (3.5)

to

We shall show that the operator 7 satisfies all the conditions of Theorem 2.2 on BM [] in the following
series of steps.

Step I: The operator T maps B [x] into itself.
Firstly, we show that 7 maps BM [z] into itself. Let # € B [z,] be arbitrary element. Then,

Ta(t) — zo(t)] = / (t— 8) f(s,2(s)) ds

to

< /t [t — s| |f(s,x(s))| ds

t0+a
:Mfa/ ds

to
:Mfa2 <.

Taking the supremum over ¢ in the above inequality yields

| T2 — x| < Mya® <,
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which implies that Tz € B,.[xo] for all z € BM[z,]. Next, let t1,t5 € J be arbitrary. Then, we have

I Ta(t) — Ta(ta)] < /1@1—S)f@ﬁdsnds—l/2@2—8)f®#ﬂ3»d5

<[ =9 S ds— [t = ) fs.(s) ds
+ /tl(tz fs)f(s,z(s))dsf/tz(tg—s) f(s,z(s))ds

/QM—ﬁﬂwwmw

t1
s/\m—muwamMH—

to tl
to+a to

S/ |t1—t2‘Mfd8+ / abM;ds
t() tl

S 2Mfa\t1 —t2|

<M |ty —tof

where, 2M a < M. Therefore, Tz € BM [x] for all z € BM[x] As aresult, we have T (B [z¢]) € BM [zy)].
Step II: T is a monotone nondecreasing operator on BM [x).

Let z,y € BM[z0] be any two elements such that z = y. Then, by hypothesis (Hz),

Tolt) =ao+ [ (¢ s) f(s,2(5)) ds

to

z%+/wﬂwwmmm

to

= Ty(t),

forallt € J. So, Tx = Ty, that is, 7 is monotone nondecreasing on Bﬁ‘/l [xo].

Step IIL: T is a partially continuous operator on BM [x).
Let C be a chain in BM [z] and let {z,,} be a sequence in C' converging to a point = € C. Then, by dominated

cnonvergence theorem, we have

t
lim Tz, = lim [ao —|—/ (t— s)f(s,xn(s))ds]
n—oo n—oo t()

=qap+ lim (t—3s) f(s,zn(s))ds

= oo+ [t ) [Jim_ 5.0 s
=ag+ /tt(t —5) f(s,z(s))ds
= Tx(t),

for all t € J. Therefore, Tx, — Tx pointwise on J. As {Tx,} C BM[zo], {Tx,} is an equicontinuous
sequence of points in X. As a reult, we have that 7 z,, — Tz uniformly on J. Hence 7T is partially continuouus

operator on BM[z)].
Step IV: The element x¢ € B[] satisfies the relation x¢ < Twg .

e
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Since (Hy) holds, one has

xo(t):aoJr/ (t—3)f(s,z0(s))ds

to

< zo(t) + / (t—s)f(s,ap)ds

to

zao—i—/f (t—s)f(s,z0(s))ds
:T.T()(t),

for all t € J. This shows that the constant function x¢ in B [z] serves as to satisfy the operator inequality
o j Tl‘o.

Thus, the operator 7 satisfies all the conditions of Theorem 2.2, and so 7 has a fixed point z* in B [x(]
and the sequence {7 "x}>2, of successive iterations converges monotone nondecreasingly to =*. This further
implies that the HIE (3.4) and consequently the HIGDE (1.1) has a local solution z* and the sequence {z,, }22
of successive approximations defined by (3.3) converges monotone nondecreasingly to z*. This completes the
proof. g

Next, we prove an approximation result for existence and uniqueness of the solution simultaneously under
weaker form of Lipschitz condition.

Theorem 3.3. Suppose that the hypotheses (H1), (Hs) and (Hy) hold. Furthermore, if
Mya < (1 —ka*)r, ka® <1, (3.6)

for some real number v > 0, then the HIGDE (1.1) has a unique solution x* in B,[x] defined on J, where
xo = o, and the sequence {x,}>2 of successive approximations defined by (3.3) converges monotone
nondecreasingly to r*.

Proof. Set (X, K) = (C(J, R), = ) which is a lattice w.r.t. the lattice join and meet operations defined by
xVy = max{z,y} and z Ay = min{z, y}, and so every pair of elements of X has a lower and an upper bound.
Let g be a constant function on J such that x(t) = «q for all ¢ € J and consider the closed sphere B, [x(]
centered at 29 € C(J,R) of radius r,for some fixed r > 0, in the partially ordered Banach space (X, K).

Define an operator 7 on X into X by (3.5). Clearly, 7 is monotone nondecreasing on X. To see this, let
z,y € X be two elements such that = y. Then, by hypothesis (Hs),

Ta(t) — Ty(t) = / (t—5) [f(s,2(5)) — f(s,(s))] ds >0,

to
for all t € J. Therefore, 7x = Ty and consequently 7 is monotone nondecresing on X.
Next, we show that 7 is a partial contraction on X. Let x,y € X be such that = = y. Then, by hypothesis
(Hs), we obtain

Ta®) = Ty(o)] = | [ (¢~ 5) [F(s.2(5) ~ F(s.u(s))] ds

to
t
< k(t — s) (x(s) — y(s)) ds
t
tO
— [ kalals) -yl ds
to
t0+a
<ka [ fo-ylds
to
= ka® |z -y,
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forall t € J, where ka? < 1. Taking the supremum over ¢ in the above inequality yields
1Tz = Tyl < ka* |z —yll,

for all comparable elements x,y € X. This shows that 7 is a partial contraction on X with contraction constant
k a. Furthermore, it can be shown as in the proof of Theorem 3.2 that the element 7o € B [z] satisfies the
relation xy < T g in view of hypothesis (Hy). Finally, by hypothesis (H;) and condition (3.6), one has

/ (t— 5) (s, m0(s)) ds

to

lxo — Txol| = sup
teJ

t
< sup / 1t — 5| £ (s, 00)| ds
ted Ji,

S Mfa2
< (1—-Eka®)r,

which shows that the condition (2.5) of Theorem 2.9 is satisfied. Hence 7 has a unique fixed point 2* in B,.[x)
and the sequence {7 "x}>2, of successive iterations converges monotone nondecreasingly to =*. This further
implies that the HIE (3.4) and consequently the HIGDE (1.1) has a unique local solution z* defined on JJ and the
sequence {z, }5°, of successive approximations converges monotone nondecreasingly to 2*. This completes the
proof. g

Remark 3.4. The conclusion of Theorems 3.2 and 3.3 also remains true if we replace the hypothesis (Hy) with
the following one.

(Hy) The function f satisfies f(t,cp) <0 forallt € J.

In this case, the HDE (1.1) has a local solution x* defined on J and the sequence {x,}5>, of successive
approximations defined by (3.3) is monotone nonincreasing and converges to the solution x*.

Remark 3.5. If the initial condition in the equation (1.1) is such that oy > 0, then under the conditions of
Theorem 3.2, the HIGDE (1.1) has a local positive solution x* defined on J and the sequence {x,}°2 of
successive approximations defined by (3.3) monotone nondecreasing and converges to the positive solution x*.
Similarly, under the conditions of Theorem 3.3, the HIGDE (1.1) has a unique local positive solution x* defined
on J and the sequence of successive approximations defined by (3.3) {x,}52, monotone nondecreasing and
converges to the unique positive solution x*.

4. Approximation of Local Ulam-Hyers Stability

The Ulam-Hyers stability for various dynamic systems has already been discussed by several authors under
the conditions of classical Schauder fixed point theorem (see Tripathy [23], Huang ef al. [16] and references
therein). Here, in the present paper, we discuss the approximation of the Ulam-Hyers stability of local solution
of the HIGDE (1.1) under the conditions of hybrid fixed point principle stated in Theorem 2.3. We need the
following definition in what follows.

Definition 4.1. The HIGDE (1.1) is said to be locally Ulam-Hyers stable if for € > 0 and for each local solution

y € Bylxo| of the inequality
t

dy

= <

o SN <e tes "
y(to) = ap € R,

there exists a constant Ky > 0 such that

—~
*
*

~—

ly(t) — &(1)] < Kpe,

|

I
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forallt € J, where § € B[] is a local solution of the HIGDE (1.1) defined on J. The solution & of the HIGDE
(1.1) is called Ulam-Hyers stable local solution on J.

Theorem 4.2. Assume that all the hypotheses of Theorem 3.3 hold. Then the HIGDE (1.1) has a unique
Ulam-Hyers stable local solution x* € B;|x|, where g = o, and the sequence {x,}°2 of successive
approximations given by (3.3) is monotone nondecreasing and converges to x*.

Proof. Let e > 0 be given and let y € B,.[z] be a solution of the functional inequality (*) on .J, that is, we have
t

dy

—_ - ds| < t

G~ ) S vl se te )
y(to) = ap € R.

By Theorem 3.3, the HIGDE (1.1) has a unique local solution £ € B,.[x¢]. Then by Lemma 2.1, one has

g(t)=a0+/ (t—s) f(s,6(s))ds, te 2)

to

Now, by integration of (4.1) yields the estimate:

‘y(t) — g — / (t—3s) f(s,y(s))ds| < ace, 4.3)

to

forall t € J.
Next, from (4.2) and (4.3), we obtain

y(t) - £(t)] = ]yu) ~ao— [ (0= 8) fls. 6660 ds
< ’y(t) g / (t = 5) f(s,y(s) ds
n / (t = 8) f(s,y(s)) ds — / (t— 5) f(s,E(s)) ds

Sae+ | It —s||f(s,y(5)) — f(s,£(s))| ds

<ae+ka®(|ly—¢&l).

Taking the supremum over ¢, we obtain

ly — €l < ae+ka?|ly -],

|y5||s[ ac }

or
1 — ka?

where, ka? < 1. Letting Ky = [ } > 0, we obtain

a

1 — ka?
ly(t) —£(@t)| < Kre,

for all t € J. As aresult, £ is a Ulam-Hyers stable local solution of the HIGDE (1.1) on J and the sequence

{xn}22, of successive approximations defined by (3.3) converges monotone nondecreasingly to £. Consequently
the HIGDE (1.1) is a locally Ulam-Hyers stable on .J. This completes the proof. O

Remark 4.3. If the given initial condition in the equation (1.1) is such that oy > 0, then under the conditions
of Theorem 4.2, the HIGDE (1.1) has a unique Ulam-Hyers stable local positive solution x* defined on J and
the sequence {x,}>2  of successive approximations defined by (3.3) converges is monotone nondecreasing and
converges to x*.
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S. The Examples

In this section we give a couple of numerical examples to illustrate the hypotheses and abstract ideas involved
in the main approximation results of the previous Sections 3 and 4.

Example 5.1. Given a closed and bounded interval J = [0,1] in R, consider the IVP of nonlinear first order
HIGDE,

dx t

— = / tanhz(s)ds, t€[0,1]; «(0)=-. (5.1)

dt 0 4

Here oy = i and f(t,x) = tanha for (t,z) € [0,1] x R. We show that f satisfies all the conditions of

Theorem 3.2. Clearly, f is bounded on [0, 1] x R with bound My = 1 and so the hypothesis (H1 ) is satisfied. Also
the function f(t,x) is nondecreasing in x for each t € [0,1]. Therefore, hypothesis (Hs) is satisfied. Moreover,
f(t,a0) = f(t,3) = tanh() > 0 for each t € [0,1], and so the hypothesis (Hy) holds. If we take r = 1 and
M = 2, all the conditions of Theorem 3.2 are satisfied. Hence, the HIGDE (5.1) has a local solution x* in the
closed ball B[] of C(J,R) and the sequence {x, }>> of successive approximations defined by

.’I:O(t) = Z, te [07 1],
1 t
Tpy1(t) = 1 —|—/0 (t — s) tanhx,(s)ds, t€]0,1],

converges monotone nondecreasingly to x*.

Example 5.2. Given a closed and bounded interval J = [0,1] in R, consider the IVP of nonlinear first order

HIGDE,
de 1 [ 1
a% =3 /0 tan"'z(s), t€[0,1]; z(0)= 1 (5.2)
1 1
Here oy = 1 and f(t,x) = 3 tan~! x for (t,z) € [0,1] x R. We show that f satisfies all the conditions of

Theorem 3.3. Clearly, f is bounded on [0,1] x R with bound My = g—; and so, the hypothesis (H1) is satisfied.
Next, let x,y € R be such that x > y. Then there exists a constant £ with x1 < £ < y satisfying

1 1

(x—y) < 5-(z—y),

0= f(t2) = f(t0) < 5 ;

2 1+¢&2
forall t € [0,1]. So the hypothesis (Hs) holds with k = 1. Moreover, f(t,a0) = f (¢, 1) =3 tan™t(3) >0
foreach t € [0,1], and so the hypothesis (Hy) holds. If we take r = 2, then we have
11 1 9
=< (1=2).2=(1=
M;a 147(1 2) 2=(1-ka)r,

and so, the condition (3.6) is satisfied. Thus, all the conditions of Theorem 3.3 are satisfied. Hence, the HIGDE
(5.2) has a unique local solution x* in the closed ball BQ[%] of C(J,R). This further in view of Remark 3.5
implies that the HDE (5.2) has a unique local positive solution x* and and the sequence {x,,}°2 of successive
approximations defined by

1
xo(t) = 7€ [0, 1],
1 t
Tpy1(t) = 1 +/0 (t —s) tan" @, (s)ds, t€[0,1],

converges monotone nondecreasingly to x*. Moreover, the unique local solution x* is Ulam-Hyers stable on
[0, 1] in view of Definition 4.1. Consequently the HIGDE (5.2) is a locally Ulam-Hyers stable on the interval
[0, 1].
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6. Concluding Remark

Finally, while concluding this paper, we remark that unlike the Schauder fixed point theorem we do not require
any convexity argument in the proof of main existence theorem, Theorem 3.2. Similarly, we do not require the
usual Lipschitz condition in the proof of uniqueness theorem, Theorem 3.3, but a weaker form of one sided or
partial Lipschitz condition is enough to serve the purpose. However, in both the cases we are able to achieve
the approximation of local solution by monotone convergence of the successive approximations. Moreover, for
simplicity and in order to illustrate the underlined ideas and the procedure of finding the approximate solution, a
simple form of a integrodifferential equation (1.1) is considered in this paper, however other complex nonlinear
IVPs of HDEs with integer or fractional orders may also be considered and the present study can also be extended
to such sophisticated nonlinear inegrodifferential equations with appropriate modifications. These and other such
problems form the further research scope in the subject of nonlinear differential and integral equations with
applications. Some of the results in this direction will be reported elsewhere.
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1. Introduction and Background

This paper deals with the discontinuous Sturm-Liouville operator which contains both the discontinuous
coefficient and the discontinuity conditions at an interior point z = £ € (0, 7) of the finite interval:

—W +q()w =T (2w, O<z<T (1.1)
wE+0)=aw(E—0), W (€+0)=c"w (-0 (1.2)
W'(0) = bw(0) =0, w'(7)+ baw(m) =0, (1.3)

where real valued function ¢(x) belongs to Lo (0, 7), ¢ > 0, by and b, are real constants, 7 is a spectral parameter,
the discontinuous coefficient r(z) is in the following form:

|1, <<,
r(x){aQ, <z <,

0 < a # 1 and assume that { > 7%

In recent years, many works on the discontinuous boundary value problems have been done and there has
been a significant increase in interest on this subject. We indicate that such problems are connected with
discontinuous material properties, so the investigations on this problems are attractive in the mathematics, physics

and engineering (for details see [8]).
*Corresponding author. Email address: ozgeakcay @munzur.edu.tr (Ozge AKCAY KARAKUS)

https://www.malayajournal.org/index.php/mjm/index ©2023 by the authors.



On determination of discontinuous Sturm-Liouville operator from Weyl function

The purpose of this study is to examine the inverse spectral problem for the discontinuous Sturm-Liouville
problem (1.1)-(1.3) and this problem is stated in the following way: given the Weyl function, construct the
boundary value problem (1.1)-(1.3). Therefore, firstly we define and examine the Weyl function of the problem
(1.1)-(1.3) and then the uniqueness theorem for the solution of this inverse spectral problem is proved.

Differently from other studies, considered problem contains both the discontinuous coefficient (z) and the
discontinuity conditions at z = £ € (0, 7). In the special cases, i.e., as ¢ = 1, the inverse problems for Sturm-
Liouville operator with discontinuous coefficient by Weyl function are examined in [1, 4, 11] and as r(z) = 1, the
inverse problems for Sturm-Liouville operator with discontinuity conditions by Weyl function are investigated in
[6, 7]. Moreover, the various works on the inverse problems for the discontinuous Sturm-Liouville operators can
be given as follows: [3, 5,9, 10, 12-18] and the references therein.

The spectral properties of the boundary value problem (1.1)-(1.3) are studied in [2]; namely, the integral
representation of the solution of (1.1) with discontinuity conditions (1.2) is obtained and using this solution,
the asymptotic formulas of the eigenvalues and eigenfunctions of this problem are investigated. Note that the
constructed integral representation is not transformation operator, moreover; the kernel of this solution has a
discontinuity along the line t = —a(z — £) + a, for £ < a < . Unlike other studies, using this constructed
integral representation we prove the uniqueness theorem of the inverse spectral problem (1.1)-(1.3) by the Weyl
function.

Theorem 1.1. [2] The integral representation of the solution f(x,T) of equation (1.1) with discontinuity
conditions (1.2) satisfying the conditions f(0,7) = 1, f'(0,7) = 7 has the form:

a(z)
@, 7) = fola, ) + / Kz, t)e™dt, (1.4)

—a(z)

where _
e, 0<z <,
folz,7) = {meiT(a(w_g)Jrg) 4 rgeiT(Ca@=O0+) ¢ <o

withky = % (c+ L) and ko = 1 (c— L),

2 0<z <,
a(w){a(x—ﬁ)—l—ﬁ, E<o <,

the kernel k(x,.) € Li(—a(x), a(z)) for each fixed x € (0, ) and satisfies the inequality
a(x)
/ |k(z,t)|dt < eP?@ — 1

—a(z)

with "
o) = [ @ wlatwids, p=(a+ Ylsa| + (a+ Dl
0

Remark 1.2. The function k(x,t) has following properties:

%fox q(u)du, 0<x<E,
k(z,a(z)) =

%fom L_g(u)du, €E<az<om,

Vr(w)

o [ [ x
k(a:,a(zf)+§+0)k(x,a(x{)JrfO)(/0 q(u)dui/ﬁ q(u)du), E<o<m,

2
kE(x,—a(x)) = 0.
Moreover, it is seen that the real-valued function k(x,t) has a discontinuity along the line t = —a(x — &) + & for
(< <.
S
V=)
MJM
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Now, take into account the case of b; = oo in the boundary condition (1.3). Then, the boundary condition is
as follows:
w(0) = w'(m) + baw(m) =0 (1.5)
and consider the boundary value problems (1.1)-(1.3) and (1.1),(1.2),(1.5).
Denote u(z,7) and v(x,7) by the solutions of the equation (1.1) with the condition (1.2) under the initial

conditions
U(O,T) = 17 u'(O,T) = bla

v(0,7) =0, 2'(0,7)=1.

Using the integral representation (1.4), we express the solutions u(z, 7) and v(x, 7) in the following forms:

() - bysinTt
w(z,7) = ug(z, 7) + / (h(x,t) cos Tt + h(z,t) LoT dt) ,
0 T

and -
(e ~ : t
oor) =l )+ [ Rl T
0
where for0 < z < ¢ :
by sinTx sin Tx
ug(x,7) =costex + ————,  wolz,7) =
T T

andforé <z <7:

*a) by sinTv T ()

T T

) + Ko (cos o (z) + bisinTv (@) TU_(x)) 7

uo(x, T) = K1 (cos TV

sinTut(x sinTu (x
vo(z,7) = K1 - ( )+l<62 (@)

with v (2) = +a(z — &) + & h(x, t) = k(x,t) + k(z, —t) and h(x, t) = k(z,t) — k(z, —t), respectively.
Let ¢(x, 7) be the solution of the equation (1.1) with the condition (1.2) under the initial conditions

o(m,7)=—1, ¢'(m,7)=bs.

The characteristic functions x(7) and ¢(7) of the problems (1.1)-(1.3) and (1.1), (1.2) and (1.5) can be given as
follows:

X(1) = (7, 7) + bou(m,7) = ¢(0,7) = b16(0,7) (1.6)
o(1) = (7, 7) + bov(m,7) = —(0,7), (1.7)
respectively. It is known from [2] that
IX(T)| > Cslrlel!mmIv" ™+ e Gy, (1.8)
where Gs = {7 : |7 — 7| > d}, here 7,, = Ufiz;) +dy, sup|d,| = d < oo and § << 3 is a sufficiently small

positive number with s = 1r71£fk |7n, — 71| > 0. Moreover, from the expression of the solution v(z, 7), we have
n

p(r)] < Celmrlv* (), (1.9)

Theorem 1.3. [2] The boundary value problem (1.1)-(1.3) has a countable set of eigenvalues {Tg}nzl:

. Sn ln
Tn:Tn+T+77
Tn n

where sy, is a bounded sequence and {t,,} € ls.

e
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On determination of discontinuous Sturm-Liouville operator from Weyl function

The norming constants -y,, of the problem (1.1)-(1.3) are defined by

o = /O " 2w, 7)r(w)da.

Moreover, the following asymptotic formulas of the solutions u(z, 7), v(z, 7) and ¢(z, 7) are valid for || — co:

[Tm|o(x)
u(va) = O(e\lm‘r\a(m)), ’U($, T) =0 <6 | ‘ )
-

b(z,7) = O(elTml(e(m)—at@)y. (1.10)

Note that when ¢(z) = 0 in the equation (1.1), the solution ¢q(x, 7) has the representation:

¢o(z,7) = —a(kicosT(vT (1) — ) — kg cosT(v™ (1) — x))
b, <H1 SinT(U+7_(7T) — ) oy SiHT(U;_(TF) - x)) <<€
¢o(z,7) = —cosT(vT (1) —vT(2)) — basin (v () = v+(x))’ < <.

aT

2. Main Results

Now, let us examine the Weyl solution and Weyl function for the boundary value problem (1.1)-(1.3).
Denote ¢ (x, 7) by a solution of the equation (1.1) with the condition (1.2) satisfying the conditions

1/1/((),7) - bﬂﬁ(O,T) = 17 1/1/(7T,7') + b21/](7r77—) =0.

Then, it is obtained that

Y(x,7) = =v(z,7) + m(r)u(z, ), 2.1)

where m(7) = (0,7). The functions ¢ (z,7) and m(7) are called the Weyl solution and Weyl function,
respectively. Moreover, taking into account (1.7), we can write

m(r) = 207 _ _#ln) 2.2)

x(7) x(7)

Hence, it can be seen that Weyl function m(7) is meromorphic function with simple poles in the points 7 = 7,,,
n > 1. The squares of the poles and zeros of m(7) coincide with the eigenvalues of the problems (1.1)-(1.3) and
(1.1), (1.2), (1.5), respectively.

Theorem 2.1. The representation is valid:

= 1
m(t) =) —5 - (2.3)
O
Proof. Taking into account (1.8), (1.9) and (2.2) we have for sufficiently large 7* > 0
C
Im(7)| < \75| TeGs, |t|>7" (2.4)

Using the relations x(7,) = 27, Vnttn and ¢(z, 7,) = ppu(z, 7,) with p, # 0 (see [2]), we find p(7,) =
—¢(0,7,) = —p. Then, it follows from this relation that

~

1
Resm(t) = — (T

- = . (2.5)
T=Tp X(Tn)  2TnYn

3
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Now, consider the contour integral

JIn(T) = 1/ wd{, T € intly,
r

T 2mi NC—T

where I'y = {7 : |7| = |7,,| + 5}. It follows from (2.4) that Nlim Jn (1) = 0. Moreover, applying the residue
— 00

theorem and from (2.5), we find

n=1
N 1
=m(7) — Z 2 _ 2
n=1 ’yn(T - Tn)
Thus, as N — oo, since Nlirn Jn (1) = 0, we obtain the relation (2.3). [ |
— 00

Now, we examine the inverse problem indicated in the following way: given the Weyl function m(7),
determine the boundary value problem (1.1)-(1.3).

Let us demonstrate the uniqueness theorem of the solution for this inverse problem. Then, we specify the
boundary value problem (1.1)-(1.3) as L = L(q(z), b1, b2) and we take the problem L = L({(x), b1, b2) which
has a similar form to L but with different potential and coefficients in the boundary conditions.

Theorem 2.2. If m(7) = m(7), then L = L. Namely, the Weyl function uniquely determines the problem
(1.1)(1.3).

Proof. Denote the matrix U(x, 7) = [Uge(2, 7)]k,e=1,2 by the relation

i(z,7) Pla7) \ _ ((ul,) ¢(e,T)
vie) (a'(m) u}/(m)> - (u/(x,f) w/(;m)) ' (25)
It follows from the equality
(u(z, 1), ¢(x, 7)) =1 2.7
and the formula (2.6) that
Ukl(xv T) = u(k_l) (37, T)’l&/(.’li, T) - ¢(k_1) ({177 T)ﬂ’/($7 T)7

2.8)
Ua(x,7) = =D (@, r)i(a, 7) — u*=D(z, 7)p(2, 7), k=1,2

and
u(z,7) = Uy (z, 7)0(z, 7) + Usa(z, 7)0 (2, 7),
A X 2.9)
(x,7) = Un (2, 7)(x, 7) + Ura(z, 7)) (2, 7).

Using (2.1), (2.7) and (2.8), we obtain

(' (x,7) — @' (z, 7))

Uni(z,7) =1+ u(z,7) <¢;£m’7) — ¢/(3377')> I oz, 7)

(1) x(7) x(7)
and R
= d(x, T (x’T)—uwr(b(x’T)
UlQ(xaT) - ( ’ ) X(T) ( ’ ) )AC(T)
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On determination of discontinuous Sturm-Liouville operator from Weyl function

With the help of the asymptotic formulas (1.10) and the inequality (2.4), we find

li —1]= L =0. 2.1
|T\l£>nocOr§nma§ﬂ|Ull(x7T) | |T\11>11000213§77|U12(x77—)‘ 0 (2.10)
TE€G TE€G

According to (2.1) and (2.8), we can write
Ui (z,7) = u(x, 7)o" (x,7) — v(z, 70 (2, 7) + u(z, 7)) (x, 7) (1 () — m(r)),
Ure(z,7) = v(z, 7)a(z, 7) — uw(z, 7)0(z, 7) + u(z, 7)0(x, 7)(m(T) — m(71)).

If m(7) = m(7), then the functions Uy;(x, 7) and Uya(z, 7) are entire in 7 and according to (2.10), we have
Uii(z,7) = 1 and Uy2(z,7) = 0. Putting these relations into (2.9), we find u(z,7) = 4(z,7) and Y (z, 7) =
ﬁ(m, 7), thus we obtain L = L. As a result, it is shown that the problem (1.1)-(1.3) is uniquely determined by
the Weyl function m(7). [ |

Remark 2.3. Tuaking into account the Weyl function expansion (2.3), it can be seen that the Weyl function m(r)
is represented by the spectral data {72, 7y, }n>1. Then, we can state that the spectral data {12,V }n>1 uniquely
determines the boundary value problem (1.1)-(1.3).

Considering the relation (2.2) it is appeared that the poles and zeros of the Weyl function m(1) coincide with
the zeros T, and X, of the characteristic functions x(7) and ¢(7), respectively. Thus, the Weyl function m(7) is
determined by two spectra {72} and {\2} and the problem (1.1)-(1.3) is uniquely specified by two spectra.

Consequently, the inverse problems of the boundary value problem (1.1)-(1.3) by spectral data and two
spectra are special cases of the inverse problem of the problem (1.1)-(1.3) by Weyl function.
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1. Introduction

One of the techniques to characterize a Riemannian manifold is to review the geometry of some appropriate
vector fields. The appropriate vector fields that have been widely studied in the literature recently are torse-
forming, concircular concurrent, geodesic and recurrent vector fields, etc. The impression of concurrent vector
fields is firstly announced by K. Yano [22] in such a way:

Let (L, h) be a Riemannian manifold equipped with a metric A and D be the Riemannian connection on
(L, h). A vector field ( is entitled concurrent if

Dy(=2

holds for each tangent vector field Z.

There exist remarkable applications dealing with concurrent vector fields into submanifolds of Riemannian
manifolds admitting differential structures [10, 13, 14, 18, 23, 24], etc. Besides these facts, statistical structures on
Riemannian manifolds have been widely studied lately with interesting geometrical properties. The impression
of statistical manifolds was initially announced by S. Amari [2] and the basic properties of hypersurfaces were

*Corresponding author. Email address: esraerkan@harran.edu.tr (Esra ERKAN)

https://www.malayajournal.org/index.php/mjm/index ©2023 by the authors.



OMER AKSU, ESRA ERKAN and MEHMET GULBAHAR

revealed by H. Furuhata in [11, 12]. Later, this concept admitting complex, contact and product structures was
examined by various authors in [4, 5, 15-17, 21].

An interesting perspective on statistical manifolds came from K. Takano’s definition of Hermite-like
manifolds, which is a generalization of Hermitian manifolds. A Riemannian manifold (L, /) included two
almost complex structures .J and J* is entitled a Hermite-like manifold [19, 20] if

h(JZ1, Z2) = —h(Z1, J* Z2)

holds for each tangent vector fields Z; and Z5. One of the interesting aspects of Hermite-like manifolds is that
although there are no examples in classical Euclidean spaces, there are examples of Hermite-like manifolds in
non-Euclidean geometry. With a similar idea, product-like manifolds were introduced and the geometry of some
special type hypersurfaces of these manifolds was investigated in [1, 7].

The primary objective of this paper is to review screen invariant lightlike hypersurfaces of an almost product-
like statistical manifold. With the aid of statistical structures, some main formulas and relations are obtained and
concurrent vector fields are examined on these hypersurfaces.

2. Almost product-like manifolds and their lightlike hypersurfaces

A differentiable manifold L is entitled an almost product manifold if it includes a tensor field providing F? = I,
where I expresses the identity transformation. We note that the eigenvalues of F' are +1 and —1. If we put

1 1
T= (I+F), @Q=3(-F)

then we find
T+Q=1,T°=T, @*=Q, TQ=QT =0
and
F=T-0Q.
If a Riemannian metric / on L provides
WFZy,Z) = W(Z1, FZ,) 2.1

for each Zy, Z, € T(TL), then (L, h, F) is called an almost product Riemannian manifold.
Now, we remind the following definition [7]:

Definition 2.1. Let F' and F™* be two almost product structures on L. If the equation
WFZy,Zs) = h(Zy, F* Z5) (2.2)
is provided then (f, 7L, F) is entitled an almost product-like semi-Riemannian manifold.

If we indite F'Z; in place of of Z; in (2.2), we obtain that

WFZy,F*Zy) = h(Z1, Zs) 2.3)
is provided.
Example 2.2. Let F be a tensor field on R} such that

0001
0010
0100
1000
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Then we find (R%, F) is an almost product manifold. If we write

" 0 0 0 000-1
~ 0 e 0 0 . _|loo1o0
h=1 "0 0er 0| ™ =|0100]|

0 0 0 en ~100 0

then we obtain (R, E, F) is provided (2.2).
Presume that D is a torsion-free connection on (E, 7&}1) If l~)g is symmetric, then (Z,ﬁ, l~), F) is entitled

an almost product-like statistical manifold. For each (L, h, D, F'), we indite another torsion-free connection
satisfying

Z3h(Zy1, Zo) = W(Dz,Z1, Za) + W(Z1, Dy, Zo) (2.4)

foreach Z,,7Z — 2,Z5 ¢ F(TE). D* is called the dual connection of D. In addition, we indite
0 L~ Y*
Dy Zy = §(Dleg + D%, Zs), (2.5)

where D is the Levi-Civita connection of (L, h, F).

Definition 2.3. Let (57 E, ﬁ, F) be an almost product-like statistical manifold. If F is parallel with regard to D,
then (L, h, D, F) is entitled a locally product-like statistical manifold.

In view of (2.4), we find the following equation is satisfied:
(D7, F)Z2, Z3) = h(Za, (D3, F*) Zs). (2.6)

From (2.6), it is clear that
DF =0« D*F* =0.

Therefore, (E, 7L, 5, F) is a locally product-like statistical manifold if and only if so is (E, ?L, 5*, F).

Example 2.4. Let (R}, E, F) be an almost product-like Lorentzian manifold of Example 2.2. By a straightforward
computation, we put

Dy, 8y = Dy, 04 = %517
Dy, 8y = Dy, 01 = Dp,dy = Dy, 05 = %527
Dy, 85 = Dy, 01 = Dp,dy = Dy, 0 = %337
Dy, 0y = Dp,01 = %5’47

~ ~ 1
D5282 = D8383 = 581 + F§262 + Fgga?n

~ ~ 1
Dy, 03 = Dp,02 = T3505 + '5,05 + 584
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and
* y* 1
Dalal == Da4a4 = 581,
- - - 1
Dj,02 = D3,00 = —Dj, 04 = ~Dj, 0 = 50,
- - - 1
Dj,05 = Dj,00 = —Dj, 04 = ~Dj, 0 = s,
- - 1
Dj,04 = D3,01 = 504,
- - 1
D3, 0 = D3, 05 = 50 — Tha0s — Thos,

~ ~ 1
Dj,05 = Dj, 05 = ~T5,05 = T3,05 — 50,

where T'5, and T3, are any functions on Rt and {0y, 0y, 33, 04} is the natural basis of R}. Then we obtain that
(R, h, D, F) is a locally product-like statistical manifold.

Let (L, k) be a hypersurface of (L, h, F) with the induced metric i from k. If h is degenerate on L, then
(L, h) is entitled a lightlike hypersurface. For any lightlike hypersurface, the radical distribution Rad(TL) is

given as follows:
Rad(TL) =span{¢ : h(¢,Z2) =0,YZ € T'(TL)}.

Denote a complementary vector bundle of Rad(TL) in TL by S(TL). The distribution S(T'L) is called a
screen distribution of (L, h) and thus we write

TL = Rad(TL) Goper, S(TL),

where @+, stands for the orthogonal direct sum. It is known that the screen distribution is not unique since 5 is
degenerate. There is a unique null section N providing

h(&,N)=1, h(N,N)=h(N,Z) =0

for any Z € T'(S(TL)). We note that the vector bundle ltr(T L) = span{NN} is called the transversal bundle of
(L,h,S(TL))[8,9]. B
The Gauss and Weingarten formulas with regard to the Levi-Civita connection V° are formulated by

DY Y =D% Y +B%Z,Y)N Q2.7)

and B
DY N = —AYZ, + 7°(Z1)N, (2.8)

where DV is the induced connection, A%; is the shape operator and 7 is a 1—form.
The hypersurface (L, h, S(T'L)) is called

i) totally geodesic if B® = 0,
ii) totally umbilical if there is a differentiable function y such that BY(Zy, Z5) = uh(Zy, Z5),
iii) minimal if traceg(r L)BO = 0, where traceg(rar) is the trace with regard to S(T'L).

Similar formulas and definitions could be given with regard to D.

The Gauss and Weingarten type formulas with regard to D and D* is written by

Dy Y =Dy Y + B(Zy, Z5)N, (2.9)

Dy N = —A%Z1 + 7%(Z)N (2.10)
S
[\V =]
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and
DYy Zo = D, Zs + B*(Z1, Z2)N, 2.11)
DYy N = —AxZi +7(Z1)N, (2.12)

where DxY,DZ,*Zy, ANZ1,ANZy € T(TL), 7 and 7* are 1—forms. Also, the Gauss and Weingarten type
formulas on S(T'L) could be given as follows:

Dy, PZy =Dy PZy+ C(Z1, PZ)E, (2.13)
Dyz,& = —A¢Zy — 7(Z1)€ (2.14)
and
DY PZy =Dy PZs + C*(Zy, PZs)t, (2.15)
5.6 = —AcZi — T (Z0)E, (2.16)

where P is the projection morphism from I'(T'L) onto I'(S(T'L)), ﬁzlijQ,E;lPZQ € T'(S(TL)) and
A¢, Ay e T(S(TL)).
A lightlike hypersurface (L, h, S(T'L)) is called screen conformal with regard to D if there exists a smooth

function a satisfying
AN = aAg (217)

and it is called screen conformal with regard to D~ if there exists a smooth function o* satisfying
N =oAL (2.18)

Furthermore, the following concepts could be given:
A lightlike hypersurface (L, h, S(TL)) of (L, h, D, F') is called

i) totally geodesic with regard to Dif B=0,
ii) totally geodesic with regard to D* if B* =0,
iii) S(TL)—geodesic with regard to D if C' = 0,
iv) S(TL)—geodesic with regard to D* if C* = 0,
v) totally tangential umbilical with regard to D if B(Zy, Zs) = kh(Z1, Z3),
vi) totally tangential umbilical with regard to D* if B*(Z1, Zs) = k*h(Z1, Z2),
vii) totally normally umbilical with regard to D if A\, Z; = kZ;,
viii) totally normally umbilical with regard to D* if Ay 71 = k* 71,

where k and k* are smooth functions on L.
For any lightlike hypersurface (M, g, S(T'M)), the following equalities are satisfied [6]:

B(Zy,8) + B*(21,6) =0, h(AnZy + ANZ1,Z5) =0, (2.19)
C(Z1,PZs) = W(ANZ1, PZs), C*(Zy,PZ3) = h(ANZy, PZs), (2.20)
B(Zy,Z5) = WA; Zy, Zs) + B*(Z1,€)h(Za, N), 2.21)
B*(Zy, Z2) = WA Z1, Z3) + B(Z1,€)h(Za, N). (2.22)

e

[\ =]
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3. Screen invariant lightlike hypersurfaces

Definition 3.1. Let (L, h, S(TL)) be a lightlike hypersurface of (L, h, F). If F(S(TL)) belongs to S(TL), then
(L, h, S(TL)) is called a screen invariant lightlike hypersurface.

In view of (2.2), we obtain that if (L, h, S(T'L)) is a screen invariant lightlike hypersurface, then F*(S(T'L))
belongs to S(7T'L). Thus, we can write

F§& =M+ N, F*¢ = pa&+mN, (3.1
FN:)\gﬁ—O—ugN, F*N:)\2§+)\1N, (3.2)

where A1, Ao, jt1, tio are smooth functions. Using the fact that F2¢ = £, we find
§=F(M\&+ uN)
= ME+ AN + Xl + prpeN

which yields
A f o =1 and gy 4 pape = 0. (3.3)

Moreover, using the fact that (F*)2¢ = £, we find
p5+ e =1 and popy + Ay = 0. (34
Now, we write a tangent vector field Z in I'(T'L) by
Z=PZ+n(Z)¢, (3.5)

where 7(Z) = §(Z, N) and P is the projection morphism from I'(T'L) onto I'(S(T'L)).
In view of (3.1), (3.2) and (3.5), we put
FZ=FPZ +n(2)F¢
= 0Z +n(Z)ME+n(Z)m N (3.6)
and
F*Z = ¢*Z + n(Z)m€ + n(Z)m N, 3.7
where ¢©Z and ¢*Z belong to T'(S(TM)). Using (2.2), (3.6) and (3.7), we find

h(pZ1, Z2) = W Z1, 9" Z2) (3.8)
forany Z1,Zy € T'(T'M).

Example 3.2. Let (R%,E,F ) be an almost product-like Lorentzian manifold of Example 2.2. Consider a
hypersurface M given by
L={(x1,2,23,24) : 1 = x4} .
Then the induced metric of M becomes
00 O
h=10e" 0
0 0 e™

By a straightforward computation, we obtain

Rad(TL) = span{{ =01 + 04},
S(TL) = span{e; = 02, €3 = O3}
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and

ltr(TL) = span {N = o (=01 + 84)} )

Then, we find F(S(T'L)) C S(TL), which yields to (L, h, S(T L)) is a screen invariant lightlike hypersurface of
(R, h, D, F).

Proposition 3.3. Let (L,h,S(T'L)) be a screen invariant lightlike hypersurface of a locally product-like
statistical manifold (L, h, D, F'). Then we have the following equalities:

(DzX2)é + XDz — pANZ = —pANZ — n(Ax Z)ME + 7 (Z) Ao (3.9)

and
Mo B(Z,&) + Dzpa = —n(ANZ)pia- (3.10)

Proof. From (3.2), we have
EzFN = 52()\25 + ,lLQN)
= (DzA2)€ + AaDz& + (Dzp2)N + pia Dz N. 3.11)
Putting (2.9) in (3.11), we obtain
Dz FN = (DzXo)§ + AV z€ + M B(Z,6N + (Dzpua)N — o Ay Z
+ pem(Z)N. (3.12)
Besides this fact, using (2.10) we have
FDyzN = F(=ANZ 4+ 7 (Z)N)
=—FANZ + 7 (Z)FN. (3.13)
Putting (3.2) and (3.6) in (3.13), we find
FDzN = —pANZ — (AN Z)M& — (AN Z) i N + 7 (Z) Xa€
+ 7(Z)paN. (3.14)
Using the fact that (Z, 71, ZND, F) is alocally product-like statistical manifold in (3.14), we get (3.9) and (3.10). H
As a result of Proposition 3.3, we find

Theorem 3.4. Let (L, h, S(TL)) be a screen invariant lightlike hypersurface of a locally product-like statistical
manifold. If Ay = 0, then £ is a recurrent vector field with regard to D and
1

D 3.15
e Z M2 (3.15)

B(Z,§) =

is satisfied.
Proof. Under the assumption, if we write A}, Z = 0 in (3.9), we obtain

1 _
Dz¢ = E(T*(Z)Az — DzA)§, (3.16)

which shows that £ is a recurrent vector field. Putting A%, Z = 0 in (3.10), we obtain (3.15). ]

Corollary 3.5. Let (L, h, S(TH)) be a screen invariant lightlike hypersurface of a locally product-like statistical
manifold. If £ is a recurrent vector field, then one of the following situations occurs:

3
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i) ANZ is in the direction of €.
ii) AyZ = 0.

Corollary 3.6. Let (L, h, S(TL)) be a screen invariant lightlike hypersurface of a locally product-like statistical
manifold. Then, A}, = 0 and Ay is constant if and only if B vanishes on Rad(TL).

With similar arguments in the proof of Proposition 3.3, we find

Proposition 3.7. Let (L,h,S(TL)) be a screen invariant lightlike hypersurface of a locally product-like
statistical manifold. Then the following equalities hold for any Z € T'(TL):

(D3A2)€ + Ao Dy — MANZ = —p* ANZ — (AN Z) i€ + T(Z) Aok (3.17)

and
MB*(Z,§) + Dz = —n(ANZ) - (3.18)

Theorem 3.8. Let (L, h, S(TL)) be a screen invariant lightlike hypersurface of a locally product-like statistical
manifold. If AN X = 0, then & is a recurrent vector field with regard to D* and the following equality is satisfied:

B*(2,6) = —%

: (DAL, (3.19)
Corollary 3.9. Let (L, h, S(TL)) be a screen invariant lightlike hypersurface of a locally product-like statistical
manifold. If £ is a recurrent vector field, then one of the following situations occurs:

i) An is in the direction of €.

ii) Ay = 0.

Corollary 3.10. Let (L, h, S(TL)) be a screen invariant lightlike hypersurface of a locally product-like statistical
manifold. Axy = 0 and )y is constant if and only if B* vanishes on Rad(TL).

Proposition 3.11. Let (L, h, S(TL)) be a screen invariant lightlike hypersurface. Then the following relations
are satisfied: B
(DzM)E+ M DzE€ — mANZ = pDzE +n(DzE)ME + B(Z,§) A€ (3.20)

and
MB(Z,€) + Dz + m*(Z) = 9(Dz€)p + B(Z,€) . (3.21)

Proof. From (3.1), we have N N
DzF¢ = Dz(M&+ ). (3.22)

Using (2.9) and (2.10) in (3.22), we obtain

DzF¢ = (Dz\)E+MDzE+ M B(Z,E)N + (Dzu)N — Ay Z
+ 7 (Z)N. (3.23)

On the other hand, using (2.9), (2.10) and (3.1), we have

FDz& = oV 26 + n(DzE)ME +n(Dz€)mN + B(Z,€)Aa€
+ B(Z,&)uaN. (3.24)

Using the fact that (E,E,ZND,F) is a locally product-like statistical manifold, we find (3.20) and (3.21)
immediately. |
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As a result of (3.20), we find

Theorem 3.12. If ¢ is a parallel vector field with regard to D, then one of the following relations holds:
i) Ay is in the direction of €.
ii) Ay =0.

Proof. Under the assumption, if £ is a parallel vector field with regard to D, we obtain from (3.20) that

* I~
ANZ = ;(DZ)W + B(Z7£)>\2)£a
1
which shows that A%, is in the direction of { or A}, = 0. |

With similar arguments as in the proof of Proposition 3.11, we get the followings:

Proposition 3.13. Let (L, h,S(TL)) be a screen invariant lightlike hypersurface of a locally product-like
statistical manifold. Then the following relations hold:

(Dy2)€ + paDy€ — mANZ = 9" D€ + n(D5E) € + B*(Z,6) Mok (3.25)

and
p2B*(Z,€) + Dypy + in(Z) = n(Dy€)p1 + B*(Z, €)1 (3.26)

Theorem 3.14. If £ is a parallel vector field with regard to D*, then one of the following situations holds:
i) Ay is in the direction of €.
ii) Ay =0.

Proposition 3.15. Ler (L, h,S(TL)) be a screen invariant lightlike hypersurface of a locally product-like
statistical manifold. Then we have the following formulas:

(Vz,0)Z2 = n(Dz,Z2)M& + B(Z1, Za) o€ — C(Z1, PZ2)M& + g(AN 21, Z2) M€
—0(Z2)M Dz, &+ n(Z2)m AN Z1 (3.27)

and

B(Z1,0Z3) + 1(Z2)MB(21,€) + C(Z1, PZa)ua — g(A Z1, Zo) s + Dz, pan(Zs)
+0(Z2)p1m*(Z1) = (Dz, Z2)pa + B(Z1, Za) pa. (3.28)

Proof. Using (3.6), we have

Dy, FZy = Dz, 0Zs + Z19(Za, N)M& + Dz, M\in(Za)€ + n(Z2)Mi Dz, €
+ Z19(Za, N)pu N + Dz, jun(Z2)N + 1(Z2)p1 Dz, N. (3.29)
Considering (2.4), (2.9) and (2.10) in (3.29), it follows that
Dz, FZy = Dz,0Zs + B(Zy,9Zs)N + C(Z1, PZo)Mi& — g(ANZ1, Z2)Mi€
+ Dz, Mn(Z2)€ + (Y )M Dz, € + n(Z2)\ B(Zy1,6)N

+C(Z1,PZ)maN — g(AN 21, Zo)ia N + Dz, pun(Z2)N
777(22)/11A?VZ1 +77(Z2)/~L17*(21)N (330)
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Besides the above fact, we have from (3.6) that

FDgy, Zy = FDy Zy + B(Z1, Z3)FN
=Dz, Zy +n(Dz,Z2) M€ +n(Dz, Z2)p1 N + B(Z1, Z2) A28

Considering the tangential and transversal parts of (3.30), (3.31) and using the fact that D 2. FZy = FD 7,22,
we get (3.27) and (3.28) immediately. |

As aresult of (3.27), we get the following theorem:

Theorem 3.16. Let (L, h, S(TL)) be a screen invariant lightlike hypersurface of a locally product-like statistical
manifold. Then ¢ is parallel with regard to D.

Proof. For a special case, if we choose Zy € T'(T'L) in (3.27), then we get
(Dz,0)Z2 = N(Dz, Za) M + B(Z1, Z2)As — C(Z1, Z2) M1 + W(AR Z1, Zo) M ¢,
which is a contradiction to Z, belonging I'(S(T'L)). Thus, ¢ is parallel with regard to D. [ |

Proposition 3.17. Let (L, h, S(TL)) be a totally geodesic screen invariant lightlike hypersurface with regard to
D. Then the following relation is satisfied:

C(Zl, PZQ) = 77(DZ1 ZQ) + h(A}(VZh ZQ) (332)

Proof. Putting B(Z1, Z3) = 0 for any Z1, Zy € I'(T'L), the proof is easy to follow from (3.27) or (3.28). |

4. Concurrent vector fields

Let (E,ZL, 5) be a statistical manifold. A vector field ¢ is called a concurrent vector field with regard to D (resp.
D*)if Dz( = Z (resp. D3¢ = Z) for each Z € T'(T'L).

If ¢ is a concurrent vector field with respect to D and 15*, we obtain from (2.4) that
%(5Z2Zh C) = %(5}2217 C)

ii satisﬁ~ed for each 71, Zs € F(TE). Also, we get from (2.5) that if ( is a concurrent vector field with regard to
D and D*, then it is also concurrent with regard to the Levi-Civita connection D°.
Now, we recall the definition of rigged metric for lightlike hypersurfaces [3]:

Definition 4.1. Let (L, h, S(T'L)) be a lightlike hypersurface and 1 be a vector field such that 1, ¢ T, L for any
p € L. If we define a 1—form n satisfying _
n(X) = h(Z,¢)

then v is called a rigging vector field.

If we choose 1) = N, then a rigged metric h with regard to N is defined by

E(Zl, Zy) = h(Z1, Zs) + n(Z1)n(Z2) “.1)

for each 7y, Z, € I'(TL). It is easy to see that h is non-degenerate and the following relations are satisfied:

E(N7 Z) = 77(2)7 E(&&) =1 4.2)

3
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and

h(Zl7 ZQ) = h(Zl7 ZQ), VZl, ZQ S F(TL) (43)

It is known that the gradient of a smooth function could not be defined on a degenerate metric h since the
inverse of h does not exist. But the gradient of a function f could be defined by using a rigged metric as follows:

~ ;0f of
gradf =3 WG oy
i=1

where [h*/] is the inverse of k. We note that [h*/] is also known as the pseudo-inverse of / [3].
_ Let (L,h, S(TL)) be a lightlike hypersurface of (L, h, D) and ¢ be a concurrent vector field with regard to

D and D*. Then we can write
¢=¢"+¢, (4.4)

where (7 is the tangential part, while ¢V is the transversal part of (. In view of (4.1) and (4.4), we obtain
AT, €) = h(CT,€) +n(¢T)n(E).
— (¢, N).
In view of (2.4), we find
Zh(CT,€) = X((,N)
= h(Dz(, N) + h(DN,¢)
=1(Z) = (AN Z,¢) + 7(Z)n(C). 4.5)
Moreover, (4.5) could be written as
Zh(¢",€) = (D3¢, N) + h(DzN, ¢)
=n(Z) = g(ANZ,¢) + T (Z)n(C). (4.6)
From (4.5) and (4.6), we find

Proposition 4.2. Let (L, h, S(T'L)) be a lightlike hypersurface of (Z, h, 5) If C is a concurrent vector field with
regard to D and D*, then

MANZ, ¢) = T(Z)n(C) = WAx Z, ) — 77(Z)n(C) 4.7
is satisfied for any Z € T'(TL). In particular, if n(¢) = 0 then
WANZ,¢) = h(ANZ,) 4.8)
is satisfied.
As aresult of (2.20) and Proposition 4.2, we have

Corollary 4.3. Let (L, h, S(TL)) be an S(T'L)—geodesic lightlike hypersurface of(z7 h, IND) If C is a concurrent
vector field with regard to D and D*, then
7(Z)=1(2) 4.9

is satisfied for any Z € T'(T'L).

Proposition 4.4. Let (L, h,S(TL)) be a lightlike hypersurface of (E,E,ﬁ) Then we have the following
situations:
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i) If ¢ is a concurrent vector field with regard to D, then B(Z,¢) = 0 is satisfied for any Z € T'(T'L).
ii) If ¢ is a concurrent vector field with regard to D*, then B*(Z,¢) = 0 is satisfied for any Z € T'(TL).

As aresult of Proposition 4.4, (2.9) and (2.11), we see that if v is a concurrent vector field with regard to D
(resp. D*), then it is also concurrent with regard to D (resp D*). We note that the converse part of this claim is
not correct in general.

Example 4.5. Let (L, h, S(T'L)) be a screen invariant lightlike hypersurface of Example 3.2. In view of Example
2.4, it is clear that { = 01 is a concurrent vector field with regard to D and D*.

Now, suppose that ¢ belongs to I'(T'L). Then we write
¢ = P(+at, (4.10)
where P¢ € I'(S(TL)) and n(¢) = a. Thus, we find

Proposition 4.6. Let ¢ be a concurrent vector field with regard to D. Then we have

1
h(ANC,C) = §aT(C). 4.11)
Proof. From (4.5), it follows that

Ch(¢, &) = n(¢) — 9(AnC, ¢) + T(C)n(C)
= a— g(An¢, ) + ar(Q). 4.12)

Now, we compute the left-hand side of (4.12). From (4.1), we find

Ch(¢,€) = n(C) + h(ANC, Q). (4.13)
The proof is easy to follow from (4.12) and (4.13). |
In a similar way to Proposition 4.6, we find

Proposition 4.7. Let  be a concurrent vector field with regard to D. Then we have
* 1 *
h(ANG,€) = Far*(0)- (4.14)

Theorem 4.8. Let (L, h, S(TL)) be an S(TL)—geodesic lightlike hypersurface with regard to D and  be a
concurrent vector field with regard to D such that ¢ € I(TL). Then ¢ could not be concurrent with regard to
D*.

Proof. Under the assumption and from (4.13), we get Ax¢ = 7(¢) = 0. If we put this equation in (2.12), we
find DN = 0, which shows that ¢ could not be concurrent with regard to D*. |

In a similar way to Theorem 4.8, we obtain

Theorem 4.9. Let (L, h, S(T'L)) be an S(T L)—geodesic lightlike hypersurface with regard to D* and (bea
concurrent vector field with regard to D* such that ¢ € [(TL). Then ¢ could not be concurrent with regard to
D.

Now, we shall investigate concurrent vector fields in screen invariant lightlike hypersurfaces.
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Proposition 4.10. Let (L,h,S(TL)) be a screen invariant lightlike hypersurface of a locally product-like
statistical manifold and { be a concurrent vector field with regard to D. Then we have the following relations:

* 1, ~
AN(C) = —(DuA1)§ (4.15)
M1

and )
T*(v) =1— —(Dc¢pr)- (4.16)

H1

Proof. Since ( is concurrent with regard to f), we write

D¢F¢ = FE. 4.17)

Using the fact that if ¢ is a concurrent vector field with regard to D, then it is also concurrent with regard to D
and using (3.23), we obtain

D¢FE = (D)€ + Mé + (Depn)N — iy A% C + i (C)N. (4.18)
From (3.1), (4.17) and (4.18), the proof is easy to follow. |

As a result of Proposition 4.10, we obtain

Corollary 4.11. Let (L, h, S(T'L)) be a screen invariant lightlike hypersurface of a locally product-like statistical
manifold and ¢ be a concurrent with regard to D, then the following situations occur:

i) If Dchy = 0, then A%,(¢) = 0.
ii) If Depn = 0, then 7+(¢) = 1.
iii) If 1 = 0O, then 54)\1 =0 and ™(() =1
By a similar arguments to Proposition 4.10, we get

Proposition 4.12. Let (L,h,S(TL)) be a screen invariant lightlike hypersurface and ¢ be a concurrent vector
field with regard to D*. Then we have the following relations:

1 -
ANC = —(D¢p2)é (4.19)
M1

and )
() =1— —(D¢pa). (4.20)
2

Corollary 4.13. Let ¢ be concurrent with regard to D*. Then the following situations occur:
i) If Depig = 0, then An¢ = 0.
ii) If Depy = 0, then 7(¢) = 1.
iii) If 1 = 0, then D¢jig = 0 and 7(¢) = 1.

Corollary 4.14. Let (L, h, S(T'L)) be an S(T L)—umbilical screen invariant lightlike hypersurface with regard
to D* (resp. D) and ¢ ¢ T'(Rad(TL)). Then ( is not concurrent with regard to D (resp D*).
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Abstract. This paper concerns a class of mean-field stochastic fractional evolution equations. Initially, we establish some
auxiliary results for weighted pseudo S-asymptotically Bloch type periodic stochastic processes. Without a compactness
assumption on the resolvent operator and some additional conditions on forced terms, the existence and uniqueness of
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AMS Subject Classifications: 30D45, 34C25, 60H15, 60G22.

Keywords: Stochastic processes, stochastic fractional evolution equations, asymptotically Bloch type periodicity, Brownian
motion, distribution, Mean field.

Contents

1 Introduction 379

2 Background 380
2.1 Wasserstein distances . . . . . . . . . oo e e e e e e e e e e e e e e 381
2.2 Weighted square-mean S-asymptotically Bloch type periodic process . . . . ... ... .. .. 382

3 Discussion on solutions existence 383
3.1 Someauxiliaryresults. . . . . . . ... 383
3.2 Existence of mild solution in WSABP,, x(R,L2(Q,H),p) . . . . oo 387

4 Example 396

*Corresponding author. Email address: mamadoumoustapha3.mbaye @ucad.edu.sn (M.M Mbaye), amadou.diop@ugb.edu.sn (A.
Diop), mdieye@ept.sn (M. Dieye)

https://www.malayajournal.org/index.php/mjm/index ©2023 by the authors.



Weighted pseudo S-asymptotically Bloch type periodic solutions

1. Introduction

Periodicity is a key topic in the qualitative property of differential equations, because of its importance
in both pure mathematics and applications. However, not all the phenomena in the real world can satisfy
the periodicity criteria. Some phenomena have a behaviour that is not periodic, but rather almost periodic,
asymptotically almost periodic, w-periodicity, asymptotically w-periodicity, Bloch periodic, and so on. Bloch
periodic phenomena are related to the conductivity of crystalline solids, as F. Bloch showed in [10]. N’Guérékata
and Hasler introduced the concept of Bloch-type periodic functions in [19], which generalizes the classical
notions of w-periodicity and w-anti-periodicity. Some publications have also explored the effects of perturbations
on Bloch periodic functions, by defining some quasi-Bloch periodicity concepts. For instance, [18, 20, 32]
studied asymptotically Bloch periodic functions and their applications, while [31-34] investigated (pseudo)
S-asymptotically Bloch periodic functions and their applications. These quasi-Bloch periodic functions are
extensions of the corresponding asymptotically w-periodic and (pseudo) S-asymptotically w-periodic functions
in the deterministic case. In [27, 28], the authors investigated the notion of S-asymptotically w-periodicity
for stochastic processes and established some results on their existence, uniqueness, and asymptotic stability.
Recently, in [5], the concepts of square-mean (weighted) pseudo S-asymptotically Bloch-type periodicity for
stochastic process was introduced, which is a type of periodicity that can capture more stochastic phenomena.
Moreover, the authors of [5] investigated the existence and uniqueness of the mild solution of some stochastic
evolution equations.

In contrast, mean-field stochastic differential equations (SDEs), also known as McKean-Vlasov equations,
represent weak interactions between particles within a large system. Kac [17] first investigated it in relation to
the Boltzmann equation for particle density in diluted monoatomic gases. He also studied it in the stochastic toy
model for the Vlasov kinetic equation for plasma. McKean [13] examined how chaos spreads in physical systems
containing N particles interacting with one another. In his work, he emphasized the importance of the Boltzmann
equation, which describes the statistical behavior of gases with low densities. In [3, 4], Sznitman examines chaos
and the limit equation from a different perspective. As with the previously mentioned SDEs, he described the
limit equation using an evolution equation. A study of the dynamics of the polymers was carried out by E and
Shen in [30]. To approximate the description of the polymers, they used stochastic partial differential equations of
the mean field type. In [2, 11] they addressed similar issues related to stochastic differential equations in infinite
dimensional spaces.

A number of current research investigations have focused primarily on the existence and uniqueness of
solutions for stochastic fractional order evolution equations of the McKean-Vlasov type, with little or no results
from periodic or quasi-periodic solutions for the referred class of equations. Therefore, the above literature
motivates us to explore the existence and uniqueness of weighted pseudo S-asymptotically Bloch type periodicity
mild solutions of the following abstract mean field stochastic fractional evolution equations

ofu(t) = Av(t) + [ b(t — s)Av(s)ds + g(t,v(t), Py))
dW(t)
dt ’

(1.1

+ f(tv ’U(t)v IED’z)(t))
PP, sy = Probability distribution of v(t).

t € R,

Here 0§ denotes the Weyl fractional derivative of order @ > 0, A : D(A) C L2(,H) — L?(Q, H) is a closed
linear operator on a complex Hilbert space IL?(€2, H)) (where IL?(2, H) is an appropriate function space specified
in Section 2) and generate an a-resolvent family { R (¢) }+>0 on H, g, f are H-valued stochastic processes. Here
(W(t))ser represents a two-sided and standard one-dimensional Brownian motion on H and P,,(4) = Po [v(t)] "
is the probability distribution of v(t) under P (i.e P, (K) = P({z € Q : v(t,z) € K}) for each K € B(H),
where B(H) represents the Borel class on H.

Returning to the literature, when o = 1 and b(¢) = 0, the problem (1.1) degrades to a classical stochastic
differential equations of Mckean—Vlasov type for which have been investigated by many researchers through

e
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different methods [7, 14-16, 21, 22]. For example, let consider an g-particle system v9'1, ... %9 given by the
following weakly interacting stochastic partial differential equations

dv® (t) = Av® (t)dt + g(t, v (1), p? (t))dt + f(t, v (1), u?(t))dW (1), (1.2)
1 q

j = 1,2,--- q, where pi(t) = 726%3-@), t € R, represents the empirical distributions,
j=1

(WJ(t))=1,... q are independent standard cylindrical Brownian motions and A generates a Cp-semigroup. It is
proved that under suitable conditions on the Equ.(1.2), it’s possible to describe the limit by the following
McKean-Vlasov equation

dv(t) = Av(t)dt + g(t,v(t),Py)) + f(t,0(t), Py dW (1) (1.3)

Moreover, if f = 0 and g(t,v(t),Py)) = g(t,v(t)), the existence and uniqueness of almost automorphic,
asymptotically periodic, almost periodic, asymptotically w-periodic solutions, S-asymptotically w-periodic
solutions, asymptotically almost periodic and asymptotically almost automorphic, (w, ¢)-periodic and pseudo
S-asymptotically (w, k)-Bloch periodic mild solutions of problem (1.1) have been investigated in deterministic
cases by various authors [6, 8, 9, 24, 35, 36, 38]. In this work, the problem (1.1) captures fading memory
behaviors, and randomness of the dynamical processes. We examine a more general class of above mentioned
problems under the situation that diffusion and drift terms f, g are weighted speudo-S-asymptotically Bloch
periodic, and depend on the probability distribution of the process at times. The obtained outcomes are mainly
relied upon on the Wassertein topology, resolvent operator theory, Banach and Krasnoselki’s fixed point theorem
and stochastic analysis. We firstly provide some convolutions and composition results under some suitable
conditions and continuity assumptions. Next, we establish existence and uniqueness result (see Theorem 3.10)
which needs no compactness condition on the resolvent operator under global Lipschitz conditions on f, g and
additional suitable conditions. Finally, we relax the Lipschitz condition of g to some sublinear growth
conditions (see Theorem 3.14). Consequently, our research study can be viewed as an extension and
continuation of investigation in [5, 6, 8, 9, 24, 35, 36, 38]. Additionally, this work generalize various papers on
S-asymptotically w-antiperiodic (or w-periodic) mild solutions of to square-mean weighted pseudo
S-asymptotically (w, k)-periodic mild solutions for some stochastic fractional evolution equations.

The remainder of the paper is arranged as follows: Section 2 discusses some basic results regarding weighted
pseudo square-mean S-asymptotically Bloch type periodicity processes. Section 3.2 is devoted to the existence
and uniqueness of weighted pseudo S-asymptotically Bloch type periodicity mild solutions of Eq.(1.1). To
summarize this work, we provide an example that illustrates our results, in Section 4.

2. Background

We suppose that (2, F,P) represents a probability space, H is complex separable Hilbert space, and K
indicates a real separable Hilbert space. For convenience, the same notations || - || and (-, -) are applied to denote
the norms and the inner products in H and K. We denote by £(K, H) the Banach space of all bounded linear
operators from K to H endowed with the topology defined by the operator norm, and IL%(£2, H) stands for the
collection of all strongly-measurable, square-integrable H-valued random variables, which is a complex Hilbert
space endowed with the norm

lollee = (Ellv]*)!/2, v € L*(Q, H)

where E(-) is the expectation defined by E|[v|* = / l|v||2dP.
Q

Definition 2.1. A stochastic process v : R — 1L2(2, H) is said to be

3
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(i) stochastically bounded if there exists a constant M > 0 such that

E||v(t)||2:/Hv(t)||2dIP’<M forall teR;
Q

(ii) stochastically continuous lf%gn Elo(t) —v(s)|? =0 forall seR.

We denote by BC (R,LQ(Q,H)) the complex Banach space of all bounded and continuous stochastic
1/2

processes v from R into L2?(Q,H) with the norm |[v]sc = (sup Ellv(t)|? . We denote by

teR

Pyty =P o [v(t)] " = p(v(t)) the distribution of all random variable v(t) : (Q, F,P) — H.

2.1. Wasserstein distances

Let (H, d) be a separable complete metric space and P (IH) be the space of Borel probability measures on H.
For p1, us € P(H), we define

dpr(p1,p2) = sup ) 2.1

lYller <1

/H Vd(p — p2)

where 1) are Lipschitz continuous functions on H with the norm

{2 =0

21 — 22|

Il = 21, 2 € H, #}

[l = max{[|$llco, ¥/} 5 [¥lloc := sup |4 (k)] < oo.
key

It is known that dp, is a complete metric on P(Y) which generates the weak topology [29]. For any p > 1,we
denote by P,(H) the subspace of P(H) consisting of the probability measures of order p. For any p > 1 and
u, & € Pp(H), the p-Wasserstein distance W, (u, @) is defined by :

W, (u, @) = inf { [/ |z — y[Pu(de, dy)] Ve w € P,(H x H) with marginals u and 71}
HxH

The following lemma is of great importance in our analysis.

Lemma 2.2 (Carmona and Delarue [25], Corollary 5.4). If (P1(H), d) is a complete separable metric space, and
, i € Py1(H), then

Wi(mi)=  sup /H (=) - i)(d2)

Yy (@) = (y)|<d(w,y)

where the supremum is taken over all the 1—lipschitz functions..
Notice that if v and v are random variables of order p, then
W, (Py, Py) < (Ellv —3]|P)"/
and the Holder inequality implies that

Wp(,uvﬁ) < Wq(:u’>/7)7 Mvﬁ € Pp(H)a 1<p<q

e
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2.2. Weighted square-mean S-asymptotically Bloch type periodic process

In this segment, we recall some definitions and properties of weighted square-mean S-asymptotically Bloch
type periodic processes. We refer to [5] for a more detailed analysis. Let A denote the set of all functions
p: R = (0,00), which are locally integrable over R such that p > 0 almost everywhere. For a given r > 0 and
each p € A, we set

m(r,p) = / p(s)ds.

Throughout the work, we suppose that following condition hold:

(H?) : Forall ¢ R, Timsup 2%
ltl—oe  P(t)

< +o0.
Define the Ao = {p € A : lirf m(r,p) = oo}.
7T 00

Definition 2.3 ([5]). A stochastic process v € BC (R, L2(9, ]HI)) is said to be square-mean weighted pseudo-S-
asymptotically (w, k)-Bloch periodic if for given w € R,k € R,

lin_ 1 [ Bl +w) - o) 2o = 0

A gy L B )~ et =o

—r

for each t € R. We denote the space of all such processes by WSABP,, 1.(R,L?(Q, H), p) and and
WSABP, 1(R x L2(Q,H) x Po(H), L*(Q, H)) :{h(-, v, 1) € WSABP,, (R, L?(Q, H), p)
forany v eL?(Q,H), uc PQ(H)}.

From definition 2.3, we can formulate, the following concepts. By taking

1. kw = m, we obtain the notion of square-mean weighted pseudo-S-asymptotically w-antiperiodic stochastic
processes, i.e

.
/ E||v(t 4+ w) + v(t)||*p(t)dt = 0, foreach t € R;

—r

1m
r=-oo m(r, p)

2. kw = 2m, we get the concept of square-mean weighted pseudo-S-asymptotically w-periodic stochastic
processes, i.e

1 a
rEToo i p) /_TIEHv(t +w) —v(t)||*p(t)dt = 0, foreach t € R.

Lemma 2.4 ([5]). Let p € Ay, and X1, X2, X € WSABP,, (R, 1L2(Q,H), p), then the following results hold:
(@) X1+ X2 € WSABP,, (R, L*(Q,H), p), and aX € WSABP,, (R, L*(Q,H), p) for each a € C.

(b) X, € WSABP,, (R, 1L2(2, H), p) for each a € R, where X,(t) :== X(t + a) for eacht € R.

(©) WSABP,, (R, L*(Q, H), p) is a Banach space endowed with the norm || - || -

Throughout the paper, we define the set
BC(R x L2(, H) x Py(H),L%(Q, H)) :{h(~,v7u) € BC (R,L*(Q,H))

forany v e L*(Q,H), uc PQ(H)}.

3
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3. Discussion on solutions existence

This section of the paper is mainly concerned with demonstrating that for each weighted pseudo
S-asymptotically (w, k)-periodic input, the output is still a bounded and continuous mild solutions to the
fractional stochastic evolution equation (1.1), which is also weighted pseudo S-asymptotically (w, k)-periodic.
To achieve that, we provide some auxiliary outcomes where we establish some useful superposition results.

3.1. Some auxiliary results

Let h € BC(R x L2(2, H) x P2(H),L2(2,H)) and consider the following assumptions:

(HO) For all u € L%(Q, H),

) / ElA(t +w, u,By) — eFh(t, e u, Pemin,, )2 p(t)dt = 0

uniformly on any bounded set of I.2(2, H).

(H1) There exists a number L > 0 such that for any u,v € L2(Q, H) and p1, po € Po(H),
EHh(ta u,ﬂl) - h(t,UaMQ)”Q <L. (E|’LL - sz + Wg(yla V2)>a

uniformly for all £ € R.

(H*1) For any € > 0 and any bounded subset D C ]LQ(Q7 H), there exist constants T, p > 0 and d¢ p > 0 such
that
El|h(t,v1, Py, ) — h(t,vg,IP’vQ)||2 <e

for all v1,ve € D with E[jv; — vs]|? < 8. p andt > T, p.

Remark 3.1. The condition (H*1) mean that h : R x 1L2(2, H) x Po(H) is asymptotically uniformly continuous
on bounded sets of L%($2, H).

Remark 3.2. Particularly, by choosing

1. kw = m, condition (HO) degrades to assumption (H*0) given by: for all v € L?(Q, H),

1 T
Jim / Ellh(t +w, v, Py) + h(t, —0, B_) |2 p(t)dt = 0

r=oom(r,p) J_;

uniformly on any bounded set of 1.?(€2, H).

2. kw = 2, condition (HO) degrades to assumption (H**0) given by: for all v € L?(Q, H),

1 a
lim / E||h(t + w,v,P,) — h(t,v,R,)||?p(t)dt = 0

r—0o0 m(r7 p) -Tr

uniformly on any bounded set of 1. (2, H).
We have the following composition theorem.

Theorem 3.3. Letp € Aoo. If h € BC(R x L2(Q, H) x Py (H), L2(2, H)) satisfies (HO) — (H1), then we have
h(-,v(-),Pyy) € WSABP,, (R, L*(Q,H), p) for every v € WSABP,, (R, L?(Q, H), p).
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Proof. Since v € WSABP,, (R, L2(Q, H), p) then sup E||v(t)||* < oo. Therefore
teR

sup E||h(t, v(t), Pogo))I|* < sup E[|h(t, v(t), Pury) — h(t,0,0]|* + sup E[|h(t,0,0)]|*
teR teR teR

< Loup <E||v<t>||2 WE(B,, o>> + sup EllA(1,0,0)|
teR teR

< 2L sup E||v(t)||* + sup E||A(t,0,0)|*> < co.
teR teR

Lett, top € Rand v € WSABP,, 1, (R,L*(Q,H), p). Then
E|A(t, v(t),Pyw) — h(lfo,’U(to),ﬁ”v(to))H2 < 3E||h(t, v(t), Pyry) — hlto, v(t),IP’va))HQ

+ 3E [|(to, v(t), Puce)) — hlto, v(to), Puy)
+ 3E || h(to, v(t0), Pygr)) — h(thv(tO)an(to))H2

< 3E ||t 0(t), Pygey) — hlto, v(t), Pogyy)||”
+ BLE [[u(t) — v(to)[|* + BLW3 (v(1), v(to))

< 3E||h(t, v(t), Pugry) — Alto, v(t), Pugn))|”

+ 6LE |Ju(t) — v(to)]|* .

Since v € WSABP,, (R, L?*(Q, H), p) and h € BC(R x L?(Q,H) x Py(H),L2(£2, H)) then

. 2 .
lim E ||2(t,v(t), Pye)) — h(to, v(t), Py = tlglo E [Ju(t) — v(to)|]* = 0.

t—to

It follows that h(-,v(-),P,()) € BC (R,L?(Q2, H)). Next, we prove that

,
T_iriloo oy /_T E[A(t +w,v(t +w), Pytrw))) — €*h(t, v(t), Pyw)) | p(t)dt = 0.

We have
ﬁ /r EllA(t + w, v(t + ), Pueye)) = €M hlt 0(t), o)) | p(8) dt
*ﬁ / Ell/a(t + w, v(t +w), Poera)) — €™ h(t, 70 (t +w), Peviboy(rran) P p(t)dt
+ m(72“7 ) /_TT Elle?*h(t, e~ *“v(t + W), Pe-ikwy(t4w)) — eik“h(t,v(t),lP’v(t)))||2p(t)dt
B m(i p) /Tr El[A(t + w, v(t + w), Py(rpu)) — €*h(t, e 0t + w), Peikoy (14 ) | (8 dt
% / (Eeikwv(t +w) — v+ W (Pe‘“““v(tw)vpv(t)))p(t)dt
7% /_Tr E[lh(t + w, 0(t + @), Pygrgw)) — €™h(t, e "0t + w), Peiroy 4 | 2p()dt
gy [ Bl e o) ool

— 0asr — +oo by (HO) and the fact that v € WSABP,, (R, L2(Q, H), p).

384

e




Weighted pseudo S-asymptotically Bloch type periodic solutions

Then it follows that

rggloo m(r, p) [T EHh‘(t +w, U(t + w)v]P)v(ter))) - eikwh’(tv U(t)v ]P)U(t)))HZp(t)dt =0.
Which means that h(-,v(-),Py()) € WSABP,, (R, L2(Q,H), p). [ |

From Theorem 3.3, we derive the following corollaries.

Corollary 3.4. Let p € A, and v be a square-mean weighted pseudo-S-asymptotically w-antiperiodic stochastic
process. If h € BC(R x L2(Q,H) x Po(H), L*(Q, H)) satisfies (H*0)-(H1), then t — h(t,v(t),Py)) is
square-mean weighted pseudo-S-asymptotically w-antiperiodic.

Corollary 3.5. Let p € Ay, and v be a square-mean weighted pseudo-S-asymptotically w-periodic stochastic
process. If h € BC(R x L*(Q,H) x P(H),L*(2, H)) satisfies (H**0)-(H1), then t — h(t,v(t),Pyq)) is
square-mean weighted pseudo-S-asymptotically w-periodic.

Theorem 3.6. Let p € Ao If h € BC(R x L?(Q, H) x Po(H), L?(2, H)) satisfies (H0)-(H*1), then we have
t — h(t,v(t),Py)) € WSABP,, (R, L*(Q, H), p) for every v € WSABP,, (R, L*(2, H), p).

Proof. The demonstration can be done similarly to Theorem 3.3 and Theorem 2.6 in [5] with minor
modifications. u

Now, we present some convolutions results.
Lemma 3.7. If {K(t)}1>0 C B(H) is uniformly 1—integrable and strongly continuous family of operators, and
X € WSABP,, (R, L*(Q,H), p), then
t—s O(t / K(t — 5)X (s)ds € WSABP,, x(R,L*(Q,H), p).

Proof. Let X € WSABP,, (R, L?*(Q, H), p). Since the operator family {K(¢)};>0 is uniformly 1—integrable
then there exist M > 0 such that

/0 i) e < Ar.

Then it is easy to show that ® € BC (R L2(9, ]HI)) using the Lebesgue dominated convergence theorem and the
fact that X € BC (R,L?(2, H)). For any r > 0 we have

i [ EIe ) - e oo
—m(ip)/_E/ Kt +w-—s)X —“W/ K(t — s)X(s)ds p(t)dt
ey | [ e oxtesomm e [ e aon
_m(i’p)/iE/ K(t — 8)[X (s +w) — e* X (s)]ds p(t)dt
[ e snas [ i — o X ) - e x o] ey
v [t ol B +) — x| pitya
[ ke e - e - x| ey
e
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From the Fubini theorem, it follows that

1
P)

Y / KON |y [ EIX (= s) = X0 = s)Ppte)an] as
v [T i) [m(p) [ EIX+ ) - Xt as.

] e e s - erx - sas] oo

Since X € WSABP,, (R, L?(Q,H), p), thanks to Lemma 2.4, we know that for any s € R, we have

# w 7eikw 2 _
lim p)/ E|X_y(t +w) X_,()|2p(t)dt = 0.

r—+oco m

Then Lebesgue dominated convergence theorem yield that

[N | [ B ) = X et ds s o

Therefore
lim — 1 /T E[|®(t +w) — e*d(t)||2p(t)dt = 0
r—+o0 m(r? p) -Tr .
Which proves that ® € WSABP,, (R, L%(Q, H), p). [ |

Lemma 3.8. If {K(t)}1>0 C B(H) is uniformly 2—integrable and strongly continuous family of operators, and
X € WSABP,, (R, L%(Q,H), p), then

Fs Bt /ICt—s ()dW(s) € WSABP,, (R, L2(Q, H), p).

Proof. Since the operator family {KC(¢)};>¢ is uniformly 2—integrable then by the Ito’s isometry property of
stochastic integral, the Lebesgue dominated convergence theorem and the fact that X € BC (R, L2(Q, H)), it is
easy to show that ® € BC (R, L2(Q, H)) using the Lebesgue dominated convergence theorem and the fact that
X € BC (R,L?(2, H)). We have that

— [ Bl - 0 P

m(r, p)

p(t)dt

2

! H/ Kt —38)X(s+w)dW(s +w) — mw/ Kt —s)X(s)dW(s)| p(t)dt.

(Tp

Let W (s) = W(s 4+ w) — W(w). We know that W is a Brownian motion and has the same distribution as W.

E =

[V =)
MM
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Using the Ito’s isometry property of stochastic integral and the Fubini’s theorem, we obtain that

= "B+ w) — B [2du()

m(r,p) J

%_7 H/ K(t — )X (s +w)dW (s) —”W/ K(t — 5)X (s)dW (s)

B (71“,0/TE

7“,0/,,«/ E||C(t—s) [X(s+w)— et X (s ]H dsp(t)dt

p(t)dt

Kt —s)[X(s+w)—e™X(s)] AW (s) p(t)dt

e [ Ik o) - e X (o) s )t
i L IR B s ) = e )P ey

< [T [ [ B s - - sl ptoi] as.

Since X € WSABP,, (R, L?(Q,H), p) and {K(¢)}+>0 is uniformly 2—integrable, therefore invoking Lemma
2.4 and Lebesgue dominated converge theorem, we get that

/_T, E|®(t + w) — & (¢)|?p(t)dt = 0.

1m
r—+o0 m(r, p)

which proves that ® € WSABP,, (R, L2(Q, H), p). [ ]

It is worthwhile to point out that if kw = 7 (resp. kw = 27), from Lemmas 3.7 and 3.8, we can get
some convolutions results for weighted pseudo S-asymptotically w-anti-periodic (resp. w-periodic) stochastic
processes.

3.2. Existence of mild solution in WSABP,, (R, L*(Q,H), p)

We will begin by recollecting some facts about the Weyl fractional integrals and derivatives of order o > 0, as
well as the a-resolvent operators that will be employed to develop the main results. For more details on properties
a-resolvent operators, one can make reference to [24]. Suppose that X is a Banach space. For given function
h : R — X, the Weyl fractional integral of order o > 0 is defined by

O h(t) = ﬁ/_ (t— )2 h(s)ds, teR,

when this integral is convergent. The Weyl fractional derivative 95 of order « is defined by

dTL

i oy " nt), teR,

Ah(t) =

where n = [a] + 1, and the notation [«] represents the integer part of a. Now, Let A be a closed and linear
operator with domain D(A) defined on a Banach space X, and o > 0. For a given kernel b(-) € L}, .(R4), it
is said that A is the generator of an a-resolvent family if there exists & > 0 and a strongly continuous family

Rea : Ry — B(X) such that
)\(X
{1+b()\) ()>£} p(A)
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and for all y € X,

1
(0 = (14 B())A) 1y = - +113(A) (1 +A5(A) _ A) Y= /0 MR (Dydt, Rel > €.

{Ru(t)}+>0 is called the a-resolvent family generated by the operator A. Motivated by Ponce [24], we present
the concept of mild solutions for Eq.(1.1). For each t € R, W(¢) is a two-sided and standard one-dimensional
Brownian motion defined on the filtered probability space (€2, F, P, F;) with F; = o{W(r) — W(s) |r, s < t}.

Definition 3.9. An F;-progressively measurable process {v(t) }ier is called a mild solution of problem (1.1) if it
satisfies the following stochastic integral equation

U(t) = [ Ra(t - 8)9(8,1)(8),@1)(8))618 + [ Ra(t - S)f(S,U(S),PU(s))dW(S)

Sforallt € R, where {R(t) }+>0 the resolvent family generated by the operator A.

We establish the existence and uniqueness of weighted square-mean S-asymptotically Bloch type periodic
mild solution for Eq.(1.1) under global Lipschitz-type conditions on the second variable of functions.

Theorem 3.10. Suppose that the operator A generates an c-resolvent operator {Rq(t) }1>0 C B(H) such that
fort >0, |[Ra(t)]| < da(t) where ¢, € LY (Ry) N L2(Ry). Further, assume that g, f € BC(R x L2(Q, H) x
Po(H), L2 (2, H)) satisfy (HO) and there exists constants L, L' > 0 such that for any vi,vs € L*(Q,H) and
p, p2 € Po(H),

Ellg(t, vr. 1) — g(t, v 12)|2 < L <E||v1 ol +vv§<u1,u2>>,

ElLF(t o1, 1) — £t v, o) |2 < L (Em o +vv§<u1,uz>),

uniformly for all t € R.
Then Eq.(1.1) has a unique mild solution v € WS ABP,, (R, L?(Q, H), p), provided

1

1$allZ L+ Llléallz < T 3.1

Proof. From Theorem 3.3, for each v € WSABP, ,(R,L*(Q,H),p), the stochastic processes
s = f(s,0(8),Pycs)), s > g(s,v(s),Py(s)) belongs to WSABP,, (R, L?(Q2,H), p). From Lemmas 3.7, 3.8

and 2.4-(a), we can define the operator

S : WSABP,, (R, L*(Q,H), p) - WSABP,, (R, L*(Q, H), p)

y (Su)(t) = / Ralt — $)9(5,0(5), Pugey)ds + / Rec(t — 5) (5, 0(5), Poe))dW(s)

Let v1,v2 € WSABP,, (R, L?(Q,H),p) and t € R. Then using Cauchy-Schwartz’s inequality and Ito’s
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isometry property of stochastic integral, we have
E[|(Sv1) ()~ (Sv2) (1) ||

<2 /_; Ra(t = 5)[g(s,v1(5), Puy () = 9(5,02(5), Puy )]s
v [ ; Ra(t = 5)/ (5, 01(5), Poy(e)) = F(5, v2(8). Pua () JAW(S)

<2 [ butt=5)ts ([ bt DBNg(s.00(5) Bu) — o). P 17 s
o (/m Bt = $)ENLF (5,01(), Puy ) — (5, 02(5), Puio)] I ds)

<ol [ uli 9 Bl (9) = o) P + W (0.2 s
+2L ( /_too da(t =) {E”“l(s) —wa()l+ Wa (v (9), UZ(S))} ds)

<4L || dall7s sup Ellvi(s) — v2(s)[* +4L'[|¢a 22 sup El|vi(s) — v2(s)[I?
ES sE

s4<¢a|%lL+ L’||¢a|%z) Jon — vall%.

Therefore we have

[St1 = Svslloe < 2/ 16alZ L + L[ all3a o1 = v
The conclusion follows from the Banach fixed point theorem.

Remark 3.11. By taking kw = m, we can derive some existence results for square-mean weighted pseudo S-
asymptotically w-antiperiodic mild solutions to problem (1.1) from Theorems 3.10. Moreover, choosing kw =
2w, we can derive some existence results for square-mean weighted pseudo S-asymptotically w-periodic mild
solutions to problem (1.1) from Theorems 3.10.

In the rest of this section, we prove the existence of the weighted pseudo S-asymptotic Bloch type periodic
mild solution for Eq.(1.1) under sublinear growth conditions on g and global Lipschitz assumption on f . First,
suppose that ¥ : R — R is a continuous functions which satisfies ¥(¢) > 1 forallt € Rand lim W¥(t) = oco.

[t]—o0

We define the space

Co (R, L*(Q, H)) = {v € BC (R,L*(Q, H)) - A W = o}.

Ello(£)[12\ /2
Cy(R,1L2(Q2,H)) is a Banach space equipped with the norm ||v||¢ = <supt€R L;Et;”> .
Lemma 3.12 ([12]). A setU C Cy(R,1L2(Q,H)) is relatively compact if the following conditions hold

2
@ 1 IO

AT ) = 0 uniformly for any v € U;

(b) U is equicontinuous.

(¢) The setU(t) = {u(t) : u € U} is relatively compact in 1L.?(2, H) for each t € R.

e
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In order to accomplish that, we will need the following conditions:
(H2) The functions g, f € BC(R x L2(2, H) x Py(H),L2(2, H)) satisfy

1. f(t,z,p) and g(t, z, j1) are uniformly continuous in any bounded subset D C LL%(£2, H)) uniformly
fort € R and p € Py(H)

2. For all 1 € Py(H), there is a continuous nondecreasing function X, : [0,+00) — [0,+0c0) and
positive constant M, := M, () such that

Ellg(t, z, w)||* <M, X,(E||z||?) forall t € R, z € L?(Q2, H).

3. For each € > 0 there exist § > 0 such that for every y, 2 € Cy (R, L?(,H)), ||y — z||s < & implies
that

t
€
(bat—s]Egt,y,IE” —g(t,z,P.)|]?Pds < ————— forall t € R,

/ G2 (t — $)E|| f(t, y, P,) — f(t, 2, P.)|%ds < ifor allt € R and
J—sup / P2 (t — 5)U(s)d )<oo.
tER
Our strategy is based on the following Krasnoselskii’s fixed point theorem.

Lemma 3.13 ([1]). Suppose B is a closed convex and nonempty subset of a Banach space Y and S1 and S, are
two operators verifying

1. Ify,z € B; then S1y + S22z € B;
2. 81 is compact and continuous;
3. 8o is a mapping contraction.
Then, there exists y € B such that y = S1y + Sa2y.
We have the following existence result.

Theorem 3.14. Suppose that the operator A generates a compact a-resolvent operator {Rq,(t) }1>0 C B(H)
fort > 0 such that |Ry(t)|| < da(t) where ¢, € L*(Ry) N L2(Ry) for t > 0. Assume that g, f € BC(R x
L2(Q,H) x Py(H),L2(Q2,H)) verify assumptions (HO) and (H2). Moreover, suppose that g satisfies condition
(H*1) and there exists constants L' > 0 such that for any vy, ve € L2(Q, H) and ji1, ji2 € Po(H),

B (o1, 1) — (b oo, aa)|2 < L' (Em o +W§<u1,u2>).

Then the problem (1.1) has at least one mild solution in WSABP,, (R, L?(Q, H), p) provided that
2L J < 1.

Proof. Define the operator S : Cy (R, L?(Q,H)) — Cy (R, L2(Q, H)) by

/ Rt — $)g(s, v(s ),IPU(S))ds+/_ Ralt — )f(5,0(5), Boe))dW(s)

=(S10)(t) + (S20) (1)

e
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where

(S1v)( / Ra(t —5)g(s,v(s), Py(s))ds and

(S2v)( / Ra(t —5)f(s,0(8),Pys))dW(s).

In order to show that S has at least one fixed point in WSABP,, (R, L?(£2, H), p) through the Krasnoselskii’s
fixed point theorem, we will divide the proof in several steps.

Step 1. We claim that S : Cg (R, L2(Q,H)) — Cg(R,L2(Q, H)).

Letv € Cyy(R,L?(Q, H)). First, from Lemmas 3.7 and 3.8, S(®) € C(R,L?(Q, H)).

Next, we have that

Ell(Sv) ()]

28] [ Rt 51006, 06) Pl + 281 [ Rt = 150606, Puga )OGS
<2 [ buatt=o)is ([ oult= latov(5) Buco) )

+2(/ B2t = DELF50(5) Pug) — 5:0.Paco) + F(5.0. Pug) s
<2oulls ([ 6alt=5) (21012 )

4([ st BRI B0 2] ds)

<20 X (02 €allfs + 4l 6alFa (L' 0] + My ),

where My = Mg (u) = sup,ep E||f(£,0, u)||? for all € Po(H).
Since v € Cy (R, L?(2, H)) and by invoking condition (H2)~(3), we derive that

SOOI . . Moo Bal3s + dlldal3s (L1012 + My)
im —————— < lim
[t|— 00 U(t) [t|— 00 U(t)

This prove that S : Cyy (R, L2(2, H)) — Cy (R, L%(Q, H)).
Step 2. We claim that S is continuous on Cy (R, L?(£2, H))

Let ¢ > 0. From condition (H1)-(3), there exist a real positive constant § > 0 such that for each y,z €
Cy (R, L2(9,H)) with ||ly — z||¢ < &, we have

t
€
bt — S)E|g(t,y,P,) — g(t,z,P.)||?ds < —————— forall t € R,
/_OO ( ) || ( y) ( )H 4(”¢o¢”L1+1)

t
/ Gt~ SVENF (1, By) — (1,2, B ds < & forall t € R

e
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Now, we obtain that
El[(Sy)(t)—(S2)(1)|1?

<28 [ Rt~ )i, 06). Py — 905, 206) ol

# 28] [ Ralt = 911 05:006) o) = T 5, 206) gl o)

<2 [ butt=o)is ([ bult= DBNo(s:0(5) Buce) —alss2(5) o 1 s
v2 ([ 620 BN 6).Pao) — Flss2(6) o 1)

<2oulls (| 6ult = Elatosa(5). By) — s, P P )

+2 (/_Oo @a(t — $)E([f(s,9(5), Pys)) — f(s,2(3), Pogs)]I? ds)
<C@loul) % (g ) + 27 (5)
<e.

Which implies that

1/2
I(56)~(S2)ls = (510 GrEISHO ~ (SO )  — 0asy - =

This show that S is continuous on Cy (R, L2(£2, H)).
Step 3. We show that there is k > 0 such that S (By) C By, where
Bk = Bk (Cy(R,L*(Q, H))) := {z € Cy(R,L*(2, H)) such that ||z|| ¢ < k}

represents the closed ball with center at 0 and radius k in the space Cy (R, L?(£2, H)). Arguing by contradiction,
suppose that for each k > 0 there exist zx € By such that | Szk|w > k.
We have

NSz ()12 <2My X, (02l 6a 2 + 4l0all3s (L 10112 + My).

Forallt € R, we get

E|l(S 2 1 /
il <5 <2ngg<||vio>|¢a||%l + Ao 2 (L] +Mf)>

We get that

Ell(Sz) (#)]2
U(t)

<2MX<|U||2 galt: +4llgals (2'l0]% +Mf)> 0.

k < [[(Sz)]w = sup
teR

<sup ——=
teR

1
e ()

E)L%
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Which is a contradiction.

Step 4. We show that S; is completely continuous and S is a contraction.
By similar computations as in the proof of theorem 3.10, it’s easy to see that Sy is a contraction provided
4L |vg ||2L2 < 1. On the other hand, it easy to see that S; : By — By is continuous.
Let U = S1(By) and u(t) = (S1v)(t) for v € By and ¢ € R. We aim to prove that I/ is relatively compact with
the aid of lemma 3.12. For more clarity, we split this step in three claims.

Claim 1. U/(t) is a relatively compact subset of .2 ({2, H) for each t € R.
We know that s — ¢, () is integrable on R, . Hence, for € > 0, we can choose b > 0 such that

 pu(s)ds < ‘ .
/b Pals)ds < [@allL My Xy([[vllZ,) + 1

Since for any 0 < a < b < o0, let

b oo
uq(t) = / Ra(s)g(t —s,v(t — 8),Py—s))ds —|—/b Ra(s)g(t —s,v(t — 8),Py—s))ds,

and
Uy (t) :={ua(t) : 0<a<b<oo}.

We derive that

2

E\ < 60l My, (o) [ duls)ds < e

/ Ra(8)g(t — 5,0(t — 5), Pyr_))ds
b

and by invoking the mean value theorem for Bochner integral, we get
ua(t) € (b= a)co(O) + Be(L*(2, H)),
where co(O) represents the convex hull of O and
O :={Ra(s)g(v,p) 1 a<s<b t=b<E<t—a, |[v]e <k, pePar(H)}
Furthermore, by the compactness of R (t) for ¢t > 0, it follows that O is relatively compact. Hence, we deduce

that U, (t) C (b — a)co(O) + B (L?*(2, H)) is also relatively compact for any a > 0.
By Lebesgue dominated convergence theorem, we have that

0o b
E||lu(t) — ua(t)||2 =E /0 Ra(s)g(t —s,v(t — ), Pyr—s))ds — / Ra(s)g(t —s,v(t —5),Pyu—_s))ds

o] 2

- Ra(s)g(t -5, v(t - S)»Pv(t—s))dsa

2

b
a
=E ‘ / Ra(s)g(t —s,v(t — 5),Py—s))ds
0

<\l 2 My Xy (J0]12) / da(s)ds — Oasa — 0.
0

Thus there exists relatively compact sets arbitrarily close to the set Z/(t). This proves that (t) is relatively
compact.

3
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Claim 2. U/ is equicontinuous.
Simple computations yield that

1)~ u(t)
/ Ra(s)glt 47— 5,0t +7 = 8), Byrrg)ds = [ Ra(s)g
0

[/ Ra(8)g(t -7 — 5,00t + 7 — 8), Puger_s))ds
/R (s + 1)glt — 5,0(t — 8), Poe_sy)ds
/ Ra(s+1)g(t —s,v(t — ),]P’v(t_s))ds]
- [/aRa(s) (t—s,0(t —5),Pyr—s) ds—|—/ Ra(s)g(t —s,v(t — 5),Py—s))ds
/ Ra(s)g(t +r—s,0(t +1r—8),Pyiir_s))ds
+ /0 [Ra(s+1) = Ra(s)]g(t — s,0(t — 5),Pye—s))ds
+ /Oo[Ra(s +7) = Ra(s)]g(t — s,v(t — 5),Py_s))ds

=Fi(a,v,t,7)+ Fa(a,v,t,r),

where
(a,v,t,) / Ra(s)g(t +r—s,v(t +1—5),Pyuqr_s))ds

/0 Ras + 1) — Ra()]g(t — 5,0(t — 5), Pogr_s)ds

7 T

Fy(a,v,t,7) = /Oo[’Ra(s + 1) —Ra(s)]g(t — s,v(t — 5),Pyu—_s))ds.

It follows that
Ellu(t 4+ 7) — u(t)||* < 2 (El|Fi(a,v,t,7)||* + E[| Fa(a, v, t,7)|]?)

By using Cauchy-Schwartz’s inequality and condition (H2)-(2), we obtain the following estimations

El[Fi(a,v,t,7)]?
2
<2E gt +r—s,0(t +7r—5),Pyqrs))ds
a 2
+ 2E / [Ra(s+7) — Ra(s)]g(t — s,v(t — 5),Pys—s))ds
0

§2H¢QHL1 / ¢a(S)E||g(t +r— va(t +r— S)vPU(t+r—s))||2dS
0

(t -5, 'U(t - 8)7 IP)v(t—s))ds

([ 1Rats 1) = Ra(o)las) ([ 1Rals 1) = Rao) Ellgte = 500t = 51, PPt )

r a 2
S2H¢aHL1M9Xg(Ilvllio)A Pa(s)ds + MyXy([[v]I3.) (/0 IIRa(8+T)—Ra(S)IdS> :
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and
E||Fy(a,t,7)|?

—E| / o5 4 7) = Ra()]g(t — 5,00t — 8), Poge_sy)ds]?
< / [Rals +7) — Ra(s)llds / T Rals + 1) — Ra(s)]] Ellglt — 5,0t — ), Pu_)|I? ds
<M, ([o]]%) ( | IRas+1) - Ra<s>ds> .

By the continuity of (Rq(t)):>0 for ¢ > 0 in the operator norm topology, the right side of the above two
inequalities tends to zero as » — 0. Consequently,

. 2 1. 2 _
}% E|Fo(a,v,t,r)||° = ll_r:% E||Fz(a,v,t,r)||* =0
We deduce that
E[[(S19)(t +7) — (S19)(8)[|* =E|u(t +7) — u(t)|?
<2E|Fi(a,v,t,7)||* + 2E|| Fa(a, v,t,7)|?
—>0asr — 0.

This prove that I/ is equicontinuous.

2
Claim 3. We show that lim —-4D1”

ltl—oo  W(1) =0.

We have that

Elu)l* _ MyXy(llv]Z)lI¢allf
w(t) -~ w(t)

L 0as |t| = oo,

and this convergence in independent of v € By (Cy (R, L?(Q2, H))).

Hence, by claims 1, 2, 3 and lemma 3.12, we deduce that I/ is relatively compact in Cy (R, L?($2, H)). Hence
S is completely continuous

Step 5. S has a fixed point in WSABP,, (R, L2(<2, H), p) N By

From Theorem 3.3 and 3.6, for each v € WSABP, ;(R,L2(,H),p), the stochastic processes
s = f(5,0(5),Py(s))s s — g(s,0(s),Py(s)) belongs to WSABP,, (R, L*(Q,H), p). From Lemmas 3.7, 3.8
and 2.4-(a), we obtain

S(WSABP,, x(R,1L2(Q,H), p)) € WSABP,, x(R,L%(Q, H), p).
From step 1, it follows that
S (WSABP,, x(R,L*(Q, H), p) N Bk) € (WSABP,, (R, L*(, H), p) N By) .

On the other hand, by the continuity of S, we have that

S (WSABPWC(]R, L2(0, H), p) N Bk\I’) C SOWSABP, +(R,L2(%H), p) N By)

C WSABP, +(R,L2(, H), p) N By, -

Thanks to Krasnoselski Theorem 3.13, we deduce that S admits a fixed point

v e WSABP, (R, L2(, H), p) N B -

3

s
2

395



M.M Mbaye, A. Diop and M. Dieye

Step 7. We prove that v € WSABP,, (R, L*(Q, H), p).
Let {v,} C WSABP,, (R, L*(Q, H), p) N By such that ||v,, — v|l¢ — 0. We obtain

Ell(Svn)(t) — v(®)|* = Ell(Sva) (t) — (Sv)(t)]I?

zgwap(/ %@$EM&%@E@@)9@M$PWMV%)

+2 (/ ¢i(t - S)EH[f(S,’Un(S),]P)U"(S)) - f(S,U(S),P,U(S))]”Z d5> .

By using (H2)-(3), we derive that {Sv,} converges to {Sv} uniformly in R. Thus,
v =8v € WSABP,, (R, L?(, H), p) is mild solution of the problem (1.1). [ |

Remark 3.15. By taking kw = m, we can derive some existence results for square-mean weighted pseudo S-
asymptotically w-antiperiodic mild solutions to problem (1.1) from Theorems 3.10 and 3.14. Moreover, choosing
kw = 2w, we can derive some existence results for square-mean weighted pseudo S-asymptotically w-periodic
mild solutions to problem (1.1) from Theorems 3.10 and 3.14.

For example, we have the following results.

Corollary 3.16. Suppose that the operator A generates a compact a-resolvent operator {Rq(t)}1>0 C B(H)
fort > 0 such that || R (t)|| < ¢u(t) where ¢ € L*(Ry)NL*(Ry) fort > 0 and the functions g, f € BC(R x
L2(,H) x P2(H),L*(Q,H)) verify assumptions (H*0)-(H2). Moreover, suppose that g satisfies condition
(H*1), and there exists constants L' > 0 such that for any vy, ve € L2(Q, H) and p11, o € Po(H),

El|f(t,v1, 1) = F(t, 02, p2) || < I (Eﬂl — va|[® + W3 (1, V2)>-
Then the problem (1.1) has at least one square-mean weighted pseudo S-asymptotically w-antiperiodic mild
solution provided that 2 L' J < 1..

Corollary 3.17. Suppose that the operator A generates a compact a-resolvent operator {R,(t) }1>0 C B(H)
for t > 0 such that |Ra(t)|| < ¢u(t) where ¢, € L*(Ry) N L%(Ry) for t > 0 and the functions g, f €
BC(R x L2(Q,H) x Po(H),L%(Q,H)) verify assumptions (H**0)-(H2). Moreover, suppose that g satisfies
condition (H*1), and there exists constants L' > 0 such that for any vy, vy € L2(Q, H) and i1, 12 € Po(H),

Ef@mwﬁ—ﬂMmmWSL(Em—w2+W%mw0-

Then the problem (1.1) has at least one square-mean weighted pseudo S-asymptotically w-periodic mild solution
provided that 2 L' J < 1..

4. Example

To illustrate our theoretical results, we consider
p(t)=1+t> for tecR.

Then, p € Ao and satisfies (H?).
Let H = L?[0,7], 1 < @ < 2, v > 0 and consider the following problem

V2 t _ a—1
agv(tvg) = _V’U(t>§) - I[ (tF((Z)[)’U(t,f)dS
+g(tav(ta€7Pv(t,£)) + f(ta U(taf)’]}bv(t,f))

v(t,0) = v(t,m) =0,

OW(t)
ot

A.1)

(t,€) e R x (0,7)
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where W(¢) is a two-sided and standard one-dimensional Brownian motion defined on the filtered probability
tafl
space (€2, F,P, F;). The problem (4.1) can be written into the form (1.1) with v(¢)(§) = v(¢,&), b(t) = ZF( j
o
and A = —vl, I is the identity operator on the Hilbert space H. It follows from [24, Example 4.17], that A
generates a ae—resolvent family {R,(¢) }+>0 with its Laplace transform satisfying

. A )\a—l//2 )\Ot—V/2
ReM = s v2E ~ Do w2 Dot o)

and

Ra(t) = (r*7)(t) where r(t) = t%ga,a/2< _ ;ta)

and &, , /2(') is the Mittag-Leffter function (see [26]). From [23, Theorem 4.12], there exists a constant C' > 0,
depending only on «, such that, for ¢ > 0

C
1+ vte

Ra @] < = dal(t)-

Simple calculations yield that :

C 1 1
lball = ———B(=,1-1) <o
avl/ o

(07

and
C? 1 1
2 _ 0~ - -
||¢aHL2 = 041/(1/01)*18 ((172 a) < 09,

where B(-, -) denotes the Beta function.
First, to illustrate the Theorem 3.10, let take the forcing terms are follows:

Mi(t,2)(€) + My(t, 2,P,)(€) and
My (t,2)(€) + Ma(t, 2, P2)(9),

Q %
—~ =
\.@F \.H‘
R
< N
I83 n
< -
—~~
o
S~— ~—
[T

where M, (¢, 2)(§) = y(t)o1(2(1)(£)),  Ma(t, 2)(§) = v(t)o2(2(1)(£))

Tt 2 P)(6) = {1 [eostetnie + [ )ammz(t,@(dx)] and
Wilt2 26 = s [sn0©) + [ P (dx)] .

We suppose that () is bounded continuous function such that y(t+w) = (¢) withw € Rand ¢ : L?(0,7) — R
is a 1-Lipschitz continuous function. Furthermore, the functions o; (i = 1, 2) are such that

oi(e™z) = "oy (x), and  E|loy(u) — o;(v)||3 < LiEllu —v||%, Li >0 for i=1,2.

Now, for (¢ = 1, 2), we have that

M;(t +w, 2)(€) = 7(t +w)ai(2)(€) = 1(t)e™oy(e " 2)(€) = e Mi(t, e ™2)(€),

e
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then we get following estimation for z € IL2(Q, H)) and > 0:

1 /T ik —ik 2
R E||f(t+w,z,P,) — e f(t,e " 2, Poirw,)||gp(t)dt
i | s )~ e )o(t)
1 " ~
= / E||y(t + w)Mi(2) + My (t + w, z,P,)

“m(r,p) ),
_ ik (fy(t)Ml(e_isz) + Mt e_ika7Peisz)) 5 p()dt

1 T e ;
/ E[|[Mi(t+ w,z,P.) — e My (t, e 2 Pk, || % p(t)dt

“mlrp) ),
gm |l e+ [ . awm(dx)]
et fas(een) 1 [ . e<x>nﬂ>eisz<dz>] H p(t)dt
2 T ?
anH(Z’[';c; [ p(tiw) COS(Z)+/Itz<o,w>£(x)m(dx)] H
+E ﬁe“@w cos(e=* ) + /IL z(om)z(m)m_mz(dx) (g)] ; p(t)dt.

By lemma 2.2, Holder’s inequality and the representation of Wasserstein distance in terms of random variables,

we have
/ U(z)P,(dz) < Wi(P.,0) < Wy (P.,0) < (E||z]|*)Y/? < o0
L2(0,7)
L/ EIF(E+w, 2, P.) — € f(t, e~ P ) |2 p(£)dt
m(’]"7p) . b) ) ) ) € z
2[|12 / L7 2 L o 12
<2 Moo 2(1+E — | 2(1+E|e™ t)dt
St o\ T asoe (I +Ellzllin) + |75 | 2+ Elle™2lli) | p(t)
A1+ E|2|12)VZ [T 1 2 1 P
< (1+ IIZIIH)IIVIIOO/ p(t)dt.
m(r, p) o\ [T+ (tHw)? 1+¢
We have
2
1 | 1 Tt t
/ 5| p(t)dt = / 5 = are angr) — 0asr — oo.
m(r,p) J_,|1+1 m(r,p) J_, 1+t r+ 5

Note that by the assumption (H?), there exits a constant b > 0 such that for a.e ¢ € R, we have

p(t —w) m(t — |w|, p)
PO mtp) 0

398

4.2)

e




Weighted pseudo S-asymptotically Bloch type periodic solutions

Then
1 r 1 2
t)dt
m(r, p) [ 1+ (t+w)? P(t)
1 r+|w| 1 2 ‘—
Sm(r + |wl, p) ( / 2 o w)p(t)dt>
m(TH p) m(r + \w|, p) |l 14¢ p(t)
b2 r4|w| 1 2
St Wl ) —— 1| p(t)dt — 0 as r — oo (similarly to (4.2)).
—m(r + |wl, p) /TM r+e| PO ( yto (4.2))
Hence

lim / E[[f(t+w,zP.)) —e® f(t, e 2 Pirw,)) || Zp(t)dt = 0.

e m(rp) ),

Similarly, we have

lim Ellg(t +w, 2, P.)) — e™g(t, e~ %2, v ) [ 2p(t)dt = 0.

ol
r—oo m(r,p) J_,

Therefore f,g satisfy (H0). Let u,v € L*(Q,H) and ¢t € R and py, e € P2(H), then we have following
estimation:

LA (6w, ) — F(t v, ) [
<32 (Eual(u) AT

)

[, t@mtdn - [t
L2(0,m) L2(0,m) H

2
<3 (L1E||u R+ Eflu— o2+ | / Uy (da) — / ax)uz(dx)\!H)
L2(0,7) L2(0,7)

<l (Lol vl Bl ol | [t = ).
By Lemma 2.2 and Holder’s inequality, we have that
Ellf(t,u, 1) = f(t 0, p2)llF < 3[lvl1% [(Ll + 1)E[lu— vl + Wf(uuﬂz)}
< 31l (20 + 1) Bl ol + W)
Similarly, we obtain
Ellg(t, u, 1) — g(t, v, p2)|If < 3||71I% (L2 + 1) <E||u — o[y + W3 (a1, u2)>-
Putting L = 3||7||%, (L2 + 1) and L’ = 3||7||% (L2 + 1), we obtain that
ball7i L + L'[[dall7-
=B (21 D)+ ) 3l 1) 8 (2 ).

Hence, condition (3.1) of Theorem 3.10 is fulfilled by choosing |||/« is small enough. Therefore, by Theorem
3.10, the problem (4.1) has a unique square-mean weighted pseudo S-asymptotically Bloch type periodic mild

solution on R.
Y A

[V =)
MM
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Abstract. We consider here a frictionless contact problem for elastic-viscoplastic materials, in a quasi-static process. The
contact with a rigid base is modeled without friction with condition of wear and damage. The damage the elastic deformations
of the material is modeled by an internal variable of the body called the damage field. The problem formula is given as a
system that includes a variational equation with respect to the displacement field, and a variational inequality of the parabolic
type with respect to the damage field. We prove a weak solution existence and uniqueness theorem relating to the problem.
The methods utilised are grounded in the concept of monotonic operators, followed by fixed-point arguments.
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1. Introduction

Contact-related problems, whether involving friction or not, between deformable bodies or between a rigid
body and a deformable one, are frequently encountered in both industrial settings and everyday experiences.
Considering the importance and the multitude of these phenomena, vast studies have been undertaken, also
the literature concerning contact mechanics is vast and addresses as many different subjects as are modeling,
mathematical analysis or approximation numerical contact problems, see the works [1, 2, 10, 11].

This paper explores an investigation concerning boundary conditions that mirror real-world phenomena like
contact, material wear and damage. In our study, we adopt an elastic-viscoplastic constitutive law to describe the
behavior of the material.

To illustrate the procedure of deformation of an elastic-viscoplastic body with wear when it contacts with
a rigid body foundation, been touched on many quasi-static elastic-viscoplastic frictional Contact problems
involving wear have been introduced and investigated under various conditions. For further details, we direct
the reader to [5, 6] and the cited references therein.

*Corresponding author. Email address: hamidat-ahmed @univ-eloued.dz (Ahmed Hamidat), aissaouiadel @ gmail.com (Adel Aissaoui)

https://www.malayajournal.org/index.php/mjm/index ©2023 by the authors.
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Chen et al.[4] were among the first to provide error estimates for fully discrete schemes designed to solve
quasi-static viscoplastic frictional contact problems with wear. Gasinski et al. [7] introduced a mathematical
model to describe quasi-static frictional contact with wear between a thermo-viscoelastic body and a moving
foundation. In a recent development, Jureczka and Ochal [9] conducted numerical analysis and simulations for
the quasi-static elastic frictional contact problem that accounts for wear.

There are other real phenomena which are very important. Such as material damage and body adhesion.
The consideration of damage holds fundamental significance in the field of design engineering since it has a
direct impact on the useful lifespan of the designed structure or component. There exists a substantial body of
engineering literature devoted to this subject. Mathematical models that incorporate the influence of internal
material damage on the contact process have been thoroughly examined. In [8], novel comprehensive damage
models have been derived based on the principle of virtual power. Further mathematical analyses of one-
dimensional problems related to this topic can be found in [3]. the material damage is described by capacity
damage. The damage function « varies between 0 and 1. When o = 1 there is no damage in the material,
when @ = 0 the material is completely damaged, when 0 < o < 1 the damage is partial. This work is a
continuation in this line of research to the mathematical study of a frictionlessly contact problem for Viscoplastic
materials, in a quasi-static process. The contact with a rigid base is modeled without friction with condition of
wear and damage. Our focus is to establish the existence of a unique weak solution for the abstract problem
with regularized boundary conditions. The structure of the remainder of this paper is as follows: In Section 2,
we provide an inventory of notations and outline the assumptions concerning the problem data. Additionally, we
state our primary result regarding the existence and uniqueness of solutions. In Section 3, we delve into the proof
of the theorem, where we consider the existence and uniqueness of the solution, utilizing arguments derived from
the theory of monotonic operators and the Banach fixed-point theorem. In Section 4, we present an illustrative
example that demonstrates the practical application of the abstract result.

Problem P
Find the displacement field u : [0, 7] — V/, the stress field o : [0,7] — H, the damage field « : [0, T] — R.

(Aua(t),v)y + (Bu(t),v)y + /F(U (s) —Au(t),u(s), o (s))ds,v
0

(1.1)
H
=(f(@t),v), ae te(0,T),
(6().€ ~ () 2@ +ala(t). € - aft) .
> (S(o(s) —Au(t),u(t), a(t), — a(t)) 2, € K,aet € (0,T), '
u(0) = ug, a(0) = ag. (1.3)

We have three spaces denoted as V', H, and K. These spaces correspond to admissible displacements, stress,
and damage, and they are all Hilbert spaces. Notably, K is a nonempty, closed, and convex set within the space
V. It is defined as follows:

K={CeV| 0<{(x)<lae. xz€Q}.

The operators A, B, and I’ are associated with the constitutive law governing an elastic-viscoplastic material
with damage. The functional .S is determined by the source function of the damage and the friction occurring on
part I'3. The data f relates to both traction forces and body forces. The functions ug and «g represent the initial
data for displacement and damage, respectively. We denote the displacement field as u and the stress tensor field
as o. The constitutive law applied here pertains to an elastic-viscoplastic material with damage. The interval
[0, T'] signifies the time span of observation. A dot above u and « indicates the derivative of displacement u and
the derivative of damage o with respect to the variable ¢.
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2. Preliminaries and notion

In this section, we introduce important tools for our main results. Specifically, we denote:

S9 as the space comprising second-order symmetric tensors defined on  C R¢ (where d = 2, 3), and with a
smooth boundary 02 = I'. We designate I'5 as the boundary contact .

We define v = (v;) as the unit outward normal vector, and z € Q = Q U 9 represents the position vector.
It’s worth noting that unless specified otherwise, the indices ¢, j range from 1 to d, and we apply the summation
convention to repeated indices. For the sake of simplicity, we do not explicitly indicate the variables’ dependence
on .

The inner products and norms for R% and S¢ are denoted as follows:

u-w=ww;  ||wlge = (w,w)/2forallu = (u;),w = (w;) € R%,
o9 = Uij'l?ij ||’l9HSd = (’19,’19)1/2 forall o = (Jij),’ﬂ = (19”) S Sd7

We denote the following quantities:

u = (u;) represents the displacement vector.

o = (0;;) denotes the stress tensor.

e(u) = (e(uy;)) represents the linear strain tensor.

Furthermore, we use the following notation for components of displacement u on I':

Normal component: v, = u.v

Tangential component: u, = u — u, Vv

Similar notation is applied to %, and ., which represent the normal and tangential velocities on the boundary,
respectively.

Regarding the stress field o on the boundary, we define its components as:

Normal component: o, = (ov).v

Tangential component: o = ov — o,V

We use the following notations

H=L*={u=(u)|we€L*Q)}, H ={u=(w)]|e(u)eH},
,H:{O':(U,;j)|O’ij:(7j7;€L2(Q)}, Hli{UEHlDiVUEH}.

The deformation operator ¢ and the divergence operator Div are defined as follows:

e(u) = (e55(w)),  eiy(u) =5 (uij +uje),  Dive = (i)

The spaces H, H;, H, and H; are real Hilbert spaces equipped with the canonical inner products defined as
follows:

(u,w)y = /uiwidx, Yu,w € H,
(u,w)g, = (u,w)y + (e(u),e(w))y,Vu,w € Hy,
(0‘,19)7.( = /aijﬂijdx, Vo, € H,

(0,9)3, = (6,9)y + (Dive,Divd) gy, Vo, € H;.

The associated norm in the space H, Hy, H and H, is denoted by |||z, ||-|| £, , ||-||2 and ||.]|#, , respectively.
When o is a regular function. The following Green-type formula holds
(o,6(W))y + (Dive,w), = /o-u.wda Yw € Hj. 2.1

T

For the displacement field, we necessitate the closed subspace of H; defined as
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V={weH |w=0, onT}.

Given that meas(I';) > 0, Korn’s inequality is satisfied, and there exists a positive constant C}, which solely
depends on €2 and I'y, such that

leW)ll# = Crllwllm e, YweV.
We define inner product on V' by
(w,w)y = (e(u),e(W))z, [wllv =[le(W)lln, YVuweV, 2.2

and let ||.||y be the associated norm. Consequently, the norms ||.|| ;71 (o)« and ||.|[v- are equivalent on V, and as
aresult, (V,(,)y) forms a real Hilbert space. Furthermore, in accordance with the Sobolev trace theorem, there

exists a constant Cjy, which relies solely on €2, I'1, and I's, such that
IVl 2(rg)e < Collvllv, Vv eV (2.3)

We recall some spaces W*P(0,T; V), H*(0,T;V), C(0;T;V) and C'(0;T;V) for a Banach space V
equipped with the norm |||y for 1 < p < +oo and k > 1. Let W*?(0,T;V) be the space of all functions
from [0, 7] to V' with the norm

- 1/p
LogP .
T A S
MAaX0<(<ko<t<T SUP; H@éw”v , if p = +o0.

When p = 2 or k = 0, W*2([0, T]; V) is written as H*([0, T]; V') or L?([0, T]; V), respectively. We denote by
C([0,T); V) the space of continuous functions from [0, 7] to V, and by C'(0,T; V') the space of continuously
differentiable functions from (0,7") to V. These spaces are equipped with the following norms:

V) = t .
HWHC([O,T],V) tg%gf{}] [l (®)]]v

llloro.ryvy = mas flw®)llv + max flo@)llv.

te[0
Clearly, C([0,T); V), WkP([0,T]; V) and H*([0,T]; V) are all Banach spaces when V' is a Banach space.

In order to solve Problem P, we impose the following assumptions.

We consider operators A, B : V. — V, F : H xH x H 1(Q) — V, the damage source function S :
HxHxH 1(Q) — R, and two initial values ug € V and o9 € K. These operators and values satisfy the
following properties

There exists a constant M 4 > 0 such that

max
tel0,T

(Avy — Avy, vy — Vo) > Myllvy — v2||2,Vv1,V2 eV 2.4)
There exists a constant L 4 = 0 such that
||AV1 — AVQHV, < LA||V1 — V2||V7 VVl,VQ cV. (25)

There exists a constant L > 0 such that

|Bvi — Bval|ly < Lp||vi — va|, Vvi,vo€V. (2.6)
The f function satisfies:
feL*0,T;V). 2.7)
ke
(V<)
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There exists a constant Lz > 0 such that

[F (o1, 01,G1) = F (02,02, Q)| < Lr (o1 — o2 + [[ar —uz + (1€ = Cl]), (2.8)

forallo; € H, w; €V, (; € HY(Q), i =1,2.
There exists Mg > 0 such that

1S (o1,u1,G1) = S (02,09, Q)| < Ms ([|or — oa| + [Jur —uafl + [ = C]), (2.9)

forallo; € H, u; € V, V¢ € HY(Q), i =1,2.
Now let problem P; as it follows

Problem P,

Find u € C*(0,T; V) such that

Au(t) =1,
{u(()) e (2.10)

Theorem 2.1. If conditions (2.4),(2.5) and (2.7) are satisfied Then there exists u € C*(0,T; V') solution to the
problem P satisfying

ue H(0,T;V)nC*0,T; H). (2.11)
The previous result is a special case of the Minty-Browder Theorem.

Problem P,

Find a(t) € K such that

=
=
<
!
o
2
<
X
<
+
i
EX
S
|
2
=
\%

(0) = ag. 2.13)

We consider two real Hilbert spaces, denoted as V" and H. It is important to note that V' is densely embedded in
H, and this injection map is continuous. Furthermore, we identify the space I with both its own dual and as a
subspace of the dual space V' of V. In other words, we express this relationship as V' C H C V’, and this set of
inclusions is what defines a Gelfand triple.

The following is a well-established result for parabolic variational inequalities, and you can find it in standard
references such as [12].

Theorem 2.2. Consider a Gelfand triple V. C H C V', where K is a nonempty, closed, and convex set in V.
Assume the existence of a continuous and symmetric bilinear form a(.,.) : V- x V' — R satisfying the following
inequality for constants \ and y:

a(a, o) +ollallf > Alallf, VaeV.
Under these conditions, for any initial value oy € K and source function S € L?(0,T; H), there exists a unique
function o € HY(0,T; H) N L*(0,T;V) such that «(0) = o and «(t) € K forall t € [0,T). This « is the

unique solution to Problem Ps.

The next section is dedicated to investigating the existence of a unique solution to Problem P.
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3. Proof of the main result

Theorem 3.1. Under the assumptions (2.4)-(2.9), there exists a unique solution of the problem P, Moreover the
solution satisfies:

ue H' (0,T;V)NnC (0,T; H), (3.1
o< L*(0,T;H), Dive e L?(0,T;H), (3.2)
aeWh2(0,T; L% () N L? (0,T; H' () . 3.3)

The proof of Theorem 3.1 is conducted through several sequential steps and relies on the subsequent abstract
result concerning evolutionary variational inequalities.
Suppose we have 7 € L%(0,T; V'), and let’s consider the following problem

Problem P,

Find a displacement field u,, : [0, 7] — V/ such that

(Auy,(t),v)y, + (1), v)y = (f,v)y,
ae. t€(0,7), Vvev, (3.4)
u,(0) =ug

Here is the given result concerning P,,.
Lemma 3.2. A unique solution u,, € C*(0,T; V) to the problem P, exists, and it satisfies the condition (3.1) .

Proof. We apply Theorem 2.1, The Riesz representation theorem allows us to define f, : [0,T] — V, by

t

(£, @),v), = (f(t) =m(t),v)y. Using hypotheses (2.4)-(2.7), and u,(t) = ug + / u,(s)ds, vt e
0

(0,T), we directly find the result. [ |

Subsequently, introduce 6 € L?(0,T; L?(2)), and let’s examine the following problem

Problem Py

Find the damage field o : [0,7] — R,

ag(t) € K, (do(t), p — ag(t)) 12(q) +a(as(t), p — as(t))

(3.5)
> (0(t),p — ag(t))Lz(Q) ,Vpe K, aet € (0,7),
ag (0) = ag. (3.6)
Lemma 3.3. problem Py has a unique solution ag such that
ag € WH2(0,T; L2 (Q)) N L? (0,75 H' (2)) . (3.7)

For the proof, we apply Theorem 2.2.
Finally, in the concluding step, formulate the subsequent Cauchy problem for the stress field

3

s
2

408
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Problem P, 4

Find the stress field o5, ¢ : (0,T) — H, solution of the problem

0,,0(t) = Bu,(t) +/0 F(0y0(s) — Au,(s),u,(s), ag(s))ds, aet € (0,T). (3.3)

Lemma 3.4. The problem P,, ¢ has a unique solution. Additionally, if u,,, ag,, and o), o, represent the solutions
to problems Py, Po, and P, ¢ for i = 1,2, then there exists a positive constant C' such that

t
”amﬁl(t) - 0'772,92(t)||3-[ <C (um (t) - u?72(t)|‘3/ +A ||u771 (S) - uTIQ(S)H%/dS

, (3.9)
= [ o (6) — a0l d5)
Proof. Consider the mapping Z :L2(0,T;H) — L%(0,T;H) defined as
n,0
t
Zan 0(t) = Bu,(t) + / F(oy0(s) — Ay, (s),u,(s), as(s)) ds. (3.10)
0

leto; € L?(0,T;H), i=1,2and t; € (0,T), we use the assumption (2.8) and the HOlder inequality we find
2
t1
Yoot => oa(t)] < L%T/ lo1(s) — aa(s)l[3, ds. 3.11)
n,0 n,0 u 0

We have more
2

Z Zal(tl) —Z Zag(tl)
n,0

n,0 \ n,0 n,0 H

2

<L2T/ Zo’l tl ZO’ (tl) dtz
0

n,0

T2/ / ‘0’1 70'2( )”Hdsdtg

By extending the inequality through recurrence, we deduce that for all ¢y, ¢2, ..., t, € (0,7,

() () 2

t1 to tn
dooi(ta) =Y oa(tn)|| < L2F"T"/ / - / lo1(s) — oa(s)|[5, dsdtn . .. dts
n,0 n,0 ” 0 0 0

Thus, we can deduce by integrating with respect to (0,7") the following inequality

m |

L2nT2n
Zol - Zag <o - o3, - (3.12)

H

Then from (3.12), for n sufficiently large, the operator Z( 4> 1s a contraction on space L?(0,T;H) and
according to the Banach fixed point theorem, there is a s1ng1e element 0,9 € L?(0,7;H) such that

e
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Z;"g 0,6 = 04,9, Which represents the unique solution of problem P, 9 . Moreover, if u,, , ag, and o, ,,

represents the solutions of problem P, ,Ps, and P, o, respectively. For ¢ = 1,2. designate
um = ui,am,gi = Ui,()égi = Q4.
We have

oi(t) = Bu,(t) +/0 F(oi(s) — Au,(s), u;(s),ai(s)) ds, ae. t € (0,T),

we use the assumption (2.6),(2.8)), we find
t
loa(t) — a2 (t)ll3, < C <|ul(t) —uw (1) +/O loa(s) — o2(s)|[3, ds

t t
2 2
+ / [a1(s) = ua(s)[ly ds + / laca(s) = @2(s)ll 72 () dS) :
0 0
We employ the Gronwall argument within the resulting inequality to derive (3.9). |

Now, let’s contemplate the mapping

A L2(0,T:H x L2(Q)) — L2(0, Ty H x L*(Q)),

A(n.0) (t) = (A (n,0) (), A (n,0) (1)) , (3.13)

defined by equalities
At(n,0)(t), = Bu,(t) +/0 F(0,0(s) — Au(s),u,(s), ag(s)) ds, (3.14)
A2(m,0)(t) = S ((00.0(1). wy(1)) a0 8)) (3.15)

We have the following result.

Lemma 3.5. For (n,0) € L* (0,T;H x L*(Q)), the operator A(n,0) : [0,T] — H x L*(Q) have a unique
fixed point denoted as (n*,0*) € L* (07 T;H x L? (Q)) satisfying

A(n*,0%) = (n",0%).

Proof. Let ¢t € (0,7T) and (1y,61), (n5,02) € L* (0, T;H x L*(2)) . We use the notation u,, = u;, w,, =
W, oy, = @y, Oq, 9, = 0;,Fori = 1,2 and using the assumptions (2.5),(2.6) and (2.8)

[AY(my,61) (t) — A (m,, 02) (2) |15,
= || Buy (t) +/ F (o1(s) — Aai(s),ui(s),a1(s))ds
0
~ Bus(t) _/ F(ora(s) — Atia(s), us(s), as(s)) ds|2,
0
< Lpllui(t) — ua(t)[|} + LF/O (loi(s) — o2(s)]3,+
Lalai(s) = az(s) [} + [lur (s) = az (s) [ + loa (s) — az (5) [| 720 )ds-

We utilise the estimate (3.9) to derive

1A (1, 01) (1) = A (m,, 02) (1) |13,
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t
On the other hand, we know that u;(¢) = ug + / u;(s)ds, forallt € (0,T)
0
t
lus (s) = w2 () [}, < /0 [y (s) = a2 (s) || ds.

By Apply the inequality (3.16) becomes

IMWN%MQ—waM@N%SCAmmw%ﬁﬂﬂ@

+ [Ju (s) = w2 () I3 + lea (5) = a2 () [ F2(0))ds.
By a similar argument, from (3.9),(3.15) and (2.9) it follows that

[A%(ny,01) () — A*(112,02) (8) |20y < C(/O (a1 (s) = aa(s)[3

s () —ua () 13+ llar (5) — ez (s) 3200y )ds
() =z () [} + laa (t) = a2 () I720))-
Therefore,

2
\%4

1A (11, 01) () = A(112.02) (t) 3,5 22y < C(/O ([ (s) =z (s)]]
+lus (s) = a2 () [ + llon (5) = a2 () 172 )ds

s () —ua (5 + llax (8) = a2 (8) [172(q))-

Combine the inequality (3.16) with (3.19) to obtain

[A(my,01) (1) = Alm2,82) (8) 342 () < C/O (|l (s) — a2 (s)II5
+ s (s) — w2 (3) [ + [l (5) — a2 (5) [ 22() ) ds-

Using the inequality (3.4), by adding the results obtained we have
(A (1) — Adg(t), W () — u2(t))v = (01(t) = no(t), Wi () — a2(t))v, ¢ € (0,T),

using inequality (2.4), we find
Malar — w2y < [lny = mallv(lar — azlv.

Therefore
vt € [0,T].

a1 (t) —a2()[lv < Cllny () — n2(®)|lv,
Let’s use (3.16)

|Nﬁ%4ﬂWW§cAnm@fnwmwa vt € [0,7).

Using (3.5) we find
(dn — G2 00 — ag)pag) +alon —az,on —az) < (61 — 02,00 — @2) 120 s

a-e-te(0,T),
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By integrating the inequality with respect to time and incorporating the initial conditions «; (0) = a2 (0) =
v, along with the inequality a (o1 — a2, 1 — a2) > 0, we combine this inequality with Gronwall’s lemma,
resulting in the following result

t
loa (t) = ca(®)[[72() < C / 161(s) = 02(s)1 72 ) ds, ¥t € [0, 7). (3.23)
From the previous inequality and estimates (3.20), (3.22) and (3.23) it follows that now

[A (11, 61) (1) — A (n,02) (¢ )||7-L><L2(Q)
<c( / I(m1,60) <n2,eg><s>||im<mds)-

Let is introduce the following notations

I :/0 1(11,01) (5) = (12, 02) ()13 L2(0) D5

n= [ t L [ 10000 0 = 1202 Ol

Through an inductive process, denoting the m*" power of the operator A as A™, we arrive at the following
conclusion

[A™ (ny,01) (t) — A™ (5, 62) (t)Hme(Q)

m

3.24
<cm (Z CrI™ (1, 61) (t) — (m, 02) (’5)|HxL2(Q)> ’ o
k=1

forallt € [0,7] and m € N,

I (11,61) — (1, 62)) = / . / 1(71,61) — (15, 02)]

S/ // ”(nl?el)_(n2792)HL2(0,T;’H><L2(Q))
(m—k) fois

tm— k
R [[(m1,01) — (172,92)||L2(0,T;HxL2(Q))

ka

IN

[(ny1,61) — (n2792)||L2(0,T;7-L><L2(Q))7
Consequently,
[A™ (n1,61) (t) — A™ (05, 02) (t)||2L2(O,T;H><L2(Q))
<o (Z [(n1,61) (t) — (m3, 02) (t)||2L2(O,T;H><L2(Q))>

L cor

1(m1,01) (£) = (112, 02) (D132 (0 170 £2 (2 -

this implies that for m large enough, the operator A™ of A is a contraction on Banach space
L?(0,T;H x L*(2)) . So A™ has a unique fixed point (n*,6*) € L?(0,T;H x L*(2)), and therefore
(n*, 6*) is the only fixed point of A. [ |

412



A frictionless contact problem

Existence

Let (n*,0*) € L? (0, T;H x L*(£2)), be the fixed point of A defined by (3.14)-(3.15) and let u,,, ay, be the
solutions of problems P,, , Py, for n = n*, § = *, u = u,-, @ = ag-, we find (u, o, ) is a solution of
problem P. properties (3.1)-(3.3) follow from lemma 3.2, 3.3, 3.4.

Uniqueness

The uniqueness of the solution is a result of the uniqueness of the fixed point of operator A.

4. Application

In this section, we will utilise the main result from Section 3 to analyse a problem of contact without friction
with condition of wear and damage. between an elastic-viscoplastic body and a rigid base in a quasistatic process.
We provide the physical context for the contact problem and introduce certain notations that will be employed
in the subsequent discussion. We consider a elastic-viscoplastic body which occupies a domain Q C R?, where
d = 2,3, such that the boundary I' = 02 is Lipschitz continuous. The boundary 02 is divided into three disjoint
measurable parts I'y, 'y and I's with meas(T';) > 0. We are interested in an evolution of the body in a finite
time interval (0, 7).

We consider the following classical formulation of the problem

Problem P

Find a displacement field u : Q x [0,7] — RY, the stress field o : Q x [0,7] — S9, the damage field
a:Qx[0,T] = R.

0 = Dive + fo, in Q x (0,7), @.1)
o(t) = Az(a(t)) + Be(u(t))
¢ inQ x (0,7), (4.2)
+ [ Flo(s) = As(u(s)),e (uls)), afs)) ds
0
& — koAa + 0pk (o) 3 ¢(o,e(u), a), inQ x (0,7), (4.3)
u=0, onTy x (0,7), 4.4)
oV — f2, onI'y x (0, T)7 (45)
{ay = klla| -
3 X (OaT)v (46)
o,=0
o _,, T x (0,7 47
3 =% onT x (0,7), 4.7
u(0) =ug, «(0)= ay, in Q2. (4.8)

Equation (4.1) describes the equation of motion, where f stands for the density of the voluminal forces exerted
upon the deformable body (2. Equation (4.2) describes the constitutive law applicable to an elastic-viscoplastic
material with damage, (4.3) represents a differential inclusion describing the evolution of the damage field where
S is a damage source function. @x is the sub-differential of the indicator function of the set of admissible
damage functions K. The conditions (4.4) and (4.5) are displacement-traction conditions, (4.6) represent the
boundary contact conditions with wear and without friction. (4.7) represents the boundary condition of Neumann,
Finally,(4.8) represents the initial conditions.
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Next, we outline the assumptions concerning the data of the problem, starting with the viscosity operator
A QxS — S? satisfied
(a) There exists L4 > 0 such that
|A(x,v1) — A(x,v9)|| < Laljvi — v, Yo, v €S, ae. x € Q.
(b) There exists m_4 > 0 such that
(A(x,v1) — A(x,v2)).(v1 — v2) > mulvr —va?, Yvi,vs € S, ae. x € Q.
(¢) The mapping x +— A(x, v) is lebesgue measurable on 2, Vo € S%.
(d) The mapping x — A(x,0) € H.

(4.9)

The elasticity operator B : Q x S — S% satisfied

(a) There exists Ly > 0 such that
|1B(x,v1) — B(x,v2)|| < Lg|lvi —va|l, Youi,vs €S9 ae xc Q.
(b) There exists mp > 0 such that
(B(x,v1) — B(x,v2)).(v1 — v3) > mp||v; — va?, Yui,vs € S, ae. x € Q. (4.10)
(¢) The mapping x — B(x,v) is lebesgue measurable on §2,
Yo € S

(d) The mapping x — B(x,0) € H.

The relaxation function F : © x S% x S x R — S%, satisfied

(a) There exists Lx > 0 such that
|F(x,01,v1,a1) — F(x,092,0z, a0)|| <
Lr(loy — o2 + Jv1 — va|| + [Jon — azf)
Voi,0,v1,vs € S4 Vay,ay € RVt € [0,T], ae. x € Q. 4.11)
(b) The mapping x — F(x,0,v,«) is lebesgue measurable on (2,
Vo,v € S vt € [0,T], Va € R.
(¢) The mapping = — F(x,0,0,0) € H,Vt € [0,T].

The function describing the source of damages, denoted as ¢ : Q x S% x R — R, is satisfied

(a) There exists My > 0  such that

(%, v1, 1) = (%, 02, )| < My([[or — s + [lax — aal]),
Yui,vg € Sd,Val,ag €R, ae. x €.

(b) The mapping x — ¢(x, v, ) is lebesgue measurable on (2,
Yo € S Va € R.

(¢) The mapping x — ¢(x,0,0) € L*(Q).

4.12)

The body force fj, surface traction f5, coefficient of friction k, initial conditions ug, have the following

properties
fo € L2 (0,T; H)

2 .72 d
f,eL (07T,L i) ) @13
ke L>*(T3), k(z)>0forae xeTls,
u €V.
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A frictionless contact problem
We establish the bilinear form a : H(Q2) x H'(£2) — R as follows

al€,0) = ko /Q VEV(ds “.14)

and the micro crack diffusion coefficient verifies ky > 0.
The initial damage « field satisfies

a € K. (4.15)
To consider the field of displacements, we require the closed subspace V' within the space H;, defined by:
V={ueH |u=0 onl; }. (4.16)
Using Riesz’s representation theorem, we find
(f(t),v)v = / o ~vdx—|—/ fo - vde, VYveV,tel0,T]. 4.17)
r Ty
It’s important to observe that condition (4.13) results in the implication that
feL?(0,T;V). (4.18)
Now, consider the application j : V' x V' — R, defined as follows
j(a,v) = /k |y || v da. (4.19)
s

The variational formulation for problem P is presented as follows

o(t) = A=(a(t)) + Be(u(t))

t 4.20)
+ / F(o(s) — Ae(a(s)),e (u(s)),a(s))ds ae.t € (0,7),
0
(a(t),e(V))n +j(u(t),v) = (f,v)v, VveV, 421
at) € K, (a(t),¢ — a(®) 2@ + ala(t),C — () )
> (¢(a(t),e(u(t), a(t)),¢ — a(t)) @), V¢ e K,te€l0,T], '
u(0) =ug, «(0)=ay. (4.23)
Utilising Riesz’s representation theorem, we define the operator A : V' — V as follows:
(Au,v)y = (A(e(u)),e(v))y + j(u,v), Yu,veV. (4.24)

We will verify the hypotheses (2.4),(2.5). Let uy,us € V. Using (4.9),(4.24) and the definition of j given by
(4.19), we let’s find

| Aus — Auglly = [ As(ur) — As(uz)ll + GBIkl oy 1 — uzlly
< Lalle(u) — e(ua)lls + CFllkl| o ry) a1 — w2y (4.25)
= (La+ C3llk| o ry)) a1 — w2y, Vui,ux €V,
Similarly for all u;,us € V we have

(Au; — Aug,u; —ug)y > (mA - CngHLoo(FS)) lug —wz}, Vuj,up eV, (4.26)
Letyo = it is clear that vy is positive which depends on €21,I's, and .A. Then A is strongly monotonic on V'

if

ma
2 b
&

15l oo () < 7Y0-
After confirming that all the assumptions of Theorem 3.1 are met, we can conclude that a unique weak solution
to problem P exists, satisfying (4.20)-(4.23), along with the regularity conditions (3.1)-(3.3).
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Abstract. In this research, we focus on solving a mixed type additive-quadratic functional equation expressed as:

h(381 + 259 + 53) =+ h(381 + 289 — 83) + h(381 — 289 + S3)+h(381 — 289 — 83)
=12h(s1) 4 8h(s2) + 2h(s3) + 12h(s1)

where h(s1) = h(s1) + h(—s1) is derived. We proceed to investigate the generalized Hyers-Ulam stability of this equation
within the framework of Banach spaces, employing the Hyers direct method. Additionally, examples of non-stable cases are
also provided.

AMS Subject Classifications: 39B52, 39B72, 39B82.

Keywords: Additive-Quadratic functional equations, Direct method, Generalized Hyers-Ulam stability, Ulam stability,
Banach space.
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1. Introduction

Ulam’s seminal work on the stability of group homomorphisms [30] sparked a new line of inquiry into the
stability of functional equations. Hyers gave a favorable answer to this topic in the context of Banach spaces,
making significant progress [12]. Credit for extending this research to the broader topic of Generalized Hyers-
Ulam stability inside functional equations belongs to Aoki [2] and Rassias [23]. Aoki expanded Rassias’s original
approach to incorporate additive mappings, which included employing an infinite Cauchy difference for linear
mappings. In 1994, Gavruta [11] proposed the generalized control function ¢(s1, s2) as a substantial alternative
to the boundless Cauchy difference. In 2008, following this work, Ravi et al. [27] used the product and sum
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of two p—norms to prove a particular version of Gavruta’s theorem. Many researchers have thoroughly studied
the stability issues of several functional equations and there are numerous noteworthy outcomes related to this
problem, as seen in [1, 3, 8-10, 13, 16, 18-20, 22, 24-26, 29] and other cited references.

The Cauchy equation, which has the form:

h(s1 4 s2) = h(s1) + h(s2), (1.1)

is one of the most well-known functional equations in mathematics. Functions that have this relationship are
called additive functions.
The quadratic functional equation

h(Sl + 82) + h(Sl — 82) = 2h(81) + 2h(82) (1.2)

is connected to a symmetric bi-additive function, as shown by the work of [1, 17]. Each of the solutions to
this equation is a quadratic function. Skof [28] addressed a stability issue connected to the quadratic functional
equation (1.2) by studying functions h : K — L, where K is a normed space and L is a Banach space. An Abelian
group may stand in for the domain K without affecting the validity of the argument, as noted by Cholewa [6],
who elaborated on Skof’s work. Czerwik [7] adds to the expanding body of evidence supporting the stability of
the quadratic functional equation by demonstrating that it is Hyers-Ulam-Rassias stable.

The quadratic and additive functional equation

]’L(S1 + dSQ) + dh(81 — 82) = h(31 — dSQ) + dh(Sl + 32) (1.3)

was studied by Jun and Kim [14], who examined the general solution and the generalized Hyers-Ulam stability
for any positive integer d with d # —1,0,1. Additionally, Najati and Moghimi [21] investigated the quadratic
and additive functional equation

h(2s1 + s2) + h(2s1 — s2) = 2h(s1 + s2) + 2h(s1 — s2) + 2h(2s1) — 4h(s1). (1.4)
K. Balamurugan et al. [5] obtained the general solution to the cubic functional equation

g(3s1 + 282+ s3) + g(3s1 + 282 — $3) + g(351 — 282 + 83) + 9(381 — 259 — ¢)
= 24[g(s1 + s2) + g(s1 — s2)] + 6[g(s1 + s3) + g(s1 — s3)] + g(s1) (1.5)

and investigated its generalized Hyers-Ulam stability.
M. Arunkumar et al. [4] have recently developed a general solution and generalized Hyers-Ulam stability for
the three-dimensional additive-quadratic functional equation

g(s1 + 282 + 3s3) + g(s1 + 2s2 — 3s3) + g(s1 — 252 + 3s3) + g(—s1 + 259 + 3s3)
=g(s1+ 52+ 53) + g(s1 + 52 — 53) + g(51 — 82+ 53) + g(—51 + 52 + 83)
+2g(s2) +4g(s3) + 5[g(s2) + g(—s2)] + 14[g(s3) + g(—s3)] (1.6)

using a direct and fixed point approach in Banach space and non-Archimedean fuzzy Banach space.
In this study, we provide a general solution to the additive-quadratic functional equation

h(381 + 2s9 + 53) + h(381 + 289 — 53) + h(381 — 289 + 33) + h(351 — 289 — 83)
= 12h(s1) + 8h(s2) + 2h(s3) + 12h(s1), (1.7)

where h(s1) = h(s1) + h(—s1) and investigate the generalized Hyers - Ulam stability of this equation with the
Hyers direct technique. In addition, unstable counterexamples are provided.

In Section 2, we provide a generic solution to (1.7). Using the direct method and the concept of generalized
Hyers-Ulam, we demonstrate the stability of equation (1.7) for odd, even, and mixed mappings, with
counterexamples provided in Sections 3, 4, and 5.
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2. General Solution of (1.7)

This section examines the general solution of the functional equation (1.7) when K and £ are treated as real
vector spaces.

Theorem 2.1. If an odd function h : KK — L meets the requirements of the functional equation (1.7) for all
S1, 89, 83 € K, then it must also meet the functional equation (1.1) for all s1, so € K and vice versa.

Proof. Consider the odd function i : K — L to satisfy the functional equation (1.7). By inputting (s1, s2, s3) as
(0,0,0) in (1.7), we determine that 2(0) = 0. By setting s3 to 0 in (1.7) and using the property that & is odd, we
can deduce that

h(3s1 + 2s2) + h(3s1 — 2s3) = 6h(s1), 2.1
for any s1, so € K. Additionally, by setting s to 0 in this equation, we find that

for any s; € K. By substituting 31 for s; in this equation, we arrive

h (%1) - %h(sl) 2.3)

for any s; € K. Finally, by replacing s; with %1 and sy with % in (2.1) and using (2.3), we can conclude that

h(2s1) = 2h(s1) 2.4)
for any s; € K. Hence, for any positive whole number b,

for any s; € K. By entering (s1, s2) as (%1, %2) into (2.1) and using (2.3), we infer that

h(s1 + s2) + h(s1 — s2) = 2h(s1), (2.6)

for any s1,s2 € K. By switching the positions of s; and s and applying the characteristic of & being an odd
function, we arrive

h(Sl + 82) — h(81 — 82) = 2h(82), (27)

for any s1, so € K. By merging equations (2.6) and (2.7), we reach the desired outcome of (1.1).

Let us suppose, on the other hand, that an atypical odd mapping h : K — L satisfies the conditions stated in
functional equation (1.1). By plugging in s; = 0 and sy = 0 into equation (1.1), we find that ~(0) = 0. By also
plugging in s; for s5 and 2s; for s, into (1.1), we get two new equations:

h(2s1) =2h(s1) and h(3s1) = 3h(s1) (2.8)
for any s; € K. By induction, for any natural number ¢, we have
h(cs1) = ch(sy) 2.9)

for any s; € K. We start with the equation (1.1) and replace the variable so with s5 + s3 and use (1.1). This gives
us

h(51 + 89 + 83) = h(Sl) + h(Sg) + h(Sg) (2.10)
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for any s1, s2, s3 € K. Next, substitute (s1, s2, s3) with (3s1, 252, s3) in (2.10) and we use (2.8) to obtain
h(3s1 + 282 + s3) = 3h(s1) + 2h(s2) + h(s3) (2.11)

for any s1, s, 53 € K. We then change the sign of s, in (2.11) to get

h(3s1 — 2s9 + s3) = 3h(s1) + 2h(—s2) + h(ss3) (2.12)
for any s1, s2, s3 € K and repeat the process with s3 to get

h(3s1 + 2s2 — s3) = 3h(s1) + 2h(s2) + h(—s3) (2.13)
for any s1, s2, s3 € K. We then substitute both so and s3 with their negative versions in (2.11) to obtain

h(3s1 — 289 — s3) = 3h(s1) 4+ 2h(—s2) + h(—s3) (2.14)
for any s1, s2, s3 € K. By adding together equations (2.11), (2.12), (2.13) and (2.14), we arrive at

h(3s1 + 285 + s3) + h(3s1 + 252 — 83) + h(3s1 — 282 + 83) + h(3s1 — 285 — 53)
= 12h(s1) + 4h(s2) + 4h(—s2) + 2h(s3) + 2h(—s3) (2.15)
for any s1, 82, 83 € K. We then add 12h(s1) + 4h(s2) to both sides of equation (2.15) to get
h(381 + 259 + 83) + h(381 + 259 — 53) + h(381 — 289 + 53) + h(381 — 289 — 83) + 12]1(81) + 4h(82)
= 12h(s1) + 4h(s2) + 4h(—s2) + 2h(s3) + 2h(—s3) + 12h(s1) + 4h(s2) (2.16)
for any s1, s2, s3 € K. From (2.15), we can conclude
h(3s1 + 2s2 + s3) + h(3s1 + 252 — s3) + h(3s1 — 252 + s3) + h(3s1 — 259 — s3)
= 12h(81) + 4h(82) + 4h(—82) + 2h(83) + 2h(—83) + 12h(51) + 4h(82) — 12h(81) — 4h($2) 2.17)

for any s1,s9,83 € K. The fact that i is an odd function has allowed us to convincingly demonstrate our
conclusion. m

Theorem 2.2. If an even function h : K — L meets the requirements of the functional equation (1.7) for all
S1, 82,83 € K, then it must also meet the functional equation (1.2) for all s1, so € K and vice versa.

Proof. Consider the even function h : I — L to satisfy the functional equation (1.7). By inputting (s1, S2, $3) as
(0,0,0) in (1.7), we determine that h(0) = 0. By setting (s1, s2, s3) as (0, s1, s2) in (1.7) and using the property
that h is even, we can deduce that

h(2s1 + s2) + h(2s1 — s2) = 8h(s1) + 2h(s2), (2.18)
for any s1, s € K. Additionally, by setting sz to 0 in this equation, we find that

h(281) = 4h(81) (219)
for any s; € K. By substituting %1 for s1 in this equation, we arrive

h (%) _ ih(sl) (2.20)

for any s; € K. Finally, by replacing so with s; in (2.18), we can conclude that

h(3s1) = 9h(s1) (2.21)
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for any s; € K. Hence, for any positive whole number a,

h(asy) = a*h(sy1) (2.22)

for any s; € K. By substituting %1 for s; in equation (2.18) and using (2.20), we arrive at equation(1.2), as
intended.
Let us suppose, on the other hand, that an atypical even mapping h : L — L satisfies the conditions stated
in functional equation (1.2). By substituting s; = 0 and sy = 0 into (1.2), we can determine that A(0) = 0.
Additionally, by inputting s; for s and 2s; for s, into the same equation and taking into account that A is an
even function, we obtain two additional equations:
h(Zsl) = 4h(51) and h(351) = Qh(sl) (223)
for any s; € K. We can prove that for any natural number c through the method of induction, we have
h(cs1) = c*h(s1) (2.24)
for any s; € K. By replacing s; with 3s; and se with 255 in (1.2) and using (2.24), we obtain
h(381 + 282) + h(381 — 282) = 18h(81) + 8h($2) (2.25)
for any s1, s5 € K. Again replacing s; with 3s; + 2s5 and s, with s3 in (1.2), we have
h(381 —|— 252 + 83) —|— h(381 —|— 252 — 53) = 2h(351 + 252) + 2h(83) (226)
for any s1, s2, s3 € K. We then change the sign of s2 in (2.26) to get
h(381 — 289 + 83) + h<381 — 259 — 53) = 2h(3$1 — 282) + 2h(83) 2.27)

for any s1, s2, s3 € K. Adding both (2.26) and (2.27), we obtain

h(381 + 282 + 83) + h(3$1 + 282 - 83) + h(381 - 282 + 83) + h(3$1 - 282 - 83)
= 2[h(3s1 + 2s2) + h(3s1 — 2s2)] + 4h(s3) (2.28)

for any s1, s9, s3 € K. Using (2.25) in (2.28) and the property of h being even, we achieve

h(381 + 282 + 83) + h(381 + 282 - 83) + h(381 - 232 + 83) + h(3$1 - 282 - 53)
= 36h(s1) + 16R(s2) + 4h(s3) = 12h(s1) + 8h(s2) + 2h(s3) + 12h(s1), (2.29)

where h(s1) = h(s1) + h(—s1), for any s, s2, 53 € K. [

Hearafter, throughout this analysis, we will presume that /C is a normed space and £ is a Banach space, and
we will introduce the mapping Dh : K3 — £ in the following manner:

Dh(Sl, S92, 85) :h(381 + 282 + Sd) + h(381 + 282 - 83) + h(381 - 282 + 83)
+ h(3s; — 259 — s3) — 12h(s1) — 8h(sy) — 2h(s3) — 12h(sy),

where (s1) = h(s1) + h(—s1), for all s1, s2, 53 € K.
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3. Stability of (1.7) for odd mappings

In this paper, we examine the generalized Hyers-Ulam stability of the functional equation (1.7), in particular
for the case of an odd mapping.

Theorem 3.1. Let s = 41 and £ : K3 — [0, 00) be a mapping such that
o~ € (651,659, 65 s3)

> o < 0 3.1

=0

forall s1,89,83 € K. Let h : I — L be an odd mapping that satisfies
[Dh(s1, s2,83)[| < & (51, 52, 53) (3.2)

for all s1, 82,83 € K. Then there exists a unique additive mapping A : K — L satisfying (1.7) and

1 e 65i
i) = Al < 3 2 63
where 1) : K — L and A(s1) are given by
1
w(sl)26(51781751)+§€(8130781) (34)
and )
A(s1) = Jim 7]1(66;1) (3.5)

for all s1 € K, respectively.

Proof. Assuming that s is equal to 1. By substituting (s1, s2, s3) with (s1, s1, s1) in (3.2) and make use of the
oddness of h, we arrive at the inequality

||h(681) + h(481) + h(281) — 12h(81)H S 5 (81, S1, 81) (36)
for all s; € K. Similarly, substituting (s1, 2, $3) with (s1,0, 1) in (3.2) and using the oddness of h, we get
1
||h(481) + h(281) - Gh(Sl)H S 55 (8170, 81) (37)
for all s; € KC. Combining these two inequalities, we find that

[[7(651) = 6h(s1)[| < [|P(6s1) + h(4s1) + h(2s1) — 12h(s1)|| + [[(4s1) + h(2s1) — 6h(s1) |

1
< &(s1,81,81) + 55 (51,0,81) (3.8)
for all s; € K. Dividing the preceding inequality by 6 yields
h(6

where i
w(sl) = 5 (817 S1, 81) + 56 (81707 81)

for all s; € K. By plugging in 6s; in place of s; and dividing by 6 in (3.9), we acquire

h(62s1)  h(6s1) £(6s1)

H o v : ! ‘ < 621 (3.10)
S
i
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for all s; € K. From (3.9) and (3.10), we obtain

h(6281) h(6281) h(GSl)
O E )|+ |HE ) 2
£(6s1)
<= A1
<! [asn 4 $00) G.11)
for all s; € K. Then, by using induction to a positive integer n, we have
h(6" 1= £(60
(0"51) syl < L3 E050) (3.12)
6" 6 6
=0
1 £(6%s1)
< — -
<52 @
1=0
o o . h(6™s1)
for all s; € K. Substituting 6™s; for s; and dividing by 6™ in (3.12), we see that the sequence o

converges. It follows that for any m and n in the positive integer range, we can conclude that

h(6n+m81) h(6m81) 1 h(6n . 6"”81) m
H 6ntm)—em || 6m o 67
f 6z+m81
<z Z 6(z+m)
€ 67,+m81
<z Z l+m)
—0 as m— oo
h(6n51) . . . .
for all s; € K. Thus is Cauchy. For complete set £, a mapping A : K — L exists with
h(6™
.A(Sl) = lim ( 81), V s1 € K.
n— o0 6

When we plug in (3.12), where n may go to infinity, we get that (3.3) is true for every s; € K. To show that A
satisfies (1.7), we substitute (6™s1, 6" s, 6™s3) for (s1, 2, s3) in (3.2) and divide by 6™ to get

1 1
6" IDA(6"s1,6"s2,6"s3)|| < 675(6”51,6"52,6"33)

for all sy, 52, 83 € K. Using the definition of .A(s1) and the aforementioned inequality, we can show that A(s7)
as n goes to infinity. Hence For all s1, s2, s3 € K, A fulfils (1.7). If A is not unique, we may show that C(s1) is
also an additive mapping fulfilling (1.7) and (3.3), as

[A(s1) = C(s1)]l = i [A(6"s1) = C(6"s1)|

< (A6 1) — h(6"s1)]| + [11(6s1) — C(6751) |}

- 6"
(H—n)sl

£(6
S a Z z+n)

—0 as n— oo

e
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for every s; € K. For this reason, A cannot be found anywhere else. This proves that the theory is correct when
s equals 1. Substituting El for s1 in inequality (3.8) leads to the conclusion that

S 81 81 S1 1 S1 S1
me) —on ()] <€ (55 5) + 3¢ (50 5)
H(sl) h{s)={65%6) " 25\6 "%
for every s; € K. The remainder of the proof for s = —1 is the same as it is for s = 1 . Therefore, the theorem
is valid for both s = 1 and s = —1 . The theorem has been proven at this point. |

The next Corollary is directly derived from Theorem 3.1 concerning the stability of Equation (1.7).

Corollary 3.2. Let t be a positive real value, and assume v > 0. For any s1, 53,53 € K, let h : K — L be a
function that fulfils the inequality

V’
villsull* + [Is2l" + [Issl['}, t# 1
Dh(s1,s2,83)|| < 3.13
1DR(s1, 52,5803 a4 sol s 1, AT
v {lscl[*lls2l[*llss][* + [ls1][* + [[s2]|* + [[ss]|*} , 3¢ # 1.
If so, then for every s; € K, there is a unique additive function A : I — L such that
3v
4 t
gt|81|6|| ) t?’é 1;
[P(s1) = A(s)l < w]sy|t . (3.14)
g
5v||s1*
——— 3t #£ 1.

To demonstrate that (1.7) is not stable at t = 1, as stated in Corollary 3.2, we will now present an illustration.

Example 3.3. Let £ : R — R be a function defined by

£(51) _ {1/51, if|81‘ <1

v, otherwise

where v > 0 is a constant; the function h : R — R, defined as

h(s1) = Z 5(6(;;31)

n=0

forall s; € R, fulfills the functional inequality
|Dh(s1, 52, 83)| < 432v(|s1| + [s2] + [s3]) (3.15)

for all s1, 82,83 € R. If this is the case, then there cannot be an additive mapping A : R — R with a constant
k > 0 such that
|h(s1) — A(s1)| < kls1] forall sp € R. (3.16)

Proof. It is clear that ¢ is a continuous function and |£(s1)| < v for all s; € R. Now
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As a result, it becomes clear that h is bounded. Here, we’ll show that & does, in fact, satisfy (3.15). If s; = s5 =
1
s3 =0, or s1, 82, 83 € R such that |s1| + |s2| +|s3] > G then merely by virtue of the boundedness of i we have

|Dh(s1, 52, 83)| < v x 60 x 6 = 432v

(Isil+ ls2f +ss)) = 5

and hence (3.15) is obvious. Take into account the scenario where

1
0< |51| + |82| + |53‘ < 6

In the above scenario, there is a positive whole number m such that

1 1
WS|51|+|52‘+|83‘<671' (3.17)

1 1 1
This implies that 6™ 1z < G 6mly < & and 6™ 1z < G As a result,

6m71(331 + 2859 + 83), 6m71(381 — 289 + 83), 6m71(3$1 + 289 — 33)7 6m71(381 — 289 — 83),
6" (51), 6™ (=51),6™ (52), 6™ (—52),6™ " (s3), 6™ (—s3)

are all within the range of (—1, 1). Therefore, for every whole number 7 that ranges from 0 to m — 1, the values
of

6”(381 + 259 + 83),671(351 — 289 + 83), 6”(381 + 259 — 83), 6”(381 — 289 — 53),
6"(51),6"(—s1),6"(s2),6"(—s2),6"(s3), 6" (—53)

are also within the range of (—1, 1). Due to the fact that £ is linear over this range, we may conclude that

£(6™(3s1 + 282 + s3)) + £(6™ (381 + 252 — 83)) + £(6™ (381 — 2890 + 83)) + £(6™ (351 — 2892 — 53))
—12[£(6"™ (s1)) + £(6" (—s1))] — 8[€(6™ (s2)) + £(6™ (—s2))] — 2[£(6" (s3)) + £(6™ (—s3))] — 12£(6" (1)) = 0,

forn =0,1,...,m — 1. Using (3.17) and the definition of h, we may calculate

|Dh(81,82,33)| > 1
< g 6™(3s1 + 259 + 83)) + £(6™(351 + 259 — s
(Is1] + [s2] + |s3)) Pt 6" (|s1] + |s2] + |s3]) £(6"(3s1 2 3)) +&(6"(3s1 2 3))

+§(6"(3s1 — 252 + 53)) + £(6" (351 — 252 — 53)) — 12[£(6" (1)) + £(6" (—51))]
— 8[£(6" (s2)) + £(6™ (—s2))] — 2[£(6" (s3)) + £(6" (—s3))] — 126(6" (51))

> 60v . 360v
< < — = 432v.
- kZ:O 656 (|s1] + |s2| + |s3]) — ,; 6"

Consequently, for all s1, 52,53 € R with 0 < |s1] + [s2] + s3] < %, h fulfills (3.15). According to Corollary
3.2, the additive functional equation (1.7) is unstable at ¢ = 1. Let us assume, however, that there is an additive
mapping A : R — R obeying (3.16), where R is the set of all real numbers and x > 0. Since h is bounded
and continuous for every s; € R, when s; is in an open interval containing the origin, A is also bounded and
continuous within the interval. A must have the form .A(s1) = ¢s; for any s; in R, according to Theorem 2.1.
This leads to

[h(s1)] < (k+ |c]) |s1]- (3.18)
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. . o . 1
being true. However, by choosing a positive integer m with mv > & + |c|, we can find s; € (0, 67"1> such

that 6™sy € (0,1) foralln = 0,1,...,m — 1. For this s1, we get

L £(6™s1) U X 6ms
h(s1)=>_ 6n1 =Y o s =mwsy > (K + |e]) 51
n=0 n=0

which defies (3.18). Based on the inequality (3.13), it may be concluded that the equation (1.7) is not stable in
the Hyers-Ulam-Rassias sense while ¢ = 1. |

Here we present an example to show that, as mentioned in Corollary 3.2, the functional equation (1.7) is
unstable for ¢ = 1.

Example 3.4. Suppose t is such that 0 < t < % Then, there exists a function h : R — R and a constant v > 0
such that for all real numbers s, s2,s3 € R,

1—2t

|Dh(s1, 5, 53)| < v|s1]5 |sa|5 |s3| = (3.19)

and for all additive mappings A : R — R

sup 118D =AU (3.20)
81750 |51‘

,if s1,7# 0, and h(0) = 0, then we may deduce that

h _
. oy 120 A )
5170 ‘.73| neN |TL|
n#0

Proof. If we set h(s1) = s11n|s;

h(s) = A(s)] o

— sup [nln|n| —n A1)

neN |7’l|
n#0

=sup [ln|n|—A(1)] = cc.

neN
n#0

We need to show that (3.19).
Case (i): If s1, 82,53 > 01n (3.19) then,

|h(3s1 + 252 + s3) + h(3s1 + 282 — s3) + h(3s1 — 252 + s3) + h(3s1 — 252 — $3)
—12[h(s1) + h(=s1)] — 8[h(s2) + h(—s2)] — 2[h(s3) + h(—s3)] — 12h(s1)]

= |(3s1 4 282 + s3) In |3s1 + 282 + s3] + (351 + 252 — s3) In|387 + 259 — s3]
+ (351 — 282 + $3) In 381 — 289 + s3] + (351 — 282 — s3) In [3s1 — 259 — s3]
—12[s1In|s1| — s1In| — s1]] — 8[s2In|sz| — s2In| — y|]

—2[s3In|s3| — s3In| — s3]] — 12571 In|s4]|
If we set s1 = 7,52 = k, and s3 = [, then we get
‘h(381 + 259 + 83) + h(381 + 259 — 83) + ]’L(381 — 289 + 53) + h(381 — 289 — 83)
—12[h(s1) + h(—s1)] — 8[h(s2) + h(—s2)] — 2[h(s3) + h(—s3)] — 12h(s1)]

= [(3s1 + 282 + s3) In |3s1 + 252 + s3| + (381 + 282 — s3) In |3s1 + 259 — s3]
+ (351 — 282 + 83) In |31 — 289 + s3] + (381 — 289 — 83) In |3s1 — 259 — s3]

e
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—12[s1In|s1| — s1In| — s1]] — 8[s2In|sz| — s2In| — y|]
—2[s31n|s3| — s3In| — s3]] — 1251 In|s4]|

= (3j + 2k + 1) In |35 + 2k + 1| + (37 + 2k — ) In 35 + 2k — |
+(3) — 2k +1)In |35 — 2k + 1] + (35 — 2k — 1) In|3j — 2k — 1|
— 12[jln]j| — j1n| — 7] — 8k In k] - kln| — k[
=2[n|l| =IIn| —1|] — 125 In|j|

(35 + 2k + 1) + h(3j + 2k — 1) + h(3j — 2k + 1) + h(3j — 2k — 1)
—12[h(7) + h(=5)] = 8[h(k) + h(=k)] = 2[h(1) + h(=1)] — 12h(j)]

e AL R el PE R PN P b

Case (ii): If s1, 89,583 < 01n (3.19) then,

|h(3s1 + 282 + s3) + h(3s1 + 282 — s3) + h(3s1 — 252 + s3) + h(3s1 — 282 — $3)
—12[h(s1) + h(—s1)] — 8[h(s2) + h(—s2)] — 2[h(s3) + h(—s3)] — 12h(s1)]

= [(3s1 + 282 + s3) In |3s1 + 252 + s3] + (381 + 282 — s3) In |3s1 + 289 — s3]
+ (351 — 282 + 83) In |31 — 289 + s3] + (381 — 289 — 53) In |38 — 259 — 53|

—12[s1In|s1| — s11In| — s1]] — 8[s2In|sa| — s2In| — y|]
—2[s3In|s3| — s3ln| — s3|] — 1251 In |sq]|
If we set s; = —j, so = —k, and s3 = —I, then we get

|R(3s1 4 252 + s3) + h(3s1 + 259 — s3) + h(351 — 282 + s3) + h(3s1 — 252 — s3)
—12[h(s1) + h(—s1)] — 8[h(s2) + h(—s2)] — 2[h(s3) + h(—s3)] — 12h(s1)]

= [(3s1 + 282 + s3) In |3s1 + 252 + s3| + (351 + 252 — s3) In |3s1 + 259 — s3]
+ (351 — 282 + 83) In 351 — 289 + s3] + (381 — 289 — 83) In |3s1 — 259 — 53|
—12[s1In|s1| — s1In| — s1]] — 8[s2In|sa| — s2In| — y|]
—2[s3In|s3| — s3ln| — s3|] — 1251 In |sq]|

= |(—j — 2k —1)In| = 3j — 2k — I + (—3j — 2k + 1) In| — 35 — 2k + {|
(=35 + 2k — )In| — 35+ 2k — 1| + (=35 + 2k + ) In| — 3j + 2%k + ]
—12[—jIn| — 4|+ jIn|j|]] — 8[-kIn| — k| + k1n |k|]
=2[-lIn| =1 +In|l|]] +1251n| — j]|

(= — 2k — 1) + h(—3j — 2k + 1) + h(—3j + 2k — 1) + h(—3j + 2k + 1)
—12[h(—=j) + h(j)] — 8[A(=Fk) + h(k)] — 2[h(=1) + h(1)] — 12h(—7)]

1—2t

Ot t 1-2t t t
Svl=jIE [ —k[F | —c[ T =vlsi1|5 [s2]7 [s3] 3
Case (iii): If s1 > 0, 59,53 < 01in (3.19) then,

|h(3s1 + 252 + s3) + h(3s1 + 252 — s3) + h(3s1 — 252 + s3) + h(3s1 — 252 — S3)
—12[h(s1) + h(—s1)] — 8[h(s2) + h(—s2)] — 2[h(s3) + h(—s3)] — 12h(s1)]

= |(3s1 4 282 + s3) In |3s1 + 282 + s3] + (351 + 252 — $3) In[381 + 252 — s3]
+ (351 — 282 + $3) In 351 — 252 + s3] + (351 — 282 — s3) In [3s1 — 255 — s3]
—12[syInfs1| = s1In| — 51]] = 8[sz In[s2[ — s2In | — y]]

—2[s31n|s3| — s3In| — s3]] — 1251 In|s4]|
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If we set s1 = j, s0 = —k, and s3 = —I, then we get

|h(3s1 + 289 4 s3) + h(3s1 + 282 — s3) + h(3s1 — 282 + s3) + h(3s1 — 289 — 83)
—12[h(s1) + h(—s1)] — 8[h(s2) + h(—s2)] — 2[h(s3) + h(—s3)] — 12h(s1)]
= |(3s1 4 282 + s3) In |3s1 + 282 + s3] + (351 + 252 — s3) In {387 + 259 — s3]
+ (351 — 282 4 83) In |31 — 282 + s3] + (351 — 282 — 83) In |3s1 — 259 — 53|
—12[s1In|s1| — s1In| — s1|] — 8[s2 In|sa| — soln| — y|]
—2[s3In|ss| — s3ln| — s3|] — 1251 In |sq]|
= (35 — 2k — ) In |35 — 2k — 1| + (3§ — 2k + 1) In |3 — 2k + |
+(3j 42k — D)In |35 + 2k — 1| + (35 + 2k + 1) In |35 + 2k + 1|
— 1201 |j] - jln| - j{] - 8[~K1n| — k| + Kn k]
—2[-lIn| 1| +!Inl]] — 125 In|j]|
|h(3j —2k —1)+h(3j —2k+ 1)+ h(3j + 2k —1)+ h(35 + 2k +1)
—12[h(j) + h(=j)] = 8[h(=k) + h(k)] — 2[n(=1) + h(1)] — 12h(j)|

1-—2t

< vl [ = k|5 | = ¢ 3

t t 1—2t
= v|s1]% |sa]? [s3] @

Case (iv): If s1 <0, 53,53 > 01in (3.19) then,

|h(3s1 + 252 + s3) + h(3s1 + 2s2 — s3) + h(3s1 — 252 + s3) + h(3s1 — 252 — $3)
—12[h(s1) + h(—s1)] — 8[h(s2) + h(—s2)] — 2[h(s3) + h(—s3)] — 12h(s1)]

= |(3s1 4+ 282 + s3) In |3s1 + 282 + s3] + (351 + 252 — $3) In {387 + 289 — s3]
+ (381 — 282 + s3) In|3s1 — 289 + s3] + (351 — 282 — s3) In |31 — 289 — s3]
—12[s1In|s1| — s1In| — s1]] — 8[s2In|sz| — s2In| — y|]

—2[s31In|s3| — s3In| — s3]] — 1251 In|s4]|
If we set s = —j, so = k, and s3 = [, then we get

|h(3s1 + 252 + s3) + h(3s1 + 282 — s3) + h(3s1 — 252 + s3) + h(3s1 — 252 — S3)
—12[h(s1) + h(—s1)] — 8[h(s2) + h(—s2)] — 2[h(s3) + h(—s3)] — 12h(s1)|

= |(3s1 4 282 + s3) In |3s1 + 282 + s3] + (351 + 252 — $3) In|387 + 259 — s3]
+ (351 — 282 + $3) In 351 — 282 + s3] + (381 — 282 — 83) In |38 — 259 — 53|
—12[s1In|s1| — s1In| — s1]] — 8[s2In|sa| — s2In| — y|]
—2[s3In|ss| — s3ln| — s3|] — 1251 In |sq]|

= |(=3j + 2k + 1) In| — 35 + 2k + 1| + (=3 + 2k — 1) In| — 3j + 2k — |
+(=3j—2k+0)In|—-3j —2k+1|+ (-3j —2k—1)In| - 35 — 2k — ]
—12(—j1n| - j| + j1n| - j]) — 8[kn|K| — Kln| — k]
o] — iln| - I] + 12§ In| — ]|

|h(=3j + 2k +1) + h(=3j + 2k —1) + h(=3j — 2k +1) + h(=3j — 2k — 1)
120(—j) + B(=)] — $[(E) + h(—F)] — 2[h(D) + h(~D)] — 12h(7)|

1—2t

< vl =I5 k|5 IS

t t 1—2t
= v|s1]% [sa]? [s3| 7
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Case (v): If s; = so = s3 = 01in (3.19), then the statement is obvious. [ |

Here we present an example to show that, as mentioned in Corollary 3.2, the functional equation (1.7) is

unstable for ¢ = 1.

Example 3.5. Let £ : R — R be a function defined by

5(81) — {VS]_, lflSl‘ <1

v, otherwise

where v > 0 is a constant; the function h : R — R, defined as
o &(67s1)
h(s1) = ;_0 o

for all s; € R, fulfills the functional inequality
|Dh(s1, s, 53)| < 4320 (113 [52]% [s3]% + [s1] + 2] + |s3]) (3.21)

for all s1, 82,83 € R. If this is the case, then there cannot be an additive mapping A : R — R with a constant
k > 0 such that
|h(s1) — A(s1)| < kls1] forall sp € R. (3.22)

Proof. It is clear that £ is a continuous function and |£(s1)| < v for all s; € R. Now

— [£(6"51)] _ = v bv
\h(S1)|§ZW§ 67"23
n=0 n=0

As a result, it becomes clear that & is bounded. Here, we’ll show that h does, in fact, satisfy (3.15). If s; =
1

o = s3 = 0, Or 51, 52, 53 € R such that |s|3 |s|3|s3]|3 + |s1| 4 |so| + |ss| > 5 then merely by virtue of the

boundedness of h we have

[ Dh(s1, 52, 53)| <% 60 x 6 = 4320
(Is1]3]s2]3]s3|5 + [s1] + [s2] + [ss]) ~ 5

and hence (3.15) is obvious. Take into account the scenario where
1 1 1 1
0 <[s1f]s2|%[ss]% + |sa] +[s2] + s3] < 5

In the above scenario, there is a positive whole number m such that

1 1 1 1
5D = 1] 3] 3[s3] ¥ + 1] + 2] + [s3] < o (3.23)

1 1 1 1
This implies that 6mflsf‘y%z% < 2,6m7lr < 5 6m 1y < 5 and 6™ 1z < 5 As aresult,

[

6m71(351 + 252 + 83), 6m71(351 - 282 + 53), 6m71(351 + 282 - 53)76m71(381 - 282 - 53),
6™ (51), 6™ (—51), 6™ (52), 6™ (—52), 6™ (s3), 6™ (—s3)

are all within the range of (—1, 1). Therefore, for every whole number 7 that ranges from 0 to m — 1, the values
of

6" (381 + 282 + 83),6™ (351 — 282 + 83),6" (351 + 282 — $3),6" (351 — 289 — 53),

e

429



G. Yagachitradevi, S. Lakshminarayanan and P. Ravindiran

6" (s1),6"(—s1),6"(s2),6™(—s2),6"(s3),6"(—s3)
are also within the range of (—1, 1). Due to the fact that £ is linear over this range, we may conclude that

£(6™ (351 + 252 + 83)) + 5(6”(381 + 289 — 83)) + 5(6”(381 — 289 + 83,))
+&(6" (351 — 252 — s3)) — 12[£(6" (s1)) + £(6™(—51))] — 8[£(6"(52)) + £(6" (—s2))]
—2[£(6"(s3)) +£(6"(—s3))] — 12£(6"(s1)) = 0,

forn =0,1,...,m — 1. Utilising (3.17) and the definition of h, we may calculate

|Dh(81,$2,83)|
(Is1]3|s2]5]s3|5 + [s1] + [s2] + |ss])
o0

1
< g ‘5(6”(381+252+53))
67 (|51 |s2|3 |s3]5 + |s1| + |s2| + |s3])

+ 5(6n(351 + 282 - 53)) + 5(6”(351 - 252 + 53)) + 5(6“(381 — 252 — 53))
— 12[(6" (s1)) + £(6" (—51))] — 8[€(6" (52)) + £(6" (—s2))]
— 2[£(6" (s3)) + £(6™(=s3))] — 125(6”(81))’

i 60v ) SZ 601/ 1390,

= 6k6m™ (|51]5|s2|3 s3] + |s1] + |s2| + s3]

Consequently, for all s1, 53, 53 € R with 0 < |s1]3 |s5]% |ss|5 +|s1]+|s2|+|ss] < , h fulfills (3.15). According

1
to Corollary 3.2, the additive functional equation (1.7) is unstable at t = —. Let us assume, however, that there

is an additive mapping A : R — R obeying (3.16), where R is the set of all real numbers and « > 0. Since h is
bounded and continuous for every s; € R, when s; is in an open interval containing the origin, A is also bounded
and continuous within the interval. .4 must have the form A(s;) = ¢s; for any s; in R, according to Theorem
2.1. This leads to

|h(s1)] < (K + [c]) [s1]- (3.24)

being true. However, by choosing a positive integer m with mv > k + |¢|, we can find 1 € (O7 6,,1%1) such that
6"s; € (0,1) forallm =0,1,...,m — 1. For this s1, we get

o'} m—1
£(6"s1) v X 6"s;
h(sy) = E o > E L (k+ |c]) s1
n=0 =0

which defies (3.18). Based on the inequality (3.13), it may be concluded that the equation (1.7) is unstable in the

Hyers-Ulam-Rassias sense while £ = 3 |

4. Stability of (1.7) for even mappings

In this paper, we examine the generalized Hyers-Ulam stability of the functional equation (1.7), in particular
for the case of an even mapping.

Theorem 4.1. Let s = 1 and £ : K3 — [0, 00) be a mapping such that

i 5 (68i81,68i82,65i83) .

62si

=0

430



Generalized Hyers-Ulam stability a 3D additive-quadratic functional equation

forall s1,89,83 € K. Let h : KK — L be an even mapping fulfills
[ Dh(s1, s2,83)|| < & (s1,52,53) 4.2)

forall s1, s, s3 € K. Then there is only one quadratic mapping B : K — L that fulfills (1.7) and

1 < ¥ (6%s
i)~ Bl < o >0 L) @3)
where 1 : IC — L and B(s1) are defined by
1
w(sl)25(51781751)‘5‘55(81,0,81) (4.4)
and ‘
h(6%s1)

B(s1) = lim

i—soo 625t

4.5
for all s1 € K, respectively.

Proof. Assuming that s is equal to 1. By substituting (s1, s2, s3) with (s1, s1, s1) in (4.2) and make use of the
evenness of h, we arrive at the inequality

|1h(6s1) + h(4s1) + h(2s1) — 56h(s1)| < & (s1,81,51) (4.6)

for all s; € K. Similarly, substituting (s1, $2, s3) with (s1,0, s1) in (4.2) and using the even property of h, we
get

1
||h(481> + h(281) — 20h(81)|| < 56 (81, 0, 81) “@.7
for all s; € K. Combining these two inequalities, we find that
|1h(6s1) — 36Rh(s1)]| = ||h(6s1) + h(4s1) + h(2s1) — 56h(s1)]| + ||h(4s1) + h(2s1) — 20h(s1)||

1
§§(51,81781)+§€ (51,0,51) (4.8)

for all s; € K. Dividing the preceding inequality by 62 yields

h(6s1) ¥(s1)
H 1) (o) ’ < 4.9)
where 1
P(s1) =& (s1,81,51) + 55 (51,0,51)
for all s; € K. By plugging in 6s; in place of s; and dividing by 6 in (4.9), we acquire
h(6281) h(GSl) 5(681)
H T | < e (4.10)
for all s; € K. From (4.9) and (4.10), we obtain
h(62s1) h(6s1) h(6%s1)  h(6s1)
R TS N
1 &(6s
<& {5(51) + (621)} @.11)
S
V=)
MJM
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for all s; € K. Then, by induction to a postive integer n, we have

h(6™s1) f (6s1)
H : h(sl)H <& Z 6211 (4.12)

62n
1=0

S62z:§62z

h(6™
for all s; € K. Substituting 6™s; for s; and dividing by 62 in (4.12), we see that the sequence { (6251) }

converges. It follows that for any m and n in the positive integer range, we can conclude that

62n — h(6m81)

62(n+m) 62m

Hh(6n+m51) h(ﬁmsl)

’ 1

52

g 61+m81 g 6'L+msl
62 Z 62 Ta2(i4m) = 62 Z 62(i+m)

1=0

—0 as m— o

h(6n51)
62n

for all s; € K. Thus { } is Cauchy. For complete set £, a mapping B : K — L exists with

B(s1) = lim h(6"s1)

n— 00 62

, V.s1 €K

When we plug in (4.12), where n may go to infinity, we get that (4.3) is true for every s; € K. To show that A
satisfies (1.7), we substitute (6™s1, 6" sq,6™s3) for (s1, 52, s3) in (4.2) and divide by 62" to get

1
§(6n81, 6”82, 6“53)

||Dh( 81,6n82,6n53)” < 62n

62rL
for all s1, 82, s3 € K. Using the definition of B(s;) and the aforementioned inequality, we can show that B(sy)
as n goes to infinity. Hence For all s1, s2, s3 € K, B fulfils (1.7). If B is not unique, we may show that D(s;) is
also an additive mapping fulfilling (1.7) and (4.3), as

[B(s1) = D(s1)l| = 6% [1B(6"s1) —D(6"s1)||
< 6% {[1B(6"s1) — h(6™s1)|| + [[h(6"s1) — D(6"s1)][}
f z+n
§62Z 62(“‘") —0 as n— oo

for all s; € K. For this reason, B cannot be found anywhere else. This proves that the theory is correct when s
equals 1. Substituting %1 for s1 in inequality (4.8) leads to the conclusion that

e =on ()] <€ (55 5) + 3¢ (5-0.5)

for all s; € K. The remainder of the proof for s = —1 is the same as it is for s = 1 . Therefore, the theorem is
valid for both s = 1 and s = —1 . The theorem has been proven at this point. |

The next Corollary is directly derived from Theorem 4.1 concerning the stability of Equation (1.7).

3

s
2
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Corollary 4.2. Let t be a positive real value, and assume v > 0. For any s1, 82,53 € K, let h : K — L be a
function that fulfills the inequality

V?

v sl flsell + [1sall*} 142
Dh(s1,89,s3)] < 4.13
e KT spo D

v{llsall“llsal[*llssl” + {Is][*" + [ls2l* + [lss||*} } . 3t # 2.

If so, then for every s1 € K, there is a unique quadratic function B : IC — L such that

3v

4 t

il 1o,

1h(s1) = Blsi)ll < § ]y " 3t 2 2: 4.14)

‘63’5 62|’ ’

Sv||s1l*

731& 2.

[EETEi

To demonstrate that (1.7) is not stable at t = 1, as stated in Corollary 4.2, we will now present an illustration.

Example 4.3. Let £ : R — R be a function defined by

E(s1) = {Vs%, if |s1] < 1

v, otherwise

where v > 0 is a constant, and the function h : R — R, which is defined as

£(6"
Z 6251

for all s; € R fulfills the functional inequality

15552v
7

|Dh(s1, s2,53)| < (Is1]® + [s2]? + [s3]?) (4.15)

for all s1,s2,s3 € R. If this is the case, then there cannot be a quadratic mapping B : R — R with a constant

Kk > 0 such that
|h(s1) — B(s1)| < k|s1|*> forall s, €R. (4.16)

Proof. It is clear that ¢ is a continuous function and |£(s1)| < v for all s; € R. Now
|€(6™s7) v 36v
< = —.
h(s1)l Z |62n| = Z 62n 35

As a result, it becomes clear that h is bounded. Here, we’ll show that & does, in fact, satisfy (4.15). If s; = s5 =
1
53 =0, 0r 51, 82,53 € R such that |s1|? + |s2|? + |s3]% > & then merely by virtue of the boundedness of h we

have

|Dh($1,82,53)‘ 36v 2 _ 15552y
< — x60x6
(Is1? + [s2]? +[s3]?) = 35 T

and hence (4.15) is obvious. Take into account the scenario where

0 < |s1]* + |s2]® + |s3]*> <

e
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In the above scenario , there is a positive whole number m such that

7 < lstl? 4 [saf” + [ss]* < (4.17)

62(m+1 62m”

1 1 1
This implies that 6™ 1z < G 6mly < & and 6™ 1z < G As a result,
6m_1(381 + 259 + 83), 6m_1(381 — 289 + 83), 6m_1(381 + 259 — 83)7 6m_1(381 — 259 — 53),
6™ 1 (s1),6™ " (—51),6™ " (52),6™ " (—s2),6™ " (s3), 6™ (—s3)

are all within the range of (—1, 1). Therefore, for every whole number 7 that ranges from 0 to m — 1, the values
of

6”(381 + 252 + 83),6n(381 - 252 + 53), 6“(351 + 282 - 53), 6”(381 - 252 - 83),
6" (s1),6"(=s1),6" (s2),6" (—52),6" (s3),6"(—s3)

are also within the range of (—1, 1). Due to the fact that £ is quadratic over this range, we may conclude that

§(6n(351 + 282 =+ 83)) =+ §(6n(351 + 282 — 83)) =+ €(6n(351 — 252 + 53))
+ (6" (351 — 252 — s3)) — 12[6(6" (51)) + £(6" (—51))] — 8[€(6" (52)) + £(6" (—s2))]
— 2[€(6"(s3)) + £(6"(—s3))] — 126(6" (1)) = 0,

for integers n = 0 — m — 1. Utilising (4.17) and the definition of i, we may calculate

‘Dh(81,82753)| > 1 n n
< 6" (351 + 259 + +&(6™(3s1 + 252 —
(|81|2 + ‘32|2 + |S3|2) = Z 36n(|81‘2 + |82|2 + |83‘2) é—( ( S1 52 53)) g( ( S1 52 53))

+&(6" (351 — 252 + 53)) + £(6" (351 — 252 — 53)) — 12[£(6"(51)) + £(6" (—51))]
— 8[£(6" (s2)) + £(6™(—s2))] — 2([£(6" (s3)) + £(6" (—s3))] — 12£(6" (1))

n=m

o0

60v Z 2160v _ 15552v

< =
= kZ:O 367367 ([s1]2 + [s2]? + [sal?) — &= 36F 7

Consequently, for all s1, s9, 53 € R with 0 < [s1]? + |s2|* +[s3] < %, h fulfills (4.15). According to Corollary
4.2, the quadratic functional equation (1.7) is unstable at t = 1. Let us assume, however, that there is a quadratic
mapping B : R — R obeying (4.16), where R is the set of all real numbers and « > 0. Since A is continuous and
bounded for every s; € R, when s; is in an open interval containing the origin, B is also continuous and bounded
within the interval. B must have the form B(s1) = cs? for any s; in R, according to Theorem 2.1. This leads to

|h(s1)] < (k+ |c]) s7. (4.18)

being true. However, by choosing a positive integer m with mv > k + |c|, we can find 1 € (0, 6%1) such that
6"s1 € (0,1) foralln = 0,1,...,m — 1. For this s;, we get

o) m—1
£(6™s1) v x 62"g?
o) =) e 2 Y — e =mwsi > (k+ ) st
n=0 n=0
which defies (4.18). Based on the inequality (4.13), it may be concluded that the equation (1.7) is unstable in the
Hyers-Ulam-Rassias sense while t = 1. |
S
V=
MM
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Here we present an example to show that, as mentioned in Corollary 4.2, the functional equation (1.7) is

unstable for t = 2.

Example 4.4. Suppose t is such that 0 < t < % Then, there exists a function h : R — R and a constant v > 0
such that for all real numbers s1, sz, 53 € R,

|Dh(s1, 52, 53)| < v]s1|5 |sa] 5 |s3] 5 (4.19)
and for all quadratic mappings B : R — R
h _
qup s Z BVl _ | (4.20)

5170 [51]
Proof. If we set h(s1) = s7 In|sq], if s1 # 0, and h(0) = 0, then we may deduce that

aup 1) =Bl [ (n) B (n)
z#£0 |s1] neN |n
n#0

[n?In|n| —n? B (1)
= sup

neN |’I’L|
n#0

= sup |In|n|—B(1)] = cc.

neN
n#0

We need to show that (4.19).
Case (i): If s1, s2,s3 > 0in (4.19) then,

|h(3s1 + 282 + s3) + h(3s1 + 282 — s3) + h(381 — 252 + s3) + h(3s1 — 282 — $3)
—12[h(s1) + h(=s1)] = 8[h(s2) + h(—s2)] — 2[h(s3) + h(—s3)] — 12h(s1)]

= |(351 + 289 + 53)2 In|3s1 + 289 + s3] + (351 + 289 — 53)2 In |3s1 + 282 — s3]
+ (351 — 255 + 53)%In |351 — 285 + 53| + (351 — 259 — 53)%In [351 — 255 — s3]
—12[s?In|sy| + s7In| — s1|] — 8[s5In |so| 4+ s31n | — so]]

—2[s3In|s3| + s51In | — s3]] — 1257 In [s4]|
If we set s; = 7,52 = k, and s3 = [, then we get

|h(3s1 + 282 + s3) + h(3s1 + 282 — s3) + h(3s1 — 252 + s3) + h(3s1 — 282 — S3)
—12[h(s1) + h(—s1)] — 8[h(s2) + h(—s2)] — 2[h(s3) + h(—s3)] — 12h(s1)|
= |(3s1 + 252 + s3)> In |3s1 + 255 + s3] + (351 + 252 — 53)° In[3s1 + 252 — s3]
+ (351 — 259 + 53)%In [351 — 285 + 53| + (351 — 259 — 53)* In [351 — 255 — s3]
—12[sIn|sy| + s3In| — s1|] — 8[s5In|s2| + s31n| — sa]]
—2[s21n|s3| + s2In| — s3]] — 1257 1n Bl
=[(3j+2k+1)*In[3j + 2k + 1| + (3j + 2k — 1)’ In[3j + 2k — |
+ (35 =2k +1)*In|35 — 2k + 1| + (35 — 2k — 1)*In |35 — 2k — ||
—12[%In |j[ + j* In| — j[] - 8[k* In k| + k*In | — k]
=2 |I| + *In| — I]] — 125% In|j||
(35 + 2k + 1) + h(3j + 2k — 1) + h(3) — 2k + 1) + h(3j — 2k — 1)
—12[h(G) + P(=j)] = 8[h(k) + h(=K)] = 2[n(1) + h(=1)] = 12A(j)|

e

435



G. Yagachitradevi, S. Lakshminarayanan and P. Ravindiran

2—2t

< wlj|3 k|5 1|3

t t 2—2t
=v|s1|? [s2|? [s3] 3

Case (ii): 1If s1, 52,53 < 01n (4.19) then,

|h(3s1 + 282 + s3) + h(3s1 + 282 — s3) + h(381 — 252 + s3) + h(3s1 — 282 — $3)
—12[h(s1) + h(=s1)] — 8[h(s2) + h(—s2)] — 2[h(s3) + h(—s3)] — 12h(s1)|

= [(3s1 + 252 + s3)> In [3s1 + 255 + s3] + (351 + 252 — 53)° In[3s1 + 252 — s3]
+ (3s1 — 282 + 83)2 In|3sy — 289 + s3] + (387 — 289 — 53)2 In|3s1 — 259 — s3]

— 12[5% In |s1| + s% In| —s1]] — 8[3% In |so| + s% In| — s2]
—2[s3In|s3| + s51In | — s3]] — 1257 In [s4]|
If we set s1 = —j, so = —k, and s3 = —I, then we get

|h(381 + 282 + s3) + h(3s1 + 282 — s3) + h(381 — 252 + s3) + h(3s1 — 282 — $3)
—12[h(s1) + h(=s1)] = 8[h(s2) + h(—s2)] — 2[h(s3) + h(—s3)] — 12h(s1)]

= |(351 + 259 4 53)2In |35 + 255 + s3] + (351 4 250 — 53)?In|3s1 + 255 — s3]
+ (351 — 255 + 53)%In [351 — 285 + 53| + (351 — 259 — 53)%In [351 — 255 — s3]
—12[s71In|sy| + s3In| — s1|] — 8[s3In|s2| + s31n| — sa]]
—2[s31In|s3| + s31In| — s3]] — 1257 In [s4]|

=[(=3j =2k —1)’In| = 3j — 2k — 1| + (-3 — 2k + )*In| — 3j — 2k + (|
4 (=35 + 2k — 1)2In| — 35 + 2k — I + (=35 + 2k + 1)2In| — 3j + 2k + (|
—12[j%In|j[ + j* In| — j[] — 8[k* In k| + k* In | — k]
—2[*In|l| + *In| — I|] — 125° In 5|

(=35 — 2k — 1) + h(—3j — 2k + 1) + h(—3j + 2k — 1) + h(—3j + 2k + 1)
—12[h(—j) + h(G)] — 8[A(—E) + h()] — 2(h(~1) + h()] — 12(~)

2—2t

<wljls | KIS | =17

2—2t

= vs1|7 [s2]7 |s5| 7
Case (iii): 1If s1 > 0, 59,53 < 01in (4.19) then
‘h(331 + 289 + 83) + h(381 + 289 — 83) + h(381 — 289 + 53) + h(381 — 289 — 83)
—12[h(s1) + h(—s1)] — 8[h(s2) + h(—s2)] — 2[h(s3) + h(—s3)] — 12h(s1)]
= |(3s1 + 252 + s3)> In [3s1 + 255 + s3] + (351 + 252 — 53)° In[3s1 + 252 — s3]
+ (351 — 259 + 53)%In [351 — 285 + 53| + (351 — 259 — 53)* In [351 — 255 — s3]

— 12[3% In|s1| + s2In| — s1l] — 8[8% In |so| + s% In| — s2]
—2[s21n|s3| + s2In| — s3]] — 1257 1n |51
If we set s1 = j, s0 = —k, and s3 = —[, then we get

|h(3s1 + 282 + s3) + h(3s1 + 282 — s3) + h(381 — 252 + s3) + h(3s1 — 282 — $3)
—12[h(s1) + h(—s1)] — 8[h(s2) + h(—s2)] — 2[h(s3) + h(—s3)] — 12h(s1)]

= |(3s1 + 252 + s3)> In |3s1 + 255 + s3] + (351 + 252 — 53)° In[3s1 + 252 — s3]
+ (351 — 259 + 53)%In [351 — 285 + 53| + (351 — 259 — 53)* In [351 — 255 — s3]

436

e

<



Generalized Hyers-Ulam stability a 3D additive-quadratic functional equation

—12[s%1In|sy| + s?In| — s1|] — 8[s3In |s2| + s51n| — s2]]
—2[s3In |s3| + s31In | — s3|] — 127 In |5y ]|

=[(3j — 2k —1)*In[3j — 2k — 1)] + (3j — 2k + 1) In|j — 2k + |
+(3j 4+ 2k —1)*In |35 + 2k — | + (35 + 2k + 1)*In |35 + 2k + |
—12[52In |j| + j%In| — j|] — 8[k*In|k| + k*In| — k]
=2 |I| + P In| — ] — 125°In|j||

|h(3j — 2k = 1)+ h(3j — 2k + 1) + h(3j + 2k — 1) + h(3j + 2k + 1)
—12[h(j) + h(=7)] —8[h(—k)+h(k)} = 2[h(=1) + h(1)] — 12A(j)]

< vljfs | — ki

= v]s1]3 |55

Case (iv): If s1 <0, 59,53 > 0in (4.19) then,

|h(3s1 + 282 + s3) + h(3s1 + 282 — s3) + h(381 — 252 + s3) + h(3s1 — 282 — $3)
—12[h(s1) + h(—s1)] — 8[h(s2) + h(—s2)] — 2[h(s3) + h(—s3)] — 12h(s1)]

= |(351 + 289 + 33)2 In |3s1 + 2s2 + s3| + (381 + 289 — 53)2 In |3s1 + 252 — s3]
+ (351 — 259 + 53)%In [351 — 285 + 53| + (351 — 259 — 53)% In [351 — 255 — s3]

—12[s?In|sy| + s7In| — s1|] — 8[s3In |so| 4+ s3In | — so]]
—2[s3In s3] + s31In| — s3]] — 1257 In [s4]|
If we set s = —j, s2 = k, and s3 = [, then we get

|R(3s1 4 282 + s3) + h(3s1 + 252 — s3) + h(351 — 282 + s3) + h(3s1 — 252 — s3)
—12[A(s1) + h(—s1)] — 8[h(s2) + h(—s2)] — 2[h(s3) + h(—s3)] — 12h(s1)|

= |(351 + 289 4 53)% In 351 + 255 + s3] + (351 4 259 — 53)%In|357 + 255 — s3]
+ (351 — 259 + 53)%In [351 — 285 + 53| + (351 — 259 — 53)* In [351 — 255 — s3]
—12[s31n|s1| + s7In| — z|] — 8[s31In|sz| + s51In | — s5]]
—2[s21n|s3| + s2In| — s3]] — 1257 1n |51
=|(=3j+2k+1)°In| = 3j + 2k + 1|+ (—3j + 2k — )*In| — 3j + 2k — |
+ (=37 =2k +1)*In| —3j — 2k + 1| + (=3j — 2k — )*In| — 35 — 2k — ||
1202 In| — j| + 7 In 5[] — 8k In [k] + K In| — k|
—2[ I |I| + P In| —[] — 125%In| — j||

(=37 + 2k + 1) + h(=3j + 2k — 1) + h(=3j — 2k + 1) + h(—3j — 2k — 1)
—12[h(=j) + h(j)] = 8[A(k) + h(=K)] = 2[h(1) + h(=1)] — 12h(=3)]

< vl —jl% k|5

= v]s1]5 |5

Case (v): If s1 = s = s3 = 01in (4.19), then the statement is obvious. [ |

Here we present an example to show that, as mentioned in Corollary 4.2, the functional equation (1.7) is

unstable for t = %
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Example 4.5. Let £ : R — R be a function defined by

5(51) _ {VS% if|51‘ <1

v, otherwise

where v > 0 is a constant; the function h : R — R, defined as

> 6“51

for all s1 € R, fulfills the functional inequality

15552
7

for all s1, s2,s3 € R. If this is the case, then there cannot be a quadratic mapping B : R — R with a constant
k > 0 such that

|Dh(s1, s, 53)| < (Is1]%]s2]5]s3] 5 + |s1]? + [s2]% + |s3]?) 4.21)

|h(s1) — B(s1)| < ks forall s; €R. (4.22)

Proof. It is clear that ¢ is a continuous function and |£(s1)| < v for all s; € R. Now

(6" 36
Z 62:|1 - Z 612/n = 37;

As a result, it becomes clear that h is bounded. Here, we’ll show that & does, in fact, satisfy (4.15). If s; = s5 =

1
s3 = 0, Or 51, 2,53 € R such that |sy |3 |sa| |sg]F + [s1]2 + [s2]? + [s3]2 > — @ , then merely by virtue of the
boundedness of h we have
IDh(s1s0.) S o 15552
(Is1[3]s2]3 s3] +[s1] +[s2]* + [s3]?) — 35 7

and hence (4.15) is obvious. Take into account the scenario where
2 2 2 2 2 2
0 <[sfF]s2|¥[s3]3 + [s1]” + [sof” + [ss]” < o5

In the above scenario, there is a positive whole number m such that

2 2 2
< |81‘§|82|§‘83|§ +‘81|2+|82|2+‘83|2 < (4.23)

62(m+1) 62m’

1 1 1
6l < E,Gm_ly < G and 6™ 1z < G As a result,

6m71(351 + 252 + 83) 6 (351 - 252 + 53), 6m 1(351 + 252 - 53)76m71(381 - 252 - 53),
6m—1(81)76m—1(_81)76m 1(82),6m 1( )76m 1( 3),6m_1(—83)

AN
s

are all within the range of (—1, 1). Therefore, for every whole number 7 that ranges from 0 to m — 1, the values
of

6”(381 + 259 + 53)76n(351 — 289 + 83), 6”(381 + 259 — 83)7 6"(381 — 289 — 53),
6"(51),6"(—s1),6"(s2),6"(—s2),6"(s3), 6" (—53)

are also within the range of (—1, 1). Due to the fact that £ is quadratic over this range, we may conclude that

5(6”(381 + 259 + 83)) + 5(6”(381 + 2859 — 83,)) + §(6"(381 — 289 + 83))

e
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+£(6" (351 — 252 — 53)) — 12[£(6" (51)) 4 (6" (—51))] — 8[€(6" (52)) 4 £(6" (—52))]
— 2[£(6" (s3)) + £(6™(—s3))] — 12£(6"(s1)) = 0,
forn =0,1,...,m — 1. Utilising (4.17) and the definition of h, we may calculate
|Dh(81,32,$3)| e 1

<
(IsalEloalFsaf? o fsaf2 o+ foal s+ aaf?) =5 62 (jon sl lsal o+ Jsu 2+ fsof? + f?)

‘5(6”(351 + 280 + 53)) + £(6™ (351 + 250 — 53))

+ £(6n(351 — 282 + 53)) —+ £(6n(351 — 282 — 53))
—12[£(6" (s1)) + &(6™ (—51))] — 8[€(6" (s2)) + (6™ (—52))]
— 2[£(6" (s3)) + £(6"(—s3))] — 12£(6™(51))

- Z 60v
T £ 36K36™ (|s1]5 [52] 5[5] 5 + [s1]2 + [s2]2 + |s3]2)

Z 21600 15552
= £ 36k .

. 1
Consequently, for all 51, 59,535 € R with 0 < [s1]5]s2|3|s3]3 + |s1]> + [s2|? + |s3]2 < gz b fulfills (4.15).

2
According to Corollary 4.2, the quadratic functional equation (1.7) is unstable at £ = —. Let us assume, however,

that there is a quadratic mapping 3 : R — R obeying (3.16), where R is the set of all real numbers and x > 0.
Since h is bounded and continuous for every s; € R, when s; is in an open interval containing the origin, B is
also bounded and continuous within the interval. 3 must have the form B(s;) = cs? for any s; in R, according
to Theorem 2.1. This leads to

|h(s1)] < (k+ |c]) s7. (4.24)

being true. However, by choosing a positive integer m with mv > k + |c|, we can find s; € (O, G 1) such that
6"s1 € (0,1) foralln = 0,1,...,m — 1. For this s1, we get

£(6™s1) = v x 622
Z 62n - Z 62n L= mysl ('Li + |C|)
n=0

which defies (4.18). Based on the inequality (4.13), it may be concluded that the equation (1.7) is unstable in the

Hyers-Ulam-Rassias sense while t = —. |

5. Stability of (1.7) for mixed mappings

In this section, we will examine the generalised Hyers-Ulam stability of the functional equation (1.7) in the
case where the mapping is a mixture of odd and even mappings.

Theorem 5.1. Let s = 1 and £ : K3 — [0, 00) be a mapping such that

;5(6 817251.8276 83) < oo and Z§<6 81722;2’6 83) < 00 6.1

forall s1,s9,s3 € K. Let h : K — L be a mapping satisfying the inequality

| Dh(s1,52,53)| <& (s1,52,53) (5.2)

3
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forall s1, 82,83 € K. Then, a unique additive mapping A : K — L and a unique quadratic mapping B : K — L
exist with

oo

o) = Als2) = Bl < 5 3 { gty + g [0 6) + 0 (-6%s)]

. 1—s
=3

where 1 (s1) , A(s1) and B(s1) are defined as in (3.4), (3.5) and (4.5) for all s1 € K, respectively.
Proof. Define a mapping h, : K — H by
ha(s1) = 5[h(s1) — h(=51)] 5.3)
for all s; € K. Then h,(0) = 0 and hy(—s$1) = —ha(s1) forall s; € K. Hence
| Dhq(s1,52,53)| <

[€ (51,52, 83) + & (—x, =52, —53)] (54)

for all s; € K. By Theorem 3.1, we have

[ha(s1) = Als)]| < (5.5

1 > ﬂ) (65i81) + 1// (—65i81)
Z 6(si+1)

where 1) (s1) and A(s1) are defined as in (3.4) and (3.5) for all s; € K, respectively. Also, define a mapping
hq : K — H by

als1) = (1) + h(—51)] 5.6)

for all s; € K. Then hy(0) = 0 and hy(—s1) = hg(s1) forall s; € K. Hence

1
| Dhy(s1,52,583)| < 3 [€ (51,52,83) + & (=51, =82, —53)] 5.7
for all s; € K. By Theorem 4.1, we have
1 > P (651'31) + 1/) (—6Si51)
Ihg(s1) = Bs)| < 5 > ) (5.8)

where ¢ : K — L and B(s;) are defined as in (3.4) and (4.5) for all s; € KC, respectively. From (5.3) and (5.5),
we have

h(s1) = ha(s1) + he(s1) (5.9
for all s; € K. Using (5.5), (5.8) and (5.9), we get

[h(s1) = A(s1) = B(s1)|| = [[ha
< |lha

s1) + hq(s1) — A(s1) — B(s1) ||
s1) — A(s1)|| + [[hq(s1) — B(s1)|

o0

1 1 1 s1 S1
< 92 Z {6(si+1) + 62(si+1)} [1/) (6 81) +9 (_6 51)]

—s

2

—~

=

where v (s1) ,.A(s1) and B(s;) are defined as in (3.4), (3.5) and (4.5) for all s; € K, respectively. [ |
The Corollary that follows is a direct result of Theorem 4.1, which pertains to the stability of equation (1.7).
S
(V<)
MM
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Corollary 5.2. Assume that t be a positive real value and v > 0. Let h : K — L be a function fulfills the
inequality

1/7
v{llsill* +ls2ll* + [[ssl[*} t#1,2
< .
|‘Dh(81782,$3)“ = V‘|51||t‘|82”t||83||t, 3t ?é 1,2; (5.10)

v{llsul[*lls2llllssl* + {Isal** + [Is2l [ + llss]|*} }, 36 # 1,2

forall s1, 89,53 € K. Then, a unique additive mapping A : K — L and a unique quadratic mapping B : K — L
exist with
3y 1 n 1
10 ' 70
4v||s1]|t ! + ! t#1,2;
W r=e Trme) s TR

1 1
3t 3t#1,2;
VH81|| (|63t_6| + 63t_62|)7 7é )
5|3y 1 ( a1

|h(s1) — A(s1) — B(s1)]| < (5.11)

637 — 6| + 63" — 62|
forall s; € K.

To demonstrate that (1.7) is not stable at t = 1, as stated in Corollary 4.2, we will now present an illustration.

Example 5.3. Let £ : R — R be a function defined by

v
—(s1+82), ifls1] < 1
(o) = { 551+ ), fleal <
v, otherwise
where v > 0 is a constant, and the function h : R — R, which is defined as
0 6"
=3 O ey
n=0
forall s; € R, satisfies the functional inequality

936 x 6v
|Dh(s1, 52, 83)] < f(lﬁ\ + [s2] + s3]) (5.12)

for all s1,82,83 € R. Then there is no existence of an additive mapping A : R — R, a quadratic mapping
B : R — R and a constant k > 0 such that

|h(s1) — A(s1) — B(s1)| < k(|s1] +|s1]?) forall s, €R. (5.13)

Proof. It is clear that ¢ is a continuous function and |£(s1)| < v for all s; € R. Now

|6"+1| w6 +1) T8
o< 3 e < 3 ) = 5.

n=0
As a result, it becomes clear that h is bounded. Here, we’ll show that & does, in fact, satisfy (5.12). If s; = s5 =
1
sg =0, or s1, 2, 53 € R such that |s1| + |s2| + s3] > 5 then merely by virtue of the boundedness of i we have
|Dh(s1, s2, 83)| o 8 T8y 936 x 6v

X 60 X 6 =
(|$1‘+|82‘+|83|) - 35 7

e
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and hence (5.12) is obvious. Take into account the scenario where

1
0 < |s1]+ |s2| + |s3] < 6

In the above scenario , there is a positive whole number m such that

1 1
6(m+1) < |81| + |82‘ + |83‘ < 677" (5.14)

1 1 1
This implies that 6™~ 1s; < & 6m sy < & and 6™ g3 < G As a result,
6m71(351 + 282 + 83), 6m71(381 — 252 + 53), 6m71(381 + 252 - 83)76m71(381 - 282 — 83),
6™ (51),6™ " (=51),6™ " (s2),6™ " (—s52),6™ " (s3),6™ " (—s3)

are all within the range of (—1, 1). Therefore, for every whole number 7 that ranges from 0 to m — 1, the values
of

6" (351 + 289 + 83),6™ (351 — 282 + 83),6™ (351 + 282 — $3),6" (351 — 2589 — S3),
6" (51),6"(—s1),6"(s2),6"(—s2),6"(s3), 6" (—53)
Due to the fact that £ is additive-quadratic over this range, we may conclude that
E(6™ (351 + 282+ 83)) + £(6™ (351 + 282 — s3)) + £(6™ (351 — 252 + 83))
+£(6"(3s1 — 252 — s3)) — 12[£(6" (51)) + £(6" (—51))] — 8[€(6"(52)) + £(6" (—s2))]
— 2[€(6" (s3)) +&£(6" (—s3))] — 12£(6" (s1)) =0,

forn =0,1,...,m — 1. Utilising (5.14) and from the definition of h, we may calculate
|Dh(s1, s2, 83)| - (6™ +1)
< 6" (351 + 259 + 53)) + £(6™(351 + 259 — s
(oal+ Toal 130D = 2 57 (Jon] Ja] & Joap) [F(6 351 + 282+ ) +€(6" B o+ 262 = 53))

n=m

4 E(6"(351 — 255+ 53)) + £(6"(351 — 285 — s3)) — 12[€(6™(51)) + £(6™(—51))]
— 8[£(6"(s2)) + &£(6" (—s2))] — 2[£(6" (s3)) + (6™ (—s3))] — 12£(6" (s1))

> (6™ + 1)60v 78v 60 936 x 6v
< < — X
B ,;62"(\51|+|82|+|53I) T35 0 6™ (fsaf +s2f+ss)) T 7

Consequently, for all s1, 52,53 € Rwith 0 < |s1] + [s2] + |s3] < %, h fulfills (5.12). According to Corollary
5.2, the the additive-quadratic functional equation (1.7) is unstable at ¢ = 1. Let us assume, however, that there
exist an additive mapping A : R — R, a quadratic mapping B : R — R and a constant < > 0 that satisfies (5.13).
Since h is continuous and bounded for every s; € R, when s; is in an open interval containing the origin, .A and
B are also continuous and bounded within the interval. A must have the form A(s1) = ¢s; and B must have the
form B(s1) = cs? for any s; in R, according to Theorem 2.1. This leads to

A5l < (5 + [e]) (|s1] + |s]?).- (5.15)

,we can find s; € (0, 6,,%1) such that

being true. However, by choosing a positive integer m with myv > k + |c

6"s1 € (0,1) foralln = 0,1,...,m — 1. For this s;, we get

00 m—1
6" +1) en v(6"+1) n n

D (67) > Y (6 + 67

n=0 n=0

h(s1) =

e
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— 11/6”+1

(s1+ 6”5?) v(s1 + s%)

oMi

n=0
mu(s1 + 1) > (5 +[c]) (51 + 81)

which defies (5.15). Based on the inequality (5.10), it may be concluded that the equation (1.7) is unstable in the
Hyers-Ulam-Rassias sense while ¢ = 1. |

Here we present an example to show that, as mentioned in Corollary 5.2, the functional equation (1.7) is
unstable for ¢ = 2

Example 5.4. Let £ : R — R be a function defined by

v, otherwise

§ls1) = { S+ s il <1

where v > 0 is a constant, and the function h : R — R, which is defined as

s = 3 T Ve

n=0
for all s; € R, satisfies the functional inequality

31536 x 6%v
259

for all s1,s9,83 € R. Then there is no existence of an additive mapping A : R — R, a quadratic mapping
B : R — R and a constant k > 0 such that

|Dh(81,82,83)| < (‘81|2 + |82|2 + ‘83|2) (5.16)

|h(s1) — A(s1) — B(s1)] < &(|s1]| + |81|2) forall s €R. 5.17)

Proof. It is clear that ¢ is a continuous function and |£(s1)| < 2v for all s; € R. Now

1627 + 1], o > 62”+ 1)  2628v
< 6 s < = .
Sl | nzo |64n Ig = g 1205
As aresult, it becomes clear that h is bounded. Here, we’ll show that h does, in fact, satisfy (5.16). If s1 = 5o =
1
s3 =0, 0r 81, 82,53 € R such that |s1|? + [s2]? + |s3]? > — & , then merely by virtue of the boundedness of h we

have

2
|Dh(s1, s2, $3)] < 2628 60 % 62 — 31536 x 6%
(Is1]? + [s2]% +[s3]%) — 1295 259

and hence (5.16) is obvious. Take into account the scenario where

1
0 < [s1]* + [so|* + s3] < 62
In the above scenario , there is a positive whole number m such that
o < st 5ol + sl < (5.18)
62(m+1) — 1 2 3 62m” :

1 1 1
This implies that 6™ 1s; < & 6™ lsy < & and 6™ 1s3 < G As a result,

6™ 1 (351 + 255 + 53),6™ 1 (351 — 285 + 53),6™ 1 (351 + 289 — 53),6™ 1 (351 — 289 — 53),

3

s
2
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6™ (1), 6™ (—51),6™ 1 (s52),6™ " (—s2), 6™ (s3),6™ " (—s3)

are all within the range of (—1, 1). Therefore, for every whole number 7 that ranges from 0 to m — 1, the values
of

"(3s1 4 289 + 83),6™ (351 — 282 + 83),6™ (351 + 282 — 83),6™ (351 — 282 — S3),
"(s1),6"(—s1),6"(s2),6"(—s2),6"(s3),6"(—s3)

are also within the range of (—1, 1). Due to the fact that & is additive-quadratic over this range, we may conclude
that

6
6

€(6n(381 + 289 + 83)) + €(6n(3$1 + 289 — 83)) + §(6n(381 — 289 + 83))
+&(6"(351 — 282 — s3)) — 12[£(6" (1)) + £(6™(—51))] — 8[£(6" (52)) + £(6" (—s2))]
—2[£(6"(s3)) +&£(6"(—s3))] — 12£(6"(s1)) = 0,

forn =0,1,...,m — 1. Utilising (5.18) and from the definition of h, we may calculate

‘Dh(51,82,53)| > (62n + 1)
< 6" (3s1 + 252 + +£(6™(3s1 + 289 —
(|51|2 ¥+ |82|2 ¥ |53|2) = Z 64n(|81|2 ¥ |82|2 ¥ |83|2) E( ( S1 S2 83)) f( ( S1 S2 53))

+&(6" (351 — 252 + 53)) + £(6" (351 — 282 — s3)) — 12[£(6" (1)) + §(6" (—51))]
— 8[€(6" (s52)) +&£(6™(—s2))] — 2[6(6" (s3)) + £(6™(—s3))] — 12£(6" (51))

n=m

= (62" +1) 60v
< X
_7; 64" (Is1]* + [s2]? + [s3]?)

26280 60 31536 x 6%v
= 1295 7 62 (|s1)2 + [s2|2 + |s3]?) 259

1
Thus h satisfies (5.16) with 0 < |s1]? + [s2]? + |s3]> < & for all s1, s2, 53 € R. We assert that the additive-

quadratic functional equation (1.7) is not stable when ¢ = 2 as stated in Corollary 5.2. To contradict this, let’s
assume that there exists an additive mapping A : R — R, a quadratic mapping B : R — R and a constant x > 0
that satisfies (5.17). Since h is bounded and continuous for all s; € R, A and Bare bounded within a range and
continuous at the origin when s; is in an open interval containing the origin. In light of Theorem 5.1, A must
have the form A(s1) = cs; and B(s1) = cs? for any s; in R. This leads to

(h(s1)] < (5 + [e]) (Is1] + |s1]?). (5.19)

being true. However, by choosing a positive integer m with my > k + |c|, we can find s; € (O7 6,,1%1) such that
6"s; € (0,1) forallm =0,1,...,m — 1. For this s1, we get

> 62” + o 62” +1)
h(s1) = Z £(6%" s, Z 62”51 + 6152)

v(6%" + 1)
62n

Mw

m—1
(51 +62"s7) ZV$1+$1
n=0

(=)

v(s1+s7) > (K +c]) (s1+ 57)

I
2 i

which contradicts (5.19). Therefore, the additive-quadratic functional equation (1.7) is not stable in the sense of
Hyers-Ulam-Rassias when ¢ = 1, as stated in the inequality (5.10).

i
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Abstract. This research article is about the geometry of the Kenmotsu manifold. Some important properties such as the
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1. Introduction and Background

In 1963, K. Kobayashi and K. Nomizu demonstrated that Any two complete Riemannian manifolds that are
simply connected and have a constant curvature k, are isometric to one another. [7]. Following that, several
scholars, including [8—-10], explored manifolds curvature in various methods to varying degrees.

According to D. B. Abdussattar’s research, tensor C must disappear identically in order for a space time to
be conharmonic to a flat space time. If a space time is conharmonically flat, it is either empty, in which case it
is flat, or filled with a distribution defined by an energy momentum tensor 7' that has an electromagnetic field’s
algebraic structure while also conforming to a flat space time [1].

Let M be an n—dimensional differentiable manifold of differentiability class C™+! with a (1,1) tensor field
¢, the connected vector field £, a contact form 7 and the related Riemannian metric g. Kenmotsu described the
differential geometric features of class manifolds in 1972. The structure developed is known as the Kenmotsu
structure. A Sasakian structures are distinct from Kenmotsu structures. [6].

This study aims to examine a Kenmotsu metric manifold’s curvature tensor’s characteristics. In addition, we
take research Wy - W5 =0, Wy - W =0, Wy - W7y =0, W7 - Ws =0, Wy - Wy =0 and Wy - Wi = 0 where
Ws, We, Wr, Wg, Wy, and W denote the curvature tensors of Kenmotsu manifold, respectively.

*Corresponding author. Email addresses: pakizeuygun@hotmail.com (Pakize Uygun) and mehmetatceken@aksaray.edu.tr (Mehmet
Atceken)

https://www.malayajournal.org/index.php/mjm/index ©2023 by the authors.
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2. Preliminaries

We have collected some fundamental information regarding contact metric manifold in this part. With a
(2n + 1)-dimensional linked structure, let M be an almost contact metric manifold. (¢, &, 7, g), that is, ¢ is an
(1, 1)-tensor field, & is a vector field, ) is a 1-form and the Riemanniann metric g satisfying

©*(01) = =01 +n(01)¢, n(pbr) =0, (2.1
nE) =1, 9§ =0, np=0 2.2)
for all 61,05 € T'(T'M)[11]. Let g be Riemannian metric compatible with (¢, £, 7),
that is
g(pb1, p02) = g(01,02) — n(01)n(02), (2.3)
or equivalently,
9(01,002) = —g(pb1,02) and g(01,€) = n(01) (2.4

for all 61,0, € T'(T'M)[4]. If in addition to above relations

(v91 90)92 = _77(92)()061 - g(ela 9062)£a (2.5)

and
Vo, & =01 —n(01)E, (2.6)

where ¢ holds Riemannian connection is indicated by the symbol, the manifold (M, ¢, &, n, g) is referred to as
an almost Kenmotsu manifold. In a Kenmotsu manifold M, the following relation holds[5, 6]:

(Vo,m02 = g(61,62) — n(61)n(62), 2.7
R(01,62)€ = n(61)02 — n(62)61, 2.8)
R(&,01)02 = 1(62)01 — g(61,02)¢, 2.9)
S(6h,8) = —2nn(01), (2.10)

Q¢ = —2né, 2.11)

where 7 is scalar curvature of the connection V, As defined by S(61,02) = g(Q61, 02), where Q is the Ricci
operator, S is the Ricci tensor, and R is the Riemannian curvature tensor. It submits to

S(pb1,ph2) = S(61,62) + 2nn(01)n(62). (2.12)

Unknown Kenmotsu manifold if M’s Ricci tensor S has the following structure, M is allegedly n-Einstein
manifold.
5(61, 62) = ag(@l, 92) + bn(@l)n(02) (213)

in which @ and b are functions on (M?"*1, g) for any arbitrary vector fields 61, 2. n— Einstein manifold becomes
Einstein manifold if b = 0 [6, 14]. Let M be a Kenmotsu manifold of dimension (2n 4+ 1). According to the
relationship, the curvature tensor R of M is determined by

R(01,05)05 = Vg, V,03 — Vo, Vg, 03 — 6[01,92]93- (2.14)
Following that, in a Kenmotsu manifold, we arrive

R(01,02)05 = R(01,05)05 + g(62,05)01 — g(61,03)05, (2.15)
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where R(01,02)03 = Vg, V,03 — V,Vg,03 — Vg, 9,103, is the curvature tensor of M with respect to the
connection V [15, 16, 19]. The idea that W5-curvature tensor was explained by [13]. Wjs-curvature tensor,

We—curvature tensor, Wy—curvature tensor, Wg—curvature tensor, Wy-curvature tensor and Wy -curvature
tensor of a (2n + 1)-dimensional Riemannian manifold are, respectively, specified as

1

Ws(61,02)05 = R(01,02)05 — %[5(91, 03)02 — g(01,65)Q05], (2.16)
We(01,02)03 = R(01,02)03 — %[S(02703)01 —g(61,62)Q05], 2.17)
Wr(01,02)03 = R(01,0)03 — %[5(92,93)91 — g(602,03)Q064], (2.18)
Ws(61,02)03 = R(61,65)05 — %[5(92, 05)01 — S(61,602)03], (2.19)
Wy (61,02)03 = R(01,02)05 + %[5(91792)93 — g(602,03)Q064], (2.20)
W (01,02)05 = R(01,02)05 + %[5(927 03)01 — g(61,03)Q02], (221

for all 0, 05, 03 € T(TM)[12, 13].

3. Some curvature characterizations on Kenmotsu metric spaces

The key findings for this article are presented in this section.
When we designate the W5 curvature tensor from (2.16) and assume that M is a (2n + 1)-dimensional
Kenmotsu metric manifold, we obtain for subsequent consideration.

1
W5(91, 6‘2)5 = 277(01)92 — 77(6‘2)91 + %’0(6‘1)@92 3.1)
Adding 6; = £ to (3.1)
1
W5(&,02)€ = 202 — n(02)€ + %Q%- (3.2)

In (2.17) choosing 03 = £ and using (2.8), we obtain

W (01,02)€ = 1(01)02 — g(01,02)E. (3.3)
In (3.3), it follows
We(&,02)€ = 02 —n(62)€. 3.4
From (2.18) and (2.8), we arrive
1
W7(01, 92)5 = 77(91)92 + %77(92)@91 3.5
Setting 6; = &, in (2.18)
1
Wr(€,02)03 = 1(03)02 — 29(62,63)& — %5(92, 03)¢, (3.6)
and
W7(&,02)€ = 02 — n(62)€. 3.7
S
i
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The same applies, putting #3 = £ in (2.19) and using (2.8), we have

1
Wg(el, 92)5 = 77(91)02 + %8(91, 02)5 (38)
In (3.8), using 61 = &, we get
Wg(f,@Q)g = 02 — 7](02)5 (39)
Choosing 05 = &, in (2.20), we obtain
1
Wo(01,02)§ = 1(01)02 — n(02)01 + %(5(91’ 02)§ — 1(02)Q01). (3.10)
In (3.10) it follows
Wo(€,02)€ = 0 —n(02)¢E. (3.11)
In (2.21), choosing 3 = £ and using (2.8), we obtain
1
W5 (01,02)€ = n(61)02 — 21(02)01 — %7)(‘91)@92- (3.12)
Setting 61 = £, in (3.12)
1
W5 (€,02)& = 02 — 2n(62)€ — %@92 (3.13)

Theorem 3.1. Let M1 (¢, £, m, g) be a Kenmotsu manifold. Then M is a Wy - Wy = 0 if and only if M is an
n—Einstein manifold.

Proof. Suppose that M is a W7 - W5 = 0. This implies that

(W7 (01,00)W5)(04,05)03 = Wr(01,02)W5(04,05)05 — W5 (Wr(61,02)04,05)05
—W5(04, W7(01,02)05)05
—Ws(04,05)W7(01,02)03 = 0, (3.14)
for any 61,02, 05, 04,05 € T(TM). Taking 61 = 63 = £ in (3.14), with the usage of (3.6) and (3.7), for p; = 5,
we have
(W2(€,02)W5)(04,05)€ = Wr(E,02)(21(04)05 — 1(05)04 + p11(04)Q05)
—Wis(1(04)02) — 29(02,04)€ — p15(02,04)&,05)
—Ws5(04,1(05)02 — 29(02, 05)& — p1.S(02,05)€)E
—W5(94, 95)(92 — 77(92)5) = 0 (315)

While considering (3.1), (3.2), (3.6) in (3.15), we obtain

—W5(04,05)02 — 41(04)g(05, 02)€ — 2n(04)5(65,02)¢
+1(05)5 (02, 04)§ — 2np1n(04)n(05)02 — p11(04) S (02, Q65)€
+2p19(02,04)Q05 + 2p1.S(02,04)05 — p11(05)S(02,04)€
—p11(04)1(05)Q02 — 49(02,05)04 + 21(04)g(62,05)&
—2p19(02,05)Q04 — 2p1.S(02,05)04 — p7S(02,05)Q04 = 0.
+49(02,04)05 + p7S(02,04)Q05 = 0. (3.16)
Using the formulas (2.16), (2.4), (2.11), choosing the value 65 = £ for the product that is contained on both sides
of (3.16) by £ € x(M), we arrive
[1+ p1 — 2np3]S(02,04) = [1 — 4 4 4np1]g(02, 04)
+[(2np1)? + 4n’py — 4np;y — 8n + 5]n(04)n(62) = 0. (3.17)
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and from (3.17) and using (2.10), we conclude
S(02,04) = —g(02,04) + (8 — 61)n(02)1(04).

M is a -Einstein manifold as a result. On the other hand, consider M2"*1 (¢, £, 7, g) as n—Einstein manifold, i.e.
S(02,04) = —g(02,04) + (8 — 6n)n(02)n(04), then from equations (3.17), (3.16), (3.15) and (3.14), we obtain
W+ - Wy = 0. Which verifies our assertion. |

Theorem 3.2. Let M*"*1(¢, &, n, g) be a Kenmotsu manifold. Then M is a Wy - W = 0 if and only if M is an
n—Einstein manifold.

Proof. Letussay M isa Wy - Wg = 0. This gives way to

(Wr(61,02)We)(04,05)05 = Wr(61,02)We(04,05)05 — We(Wr(61,02)04,05)03
—We (04, Wr(01,02)05)05
—We(04,05)Wr(61,02)05 = 0, (3.18)

for any 61, 05, 03,04,05 € T'(T'M). Taking 6 = 03 = £ in (3.18) and using (3.3), (3.6), (3.7), for p; =
obtain

o we

(W7(&,02)We)(0a,05)& = W7(&,02)(n(04)05 — g(04,05)¢)
—We(n(04)02 — 29(64,02)€ + p1g(02, 04)¢, 05)§
—We(04,1(05)02 — 25(05,02)§ + p1g(62,05)€)E
—We(04,05)(02 — n(62)€) = 0. (3.19)

and we arrive

n(02)Wr (&, 02)05 — g(04,05)W7(€, 02)€ — 1(02) W5 (62,05)¢

+29(02,04)We (€, 05)€ — p1S(0a, 02)Ws(, 05)§

—n(05)We (04, 02)& + 29(02, 05)We (04, £)§

—p1S(05,02)We(04,8)E — We(04,05)02 + n(02)We(04,05)¢ = 0. (3.20)

Taking into account that (3.6), (3.4) and (3.3) in (3.20), we get

—We(0y4,05)02 — S(05,04)05 + 1(04)g(05,02)€

+2pag(04, 02)05 — 2n(05)g(02, 04)€ — p1.5(02,04)05

+p11(05)S (02, 04)€ +1(05)g(02, 04)¢

—9(02,05)04 + p15(05,02)04 = 0. (3.21)

Putting 05 = &, using (2.17) and using the inner product on both sides of (3.21) by 63 € x (M), and lastly 4 = &,
we draw a conclusion

5(92,65) = QTLQ(@Q, 95) — 47177(92)77(95).

M is therefore n—Einstein manifold. Let M?" (¢, &, 7, g) instead be n—Einstein manifold, i.e. S(6a,05) =
2ng (02, 05) — 4nn(62)n(ds), then from equations (3.21), (3.20), (3.19) and (3.18), we obtain W, - W = 0. This
completes of the proof. |

Theorem 3.3. Let M?" (¢, €, 7, g) be a Kenmotsu manifold. Then M is a Wy - Wy = 0 if and only if M is an
n—Einstein manifold.

e
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Proof. Assume that M is a Wy - W7 = 0. This conforms to

(W7 (01,02)W7)(04,05)03 = Wr (61, 02)Wr (04, 05)03 — Wr(We(01,02)04,05)05
—W7 (04, W7(01,02)05)05
—We(04,05)W7(01,02)03 = 0, (3.22)

for any 61,05, 05,04,05,05 € T'(TM). Taking 61 = 03 = & in (3.22) and using (3.5), (3.7), (3.6), for p; = i,
we obtain

(W7 (&, 02)W7)(04,05)§ = Wr(&,02)(1(02)05 + p11(05)Q04)
=Wz (n(64)02 — 29(02, 04)€ — p1.S(62,04)€, 05)§
~Wr(04,m(05)02 — 29(02,05)§ — p1.S(02,05)6)E
—Wr(04,05)(02 — n(02)€) = 0. (3.23)

and we have

n(04)W7(&, 02)05 + pin(05) W7 (€, 02)Q04 — 1(02)Wr(02,05)¢

+29(02,04)W7(€,05)€ + p1.S(02, 01) W7 (€, 05)§ — Wr(04,05)62

—1(05)W7(04,02)§ + g(02,05)Wr(04,£)€ + p1.S(02, 05) W7 (04, §)E

+n(02)Wr (04, 65)¢ = 0. (3.24)

Taking into account that (3.5) and (3.6) in (3.24), we get
—W(04,05)02 — 2np1n(05)n(04)02 — pin(65)S(Q04,02)¢
—2p11(05)S(04,02)§ — p11(05)n(04) Q02 4 29(04, 02)05

+29(02,04)n(05)& + p1.5(04,02)05 — p1n(05)S(62,04)€
—29(02,05)04 — p1.5(02,05)04 = 0. (3.25)

Choosing 64 = £, making use of (3.5) and inner product both sides of (3.25) by 63 € x(M) and using 05 = &
,we get

p1S(02,03) = —2np1g(02,03) + [2np1 — 4n’p? — 1]n(62)n(hs) = 0. (3.26)
From (3.26) and by using (2.10), we set
S(02,03) = —2n (g(02,03) +n(62)n(03)) -

Thus, M is an n—Einstein manifold. Conversely, let M?"*1(¢4,&,n,g) be an n—Einstein manifold, i.e.
S(02,05) = —2n(g(02,03) +n(02)n(03)), then from equations (3.26), (3.25), (3.24), (3.23) and (3.22) we
obtain W, - W~ = 0. Which verifies our assertion. [ |

Theorem 3.4. Let M?"1(¢,€, 1, g) be a Kenmotsu manifold. Then M is a Wy - Wg = 0 if and only if M is an
n—Einstein manifold..

Proof. If M isa W, - Wg = 0, that is. As a result,
(Wr(01,02)Wg)(04,05)05 = Wr(61,02)Wg(04,05)05 — We(Wr(61,62)04,05)05

—Wg (04, Wr(01,02)05)03
~Ws(04,05)W7(61,02)03 = 0, (3.27)
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for any 61, 65,03,04,05 € T'(T'M). Setting §; = 03 = £ in (3.27) and making use of (3.8), (2.8), (2.9), for

p1 = 5, we obtain

(W7 (&, 02)Ws)(04,05)§ = Wr(&,02)(1(02)05 + p1.S(04,05)§)
—Ws(1(04)02 — 29(04, 02)§ — p1.5(02,04)€, 05)
~Ws(04,n(05)02 — 29(05,02)€ — p1.5(02,05)€)E
—Ws(04,05)(02 —n(02)§) = 0. (3.28)

Using of (3.8), (3.9), (3.6)and (3.28), we get

—Ws(04,05)02 + p1S(05,04)02 — p11(04)S(65,62)¢
+29(02,04)05 — 21(05)S (02, 04)& + p1S(62,04)05
—2p11(05)S (02, 04)€ — 29(05,02)04 — p1.S(02,05)04 = 0. (3.29)

Inner product both sides of (3.29) by £ € x(M), using 6, = £ and putting (2.11), we have
3p15(95, 92) = —9(95, 92) + [—1 — pl}n(Gg)n(Hg,) =0. (3.30)

From (3.30) and by using (2.10), we set

2n 2n+1
S(05,02) = —39(95792) - ( ) 1n(05)n(62).
M is an n—Einstein manifold, hence. Let M?"*!(p,£,1n,9) be an n-Einstein manifold in contrast, i.e.
S(05,02) = —Zg(65,02) — (25L) n(B5)n(62), then from equations (3.30), (3.29), (3.28) and (3.27), we
obtain Wy, - Wg = 0. This completes of the proof. |

Theorem 3.5. Let M?" (¢, €, 1, g) be a Kenmotsu manifold. Then M is a Wy - Wy = 0 if and only if M is an
n—Einstein manifold.

Proof. Letussay M isa Wz - Wy = 0. It follows that

(We (61, 02)Wy)(04,05,03) = Wr(01,02)Wo(bs,05)05 — Wo(Wr (61, 02)04,05)05
—Wy (s, W7(01,02)05)05
—Wo(04,05)Wr(01,602)03 = 0, (3.31)

for any 61, 02,03,0,,605 € T(TM). Setting 6; = 03 = £ in (3.31) and making use of (3.10), (3.6), for p; = %,
we obtain

(W2(€,02)Wy)(04,05)& = Wr(&,02)(n(04)05 — 1(05)04 + p1.S(04,05)§
—p11(05)Q04) — Wo(n(04)02 — 29(04,02)§
—p1S(02,04)€,05)6 — Wo(04,1(05)02 — 29(05, 02)&
—p19(02,05)£)§ — Wo(04,05)(02 — n(62)§) = 0. (3.32)
Using (3.6) and (3.11) in (3.32), we get

—Wo(04,05)02 + 2n(05)g(04, 02)& + p1S(04, 05)02 + 2np1n(05)1(04) Q05
+pin(05)S (02, Q04)E + 29(02, 04)05 — 29(04, 02)1(05)&

+p15(04,02)05 + p11(65)S(02, 04)€ — 29(02, 05)04

—p1S(02,05)801 — p11(04)S(62,05)¢ + p1n(6s)n(04)Q02 = 0. (3.33)
D
S
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Utilizing (2.20), picking 6, = £ and the inner product on both sides of (3.33) by £ € x(M), we have
2p18(02,05) = —29(02,05) + [4n’pT — 4n’py — 8npy + 2]n(05)1(62) (3.34)

from which, we conclude
S(02,05) = —2ng(02,05) — (1 + 2n)n(02)n(05)-

As a result, M is an 7n-Einstein manifold. On the other hand, consider M?"*1(p, & 7, g) as an 7-Einstein
manifold, i.e. S(f2,05) = —2ng(02,05) — (1 + 2n)n(02)n(0s), then from equations (3.34), (3.33), (3.32)
and (3.31), we obtain W7 - W9 = 0. Which verifies our assertion. [ |

Theorem 3.6. Let M?" (¢, &, 1, g) be a Kenmotsu manifold. Then M is a Wy - W = 0 if and only if M is an
n—Einstein manifold.

Proof. Consider M to be a W7 - W = 0. This means that

(W7 (01,02)W§)(04,05,05) = Wr(01,02) W5 (04, 05)05 — W5 (Wr(01,02)04,05)03
—W5 (04, Wr(01,62)05)03
—W§ (04, 05)Wr(01,02)03 = 0, (3.35)

for any 601,0s,03,04,05 € T'(TM). Setting 6; = 03 = £ in (3.35) and making use of (3.12), (3.6), (3.7), for

p1 = i, we obtain

(W7 (&, 02)W5) (64, 05)6 = Wr (&, 02)(1(04)05 — 2n(05)04 — p11(64)Q05)
—W5(n(04)02 — 2g(02,04)& — p1S(02,04),05)€
—W5(04,1(05)02 — 29(02,05)& — p1.S(02,05)€)E
—W3(04,05)(02 —n(02)§) = 0. (3.36)

Using (3.12) and (3.13) in (3.36), we get

—W§ (04,05)02 — 2n(04)g(02, 05)& + 21(05)g(62,04)& + 2np1m(04)n(65)62

~pn(02)S (02, Q05) — p1(04)1(62)Q05 + 29(02, 04)05 — 4g(02, 04)1(05)

+p15(02,04)05 — p1S(02,04)Q05 + p1(04)n(05) Q62 — 29(62,05)04

+41(04)g(02,05)& + 2p19(02,05)Q04 — p1.S(02,05)04 + 2p11(04) S (02, 05)€
+p15(02,05)Q04 — p1(02)1(02)Q05 — 2p1g(H2, 04)Q05 = 0. (3.37)

Making use of (2.21), using 63 = 6, = £ and inner product both sides of (3.37) by 85 € x (M), we have
2np2S(03,05) = —g(03,05) + [5 — 4n’p? + 2n — 4np1|n(03)n(0s). (3.38)
Finally, from (2.10) and (3.38), we arrive
S(03,05) = —2ng (03, 05) + 8nn(63)n(0s).

This indicates that M is an n—Einstein manifold. Let M instead be an 7-Einstein manifold, i.e. S(f3,05) =
—2ng(03,05) + 8nn(03)n(ds), then from (3.38), (3.37), (3.36) and (3.35), we have W7 - W = 0. This completes
of the proof. |
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Conclusion 3.7. Theorem 3.1, Theorem 3.2, Theorem 3.3, Theorem 3.4, Theorem 3.5 and Theorem 3.6 than we
have. Assume that M2"+1(<p, &,m, g) is a Kenmotsu manifold. M is thus W7 W5 = 0, W7- W = 0, W7-W7 = 0,
Wy -Wg =0, Wy - Wy = 0and Wy - Wi = 0if and only if M is an n—Einstein manifold.
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1. Introduction and Background

In recent years, Khalil and his friends ([9]) defined conformable fractional derivative as

T,u(¢) = lim u(CHed™) —u© (1.1)

£—00 5

where 0 < o < land u : (0,00) — R : =(—00,00) is a function. Conformable fractional derivative aims
to expand the derivative definition as known by providing the natural characteristics of classical derivative and to
pain new perspectives for differential equation theory with the help of conformable differential equations obtained
as using this derivative definition ([10]). Later in ([1]), Abdeljawad defined the right and left conformable
fractional derivatives, the fractional chain rule and fractional integrals of higher orders.

In [2], the authors studied a conformable fractional Sturm-Liouville (CFSL) problem. In [4], Belanau et al.
conctructed Weyl’s theory for the conformable sequential equation with distributional potentials.

In this paper, using Krein’s theorems, we prove that the system of all eigenvectors and associated vectors of
dissipative CFSL operator is complete.

Now, some preliminary concepts related to conformable fractional calculus and the essentials of Krein’s
theorem are given.

*Corresponding author. Email addresses: matyuksel @hotmail.com (Yiiksel YALCINKAYA), bilenderpasaoglu@sdu.edu.tr (Bilender
P. ALLAHVERDIEV), hustuna@gmail.com (Hiiseyin TUNA)

https://www.malayajournal.org/index.php/mjm/index ©2023 by the authors.
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Definition 1.1 ([1]). The conformable fractional entire is given by

¢

(L) (©) = [ u(s)ds = j u($)das.
0

0

L2(1) = { (/ |z<<>|2dac)1/2 < oo},

where I = [0,a) and 0 < a < oo. L2(I) is a Hilbert space with the inner product

Let

(u, z) := /Oau(C)z(C)daC, where u, z € L2 (I).

Theorem 1.2 (Krein [7]). The system of root vectors of a compact dissipative operator B with nuclear imaginary
component is complete in the Hilbert space H so long as at least one of the following two conditions is fulfilled:

B _ B
lim 1% PR) (o, Br) =0, or lim -9 PR) (o, Br)
o—00 g o—00 g

where n. (o, Bg) and n_ (o, Br) denote the numbers of the characteristic values of the real component Bg, of
the operator B in the intervals [0, o] and [—o, 0], respectively.

Definition 1.3. Let = be an entire function. If for each € > 0 there exists a finite constant Cc > 0, such that
E(u)| < Cee, pec (1.2)

then = is called an entire function of the order < 1 of growth and minimal type ([7]).

Theorem 1.4 ([11]). If the entire function = satisfies (1.2), then

i 22 oy =08
o—00 g o—00 g

where ny (0,2) and n_ (0,E) denote the numbers of the zeros of Z in the intervals [0,0] and [—o,0],
respectively.

2. Main Results
Consider the following singular problem

I[z] = =T22(C) + ¢(Q)z(¢) = py, ¢ € I =[0,a), @2.1)

1

o 1oc(L), and a is a singular point.

where ¢ is a real-valued functionon I, ¢ € L
The maximal operator is given by
Lyaxz :=1[2],

where
Duax = {z € L2(I) : 2, Taz € ACq10c (I), U[z] € LZ(I)} .

Green’s formula [2] is defined as

/Oal[zl](C)ZQ(C)daC - /Oa 21(O[22](€)dal = [21, 22] (@) — [21, 22] (0)

i
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where 21, 29 € Dpax and

(21, 22)(C) = 21(()Tw22(C) — Tu21(()22(¢) = W (21,%2) .

Set
Diin = {2 € Dax : 2(0) = T2 (0) =0, [z,x](a) =0},

*
min

for arbitrary x € Dyax-The minimal operator Ly, is the restriction of Ly to Dy, and Ly = L
([4, 6, 12, 15)).
In this paper, we will assume that L,,;, has the deficiency indices (2, 2) .
We will denote by ¢ ((, i) , ¥ (¢, p) two linearly independent solutions of Eq. (2.1) satisfying the following
conditions
#(0,u) = cos B, To¢ (0, 1) = sin 3, 2.3)
Y (0,n) = —sin B, Tatp (0, ) = cos '
where 8 € R. ¢ (¢, 1) and v (¢, ) are entire functions of p ([2]). Due to Ly, has the deficiency indices (2, 2),

¢ (C,n) ¥ (G, p) € LE(T).
Let 7(¢) = ¢ (¢, 0) and v(¢) = ¥(¢, 0). Then we have

r(0) = cos B, Tur (0) =sin g,

v(0) = —sin B, T,v (0) = cos . 24)
Clearly, 7,v € L2(I) and r,v € Dyyax.
Let 0 (
_ ~2(0)cos B+ T,z(0)sin 8 =0,
Py ={z € D " VSIS @3
where h € C and Im h > 0. Then, for all z € D(L), the operator L is defined by Ly = [[z].
Theorem 2.1. L is a dissipative operator.
Proof. Let z € D(L). From (2.2), we find
(Lz,2) = (z,Lz) = [2,2] (a) — [2, 2] (0). (2.6)
By (2.5), we obtain
[r,2] (a) = —h[z,v] (a)
and
[2,2](0) =0
Since
[21, 22] (€) = [21,v] () [r, 22] (€) — [21, 7] ({) [v, 22] (€), C € I, 2.7
where 21, 20 € Dpax, We see that
[z, 2] (a) = [z, v] (a) [, 2] (a) = [2,7] (a) [v, 2] (a)
= —hl[z,0] (a) |* + A|[z, 9] (a) |7
= 2i(Im h)|[z,v] (a) |*.
Hence
Im(Lz, z) = (Imh)|[z,v] (a) |* > 0. (2.8)
[ |
S
Ty
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Corollary 2.2. Since the operator L is dissipative, all eigenvalues of L lie in the closed upper half-plane Im p >
0.

Theorem 2.3. L has no real eigenvalue.

Proof. Assume that y is a real eigenvalue of L and vy = 1o (, o) is a corresponding eigenfunction. Due to

Im( Lo, ¥o) = Im(po, ||1hol|?) = 0,

and we see that [¢g, v] (a) = 0. From (2.5), we obtain [¢, 7] (a) = 0. By (2.7), we conclude that

1 = Wo(o, %) = Wal(do,%0) = [¢0, 0] (a)

= [90, 0] (a) [, v0] (a) = [0, 7] (a) [V, 0] (a) =0,

a contradiction. [ |

Theorem 2.4 ([3]). Every nontrivial solution z of Eq.(2.1) and T,z are entire functions of p of the order at most
% inthe interval [0, ], ¢ < a.

Let
O1(p) = [¥(¢, ), 7(Q)] (a),

O2(p) = [¥(¢, 1), v(Q)] (a),
where 1((, i) is the solution of Eq.(2.1). Clearly,

op(L) ={neC: O(n) =0},
where

O(n) = O1(n) — hea(p), 2.9)

and o, (L) is the point spectrum of L.
Theorem 2.5. The functions ©1(p) and Oy(p) are entire functions of order < 1 of growth and minimal type.

Proof. Let
Ouy,1 (1) = [Y(¢, 1) m(Q)] (ak)

@ak,Q(M) = W(Ca /J), U(C)] (ak) ’

where ay € I.

By Theorem 8, 1(ax, 1) and T,,tp(ax, i) are entire functions of order # for arbitrary fixed a;. Consequently,
Oq,,1(p) and O, o(p) are entire functions of order 1.

If we define

51(67/”') = [Za T] (C) ’

EQ(C?H’) = [Z,”U] (C) ’

then we see that Z1 (¢, 1) and Z5((, i) satisfy the following system
Ta,(El(CaM) = AZ(C7/”')T(C)7 Ta,(E2(<a,U) = AZ(C?M)U(C)a C cl (210)

Using (2.10), we deduce that

TocE(C 1) = AUQ)E(C ), CET. 210
E1(G )] [ wr(€)
TacB(CGm) TO‘C{EXQN)} B [AZ(CMU(C)]
Sl
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where

L )

and the elements Q(¢) are in L., (1). For

we put ||w|| = |w;| + |wa| . The inclusion |[|Q(¢)|| € LL(I) holds.
If 2(¢, u) = ¥((, p), then (2.11) is equivalent to the following equation

E(¢ ) :E(almﬂ)+M/aiQ(3)E(57U)da57 CEL @12)
where _ _ [Bilar, )] _ [z (@r)] _ [Oara ()
E(ak, p) [52(%’”)] {[z,v] (ak)] {@am(u)}
=00 = [20m] = [l = [0}
()

Using Gronwall’s inequality in (2.12), we find

¢
I Il < 1=(ak, p)|l exp <Iu|/ 12(s) da5> ;

hence

1E(a, 1) = E(ar, p)l| < IMIGXP{IMI/O ||Q(8)||d8}/ 12(s)]| davs, (2.13)

12(a, )] < exp (m / |ﬂ<s>||das) 12 )] (2.14)

(2.13) shows that ©,, () — ©;(p) as ar — a, uniformly in p in a compact set. Thus, © ;(u), j = 1,2, are
entire functions.

By (2.14), we obtain
a
1Z(a, p)|| < exp Iu\/llﬁ(w)lldaw
0

Therefore © (1) are of not higher than the first order. By (2.14), we see that © ;(x), 7 = 1,2, are of minimal
type. |
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From (2.2), we conclude that
01 () = [$(C, 1), (0] (a) = —1 + / B 1) (C)daC

(1) = (¢ 1), v(0)] (a) = 1 / "¢ (O dac.

From (2.9), (2.15) and (2.16) we find that ©(0) = —1.
By Theorem 7, the inverse operator L~ exists. Now we obtain L1,
Define u(¢) = r(¢) — hv(¢). Clearly, we see that v,u € L2(I) and W (v,u) = —1.
Let

== /O N E

where = € L2 (I) and
~ Jo(Qu(t), 0< (<t
Glet) = { v(t)u(() t < (<a.

Since

/ / |G(C, 1) datdat < oo,
0 0

(2.15)

(2.16)

(2.17)

(2.18)

we see that Y = L~ and the operator Y is Hilbert-Schmidt([2]). Therefore, the root lineals of L and Y coincide
and the completeness of the system of all eigen- and associated functionss of L is equivalent to the completeness

of those for Y.

Each eigenvector of L may have only a finite number of linear independent associated vectors due to the

algebraic multiplicity of nonzero eigenvalues of a compact operator is finite.

Theorem 2.6. The system of all root vectors of L (also of Y) is complete in L2 (I).

Proof. Due to u(¢) = () —hv({), setting h = hy +ihs we get from (2.17) in view of (2.18) that Y = Y] +iY5,

where

V1B =(G1(t,¢),E(Q)
YoE = (G2 (t,¢),E(Q))

and
_Jo@®) () —hiv(()],0< (<t <a,
Gl(t’o{v«)[u(t)—hw(m, 0<c<tza,

Go (t,C) = —hov (t)U(C), hog =Imh > 0.

Y} is the self-adjoint Hilbert-Schmidt operator in L2 (), and Y5 is the self-adjoint one-dimensional operator

in L2 (I).
Let us denote by L; the operator in L2 (I) generated by [z] and the following conditions

z(0)cosa+ Toz (0)sina = 0,
[z,7] (a) = h1[z,v] (a) =0,
where h; = Re h. It is obviously that Y] is the inverse of the operator L;. Let
pP(Ll) :{/L:MGC7 \IJ(:LL) :0}7

where
U (p) :=O1 (1) — 11Oz (n).
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Thus we obtain
W (p) | < Ceell, W e C. (2.21)

Let Z = —-Y and Z = Z1 4+ iZ5, where Z; = —Y1, Zy = —Y5. It follows from (2.19), (2.21) and Theorem

5 that

lm ™02 oo iy M= (02

o—00 o o—00 o

=0,

where m (o, Z1) and m_ (o, Z1) denote the numbers of the characteristic values of the real component Zp =
71 in the intervals [0, o] and [—o, 0], respectively. Thus the dissipative operator Z (also of Y) carries out all the
conditions of Krein’s theorem on completeness. |
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Graceful and felicitous labeling of Stem-Lotus graph

A. ELUMALAT*!
L Department of Mathematics, R.M.K Engineering College (An Autonomous Institution), Gummidipoondi-601206, Tamil Nadu, India.

Received 12 July 2023; Accepted 06 September 2023

Abstract. A graph obtained from a shell graph C'(2n + 3,2n) where n > 1 by adding a vertex in between each pair of
adjacent vertices on the cycle, adding an edge in apex and two more chords is called a Stem-Lotus graph. In this paper, I have
proved that a Stem-Lotus graph is graceful and also felicitous.
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1. Introduction

We begin with simple, finite, undirected and connected graph G = (p, ¢). An injective function f from the
vertices of a graph G with ¢ edges to the set {0,1,2,...,q} is called graceful, if the edge labels induced by
| f(x) — f(y)| for each edge xy are distinct. A graph which admits graceful labeling is called graceful graph. An
injective function f from the vertices of a graph G with ¢ edges to the set {0, 1,2, ..., ¢} is called felicitous, if
the edge labels induced by (f(x) + f(y))(mod q) for each edge zy are distinct. A graph which admits felicitous
labeling is called felicitous graph.

From the excellent survey of Gallian Dec 2, 2022, one can find many families of cycle related graphs, on
which Shell graph is an important family. Deb & Limaye (2002) have defined a shell graph as a cycle C), with
(n — 3) chords sharing a common end point called the apex. Shell graphs are denoted as C'(n,n — 3). In this
paper, a new family of graph called a Stem-Lotus graph is introduced by adding a vertex in between each pair
of adjacent vertices on the cycle of a shell graph. Here I have proved that Stem-Lotus graph is graceful and
felicitous.

A graph obtained from a shell graph C'(2n 4 3,2n) where n > 1 by adding a vertex in between each pair
of adjacent vertices on the cycle, adding an edge in apex and two more chords is called a Stem-Lotus graph. So
clearly a Stem-Lotus graph must have a pollen grain (Cj), a stem (P ), two leafs (each P3) and some pairs of
petals (each petal is P3) as displayed in Figure 1.

*Corresponding author. Email address: aeseven2000@ gmail.com (A. Elumalai)

https://www.malayajournal.org/index.php/mjm/index ©2023 by the authors.
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VN-I
Figure 1: Stem-Lotus graph

In this direction, I have proved that Stem-Lotus graph with n-pairs of petals is graceful and felicitous for all
n>1.

2. Stem-Lotus graph with n-pairs of petals is graceful and felicitous

In this section, I have proved that Stem-Lotus graph with n-pairs of petals is graceful and felicitous for all
n>1.

Theorem 2.1. A Stem-Lotus graph with n-pairs of petals is graceful for alln > 1.

Proof. Let GG be a Stem-Lotus graph as displayed in Figure 1. It is observed that, there are totally M = 6n + 11
edges and N = 4n + 9 vertices for the graph G. Let vy, v1,ve,...,vy—_1 be the N vertices of G.
Define the vertex labeling of G as follows,

f(vo) =
3N -5
f('UNfl): 5
N-3+2 N -3
f(v2i) = 5 )1 —5
3N —5—2¢ N -1
flv2ic1) = 5 Z,1§i§ 5

From the above vertex labeling, the set { flug)/1<i< %} form a monotonically increasing sequence and
the sets {f(vy—1)} and {f(v2;—1)/1 <i < X1} form a monotonically decreasing sequence. It is observed

that,

3} < min{{f(le)}U {f(vzil)/l <i< N; 1}}

Therefore the labels of all vertices of (G are distinct.
Now the edge values of G in the following manner,

max {f<v2i>/1 <<

 Let A; denote the edge {voun—_1} of G.

» Let A, denote the set of % edges {vov1, Vovs, VoUs, . . . , VgUN—4, VoUN—2} Of G.
* Let A3 denote the set of 21\43_4 edges {’1}11}2, VU3, V3V4q,y ... , UN_4UN_3, ’UN,3’UN,2} of G.

e
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Let A}, A, & A’ be the sets of observed edge values of the sets A1, Ay & As.

Ay ={M}
AQ:{M—l,M—Q,...,QM_l}
3
2M —4 2M -7
Al = ey 3,2,1
3 { 3 ) 3 ) ) Dy &y }

It is observed that, A} U A5 U A, = {M,M —1,...,3,2,1} and the values in the sets A, A} & Aj are all
distinct, hence G is graceful. |

Theorem 2.2. A Stem-Lotus graph with n-pairs of petals is felicitous for all n > 1.

Proof. Let GG be a Stem-Lotus graph as displayed in Figure 1. It is observed that, there are totally M = 6n + 11
edges and N = 4n + 9 vertices for the graph G. Let vy, v1,vs,...,vNy—1 be the N vertices of G. Define the
vertex labeling of G as follows,

f(vo) =0
flon1) =N -2
N —-3+2 N -3
) = 1< <
f(U2z) 2 ) ? 2
N -1

flogic1) =N —-2+i,1<i<

From the above vertex labeling, the set { flug)/1<i < %} form a monotonically increasing sequence and
the sets { f(un—1)} and { f(v2i—1)/1 < i < Y1} form a monotonically decreasing sequence.
It is observed that,

max{ foa)/1 <0< 222 <min{ox- o { s <0< T

Therefore the labels of all vertices of (G are distinct.
Now the edge values of G in the following manner,

» Let A; denote the edge {voun—_1} of G.
» Let A, denote the set of % edges {vov1, vovs, VoUs, . . . , VgUN—4, VoUN—2 } Of G.
» Let A3 denote the set of % edges {v1v2, Uav3, U3V, . .. , UN_4UN—3,UN—_3UN_2} Of G.

Let A}, A} & A% be the sets of observed edge values of the sets A1, Ax & As.

2M — 1
Al =
-5

M +2 2M
AL = T2 2M A5 10
3 3
OM —7 M —4
A={1,23,..., T
3 3

It is observed that, A} U AL U Ay = {M — 1,M —2,...,2,1,0} and the values in the sets A}, A} & A% are all
distinct, hence G is felicitous. |

[lustrative example of the labeling given in the proof of Theorem 2.1 is displayed in Figure 2.
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Figure 2: Graceful labeling of Stem-Lotus graph with 3-pairs of petals

[lustrative example of the labeling given in the proof of Theorem 2.2 is displayed in Figure 3
21 22 23 24 25

15 16 17 18 19 20

stL 27

Figure 3: Felicitous labeling of Stem-Lotus graph with 5-pairs of petals
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