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Abstract. Discretization of a continuous-time system of differential equations becomes inevitable due to the lack of analytical
solutions. Standard discretization techniques, however, have many things that could be improved, e.g., the positivity of the
solution and dynamic consistency may be lost, and stability and convergence may depend on the step length. A nonstandard
finite difference (NSFD) scheme is sometimes used to avoid inconsistencies. There are two fundamental issues regarding
the construction of NSFD models. First, how to construct the denominator function of the discrete first-order derivative?
Second, how to discretize the nonlinear terms of a given differential equation with nonlocal terms? We define here a uniform
technique for nonlocal discretization and construction of denominator function for NSFD models. We have discretized a
couple of highly nonlinear continuous-time population models using these consistent rules. We give analytical proof in each
case to show that the proposed NSFD model has identical dynamic properties to the continuous-time model. It is also shown
that each NSFD system is positively invariant, and its dynamics do not depend on the step size. Numerical experiments have
also been performed in favour of such claims.

AMS Subject Classifications: 37N25, 39A30, 92B05, 92D25, 92D40.
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1. Introduction

Nonlinear systems of ordinary differential equations are frequently used to unveil the underlying dynamics
of physical, chemical and biological phenomena. In most cases, it becomes impossible to find the analytical
solution of the system in a compact form. For this, the need for a numerical solution arises for which
discretization of the continuous-time model is essential. Standard finite difference schemes, such as the Euler
method, Runge-Kutta method etc., are commonly used discretization techniques for numerical solutions of both
ordinary and partial differential equations [1-3]. However, there are significant drawbacks to these widely used
discretization methods. First, the behaviours of standard finite difference schemes strictly depend on the step
size and therefore, such schemes exhibit step-size dependent instability [4]. For example, the simple logistic
equation in the continuous system and its corresponding Euler discrete equation are represented, respectively, by

t=x(1—x), 2(0) =10 >0, (1.1)

Tip1 = Tt + hxt(l — Jit), x> 0, (1.2)

where h > 0 is the step-size. It is easy to show that the nontrivial fixed point z = 1 of the continuous system
(1.1) is always stable. Still, for the discrete system (1.2), stability holds for i < 2 only and unstable if & > 2. The
bifurcation diagram (Figure 1) of the system (1.2) with step-size h as the bifurcation parameter shows period-
doubling bifurcation, leading to chaos [5]. Thus, the dynamics of the Euler discrete model (1.2) depend on the
step size and exhibits spurious behaviours which are not observed in the corresponding continuous system (1.1).

1.4

0.2
1.6 2 2.4 2.8

h

Figure 1: Bifurcation diagram of the discrete model (1.2) with respect to the step-size (h). The fixed point z = 1 is stable for h < 2 and
unstable for A > 2. Chaos exists through period-doubling bifurcation for higher values of h, indicating a strong dependency on the step size.

Secondly, the positivity of the solutions of the discrete system may not be preserved for all step-size. For
example, consider the continuous system

z=—z, z(0) =z > 0. (1.3)

The solution of this equation z(t) = zoe ™! is always positive and monotonically converges to zero. However,
the solution z; = (1 — h)*xq of the corresponding Euler discrete system

Tty = (1 — h)l‘t, h>0,h 7é 1, (1.4)

is not always positive but may be negative also depending on the step size. In fact, the solution remains positive
for0 < h < 1, V¥t > 0 and becomes alternatively positive and negative for » > 1 and ¢ > 0 (Figure 2). In the
latter case, all solutions having positive initial value converge to the fixed point x = 0 for any positive step-size
h < 2. More precisely, solutions show oscillatory (taking positive and negative values in consecutive iterations)
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Positivity and dynamics preserving discretization schemes for nonlinear evolution equations
convergence for 1 < h < 2 and oscillatory divergence for h > 2. Thus, huge differences exist in the dynamic

behaviour between a continuous system and its corresponding discrete system. Any discrete system that permits
negative solutions is supposed to show spurious dynamics, like bifurcation and chaos [2, 6, 7].
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Figure 2: (a) Solution of the continuous model (1.3) converges exponentially to zero. Similar solutions of the Euler discrete system (1.4) are
presented in Figure 2b-Figure 2d for different values of step-size. It shows different behaviours: (b) monotonic convergence for h = 0.2, (c)
oscillatory convergence for h = 1.5 and (d) oscillatory divergence for h = 2.2.

One technique for avoiding such dynamic inconsistency is the nonstandard finite difference (NSFD) scheme
introduced by Mickens [4, 5, 8] during 1989 — 1991 and has been shown to have identical dynamics with its
corresponding continuous model with zero truncation error [9]. It has also been shown that the dynamics of an
NSFD discrete model are entirely independent of step size and do not produce spurious dynamics [5]. In the
last few years, nonstandard methods have been successfully applied to various mathematical models in science
and engineering [10-23] mainly because its solution does not depend on the step-size, maintains positivity and
converges rapidly.

One of the most critical tasks in the NSFD scheme is to discretize the continuous system with nonlocal
discrete terms [24-26]. For example, in a nonstandard finite difference scheme, the first derivative has to be

discretized as fli—f ~ W, h = At, where ¢(h) is areal, positive and monotonic function of the step-size (h),

satisfying the condition ¢(h) = h + O(h?); and/or both the linear and nonlinear terms have to be represented
nonlocally on the discrete computational lattice [5, 24, 26], e.g., ¢ = 22 — = =~ 2T — Tg+1, 2 & TkTh+1,
23 ~ 22} — 237141 Unfortunately, there is no general rule for constructing the denominator function as well
as discretizing the nonlinear terms [5, 26]. In fact, one can construct different schemes for a given continuous-
time model, but several of them can fail to converge and give desired results [27]. Some techniques for nonlocal
discretization are given in [5, 26], and a methodology for calculating the form of the denominator function for
the positive system is prescribed in [28]. Particular forms of the denominator function have been defined for
continuous-time population models, where the total population is either constant (i.e., the system of differential
equations can be expressed as % = 0, where L is the total population) or where total population asymptotically
reaches to a constant value (i.e., the system can be expressed in the form % = b — dL, where b, d are constants).
In the first case, we have to consider any equation of the given continuous system, where the first-order derivative
has to be discretized by the Euler-forward method, and appropriate nonlocal approximations have to be given in
the right-hand side of the equation so that positivity of the discrete system holds. Then rearrange this discrete
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equation as (k + 1)-th time step dependent variable in terms of all k-th time step dependent variables. Thus if
any term of the form (1 4+ ah) occurs in the newly formed discrete equation, where « is composed of one or
more system parameters and h is the step size, then the denominator function will be ¢(h) = ea’z% If, however,
a = 0 then the denominator function can be taken as ¢(h) = h (see pp. 677 in [28]). The denominator function
for other equations of the system will be the same. In the second case, the denominator function has to be written
as ¢(h) = #‘l’l. The denominator function will also be the same for all equations of this considered system
[28, 29]. In other types of system equations, the denominator functions will be different for each equation of the
continuous system, and these denominator functions can be obtained by doing the same steps as mentioned in the
case of the conservative system [28]. We show that such a predetermined form of denominator function may not
work for higher dimensional systems. Instead of considering a predetermined denominator function, it is better
to choose a denominator function from the stability condition of the system. Here we also define some uniform
rules for the nonlocal discretization of a continuous system to preserve the positivity and dynamic consistency
of the discrete system with its continuous mother system. Several highly nonlinear systems from population
biology have been considered to demonstrate the application of prescribed rules. In each example, we prove that
the proposed NSFD models are positive for all step-size and dynamically consistent.

2. Nonlocal discretization techniques

One of the essential tasks in the NSFD method is the nonlocal representation of linear and nonlinear terms
that appear in the differential equation. The primary goal of such discretization is to maintain the positivity of
the constructed discrete system and to preserve the dynamics of the continuous system. We will demonstrate
the nonlocal discretization technique with a two-dimension system for simplicity. The method, however, can be
extended to any higher dimensional system of first-order difference equations.

Consider a two-dimensional continuous system of first-order differential equations:

d
£=f(x,y),
2.1)
Y~ g
dt _g ?y k)

where f and g are O functions. The following techniques may be adopted for dynamic preserving nonlocal
discretization.

(R1) If in the first equation of (2.1), there is any constant term (say, «v) with a negative (or positive) sign, then it
would be discretized as —222+L (or a).

Tn

(R2) If there is any linear term with a negative sign in the first equation, e.g., —az, a being a positive constant,
then it would be discretized as —ax,,41 to keep the positivity for z,,4 ;. However, if the sign is positive, it
would be discretized as ax,,.

(R3) For any higher degree term with a negative sign involving the first variable z only, e.g., —axz™(m > 1), the
nonlocal approximation would be —az,, 12~ !. On the contrary, if the higher degree term appears with
a positive sign, it would be expressed as ax;'.

(R4) If there is any product term containing first variable x and second variable y of the form —axy (or azy) in
the first equation, then it would be discretized by —ax,, 41y, (O az,Yp ).

(R5) If any function ¢(y) of the second variable appears alone (i.e., without involving the first variable x) in

the first equation, then it will be discretized as %i(y) (or ¢(yy,)) if there is a negative (or positive) sign
before ¢(y).
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Positivity and dynamics preserving discretization schemes for nonlinear evolution equations

(R6) In the first equation, the second variable y will always be discretized by y,, and can’t be y,, 11 as we have to
maintain a sequential form of calculation for using the initial condition. This rule is also valid for all other
variables except the first one.

(R7) Similar terms appearing in different equations must be discretized similarly. For example, if the first
equation contains the term azy and the second equation also contains azy then it will be replaced by ax,,yy,
in both the equations. However, if the first equation contains —axy and the second equation contains axy,
then the nonlocal discretization will be —ax,, 11y, and az,+1y,, respectively. If the term in the second
equation is also negative, i.e., —azy, it would be discretized as —az,+1Yn+1. Note that y,, has to be
changed by y,,+1 as the term is placed in the second equation, and there is a negative sign before it,
following (R2). Also, x,, in this term has to be expressed as x,,4; because it was written in the first
equation. These rules are also applicable in discretizing other nonlinear terms.

(R8) For any rational function of the form % G (G # 0), then the denominator function G(x,y) will be
replaced by G(z,,, y»,) and the numerator functlon F(z,y) will be discretized by the techniques prescribed
in (R1) to (R7).

These rules are not unique, and one can find different nonlocal discretizations to construct an NSFD model for
a given continuous system. What we have tried here is to define some uniform rules that one can follow while
using the NSFD scheme of discretization. We here apply these rules to construct various NSFD models from their
respective highly nonlinear continuous population models and show that they are dynamically consistent and the
dynamics of these discrete systems are independent of the step size.

2.1. Example 1: Continuous-time epidemic model

Fayeldi et al. [30] have studied the following SIR (susceptible-infective-recovered) epidemic model with
constant birth and nonmonotonic incidence rate:

ds kST
T e oL
dI  kSI
_ _ 22
G Trar  dHL 2
dR
_— = I —
7 I dR,

where S, I and R denote the numbers of susceptible, infective and recovered individuals at time ¢. The parameters
b and d represent, respectively, the recruitment and natural death rates of the host population; g is the natural
recovery rate of the infected individuals. The term I i‘i 112 is the nonmonotone incidence rate, where k is the
disease transmission coefficient and o measures the inhibitory effect. Further description of the model can be
seen in [30, 31].

Stability results of the continuous-time epidemic model

The model (2.2) has been analyzed in [30]. It has two equilibrium points, viz., the disease-free equilibrium
point F1 = (%,0,0) and the interior fixed point E* = (S*,I",R*), where S* = 1{b — (d + p)I*}, I* =

kP —d2a(1-R
e (U=Ro) 4nd R* = B where Ry =

in the following theorems.

FICEm) d + mE Stability results of the equilibrium points are stated

Theorem 2.1. The continuous system (2.2) is locally asymptotically stable around the fixed point Ey if Ry < 1,
and it is stable around the fixed point E* if Ry > 1.

We now use the nonlocal discretization techniques (R1) to (R8) for the construction of the NSFD model
corresponding to the continuous-time model (2.2).
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Construction of NSFD model and its analysis

. . ds .. - Sn+1—Sn
The first-order derivative %7 will be replaced by (;’117(,1)

h + O(h?). The constant term on the right-hand side will be left unaltered following (R1) because its sign is
positive. Observe that .S appears in the first equation of system (2.2) with a negative sign, indicating that it has to
be replaced by S,,+1, following (R2). The nonlinear term % is present in both the first and second equations
of system (2.2) with opposite signs. The negative sign of this term in the first equation indicates that we have to
replace it by i;l IIQ , following (R7) & (R8). Note that we can not replace I,, by I, in the first equation because
the sequential order will be lost. Similarly, the linear term I, which appears in the second and third equations
of system (2.2) with opposite signs, has to be replaced by I,, 1, following (R2) and (R7). Also, to hold the
positivity condition, the negative term —dR in the third equation of system (2.2) has to be replaced by —dR,, 11,
following (R2). Based on these nonlocal discretizations, we obtain the following discrete system corresponding
to continuous system (2.2):

, where ¢ (h) > 0 and can be expressed as ¢ (h) =

Sn+1 — Sn kSnJrlIn
DAL O Sy —
o1 (h) St T T
In-i—l - In kSn+1In
Rpi1—R

(bg(h) t = ,UIn+1 - an-‘rla

where ¢;(h), i = 1,2,3, are denominator functions such that ¢;(h) > 0 and ¢;(h) = h + O(h?). After
rearranging, one have

Sn + b1 (h)
Sni1 = kL, \’
1+ ¢1(h) (d‘+'T;E%Z)
h)kS,,

, _M(Hj%ﬁ@ﬁ) 2.4)

T 1t ga(h)(d+p)
R _ Rn + ¢3(h).uln+1

n+1 —

1+ ¢3(h)d

It is to be noted that all terms in the right-hand side of (2.4) are positive and therefore S,, > 0, I,, > 0, R,, > 0,
for all n and any value of the step-size h when initial values are positive.

Next, we show that the fixed points of the discrete system (2.4) are the same as in the continuous system (2.2)
and their linear stability properties are also the same. Equilibrium points or fixed points of (2.4) are determined by
substituting Sy, 11 = Sy, Int+1 = In, Rpy1 = R, in (2.4) and then solving the following simultaneous equations
for S,, I,,, R,:

1+ (k) (d+ 1Ly )
2(h)kS,,
, __L1(1+*ﬂiiﬁ )
Tl ge(M)(d+p)]

1+ ¢3(h)d

On simplifications, one can obtain the same equilibrium points E; and E* as in the continuous case. The
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variational matrix at any arbitrary fixed point (S, I, R) of (2.4) is given by

aiy a2 0
J(S, I, R) = ag1 Aa929 0 , (25)
a31 a32 33

where

1 a1y = ¢1(h)k(5+b¢1(h))(12—a12)
61 (h) (d4 22 ) | {1+¢1(h)(d+ )} (rarz)2’
_ ¢2(h)k1
G21 = {1+¢2(h)(d+u) (Itar2) 211,

_ $2(h)kI d2(WkS(1—al?)
g2 = 1+¢2(h)(d+p.) 1+ (1+al?) aiz + 2 (I+al?)? )

— _Ps(hp b3 (h)p _ 1
= Troa(na®2l: 952 = Tio,(a%22 933 = Tig,(a-

a1l =

azi

Definition 2.2. [32] A fixed point of the system (2.4) is said to be locally asymptotically stable if |\;| < 1 and a
source if | \;| > 1, where \;, i = 1,2, 3, are the eigenvalues of the variational matrix J of system (2.4) evaluated
at the fixed point.

Lemma 2.3. [32] Let Ay and \s be the eigenvalues of a matrix J= [asj], @ i,j=12 Then |\1| < land |X2| < 1
iff (i) 1 — det(J) > 0, (ii) 1 — trace(J) + det(J) > 0 and (iii) 1 + trace(.J) + det(J) > 0.

We have the following theorem about the stability of fixed points of (2.4).

Theorem 2.4. The disease-free fixed point E; = (%, 0, O) is locally asymptotically stable if Ry < 1 and the
endemic fixed point E* is stable if Ry > 1, where Ry = %.
. . 1+bk¢72(h) 1
Proof. It is easy to check that the eigenvalues at F, are A\ = m, Ay = W)d(lﬂru) and \3 = T g (i)
Here, 0 < |)\1’3| < 1 and Ay > O for any step-size h > 0. Thus, for any h > 0, Ao < 1if % <d+ p,ie.,if
Ry < 1. Therefore, E is stable if Ry < 1.
At the endemic fixed point E* = (S*, I'*, R*), the variational matrix is given by

* *
aj; aj, 0
*\ * *
J(E*)=| a3 a3 O )

* * *
az; Gzz a3z

where
ot = L g __ ¢1(hkS*(1—al*?) ot — b2 (h)kI* a
11— G "12 — (1+al*2)2G  ° 21 = (A+al*2)H “11
a¥, =1+ G2 (R)KI™ 4 2¢2(M)kS™al"? * ¢3(h)ua at, = ¢s(h)ua*
22 — (1+al*?)H 12 — (1+al*?)2H > 31 — 21> 32 — F 22>

Gam b G+ H 1 SOAS p

Note that 0 < aj; < 1 and 0 < a3, < 1 for any h > 0. Here one eigenvalue of the variational matrix J(E*)
i A3 = a33, which is always positive and less than unity for any 2 > 0. Other two eigenvalues A;, ¢ = 1,2, of
J(E™) can be obtained by finding the eigenvalues of the matrix

Jl(E):( il i2)
ag1 Gz
Here trace(J1(E*)) = a};, + a35 and

det(Jl(E*)) = QT1a§2 - aT2a§1

o P2(R)RI™ 2¢2(h)kS™al*? $2(h)kI
=an 1+ qrarna®2 — Tqraroem } (1+aI*2)Ha11a12

e
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(1+al*?)2H
Since 0 < af; < 1 forany h > 0, so det(J1(E*)) < 1 and the condition 1 — det(J1(E*)) > 0 always holds.
Simple algebraic manipulations show that

= al, (1 _ 2¢2(h)kasS* 1*2)_

262 (h)kaS* I**
(1+al**)2H }
_ pa(R)kI” { ¢1(h)kS™ 2¢1(h)ka5*1*2} 2¢5(h)kaS* T2 be (h)
A+al**)H | (1+al**)G (14 al**)2G (1+al**2H S5*G
_ »1(W)ga(R)kI” [kS*+2aI* {b— ks*I~ H
(1+al**)2GH (1+ al*?)
P1(h)P2(h)kS™ 1™

= k+2adl*) >0
(1+a[*2)2GH( adl’)

1 — trace(J1(E™)) 4+ det(J1(E*)) = 1 — (a]; + a3y) + a7, {1 -

and

20 (h) ka.S*I*> }

1 + trace(J1(E")) 4+ det(J1(E*)) = 14 (a]; + a3y) + aj;y {1 T (Ut al?)2H

. 269 (h)kauS* I3 } b (WK™ ¢1(h)kS*(1 — al*?)
=1 A A nk— Y § | _
+on +{ (1+ al*?)2H (1+aty) (1+al*)H (14 al*?)?2G
. 22 (h) kb S* I** .
- ”a“{l‘ T tarzn J T

(2.6)

_ G(hEST pi(h)kI* { - 2aI*? }
(14 al**H (1 + ol**)G (14 al*?)

2p9(h)kS*  al*? . 201 (h)po(h) k2 S*I*3

(1+al*?)H (1 +a1*2>} (+ai)+ (1+al**)3GH

+ {1 o) (& — d) 22 e }

—QT1+[1—

G H

Here we show the positivity of each term on the right hand side of (2.6). Note that a]; = G, so0 <aj; <1

. L N (h) B8
Using the value of G and H, one can check that 0 < M <land0 < w < 1. It is then easy

to see that the expression in curly bracket is positive. The third term is always positive as ¢1(h), (;52( ), Gand H
are all positive. To prove that the expression in the third bracket is also positive, we note that -2— < 1. Thus,

if 202(kS”™ 1 then {1— 262 (M)kS™ _al*? } > 0. The first term gives 222UES°  f — 1+ 2(WkS™

(14+al*2)H (14+al*2)H (1+a1*2) (1+al*?) (1+a1*2)
h)kS 14al*? * .
2RSS < 1= ¢o(h) < WEE) = Lo Therefore 1+ trace(Jy (EY)) + det(J1(E*)) > 0if ¢2(h) < 7k

e (dtm)n
W, so that ¢o(h) < (d+ 3 holds. Also, the

denominator function is in the form ¢2(h) = h + O(h?). Itis to be noted that no restriction is required on ¢1 (h)
and ¢3(h) to hold the stability conditions of E*, and therefore simplest form can be considered for ¢;(h) and
@3(h) such that ¢ (h) = h = ¢3(h). Therefore, following Lemma 2.3, |\;| < 1, ¢ = 1, 2. By Definition 2.2, the
endemic fixed point E* is stable whenever it exists, i.e., if Ry > 1. This completes the theorem. [ |

One can then choose the denominator function as ¢2(h) =

Remark 2.5. The system (2.2) can be written as

dN
— =b—dN 2.7
pr ; 2.7

where N(t) = S(t) + I(t) + R(t) is the total population at time t. Following Mickens rule as described in
[28], all the denominator functions ¢;(h), i = 1,2,3 will be same and it is ¢;(h) = ‘%T_l. It is to be noted

e
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that the stability condition 1 + trace(J(E*)) + det(J(E*)) > 0 does not hold for this choice of denominator
Junction. However, one can easily determine the denominator function ¢2(h) as shown above such that the
stability condition holds.

Euler discrete-time epidemic model

Discretization of the continuous model (2.2) by Euler-forward technique gives the following system:

kI,
Sn+1 = Snerh—hSn (d+ HOJQ) y

kS, (2.8)
I =1, I, ——— —
n+1 rL"'h n{l—i—a[ﬁ (d"‘,u)},
Ryt = phl, + Ry (1 — dh),

where h(> 0) is the step-size. Due to the presence of negative terms on the right-hand side, the solutions are
not unconditionally positive as in the case of NSFD model (2.12). Such systems are prone to exhibit spurious
dynamics. The following results are known for the Euler discrete system (2.8).

Theorem 2.6. [30] The discrete system (2.8) is stable around the fixed point E1 if Ry < 1, h < min {%,

m, % } and it is locally asymptotically stable around the fixed point E* if one of the following condition

holds: (a) Ry > R1 > land h < min{h*,%}, or(b)1 < Ry < Ryand h < min{hl,h*,%}, where

= & k(dtdC+p) o _dtditp
Rl - TZ {1 + 4d(d+p)(2dal*2+k) }’ h* = dp+ér (d+p)’

_ \/4(d+¢3+”)2_16¢3(dﬂ*)(%“) P _ 2a(d+p)I*¢”
207 (d-+p) (2245 +1) » Ve - '

hi =h*

- 1+a1*2rp k

Numerical experiments

We perform numerical experiments to compare the dynamics and step-size dependency of the NSFD model (2.4)
and Euler model (2.8). We have plotted bifurcation diagrams for both the systems (Figure 3) with respect to h.
Population density remains at its steady-state value for all h, indicating consistent dynamics with its continuous
counterpart. It shows that the dynamic behaviour of NSFD system (2.4) is independent of the step-size (Figure
3a). However, the dynamic behaviour of the Euler system (2.8) depends on the step size (Figure 3b). Here
population density remains stable for h < 3.4647 and becomes unstable for h > 3.4647. In fact, it exhibits
spurious dynamics as the step size is larger (h > 3.4647).

) 5 )

Suseepiible
Suseeptible

*
']
”,C
o

=6 =.6
El 3.2 3.4 EN ENY a4 a.z El 3.2

h

Figure 3: (a) Bifurcation diagram of the susceptible population of the NSFD system (2.4) with respect to the step size h. It shows no
instability, and population density is always maintained at its stable value for all step-size. (b) A similar bifurcation diagram of Euler system
(2.8) shows that population density remains stable for A < 3.4647 and becomes unstable for h > 3.4647. It shows chaotic dynamics as h is
further increased. Parameters are [30]: b = 2, k = 0.2, d = 0.2, u = 0.15, o = 10.
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2.2. Example 2: Continuous-time ecological model

Here we consider another population model in continuous time and construct the corresponding NSFD model
using our nonlocal discretization technique. Chattopadhyay et al. [33] investigated the dynamics of following
continuous-time plant-herbivore-parasite ecological model:

dx x
—:rx(l——) — azy,

dt K

d

CTZZ = —sy + By — vyz, 2.9)
d

d—j = dyz — uz,

where z, y and z represent, respectively, the densities of plant biomass, herbivore and parasite populations at
time ¢. This model says that the plant population grows logistically to the environmental carrying capacity K
with an intrinsic growth rate » when there is no herbivore. Herbivore eats plant population following mass action
law with « as the rate constant. The parasite attacks herbivores, and the attack rate is proportional to the product
of herbivore and parasite densities with  as the proportionality constant. Natural death rates of herbivores and
parasites are s and i, respectively. The parameters 3 and § represent the growth rates of herbivores and parasites.
All parameters are positive. The following results [33] are known for the system (2.9).

Theorem 2.7. The system (2.9) has four equilibrium points. (i) The equilibrium point EE = (0,0,0) is always
unstable. (ii) The axial equilibrium point Ef = (K,0,0) is stable if BK < s. (iii) The planar equilibrium
point EY = (2,%,0), where & = % y=4(1- 5%() exists and is locally asymptotically stable if 5K > s
and § < T(Bﬁll(ff‘s). (iv) The interior equilibrium point E} = (x},yp, 2p), where 25 = K (1 — 24) | y3, =

£, 2p= % {—s+ BK (1 — 2k)}, exists and is locally asymptotically stable if 3K > s and 6 > SR o

r(BK—s)"
NSFD model and its analysis
For convenience, we rewrite the continuous model (2.9) as
dz T 4
—_— =TT — =T — Qox
dt K v
d
dfl; = —sy + By — Yz, (2.10)
d
£ = dyz — uz.

The continuous system (2.10) is transformed to the following NSFD system using the previous nonlocal
discretization techniques (R1) to (R7):

Tn4l = Tn o TT1®n
¢1(h) n K n+1Yn,
Yn+1 — Y
W = —5Ynt1 + BTni1Un — VWnt1%ns @.11)
Zn+1 — Zn

— =90 n+12n — UWZn+1,
w3 (h) Yn+1 HZn+1

where ;(h), i = 1,2, 3, are such that ;(h) > 0 and 1;(h) = h + O(h?). Note that the similar term zy in the
first & second equations and yz in the second & third equations have been discretized following the rule (R7).
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Rearranging (2.11), we get

Zn (14 rp1(h))
1+ (h) (" + ayn)’
_ yn(l + 5¢2(h)$n+1)
Y1 = T (s e (2.12)
. _ Zn (1 + 6¢3(R)Yny1)
(s 14 43(h)p .

Tn+1

Thus, the solutions of the discrete system (2.12) remain positive for all step-size h whenever the initial values are
positive.

As before, one can observe that the NSFD system (2.12) has the same four fixed points with the same existence
conditions as it were in the continuous system (2.9). The variational matrix corresponding to the system (2.12) at
any arbitrary fixed point (z, y, z) is given by

aiy a2 0
J(x,y,2) = | az1 ax as |, (2.13)
as] G32 33

where
o 14731 (h) z(147¢1 (b)) (wl(h)) o z(147r¢1 (b))
aj] = — ajp = — a1 (h
11 1+¢1(h)(%+ay) {1+¢1(h)(%+a9)}2 K ) 12 {1+¢1(h)(%+ay)}2 QZ}I( )7
gy = — B2y B (e Bea(hy o y(4BYs (Ma)vda(h)
217 T4a (M) (str2) 1 922 = Ty (h)(stvz) T T+ (h)(s+v2) 120 923 = 7 0p s (h)(s+72)}7
a _ 5’([)3(}7,)2' a a _ 5¢3(h)2 a a _ 1+5’¢3(h)y 51[)3(}7,)2 a
317 Tys(hyp 21 @32 = Tieps(h)p 22> @33 = Tqys(hp '+ T+ypa(h)p 23

We have the following lemma in relation to the stability of system (2.12).
Lemma 2.8. [34] Suppose the characteristic polynomial p(\) of the variational matrix (2.13) is given by
p(A) = A+ a1\ + ax) + as.
Then the roots \;, i = 1,2,3, of p(A) = 0 satisfy |\;| <1,i=1,2,3iff
(i) p(1) =1+a1 +az+a3 >0,
(ii) (—=1)3p(=1)=1—a; +as — a3z >0,
(iii) 1 — (a3)? > |az — azay|.
Then the following results are true for the system (2.12).

Theorem 2.9. (i) EL’ is always an unstable fixed point. (ii) EY is locally asymptotically stable if BK < s. (iii)

EY is stable if BK > s and § < BKau - (jy) The interior fixed point EY}, is always stable if BK > s and

r(BK—s
5 ko (B )
TR —5)"

Proof. At the trivial fixed point EJ’, the eigenvalues are \; = 1 + 711 (h), Ay = m and \3 = m
As \; > 1, B} is always unstable ¥V h > 0.

At ET, t.h'e eigenvalues are giyen by )\.1 = m Ao = %ﬁ?}%ﬁ and \3 = m Here \; and A3
both are positive and less than unity. Ay will be positive and less than unity for all A > 0 if 5K < s. Therefore,
EY is stable if BK < s.
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At the boundary fixed point E£’(z, 77, 0), the variational matrix is given by

a1 a2 O

J(EY) = @21 G2 as3 |, (2.14)
0 0 ass

where

an=1- (&) () | a1y = — g eah (h), ag = o2Wi_g

{ = Trrdi(h) )0 M2 7 T Ty () ¥V, A28 = Ty, (yz A1

= Bipa(h)g 7] oo — LHSvs(h)y

G2z = 1+ Tgp,z 01z 023 = ~Typpeme 1¥2(h) dss = TEgm,
One eigenvalue of the above variational matrix J(EY) is az3 = %3((:))5, which is always positive and less

Other two eigenvalues of the matrix J(EZ") will be the characteristics roots of

ai; Q12
Jl = _ _ .
a1 Q22

From the existence condition of EZ’, it is easy to see that 0 < @;; < 1. After some algebraic manipulations, one

v b _BKap
than umFy if § < 5 = T(AK=s)
the matrix

have

(_122:1—

Bualh)y ata(Wz < Bua(W)z > r(1- ) )
{1+ B (h)2} {1+ repa(h)} 14 Byo(h)z 1+ rip1(h) ’

implying that 0 < @s2 < 1. On substitution the values of @29, a21 and noting that z < K, one can obtain
1-— det(Jl) =1—aq1 a2 + a12 @91
=1-a11— %011012 + WCLMCLU =1-a5n >0,
1-— trace(Jl) + det(Jl) =1- (a11 + 022) + an
=1—ad9y >0and 1+ trace(Jl) + det(Jl) =14 2a11 + age > 0.
Thus, whenever it exists, F1 is locally asymptotically stable if § < T&ﬁo‘f‘s).
At the interior fixed point E'},, the variational matrix is given by

* *
aj; ajp 0
k) * * *
J(Ep)=| a3 a3 a3 |, (2.15)
* * *
a3z; Qagzy Qags

where

at, =1— (wK) (r%(h)) >0, ajp = — TN g gr = BUaUE oo

062 =1 + 6"/12 yp a>{2 =1— 61&2%):5} * aw1(h)yp > 0’ CL23 — _Z/p’Y;ZlIz(h) < O7
af, = LS(’”ZP ay >0, ajy = W3Wek gy, Yo,

als =1+ 5¢3(Eh)zp afg=1— (511)3%1)?!19) (ZP'YIl/_}z(h)> >0,
G =1+ri(h), H=1+Byo(h)zp, E=1+03(h)yp

Following the existence conditions of the interior fixed point %, 0 < aj; < 1,7 = 1,2, 3. The characteristic
equation corresponding to the matrix .JJ(E7) has the form

pr(N) = A+ AN2 + Ao\ + A3 =0, (2.16)

where the coefficients are
Ay = —trace(J(E})) = —af; — aby — a3,

e
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Ay = sum of principle minors of J(E7})
= (afy a3y — ajpasy) + (a5ya33 — asza3y) + aj azs,

Az = —det(J(Ep)) = —al (a5pa33 — a3za3y) + ajy(as,a33 — azzaz ) < 0.
Simple manipulations give

* * * * * h * * *
ay1dgy — G120 = agp + Mz,(q)y (11012
U59033 — U53035 = A5y and ay,a33 — a3,a33 = aj,.
Thus, the coefficients simplify to
Ay = —aj; — a3y —a33 (< 0), A2 = aj; +ajy +ajyads (> 0), Az = —aj; (<0).
Now our objective is to show that all the conditions of Lemma 2.8 are satisfied for the characteristic equation
(2.16). One can compute
pi(l) =1+ A1 + Ay + Ay =1—a33 —af; +ajya3s = (1 —afy)(1 — a3y),
(_1)3p1(_1) =1- A1 + A2 — A3.
Noting the signs of a};, 4; and a; < 1, i,j = 1,2, 3, one can easily observe that p; (1) and (—1)3p1(—1) both
are positive. Thus, first two conditions of Lemma 2.8 are satisfied. For the third condition, we first note that
|As — A3Aq| <1 — A3 gives Ay — A3A; — A3+ 1 > 0and Ay — A3A; + A3 — 1 < 0. Here

_ Bea(h)y”
H

*x ok ok
11012 = Aqy>

Ay — AgAy — A3+ 1= (af, + a5y + a},ass) — afy(a}, + a3y + als) — a’{12 +1

= (aj; +ax)(l—aj;) + (1 - a’ﬁz) = (1 —ajy)(1+2a7; + a3y),

Ay — AzAy + A — 1= (a}; + aby + ajyals) — afy(af; + aby + als) + a*{12 -1

= ajy +az(l—aj;) —1=(1—ajy)(az, —1).
Observing the signs as before, one can then easily have
AQ—A3A1—A§+1>O and AQ—A3A1+A§—1<O.

Combining these two inequalities, we have |43 — A3A;| < 1 — A3. Thus, all three conditions of Lemma 2.8
hold and therefore, the interior fixed point E} is locally asymptotically stable whenever it exists, i.e., 5K > s

and § > % Hence the theorem. [ |

Remark 2.10. Iz is to be noted that we do not need any restriction on ;(h), i = 1,2, 3, to prove the positivity and
dynamic consistency of the discrete system (2.12). Therefore, 1;(h) can take any form that satisfies 1;(h) > 0
and 1;(h) = h+ O(h?), i = 1,2, 3. In the simulations, we consider the simplest form of 1;(h) = h.

Remark 2.11. It is to be noted that the system (2.9) does not satisfy the conservation law. For this type of system,
Mickens [28] defined a rule for choosing the denominator functions ¥;(h), i = 1,2, 3. Following that rule, one
has to use the Euler-forward scheme for the first derivative and nonlocal approximations for other terms in all
three equations of system (2.9). After doing this for the first equation of system (2.9) and then solving for x,1,
one has

(14 1h)
Tn41 = prs .
L+ h (5 + ayn)
Since (1 + rh) occurs [28], it implies that the denominator function will be 1, (h) = e"h;1_ Similarly, from the
other two equations of system (2.9), one can find the other two denominator functions as v¥o(h) = eh%l and

P3(h) = Lu_l Thus all three denominator functions have to be determined separately using the Euler forward
scheme and nonlocal approximations if the continuous system is not conservative and the transformed nonlocal
system contains terms like (1 + rh). But such a choice of separate denominator function for each equation of a
higher-order equation will multiply the complexity for analytical computation of stability conditions.
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Numerical experiments

For numerical comparison, we first write the Euler-forward discrete version of the continuous model (2.9):
L
Tpt1 = Tp +h {mn (1 - 7) - awnyn} ;
K
Ynt+1 = Yn + h(_syn + ﬂxnyn - 'Vynzn)a
Zna1 = Zn + h(0ynzn — pzn).

2.17)

To compare the step-size independency and dynamic consistency of the NSFD model (2.12) with that of the Euler
model (2.17), we have plotted two bifurcation diagrams (Figure 4) of plant biomass with respect to the step-size
h. As there is no restriction on v;(h), we consider v;(h)=h for all 7 in (2.12). Figure 4a shows that the dynamic
behaviour of the NSFD system (2.12) is independent of the step-size, and Figure 4b depicts step-size dependent
numerical instabilities in Euler system (2.17). In the last case, plant biomass population density remains stable
for h < 1.1113 and shows instability for ~ > 1.1113.

(€] , )

Plant biomass
Plant biomass

s H 1.0s 1.1 1.1s 1.2

1 1
h h

Figure 4: Bifurcation diagram of plant biomass (Fig. a) of the NSFD system (2.12) with varying step-size (h). This figure shows no
instability in system (2.12) when step size is varied. Similar bifurcation diagram of Euler system (2.17) shows that the solution remains stable
for A < 1.1113 and loses its stability for A > 1.1113. Parameters are r = 0.95, K = 2.2, o = 0.8, s = 0.25, § = 0.55, v = 0.23,
n=0.09,6 =0.11.

2.3. Example 3: Continuous-time epidemic model

O’Keefe [35] has investigated the dynamics of an epidemic model having frequency-dependent disease
transmission. The model reads

as BSIT

E:(S‘FPI)(l_S_I)—m—MSs )18
dl  BSI 2.18)
IR B

where S and I represent, respectively, the densities of susceptible and infective hosts at time ¢. Here p (0 < p < 1)
is the fertility coefficient of infected hosts, and [ is the disease transmission rate. p represents the natural death
rate of both hosts, and the additional death of infectives due to disease is represented by «.. All parameters are

non-negative from a biological point of view. The following stability results are known from [35].
Theorem 2.12. The disease-free equilibrium point E§ = (1 — 1, 0) always exists and it is locally asymptotically
stable if p < 1, B < (a + p). The endemic (interior) equilibrium point E€* = (S€* I¢*), where S¢* = w

and 1¢* = 28202 sith A = —a— pi— o+ p) + Bla+p) +pla+u) — Bp. B = B{pla+p)—a—pu—PBp},
exists and is locally asymptotically stable whenever 5 > o + p, A < 0.

We now construct the NSFD counterpart of the model (2.21) following the rules defined in Section 2.

E =
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NSFD model and its analysis
For convenience, we rewrite the continuous model (2.18) as

ds BSI

—=8-5%2-q( ST+ pI —pI? — 22— — 1S,

7 (14+p)ST+pl —p 51 M o19)
dI ST :
ek SR CRL

Using the previous nonlocal discretization techniques R1-R8, the continuous system (2.19) can easily be
transformed to the following NSFD system:
S7L+1 Sn pSn+112 ﬁSn—i-lIn
= Sn = SnSnt1 — (14 p)Spi1ln + pl, — .-
&(h) +1—( p)Snt1 p S, S, +1,
In+1 - In _ ﬁSnJrlIn
& (h) Sp + 1,

where the denominator functions &;(h), i = 1,2, are such that &(h) > 0, Vh > 0 and &;(h) = h + O(h?). One
should notice that the terms pI and pI? of the first equation of (2.19) have been discretized following (RS).
Rearranging (2.20), we get

- /’(‘Sn+1 s
(2.20)

- (a + /‘)In+1’

s {146 (1+&)}
Sny1 = 12
L+ & (h) {Sn + 1L+ )+ 5=+ 52 +/‘} (2.21)
I (1+ & (n) 525t
In+1 =

1+ & (h)(a+ p)

As expected, the NSFD system (2.21) is positively invariant; therefore, all solutions remain positive if they start
with a positive initial value. The discrete system (2.21) has the same equilibrium points as the continuous system
(2.18). The variational matrix at any arbitrary fixed point (S, I') of (2.21) is given by

app a2
J(S. 1) = , 222
( ) (a21 022) ¢ )
where
ail = 1+&1(h) {1+51(h)(1+p1)}51(h)5< s2 <Si11>2)
L1 () { S+(1+p) I+ 2L +s+1+l‘} [1+£1(h){5+(1+p)1+p12+S+I+/L}] ’
aip = pé1(h) {ramrs) }51(}”{(1“)5”””<S+1>2}
1+51(h){s+<1+p)1+%+s’3—+2+u} [1+esm{s+atar+22+ 2010} 7
aor — &2(h) &y a &2(h)
R Ol DR QI i
46 £ n &a(h) £ 2(h) Zirye

422 = T3 g5(a+n) T T+ &R (a+p) M2 7 TH&(R) (atn)

The following stability results for the discrete system (2.21) can be proved.

Theorem 2.13. The disease-free fixed point ES = (1 — p,0) is locally asymptotically stable if p < 1, 8 < a+p
and the endemic equilibrium point E¢* = (5%, I¢*) is locally asymptotically stable if § > o + pand A < 0,
where A= —a — p— a(a+ p) + Bla+ p) + p(a+ pn) — Bp, i.e., E* is stable whenever it exists.

Proof. It is not a difficult tusk to check that the eigenvalues evaluated at EY are \; = 1;_%583# and \y =
% Note that 0 < A} < 1as0 < p < 1, and A2 > 0 for any positive step-size. Thus, for any h > 0,
S
Vo
MM

15



Priyanka Saha, Nandadulal Bairagi and Gaston M. N’Guérékata

A2 < 1if 8 < a + p. Therefore, if EY exists then it will be stable if 8 < « + . In this case, the interior
equilibrium point £¢* does not exist.
At the interior equilibrium point E¢* = (S¢*, 1¢¥), the variational matrix is given by

* *
a a
J(E) = ( i }f) ,
a1 Q29

where

o am £ pI*t) _ pIf*? _ _gserrct
].—IT Se + Se*) - Se* - (Se*_j’_le*)Z}’

. & N . gex2

aty =240 $p— 87 (14 p) — 2pI° —@%71)2}
x _ &(h) BIe” _pserrer

a21 - H Sexyre~ all (Se*+[e*)2 )

L £2(h) { BSerIet  BI®*al, }

- H (Se*+le*)2 Sex 4 Jex*

G=1+¢&(h) (1+ Se*) H=1+¢&(h )537]

)
=%
—_

|

*
(5P

We shall use Lemma 2.3 to prove the local stability of £¢*. One can evaluate

trace(J(E®")) = af; + ads
o E (h) e* Je* 5 (h) Ie*2 Bse*Ie* Ie* ﬁS“g (h)
7{1—%(5 +'DST)}+ 1 (pSe* +(S€*+Ie*)2>+{17(Se*+le*) <(Se*+1i*)H)}

BI®*E1(h)&a(h e* e* e* ex 556*2
+%{P(1—S -1 =5 —(PI +m)}

_ &1(h) ( gex 1% | BSeTI°"Ea(h) Ie* BS°* €2 (h)
= {1— 1G (S _,_PS6* + (Se*+[e*2)H>}+{]‘_ (Se*+le*> ((Se*+126*)H)}
&i(h) (pIc*? BSerIe* BS°*&a(h) &1(h)&(h)BI°r e e*
+ &l (”Se* + (Se*ﬂe*)z) (1 — (S TEOE )+ (serrenam (L — S5 — I°7).

Following the existence condition of F¢*, we have S¢* + [¢* = % < 1 and then S¢* + % =

(5" + &(h)BS**) < 1 and also & (h) (Se* + £ Se* ) < G and % < H.

Thus, {1 — %h) (Se* + ”5{7* + %ﬁ;}?)} > 0. Hence we get trace(J(E<")) > 0.
Also, det(J(E")) = af,as, — ajqa3;
_ * 5 (h) BSE*IE* ﬁI{‘* * 5 (h) IBIF* SF*IF*
= {1 - {(Se*+Ie*)2 - S“*+I“*a12H —aix¥y {Se*JrIe*all m}
Ger xR
=ay; — '?g,e?]egz)g]}(au —ajy).
Simple algebraic manipulatlons show that

: tions show that
1 — det(J(E* )) =1—af, + Goeire 2t (at, — ay)

= i fger 4 o2 (1- 1) - B5E |+ Bt (1 - sl 4 2na )
+ Bf;iifsffz’éz}j’) (25 + p5e + p1**)

= 4 fger 4 g1 - Ie*)} + %ﬁ {—HE((h) + G (h)
+§1(h)fz(h) ( p+ Seurle* )} + Bf;frfé*()hz)géh) (pé:Q + pSe* + pIe*)

= 80 fger el (1 - 1)} 4 T L6 (h) — ()}

Se*Ie* h e*x2 e* e*
+ﬁ(se*_~_f—§£)2)é2;1){(1 p)+ SM—F%-"—/)S +pl }

Again,

1 — trace(J(E°")) 4+ det(J(E")) = 1 — (aj; + a22*) + (aj1a55 — ajzas;)
—1_qg* w(a —ak,)
22 ~ (Sergrer P E 411 — 012

I h) ex* ex %
= (S€*+I§3*( 2H{S (1 —ajy) —I¢7aj,}

= LRl (597 4 ST 4 pS T 4 pIe) > 0.
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One can easily check that 1 + trace(J(E®*)) + det(J(E®*)) > 0, as trace(J(E®*)) > 0 and also 1 —
trace(J(E")) + det(J(E*)) > 0. If we choose the denominator functions &; (k) and &2(h) such that &3(h) >
&1(h),Vh > 0, then 1 — det(J(E*™)) is also positive. An obvious choice is &;(h) = h,i = 1,2, Vh > 0. Thus,
the interior equilibrium point £¢* is stable whenever it exists. Hence the theorem is proven. |

Remark 2.14. The system (2.18) does not satisfy the conservation law. In such a case, following Mickens [28]
rules, the denominator functions for the first and second equations will be & (h) = &#—1 and &o(h) = %
respectively. To hold the condition 1 — det(J(E®*)) > 0, the denominator functions &;(h), 1 = 1,2, have to
satisfy £2(h) > &1(h). However, as mentioned above, the denominator functions &1 (h) and &2(h) do not satisfy
this restriction for the nonzero value of o.

Numerical experiments

Again we construct the following Euler discrete system for the continuous-time (2.18)

_ g gy BSaln
Snt1=5S.+h {(Sn +pl,)(1 =5, —1,) S 1 pSn} ,
BSnly,

(2.23)

Iﬂ = Ifn h - In ’

41 , + {Sn+In (a+ p) }

and compare its dynamics with the NSFD discrete system (2.21). We have plotted bifurcation diagrams for
both the systems taking h as the bifurcation parameter (Figure 5). It shows that the dynamics of NSFD system
(2.21) is independent of the step-size (Figure 5a), but the Euler discrete system (2.23) shows step-size dependent
dynamics (Figure 5b) and produces spurious behaviour for higher step-size. Therefore, the Euler-discrete model
is dynamically inconsistent, but the NSFD model is dynamically consistent.

(a)y (b)y

Susceptible

2.6 2.8 3 3.2 3.4 2.6 2.8 3 3.2 3.4
h h

Figure 5: (a) Bifurcation diagram of the susceptible population with respect to step-size (h) for NSFD system (2.21). It shows that the
population is stable for any positive value of the step size. (b) Bifurcation diagram of the susceptible population with respect to step-size
(h) for Euler discrete system (2.23). It shows that the population becomes unstable as step-size h exceeds 2.73. Parameters are p = 0.65,
B =045 p=0.23 a=02.

3. Summary

In the last two-three decades, nonstandard finite difference scheme has received significant interest in the
discretization of the continuous system due to its superiority over other discretization techniques for various
reasons. First, the transformed discrete system can be made positively invariant using proper nonlocal
discretization techniques, though the standard discretization techniques often fail. Secondly, the NSFD model
can be shown to be dynamically consistent with its continuous counterpart, which means the stability property
of each equilibrium point of the continuous system remains the same for the NSFD model. However, in many
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cases, the discrete model formulated by the standard discretization technique shows (spurious) dynamics that are
not at all the dynamics of the original continuous system. Another great advantage of the NSFD technique is
that the dynamics, in this case, can be shown to be independent of the step size, which can reduce the
computational cost. There are two main steps in the construction of an NSFD system from a given continuous
system of first-order differential equations, viz. discretization of the first-order derivative of the continuous
system, where one has to choose a denominator function and discretize the interaction terms, where one has to
use nonlocal discretization for both the linear and nonlinear terms of the differential equation. Unfortunately,
there is no general rule for both of these steps [5, 26]. However, some techniques have been defined [5, 26, 28]
and successfully preserved both the positivity and dynamic properties of (relatively simple) continuous systems.
However, previous techniques of choosing the denominator function may fail in many cases to preserve the
dynamic properties of the continuous system. This study extends other studies mainly in two ways. First, we
have defined some uniform rules for nonlocal discretization that one can follow while using the NSFD scheme.
Secondly, the selection of the denominator function plays a crucial role in proving the dynamic consistency of
the discrete model with its continuous systems. Mickens and others have defined some denominator functions
for conservative and nonconservative systems. Such a predetermined form of the denominator function may not
work well, and the dynamics of the discrete system constructed after nonlocal discretization may depend on the
step size [36]. Instead of considering such a predetermined denominator function, we here show that the
denominator function can be selected from the stability conditions of the transformed discrete system. Using our
uniform rules for the nonlocal discretization of a continuous positive system, we have shown that highly
complex population models not only preserve the positivity and dynamic consistency of the continuous system,
but the dynamics also become independent of step-size, which has significant computational facility, especially
for coupled systems.
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1. Introduction

W. A. Kirk et al. [10] proposed using a cycle of domains to derive various fixed point theorems for metric

spaces. C. G. Moorthy and P. X. Raj considered an increasing sequence of subsets =; C =, C ... of a metric space
(o)

(E,d), and amap G : = — E satisfying a contraction condition such that G(Z;) C Z;41, Vi,and 2 = (J Z; in
j=1
[11]. Also, the fixed point results of [11] are generalized in some articles [14—16]. ’
A.E. Bashirov et al. introduced multiplicative metric space (also known as MMS) in [5]. M. Ozavsar and A.
C. Cevikel [13] developed topological features of multiplicative metric spaces (or MMSs) and established fixed
point findings in MMSs. There are numerous papers [1-3, 7-9, 12, 17] for fixed point theory in MMSs.
b-Metric space, a generalisation of a metric space, was first introduced by Czerwik [6]. b-MMS was
introduced by M. U. Ali et al in [4]. There are some topological properties and fixed point results in b-MMSs.
By variations in b-MMS domains, we prove some more fixed point theorems for different types of
multiplicative contraction mappings with multiplicative closed graphs. Also, we generalize a main result of [11]
and we derive that result by using exponential transformation.

*Corresponding author. Email address: gsivamaths2012@gmail.com (G. Siva)
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2. b-Multiplicative metric spaces

Let us give some preliminary and known results in this section. See [4] for further information.

Definition 2.1. [4] Assuming that Z # () is a set and s € R with s > 1. A multiplicative metric is a mapping
d:ExE — RT =0, 00) satisfying the next four axioms.

(i) d(k,0.)>1,Vk,LEZT

(K,1)
(ii) d(k, )
(K,0)
(Kyt) <

1 ifand only if(or, iff) k = tin Z,

(iii) d(k,t) =d(t,k), VK, L EZ,
[d(k, p)d(p, )], ¥V Kyt p € E.

The triple (Z,d, s) is then referred to as a b-MMS.

(iv) d(k,t

Definition 2.2. [4] Assuming that (Z,d, s) is a b-MMS, {k,,} is a sequence in Z, and k € Z. Then { Ky} is called
multiplicative converging to &, if for every multiplicative open ball B.(k) = {¢ : d(k,t) < €}, € > 1, there exists
N € Nsuch that k,, € B¢(k), Y n > N. It is denoted by r,, — K(n — o).

Lemma 2.3. [4] Assuming that (2, d, s) is a b-MMS, {k.,} is a sequence in = and k € Z. Then r,, — k(n — 00)
iff d(kn, k) = 1(n — c0).

Lemma 2.4. [4] Assuming that (Z,d, s) is a b-MMS, and {k,} is a sequence in =. Then every multiplicative
convergent sequence { Kk, } has an unique multiplicative limit point.

Definition 2.5. [4] Assuming that (2, d, s) is a b-MMS. The sequence {k,,} € Zis called a multiplicative Cauchy
sequence(or, MCS) if for every € > 1, there exists N € N such that d(ky,, km) < €,Vm,n > N.

Lemma 2.6. [4] Assuming that (Z,d, s) is a b-MMS and {k,} is a sequence in =. Then {k,} is a MCS iff
d(Kn, Km) — 1(m,n — o0).

Definition 2.7. [4] Assuming that (Z,d, s) is a b-MMS. Then (Z,d, s) is said to be multiplicative complete, if
every MCS is multiplicative convergent in E.

Theorem 2.8. [4] Assuming that (Z,d,s) is a b-MMS. Let {x,} and {1,} be two sequences in E such that
Kn = K by — L (0 — 00), Kyt € Z. Then d(Kn, ty) — d(K,1)(n — 00).

Definition 2.9. Assuming that G : (2,d,s) — (2,d, s) is a self mapping on a b-MMS (Z,d, s). If whenever

Kn — ko and Gk, — 1o for some sequence {ky} in = and some kg, Lo in E, we have 1o = Gk, then G is said
to have a multiplicative closed graph(or, MCG).

3. Main results

Let’s prove some fixed point theorems for various multiplicative contractions on b-MMSs in this section.

Theorem 3.1. Assuming that (E,d, s) is a complete b-MMS, and G : = — = have a MCG. Let 21 C 25 C ...

o0
be subsets of E such that = = |J Z;, G(E;) C Ei41, Vi, and d(Gt,Gz) < d(t,2)%, Vt,z € E;, Vi, where
j=1
o0
& € (0,00) are real positive constants such that », s"¢1€2..&, < oo. Then, for any fixed t; € =, {G"t1}
n=1

multiplicative converges to a fixed point.
Moreover, if §; € (0,1), Vi, then G has a unique fixed point(or, UFP) in E.
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Proof. Fixt; € =, and sett,41 = Gt,, = G"t1,Vn =1,2,3,.... Then we have,

d(G™ My, G"y) < d(G"ty, G M)
<d

(C:tl7 t1)§n+1fn§n_1n_§2 .

Further, for 1 < n < m, we have,

m—

d(G™ty, G"ty) < d(G™t, G™ 1) A(G™ e, G2 LG, G )

m—1

< d(Gt, tl)( 1,;n s 6253--<€z+1) .
Therefore, d(G™t1,G"t1) — 1 (m,n — o). Since Lemma 2.6, {G™t;}2_; isan MCS in Z. Let {G™¢1}2°_,
multiplicative converge to t* in =, which is multiplicative complete. Remember that {G™*1¢;}5°_, is also an
MCS and it multiplicative converges to t* in Z. Also, MCG of G gives Gt* = t*. Hence, we obtained a fixed
point t* of G.
These processes can be extended to the general case: t; € =, for some n.
Assuming additionally that §; € (0, 1), Vi.
If Gt* =t*, Gz* = z* in G, then let t*, z* € =,,, for some n, so we have

1 <d(t*,z*) = d(Gt*,Gz*) < d(t*, z*)5".

Then, d(t*, 2*) < d(t*, z*)(f"')m, V'm € N. Since (£,)™ — 0asm — oo, d(t*,z*) = 1 and t* = z*. Hence,
G has a UFP. [ |

Corollary 3.2. Assuming that (E, D) is a complete metric space, and G : £ — = have a closed graph. Let
o0

E1 C Ey C ... be subsets of E such that = = |J 2, G(E;) C Eijt1, Vi, and D(Gt,Gz) < §,D(t, 2), Vt,z € E;,
j=1
(o]

Vi, where &; € (0,00) are real positive constants such that ), £1&3...&, < o0.

Then, for any fixed t; € Z, {G"t1} converges to aﬁxedpoin; Also, if§; € (0,1), Vi, then G has a UFP in Z.
Proof. Letd = expD. Thatis d(¢,z) = exp D(t, z), Vt,z € Z. Then (E,d) is a complete b-MMS with
s = 1. Also, d(Gt,Gz) < (d(t,2))%, Vt,z € Z;, Vi, where & € (0, 00) are real positive constants such that
o0

> &1&5...&, < 00. Theorem 3.1 now leads to Corollary 3.2. ]
n=1

The above Corollary is Theorem 2.1 of [11]

Example 3.3. Let = = [i, oo). Assuming that d(t, z) = max{tz=!,2t71}, Vt, 2 € 2.

Then (2,d, s) is a complete b-MMS with s = 1.
o0

Assuming that 2, = [%,n], and &, = ﬁ €[1.1), forn=1,2,3,.... Then 21 s"¢165...6, < o0,
n=

Define G : = — = by Gt = t%, ift € =2, forn e N.

Fort,z € B, we get

{ONEN

d(Gt,Gz)

I
g
&

Theorem 3.1’s hypotheses are then fulfilled. Moreover, the UFP is 1.
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Theorem 3.4. Assuming that (E,d, s) is a complete b-MMS, and G : = — = have a MCG. Let 21 C 25 C ...
be subsets of E such that = = |J Z;, G(Z;) C i1, Vi, and d(Gt, Gz) < (d(Gt,t)d(Gz, 2))%, Vt, z € Z,;,Y4,

Jj=1 B

o0
where &; € (0,1) are real positive constants such that »_, s"Vs...0, < oo, where ¥; = 1575’ Vi. Then G has
n=1 !
a UFP in Z.
Moreover, for any fixed t, € E, {G™t1 } multiplicative converges to the UFP.

Proof. Fixt; € =1, and sett,,41 = Gt, = G"t1,Vn =1,2,.... Then we have

A(G™ 1y, G ) < (d(G™ ey, G (G, G ) S
= (G, GG, G S

Now, we get

n+1

3
dG™ 111, G ) < d(GM, G M) T
(G 1, Gy )i,
é d(Gth tl)ﬁ’“rlﬂnﬂn—l...ﬂz )

Further, for 1 < n < m, we have

™ m

d(G™ty,G"ty) < d(G™t, G™ 1) d(G™ e, G2 (G e, G )

m—1
S s'92093...9; )
< d(Gt17t1)< Sy,

Therefore, d(G™t1,G"t1) — 1(m,n — oo). By Lemma 2.6, {G™¢t;}3°_; is an MCS in E. Let {G™t;}°_,

multiplicative converge to w* in =, which is multiplicative complete. Remember that {G™ 11 }°°_, is also an
MCS and it multiplicative converges to t* in =. Also, MCG of G gives Gt* = t*. Hence, we obtained a fixed

point t* of G.
These processes can be extended to the general case: ¢; € Z,,, for some n.
If Gt* =t*, Gz* = z* in G, then let t*, z* € =,,, for some n, so we have

1 <d(t",2%) =d(Gt*,Gz") < (d(Gt*,t*)d(Gz*,z*))g" =
Therefore t* = z*. Hence, G has a UFP. |

Corollary 3.5. Assuming that (E, D) be a complete metric space, and G : 2= — Z have a closed graph. Let =1 C
Eo C ... be subsets of Z such that 2 = |J E;, G(E;) C E;41, Vi, and D(Gt, Gz) < &(D(Gt,t) + D(Gz, 2)),

Jj=1

oo
Vi, z € E;, Vi, where &; € (0, 1) are real positive constants such that »_, 9105...9,, < 0o, where ¥; = 12,, Vi.

n=1
Then G has a UFP in Z. Moreover, for any fixed t1 € =, {G™t1} converges to the UFP.

Proof. Letd = exp D. Thatis d(t, z) = exp D(t, z), Vt, z € Z. Then (Z, d) is a complete b-MMS with s = 1.
Also, d(Gt,Gz) < (d(Gt,t)d(Gz,2))%, Vt, z € =, Vi, where &; € (0, 00) are real positive constants such that

> 9195...9, < oo, where ¥; = %, Vi. Theorem 3.4 now leads to Corollary 3.5. [ |
n=1 ‘

Theorem 3.6. Assuming that (E,d, s) is a complete b-MMS, and G : = — = have a MCG. Let 21 C 23 C ...
oo

be subsets of E such that = = |J Z;, G(Z;) C i1, Vi, and d(Gt, Gz) < (d(Gt, 2)d(Gz,t))%, Vt, z € Z;,V4,

=1
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oo
where & € (0, 3) are real positive constants such that 'y, s"9195...9,, < oo, where ¥; = 1f555 Vi. Then G
n=1 ‘

has a UFP in =.
Moreover; for any fixed t1 € E, {G™t1} multiplicative converges to the UFP.

Proof. Fixt; € =1, and sett,,41 = Gt,, = G"t1,Vn =1,2,3,.... Then we have
d(G™ 1, G™y) < (d(G™ e, G ) (G, GTy)) o
Since d(G™t1, G™t1) = 1, we get

< d(GM Ty, Gn Tty )
< (d(G" Yy, G d(G™ty, GM T )) S5
= d(GnJrltl, Gntl)sé'“rld(Gntl, Gniltl)sé'”rl .

d(G™ 1y, G"ty)

Now, we get

5€n+1 )
d(GnJ’_ltl’ Gntl) S d(Gntl7 Gn_lt]_) < 1—s&p41
d(G™ty, anltl)ﬁn-u,
S d(th, tl)ﬂn“’lﬂnﬁn—l...ﬂz )

Further, for 1 < n < m, we have

m m—2 v

d(G™ty, G"ty) < d(G™t, G™ 1) A(GT ey, G2 LG, G )

m—1
ST st92093...09; 1)
< d(th, tl)( i=n o i .
Therefore, d(G™t1,G™t1) — 1 (m,n — 00). By Lemma 2.6, {G™t,}°_, is an MCS in =. Let {G™t1}50_,
multiplicative converge to w* in =, which is multiplicative complete. Remember that {G™1t;}°°_, is also a
MCS and it multiplicative converges to t* in =. Also, MCG of G gives Gt* = t*. Hence, we obtained a fixed

point t* of G.
These processes can be extended to the general case: t; € =, for some n.
If Gt* =t*, Gz* = z* in G, then let t*, z* € Z,,, for some n, so we have

1< d(t*,2) = d(Gt*, G=*) < (d(Gt*, 2*)d(G =", 7))
d(t*, %)%

Then, d(t*,2*) < d(t*,2*)¢)™, ¥V m € N. Since (2£,)™ — 0asm — oo, d(t*,2*) = 1 and t* = 2*.
Hence, G has a UFP. [ |
Corollary 3.7. Assuming that (2, D) be a complete metric space, and G : 2= — = have a closed graph. Let =1 C

Eo C ... be subsets of Z such that 2 = |J E;, G(E;) C Z;41, Vi, and D(Gt, Gz) < &(D(Gt, z) + D(Gz, 1)),

Jj=1

oo
Vi, z € B, Vi, where &; € (0, 1) are real positive constants such that »_, 9105...9, < oo, where ¥; = 152,, Vi.
n=1 *
Then G has a UFP in Z. Moreover, for any fixed t, € =, {G™t1} converges to the UFP.

Proof. Letd = exp D. Thatis d(t, z) = exp D(t, z), Vt, z € Z. Then (Z, d) is a complete b-MMS with s = 1.
Also, d(Gt,Gz) < (d(Gt, 2)d(Gz,t))%, Vt, z € =;, Vi, where &; € (0, 00) are real positive constants such that

Y195...9,, < 0o, where ¥; = f—, Vi. Theorem 3.6 now leads to Corollary 3.7.
= 1-&

|
#
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Theorem 3.8. Assuming that (E,d, s) is a complete b-MMS, and G : = — = have a MCG. Let 21 C 25 C ...

be subsets of = such that E = |J =;, G(Z;) C Zi41, Vi, and d(Gt, Gz) < d(t,2)%d(z, Gt)Hi, Vt, z € Z,;,Y4,
j=1

o0
where &;, 1; € (0,1) are real positive constants such that & + p; < 1, Vi, and Y, s"195...9, < oo, where

n=1
9; = %, Vi. Then G has a UFP in =.
Moreover, for any fixed t1 € 2, {G™t1} multiplicative converges to the UFP.

Proof. Fixt; € =1, andsett, 41 = Gt, = G"t1,Vn =1,2,3,.... Then we have
A(G™ My, G ) < d(GMy, G ) A(GT T ey, G )P

< d(GMty, G ) S (G ey, G ) (G, G L ) e
= d(G™t, Gn_ltl)(fn+1+sltn+l)d(G"t17 Gn+1t1)sun+1

Now, we get

A(G™ 1, G < d(Gy, G M) T
d(Gntl, Gn—ltl)ﬂnJrl)
< d(th,t1)19"+119"19n—1~»-192.

Further, for 1 < n < m, we have

n—1 m—2

d(G™ 1, G y) < d(G™ 1, G M) d(G™ My, GRS (G e, G )

m—1
S st92093...09; 1)
< d(Gthtl)( i=n o * .

Therefore, d(G™t1, G"t1) — 1(m,n — o0). By Lemma 2.6, {G™t1}55_ is an MCS in E. Let {G™t1}°_,
multiplicative converge to ¢* in =, which is multiplicative complete. Remember that {G™*1¢;}%°_, is also an
MCS and it multiplicative converges to t* in =. Also, MCG of G gives Gt* = t*. Hence, we obtained a fixed
point t* of G.

These processes can be extended to the general case: ¢; € 5, for some n.
If Gt* =t*, Gz* = z* in G, then let t*, 2* € =,,, for some n, so we have

(t*,2%) (", Gt* )

1<d(t", z%) =d(Gt*",Gz*) < d(t",
< d(t, z7)En e

Then, d(t*, 2*) < d(t*, z*)En+ra)™ Y m € N. Since (&, 4 pn)™ — 0asm — oo, d(t*, 2*) = 1 and t* = 2*.

Hence, G has a UFP. |

Remark 3.9. In Theorem 3.8, replacement of the condition d(Gt,Gz) < d(t,z)%d(z, Gt)"i, Vt,z € =,;,V4,

where &;, u; € (0,1) are real positive constants such that & + p; < 1, Vi, and " s"9102...9, < oo, where
n=1

Y = ﬁ%}i Vi by the condition d(Gt,Gz) < d(Gt,Gz)%d(z, Gt)*, Vt, z € Z;,Vi, where &;, j1; € (0,1) are

Sphiq1

m, Vi gwes

o0
real positive constants such that & + p; < 1, Vi, and )" s"%10s...9, < oo, where ¥; =
n=1
a UFP.
Theorem 3.10. Assuming that (E,d, s) is a complete b-MMS, and G : E — = have a MCG. Let 21 C 25 C ...
oo

be subsets of Z such that = = U =5 G(E) - Zitl Vi, and
i=1

e
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d(Gt, Gz) < d(t, 2)% (d(Gt, t)d(Gz, 2))" (d(Gt, 2)d(Gz, )", Vi, z € B, Vi, where &, pi, v; € (0, %) are real
positive constants such that & + 2v; < 1, Vi, and " s"9195...9,, < 0o, where ¥; = Stmitsvi i Thep G

1—p;—sv;’
n=1
has a UFP in =Z.

Moreover, for any fixed t, € 2, {G™t, } multiplicative converges to the UFP.
Proof. Fixt; € =1, andsett, 41 = Gt, = G"t1,Vn =1,2,3,.... Then we have
d(G" T, G™"ty) < d(G™y, G M) (d(G T, G )d (G, G ) )R
(d(Gn+1t17 Gniltl)d(Gntl, Gntl))V"Jrl .
Since d(G™t1,G™t1) = 1, we get
d(Gn+1t1, Gntl) < d(Gntl, Gn—1t1)§n+1 (d(Gn+1t1, Gntl)d(Gntl, G7l—1t1))un,+1
(d(Gn+1t1, Gntl)d(Gnﬁl, Gn_ltl))sy""'l .
Now, we get

d(Gn+1t1,G”t1) < d(GnthGn—ltl)( T m——
d(Gy, Gy )
d(Gthtl)’z9n+119n19n,1m192'

Further, for 1 < n < m, we have

m—1 m—

d(G™ty, G"ty) < d(G™t, G 1) A(G™ ey, G2 LG e, G )

m—1
< d(Gt, tl)( = 192193"'191“).
Therefore, d(G™t1, G"t1) — 1(m,n — o0). By Lemma 2.6, {G™t;}°_; is an MCS in E. Let {G™t1}5°_,
multiplicative converge to t* in =, which is multiplicative complete. Remember that {G™T1¢;}°°_, is also an
MCS and it multiplicative converges to t* in =. Also, MCG of G gives Gt* = t*. Hence, we obtained a fixed
point t* of G.
These processes can be extended to the general case: ¢; € Z,,, for some n.
If Gt* =t*, Gz* = z* in G, then let t*, z* € =,,, for some n, so we have

1< d(*,2%) = d(G, G=*) < d(t*, )6 (d(GE, £9)d(G2", =) )P (d(GE*, 2 )d(G, )
S d(t*’ Z*)(fvz+2l/n)_

Then, d(t*,2*) < d(t*,z*)E+2)" 'V m € N, Since (£, + 2v,)™ — 0as m — oo, d(t*,2*) = 1 and
t* = z*. Hence, G has a UFP. [ |

Theorem 3.11. Assuming that (Z,d, s) is a complete b-MMS. Let G :

Vi, such that for 1 < n < m, %72715% — 0asn — oo, and let =1 C

G(Zi) C Zit1, Vi, and d(Gt,Gz) < d(t,2)%, Vt € E;, V2 € EVi. Suppose t1 € |J ;. Then {G"t1}
j=1

— E have a MCG. Let &; € (0,1),
29 C ... be subsets of E such that

(oo}
multiplicative converges to the fixed point of G in 2. If = = |J E;, then G has a UFP in =.
j=1

Proof. Fixt, € =, and sett,,41 = Gt, = G™t1,V n € N. Then for each n, we have

d(GnJrltl,Gntl) d(Gntl,Gniltl)gn

<
< d(th, tl)gngnfl sy

e
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Therefore, d(t,11,tn) < d(Gty,t;)5n—18—2-81 Further, for 1 < n < m, we have

n ntl m
(tvutn-i—l)s d(tn+1,tm+1)s d(tm;tm-i,-l)s
(Gty, tl)sn&&...{nq d(tn, tm)s7L+1§"'+1d(Gt1, t1)81’L€1§2--<£m,—1

d(tmtm) <d
<d
so that,

(sT€1€62. €n_1)+(sME162- Em—1)

d(tn7tm) < d(th,tl) (—smtle, 1)

Therefore, d(t,,,tm) — 1 (n,m — o0). Since Lemma 2.6, {¢,} is a MCS. By E is multiplicative complete,
{tn} — w*, for some ¢* in Z. Then {Gt,,} — t* and Gt* = ¢*, because G has a MCG. Hence, we obtained a
fixed point t* of G.

These processes can be extended to the general case: t; € =, for some n.
oo

Assuming now = = |J E;. If Gt* =t*, Gz* = 2" in G, then let t*, 2* € £, for some n, so we have
j=1

1< d(t*,2) = d(Gt*, G=*)

Therefore, d(t*, z*) = 1, because (£,)™ — 0 as m — oo. Hence, G has a UFP, when = =
J

. |

e
(1]

1
Theorem 3.12. Assuming that (2, d, s) is a complete b-MMS, and G : = — = have a MCG. Suppose d(t, z) <
a,Vt,z € 2 and for some o € [1,00). Let & € (0,1), Vi, be such that £1€5...5, — 0 as n — oco. Suppose

o0
Z1 C Zy C ... be subsets of Z such that G(Z;) C Zi41, Vi, and d(Gt,Gz) < d(t,2)%, YVt € =, Vz € | =5
j=1

o0
Vi. Lett; € |J E;. Then the sequence {G"t1} multiplicative converges to a unique fixed point G in Z. If
j=1

(o)
E= U E,, then G has a UFP in E.
j=1

Proof. Fixti,z € 2. Sett, 11 = Gt, = G"t1, and z, 11 = Gz, = G"z1,V n € N. For m < n, we have

d(tna Zm) = d(thfla szfl)

A
.

(tn71, Zm71)£m71
d(tnfm«f]_, Zl)f""*lgm—z...ngl
afm-1&m—2...&28& ’

ININ

because d(t, z) < a,Vt,z € E. Hence, d(ty, zm) — 1asm,n — oco. Also d(ty,tn) — 1, and d(zp, 2m) — 1
as m,n — 0o. So, {t,} and {z, } are multiplicative Cauchy sequences in Z, because of Lemma 2.6. By (E,d)
is multiplicative complete, {¢, } and {z, } multiplicative converges to a unique point t* in =, because of Lemma
2.8. Since {t,} — t*, we have {Gt,,} — t*. Also, MCG of G gives Gt* = t*. Hence, we obtained a fixed point
t* of G.

These processes can be extended to the general case: ¢y, 2; € =, for some n.
oo

Assuming now = = |J E;. If Gt* =t*, Gz* = 2" in G, then let t*, z* € E,,, for some n, so we have
=1

1 <d(t,2*) = d(Gt*, Gz*) < d(t*, 2*)5 < d(t*,z9) )" ¥m > 1.

So, d(t*, z*) = 1, because (&,)™ — 0 as m — oo. Therefore, G has a UFP, when = = |J E;.

e
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4. Conclusion

If s = 1 in a b-multiplicative metric space (Z,d, s), then it becomes a multiplicative metric space. All
fixed point results can be converted from b-multiplicative metric spaces to metric spaces through exponential
transformation. It has been illustrated in Corollary 3.2, Corollary 3.5, and Corollary 3.7. As a result, studies of
fixed points of multiplicative contractions in b-multiplicative metric spaces are important.
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1. Introduction

¢—sectional curvature plays the an important role for Sasakian manifold. If the ¢—sectional curvature of a
Sasakian manifold is constant, then the manifold is a Sasakian-space-form [1]. P. Alegre and D. Blair described
generalized Sasakian space forms [2]. P. Alegre and D. Blair obtained important properties of generalized
Sasakian space forms in their studies and gave some examples. P. Alegre and A. Carriazo later discussed
generalized indefinite Sasakian space forms [3]. Generalized indefinite Sasakian space forms are also called
Lorentz-Sasakian space forms, and Lorentz manifolds are of great importance for Einstein’s theory of Relativity.
Sasakian space forms, generalized Sasakian space forms and Lorentz-Sasakian space forms have been discussed
by many scientists and important properties of these manifolds have been obtained ([4]-[8]).

Many mathematicians have considered the submanifolds of manifolds such as K —paracontak, Lorentzian
para-Kenmotsu, almost Kenmotsu and studied their various characterizations ([9],[10],[11]).

*Corresponding author. Email address: tmert@cumhuriyet.edu.tr (Tugba Mert)

https://www.malayajournal.org/index.php/mjm/index ©2024 by the authors.
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In this study, invariant total geodesic submanifolds, which are important submanifolds of Lorentz-Sasakian
space forms, have been investigated. An important class of the considered invariant submanifolds, called
pseudoparallel, 2-pseudoparallel, Ricci generalized pseudoparallel, and 2-Ricci generalized pseudoparallel
invariant submanifolds, has been defined and the characterizations of Lorentz-Sasakian space forms for these
types of invariant submanifolds have been revealed. Then, conditions are given for these obtained invariant
submanifolds to be total geodesic by means of concircular and projective curvature tensors.

Starting from this part of the article, for the sake of brevity, Lorentz Sasakian space form with £LSS-form,
pseudoparallel submanifold with 7P-submanifolds, 2-pseudoparallel submanifold with 2-P submanifold, Ricci
generalized pseudoparallel submanifold with RGP-submanifold and 2-Ricci generalized pseudoparallel
submanifold with 2- RGP submanifold will be shown.

2. Preliminary

Let U be a (2m + 1)—dimensional Lorentz manifold. If the ¥ Lorentz manifold with (¢,€,m, g) structure
tensors satisfies the following conditions, this manifold is called a Lorentz-Sasakian manifold

¢2A1 = _Al +77(A1)f777(§) = 1777(¢A1) = 07

g (pA1, 9A2) = g (A1, A2) + 1 (A1) n(A2),m (A1) = —g (A1,€),

(%Al(ﬁ) Ao = —g (A1, A2) & —n(A2) Ay, %Alf = —¢Ay,

where, @ is the Levi-Civita connection according to the Riemann metric g.

The plane section II in T,W. If the T plane is spanned by A; and ¢A1, this plane is called the ¢-section. The
curvature of the ¢-section is called the ¢-sectional curvature. If the Lorentz-Sasakian manifold has a constant
¢-sectional curvature, this manifold is called the £SS—form and is denoted by W (¢). The curvature tensor of
the LSS—form W (¢) is defined as

R(A1,A2) As = (52) {g (A2, As) Ay — g (A1, As) Ag}

+ (<) {9 (A1, 0A3) 9A2 — g (Mg, pA3) PA,
+2g (A1, pA2) @Az 4+ (A2) 1 (As) Ar — (A1) 1 (As) Ag v
+9 (A1, A3)n (A2) € — g (A2, As)m (A1) €},

forall Ay, Ay, Ag € ¥ (xir) .

Lemma 2.1. Let U (c) be the (2m + 1)—dimensional LSS—form. The following relations are provided for the
LES—forms.

Va, &= —0A1, )

(V,@) Az = —g (A1, A2) € = n (A2) Ay, 3)
(V1) A2 = g (6A1,02), @
R(&,A9) Ay = —g (Mg, Az) € — 1 (A3) As, 5)
R(&,A2) € =1n(A2) € — Ay, (6)

2
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R(A1,A2) & =n(A2) Ay — 1 (Ayr) Az, (7
5,6 = - [ ), ®

where R,S and @ are the Riemann curvature tensor, Ricci curvature tensor and Ricci operator of g (o),
respectively.

Let W be the immersed submanifold of the (2m + 1)—dimensional LSS —form T (c). Let the tangent and
normal subspaces of ¥ in ¥ (¢) be T' (TV) and T’ (TL‘I/), respectively. Gauss and Weingarten formulas for
[ (T¥)and T (T+¥) are

Va, A2 = Va, Ag + h (A1, Ag), &)
VaAs = —An A1+ Vi, As, (10)

respectively, for all A;,Ay € T'(TV) and A5 € T (TL\I/) , where 17 and \/* are the connections on ¥ and
r (TJ-\I/) , respectively, h and A are the second fundamental form and the shape operator of W. There is a relation

g (An; A1, Az) = g (h (A1, A2) , As) (11)

between the second basic form and shape operator defined as above. The covariant derivative of the second
fundamental form h is defined as

(@Alh) (A2, A3) = Vi, h (A2, Ag) — b (7a, Az, As) — b (Az, 74, As) - (12)

Specifically, if h =0, ¥ is said to be in the parallel second fundamental form or 1—parallel.
Let R be the Riemann curvature tensor of W. In this case, the Gauss equation can be expressed as

R(A1,A2) Az = R(A1,A2) Az + Apay ag) A2 — Apag ag) At
~ - (13)
+(Vash) (A2,8) = (Va,h) (A1, ).

Let ¥ be a Riemannian manifold, 7" is (0, k) —type tensor field and A is (0, 2) —type tensor field. In this case,
the tensor field @ (A, T) is defined as

QAT) (A1, X X,Y) = =T (X Aa Y) Ay, .., Xi)
(14)
—— T(Al, vy Xk 1, (X ANa Y) Xk),
where
(XAaY)Z=AY,2)X - A(X,2)Y,
kE>1,A1,A0, ... Xi, X, Y €T (TV)

3. Invariant Pseudoparalel submanifolds of Lorentz-Sasakian space forms

Let W be the immersed submanifold of a (2m + 1) —dimensional LSS—form W (¢) . If ¢ (T,,, ¥) C T, ¥ in
every x; point, the ¥ manifold is called invariant submanifold. From this section of the article, we will assume
that the manifold W is the invariant submanifold of the LSS—form W (¢). So it is clear from (3) and (9) that

h(Al,E) = 0? h(¢A17A2) =h (A17¢A2) = ¢h (A17A2) (15)

forall A7, Ap e T (T7).
E 2

[V =)
MM
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Lemma 3.1. Let U be the invariant submanifold of the (2m + 1)—dimensional LSS—form W (¢). The second
fundamental form h of the submanifold V is parallel if and only if U is the total geodesic submanifold.

Proof. The proof of the theorem is easily obtained if we choose A3 = ¢ in (12) and make the necessary
adjustments. |

Definition 3.2. Let U be the invariant submanifold of the (2m + 1)—dimensional LSS—form W (c). If R.h and
Q (g, h) are linearly dependent, M is called P-submanifold.

Equivalent to this definition, it can be said that there is a function L; on the set
My ={A1 € ¥|h (A1) # g (A1)} such that

R.h=1I1:Q(g,h).
If L; = 0 specifically, W is called a semiparallel submanifold.

Theorem 3.3. Let W be the invariant submanifold of the (2m + 1)—dimensional LSS—form ¥ (c). If U is
‘P-submanifold, then WV is either a total geodesic or L1 = —1.

Proof. Let’s assume that ¥ is a P-submanifold. So, we can write
(£ (A1, A2)R) (A4, As) = LaQ (g, 1) (Aa, Ass A1, o),

that is _
R* (A1, A2) h (Mg, As) — h (R(Aq, Ag) Ay, As)

—h (A4, R(A1,A2) As) = =M1 {h (A1 Ay A2) Ay, As) (16)
+h (Mg, (A1 Ag A2) As)}
forall A1, Ao, Ay, A5 € T'(TP). If we choose A5 = £ in (16) and make use of (7), (15), we get
(1+ L1) {n (A2) b (As, Ar) = n (A1) h (Mg, Ag)} = 0. (17)
IIf we choose Ay = £ in (17), we obtain
(1+ Ly)h (Mg, Aq) = 0.
This completes the proof. |

Corollary 3.4. Let U be the invariant submanifold of the (2m + 1)—dimensional LSS—form U (¢). U is
semiparallel if and only if U is total geodesic submanifold.

Definition 3.5. Let U be the invariant submanifold of the (2m + 1)—dimensional LSS—form U (¢). If R.<7h
and Q (g, %h) are linearly dependent, M is called 2-P submanifold.

Equivalent to this definition, it can be said that there is a function L, on the set
My = {A1 € | Uh(Ay) £ g(Al)} such that
If Lo = 0 specifically, W is called a 2-semiparallel submanifold.

Theorem 3.6. Let U be the invariant submanifold of the (2m. + 1)—dimensional LSS—form U (¢). If U is 2-P
submanifold, then U is a total geodesic submanifold.
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Proof. Let’s assume that ¥ is a 2-P submanifold. So, we can write

(R (A1, A2) @h) (A4, A5, Az) = L2Q (97@@ (A, As, Ag; Mg, Ag), (18)
forall A1, Ao, Ay, A5, Az € T'(T) . If we choose A; = Az = £ in (18) , we can write
R+ (&, As) (%Aﬁ) (As,€) — <§R(§,A2)A4h) (As,€)
— (V) (B A2) As,€) = (Ta,h) (As, R (€ A2)€)
(19)
=—L, {(@(gAQAZ)Aﬂ) (A5, 6) + (@Aﬁ) ((€Ag A2) A5, E)
+(Tash) (A5, (€A A2) )}
Let’s calculate all the expressions in (19). So, we can write
R (6,02) (Va,h) (As,€) = BE (€ A2) {4, (A5,€)
—h (VA4A57 g) —h (A5a VA4£)} (20)
= RL (57 A?) ¢h (A57 A4) )
(@R(g,Az)Mh) (A5,8) = Ve anas (85,6) = h (VRr(e,A) A, 05, €) @1
—h (As, Vr(e.A0)nE) = —0m (Ag) h (A5, As)
(ﬁ/\élh) (R (E’ AQ) A57 E) = Vleh’ (R (£7 AQ) A57 f) —h (VA4R (fa AQ) A57 5) (22)
—h (R (57 AQ) A5a VA4§) = _¢T] (A5) h (AQ, A4) 3
(Vah) (A5, B(EA2)€) = (Va,h) (A5, (A2) € = Ao)
= (Vah) (4,7 (42) &) = (Va,h) (As, As) o)
= —h (A5, Aan (02) €+ (A2) T, €) = (T, h) (s, Ao)
= n(A2) 6 (A5, Ay) = (Va,h) (A5, M),
(@(5A9A2)A4h> (A5,€) = Vien, anyns (15,6 = B (V(en, 000,85, €) 24)
—h (A5, V(en,a0)0.8) = ¢ (As) b (A5, Ag),
S
i
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(Vauh) (€ Ag A2) A5, &) = TK, B (€ Ay A2) A, €) = B (T4, (€ Ay Az) s, €) 05)
—h (€ A A2) As, 7a,E) = 61 (As) b (Az, Aa)

(Va.h) (As, (€ Mg 82)€) = (T, h) (As, = (A2) € + As)

= (Vash) (A5, =1 (42) &) = (Va,h) (A5, Ao) (26)

= —0n (A2) B (As, Ag) = (V) (A5, As)

If we substitute (20), (21),(22), (23), (24),(25), (26) for (19) , we obtain

R (&, A2) ¢h (As, Aa) + ¢ (Aa) B (As, A2) + 61 (A5) b (A2, As)
=1 (A2) oh (As, Ag) + (%A;;h) (As,A2) = —Lo {dn (As) h (A5, A2) (27)

61 (As) h (A2, As) = 61 (Ao) b (A5, As) = (V) (A5, M)}

If we choose A5 = £ and use (15) , we get

0h (A2, M) + (Va,h) (6 A2) = —La {0h (A2, Ay)

(28)
- (VA4h> (&, Az)} .
On the other hand, it is clear that
(%A4 h) (§,A2) = dh (A2, Ay). (29)
If (29) is written instead of (28) , we obtain
h(Aa,Ag) = 0.
This completes the proof. |

Corollary 3.7. The total geodesic of the invariant 2-pseudoparalell submanifold of the (2m + 1)—dimensional
LES—form is independent of the choice of L.

Definition 3.8. Let U be the invariant submanifold of the (2m + 1)—dimensional LSS—form W (c). If R.h and
Q (S, h) are linearly dependent, M is called RGP-submanifold.

Equivalent to this definition, it can be said that there is a function L3 on the set
Ms = {Al € \I/| h(Al) # S(Al)} such that

R.h=L3Q(S,h).

Theorem 3.9. Let U be the invariant submanifold of the (2m + 1)—dimensional LSS—form U (¢). If W is

RGP-submanifold, then WV is either a total geodesic or L3 = m provided 4m # (¢ +1).
c _

[V =)
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Proof. Let’s assume that ¥ is a RGP-submanifold. So, we can write
(R (A1 A2)h) (As, As) = Lo@ (S,h) (Aa, Mg Ag, As),

that is _
RY (A1, Ag) (A, As) — h (R (A1, As) Ay, Ag)

—h (A4,R(A1,A2)A5) =—)\3 {h ((Al Ng AQ) A4,A5) (30)
+h’ (A4a (Al /\g AQ) A5)} 3
forall Ay, Ao, Ay, A5 € T'(T'V) . If we choose A; = A5 = & in (30) and make use of (8), (15), we get

1) -4
(c+1) m,

1+ 3 h(A47A2>:0

It is clear from the last equation that either
h(Ay,A2) =0

or

This completes the proof. u

Definition 3.10. Let U be the invariant submanifold of the (2m + 1)—dimensional LSS —form 7 (o). If R.7h
and Q (S, @h) are linearly dependent, M is called 2-RGP-submanifold.

Equivalent to this definition, it can be said that there is a function L, on the set
M,y = {A1 € U|h(Ay) £ S(Al)} such that

Roh = L.Q (S, @h) .

Theorem 3.11. Let U be the invariant submanifold of the (2m + 1)—dimensional LSS—form U (¢). If U is

2-RGP-submanifold, then V is either a total geodesic or Ly = ————— provided 4m # (c+ 1) .
dm — (¢ +1)

Proof. Let’s assume that ¥ is a 2-RGP-submanifold. So, we can write
(7 (A1, A2) Th) (Aa, As, Ag) = La@ (S, 7h) (A, As, Asi Au, As), G31)
forall Ay, Ao, Ay, A5, A3 € T (TW). If we choose A; = A5 = £ in (31) , we can write

H(682) (V) (6:83) = (Vreanah) (€ As)

- (@M ) (§,A2)&,A3) — (ﬁmh) (§, R (& A2) As)
(32)
= —La { (Viensannih) (€ 83) + (Va,h) (€ As A2) € As)
+ (Vah) (6 (€ As A2) Ao}
=1
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Let’s calculate all the expressions in (32). So, we can write
R (6,02) (Va,h) (6 As) = BE (€ A2) {4, (€, As)

—h (VA4A37 g) —h (ASa VA4€)}

= RL (E7A2> QSh (A33A4) )

(@R(g,Az)mh) (& A3) = Ve anynst (€ A3) = h (VRre a0, As)

—h (&, VRr(e.An)nsA3) = =0 (Ag) h (A2, Ag),

(Vah) (R(EA2) € As) = (Va,h) ((A2) € = A, A)
— (Vash) (A2, Ag) = V0 (0 (A2) € Ag) = (Va7 (A2) €, As)
~h(n(A2) € TaiAs) = (Va,h) (A2, Ag)

= 61 (A2) A (Aa, Ag) = (Va,h) (A2, M),

(Vah) (€ R(EA2) Ag) = T4, (& R(EA2) Ag) = h (T8, R (€, A2) As)

—h (§7 VA4R (57 AZ) AS) = _(bn (AB) h (A47 AZ)

(@(E/\s[\g)/\4h) (& A3) = Vignsanat (6A3) = b (V(ensanasés As)

—h (& V(ersannAs) = (DA™ 6y (Ag) h (Mg, As)

(V) (€ As A2) € As) = (Va,h) (S (A2,€)€ = S (6,€) Aa, As)
= =i [(G 0 h) (=0 (A2) € + Ao, As) }

= (S [ %, h (0 (A2) € As) + h (Va,n (A2) & As)

B0 (A2) € Vaihs) + (Va,h) (A2 As) |

= ettjzim [ h) (A, As) — 61 (o) i (As, A3)

38
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(Vauh) (6, (€ As A2) Aa) = (Va,h) (€S (A2 Aa) € = (€, Ag) Ao)

. Dt { = (39)
= (Vah) (65 (A2, Ag) €) + L= (G4, (6,1 (As) , As)
= =2 6 (As) b (Aa, Ag)-
If we substitute (33) , (34), (35), (36), (37), (38), (39) for (32) , we obtain
R (&, A2) ¢h (As, Ag) + dn (Aa) I (A2, As) — ém (A2) b (Ag, As)
~ _ (c+1)—4m
+n (As) oh (Mg, A2) + (VAJL) (A2, A3) = —Ly {72 ¢n (Aa) b (A2, Az) (40)
— S G (Ag) b (A, As) + S0 (Ag) b (Mg, Ag) + S (G0 ) (A2 Ag) |
If we choose A3 = £ in (40) and use (15) , we get
(Vach) (A3, 8) + 6 (As, Ao) = ==L L (G R) (Ao, )
(4D
+oh (Mg, Az)}
On the other hand, it is clear that
(VA4h) (§,A2) = ¢h (A2, Ay) . (42)
If (42) is written instead of (41), we obtain
20h (Mg, Ag) = [4m — (c+ 1)] Lyph (A2, Ay) .
It is clear from the last equality
2
h(A27A4) =0or L4 = m
This completes the proof. |

4. Total geodesic submanifolds on concircular and projective curvature tensor

In this section, the invariant submanifold ¥ of the (2m+1)—dimensional LSS—form ¥ () will be considered
with the concircular and projective curvature tensor. The concircular curvature tensor is defined as

r

Z(Al,Az) A3 = R(Al,AQ) A3 - m

[9 (A2, Az) Ay — g (A1, A3z) Ao, (43)

forall A1, As, A3z € x (@) . If we choose A; = A3 = £ in (43) and use (6) , we get

r

Z(faA2)§:* 1+m

[—n (A2) € + Ag]. 44)

Theorem 4.1. Let U be the invariant submanifold of the (2m + 1)—dimensional LSS—form U (¢). If U satisfies

the condition Z (A, Ay) h = LsQ (g, h) ,then W is either total geodesic or L = — (1 + Tty ) -

E =

[V =)
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Proof. Let’s assume that ¥ satisfies the condition
(Z (A1, A2) h) (A4, As) = LsQ (g, 1) (Mg, As; Ay, Ag) (45)
forall Ay, Ao, Ay, As € T'(T'V) . If we choose A; = A5 = £ in (45) and use (15) , we get
—h (A4, Z (€. 42)€) = —Loh (As, As). (46)

If we use (44) out of (46) , we obtain

(14 gy )+ | H 8w =0,

This completes the proof. |

Theorem 4.2. Let U be the invariant submanifold of the (2m + 1)—dimensional LSS—form U (¢). If U satisfies

the condition Z (A1, A2) h = L¢Q (S, h) , then U is total geodesic or L = Qmé[xf;')b[(iﬁir;jam] and (c+ 1) #
4m.

Proof. Let’s assume that ¥ satisfies the condition
<Z (A1, Ag) h) (A4, As) = LeQ (S, h) (Mg, As; A, Ag) (47
forall Ay, Ao, Ay, A5 € T (T'D) . If we choose A} = A5 = £ in (47) and use (15) , we get
~h (A4, Z (6, A2)€) = LS (6,€) h (As, o). (48)

If we use (44) and (8) out of (48) , we obtain

KH T T 1)) + ((C+1i4m> Lﬁ} B (As, Az) = 0.

This completes the proof. u

The projective curvature tensor is defined as

1
P(A1,A2) A3 = R(A1,A2) As — o [S (A2, A3) Ay — S (A1, As) As], (49)

forall Ay, A, A5 € x (@) . If we choose A1 = A3 = £ in (49) and use (6), (8) , we get

P& A E=10

Theorem 4.3. Let VU be the invariant submanifold of the (2m + 1)—dimensional LSS —form W (¢). If ¥ satisfies
the condition P (A1, A2) h = L7Q (g, h) , then W is either total geodesic or Ly = —<t1.

4m

[ (A2) & — Ag]. (50)

Proof. Let’s assume that W satisfies the condition

(P (A1,A2) h) (A, As) = L7Q (g, h) (A, As; Ay, Az) D
forall Ay, Ao, Ay, As € T'(T'V) . If we choose A; = A5 = £ in (51) and use (15) , we get
—h (A4, P (§A2) §) = —Lrh (Mg, Az) . (52)

If we use (50) out of (52) , we obtain

c+1
dm

+ L7:| h(A4,A2) =0.

This completes the proof. |
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Theorem 4.4. Let U be the invariant submanifold of the (2m + 1)—dimensional LSS —form W (c). If U satisfies

the condition P (A1, A3) h = LgQ (S, h), then WU is either total geodesic or Lg = % and (c+1) #

4m.
Proof. Let’s assume that U satisfies the condition
(P (A1, A2) h) (Mg, As) = LsQ (S, h) (Mg, As; A1, As) (53)
forall Ay, Ao, Ay, A5 € T (T'D) . If we choose A; = A5 = £ in (53) and use (15) , we get
—h (A4, P(§,A2) &) = LsS (§,§) h (A4, Az) . (54)
If we use (50) and (8) out of (54) , we obtain

c+1 n [(c+1)—4m]
4m 2

Ls| h (A, As) = 0.

This completes the proof. |
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Abstract. Let Z,, = 1,2,3,... denote a distinct non-negative n-order collection of numbers, and cw;, denote a star-like
transformation semigroup. The characterization of Pwy, star-like partial on the awy; leads to the semigroup of linear operators.
The research produced a completely new classical metamorphosis that was divided into inner product and norm parts. The
study demonstrated that any specific star-like transformation A}, 37 € V'™ is stable and uniformly continuous if there exists
T (V¥ (v — & u,u — a*v)) — (V*, (u — v, v — a*u)) with a star-like polygon 9* of 9*V* such that T (v*) =
¥*V*. Every star-like composite vector space V* € Puw;, can be uniquely decomposed as the sum of subspaces w; < W/,
and s7 < S7.4 such that Wi, + 57, C V* € Puwy,. The study suggests that the research’s findings be used to address
issues in the mathematical disciplines of genetics, engineering, code theory, and telecommunications.
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1. Introduction and Background

The study of vector spaces and vector space functions is known as linear algebra. They form the fundamental
objects of study in this paper. Once a star-like vector space is defined, its properties will be investigated. A
non-empty star-like transformation cw;; on which a polygon

* * * *
9 aw) X ow,, — aw;,

is defined as a star-like groupoid (aw?, ¥*). Then, (aw?, ¥*) is a star-like semigroup if the operation ¥* disk
associative.
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Similar to how sets play a vital role in mathematics, mapping also aids in understanding the relationships
between various algebraic structures. Instead of using the term mapping, which refers to the former,
transformation is utilized. The publications of [1] and [2] provide additional details on semigroup mappings.
According to the terminology employed by [3] the domain and image set of any given transformation \} € aw};
were indicated by D(A}) and I(A}) respectively.
wvl
rst
notation more complex to the point that any transformation that contains an empty map is referred to as a star-like
reducible transformation Pw;;.

If a mapping Pw;, is a star-like linear vector in a semigroup such that any star-like vector can be metricized
using the Hamming distance function method for every ¢, j € Z,,;¢ < j = ri < jr, then it is said to be star-like
order-preserving. One of the most potential transformation families for the current and upcoming generations
of academics is created by the associative function composition [1]. Hence, the new classical finite aw,*
transformation semigroups.

Assuming that \} € Pw;, is a star-like transformation, under the composition of mapping it generates another
star-like transformation of its form with trace of any composed star-like matrix 35 € M* C Bw,, where tr(j;*)
stands for the sum of its star-like diagonal points consisting of a finitely star-like polygon ¥* € 9*V*. Then the
star-like polygon (transformation) ¥* : R — Qisarule f : A — Q for some A # (), A C R{, where Rf is a
star-like disk operator and Pw (R{;) denotes the set of all star-like reducible transformations whose domain and
rank are subsets of R, then §* x A* of 5%, \* € Pw (R}) is the transformation with domain

Q=(I(B)NDN))B~"

Let (-) signify the empty set and ( ) be depictedas (7 s ¢)not (7, s, t)notmaking the cycle

so that for each r§ € Ry,
o (87 X AT) = (rgB7)A".

Given two associated star-like subspaces of V*, W/, and S7,, with the rule 9* : W7, — 57,5 8] €

Pwy, (V*). The domain and rank of 3 are subspaces of V* vector space V*, and a subspace W/, ; of V*
whenever Pw; (V*, Wi | — S5, ) = {8* € Pw;,(V*) : o*V* C aw;, if the following conditions are satisfy

Jj+1
(i) the range space W, (5*) of 3*, which consists of all 3*u with u in V*
(ii) the null space ST, ;(8*) of 3, which consists of all u in V* such that u8* = 0.

If aw; is considered to be star-like, then

v —a*u| < |u—a*v (1.1

forallu,v € D(A}, 87) and a*u,a*v € I(B5, A}) where

v . U
V= ) = (u, v, uv; g, @Fuy o, QFuw; ). (1.2)
* % * y Uy E) 9 9 »J

afu v ... atuv

The inner product was characterized by star-like transformation semigroups aw;; such that for all 3*, \* € Pw}
UV U... UV VU V... VU,
(R =G0 )
! <<Q1 42 q3--- Gij b ki ko k... kj;

(B%) = (B k1, BTka, ... BTk 5))
(A") = ((N"q1, N"q2, ... Aq54)) -

equals to
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Then U; = Bj’f and U; = \; such that
Uf=(@+1q+1-4), U =(k+1,k+1—)
which implies
Uy Uz U3 ... Uj41 U1 V2 V3...Vj41
Ui,Uj) = , 1.3
< j> {(k1k2k3k1+1> (qlng;g...qjqu)} ( )
with the star-like disk operator R > 0 on the inner product of a star-like vector space V* : [0, 00) — [0, 00)
such that 0Oa* = 0, and 8*(R{) < R{, in which

(RS (k), ()| < [{R5(v), (@)l (1.4)

such that k; ;, and g; ; are lower diagonal elements and upper diagonal elements of A}, 37 € Puw;, star-like
reducible semigroup respectively.

Let Mw; denote a star-like monoid semigroup with unique identity 1 € Mw; : 1A* = A* = A\*1 for all
\* € Mw?. Putting \°* = 1 (index law) holds for all b, d in N U () then aw;’ contains a unique element 0 (zero):

5*)\* — )\*IB*
08 =0
A0=0

For all 8*, \* in Pw}, is disk associative, by equation (1.1) Pw} U 0 is a semigroup obtained from Pw by
adjoining zero where necessary. If a semigroup Pw;; has the property that for all 8*, \* € Pw:
A0* =1, for all b,d € R. Then
)\b*/\d* _ /\b+d* — ()\b)d* _ )\bd*'

Thus, equations (1.3) and equation give useful characterizations of inner product normed space on the star-like
vector of a star-like mapping such that the star-like vector of order n in equations (1.1) and (1.2) for any given
B € Pw; is given by

« _ [ Bin—DAL)

such that

« _ (BB B,
Vij = <>\;* A LLAY

The star-like order reversing of V;* ; in (1.5) generates elements of Pwy,. Hence, a star-like vector space is a triple
(V*, 4+, X) over Pw(n, F) comprised of a set V* and F" along with the operation '+’ and ' x’ by real integers
such that the operations most produce vectors in the space and the following statements must be true;

@i) if p*, A" are vectors in V* then 8* + \* is a vector in V'*
(ii) if 5* is a vector in V* and b is a star-like scalar in Pw(n, F) € R then b3* is a vector in V*.

As aresult, a star-like vector space is a triple (V*, +, x) over Pw} (n, F’) consisting of a set V* and F'™ as well
as the operations '+’ and ' x’ by real integer and star-like disk operator such that the operations most produce
star-like vectors in the space and the following must be true:

@i) if 8*, \* are vectors in V* then 5* + \* is a vector in V*

3
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(ii) if 5* is a vector in V* and b is a star-like scalar in Pw(n, F) € R then 8* is a vector in V*.

That is, given two vectors 5%, A" in V;* ; of equation (1.5), it associates a new vector in V;*; denoted by
B 4 A ; ;
() : Vi x Vi, — Vi
(5*’)\*) — 6* +)\*
and given a vector 5* in V;* ; and a star-like disk operator i € R, it associate a new vector in rg8* € V;* ; such
that

(x) T RxVr, — V7,
(r§,v*) — riv*.

Let V* € Pw(n, F') represent a star-like vector space. A mapping TY : V* — V* is a star-like mapping
if there exists a star-like disk operator (constant) r5; C V* with 0 < b < 1 such that

VAT (B%), X)) < rgVEHTY (AF), BY) (1.6)

As a result, a star-like map points closer diagonally together. For every 8*, A* € V* and r < 0, all points \* in
the ball B,.(/5*) are mapped diagonally into a ball Bs(7™*(5*)) with s < r. This is depicted in 1. It also follows
from equation (1.3) and (1.5) that a star-like mapping is uniformly continuous. If 79" : V* — V* then a point
v* € V* such that

77" @)

| = lirgvI (1.7)
is called a star-like fixed point of 77"

The following is a partial list of papers and books:[4], [5], [6], [7], and [10] for basic and standard notions
in transformation semigroup theory. [8] factorized assertions about the relationships between metric spaces,
normed linear spaces, and inner product spaces. Refer to [9] for an introduction to functional analysis with
algebraic applications. The characterization relations of algebraic structure to linear operators have not been

*

investigated on Pw};, hence the need for this research.
That exists between metric spaces, normed linear spaces, and inner product spaces.

2. Preliminary

There is a need to demonstrate the application of algebraic theory to other relevant pure mathematical topics.
The research study created mathematical relationships to connect some operator algebras with transformation
semigroups. Some fundamental concepts and preliminary information that would be required in the following
part were defined:

Definition 2.1. Star-like Mapping (—*): Consider the star-like sets of disk operators R}, and Q}, to be non-
empty. A star-like rule 9* : R}, —* Q7 is a function V* that transforms Q) into R}

(i) D(¥*) = R},
(ii) for every r,n,k/J/ Epf=r= K,on=1.

Definition 2.2. Star-like fixed point: A fixed point element m* € I(f*) of Pw}, is a function 9* : p* — [*
such that f(B8*) = |m*(8*)|. It is read that 3* fixes m*.

Definition 2.3. Star-like vector space: A triple (V*,+, x) is a star-like space V* C Pw} containing a set of
mapping (vectors) and star-like operator 4+ and x by real integer as follows:

3
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(i) Given two vectors B*, \* € V'*, a new star-like vector in V* denoted by 3* + \* is obtained
(+): V' x V" —V*

(ii) Given a star-like vector 3* € V* and a real star-like disk operator v € Ry, associates a new star-like
vector in V* denoted by r5V* and a real number b € R so that

() : R x V* —sV*
(rg, V") —roV™,
Then, (V*, 4, X) is a (real) star-like vector space V* if
(i) B+ X))+ =p"+(\"+77)
(ii) 0 € V* such that 3* +0 =0+ B* = 8*
(iii) If 8* € V* there exists —3* C V* which satisfies 3* + (—3*) =0
(iv) B* + X* = A" 4 5*
(v) (1§ b) x X* = 1§ x (bx \*), forallr§, be R
(vi) 5 X (B* + X*) = r§B* + ri A", for every f*, A\* CV*
(vii) (g B) x B* = x (b5")

(viii) 15« = B* for every f*,\*,v* C V*

Definition 2.4. Supplementary subspaces: Let W 1,57 € V* be two subspaces of a star-like vector space
V*, Then W | and S, are said to be supplementary subspaces if

i1+ S5 =Viand Wi, ﬂ5;+1 = (0).
Definition 2.5. Star-like inner product space: Let (V*,+, X) represent a star-like vector space over the field

Pw,(n, F). A star-like inner product is a space function {x, x) : V* x V* — R that assigns to each ordered
pair (Y, \*) in V* and a scalar (real number) given that the following propositions are true.

(i) (v*, v*) > 0and (v*, v*) =0 ifand only if v* = 0 for all v* € V*

(ii) (rgy"s A) =15 (y" A7) forrg € R

(iii) (v*, X*) = (X*, v*) forallv*, \* € V*

(iv) (0, TGN+ B3%) = 15 (1°, A} + by, B°) for every 87, A", " € V.

Definition 2.6. In the case of any particular star-like transformation X} € Pw;, there exists a unique identity
star-like rule e} : N} — A defined by ex+*(u) = u for all u € \}.

e
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3. Main Results

The following results explain how particular operator algebras affect star-like Pw;, reducible transformation
semigroups.

Lemma 3.1. A R C V* in Pw}, element is a star-like disk operator if and only if RS f(\f) < I(R}).

Proof. Suppose R f(AF) < I(R§), there exist Afs} € I(Ry) such that A\fsf(Rf) = Afs).

If
I(RG) = {\/si Ry : Ajs; € Pwy},
Then
Rj € Pw;, <= |Ri(v) — Ry(Nja"u)| < [RG(Aju) — Rj(a™v)| < Rj
Implies
ARy (v) — Ro(Aa*u)| < [Ry(Aju) — Rj(a™v)[} < AjsiRg.
By (1.1)
|RG(u) — Ro(Aja™u)| < |RG(Ajv) — Ry(a™v)| < Kgy
shows that
(Aja"vKRs )Ry < o uRy
and
ATSTRG < Afsi.
Thus, RS f(A}) < I(RY), forevery \isf € I(RY). |

Theorem 3.2. Assume 9*V* is a star-like disknorm of V* € awy(n, F) such that Pw}

n C owy, then the
following are true:

i Every element X}, € Pw; is star-like reducible

ii Pwi contains wt (9*V*) < w™(9*V*)

iii. There exists a unique v € Pw:(V*) : {rf = (Maz(n,wtV*) x Min(n,w"V*))} and
9*—1
((nywt(V*),w= (V")) = Y5, <19*2+ - 1) such that r§ C Rj is the star-like disk operator

degree of Pw;,.

Proof. (i) = (i7)
If rj € ¥*V* is a star-like reducible degree order, then b € Z, is in the range set d € Z,, : A} (b)d. Because
9*V* is a star-like vector

(N5 (D)9* V™) = A% ()0 V™ G.1)

Implies
A (d9*V*) = dyrVr. (3.2)

Then
(Maz(n,wtd*V*)) < (Min(n,w"9*V*))

for some b, d € D(A}) with a star-like disknorm

AE(BV*) = do*  ri(A5) < dV*. 3.3)

e
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Letd9* € VF : 9% = wT(\5) x w™(A%).

By star-like folding principle and composition of star-like reducible transformation.
D (Maz(n,wt (V"))

gives the star-like order-reversing of
I{(Min(n,w=((V*))).

The theorem follows from 2
Since ¥*V* possesses a reducible order of F(r§) in V* C Pw}, then F(n;wt(\5),w™ () generates a
finitely reducible recurrence star-like disknorm:

n 9" —1
((nw (V) w™ (V) = > (ﬂ*in ~ 1) (3.4)

9r=1
Assuming A} € Pwy is star-like reducible such that ¥*V* is a star-like vector space with a star-like disknorm,
then for any given star-like transformation

N e DWV) (X)) < Z,
such that b;11 — b; is the domain and d; 1 — d; is the image order of A}, C ¥*V*

OV | big1 — b [ OV | djpr —dy | (3.5)
then r§ € R}, : 9"V, x 9*V* = ¥*V* which completes the proof. [ |
Proposition 3.3. Given a star-like vector space (V*,+, X), the following statements are true:

(i) O x X* =0 forany \* € V*
(ii) (=r3) x X =7rf x (\*) forany r§ € R
(iii) v x 0 =0 foranyrj € R
(iv) If rg x X* = O then either rj = 0 or \* = 0.
Proof. (i) Suppose \* € V* such that V* € A\w(n, F), by definition 2.5 using (viii), (v) and (ii) gives
A'HFOX AT =1TX A" 4+0x A"
=(140)x A" =X"+40.

By adding (—\*) to both sides of the equality: —A\* + A\* + 0 X A* = —A* + A* + 0.
Thus, 0 x A* = 0.
(ii) Let —(r§ x A*) be an element in V* that satisfies property (iii) in definition 2.5, replace \* by 7§ x A\*.
Now 7§ x 0 = 0 for any € R holds if —(r§ x A*) = (—rf) x A*.
Using (—rd) X X* =rf x (=A*)andri x \* =0
where (—78) X A* + 17§ x A = (—=rf +75) x A* =0x A* =0.
Then, (—r§) x A* =r§ x (=A*) = 0.
(iii) In general, if A7 € V* we see that:

ro X 0 =15 x (A} = A7) =715 X A + 75 X (=A])

=715 X A +rg x {(=1) x Aj} =715 X Xf 4 (=rg) X A}

ok * kY k
=71y X A; —1oA; =0

e
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Therefore, 5 x 0 = 0 for any A} € aw;; (n, F).
(iv) Suppose ry # 0, and rgA*™ = 0.
Consider - Tk then,

1
A*:l)\*—(—* o)A
To
1 1
— (5N = = 0 =0
0 To

Thus, if 5 = 0, then A* = 0 or r. A reducible star-like transformation of Pw;, is the subset K* C aw;;, which
is closed by the same operation on Pw;;. If K* C aw;;, then it is a legitimate star-like sub-vector of V" that is
not equivalent to | Pw;’|. Then

NjesK; # 0 = Nje K C Puw,.

Similarly, S¥,; C V* € aw;(n, F) is a star-like vector addition and scalar multiplication closed subspace of

|7
Therefore a star-like subspace S7,; C V* in any given star-like triple (V*, 4, X) is a vector subspace of V* if
it is a vector space with the induced operation and still satisfies properties (i) - (vii) of definition 2.5. |

Proposition 3.4. Any star-like subset S}, ; of V* is a star-like subspace if and only if the following requirements
are met:

(i) w; +s; € V)Y, forany wf,s; € V*

z_]’
(ii) bsi,; € Pw” foranyb € R.

Proof. (i) Given any S;1; € V™ such that w + s7 C S, ; and any star-like real number b € R such that
wi + s7 < S As aresult of the limited vectors being well defined on S7', ;, the outcome vector is still in
Sty
Furthermore, w; + s7 € V* : 0 = 0(w] + s7) € Sf,; and =S ; = (=Lw; + sjV™.

(ii) Suppose V* € aw;(n, F)and S}, ; € V* withi,j € Z; U; Z;(i = {0,1,2,x}) : € R, by the
properties of V* € Puwy, it is obvious that S}, ; is star-like subspace.
Therefore, by properties (i) - (iv) of definition 2.6, the proof is complete. |

Remark 3.5. A star-like subset containing only zero vector, z* € V* = (), and the whole space V* are trivial
subspaces, in which z* is the smallest possible star-like subspace and V* C Pw* is the largest one.

Proposition 3.6. Let (V*, +, x) represent a star-like vector space and W _,, 5741 represent two star-like
subspaces. The following are interchangeable:

(i) W+1 ﬂ i1 = < >
(ii) There exists a unique couple (w}, s) € W x S, foreachrg € W 1+ 575, suchthatrg = w} +s7.

Proof. (i) = (ii) Assume a star-like vector operator r; € W7 ; 4+ S7,; n be expressed in two paths: 75 =
uj ;+vi;and 7§ = of ; +uj,; withwo?; € Wi, and vuj, € ST,
Take note that

uj; — v S —ugs € Wiy nS}kH =(1)
As aresult, rjv < a*uand rju < o*v are equal
(ii) == (i) suppose by contradiction, there exists 0 # r5 € W;* ;[ S},
Therefore,

ro =041 §r0+OEW+1ﬂ 41
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This contradict the initial proposed statement, because any star-like vector in the same transformation can be
expressed uniquely as the combination of vectors in W', ; and S7, ,, this means that 75V* can be decomposed
in two different ways as a vector of W, + 57, € V* C Pwy. [

Remark 3.7. Every vector of equation (1.5) can be uniquely decomposed in proposition ?? as the combination
of a star-like vector in W, and S} ;.
Theorem 3.8. Let ||V*|| denote a star-like norm vector space with the disk operator v and let w* and v* be any
two star-like vectors in V* then 2d(u*,v*) = ||[E*(u*) — F*(v*)|| + 2¢r¢.
Proof. By a star-like operator
ro(u) =ry(u” —v* +0%) < rf(u* —u* +0*) +r§(V)

which is equivalent to

E* - F* [k K[ % 1 k k(% *

S () () < SV — )
Then,

1
ro(*) —ri(u) <rju” —o*) = §V*r6‘(v*u*) (3.6)

It was deduced in equation (1.6) that r( is a continuous star-like disk when using it as a norm on the star-like
vector space r; V¥, using the absolute value as a norm on the real star-like space,
=2r5(v* —u*) < E*r{(v*) — Frri(u®)
Gives 1
Iro(u”) — v < SV rg(u” —v7).
Given a star-like mapping
. 1
9* kY % kY% *
T = (V7 Iy — (g Ve, SV
such that a star-like operator 7§ < b < 1. Then
1
Zy*
2

As a result, the diagonal distance between two star-like vectors in a star-like disknorm space ¥*V ™ is provided
by

BT (v*),F*(u*))H < %V*b

|7 @), 77 ()| 37

2d(u”,07) = [|[ET(u”) = F*(07)]| + 2¢r5.

Example 3.9. Consider a star-like 3- dimensional real space R? € V¥, such that

« _ (BB B,
Vij = (A;‘ AF LAY

Then

*

1
R=¢ | 85 | 67,5505 €R
B3
with the usual operation + and x where

*
1

gr=15 |,
*

3
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Al
A= AS
A3
it Al B+ AT
Then | B5 | + | A5 | = | B5 + A5 | such that
1)\ \sren
Br bBY
bl B | =1 05
a3 b3

for every *,\* € V", and b € R.

Example 3.10. : Let V;*; = R be the star-like space of real number with usual star-like norm: T " R—R
be defined by

TV (57) = 28"

given that o*, 3* € V*;

oy < v -

=[128" — 23| = 2|[v;}; - 1]]

So T is a star-like mapping shown in 1.

Lemma 3.11. Suppose 9* C R}, is a star-like polygon with star-like inner angles of Area(Ry) = (3001 An) —
(n — 2)7. Then the star-like norm ||9*|| : 9*V* — R is then continuous.

Proof. Let £ and § be any star-like elements such that £ > 0 and § = &. The star-like convex polygon in 9*
of R can be strictly accomplished by arranging ¥* so that the origin is in the interior of Rf; and projecting the
boundary of ¥* on T*2 using

(i, 5, k)
/i2 +,]2 _|_k2

The vertices of 97 correspond to a portion of 7*2, the edges correspond to a portion of great circles of (1},
and the faces correspond to the star-like polygon. The union of 95, + - - - 997 forms a star-like polygon on 7T*2.

(i, 5, k) = (3.8)

U(R;) +U(R;) + -+ U(R}) = Area(T*?) (3.9)
For each £*, and \* in 9*V*

PN, ) = AT = 7.

generates
1 E* — F*
V=4
2 2 *
Such that every star-like edge is shared by two star-like polygons and |||v — o*u| < |[u —a*0]|| : V¥ — R

gives

n n n

U Uv—a*uij—Uu—a*v+O2T*2:47r (3.10)

i=1j=1 i=1 i=1
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which shows that

ST 18°]) = 9 T2 A — 9° T2 187
SOTZN - <¢=3

and since the sum of star-like polygons at each vertex is 27 we obtain

27V* —2nE* + 2nF* = 47

As aresult, ||¥*]| is continuous on J*V*. [

Theorem 3.12. Let V;'; € Pwy, be a star-like symmetric reducible vector space, then for any 9* € V;*; then
(ab) || (cd) such that (abc) < (bed) for any a,b,c,d of 9* € V5.

Proof. Given that a and d are on the star-like opposite side of the line bc in a star-like symmetric reducible vector
space shown in 3 below,
Then, by using the folding principle of a star-like reducible transformation

(abe)y <|< abc |— (bed) <|< bed | . (3.11)

Then
(ab) < {ed) = (v — @™ u) < (u— a™v) (3.12)

Therefore, for any given reducible star-like vector space, the transverse of each V;*; € Pwy, makes an equal

alternative angle on two sides because the lines of any reducible star-like vector space V*; are always reducible.
|

Theorem 3.13. Assume V* is a vector norm space with a star-like disknorm. Then, on V*, every star-like
mapping TV is uniformly continuous.

Proof. Given the fact that (V* |x||) denotes a star-like vector normed space and
T - (V*, || x||) — (V*,||x]|) represents a star-like map, so, by equation (1.3) a star-like disknorm 9* € R is
defined, with 0 < ¥* < 2. Where £ > 0 denotes an arbitrary element and § = % > 0,then Then
HTW(B*), (A*)|| < 6 such that

<19*><£:§

a*

|77 8, 00)

Then, according to equations (1.5) and (1.7), every star-like mapping is continuous, implying that 77" is
uniformly continuous on ¥*V*. As a result, a star-like inner product space (V*, (¢0*,9*)) is a normed vector

space with the disknorm ||9*|| = /(v — a*u, u — a*v). [ |
Theorem 3.14. Let 8*,\* € V* then (5*, \*) = q—k _ (9~ (k—1) .

k—1 q—k
Proof. ;

Suppose D(5*, \*) C Z,,.If
F(g, k)= (B",\* € V" C Puw,, : (8", X)) = I(B",\")) =k
Consider u;;v;; € D(B*, \*) such that

wi (B, A7) < (N, B%) vy (3.13)

53



S. A. AKINWUNMI, G. R. IBRAHIM & A. O. ADENIJI

Implies
(uijvji) =0

So, u;jv5; € V* has a g — 0 + 1 disknorm degree of freedom with star-like order

()= (0071

Therefore, since for star-like reducible transformation, ¥*V* is a star-like subspace of all star-like vector space
and that if (u;;v;;) € V* : r(8*, \*) = k, irrespective of the value of ¢ > 2 whenever ¢ = (¢ — 1), there are
exactly two star-like disknorm of rank such that

= (")

Theorem 3.15. If TV : (V*, (v — a*u,u — a*v)) — (V*, (u — a*v,v — o*u)) is a star-like map, then for
each positive integer n € Z,, , T nx : (V* (0%, 9%)) — (V*, (0*,9%)) is also a star-like map.

Proof. Assume 77 : (V* (v — a*u,u — a*v)) — (V*, (u— a*v,v — a*u)). Because T? is a star-like
map, there exists a positive real integer b € R that satisfies
<T19 0 (us5v45), 9 (vjiuig) > < b<T19 V" (ui5), (vﬂ)> Then

(129" (i), (v2)) = (T (@7 (0 (i), T (9" (032)))
<b(T7 (@ (0 () T (9" ()
< 02 (T (0" (i), (0" (032)))
= d (17 (\),(8").
Where d = b < 2. So, for n = 2, see that
T%9* . (V*, (v — a*u,u — a*v)) — (V*, (u — a*v,v — a*u))
is a star-like map. Now, for n = *
(VS (v = afuyu — afoy) — (VE (u— afo,v — o))
is a star-like map:
(T™(v4), (uig)) < 0" (T ((uiz), (v2)))
for every 5*, \* € V*. Then,
(17 i), () = (77 (030), T (17 (i)
<b <Tﬁ*+1(uij)7Tﬂ* (Uji)>
< 07T (v), (i) )
Hence, by mathematical induction, we deduced that
T (V¥ (0 — o u,u — a*v)) — (V*, (u— a*v,v — o*u))

is a star-like map for all positive integers Z,, = 1,2,3,--- .

i
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Figure 1: A star-like map 77 : TYx(v*) = 9*V*

Figure 2:

Figure 3:
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of the material is modeled by an internal variable of the body called the damage field. The problem formula is given as a
system that includes a variational equation with respect to the displacement field, and a variational inequality of the parabolic
type with respect to the damage field. We prove a weak solution existence and uniqueness theorem relating to the problem.
The methods utilised are grounded in the concept of monotonic operators, followed by fixed-point arguments.

AMS Subject Classifications: 74C10, 49J40, 74M15, 74R20

Keywords: Frictionless, quasistatic, damage, wear, fixed point.

Contents

1 Introduction 57
2 Preliminaries and notion 59
3 Proof of the main result 62
4 Application 67

1. Introduction

Contact-related problems, whether involving friction or not, between deformable bodies or between a rigid
body and a deformable one, are frequently encountered in both industrial settings and everyday experiences.
Considering the importance and the multitude of these phenomena, vast studies have been undertaken, also
the literature concerning contact mechanics is vast and addresses as many different subjects as are modeling,
mathematical analysis or approximation numerical contact problems, see the works [1, 2, 10, 11].

This paper explores an investigation concerning boundary conditions that mirror real-world phenomena like
contact, material wear and damage. In our study, we adopt an elastic-viscoplastic constitutive law to describe the
behavior of the material.

To illustrate the procedure of deformation of an elastic-viscoplastic body with wear when it contacts with
a rigid body foundation, been touched on many quasi-static elastic-viscoplastic frictional Contact problems
involving wear have been introduced and investigated under various conditions. For further details, we direct
the reader to [5, 6] and the cited references therein.

*Corresponding author. Email address: hamidat-ahmed @univ-eloued.dz (Ahmed Hamidat), aissaouiadel @ gmail.com (Adel Aissaoui)
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Chen et al.[4] were among the first to provide error estimates for fully discrete schemes designed to solve
quasi-static viscoplastic frictional contact problems with wear. Gasinski et al. [7] introduced a mathematical
model to describe quasi-static frictional contact with wear between a thermo-viscoelastic body and a moving
foundation. In a recent development, Jureczka and Ochal [9] conducted numerical analysis and simulations for
the quasi-static elastic frictional contact problem that accounts for wear.

There are other real phenomena which are very important. Such as material damage and body adhesion.
The consideration of damage holds fundamental significance in the field of design engineering since it has a
direct impact on the useful lifespan of the designed structure or component. There exists a substantial body of
engineering literature devoted to this subject. Mathematical models that incorporate the influence of internal
material damage on the contact process have been thoroughly examined. In [8], novel comprehensive damage
models have been derived based on the principle of virtual power. Further mathematical analyses of one-
dimensional problems related to this topic can be found in [3]. the material damage is described by capacity
damage. The damage function « varies between 0 and 1. When o = 1 there is no damage in the material,
when @ = 0 the material is completely damaged, when 0 < o < 1 the damage is partial. This work is a
continuation in this line of research to the mathematical study of a frictionlessly contact problem for Viscoplastic
materials, in a quasi-static process. The contact with a rigid base is modeled without friction with condition of
wear and damage. Our focus is to establish the existence of a unique weak solution for the abstract problem
with regularized boundary conditions. The structure of the remainder of this paper is as follows: In Section 2,
we provide an inventory of notations and outline the assumptions concerning the problem data. Additionally, we
state our primary result regarding the existence and uniqueness of solutions. In Section 3, we delve into the proof
of the theorem, where we consider the existence and uniqueness of the solution, utilizing arguments derived from
the theory of monotonic operators and the Banach fixed-point theorem. In Section 4, we present an illustrative
example that demonstrates the practical application of the abstract result.

Problem P

Find the displacement field u : [0, 7] — V, the stress field o : [0, 7] — H, the damage field o : [0,T] — R.

(Aua(t),v)y + (Bu(t),v)y + /F(G (s) —Au(t),u(s), o (s))ds,v
0

(1.1)
H
=(f(t),v), ae te(0,T),
(6(1).€ ~ alt)) (e + alal®).€ - alt) .
> (S(o (s) —Au(t),u(t), a(t), & —a(t)) 2, € K,aet € (0,T), '
u(0) =ug, «(0)=ayp. (1.3)

We have three spaces denoted as V', H, and K. These spaces correspond to admissible displacements, stress,
and damage, and they are all Hilbert spaces. Notably, K is a nonempty, closed, and convex set within the space
V. It is defined as follows:

K={CeV]| 0<{(x)<lae. xze€Q}.

The operators A, B, and I’ are associated with the constitutive law governing an elastic-viscoplastic material
with damage. The functional .S is determined by the source function of the damage and the friction occurring on
part I's. The data f relates to both traction forces and body forces. The functions ug and «vg represent the initial
data for displacement and damage, respectively. We denote the displacement field as u and the stress tensor field
as o. The constitutive law applied here pertains to an elastic-viscoplastic material with damage. The interval
[0, T'] signifies the time span of observation. A dot above u and « indicates the derivative of displacement u and
the derivative of damage o with respect to the variable ¢.
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2. Preliminaries and notion

In this section, we introduce important tools for our main results. Specifically, we denote:

S9 as the space comprising second-order symmetric tensors defined on  C R¢ (where d = 2, 3), and with a
smooth boundary 02 = I'. We designate I'5 as the boundary contact .

We define v = (v;) as the unit outward normal vector, and z € Q = Q U 9 represents the position vector.
It’s worth noting that unless specified otherwise, the indices ¢, j range from 1 to d, and we apply the summation
convention to repeated indices. For the sake of simplicity, we do not explicitly indicate the variables’ dependence
on .

The inner products and norms for R% and S¢ are denoted as follows:

u-w=ww;  ||wlge = (w,w)/2forallu = (u;),w = (w;) € R%,
o9 = Uij'l?ij ||’l9HSd = (’19,’19)1/2 forall o = (Jij),’ﬂ = (19”) S Sd7

We denote the following quantities:

u = (u;) represents the displacement vector.

o = (0;;) denotes the stress tensor.

e(u) = (e(uy;)) represents the linear strain tensor.

Furthermore, we use the following notation for components of displacement u on I':

Normal component: v, = u.v

Tangential component: u, = u — u, Vv

Similar notation is applied to %, and ., which represent the normal and tangential velocities on the boundary,
respectively.

Regarding the stress field o on the boundary, we define its components as:

Normal component: o, = (ov).v

Tangential component: o = ov — o,V

We use the following notations

H=L*={u=(u)|we€L*Q)}, H ={u=(w)]|e(u)eH},
,H:{O':(U,;j)|O’ij:(7j7;€L2(Q)}, Hli{UEHlDiVUEH}.

The deformation operator ¢ and the divergence operator Div are defined as follows:

e(u) = (e55(w)),  eiy(u) =5 (uij +uje),  Dive = (i)

The spaces H, H;, H, and H; are real Hilbert spaces equipped with the canonical inner products defined as
follows:

(u,w)y = /uiwidx, Yu,w € H,
(u,w)g, = (u,w)y + (e(u),e(w))y,Vu,w € Hy,
(0‘,19)7.( = /aijﬂijdx, Vo, € H,

(0,9)3, = (6,9)y + (Dive,Divd) gy, Vo, € H;.

The associated norm in the space H, Hy, H and H, is denoted by |||z, ||-|| £, , ||-||2 and ||.]|#, , respectively.
When o is a regular function. The following Green-type formula holds
(o,6(W))y + (Dive,w), = /o-u.wda Yw € Hj. 2.1

T

For the displacement field, we necessitate the closed subspace of H; defined as
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V={weH |w=0, onT}.

Given that meas(I';) > 0, Korn’s inequality is satisfied, and there exists a positive constant C}, which solely
depends on €2 and I'y, such that

leW)ll# = Crllwllm e, YweV.
We define inner product on V' by
(w,w)y = (e(u),e(W))z, [wllv =[le(W)lln, YVuweV, 2.2

and let ||.||y be the associated norm. Consequently, the norms ||.|| ;71 (o)« and ||.|[v- are equivalent on V, and as
aresult, (V,(,)y) forms a real Hilbert space. Furthermore, in accordance with the Sobolev trace theorem, there

exists a constant Cjy, which relies solely on €2, I'1, and I's, such that
IVl 2(rg)e < Collvllv, Vv eV (2.3)

We recall some spaces W*P(0,T; V), H*(0,T;V), C(0;T;V) and C'(0;T;V) for a Banach space V
equipped with the norm |||y for 1 < p < +oo and k > 1. Let W*?(0,T;V) be the space of all functions
from [0, 7] to V' with the norm

- 1/p
LogP .
T A S
MAaX0<(<ko<t<T SUP; H@éw”v , if p = +o0.

When p = 2 or k = 0, W*2([0, T]; V) is written as H*([0, T]; V') or L?([0, T]; V), respectively. We denote by
C([0,T); V) the space of continuous functions from [0, 7] to V, and by C'(0,T; V') the space of continuously
differentiable functions from (0,7") to V. These spaces are equipped with the following norms:

V) = t .
HWHC([O,T],V) tg%gf{}] [l (®)]]v

llloro.ryvy = mas flw®)llv + max flo@)llv.

te[0
Clearly, C([0,T); V), WkP([0,T]; V) and H*([0,T]; V) are all Banach spaces when V' is a Banach space.

In order to solve Problem P, we impose the following assumptions.

We consider operators A, B : V. — V, F : H xH x H 1(Q) — V, the damage source function S :
HxHxH 1(Q) — R, and two initial values ug € V and o9 € K. These operators and values satisfy the
following properties

There exists a constant M 4 > 0 such that

max
tel0,T

(Avy — Avy, vy — Vo) > Myllvy — v2||2,Vv1,V2 eV 2.4)
There exists a constant L 4 = 0 such that
||AV1 — AVQHV, < LA||V1 — V2||V7 VVl,VQ cV. (25)

There exists a constant L > 0 such that

|Bvi — Bval|ly < Lp||vi — va|, Vvi,vo€V. (2.6)
The f function satisfies:
feL*0,T;V). 2.7)
ke
(V<)
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There exists a constant Lz > 0 such that

[F (o1, 01,G1) = F (02,02, Q)| < Lr (o1 — o2 + [[ar —uz + (1€ = Cl]), (2.8)

forallo; € H, w; €V, (; € HY(Q), i =1,2.
There exists Mg > 0 such that

1S (o1,u1,G1) = S (02,09, Q)| < Ms ([|or — oa| + [Jur —uafl + [ = C]), (2.9)

forallo; € H, u; € V, V¢ € HY(Q), i =1,2.
Now let problem P; as it follows

Problem P,

Find u € C*(0,T; V) such that

Au(t) =1,
{u(()) e (2.10)

Theorem 2.1. If conditions (2.4),(2.5) and (2.7) are satisfied Then there exists u € C*(0,T; V') solution to the
problem P satisfying

ue H(0,T;V)nC*0,T; H). (2.11)
The previous result is a special case of the Minty-Browder Theorem.

Problem P,

Find a(t) € K such that

=
=
<
!
o
2
<
X
<
+
i
EX
S
|
2
=
\%

(0) = ag. 2.13)

We consider two real Hilbert spaces, denoted as V" and H. It is important to note that V' is densely embedded in
H, and this injection map is continuous. Furthermore, we identify the space I with both its own dual and as a
subspace of the dual space V' of V. In other words, we express this relationship as V' C H C V’, and this set of
inclusions is what defines a Gelfand triple.

The following is a well-established result for parabolic variational inequalities, and you can find it in standard
references such as [12].

Theorem 2.2. Consider a Gelfand triple V. C H C V', where K is a nonempty, closed, and convex set in V.
Assume the existence of a continuous and symmetric bilinear form a(.,.) : V- x V' — R satisfying the following
inequality for constants \ and y:

a(a, o) +ollallf > Alallf, VaeV.
Under these conditions, for any initial value oy € K and source function S € L?(0,T; H), there exists a unique
function o € HY(0,T; H) N L*(0,T;V) such that «(0) = o and «(t) € K forall t € [0,T). This « is the

unique solution to Problem Ps.

The next section is dedicated to investigating the existence of a unique solution to Problem P.
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3. Proof of the main result

Theorem 3.1. Under the assumptions (2.4)-(2.9), there exists a unique solution of the problem P, Moreover the
solution satisfies:

ue H' (0,T;V)NnC (0,T; H), (3.1
o< L*(0,T;H), Dive e L?(0,T;H), (3.2)
aeWh2(0,T; L% () N L? (0,T; H' () . 3.3)

The proof of Theorem 3.1 is conducted through several sequential steps and relies on the subsequent abstract
result concerning evolutionary variational inequalities.
Suppose we have 7 € L%(0,T; V'), and let’s consider the following problem

Problem P,

Find a displacement field u,, : [0, 7] — V/ such that

(Auy,(t),v)y, + (1), v)y = (f,v)y,
ae. t€(0,7), Vvev, (3.4)
u,(0) =ug

Here is the given result concerning P,,.
Lemma 3.2. A unique solution u,, € C*(0,T; V) to the problem P, exists, and it satisfies the condition (3.1) .

Proof. We apply Theorem 2.1, The Riesz representation theorem allows us to define f, : [0,T] — V, by

t

(£, @),v), = (f(t) =m(t),v)y. Using hypotheses (2.4)-(2.7), and u,(t) = ug + / u,(s)ds, vt e
0

(0,T), we directly find the result. [ |

Subsequently, introduce 6 € L?(0,T; L?(2)), and let’s examine the following problem

Problem Py

Find the damage field o : [0,7] — R,

ag(t) € K, (do(t), p — ag(t)) 12(q) +a(as(t), p — as(t))

(3.5)
> (0(t),p — ag(t))Lz(Q) ,Vpe K, aet € (0,7),
ag (0) = ag. (3.6)
Lemma 3.3. problem Py has a unique solution ag such that
ag € WH2(0,T; L2 (Q)) N L? (0,75 H' (2)) . (3.7)

For the proof, we apply Theorem 2.2.
Finally, in the concluding step, formulate the subsequent Cauchy problem for the stress field
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Problem P, 4

Find the stress field o5, ¢ : (0,T) — H, solution of the problem

0,,0(t) = Bu,(t) +/0 F(0y0(s) — Au,(s),u,(s), ag(s))ds, aet € (0,T). (3.3)

Lemma 3.4. The problem P,, ¢ has a unique solution. Additionally, if u,,, ag,, and o), o, represent the solutions
to problems Py, Po, and P, ¢ for i = 1,2, then there exists a positive constant C' such that

t
”amﬁl(t) - 0'772,92(t)||3-[ <C (um (t) - u?72(t)|‘3/ +A ||u771 (S) - uTIQ(S)H%/dS

, (3.9)
= [ o (6) — a0l d5)
Proof. Consider the mapping Z :L2(0,T;H) — L%(0,T;H) defined as
n,0
t
Zan 0(t) = Bu,(t) + / F(oy0(s) — Ay, (s),u,(s), as(s)) ds. (3.10)
0

leto; € L?(0,T;H), i=1,2and t; € (0,T), we use the assumption (2.8) and the HOlder inequality we find
2
t1
Yoot => oa(t)] < L%T/ lo1(s) — aa(s)l[3, ds. 3.11)
n,0 n,0 u 0

We have more
2

Z Zal(tl) —Z Zag(tl)
n,0

n,0 \ n,0 n,0 H

2

<L2T/ Zo’l tl ZO’ (tl) dtz
0

n,0

T2/ / ‘0’1 70'2( )”Hdsdtg

By extending the inequality through recurrence, we deduce that for all ¢y, ¢2, ..., t, € (0,7,

() () 2

t1 to tn
dooi(ta) =Y oa(tn)|| < L2F"T"/ / - / lo1(s) — oa(s)|[5, dsdtn . .. dts
n,0 n,0 ” 0 0 0

Thus, we can deduce by integrating with respect to (0,7") the following inequality

m |

L2nT2n
Zol - Zag <o - o3, - (3.12)

H

Then from (3.12), for n sufficiently large, the operator Z( 4> 1s a contraction on space L?(0,T;H) and
according to the Banach fixed point theorem, there is a s1ng1e element 0,9 € L?(0,7;H) such that

e

[V =)
MM
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Z;"g 0,6 = 04,9, Which represents the unique solution of problem P, 9 . Moreover, if u,, , ag, and o, ,,

represents the solutions of problem P, ,Ps, and P, o, respectively. For ¢ = 1,2. designate
um = ui,am,gi = Ui,()égi = Q4.
We have

oi(t) = Bu,(t) +/0 F(oi(s) — Au,(s), u;(s),ai(s)) ds, ae. t € (0,T),

we use the assumption (2.6),(2.8)), we find
t
loa(t) — a2 (t)ll3, < C <|ul(t) —uw (1) +/O loa(s) — o2(s)|[3, ds

t t
2 2
+ / [a1(s) = ua(s)[ly ds + / laca(s) = @2(s)ll 72 () dS) :
0 0
We employ the Gronwall argument within the resulting inequality to derive (3.9). |

Now, let’s contemplate the mapping

A L2(0,T:H x L2(Q)) — L2(0, Ty H x L*(Q)),

A(n.0) (t) = (A (n,0) (), A (n,0) (1)) , (3.13)

defined by equalities
At(n,0)(t), = Bu,(t) +/0 F(0,0(s) — Au(s),u,(s), ag(s)) ds, (3.14)
A2(m,0)(t) = S ((00.0(1). wy(1)) a0 8)) (3.15)

We have the following result.

Lemma 3.5. For (n,0) € L* (0,T;H x L*(Q)), the operator A(n,0) : [0,T] — H x L*(Q) have a unique
fixed point denoted as (n*,0*) € L* (07 T;H x L? (Q)) satisfying

A(n*,0%) = (n",0%).

Proof. Let ¢t € (0,7T) and (1y,61), (n5,02) € L* (0, T;H x L*(2)) . We use the notation u,, = u;, w,, =
W, oy, = @y, Oq, 9, = 0;,Fori = 1,2 and using the assumptions (2.5),(2.6) and (2.8)

[AY(my,61) (t) — A (m,, 02) (2) |15,
= || Buy (t) +/ F (o1(s) — Aai(s),ui(s),a1(s))ds
0
~ Bus(t) _/ F(ora(s) — Atia(s), us(s), as(s)) ds|2,
0
< Lpllui(t) — ua(t)[|} + LF/O (loi(s) — o2(s)]3,+
Lalai(s) = az(s) [} + [lur (s) = az (s) [ + loa (s) — az (5) [| 720 )ds-

We utilise the estimate (3.9) to derive

1A (1, 01) (1) = A (m,, 02) (1) |13,
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t
On the other hand, we know that u;(¢) = ug + / u;(s)ds, forallt € (0,T)
0
t
lus (s) = w2 () [}, < /0 [y (s) = a2 (s) || ds.

By Apply the inequality (3.16) becomes

IMWN%MQ—waM@N%SCAmmw%ﬁﬂﬂ@

+ [Ju (s) = w2 () I3 + lea (5) = a2 () [ F2(0))ds.
By a similar argument, from (3.9),(3.15) and (2.9) it follows that

[A%(ny,01) () — A*(112,02) (8) |20y < C(/O (a1 (s) = aa(s)[3

s () —ua () 13+ llar (5) — ez (s) 3200y )ds
() =z () [} + laa (t) = a2 () I720))-
Therefore,

2
\%4

1A (11, 01) () = A(112.02) (t) 3,5 22y < C(/O ([ (s) =z (s)]]
+lus (s) = a2 () [ + llon (5) = a2 () 172 )ds

s () —ua (5 + llax (8) = a2 (8) [172(q))-

Combine the inequality (3.16) with (3.19) to obtain

[A(my,01) (1) = Alm2,82) (8) 342 () < C/O (|l (s) — a2 (s)II5
+ s (s) — w2 (3) [ + [l (5) — a2 (5) [ 22() ) ds-

Using the inequality (3.4), by adding the results obtained we have
(A (1) — Adg(t), W () — u2(t))v = (01(t) = no(t), Wi () — a2(t))v, ¢ € (0,T),

using inequality (2.4), we find
Malar — w2y < [lny = mallv(lar — azlv.

Therefore
vt € [0,T].

a1 (t) —a2()[lv < Cllny () — n2(®)|lv,
Let’s use (3.16)

|Nﬁ%4ﬂWW§cAnm@fnwmwa vt € [0,7).

Using (3.5) we find
(dn — G2 00 — ag)pag) +alon —az,on —az) < (61 — 02,00 — @2) 120 s

a-e-te(0,T),

65

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

e




A. Hamidat and A. Aissaoui

By integrating the inequality with respect to time and incorporating the initial conditions «; (0) = a2 (0) =
v, along with the inequality a (o1 — a2, 1 — a2) > 0, we combine this inequality with Gronwall’s lemma,
resulting in the following result

t
loa (t) = ca(®)[[72() < C / 161(s) = 02(s)1 72 ) ds, ¥t € [0, 7). (3.23)
From the previous inequality and estimates (3.20), (3.22) and (3.23) it follows that now

[A (11, 61) (1) — A (n,02) (¢ )||7-L><L2(Q)
<c( / I(m1,60) <n2,eg><s>||im<mds)-

Let is introduce the following notations

I :/0 1(11,01) (5) = (12, 02) ()13 L2(0) D5

n= [ t L [ 10000 0 = 1202 Ol

Through an inductive process, denoting the m*" power of the operator A as A™, we arrive at the following
conclusion

[A™ (ny,01) (t) — A™ (5, 62) (t)Hme(Q)

m

3.24
<cm (Z CrI™ (1, 61) (t) — (m, 02) (’5)|HxL2(Q)> ’ o
k=1

forallt € [0,7] and m € N,

I (11,61) — (1, 62)) = / . / 1(71,61) — (15, 02)]

S/ // ”(nl?el)_(n2792)HL2(0,T;’H><L2(Q))
(m—k) fois

tm— k
R [[(m1,01) — (172,92)||L2(0,T;HxL2(Q))

ka

IN

[(ny1,61) — (n2792)||L2(0,T;7-L><L2(Q))7
Consequently,
[A™ (n1,61) (t) — A™ (05, 02) (t)||2L2(O,T;H><L2(Q))
<o (Z [(n1,61) (t) — (m3, 02) (t)||2L2(O,T;H><L2(Q))>

L cor

1(m1,01) (£) = (112, 02) (D132 (0 170 £2 (2 -

this implies that for m large enough, the operator A™ of A is a contraction on Banach space
L?(0,T;H x L*(2)) . So A™ has a unique fixed point (n*,6*) € L?(0,T;H x L*(2)), and therefore
(n*, 6*) is the only fixed point of A. [ |
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Existence

Let (n*,0%) € L? (0, T;H x L*(£2)), be the fixed point of A defined by (3.14)-(3.15) and let u,,, ay, be
the solutions of problems P, , Py, for n = n*, 6 = 6*, u = u,-, @« = -+, we find (u, o, @) is a solution of
problem P. properties (3.1)-(3.3) follow from lemma 3.2, 3.3, 3.4.

Uniqueness

The uniqueness of the solution is a result of the uniqueness of the fixed point of operator A.

4. Application

In this section, we will utilise the main result from Section 3 to analyse a problem of contact without friction
with condition of wear and damage. between an elastic-viscoplastic body and a rigid base in a quasistatic process.
We provide the physical context for the contact problem and introduce certain notations that will be employed
in the subsequent discussion. We consider a elastic-viscoplastic body which occupies a domain Q C R?, where
d = 2,3, such that the boundary I' = 02 is Lipschitz continuous. The boundary 92 is divided into three disjoint
measurable parts I'1, I’y and I's with meas(I';) > 0. We are interested in an evolution of the body in a finite
time interval (0, 7).

We consider the following classical formulation of the problem

Problem P

Find a displacement field u : Q x [0,7] — R, the stress field o : Q x [0,7] — S9, the damage field
a:Qx[0,T] = R.

0 = Dive + fo, in Q % (0,7), @.1)
o(t) = Ae(u(t)) + Be(u(t))

in Q % (0,7), (4.2)

[ Flots) — Actis)c als) o) s
& — koAa + 0pi(a) 3 ¢(o,e(u), ), inQ x (0,7), 4.3)
u=0, onTy x (0,7), 4.4)
ov = fo, on T x (0,7), 4.5)
{_U” = Kl | on T x (0,7), 4.6)
o,=0

aj =0 I'x (0,T 4.7)
al/ - on X( ’ )’ ( ’
u(0) =ug, «(0) = ay, in (. (4.8)

Equation (4.1) describes the equation of motion, where f stands for the density of the voluminal forces exerted
upon the deformable body (2. Equation (4.2) describes the constitutive law applicable to an elastic-viscoplastic
material with damage, (4.3) represents a differential inclusion describing the evolution of the damage field where
S is a damage source function. @x is the sub-differential of the indicator function of the set of admissible
damage functions K. The conditions (4.4) and (4.5) are displacement-traction conditions, (4.6) represent the
boundary contact conditions with wear and without friction. (4.7) represents the boundary condition of Neumann,
Finally,(4.8) represents the initial conditions.
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Next, we outline the assumptions concerning the data of the problem, starting with the viscosity operator
A QxS — S? satisfied
(a) There exists L4 > 0 such that
|A(x,v1) — A(x,v9)|| < Laljvi — v, Yo, v €S, ae. x € Q.
(b) There exists m_4 > 0 such that
(A(x,v1) — A(x,v2)).(v1 — v2) > mulvr —va?, Yvi,vs € S, ae. x € Q.
(¢) The mapping x +— A(x, v) is lebesgue measurable on 2, Vo € S%.
(d) The mapping x — A(x,0) € H.

(4.9)

The elasticity operator B : Q x S — S% satisfied

(a) There exists Ly > 0 such that
|1B(x,v1) — B(x,v2)|| < Lg|lvi —va|l, Youi,vs €S9 ae xc Q.
(b) There exists mp > 0 such that
(B(x,v1) — B(x,v2)).(v1 — v3) > mp||v; — va?, Yui,vs € S, ae. x € Q. (4.10)
(¢) The mapping x — B(x,v) is lebesgue measurable on §2,
Yo € S

(d) The mapping x — B(x,0) € H.

The relaxation function F : © x S% x S x R — S%, satisfied

(a) There exists Lx > 0 such that
|F(x,01,v1,a1) — F(x,092,0z, a0)|| <
Lr(loy — o2 + Jv1 — va|| + [Jon — azf)
Voi,0,v1,vs € S4 Vay,ay € RVt € [0,T], ae. x € Q. 4.11)
(b) The mapping x — F(x,0,v,«) is lebesgue measurable on (2,
Vo,v € S vt € [0,T], Va € R.
(¢) The mapping = — F(x,0,0,0) € H,Vt € [0,T].

The function describing the source of damages, denoted as ¢ : Q x S% x R — R, is satisfied

(a) There exists My > 0  such that

(%, v1, 1) = (%, 02, )| < My([[or — s + [lax — aal]),
Yui,vg € Sd,Val,ag €R, ae. x €.

(b) The mapping x — ¢(x, v, ) is lebesgue measurable on (2,
Yo € S Va € R.

(¢) The mapping x — ¢(x,0,0) € L*(Q).

4.12)

The body force fj, surface traction f5, coefficient of friction k, initial conditions ug, have the following

properties
fo € L2 (0,T; H)

2 .72 d
f,eL (07T,L i) ) @13
ke L>*(T3), k(z)>0forae xeTls,
u €V.
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A frictionless contact problem
We establish the bilinear form a : H(Q2) x H'(£2) — R as follows

al€,0) = ko /Q VEV(ds “.14)

and the micro crack diffusion coefficient verifies ky > 0.
The initial damage « field satisfies

a € K. (4.15)
To consider the field of displacements, we require the closed subspace V' within the space H;, defined by:
V={ueH |u=0 onl; }. (4.16)
Using Riesz’s representation theorem, we find
(f(t),v)v = / o ~vdx—|—/ fo - vde, VYveV,tel0,T]. 4.17)
r Ty
It’s important to observe that condition (4.13) results in the implication that
feL?(0,T;V). (4.18)
Now, consider the application j : V' x V' — R, defined as follows
j(a,v) = /k |y || v da. (4.19)
s

The variational formulation for problem P is presented as follows

o(t) = A=(a(t)) + Be(u(t))

t 4.20)
+ / F(o(s) — Ae(a(s)),e (u(s)),a(s))ds ae.t € (0,7),
0
(a(t),e(V))n +j(u(t),v) = (f,v)v, VveV, 421
at) € K, (a(t),¢ — a(®) 2@ + ala(t),C — () )
> (¢(a(t),e(u(t), a(t)),¢ — a(t)) @), V¢ e K,te€l0,T], '
u(0) =ug, «(0)=ay. (4.23)
Utilising Riesz’s representation theorem, we define the operator A : V' — V as follows:
(Au,v)y = (A(e(u)),e(v))y + j(u,v), Yu,veV. (4.24)

We will verify the hypotheses (2.4),(2.5). Let uy,us € V. Using (4.9),(4.24) and the definition of j given by
(4.19), we let’s find

| Aus — Auglly = [ As(ur) — As(uz)ll + GBIkl oy 1 — uzlly
< Lalle(u) — e(ua)lls + CFllkl| o ry) a1 — w2y (4.25)
= (La+ C3llk| o ry)) a1 — w2y, Vui,ux €V,
Similarly for all u;,us € V we have

(Au; — Aug,u; —ug)y > (mA - CngHLoo(FS)) lug —wz}, Vuj,up eV, (4.26)
Letyo = it is clear that vy is positive which depends on €21,I's, and .A. Then A is strongly monotonic on V'

if

ma
2 b
&

15l oo () < 7Y0-
After confirming that all the assumptions of Theorem 3.1 are met, we can conclude that a unique weak solution
to problem P exists, satisfying (4.20)-(4.23), along with the regularity conditions (3.1)-(3.3).
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1. Introduction

In the enterprise international, each production firm/provider usually continues the inventory so one can sell
the product to their potential clients. There is a large question, how to keep the inventory degree and the way to
sell the goods to their capacity clients? Basically, most profit or minimal loss relies upon the idea of these two
questions. Here we are using some other factors such as controlling the deterioration rate and introducing some
attractive offers that promote greater products. Deteriorating products are the greatest challenge to companies.
Deterioration means damage, decay and spoilage of products from their condition initially. There is a fresh-
product phase for some disintegrating products, during which they hold onto their original quality and worth
before eventually degrading. These are non-instantaneous deteriorations. Permissible delay in payments is often
used in most of business organizations. Trade credit is the arrangement to buy the goods on the account without
making on the spot cash or cheque payments. Trade credit is a helpful device for developing companies. The
retailer gets a trade credit policy from the manufacturer. The retailer has to pay the amount to the manufacturer by
the next replenishment time. This helps the retailer to purchase products without paying immediately. Retailers
must pay the price plus some interest if they don’t pay within the allotted time. The retailer offered a return
policy to the customers. This offer makes customers buy the products and return the product within a specific
time period. For the returned product the retailer did not fully reimburse. Customer returns rise in proportion
to both sales volume and product price. Duary et al. (2022) developed model for delay in payments and
deteriorating items with partially backlogged shortages [1]. Geetha and Uthayakumar (2010) proposed the EOQ
model for non-instantaneous deteriorating items with permissible delay in payments and partial backlogging
[2]. Ghoreishi and Mirzazadeh (2013) studied the effect of inflation and customer returns on joint pricing and
inventory control for deteriorating items [3]. Ghoreishi et al. (2015) developed an economic ordering policy
model for non-instantaneous deteriorating items with selling price- and demand permissible delay in payments
and customer returns [4]. Ghoreishi et al. (2013b) studied the optimal pricing and inventory control policy for
non-instantaneously deteriorating items with the finite replenishment rate considering time- and price-dependent
demand, customer returns and time value of money [5]. Jani et al. (2021) developed an EOQ model for customer
returns and trade credit for deteriorating items with price sensitive demand [6]. Kumari and De investigated
an EOQ model for deteriorating items analyzing retailer’s optimal strategy under trade credit and return policy
with nonlinear demand and resalable returns [7]. Maihami and Kamalabadi (2012) developed inventory control
for non-instantaneous deteriorating items adopts a price and time dependent function with partially backlogged
[8]. Mashud (2020) developed a deteriorating EOQ inventory model according to consideration of the price with
shortage [9]. Musa and Sani (2010) developed a mathematical model on the inventory of deteriorating items
that do not start deteriorating immediately they are stocked with permissible delay in payments [10]. Ouyang
et al. (2006) investigated the inventory model for non-instantaneous deteriorating items considering permissible
delay in payments [11]. Singh and Mishra (2022) developed an inventory model for deteriorating items [12].
Sundararajan et al. (2019) developed a deterministic inventory model for non-instantaneous deteriorating items
with price and time-dependent demand with shortages [13] Yang et al. (2009) considered the optimal pricing
and ordering strategies for non-instantaneous deteriorating items with partial backlogging and price dependent
demand [14].

2. Assumptions

* The model includes a single non-instantaneous deteriorating item.
* Assume that the inventory system planning horizon is infinite.

* Demand rate is depends on time and selling price is given by:
D(y,t) = (o — By)e™ where « is the demand scale, (3 represents price sensitivity, Demand is a linearly
decreasing function of the price and decreases (increases) exponentially with time when n < 0(n > 0).
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» Shortages are permitted. The unsatisfied demand is backlogged, and the fraction of shortage backordered
is {(z) = Koe " (u > 0,0 < Ko < 1), where z is a waiting time up to the upcoming replenishment and
W 1s a positive constant.

* Itis plausible to say that buyer returns grow as more goods are sold. So,
A(y,t) =vD(y,t) where 0 < v < 1.

The customers can return the products at any time in the replenishment cycle. But the retailer will not give the
total amount of initial value, and the retailer will provide half the amount of initial value. The returned products
can be resalable at the same selling price.

3. Notations

The terms used in the mathematical formulation are listed in the table 1.

Notation Unit Description
A $/ order ordering cost
C $/ unit/unit time  holding cost
Cs $/ unit shortage cost
Cp $/ unit purchase price
Q order quantity
0 constant deterioration rate 0 < 6 < 1
S unit time trade credit period offered by
the manufacturer to the retailer
taq unit time time at which deterioration starts
I, % /unit time interest earned by the retailer
Iy % /unit time interest paid by the retailer to the manufacturer
R maximum shortage level
Decision Variables
y $/ unit selling price
tq unit time time at which inventory level reaches to zero
to unit time time at partially backlogged shortage
TPC(y,t) $/ unit time Total profit

Table 1: Notations that are considered in the formulation of the inventory model

4. Model formulation

In this section, At the beginning of the cycle Iy units of item arrive at the inventory system. In the time of
interval, (0,t4), the inventory level depend upon demand and returns, at that time there is no deterioration. At
t = tq the deterioration starts takes place. During the interval (¢4, ¢1) the inventory level depends upon demand,
returns and deterioration. At next stage, during the interval (¢, t2) shortage caused by partial backlogging and
demand. In this research paper, it is assumed that the manufacturer offers permissible delay in payments to the
retailer. The customers offered a product can return during the replenishment cycle to the retailer. The returned
products can be sold again for the same price. And the retailer did not fully reimburse the amount of returned
product to the customer. During the time interval [0, ¢4], the differential equation represents the inventory is given
by
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o

Figure 1:

dI(t)
dt
When ¢t = 0, put I;(0) = I in above equation we get

(v —1)(a — By)(e™ — 1)
U

= —(a—By)e™ +v(a—By)e”, 0 <t <tq

Li(t) =1+ ,0<t <1y

The differential equation for the time interval [t4, t1] is,

dLy(t)
dt

= —(a—By)e" +v(a— By)e™ —0I(t), tg <t <t

When ¢t = ¢, put I>(¢1) = 0 in above equation we get

(a ﬁy) (1/ 1)6 o (n+0)t (n+0)t
— _ 1 <t<
Ig (t) ( 9) {6 (& ] s td t tl

Att = t4, the equations (2) and (4) becomes

Iy _(a— 5322}(1;)1)6_9” [e(nw)td _ e(n+a)t1}
~ (w=1)(a—By)(em —1)
n

Substitute equation (5) in equation (2) we get,

(a = By)(v —1)e %
(n+6)
(v =1)(a=By)(em ~1) L w=Dla- By)(e” —1)
7 7

e(nt0)ta _ (n+0)ts

L(t) =
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In the time interval [t1,¢2], partially backlogged shortage occurs according to a fraction ((t2 — t1). Then the
differential equation for the inventory level is given by

dIs(t
8 — o By)erClts 1), b <<y 47
When ¢ = t; put I3(t1) = 0 in above equation we get
I3(t) = Me*/ﬁz [e(ﬂ+77)t1 _ e(uﬂl)t} Lt <t <ty 4.8)
N+ p

Put ¢ = t5 in eqn I3(t) where R is the maximum shortage level

— _(O;7+iy) e~ Ht2 {e(#+ﬂ)t1 _ e(u+n)t2} (4.9)
The sum of R and I is the Order Quantity per cycle (Q) is
Q=R+
_(a=By)(v - 1)e 0t [e(n+0)td _ e(’7+9)t1} (v =1)(a=By)(en —1)
(n+6) n (4.10)
_ (a— By) e~ Ht2 {e(wn)tl _ 6(u+n)t2}
n+p

This model’s various costs are specified as follows.
(1) Ordering cost= A

(2) Purchasing cost

PC =C,Q
_o [le=By)v—1ne |:e(77+9)td _ e(n+9)t1} _ (w—=1)(a—By)(em —1)
g (n+0) n 4.11)
_Meﬂttz |:€(Hz+7])t1 _ e(u+n)t2H
n+u
(3) Sales revenue
[ BA(y, t
SR=y D(y,t)dt—/ (y’)dt+R}
LJO 0 2
Db "
=y / (a — By)entdt o / V(OZ - 5y)e’7t g — (Oé - 6y) e P2 |:€(p,+n)t1 - 6(u+n)t2H (4.12)
L/ O 0 2 n+u
=y |:(a — 5.7;/)(@77“ — 1):| [1 o E:I o MB*MQ |:6(u+77)t1 o e(#+n)t2:|:|
L n 2 n+u
(4) Deterioration cost
t1
DC = C’p/ 01(t)dt
ta
t —6t
! (Oéfﬂy)(l/fl)e (n+6
- 0 n+ )t — (77+9)t1 dt
P /t (n+0) [e € } (4.13)
[ Cola— By)(v = 1) [(6+ e — ferts — e+t g0t]
n(n+0)

e
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(5) Holding cost

HC =0 { /0 " Ity + /t ! I(t)dt}

a— v—1)e 9 i . v—1)(a— emta —
_c, H( 5?&& 9)1) {e(n+9) _ n+0) } (=1 :y)( " 1)}td -

+ [(u 1) gyl M D) _nztd - 1)} - {(a ;nﬁ(g)fn)_ 1)]

[He"td — (0 +n)e™ + ne("+9)“e_9tdﬂ

(6) Shortage cost

—
SC = o / —I(t)dt]
ty
— / o — By otz [e(u+n) #Jrn)t} dt} (4.15)
/¢, 77 +u
. [(a— )7t2 (p+mita _ (u+n)ta —
= co L (n+ p)? ' {eﬂ ! S tl)(qun)Jrl]}

(7) Permissible delay in payments:
The retailer gets a trade credit policy from the manufacturer. The retailer has to pay the amount to the
manufacturer by the delay period S. We suggest three subcases for the delay period based on the values of

S, tq, and t1.
1) 0< S <ty
() ty < S <ty
(i) S >t

Case (i) : Payment delays occur previous to time deterioration: 0 < S < t4
In this subcase, the retailer has to pay the amount before the deterioration starts. Otherwise, he have to pay

the interest to the manufacturer. Interest earns is estimated as follows:

:yIr{( (0= BY) [ens s Hl_;”

Interest paid by the retailer to the manufacturer is estimated as follows:

1My =Cy 1, [ /S " Ity + /t ! I(t)dt]

I H (a = By) (v —1)e % [e(n+9)td _ e("+9)tl} (v =1)(a=By)(e 1) } (ta — S)

(n+0)
el [

4.17)

=
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The total profit per unit time is estimated as follows:

TPC (ya t2)
SR—-A—-PC—-DC—-HC—-SC—1IM;+ IRy
= 5
=y H(O‘ - 59)(6nt1 — 1)] [1 _ g} _ (cv ;By) e Ht2 [e(#+n)t1 _ e(wn)tzH
n nTu
—A-C, {(0‘ — By)(v — 1)e” [e(n+9)td _ 6(77-&-0)151} (v =1)(a=By)(em - 1)
(n+90) n
_(a—=By) o itz {e(wn)tl _ e(u+n)tH
n+p
Cpla— By) (v — 1) [(0 4 n)e™ — fenta — pe(n+o)tig=bta] 1
n(n+9)
_ 0, (a = By)(v —1)e” " [e(n+9)td _ e(’7+9)t1} (v =1)(a=By)(en — 1) ”
(n+90) U
("t —mtq — l)} {(a — By)(v — 1)}
+ | =1)(a—py)—2—| - |
{(V o= By) n? on (6 +n)
[06’7“ — (0 +n)e™ + nettie eth
o [(57 " ﬁ)y) it [elitmts — (Gt (4 — 1) (4 ) + HH
(= By) (v — 1)e~ " o)t o] (@ —1)(a—By)(em —1)
— CpInL |:{ |:€("7+ Jta _ 6(77+ ) 1:| — (td — S)
(n+0) U
n [(V —1)(a— By )} [S . (e — 6”5)} eta ent0)tr =0ty
—_— gt — ] = e e
U U 0
(v —1)(a—By)] [em™ (@ =BY) ¢ ns v
+|:(77+9) 077 (9+T]) —|—le T[en —T]S—l] [1—5] .
(4.18)
Case (ii) :Payment delays occur between deterioration time and before the inventory cycle. t4 < S <t
Interest paid by the retailer to the manufacturer
—
1My = Cyly, / I(t)dt]
L/s
r rt _ _ —0t
— CpIm / (OZ 57(2(1 9) 1)6 |:€("7+9)t (n+0) tl:| dt:| (419)
L/s
[(v—1)(a— ﬂy)} {e”tl e 6(n+0)t1605:|
=Cply, |——————== 0 — —
: (n+0) oy O, 0

Interest earns is estimated as follows:

S t S t u
[ [ [0 peraua— [ [
0 0 0 0
(4.20)

—yl, {(O‘;fy) [en5 — M — 1] [1 - ;]}
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The total profit per unit time is estimated as follows:

TPCQ(y,tQ)
_SR—A—PC—DC—HC—SC—IM + IR,
— ;
=y |:|:(Oé - By)(e"itl — 1)} [1 _ K} _ wefutz [e(qun)tl _ e(u+n)t2:|]
n 2 n+u
(@ =By =1 [ (o mrom] = D= By)(em 1)
_A_C”[ (n+0) [o(r+ e —elavon] ”
_Me—utz {e(u+n)t1 . e(u-&-n)tH
n+p
_ —Cp(a — By) (v —1) [(6 4 n)em — Gt — pelntO)he=0ta]
i n(n+0) o
(@ =By =De™™ 1 (g, _ o] _ (V= Dla=By)(em —1) |
OlH (n+9) [enwt 76%“}7 " }td
[ (" —mtg —1) (a—py)(v—1)
R ] - [ om0+ 1) ]

IR

. 4(—1/ﬂ121)(a —By)] [em enM  o(n+0)t1 ,—0S
~autn [ [0 - S - ]
erIT{(a;fy) [e75 —nM — 1] [1;”

Case (iii) : S > t1
In this subcase, the delay period is greater than the time at which the amount of inventory reaches zero.

During this time retailer pays completely all of his bills. Then

IM; = 0. (4.22)

Interest earns is estimated as follows:

t1 t t1 t _ nu
IRs =yl, [/ / (a — By)e"™ dudt —/ / Mdudt
0 0 0 0 2
t1

+(S — tl)/o (a — By)e™dt — (S —ty) /0t1 y(a—fy)e"tdt} (4.23)
=y, {(a —By) [e79 —nS —1] {1 _ g} [(0‘ — By)(S —ta) (e — 1)} }
772

Ui

e
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The total profit per unit time is estimated as follows:

TPC3(y,ta)
:SR—A—PC—DC—HC—SC—IM1+IR1
to
=y H(O‘ - 59)7(]3"“ — 1)} {1 _ %} _ (0;7—’_55) e Ht2 |:6(N+n)t1 _ e(u+n)t2H
a— v—1)e 0 te 10)ts v—1)(a— emtd —
—A-C, [( ﬁy(37(+ 9)1) [e(n+«9) _ 1+0) } (= 1)( fy)( 1)
_(O;;Fiy)e—utz {e(u-irn)h _ e(u+n)tH
_ [Cy(e — By) (v — 1) [(8 + n)ems — femte — pelnt)i e=0ta] ]
_ Yy (4.24)
_ c—‘l H (a - 5137(1;)1)60” [emam _ e(n+9)t1] (v =D(a— 5?;)(6”” -1 } y
e e e
[gentd — (O +n)e™ + ,’76(77+0)t1679td”
o [(5 Ii)yz) etz [elitmts — (Urtnte (4 — 1) (u 4+ 1) + HH
+yl, {(a ;fy) [e"8 — S —1] {1 _ g} [(a — By)(S —ntz)(e”” — 1)} }

5. Solution Procedure

The following method is used to resolve the aforementioned issue.

Step 1: Fill the equation with all of the values for the necessary parameters for the proposed model.

Step 2: Put 6TTZCI' = 87(;1;1@ =0,where:=1,2,3

Step 3: Fix the optimization issue T'PC; for i = 1,2, 3 and hold the optimal values of y, ¢t; and T PC
Step 4: Compare the values of TPC1, T PCy and T PCj
Step 5: Choose the highest value among T'PCy, T PCy and T'PCs.

Step 6: Stop.

6. Numerical Example

Consider a numerical example to demonstrate the model. The parameter values are as follows: o = 290;
B =4;ty =1/12;t; = 0.765; Cs = 2.5; I, = 10% per year; I,,, = 15% per year;
v=01;4£=0.1;0 =0.08; C, = 20; Cs = 2.5; A = 200; 7 = —0.98; C;, = 1;
If S = 0.08;, then it is in the category of case (i), since S < tg.
If S = 0.4;, then it is in the category of case (ii), since t4 < S < ;.
If S = 0.91;, then it is in the category of case (iii), since S > ¢;.
Then we obtain the following results. y = 35.5357;t2 = 0.9.
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H Expressions | Case 1 Case2  Case3 H
S 0.08 0.4 0.91
Q 32.049  32.049  32.049
SR 1173.32  1173.32 1173.32
DC 11.77 11.77 11.77
HC 9.85 9.85 9.85
SC 0.5908  0.5908  0.5908
IR 0.609 13.769  60.435
™M 22323  5.6123 0
TPC 320435 353.626 411.713

Table 2: Results of numerical example

l [ Parameter [ % Changes in parameters Case 1 Case 2 Case 3 [ l

-30 320.23 445.42 814.62

-20 320.30 460.72 881.77

Ip -10 320.37 476.02 948.92
10 320.50 355.16 418.43

20 320.57 356.69 425.14

30 320.64 358.22 431.86

-30 327.88 355.50 411.71

-20 325.40 354.87 411.71

Im -10 322.92 354.25 411.71
10 317.96 353.00 411.71

20 315.48 352.38 411.71

30 312.99 351.76 411.71

-30 545.47 573.09 629.30

-20 470.46 499.93 556.77

Cp -10 395.45 426.78 484.24
10 24543 280.47 339.18

20 170.42 207.32 266.65

30 95.40 134.17 194.12

-30 387.10 420.29 478.38

-20 364.88 398.07 456.16

A -10 342.66 375.85 433.94
10 298.21 331.40 389.49

20 275.99 309.18 367.27

30 253.77 286.96 345.05

-30 32372 356.91 415.00

-20 322.63 355.82 413.90

Cq -10 321.53 354.72 412.81
10 319.34 352.53 410.62

20 318.25 351.44 409.52

30 317.15 350.34 408.43

-30 -242.32 -243.55 -245.70

-20 -54.73 -44.49 -26.56

e -10 132.85 154.57 192.58
10 508.02 552.68 630.85

20 695.61 751.74 849.99
30 883.19 950.80 1,069.13

Table 3: Results of sensitivity analysis

7. Sensitivity Analysis

Using the numerical example, we do sensitivity analyses for various parameters.

In any circumstance

requiring decision-making, uncertainty may cause parameter values to vary. Sensitivity analysis is given here for
the three cases. The changes are made from —30 percent to +30 percent. The result of this analysis is in the

following table 3 and table 4. The main conclusion from the sensitivity analysis are as follows:

* When « is increased (decreased), the total profit for the three cases increases(decreases).

* There is an increase (decrease) in the total profit for the three cases value when A, C,, n and 3 are

decreases(increases).

* [, is less sensitive and v, C'; and # are moderately sensitive.

* Other parameter modifications have minimal impact on the total profit.

80
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items with shortages

H Parameter ‘ % Changes in parameters Case 1 Case2 Case 3 H
-30 720.39 778.05 878.95
-20 587.08 636.57 723.20
B -10 45376  495.10 567.46
10 187.12  212.15 255.97
20 53.80  70.68 100.22
30 -79.52  -70.79  -55.52
-30 328.57 361.65 419.72
-20 325.87 358.98 417.06
0 -10 323.16 35631 414.39
10 317.71  350.93 409.03
20 31497 348.23 406.33
30 312.22  345.52  403.63
-30 384.32 420.86 484.94
-20 361.85 397.22 459.21
n -10 340.58 374.83 434.83
10 301.35 333.52 389.79
20 283.25 31445 368.98
30 266.08 296.36 349.22
-30 316.08 350.12 409.23
-20 317.53 351.29 410.06
v -10 31898 352.46 410.89
10 321.89 35480 412.54
20 323.34 35597 413.37
30 32480 357.14 414.20
-30 320.56 353.75 411.83
-20 320.52 35371 411.79
" -10 320.48 353.67 411.75
10 320.40 353.59 411.67
20 320.36  353.55 411.63
30 320.32  353.51 411.59

3 W o o i

oS TN T WV R U T SO

Table 4: Results of sensitivity analysis

Optimal strategy on inventory model under permissible delay in payments and return policy for deteriorating

Total profit Casel Total profit Case 2 Total profit Case 3

Figure 2:
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Cs

Figure 4: Total profit by changing the parameters Cs and ¢2
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8. Conclusion

In this work, an inventory model with a single item is developed for a non-instantaneous deterioration item
with a return policy, allowable payment delays, and partial backlogging. Customers may return products at any
time during the replenishment cycle. Products that have been returned may be resalable at the same selling price.
During shortages partially backlogged is considered. This model maximizes the total profit by selling price and
time. We investigated three cases. Solution procedure and numerical example are given. for future research, this
model can be extended to advance payment with fully backlogged and instantly deteriorating items.
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1. Introduction

The purpose of this study the following problem

s€[r—mr,7] (1.1)

{ (Dqu) (1) =f(r,u(r), max u(s)), 7€ J=][0,%],
u(r)=¢(r), 7€[-r0,

where ®,, represents the conformable fractional derivative of order o, 0 < a < 1, T > Oandr > 0, § :
J xR x C' — Ris continuous with C' = C ([—r, %], R) and ¢ : [-r, 0] — R continuous.

Conformable fractional derivative was first introduced in [23], later developed in [1] and it appears in many
fields (see [2], [3], [11], [17], [25], [35] along with the cited references therein).

However differential equations with maxima and differential inequalities with maxima were initially used in
automatic control and in the study stability of equations with retarded argument (see [30] and [19, Chapter 4
Section 5]). Nevertheless, a variety of fields, including there are a wide range of areas such as psychology (e.g.,
dynamic model for happiness), optimal control, theory of lateral inhibition, chemostat models and economy (see
[5], [6], [8], [15], [18], [20], [21], [28] and [33]) use differential equations with maxima.

*Corresponding author. Email address: derhab@yahoo.fr (Mohammed Derhab)
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Some authors have studied conformable fractional differential equations with deviating arguments using fixed
point theorems, numerical methods, monotone iterative technique, and upper and lower solutions method see [14],
[16], [22], [24] and [31]). Let us recall some of them.

In [14], the authors studied the problem

{ (@au)(r) = f(Tau(T) 7u(9 (T)))7 TeJ= [07‘2]’ (1.2)
u(0) =u(T), '

where 0 < <1, >0, f: JxRx C(J;R) - Randf : J — J are continuous with 6(.J) C J.

The authors used the monotone iterative technique to establish some sufficient conditions for the existence of
extremal solutions for periodic boundary value problem (1.2).

In [16], the author studied the following problem

(Dad)(7) = F(r,0(r),0 (0(1))), 7€ J = [0,F],
{n (0) = g(v). (13

where 0 < < 1, % >0, f : JxRx C(J,R) - Rand 0 : J — J continuous with 8(J) C J, and
g : C (J,R) — R continuous increasing.

The author established the existence of minimal and maximal solutions for the problem (1.3) by combining
the upper and lower solutions method with the monotone iterative technique.

In [22], the authors studied the following problem

(Day)(1) +y (1) = py (u1), 7> 0,
{y(o)y: ) y py (p (1.4)

where 0 < o < 1, A and p are real numbers with 1 < 1.

The approximate solution for problem (1.4) was provided by the authors using the homotopy perturbation
method.

One well know that the existence of solutions for first order differential equations with maxima is proved
using the monotone iterative technique (see [4], [7], [8, Chapter 6] and the references cited therein). The aim of
this work is to demonstrate its successful application to problems of type (1.1).

This work is structured to the following plan. We provide some definitions and preliminaries results in Section
2. Section 3 presents and demonstrates the main results and finally Section 4 offers how our results are applied.

2. Definitions and Preliminary Results

Definition 2.1. [23]Let h : J — R continuous 0 < o < 1. The conformable fractional integral of order o of h
is defined by

(I.h) (1) = [ s**h(s)ds, for T > 0.
/

Definition 2.2. [23]Leth : J — Rand 0 < a < 1. The Conformable fractional derivative of order o of h is
defined by

(D h) (1) = lin%—h(7+p71;a)7h(T) , forT >0, o
p— _

Example 2.3. We have

(i) (Dyc)(1) =0, where c € R.
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ATAT T >0,
(ii) (Do) (1) = Nif\=aand T =0,
0if A\ >aandT =0.

(iii) (Dae™ )(T) = ae™.

(iv) (D sin (’z))(r) ~ cos (T:) .
(v) (D cos (’Z))(T) ~ sin (j) .

Theorem 2.4. [23, Theorem 2.1]Ifh : J — R is a-differentiable at 7o > 0, then h is continuous at 1.

Lemma 2.5. [23, Theorem 3.1]Let h : J — R be a continuous function and 0 < o < 1, then we have
(®qoly)h=h

Lemma 2.6. [23, Theorem 2.4]Let h : [a,b] — R continuous with 0 < a < band 0 < o < 1. Ifhis
a-differentiable in (a,b), then

00 -0 = (“25) @an) ),

a
with cin (a,b).
Notation 2.7. For 0 < a < 1, we define C*° (J,R) as follows
C*°(J,R)={h € C(J,R): D,h € C(J,R)}.

Lemma 2.8. Leth € C*([a,b] ,R) with 0 < a < b. Then D,h = 0 in [a,b] if and only if h = c in [a,b),
where c is a real constant.

Proof. Assume that h € C* ([a,b],R) with 0 < a < b.
Suppose that D ,h = 0 in [a, b] and we put by definition

h(79) = min h(7) and h (71) = max h (¢).
T€[a,b] t€[a,b)

From Lemma 2.6, one has
h (7o) =h(m),

which means that
h =cin[a,b], withc € R.

Conversely if h = ¢ in [a, b] with ¢ € R, then by using the definition of Conformable fractional derivative,
we obtain h € C*? ([a, b] , R). [ |

Lemma 2.9. Assume that h € C*° (J,R), then we have
(Ino®4a) (h (7)) =n (1) —h(0), forT € J.

Proof. We put by definition
g(1) =(Ia0D4) (h(r)),fort € J

From Lemma 2.5, we obtain
(Da9) (1) = (Dah) (1), forT € J,

which means that
(D) (g—h)(t) =0, fort € J,
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and consequently since g (0) = 0 and from the preceding Lemma, we deduce that
g(r)=h(r) —h(0),forT e J
That is
(In0D4a) (h (7)) =nh(r) —h(0), forT € J.
[ |

Lemma 2.10. [32, Theorem 1 page 44] If the functions u : [¢,0] — R and v : [¢,0] — R are continuous on the
segment [c, 0], then

max |u(7) —v(7)] > | max u(7) — max v (7).

TE[c,0] TE[c,0] T€[c,0]

Lemma 2.11. [f the functions u : [¢,0] — R and v : [¢,0] — R are continuous on the segment [c,?], then

max u (7) — max v(7) > min (u(r) —v(7)).

T€[c,0] TE[c,d] T€[c,0]

Proof. We have

Jaeye () = maxv () = mmaxu () = v (<),

where ¢ € [¢,?].
Which implies that

max u (7) — max v (7) > u(s) — v (s)
T€[¢c,0] TE[e,0]
> min (u(r)—v(7)).
T€[c,0]

That is

max u(7) — max v (7) > min (u(r) —v(7)).
T€E[c,0] T€[c,0] T€[c,0]

Now consider the problem

{(C‘Dau) (1) =g(r,u(r), SeI[S_l%)T(’T]u (1), T€J, 02
w(r) =9 (), 7€ [-r0],
where 0 < a < 1,g: J x RxC ([-r,%],R) — R continuous and ¢ € C ([—r,0],R).
Notation 2.12. For 0 < o < 1 the space C* ([—r,%],R) is defined as follows
C*([-n,%],R)={ue C([-r,T],R): Doue C(J,R)}.

The following result is an immediate consequence of Lemma 2.5 and Lemma 2.9.

Lemma 2.13. Let 0 < o < 1. Ifu € C° ([-r,T],R), then u is a solution of the following integral equation

u(r) =1v(0)+ f8“715(57 u(s), ter[nilx ]u (t))ds, forall T € J,
w(r) = (1), foor all 7 € [-r,0], ’

if, and only if, u is a solution of the Cauchy problem (2.2).

e
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Now, we have the following result.

Theorem 2.14. Assume that the following hypothesis are satisfied
(H) There exists a positive constants L1 and Lo such that
|9 (t,u1,01) — g (t,u2,02)| < Ly [ug —up| + Lo |01 — g,

forallt € J,u; € Randv; € Rfori =1, 2.

Then the problem (2.2) admits a unique solution u € C* ([-r, %], R).
Proof. Letu € C°([—r, %], R) and consider the following equation

u(r) =1 (0)+ [s*1g(s,u(s), max (t))ds, forall T € J,
0 te|s—r,s

Y (r), forall T € [—r,0].

=t
—~

N
~

Il

Now we define the operator

A: C*([-n,%],R) —» C*([-r,%],R)
¥ (0) + [s*71g(s,u(s), max u(t))ds,forall 7 € J,
O t

E[s—r,s]

u = (Au) (1) =
w(t) =1 (1), forall T € [-r,0],

and we define the following norm

V|| = ma. 6704
ol = _max_ o ()

where v € C* ([—r, %], R) and A > 0.
Since the norms ||.||, and ||.||, are equivalent, then (C* ([-7, ], R),||.||,) is a Banach space.

Now letuy, uy € C* ([—r,F],R), then for all 7 € J, one has

A
e @ [(Aw)(7) — (Aug) ()]
é @ 7
=ec « /sa’l (ﬁ(sml (s), max uj(t)) —g(s,uz(s), max us (t))) ds
te[s—r,s] te[s—r,s]
0
é @ A
<o et gt (). o (0) - 56,2 5) o ua (0) s
€ls—r,s €ls—r,s
0
é @ A
<e « /safl <L1 [ug (s) —ua (s)| + Lo , r[nax ]ul (t) -, r[nax ]ug (t)D ds.
€ls—r,s €ls—r,s

0
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From Lemma 2.10, we obtain

A
e a|(Au) (1) - (Aug) ()|
é LT
e o /sa—l <L1 [ug (s) —uq (s)|+L2ter[r}a>§ ! [ug () — ug (t)|> ds
) :
A 7 A
<e « (L1+L2)\|u1—u2||/604 s ds
0
A é‘r”
—7° ex —1
=e « (L1+L2)Hu1—u2|| f
A
1—e a’
= (Ly+ Lo lw — el | ————
Li+L
< (172)||u1—u2||.

A

If we choose A > (Lq + L), we obtain A is a contraction on (C* ([—r,¥],R),|.||) and therefore by Banach’s
fixed point theorem, the operator A admits a unique fixed point and consequently from Lemma 2.13, it follows
that the problem (2.2) admits a unique solution v € C* ([—r, %] ,R). [ |

Lemma 2.15. Let v € C° ([-r, %], R) satisfying

s€[T—r,T] (23)

(Do) (1) < =Mju(r) — Ny min u(s), 7 € J,
{u(O) <u(r) <0, foral T e [-r0],

where 0 < a < 1 and My and N1 are positive real numbers.

If

ga
(My + N1) " <1

thenu < 0in [—r,%].
Proof. Assume that there exists to € (0, %] such that

u (tg) > 0. (2.4)
We put by definition

u(n) = min wu(t) <0,

te[—r,to]

where n € [0, to).
From Lemma 2.6, there exists o € (7, tg) such that

e —n®
u(to) —u(n) = <0a”) (Dau) (o).
Then by using (2.3) and (2.4), we obtain
—u(n) < - (Mlu(a) +N; min u(a)> <M> .

s€lo—r,o] «
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Which implies that
tg —n"
() < = (Mi+ N u(n) (0
KIO(
< —(My+ Ni)u(n) o
That is

(e%

T .
(My+ Ny) — > 1ifu(n) <O0.
«
Which is a contradiction with the assumption
‘IO/,
(My+ Np) — < 1.
@
If u(n) = 0, we obtain also a contradiction.

Then, we have
u(t) <0, forallt € [-r%].

Remark 2.16. The idea of the proof of the preceding Lemma 2.15 is similar to that of [26, Lemma 2.1 part i)].

Lemma 2.17. Assume thatu € C* ([—r, ], R) satisfying

sE[t—r,t]

{ (Dou) (t) < —Mju(t) — Ny max u(s), t € J,
u(t) <0, forallt € [—r0],

whereO<a§1,]\Al/1§OandK7/1§O.
If
~ 3@
—(M1+N1)7<1,
«
thenu (t) <0, forallt € [—r,%].

Proof. Assume that there exists ¢; € (0, T such that
u (tl) > 0.

We put by definition

u(t) = ter[rﬁ},;]u(t) > 0,

where ¢ € (0,1].
We have

(Dau) (t) < —Myu(t) — Ny max u (s), teJ.
selt—nr,t

Which implies
(Do) (t) < — (M1 + Nl) u (?)

Applying the operator [, to the both sides of the previous inequality, we obtain

u(t) —u(0) < —(]\71+jvv1>u(%)/tsalds

91
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That is L
(M1 + Nl) u (%) "
u(t) —u(0) < - = %,
Which implies
(]\71 + 171) u(?)
t) < — .
u (A> < - T
Since u (5) > 0, we obtain
(J\Z + E)
1<— T
o
Which is a contradiction with the assumption
(30 + W)
-3 ],

«

and then, we get
u(t) <0, forallt¢ e [—r %].

3. Main Results
Definition 3.1. We say that u € C* ([—r, %], R) is a lower solution of (1.1) if

{ (Da)(7) <f(ru(7), max u(s)), 7€
u(t) <p(r), 7€[-r0].
Definition 3.2. We say thatu € C* ([—r, %], R) is an upper solution of (1.1) if
(Dau) (1) > 1 (T,u(T) ,SGI[E%)T‘(,T]E (s)) , T E J,
u(r) > p(r), 7 €[-r0].
Definition 3.3. Ifu € C° ([—r, ], R) and fulfills (1.1), then we say that w is a solution of (1.1).

We have the following result.

Theorem 3.4. Assume that there two constants M > 0, N > 0 satisfying

(HI) §(m,21,91) — §(T,22,y2) > =M (21 — 23) — N (y1 — y2), forall 7 € J, u(t) < zo < zy < U(t) and

I%laX ]g () <y <y < r[nax ]ﬂ (s), where u and u are lower and upper solutions respectively for
selt—nr,t se|t—r,t

problem (1.1) such that u < Wwin [—r, ]

(H2) i (1) —u(0) <o (t) —¢(0) <u(r) —u(0),foral t € [-r,0].

(H3) (M+N)% <1

Then the problem (1.1) has a minimal solution u_ and a maximal solution w™ such that for every solution u
of (1.1) withu < u < uin [—r, %], we have

u<u_ <u<ut <uwin [-r,F].
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Proof. We take u, = u, and we define the sequences (u,,),>1 by

{(z)aum) (7) & Mty () + N _nin tty iy (8) = (7). 7 € J, (3.1)

E'rH»l(T) =@ (T) , T E [_7’, 0] s
where
fn (7) = §(7 1, (7)), max u, (s)) + Mu, (1) + N min (s).
se|T—r,T s€lr—r,T

Analogously, we take Uy = ut and we define the sequences (1, ),,>1 by

{(@aunﬂ) (7) + Mipyy (7)+ N min Tppq (s) = fu (1), T € J,
s€[r—r,T] (3.2)

Upi1(7) = (1), 7 € [-1,0],
where

fo (1) =f(1,u, (1), max u,(s))+ Mu, (7)+ N min 1u,(s).

sE[T—r,T] s€[T—r,T]

Let
oo (7) :=uy (1) —uy (1), 7 € [-1,%F].

By (3.1) and using the definition of lower solution and the hypothesis (H2), we have

s€[T—r,T] s€[T—r,T]

00 (0) < vg(7) <0, forall 7 € [—r,0].

(Dabo) (1) + Moo (1) + N ( max U (s)— max u; (S)) <0,7 € J,

Then from Lemma 2.11, we obtain

{(@ano) (1) 4+ Moo (1) + N min v (s) <0, 7 € J,

s€lr—r,T]

vo (0) < wp (1) <0, forall 7 € [—r,0].

From Lemma 2.15, one has
g < 0in [—T‘,T] .

Which means that
uy <y in [-7, ] (3.3)

Similarly, we can prove that
u; <upin [-r,%]. (3.4)

Now, we put by definition
wy (t) =u; (t) —w (t),t € [-r%F].

Using (3.1) and (3.2), we have

(Dquw1) (1) + Mwy (¢) + N min  wy (s)

s€[r—r,T]

:fo(T)*J?o(T)fN max u; (7)+ N max u;(7)+ N min w(s).

s€[r—r,T] sE[T—r,T] s€[T—r,7]
From Lemma 2.11, we obtain

(Dowt) (1) + Mwy (1) + N min  wy (s) < fo (1) = fo (1), T € J.

sE[T—r,T]

e
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Since uy = u < u = 1y in [—r, 0] and using the hypothesis (H1) , we obtain

(Dquw1) (1) + Mwy (1) + N min w; (s) <0, 7 € J. (3.5)

sE[T—r,T]

On the other hand, we have
wy(7) =0, forall 7 € [—7,0].

That is
w1(0) = wy(7) =0, forall 7 € [—r,0]. (3.6)

By the previous equality and (3.5), we have

s€[r—r,T]

{ (Dow1) (1) + Mwy (1) + N min wq (s) <0, 7 € J,
w1(0) = wyi (1) =0, forall 7 € [—r,0].

Then by hypothesis (H3) Lemma 2.15 implies

wy <0in [—7,%].
Which means that

w, <uyin [-r,F]. (3.7
Then by (3.3), (3.4) and (3.7), we have

uy <y <y < in [-r, T,
Now we assume for fixed n > 1, we have
Uy S Uy yy S Upyy < Uy in [-1, T,
and we show that
Upi1 < Upyo < Upgo < Upgrin [-r, ).

We put by definition
Un+1 (T) = E’rL-‘,—l (T) - En-‘,—Q (T) ,T € [77”7 (I] .

By (3.1), we have

se[r—r,T

{(’Davn_H) (1) + Mvpy1 (1) + N min ]vn+1 (s)=gn (1), T € J,
Up41(0) = vp41 (1) = 0, 7 € [-1, 0],

where
On (T) = fn (T) — fnt1 (T) ,forall 7 € J.

Since by the hypothesis of recurrence, we have u,, < u, ., in J and from Lemma 2.11 and using the hypothesis
(H1), we obtain

sE[T—r,T]

{(@aU7L+1) (1) + Mvyy1(7) + N min v,41(s) <0, 7€ J,
Un41(0) = vpga (1) =0, 7 € [-1,0],

and then from Lemma 2.15, we get
Unt1 < 0in [-r,%].

That is
Uiy S Uy ppin [-r, ] (3.3)

3
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Similarly, we can prove that
ﬁn—Q—Q § ﬁn+1 in [77‘3 T] ) (39)

and
Uyyo SUppoin [—1,F]. (3.10)

Then by (3.8), (3.9) and (3.10), we obtain
Uyq < L) <Upqo <Uppq in [_r7 ‘I] .

Hence for all n € N, we have
u, <u,q <tUppp <Uyin [-r, T,

22n = % =

Step 2: The consequence (u,, ), en converges to a minimal solution of (1.1).

By Step 1 and using Dini theorem, it follows that the sequence of functions (u,,),ecn converges uniformly to
u_.

Letn € N* and ¢t € J, then from Lemma 2.13 we get

where

Now, as n tends to +o00, we obtain

Fn (s) = f(s,u-(s), nax U (s))-

Which implies
—u_(1) —u_(0) = / s H(s,u_ (s), max u_(s))ds,
0

te[s—r,s]

and from Lemma 2.13, we deduce

(Dou_)(t) = f(r,u_ (1) ) r[nax ]u, (t), 7€ J.
elr—r,7
On the other hand, we have
u_ =¢in [-r,0],

and consequently it follows that u_ is a solution of (1.1).
Now, we prove that if u is another solution of (1.1) such thatu < u <1, thenu_ < u.
Since u is an upper solution of (1.1), then by Step 1, we have

VneN, u, <u.

Which implies that

u_ = lim u, <u
n—-+oo

This means that u_ is a minimal solution of (1.1).
The second step’s proof is finished.
In a similar way, we can prove that the sequence (i, ),cn converges to a maximal solution u™ of (1.1).
The proof of Theorem 3.4 is complete. |

For the uniqueness of solutions for the problem (1.1), it is necessary to impose additional conditions on f.

e
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(H4) There exists a negative real number M; such that the function z — (7, x, y) + My is decreasing for all
Te€Jandy € R.

(H5) There exists a negative real number N; such that the function y — (7, x,y) + Ny is decreasing for all
Te€Jandz € R.

«

(H6) — (Ml +N1) % < 1.

We have the following result.

Theorem 3.5. Assume that hypothesis (Hi) for i = 1,...,6 are satisfied, then the problem (1.1) admits a unique
solution u such thatu < u < uin[—r, %]

Proof. By Theorem 3.4, the problem (/./) admits a minimal and a maximal solutions u_ and u™ such that
u<u_ <u" <uin [-r,F].

We put by definition

3(r)=u" (1) —u_(r). 7 €[-.T]
We have
3>0in [-r,%]. (3.11)
Now, we are going to prove that
3<0in [-r,%].

As we have

te[r—r,7] te[r—r,T]

{ (D03)(7) =f(r,ut (1), max ut () —f(r,u_(r), max wu_(t)), 7 € J,
30)=3(r)=0, 7 €[-r0].

By using the hypothesis (H4), we obtain

(D) (1) + M3(7) <

f(r,u_ (1), max ut (t)) —f(r,u_(7), max wu_ (t)), 7 € J,
telr—r,T] telr—r,7)

30)=3(r)=0, 7 €[-r0].

Now from Lemma 2.10, we have

> T () - max u_(t),

max z(f)= max [|uf(f)—u_ ()] > max u
telr—r,7] telr—r,7] te[T—r,7] te[r—r,7]

and then according to hypothesis (H4), we obtain

te[r—nr,7]

{ (Da3)(7) + Myz(7) + Ny max 3(t) <0, 7€ J,
3(0)=3(r)=0, 7 €[-r0].

From Lemma 2.17, we get
3(t) <0in[—r, %],

and therefore, there is a unique solution to problem (1.1).
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4. Applications

4.1. Example 1

Consider the problem

1
Diu(r) = 1u(r) - Sel[rrTliL)f T]u (s) +cosT, T € {O, 4] )

w(r)=r7, 7 €[-1,0].

1
Letu(r) =7andu(r) =7+ lin [—1, 4] .

For the problem (4.1), u is a lower solution if

u(r) < /Tu(r) — r[nax ]g(s) +cosT, T € [O, ] ,
se[r—1,1
u(r) <7, 7€[-1,0].
That is
: 1
ﬁgr% —T+4+cosT, T € {0,4] ,

<71, 17€[-1,0].

: . 1
Since (1) = /T — 72 4+ 7 —cosT < 0 in {0, 4] ,

D?i 0 ‘10 l)lli D?D D%i

-04

-03

-06

Figure 1: Graph of the function ¢

we conclude that u is a lower solution for the problem (4.1).
Similarly if we have

s€[r—1,7]

u(r) 2 V7u(r) — max u(s)+cosT, T € {0’ 411] ’
i(r)>7,7e[-1,0].

we obtain  is an upper solution for the problem (4.1).
That is

1
T%7T71+COSTSO,T€ {0,4},

T+1>71,7€[-1,0].

1
Since o (1) = 73 —7—1+cosT <0, forall T € {0, 4},
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0.03 0.10 0.15 020 023

-0.154

Figure 2: Graph of the function ¢2

we obtain the desired upper solution for the problem (4.1).
Now, if we select N = 1 and M = 0, then

(i)
(M+N)T—=47=1§1,

«

and if we choose M7 = —% and N1 = 0, we have

(1)2
T 4 1
— (M Ny) —— —

( 1 1) — 1 2

Nevertheless, it is evident that the function 7 — /7u (1) — I[IlaX ]u (8) + cos T satisfies the remaining
se[r—1,7

assumptions of Theorem 3.5. As a result, the problem (4.1) admits a unique solution u such that u < u < 1u.

4.2. Example 2

Consider the problem

2 max u s) 5 1
T selr—1,7
Dau(r) = Lu(n) - T Srh 4 )+ g e [0,4], 42)
u(r) = T8, T€ [—1,0]
Letu(r) = 7% and &i(7) = 273 + 1, in [-1,1].
For the problem (4.2), u is a lower solution if we have
2 max  u(s)
T3 s€[r—1,7] 2 2 1 1
@%Q(T)S ZE( )*T+§(T3 +1)+§, TE [0,2 ,
u(r) < T3, 1€ [—1,0]
That is
2 i (r—1F 2 1 1
0 z 1)+ = 0, -
371 8 3(Td+)+8’76[’2}’
T% < T%,T S [—170]
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044

034

0.1+

T T T T 1
] 0.1 02 0.3 04 0.3
t

Figure 3: Graph of the function 3

@l

4
3 -1 2 1 1
Since p3(7) = % — % + 57% + 3 >, forall T € [O, 2},
we get u is a lower solution for the problem (4.2).
Similarly if
2 max u(s)
selr—1,1 2 1 1
@gﬁﬁzgﬁ()fe[g] +3ﬁs+n+8m£{a2
i(r) > 75,7 € [-1,0]

we obtain 1 is an upper solution for the problem (4.2).

That is
2 2
418 4, 2(r—1)3+1\ 2 1
> (o l) - [ ) 2@+ D)+ o, T e |0
3= 3 T ( 8 >+§3+)+$T L
28 +1>75, 1€ [-1,0].
That is
P (r—1)3
T3 2 T —
— 4+ —r3— ~Z2<o 0
> TR 1 3—’T€{ny
T34+1>0,, 7€[-1,0]
§on 1)3
$ _
Since @4 (7) = LI PN (r=1)

2 1
~3 <0, forall 7 € {0,2}
we obtain the desired upper solution for the problem (4.2).

Now, if we select M = 0and N = é, then

DN | =

(5)

2
3

T 1
M+N)— ==

=0.11812 < 1,
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Figure 4: Graph of the function ¢4

and if we choose M7 = f% and N7 = 0, we have

2
<1>3
T \2

2
2x =
3
2 max  u(s)
.. . . T3 s€[r—1,7] 2, 2 1 .
Nevertheless, it is evident that the function 7 — i (1) - ——————+ (3 4+ 1)+ 3 satisfies the

remaining assumptions of Theorem 3.5. As a result, the problem (4.2) admits a unique solution u such that
y<u<i

4.3. Example 3

Consider the problem

o )
Diu(r) = u(;) - - 22’ +/Tcos (1) +sin(r), 7 € {0, 116} ; (4.3)
u(r) = 1+TTe[f§ny

Letu(r) =sin(7) and u(7) = 1, forall 7 € {0, 116} :
First w is a lower solution if

max u(t)
Diu(r) < —B(;) - te[T_zT} + /Tcos(T)+sin(r), 7 € [0 17;} )
u(t)<l+7,7€ {—I,O}
That is
VT eos (1) < (1—; sm( )+\ﬁcos( ), T € [0 17r6}7
sin(7) <1+7,7€ —g,O].
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Since sin(r) — 1 —7 <0, forall 7 € {,g’ O} , we conclude that ut is a lower solution for the problem (4.3).

Similarly if we have,

I
Dz -1 - L o) +sin(r), 7 [0.55]
ur)>1+77€ [7;0] :

we obtain 1t is an upper solution for the problem (4.3).
That is
0>—-14+/rcos(r)+sin(r), 7 € [O T

- 7Ei|a
121+T,T€{—§,0}.

Since 5(7) = —1 4 /7T cos (1) +sin (1) < 0, forall T € {O, —

0.4

-0.34

-0.64

-0.84

-0.94

Figure 5: Graph of the function 5

we obtain the desired upper solution for the problem (4.3).

™ 2
1 (7) u T ~
Now, if we select M = N + > then % = 0.88623 < 1 and the function 7 — — 2(2) + cos éﬁ) +
Y3
2

sin ( %) satisfies the remaining assumptions of Theorem 3.5. As a result, the problem (4.3) admits a unique

solution u such that u < u < 1.
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1. Introduction

The aim of this work, we to study the existence and regularity of solutions in a-norm for the following second
order neutral partial functional differential equation

I (8) — gt )] = Au(t) + F(tu, ) For ¢ 20,
o = ¢ € Ca, .0
uy = ¢’ € Cq,
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Second order partial neutral functional differential Equations with finite delay in Banach spaces

where A is the (possibly unbounded) infinitesimal generator of strongly continuous cosine family of linear

operators in X. C, = CY([-r,0], D((—A)%)), 0 < a < 1, denotes the space of continuous differentiable

functions from [—r,0] into D((—A)%*), (—A)* is the fractional «a-power of A.  This operator

((—A)*, D((—A)%)) will be describe later. C,, is endowed with the following norm ||h||c., = ||h|la + ||/ ||a for

all h € C, = CY([-r,0],X,), where ||h|lo = sup |h(6)|s. The norm |.|, will be specified later. For
<0<0

u € CY([—r,b], D((—A)*)), t > 0,b> 0,and t € [0, b] u; denotes the history function of C,, defined by
ug(0) = u(t + 0) for 6 € [—r,0],

f:R* xCyxCy— Xandg:R" x C, — X, are given functions.

In [3] the authors study firstly the abstract semi-linear second order initial value problem and secondly they unify
and simplify some ideas from strongly continuous cosine families of linear operators in Banach spaces.

In [7], the authors reveal three properties of cosine families, distinguishing them from semi-groups of operators.
In [1] by use of the theory of cosine families of linear operators in Banach space, the author studied the existence
of solutions of following second order partial neutral functional differential equation

S 0) = gt )] = Au(t) + (6wl (), £ €T = [0,7T]

(1.2)
u=peb, u0)=z¢€X.

To the best of the authors knowledge, the equation (1.2) and most similar other problems using cosine families
theory are studied without delay arguments. However time-delay is known to have a significant impact on the
asymptotic behavior and stability of these dynamic systems, it is inevitable that it be included in the mathematical
description of phenomena. For this purpose, in [5], Zabsonre et al. studied the existence and regularity of solution
for some nonlinear second order differential with finite delay in Banach spaces.

This present work is a generalization of [4] and a continuation of [1]. The neutral functional differential
equations, on the other hand, received a lot of attention in recent years due to the fact that they are present in
many areas of applied mathematics.

By use of the theory of strongly continuous cosine families of linear operator in Banach space, we will prove in
this paper the existence of mild and strict solution.

The organization of this work as follows, in Section 2, we recall some preliminary results about cosine families
theory and fractional a-power, in Section 3, we prove the existence and uniqueness of mild solution in the a-
norm for (1.1). In Section 4, we study the regularity of solutions. Finally, we illustrate our results, in Section 5
by examining an example.

2. Preliminary Results

Let (X, |.||) be a Banach space and « be a constant such that 0 < « < 1 and A be the infinitesimal generator
of strongly continuous (C(¢)):>0 on X. We assume without loss of generality that 0 € p(—A). Note that if the
assumption 0 € p(—A) is not satisfied, one can substitute the operator —A by the operator (—A — o) with o
large enough such that 0 € p(—A — o). This allows us to define the fractional power (—A)* for 0 < a < 1,
as a closed linear invertible operator with domain D((—A)%) dense in X. The closeness of (—A)® implies that
D((—A)%), endowed with the graph norm of (—A)%, |z| = ||z| + ||(—A)*z||, is a Banach space. Since (—A)~
is invertible, its graph norm |.| is equivalent to the norm |z|, = ||(—A)%*x||. Thus, D((—A)%) equipped with the
norm |.|4, is a Banach space, which we denote by X,.

Definition 2.1. [3] A one parameter family {C(t),t € R} of bounded linear operators mapping the Banach
space X into itself is called a strongly continuous cosine family if and only if
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i)C(s+1t)+C(s—t) =2C(s)C(t) forall s,t € R
1) C(0) =1
iit) C(t)x is continuous on R for each fixed x € X.

The strongly continuous sine family {S(¢),t € R} associated to the given strongly continuous cosine family
{C(t),t € R} by

¢
S(t)xr = / C(s)xds, forx € X,t € R. (2.1)
0

Definition 2.2. The infinitesimal generator of strongly continuous cosine family {C(t),t € R} is the operator

A: X — X define by
d*C(t)z

Ax = .
* dt?  li=o0

D(A) = {x € X : C(t)x is a twice continuously differentiable function of t}.

We shall also make use of the set
E = {x : C(t)x is a once continuously differentiable function of t}.

Lemma 2.3. Let C(t), € R be a strongly continuous cosine family in X with infinitesimal generator A. The
following are true.
i) D(A) is dense in X and A is closed operator in X ;

i) ifv € X and s,r € Rthen z = / = S(u)zdu € D(A) and Az = C(s)x — C(r)x;
i) ifx € X, s,r € Rthen z = / / C(u)C(v)xdudv € D(A) and
0o Jo

Az = %(C(s +r)x—C(s—r)x);
w)ifre X, S(t)x € E;
dC(t)

v)if€ X, the S(t)x € D(A) and T AS(t)x:

2Ct)
a2

vi) ifx € D(A), then C(t)x € D(A) and
vit) if v € E, then %irr(l) AS(t) =0;
—

L d>S(t)
viit) if x € E, then S(t)x € D(A) and proa AS(t)x;

iz) if & € D(A), then S(t)x € D(A) and AS(t)x = S(t)Ax;
) C(t+s)+C(t —s) =2A5(t)S(s) forall s,t € R.

In [3], for 0 < « < 1 the fractional powers (—A)® exist as closed linear operators in X,
D((-A)) Cc D((-A))for0 < B<a<land (-A)¥(—A) =(-A)**FPfor0<a+B<1.

For our objective we assume that
(Ho) A is the infinitesimal generator of a strongly continuous cosine family of linear operators on a Banach
space X.

By Lemma2.3, (Hy)) implies that the operator A is densely defined in X, i.e D(A) = X. We have the
following result.

e
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Lemma 2.4. [3] Assume that (Hy) hols. Then there are constants M > 1 and w > 0 such that

ta
ICOI < Me and |1S(t2) = S(tz)]| < M| [ elas
t1

, forall ti,ts € R.
From previous inequality, since S(0) = 0 we can deduce that
M
|S(t)|| < —e“* fort € RT.
w

M
In the sequel, let us pose M; = max (M, —)
w

Theorem 2.5. [3] If k : RT — X is continuous, h : R™ — X is continuous and u is a solution of equation
(1.1), then w is a solution of integral equation

u(t) =Ct)z+ S(t)y + /0 C(t— s)k(s)ds + /0 S(t — s)h(s)ds.

(A1): For0 < o < 1, (—A)* maps onto X and 1 — 1, so that D((—A)%) endowed with the norm |z|, =
|(—A)%z| is a Banach space. We denote by X, this space. In addition we assume that A~! is compact. To
establish our results, we need the following Lemmas.

Lemma 2.6. [4] Assume that (Hy) holds. The following are true
(i) For 0 < a < 1, (—A)~% is compact if and only if A=* is compact.
(1) For0 < a < l,andt e R (—A)"*C(t) =C(t)(—A) ¥ and (—A)~*S(t) = S(t)(—A)~.

Recall from [10], (—A)~“ is given by the following formula

. +00
(—A)o = 2T / ot — A)~Ldt.
0

™

Lemma 2.7. [4] Assume that (Hy) holds. Let v : R — x such that v is continuously differentiable and let
t

q(t) = / S(t — s)v(s)ds. Then
0

(1) q is twice continuously differentiable and for t € R, q(t) € D(A),

q(t) :/0 C(t — s)v(s)ds

and

(ii) For0 < a < landt € R, (—A)*"1¢(t) € E.

Theorem 2.8. (Heine’s theorem)
Let f be a continuous function on a compact set K, then f is uniformly continuous on K.

Theorem 2.9. (Arzela-Ascoli theorem)
Let (X,dx) and (Y, dy ) be compact metric spaces, C(X,Y) be the set of continuous functions from X to'Y and
Let F be q subset of C(X,Y). If F is closed and equicontinuous then, it is compact.

Theorem 2.10. (Schauder’s fixed point theorem)
Let X be a locally convex topological vector space, and let K C X be a non-empty, compact, and convex set.
Then given any continuous mapping f : K — K there exists © € K such that f(x) = x.
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3. Existence of mild solutions

Definition 3.1. A continuous function v :] — r,+oo[— X, is said a strict solution of equation (1.1) if the
following conditions hold

(i) u € C([0, +o0[; Xo) N C%([0, o0[; X4)
(%) w satisfies equation (1.1) on [0, 4+o00].
(731) u(0) = () for —r < 6 < 0.

Proposition 3.2. Assume that (Hyy) holds. If u is a strict solution of equation (1.1), then

t

u(t) = C(1)$(0) + S/ (0) — g(0,¢)) + / Ot — 8)g(s,us)ds + / S(t— ) f(s,up il )ds. (.1

0

Proof. It is just the consequence of Theorem 2.5. In fact, let us pose k(t) = g(t, us) and h(t) = f(t, us, u}) for
t > 0. The we get the desired results.ll

Remark 3.3. The converse is not true. In fact if u satisfies equation (3.1), u may be not twice continuously
differentiable, that is why we distinguish between mild and strict solutions.

Definition 3.4. A continuous function u :| — r,+00|— X, for b > 0 is said to a mild solution of equation (1.1)
if
t t
ul(t) = COR(0) + S 0) ~ 9(0.9)) + [ Cle = shals,u)ds + [ S(t =) f(s,uesu)ds fort € 0,0
0 0
U = @(0)7
up = ¢'(0).

In the following, we give a local existence of mild solutions of equation(1.1). We will use the Schauder’s
fixed point theorem. For this purpose, we make this following assumptions.

(H;)The function f : [0,b] x C,, — X satisfies the following conditions
i) f:[0,b] x Cq x Co — X is continuously differentiable.

ii) There exists a continuous nondecreasing function 3 : [0, ] — R™ such that

1F (@, 2 < B#)llsplla for (2, 0) € [0,0] x Ca

(Hz) g : [0,b] x Co — X, is continuously differentiable and for each b > 0 there exist 0 < L, < 1 such that

lg(t, ©) — g(t, ¥)|a < Lgll¢ — ¥||o forevery t € [0,b] and ¢, € Cy.

(H3) A~!is compact on X.
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Theorem 3.5. Assume that (Hy), (Hy), (Hz2) and (Hs) hold. Let ¢ € C, such that ¢(0) € D(A)

9(0, ) € E and assume that

LgMie®® +[|(=A)*71|| sup
t€[0,b]

Then equation (1.1) has at least one mild solution on [0, b].

Proof. Let k > ||¢]|c,,, we define the following set

By = {u e (0,8, Xa) : u(0) = (0) and |u| < Kk},

where |u|oc = sup |u(t)|q. For u € By, define the @(t) : [—r,b] — X, by

t€(0,b]

u(t) for t € [0, b]

u(t) =
@(t) for t € [—r,0].

The function ¢ — @ is continuous from [0, b] to C,,. Now, define the operator K on By, by

K(u)(t) = C()e(0) + S(t)(¢'(0)g(0, ¢)) +

It is sufficient to show that /C has a fixed point in By. We give the proof in several steps.

Step 1: There is a positive k& > ||¢||» such that X(By) C Bk.

If not, then for each k& > ||¢|c., .

k< |(Kug)(tr)|a
- ‘C’(tk)gp(()) + S(t)(#'(0) — (0, 9))

ti

< |C(tr)(0)]a + [S(te)(¥'(0) — g(0,¢))

—l—’/ gt — 8, Uty —s ds—/ S(s i( (tk — s, Uty — 6))ds
< [C(tr)p(0 )|a+|5(tk)( '(0) = 9(0,9))|a

0

+’ /0 K d%(S(s)g(tk — 5,0y _s))ds — /0 ' S(s)d%(g(tk — 8, Ty, —s))ds o

tr

+H(—A)a1[/otk d;‘ls(c(tk—s)f(ms,z?s))ds— -,

109

{(5(15)(1 F2Me) Me“’b} <1.

there exist u, € By, and t;, € [0, b] such that |(KCug) (tx)|o > k.

D (s, iy, 04))

+ /Otk C(ty — 8)g(s,us)ds + /Ot]c Sty — s)f(s,us)ds .

ot |~ A [ A - ) ps )

JI

¢'(0) —

/tC(t—s)g(s,ﬂs)dS—&—/t St — ) f(s, s, )ds for £ € [0, 0],
0

e
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< |C(tr)(0)]a + [S(tr) (' (0) = g(0,0))|a + S (tk)g(0,T0) o + Mre’|g(te, Te,) — 9(0, o)
=AU s T 0 )]+ 1 C ) (O, T, o)+ M| F(th Ty 2,) = £(0, T, o))

< M1e“’b(\<p(0)la +1(2'(0) = 9(0,9))a) + Mye®” sup, 19(5,0)la + M€ Ly |ir, o

F2M169(0, @)l + (= A)* N[ (B0) + M) [ o + 2V 5(0) o]

Since ||t < k forallt € [0,b] and w € By. Then we have

k< M1 (0(0)]a + 1('(0) — 9(00))|a) + Mie* Lok + My sup |g(s,0)]a + 2M1eY[g(0, o)l
(0,0]
s€|0,

(= Ay sup [(BE)(1+2Me) + Me k.
te(0,b]

Dividing above sides of above inequality by £, it follows that

wb
Mlewb(w(o)la +1(£'(0) = g(0,9))]a) Mie i 19(5,0)|a
1< k + Lngewb —+ ]’C

2M71e*?|g(0, ©)|a
n 1 |kg( ‘P)‘ +

+H[(=A)*| sup [(B(t)(l +2M6wb) JrMe‘*’b].
t€[0,b]

When k£ — 0, we have

1< LyMie® + [(=4)* | sup [(8(6)(1+2Me?) + Me?|,
te[0,b]

which gives contradiction.

Step 2: K is continuous.

Let (u™),, C By with u™ — wand '™ — u’ in By. Then, the set

A= {(s,u0, ), (,705,105)) : s €[0,0], n>1}

» s

and

A ={(s,a}), (s,us): s€[0,b], n>1}

are compact respectively in [0, b] x C,, X C,, and [0, b] X C,. Heine’s theorem implies that f and g are uniformly
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continuous respectively in A and A. Then, we have
(™) (t) = K(u)(t)oo

< sup ‘/ Ct—s su) g(s,ﬂs))dsa

te0,b]

+ sup H—(—A)a—l/otAS(t—s)< Fls,ama) — f(sﬂs,z?s)ds)H

t€(0,b]
< s | [ (St . ) — s~ s,
tG[Ob
d . _
/ S(s d— —s,up o) — gty — s,utk,s))ds .

+ o H(A)al{/otdi(C(ts)f(s,ﬂg,{f’:) (s, a0))ds

_/OtC(t—s);i( (.2, 00) = £ (5, For s )ds) ||
< sup [1900,7) = 9(0. o)l + Mre” (900, ) = 9(0. Tl + lg(t, TF) = g(t. Tl

+ sup H( )a_1|| [(f(t ﬂ;laﬁt) f(tﬁlt,’l;t)) _C( )(f(o uO’uO) f(O,ﬂO,I’LV'O)))H

te[0,b]

M| f (4,7} = S (b, @) = (FO0, 5, w5) = F(0,50,0)))]

< sup [(1+ MeDIg(0,5) = 9(0,To)la + Mre"lg(t,7F) - g(t, 7)o
telo,

+ o =[O0+ M T ) F )

+2Mewb\|f(0,ag,17g) - f(o,aw?o)n} 5 0asn — oo,

and this yield the continuity of X on By.

Step 3: The set {K(u)(t) : u € By} is relatively compact for each ¢ €]0, b].
Let ¢t €]0, b] be fixed and v > 0 be such that &« < v < 1. Using the same reasoning like previously, it follows that

=A@ < 147 [Me (40Ol + 4G ©) = 90 Dl + sup |(Be)(1 +220e) + M

+Mye*® [Lgk + Sl[gpb] l9(s,0)[y + |g(0, )| | < 0.
sel0,

Consequently for ¢ €]0, b] fixed, the set {(—A)YC(u)(t) : u € By} is bounded in X. By (Hs), we deduce that
(—A)™7 : X — X, is compact. It follows that the set {/C(u)(t) : w € By} is relatively compact for each

t €]0,b] in Xq.
S

[V =)
MIM
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Step 4: The set {/C(u) : u € By} is an equicontinuous family of functions.
Letu € B and 0 < 71 < 79 < b then, we have

K(w)(r2) = K(u)(T1)la < [[C(72) = C(m)l(0)]a + [[S(72) — S(70)](#"(0) = 9(0, ¢))la

| [ etm = sigts s — [ e - (s, s

[0

+‘ /0T2 S(y — 8) f (s, s, s)ds — /0T2 S(ra - S)f(svﬂs’ﬁls)ds‘

< [[C(r2) = C(r)](#(0) = 9(0,0))la + |[S(72) = S(72)](¢'(0) = )la

T2

+ /OT1 [C(m2 —8) — C(11 — 8)]g(s, us)ds — / [C(m2 — 8)g(s,Us)ds

T1

[e3

- /071 [S(ma —s) = S(m1 — s)]f(s,is,ﬁ/s)ds‘

T2 —
+ / S(me — s)f(s,ﬂs,u’s)ds‘,
T2
it follows that

K (u)(r2) = K(u)(71)]a
< [[C(72) = C(m)](0)|a + |[S(72) = S(71)](¢'(0) = 9(0, 9))[a

T1

[ (180 =) = st = gt )ds [ 180 = 5) = S(r1 - 8] gl )

ds 0 a

i /7:2 %(S(TQ — 5)g(s,us))ds — /Tf S(r — s)é(g(s, us))ds

[

-y [/OT d (102 — ) O = )} (s, s, )

ds
_ /OT1 [C(ry —s) = C(11 — 3)]%(”(5’%’&5))%“

e /T %(C(Tz o) (s, i) ds — /T Clry — s)d%(f(s,as,ﬁ/s))dsu.

1

Consequently, we have

K (u)(r2) — K(u)(71)]a
< [[C(r2) = C(r)]e(0)]a + [[S(r2) = S(11)](#"(0) = 9(0,0)) o + [(S(72 = T1)g (71, Ur) o

+[[S(72) = S(1)l19(0,%0)|a + [S(72) — S(10)l|(g(71,Ur,)) — (9(0,%0))|a

e
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+ M1 |g (T, TUry ) — g(71,Ur) o + [[(=A)* 7| [II(C(Tz —71) = D) f(r1, &y 0/,
HI[C(72) = C(r)If (0,0, wWo)ll + [1f (72, ry t'ry) = C(72 = 70) (71, Ty ', )|

M| f (7, Ty, Ul rg) — f(ﬁ,an,{lfﬁ)] S50 asT — Ty

Since (—A)*~! is compact from X to X and (C(t)scr) is uniformly continuous on compact subset of X. Thus
IC maps By, into an equicontinuous family of functions.

So from Step 1 to Step 4 and by Ascoli-Arzela theorem, we can conclude that IC : By — By, is completely
continuous. Hence by Schauder’s fixed point theorem, we conclude that /C has least one fixed point in B, which
is a mild solution of equation (1.1) on [0, 0]. W

Our next objective is to prove the uniqueness of mild solution. For this purpose formulate the followings
assumptions

(Hq): f :[0,0] x Cq x Co — X is continuously differentiable and locally Lipschitzian with the respect on
second variable. Then there exists co(r) > 0 such that for ¢, ¢ € C,, with ||¢|lc.., ||¢]lc., < 7, we have

||f(t,g01,90’1,) - f(tv@QaQD/%) < CO(T)le - @QHCQ for € [Ovb]v P1,P2 € Ca-
(Hs) The maps t — AC(t) is locally bounded.

Theorem 3.6. Assume that (Hy), (Hz), (H3), (Hy) and (Hs) hold. Let ¢ € C, such that ¢(0) € D(A) and
¢’ (0) — g(0,¢) € E. Assume that

[Lg(l + (Me®® + pb)b) + [|(—A)* o (r)b(1 + b)| < 1.

Then Equation (1.1) has unique mild solution.

Proof. Let us consider the following set
F(p) = {u € C([0,b]), Xa) : u(0) = ¢(0)}.
For u € F(p) we define @ : [—r,b] — X, by
u(t) for t € [0, b]

u(t) =
o(t) for t € [—r,0].

Now, we define the operator @ : F(p) — F(p) by

B(u)(t) = C(1)p(0)+ 5(t) (' (0) (0, )+ / C(t—5)g(s, Ta)ds + / S(t—s)f (s, T, )ds for t € [0,b].

We will show that  is a strict contraction. Let u, v € F(p) and u be a positive real number such that
|AC(¢)|| < pfort € [0, b]. Then we have

B(u)(t) - B(v)(t) = / Ot — 5)[g(s, ) — gls, T)]ds + / S(t — $)[f(s,Tas i) — (5,7, 074)]ds.
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Then
D)) — D)D)
<| [ et 9late.) gt 7las

v

+| /(:Su = )[F (s, W) = F(s,0,0',))ds

(o3

+ ‘ /Ot (/Ot—s(;(a)[f(s,ﬂsﬂs) - f(s,%s,&s)]dg)ds

<| [ (et - gt ~ o7 s .
< et [ o) — gt ds+ 1= / o 72) — (5,7

< (MeLgb+ (=A™ bPeo(r) ) [ — lc..,

it follows that
[@(u)(t) = D()(O)a < (M Lgb + | (— ) |ubeo(r) ) 1w~ . (3:2)

On the other hand, by use of Equation (2.1) and Proposition 2.3, we have
t
(6(u)'(t) = AS()p(0) + C(1)(¢'(0) = 9(0, ¢)) + g(t,ue) + / AS(t = s)g(s, us)ds
0
t
+/ C(t—s)f(s,us,u's)ds.
0

Using the same reasoning like previously, then we have

(@(w)'(t) = (2(0)) ()] < |Lg + pLgh? + [[(=4)* II/wo(T)b] [u = vl (3-3)

Adding equation (3.2) and equation (3.3), then we have

1) (1) — D) (D). < [Lo(1+ (M + b)) + | (~A)* paco(r)b(1L + )] lu — c...

This means @ is a strict contraction.Thus by Banach’s fixed point theorem, we deduce that ® has a unique
fixed point in F(). Then Equation(1.1) has a unique mild solution on [0, 5] B
4. Existence of strict solutions

Theorem 4.1. Assume that (Hy), (Hz), (Hs), (H4) and (Hs) hold and f is continuously differentiable.
Moreover assume that the partial derivatives D1 f and Dsf are locally lipschitz in classical sens. Let
p € C3([=r,0], D((—A)®)) such that p(0), ¢"(0) € D(A) and ¢'(0) — g(0, ), ¢'¥(0) € E and

©"(0) = Dyg(0, ) — Dypg(0,0)¢" = Ap(0) + f(e,¢').

Then the corresponding of mild solution u becomes a strict solution of equation (1.1) on [0, b].

Proof Let ¢ € C3([—r,0], D((—A)®)) such that ¢(0), ¢"(0) € D(A), ¢'(0) — g(0, ), 3 (0) € E and

Jie
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©"(0) = Dig(0, ) — Dyg(0, 0)¢" = Ap(0) + f(p,¢").

Let u be the corresponding mild solution of equation (1.1) which is defined on [0, b]. Consider

o(t) = C()[Ap(0) + f(,¢")| + A (0) = 9(0, %)

+[D1g(t,ut) + Dag(t, ur)uj] + /0 AC(t — 5)g(s, us)ds

+ /t C'(If - s)[le(usvu;>u; + D2f(us»u;)vs]d8
0

Vo =@ .
Now, we define w by

w(t) = ¢'(0) —l—/o v(s)ds if t € [0, 5]

w(t)=¢'(t) if —r<t<0

w'(t) =" () if —r<t<0.

t
Then we can see that w, = ¢’ + / vsds for ¢ € [0, b].
0

“.1)

Consequently the map ¢ — w; and t — / C(t — s) f(us,ws)ds are continuously differentiable. Then we have

/ C(t— 8)f(us,ws)ds = / C(s)f(ut—s, wi—s)ds

= C(t)f(uo,wo) + /t C(t—s) [les(us,ws)u; + sz(us,ws)vs} ds
0

= C(t)f (e, SD/) + A C(t— 3) [les(usva)ué + D2f(“$7w3)U5] ds,

it follows that

/Ot C(s)f(p, ¢ )ds = /Ot C(t — s) f(us,ul)ds — /Ot /OS C(s—1) [le(uf,wf)ufr —I—Df(uf,wf)vT]des.

On other hand by Lemma 2.7 one has

//ACsz) (Tuf)des—/Aq )ds = Aq(t) /AStfs (s,us)ds
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Consequently we have

w(t) = ¢'(0) +/0 S(5)A(¢'(0) — g(0, p))ds +/O C(s)Ap(0)ds + /0 C(t — s)f(us,ws)ds + g(t,us) — g(0, )
_ /t /S C(s—1) [le(uT,wT)u; + Dgf(uf,w.r)vf] drds
o Jo

+ /Ot AS(t — s)g(s,us)ds + /Ot /OS C(s—r) [le(uf,uT)u'T + Dgf(uf,uT)vT} drds.

Moreover by Lemma 2.3, we have

It follows that
w(t) = ¢'(0) + C(t) (¢’ (0) = g(0, ) + S(t) Ap(0) — (¢'(0) — g(0,9)) + g(t,ur) — g(0, )

—i—/t AS(t—s)g(s,us)ds—&—/t C(t— ) f(us,ws)ds
0 0
t s
+/O /0 C(s—1) [le(uf,u;)ulsJngf(uT,u'T)vT}des

_ /t /s s —1) [le(un wo . + Do f(ur, wT)vT} drds.
0 Jo

Furthermore for ¢ > 0, we know that

u'(t) = AS(t)p(0) + C(1)(¢'(0) — 9(0, 9)) + g(t,ue) + /0 AS(t = s)g(s, us)ds + /O C(t — 5)f (us, ug)ds,

then for ¢ € [0, b], we have

WO =) = [ Cl= 9t — s+ [ [ Cls =) [(D1furiaty) = Dafur i)

+(D2 f(ur, ur) — D2 f (ur, w-r))’u-rdT] ds.

() — w(t)la

e (£) —
< / (Ot — 8)[f (tart) — F(5y 110y w3)]|odls + / / 1C(s — 1) (D fur ) — Do f(trsw2) )il [acrds

C(s — 7)(Daf(ur, ) — Do f(tr, ws))vr|adrds. 42
+/0/0\<s (D f (1) — Daf (e w2)yos |adrds “2)

s € [0,b] p. Then F is compact set. It follows that D f and D f are globally

E =

[V =)
MIM

Let us choose F' = {u;,ws :
Lipschitz on F. Let Ly > 0 be such that for ¢ € [0,b] and x, y, 2’,y" € H, then we have
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1f (2, 2") = f(2 )] < Lalla” = y'lla
1Dy f(z, 2") = Dy f(z, )l < Ll = o/l
[1D2f(@,2") = Daf (z,9)| < Lall2’ = 3/ [|a-

Consequently, using equation (4.2), we one can find a positive Constance k(b) such that by Gronwall’s lemma,

() — w(t)]a < k(D) / s, — walads,

then we deduce that u" = w. Consequently, we deduce that the mild solution is twice continuous differentiable
from [0,b] to X,. Then functions ¢ — g(t,u;) and ¢ — f(t,us, ;) are continuously differentiable on [0, ).
According to the Theorem 2.5, we conclude that u is a strict solution of equation (1.1) on [0, b]. B

5. Application

For our illustration, we propose to study the existence of solutions for the following model

2

9t w) — /0 k(t, 2t + 0,2))d0] = 2 2(t, 2)]
8 I . I I - 83}2 )
+/0 ht, Lot 4+ 0,2), 22 (t + 0,2))d0 for ¢t > 0 and & € [0, 7]
. 0x T Oz ’ = ’
0
z(t,0) — / k(t,z(t +0,2))dd =0fort >0

2(t,m) — /70 k(t,z(t+0,z))d0 =0

2(0,z) = @o(0)(z) for 6 € [—r,0] and x € [0, 7],

where h : R x R x R — R is continuous and there exists a positive constant L such that for z, y, z1,y1 € R,
bt ,y) = h(tz,92)] < Lo = 2]+ ly = wal ).

we can choose for example

h(t,z,y) = et [sln(g) + sin(%)] for (0,z,y) e R~ x R x R.

we can observe that )
|h(t,z1,9y1) — h(t, x2,y2)| < §<|931 — 2|+ [y1 — y2|)

and k£ : R~ x R — R is Lipschizian with respect to the second argument.
In the order to rewrite equation (5.1) in the abstract form, we introduce the space X = L?([0, 7]; R) vanishing at

0 and 7, equipped with the L? norm that is to say for all » € X,
" 3
lelle = ([ lao)Pds)”.
(, letoras)
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2

Let e, () = 4/ —sin(nx), x € [0, 7], n > 1, then (ey,),>1 is an orthogonal base for X.
- >

Let A: X — X be defined by

Ay=y

D(A) = {y € X : y,y' are absolutely continuous, y” € X, y(0) = y(r) =0}

Then the operator is computed by

+oo
Ay =Y —n’(y,en)en, y € D(A),
n=1
where .
(u,v) = / u(s)v(s)ds foru,v € X.
0

It is well known that A is the infinitesimal generator of strongly continuous cosine family C(t), € R in X

which is given by
+o0

C(tyy = cosnt(y,en)en, y € X

n=1

and that the associated sine family is given by

+oo

1
Sty = Z - sinnt(y, en)en, y € X.

n=1

1
If we choose o = 7 then (Hp) is satisfied since

+o00o
(=A)2y = (y,en)en, y € D((—A)2).
n=1
and
=
(—A)_§y = ﬁ(y7en)ena ) € X.

I
-

n

From [4], the compactness of A~! follows from Lemma 2.6 and the fact that the eigenvalues of (—A)_% are

1
An = —, n=12.. the (Hs) is satisfied.
n

We define the space
Ci = C*([~r,0],X1),
2 2

where C1([-r, 0], X 1) is the space of bounded uniformly continuous differentiable from [—r, 0] into X 1, where
X 1 is endowed with the norm

lels = sup |o(6)].
—r<6<0

Letf:RxC%XC%—>Xandg:R><C%deﬁneby

0 ) 9

ftp. @) = [ Bt 5L pl0)(0), 5 (O)@)db fora € 7], 20, g€ Cy

-Tr

e
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and
0

g(t,p,)(z) = k(t, p(0)(x))do for x € [0,7],t > 0, @, € C%

where ¢, € C 1 define by
p(0)(x) = ¢o(0, )

and the norm in C 1 is given by

T 2 5
%) = sup / — da: sup / z)||"dx) .
Ielley = s ([ |5 @@ de)" + swp (|51 O)e) o)
Let us pose v(t) = z(t, x). Then equation (5.1) takes the following abstract form

d ! !
a[v () — g(t,ve)] = Av(t) + f(t,ve,v;) fort >0
Vg = P € C% 5.1
’1}6 =¢' € C%

From [4], forall y € X1, y is absolutely continuous and |y|1 = [y|r2 Let , ¢ € C([-r,0], X1), since

|h(t,z1,y1) — h(t, 22, y2)| < 5 (|=’51 — T2| + [ly1 — y2\> we have

o)~ fe )l < ([ ([ w g le@ @) g @ w)a)

([ me Lo 2w wha) w)
<yl([
+(Aﬂ

0 0 2 N3
S lp(O)(@)] — 5 [V(0)@)]| dx)

ad ., 0
%[@ (0)(z)] — o

X

2 4
[/(0)(@)]| dx)”].
By Minkowski’s Lemma, we have

0 0

1f(t, o, ¢') = F(t, 0,012 < ;r[(/oﬂ S lp(0)(@)] - %[QA(O)(x)]‘de)%

(
<yl (f
o (]

1
£t,0,0) = 169,822 < 5rllo —blle,

2 1)@ - 2w @) )]

0 0 2 N3
SO @)] = 5 [V(0)@)]| dx)

2wl - L o) e)’].

which implies that

e

<
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Consequently the function f satisfies (Hy).

(H7) 0 <rLj < 1.
We claim that g is a contraction function with respect to the second argument with value in X 1 Indeed let
Y1, p2 € C% and Ly, the constant Lipschitz of k. Then we have

lg(t, o) —g(t, )| <rLli|e — ¢||c%~

1
2

Then, assumption (H7) implies that g is a strict contraction. Moreover the boundedness of (fA)*% implies that
g stays in X 1. Consequently g satisfies (Hy).
We have the following result.

Proposition 5.1. Under the above assumptions, equation (5.1) has a unique mild solution which is defined for
allt > 0.
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Conclusion

In this paper we study the existence and regularity of solutions for some nonlinear neutral functional
differential equations with finite delay by use of the cosine family theory. Some results of this study when the
delay is infinite will be presented in next works.
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