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Approximation of time separating stochastic processes by neural
networks revisited
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Abstract. Here we study the univariate quantitative approximation of time separating stochastic process over the whole
real line by the normalized bell and squashing type neural network operators. Activation functions here are of compact
support. These approximations are derived by establishing Jackson type inequalities involving the modulus of continuity of
the engaged stochastic function or its high order derivative. The approximations are pointwise and with respect to the Lp
norm. The feed-forward neural networks are with one hidden layer. We finish with a great variety of special applications.

AMS Subject Classifications: 40A05, 40A99, 46A70, 46A99.

Keywords: Time separating stochastic process, neural network approximation, modulus of continuity, activation functions of
compact support, squashing functions.
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1. Introduction

The first author in [2] and [3], was the first to establish neural network approximation to continuous functions
with rates by very specifically defined neural network operators of Cardaliaguet-Euvrard and “Squashing” types,
by employing the modulus of continuity of the engaged function or its high order derivative, and producing
very tight Jackson type inequalities. He treats there both the univariate and multivariate cases. The defining
these operators “bell-shaped” and “squashing” activation functions are assumed to be of compact support. The
functions under approximation were from the whole R into R. Here we perform quantitative approximations of
time separating stochastic processes by these neural network operators. We follow the above-described pattern

*Corresponding author. Email address: ganastss@memphis.edu (George A. Anastassiou) and dimkouloumpou@hna.gr (Dimitra
Kouloumpou)
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and produce pointwise and L, quantitative estimates. This article is a continuation of [4], where the activation
functions had been over the whole real line.
We give several interesting applications. Specific motivations came by:

1. Stationary Gaussian processes with an explicit representation such as
X; = cos (at) & + sin (at) &, € R,
where &, &2 are independent random variables with the standard normal distribution, see [6].

2. By the “Fourier model” of a stationary process, see [7].

Feed-forward neural networks (FNNs) with one hidden layer, the only type of networks we deal with in this
article, are mathematically expressed as

N, (z) = cha(<aj -x)+bj), x€R* seN,
=0

where for 0 < j < n, b; € R are the thresholds, a; € R? are the connection weights, c; € X are the coefficients,
(a; - x) is the inner product of a; and z, and o is the activation function of the network.

2. About Neural Networks Approximation

In this section we follow [3].

Definition 2.1. (see [5]) A function b : R — R is said to be bell-shaped if b belongs to L' and its integral is
nonzero, if it is nondecreasing on (—oo, a) and nonincreasing on [a,+00), where a belongs to R. In particular
b (x) is a nonnegative number and at a b takes a global maximum; it is the center of the bell-shaped function. A
bell-shaped function is said to be centered if its center is zero. The function b (x) may have jump discontinuities.
In this work we consider only centered bell-shaped functions of compact support [=T,T|, T > 0.

Example 2.2. (1) b (z) can be the characteristic function over [—1,1].
(2) b(x) can be the hat function over [—1,1], i.e.,

14z —1<2<0,
bx)=q1—z, 0<z<1
0, elsewhere.

Here we consider functions f : R — R that are either continuous and bounded, or uniformly continuous.

In the article we follow we study the pointwise convergence with rates over the real line, to the unit operator,
of the “normalized bell type neural network operators”,

Dy O G )

(Hn (f)) () : ; ()
S bt (2 - £))
where 0 < a < 1 and z € R, n € N. The terms in the ratio of sums (1) can be nonzero iff
nl—® <x—k) <T, ie. m—k’ < ;
n n n-—¢
iff
nr—Tn® <k <nx+Tn". 2)
S
=]
MJM
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In order to have the desired order of numbers
—n? <nx—Tn* < nz+Tn* <n?, 3)

it is sufficient enough to assume that
n>T+|z|. “)

When z € [T, T] it is enough to assume n > 2T which implies (3).

Proposition 2.3. Leta < b, a,b € R. Let card (k) (> 0) be the maximum number of integers contained in [a, ).
Then
max (0,(b—a)—1) <card(k) < (b—a)+1.

Note 2.4. We would like to establish a lower bound on card (k) over the interval [nx — Tn®, nx + Tn®). From
Proposition 2.3 we get that
card (k) > max (2Tn® — 1,0) .

We obtain card (k) > 1, if )
2Tn* —1>1 iffn>T =.

So to have the desired order (3) and card (k) > 1 over [nx — Tn®, nx + Tn®), we need to consider
n > max (T—|—|x\,T_é). (5)

Also notice that card (k) — +00, as n — +o0.

Denote by [-] the integral part of a number and by [-] its ceiling. Here comes the first result we use.

Theorem 2.5. ([3], Ch.1) Let x € R, T > 0 and n € N such that n > max (TJr || ,Tfi) . Then

(H, (1)) (2) — f ()] < wi (f, T) , ©)

nl—oz

where wy is the first modulus of continuity of f.
The second result we use follows.

Theorem 2.6. ([3], Ch.1) Let x € R, T > 0 and n € N such that n > max (T—|— || ,T‘é) .Let f € CN (R),

N €N, such that fN) is a uniformly continuous function or fN) is continuous and bounded. Then

N | ¢G) ()] T9
(Hy () (x) = f (z)] < Zm

Jj=1

N
o (0 Ly T
" pl-o NipN(1-a)
Notice that as n — o0 we have that R.H.S.(7)— 0, therefore L.H.S.(7)— 0, i.e., (7) gives us with rates the
pointwise convergence of (H,, (f)) () — f (z), asm — +oo, x € R.

@)

Corollary 2.7. ([3], Ch.1) Let b(z) be a centered bell-shaped continuous function on R of compact support
[~T,T]. Letx € [-T*,T*], T* > 0, and n € N be such that n > max (T + T*,T*i>, 0 < a < 1. Consider
p > 1. Then

T R
||Hn (f) - f”p,[—T*,T*] S w1 (f, nl_@) .2 . T*p,

i
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From (8) we get the L, convergence of H,, (f) to f with rates.

Corollary 2.8. ([3], Ch.1) Let b(x) be a centered bell-shaped continuous function on R of compact support

[-T,T). Let x € [-T*,T*], T* > 0, and n € N be such that n > max (T—i— T*,T‘é), 0 < a < 1. Consider
p > 1.Then

[Hy () = fllpope ey < )

N Tj ’ ||f(j)||p,[7T*,T*] + Wy (f(N) T > Q%TNT*%
‘n

nj(l—a)j! 1-a | NIipN(1-a)’

Jj=1

where N > 1.

Here from (9) we get again the L, convergence of H,, (f) to f with rates.

2.1. The ”Normalized Squashing Type Operators” and their Convergence to the Unit with Rates
We need

Definition 2.9. Ler the nonnegative function S : R — R, S has compact support [-T,T), T > 0, and is
nondecreasing there and it can be continuous only on either (—oo,T| or [-T,T]. S can have jump
discontinuities. We call S the ”squashing function” (see also [5]).

Let f : R — R be either uniformly continuous or continuous and bounded.
For z € R we define the "normalized squashing type operator”

T e f(E)-SE (a—8))

(Kn () (2) : = , (10)
e N G )]
0<a<landn € N:n>max (T—l— || ,T‘é). It is clear that
) S e £ ()5 (0 (2~ £)) y
where
[nx+Tn] k
W = 1=a, —— 1.
k=[nz—Tn]
Here we give the pointwise convergence with rates of (K, f) (z) — f (x),asn — 400,z € R.
Theorem 2.10. (/3], Ch.1) Under the above terms and assumptions we obtain
T
K (f) (@) = f (@) < wn ﬁﬁ . (12)

We also give
Theorem 2.11. ([3], Ch.)Letz € R, T > 0 andn € N such that n. > max (T + |z ,T—é) Let f € CV (R),

N € N, such that f'N) is a uniformly continuous function or fN) is continuous and bounded. Then

N | @) (2)| TI
(E () (@) — F (@) < (S L@ T

236



Approximation of time separating stochastic processes by neural networks revisited

N
o (0 Ly T
' pl-a NipN(1—a)

So we obtain the pointwise convergence of K,, (f) to f with rates.

Note 2.12. The maps H,, K, are positive linear operators reproducing constants, in particular

H,(1) = K, (1) = 1. (14)

3. Time Seperating Stochastic Processes

Let (Q, F, P) be a probability space, w € Q;Y7,Ys,...,Y,,,m € N, be real-valued random variables on ) with

finite expectations, and hq (t), ha(t),...hm(t) : R — R, such that h;(t), ¢ = 1,2,......m are all uniformly
continuous or h;(t) i = 1,2, ......m are all continuous and bounded for every i = 1,2, ......m .
Clearly, then
Y (tw) =Y hi(t)Yi(w),t € R, (15)
i=1

is a quite common stochastic process separating time.
We can assume that h; € C"(R),i =1, 2,...,m;r € N. Consequently, we have that the expectation

m

(EY) (t) =) _hi(t)EY; € C(R) or C"(R). (16)

A classical example of a stochastic process separating time is
(sint) Y1 (w) + (cost) Ya(w),t € R.

Notice that |sint| < 1 and |cost| < 1.
Another typical example is

sinh(¢)Y1(w) + cosh(t)Ya(w), t € R. (17)
In this article we will apply the results of section 2, to f(¢) = (EY) (t). We will finish with several applications.
See the related [6], [7].

4. Main Results

We present the following general approximation of the seperating stochastic processes by neural network
operators.

Theorem 4.1. Let (EY)(t) as in (16), Let alsot € R, T > 0 and n € N such that n > max (T + || ,T’é).
Then

(. () () = () 0] < (B, 5 ). 18)
where wy is the first modulus of continuity of E(Y").

Proof. E(Y) are uniformly continuous or continuous and bounded in R, Thus, the conclusion comes from
Theorem 2.5. u

Our second main result follows.

3

s
2
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Theorem 4.2. Let (EY)(t) as in (16), Let alsot € R, T > 0 and n € N such that n > max (T + || ,T’i).

Then
E(Y)Y (t)| 17

N
(Ha (B(Y))) (8) = (BEQ) ()] < [ Y ‘

2 i), 19
i
N
o~y T T
a (@™ L) e

Notice that as n — oo we have that R.H.S.(19)— 0, therefore L.H.S.(19)— 0, i.e., (19) gives us with rates the
pointwise convergence of (H, (E(Y))) (t) = (E(Y)) (t), asn — 400, z € R.

Proof. Notice that Let (E(Y)) € CV (R), N € N, such that (E (Y))(N) is a uniformly continuous function or
(E (Y))(N) is continuous and bounded. Thus, the conclusion comes from Theorem 2.5. [ |

We continue with,

Corollary 4.3. Let (EY)(t) as in (16). Let also b(x) be a centered bell-shaped continuous function on R of
compact support [=T,T]. Lett € [-T*,T*], T* > 0, and n € N be such that n > max (T +T* T’*),
0 < a < 1. Consider p > 1. Then

[1Hn (E(Y)) = E(Y)

T 1,1
p,[—T’ﬂT*] S w1 <E(Y) > . 2p T P, (20)

nl—a

From (20) we get the L,, convergence of H,, (E(Y')) to E(Y") with rates.

Corollary 4.4. Let (EY)(t) as in (16). Let also b(x) be a centered bell-shaped continuous function on R of
compact support [T, T]. Lett € [-T*,T*], T* > 0, and n € N be such that n > max (T + 7T T_*),
0 < a < 1. Consider p > 1. Then

[Hn (E(Y)) = EXY)l, —7e 1) < @0
o

1 N %L
p,[=T*,T*] (N) T 20 TNT™p
ni(=a) 1 ! ((E(Y)) g nla) NipN(i-a)’

j=1
where N > 1.
We also give the next

Theorem 4.5. Let t € R and (EY)(t) as in (16). Under the terms and assumptions of Definition 2.9 and the
“normalized squashing type operator” as defined in (10). We obtain

T
K (BY) (0 = (BY) (0] e (BY. L0 ). )
Proof. From Theorem 2.10. |
We also give

Theorem 4.6. Lett € R, T > 0 and n € N such that n > max (T + || ,Tfé> . Let also (EY')(t) as in (16).

Then
v | |1
(K (EY)) () ~ Z e |t (23)
uke
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w1 ((EY)‘N> T ) ™

nlfoz ’ N!nN(l—a) :
So we obtain the pointwise convergence of K,, (EY') to (EY') with rates.

Proof. (EY) € CV (R). Further more (EY)(N) is a uniformly continuous function or (EY)(N) is continuous
and bounded. Hence the conclusion comes from Theorem 2.11. |

5. Applications

For the next applications we consider (€2, F, P) be a probability space and Y7, Y5 be real valued random variables
on 2 with finite expectations. We consider the stochastic processes Z;(t,w) fori = 1,2,3,4 where ¢t € R and
w € () as follows:

Z1(t,w) = sin (&) Y1 (w) + cos (&t) Ya(w), (24)
where £ > 0 is fixed;
Zs(t,w) = sech (ut) Y1 (w) + tanh (ut) Ya(w), (25)
where p > 0 is fixed.
Here secha == — = ==,z € R.
1 1
Zs(t,w) = T e_gltyl(w) 1T e—egtYQ(w)’ (26)

where /1, /5 > 0 are fixed;

Za(t,w) = " Yi(w) + e " Ya(w), 7)
where p1, ug > 0 are fixed;
The expectations of Z;,7 = 1,2, 3,4 are

(EZy) (t) = sin (§t) E(Y1) + cos (§t) E(Y2), (28)

(EZ5) (t) = sech (ut) E(Y1) + tanh (ut) E(Y3), (29)

1 1
(BEZ;) (t) = WE(YH + WEO@’ (30)
(EZy) (t) =™ ""E(Y1) + e~ " E(Ya). 31

For the next (EZ;) (t),7 = 1,2, 3, 4 are as defined in relations between (28) and (31) respectively.
We present the following result.

Proposition 5.1. Lett € R, T > 0 and n € N such that n > max (T + || ,T’é). Then fori=1,2,3,4

T
(1, (B20) (0) - (52) ()] < 1 (B2, 5 ). 62)
where wy is the first modulus of continuity of (EZ;).
Proof. From Theorem 4.1. n

We also give

3

s
2
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Proposition 5.2. Lett € R, T > 0 and n € N such that n > max (T + |zl ,T*i). Then fori = 1,2,3,4

N ‘(EZi)(j) (t)‘ Ti

|(Hn (EZ:)) (t) — (EZ;) (t)] < Z; B T + (33)
J:
T TN

Notice that as n — oo we have that R.H.S.(33)— 0, therefore L.H.S.(33)— 0, i.e., (33) gives us with rates the
pointwise convergence of (H,, (EZ;)) (t) = (EZ;) (t), asn — 400, x € R.

Proof. From Theorem 4.2. [ |

We continue with,

Corollary 5.3. Let b(x) be a centered bell-shaped continuous function on R of compact support [=T,T)]. Let
€ [-T*,T*], T* > 0, and n € N be such that n > max (T—l—T*,T_*) 0 < a < 1. Consider p > 1. Then
fori=1,2,3,4
T w1
|Ho (EZ)) — (BZ)|, e g < ((EZ) > 2% . T*%. (34)

From (34) we get the L,, convergence of H,, ((EZ;)) to (EZ;) with rates.

Corollary 5.4. Let b(x) be a centered bell-shaped continuous function on R of compact support [=T,T)]. Let
€ [-T*,T*], T* > 0, and n € N be such that n > max (T—l—T*,T_*) 0 < a < 1. Consider p > 1. Then
fori=1,2,3,4

| Ho (BZ3) = (BZ)|, g 1 < (35)
e —
3 S WS +on ((BZ)™ L 21T
ni(—a) | 1 i "pl-a | NipN(I-a)’

Jj=1
where N > 1.
Proposition 5.5. Under the terms and assumptions of Definition 2.9 and the “normalized squashing type

operator” as defined in (10). Then for = 1,2, 3,4 we obtain

Ko (BZ) () — (EZ) (8)] < wn ((Ez» , T) . 36)

n
Proof. From Theorem 4.5. n
We also give
Proposition 5.6. Lett € R, T > 0 and n € N such that n > max (T + |z| ,T‘é) .Thenfori=1,2,3,4
2)" (1) 77

N
(Kn (EZ:)) (t) — (EZ;) (t)] < Z "nﬂ(l“ + (37
j=1

N
w~ T ' T
<(EZ ) nla) NipNQQ—a)®

So we obtain the pointwise convergence of K, (EZ;) to (EZ;) with rates.

Proof. From Theorem 4.6.

e

s
2
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6. Specific Applications

Let (2, F, P), where €2 is the set of non-negative integers, be a probability space, Y7 1, Y2 1 be real-valued random
variables on (2 following Poisson distributions with parameters A1, A2 € (0, c0) respectively.
We consider the stochastic processes Z; 1 (¢,w) fori = 1,2, 3,4, where t € R and w €  as follows:

Z11(t,w) = sin (&) Y11 (w) + cos (§t) Ya1(w), (38)
where £ > 0 is fixed;
Z1(t,w) = sech (ut) Y1 1(w) + tanh (ut) Y2 1 (w), 39)
where 1 > 0 is fixed.
1 1
Zza(t,w) = mym(w) + mym(w), (40)

where /1, {5 > 0 are fixed,;

—e Mt e Hat

Zyi(t,w) =e Yii(w)+e Yo 1 (w), (41)

where p1, o > 0 are fixed;
Since E (Y1,1) = Ay and E (Y3,1) = A2, the expectations of Z; 1,7 = 1,2, 3,4, are

(EZ1,1) (t) = Aisin (€8) 4+ Aecos (&t) (42)

(EZ31) (t) = Msech (ut) + Ag tanh (ut) , (43)
A A

(EZs 1) (t) = 1+eﬂm + 13 ;fézt, (44)

(EZyq) (t) = A= " 4 Ageme ™ (45)

For the next we consider (2, F, P), where Q@ = R, be a probability space, Yi,2,Y5 9 be real-valued random
variables on € following Gaussian distributions with expectations /i1, ji2 € R respectively.
We consider the stochastic processes Z; (¢, w) fori =1,2,3,4, where t € R and w € €2 as follows:

Z1,2(t,w) = sin (&) Y1 2(w) + cos (§t) Ya 2(w), (46)
where £ > 0 is fixed,;
Z3,9(t,w) = sech (ut) Y1 o(w) + tanh (ut) Y2 o(w), 47)
where p > 0 is fixed.
1 1
Zg,g(t,w) = WYLQ(Q}) + W}@’Q(w), (48)
where 1,5 > 0 are fixed;
—puqt - t
Zia(t,w) = e " Yig(w) + e Yaa(w), (49)

where p1, po > 0 are fixed;
Since E (Y7 2) = fi1 and E (Y3 2) = fi2 , The expectations of Z; 2,7 = 1,2,3,5 are

(EZy2) (t) = f11sin (1) + figcos (§t), (50)
(EZ3z2) (t) = fisech (ut) + fiz tanh (ut) (5D
f f
(BZs2) () = 1= = + 75 oot (52)
(EZas) (t) = fne™® """ + frge"' (53)
D
S
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Furthermore, we consider (§2, F, P), where {2 = [0, c0), be a probability space, Y 3, Y2 3 be real-valued random
variables on () following Weibull distributions with scale parameters 1 and shape parameters ;1,72 € (0, 00)
respectively.

We consider the stochastic processes Z; 3(¢,w) fori = 1,2, 3,4, where t € R and w €  as follows:

Z13(t,w) = sin (§t) Y1 3(w) + cos (&t) Ya 3(w), (54)
where £ > 0 is fixed;
Z 3(t,w) = sech (ut) Y1 3(w) + tanh (ut) Y2 3(w), (55)
where p > 0 is fixed.
1 1
Z33(t,w) = ﬁﬂ 3(w) + myz,?,(w)’ (56)
where /1, {5 > 0 are fixed;
Zig(t,w) = e Yig(w) +e T Yag(w), (57)

where 1, uo > 0 are fixed;
Since E (Y1 3) =T (1 + %) and E (Yo 3) =T (1 + 712) , where I (-) is the Gamma function, The expectations
of Z;3,1=1,2,3,4, are

(EZy5)(t) =T (1 + ;) sin (é¢) +T <1 42 ) cos (£t) , (58)

1+
2

1
(EZy3)(t) =T <1 + 7) sech (ut) + tanh (ut) , (59)
1

71

7u2t

1+ ©61)

r(i+3)
(EZss)(t) =T (1 + 1) = (1 + 1) — (60)
(1+5)¢

(EZ43) (1) = 1“<1+711) ey

We present the following result.

Proposition 6.1. Lett € R, T > 0 and n € N such that n > max (T + |z| ,T‘é). Then fori =1,2,3,4 and
k=1,2,3

(5200 (0) = (200 (0] < 1 ((BZ2) 75 ) (62
where wy is the first modulus of continuity of (EZ; ;).
Proof. From Proposition 5.1. n
We also give

Proposition 6.2. Lett € R, T' > 0 and n € N such that n > max (T + |z| ,T‘é). Then fori = 1,2,3,4 and

k=1,2,3
N (B2 ()| T
(. (BZ00)) () = (B2 (01 < | 3 —amm— | + (63)
e
wn T TN
w1 <(EZ1,I€) 7n1_&> : NipN(I-—a)

Notice that as n — oo we have that R.H.S.(63)— 0, therefore L.H.S.(63)— 0, i.e., (63) gives us with rates the
pointwise convergence of (H,, (EZ; 1)) (t) = (EZ; 1) (t), asn — 400, z € R.

e
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Proof. From Proposition 5.2. n

We continue with,

Corollary 6.3. Let b(x) be a centered bell-shaped continuous function on R of compact support [—T,T]. Let

t e [-T*,T*, T* > 0, and n € N be such that n > max (T—FT*,T‘i), 0 < a < 1. Consider p > 1. Then
fori=1,2,3,4andk =1,2,3

1

T 1
| Ho (EZi) — (EZip)ll, (e gy < w1 <(Ezz,k) . > L9b T (64)

e’

From (64) we get the L,, convergence of H,, ((EZ;)) to (EZ, ;) with rates.

Corollary 6.4. Let b(x) be a centered bell-shaped continuous function on R of compact support |[=T,T). Let

1

t e [=T*,T*], T* > 0, and n € N be such that n > max (T—i—T*,T‘E), 0 < a < 1. Consider p > 1. Then
fori=1,2,3,4andk=1,2,3

|Hn ((EZix)) — (EZi,k)||p,[_T*7T*] < (65)
i H EZip) Lo
i i R v ((BZig)™ L 2T
= ni(1=a) j1 ! k) ima ) NipN(—a)’

where N > 1.

Proposition 6.5. Under the terms and assumptions of Definition 2.9 and the “normalized squashing type
operator” as defined in (10), fori =1,2,3,4and k = 1,2, 3 we obtain

Ko (EZ0) () — (EZiy) (8)] < wn ((Ez,-,w 7 T) . (66)

nl—a

Proof. From Proposition 5.5. n

We also give

Proposition 6.6. Lett € R, T' > 0 and n € N such that n > max (T + |z ,T‘é) . Then fori=1,2,3,4 and
k=123

N (B2 (@) 9

(50 (BZ0)) (0= (B20) 01 = | 3o — | + (67)
J:
N
oy T T
w1 <(EZz,k) s nl_a> ! NipNA—a)
So we obtain the pointwise convergence of K,, (EZ; 1) to (EZ; 1) with rates.

Proof. From Proposition 5.6. |
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1. Introduction

The integral inequalities is an important topic discussed in the theory of differential and integral equations
because they have nice applications for proving the boundedness and uniqueness of the solutions of such
nonlinear equations. There exists a good amount of literature on integral inequalities and applications, see for
example, Lakshmikantham and Leela [14] and references therein. The existence of maximal and minimal
solutions of the integral equations play a significant role in the theory of integral inequalities and applications
related to the integral equations. The most of the integral inequalities are about the continuous solutions of the
continuous integral equations, but the study for integrable solutions for discontinuous integral equations is very
rare. Therefore, it is interesting to prove some basic integral inequalities related to Volterra integral equations
involving integrable solutions which is the main motivation of the present paper. The present paper deals with
the extremal integrable solutions and integral inequalities involving integrable solutions related to nonlinear
discontinuous Volterra type integral equations.

Given a closed and bounded interval J = [0, T in the real line R, consider the nonlinear Volterra type integral
equation (in short VIE),

x(t):q(t)+/\/0 k(. 5) f(s,2(s)) ds, t€J, (1)

where A € R, A > 0, the functions ¢ : J — Rand f : J x R — R satisfy certain integrability and Chandrabhan
type conditions to be specified later.

*Corresponding author.  Email address: jbdhage@gmail.com (Janhavi B. Dhage) sbdhage4791@gmail.com (Shyam B. Dhage)
bcedhage @gmail.com (Bapurao C. Dhage)

https://www.malayajournal.org/index.php/mjm/index ©2024 by the authors.
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Definition 1.1. By an integrable solution of the VIE (1.1) we mean a function x € L'(J,R) that satisfies the
equation (1.1) on J, where L*(J,R) is the space of Lebesgue integrable real-valued functions defined on .J.

The VIE (1.1) is quite known and discussed sufficiently in the literature for different aspects of the solutions.
The existence of an integrable solution has been discussed in Emmanule [11] and Banas [1] via measure of weak
noncompactness whereas existence is discussed in Banas and El-Sayed [2] via Schauder fixed point principle.
However, to the best of authors knowledge, no result is so far proved for maximal and minimal integrable
solutions. Here we prove the existence of the extremal integrable solutions and integral inequalities for the VIE
(1.1) under certain monotonicity condition along with applications. In the following section we present some
preliminaries and notations needed in what follows.

2. Preliminaries

We place the problem of VIE (1.1) in the function space L'(J,R) of Lebesgue integrable real-valued functions
defined on J. We define a standard norm || - || 1 in L!(J,R) by

T
HNu=A|ﬂmﬁ~ @.1)

Clearly, L'(J,R) becomes a Banach space w.r.t. the norm || - || 1 defined above. Next, we introduce an order
relation < in L'(J,R) by the cone K given by
K={zecL'(J,R)|x(t)>0 ae tecJ} (2.2)

Thus,
rXy <= y—zekK,

or equivalently,
xRy <= z(t) <y(t) ae te. (2.3)

Lemma 2.1. The partially ordered set (L*(J,R), % ) is a Banach lattice.

Proof. Let K be a order cone in Ll(,], R) and let z, y € K be such that x < y, Then, we have

HWU{AW@W:Ax@ﬁéﬁy@ﬁZAW@ﬁZMm-

Hence (L'(J,R), <) is a Banach lattice. O
Lemma 2.2. The partially ordered set (L1 (J,R), = ) is a complete lattice.

Proof. To finish, it is enough to show that (L'(J,R), X ) is an abstract L-space. Let z,y € (L*(J,R), = ) be
such that x > 0 and y > 0. Then by definition of the norm | - || 1, we have

T
nx+muv=é 2(t) + (1) dt

T
= /0 [z(t) + y(t)] dt

T T
- /0 (t) dt + /0 oL
T T
:A\MMﬁ+A|mma

= [lzllr + [lyllz:-

e o
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This shows that (L1 (J,R), = ) is an abstract L-space. Hence by a theorem of uniformly monotone Banach lattice
(Birkhoff [3, page 373]), (Ll(J, R), < ) is a complete lattice. O

As a consequence of Lemmas 2.1 and 2.2, we obtain the following useful result. See also Dhage [7] and
Dhage and Patil [10] and references therein.

Lemma 2.3 (Birkhoff [3]). A non-empty closed and bounded subset of the complete Banach lattice (L1 (J,R), <
) is a complete lattice.

Now, the basic tool used in this paper is the algebraic fixed point theorem of Tarski [15]. Before stating this
result, we mention a useful concept of isotone mapping on a lattice L into itself.

Definition 2.4. A mapping on a lattice (L, <) is called isotone increasing if preserve the order relation =, that
is, ifx,y € Lwithx <y, then Tz < Tuy.

Theorem 2.5 (Tarski [15]). Let (L, <) be a partially ordered set and let T : L — L be a mapping. Suppose that
(a) T is isotone increasing,
(b) (L, =) is a complete lattice, and
(¢c) Fr={ueL|Tu=u}.

Then Fr # () and (FT7 j) is a complete lattice.

In the following section we prove the main results of this paper under suitable conditions.

3. Existence of Extremal Integrable Solutions

We consider the following definitions appeared in Dhage [6, 7] whcich is useful for dealing with the discontinuous
differential and integral equations.

Definition 3.1. A function f : J x R — R is said to be Chandrabhan if
(i) the map t — f(t,x) is measurable for each x € R, and
(ii) the map x — f(t,x) is nondecreasing for almost every t € J.
Furthermore, a Chandrabhan function f(t,z) is called L}-Chandrabhan if
(iii) there exists a function h € L*(J,R) such that
|f(t,z)] < h(t) a.e. te,
forallz € R
Similarly, we have
Definition 3.2. A function k : J x J — R is said to satisfy integrability condition if
(i) the map (t,s) — k(t,s) is jointly measurable, and
(iii) there exists a function vy, € L*(J,R) such that

|k(t,s)| <vk(s) ace t,seJ
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Lemma 3.3 (Dhage [6, 71). If f (¢, z) is Chandrabhan, then the functiont — f(t,z(t)) is measurable. Moreover,
if f(t,) is L-Chandrabhan, then f(-,z(-)) is Lebesgue integrable on J for each x € L*(J,,R).

Proof. The proof is similar to an analogous result for Caratheddory functions f(¢, ) given in Granas and
Dugundji [13]. We omit the details. d

Definition 3.4. An integrable solution xy; € L'(J,R) of the VIE (1.1) is said to be maximal if x is any other

integrable solution, then x(t) < xps(t) for almost every t € J. Similarly, a minimal integrable solution x,, of
the VIE (1.1) is defined on J.

We need the following hypotheses in what follows.
(H1) The function ¢q : J — R is Lebesgue integrable.
(H2) The function k is nonnegative and satisfy integrability condition on J x J.
(H3) The function f is L}-Chandrabhan on J x R.

Theorem 3.5. Assume that hypotheses (Hy ) through (Hs) hold. Then the VIE (1.1) has a maximal and a minimal
integrable solution defined on J.

Proof. Define a subset S of the complete lattice (L'(J,R), < ) by
S={ze (L'(JR),=) |zl <r} 3.1)

where, r = ||q||p1 + A ||H||z: T and H (t) = y(t)h(t), t € J.
By Lemma 2.3, (.S, <) is a complete lattice. Define an operator 7 on S by

Talt) = q(t) + A /0 k(t, ) f(s, (s)) ds, t € J. 32)

Then the VIE (1.1) is transformd into an operator equation
Tx(t) =x(t), teJ (3.3)

We show that 7 defines a mapping 7 : S — S. Since the functions k and f are L -Caratheédory and L-
Chandrabhan on J x J and J X R respectively, the integral on right hand of the equation (3.2) exists. Moreover,
the integral is continuous and hence Lebesgue integrable. Again the sum of two Lebesgue integrable functions is
again Lebesgue integrable on .J. Hence Tz € L!(J,R). Moreover, we have

rnﬁnsmm+xékm@vww@nw
SMW+AAW@M@@

t
<la®)]+ X [ H)ds
0
< Jg(t)] + A 1 H]|. G4)

Therefore, taking the integral on both sides from 0 to 7', we obtain

T
Hrwuz/'Vﬂmw
0

T T
g/\ﬂmﬁ+A/HHMMt
0 0

= llgller + M H] L T,
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which implies that 7 maps S into itself. Next we show that 7is isotone increasing operator on S into itself. Let
x,y € S be such that z < y. Then, in view of hypotheses (Hz) and (Hs),

Tz(t) =q(t) + A /0 k(t,s)f(s,z(s))ds

§ﬂ0+kékﬁwﬁ®w@D@

= Ty(t) (3.5)

for almost every t € J. This shows that Tz < Ty almost everywhere on J. As a result, 7 is isotone increasing
operator on S. Now by application of Theorem 2.5 implies that 7 has a fixed point and the set F’r- of all fixed
points is a complete lattice. Thus, F' # () and (FT, j) is a complete lattice. Consequently x,, = A Fr and
xpr = V Fr both exist and are respectively the minimal and maximal integrable solutions of the VIE (1.1) on J.
This complete the proof. d

Example 3.6. Let J = [0, 1] C R and consider he nnlinear Volterra inegral equation,
t
x(t) = t* + / (t — s)tanhz(s) ds, t € [0,1]. (3.6)
0

Here, q(t) = 1, k(t,s) =t — s and f(t,x) = tanhx for t € [0,1] and x € R. Thus the above functions
satisfy all the conditions of Theorem 3.5, whence the VIE (3.6) has maximal and minimal integrable solutions
defined on [0, 1].

4. Integral Inequalities

Next, we prove two basic integral inequalities involving the integrable solutions related to the VIE (1.1) on J.

Theorem 4.1. Assume that the hypotheses (H )- (Hs) hold. If there exists an element u € S such that

t
u(®) < ) + X [ k(e 5)F (s uls) ds @)
0
for everyt € J, then there exists a maximal integrable solution xp; of the VIE (1.1) such that
u(t) <ap(t) ae. t €J. 4.2)

Proof. Let P = sup S which does exist since (S, <) is a complete lattice. Now consider the lattice interval
[u, P] which is a closed set and hence a complete lattice. Define an operator 7 on [u, P] by (3.2). Then from
(4.1) we get u < Tu everywhere on J. Since 7 is isotone increasing, it maps the lattice integral [u, P] into
itself. Now, by an application of Theorem 2.5, T has a maximal fixed point x; in [u, P] which corresponds to
the maximal integrable solution of the VIE (1.1) in [u, P]. By nature of x5, we have, u(t) < zp(t) a.e. t € J..
This completes proof. U

Theorem 4.2. Assume that the hypotheses (H1)- (Hs) hold. If there exists an element v € S such that

t
o) 2 4(0) 4 A [ k(5005 ds, @3
0
for every t € J, then there exists a minimal integrable solution x,, of the VIE (1.1) such that

v(t) > zp(t) a.e. t € J. (4.4)
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Proof. The proof is similar to Theorem 4.1 with appropriate modifications. We omit the details. O
Next, we apply the integral inequality stated in Theorem 4.1 to the VIE (1.1) for proving the boundedness
and uniqueness of the integrable solutions on J. Now, consider the scaler VIE

r(t) =p(t) + A t k(t,s)F(s,r(s))ds, t € J, 4.5)

where p : J — R is Lebesgue integrable and F': J x Ry — R, is a Chandrabhan function.

Theorem 4.3. Assume that all hypotheses of Theorem 3.5 are satisfied with q and f replaced by p and F' given
in (1.1) and (4.5) respectively. Further suppose that the functions q, f and p, F satisfy the inequalities

lg()] < p(t) a.e. t €],
(4.6)
|f(t,z)| < F(t,|z]) a.e. t €T,
Then for any integrable solution u of the VIE (1.1), we obtain
lu(t)] < rum(t) ae. t €, 4.7

where 7 r is a maximal integrable solution of the VIE (4.6) on J.

Proof. By Theorem 3.5, the scalar VIE (4.5) has a maximal integrable solution 75, on J. Letu € L'(J,R) be
any integrable solution of the VIE (1.1) on J. Then we have

u(t) = q(t) + A /0 k(t,s)f(s,u(s))ds, te€J.

Therefore, by Theorem 4.1,
t
lu(®)] < lg(®)] + A / k(t,s)|f(s,u(s))| ds
0

< p(t)+ A /t k(t, ) F (s, [u(s)]) ds
< ru(t) 0
for almost every ¢ € J. This completes the proof. g
Finally, we prove uniqueness result for the integrable solution of the VIE (1.1) on J.

Theorem 4.4. Assume that all hypotheses of Theorem 3.5 are satisfied with q and f replaced by p and F' given
in (1.1) and (4.5) respectively. Further suppose that the functions f and F satisfy the inequality

for all x,y € R. Further, if identically zero function is the only solution of the VIE (4.5) with p = 0 on J, then
the VIE (1.1) has a unique integrable solution on J.

Proof. Suppose that © and v are two integrable solutions of the VIE (1.1) on J. Then we have

u(t) = q(t) + A /0 k(t,s)f(s,u(s))ds, teJ,

and

v(t) = q(t) + A /0 k(t,s)f(s,v(s))ds, teJ

3
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Therefore, by inequality (4.8), we obtain
t
u(®) ~ o] <A [ K)o uls) ~ £(s,0(s) s
0

SAAkwﬁﬂaM@*dﬂﬂa

for almost every ¢ € J. Now, applying integral inequality given in Theorem 4.1 yields that u(t) = v(¢) a.e. t €
J. This completes the proof. O

Remark 4.5. Under the hypotheses (H1)- (Hs), the results of this paper may be extended to nonlinear integral
equation of Fredholm type

T
x(t):q(t)—i—/\/o k(. 5) f(s,2(s)) ds, t€J, 4.9)

using the similar arguments with appropriate modifications.
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Abstract. The continuous Bernoulli distribution, a one-parameter probability distribution defined over the interval [0, 1],
has recently received increased attention in applied statistics. Numerous studies have highlighted both its merits and
limitations, and proposed extended variants. In this article, we present an innovative modification of the continuous
Bernoulli distribution through an inverse transformation, introducing the inverse continuous Bernoulli distribution. The main
feature of this distribution is that it transfers the properties of the continuous distribution to the interval [1, +00) without the
need for additional parameters. The first part of this article elucidates the mathematical properties of this novel inverse
distribution, including essential probability functions and quantiles. Inference for the associated model is performed using
the famous maximum likelihood estimation. A comprehensive simulation study is carried out to evaluate the effectiveness of
the estimated model. Its performance is then evaluated in a practical context using data sets from a variety of sources. In
particular, our results demonstrate its superior performance to a wide range of analogous models defined over the support
interval [1, +00), even outperforming the well-established Pareto model.

AMS Subject Classifications: 60E0S5, 62E99.
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1. Introduction

In order to explain the mathematical basis of this investigation, we will first examine the continuous Bernoulli
(CB) distribution, which was originally introduced in the work of [10]. The definition of this distribution can be
succinctly stated as follows:

*Corresponding author. Email address: christophe.chesneau@unicaen.fr (Christophe CHESNEAU) and oponef @dsust.edu.ng (Festus
C. OPONE)
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Definition 1.1. The cumulative distribution function (cdf) below defines the CB distribution with the parameter

we (0,1):
0, z <0,
1
x, w:iandxe[o,l],
FCB(I';(U): wr(l—w)l_z—l—w—l 1 (11)

1 — 1

% —1 , we (0, )/{2} and z € [0, 1],
1, x> 1.

Thus, the CB distribution has a support restricted to the interval [0, 1], with a single parameter similar to the
conventional power distribution. This distribution finds applications in a wide variety of fields, with particular
emphasis on machine learning, probability theory and statistics. In the context of variational autoencoders,
it proves to be highly effective in replicating the pixel intensities of real-world images. For a more in-depth
exploration of these topics, see the following references: [10], [8], [12] and [9].

Recently, there have been notable developments in the scientific literature in the area of CB distribution
extensions. Of particular importance is the power CB (PCB) distribution, as elucidated by the authors in [2]. The
PCB distribution introduces a notable extension to the cdf, as shown in Equation (1.1). This extension is achieved
by the inclusion of a shape parameter, which serves to increase the modeling versatility of the CB distribution. In
[2], the authors proposed a statistical methodology to explore the fundamental mathematical properties of the PCB
distribution. Maximum likelihood estimation was also used to explore the nuances of parameter estimation. In
order to illustrate the practical utility of the PCB distribution, an in-depth investigation was carried out using two
different data sets. These data sets include a collection of trade share data and a comprehensive set of polyester
fiber tensile strength data. Through these real-world data fitting exercises, the flexibility and applicability of the
PCB distribution was rigorously assessed. The accuracy of the PCB distribution is underlined by the consideration
of fair competitors. Conventional statistical standards show that the PCB distribution provides superior results.
In addition, the transmuted CB (TCB) distribution introduced in [3] stands out as a highly effective extension. A
notable feature of the CB distribution is its parameter, which orchestrates a linear trade-off between the minimum
and maximum values of two continuous random variables. Using a statistical approach, the authors derive the
fundamental mathematical properties of the TCB distribution. To illustrate the suitability of the model, they
examined three proportional data sets: the time to infection of kidney dialysis patients, records of flood peaks,
and waiting times for service in a bank. The empirical results highlight the superior fit of the TCB distribution to
these data sets compared to well-established competitors. In a related context, [12, Chapter 9] introduced a two-
dimensional CB distribution along with some of its key attributes. In addition, the authors in [9] elaborated an
exponentiated variant of the CB distribution to construct a fractile (quantile) regression model for responses in the
range [0, 1]. More recently, the authors in [4] used the CB distribution to give rise to the Op family, considering
its cdf as a distribution generator. In particular, the OpTL distribution, rooted in the Topp-Leone distribution,
emerged as a novel two-parameter distribution with support in the interval [0, 1]. Notably, the OpTL distribution
demonstrated superior fit performance compared to contemporary models, including the CB distribution itself.
In summary, it is evident that research around the CB distribution will continue to flourish in future, both from a
theoretical and practical perspective.

In this article, we use the CB distribution to formulate a novel one-parameter distribution defined over
the interval [1,400). To achieve this goal, we focus on the conventional inverse scheme, a well-established
methodology known for its invaluable contributions to the modeling and analysis of data in various domains.
The inverse scheme not only facilitates the exploration of reciprocal relationships, but also provides valuable
insights into the characteristics of skewed and heavy-tailed distributions. Moreover, its practical utility extends
to important domains such as finance, reliability and extreme value analysis. In the specific context of this study,
we briefly present our approach: Starting with a random variable X following the CB distribution, we introduce
the concept of an inverse CB (ICB) distribution, characterized by the distribution of the inverse random variable

e

[V =)
MM

254



Study of the inverse continuous Bernoulli distribution

Y = 1/X. The cdf of the ICB distribution, denoted as Frop(x;w), is expressed as a function of Fep(z;w),
represented as Frop(z;w) =1 — Fop(1l/z;w). The exact definition is explained below.

Definition 1.2. The cdf given below defines the ICB distribution with parameter w € (0,1):

0, Tz <l1,

1 1
1-— w:§andx21,

x
1/x 1— 1-1/x -1 1
_ W ;‘2)71 T , we(O,l)/{Q} and z > 1.

Frep(ziw) =

This cdf is at the core of the theory and inference of the ICB distribution, which will be explained in detail
in this article. In particular, the support of the ICB distribution lies within the interval [1,4+00), making it a
direct rival to the Pareto distribution. The creation of such distributions, i.e., with support [1,400), is crucial
for modeling various real-world phenomena, such as reliability analysis and survival data, where non-negative
outcomes beyond a lower bound are of primary interest. Such distributions provide a robust framework for
handling situations where values cannot be less than one, thus ensuring a more accurate representation of the
underlying processes. In our research, we empirically demonstrate that the ICB distribution can provide a more
robust and accurate fit to real-world data compared to the Pareto distribution, thus supporting its importance in
statistical modeling.

The subsequent organization of the article unfolds as follows: Section 2 deals with the basic probability
functions that govern the ICB distribution. Section 3 is dedicated to the parameter estimation, simulations and
real-world applications. Finally, our study ends in Section 4, where we present our final results.

2. Probability Functions

This section deals with the analysis of the probability density function (pdf), hazard rate function (hrf) and
quantile function (qf) associated with the ICB distribution.

First, the pdf relevant to the ICB distribution is obtained by differentiating F7¢ 5 (x;w) as follows:

0, T <1,
1
frep(zyw) = 727

1
w = 5 and x Z 1, (21)
1 , ,. 1
cwﬁwl/“’(l —w) Ve we(0,1)/ {2} andz > 1,

where

2arctanh(1 — 2w)
Cw =
1—2w

1—2w

In(1 — w) — ln(w)) |

<0r, equivalently, ¢, =

Such a pdf with support [1, +00) is essential for modeling and analyzing random variables that are restricted to
positive values, such as durations, lifetimes and various natural phenomena. It provides insight into the probability
of observing certain outcomes within this constrained range, making it a valuable tool in fields such as reliability
analysis and survival studies.

By manipulating f;op(z;w) and Frop(x;w), we obtain the hrf corresponding to the ICB distribution. More
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precisely, we have

fro(z;w)
h W)= —————F——~
o) 1 - Frep(ziw)
0, r<l1,
1 1
_J = w=—-andx > 1,
=35z 2

. wl/m(l _w)lfl/x
“o? [l —w—wl/F(1 —w)l-1/7)’

C

where
¢l = 2arctanh(l — 2w)  (or,equivalently, ¢, = In(1 — w) — In(w)) .
The gf corresponding to the ICB distribution is obtained as

Qrop(z;w) = Fz_clB@; w)

1 1
T w:§amdyc€[0,1]7

= *

Cw 1
In(l —w) —In[2w — 1)1 —2)+1—w]’ w€E (0,1)/{2} and z € [0, 1].

Having an analytical expression for the gf in distributions with support [1, +00) is important for efficient risk
assessment and decision making, especially in scenarios involving reliability and tail risk analysis where accurate
modeling of extreme events is paramount.

In addition, the gf in Equation (2.2) is used to generate random samples of size n from the ICB distribution.
Analytically, for a fixed value of the parameter w, we obtain the median, lower, and upper quartiles of the ICB
distribution when « takes the values 1/2, 1/4, and 3/4, respectively, in this gf.

Furthermore, the Galton skewness and Moor kurtosis as proposed by [7] and [11], respectively, can be obtained
by utilizing Equation (2.2) as follows:

. Q6/8w) —20(4/8w) + Q(2/8;w)
¢ Q(6/8w) — Q(2/8;w)

2.2)

and

o = QU/8w) —Q(/8w) + Q(3/8iw) — Q(1/8;w)
M — .

Q(6/8;w) — Q(2/8;w)

Table 1 shows the summary statistics of the ICB distribution for different choice of the parameter value w.

Table 1: Summary statistics of the ICB distribution for varying values of w

w Q(1/2;w) Q(1/4;w) Q(3/4w) Sa Ky

0.1 3.7381 2.0000 8.7429 0.4845 2.1481

0.2 2.9495 1.6769 6.6765 0.4909 2.1558

0.3 2.5182 1.5141 5.4966 0.4957 2.1633

0.4 2.2239 1.4094 4.6599 0.4989 2.1690

0.51 1.9802 1.3267 3.9405 0.4999 2.1714

0.6 1.8171 1.2732 3.4425 0.4986 2.1678

0.7 1.6587 1.2224 2.9453 0.4935 2.1527

0.8 1.5129 1.1762 24772 0.4823 2.1139

0.9 1.3652 1.1292 2.0000 0.4579 2.0148

0.99 1.1746 1.0659 1.4188 0.3841 1.6875
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Study of the inverse continuous Bernoulli distribution
This table shows that the median, lower and upper quartiles of the ICB distribution are monotonically

decreasing functions of the parameter w, while the skewness and kurtosis are monotonically increasing functions
for w € [0,0.5) and decreasing for w € (0.5,1).

3. Parameter Estimation, Simulations and Applications

3.1. Parameter Estimation

Here, we adapt the maximum likelihood estimation method in estimating the parameter w of the ICB distribution,
which is supposed to be unknown. Let x1, x5, ..., x, be n independent observations of size n from a random
variable X following the ICB distribution. Then, the likelihood function associated to Equation (2.1) is specified
by

L(wsxy,...,2p) = HfICB(J%;w)
=1

3.1)

and min(x1,...,x,) > 1.

By taking the natural logarithm of Equation (3.1), the corresponding log-likelihood function is obtained as

Uw; Ty, .y Tp) = Zln[fICB($i§W)]
i=1

n 1
-2 1 i)y =5
Z: n(x;) w=g
In(cy,) — 2 In(z;) +1 — 4+ In(1 — - — |, € (0,1 — 0,

nln(ey) ;n(:c)—f— n(w);xi—i-n( w) <n ;xz> w e ( )/{2}
and min(zq, ..., x,) > 1. The maximum likelihood estimate (MLE) of w, say @, can be obtained by maximizing
l(w;xq,...,z,) with respect to w. In our case, this can be achieved by taking the first derivative of Equation
(3.2) with respect to w and equating the corresponding expression to zero, i.e., W =0.

3.2. Monte Carlo Simulation Study

One of the most important aspects of any statistical model is the performance of its parameter estimate(s). Here
we perform a Monte Carlo simulation study to examine the asymptotic behavior of the MLE of w from the ICB
distribution. To achieve this, random samples were generated from the ICB distribution using Equation (2.2).
The simulation is repeated 1000 times for different sample sizes (n = 30, 50, 100, 200 and 500) and different
choices of the parameter value (w = 0.1, 0.4, 0.6 and 0.8). The performance of the MLE & is examined in terms
of mean estimate, average bias, mean square error (MSE), and coverage probability. The numerical computation
of these quantities is displayed in Tables 2, 3, 4 and 5, respectively.
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Table 2: Mean estimate of the MLE &

n w=0.1 w=04 w=20.6 w=0.8
30 0.1116 0.4023 0.5984 0.7801
50 0.1084 0.4021 0.5977 0.7908
100 0.1042 0.4014 0.5968 0.7940
200 0.1037 0.4007 0.5946 0.7960
500 0.1013 0.4006 0.6002 0.7999

Table 3: Average bias of the MLE @

n w=0.1 w=04 w=20.6 w=20.8
30 0.0116 0.0023 -0.0016 -0.0198
50 0.0084 0.0021 -0.0023 -0.0091
100 0.0042 0.0014 -0.0032 -0.0059
200 0.0037 0.0007 -0.0054 -0.0040
500 0.0013 0.0006 0.0002 -0.0006

Table 4: MSE of the MLE @

n w=0.1 w=04 w=20.6 w=0.8
30 0.0045 0.0208 0.0202 0.0119
50 0.0028 0.0126 0.0137 0.0063
100 0.0012 0.0069 0.0069 0.0034
200 0.0007 0.0035 0.0034 0.0017
500 0.0002 0.0013 0.0013 0.0006

Table 5: Coverage probability of the 100(1 — «)% confidence interval of the MLE &

1—« n w=0.1 w=04 w=20.6 w=20.8

0.95 30 0.910 0.896 0.898 0.903
50 0.916 0.920 0.909 0.921
100 0.932 0.933 0.931 0.943
200 0.947 0.942 0.946 0.951
500 0.945 0.954 0.955 0.952

0.90 30 0.879 0.856 0.843 0.864
50 0.870 0.876 0.858 0.884
100 0.896 0.875 0.871 0.883
200 0.903 0.885 0.892 0.904
500 0.904 0.901 0.906 0.906

Remarks:

i.) In Table 2, the data reveal a converging trend as n increases, with the mean estimate w approaching the true
parameter value.
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ii.) The findings in Table 3 shed light on the relationship between sample size and bias. As n increases, we
observe a corresponding decrease (increase) in average bias. In addition, this table illustrates the existence
of both negative and positive biases for the MLE w.

iii.) The results in Table 4 show a notable trend as n increases, with the MSE steadily approaching zero.

iv.) Table 5 provides insights into the coverage probability of two different confidence intervals for the estimator
w. As n increases, our observations indicate a convergence of the coverage probability towards the nominal
levels associated with the 95% and 90% confidence intervals, respectively.

3.3. Applications

In this part, we assess the suitability of the ICB distribution in the context of a real-life scenario, employing two
distinct data sets. Specifically, we examine the fits of the Pareto and New Pareto (NP) distributions. The NP
distribution is derived from [1]. Both of them share the same support interval of [1,+oo) with the ICB
distribution. These distributions are evaluated for their capacity to model the data sets alongside the ICB
distribution.

Data sets:

Data set I comprises 31 recorded flood peak exceedances (measured in m?/s) for the Wheaton River in the
vicinity of Carcross, located within the Yukon Territory, Canada. The data set spans the years from 1958 to
1984. For this data set, the authors in [5] conducted an investigation employing this specific data set to assess
the suitability of the generalized Pareto distribution. In a separate study, the authors in [6] harnessed this same
data set to elucidate the adaptability of a generalized Lindley distribution. The data set is organized and
presented as follows: 2.8, 14.1, 9.9, 10.4, 10.7, 30.0, 3.6, 5.6, 30.8, 13.3, 4.2, 25.5, 3.4, 11.9, 21.5, 27.6, 36.4,
2.7,64.0,1.5,25,274,1.0,27.1,20.2, 16.8, 5.3,9.7, 27.5, 2.5, 27.

On the other hand, Data set II consists of the time-to-failure (103 h) of turbocharger of one type of engine
given in [13]. The data set is shown as follows: 1.6, 2.0, 2.6, 3.0, 3.5, 3.9, 4.5,4.6,4.8,5.0,5.1,5.3,5.4,5.6, 5.8,
6.0,6.0,6.1,6.3,6.5,6.5,6.7,7.0,7.1,7.3,7.3,7.3,7.7,7.7,7.8,7.9, 8.0, 8.1, 8.3, 8.4, 8.4, 8.5, 8.7, 8.8, 9.0.

To facilitate model comparison, we employ the following information criteria: the maximized log-likelihood
(€*), the Akaike information criterion (AIC), the corrected Akaike information criterion (AIC'c), the Bayesian
information criterion (B1C), and the Hannan-Quinn information criterion (H QI C'). These criteria are rigorously
defined as follows:

AIC = —20* + 2k, AICC:AICer,
n—Fk—1
BIC = -20" + kln(n), HQIC = —=20* + 2k1n[ln (n)],

where n is the sample size and & is the number of parameter(s) in the considered model.

A smaller value of AIC, AIC¢, BIC and HQIC indicates a better fit of the respective distributions to the
analyzed data set. Table 6 provides a comprehensive summary of the goodness of fit results for the ICB, Pareto
and NP models applied to the two data sets considered.
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Table 6: Summary results for Data sets [ and II

Data set I
Models MLE r* AIC AlICc BIC HQIC
ICB w=0.004 -120.8408 243.6816 243.6897 247.8962 245.3354

NP & =0.6305 -125.1094 252.2187  252.2268 256.4333  253.8725

Pareto 0 =0.4054 -135.4429 272.8858 272.8939 277.1005 274.5397

Data set II
ICB @w=0.0058 -114.3882 230.7765 230.7845 234.9911 232.4303

NP a=0.8611 -126.3683 254.7366 254.7447 2589512 256.3904

Pareto 0=05165 -143.8719 289.7438 289.7518 293.9384 291.3976

From this table, it can be seen that the AIC, AICc, BIC and HQIC values associated with the ICB
distribution show a significant reduction compared to those of the Pareto and NP distributions. As a result,
the ICB distribution consistently outperforms its competitors in analising the two data sets considered.

4. Conclusion

In conclusion, the introduction of the ICB distribution represents an advance in the field of probability
distributions. This considered modification has allowed us to extend the properties of the CB distribution to the
interval [1,+o00) without the need for additional parameters. Through a study of its mathematical properties,
including quantiles, we have laid the foundation for understanding and using this novel distribution.

Our article has also shown that the ICB distribution can be effectively used in statistical modeling. The use of
maximum likelihood estimation for inference proved to be a robust and practical approach. Through a thorough
simulation study, we provided empirical evidence of the model’s performance, which was consistently superior
to both the Pareto and new Pareto models when applied to diverse real-world data sets. These results show the
potential of the ICB distribution as a valuable tool for modeling data in various domains. This article provides the
foundations for further exploration and adoption of the ICB distribution in statistical and data analysis contexts.
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1. Introduction

One of the most significant, practical and basic notations in general topology and other high level mathematical
discipline now a days is connectedness. The notation of connectedness is fruitful in computing, topology,
algebraic topology and advanced calculus. Many researchers across the globe have investigated properties of
connectedness ([2], [3], [4], [5], [6]) and obtained new and interesting results.

The idea of S-open set in topological spaces was first proposed by M.E. Abd El-Monsef, S.N. El-Deeb and
R.A. Mahmoud in 1983. Their proof was that the set of all S-open sets in (X, 7) is finer topology on X then 7.
The researchers worked on two related topologies that were tested on the same underlying structure to determine
if they share the same topological properties. The basic properties of S-connectedness were obtained by Jafari
and Noiri [7] in 2003. Several other forms of connectedness can be introduced and studied using it. Tahiliani [8]
discussed and studied the characterisations of 3-y-open sets in topological spaces in 2011. This work presents
and investigates an additional kind of connectivity that is defined on S-open sets in (X, 7) via operations. Their
behviour under is 3(v, §)-continuous,as well as their attributes are discussed in this study.

The procedures « and § are defined on the set of all S-open sets of topological spaces (X, 7) and (Y, 0)
correspondingly during the conversion.For any subset A of X, CI(A) and Int(A) stands for the closure and
interior of A, respectively, for any subset A of X.

*Corresponding author. Email addresses: sanjaytahiliani@yahoo.com (Sanjay Tahiliani), mershiarabuni@gmail.com (Mershia
Rabuni)
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2. Preliminaries

Here we lay down the groundwork by defining key terms and showing key findings:

The condition that A C Cl(Int(C1(A))) merely indicates that subset A of topological space X is S-open [1].
A [-open sets counterpart is a 3-closed set, and SO(X) [1] is the collection of all S-open sets. 8 Cl(A) [2] is
the symbol for intersection of all S-closed sets that include A, while 3 Int(A)) [2] is the symbol for union of all
[-open sets that contain A.

The condition V' € V7 satisfied for each V' € SO(X) in an operation v : SO(X) — P(X).The function
Vid =V for each set V € BO(X) is called the identity operation on 30(X).

As v and § are always defined on the family of S-open sets in space, We always mean them as operations.
From [8], we retrieve the following definitions and findings:

Definition 2.1. (i): If there exists a 5-y-open set U of X that contains x and U" C A, then for any point x € A,
a subset A of X is termed as of B-y-open set. The B-y-closed is counterpart of B-y-open set. The set symbolized
by BO(X )~ includes all B-y-open sets of (X, T).

(ii): A subset A of X is said to be 3-vy-closed if and only if all 5-y-closed containing A intersect at point where
an operation v on BO(X) is represented by B~ Cl(A). The By Int(A) notation represents [3-y-interior of A,
which is the union of all 3-y-open set included in A. The S-vy-boundary of a set A is represented by SyBd(A)
and is defined by (S C1(A) — v Int(A)).

(iii): If, for every element x in X and each (3--open set V' that contains f(x), there exists a 3-y-open set U such
that v € U and f(U) CV, then we say that | : (X, 1) — (Y, 0) is 8(, §)-continuous.

(iv): For any B-vy-closed set A of (X, 1), the set f(A) is B-6-closed in (Y, o) we say that mapping | : (X,7) —
(Y, o) is said to be (v, )-closed.

(v): For any 3-y-open set A of (X, 7), the set f(A) is §-6-open in (Y, o) we say that mapping f : (X, 7) — (Y, 0)
is said to be 3(7y, 0)-open.

Theorem 2.2. Suppose X be a subset of a topological space and A is a subset of it. Then

(1) = € B~-Cl(A) if and only if every Bvy-open set U containing x has non empty intersection with A.
(i) ByCUX — A) = X — 55yInt(A).

3. 3-y-connected spaces
Definition 3.1. (i): If (3Cl(A) N B) U (AN (BCLB)) = 0, then the subsets A and B of a topological space
(X, 7) are said to be [3-separated.

(ii): The term “(-vy-separated” is used to describe a pair of subsets A and B of a topological space (X, T), where
(8vCI(A) N B) U (AN (8 CI(B)) = 0.

Remark 3.2. Each two B-y-separated sets are always disjoint, since AN B C AN B~y Cl(B) = (. The converse
may not hold in general.

Example 3.3. The set X = {a,b,c}, and 7 = {0, X, {a}, {b}, {a,b}} are defined as follows: A7 = Aifb e A,
A7 =Cl(A) ifb ¢ A. If X is not 3-vy-separated, then {a,b} and {c} are disjoint subsets of X.

Given that $ C1(A) C v C1(A), for all subsets A of X, it follows that every [3-y-separated set is [3-separated.
The preceding example, however suggests that reverse may not be true. Both {a} and {b, c} are 3-separated in
this case,but they are not 3-vy-separated.

Theorem 3.4. The following claims hold if A and B are two non empty subsets of space X
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(1) If A and B are 3-y-separated and A1 C A and B1 C B, then Al and B1 are also B-y-separated.
(2) If A and B are disjoint and are both [3-y-closed (both B-y-open), then A and B are 3-7y-separated.

(3) If A and B are both 3-y-closed (both [3-vy-open) then H = AN (X — B)and G = BN (X — A) are
B-y-separated.

Proof. 1. Since A1 C A implies Sy Cl(A1l) C ~vCl(A) for every pair of A and Al, Sy Cl(A) N B = () and
By Cl(B)N A = () implies v C1(A1)N B1 = P and Sy C1(B1)N Al = 0. Hence Al and B1 are 3-y-separated.

2. The equations A = Sy Cl(A) and B = S~ Cl(B) hold if A and B are both 5-y-closed. Hence because
AN B =0, it follows that 8y Cl(A) N B = { and Sy Cl(B) N A = 0, A and B are [3-y-separated. In other
words, the complement of disjoint 5-v-open sets A and B are also [3-y-closed sets. Specifically X-A and X-B
are J-y-separated. If A and B are disjoint and are both, then their complements are disjoint and 3-7-closed.
Furthermore, A C 8y Cl(4) C fyCl(X — B) = X — Band B C gy Cl(B) C X — A. Hence by given part
(1), A and B are -v-separated.

3. Since A and B are (-y-open, it follows that X — A and X — B are §-y-closed. Also, H C X — B means
that X — B is equal to 3yCIl(H) C By CI(X — B). Then because 8y CI(H) N B = @ and it follows that
By Cl(H) C G = (. Similarly if H N 8y Cl(G) = . i.e. H and G are S-y-separated. (X — A) and (X — B)
are S-y-open if and only if A and B are 3-+-closed. Consequently, H and G are 3-y-separated. |

Theorem 3.5. Ifthere is a set U and set V in BO(X )y suchthat A C U, BC Vand ANV =(Qand B C U =),
then the subsets A and B of a space X are [3-vy-separated and conversely.

Proof. We have 8yCl(A) N B = () and By Cl(B) N A = () as A and B are $-y-separated sets. Therefore the
sets V=X — By Cl(A) and U = X — B~ Cl(B) are 3-y-open, such that A C U, B C V with ANV = ) and
BNU = (). On the other hand, if U and V exists in SO(X )y suchthat A C U, B C V, ANV = and BNU = 0,
then X — V and X — U are S-y-closedand Sy Cl(A) C X -V C X —Band fyCl(B) C X -UCX =4
respectively. Hence 8y C1(A) N B = () and B~ C1(B) N A = () were determined. [

Theorem 3.6. In any topological space (X, T), the following statements are equivalent:
(1) 0 and X are the only sets which are both 3-y-open and [3-vy-closed in X.
(2) X is not the union of two disjoint non empty 3-y-open sets.
(3) X is not the union of two disjoint non empty 3-y-closed sets.
(4) X is not the union of non empty B3-y-separated sets.

Proof. (1)=-(2): It is assumed that (2) is not true. Given that A and B are disjoint, non empty and are 5-y-open
solet X = AU B. So X — A = B is a nonempty set which is proper 5-y-open. It follows that (1) is not true,
since A is non empty proper S-y-open and 3-y-closed in X.

(2)=(3): Clear.

(3)=(4): If (4) is false, then X = AU B, where A and B are nonempty and 5-vy-separated sets. Then 8y Cl(B) N
A = () implies B8y Cl(B) C B and hence B is 3-y-closed. Similarly A is also 3-y-closed. i.e. (3) is false.

(4)=-(1). Assuming that (1) is not true, assume that there is a non empty proper subset A of X, that is both S-~-
open and (-v-closed. If A and B are [3-y-separated and X = AU B, then (4) is not true since. Then B = X — A
is non empty, 3-y-open and /3-y-closed. |

Definition 3.7. The condition that a subset C of a space X is 3-y-disconnected is that C = AU B or that C'is
B-v-connected if there exists non empty [3-y-separated sets A and B of X such that C = AU B.
A pair of sets A and B is referred to as a B-y-disconnection of C' if C' is 3-7y-disconnected.
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In Example 3.3, X is $-vy-disconnected, since {c} and {a, b} are B-v-separated sets and hence there union is
X.

Example 3.8. Assume X is a set comprising {a,b,c} and 7 = {0, X, {a},{b},{a,b}}. Ler~ be an operation
on BO(X) such that AY = Aifbe A, A7 = X, ifb ¢ A. So X is B-y-connected, because there is no non empty
pair A, B of non empty [3-y-separated subsets of X such that X = AU B.

Remark 3.9. (1) Every indiscrete space is [3-y-connected.
(2) Every discrete space with more than one point is (3 id-disconnected.
(3) A space X is 3-y-connected if any of the conditions (1) to (4) in Theorem 3.6 holds.
(4) A space X is p-vy-disconnected if X = A U B, satisfies any one of the following statements:

(1) A and B are disjoint, non-empty and 3-y-open sets.
(ii) A and B are disjoint, non-empty and 3-y-closed sets.

(iii) A and B are disjoint, non-empty and (3--y-separated sets.

Theorem 3.10. If there is non empty proper subset A of X which is both [3-y-open and [-y-closed in X, then
we say that space X is 3-y-disconnected.

Proof. Follows from above remarks. [ |

Theorem 3.11. Every non empty proper subset of X must have a non-empty 3-y-boundary for a space X to be
B-y-connected.

Proof. Let A be nonempty proper subset of X with 5y Bd(A4) = ). Then 8y Cl(4) = Sy Int(A) U Sy Bd(A)
implies 8y Cl(A) = S~y Int(A). Because A is both S-v-open and S-v-closed and S~ Int(A) C A is nonempty
proper subset of X, by Theorem 3.10, X is 5-y-disconnected, which is a contradictory. Due to this, A has a
non-empty [-y-boundary. On the other hand, let X be S-v-disconnected. Next, by Theorem 3.10, X contain
a valid subset A that is non empty proper subset and is both S-y-open and S-y-closed. ie. By Cl(A) = A,
ByClX — A) = X — Aand ByCl(A) N ByCl(X — A) = ByBd(A4) = 0, i.e. A has empty 3-y-boundary,
which is again a contradiction. Hence X is S-y-connected. |

Lemma 3.12. Suppose M and N are 3-vy-separated subsets of X. If C C M U N and C'is B-y-connected, then
CCMorCCN.

Proof. Since CNM C M and CNN C N then CN M and C N N are S-vy-separated sets. Also C' =
CN(MUN)=(CNnM)U(CNN). Since C is B~y-connected, so (C N M) and (C N N) cannot form a
B-7-disconnection of C. Therefore, either CNM =0, s0oC C NorCNM =porC C M. [ |

Theorem 3.13. Suppose C and C; (i € I) are B-y-connected but not 3-y-separated subsets of X, then S =
C U} is B-y-connected for each i.

Proof. Where M and N are 3-y-separated, then C'UC; is equal to S = M U N if S is S-vy-disconnected. Either
CCMorCCNandC; C MorC; C N are required by Lemma 3.12. Assume C C M without sacrificing
generality. A contradiction would occur if for some ¢, C; C N, and C and C; would be 5-y-separated. Therefore
every C; C M. Therefore N = (). i.e. M and N are not S-y-connected in S. |

Following the same line of thinking, we may deduce that for each ¢, either C; C M or C; C N. Butif
some C; C N, then C and C; would be 3-y-separated. Therefore a contradiction would occur, if for any i, every
C; € M, since M, N are not a 8-y-disconnection of S, we say that N = ().
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Corollary 3.14. Assume that, C; is 5-y-connected subset of X for every i € I, and if C;, share a point, then
U,er Ci is B-y-connected.

Proof. With I = (3, the set UC; = ( is obviously 3-y-connected for all 4 in I. In Theorem 3.13, choose ig € I
and Cjg be the central set C. If I is not equal to (). It is not true that C; N C;q equal to () for every i € I. So C;
and Cjg are not 3-y-separated. The -y-connectedness of U{C; : i € I} is shown by Theorem 3.13. |

Corollary 3.15. Suppose that for all x,y € X, there exists a 3-y-connected set Cy,y € X withz,y € Cyy. Then
X is B-y-connected.

Proof. Obviously X = () is S-y-connected. By hypothesis, there exists a 5-y-connected set C,,, that contains
both a and y for any y € X where X # (), and let a € X be a fixed element. The S-vy-connection of X =
U{Cyy : y € X} is established by Corollary 3.14. [ |

Corollary 3.16. Let C be a 3-y-connected subset of X and A C X. If C C A C By CIl(C), then A is also
B-y-connected.

Proof. If a € By Cl(C) is true for all a € A, then {a} N By Cl(C) is not equal to . C and {a} are not
B-vy-separated. Thus, A = C' U {{a} : a € A} is f-y-connected by Theorem 3.13. [ |

Remark 3.17. In particular, the 3-y-closure of a 5-y-connected set is 3-y-connected.

Corollary 3.18. If for every (3-6-open set V of Y, f~Y(V) is B-y-open in X, then function f : X — Y is
B(v, 8)-continuous.

Proof. Assume that V' be 5-6-openin Y. Then Y — V isasetin Y thatis $-J-closed. Following the reasoning
in ([8, Theorem 16(ii)]), the set f~1(Y — V') is B-y-closed set in X. The reason for this is because f~1(V) is

B-v-open setin X, since f~H(Y — V) =X — f~1(V).
On the other side, consider z € X and V' as a 3-5-open subset of Y that contains f(x). Then z € f~(V).
Given z and f(f~1(V)) C V. It may be inferred that f ~!(V') is B-y-open in X. Hence f is 3(, §)-continuous.
|

Theorem 3.19. If f : (X,7) — (Y, 0) is onto B(~, 6)-continuous function and X is B-vy-connected, then 'Y is
B-6-connected.

Proof. Y is -6-disconnected if and only if A and B give a 5-6-disconnection of Y. A and B are both /3-§-open
sets according to Remark 3.9. Both f~1(A) and f~!(B) are both non empty 3-y-open set in X because f is
B(~, §)-continuous, according to Corollary 3.18. Now, for function f, f~1(A)n f~1(B) = f~Y(ANB) =
f7Y0) = 0and f~H(A) U fYB) = fFY(AUB) = f~1(Y) = X. Remark 3.9 states that f~*(A) and
f~1(B) are two B-y-disconnections of X. Then Y is 3-y-disconnected is contradicted by this. ]

Theorem 3.20. Let f : (X, 7) — (Y, 0) be an injective function. Then the following are equivalent:
() f is B(7,6)-continuous.
(i) f~1(V) C ByInt(f~1(V)) for every subset B-y-open set V of Y.
(iii) f(ByCL(A)) C B5 CI(f(A)) for every subset A of X.
(iv) By Cl(f~1(B)) C f~1(B6 CI(B)) for every subset B of Y.

(v) f7HBSInt(B)) C ByInt(f~(B)) for every subset B of Y.
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Proof. (i)=-(ii): Let z € f~!(V), where V is a 3-6-open subset of Y. Then f(z) C V. Since f is 3(v,d)-
continuous, there exists 3-y-open set U of X containing  such that f(U) C V and so U C f~1(V), this implies
that x € By Int(f~*(V)). Thus f~1(V) C By Int(f~1(V)) for every 3-y-open subset V of Y.

(ii)=-(iii): Let A be any subset of X and f(x) ¢ 86 C1(f(A)), then by Theorem 2.2(i), there exists a -y-open
set V of Y containing f(z) such that V N f(A) = () and hence f~*(V) N A = (. Also f(x) NV implies
x € f~Y(V), which implies z € BvyInt(f~1(V)). Hence, there exists a 3-y-open set U of X containing x
such that U C f~%(V). Then U N A = () and so = ¢ By Cl(A) and hence f(z) ¢ (B3vCl(A)), which is a
contradiction. Thus f(5y Cl(A)) C 5 CL(f(A)).

(111):>(1v) Let B be any subset of Y. Since f(f~(B)) C B, so we have 3§ Cl( (f~Y(B)) C B
Also f~1(B) C X. Then by (iii), we have f(8vCI(f~ 1( ) € (BSCLf(f~Y(B)) € BsCYB
By CI(f~1(B)) € f~H(BICU(B)).

(iv)=>(v): Let B be any subset of Y and x € f~1(BJInt(B)). Then by Theorem 2.2(ii),
v ¢ X — f~H(ByInt(B)) = fH(ByCLY — B). By (iv), z € (ByCL(f (Y — B)) = X — (ByInt(f~'(B))
and hence z € By Int f~1(B). Thus f~1(36 Int(B)) C By Int(f~(B)).

(v)=(i): Let x € X and V be any 3-§-open set of Y containing f(x). Since V N (Y — V) = (), we have
f(x) ¢ ByCLY = V) =Y — ByInt(V)) and hence f(z) ¢ ByCl(Y — B) = Y — By Int(V) and hence
f(z) ¢ ByInt(f~H(V)). u

)-

poCl(B
). Thus

Corollary 3.21. Let f : X — Y be a (v, 0)-continuous and injective function. If K is B-~y-connected in X,
then f(K) is 3-0-connected in'Y.

Proof. Suppose that f(K) is 5-d-disconnected in Y. Then there exists two [3-d-separated sets P and Q of Y’
such that f(K) = CUQ. Let A= KN f~1(P)and B = K N f~%(Q). Since f(K) N P is not empty, so is
KN f~1(P). Hence A and B are non empty. Now AUB = (KN f~YP)U(KNf1Q)) =Kn(f~H(P)uU
7YQ) =Kn(f~1(PuQ)) = Kn(f*f(K)) = K. Since f is (v, §)-continuous, then by Theorem 3.20,
ByCIf~HQ)) C f~1(B6 Cl(Q)) and this together with B C f~1(Q), implies 85 C1(B) C f~1(8v CL(Q)).
Since PN Ay CLQ) = 0, AN ByCI(B) € AN f1(ByCIQ)) C F~1(P) N F1(ByCIQ)) = 0. ie.
AN ByCl(B) = 0. Similarly BN By Cl(A) = 0. Thus A and B are 3-y-separated, therefore K is a 3-v-
disconnected, a contradiction. Hence f(K) is §-d-connected. [ |

Theorem 3.22. A space X is B-vy-disconnected if and only if there exists an (7, id)-continuous function from X
onto discrete space {0,1}.

Proof. Suppose that X is -y-disconnected. Then, there exists disjoint 5-y-open sets G1 and G2 of X such that
X = G1U G2. Define a function f : X — {0, 1} as follows:

0 ifzxeGl,
f@) = {1 ifz € G2.

Now,the only /3 id-open sets in {0, 1} are @, {0}, {1}, {0,1}. So, f~1(0) =0, f~1({0}) = G4, f1({1}) =
G and f~1({0,1}) = X, which are 3-y-open sets in X. Thus by Corollary 3.18, f is 3 id-continuous function
from X onto discrete space {0, 1}. Conversely, let the hypothesis holds and if possible suppose that X is 5-7-
connected. Therefore by Theorem 3.22, {0, 1} is § id-connected which is a contradiction by Remark 3.17. So X
must be S-y-disconnected. |

Theorem 3.23. A space X is B-y-connected if and only if every (5(, id)-continuous function from space X to
the discrete space {0, 1} is constant.
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Proof. Consider X be 3-vy-connected and consider any § id-continuous function f : X — {0,1}. Since the
space {0,1} is discrete, we may say that {y} is both § id-open and S id-closed in space {0,1}. If we let
y € f(X) C {0,1}, then {y} C {0,1}. For any y in Y f~'({y}) is both 3-y-open and S3-y-closed in X
according to Corollary 3.18 and ([8, Theorem 16(ii)]) since f is 8 id-continuous function. We may deduce that
f(z) = y forevery x € X because y € f(X), so z is a function of f~1({y}). Therefore f~!({y}) does not
include empty set. If f=1({y}) is not equal to X, then f~1({y}) is a non empty subset of X which is both
B-v-open and [-y-closed in X. So there is a contradiction as, X is S-y-connected. By Theorem 3.10. Therefore
if f~'({y}) = X, then f(X) = {y}. This indicates that f is constant since for each z € X, f(z) = y. |

Definition 3.24. A set C' is called maximal [3-y-connected set if it is B-y-connected and if D is B-vy-connected
suchthat C C D C X, then C = D. A maximal 3-y-connected subset C of a space X is called a 3-~y-component
of X, if X itself B-y-connected, then X is only 5-y-component of X.

Theorem 3.25. For 3-y-component of X containing x, for each x € X, there is exactly one 3-y-component of
X containing x.

Proof. Forany z € X,let C, = U{A : 2 € A C X and A is S-y-connected}. Then {z} € C,, since C;, is
union of S-y-connected sets each containing z, is -y-connected by Corollary 3.15. If C, € D and D is -v-
connected, then D was one of the sets A in the collection whose union defined C'.. So D C C, and therefore
C, = D. Therefore C,, is a §-y-component of X containing z. |

Corollary 3.26. Two (3-y-components either are disjoint or coincide.

Proof. Let C; and C,, be two 3-y-components and C;, not equal to C,,. If they are not disjoint, let p € C;; N C),.
Then by Corollary 3.14, C; U Cy would be a 3-y-connected set strictly larger then C,. Therefore C, N Cy =
0. [ |

Theorem 3.27. Each [3-y-connected subset of X is contained in exactly one 3-y-component of X.

Proof. Let A be a S-y-connected subset of X which is not in exactly one S-y-component of X. Suppose that
C'1 and C2 are B-y-component of X such that, A C C'1 and A C C2. Since C1 and C2 are not disjoint and by
Corollary 3.26, C'1 U C2 is another [3-y-connected subset which contain C'1 and C'2, a contradiction to the fact
that C'1 and C2, are 3-y-components. This proves that A is contained in exactly one S-y-component of X. W

Theorem 3.28. A [-vy-component is a non empty [3-y-connected subset of X that is both [3-y-open and (-v-
closed.

Proof. Assume that A be a S-y-connected subset of X which is both S-v-open and S-y-closed. A is included
in precisely one -y-component C' of X, according to Theorem 3.27. It is contradictory because if A is proper
subset of C, then equation C' = (CNA)U(C'N (X — A)) results in a 8-y-disconnection of C. Thus, A=C. N

Theorem 3.29. Every 3-~y-component of X is B-y-closed.

Proof. Assume that C' be a 8-y-component of X. according to comment 3.17, 8 Cl(C) is a -y-connected
which appropriately includes the S-y-component C' of X. C'is therefore 5-vy-closed as C' = S~ C1(C). |

Definition 3.30. For every point x € X and every 5-y-open set U containing x, there exists a -y-open B--y-
connected set V such that x € V' C U, we say that X is said to be B-y-locally connected at .

Theorem 3.31. Let f : X — Y be a (v, 0)-continuous, B(~,d)-open and bijective. If X is B-y-locally
connected, then'Y is 3-0-locally connected at .
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Proof. By y € Y, find an element = € X such that y is equal to f(z). Let U be a 3-d-open set of Y that contains
y. According to Corollary 3.18, f~(U) is 3-y-open in X containing z, because f is 3(7, §)-continuous. There is
a 3-y-open 3-y-connected set V' that contains x such thatz € V' C f~1(U) because X is 3-y-locally connected.
This means that f(x) € f(V) C f(f~1(U)) = Uory € f(V) C U. The reason for f(V) is also 3-6-open
because f is 5(, d)-open. In addition according to Corollary 3.21, f(V') is B-y-connected. This establishes that
Y is B-0-locally connected. |
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Abstract. This study introduce Aboodh Adomian polynomial Method (AAPM) to solve nonlinear third order KdV
problems providing it approximate and exact solution. To get the approximate analytical answers to the issues, the Aboodh
transform approach was used. Given that the Aboodh transform cannot handle the nonlinear elements in the equation, the
Adomian polynomial was thought to be a crucial tool for linearizing the associated nonlinearities. All of the issues examined
demonstrated the strength and effectiveness of the Adomian polynomial and Aboodh transform in solving various nonlinear
equations when compared to other well-known methods. To show how this strategy may be applied and is beneficial, three
cases were examined.
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1. Introduction

In engineering, physics, and other fields of study, nonlinear models play a crucial role in explaining new
phenomena. However, in certain situations, it could be difficult to provide an exact analytical solution for
nonlinear problems [3]. To address nonlinear issues, a variety of numerical techniques were employed, and as
these techniques improved, so did the analytical techniques. Particular focus has recently been paid to the
merging of numerical and analytical methodologies. A technique for solving nonlinear differential equations in
series is the homotopy approach, which was developed by He [9, 10]. Easy and straightforward execution are
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the technique’s advantages. In engineering, physics, and other disciplines, nonlinear models play a crucial role
in explaining new phenomena. However, it might occasionally be challenging to provide a precise analytical
solution for nonlinear situations [3]. Numerous numerical techniques were employed to address nonlinear
issues, and advancements in these techniques led to advancements in analytical techniques. Combining
analytical and numerical approaches has drawn a lot of interest lately. Among these techniques is the homtopy
approach, which He developed in order to solve nonlinear differential equations in series [9, 10]. The method’s
ease of use and effortlessness are advantages.

In the field of nonlinear physics, the KdV problem is a crucial PDE that appears while studying solitons and
waves. The KdV equation, which bears the names of the Dutch scientists D.J. Korteweg and G. de Vries who
first proposed it in 1895, provides a mathematical explanation for a variety of scientific phenomena, including
shallow water waves and electrical pulses in nerve fibers. [6]. The term soliton,” referring to a solution of a
non-linear PDE, was initially utilized by Zabusky and Kruskal [13].

A KdV problem in third order is expressed as [4]:

¢T + a¢¢z + b¢¢zzz =0 (1.1
with
¢ (2,0) = ¢(z,7) (1.2)
aand b are arbitrary constants
o Partial derivatives w.r.t z
O Partial derivatives w.r.t. T

Various methods, including the combination of LTHPM [8], have been employed to obtain approximate
analytical solutions and numerical results for KdV equations and other nonlinear PDE. Achieving exact
solutions involved utilizing graphical representation for the KdV equation [4], as well as employing the
homotopy perturbation method with Elzaki transform [5, 8] combined with Aboodh transform for approximate
solutions of certain third-order KDV equations with initial conditions. Additionally, numerical techniques for
partial differential equations [1], methods like the Adomian Polynomial and Elzaki Transform [11], NTHPM
[2], and HPM using Mahgoub Transform [6] have been investigated as computational approaches for KdV
problem on an unrestricted domain. The combination of Elzaki Transformation with Adomian Polynomial is
also considered [11].

In this study, we want to improve the efficiency of the Aboodh transform method by its integration with the
Adomian polynomial approach. The combined approach known as “Aboodh Transform and Adomian
Polynomial (AAPM) for Solving Third Order Korteweg-De Vries (KDV) Equation” is used in this situation.
Usually, this approach takes several stages to get an accurate result, presenting the outcome as an approximation
analytic solution in a series structure.

2. Main Results

2.1. Aboodh Transform Method (ATM)

Differential equations are solved with the application of the Aboodh transform and some of its basic
characteristics. For exponentially ordered functions, the Aboodh Transform is defined.
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Definition 2.1. The Aboodh transform, defined on set A of functions, is the new term for the integral transform.
A={o(r)| I M, k1, ks > 0,]|¢(T)| < Me™"T} 2.1)

where kq,k2 C M. The symbol for the Aboodh transform is A[¢(7)]. The integral equation of the form is
represented by .

A =ate) = 3 [T omeTin w20k <0<k e2)
Definition 2.2. Aboodh Transform for function ¢(7) of exponential order over the set of function is defined as
A{flo(r) < Meb|r|, if 7€ (=1)) x [0,00], j=1,2,..(M,ky, ks >0)} (2.3)
where ¢(7) is denoted by

and defined as L e
A =2 [T ome i =1, <0k <osh
0

2.2. Aboodh of basic functions
Using definition 2.2, one can show as follows.

1. Let ¢(z,7) = %7, then its Aboodh transform w.r.t 7 is given by

1 o0
A{eaz+b‘r} I eaz+b7'e—'u‘rd7_
0

v
az oo
€ _
— ebT m—dT
v Jo
e” -1 e’z

:T'b—v:v(v—b)7 v>b

2. Let ¢(z,7) = 2™7™, then its Aboodh transform w.r.t 7 is given by

o)
A{ZWLTn} _ / SM N e=VT ]
0

P e Zm [
= — e VTdr = — e 'Tdr
v Jo v Jo

2™ I(n+1)

v vln+41)

nlzm
= W, v>0

3. Let ¢(z,7) = sin(az + b7), then its Aboodh transform w.r.t 7 is given by

A{sin(az + b7) = % / sin(az + br)e™ "7}
0

Applying repeated integration by parts leads to

e YT (vsin(br + az) + beos(br + az))
v2 + b2

oo

— Afsin(az + br)} = % (

=0
_ vsin(az) + bcos(az)’ 0> 0
v(v? + b?)

3

s
2
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4. Let ¢(z,7) = sinh(az + br) then its Aboodh transform w.r.t 7 is given by

1
A{sinh(az 4+ br)} = = sinh(az + br)e™""dr.
v

By using properties of hyperbolic functions and integration by parts, we have

A{sinh(az + b7)} = %/ [cosh(az) sinh(b7) + sinh(az) cosh(br)]e™ " dr
0
. l ( ((U + b)€2(b‘r+a2) —v+ b)e(v-l-b)r—az) 0
v 2w —="Db)(v+D) o

_ wsinh(az) + bcos(az)
- 0(1)2 _ b2) ) ‘UI > ‘b|

If Al¢p(7)] = q(v) = %fooo o(t)e "dr, T >0, k1 < v < ky. Then, the Aboodh and Inverse Aboodh
Transform of some Elementary functions are given below.

[SIN [ A~ {k(v)} = (r) [ Ae(r) = k(v) |

L. 1 I

2. T 1}]}%
3. e 1)2_}_0’2
4. sin(at) )
5. cos(at) m
6. sinh(aT) Ty
7. cosh(ar) -

Table 1: Aboodh { A} and inverse Aboodh Transform {.A~1} of some functions

also the Aboodh and Inverse Aboodh Transform of some derivatives is given below

SIN || A{u(z,m)} = k(v) | A1 | Lz

1. Alu(z, 7)] K(z,v)

2 A | 2uz) v (z,0) — 222

3 A % v? [K(z,v) — u(z,0) — Luy(z,0)]
| ATl oK ) - S L

2.3. Properties of Aboodh Transform

The following properties of Aboodh transform are derived from the definition and which will be applied in the
following chapter to solve the Schrodinger equation, both linear and nonlinear.

Lemma 2.3 (Linearity Property of Aboodh). Let ¢(z,7) and ¢(z,7) be any two functions whose Aboodh
transform w.r.t exist. Then for arbitrary constants a and b, we have

Afad(z,7) + bo(z,7)} = aA{p(z,7)} + bA{p(z,7)} 2.4)

3

273



Oludapo Omotola Olubanwo, Julius Temitayo Adepoju, Abiodun Sufiat Ajani, Senayon Sunday, I[dowu

Proof. By definition of Aboodh transform w.r.t 7, we obtain

Aot )+ bp(er)) = 3 [ (@) + bl

—q (i /0 Oo(qz)(z,T))e—WdT) b (i /0 b @(Z,T)e—WdT)

= aA{$(z,7)} + bA{p(z,7)}

2.4. Aboodh Adomian Polynomial Method (AAPM)

This study’s main idea is to demonstrate the Adomian polynomial method with the Aboodh Transform by

applying it to a broad category of nonlinear partial differential equations.

% +R¢(2,7) +N¢(2,7) = f(z,7)
-
whereg =1,2,3, ---
with 911
% (2,0) = gq—l(x)

Taking Aboodh transform of (2.5)

&9lz7) q'" order partial derivative of ¢(z, )
7=0

R linear term

N nonlinear terms

o(z,7) represents the source term.

A {W+R¢(z’7)+N¢(z,7) = f(z7)

Applying Aboodh linearity property to (2.7)

A [5)%(2,7)} +A[R¢ (2,7)] + A[N¢ (2,7)] = A[f (2,7)]

or4
¢ (z,1)] 9w ka ¢ (2,0)
A[ or4 } - Z ’ - ork

Substituting equation (2.9) into (2.8)

q—1

AL 5~ ok 0G0 | iy (o) - ANG (27)] = AL (2,7)]

otk
k=0

This result into

ALLO) gt e 50 o )+ A )

4
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By simplification, equation (2.12) becomes
T 26 (0)
Alp (z,7)] =v?[A[f (z,7)]] + Z 2k =) e {A[R} (z,7)] + A[N¢(z,7)]} (2.13)

Taking Aboodh inverse transform of(2.13), gives

! 0%¢ (2,0)
AT g ()] = A7 [v"A DM ] AT 0 AR (7)) + A NG (2, )]}
(2.14)
! 0% ¢ (z,0)
v l”q““ AN 1 AT ARG (2,7 + A NG (7)) 219
Equation (2.15) is expressed below as
¢(z,7) = F(z,7) = A7 ! {A[R¢ (2, 7)] + A[N¢ (2, 7)]}] (2.16)
F(z,7) is obtained from the initial conditions given. The result obtained in (2.16) is
)= én(z7) (2.17)

The non-linearity in the equation can be simplified using Adomian polynomial as

= i A, (2.18)
r=0

Where A, represents the Adomian polynomials. It is obtained using the expression in (2.19)

L d =
A= [ZA @1 r=0,1, - (2.19)
A=0
Substituting equation (2.18) and (2.19) into (2.17) leads to
> ¢n(2,7) =F (2,7) — A7 [uq {A RY ¢(z,7)| + AN (2,7)] + A | A, } (2.20)
r=0 r=0 r=0
From equation ¢q (z,7) = F (2, 7). Thus, the recursive expression is hereby obtained as
bror = —A1 |0t {A RY ¢(z,7)| + AN (2,7)] + A DA, } , >0, (2.21)
r=0 r=0
With truncated series, one can approximate the analytical answer ¢(z, 7).
N
¢ (2,7) = TIHEO; b (2,7) (2.22)
S
V=)
MM
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3. Application

In this section, we wll work through the examples that follow to demonstrate the Adomian polynomial method to
illustrate how well the third-order nonlinear KDV problems may be solved by using the Aboodh Adomian

Polynomial Method..

Example 3.1. Examine the nonlinear KDV problem [6]

¢r — 600, + @222 (Z7 T) =0,

with
¢ (2,0) = 6a

Applying Aboodh to both sides of the equation (3.1)
A [(b‘r] = _A[Ql)zzz (Za T) - 6¢¢z]
Making use of the Aboodh differential properties, equation (3.3) becomes
1
U-A [¢<Z» T)] - ;¢(z7 0) = _A[¢zzz (Za T) - 6¢¢z}

Applying the initial condition Equation (3.2) on Equation (3.4), we obtain

Alotm] = 5 = |1 A6~ 000.]

Equation (3.5), when transformed using the inverse Aboodh Transform, yields

7)== A7 | g, — 660

¢0:6$

The following is the recursive relation:

(errl(ZaT) = A_l |:11)~A[6Ar - ¢rzzz]:|

Where A,. is the Adomian polynomial.
Let the representation of the nonlinear term be:

1 d ZOO
r - )\l %
T orldar [ ¢ 1
A=0
By using equation (3.9), we obtain

Ay = ¢oldo:]
= ¢1 [¢o2] + Pop1-
Ay = 2 [hoz] + b1 [¢12] + o [P2:]
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From Equation (3.8)
Whenr =0, ¢ = [ A[6A4y — ¢>0zzz]]

¢1 = »A71 |:71}A[6¢0¢0z - ¢0zzz]:|

¢1 = 21627

Whenr =1,y = A7' [LA[6A1 — ¢y

¢2 = A_l |:3;A [6¢1¢02 + 6'UJO¢1Z - ¢1zzz]:|

1552
(252 = 9 ZT2
o = TT7627>
r= 23 ¢3 = |: [6A2 ¢2zzz]:|

¢z =A"" |:1];A[6¢2¢OZ + 6w1¢12 + 6¢pd2. — ¢2.zzz}]

b3 = 419904273

The approximate series solution is:

QS(‘Z?T) :¢O+¢1+¢)2—|—¢3—|—
¢ (2,7) = 62 + 21627 + 7776272 + 41990427% + - -

¢ (2,7) = 62(1 + 367 + (367)% + (367)° +--+)
Equation (3.10) may be expressed in closed form using Taylor’s series.:

6z
- 1
o (z,7) T |367| <

(3.10)

(3.11)

The solution obtained in equation (3.10) is in good agreement with the result obtained by Mahgoub Transform

method [6].
Example 3.2. Examine the nonlinear KDV problem [2]

GOr + PPz + Pz (Z,T) =0

With
(b(Z,O):l—Z

Applying Aboodh to both sides of the equation (3.12).
A [¢T] = _A[(bzzz (Za T) + (b(bz}

Making use of the Aboodh differential properties, equation (3.14) becomes

vA [¢(zv T)] - %QS(Zv O) = _A[¢zzz (27 7—) + ¢¢z]

271
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Applying the initial condition equation (3.13) on equation (3.15) we obtain,

Aloler)] = “o = S ligees (7).

V2
Now, we use the Aboodh inverse Transform of (3.16).Thus,

6t = (2= 1) = A7 Ao () + 00

po=1-=2

The recursive expression is can now be written as

Gr1 = _A_l |:11}A[¢rzzz (Za T) + AT}:|

where the Adomian polynomial denoted by A,. is used to decompose the nonlinear terms.

1 d7 =,
A =— igh;
Tyl d)\rf[;)\@})\_o

The nonlinear term is represented by

f(w) = ¢¢-

By using equation (3.20) , we obtain

Ay = ¢oldo-]
Ay = 91 [doz] + bod1-
Ay = @2 [hoz] + b1 [¢12] + o [P2-]

From equation (3.19)

278
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When r = 0, we obtain
111
—-A~ ;A ¢Ozzz z, T +A0]
./4 1
P =01-2)
r = 1, UJ2 = —A*l |:’UA[¢OZZZ (Z,T) + Al]:|

SAO+(1—2)(— 1)]}

| —
S| =

b2 =~ A7 | L Afpren (57) + 6160+ duonc]
gp=—A"" BA[O +(1—2) (=) + (1~ z)(—T)]}
¢2 = (1 — 2)7°
P2y = A7 LAl a7 + al
ws = —A~! BA[%M (2,7) + Poda= + P11- + %%]}

wy = —A"? EA[O +(1=2)(-m)+ Q=2 () + (1 -2) () (—1)]}

(,253:(172)7'3
Gz, )=+ b1+ P2+ 3+

p(z,m)=1-2)+(1-2)7+(1-2)*+(1—2)3+ - (3.22)
$(zm)=(1=2)+(L+7+77+72+) (3.23)

Applying Taylor’s series, equation (3.23) is expressed in exact form as:

¢ (2,7)= :ti 7| <1 (3.24)

The solution obtained in equation (3.24) is the same as with the result obtained by Natural Transform and
Homotopy Methods [2].

Example 3.3. Examine the nonlinear KDV problem [11]

¢r — 600, + ¢... =0 (3.25)
With )
,0) = 3.26
(20 = T30 (3.26)
Taking the Aboodh of (3.25)
A [¢T] = 'A [6¢¢z - ¢zzz] (327)
Using the Aboodh differential properties, we obtain
1
vAl¢r] = ~8(2,0) = Al66¢: — @222 (3.28)
S
Sy
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putting equation (3.25) into equation (3.28), we get

2 1
Alole7)] = g+ | S Al006. 0. (o7 (3.29)
v(z —3) v
Now, we take the Aboodh inverse of (3.29). We have
2 1|1
¢(2,7) = ———5 + A | =A[600.—w... (2,T)] (3.30)
v(z—3) v
2
- (3.31)
¢0 (Z _ 3)2
The recursive relation is given as
1|1
¢r+1 =A ! |:’UA[AT - ¢rzzz (27 7—)]:| (332)
Where A, represents the Adomian polynomials. It is obtained using the expression in
L d =,
A= — oy .
r=ot [Z A @] (3.33)
1=0 A=0
The nonlinear term is represented by
f(u) =, (3.34)
By using Equation, we obtain
Ao = do¢o-

Ay = $1¢02 + Pod1z
Ay = 20, + 0101 + Poda

From equation (3.33)
When r = 0, we obtain

(bl = A_l %A[AO — ¢Ozzz (Za T)]:|

o1 = A | LA, — ...

Lt 2 -1 \* 48
or=A _UA[6<(2—3)2((Z3)> >+(z—3)5]1

¢1 =0

r = ]_, Wy = .,4_1 |:1];A[A1 — ¢1zzz (277—)]:|

¢2 = 7"471 |:i-’4[¢1¢02 + ¢)0¢1z - ¢1zzz]:|

br = A7 [ 1A

v

e
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p2=0

r=2, w3 = .A_l |:11}.A[A2 - ¢2zzz (Z7 T)]:l

¢3 = _A_l |:11}-/4[¢2¢Oz + ¢1¢1z + ¢0¢2z - ¢2zzz}:|

The approximate series solution is expressed below as

¢(2,7) =¢o+ o1+ P2+ 3+ -

2

The approximate solution ¢ (z, 7) is given by

2
o(2,7) = ——. (3.35)
(2,7) =3
The solution obtained in equation (3.35) is in good agreement with result obtained by Adomian Polynomial
and Elzaki Transform Method [11]

4. Conclusion

This study presents the solution of third-order nonlinear KdV problem using AAPM. The examples under
consideration demonstrated how successful this technique is at solving third-order KDV equations and how well
it works as a system to produce outcomes that are realistic and closely aligned with precise solutions after a
minimal number of repetitions. The answers found using this approach concur with additional answers found in
the cited literature.
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Abstract. In mathematics, it is known that if f : E* — E represents a homothety and N denotes a surface in E3, then
f(N) = N is asurface in . In this study, especially, the surface N is considered a slant ruled surface. Then, it is proved that

the image surface f(N) = N is a slant ruled surface, too. Moreover, some significant properties are shown to be preserved
under homothety in E3.
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1. Introduction and Background

The notation of slant helix, where the normal lines of the curve form a fixed direction with a constant angle, was
introduced in [4]. In literature, there are several studies about slant helices such as [10], [11] and [17]. In [10],
the slant helices were investigated in E3. In [11], a thorough analysis was conducted on the spherical images,
tangent, and binormal indicatrices of a slant helix. In [17], a system of linear differential equations including
an alternative frame was solved. Furthermore, the position vectors of slant helices by means of integration were
determined in Minkowski 3-space. Considering the properties of the slant helix, the concept of the slant ruled
surface was firstly expressed in [13] as follows: In mathematics, it is commonly known that the orthonormal
vectors of a ruled surface are specified by the ruled surface’s Frenet frame. In [13], the concept of special ruled
surface which is called slant ruled surface was defined by regarding as the Frenet vectors of the ruled surface.
Also, these vectors form some fixed directions with a constant angle in the space. Similar definition was adapted
to Darboux vector of the ruled surface which is expressed as Darboux slant ruled surface in [14]. Then, in E?,
several substantial characterizations of the slant ruled surface were investigated in [8]. In [12], non-null slant
ruled surface was defined and some fundamental theorems of being non-null slant ruled surface were proved. In
[5], the concept of the slant ruled surface was defined by exploiting E. Study mapping and the isomorphism
between the unit dual sphere and the subset of the tangent bundle of the unit 2-sphere.

The conformal and the properties of connection preserving maps in n— dimensional C'** manifold were examined
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in [2]. Moreover, the condition of being connection preserving for conformal maps were proved in terms of
homothety. Then, the connection preserving spray maps were investigated in [3]. Besides, the results for
connection preserving conformal diffeomeorphisms of spheres were obtained without any restriction in [15].
By using the differential geometric concepts in [6], the normal curvatures of hypersurfaces were calculated under
conformal, homothety and isometry maps in [1]. Furthermore, it was demonstrated that if the conformal map is
an isometry, then the first and second fundamental forms of hypersurfaces are invariant.

Taking the geodesic Frenet trihedron defined in [16] and the condition of being a surface with the map f :
E? — E3 into consideration, several properties for the ruled surfaces were denoted under the homothety in
E3. However, in literature, there is no research about the examination of some properties for the slant ruled
surfaces under homothety in E3. Therefore, we ask that question:”Which properties are preserved for the slant
ruled surface under homothety in E3?” In this study, we answer this question and obtain some results by using
homothety in E3. Thus, the structure of this study is as follows: In Section 2, some fundamental concepts about
conformal map, the definition of slant ruled surface and its Frenet apparatus are represented. Moreover, the
condition of a connection preserving is mentioned. In Section 3, some important properties are shown for the
slant ruled surface under the homothety in E3.

2. Preliminaries

Assume that M and M are two surfaces in £3 and f : M — M is a C™ map. If there exists a C real valued
positive function F' on M. Hence, VP € M and VX, Y, € Ty P

<f*(Xp)7f*(Yp)> = F(P)<Xp7yp> 2.1

is satisfied, f is called a conformal map. If F is constant, f is called a homothety of coefficient F'(P), where f.
is Jacobian map of f.
Assume that D and D are connections on M and M, respectively. A C° map f : M — M is called connection
preserving if

f«(DxY) = Dy, x)[+(Y) (2.2)
forall X, Y € x(M), see [2].

Theorem 2.1. Assume that f : M — M is a conformal map. Then f is a connection preserving iff f is a
homothety, [9].

Assume that I is an open interval in R. The ruled surface N, parametrized as the following equation, is
denoted by
(u, v) = &(u) + vq(u). (2.3)

Here @ = d(u) is base curve and ¢ = ¢(u) is rullings in E3. Also, the distribution parameter is calculated by

P, = A 2.4
Here, &, = % and ¢, = % , [6]. Additionally, the unit normal vector of N is
. Tu X Ty (G +vqy) X G 25)

Pu X Foll /(@ + 0Gu, A + 0Gu) — (Guy O
Along a ruling u = w1, as v infinitely decreases, the surface’s unit normal converges in a limiting direction. As
the asymptotic normal direction, this direction is determined by Eq. (2.5), which is defined by
X Gu
Il

Y

@ = limy—s1oom(ul,v) =

e
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The point where 171 is orthogonal to @ is defined as the striction point and represented by C'. Thus, the striction
curve of the surface is defined as the set of striction points of all rulings. The striction curve ¢ = ¢(u) is

_ . . o Qus Ou) _,

Au) = a(u) + voq(u) = alu) — (G, ) ot >q(u) 2.7
(T @)

Here, vg = — %. Moreover, h computed by h=adx ¢ is defined as normal vector. Hence, the set {C'; ¢, fz, a}

is Frenet frame of N. Here, C denotes the central point and ¢, h and @ also denote unit vectors of ruling, central
normal and central tangent, respectively.
For the Frenet formulas of V in terms of the arc-length parameter s are

iz 0 ki 0\ (4
il =~k 0 k| (B
g 0 —k» 0/ \a@

Here, k1 = % and ky = %. s1 and sz denote the arc lengths of the spherical curves bounded by ¢ and da,
respectively. For more details, see [6].
Moreover, in [13], the characterizations of being ¢, h and @ slant ruled surfaces are classified as follows:

Assume that N is a ruled surface in E® denoted by the parametrization
(s, 0) = s) + vqls), [lgls)ll =1, (2.8)

where &(s) denotes the striction curve of N and s represents arc length parameter of &(s). Let {{, h, @, k1, k2} be
Frenet operators of V. If the rulling (or central normal, central tangent) form a fixed non-zero direction @ with a
constant angle 6, then NV is called ¢—(or ﬁ, @) slant ruled surface, respectively, see [13].

The curve which are drawn by ¢ on the unit sphere S? is defined as the spherical indicatrix curve. Also, { is
defined as the spherical indicatrix of N. For the Frenet vectors {¢, ﬁ, @} given above, we can write

q;l = h7

7 L ko

he, = 7+ 24, 2.9)

k1

. ko >

g, = —Eh7
where s denotes the arc-parameter of the spherical indicatrix curve ¢. Also, ¢s, = C;'l—i, ﬁsl = j—shl and ds, =
d" .
Js-» respectively.

3. Slant ruled surfaces under homothety

Assume that N is a slant ruled surface given in Eq. (2.8) and f : E — E? is a homothety of coefficient \. For
the point Z taken on each rulling d of NV, we get

Z = ¢(s) + vd(s). (3.1
according to arc-parameter s. Then, we write
[+(Z) = fu(@(s)) + v fuld(s)). (3.2)

Consequently, f(d) is a striction line passing through the point f(¢(s)) of the image curve f o c. Hence, f(N) =
N is a slant ruled surface with the striction curve f o cin E3.

3
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Corollary 3.1. Slant ruled surfaces transform to slant ruled surfaces under homothety.

If we exploit the spherical indicatrix vector of N as ¢, we can acquire the parametric representation of N as
follows:
7(s,v) = c(s) + vq(s)

or

Fs,v) = [u(@s)) + vémq-‘(s)). (3.3)

In this study, we will consider f : E* — E® as a homothety with the coefficient A such that f(N) = N.
Moreover, the rulling (or central normal, central tangent) makes a constant angle § with a fixed non-zero direction
#. Here, N and N are slant ruled surfaces in E°.

Theorem 3.2. For all X in x(N), we have
[f*(X)]s :f*(XS)- (3.4
For proof of this theorem, see [7].

Let h and @ be central normal and central tangent vectors of IV, respectively. Thus, we can simply write

Rt g_9X4 (3.5)
15| 15|
From ¢ = f;\@ and Theorem 3.2, we get
£ (@)1
and ) .
Az (@)
By using the following equation
Je(@) % fu(qs) = det f (G % G5), (3.8)
we obtain ot
i= eAf * . (3.9)
The striction curve ¢ is written by
_ - (as, @s) _
cls) =a(s) — ——=q(s). (3.10)
() =06~ )
Assume that ¢ is a striction curve of the slant ruled surface N. Therefore, we get
é(s) = a(s) + kq(s) 3.1
or .
€ls) = (@) + k7 Lu(ds)). (3.12)
Due to the definition of the striction point, we acquire
<7_?s Xﬁvaf*(q_) Xf*((j‘s»:() (313)
By using Eq. (3.3), we obtain
f= z (0 G) (3.14)
<q$’ qS>
S
V=
MJM
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Then, for the striction curve of N, we calculate

— —

(s, Gs)
(s Gs)

&(s) = fu(@(s)) - fe(d(s))- (3.15)

Consequently, it is easily seen that f,(&(s)) = &(s).
Corollary 3.3. The property of being striction curve is preserved under the homothety.

Assume that 3 : I C R — E3 is the orthogonal trajectory for N and T is the tangent of 5. For s € I, we
have
(T,q) =0. (3.16)

Since f is homothety, we write
(f«(T), f<(@)) = 0. (3.17)

As aresult, f(3) = /3 is a orthogonal trajectory for N.
Corollary 3.4. The property of being orthogonal trajectory is preserved under the homothety.

If the slant ruled surface N is closed, a positive integer ¢ exists such that

N(s+t,v) = N(s,v). (3.13)
Hence, we write
s +1t)+vq(s+t) =cl(s) + vgls). (3.19)
Because of the linearity of f,, we write
fo(@s +1) + v fulqls + 1)) = fo(e(s)) + vfu(q(s)). (3.20)
If we take the parametrization of N,
N(s+t,v) = N(s,v). (3.21)

Corollary 3.5. The condition of being closed of the slant ruled surfaces is preserved under the homothety.

For the distribution parameter P is
_ det(Cs, 4, qs)

Pz = - (3.22)
! |lgs|1?
Considering ¢ = % % and Frenet formulas given Eq. (2.9), we obtain
1
Py = —(G,a). (3.23)
Similarly, for the distribution parameter of IV, we have
det :*g = :;
p, = e 0.4:) 54 ) (3.24)
I
Namely, we can write
d t * | 9 J ok 9 J*x E
py = BetU(E06). 1@ 1) 325
Az qs|[fo (M)l
Since f.(q) x f.(h) = A2 f,(@), we acquire
Py =Ps. (3.26)

Corollary 3.6. The property of being developable of the slant ruled surfaces is preserved under the homothety.

e

[V =)
MM
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Abstract. This paper presents uncertainty principles pertaining to generalized wavelet transforms associated with a second-
order differential operator on the half line, extending the concept of the Bessel operator. Specifically, we derive a Heisenberg-
Pauli-Weyl type uncertainty principle, as well as other uncertainty relations involving sets of finite measure
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1. Introduction

Al Subaie and Mourou ([4]) have introduced and studied the following second order differential operator A, ,,,
on the half line (0, +00),

1" 2 ]_ 4
Aoo(u) =+ atl n(a2+ n) "
T T

where o > —% and n € N. Its particularity resides in the fact that it generalizes the usual Bessel differential
operator, indeed for n = 0, we recover the Bessel operator £, = u’ + 2actly,

This paper focuses on exploring uncertainty principles concerning the generalized Fourier transform [4] and
continuous wavelet transforms [3] associated with A, ,,. Essentially, a function and its Fourier transform cannot
be sharply focused at the same time in harmonic analysis, according to the uncertainty principle. Various
mathematical formulations express this principle, involving measurement of sets or norms. For further
elaboration, interested readers can refer to [17, 24] and [5, 8, 12, 13, 16, 23]. Recently, similar uncertainty
relations have been established for different integral transforms, such as continuous wavelet transforms and
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Uncertainty principles for the continuous wavelet transform associated with a Bessel type operator A, ,,

Gabor transforms, across various contexts. Relevant literature includes [7, 10, 22, 29, 33, 36] and related
references.

In this context, we establish, among other, a sharp Heisenberg-Pauli-Weyl type uncertainty principle [35] for
the generalized Fourier transform %z associated to A, ,,, which is defined on R} = [0, +-00) by

$2a+1

2022 4 2n + 1)

+o0
Za(h)(N) = /0 F(@)ox(@) i YA ER..

where (1) = 22" j41 2, (Ax) and j,, is the modified Bessel function (see [27, 34]).

We present Heisenberg-Pauli-Weyl type inequalities applicable to the generalized continuous wavelet
transform associated with A, ,,. These inequalities encompass both the time and frequency variables, as well as
their combination. Additionally, we explore other uncertainty relations pertinent to this transform, including
Donoho and Stark type principles. Our investigation delves into the concentration of this transform on
time-frequency sets, revealing that the generalized wavelet transforms of non-zero functions cannot have
arbitrarily large support. Notably, extensive research has been conducted on this generalized Fourier transform,
particularly within the realm of uncertainty principles [1, 2, 14, 15].

Numerous studies, including those on time-frequency representations such as Gabor and wavelet transforms,
have been thoroughly explored in diverse contexts using various methodologies [6, 10, 18, 20, 22]. For further
elucidation, refer to [21].

This document is structured as follows:

The first section revisits some harmonic analysis findings pertinent to the generalized Fourier transform, ..
The second section focuses on the study of generalized continuous wavelet transforms associated with A, ,,. In
the third section, we present results concerning finite sets of measurements, alongside discussions on Donoho-
Stark and Benedicks-type uncertainty principles. Lastly, the fourth section addresses Heisenberg-type uncertainty
principles for the generalized continuous wavelet transform.

2. Preliminaries

Within this section, we revisit essential concepts in harmonic analysis pertaining to the Bessel operator £, as
documented in references [9, 11, 26, 32]. These concepts serve as foundational knowledge for our examination
of the Bessel-type operator A, ,, (see [4]). For « greater than f%, the Bessel operator ¢, is defined over the
interval (0, +00) by

" 20[+1

lo(u) =u + u'.

r

Next, considering all values of A in the complex number set, the following system
lo(u) = —Nu, u(0) =1, «/(0) = 0,

admits a unique solution given by the modified Bessel function z — j, (Az), where

, _2°T(a+1) _ — (=1)" Zyon .
Jalz) = TJa(CU) =T(a+ 1);m(5) ;o zeR;

and J,, is the Bessel function of the first kind and index « (see [27, 34]).
The Mehler integral representation of the modified Bessel function j,, is expressed as follows:

o (a+ 1) /1 o .
' o1y [ (L= t) T2 cos(at)dt, ifa > —1/2;

Vr € R; Ja(l') = ﬁr(a + %) o ( ) COb(x ) if o /
cos(z), ifa=-1/2.
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Specifically, for each natural number n and real number z,

35 ()] < 1. 2.1)

On the positive real numbers R, define the measure 1, as follows:

2a+1
dpe(x) = . dz; where ¢, = 2°T'(a + 1), (2.2)

and represent the Lebesgue space on R with a focus on the measure 1o, by L%, (Ry), p € [1,+00], and the
LP—norm by ||.[, .-
The Bessel translation operators 7', where > 0, operate on L}La (R.), with their definition as follows:

[(a+1) g o .
F@""M/o F(V22 + y2 + 2xycosh) (sind)>*db, if o > —1/2;

7 (M) = 03
fx+y) + [z —y]) a1/
2 .

)

Here, for every z € R, we have

+o0 +oo
/ 7o (F) (W) dpaly) = / F)dua(y).
0 0

Forevery f € L, (R4), p € [1,+00] and for every x € R, the function 77 (f) belongs to the space L, (R)
and

| 72 (f) |p7/ta§” I lppa - 2.4)

In Lllla (R.), the convolution operation between two functions f and g is defined by

+oo
f o g(z) = / F@)(0) @) dpaly), Vo € R,

In L}LO (R..), the convolution product "+, is both commutative and associative.
For the convolution product ” ,, 7, the Young’s inequality states that if p, ¢, and r € [1,400] are such that
+ L =1+ % thenforall fin L. (R;)andgin L% (R,), the function f %, g belongs to L7, (R, ) and

1,1
P q

1 *a gllrpe SIS llppall 9 lgpa - 2.5

Furthermore, for any function f and g in L?, (R, ) and we have for each z € R,

Talcl(f*ocg):Ts(f)*ag:f*ang(g)‘

On L;l:,a (R.), the Hankel transform 57, is defined, via

“+o0
AN = [ 0N o), VA€ R, 2.6)

The following properties hold
e (Inversion formula for J7,) In L}ta (R4), for any function f, we have for almost all z € R

+oo

fz) = | Ho(F)N)ja(@A)dpa(N)-

e
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o (Plancherel’s theorem for .77;,) An isometric isomorphism from Lia (Ry) onto itself may be obtained by
extending the Hankel transform 7. Specifically, the Parseval’s formula for each f and g in Lia (Ry) is as

follows.
+oo

+o0 . _
/O f(@)g(x)dpa(r) = Ha(F)N)Ha(9)(Ndpia(N).

0

e Forevery f € L, (Ry),p=1or2,andx € R, we have
Ho (17 ([)N) = Ja (@A) A6 (F)(A), VA€ Ry, 2.7)
e Forevery f € L, (Ry)andg e LP (Ry),p=1,2 we have
Ho(f *a 9) = Ha(f)Ha(9)-

eSuppose f,g € L2 (Ry).In L% (R, ), the function f , g is included if and only if, 7, (f).#(g) belongs to
L?. (Ry)and in this case, we have

Ho(f *a g) = Ho(f)Ha(9)-

Let us consider the second-order singular differential operator on the half line (see [4])

v 241, 4dn(a+n)
+ U U

A p(u) =u " "

where n € N. We obtain the Bessel operator ¢,, for n = 0.
For all \ € C, the function

ox () = 2% juron(Ax). (2.8)

is solution of A, ,,(u) = —\?u.
The following characteristics apply to the function @)

e Forall \,z € R,

2nor 2n+1) [*
oa(z) = S 2lat 2nt 1) / (1= 2)20=F cos(Aat)dt.
0

- Vrl(a+2n+3)

In particular,
loa ()] < 2. (2.9)

* For a measurable function on R, we define the map M by M f(z) = z?" f(z). Then, for x,y € R and
A € R, the function ¢, satisfy the following product formula

er@)erly) = (f(g 12(5 : ;lr?;l)) /OW<M_1*"A)(\/A2””2 + X2y + 2)\zycos(9))sin(0)* " df.

In the sequel, we need the following notations.

. Lﬁt) (Ry), p € [1,+00], is the space of measurable functions f on R, such that ||M*1f||p,“a+2n < 0.
The space L’(D#) (R ) is equipped with the norm ||.{|,, (., given by

DiHa+2n "

£,y = 1M~ f

e
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From the last product formula, we define the generalized translation operator, Tgf‘, z € Ry by

A _(xy)2nf(a+2n+1) T = 5 T8 ) sin(0) 02N
0 = o Ty, M Do @)sin0) s @10

Whenever the integral of the right-hand side is well defined.

* We have the following relation between the generalized and Hankel translation operators

o () = (@y)* 22 (M1 f)(y),

where 722" is given by the relation (2.3).

» Forevery f € L](”#) (R4), p € [1,+0c] and for every x € R, the function 72 (f) belongs to the space
L’()#) (R, ) and
172> (Dl < 2 1 .- 211

Given two functions f, g € L(lﬂ) (R.), the generalized convolution product, ”#”, is defined as

+oo A y20¢+1
f#g(x) = / fy)m (9)(y) dy, x>0, (2.12)
0 Ca+2n
where the constant c,,t2,, is given by the relation (2.2).
We have the following connection between ”#” and ” %442, 7,
F#g(x) = M (M7H(f) *at20 M~ H(9)) (@). (2.13)

In L%ﬂ) (R ), the convolution product ”#” is both commutative and associative.

Young’s inequality for the convolution product ”#” states that, for all f in L?M) (Ry) and g in L‘(JH) (Ry), the
function f#g belongs to L{ (R ) and for all p, ¢ and r € [1, +00] such that % + % =1+ Land

1f#3lr ) I F ol 9 g, - (2.14)
On L% ) (R4), the generalized Fourier transform .#a related to A, ,, is defined by

2c+1

+oo
Zalf)(N) = / f@)oa(@) " dr; VAER,, 2.15)

Ca+2n

where ) is given by the relation (2.8).
We have the following properties

» For f € L%ﬂ)(RQ,

Fa(F)N) = Hagon (M)A, A €R4.

» For each f € L%ﬂ)(R+), Fa(f) is a function that is a part of €, o(R) the space of continuous even

functions f on R such that ‘ l‘im | f(z)] = 0 in addition
T |—00

[-Za(Flloosparen < N1
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* Since Za(f) € L}

Ha+2n

(Ry) forevery x € Ry, let f € L) (R+)
+oo

fz) = | Fa()N)ea(@)dpiaran(X)-

Applied to L%M) (R.), this demonstrates that .7 is injective.

¢ (Plancherel’s theorem for %) An isometric isomorphism from L%u) (Ry) onto LiaHn (R.) may be

obtained by extending the generalized Fourier transform .% . Moreover, the following Parseval’s formula
holds for every f and g in L%L) (Ry).

(19) ) = (Fa(DNF a9 aron- (2.16)
where the inner product defined on L%u) (Ry)is (.| ), via

(Fla) gy = (MM (9)) payan (2.17)

and the inner product of the Hilbert space Lia+ ,,, (R is shown by the notation ( .[. ), .-

* Whenx € Ry,p=1or2,and f € L’()#) (R), we obtain
Fa(re ()N = @a(@) Fa(f)(A), VAR,
* Forevery f € L%u) (Ry)and g € LI(’“) (R)), p=1,2 we have
Fa(f#9) = Fa(f)Falg).

* Suppose that f,g € L%“) (Ry). If and only if Za(f)Fa(g) belongs to L7 . (Ry), then the function
f#£g belongs to L%u) (R4). In this instance, we have

Fa(f#9) = Fa(f)Falg). (2.18)

3. Generalized Continuous Wavelet Transforms Associated to .% A .

The theory of generalized continuous wavelet transforms, as studied by R.F. Al Subaie and M.A. Mourou [4], is
briefly summarized in this section.
Leta € R = (0,+400). The dilation operator D,, , of a measurable function ), is defined by

Daa(¥)(s) = a®4(as), Vs> 0.
We have,
* Forevery ¢ € L%“) (R,),
1D @)llz.0) = 1l o

* We obtain for any ¢ and ¢ € L%u) (Ry)

(Daa(@)|9)(w) = (Y1 Dg,1(9)) )

e
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* Forevery ¢ € L ) (Ry), we have
. 3.2)

We indicate by
* Yq,n the measure defined on R* x R, by
dr&a,n (CL7 {E) = d,uloz+2n (a)d,uloz+2n (27)7

The Lebesgue space on R} x R with regard to the measure 9, , with the LP—norm represented by
I llp0an is Ly, (RL X Ry), p € [1, 400].

(.].)v,., the inner product of the Hilbert space L%a’n (RE x Ry).

For a measurable function f on R’ x R, the mapping M is defined by
M2(f)(a’a I‘) = xQ"f(a, J?)

e LP (R* x R.), p € [l1,+00] the space of measurable functions f on R* x R, such that
(VT + P +
| M5 (f) lp,oa.. <-+oc. The space L&%Ri x R ) is equipped with the norm ||.||,, (9) given by

1110y = Il Mz (f) llpor,o-

(.].)(v) the inner product of the Hilbert space L? ﬁ)(Ri x R ) defined by

(fl9)w = (M5 (F)l M5 (9) )9,

A generalized admissible wavelet is defined as ¢ € L%M) (Rp)\{O} if

1 o0
/ 1Za@) @)L < oo, 33
Ca+2n Jo a

A

The generalized continuous wavelet transform Wﬁ, for such 1), is defined on L?M) (Ry) by

o) 2a+1
WE(Paa) = [ SR —ds, (wo) €Ry xRy (3.4)
0 ’ Ca+2n
where
20 (8) = T2 Daa (1) (5). (3.5)
Another way to express the transform Wﬁ is
W3 (£)(a,x) = f#Da,a(9)(x) (3.6)
= (f 15 -
Then, in virtue of relations (3.6), (2.14) and (3.1), we deduce that the function Wﬁ( f) belongs to the space
L) (RY x Ry) and
WS e oy < 1112, 148112, - 3.7)
S
=)
MJM
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Theorem 3.1. Let 1) € L( ) (R.) be a generalized admissible wavelet.

(i) (Plancherel’s formula for Wﬁ‘ ) For every function [ € L%M) (Ry), the function Wﬁ( f) belongs to the

space L(ﬂ) (R x Ry) and we have
= /ORI fll2, - (3.8)

(ii) (Parseval’s formula for Wﬁ) For all functions f,g € L(QM) (R4) we have

g (f

1
(flg) = @W\&f(f) | W5 (9) ) o), (3.9)
P
Proof. (i) Let f € L (R+) we have from relations (2.16), (2.18) and (3.6),

IWADIE / / ML VA () (@, 2) PdD (0, 2)

=/0_

-/ " / | Pa(#Doa (D)) (V)] dua+2n<A>]dua+2n<a>

I

Now using relations (3.2) and (3.3) we get

/0 4D o(B) @ >|2x—4”dua+2n<x>]duam(a)

/0 N IﬁA(f)(/\)IQfA(Da,a(w))(A)I2dua+2n(>\)} dfratan(a)-

W = [ OOI%(f)(A)IQ[ / 1D sont FAD N Pdptasan(a )} Ghtoson(N)
-/ L%(f)(w[ JAEXGI] }duwnm

Ca+2n

— / 2 ()N Ptarzn(N) = CRIFIZ -

(i1) The outcome is derived from the polarization identity and (i).
|

Theorem 3.2. Let 1) be a generalized admissible wavelet. For every f € L?M) (Ry), the function Wﬁ( f) €
L’gﬂ) (R% xRy), p € 2, 00] and we have

W5 (Dl < (Cwuan ||f||2(,1 (3.10)

Proof. According to the relation (3.8), the Plancherel’s theorem for the generalized continuous wavelet transform
for p = 2 produces

WG (Dllz.0) =/ Co Nl
For p = oo, we have by the relation (3.7)
W3 (Dl o oy < 1F 2.0 112,00

The outcome of the Riez-Thorin Theorem is obtained.

i
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Proposition 3.3. For ¢ € L(u)( 1) be a generalized admissible wavelet. Then, Wﬁ(L?ﬂ)(RJr)) is a
reproducing kernel Hilbert space in L( )(Ri x Ry), with kernel

1
%A((aal')v(a/vxl)) = Ciﬁ<waA,m | wﬁ,x’ >(IL)‘ (311)
The kernel Ji/f‘ satisfies the following

(m )

V(a,z),(a’,z") e R xRy, |%A((a,x), (a’,m’))| <
Proof. From the relation (3.6), we have for all (a, z), (¢/,2") € R% x Ry,

%A((a,x),(a’,z’)) CA Wd) ( )(a’,x').
Thus, from Theorem 3.1, we deduce that for all (a,2) € R* x R, the function %A((a, x),(.,.)) belongs to
L2 (RY x Ry).

Let F € Wi (L7, (R4)); F = W2 (f), f € L, (R+), by relations (3.6) and (3.9), we have

forall (a,z) € R} x Ry

F(a,x) = Wi (f)a,z) = (| Yo )
1

= Sx (WP IWREE) )
»

= (W3 (H) | 725 ((a,2), () )y

This demonstrates that given the Hilbert space Ww (LQH)( +))s Jé{f‘ is a reproducing Kernel.
Then, we obtain from relations (3.5), (2.11), and (3.1),

‘%A((a’x)a (a’,x’))‘ = <waA,ac ‘ w($7wl >(u)|

—|
Cw
1
< @Hiﬁf,tz,(u)IIwﬁ,zfllz,m
(m" )
< 1913,
This achieves the proof. |

4. Approximate Concentration

In this part, we introduce a weak uncertainty principle [16], which is adapted for the generalized continuous
wavelet transforms. It is a Donoho and Stark type uncertainty principle. Such results were first reported by
Grochenig in [22], first for the Gabor transform. We also examine how concentrated these generalized continuous
wavelet transformations are on subsets of R} x R with finite measures. Finally, we present a Benedicks-type
uncertainty principle, subject to some assumptions on the wavelet function. Comparable outcomes are reported
in [7, 36].

Proposition 4.1. Consider a generalized wavelet 1) with the property that ||[¢||2,,) = 1. For any function f
belonging to the space L(/L) (R.y) satisfying the condition || f||2,(,y = 1, and for any subset ) of R x R, and
& >0, the following holds:

L= < [ My WP ()@ 2)Pdd n(a ),

3

s
2
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we obtain,
1- f S 19&7n(Q)'

Proof. Based on equation (3.7), we obtain the following relation:

=€ < [ 1M " WE(F) (@, 2) P n(a,2) < IWE (oo, V() € D).
Q

Theorem 4.2. Suppose 1) represents a generalized wavelet such that its norm, denoted by ||||2,(,.y = 1, and let
Q be a subset of R, x R satisfying

o ()}

2

Therefore, given a function fin L( "

y(R4), we get

Do n (£2)

||XQCW$(f)||2,(19) 23 [1= C’ﬁ

C Rl F 12,0 -

Proof. According to equation (3.7), it follows that for any function f belonging to the space L%“) (Ry)

W3 (H113.09) = IxeWi (D13, 0y + Ixa-Wa (D113,
< Do (QIWE (N2 0y + Ixa= W5 (D39
< Do QNFI13, 0 1913, + Ixa=WE (D3, (9)-

We obtain the necessary result by using Plancherel’s formula to W$ as stated in relation (3.8) and the inequality
Pan(Q) < CuAj. |

Remark 4.3. It implies that the generalized wavelet transform W$ (f) cannot be substantially focused on a set
whose volume is smaller than the minimum C$ for any non-zero function f. In particular, we have

ﬂa,n(suppw,ﬁ(f)) < C',ﬁ = f=0.
We take into account the following orthogonal projections:
1. Py: This projection operates from L% 9) (RL xRy ) to Wﬁ(L%H) (R4)). Its range is denoted by ImP;.

2. Pq: Defined as the orthogonal projection onto L%ﬁ) (R*+ x R+), given by

PoF =xoF,  Fe€L{y (R} xRy),
where F' € L%ﬂ) (R% x R4), and €2 is a subset of R x R,.. The range of Py, is denoted by Im Py.
We define
[PaPyll = sup { || PaPy(F)ll2,), F € Ligy (R X Ry ); [|F g, = 1}

Proposition 4.4. Consider 1) be a generalized wavelet with a unit norm. A Hilbert Schmidt operator Po Py, is
defined for each subset Q@ C R* x Ry of a finite measure ¥, ,,(2) and we have

Do (02
ol < g @
S
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Proof. For each function F' € L(2 19)(Rjr x R4 ), we obtain since Py is a projection onto a reproducing kernel
Hilbert space

Pw(F)(a,CC) = <F | %A((a’vz)? ('7 )) >(19)
as defined by (3.11) for %A. Thus,
PQP¢(F)(CL,SC) = < F ‘ XQ(CL,ZL’)%A((G,I), ('7 )) >(19)

Now, using the definition of the kernel provided by the relation (3.11), Fubini’s theorem, relations (3.5),
Plancherel’s formula for the generalized wavelet transform (3.8), (2.11), and (3.1), we obtain

| PaPyll%s = / / / / (22') " xa(a, 2) 2P (0, 2), (0, 2))PdDoen (7)Ao (a0, 2)
0 0 0 0

o0 o0 o0 o0 1
= / / / / x_4”XQ(a,x)|—M§1W$(wa,z)(a’,:U’)|2d19a’n(a’,x’)dﬁa’n(a,x)
o Jo Jo Jo

A
Cll)
1 —4n 1 A 2
oA o rooa Wy (Ya,2)13,(9)@0a,n(a, )
P P

1 // —4n 2 1 // —4n A 2
= — T Yo,z dIon(a,r) = =% T Ty Do (¥ ddo n(a,z
ox | Jq a2, () (a,) oz / Jo [ (W12, () (a, )

790¢,n(Q)

19113 (1)
< T.
CUJ

— A
Cw

Do () =

The integral operator PPy, has a Hilbert Schmidt kernel as a result. The fact that ||PoPy|| < |[[PoPyllas

implies the outcome. u
According to Havin and Joricke [25, 1.A, p.88], we have the following

Proposition 4.5. Let §) be a subset of R, x R and let 1) be a generalized wavelet. The following is our
equivalency

1. In qu) (R), there is a constant c= ¢(€, 1) > 0 such that for any function f

\/ Cﬁ”f”z,(u) < C||XQCW$(f)||2,(19)~ 4.2)

2. HPQP¢H < 1.
Remark 4.6. 1. Ifthe relation (4.2) is met, then (Pq, Py) is considered a strong a-pair.

2. IfHPﬂ‘PllJ” < 1, then

NG

3. Relative to (4.1) and (4.3), Theorem 4.2 can be obtained.

X W5 (F)ll2,9)- (4.3)

1
< -
20 =T [PoPy

Theorem 4.7. (Benedicks-type uncertainty principle for Wﬁ) For each generalized wavelet 1, allow
fraron({Fa(¥) #0}) < oo. Let [° xa(a, )dpason(x) < 0o be any subset Q of R% x Ry such that for
virtually every a > 0, we have

Wi (LE,y (Ry)) N ImPqg = {0}. (4.4)

3
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Proof. If F' is a non-trivial function in Wﬁ(L?M) (R4)) N ImPq, then F = Wy (f) and SuppF C  exist for

some function f in L%u) (R4). Suppose a > 0. Then, fOOO xa(a, )dpot2n(x) < 0co. Examine the function

F,(x) :W$(f)(a,x), x> 0.

After that,
suppF, C {x > 0;(a,z) € Q},
additionally
Haran (supply) < oo.
Currently, we have by utilizing the relation (2.18),
Fa(Fa)(N) = Fa(f)N)Fa(Dge) (), a.e.

Consequently

{Fa(Fa) # 0} C{Fa(¥) # 0}

Furthermore, we derive the following from the hypothesis: o420, ({Fa(Fa) # 0}) < oo. By applying the
Fourier-Bessel transform Benedicks-type theorem [19], we may infer that, for any @ > 0, F(a,. ) = 0, implying
that F=0. |

The outcome that follows is a direct result of [[24], 2. A) p. 90].

Proposition 4.8. If ¢ is a generalized wavelet with fioy2,({Fa (1) # 0}) < 00, and QL is a subset of R, x Ry
with 94,n () < 00, then ¢(Q, 1) > 0, such that the inequality (4.2) holds.

Here, we rephrase the proof given in [5].

Proof. Because Po, Py are projections, the equation || Po Py (F)|l2,9) = [|F
Now, the fact that

2.(9), implies Po(F)= P,,(F) =F.

ﬂa,n(Q) = / / XQ(avx)dﬂoz,n(aax) < 00,
o Jo
implies that for almost every a > 0,
/ xala, z)dpq(a, ) < cc.
0

Then, from relation (4.4), we get I' = 0 and therefore, for F # 0 we have || Pq Py (F)l|2,9) < |[F[2,(9)- Using
the fact that Po Py, is a Hilbert-Schmidt operator, we deduce that its largest eigenvalue A satisfies |A\| < 1 and
|PaPyll = A < 1.

The result follows from Proposition 4.5. |

5. Heisenberg-Pauli-Weyl Type Inequalities for Wﬁ.

The primary findings of this study, the Heisenberg-Pauli-Weyl type inequality for .#a and the generalised
wavelet transform Wﬁ, are presented in this section. We consult Rassias [30] for his study on the classical
Fourier transform. Rosler and Voit demonstrated the Heisenberg-Pauli-Weyl uncertainty principle for the Hankel
transform in [31]. It asserts that for any function f € Lia (Ry),

17 Fllz pe AN 20 = (@ + DI

20

3

s
2
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with equality for any d € C and b > 0, if and only if f(r) = de=br’/2.

The previous inequality was extended by Ma in his paper [28] to a more general setting, namely the Chébli-
Triméche hypergroups. Specifically, he established that, for s,¢ > 0, there exists a constant ¢ = ¢(a, s,t) > 0
such that, for every function f € L? (R ), we have

_t _s
s IN ()5 r, = ell Fllzpa-

I f

Subsequently, Soltani provided the constant c in the cases s > 1 and ¢ > 1 explicitly in his article [33], which is
c=(a+1)s+ 7. If and onlyifs =t =1and f(r) = de™ or? /2 for some d € C and b > 0, then we have equality.
Combining these outcomes, we obtain

Theorem 5.1. Let t,s > 0. Forany f € L7, (Ry), there is a constant ¢ = c(av, s,t) > 0 such that

(5.1

_t_ _s_
172 Fllage, IN (D)l =

Moreover, for s,t > 1 the constant ¢ = (a + 1)5% with equality if and only if s =t = 1 and f(r) = de=tr’/2
for some d € Cand b > 0.

In the following theorem we give the Heisenberg-Pauli-Weyl type inequality for # .

Theorem 5.2. Assume s,t > 0. There is a constant ¢ = c¢(a, n, s,t) > 0, for any function f € L )(R+) such
that

I 135 1N Za ()11

w > C||f||27(#). 5.2)

2,fbat2n

Moreover, for s, t > 1 the constant c is given by (a + 2n + 1)ﬁ with equality if and only if s =t = 1 and
f(r)y= dr¥re =5 forsome deCandb > 0.

Proof. Assume f € L( ) (Ry). Using the relation (5.1) to apply the Heisenberg-Pauli-Weyl inequality for
Hankel transform with index « 4+ 2n, we obtain

_s _t
Hrsf\ls“ INFA DN o = 1M DI N Haron(M DS,
t
= MY DIZE o N A aion (M IS
2 CHM_lf |27,uo<+2n
> el fllzy)-
— ’7‘2 st
Ifandonlyif s=¢=1and f(r) = dr®me =% then ¢ = (a+2n+ 1)?& with equality for s,¢ > 1. [ |

In the next theorems, we establish inequalities that we will use to prove Heisenberg-Pauli-Weyl type inequality
for W5.
P

Theorem 5.3. Let ) be a generalized admissible wavelet in L%H)(RJF) and s,t > 0. Then, for any function
fe L ) (Ry), there is a constant ¢ = c(a,n, s,t) > 0, such that

lz* W5 (D)l o) X Za(f 1 ESHRC ev/em kead [ P

Furthermore, ¢ = (a4 2n + 1)% if s, t >1.

e
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Proof. Considering that both of the integrals on the left-hand side are finite is a non-trivial situation. The function
x »—>RW$( f)(a,z) may be obtained by using the Heisenberg-Pauli-Weyl type inequality for .#A. For every
a € R,

(f = )':d“”)( /OOOW5“A<W$<f><a,.>><A>|2dua+2n<x))’L
2041

dx.

oo
x
> [ W@
0 Ca+2n
Therefore, by integrating over dyiq 42, (a) and using Plancherel’s theorem and Holder’s inequality for Wﬁ, we
obtain

s

s+t

||x8Ww

5?1»( / / N FaWE ()(a ))(A)Qduaun(a)duawn(/\))

> EWR(f Mg = ¢

But, relations (3.6) and (2.18) yield
L [ 1209 (e DOt (@2
/ / N2!| Za (D (D) ) dttors2n (@)dptos 2 (V)
— [0 ([ 175D BNt (0) ) dtasan OV,
Then, from relations (3.2) and (3.3) it follows

/O / N2|F A (WA ()@ )N Pt 2n(0)dptason (V) = CHNFA(N) 2

Then,
Iz W3 (D)5 INFa D5k = 12WE (D550 (/O F AT iasan
> e/ CRI N2,
it yields the outcome. n

Theorem 5.4. Let 1) be a generalized admissible wavelet in L (R+) and s,t > 0. Then, there exists a constant
¢ = c(a,n,s,t) > 0, such that

s+t

25,1(:9)>C<\/ . M(=¢A(¢)|2)(2t)> 1 £12,()5

s oolla Wi ()

I f

Ca+2n

for every function [ € L( )(R+) where M : f — M(f / flx
transform and cq 2y, is the constant given in (2.2).
Moreover, if s,t > 1 then ¢ = (a + 2n + 1)$ and we have equality if and only if s = t = 1 and
2
f(r)=dr*e " /2, d e C, b>0.

303



C. Baccar and A. Kabache
Proof. Let us assume the non-trivial case that both integrals on the left-hand side are finite.

Using Fubini’s theorem, Plancherel’s theorem for .# A given by (2.16) and the relation (2.18), we get

20+1

WD = [ ([ s ) duasanta)
= [T ([ 1D s P2 ) i)

— [T12a 000 ([ 1 D@D 20 (1)
= [T 128 OB ([ D0 s Za GO Pdtosn @ ) s )
= [C1Ea00r (s [ Ea @Y i)

Ca+2n

by a change of variables b = % it follows

WD = [ RIZOOP (i [ 1@ iy )

Ca+2n
1

Ca+2n

M(Za@)) @) IN Za (P30 (5.3)

Now, applying Heisenberg-Pauli-Weyl inequality for % given in the relation (5.2), we get

INZa(H)lzh

2, ha+2n

T+s 1 o s p 7
WO = (o I ) I35,

z(\/ ! M(I%W)Q)(%))

Ca+2n

_t
I I

The next theorem proves the Heisenberg-Pauli-Weyl uncertainty principle for W$ which involves the two
variables of the time-frequency plan.

Theorem 5.5. Let s,t > 0 and 1) be a generalized admissible wavelet in L%u) (R.). Then, there exists a constant

¢ =c(a,n,s,t) >0, such that
- 1 sit %
Ty > w M(I%(wI?)(?t)) (/D) 1Sl

Ca+2n

0 la WA ()

lz* Wy (f)

for every function f € L%u) (R,). Moreover, if s,t > 1 then ¢ = (a + 2n + 1)5t/(5+1),

Proof. From the equality (5.3),

5“ = lz*W5 (f)

lz* W5 (f)

o la WA ()3

5}3)(\/M(|9A(1/1)|2)(2t)) IRNENGR] R

Ca+2n

thus, using Theorem 5.3, we get

lz* W5 (f)

0 la WA (f)

o <\/Ca;nM(|ﬂA<w>|2)<2t>);W@‘t

i
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Abstract. The purpose of this paper is to derive a viscous sedimentation model from the Navier-Stokes system for
incompressible flows with a free moving boundary. The derivation is based on the different properties of the fluids; thus, we
perform a multiscale analysis in space and time, and a different asymptotic analysis to derive a system coupling two different
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1. Introduction

Sediment transport models are used to model watercourse beds. They are bilayer models of two immiscible
layers that have a model of the shallow water in the first layer and Reynolds lubrication equation at the second
layer. In the literature, many works has been done on sediment transport, proposing models to stimulate
sediment transport by water. We can quote [6, 7, 22, 24].

Recently in [7], Fernandez and al. are derived a non-viscous sediment model. In their work, they are limited to a
first-order approximation for obtaining the model of shallow water which does not allow to obtain a viscous
model. To carry out our work we relied on the papers [6, 7, 19, 21].

From theoretical point of view, many studies have been done, particularly for the existence of global weak
solutions of shallow-water equations model. As an example, we refer to [5], where such results were given for
an isothemal model of compressible fluids with capillarity.

In [21], only the stability of weak solutions has been proved, since the construction of approximate weak
solutions which preserve the 'mathematical BD entropy’ seems to be an open problem. In the present work this
problem does not exist, as we do not need the multiplier |u|*u to get the *BD entropy’.

In the analysis we propose in this work, our contribution is twofold. On the one hand, we propose a
constructive approach inspired by [7, 16] to arrive at a viscous sedimentation model. Our purpose is to study the
evolution of this system which consists of two layers of Newtonian viscous fluids with different properties. On
the other hand, our study is concerned with the existence of global weak solutions of a model similar to the one
we obtained. This is done in a bounded domain of R? with periodic boundary conditions.

In our model we add some additional regularizing terms, namely

h 1
—kV - (1+ ﬁ)V(hl + ;hg), the cold pressure 6h; Vh]“ and the interface tension FhiVA%T1h with
1

«, Kk, K positive constants and « # 0. Those terms are useful to bound A, away form zero (see [3, 11, 24]).

Our paper is organized as follows. In the section 2, we did the formal derivation of the model. First of all
we write the equations in non-dimensional variables. Next, we perform the hydrostatic approximation and use
am asymptotic analysis to deduce the shallow water system for the upper layer. Also by an asymptotic analysis,
we deduce the transport equation for the lower layer. In addition in the section 3, we present our final model. To
finish, in Section 3 we study the existence of global weak solutions for a model similar to that obtained in Section
2. We start by giving the definition of global weak solutions, next we establish a classical energy equality and the
’mathematical BD entropy’, which entail some regularities on the unknowns. We also give an existence theorem
of global weak solutions.

2. Formal derivation

2.1. Physical domain and governing equations

This section is devoted to the formal derivation of the model. Thus, we consider a superposition of two immiscible
layers of different materials. The upper layer contains water and the lower layer is formed of sediment. Each
layer is governed by the incompressible three dimensional Navier Stokes equations. We consider a cartesian
coordinate system where x represents the horizontal 2D direction and z the vertical one. Taking into account the
different physical properties for each layer, we derive shallow water model for the upper layer and the Reynolds
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lubrification equation for the lower layer. Let us define the physical domain for the fluid and sediment by 4 (¢)
and 4 (t) respectively; ¢ being the time variable. Here, we suppose that the sediment domain is composed by a
one layer. We assume that the bottom is defined by the function b(x) and we denote by 7(¢, x) the interface. The
free surface is given by £(t, ). The global domain (t) is defined as

Qt) = Q1(t) UQa(t) UT,(¢) UT 2(t) UT(2),
Q) = {(z,2) €R® 1z € wn(z,t) < 2 < £z, 1)},
Qa(t) = {(z,2) eR3 : 2 € w,b(x) < z < n(z, 1)},
Fi2(t) ={(z,2) ER3: 2 € w,z =n(x,t)},
T(t) = {(2,2) €R®: 2 € w, 2 = £z, 1)},

and
Ty ={(z,2) eR®: 2z €w, 2 = b(x)}.

The domain (¢) C R3 is periodic. For each layer (i = 1,2), we start from the 3D Navier-Stokes equations
for incompressible fluid and sediment components see [6, 7, 15]

div(U;) =0, (2.1a)

pi0:(Us) + (psU; V)U; — div(o;) = —piges, (2.1b)
where we denote by U; = *(u;, w;) the velocity field with w; = (u;,v;), o; the stress tensor associated to each
layer, p; the density and g the gravitational vector with €, =" (0,0,1).

If we rewrite the equation for each component of the velocity, the previous system is equivalent to the following
one:

dinllZ' + 8zwl = 0, (223)

piatlli + p;u; Vu; + piwiaz (ui) + Vp; = 2VidiV(D(lli)) —+ l/iaglli +v;Vy (azwi), (2.2b)

pi0w; + piw;Vw; + piw;0,w; = viAw; + 2v;02w; + 1,0, (dive;) — 0,p; — pig. (2.2¢)
fori=1,2,

where p; is the density, p; the pressure and ¢ the gravity constant.Moreover y; and v; = pu;/p;, denote the
dynamic and kinematic viscosity coefficients respectively. We also introduce the ratio of the densites 7,

respectively the stress tensor given by

Vu,; +! Vu,
r= ﬂ, oi(w;) = 2v;D(w;) — p;Id, where D(u;) = %,

and Id is the identig? matrix.
From now on, subscript 1 will correspond to the layer located on the top and subscript 2 to those located belox.
We denote by hy(t,z) = £(t,x) — b(x) the tichness of the layer 1 and by ho(t,x) = 1(t, ) — b(x) the tichness
of the sediment layer. See Figure 1.

The system (2.2a)-(2.2c) is completed by the following boundaries conditions:

o At the free surface z = £(z,t) = b(x) + ha(z, t) + hi(z, t):

- The surface tension condition. Let N the unitary outward normal vector to the free surface and k the mean

curvature of the surface with k& = —div(N;). The surface tension is given by the equality
01Ns = —0kN5, (2.3)
1 _
where Ny = —— ( VIg)
VIHIVLEE N ]
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1t %) ho(t,x)

b(x) X

Figure 1: Sediment and water heights

and § being a constant.

- The kinematic condition:
0¢¢ = Uy.N;. 2.4

e At the fluid/sediment interface, n(¢, z) = b(z) + ha(z, t):

- The kinematic conditions corresponding to both velocities:
o = Ur.N, = Us. N, 2.5

1 _
where N, = ——— < an)'

VI+[VeE\ 1

- The continuity of the normal component of the tensors:

(Uan)n - (U2Nn)n = (5?7an?7)’ (2.6)

where d,, is the interfacial tension coefficient, k,, = —div.V,, is the mean curvature of the interface.

- The friction law (Navier-slip boundary condition) at the fluid-sediment interface asserting that:

(UiNn)T = fI'lC(Ul - UQ).,-. (27)

We note that the friction coefficient is denoted by c and the subscript 7 is the tangential component of the
vector.

In the sequel we denote by fric(U; — Us) = Cp1(U; — Us) the friction term between the two layers.

E =

[V =)
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e At the bottom, z = b(x):

- The no penetration condition:
Uy.Ny =0, (2.8)

where the unitary normal vector to the bottom is

1 _
P—— )
VIV \ L
Remark 2.1. 1. In [7], a coulomb condition is considered between the static and the moving sediment
particules. Here, we consider this condition at the interface z = n(t, x).

2. To obtain the model, firstly we shall write these equations under a dimensionless. Secondly we shall
develop the vertical integration in each layer to obtain the shallow water system. In addition, we shall
perform the asymptotic analysis studding both, first and second order approximative for the the shallow
water system. Finally, we will find for the sediment layer, the transport equation.

2.2. Dimensionless equations

In order to compare the terms that occur in the equations, we introduce dimensionless variables. For this, we
note by H, and L the characteristic height and length respectively. In the considered flows, we assume that the
characteristic height is very small compared to the characteristic length and we note by ¢ = % the aspect ratio
between the characteristic height and length. The characteristic velocities are U for the layer 1 and Uy for the
sediment layer. Consequently, the characteristic times are respectively 7 = £ and T, = % for each layer. In

Ui
particular we assume that
L 1
Uy = €°U, soconsequently, Th=-— = —
U2 13

This hypothesis also affects the definitions of the Froude and Reynolds numbers. For the sake of clarity we
indicate separately these variables. We consider the “asterisk’ notation for the dimensionless variables.
General dimensionless variables:

x = Lz, z=HEZ, fric = p,Ufric

Non-dimensionalization for layer 1:

u; = Uuy, wy = U1y, t1 = 5517 p1=p1Up

U UL _
F., =— Rey = —, hi=Hhy
\/gH %1

Non-dimensionalization for layer 2:

_ U
uy = 2V, wy = °Uthy, t = —5Tty, po =227,
€ eH
2y 2UL _
F, == Res = =2~ hy=Hyhy  with Hy—cH.

\/gH, Vo

We also define the ratio of the densities,

P
P2

with r<l1.

Remark 2.2. Weset C = UC.
Assuming that H is the characteristic height for the bottom, b = Hb.
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Thus, the equations and the boundary conditions written in dimensionless form read as follows (we omit the
“asterisk” to simplify the notation):

e Layer 1:
diVxlll + 82101 = 0, (293)
1 . 1
8151111 +w Voug + wlazul + Vzp1 = §(2leI(Dz(u1)) + ?83111 + Vx(ﬁzwl)), (2.9b)
1
1
52(6't1w1 +w V,wy + wlﬁzwl) = —(szAle + 26311/1 + Gz(divzul)) - azpl - — - (2.9¢)
Req F7"1
e Layer 2:
div us + 0,we = 0, (2.10a)
8 Reg (0,02 + ua Vg 4 wed,uz) + Vups = 26*div, (D, (ug)) + 0%uy + £*V(9,w2) (2.10b)
€8R€2(8t2w2 + llgvz"wg -+ w26‘zw2) = 64(E4AU)2 + 8z(divzu2) + 28311}2)
Re
4 2
—t2 ), 2.10c
Fr2 bz ( )
e Conditions at the free surface
8t1§ + ul.fo = w1, (21121)
-2 € 1 1
—-D, —p—C71A m ——d,u; =0, 2.11b
<R61 (u1) + p1p1 " Rer §)V $t R V w1 + = e, P ( )
1
— —(5 Vwy + 0,u1)V,€ + 8 L wq + p15—C LAE — pipr = 0. (2.11¢)
R61 R
e Conditions at the interface
Oy M +u1.Ven = wr, (2.12a)
O+ £2uy.V,1n = 3ws, (2.12b)
Op,m + 2.V = wo, (2.12¢)
1 1 1
oo (le + 8Zu1> = —rgfric(ul —e%up)\/1 + 2| V)2, (2.12d)
e1
1 1
—_— <53Vw2 + Eazug) = ——fric(u; — e%uy)\/1 + £2| V)2, (2.12¢)
Re; 15
1 1
yom ( —2D(wy) - Vn+ (Vwy + gazul)(l —e%|Vn?) + 28Zw1Vn)
1
= rgfric((ul —&%wy) + &% (wy — e°w2) V) /1 +£2|Vn2, (2.12f)
1 3 3 2 2 2
o 2e’D(uy) - V& + (°Vwgy + 0,u2) (1 — €7 |Vn|*) + 2620, wa V)
2
1
— gfric((u1 —&%wy) + &% (w1 — e%w2) V) /1 + £2|Vn[2, (2.12¢)
2 2
p1e®[——D(u1) — p1]|Vn|* = 2p1(0.u1 + Vw1 )V + p1(——0.w1 — p1)
Re; Req

2 P2 (4 2 L 3 3
2 (4D _ — _ YVw,)V
€ I (e*D(uy) — p2)|Vn 2p2R e°(0ug + °Vwy)Vn

-1

1 C,
+ R—pg(% O, wy — p2) — eplﬁdlv(n)(l + &2V ?). (2.12h)
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e Condition at the bottom

—us Vb + wy = 0.

2.3. Layer €);: Shallow water

(2.13)

To get the Saint-Venant-Exner system, we first take the hydrostatic approximation and then develop the

asymptotic analysis of equations.

2.3.1. Hydrostatic approximation

Since the length of the flow is supposed to be very large compared to the depth of the water, we assume that €
to be small. Let us take the formal expression of system (2.2a)-(2.8) at O(g?) (see [1, 9, 10, 12] for the usual
derivations of hydrostatic approximations), and keep the terms of order zero and one. We obtain successively,

e Layer 1:

div,uy + 0wy = 0,

1 1
opuy +u;Vuy + 82(101111) + Vp, = R (2d1V(D(ll1)) + gaful + V(azwl),

e
0.p1 = ! + ! (20%w; + 0. (divay))

. =——5+=— (20w . .

b1 Fr% Rey 1 1

e Layer 2:

div us + d,wy = 0,
Vup2 = 02uy,
9.p2 = O(e).

e Conditions at the free surface

82515 + ul'vwf = wq,

-2 e 1 1 1
<Dr(u1) + pip1 — Pquclvf) Vi€ + Rielvxwl + 5—=—0u; =0,

Req g2 Req
1 2 plécilAf
——0, V€ + —0, _— - =0.
R61 U1 'f + R61 w1t R61 1P

313
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e Conditions at the interface

Otyn+u1.Vyn = wi, (2.17a)
I, = 0(e), (2.17b)
8t27] + llg.vfﬂ = wa, (217C)

1 1 1
— | Vwy + 0.y | = —r=fric(u; — e%uy)\/1 + 2| V7|2, (2.17d)
Re; g2 €

1 1
—_— (54Vw2 + €3Zu2> = —gfric(ul —e%up) /1 +€2|Vn?, (2.17e)

R61
1 1 9 9
R\ ™ 2D(uy) - Vnp + (Vwy + E—Qﬁzul)(l —&%|Vn|*) + 20wV
1
= rgfric((ul —wp) + &% (w1 — 2wa) V) /1 + 2|V 2, (2.17f)
L —263D(uy) - Vi + (3Vwsy + 0.u) (1 — £2|Vn)?) + 2620, wsV
R€2 2 n 9 Wo U2 3 n E"0,Wa2VN
1
= gfric((u1 —&%wy) + &% (w1 — e%wa) V) /1 + 2| V|2, (2.17g)
52[iD(u ) — p]| V32 = 2r(0.uy + 2V, )V + (18 wy — p1)
Re, 1 1 2 1 Re, W1 P
r 1
= 52R—e2(54D(u2) —p2)|Vn? — 2rR—e2€3(822u2 + 3Vw,)Vn
+ (230,09 — po) — a(’ildiv(n)u +e2|Vp?) (2.17h)
R€2 * R€1 ’ ’
e Conditions at the bottom
—llgvzb + wo = 0. (218)

2.3.2. Asymptotic analysis and shallow water system

To obtain the shallow water equation, we assume that the height is small with respect to the length of the domain,
thatis e < 1.

We first integrate each equations of (2.14a)-(2.14c) from the layer 1 from 7 to &. For equation (2.14a), by using
(2.11a) (2.17a) and (2.17b), we get

3
Oy hy + div/ w,dz = 0. (2.19)
n

The condition (2.17a) allows us by integrating the equation (2.14b) to get

¢ ¢ ¢ 9 ¢
O, / udz + div/ u; @udz + Vw/ p1— —div/ D(uy)dz
n n n Re; n

1 P 1
= — u —_——_——
€2Rey Ha=e e2Rey

+ (wlul)lzzf — (wyuy)

1 1
Oy, + Vel e — Vo,
la=n ~ lllatlflzzé + ll1at177|Z:n - (ul-v€)u1|zzg

2 2
+ (111~V77)l11|2:7, + Vi) _, —plvwm‘z:?} — =—DW)V€,_ + —D(uﬁVme:n (2.20a)

Rey Req
The expression of the pressure in (2.14c) is given by
1 1
O.p = ——— + — (202 0, (di )
PSR + R, (20zw1 + 0:(divw))
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By integrating this equation from z to & for z € [, £], to obtain,

1 1 .
PL=Dij=g ~ a8 F E[Qazwl + div(u)] — T,

We use the divergence free condition, we get the following expression for P :

1 1 . .
P1 = P1)z=¢ — W(Z —§) - E[le(ul) - le(ul)\z:g]-

Due to conditions (2.16a), (2.17a), we can write
((9,515 + ul.fo — U)l)ll1|Z:§ =0 and (825177 + lll.va] — wl)ul\zzn =0.

Thanks to conditions (2.16b), (2.16¢), we have

1 1 1 _1
Ter [— 2D, (u1)VE + (Vewr + 8282111)] = " Re, |:P1p1 - CT ALV,
1
= —7Rel [8Zu1 - Qazwl] vé-

By using (2.17f), we have

1
R€1

1

1
|:_ 2D$(u1)vn + (vwwl + Ezazul):| - Rel

So, for the first layer, we get the equation

¢ ¢ ¢ 9 ¢
O, / udz +div/ u; Quidz + VI/ p1— —div/ D(uy)dz
n n n Rey n

1
_plvxmz:n + p1Vz§|z:£ — R—el(azulvn — 28Zw1)|zzn.Vn

_ 1

1
= " Fe (8zu1V£ — 28zw1)|z:5.V§ —ruy gfric

2.3.3. Asymptotic analysis

[20.w1 + div(uy)]|.—¢.

1
[8Zu1V77 — 28Zw1] .Vn— Tgulfric.

221

(2.222)

(2.23)

(2.24)

We assume the problem to be in an asymptotic regime by supposing the following hypotheses on the data

- = &fio1, fric = efricy, 1o =¢c ‘i,

Re;
e?UL
Thanks to the definition of the dimensionless variables for the layer 2, we have Res = ,
%)
R e where Vo2 0(1)
o — — LV = — = .
2 Voo ) 02 UL

Since we look for a second-order approximation, we develop the unknowns at order 1 and define

u; = u(l) + su% + 0(62), wy = w? + ew} + 0(52), p1 = p(l) +ept + 0(52),
n=n"+en' +0(?), =&+ +0(e?), uy=uj+euy+ 0(e?),
Wy = wg + E’LU% + 0(52), = pg + apé + 0(52).

315
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For the development of hy, we take into account that = ho + b, so we can write

hy = h3 + ehy + O(£?), (2.27)
where h9 = n° — b and h} = ' — b. In the some way, we can write

hi = hY +eh; + O(e?), (2.28)
with b9 = €9 — 1% and h} = &' — n! (remember that £ = n + hq).
(a) First approximation
If we consider the terms of principal order (¢°), we deduce from (2.9b), (2.11b) and (2.12f) the following

expressions:

0%u; = O(e), oy, _, = O(e), oy _, = O0(e). (2.29)

Then u; does not depend on z at first order, so we can write u)(¢, z, z) = u{(¢,z). This implies that we can
rewrite the expressions above up to order one, to obtain the final equation for layer 1 at the first order. To begin
with, by using the conditions (2.16a), (2.17a) and (2.17b), we write (2.19) as

O, hY + div(hfu?) = 0. (2.30)

To get the momentum equation, we simplify (2.21) by using the free surface condition (2.16a)-(2.16c¢) to have

1
p0(2) = “F2 (z — €°) — 2evprdiveul + O(?). (2.31)

Therefore, computing the integral appearing in (2.24) yields

11

5T QV(h?)Q. (2.32)

50
V[ #hds = BGRE) + )V + 5
n
If we inject this expression into (2.24) and consider only the principal order terms, we obtain
0%, (hiu?) + div(hiu) @ u?)

= —mV(pY(£%) — p1(£")VIy
11
2 Fr?

Therefore, the final equation reads

V(h)? = pIV._, + PIVE|.—¢o + frico. (2.33)

Oy, (%) 4 div(hu? @ ul) =

1 .
1

where the friction term fricy (see [7]) is given by
1
frico = — Ry h0 (( — r)sgn(ug)tandy + (rVyhy + Vzno)) (2.35)

Remark 2.3. Notice that the equation (2.34) does not contain the viscous effect. To recover it, we will derive
the second-order approximation. To do so, we must take into account the terms of order ¢ ignored before and
perform a parabolic correction of the velocity.

e

[V =)
MM
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(b) Approximation de Saint-Venant au second ordre

1 3

Let us define the average of the velocity u; as uy = e / udz.
1Jn

We go back to (2.24) to write

8t1 (hlﬁl) + diV(hlﬁl X ﬁl)

2 . . 13 1
= Rielleth(ul) _/77 Vazp1 — Riel(aleVU — 282w1)|2=7]'vn

1 1
— rug —fric — — (0,1 V& — 20,w1)|,=¢.VE. (2.36a)
€ Req

We have u2 = @2 + O(£2), and u; ® u; = 1y @ Wy 4 O(2). See [22] for details.
Now we consider the approximation up to order 2 for unknowns

wo=ulteu,  pi=pltep, & =&+ebl,  h=hY+eh, (237)
We consider equations defined in (2.14a)-(2.14c) and write them up to second order. For (2.14a), we get
Oy, hy + div(hiiiy) = O(e?). (2.38)

Now, we use the asymptotic hypothesis (2.26) and previous calculations to simplify (2.36a). Using the pressure
expression (2.32), gives

¢ 11 1
_ 2
V/n ple —p1|z:§V§ +p1‘z=”V17 = iiFT‘%v(hl) + T_,r% h1V77 + h1Vp1‘z:£. (239)
Thanks to condition (2.16¢), we can write:
hVp1|._, = —2ep01V (hadiv(ul)) + O(e?). (2.40)

Finally, we insert (2.39) and (2.40) into (2.36a) and simplify the terms on the bottom and on the interface £. Thus,
we get the second-order approximation of the momentum equation for layer 1 as follows:

O, (hiay) + div(hity @ uy)

. _ 11
= 2epp1divih D(1y)] — §WV(1¢§)
1
1
—F—TthVn + 25#01V(h1diV(ﬁ1)). (241)
1

2.4. Layer 25: Reynolds

As for the first layer, we look for a second-order approximation, so we develop each unknown at the first order. We
set hy = hS +ehd, Uy =ud +eul, Py = pY + eps. The asymptotic regime for layer 2 affects the viscosity
and capillary constants. When the surface tension effects are strong, it is essential to have them at the leading
order, thus we assume

vy = O(e), §=0(7?). (2.42)
eUH 4 0 5 S .
Consequently, Rey = =0(1) and O = —5——=0(¢"") and for simplicity we write
12} £ Up21/2
c 1= 5*500_ L
Now, we study the velocity equation in (2.15a)-(2.15¢), which can be written as follows:
0%uy — Vpy = O(e%), (2.43)
S
Y =
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Reg
d.p2 = —e'— + O(e"). 2.44
Pt () (2.44)
R LH
From the definitions of Res and F'ry, we have EQF—eg = gU = O(g), so for the simplicity we introduce
Ty Vo
R62 1
bo=e Fr3 c voo F'r? (245)
The equation for the pressure reads
0.pa = —eBy = o(e™). (2.46)

The next step is to find the transport equation for the sediment. To do so, we start to look for u; in (2.43), after
we compute p and Uy |.—,, that appear into the expression of uy.
Integrating the divergence-free equation, we obtain

n
V- / uodz — ﬁg‘zmlvn + ﬁz‘z:be+1D2|2=n — 1[)2‘2:17 =0.
b
If we take into account the conditions (2.17c), (2.18), the mass equation for the second layer is
- n
O, ho + V./ updz = 0. (2.47)
b

We integrate (2.46) from z to 7 to obtain

P2(2) = pa(n) — eBo(z —n)
We use the condition at the interface (2.12h) and the condition (2.45) to write

r
po|y = e——=—h.
p2‘77 EVOQFT% 1
~ r 0 ~ r 0
Thus, pa(z) = 5mhl —efo(z —n) and V,pg = smvm +¢eboVn

does not depend on z.
Integrating now (2.43) from z to 1, we get

O,0p = 82112‘2:” + Vﬁg(z — 77) = 8Zﬂ2|z:n + 0(5)
We use a generalized law based on the work [15], that reads
fric = C'(u; —u2)|—y (2.43)

We must also take into account the adimensionalization for this friction term. Thus we assume the following
dimension and asymptotic to the coefficient C":

C=UC; C =eC°.

Then, we have

frico = C°(uf — e?u})|.—,) (2.49)
From this expression, we get the value of ug
0 L o :
Uy =Uy|,—y = - — mfn%
L o 1 h 0 0
= ui - 2200 Fr? ((1 — r)sgn(uz)tandy + (rVzhi + Van ))

Considering the equation (2.47) we have

. 1 1 h9)?
Or,h + div, <€2h(2)u(1J — 50 (Fj")f ((1 — r)sgn(us)tandy + (rV,h{ + Vzn0)>) =0 (2.50)
S
Vo
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2.5. Final model

In this section, we expose the final model obtained in the previous section as a formal second-order approximation
of the initial problem (2.2a)-(2.8). For that, we write this system in dimensional variables.

The final model is given in non-dimensional variables by (2.35), (2.38), (2.41) and (2.50). The model is composed
of three equations, mass and momentum for the shallow water flow and lubrification Reynolds equation for the
sediment layer. We recover the system in dimensional variables

8th1 + div(hlul) = 0,
8t(h1u1) + diV(hllll (24 lll) + %QV(h%) + gh1V(b + hg) — 2V1diV[h1D(l11)]

=211V (hidiv(uy)) + g7h273 =0, (2.51)

8th2 + diVm(hQ’U}, (% - 1)gds) = 07

with P = V,(rhy + hy +b) + (1 — r)sgn(ud)tandy

and 1
Vp = u; — Y P.

JE—1gd, 1T

We note that we were inspired by [6] for the expression of v;,. Note that in this paper, we do not decompose the
sediment layer into two entities. We suppose it one. We refer the readers to [6] for the meaning of dg, v and vy,

3. Existence of weak solutions

In this section we assume that bottom vanish in the model (i.e b(x,y) = 0)and that the velocities of the sediment
1

and the water are identical. We also needed a regularizing term of the form —xV - (1 + TQ)V(M + —hs) on
Th1 T

the transport equation. The model studied is as follow:

Oyhy + div(hyuy) = 0, 3.1)

. . 1
O¢(hiuy) + div(hiuy ® uy) + gh1 Vhy + gh1 Vhe — 2v1div(hi D(uq)) + ghaV (k1 + ;hQ)

—BhiVAhy + 6h VR + Ry VAT h =0, (3.2)
h 1
Oyha + div(houy) — KV - | (1 + ﬁ)V(h1 + —hy)| =0, (3.3)
1

where «, K,k are a positive constants « # 0.The term JhqVh]® represente the cold presure, while
khqV A2+ Ry is the interface tension.
The initial data are

hl (0, x) = h10, hQ(O, .1?) = hQO, (h1U1)(0, Z‘) = Il'l()(.l?) in Q, (34)
and we assume that b, ho, and mg are such that

hlo € Lz(Q), hgo < L2(Q), 0< hlo, 0< hQO, V(\/hlo) € LQ(Q),

l1—a
VA®hy, € L(Q), h 2 € L*(Q), VmgeL*(Q), mog=0 if hy, =0, (3.5)

mg 2

— e L*(Q

e €L
S
[(\V(=)
MJM
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3.1. Mains results

Definition 3.1. We say that (hy, ho,u1) is weak solutions of (3.1) — (3.3), with the initial condition (3.4)
satisfying (3.5), if

e the initial condition (3.4) hold in D'((0,T") x ),

o the energy inequalities defined in the Proposition 3.2 and Proposition 3.4 are satisfied, and the regularities
properties obtained in Corollary 3.3 and Corollary 3.5 hold,

o for all smooth test functions ¢ = (¢, z) with (T, -) = 0, we have:

7h10(p / / h 6}@ mo / / h1U1 le O (36)
h20 / / hou1 Vi + Ii/ / (1 + ) (hl + hz/r)ch =0, 3.7

S /) /h1u1 D — /0 /fm@ful: +2y1/0 /m (1) : D(9)]

C

—gA /hfdiv(w) / /h1h2 div(p ——A /thw +5A /h1Vh
—6/ /[hlm]dw 5/ /{Ah1Vh1:|<p+I€/ /{h VAQS“hl} =0. (3.8)

3.2. Estimates.

Proposition 3.2. Ler (hi, ha,u1) be a smooth solution of (3.1) — (3.3). then the following energy inequality
holds

1d
2 dt

1-—
/[h1|u1|2+g|h1+h2|2+g( )|h2|2+ 5\Vh1|2+—|h 2 |2 |VASh1|2}

h
4 hi|Vu; +* Vu1\2+gn/(1+—2)\V(h1+r_1h2)|2 =0 (3.9)
2 Q Q Thl

Proof. First, we multiply the momentum equation (3.2) by u; and we integrate on 2. We use the mass
conservation equation for simplification. Then, we obtain

o/(@thlul)ul +/ div(h1u1 ®U1)U1 = —/ dlv(hlul)ul /hlulatul +/(h1U1 . V)u1 s Up
Q Q Q

1 1 .
° g/ (h1u1V(h1 + hg) + g/ hgulv<h1 + ;hz) = g/ (h1 + hg)athl — g/ (hl + ;hg)dlv(hgul)
Q Q Q Q

1

1 .
=39 J, hi+g hQathl - 9/ (h1 + —he)div(hous)

.—/ 2l/1le(h1D('LL1)’U,1 —21/1/ hl (ul) Vu1 7/ h1|Vu1+ VU1|2
.—6/ hiVh{*)u; = 71£/Q|h17|2

320
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1d
.—/ h1U1VA2S+1h1 :/BtA%th = 77/ |VAS}L1|2

. ﬁ/hlulvml:ﬁ/athlAhl —75 /IVh1I2
o 0 2" dt

We get the following equality:
1d 1 d d
—— [ h hi + h Z4 / h3
th/ 43 dt/ 2 Vur +Vu '+ 595 | I

+g/h28th1+ 1dt/| 1

+§%/ |VASh|? — iﬁdt/ |Vhy|? fg/(hl + hQ)dw(hQul) 0 (3.10)

Now, we multiply the transport equation by g(hq1 + ;hg) to have:

_ —1
o dt/gh /Qghlathg /thu1V(h1 —+7r hg)

h
+g/<c/(l + ﬁ)W(hl +r7thy)|? = 0. (3.1
1
To end, we add the equations (3.10) and (3.11) and with a simple calculation, we have the proclamed equality.
]
Corollary 3.3. For (hy, ha, u1) solution of the system (3.1) — (3.3) the following bound holds:
vV h1u1
is bounded in  L>(0,T;L*(Q)), +/hi|Vui +' Vuy| is boundedin L*(0,T;L*(Q)),
hy is bounded in  L*(0,T;L*(Q)), hy isboundedin L>(0,T;L*(Q2)),
V14 ha/rhi|V(hy + 17 hy| is bounded in L*(0,T; L*(9)),
e
Vhy isboundedin L>(0,T;(L*(Q))%), h,2> isboundedin L>(0,T;L*(Q)),
VA*hy isboundedin L>(0,T;(L*(Q))?).
Proposition 3.4. For (hy, ha,u;) solution of model (3.1) — (3.3), we show the following relation :
1d 2 2 -1 2 2 20 15
53 | |lun 201 Vioght |° + gl + ho|” + g(r Dlhe|” + BV | + —— 1y * |
+21/1/ hl(A(ul) : A(ul)) + Vlﬁ/ |Ah1‘2 + g/ |VAsh1|2 + 2V17€/ |As+1h1|2
Q Q
Sv1da = 9
+(OZT |Vh | + 2v19 (1—|—h2/rh1)|vh1|
< rulg/ (1+ ha/rh1)|[V(hy 477" hol?. (3.12)
Q
S
VO
MM
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Proof. Proposition 3.4
The proof of the Proposition 3.4 follows the techniques used in [2, 4, 5, 17, 21].

We consider the mass equation:
Othy1 + div(hlu) =0.

We derive this equation with respect to x, y and we make the sum. We have:
0:Vhy + div(h, Vuy) + div(u; ® Vhy) = 0.
By Remplacing Vhy by h1V log hy and multiply by the viscoity 2v1,we get:
201 0;(h1V log hy) + 2v1div(h: Vuy) 4 2v1div(hiu; ® Viog hy) = 0.
Next, we add this equation to the momentum equation to have:
O[h1(ur + 201V 1og hy)] + div[hiug @ (u+ 201V log hy)] — 2v1div(hy (D(ur) — Viuy)

+gh1V(hy + ha) + ghaV(hy + 77 hy) = 0.

We multiply the above equation by (u + 2v1V log k1) and we integrate the result obtained on . We will now
transform each term in the previous equation.
We have :

/ [O¢[h1(u1 + 211V 1og hy)] + div[hiu ® (ug + 211V log hy)]](ur + 201V log hy)
Q

1d

=—— [ h 211V log hy .
2di /o 1|u1 + 211V log hy |

Using the definition of the tensor of contraint, we get:
721/1 / le(hl(D(ul) - Vtul)(u + 2u1V10g hl) = 2V1 / hl(A(ul) : A(Ul)),
Q Q

Vui =t Vu
where A(uy) = —————L,
For the terms pressure, surface tension and friction, we only look at those that do not appear in the Proposition
3.2. We modify their expressions essentially using integrations by parts. We have:

1
0§g/ h1V(h1 +h2)(2V1V10gh1) :l/lg/ |Vh1‘2+Vlg/ Vhi1Vha,
Q Q Q

2V1

h h
og/ ha(V(hy + 77 hy)(2v1Viog hy) = 2ulg/ —2|Vh1\2 + —2Vh1Vh2.
Q o h hy

rJa
The sum of these two terms gives:

1
59/ h1V(h1 +h2)(21/1V10gh1)+g/ hg(V(hl+7’71h2)(2l/1v10gh1)
Q Q

h
:21/19/(1—|-f2

Vhi|?
; h1)| 1]

h
+2ulg/(1+—2)Vh1Vh2.
Q ’I"hl

Now, we change the tension term as follows:

° —B/ h1VAh1(2V1V10gh1) :21/15/ |Ah1|2
Q Q

3
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For the cold presure term:
816 l-o
. ,—6/h1V(h1_a)[2y1V10gh1}:V17a2/ IVh,? |2.
Q (a—1)2 Jo

Also we have
° — R‘/[h1VA25+1h1][21/1V10gh1} = 2V1R/ |A5+1h1|2.
Q Q

By bringing these results together and integrating between 0 and 7', we deduce the stated inequality. Which
completes the proof. |

Corollary 3.5. For (hy, ha,uy) solution of the system (3.1) — (3.3) the following bound holds:
Vvhi isboundedin L>(0,T;L*(), /hiA(w) isboundedin L*(0,T;L?(Q)),
Ahy s boundedin  L*(0,T;L*(Q)), Vhy isboundedin L*(0,T;(L*(Q))?),
A hy s bounded in  L*(0,T; L*(Q)), Vhf% is bounded in  L*(0,T; (L*(Q))?).

Proposition 3.6. If hy has the regularities established in Corollaire 3.3 and Corollaire 3.5, then there exist
constants ¢ and ¢ dependent on 6, K such that

c< hi(t,x)<¢c (3.13)

Remark 3.7. This result was first proved in [23] and also used in [11],[16].

Remark 3.8. In this paper, we impose a physical condition that is
— < C, where C €][0,1],see[24].

It implies that the tickness of the sediment layer is small compared to that of the fluid. Using this physical
condition, proposition 3.6 and the results in [16], we can prove the existence of solutions of our model.

Remark 3.9. Sobolev’s injections give us thanks to the estimentions of the Corollary 3.9 and corollairy 3.12 that
hiandu; areboundedin L°°(0,T; LP(Q?)) for p > 2. (3.14)

Theorem 3.10. There exists a global weak solutions to system (3.1) — (3.3) with initial data (3.4) — (3.5) and
satisfying the inequalities denined in the Proposition 3.2 and Proposition3.4.

3.3. Proof of Theorem 3.10

This section is devoted to the proof of theorem 3.10, in six steps. We can, thanks to the preceding estimations,
the convergence of the various terms which intervene in the equation. We exploit the ideas presented in [16].

3.4. Step 1: Convergence of the sequences (\/h1, )n>1, (h1,, )n>1, 1, and (ha, )n>1

:—/ hanuln —/uanhln,
Q Q

(v/h1, )n>1 bounded in L°°(0, T; L(2)).

From the mass equation, we derive:

d 2

il h
dt Jo |V

which allows us to have

3

s
2
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Corollary 3.5 gives us that || V\/h1, ||+~ (0,T;(L*())?) < c, so we obtain:

(v/h1, )n>1 is bounded in L>(0, T; H(Q2)). (3.15)

We still use the mass equation to have:

1
8“/ hln = 5 vV hlndivuln — le( hlnuln),
which gives that d;/h1,, is bounded in L2(0,T; H~1(Q)).
Applying Aubin-Simon lemma, we can extract a subsequence, still denoted (h1,, ), >1, such that
\/h1, converges strongly to \/hy in C°(0, T; L*(12)).

Thanks to the Remark 3.9 and Sobolev embeddings, we know that, for all finite p, \/E is bounded in
L°°(0,T; LP(Q)) with p > 4, and this to ensure that (hy, ), is in L>=(0, T; L*(Q)).
Equality Vhi, = 2y/h1, V\/hi, enables us to bound the sequence (Vhi,), in L*°(0,T; (LZ?TPP(Q)F) and
consequently, we have:

(hy, ) is bounded in L>(0, T; W7+ (Q)).

Let us now look at some properties of the derivative in time of k. The mass equation reads:

8thn = —le(hnun) = —\/hlnul,”V\/ hln - \/hlndiV hlnuln.

So, we get
2p
(hy,u1, ), bounded in L>(0, T; (L7+2(2))?) and (;h1, )., bounded in

L=(0,T; W76 (Q))
Thanks to Aubin-Simon lemma again, we find:

hi, —s hy dans C°(0,T; L7 (Q)).

Last, we consider the bottom term hy, : with Corollary 3.5 and the bound on (1/ha, )., in L>(0,T; L3(9)), we
know that the sequence (Vha, ), is bounded in L?(0; T; (L?(£2))?), which gives:

(ha, )n is bounded in L>(0, T} Hl(Q))

For the time derivative of ho_, we restart from Equation (3.3). We have:

. h 1
Oyhy, = —div(hy, u1, ) + &V - |(1+ —m?" )V (h, + ;h%) . (3.16)
1

n

According to the Sobolev embeddings, the first term is in WLt (€2), since hy, is bounded in L?(2) and us,
is bounded in LP(£2). The last term is in W~=11(Q).
We then deduce that

Oths,, is bounded in W~11(Q).

Therfore, thanks to the Aubin Simon Lemma, we get
ha, — hg Strongly in W_l’%(ﬁ).

Now we are interested in the velocity u;, . Thanks to the Corollary 3.3, Corollary 3.5 and the Remark 3.9 we

have
uy,, is bounded in L>(0,T; H'(Q2)).
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hu,

1 \Y%
—@(hlnuln) + uy,, Vuln + U%
hy " h

Also we have Qyuy, = , thanks to the Proposition3.6 and the Remark

n 1n

3.9, we have
Oyuy,, is bounded in W~ 11(Q).

The Aubin Simon Lemma ensures that

w1, — up Strongly in C°(0, T; W~ 11(Q)).

h
"2n and (1 + — ")V (h1, + Lho,)

3.5. Step 2: Convergence of the sequences

hi, 7‘h1n
We have ) )
ha,  ha ha, hi — hahy 4 hohy — hahy 2 2
n 2| _ |2 1 <Klhy —h hi, —h
e h he < Klha, = ho|" + |h1, — ha
thanks to the Proposition 3.6. According to the Step 1, we have
ha,  hol? h h
n 2| 50, then 2 22 strongly in L?(0, T; L(9))
hi, 1, hy
consequently,
h2n 1 ha 1 : 1 1
(1 + 7)V(h1n + *hgn) — (1 + 7)V(h1 + *hg) weakly in L (O,T; (L (Q))
rhy, r rhy r

3.6. Step 3: Weak convergences of h; VA25t1h; and hy V {hfﬂa]

Concerning the two terms, we have
hy, VA?**1h; bounded in

L2(0,T;W~"1()) and hy, V {hlﬂ bounded in LZ(0, T; L7+2 (Q2))

So, we have
hi, VA?5T1h,  converges weakly to hy VAZ*hy in L2(0, T; W~11(Q)),
and
h1, V [hf:‘] converges weakly to 1,V [hfo‘] in L*(0, T} Ltz (Q)).

3.7. Step 4: Convergence of Vh; and Ah,,
As Ahy, and Vhy, are bounded respectively in L?(0, T'; L?(€2)) and L°°(0,T; (L%(£2)), so we have:
Vhy, bounded in L?(0,T; H(Q2)).
»as hy uy, is bounded in L?(0,T; L?(£2)), we have
0yVhy, is bounded in L*(0,T; H%(Q2)).

Using the mass equation, one has 0;Vhy, = —Vdivhy uy

Then, applying Aubin-Simon Lemma, it follows that
Vhi, — Vhy strongly in L2(0, T; (L9(2))?), q € [1, +ocl.
But as we have shown that VA, is bounded in L>° (0, T’; (L?(£2)), hence
Vhy, — Vhy strongly in L?(0, T; (L*(2))?).
Thanks to the Corrolary 3.5, we have finally

Ahy, — Ahy weakly in L*(0,T; L*(£2)).

n

3
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3.8. Step 5: Convergence of (h1, u1, )n>1

In the previous part, we proved that the sequence (hq, u1,, ), is bounded in L>°(0, T’ (L% (€2))?) where p is an
integer greater than four.Writing the gradient as follows:

V(hi,ur,) = 2v/h1,u1, Vi/ha, + /i, e, Vg,
since the first term is in L°°(0,7; L'(£2)) and the second one belongs to LZ(O,T;L%(Q)), we have:

(h1,u1, )n bounded in L2(0, T; W11(€)).
Moreover, the momentum equation (3.2) enables us to write the time derivative of the water discharge:

8t(h1nu1n) = —diV(hlnul” X uln) — ghLLV(hl" + hgn) + 2V1diV(h17LD(U1"))

h
_ghQnV(hln + %) + ﬁVAhln — 6h1nv l:hl_na:| _ Rhl,LVAQS-i_lhln

We then study each term:
e div(hy, ui, ®uy,) = div(y/h1,u1, @ \/h1,u1,) whichisin L>(0,T; W ~51(Q)),

e as hy, is bounded in L>°(0,T; LP(2)) and V(hy1, + he, ) isin L?(0,T; L?(2)), the we have:
hi, V(hy, + hs, ) bounded in L2(0, T; L#+2 (Q2))

e remark that
h1,Vur, = V(hi,u,) = ur, ® Vhy, = V(y/ b1,/ hi,u,) — 2/ by, w1, Vil (317

we know that the first term is in L°>°(0, T’ Wbt (€2)) and the second one in L>°(0, T'; (L(2)). So we have
hu D (u,,) bounded in L2(0, T; W™ 172 (Q)).

o Also, ho, is bounded in L°(0,T;L*(2)) and V(hy, + “2) is bounded in L*(0,T; L(R2)), therefore
ho, V(hi, + 22 is bounded in L2(0, T; L*(1)).

r

e We have Ahy, is bounded in L?(0,T; L?(f2)), so that hy, VAh;, is bounded in L%(0, T; W~11(Q)).
e One knowns that VA®h;, is bounded in L>(0,T; L*(2)) and A*T1h;, is bounded in L2(0,T; L?(£2)).

Thus hy, VA25T1h, is bounded in
L2(0,T: LN(Q)) C L2(0, T; W=11(Q)).

e Thanks to the Propesition 3.6, h; is bounded in L°°(0,T; L>°)), hence han{hlf‘} is bounded in
L2(0,T; W=L1(Q)).

Finally, note that this terms are included in L2(0,7; W ~%%(€)), which means that 9;(hy, uy, ) is also in this
space. Then, applying Aubin-Simon lemma, we obtain:

(h1, u1, )nstrongly converges to hiuy in CO(0, T; W11 ().

3
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3.9. Step 6: Convergence of (\/hy, U1, )n>1-

my,

Vi,

We will show the convergence of this term. We know that \;nhL
1n

2
/ lim inf M < liminf My < 40
Q 1. a b1,

As we have m,, = hy uj,,so,we have \/hy u1, =

is bounded in L>°(0, T'; L?(2)). Consequently

Fatou lemma reads:

Then, we can define the limit velocity taking uy, (t,z) = h(t x) ) ( hi, (t,x) # 0). So we have a link between
the limits m,, (¢, z) = hy,, (¢, z)uq, (¢, 2) and:

m; /
o h, Q
Thanks to the Remark3.9, we have:+/hy, |u|? in L?(0,T; L?()).
As (my,), and (hq, ), converge , the sequence of y/h; uj, converges to v/hju;.

Moreover, for all M positive, (\/h1,u1, 1|y, |<nr)n converges to /Ayl j<ar-
Finally, let us consider the following norm:

/ han1 \Ful
Q

Uy, 2 < 4oo =

_/ (’\/ﬁ% L, |<m — f“1u1|<M’

2
+’ \% hlnulnluln>M‘ + ’\/ﬁu11U1|>M’) S

2 2
+3/ ‘\/hlnulnl|u1"|>lw
Q

3/ ‘\/hlnu1n1|u1n|<ﬂf —\ hlull\u1|§M
Q
2
+3/ ’\/h1U11u1>M
Q

Since (vVhntn)n is in L>(0,T; LP(Q)), (\/h1,u1, 1ju,, |<ns)n is bounded in this space. So, as we have seen
previously, the first integral tends to zero. Let us study the other two terms:

S|
_MQ/

S i ¥
/Q‘\/h1u11|u1|>M Sw/hﬂul\ S

for all M > 0. When M tends to the infinity, our two integrals tend to zero.
Then

k
4§Wand

’ hy, ui, Ljuy, >0

(v/h1, u1, )nconverges strongly to \/hyuy in L*(0,T; L*(12)).

This ends the proof of Theorem 3.10.
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